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Abstract

Data analytic jobs usually require large volumes of data inputs that are available at

geographically distributed locations. Gathering all the data at a central location for

processing would not only place heavy traffic burdens on the underlying networks but

also slow down the job execution. To achieve better performance, it is often preferable

to take advantage of data locality by distributing job execution across multiple sites

located close to the data to be processed. Efficiency and fairness are two important

considerations for sharing resources among concurrently running distributed jobs. In this

thesis, we focus on the efficiency and fairness aspects of resource allocation in distributed

job execution and study three specific problems, including task assignment and scheduling

for improving efficiency of distributed job execution, max-min fair resource allocation for

distributed job execution, and generalized max-min fair resource allocation for jobs with

tasks executable at multiple sites.

First, we study a task assignment and scheduling problem for improving efficiency of

distributed job execution in which the data inputs to the jobs may be replicated across

multiple locations so that each task of a job can be executed at any one of these locations.

To schedule the jobs, we need to determine the processing locations for the tasks of each

job and the execution order of the tasks at each location. We focus on the objective of

minimizing the average job response time. We first design task assignment algorithms to

balance the task allocation among various locations. We then further develop integrated

solutions that conduct task assignment and scheduling together. We experimentally

evaluate our algorithms using real job traces. The results show that our algorithms can

significantly reduce the job response times compared to a baseline that allocates each

task to a fixed location for processing.

Second, we study fair resource allocation among jobs requiring distributed execution.

We extend conventional max-min fairness for resource allocation in a single machine

xi



or machine cluster to distributed job execution over multiple sites and define Aggregate

Max-min Fairness (AMF) which requires the aggregate resource allocation across all sites

to be max-min fair. We show that AMF satisfies the properties of Pareto efficiency, envy-

freeness and strategy-proofness, but it does not necessarily satisfy the sharing incentive

property. We propose an enhanced version of AMF to guarantee the sharing incentive

property. We present algorithms to compute AMF allocations and propose an add-on to

optimize the job response times under AMF. Experimental results show that compared

with a baseline which simply requires the resource allocation at each site to be max-min

fair, AMF performs significantly better in balancing resource allocation and in average

job response time, particularly when the workload distribution of jobs among sites is

highly skewed.

When we design the AMF policy, we assume that a job contains a set of tasks and

each task can be allocated to only one fixed site for data locality. For reliability or fault

tolerance considerations, it is not uncommon for the data to be replicated across several

sites. As a result, there are multiple choices for placing tasks that preserve data locality.

Finally, we generalize AMF to such scenarios and define Generalized Aggregate Max-min

Fairness (GAMF) which also requires the aggregate resource allocation across all sites to

be max-min fair. We show that GAMF satisfies the properties of Pareto efficiency, envy-

freeness and strategy-proofness, but it does not necessarily satisfy the sharing incentive

property either. We further enhance GAMF to guarantee the sharing incentive property.

Experimental results show that GAMF outperforms a baseline that conducts max-min

fair allocation at each site separately after distributing tasks with the same available sites

of data inputs uniformly among these sites.

xii



Chapter 1

Introduction

Big data analytics have been widely used nowadays. Data analytic jobs usually consist

of many tasks that process different partitions of data inputs and can run in parallel.

With increasing geo-distributed deployments of datacenters by major cloud providers,

it has become quite common for massive amounts of data to be generated and stored

at geographically distributed locations. Gathering all the data at a central location for

processing would not only place heavy traffic burdens on the underlying networks but

also slow down the job execution. To achieve better performance, it is often preferable to

take advantage of data locality by distributing job execution across multiple sites located

close to the data to be processed [51,61].

Efficiency and fairness are two important considerations for sharing resources among

concurrently running distributed jobs. On the one hand, when all the jobs are from

one user, efficiency is the most important consideration from the user’s perspective – it

is desirable to minimize the average response time of all the jobs. On the other hand,

when the jobs are from different users that share the computing resources, fairness is

an important consideration from the system’s perspective – it is preferable to allocate

resources among the jobs in a fair manner when there are not enough resources to fully

meet the demands of all the jobs.

Here we use an example to illustrate the above issues. Suppose three jobs are running

concurrently at three sites. Each job contains 10 tasks, and each site has a capacity that

can process 3 tasks at the same time. All the three jobs arrive at time 0. Suppose that

each task of the three jobs can be assigned to any of the three sites for data locality and

it takes the one unit of time to execute each task. Figure 1.1 shows one possible way

1



Chapter 1. Introduction

Figure 1.1: An example of three jobs and three sites

of task allocation and scheduling. The tasks of each job are distributed among all the

three sites. At each site, the tasks are processed in the order of J1 → J2 → J3. Then

in the first three time units, only the tasks of J1 are executed at all the sites, and this

may be unfair to J2 and J3. We can see from Figure 1.1 that J1 would be completed at

time 4, J2 would be completed at time 7, and J3 would be completed at time 10. Thus,

the average job response time is 4+7+10
3

= 7. Figure 1.2 shows another possible way of

task allocation and scheduling. The tasks of each job are assigned to one site, and all the

jobs would be completed at the same time. This method ensures the fairness of resource

allocation among jobs at any time during the period of processing. However, the average

job response time increases to 10+10+10
3

= 10. We can see that the task allocation and

scheduling make difference to the fairness and efficiency of job execution.

The following questions arise naturally based on the above example:

1) How to define the policy of fairness for allocating resources to the tasks of each job

to make sure that the resource allocations among jobs are fair?

2



Chapter 1. Introduction

Figure 1.2: An example of three jobs and three sites

2) How to schedule the task execution for jobs to optimize system efficiency in terms

of job response times?

3) Suppose each task can be assigned to more than one site, how to choose a site for

each task to execute and allocate resources to the tasks of each job to ensure the

resource allocations among jobs are fair?

4) Suppose each task can be assigned to more than one site, how to choose a site

for each task to execute and schedule the task execution for jobs to improve the

efficiency of processing?

We shall answer these questions in this thesis.

1.1 Research Scope

In this thesis, we focus on the efficiency and fairness aspects of resource allocation in dis-

tributed job execution and study three specific problems: task assignment and scheduling

3



Chapter 1. Introduction

for improving efficiency of distributed job execution, max-min fair resource allocation for

distributed job execution, and generalized max-min fair resource allocation for jobs with

tasks executable at multiple sites.

The first part of the thesis is concerned with the task assignment and scheduling

for improving efficiency of distributed job execution introduced as follows. In this part,

we formulate and study a task assignment and scheduling problem for distributed job

execution in which the data to be processed by each job is possibly available at multiple

locations. To schedule the job execution, we need to decide where to execute the tasks

of each job subject to data locality requirements and in what order to execute the tasks

at each location. We focus on an online setting in which jobs are released over time and

assignment as well as scheduling decisions have to be made on the fly. Our goal is to

minimize the average job response time where the response time of a job is given by its

completion time minus its release time. We propose a number of solutions to the problem.

In the first type of solutions, we design algorithms to assign the tasks among different

locations for execution. The objective of task assignment is to balance the task allocation

among the locations so as to potentially optimize job response times. On completing

the task assignment, various scheduling algorithms can be used to determine the task

execution order at each location. In the second type of solutions, we design algorithms

to assign the tasks and determine their execution order in an integrated fashion. This

allows the task allocation to take into account the job priorities decided by the scheduling

strategy. We explore different levels of task assignment adaptivity to job arrivals in the

online setting and adopt heuristics to trade the quality of task allocation for scheduling

efficiency. We experimentally evaluate our solutions with real job traces. The results

show that the integrated algorithms generally perform better in terms of average job

response time than employing separate task allocation and scheduling algorithms.

The second part of the thesis is concerned with the max-min fair resource allocation

for distributed job execution introduced as follows. Max-min fairness is a commonly

used definition of fairness for allocating shared resources in computer systems. It focuses

on balancing instantaneous resource allocations among different users or jobs. In this

part, we extend conventional max-min fairness for resource allocation to distributed job

execution over multiple sites (machine clusters or datacenters). We propose a resource al-

location policy named Aggregate Max-min Fairness (AMF) which requires the aggregate

4



Chapter 1. Introduction

resource allocation across all the sites to be max-min fair. We prove that AMF satis-

fies three desirable properties: Pareto Efficiency, envy-freeness and strategy-proofness.

However, it does not necessarily satisfy another important property known as sharing

incentive. Thus, we enhance AMF to guarantee the sharing incentive property. We pro-

pose resource allocation algorithms to achieve AMF and a heuristic technique to optimize

AMF allocations for better job response times. We experimentally evaluate AMF with

real job traces and compare it with a baseline policy which simply requires the resource

allocation at each site to be max-min fair. The results show that AMF can perform

considerably better than the baseline in balancing resource allocation and in average job

response time.

The third part of the thesis is concerned with extending the Aggregate Max-min

Fairness policy to a more general scenario introduced as follows. In this part, we formulate

and study a resource allocation problem for distributed job execution where the data to

be processed by each task of the job is possibly available at multiple sites. We generalize

AMF and propose a resource allocation policy named Generalized Aggregated Max-min

Fairness (GAMF) where tasks that have the same available sites of data inputs compose

a task group of a job. It also requires the aggregate resource allocation across all the

sites to be max-min fair. The difference between AMF and GAMF is that we map the

demand of each task of each job to a single site for AMF and map the demand of each task

group of each job to multiple sites for GAMF. We also prove that GAMF satisfies three

desirable properties: Pareto Efficiency, envy-freeness and strategy-proofness. We enhance

GAMF to guarantee another important property of sharing incentive. We experimentally

evaluate GAMF with real job traces and compare it with a baseline policy which first

assigns the tasks in a task group to a particular available site of their data inputs and

then applies the AMF policy. The results show that GAMF outperforms the baseline in

balancing resource allocation and optimizing average job response time.

1.2 Thesis Contributions

We now give an outline of the thesis and its main results.

In Chapter 2, we review the related work on task allocation and scheduling.

5



Chapter 1. Introduction

In Chapter 3, we study task assignment and scheduling for improving efficiency of

distributed job execution in which each task of a job may be executed at a subset of all the

sites. We model the task assignment as a flow network, and design algorithms to find the

balanced task allocation among the sites by solving a maximum flow problem. We further

propose a number of integrated solutions to carry out task assignment and job scheduling

together. Experiments with real job traces show that these integrated solutions perform

significantly better in terms of average job response time than conducting task assignment

and job scheduling separately as well as a baseline that allocates each task to a fixed

available site of data input.

In Chapter 4, we study fair resource allocation policies for distributed job execution.

We propose an Aggregate Max-min Fairness (AMF) policy and prove that it satisfies

widely recognized properties of Pareto efficiency, envy-freeness and strategy-proofness

for fair resource allocation, but the vanilla version of AMF does not satisfy the sharing

incentive property. We propose an enhanced version of AMF to guarantee the sharing

incentive property. We present algorithms to implement AMF as well as to optimize the

job response times under AMF. Experiments using real job traces show that AMF can

significantly reduce unbalanced resource allocation and improve the average job response

time compared to a baseline policy which conducts max-min fair allocation at each site

separately, and the improvements are more substantial when the workload distribution

of jobs among sites is more skewed.

In Chapter 5, we generalize the AMF policy in Chapter 4 to address the availability

of input data to jobs at multiple sites. We propose a GAMF policy which also satisfies

Pareto efficiency, envy-freeness and strategy-proofness for fair resource allocation. We

further propose an enhanced version of GAMF to guarantee the sharing incentive prop-

erty. We present heuristics to optimize GAMF in terms of job response times. We use

real job traces to evaluate our algorithms and find that GAMF performs much better

than a baseline that conducts max-min fair allocation using AMF after assigning tasks

with the same available sites of data inputs to a particular available site.

In Chapter 6, we conclude the thesis and outline some future research directions.

6



Chapter 2

Literature Review

In this chapter, we summarize some related work, which addresses the topics of job

scheduling and resource allocation in distributed systems. In this thesis, we focus on two

major aspects of resource allocation in distributed job execution: fairness and efficiency.

Thus, we review some literature about fairness and efficiency separately.

2.1 Fairness

In modern data intensive computing, when there are not enough resources to fully meet

the demands of all the jobs, it becomes critical to allocate resources fairly among the

jobs. In the previous works, a large number of mechanisms have been proposed for fair

resource allocation. In this section, we organize the literatures related to fairness into

three sections as follows.

2.1.1 Max-min Fairness and Applications

Max-min fairness is a popular policy for allocating shared resources among competing

demands [12]. If an allocation achieves max-min fairness, the allocation of any participant

cannot be increased unless the allocation of some other participant having an equal

or smaller allocation is decreased. Radunovic and Le Boudec [52] presented a unified

framework of max-min fairness, which covers all the past results. They proved that max-

min fairness is always achievable in compact and convex sets of allocations and gave a

general purpose algorithm to compute the max-min fair allocation whenever it exists.

7



Chapter 2. Literature Review

Many resource allocation algorithms have been proposed based on max-min fairness

for various applications. Chen et al. [18, 19] proposed a task assignment strategy that

is designed to achieve max-min fairness (essentially lexicographical minimization) across

the jobs in terms of their completion times. They assumed that the data to be processed

by each task of a job is available at one datacenter only and the tasks of jobs could be

migrated among datacenters at the cost of network transfer. Besides, an offline setting

was considered in which the total number of tasks to execute for all jobs was assumed

to be within the total computing capacity of all the datacenters, so there is not really

any resource contention. In contrast, in this thesis, we consider the scenario in which the

data to be processed are possibly replicated across multiple locations and focus on fair

resource allocation in the online setting in which jobs may need to be queued when there

is not enough computing capacity to process all the outstanding tasks immediately. It

is also worth pointing out that due to heterogeneous job sizes, max-min fairness in job

completion times can be very different from max-min fairness in instantaneous resource

allocation. In general, it is not necessary to strive for equal completion times of jobs

when they have substantially different sizes.

Angelo et al. [21] considered a basic resource allocation problem, where a set of users

share a fixed amount of resources. They modeled resource allocation as an optimization

problem for minimizing the value of an objective function and established a direct link

between the resource allocation problem and the notion of max-min fairness. Specifically,

they provided a sufficient condition on the objective function to ensure that the optimal

solution is max-min fair. They used a water-filling algorithm to solve the optimization

problem under this condition. They also considered an application of max-min fairness

in the cellular network.

Sarkar et al. [56] studied the fairness in allocating bandwidth for multicast applica-

tions. Real-time applications like teleconferencing, audio and video broadcasting transmit

data from a sender to a group of receivers. User experiences are strongly interlinked with

the bandwidth of the network. Therefore, layered encoding techniques are often used for

transmitting the real-time data. Receivers add and drop layers to adapt to the band-

width congestion. The more layers a user receives, the better the quality of reception is.

The work of [56] used max-min fairness as the policy of bandwidth allocation among all
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the receivers under resource limitation. It was assumed that the requirements of all the

receivers are the same since they want to receive the same number of layers which include

the encoded data. In contrast, our work considers resource allocation among jobs that

have diverse resource demands.

Max-min fairness is also widely used in many other scenarios of networking. Cao et

al. [15] proposed a bandwidth allocation scheme among applications, which is equivalent

to max-min fair allocation when the utilities of all the applications are equal. Ellen et

al. [34] proved that round-robin scheduling with windows could be used to achieve max-

min throughput fairness in data networks. Huang et al. [39] proposed a set of algorithms

that allow each network node to determine its max-min fair share in wireless ad-hoc

networks. Rubenstein et al. [55] identified four desirable fairness properties for multicast

networks and defined multicast max-min fairness for multirate sessions.

2.1.2 Extensions of Max-min Fairness

Max-min fairness has been extended along several directions in recent years. Ghodsi et

al. [30] proposed Constrained Max-Min Fairness to support job placement constraints due

to special hardware or software requirements. They modeled the placement constraints

of a job by Boolean indicators specifying whether the job can run on each machine. If

a job can run on multiple machines, the resources obtained from any of these machines

are assumed identical and can be used to process any part of the job. In contrast, in this

thesis, we consider distributed job execution in which a job has multiple parallel tasks,

each to be executed in one or more designated machine clusters. Thus, the resources

obtained from a set of particular machine clusters can only be used to process the tasks

assigned to the clusters. Hence, Constrained Max-Min Fairness is not directly applicable

to distributed job execution.

Some works considered minimum resource allocation requirements in max-min fair-

ness. Hou et al. [37] generalized the classical max-min rate allocation policy with the

support of minimum rate requirement and peak rate constraint for each connection. Ros

et al. [54] considered the problem of allocating max-min rates with minimum rate con-

straints for connection-oriented networks.

9
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Some other works considered the concept of weight in max-min fairness, where each

user is supposed to be assigned a share of resources proportional to its weight. For ex-

ample, Marbach [48] studied a priority service where users are free to choose the priority

of their traffic and charged accordingly by the network. They showed that there exists a

unique equilibrium for this game and the bandwidth allocation is weighted max-min fair.

Tassiulas et al. [59] formalized the max-min fair objective under wireless scheduling con-

straints. They proposed a fair scheduling method which assigns dynamic weights to the

flows such that the weights depend on the congestion in the neighborhood and schedules

the flows which constitute a maximum weighted matching. Besides, many algorithms

have been proposed to implement weighted max-min fairness with various degrees of

accuracy, such as round-robin, proportional resource sharing [62] and weighted fair queu-

ing [23]. These algorithms have been applied to allocating various types of resources. For

example, Caprita et al. [16] and Stoica et al. [58] proposed proportional share resource

allocation algorithms for CPU resources, Agrawala et al. [4] and Waldspurger et al. [62]

studied fair queuing for memory resources, Bennett et al. [9] proposed an approximation

algorithm based on the weighted fair queuing for allocating bandwidth resources.

2.1.3 Fairness for Multiple Types of Resources/Jobs

Ghodsi et al. [29] proposed a generalization of max-min fairness to multiple resource types

known as Dominant Resource Fairness (DRF). DRF aims to maximize the minimum

dominant share across all users, where the dominant share of a user is defined as the

maximum share among the shares of all resource types that the user is allocated. Dolev

et al. [24,25] proposed “no justified complaints” as an alternative to DRF. Bonald et al.

[13, 14] proposed Bottleneck Max Fairness to achieve a better efficiency-fairness tradeoff

than DRF. Wang et al. [63,64] extended DRF to deal with heterogeneous machines. All

the above studies have focused on multi-resource allocation where jobs require multiple

types of resources simultaneously for processing. Different from these studies, in our

context of distributed job execution, jobs do not need to acquire resources from various

machine clusters simultaneously. Different tasks of a job can be processed by different

clusters in an asynchronous manner. Thus, the above multi-resource allocation policies

are not directly applicable to distributed job execution.
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Li et al. [44] proposed a greedy-based algorithm to show their approach to combining

the efficiency and fairness. Jobs are classified into different types according to the com-

pletion time requirements and bandwidth demands, and are sent to different scheduler

branches. Each scheduler branch processes a single type of jobs in a greedy manner.

A Justice Evaluation Function is used to evaluate the fairness among different types of

jobs [11]. In this thesis, we do not classify jobs and we evaluate the fairness of resource al-

location by calculating the standard deviation among the resources allocated to different

jobs.

In summary, although a large number of mechanisms have been proposed for fair job

resource allocation, most existing mechanisms are primarily designed for a single machine

or machine cluster only. To the best of our knowledge, the problem of fair resource

allocation for distributed job execution across a set of machine clusters or datacenters

remains largely open.

2.2 Efficiency

Earlier work on job scheduling typically studied a cluster of machines only. In cloud

computing nowadays, jobs can be assigned to different datacenters for processing. In this

section, we organize the literatures related to efficiency into three sections as follows.

2.2.1 Shortest Remaining Processing Time

SRPT (Shortest Remaining Processing Time), also named SRTF (Shortest Remaining

Time First) is a classic job scheduling method where the system always executes the jobs

with the smallest amount of processing time first until all the jobs are finished [2,27,57].

Donald [57] proved that for a work-conserving queuing system, SRPT minimizes the

number of jobs in the queue and hence the average job response time. Banasal et al. [8]

analyzed the unfairness of SRPT by comparing SRPT with Processor-Sharing scheduling.

They concluded that the degree of unfairness under SRPT is small. SRPT has been

applied to many applications, such as traffic control [5, 31, 46]. In these works, SRPT

queues are used to help reduce traffic congestion and optimize traffic flow. In addition,

SRPT queues have also been considered to study the fluid limits, where a fluid limit is a

predicted approximate limiting criteria of a stochastic model [7, 26, 32].
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Based on SRPT, many studies proposed more efficient methods to adapt it to different

scheduling problems. For example, Davis et al. [22] presented feasibility tests for SRPT

that enable this scheduling approach to be used for real-time systems. Harchol et al.

[36] proposed a method based on SRPT for improving the performance of web servers

processing static HTTP requests. Mohanty et al. [50] proposed an algorithm called

Shortest Remaining Burst Round Robin that schedules processes with shortest remaining

burst in a round robin manner using the dynamic time quantum. The algorithm was

shown to perform better than round robin in terms of reducing the number of context

switches, average waiting time and average turnaround time.

Some recent work studied distributed job execution among multiple geo-distributed

datacenters. Hung et al. [40] developed scheduling algorithms to optimize the average job

response time. Similar to SRPT, the main idea of their algorithms is to always devote

the resources in all datacenters to the smallest job and complete it as quickly as possible.

Thus, there is not really any fairness in the instantaneous resource allocation among the

jobs. In addition, it was assumed that each task of a job can be executed at only a single

site. When the data to be processed by the tasks of a job is possibly available at multiple

sites rather than just a single site, job scheduling will be more complicated. Before using

SRPT or its variants to schedule jobs, we first need to choose a site for each task to

execute.

2.2.2 Rigid Job Scheduling for Multiple Sites

In a distributed cloud system, applications might span across multiple datacenters [33].

A user-requested job may constitute a series of components. The completion of the

job means all the components of the job are finished. Some works assumed that each

component of a job can only be processed by a particular datacenter. For example,

Benoit et al. [10] studied a conventional problem of scheduling multiple applications

which are made of independent tasks, and proposed several heuristics for the offline and

online versions of the problem. Li [45] and Varalakshmi et al. [60] proposed several job

scheduling algorithms which could guarantee the QoS requirements of the jobs. Ghanbari

et al. [28] proposed a priority based job scheduling algorithm.
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Im et al. [41] considered the problem of scheduling jobs with heterogeneous demands

on multiple servers. Each server has a certain computing capacity and can run multiple

jobs simultaneously as long as the total demand of the jobs does not exceed the server’s

capacity. Approximation algorithms were developed to minimize the total completion

time of all jobs by making scheduling decisions according to the job lengths, demands and

volumes. The problem was studied in the offline setting and with the requirements that

each job must be assigned to one machine and jobs must be scheduled non-preemptively.

Different from [41], we focus on scheduling distributed job execution in the online setting

and allow a job to be preempted by other jobs in the execution. This is natural when

each job is composed of small tasks processing independent data partitions.

Monaldo et al. [49] studied minimizing the sum of weighted completion times in a

concurrent open shop environment. In this model, each machine has the capability of

processing one type of components. Each job has a weight and requires different types

of processing components. A greedy program was constructed to solve this problem.

Different from [49], in our model, each task of a job can be assigned to one of multiple

sites for execution.

2.2.3 Flexible Job Scheduling for Multiple Sites

Some works assumed that each component of a job may choose one of several datacen-

ters for processing through transfer. Hajjat et al. [35] proposed a system called Dealer

to help optimize the job response times by picking better combinations of component

replicas which could be located across multiple datacenters and could be put together

to construct a full job. To complete the job, these components need to be transferred

across datacenters. Since all the components could be transferred across datacenters, the

Dealer estimates the transfer time for each combination of component replicas and finds

a best combination to complete the job. Besides, such information is updated dynami-

cally. Chang et al. [17] and Zheng et al. [38] proposed different heuristics to minimize the

job completion times in a distributed system, assuming jobs could be transmitted across

clusters. However, transferring a large amount of data across different datacenters can

lead to enormous bandwidth costs and network congestion in distributed systems. Thus,

it is important to run computing tasks close to their input data so as to reduce data
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movement. Different from the above works, we do not consider the data transfer across

datacenters. In our model, a job is composed of a set of tasks, but each task could be

processed only in one or several datacenters without transferring the input data. Thus,

to complete a job, we need to assign all the tasks of the job to different datacenters.

Khaled et al. [66] considered a conflict between fairness in scheduling and data locality.

When a job is released in a cluster, the job will wait for its tasks to be assigned to

the nodes in the cluster. An algorithm named delay scheduling was proposed that can

temporarily relax fairness to improve locality by requiring jobs to wait for a scheduling

chance on a node with local data. Different from [66], we regard data locality as a

constraint of job execution. In our model, the tasks of each job can be assigned to one or

more clusters with data locality. We study distributed job execution under data locality

constraints.

Isard et al. [42] presented a graph-based framework for cluster scheduling with data

locality constraints. They built a resource-sharing model where users could share the

cluster and jobs could run concurrently. They also considered the fairness and efficiency

of executing jobs. Different from our work, Isard et al. [42] addressed the problem with a

graph data structure and developed a framework according to the graph. They focused

on jobs sharing resources in one cluster, while we consider a model in which jobs compete

for resources among multiple clusters.
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Chapter 3

Task Assignment and Scheduling for
Improving Efficiency of Distributed
Job Execution

In this chapter, we study the task assignment and scheduling for improving efficiency of

distributed job execution in which data to be processed by each job is possibly available

at multiple locations.1 To schedule the job execution, we need to decide where to execute

the tasks of each job subject to data locality requirements and in what order to execute

the tasks at each location. We focus on an online setting in which jobs are released over

time and scheduling decisions have to be made on the fly. Our goal is to minimize the

average job response time where the response time of a job is given by its completion

time minus its release time.

3.1 System Model

We consider a distributed system consisting a set of m sites: S1, S2, ..., Sm. Each site

models a cluster or a datacenter. Each site j has a processing capacity uj, which can be

understood as the number of computing slots available at the site.

Each job to execute in the system includes a set of tasks that process different data

partitions and can run in parallel. Each task can be executed at any one of the sites

where the data input is available. These sites are referred to as the available sites of the

1The work in this chapter has been published in Proceedings of the 22nd IEEE/ACM International
Symposium on Cluster, Cloud and Internet Computing (CCGrid), pp. 726-735, 2022.
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Figure 3.1: Example of available sites and processing sites

task. Figure 3.1 shows an example job composed of 3 tasks. The data partition to be

processed by task t1 is replicated at sites S1, S2 and S3. Thus, the available sites of task

t1 include sites S1, S2 and S3. Similarly, the available sites of task t2 include sites S2 and

S4, and the available sites of task t3 include sites S1 and S3. To execute a job, we need

to assign each task to one site for processing. We refer to the site at which a task runs

as the processing site of the task.

A job is completed when all of its tasks are finished. The response time of a job refers

to the duration from its release to its completion (i.e., the response time of a job is given

by its completion time minus its release time). Given a sequence of jobs released over

time, our objective is to schedule the job execution to minimize the average response

time of all the jobs.

3.2 Job Scheduling Algorithms

In this section, we develop scheduling solutions for our problem. To schedule the jobs

across multiple sites, we need to determine the processing site for each task of a job

and decide the execution order of the tasks at each site. First, we consider addressing

these two issues separately. In Sections 3.2.1 and 3.2.2, we propose two algorithms for
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choosing the processing site of each task from its available sites. These two algorithms

can be used together with any scheduling algorithm that decides the execution order of

the tasks assigned to each site. Then, we consider addressing the above two issues in an

integrated manner. In Sections 3.2.3 and 3.2.4, we propose two holistic solutions that

determine the processing sites and execution order of tasks together.

3.2.1 Balanced Task Allocation within Jobs

Since a job is completed only when all of its tasks are finished, the completion time of a

job is normally decided by the site that has the largest number of tasks to run normalized

by the site capacity. Thus, an intuitive strategy to reduce the job response time is to

balance the task allocation among the sites. Our first algorithm, called Balanced Task

Allocation within Jobs (BTAwJ), allocates tasks to sites for each job independently.

Given the available sites of the tasks in a job, balanced task allocation can be modeled

as a maximum flow problem in a flow network. We first group all the tasks by their

available sites. All the tasks sharing the same set of available sites are put into the same

group. Suppose that a job has a total of n tasks which are composed of k task groups:

T1, T2, ..., Tk. We construct a flow network (see Figure 3.2) with a source node s, a sink

node t, and a set of (k + m) nodes, where k is the number of task groups and m is

the number of sites. Among the (k + m) nodes, there are k nodes each representing a

task group, and m nodes each representing a site. For ease of presentation, we shall use

Ti to refer to both a task group and its corresponding node in the flow network, and

use Sj to refer to both a site and its corresponding node in the flow network. A set

of edges connects the source node to each node of a task group. The capacity of the

edge from the source node to node Ti is set to |Ti|, i.e., the number of tasks in group

Ti. In addition, a set of edges connects each node of a task group to the nodes of its

available sites. The capacity of the edge from node Ti to a node Sj of its available sites

is also set to |Ti|. Finally, a set of edges connects each node of a site to the sink node.

The capacity of the edge from node Sj to the sink node is set to uj · C, where uj is

the processing capacity of site Sj and C is a constant. It is easy to verify that there is

a one-to-one correspondence between the integral flows in the flow network constructed

and the (partial) task allocations of the job satisfying that every site is allocated at most
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Figure 3.2: Flow network

C tasks per computing slot. In fact, given an integral flow f in the network, we can

induce a task allocation as follows. For each task group Ti and each of its available sites

Si, we assign f(Ti, Sj) tasks of group Ti to site Sj, where f(Ti, Sj) is the amount of flow

going through the edge from node Ti to node Sj in the flow network. In such a task

allocation, the number of tasks assigned to each site must be capped at uj · C since the

edges connecting each node Sj to the sink node have the capacity uj · C. Vice versa,

given a task allocation in which no site is allocated more than C tasks per computing

slot, we can induce a flow in the flow network as follows. For each task group Ti and each

of its available sites Si, the flow f(Ti, Sj) from node Ti to node Sj is set to the number

of tasks in group Ti assigned to site Si. In addition, the flow f(s, Ti) from the source

node to node Ti is set to the total number of tasks allocated in group Ti, and the flow

f(Sj, t) from node Sj to the sink node is set to the total number of tasks assigned to

site Sj. Obviously, such a flow meets the capacity constraint, skew symmetry and flow

conservation properties.

Since all the edges in the flow network constructed have integral capacities, the max-

imum flow of the network must have an integral flow value. Thus, by computing the

maximum flow of the flow network, we can answer the question of whether there exists a

task allocation such that no site is assigned more than C tasks per computing slot. If the
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Algorithm 1: Balanced Task Allocation within Jobs

Require: number of tasks in a job: n;
the available site set of each task in the job;
number of sites: m;

Ensure: allocation of the job’s tasks to sites;
1: construct the flow network for the job;
2: initialize the lower bound of C as Clower = d n∑m

j=1 uj
e;

3: initialize the upper bound of C as Cupper = max1≤k≤md n
uj
e;

4: while Clower < Cupper do
5: C = b(Clower + Cupper)/2c;
6: set the capacity of each edge (Sj, t) to uj · C;
7: compute the maximum flow f of the network;
8: if |f | = n then
9: Cupper ← C
10: else
11: Clower ← C + 1;
12: end if
13: end while
14: C = Clower;
15: set the capacity of each edge (Sj, t) to uj · C;
16: compute the maximum flow of the network;
17: derive the task allocation of the job from the maximum flow;

flow value of the maximum flow is equal to the total number of tasks
∑k

i=1 |Ti| = n, such

a task allocation exists. Otherwise, such a task allocation does not exist. As a result,

balanced task allocation can be solved as follows. Since there are n tasks in total and

m sites, there must exist one site that needs to be assigned at least d n∑m
j=1 uj

e tasks per

computing slot. On the other hand, to accommodate all the tasks, each site Sj needs to

run at most d n
uj
e tasks per computing slot. Therefore, we can perform a binary search

in the range [d n∑m
j=1 uj

e,max1≤j≤md n
uj
e] to identify the lowest C value such that a task

allocation exists to assign no more than C tasks per computing slot to each site Sj. This

is the balanced task allocation that minimizes the largest number of tasks per computing

slot received by a site. Algorithm 1 shows the details of the Balanced Task Allocation

within Jobs (BTAwJ) algorithm.

We shall use a simple example of 3 jobs to illustrate our proposed scheduling solutions.

Table 3.1 shows the arrival time and task number of each job. For simplicity, we assume
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Table 3.1: Settings of the Example

Job Release Time (s) Number of Tasks Available Sites of Tasks
J1 0 8 {S1, S2}
J2 1 15 {S1, S2, S3}
J3 2 6 {S2, S3}

that all the tasks of a job have the same set of available sites. We also assume that each

site has only one computing slot so that tasks are executed one at a time. The duration

of each task is 1 second.

Figures 3.3, 3.4 and 3.5 show the task allocations for jobs J1, J2 and J3 respectively

by the BTAwJ algorithm. For J1, since all of its tasks have the same available sites S1

and S2, BATwJ uniformly distributes the tasks between these two sites (see Figure 3.3).

Similarly, the tasks of J2 are uniformly distributed among sites S1, S2 and S3. When J2

arrives, sites S1 and S2 would have both finished one task of J1. Thus, after J2 arrives,

the task numbers to execute at S1, S2 and S3 are 8, 8 and 5 respectively (see Figure

3.4). For J3, its tasks are also uniformly distributed between the available sites S2 and

S3. Suppose the jobs are executed in the order of J1, J2 and J3 at all sites. When J3

arrives, sites S1 and S2 would have both finished two tasks of J1; and site S3 would have

finished one task of J2. Thus, after J3 arrives, the task numbers to execute at S1, S2

and S3 are 7, 10 and 7 respectively (see Figure 3.5). As a result, J1, J2 and J3 would be

completed at time 4, 9 and 12 seconds respectively. So, the average job response time is

((4− 0) + (9− 1) + (12− 2))/3 = 22/3 seconds.

3.2.2 Balanced Task Allocation across Jobs

BTAwJ considers each job independently. It does not consider the workload already

allocated to the sites in the task allocation of a new job. Different jobs can have different

available sites for their tasks and the distribution of available sites may be skewed. As

a result, by using BTAwJ, task allocation accumulated over multiple jobs may be quite

unbalanced, which can adversely affect the job completion times. In the example of Figure

3.4, if more tasks of job J2 are allocated to site S3 than to sites S1 and S2, we can achieve

a more balanced overall task allocation between these two sites, thereby improving the

response time of J2. This motivates us to design the second algorithm, called Balanced
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Figure 3.3: Outstanding tasks to execute at time t = 0 (s) by BTAwJ

Figure 3.4: Outstanding tasks to execute at time t = 1 (s) by BTAwJ
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Task Allocation across Jobs (BTAaJ), which looks at not only the available sites of the

new job to allocate but also the existing task distribution among the sites. The goal is

to balance the overall task allocation.

To do so, we can amend the flow network by adjusting the edge capacity between each

node of a site and the sink node according to the remaining number of tasks to execute

at the site. Specifically, let rj denote the number of tasks already allocated to but not

yet started at site Sj when a new job arrives. Then, the capacity of the edge from node

Sj to the sink node is set to max{uj · C − rj, 0}, where uj is the processing capacity of

site Sj. In this way, we can establish a one-to-one correspondence between the integral

flows in the network and the task allocation of the new job satisfying that the overall

task number allocated to each site is at most C tasks per computing slot. Therefore, we

can conduct a binary search to find the lowest C value to allocate all the tasks of the new

job. Since there are a total number of n+
∑m

j=1 rj tasks for all the sites, a lower bound on

the possible C values is d n∑m
j=1 uj

e. On the other hand, an upper bound on the possible C

values is max1≤j≤mdn+rj
uj
e since each site Sj needs to run at most n+ rj tasks. Algorithm

2 shows the details of the Balanced Task Allocation across Jobs (BTAaJ) algorithm.

We use the same example of Table 3.1 to illustrate BTAaJ. Since all the sites are

empty when J1 arrives, BTAaJ uniformly distributes its tasks between the available sites

S1 and S2 (see Figure 3.3). When J2 arrives, the remaining task numbers at S1, S2 and S3

are 3, 3 and 0. Thus, BTAaJ assigns four tasks to site S1, four tasks to site S2 and seven

tasks to site S3 to balance the overall allocation among the sites (see Figure 3.6). Suppose

the jobs are again executed in the order of J1, J2 and J3 at all sites. When J3 arrives,

the remaining task numbers at S1, S2 and S3 are 6, 6 and 6. Thus, BTAaJ uniformly

distributes the tasks of J3 between the available sites S2 and S3 (see Figure 3.7). As a

consequence, J1, J2 and J3 would be completed at time 4, 8 and 11 seconds respectively.

Therefore, the average job response time is ((4−0)+(8−1)+(11−2))/3 = 20/3 seconds.

We remark that after the task allocations by the BTAwJ and BTAaJ algorithms, any

scheduling algorithm can be used to determine the execution order of the tasks at each

site.
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Figure 3.5: Outstanding tasks to execute at time t = 2 (s) by BTAwJ

Figure 3.6: Outstanding tasks to execute at time t = 1 (s) by BTAaJ
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Algorithm 2: Balanced Task Allocation across Jobs

Require: number of tasks in a new job: n;
the available site set of each task in the new job;
number of sites: m;
number of remaining tasks at each site: {r1, r2, ..., rm};

Ensure: allocation of the new job’s tasks to sites;
1: construct the flow network for the new job;
2: initialize the lower bound of C as Clower = d n∑m

j=1 uj
e;

3: initialize the upper bound of C as Cupper = max1≤j≤mdn+rj
uj
e;

4: while Clower < Cupper do
5: C = b(Clower + Cupper)/2c,
6: set the capacity of each edge (Sj, t) to max{uj · C − rj, 0};
7: compute the maximum flow f of the network;
8: if |f | = n then
9: Cupper = C;
10: else
11: Clower = C + 1;
12: end if
13: end while
14: C = Clower;
15: set the capacity of each edge (Sj, t) to max{uj · C − rj, 0};
16: compute the maximum flow of the network;
17: derive the task allocation of the new job from the maximum flow;

3.2.3 Schedule Conscious Task Allocation

The above two task allocation algorithms are oblivious to the job scheduling strategy.

There are a wide variety of job scheduling strategies. Different scheduling strategies pri-

oritize jobs in different ways. If the task allocations of the jobs can take into consideration

the job priorities by the scheduling strategy, it may be possible to further enhance the

quality of the overall solution. Next, we design integrated solutions that combine task

allocation and job scheduling strategies.

There has been some studies on the scheduling algorithms to minimize the job com-

pletion time for distributed job execution. Hung et al. [40] proposed a SWAG algorithm

that greedily serves the job that can be completed the fastest and showed that the SWAG

algorithm outperforms the classical First Come First Serve (FCFS) and Shortest Remain-

ing Processing Time (SRPT) based approaches. To the best of our knowledge, SWAG
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is the state-of-the-art algorithm for the setting where each task of a job can be executed

at only a single site. Thus, we adopt the SWAG algorithm as the base of our integrated

solutions.

In a nutshell, whenever a new job arrives or an existing job is completed, the SWAG

algorithm computes a new order of all the outstanding jobs and all the sites would then

follow the order to execute the tasks locally. SWAG prioritizes jobs by estimating their

completion times and iteratively adds jobs to the new order one at a time. Specifically,

suppose the order of the first h jobs to run has been determined as J1, J2, ..., , Jh. Let qi,j

denote the number of job Ji’s remaining tasks to execute at site Sj. Then, for the first h

jobs, the accumulated number of tasks to execute at each site Sj is
∑h

i=1 qi,j. Consider

another job J that has xj remaining tasks to execute at each site Sj. If J is scheduled as

the (h + 1)-th job to run, its completion time is estimated as tc + max1≤j≤m

∑h
i=1 qi,j+xj

uj

(where tc is the current time and uj is the processing capacity of site Sj
2) since a job

is completed when all of its tasks are finished. The SWAG algorithm estimates the

completion times of all the jobs yet to be ordered and selects the job with the earliest

completion time to append to the job order. Then, SWAG continues to update the

completion time estimations of the remaining jobs and pick the next job until all the jobs

are ordered.

In our problem, each task of a job can have multiple available sites to execute. This

provides the opportunity to optimize the completion time of a new job by adjusting its

task allocation. That is, given the available sites of the new job’s tasks, we would like

to derive the xj values that minimize the job completion time tc + max1≤j≤m

∑h
i=1 qi,j+xj

uj
.

This problem can again be modeled by the flow network constructed in Section 3.2.1.

Specifically, instead of setting the edge capacity from each node Sj to the sink node at

uj ·C, we can set the edge capacity to max{uj ·C−
∑h

i=1 qi,j, 0}. As a result, each integral

flow in the network corresponds to a task allocation of the new job having a completion

time at most tc+C if appended to the job order. A binary search can be conducted to find

the lowest C value to allocate all the tasks of the new job. Similar to BTAaJ, the lower

and upper bounds for binary search can be set to d n∑m
j=1 uj

e and max1≤j≤mdn+
∑h
i=1 qi,j
uj

e
respectively. Then, the lowest C value would be used as the estimated completion time

2For the comparison purpose, tc can be omitted from the computation.
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of the new job for the SWAG algorithm to decide the job order. If the new job has the

earliest completion time, it is selected as the (h + 1)-th job to run. Otherwise, its task

allocation and the C value would be recomputed when choosing the next job to run. In

this way, the task allocation of the new job can be tailored to its priority in the job order,

thereby optimizing its completion time. We refer to this algorithm as Schedule Conscious

Task Allocation (SCTA). Algorithm 3 shows the details of the SCTA algorithm.

Again, we illustrate SCTA with the example of Table 3.1. The task allocations of

J1 and J2 by SCTA are the same as those by BTAaJ. When J1 arrives, to minimize its

estimated completion time, its tasks are uniformly distributed between the available sites

S1 and S2 (see Figure 3.3). When J2 arrives, the remaining task numbers at S1, S2 and S3

are 3, 3 and 0. If J1 is scheduled to run first, it can be completed at time 4 seconds. If J2

is scheduled to run first, it can be completed at time 6 seconds (by uniformly allocating

its tasks among the three sites). Thus, SCTA schedules J1 to run before J2. Then, to

minimize J2’s estimated completion time, SCTA assigns four tasks to site S1, four tasks

to site S2 and seven tasks to site S3 (see Figure 3.6). When J3 arrives, the remaining

task numbers at S1, S2 and S3 are 6, 6 and 6. By applying SCTA, J1 would be scheduled

to run first since it can be completed at time 4 seconds which is the earliest. Then, J3

would be scheduled to run next since it can be completed at time 6 seconds if executed

after J1, while J2 can only be completed at time 8 seconds if executed after J1. Finally,

J2 would be scheduled to run last (see Figure 3.8). As a result, J1, J2 and J3 would be

completed at time 4, 12 and 6 seconds respectively. Thus, the average job response time

is ((4− 0) + (12− 1) + (6− 2))/3 = 19/3 seconds.

3.2.4 Adaptive Task Allocation

So far, all the solutions we have developed focus on the task allocation of a new job

when it arrives. Once determined, the task allocation of the job is fixed and does not

change afterwards. This can potentially limit the adaptivity of the task allocation to

future job arrivals. In the previous example, when J3 arrives, the jobs are reordered as

J1, J3, J2 (see Figure 3.8). As a result, due to minimizing J3’s estimated completion time,

the overall task allocation among sites S1, S2 and S3 becomes quite unbalanced, which

adversely affects the completion time of J2. In fact, the idea of SCTA to tailor the task
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Figure 3.7: Outstanding tasks to execute at time t = 2 (s) by BTAaJ

Figure 3.8: Outstanding tasks to execute at time t = 2 (s) by SCTA
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Algorithm 3: Schedule Conscious Task Allocation

Require: number of sites: m;
outstanding jobs: J1, J2, ..., Jg;
allocation of the remaining tasks of each outstanding job Ji (i = 1, 2, ..., g):
{qi,1, qi,2, ..., qi,m};
number of tasks in a new job Jg+1: n;
the available site set of each task in the new job Jg+1;

Ensure: allocation of the new job’s tasks to sites and the execution order of all jobs;
1: construct the flow network for the new job Jg+1;
2: initialize Q as an empty job order;
3: initialize the accumulated task number rj = 0 for each site Sj (j = 1, 2, ...,m);
4: for each h = 1 to g + 1 do
5: if the new job Jg+1 is not in Q then
6: initialize the lower bound of C as Clower = d n∑m

j=1 uj
e;

7: initialize the upper bound of C as Cupper = max1≤j≤mdn+rj
uj
e;

8: while Clower < Cupper do
9: C = b(Clower + Cupper)/2c,
10: set the capacity of each edge (Sj, t) to max{uj · C − rj, 0};
11: compute the maximum flow f of the network;
12: if |f | = n then
13: Cupper = C;
14: else
15: Clower = C + 1;
16: end if
17: end while
18: C = Clower;
19: set the capacity of each edge (Sj, t) to max{uj · C − rj, 0};
20: compute the maximum flow of the network;
21: derive the task allocation of the new job Jg+1 from the maximum flow:

{q(g+1),1, q(g+1),2, ..., q(g+1),m};
22: end if
23: compute the estimated completion time ei = max1≤j≤m{rj + qi,j} for each job Ji

not in Q;
24: l = arg mini ei;
25: append job Jl to Q;
26: rj = rj + ql,j, for each j ∈ {1, 2, ...,m};
27: end for
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allocation of a job to its priority in the job order can be applied to not only a new job but

also all the outstanding jobs in the system. To improve the adaptivity, we can reallocate

the remaining tasks of a job when needed at any time before the job is completed. In

the example of Figure 3.8, if we reallocate the tasks of J2 when J3 arrives, that is, we

assign six tasks of J2 to site S1, four tasks of J2 to site S2 and four tasks of J2 to site

S3, then we can balance the overall task allocation among the sites (see Figure 3.9). As

a consequence, J2 can be completed earlier at time 10 seconds. Thus, the average job

response time can be reduced to ((4− 0) + (10− 1) + (6− 2))/3 = 17/3 seconds.

By this motivation, we propose an algorithm called Adaptive Task Allocation (ATA)

that is allowed to adjust the task allocation of all the outstanding jobs to optimize the job

completion times. Again, we base our ATA algorithm on SWAG which is a state-of-the-

art scheduling algorithm for distributed job execution. In computing a new order of the

jobs, for each outstanding job, we would like to compute the best task allocation for its

remaining tasks that minimizes its estimated completion time. Naturally, this can also be

implemented by the flow network transformation and binary search techniques discussed

for a new job in Section 3.2.3. Algorithm 4 shows the details of the ATA algorithm.

The computational complexity of the ATA algorithm can be considerably higher than

that of the SCTA algorithm. In the ATA algorithm, to determine a new order of g jobs,

we need to compute O(g2) task allocations since the task allocations of all the jobs not yet

ordered are recomputed in each iteration. To improve the computational efficiency, rather

than computing the exact best task allocation for each job, we can employ heuristics to

derive a good task allocation for each job that minimizes the job completion time in an

approximate manner. Next, we propose a simple greedy heuristic that can be used as a

substitute for the flow network transformation and binary search techniques in the ATA

algorithm.

The main idea of the greedy heuristic is to allocate the tasks of a job sequentially

in a water-filling manner (see Figure 3.10). Suppose that the remaining tasks of a job

are composed of k task groups T1, T2, ..., Tk, where the tasks in the same group share

the same set of available sites. The greedy heuristic allocates the tasks one group at a

time in a decreasing order of group size. When allocating a task group Ti, it considers

all the available sites of the group. Let Sj1 , Sj2 , ...Sjl denote the available sites, and let
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Algorithm 4: Adaptive Task Allocation

Require: number of sites: m;
outstanding jobs: J1, J2, ..., Jg;
number of remaining tasks in each outstanding job Ji : ni;
the available site set of each task in each outstanding job Ji; a new job Jg+1;
number of tasks in the new job Jg+1: ng+1;
the available site set of each task in the new job Jg+1;

Ensure: allocation of tasks to sites for all jobs and the execution order of all jobs;
1: construct the flow network for each job Ji (i = 1, 2, ..., g + 1);
2: initialize Q as an empty job order;
3: initialize the accumulated task number rj = 0 for each site Sj (j = 1, 2, ...,m);
4: for each h = 1 to g + 1 do
5: for each job Ji not in Q do
6: initialize the lower bound of C as Clower = d ni∑m

j=1 uj
e;

7: initialize the upper bound C as of Cupper = max1≤j≤mdni+rj
uj
e;

8: while Clower < Cupper do
9: C = b(Clower + Cupper)/2c,
10: set the capacity of each edge (Sj, t) in the flow network for Ji to

max{uj · C − rj, 0};
11: compute the maximum flow f of the network for Ji;
12: if |f | = ni then
13: Cupper = C;
14: else
15: Clower = C + 1;
16: end if
17: end while
18: C = Clower;
19: set the capacity of each edge (Sj, t) in the flow network for Ji to

max{uj · C − rj, 0};
20: compute the maximum flow f of the network for Ji;
21: derive the task allocation of job Ji from the maximum flow: {qi,1, qi,2, ..., qi,m};
22: compute the estimated completion time ei = max1≤j≤m{rj + qi,j} for job Ji;
23: end for
24: l = arg mini ei;
25: append job Jl to Q;
26: rj = rj + ql,j, for each j ∈ {1, 2, ...,m};
27: end for
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Figure 3.9: Outstanding tasks to execute at time t = 2 (s) by ATA
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rj1 , rj2 , ..., rjl denote the numbers of tasks currently allocated to these sites. Without loss

of generality, assume that the available sites are sorted in an increasing order of their

current workloads, i.e. rj1 ≤ rj2 ≤ ... ≤ rjl . Define rjl+1
=∞. Let |Ti| denote the number

of tasks in the task group Ti. To decide where to allocate the task group Ti, the greedy

heuristic finds the smallest index h satisfying
∑h−1

x=1(rjh− rjx) < |Ti| ≤
∑h

x=1(rjh+1
− rjx).

Then, the tasks in group Ti would be allocated to sites Sj1 , Sj2 , ..., Sjh . Let p (where

rjh < p ≤ rjh+1
) be the integer satisfying

∑h
x=1((p− 1)− rjx) < |Ti| <

∑h
x=1(p− rjx) and

let y =
∑h

x=1(p − rjx) − |Ti|. The greedy heuristic allocates (p − 1) − rjx tasks to each

site Sjx where 1 ≤ x ≤ y, and allocates p− rjx tasks to each site Sjx where x > y. In this

way, the accumulated numbers of tasks allocated to the available sites are balanced as

much as possible. We refer to the ATA algorithm instantiated with the greedy heuristic

as ATA-Greedy.

3.2.5 Discussion

In our proposed solutions, we simply use the number of remaining tasks to execute as an

estimate of the job completion time. We do not assume or make use of any knowledge

on task durations. This is because it may not be easy to make good predictions on the

task durations for all the applications [6]. Not relying on task duration predictions will

allow our solutions to be applicable to a wider range of scenarios. In the next section,

we shall conduct experimental evaluations using job traces with realistic task durations

and show that our solutions are effective in optimizing the average job response time.

In our discussion, for simplicity, we have assumed that each job includes a single stage

in which all the tasks can run in parallel. If a job has multiple stages with dependency

constraints, the tasks of the first stage normally process raw data inputs, whereas the

tasks of subsequent stages aggregate the outputs of the first-stage tasks and are often

executed at one site [40]. Thus, in this case, our solutions can primarily be used to assign

and schedule tasks in the first stage.

Table 3.2 summarizes the five algorithms proposed in this section and their relations.

We can see that from BTAaJ to ATA, the algorithms gradually take more factors into

consideration in the task allocation to improve scheduling performance. Meanwhile, the

computational complexity increases as more factors are considered. Thus, ATA-Greedy
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is proposed for reducing the computational complexity of ATA while maintaining its

characteristics.

Table 3.2: Summary of Algorithms

Algorithms Characteristics
BTAaJ Task allocation of a new job is determined within the

job.
BTAwJ Task allocation of a new job is determined considering

all the outstanding jobs in the system.
SCTA Task allocation of a new job is determined considering

all the outstanding jobs in the system and exploring the
prioritization of jobs.

ATA Task allocation of a new job and existing jobs are deter-
mined considering all the outstanding jobs in the system
and exploring the prioritization of jobs.

ATA-Greedy A heuristic of ATA which reduces the computational
complexity.

Our proposed algorithms are heuristics. They use the number of remaining tasks

to execute as an estimate of the job completion time. Since they do not make use of

any knowledge on task durations, they are unlikely to have approximation bounds in

terms of the average job response time. Nevertheless, it is possible to derive some rough

approximation bounds under restricted assumptions. Suppose that the tasks of all jobs

have identical durations. Then, the remaining time to job completion is proportional to

the number of remaining tasks. In this special case, at each new job arrival, the task

allocations and schedules computed by the SCTA and ATA algorithms (Algorithms 3

and 4) have an approximation ratio of m in terms of the average job response time,

where m is the number of sites and the response time of each job is measured by the

job completion time minus the current time (i.e., the time of the new job arrival). For

simplicity, assume that the current time is 0. Our analysis below is inspired by the work

of [43] on the order scheduling model.

Following the notations in Algorithms 3 and 4, suppose that at the arrival of a new

job, there are a total of g + 1 outstanding jobs (including the new job): J1, J2, . . . , Jg+1.

For each job Ji, let (qi,1, qi,2, . . . , qi,m) denote the task allocation of Ji among the m

sites finally computed by the SCTA or ATA algorithm, where qi,j is the number of tasks
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assigned to site Sj and
∑m

j=1 qi,j is the total number of remaining tasks for Ji. Let

Qj = max{qi,1, qi,2, . . . , qi,m} be the maximum number of tasks allocated to a site for

job Ji among all sites. Without loss of generality, assume that the jobs are indexed in

increasing order of Qj, i.e., Q1 ≤ Q2 ≤ · · · ≤ Qg+1. Let Jp1 , Jp2 , . . . , Jpg+1 denote the

order of job execution finally computed by the SCTA or ATA algorithm, where Jp1 is the

first job to execute, Jpg+1 is the last job to execute, and p1, p2, . . . , pg+1 is a permutation

of 1, 2, . . . , g + 1 (note that pi and i are not necessarily the same number). Without loss

of generality, assume that the duration of each task is one time unit. Let C(Jpi) denote

the completion time of job Jpi by the SCTA or ATA algorithm.

Recall that following the SWAG algorithm, in each iteration of the SCTA and ATA

algorithms, we estimate the completion times of all the jobs yet to be ordered and select

the job with the earliest completion time to append to the job order. Thus, the first

job appended to the job order must be J1, i.e., p1 = 1. As a result, C(Jp1) = Q1, since

a job is completed when all of its tasks are finished. Subsequently, at the beginning of

each iteration i ≥ 2, the job order contains i − 1 jobs only, so at least one of the jobs

J1, J2, . . . , Ji have not yet been added to the job order. Suppose that Jx (where 1 ≤ x ≤ i)

have not been added. If Jx is appended to the job order, its completion time is at most

C(Jpi−1
) + Qx. This is because in the SCTA algorithm, the task allocation of the job is

computed at its arrival and it does not change afterwards. So, if Jx is an existing job, its

allocation must be the same as its final allocation (qx,1, qx,2, . . . , qx,m) in each iteration.

Since each site is assigned at most Qx additional tasks, Jx’s completion time is at most

C(Jpi−1
)+Qx if it is appended to the job order. If Jx is the incoming new job, its allocation

computed in each iteration may not be the same as its final allocation (qx,1, qx,2, . . . , qx,m).

Since the maximum flow computation finds the best task allocation given the jobs already

in the job order, if the new job Jx is appended to the job order, its completion time

is still bounded by that resulting from the final allocation (qx,1, qx,2, . . . , qx,m). Thus,

Jx’s completion time is bounded by C(Jpi−1
) + Qx. On the other hand, in the ATA

algorithm, the task allocations of all the existing and new jobs can be adjusted. For

each job Jx, its allocation computed in each iteration may not be the same as its final

allocation (qx,1, qx,2, . . . , qx,m). Similarly, since the maximum flow computation finds the

best task allocation given the jobs already in the job order, if Jx is appended to the
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job order, its completion time is still bounded by that resulting from the final allocation

(qx,1, qx,2, . . . , qx,m). Hence, Jx’s completion time is bounded by C(Jpi−1
) + Qx. By the

greedy strategy of the SCTA and ATA algorithms, the actual job Jpi appended to the

job order must lead to its completion time no later than C(Jpi−1
) +Qx ≤ C(Jpi−1

) +Qi.

Therefore, we have C(Jpi) − C(Jpi−1
) ≤ Qi. So, the total job completion time by the

SCTA or ATA algorithm satisfies

g+1∑
i=1

C(Jpi) =

g+1∑
i=1

(
C(Jp1) +

i∑
k=2

(
C(Jpk)− C(Jpk−1

)
))
≤

g+1∑
i=1

i∑
k=1

Qk. (3.1)

Now consider the optimal task allocation and schedule that minimizes the average

job response time. For each job Ji, let (q∗i,1, q
∗
i,2, . . . , q

∗
i,m) denote the task allocation of

Ji among the m sites in the optimal solution, where q∗i,j is the number of tasks assigned

to site Sj and
∑m

j=1 q
∗
i,j is the total number of remaining tasks for Ji. Since the total

number of remaining tasks for each job is fixed, we have

m∑
j=1

q∗i,j =
m∑
j=1

qi,j. (3.2)

Let Jo1 , Jo2 , . . . , Jog+1 denote the order of job execution in the optimal solution, where

Jo1 is the first job to execute, Jog+1 is the last job to execute, and o1, o2, . . . , og+1 is a

permutation of 1, 2, . . . , g + 1 (note that oi and i are not necessarily the same number).

Let C∗(Joi) denote the completion time of job Joi in the optimal solution. Then, it holds
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that

C∗(Joi) = max
1≤j≤m

{
i∑

k=1

q∗ok,j}

≥
∑m

j=1(
∑i

k=1 q
∗
ok,j

)

m

=

∑i
k=1(

∑m
j=1 q

∗
ok,j

)

m

=

∑i
k=1(

∑m
j=1 qok,j)

m

≥
∑i

k=1 max1≤j≤m{qok,j}
m

=

∑i
k=1Qok

m

≥
∑i

k=1Qk

m
,

where the third equality above is due to equation (3.2) and the last inequality is based

on the assumption that Q1 ≤ Q2 ≤ · · · ≤ Qg+1. It follows that the total job completion

time by the optimal solution satisfies

g+1∑
i=1

C∗(Joi) ≥
g+1∑
i=1

((
i∑

k=1

Qk)/m) = (

g+1∑
i=1

i∑
k=1

Qk)/m. (3.3)

By equations (3.1) and (3.3), the total job completion time and hence the average job

response time by the SCTA and ATA algorithms are at most m times of the optimal.

3.3 Experimental Setup

We conduct simulations to compare various scheduling solutions. This section describes

the simulation settings.

Job Traces: We use two realistic job traces to drive the simulations: a Facebook trace

and a Google trace. The Facebook trace is the trace FB-2010 samples 24 times 1hr 0.csv

from the SWIM workload repository [3,20], which is generated based on historical work-

load traces on a 3000-machine cluster at Facebook. The trace contains 24024 jobs and

specifies the amount of data processed by each job. We derive the number of tasks in
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each job by assuming that there is one task per 1 GB data to process. As a result, there

are a total of 1102281 tasks in these jobs. We generate the task durations according to a

Pareto distribution with parameter β = 1.259 [6] and a mean of 2 seconds. The Google

trace was collected on a cluster of about 12000 machines for one month at Google [1,53].

We extract a segment of the trace containing 2944 jobs in a 60-min window. These jobs

include 48504 tasks. We derive the task durations from the timestamps of task events

recorded in the trace. The task durations show a heavy-tailed distribution and have a

mean of 1374.7 seconds. In both traces, each task of a job is assumed to require one

computing slot to execute. The job arrival times are available in the original traces.

We increase or reduce the inter-arrival times of the jobs in the traces proportionally to

simulate different levels of system utilization from 40% to 70%.

Site Capacity: The default number of sites is set at 10. The sites are denoted as

S1, S2, ..., S10. The resource capacity of each site is set at 20 computing slots.

Available Sites: We assume that for each job, the data inputs to the tasks are

distributed among the sites according to a Zipf distribution. Specifically, for each job, we

randomly generate a permutation of all the sites. Then, each task of the job is associated

with the i-th site in the permutation with a probability proportional to 1
iα

, where α is the

Zipf skew parameter. The higher the value of α, the more skewed the task distribution.

To simulate different levels of skewness, we vary α from 0 to 2. When α is set to 0, the

expected task distribution is uniform. If the associated site of a task is Sj, then Sj and

(k − 1) additional sites Sj+1, Sj+2, ..., Sj+k−1 are appointed as the available sites of the

task. We set the number of available sites at 2.

Scheduling Methods: We implement all the scheduling solutions described in Sec-

tion 3.2. For the BTAwJ and BTAaJ algorithms, after determining the task allocation

for each new job on its arrival, the jobs are ordered by the SWAG algorithm for execu-

tion. The SCTA, ATA and ATA-Greedy algorithms are integrated solutions that combine

task allocation and job scheduling (SWAG) strategies. In addition, we also implement

the original SWAG algorithm as a baseline for comparison, since to our knowledge, it is

the state-of-the-art algorithm for optimizing the average job response time. The original

SWAG algorithm does not take advantage of multiple available sites of tasks. It sim-

ply allocates each task to its associated site and orders the jobs based on their estimated
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completion times for execution. Note that none of our scheduling algorithms and SWAG

uses the information of task durations since such knowledge is often hard to obtain before

execution. The algorithms simply estimate the job completion times by the number of

outstanding tasks.

Performance Metrics: We study the average response time of all the jobs. The

response time of a job is the duration from its arrival to the time when all of its tasks

are finished.

3.4 Experimental Results

We compare the algorithms by varying the Zipf skew parameter from 0 to 2, and the

system utilization from 40% to 70%. Figures 3.11 and 3.12 show the results of Google

and Facebook traces respectively with each task having 2 available sites. In general, the

average job response time increases with the skewness of task distribution for all the

algorithms.

This is because when the available sites of tasks have a more skewed distribution, it

is more difficult to balance the task allocation among the sites, thereby making the job

response times longer.

As can be seen from Figures 3.11 and 3.12, the SCTA and ATA algorithms outperform

the BTAwJ and BTAaJ algorithms. This indicates that the solutions combining task

allocation and job scheduling strategies are more effective for optimizing job response

times than the solutions conducting task allocation and job scheduling separately. By

reallocating the tasks of outstanding jobs when a new job arrives, ATA further reduces

the job response times compared to SCTA. This shows the importance of adjusting

task allocations according to future job arrivals. The performance improvement of ATA

over SCTA generally increases with the Zipf skew parameter. This demonstrate that

ATA is more capable in dealing with the skewness in the distribution of tasks’ available

sites. ATA-Greedy, the heuristic version of ATA which compromises the quality of task

allocation, performs a little worse than ATA but still significantly better than the other

algorithms. This implies that the heuristic to greedily allocate tasks to sites with the least

loads is a close approximation of the optimal task allocation. Figures 3.13 and 3.14 show
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Figure 3.11: Average job response time for Google trace (2 available sites for each task)
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Figure 3.12: Average job response time for Facebook trace (2 available sites for each
task)
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Figure 3.13: Cumulative distribution of job response time for Google trace (Zipf param-
eter = 1)
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Figure 3.14: Cumulative distribution of job response time for Facebook trace (Zipf pa-
rameter = 1)
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Figure 3.15: Average job response time for Google trace (Zipf parameter = 1)
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Figure 3.16: Average job response time for Facebook trace (Zipf parameter = 1)
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the cumulative distribution of job response times for various algorithms when the Zipf

skew parameter is set at 1. It can be seen that ATA and ATA-Greedy improve the job

response time at almost all percentiles. The above performance trends are consistently

observed across different levels of system utilization.

The original SWAG algorithm allocates each task to a fixed available site and does not

make use of other available sites. Thus, it normally has the most skewed task allocation

and results in much higher job response times than all our proposed algorithms except

BTAwJ. The relative performance of BTAwJ to the original SWAG algorithm varies over

different settings. As seen from Figures 3.11 and 3.12, BTAwJ performs even worse than

SWAG in terms of average job response time for some settings. This is because BTAwJ

conducts task assignment independently for each job. BTAwJ simply distributes the

tasks evenly among the available sites for each job and does not consider the number of

outstanding tasks (of other jobs) to execute at each site. As a result, the instantaneous

task queue lengths at various sites can be quite different and even less balanced than

those in the original SWAG algorithm, giving rise to possibly longer job response times.

Figures 3.15 and 3.16 show the average job response times for different numbers of

available sites for each task when the Zipf skew parameter is set at 1. In general, a

larger number of available sites provide more flexibility in task allocation. Thus, the

job response times of our algorithms usually decrease as the number of available sites

increases. When each task has only one available site, the job response times of all the

proposed algorithms are the same because the task allocations are fixed and all the jobs

are executed in the same order decided by SWAG. When each task has more than one

available site, the tasks of each job can be distributed to balance the task allocation

among the sites and reduce the job response times. The relative performance of the

algorithms remains largely unchanged for different numbers of available sites.

3.5 Summary

In this chapter, we have studied task assignment and scheduling for improving efficiency

of distributed job execution in which each task of a job may be executed at a subset of

all the sites. The assignment of each task to one of its available sites gives an additional
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dimension of freedom in resource allocation, which makes the design of solutions more

complicated than the setting where each task can be executed at only a single site. We

model the task assignment as a flow network, and design algorithms to find the balanced

task allocation among the sites by solving a maximum flow problem. We further propose a

number of integrated solutions to carry out task assignment and job scheduling together.

Experiments with real job traces show that these solutions perform significantly better in

terms of job response time than conducting task assignment and job scheduling separately

as well as a baseline that allocates each task to a fixed available site. Among the five

algorithms proposed in this chapter, the experimental results show that the ATA and

ATA-Greedy algorithms have similar performance and they both outperform the other

algorithms. Since ATA-Greedy has a lower computational complexity than ATA, ATA-

Greedy is more suitable for practical use.
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Chapter 4

Max-min Fair Resource Allocation
for Distributed Job Execution

Data analytic jobs usually require large volumes of data inputs that are available at

geographically distributed locations. Gathering all the data at a central location for

processing would not only place heavy traffic burdens on the underlying networks but

also slow down the job execution. To achieve better performance, it is often preferable to

take advantage of data locality by distributing job execution across multiple sites located

close to the data to be processed [51, 61]. When there are not enough resources to fully

meet the demands of all the jobs at one or more sites, how to allocate resources fairly

among the jobs is a critical problem. In the literature, a large number of mechanisms

have been proposed for fair resource allocation as discussed in Chapter 2. However,

most existing mechanisms are primarily designed for a single machine or machine cluster

only. To the best of our knowledge, no work has considered fair resource allocation in the

setting of distributed job execution. In this chapter, we study the problem of fair resource

allocation for distributed job execution across a set of machine clusters or datacenters.1

This is a challenging problem in that different jobs may require different combinations

of sites for execution and may have different resource demands at each site.

1The work in this chapter has been published in Proceedings of the 48th International Conference
on Parallel Processing. article no. 55, pp. 1-10, 2019.
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4.1 Preliminary: Max-Min Fairness

Max-min fairness is a well-recognized approach to define fairness in resource allocation

[12]. Generally speaking, max-min fairness aims to allocate resources as much as possible

to jobs with low demands, and equally distribute resources among the remaining jobs

whose demands cannot be completely satisfied. Bertsekas et al. [12] gave a formal and

generic definition of max-min fairness:

Definition 4.1 ( [12]). Consider a set X of n-dimensional vectors. A vector ~x ∈ X

is max-min fair on set X, if and only if, ∀~y ∈ X, if ys > xs holds for an index s ∈
{1, 2, . . . , n}, then there must exist another index t ∈ {1, 2, . . . , n} such that yt < xt ≤ xs.

Definition 4.1 implies that in a max-min fair vector ~x, increasing any component

xs must be done at the expense of decreasing another smaller or equal component xt.

Bertsekas et al. [12] proved that if a max-min fair vector exists on a set X, then it is

unique. A follow-up work by Radunovic and Le Boudec [52] studied the achievability

of max-min fairness. A set X is said max-min achievable if there exists a max-min fair

vector on X. Radunovic and Le Boudec [52] identified and proved a sufficient condition

for a set X to be max-min achievable:

Theorem 4.1 ( [52]). If a set X is compact and convex, then it is max-min achievable.

By viewing resource allocation among jobs as a vector, it is straightforward to instan-

tiate Definition 4.1 to define the max-min fairness of resource allocation among multiple

jobs running on a single machine. To illustrate, consider four jobs running on a machine

whose resource capacity is 20. Suppose the resource demands of the four jobs are de-

scribed by a vector 〈2, 4, 10, 40〉. Clearly, the machine cannot fully meet the demands of

all jobs. An allocation vector 〈2, 3, 7, 8〉 does not satisfy max-min fairness, because it is

possible to increase job 2’s allocation of 3 by decreasing job 3’s allocation of 7 which is

larger than 3. The allocation vector satisfying max-min fairness is 〈2, 4, 7, 7〉. With this

allocation, no component can be increased without decreasing an equal or even smaller

component.
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Max-min fairness is always achievable for resource allocation on a single machine. It

also has some elegant properties: Pareto efficiency, envy-freeness, strategy-proofness and

sharing incentive, which are widely accepted notions of fairness [29].

Pareto efficiency: It is not possible to increase the allocation of a job without de-

creasing the allocation of another job. This property implies that resource utilization is

maximized. In particular, all the resources must be allocated unless the total resource

demand is below the resource availability.

Envy-freeness: A job would not prefer the allocation of any other job. This is a

common requirement for fairness.

Strategy-proofness: A job cannot increase its allocation by lying about its demands.

This property provides incentive compatibility.

Sharing incentive: Each job should be better off sharing the resources, compared

to statically partitioning the resources and exclusively using its own partition of the

resources.

4.2 System Model

We consider a distributed system consisting of a set of separate sites: M = {S1, S2, ..., Sm}.
Each site can refer to a cluster of machines or a datacenter. Each site Sj has a resource

capacity uj which can be understood as the number of computing slots available at the

site.

Suppose there is a set of n jobs J = {J1, J2, ..., Jn} running in the system. Each

job Ji is composed of tasks that process independent data partitions and can run in

parallel. We assume that each task is to be executed at a designated site in the set M
due to reasons such as data locality (each task is assigned to the site that holds the input

data) and unacceptable overheads of data migration between sites. A job Ji’s resource

demand at a site is given by the total demand of its tasks to be executed at the site. For

example, if each task occupies one computing slot during execution, then at any time,

the remaining number of job Ji’s tasks to be executed at a site can be understood as

Ji’s resource demand at the site. We model the resource demands of all jobs as a n×m
matrix Dn×m, in which each entry dij represents job Ji’s resource demand at site Sj. If
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Ji has no task to run at a site Sj, we define dij = 0. A job is completed only when all of

its tasks are finished.

Resource allocation among the jobs at different sites can be represented by a n×m
matrix An×m, in which each entry aij indicates the amount of resources allocated to

job Ji by site Sj. We refer to An×m as an allocation matrix or an allocation for short.

Naturally, any feasible allocation must satisfy the site capacity constraints:

∀Sj ∈M,
n∑

i=1

aij ≤ uj, (4.1)

which means that the total amount of resources allocated by each site Sj cannot exceed

its capacity. On the other hand, it does not make sense to allocate more resources than

what a job needs at any site. Thus, any rational allocation should satisfy the job demand

constraints:

∀Ji ∈ J , Sj ∈M, 0 ≤ aij ≤ dij. (4.2)

We consider feasible and rational allocations only, and focus on the fairness of resource

allocation among the jobs.

4.3 Max-min Fairness Across Multiple Sites

A naive extension of max-min fairness to distributed job execution is to consider each site

independently and require the resource allocation at each site to be max-min fair. We

refer to this policy as Independent Max-min Fairness (IMF). By the results of max-min

fairness on a single machine, it is straightforward that IMF is achievable and satisfies all

the four properties presented in Section 4.1.

By definition, for any site, if every job has sufficiently large resource demand at the

site, IMF assigns each job an equal share of the resources at the site. However, in

our context of distributed job execution, a job does not necessarily have tasks to run

at every site since the task assignment is determined by data availability. Thus, the

aggregate resources allocated to different jobs by IMF can be far from equal or fair.

In this section, we propose a new resource allocation policy called Aggregate Max-min

Fairness for distributed job execution.

50



4.3.1 Aggregate Max-min Fairness

Aggregate Max-min Fairness (AMF) considers all the sites as a united resource pool and

defines fairness according to the total amount of resources acquired by each job from all

the sites. The rationale is that in distributed job execution, the system-wide processing

rate of each job is decided by its aggregate resource allocation. Given an allocation

matrix An×m, we define a job-wise allocation vector ~A to describe the aggregate amount

of resources received by each job from all the sites:

~A = 〈
m∑
j=1

a1j,

m∑
j=1

a2j, ...,

m∑
j=1

anj〉.

AMF requires that the vector ~A is max-min fair. Formally, let X denote the set of all

the feasible and rational allocation matrices. Let X be the set including all the job-wise

allocation vectors of the allocation matrices in X .

Definition 4.2. An allocation An×m satisfies Aggregated Max-min Fairness, if and only

if, its job-wise allocation vector ~A is the max-min fair vector over the set X.

According to Theorem 4.1, if the set X is compact and convex, then AMF is achiev-

able.

Lemma 4.1. The set X is compact.

Proof. Consider any job-wise allocation vector

~A = 〈
m∑
j=1

a1j,

m∑
j=1

a2j, ...,

m∑
j=1

anj〉

produced by a feasible and rational allocation matrix An×m. From the demand and capac-

ity constraints (i.e., (4.1) and (4.2)), for each job Ji, 0 ≤
∑m

j=1 aij ≤
∑m

j=1 min{uj, dij}.
Thus, the set X is closed and bounded. Hence, it is compact.

Lemma 4.2. The set X is convex.

Proof. We prove that for any two vectors ~A, ~B ∈ X and any 0 ≤ λ ≤ 1, it holds that

λ ~A+ (1− λ) ~B ∈ X.
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Suppose that An×m and Bn×m are two allocations producing ~A and ~B respectively.

Consider the allocation Cn×m = λAn×m + (1− λ)Bn×m. It is obvious that the job-wise

allocation vector produced by Cn×m is λ ~A+ (1− λ) ~B.

Since A and B are rational, by the demand constraints (4.2), we have 0 ≤ λaij ≤ λdij

and 0 ≤ (1− λ)bij ≤ (1− λ)dij. Thus, 0 ≤ λaij + (1− λ)bij = cij ≤ dij. Similarly, since

A and B are feasible, by the capacity constraints (4.1), we have 0 ≤ λ
∑n

i=1 aij ≤ λuj

and 0 ≤ (1− λ)
∑n

i=1 bij ≤ (1− λ)uj. It follows that 0 ≤
∑n

i=1 λaij +
∑n

i=1(1− λ)bij =∑n
i=1 cij ≤ uj. So, C is feasible and rational. Hence, λ ~A+ (1− λ) ~B ∈ X.

Theorem 4.2. Aggregated Max-min Fairness is achievable.

Theorem 4.2 implies that the job-wise allocation vector satisfying AMF is unique.

Note, however, that the allocation matrix satisfying AMF may not be unique, as different

allocation matrices can produce the same job-wise allocation vector.

4.4 Properties of Aggregate Max-min Fairness

Now, we study whether AMF satisfies the properties of Pareto efficiency, envy-freeness,

strategy-proofness and sharing incentive.

4.4.1 Pareto Efficiency

Pareto efficiency means that it is not possible to increase the allocation of a job without

decreasing the allocation of another job. In our context of distributed job execution, the

aggregate amount of resources received by a job Ji from all the sites is given by
∑m

j=1 aij.

To prove that an allocation satisfies Pareto efficiency, we need to show that
∑m

j=1 aij

cannot be increased without decreasing the aggregate allocation
∑m

j=1 akj of at least one

other job Jk.

Theorem 4.3. AMF is Pareto efficient.

Proof. The job-wise allocation vector ~A of an AMF allocation An×m is max-min fair. By

the definition of max-min fairness, for any feasible and rational allocation Bn×m other

than An×m, if a job Ji satisfies
∑m

j=1 bij >
∑m

j=1 aij, there must be another job Jk such

that
∑m

j=1 bkj <
∑m

j=1 akj. Therefore, AMF is Pareto efficient.
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4.4.2 Envy Freeness

Envy-freeness means that a job would not prefer the resource allocation of any other job.

In our context of distributed job execution, a job Ji would envy the allocation of another

job Jk if Ji can acquire a larger aggregate amount of useful resources from all the sites

using Jk’s allocation. Given an allocation An×m, if job Ji gets job Jk’s allocation, the

actual amount of resources Ji can use at each site Sj is min{akj, dij} since its demand

at site Sj is dij. Thus, the aggregate amount of resources it can use across all sites is∑m
j=1 min{akj, dij}. Therefore, an allocation An×m satisfies envy-freeness if for any two

jobs Ji and Jk, it holds that

m∑
j=1

min{akj, dij} ≤
m∑
j=1

aij.

Theorem 4.4. AMF is envy-free.

Proof. We prove it by contradiction. Assume on the contrary that an AMF allocation

An×m is not envy-free, i.e., there exist two jobs Ji and Jk satisfying
∑m

j=1 min{akj, dij} >∑m
j=1 aij. This implies two facts:

First, the aggregate amount of resources received by job Jk is greater than that

received by job Ji:
∑m

j=1 akj >
∑m

j=1 aij.

Second, there exists at least one site Sj∗ such that min{akj∗ , dij∗} > aij∗ . This

indicates dij∗ > aij∗ . Thus, if we increase aij∗ and meanwhile decrease akj∗ to maintain

the capacity constraint, the actual amount of resources that job Ji can use is increased

while that job Jk can use is decreased. Together with the first fact, we can infer that

in An×m’s job-wise allocation vector ~A, it is possible to increase the i-th component

by decreasing the k-th component which is larger. This contradicts that ~A is max-min

fair.

4.4.3 Strategy Proofness

In our context of distributed job execution, strategy-proofness means that a job cannot

increase its allocation by lying about its demands at any set of sites. Suppose a job

Jl lies about its demands. Let An×m denote the allocation matrix when all jobs report

their true demands and let A′n×m denote the allocation matrix when job Jl mis-reports
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its demands. For each site Sj ∈ M, the actual amount of resources Jl can use by lying

is min{a′lj, dlj} since the allocation exceeding Jl’s demand is useless. Similarly, for any

other (honest) job Jk 6= Jl, the useful allocation of Jk at site Sj when job Jl lies is

min{a′kj, dkj}. To prove that an allocation policy satisfies strategy-proofness, we need to

show
∑m

j=1 min{a′lj, dlj} ≤
∑m

j=1 alj.

To prove that AMF is strategy-proof, we have two preparation steps. First, we prove

that when a job lies, the total useful allocation of all the jobs cannot increase (Lemma

4.3 and Corollary 4.1). Second, starting from a job that benefits in its allocation, we

explore how to identify another job that also benefits in its allocation (Lemma 4.4).

Lemma 4.3. When a job Jl lies, the total useful allocation of all the jobs at any site

cannot increase, i.e., ∀j ∈M,
∑n

i=1 min{a′ij, dij} ≤
∑n

i=1 aij.

Proof. Assume on the contrary that when Jl lies, there exists a site Sj∗ such that

n∑
i=1

min{a′ij∗ , dij∗} >
n∑

i=1

aij∗ .

It follows that
∑n

i=1 dij∗ >
∑n

i=1 aij∗ Thus, by the Pareto efficiency, we know that the

resources at site Sj∗ must be fully allocated when Jl reports its true demands, i.e.,∑n
i=1 aij∗ = uj∗ , where uj∗ is the capacity of site Sj∗ . By the capacity constraint (4.1),

we have uj∗ ≥
∑n

i=1 a
′
ij. Putting these relations together,

n∑
i=1

min{a′ij∗ , dij∗} >
n∑

i=1

aij∗ = uj∗ ≥
n∑

i=1

a′ij∗ .

Hence, a contradiction is identified.

Lemma 4.3 implies the following corollary.

Corollary 4.1. When a job lies, the total useful allocation over all the sites cannot

increase, i.e.,
m∑
j=1

n∑
i=1

min{a′ij, dij} ≤
m∑
j=1

n∑
i=1

aij.
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Note that when job Jl lies, the aggregate useful allocation of each job Ji is
∑m

j=1 min{a′ij, dij}.
To simplify presentation, we say that a job Ji benefits if its aggregate useful allocation

increases compared with the scenario that no job lies, i.e.,
∑m

j=1 min{a′ij, dij} >
∑m

j=1 aij;

and Ji loses if its aggregate useful allocation decreases, i.e.,
∑m

j=1 min{a′ij, dij} <
∑m

j=1 aij.

Similarly, we say that a job Ji benefits at a site Sj if its useful allocation at site Sj in-

creases: min{a′ij, dij} > aij; and Ji loses at a site Sj if its useful allocation at site Sj

decreases: min{a′ij, dij} < aij. Obviously, if a job Ji benefits, it must benefit at at least

one site.

Lemma 4.4. Suppose a job Jh benefits and it benefits at a site Sj∗. If an honest job Jk

loses at site Sj∗, then Jk must benefit.

Proof. Since Jh benefits at site Sj∗ , we have min{a′hj∗ , dhj∗} > ahj∗ . Thus, in the alloca-

tion A, we can increase ahj∗ and hence Jh’s aggregate allocation by decreasing akj∗ and

hence Jk’s aggregate allocation. Since A is an AMF allocation, its job-wise allocation

vector is max-min fair. Thus, it must hold that
∑m

j=1 ahj ≥
∑m

j=1 akj.

On the other hand, if an honest job Jk loses at site Sj∗ , we have min{a′kj∗ , dkj∗} < akj∗.

Since akj∗ ≤ dkj∗ due to the demand constraint (4.2), it follows that a′kj∗ < akj∗ . Thus, in

the allocation A′, we can increase a′kj∗ and hence Jk’s aggregate allocation by decreasing

a′hj∗ and hence Jh’s aggregate allocation. Similarly, since A′ is also an AMF allocation,

it must hold that
∑m

j=1 a
′
kj ≥

∑m
j=1 a

′
hj.

Since Jh benefits, we have
∑m

j=1 min{a′hj, dhj} >
∑m

j=1 ahj. Since Jk is honest,

we have
∑m

j=1 min{a′kj, dkj} =
∑m

j=1 a
′
kj, due to the demand constraints (4.2). Com-

bining the above results, we obtain
∑m

j=1 min{a′kj, dkj} =
∑m

j=1 a
′
kj ≥

∑m
j=1 a

′
hj ≥∑m

j=1 min{a′hj, dhj} >
∑m

j=1 ahj ≥
∑m

j=1 akj. Therefore, Jk benefits.

Theorem 4.5. AMF is strategy-proof.

Proof. We prove it by contradiction. Assume on the contrary that a job Jl benefits

by lying about its demands. According to whether a job benefits or not, we divide all

the jobs into three sets Jbenf , Jlose and Jequ (see Figure 4.1 for an illustration). Jbenf

includes all the jobs that benefit when Jl lies. Jlose includes all the jobs that lose when

Jl lies. Jequ includes all the jobs whose aggregate useful allocations remain unchanged,
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Figure 4.1: Division of jobs and sites (the upward arrow means the allocation of a job at a
site increases, and the downward arrow means the allocation of a job at a site decreases)

i.e., ∀Ji ∈ Jequ,
∑m

j=1 a
′
ij =

∑m
j=1 aij. Note that by hypothesis, Jl ∈ Jbenf . As a result,

all the jobs in Jlose and Jequ are honest. Since Jbenf is not empty, Jlose is not empty

either (Corollary 4.1). In the following, we show that there must exist a job Jq ∈ Jequ

which benefits, thereby leading to a contradiction.

Let us examine the jobs in Jlose. Each of them must lose at at least one site. Define

S ⊆ M to be the set of sites at which at least one job in Jlose loses. Formally, ∀j∗ ∈ S,

∃Jk ∈ Jlose such that a′kj∗ < akj∗ . We first prove that no job in Jbenf can benefit at any

site belonging to S. Assume on the contrary that ∃j∗ ∈ S and ∃Jh ∈ Jbenf such that Jh

benefits at site Sj∗ . By the definition of S, we know there is an honest job Jk from Jlose

which loses at site Sj∗ . Then, by Lemma 4.4, Jk should benefit, which contradicts that

Jk ∈ Jlose.

If S = M, the proof is done immediately, as we can conclude that no job in Jbenf

can benefit. Now assume S 6=M. Since no job in Jbenf can benefit at any site of S, the

jobs in Jbenf can only get more useful allocations from the set of sites M/S:∑
j∈M/S

∑
Ji∈Jbenf

min{a′ij, dij} >
∑

j∈M/S

∑
Ji∈Jbenf

aij.
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Therefore, there must exist a site Sp ∈ M/S, such that the set of jobs Jbenf as a whole

benefit at site Sp: ∑
Ji∈Jbenf

min{a′ip, dip} >
∑

Ji∈Jbenf

aip.

The above inequality implies two facts. First, there exists a job in Jbenf which benefits

at Sp. Second, by Lemma 4.3, the set of jobs Jequ and Jlose as a whole must lose at site

Sp, i.e., ∑
Ji∈Jequ∪Jlose

min{a′ip, dip} <
∑

Ji∈Jequ∪Jlose

aip.

As a result, there exists a job in Jequ∪Jlose which loses at p. Since p /∈ S, no job in Jlose

loses at Sp. Thus, there must exist an honest job Jq ∈ Jequ which loses at Sp. Together

with the first fact, the conditions of Lemma 4.4 are satisfied. It follows that Jq should

benefit, which contradicts that Jq ∈ Jequ.

4.4.4 Sharing Incentive

Sharing incentive means that each job should be better off sharing the resources than

statically partitioning the resources equally among all the jobs. That is, in our context

of distributed job execution, the amount of resources allocated to a job Ji at a site Sj

should be equal to its demand dij if dij ≤ uj
n

and should be at least
uj
n

if dij >
uj
n

, where

uj is the resource capacity of site Sj. Unfortunately, the vanilla version of AMF does not

always satisfy the sharing incentive property.

Theorem 4.6. AMF can violate the sharing incentive property.

Proof. Suppose the resource capacity of each site is 4 and two jobs (J1 and J2) are running

at two sites (A and B). The resource demands of the jobs are given by the following

matrix:  A B
J1 2 2
J2 0 3

 .

In this example, there is no resource contention at site A. To balance the aggregate

amounts of resources received by jobs J1 and J2, the resources at site B should be

allocated between J1 and J2 with a ratio 1 : 3. As such, the job-wise allocation vector
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achieving AMF is 〈3, 3〉. There is a unique allocation matrix that can produce this

job-wise allocation vector:  A B
J1 2 1
J2 0 3

 .

Note that job J1’s resource demand at site B is 2, which is exactly 1
2

of site B’s resource

capacity. Under static partitioning in which J1 owns 1
2

of each site, J1 will receive a

resource amount 2 from each of A and B. But in the AMF allocation, the amount of

resources received by J1 from site B is 1, which is less than 2. This violates the sharing

incentive property.

To guarantee the sharing incentive property, we can restrict the space of possible

allocations. That is, besides being feasible and rational (satisfying the site capacity and

job demand constraints), an allocation should also satisfy the following constraints:

∀Ji ∈ J , Sj ∈M where dij ≤
uj
n
, aij = dij, (4.3)

∀Ji ∈ J , Sj ∈M where dij >
uj
n
, aij ≥

uj
n
. (4.4)

It is easy to show that the set of all the job-wise allocation vectors of the allocations

satisfying the above constraint is compact and convex. Thus, it is max-min achievable.

We refer to AMF enhanced with the above constraint as SIG-AMF (Sharing Incentive

Guaranteed AMF). It can be verified that SIG-AMF still satisfies the properties of Pareto

efficiency, envy-freeness and strategy-proofness as proved earlier.

4.5 Algorithm and Optimization

4.5.1 Programming Algorithms

We now present algorithms to compute resource allocations satisfying AMF and SIG-

AMF for given sets of jobs and sites. First, let us introduce the Max-min Programming

algorithm proposed by Radunovic and Le Boudec [52] which can find the max-min fair

vector on any achievable set. The algorithm is organized as an iterative process. The key

idea of the algorithm is to fix one component of the max-min fair vector in each iteration.

The component fixed in each iteration is the smallest component among all those yet to
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be fixed in the max-min fair vector, which is found by maximizing the minimal coordinate

through a linear program. When all components of the max-min fair vector are fixed,

the algorithm stops and returns the result.

We propose an algorithm named Basic Programming which extends from the Max-

min Programming algorithm to compute an AMF allocation. It takes a set of jobs and

a set of sites as inputs. The output is an AMF allocation matrix A. The pseudo codes

are provided in Algorithm 5.

In Algorithm 5, S records the set of jobs whose aggregate allocations are not yet

determined. Initially, S includes all the jobs (line 3). Line 4 to line 21 shows the

iterative process. In each iteration, a linear program (line 5) is first solved to maximize

T which represents the minimum aggregate allocation among the jobs in S. There are

four constraints in the linear program. First, each job in S should have its aggregate

allocation at least T . Second, for each job that is not in S, its aggregate allocation must

adhere to what has been decided earlier. The last two are the capacity constraints and

demand constraints.

On solving the linear program, T is maximized. Let Tmax denote the maximum T

value. For each job Jl in S that has its aggregate allocation equal to Tmax, we need

to check whether it is still possible to increase its aggregate allocation (lines 7-20). A

natural approach is to examine a slight variation of the linear program by changing the

constraint ”≥ T” to ”> Tmax” for Jl and changing the constraint ”≥ T” to ”= Tmax”

for all the other jobs in S (line 13). If the linear constraints are feasible, Jl can receive a

larger allocation than Tmax. Otherwise, Jl’s aggregate allocation will be fixed at Tmax in

the following iterations and Jl is removed from S (lines 14-16). Note that some jobs may

be concluded without the need to check the linear constraints. Specifically, if a job has

all its demands fulfilled, then its allocation cannot be increased (lines 9-11). Moreover,

if a job has a demand not fulfilled at a site and that site still has available capacity, then

its allocation can be increased (line 12). We filter out these jobs before checking the

linear contraints. When S turns empty, the iterative process completes and the AMF

allocation matrix A is returned (line 22). The correctness of Algorithm 5 can be easily

confirmed by that of the Max-min Programming algorithm [52].

To compute a SIG-AMF allocation, we can add the sharing incentive constraints (4.3)

and (4.4) presented in Section 4.4.4 to the linear program of line 5.
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Algorithm 5: Basic Programming

1: Input: a set of jobs J and a set of sites M;
2: Output: an AMF allocation An×m;
3: S ← {J1, J2, ..., Jn};
4: while S 6= ∅ do
5: solve the following linear program:

maximize T ;
subject to: ∀Ji ∈ S:

∑m
j=1 aij ≥ T ;

∀Ji /∈ S:
∑m

j=1 aij = Ai;
∀Sj ∈M:

∑n
i=1 aij ≤ uj;

∀Ji ∈ J , Sj ∈M: 0 ≤ aij ≤ dij;
6: Let Tmax be the maximum T in the above linear program;
7: for each Jl ∈ S do
8: if

∑m
j=1 alj = Tmax then

9: if
∑m

j=1 dlj = Tmax then
10: Al ← Tmax;
11: S ← S/{Jl};
12: else if there does not exist any Sj ∈M such that alj < dlj and∑n

i=1 aij < uj then
13: check the feasibility of the linear constraints:∑m

j=1 alj > Tmax;
∀Ji ∈ S/{Jl}:

∑m
j=1 aij = Tmax;

∀Ji /∈ S:
∑m

j=1 aij = Ai;
∀Sj ∈M:

∑n
i=1 aij ≤ uj;

∀Ji ∈ J , Sj ∈M: 0 ≤ aij ≤ dij;
14: if the above constraints are infeasible then
15: Al ← Tmax;
16: S ← S/{Jl};
17: end if
18: end if
19: end if
20: end for
21: end while
22: return An×m;
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Algorithm 6: Optimization of Estimated Job Completion Times

1: Input: a sequence of all jobs Jseq and a job-wise allocation vector ~A;
2: Output: an optimized allocation A′n×m;
3: while Jseq 6= ∅ do
4: Jk ← the first job in Jseq;
5: solve the following linear program:

maximize yk;
subject to: ∀Sj ∈M:

∑n
i=1 aij ≤ uj;

∀Ji 6∈ Jseq, Sj ∈M: aij = a′ij;
∀Ji ∈ Jseq, Sj ∈M: 0 ≤ aij ≤ dij;
∀Ji ∈ Jseq:

∑m
j=1 aij = Ai;

∀Sj ∈M: akj = dkj · yk + zkj;
yk ≥ 0;
∀Sj ∈M: zkj ≥ 0;

6: for each Sj ∈M do
7: a′kj ← akj;
8: end for
9: remove Jk from Jseq;
10: end while
11: return A′n×m;

4.5.2 Optimization of Job Completion Times

Recall that given a set of jobs and a set of sites, the AMF allocation may not be unique,

while the job-wise allocation vector satisfying AMF is unique. Algorithm 5 computes

only one possible AMF allocation. From the AMF allocation computed by Algorithm

5, we can derive the job-wise allocation vector satisfying AMF. Then, we can take the

job-wise allocation vector as a constraint to look for alternative AMF allocations with

additional considerations. In this section, we propose a heuristic algorithm to find a

better AMF allocation in terms of estimated job completion times.

The main idea of our heuristic is to use linear programming to sequentially optimize

each job’s estimated completion time. The pseudo codes are provided in Algorithm 6.

The inputs to the algorithm include Jseq and ~A. Jseq is a sequence of all the jobs,

which specifies the order of optimization. ~A = 〈A1, A2, ..., An〉 is the job-wise allocation

vector obtained from the AMF allocation A returned by Algorithm 5. It will be used as

constraints to ensure that the optimized allocation also meets AMF.
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Line 3 to line 8 show the optimization procedure. In each round, the first job Jk in

Jseq is set as the optimization target (line 4). We first model the completion time of a

job. Recall that a job completes only when all of its tasks are finished. A job Jk has dkj

tasks to run at each site Sj. If Jk is allocated an amount akj of resources (computing

slots) at site Sj, then the completion time of all the tasks at site Sj is proportional to
dkj
akj

, where dkj is the remaining number of Jk’s tasks at site Sj.
2 Thus, the completion

time of job Jk can be estimated as maxj∈M
dkj
akj

. To optimize the estimated completion

time by linear programming, we need to convert the objective into a linear one. The key

step is to rewrite each allocation entry akj as dkj · yk + zkj, where yk ≥ 0 is a job-wise

variable and zkj ≥ 0 is an auxiliary variable. This representation divides akj into two

parts: one part is proportional to dkj which decides the job completion time and the

other part zkj fills up the remaining allocation requirement stipulated by Ak to ensure

that the resultant allocation meets AMF. Then, when yk is maximized, Jk’s estimated

completion time is minimized. The logical relations are listed as follows:

min max
j∈M

dkj
akj
⇐⇒ min max

j∈M

dkj
dkj · yk + zkj

⇐⇒ max yk.

Now let us look at the linear program (line 5). The objective is to maximize yk, hence

minimizing Jk’s estimated completion time. The first constraint is the capacity con-

straint. For each job Ji 6∈ Jseq, Ji has been set as the optimization target in a previous

round and its allocation is fixed since that round. For each job Ji ∈ Jseq, there are

two constraints to be satisfied. The first one is the demand constraint. The second one

ensures that the allocation meets AMF. For the job Jk to be optimized, there are three

additional constraints. The first one is the representation of each aij. The other two are

non-negativity constraints. On solving the linear program, Ji’s allocations are settled

and will not be changed in any subsequent round (line 6). Then, Jk is removed from

Jseq (line 7). The optimization procedure completes after iterating through all the jobs.

Finally, the optimized allocation matrix A′ is returned (line 9).

To optimize a SIG-AMF allocation, we can add the sharing incentive constraints (4.3)

and (4.4) for each job Ji ∈ Jseq to the linear program of line 5.

2For simplicity, we assume here that all tasks in a job have the same execution time. If estimation
on the expected execution times of various tasks is available, the completion time at site Sj can be
rewritten as

wkj

akj
, where wkj is the total execution time of all Jk’s tasks at site Sj .
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Different strategies can be used to arrange the sequence of jobs Jseq for optimization.

In this paper, we propose a simple strategy that looks at the total number of tasks in

each job across all the sites and sort the jobs in increasing order of their task numbers.

In this way, jobs with less tasks are optimized first, since they are more likely to complete

early.

4.5.3 Deployment

Our proposed algorithms can be deployed at a global scheduler of the system. The

global scheduler maintains the information about the resource capacities of sites and the

resource demands of jobs, based on which the amount of resources allocated to each job

at each site can be computed. The resource allocation for each site can be communicated

to the local scheduler of the site which is responsible for launching tasks in the computing

slots. Whenever a computing slot becomes available, the local scheduler can pick the job

whose current resource usage is furthest below its intended allocation and launch a new

task of the job in the slot. Specifically, for each job Ji ∈ J , let vij denote the number of

computing slots currently occupied by Ji at a site Sj. Then, an available computing slot

at site Sj can be used to launch a task of the job with the minimum ratio
vij
aij
.

The AMF and SIG-AMF allocations would change with the resource demands of jobs

due to task completions and new job arrivals. When a new job arrives, the allocations

need to be recomputed to assign resources to the new job. Similarly, when a running job

completes all its tasks at a site (so that its resource demand on that site becomes 0), the

allocations can be recomputed among the remaining jobs running at the site. However,

the allocations are unlikely to change substantially due to minor updates to the resource

demands such as the completion of one task of a job at a site. In particular, when the

resource demand of a job at a site exceeds the resource capacity of the site (i.e., dij > uj),

the job-wise allocation vector of the AMF allocation is not affected by the actual amount

of that job’s resource demand at that site (i.e., dij). Thus, to reduce overheads, the

global scheduler can consider adjusting the resource allocation only at instances of new

job arrivals and the completion of a job’s all tasks at a site. We shall evaluate the impact

of such simplification on resource allocation in the experiments.

63



(0,10] (10,20] (20,40] (40,80] (80,160] (160,320] >320

number of tasks in a job

0

500

1000

1500

2000

2500

3000

n
u

m
b

e
r 

o
f 

jo
b

s

(a) distribution of task numbers in jobs for Google
trace

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

task length (s) ×104

0

10%

20%

30%

40%

50%

60%

70%

80%

90%

100%

a
c
c
u

m
u

la
te

d
 p

e
rc

e
n

ta
g

e
 o

f 
ta

s
k
s

(b) distribution of task durations for Google trace

(0,10] (10,20] (20,40] (40,80] (80,160] (160,320] >320

number of tasks in a job

0

0.5

1

1.5

2

2.5

n
u

m
b

e
r 

o
f 
jo

b
s

×104

(c) distribution of task numbers in jobs for Face-
book trace

Figure 4.2: Distribution of task numbers and task lengths

64



4.6 Experimental Setup

We conduct simulations to compare various allocation policies. This section describes

the simulation settings.

Job Characteristics: We use two realistic job traces to drive the simulations: a

Google trace and a Facebook trace. The Google trace was collected on a cluster of about

12000 machines over one month at Google [1, 53]. We extract a segment of the trace

containing 2944 jobs in a 60-minute window. These jobs include 48504 tasks. Figure

4.2a shows the distribution of task numbers in the jobs. We derive the task lengths

from the timestamps of task events recorded in the trace. As shown in Figure 4.2b, the

task lengths have a heavy-tailed distribution and have a mean of about 1373.7 seconds.

The Facebook trace is the trace FB-2010 samples 24 times 1hr 0.csv from the SWIM

workload repository [3, 20], which is generated based on historical workload traces on

a 3000-machine cluster at Facebook. The trace contains 24024 jobs and specifies the

amount of data processed by each job. We derive the number of tasks in each job by

assuming that there is one task per 1GB data to process. As a result, there are a total

of 1102281 tasks in these jobs. Figure 4.2c shows the distribution of task numbers in the

jobs. We generate the task lengths of different jobs according to a Pareto distribution

with parameter β = 1.259 [6] and a mean of 2 seconds. Each task of a job in the Google or

Facebook trace is assumed to require one computing slot to execute. We scale the inter-

arrival times of the jobs in these traces to simulate different levels of system utilization

from 40% to 70%.

We assume that the tasks of a job are distributed among the sites according to a Zipf

distribution. Specifically, for each job, we randomly generate a permutation of all the

sites. Then, each task of the job is assigned to the ith site with a probability proportional

to 1
iα

, where α is the Zipf skew parameter. The higher the value of α, the more skewed

the task distribution. To simulate different levels of skewness, we vary the α value from

0 to 2. When α is set to 0, the expected task distribution is uniform across all sites.

Site Capacity: The default number of sites is set at 10. The resource capacity of

each site is set at 20 computing slots.

Resource Allocation Policies: We implement various AMF policies. The Basic

AMF runs Algorithm 5 only to compute the resource allocation. The Optimized AMF
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runs Algorithm 6 after Algorithm 5 to optimize the job completion times. The Basic SIG-

AMF and Optimized SIG-AMF further guarantee the sharing incentive property. For all

the policies, by default, we recompute the resource allocation among active jobs whenever

a new job arrives or a running job completes all its tasks at a site. Besides, we also

implement a version which further recomputes the resource allocation among active jobs

whenever a task of any job is finished at any site. This version is labeled “(Aggressive)”

in the policy name. In addition, we also implement the IMF policy described at the

beginning of Section 4.3 as a baseline.

Performance Metrics: The main objectives of the experiments are to evaluate the

fairness in the instantaneous aggregate resource allocations of different jobs under various

policies and to study the effectiveness of the optimization proposed in Section 7.2. To

do so, we study the following two performance metrics: the standard deviation of jobs’

aggregate resource allocations and the average response time of jobs. The aggregate

resource allocation of a job is the total number of computing slots occupied by the job

over all the sites. We continuously trace the instantaneous aggregate allocations of all

the active jobs over time and compute their standard deviation to evaluate the fairness

of resource allocation policies. The lower the standard deviation, the more balanced the

resource allocation among jobs. It should be noted that due to the discrete setting where

the number of computing slots allocated to a job at any time is integer valued and the

constraint that a computing slot can be allocated to a new task only after its current task

is finished, the standard deviation of the instantaneous aggregate allocations of active

jobs is not necessarily equal to that of the allocation matrix output by the programming

algorithms. The response time of a job is the duration from its arrival to its completion

(i.e., the time when its last task is finished).

4.7 Experimental Results

To facilitate presentation, we shall refer to all the tasks of a job to be executed at a site

as a sub-job. First, we compare the aggressive implementation that adjusts the resource

allocation whenever a task of any job is finished with the simplified implementation that

adjusts the resource allocation only when a sub-job is finished at a site. Figure 4.3 shows
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Figure 4.3: Cumulative distribution of standard deviation for Google trace (Zipf = 0,
system utilization = 60%
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Figure 4.4: Cumulative distribution of standard deviation for Google trace (utilization
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Figure 4.5: Cumulative distribution of standard deviation for Facebook trace (utilization
= 60%)

69



0 0.5 1 1.5 2

Zipf parameter

1600

1800

2000

2200

2400

2600

2800

3000

a
v
e

ra
g

e
 j
o

b
 r

e
s
p

o
n

s
e

 t
im

e
 (

s
)

Google trace, utilization = 40%

IMF

Basic AMF

Basic SIG-AMF

Optimized AMF

Optimized SIG-AMF

0 0.5 1 1.5 2

Zipf parameter

1800

2000

2200

2400

2600

2800

3000

a
v
e

ra
g

e
 j
o

b
 r

e
s
p

o
n

s
e

 t
im

e
 (

s
)

Google trace, utilization = 50%

IMF

Basic AMF

Basic SIG-AMF

Optimized AMF

Optimized SIG-AMF

0 0.5 1 1.5 2

Zipf parameter

2100

2200

2300

2400

2500

2600

2700

2800

2900

3000

3100

a
v
e

ra
g

e
 j
o

b
 r

e
s
p

o
n

s
e

 t
im

e
 (

s
)

Google trace, utilization = 60%

IMF

Basic AMF

Basic SIG-AMF

Optimized AMF

Optimized SIG-AMF

0 0.5 1 1.5 2

Zipf parameter

2000

2200

2400

2600

2800

3000

3200

a
v
e

ra
g

e
 j
o

b
 r

e
s
p

o
n

s
e

 t
im

e
 (

s
)

Google trace, utilization = 70%

IMF

Basic AMF

Basic SIG-AMF

Optimized AMF

Optimized SIG-AMF

Figure 4.6: Average job response time for Google trace
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the cumulative distribution of the standard deviation for the aggregate resources received

by the active jobs for the Google trace when the Zipf parameter of task distribution is

set at 0, the number of sites is set at 30 and the system utilization is 60%. It can be

seen that the two implementations have little difference in the standard deviation of

resource allocation for all the AMF policies. The same trend is consistently observed

in the results across all the Zipf parameter values and system utilizations tested as well

as for the Facebook trace. This demonstrates that it is not necessary to aggressively

recompute the resource allocation at every minor change in the resource demands of

jobs. Adjusting the resource allocation only at instances of new job arrivals and sub-job

completions is sufficient for balancing the resource allocation. In the rest of this section,

we shall focus on comparing the performance of various resource allocation policies under

this simplified implementation.

Figures 4.4 and 4.5 show the cumulative distribution of the standard deviation for

the aggregate resources received by the active jobs for the Google and Facebook traces

at different skewness of task distribution when the system utilization is 60% (the trends

for other system utilizations are similar). A point (x, y) on the curve means that the

standard deviation is no more than x for y portion of the time. These results confirm

that the job-wise aggregate allocations are much more balanced in AMF than in IMF,

even if the task distribution of jobs is near uniform. Various AMF policies produce

similar standard deviations of resource allocation since all of them ensure that the job-

wise aggregate allocation is max-min fair. Since the job-wise allocation vector satisfying

max-min fairness is unique, all the basic and optimized AMF policies are expected to

perform similarly in terms of fairness characterized by the standard deviation. Moreover,

in IMF, due to independent allocation at each site, the aggregate amount of resources

received by a job is generally proportional to its number of sub-jobs. As sub-jobs are

completed with the passing of time, the number of unfinished sub-jobs decreases and

so does the aggregate resource allocation to the job. Thus, the aggregate amount of

resources received by a job can be very unbalanced over its lifetime. In contrast, AMF

constantly strives for balanced aggregate allocations among all the active jobs. Hence,

the aggregate amount of resources received by a job is more consistent throughout its

lifetime. This helps to reduce the job response time. Figures 4.6 and 4.7 show the average
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job response time for the Google and Facebook traces with different system utilization

and skewness of task distribution. As can be seen, all the variants of AMF outperform

IMF in average job response time. The improvement is generally more significant with

increasing skewness of task distribution.

Basic AMF only ensures that the job-wise allocation vector is max-min fair. In an

arbitrary allocation output by Algorithm 5, the amount of resources received by a job

from different sites can be quite unbalanced. As a result, some sub-jobs can be finished

much faster than other sub-jobs in the same job, leading to longer job response time.

By refining the site-level allocation with Algorithm 6, Optimized AMF allocates more

resources to larger sub-jobs and further improves the job response time over Basic AMF

as shown in Figures 4.6 and 4.7. As the Zipf parameter increases, the task distribution

of a job becomes more skewed so that there is higher potential for Optimized AMF to

optimize the job response time. Thus, the improvement of Optimized AMF over Basic

AMF generally becomes more significant with increasing Zipf skew parameter.

Compared with AMF, SIG-AMF produces almost the same the standard deviation of

resource allocation and the same average job response time for the traces tested as shown

in Figures 4.4 to 4.7. This implies that most of the resource allocations generated by

AMF satisfy the sharing incentive property. As a result, enforcing the sharing incentive

property in AMF does not change the resource allocations much.

4.8 Summary

In this chapter, we have studied several resource allocation policies for distributed job

execution. We prove that AMF satisfies widely recognized properties of Pareto efficiency,

envy-freeness and strategy-proofness for fair resource allocation, but the vanilla version of

AMF does not satisfy the sharing incentive property. We propose an enhanced version of

AMF to guarantee the sharing incentive property. We present algorithms to implement

AMF as well as to optimize the job response times under AMF. Experiments using

real job traces show that AMF can significantly reduce unbalanced resource allocation

and improve average job response time compared to IMF which conducts max-min fair

allocation at each site separately, and the improvements are more substantial when the

workload distribution of jobs among sites is more skewed.
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Chapter 5

Generalized Max-min Fairness for
Jobs with Tasks Executable at
Multiple Sites

Transferring a large amount of data across different sites (machine clusters or datacenters)

can lead to enormous bandwidth costs and network congestion in distributed systems.

Thus, it is important to run computing tasks close to their input data so as to reduce data

movement. In distributed systems, a distributed file system (such as Hadoop Distributed

File System) is often used that comes with some built-in replication strategy. Replication

helps make the data files resilient to failures. In addition, it also provides more oppor-

tunities for computing tasks to be processed with data locality. With replication, the

data to be processed by each task is possibly available at multiple sites, so the task can

be assigned to any one of these sites for execution. This gives an additional dimension

of freedom in resource allocation, which potentially enables more balanced resource al-

location. Meanwhile, the additional freedom also presents a significant challenge to the

design and analysis of fair resource allocation policies. In this chapter, we extend the

aggregate max-min fairness policy to account for possible replication of job data inputs.

5.1 System Model

We consider a distributed system consisting a set of m sites: M = {S1, S2, ..., Sm}. Each

site models a cluster or a datacenter. Each site Sj has a processing capacity uj, which

can be understood as the number of computing slots available at the site.
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There is a set of n jobs J = {J1, J2, ..., Jn} running in the system. Each job to execute

in the system includes a set of tasks that process different data partitions and can run in

parallel. Same as the model in Chapter 3, the data partitions may be replicated across

multiple sites. Each task can be executed at any of the sites where the data partition

to be processed is available. These sites are referred to as the available sites of the task.

To execute a job, we need to assign each task to one site for processing. We refer to the

site at which a task runs as the processing site of the task. All the tasks that have the

same available sites compose a task group. Suppose there are a total of g task groups

G = {G1, G2, ..., Gg}, where Gk(1 ≤ k ≤ g) represents the set of available sites of the

tasks in the k-th task group. A job Ji’s resource demand for a task group Gk is the total

demand of its tasks in Gk that are not yet executed. If each task occupies one computing

slot during execution, then Ji’s resource demand for Gk is simply its remaining number

of tasks to execute in Gk. We can model the resource demands of all jobs as a matrix

Dn×g, in which each entry dik represents job Ji’s resource demand for task group Gk. If

Ji has no task to run in task group Gk, we define dik = 0. Resource allocation among the

jobs can be represented by a three-dimensional n ×m × g matrix An×m×g. Each entry

aijk in An×m×g represents the amount of resources allocated to job Ji by site Sj to run

tasks in task group Gk. We refer to An×m×g as an allocation matrix or an allocation for

short. Then, any feasible allocation must satisfy the site capacity constraints:

∀Sj ∈M,
n∑

i=1

g∑
k=1

aijk ≤ uj, (5.1)

which means that the total amount of resources allocated by each site Sj cannot exceed

its capacity. On the other hand, it does not make any sense to allocate more resources

than what a job needs for a task group at its available sites. Thus, any rational allocation

should satisfy the group demand constraints:

∀Ji ∈ J , Gk ∈ G, 0 ≤
∑

j:Sj∈Gk

aijk ≤ dik, (5.2)

∀Ji ∈ J , Gk ∈ G, Sj /∈ Gk, aijk = 0. (5.3)

By (5.3), the site capacity constraints can be rewritten as
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∀Sj ∈M,
n∑

i=1

∑
k:Sj∈Gk

aijk ≤ uj. (5.4)

We focus on feasible and rational allocations only and aim to achieve the fairness of

resource allocation among the jobs.

5.2 Generalized Aggregate Max-min Fairness

We extend the Aggregate Max-min Fairness (AMF) policy to deal with jobs that have

tasks executable at multiple sites and term it the Generalized Aggregate Max-min Fair-

ness (GAMF) policy. GAMF also considers all the sites as a united resource pool and

defines fairness according to the total amount of resources received by each job from all

the sites for all the task groups. The rationale is similar to AMF where the system-wide

processing rate of each job is decided by its aggregate resource allocation in distributed

job execution. Given a three-dimensional allocation matrix Am×n×g, we define a job-wise

allocation vector ~A to represent the aggregate amount of resources received by each job

from all the sites for all the task groups:

~A = 〈
g∑

k=1

∑
j:Sj∈Gk

a1jk,

g∑
k=1

∑
j:Sj∈Gk

a2jk, ...,

g∑
k=1

∑
j:Sj∈Gk

anjk〉.

GAMF requires that the vector ~A is max-min fair. Formally, let X denote the set

of all the feasible and rational allocation matrices. Let X be the set including all the

job-wise allocation vectors of the allocation matrices in X .

Definition 5.1. An allocation An×m×g satisfies Generalized Aggregate Max-min Fairness,

if and only if, its job-wise allocation vector ~A is the max-min fair vector over the set X.

According to Theorem 4.1 in Chapter 4, if the set X is compact and convex, then

GAMF is achievable.

Lemma 5.1. The set X is compact.
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Proof. Consider any job-wise allocation vector

~A = 〈
g∑

k=1

∑
j:Sj∈Gk

a1jk,

g∑
k=1

∑
j:Sj∈Gk

a2jk, ...,

g∑
k=1

∑
j:Sj∈Gk

anjk〉

produced by a feasible and rational allocation matrix An×m×g. According to the demand

and capacity constraints (i.e., (5.2), (5.3) and (5.4)), for each job Ji, we have

0 ≤
g∑

k=1

∑
j:Sj∈Gk

aijk =
m∑
j=1

∑
k:Sj∈Gk

aijk ≤ min{
m∑
j=1

uj,

g∑
k=1

dik}.

Thus, the set X is closed and bounded. Therefore, it is compact.

Lemma 5.2. The set X is convex.

Proof. To prove X is convex, we need to prove that for any two vectors ~A, ~B ∈ X and

any 0 ≤ λ ≤ 1, it holds that λ ~A+ (1− λ) ~B ∈ X.

Suppose that An×m×g and Bn×m×g are two allocation matrixes. Their corresponding

job-wise vectors are ~A and ~B respectively. Consider the allocation Cn×m×g = λAn×m×g +

(1− λ)Bn×m×g. It is obvious that the corresponding job-wise vector of Cn×m×g is λ ~A +

(1− λ) ~B.

Since An×m×g and Bn×m×g are feasible, according to the constraints (5.4), for each

site Sj, we have

0 ≤ λ
n∑

i=1

∑
k:Sj∈Gk

aijk ≤ λuj,

0 ≤ (1− λ)
n∑

i=1

∑
k:Sj∈Gk

bijk ≤ (1− λ)uj.

Then, we can get that

0 ≤ λ

n∑
i=1

∑
k:Sj∈Gk

aijk + (1− λ)
n∑

i=1

∑
k:Sj∈Gk

bijk =
n∑

i=1

∑
k:Sj∈Gk

cijk ≤ uj.

Similarly, since An×m×g and Bn×m×g are rational, according to constraints (5.2) for

each job Ji and each task group Gk, we have

0 ≤ λ
∑

j:Sj∈Gk

aijk ≤ λdik,
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0 ≤ (1− λ)
∑

j:Sj∈Gk

bijk ≤ (1− λ)dik.

Then, we can get that

0 ≤ λ
∑

j:Sj∈Gk

aijk + (1− λ)
∑

j:Sj∈Gk

bijk =
∑

j:Sj∈Gk

(λaijk + (1− λ)bijk) =
∑

j:Sj∈Gk

cijk ≤ dik.

In addition, according to constraints (5.3), for each job Ji, each task group Gk and

each site Sj /∈ Gk, aijk = 0, bijk = 0. Then, we can get that

cijk = λaijk + (1− λ)bijk = 0.

Therefore, Cn×m×g is feasible and rational. Hence, λ ~A + (1 − λ) ~B ∈ X, and the set

X is convex.

Lemmas 5.1 and 5.2 imply that GAMF is achievable.

Theorem 5.1. Generalized Aggregate Max-min Fairness is achievable.

5.3 Properties of Generalized Aggregate Max-min

Fairness

Now, we study whether GAMF satisfies the properties of Pareto efficiency, envy-freeness,

strategy-proofness and sharing incentive. The analysis of Pareto efficiency and envy-

freeness is similar to that for AMF in Chapter 4.

5.3.1 Pareto Efficiency

Pareto efficiency means that it is not possible to increase the allocation of a job without

decreasing the allocation of another job. In our context of distributed job execution with

tasks executable at multiple sites, the aggregate amount of resources received by a job

Ji from all sites for all task groups is given by
∑g

k=1

∑
j:Sj∈Gk aijk. To prove that an

allocation satisfies Pareto efficiency, we need to show that
∑g

k=1

∑
j:Sj∈Gk aijk cannot be

increased without decreasing the aggregate allocation
∑g

k=1

∑
j:Sj∈Gk aljk of at least one

other job Jl.

Theorem 5.2. GAMF satisfies Pareto efficiency.
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Proof. The job-wise allocation vector ~A of a GAMF allocation An×m×g is max-min fair.

By the definition of max-min fairness, for any feasible and rational allocation Bn×m×g

other than An×m×g, if a job Ji satisfies

g∑
k=1

∑
j:Sj∈Gk

bijk >

g∑
k=1

∑
j:Sj∈Gk

aijk,

there must be another job Jl such that

g∑
k=1

∑
j:Sj∈Gk

bljk <

g∑
k=1

∑
j:Sj∈Gk

aljk.

Therefore, GAMF is Pareto efficient.

5.3.2 Envy Freeness

Envy-freeness means that a job would not prefer the resources allocation of another job in

the system. In our context of distributed job execution with tasks executable at multiple

sites, a job Ji would envy the allocation of another job Jl if Ji can acquire a larger

aggregate amount of useful resources from all the sites for all the task groups using Jl’s

allocation. Given an allocation An×m×g, if job Ji gets job Jl’s allocation, the aggregate

amount of resources for each task group Gk is
∑

j:Sj∈Gk aaljk . Hence, the aggregate

amount of resources it can use across all the task groups is
∑g

k=1 min{
∑

j:Sj∈Gk aljk, dik}.
Therefore, an allocation An×m×g satisfies envy-freeness if for any two jobs Ji and Jl, it

holds that

g∑
k=1

min{
∑

j:Sj∈Gk

aljk, dik} ≤
g∑

k=1

∑
j:Sj∈Gk

aijk.

Theorem 5.3. GAMF satisfies envy-freeness.

Proof. We prove it by contradiction. Assume on the contrary that an GAMF allocation

An×m×g is not envy-free, i.e., there exist two jobs Ji and Jl satisfying

g∑
k=1

min{
∑

j:Sj∈Gk

aljk, dik} >
g∑

k=1

∑
j:Sj∈Gk

aijk.

This implies two facts:
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First, the aggregate amount of resources received by job Jl is greater than that received

by job Ji:
g∑

k=1

∑
j:Sj∈Gk

aljk >

g∑
k=1

∑
j:Sj∈Gk

aijk.

Second, there exists at least one task group Gk∗ such that

min{
∑

j:Sj∈Gk

aljk∗ , dik∗} >
∑

j:Sj∈Gk

aijk∗ .

This indicates that dik∗ >
∑

j:Sj∈Gk aijk∗ . Thus, if we increase aijk∗ for some site Sj ∈ Gk

and meanwhile decrease aljk∗ to maintain the capacity constraint, the actual amount

of resources that job Ji can use is increased while that job Jl can use is decreased.

Together with the first fact, we can infer that in An×m×g’s job-wise allocation vector

~A, it is possible to increase the i-th component
∑g

k=1

∑
j:Sj∈Gk aijk by decreasing the

l-th component
∑g

k=1

∑
j:Sj∈Gk aljk which is larger. This contradicts that ~A is max-min

fair.

5.3.3 Strategy Proofness

In our context of distribution job execution with tasks executable at multiple sites,

strategy-proofness means that a job cannot increase its allocation by lying about its de-

mand for any set of task groups. Suppose a job Jr lies about its demands. Let An×m×g de-

note the allocation matrix when all jobs report their true demands and let A′n×m×g denote

the allocation matrix when job Jr mis-reports its demands. For each task group Gk ∈ G,

the actual amount of resources Jr can use by lying is min{
∑

j:Sj∈Gk a
′
rjk, drk} since the

allocation exceeding Jr’s demand is useless. Similarly, for any other (honest) job Jl 6= Jr,

the useful allocation of Jl for task group Gk when job Jr lies is min{
∑

j:Sj∈Gk a
′
ljk, dlk}.

To prove that an allocation policy satisfies strategy-proofness, we need to show that Jr

cannot benefit in its allocation, i.e.,

g∑
k=1

min{
∑

j:Sj∈Gk

a′rjk, drk} ≤
g∑

k=1

∑
j:Sj∈Gk

arjk.

The proof is more complicated than that for AMF in Chapter 4.

Theorem 5.4. GAMF is strategy-proof.
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Proof. Let An×m×g be the allocation matrix when all jobs report their true demands. Let

A′n×m×g be the allocation matrix when a job Jr lies about its demands.

We prove the strategy-proofness by contradiction. Assume on the contrary that when

a job Jr lies about its demands, its useful allocation increases, i.e.,

g∑
k=1

min

 ∑
j:Sj∈Gk

a′rjk, drk

 >

g∑
k=1

∑
j:Sj∈Gk

arjk. (5.5)

It follows from (5.5) that

g∑
k=1

∑
j:Sj∈Gk

a′rjk >

g∑
k=1

∑
j:Sj∈Gk

arjk. (5.6)

First, we construct another allocation matrix B′n×m×g based on A′n×m×g as follows:

(i) For each job Ji 6= Jr, we define b′ijk = a′ijk for any 1 ≤ j ≤ m and 1 ≤ k ≤ g. Since

Ji reports its true demands, by the group demand constraints (5.2), for each task group

Gk, we have
∑

j:Sj∈Gk b
′
ijk =

∑
j:Sj∈Gk a

′
ijk ≤ dik.

(ii) For the job Jr and each task group Gk, if
∑

j:Sj∈Gk a
′
rjk ≤ drk, we define b′rjk = a′rjk

for any 1 ≤ j ≤ m. Then, we have
∑

j:Sj∈Gk b
′
rjk =

∑
j:Sj∈Gk a

′
rjk ≤ drk.

(iii) Otherwise, if
∑

j:Sj∈Gk a
′
rjk > drk, we reduce a′rjk for some sites Sj where Sj ∈ Gk

to produce b′rjk so that
∑

j:Sj∈Gk b
′
rjk = drk. The particular entries a′rjk to reduce may be

chosen arbitrarily.

In a nutshell, B′n×m×g reduces some entries a′rjk (1 ≤ j ≤ m, 1 ≤ k ≤ g) for job Jr

in A′n×m×g to record Jr’s useful allocation, while keeping all the entries for other jobs

unchanged. It is easy to see that the allocation matrix B′n×m×g satisfies all the group

demand and site capacity constraints ((5.2), (5.3) and (5.4)). Moreover, for each job Ji

and each task group Gk, Ji’s useful allocation for Gk under A′n×m×g is the same as its

total allocation for Gk under B′n×m×g, i.e.,

∀i, k, min

 ∑
j:Sj∈Gk

a′ijk, dik

 =
∑

j:Sj∈Gk

b′ijk.

Thus, for each job Ji, Ji’s useful allocation under A′n×m×g is the same as its total allocation

under B′n×m×g, i.e.,

∀i,
g∑

k=1

min

 ∑
j:Sj∈Gk

a′ijk, dik

 =

g∑
k=1

∑
j:Sj∈Gk

b′ijk.
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By (5.5), Jr’s total allocation increases from An×m×g to B′n×m×g, i.e.,

g∑
k=1

∑
j:Sj∈Gk

b′rjk >

g∑
k=1

∑
j:Sj∈Gk

arjk. (5.7)

Note that both An×m×g and B′n×m×g satisfy all the group demand and site capacity

constraints ((5.2), (5.3) and (5.4)). Since An×m×g is a GAMF allocation where the vector

representing the total allocation of each job is max-min fair, by the definition of max-min

fairness, there must exist another job Ji1 6= Jr such that Ji1 ’s total allocation decreases

from An×m×g to B′n×m×g and Ji1 ’s total allocation under An×m×g is no more than Jr’s

total allocation under An×m×g, i.e.,

g∑
k=1

∑
j:Sj∈Gk

arjk ≥
g∑

k=1

∑
j:Sj∈Gk

ai1jk >

g∑
k=1

∑
j:Sj∈Gk

b′i1jk. (5.8)

Since Ji1 6= Jr, by the construction of B′n×m×g, Ji1 ’s total allocations are the same

under B′n×m×g and A′n×m×g, i.e.,

g∑
k=1

∑
j:Sj∈Gk

b′i1jk =

g∑
k=1

∑
j:Sj∈Gk

a′i1jk. (5.9)

By (5.9), (5.8) can be rewritten as

g∑
k=1

∑
j:Sj∈Gk

arjk ≥
g∑

k=1

∑
j:Sj∈Gk

ai1jk >

g∑
k=1

∑
j:Sj∈Gk

a′i1jk. (5.10)

Next, similar to the construction of B′n×m×g based on A′n×m×g, we construct another

allocation matrix Bn×m×g based on An×m×g to record Jr’s useful allocation under its

mis-reported demands when it lies. Specifically:

(i) For each job Ji 6= Jr, we define bijk = aijk for any 1 ≤ j ≤ m and 1 ≤ k ≤ g. Since

Ji reports its true demands, by the group demand constraints (5.2), for each task group

Gk, we have
∑

j:Sj∈Gk bijk =
∑

j:Sj∈Gk aijk ≤ dik.

(ii) For the job Jr and each task group Gk, if
∑

j:Sj∈Gk arjk ≤ d′rk where d′rk is Jr’s

mis-reported demand when it lies, we define brjk = arjk for any 1 ≤ j ≤ m. Then, we

have
∑

j:Sj∈Gk brjk =
∑

j:Sj∈Gk arjk ≤ d′rk.
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(iii) Otherwise, if
∑

j:Sj∈Gk arjk > d′rk, we reduce arjk for some sites Sj where Sj ∈ Gk

to produce brjk so that
∑

j:Sj∈Gk brjk = d′rk. The particular entries arjk to reduce may be

chosen arbitrarily.

In a nutshell, Bn×m×g reduces some entries arjk (1 ≤ j ≤ m, 1 ≤ k ≤ g) for job

Jr in An×m×g to record Jr’s useful allocation under its mis-reported demands when it

lies, while keeping all the entries for other jobs unchanged. It follows that the allocation

matrix Bn×m×g satisfies all the group demand and site capacity constraints ((5.2), (5.3)

and (5.4)) when Jr lies about its demands. Moreover, for each job Ji and each task group

Gk, Ji’s useful allocation for Gk under An×m×g is the same as its total allocation for Gk

under Bn×m×g, i.e.,

∀i, k, min

 ∑
j:Sj∈Gk

aijk, d
′
ik

 =
∑

j:Sj∈Gk

bijk.

Thus, for each job Ji, Ji’s useful allocation under An×m×g is the same as its total allocation

under Bn×m×g, i.e.,

∀i,
g∑

k=1

min

 ∑
j:Sj∈Gk

aijk, d
′
ik

 =

g∑
k=1

∑
j:Sj∈Gk

bijk.

Since Ji1 6= Jr, by the construction of Bn×m×g, Ji1 ’s total allocations are the same

under Bn×m×g and An×m×g, i.e.,

g∑
k=1

∑
j:Sj∈Gk

bi1jk =

g∑
k=1

∑
j:Sj∈Gk

ai1jk. (5.11)

Now, by (5.10) and (5.11), we have

g∑
k=1

∑
j:Sj∈Gk

bi1jk >

g∑
k=1

∑
j:Sj∈Gk

a′i1jk, (5.12)

i.e., Ji1 ’s total allocation increases from A′n×m×g to Bn×m×g.

Note that both A′n×m×g and Bn×m×g satisfy all the group demand and site capacity

constraints ((5.2), (5.3) and (5.4)) when Jr lies about its demands. Since A′n×m×g is

a GAMF allocation (under the mis-reported demands when Jr lies) where the vector

representing the total allocation of each job is max-min fair, by the definition of max-min
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fairness, there must exist another job Ji2 6= Ji1 such that Ji2 ’s total allocation decreases

from A′n×m×g to Bn×m×g and Ji2 ’s total allocation under A′n×m×g is no more than Ji1 ’s

total allocation under A′n×m×g, i.e.,

g∑
k=1

∑
j:Sj∈Gk

a′i1jk ≥
g∑

k=1

∑
j:Sj∈Gk

a′i2jk >

g∑
k=1

∑
j:Sj∈Gk

bi2jk. (5.13)

Putting (5.6), (5.10), (5.13) together, we have

g∑
k=1

∑
j:Sj∈Gk

a′rjk >

g∑
k=1

∑
j:Sj∈Gk

a′i2jk,

which implies that Ji2 6= Jr. Hence, by the construction of Bn×m×g, Ji2 ’s total allocations

are the same under Bn×m×g and An×m×g, i.e.,

g∑
k=1

∑
j:Sj∈Gk

bi2jk =

g∑
k=1

∑
j:Sj∈Gk

ai2jk. (5.14)

By (5.14), (5.13) can be rewritten as

g∑
k=1

∑
j:Sj∈Gk

a′i1jk ≥
g∑

k=1

∑
j:Sj∈Gk

a′i2jk >

g∑
k=1

∑
j:Sj∈Gk

ai2jk. (5.15)

Putting (5.6), (5.10), (5.15) together, we see a sequence of distinct jobs Jr, Ji1 , Ji2 with

non-increasing total allocations under An×m×g (and under A′n×m×g).

Since Ji2 6= Jr, by the construction of B′n×m×g, Ji2 ’s total allocations are the same

under B′n×m×g and A′n×m×g, i.e.,

g∑
k=1

∑
j:Sj∈Gk

b′i2jk =

g∑
k=1

∑
j:Sj∈Gk

a′i2jk. (5.16)

It follows from (5.15) and (5.16) that

g∑
k=1

∑
j:Sj∈Gk

b′i2jk >

g∑
k=1

∑
j:Sj∈Gk

ai2jk, (5.17)

i.e., Ji2 ’s total allocation increases from An×m×g to B′n×m×g.
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By similar arguments for the derivation from (5.7) to (5.10), we can find another job

Ji3 6= Jr, Ji1 , Ji2 such that

g∑
k=1

∑
j:Sj∈Gk

ai2jk ≥
g∑

k=1

∑
j:Sj∈Gk

ai3jk >

g∑
k=1

∑
j:Sj∈Gk

a′i3jk. (5.18)

This then implies
g∑

k=1

∑
j:Sj∈Gk

bi3jk >

g∑
k=1

∑
j:Sj∈Gk

a′i3jk, (5.19)

i.e., Ji3 ’s total allocation increases from A′n×m×g to Bn×m×g.

By similar arguments for the derivation from (5.12) to (5.15), we can find another job

Ji4 6= Jr, Ji1 , Ji2 , Ji3 such that

g∑
k=1

∑
j:Sj∈Gk

a′i3jk ≥
g∑

k=1

∑
j:Sj∈Gk

a′i4jk >

g∑
k=1

∑
j:Sj∈Gk

ai4jk. (5.20)

This then implies
g∑

k=1

∑
j:Sj∈Gk

b′i4jk >

g∑
k=1

∑
j:Sj∈Gk

ai4jk, (5.21)

i.e., Ji4 ’s total allocation increases from An×m×g to B′n×m×g.

Now, putting (5.6), (5.10), (5.15), (5.18), (5.20) together, we have a longer sequence

of distinct jobs Jr, Ji1 , Ji2 , Ji3 , Ji4 with non-increasing total allocations under An×m×g

(and under A′n×m×g).

The above process can be repeated over and over to give us an infinite sequence of

distinct jobs Jr, Ji1 , Ji2 , Ji3 , Ji4 , Ji5 , Ji6 , . . . with non-increasing total allocations under

An×m×g and under A′n×m×g. This contradicts to the fact that there are a finite number

of jobs.

Hence, the theorem is proven.

5.3.4 Sharing Incentive

Sharing incentive means that each job should be better off sharing the resources than

statically partitioning the resources equally among all the jobs. We have claimed in

Chapter 4 that AMF can violate the sharing incentive property (Theorem 4.6), and

85



AMF can be regarded as a special case of GAMF when the numbers of tasks’ available

sites are all equal to 1. Thus, GAMF can also violate the sharing incentive property.

In our context of distributed job execution with tasks executable at multiple sites, we

can restrict the space of possible allocations to guarantee the sharing incentive property.

For each job, if it owns 1/n of the system (i.e. it owns a capacity of uj/n at each site),

we can compute the maximum amount of resources it can actually use simultaneously

based on the available sites of its task groups. To do so, we can formulate and solve the

following linear program to compute the maximum amount of resources that each job Ji

can use.

max

g∑
k=1

∑
j:Sj∈Gk

aijk ( LP)

s.t. ∀Sj ∈M,
∑

k:Sj∈Gk

aijk ≤
uj
n
, (5.22)

∀Gk ∈ G, 0 ≤
∑

j:Sj∈Gk

aijk ≤ dik, (5.23)

where (5.22) is the site capacity constraint and (5.23) is the group demand constraint.

Let Xi denote the maximum amount of resources that can be used by each job Ji.

Then, to assure the sharing incentive property, an allocation should satisfy the following

constraints:

∀Ji ∈ J ,
g∑

k=1

∑
j:Sj∈Gk

aijk ≥ Xi. (5.24)

It can be inferred that the set of all the job-wise allocation vectors of the allocations

satisfying the above constraint is compact and convex. Thus, a GAMF allocation sat-

isfying sharing incentive is max-min achievable. We refer to GAMF enhanced with the

above constraint as SIG-GAMF (Sharing Incentive Guaranteed GAMF). It is easy to

prove that SIG-GAMF also satisfies the properties of Pareto efficiency, envy-freeness and

strategy-proofness following the methodology of previous analysis..

5.4 Algorithms

In this section, we present algorithms for computing resource allocations satisfying GAMF

and SIG-GAMF with given sets of jobs, task groups and sites. Similar to the Basic Pro-
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gramming algorithm shown in Chapter 4, we extend the Max-min Programming algo-

rithm [52] to compute a GAMF allocation. The algorithm takes as inputs the information

of a set of jobs, the task groups of the tasks in the job, the available sites of each task

group, and the processing capacity of each site. The output is a three-dimensional GAMF

allocation matrix An×m×g. Algorithm 7 shows the details of the algorithm.

In Algorithm 7, the set S includes all the jobs whose aggregate allocations are not

decided. Initially, S contains all the jobs (line 3). The iterations are shown from line 4

to line 24. In each iteration, a linear program is formulated (line 8). The objective of the

linear program is to maximize the minimum job-wise aggregate allocation among the jobs

in S. Four constraints are involved in the linear program. The first constraint defines T

which represents the minimum aggregate allocation among all the jobs in S. The second

constraint says that for each job not in S, its aggregate allocation must be consistent to

what has been determined earlier. The third constraint is the site capacity constraint.

The fourth constraint is the group demand constraint. Let Tmax be the maximum T value

obtained by solving the linear program. Similar to the Basic Programming algorithm in

Chapter 4, we check whether it is possible to increase the aggregate allocation of each job

Jl ∈ S whose aggregate allocation equals Tmax (lines 10-23). If Jl’s aggregate allocation

cannot be further increased, we fix Jl’s aggregate allocation at Tmax and remove Jl from

S (lines 12-14 and lines 17-19). When S becomes empty, the algorithm completes and

returns the GAMF allocation matrix An×m×g. To compute the SIG-GAMF allocation,

the sharing incentive constraint (5.24) can be added to the linear programs of line 8 and

line 16.

We also present a heuristic similar to the optimization for AMF in Chapter 4. The

GAMF allocation might not be unique given a set of jobs, a set of sites and a set of task

groups, while the job-wise allocation vector satisfying GAMF is unique. Algorithm 7

just computes one possible allocation for GAMF. From the GAMF allocation computed

by Algorithm 7, we can derive the job-wise allocation vector satisfying GAMF. Then,

we can take the job-wise allocation vector as a constraint to look for alternative GAMF

allocations with additional considerations. We now propose a heuristic to find a better

GAMF allocation among all the possible allocations in terms of estimated job completion

times.
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Algorithm 7: Computation of GAMF

1: Input: a set of jobs J , a set of sites M, a set of task groups G, and the resource
demands of jobs for task groups D;

2: Output: an GAMF allocation An×m×g;
3: S ← {J1, J2, ..., Jn};
4: for each Ji ∈ J , Gk ∈ G, Sj /∈ Gk do
5: aijk ← 0
6: end for
7: while S 6= ∅ do
8: solve the following linear program:

maximize T ;
subject to: ∀Ji ∈ S:

∑g
k=1

∑
j:Sj∈Gk aijk ≥ T ;

∀Ji /∈ S:
∑g

k=1

∑
j:Sj∈Gk aijk = Ai;

∀Sj ∈M:
∑n

i=1

∑
k:Sj∈Gk aijk ≤ uj;

∀Ji ∈ J , Gk ∈ G, 0 ≤
∑

j:Sj∈Gk aijk ≤ dik;
9: Let Tmax be the maximum T in the above linear program;
10: for each Jl ∈ S do
11: if

∑g
k=1

∑
j:Sj∈Gk aljk = Tmax then

12: if
∑g

k=1

∑
j:Sj∈Gk dljk = Tmax then

13: Al ← Tmax;
14: S ← S/{Jl};
15: else if there does not exist any Sj ∈M such that

∑n
i=1

∑
k:Sj∈Gk aijk < uj

and any Gk ∈ G such that
∑

j:Sj∈Gk aljk < dlk then
16: check the feasibility of the linear constraints:∑g

k=1

∑
j:Sj∈Gk aljk > Tmax;

∀Ji ∈ S/{Jl}:
∑g

k=1

∑
j:Sj∈Gk aijk = Tmax;

∀Ji /∈ S:
∑g

k=1

∑
j:Sj∈Gk aijk = Ai;

∀Sj ∈M:
∑n

i=1

∑
k:Sj∈Gk aijk ≤ uj;

∀Ji ∈ J , Gk ∈ G, 0 ≤
∑

j:Sj∈Gk aijk ≤ dik;
17: if the above constraints are infeasible then
18: Al ← Tmax;
19: S ← S/{Jl};
20: end if
21: end if
22: end if
23: end for
24: end while
25: return An×m×g;
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The main idea of our heuristic is also to sequentially optimize each job’s estimated

completion time by linear programming. Algorithm 8 shows the details. Most parts of

Algorithm 8 are the same as the optimization for AMF. We illustrate the different parts

from the optimization of AMF. The inputs include Jseq and ~A. Jseq is a sequence of all

the jobs, which specifies the order of optimization. ~A = 〈A1, A2, ..., An〉 is the job-wise

allocation vector obtained from the GAMF allocation An×m×g returned by Algorithm

7. This will be used as constraints to ensure that the optimized allocation also meets

GAMF. In each round, the first job Jl in Jseq is set as the optimization target (line 4).

As each task has multiple available sites to allocate, and each job’s demand on each site

is not known. Thus, we consider estimating the job completion time according to task

groups. If Jl is allocated an amount
∑

j:Sj∈Gk aljk of resources at all the available sites of

task group Gk (where aljk is the amount of resources allocated to Jl by site Sj for task

group Gk), then the completion time of all its tasks in task group Gk is proportional to

dlk∑
j:Sj∈Gk

aljk
, where dlk is the remaining number of Jl’s tasks in task group Gk. Thus,

the completion time of job Jl can be estimated as maxGk∈G
dlk∑

j:Sj∈Gk
aljk

. To optimize

the estimated completion time by linear programming, we also convert the objective

to a linear one. We rewrite each task group’s allocation
∑

j:Sj∈Gk aljk as dlk · yl + zlk,

where yl ≥ 0 is a job-wise variable and zlk ≥ 0 is an auxiliary variable. Then, when

yl is maximized, Jl’s estimated completion time is minimized. Similarly, to optimize a

SIG-GAMF allocation, we can add the sharing incentive constraint (5.24) for each job

Ji ∈ Jseq to the linear program of Algorithm 8.

5.5 Experimental Setup

We conduct simulations with similar settings to Chapter 4.

Job Traces: We use two realistic job traces to drive the simulations: a Facebook trace

and a Google trace. The Facebook trace is the trace FB-2010 samples 24 times 1hr 0.csv

from the SWIM workload repository [3, 20]. The trace contains 24024 jobs and specifies

the amount of data processed by each job. We derive the number of tasks in each job

by assuming that there is one task per 1 GB data to process. As a result, there are

a total of 1102281 tasks in these jobs. We generate the task durations according to a
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Algorithm 8: Optimization for GAMF

1: Input: a sequence of all jobs Jseq and a job-wise allocation vector ~A;
2: Output: an optimized allocation A′n×m×g;
3: while Jseq 6= ∅ do
4: Jl ← the first job in Jseq;
5: solve the following linear program:

maximize yl
subject to: ∀Sj ∈M :

∑n
i=1

∑
k:Sj∈Gk aijk ≤ uj;

∀Ji /∈ Jseq, Sj ∈M, Gk ∈ G : aijk = a′ijk;
∀Ji ∈ Jseq, Gk ∈ G : 0 ≤

∑
j:Sj∈Gk aijk ≤ dik;

∀Ji ∈ Jseq :
∑g

k=1

∑
j:Sj∈Gk aijk = Ai;

∀Gk ∈ G :
∑

j:Sj∈Gk aljk = dlk · yl + zlk;
yl ≥ 0;
∀Gk ∈ G : zlk ≥ 0;

6: for each Sj ∈M and Gk ∈ G do
7: a′ljk ← aljk;
8: end for
9: remove Jl from Jseq;
10: end while
11: return A′n×m×g
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Pareto distribution with parameter β = 1.259 [6] and a mean of 2 seconds. The Google

trace was collected on a cluster at Google for one month [1, 53]. We extract a segment

of the trace containing 2944 jobs in a 60-min window. These jobs include 48504 tasks.

We derive the task durations from the timestamps of task events recorded in the trace.

The mean task duration is 1374.7 seconds. In both traces, each task of a job is assumed

to require one computing slot to execute. We scale the inter-arrival times of the jobs in

the traces to simulate different levels of system utilization from 40% to 70%.

Site Capacity: The number of sites is set at 10. The sites are denoted as S1, S2, ..., S10.

The resource capacity of each site is set at 20 computing slots.

Available Sites: We assume that for each job, the data inputs to the tasks are

distributed among the sites according to a Zipf distribution. Specifically, for each job, we

randomly generate a permutation of all the sites. Then, each task of the job is associated

with the i-th site in the permutation with a probability proportional to 1
iα

, where α is the

Zipf skew parameter. The higher the value of α, the more skewed the task distribution.

To simulate different levels of skewness, we vary α from 0 to 2. When α is set to 0, the

task distribution is expected to be uniform. If the associated site of a task is Sj, then Sj

and (k − 1) additional sites Sj+1, Sj+2, ..., Sj+k−1 are appointed as the available sites of

the task. In the experiments, we set the number of available sites at 2.

Resource Allocation Policies: We implement various GAMF policies. The Basic

GAMF runs Algorithm 7 to compute the resource allocation. The Optimized GAMF runs

Algorithm 8 after Algorithm 7 to optimize the job completion times. The Basic SIG-

GMAF and Optimized SIG-GAMF further guarantee the sharing incentive property. For

all the policies, we recompute the resource allocation among active jobs whenever a new

job arrives or a running job completes all its tasks at a site. For comparison purpose, we

also implement the AMF policies, i.e.,, Basic AMF, Optimized AMF, Basic SIG-AMF

and Optimized SIG-AMF. In these AMF policies, we stipulate that each task of a job

must be executed at its associated site.

Performance Metrics: We evaluate the fairness of resource allocation for jobs with

tasks executable at multiple sites and the effectiveness of the optimization in terms of

job response times. Thus, we study the standard deviation of jobs’ aggregate resource

allocations and the average job response time. The methods of computing the standard
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deviation and average job response time are the same as those in the experiments of

Chapter 4. The lower the standard deviation, the more balanced the resource allocation

among jobs. Since the number of computing slots allocated to a job at any time is integer

valued and a computing slot can be allocated to a new task only after its current task

is finished, the standard deviation of the instantaneous aggregate allocations of active

jobs is not necessarily equal to that of the allocation matrix output by the programming

algorithms.

5.6 Experimental Results

The general trends of the experimental results are similar to those in Chapter 4. Figures

5.2 and 5.1 show the cumulative distribution of the standard deviation for the aggregate

resources received by the active jobs for the Google and Facebook traces when the Zipf

parameter of task distribution varies from 0 to 2 and the system utilization is 60% (the

trends for other system utilizations are similar). A point (x, y) on the curve means that

the standard deviation is no more than x for y portion of the time. These results show

that the job-wise aggregate allocations are more balanced in GAMF than in AMF. The

nature of AMF and GAMF is to ensure the job-wise resource allocations are as even as

possible. With more available sites, each job has more chances to adjust the allocation

among sites to get a more balance result.

Figures 5.4 and 5.3 show the average job response time for the Google and Facebook

traces with different system utilizations and skewness of task group distribution. As we

can see from the figures, all the variants of GAMF perform better than the corresponding

variants of AMF in terms of average job response time. This is because when it comes

to GAMF, multiple sites are available for executing each task which could enable more

balanced allocation and shorten its completion time, thereby reducing the job response

time.

Basic GAMF only ensures that the job-wise allocation vector is max-min fair. In

an arbitrary allocation output by Basic GAMF (Algorithm 7), the amount of resources

received by a job for different task groups can be quite unbalanced. As a result, some

task groups can be finished much faster than other task groups in the same job, leading

92



0 10 20 30 40 50 60 70

standard deviation

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

a
c
c
u

m
u

la
te

d
 p

e
rc

e
n

ta
g

e

Google trace, utilization = 60%, Zipf = 0

Optimized AMF

Basic AMF

Optimized SIG-AMF

Basic SIG-AMF

Optimized GAMF

Basic GAMF

Optimized SIG-GAMF

Basic SIG-GAMF

0 10 20 30 40 50 60 70

standard deviation

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

a
c
c
u

m
u

la
te

d
 p

e
rc

e
n

ta
g

e

Google trace, utilization = 60%, Zipf = 0.5

Optimized AMF

Basic AMF

Optimized SIG-AMF

Basic SIG-AMF

Optimized GAMF

Basic GAMF

Optimized SIG-GAMF

Basic SIG-GAMF

0 10 20 30 40 50 60 70

standard deviation

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

a
c
c
u

m
u

la
te

d
 p

e
rc

e
n

ta
g

e

Google trace, utilization = 60%, Zipf = 1

Optimized AMF

Basic AMF

Optimized SIG-AMF

Basic SIG-AMF

Optimized GAMF

Basic GAMF

Optimized SIG-GAMF

Basic SIG-GAMF

0 10 20 30 40 50 60 70

standard deviation

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

a
c
c
u

m
u

la
te

d
 p

e
rc

e
n

ta
g

e

Google trace, utilization = 60%, Zipf = 2

Optimized AMF

Basic AMF

Optimized SIG-AMF

Basic SIG-AMF

Optimized GAMF

Basic GAMF

Optimized SIG-GAMF

Basic SIG-GAMF

Figure 5.1: Cumulative distribution of standard deviation for Google trace (2 available
sites, utilization = 60%). The curves are clustered in two groups. All the AMF policies
are in the group closer to the point (0, 1), and all the GAMF policies are in the group
further from the point (0, 1).
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to longer job response time. By refining the task group level allocation with Algorithm

8, Optimized GAMF allocates more resources to larger task groups and further improves

average job response time over Basic GAMF as shown in Figures 5.4 and 5.3.

SIG-GAMF produces almost the same standard deviation of job resource allocation

and the same average job response time as GAMF for the traces tested. This indicates

that most of the resource allocations generated by GAMF satisfy the sharing incentive

property. Hence, enforcing the sharing incentive property in GAMF does not change the

resource allocations substantially.

5.7 Summary

In this chapter, we have extended AMF to GAMF for a more general scenario in which

jobs have tasks that can be executed at multiple sites. The assignment of each task to

one of its available sites gives an additional dimension of freedom in resource allocation.

As a result, the design and analysis of the GAMF resource allocation policy becomes

more complicated than that of AMF. We prove that GAMF satisfies the properties

of Pareto Efficiency, envy-freeness and strategy-proofness for fair resource allocation.

The additional dimension of freedom makes it nearly impossible to prove the strategy-

proofness for GAMF in the same way as that for AMF. We develop a new method

to prove that GAMF is strategy-proof. Though GAMF does not satisfy the sharing

incentive property, we enhance GAMF to guarantee the sharing incentive property. We

present algorithms to implement GAMF and to optimize the job response times under

GAMF. Experimental results show that by taking advantage of the additional freedom

in assigning each task to one of its available sites, GAMF can achieve more balanced

resource allocation and reduce average job response time compared to AMF.

97



Chapter 6

Conclusion and Future Work

In this thesis, we have studied three resource allocation problems for distributed job

execution: task assignment and scheduling for improving efficiency of distributed job

execution, max-min fair resource allocation for distributed job execution, and generalized

max-min fair resource allocation for jobs with tasks executable at multiple sites. The

main contributions of the thesis include the heuristics for improving the efficiency of

distributed job execution and the definition of fairness policies for resource allocation.

The fairness policies ensure that users will not envy each other when competing for

resources and they cannot be allocated more resources by lying about their resource

demands.

In Chapter 3, we have studied task assignment and scheduling for improving efficiency

of distributed job execution in which each task of a job may be executed at a subset of

all the sites. We model the task assignment as a flow network, and design algorithms to

find the balanced task allocation among the sites by solving a maximum flow problem.

We further propose several integrated solutions to carry out task assignment and job

scheduling together. Experimental results show that the integrated solutions perform

significantly better in terms of job response time than conducting task assignment and

job scheduling separately and a baseline that allocates each task to a fixed available site.

In Chapter 4, we have studied several resource allocation policies for distributed job

execution. We prove that AMF satisfies widely recognized properties of Pareto efficiency,

envy-freeness and strategy-proofness for fair resource allocation, but the vanilla version

of AMF does not satisfy the sharing incentive property. We propose an enhanced version

of AMF to guarantee the sharing incentive property. We present algorithms to implement
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AMF as well as to optimize the job response times under AMF. Experimental results show

that AMF can considerably reduce unbalanced resource allocation and improve average

job response time compared to IMF which conducts max-min fair allocation at each site

separately, and the improvements are more significant when the workload distribution of

jobs among sites is more skewed.

In Chapter 5, we have extended AMF to GAMF to handle jobs with tasks executable

at multiple sites. We prove that GAMF satisfies the properties of Pareto Efficiency, envy-

freeness and strategy-proofness for fair resource allocation. Though GAMF does not

satisfy the sharing incentive property, we propose an enhanced version to guarantee the

sharing incentive property. We present algorithms to implement GAMF and to optimize

the job response times under GAMF. Experimental results show that GAMF can reduce

average job response time and achieve more balanced resource allocation compared to

AMF.

Following the work described in this thesis, there are several directions to continue the

research on resource allocation fairness and efficiency for distributed job execution. One

potential limitation of the fairness policies developed in this thesis is that they abstract

resources in the form of computing slots, which simplifies the consideration to essentially

one resource type. With the development of distributed applications, there can be more

diverse types of resource demands from users. It will be useful to extend the fairness

policies for distributed job execution to multiple types of resources. Another potential

limitation is that the programming algorithms for computing fair resource allocations

involve solving linear programs, which may be time-consuming. To improve the imple-

mentation efficiency, we may model fair resource allocations as graph-based problems

such as parametric flow problems and use parametric flow algorithms to derive fair re-

source allocations. Moreover, we can work on other variants of fair resource allocations.

For example, we can study the fairness among the accumulated resources received by

individual jobs over any period of time. In addition, resource allocation yields a tradeoff

between fairness and efficiency. To optimize the job response times, we prefer concen-

trating the resource allocation on a few jobs to complete them soonest possible. On the

other hand, to ensure fairness, we prefer balancing the resource allocations among all

the jobs. We can study the fairness-efficiency tradeoff and investigate the best operating

point along this tradeoff for distributed job execution.
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Finally, learning-based approaches are interesting to investigate in the context of

distributed job execution. There are recent works applying reinforcement learning to job

allocation and scheduling [47, 65], but most of them are for relatively simple scenarios.

For example, each job is to be executed on a single server, each server runs a single job at

a time, and jobs are scheduled following simple rules like FIFO, where the system state

and job demands are easy to describe and the number of possible allocation actions for

a particular job is quite limited. In our context of distributed job execution, the state

of the system needs to record all the outstanding jobs, each including its task groups,

the available sites of each task group, and the number of outstanding tasks in each task

group. The number of possible task groups (possible combinations of available sites) is

exponential with respect to the number of sites. To schedule the job execution, we need

to decide where to execute the tasks of each job subject to data locality requirements

and in what order to execute the tasks at each site. The number of possible orders to

execute jobs is factorial with respect to the number of jobs. Thus, the action space is also

exponentially large. With huge problem sizes for the context of distributed job execution,

it is difficult to apply off-the-shelf reinforcement learning algorithms to our scheduling

problem. Additional techniques in state and action representations as well as training

techniques will need to be developed to design efficient reinforcement learning algorithms

workable for our problem.

During my research journey, I experienced elation and frustration. There were delays

along the way due to unforeseen circumstances. I have realized that conducting research is

not a quick process and good research work needs a lot of skills, patience and intelligence.

I have learned to be more cautious and studious in the research journey.
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