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Abstract
Clustering is an essential subject in unsupervised learning. It is a common

technique used in many fields, including machine learning, statistics, bioinformat-

ics, and computer graphics. Classifying samples into homogeneous groups is based

on different criterions. In this thesis, we focus on the clusters that are character-

ized by the different parameters (i.e., means and covariances), and we study the

clustering method for the high dimensional mixture data. According to this set-

ting, we propose two new methods, Covariance clustering method and Two-step

method. Also, we investigate and develop the Mean clustering method from both

theoretical and practical aspects by random matrix theory.

Specifically, the first part focuses on the clustering when the data are collected

from a mixture distribution with distinct covariance matrices. We provide a new

algorithm to address this issue and find the misclustering rate theoretically.

In the second part, for the data with different means, we provide a noncentered

and centered version of Mean clustering method. Moreover, to give a theoretical

justification of these two methods, we prove that the results of no eigenvalue outside

the support of the limiting spectral distribution and exact separation of eigenval-

ues of large-dimensional sample covariance matrices can be extended to low rank

information plus general noise models.

In the third part, when either means or covariances are distinct, we propose

a Two-step method to do clustering. Both theoretical and numerical properties of

the Two-step method are discussed. Simulation studies and real data analysis also

demonstrate that the Two-step method outperforms the other methods under a

variety of settings.
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Chapter 1

Introduction

Nowadays, with the explosion of information, high dimensional datasets appear

in many fields, including the scientific and business domains. For example, these

include spatial data, gene data, social media data, financial data, etc. and one can

see the details in Xu and Tian (2015). To handle such big datasets, clustering plays

a significant role in data analysis. It is an important tool that aims at summarizing

different samples into a homogeneous group by distinct characteristics and useful

in several exploratory pattern analysis, grouping, decision making, and machine

learning situations, including data mining and pattern classification. In practice,

clustering in high dimensional spaces presents many difficulties. As mentioned in

Parsons et al. (2004), the reason that many clustering algorithms struggle with high

dimensional data is the curse of dimensionality. As the number of dimensions in a

dataset increases, distance measures become increasingly meaningless. Therefore,

investigating the clustering problems in high dimensional cases have been attracting

much attention in various areas.

On the other hand, there exist plenty of clustering methods for low dimension

datasets. Every methodology follows a different set of rules for defining the “sim-

ilarity” among data points. There are two main streams of approaches: distance

1



2 Chapter 1. Introduction

based clustering method and model based clustering method. For example, K-

mean Clustering (MacQueen et al. (1967), Bradley et al. (1999)), and K-medoids

Clustering (Kaufman and Rousseeuw (1987)) are based on minimizing the distance

between points labeled to be in a cluster and a point designated as the center of

that cluster. The Hierarchical clustering (Maimon and Rokach (2005)) seeks to

build a hierarchy of clusters that are based on a measure of dissimilarity between

observations. These methods are the distance based clustering methods. As to

the model based clustering methods, they are conducted based on the notion of

how probable it is that all data points in the cluster belong to the same distribu-

tion. For instance, the EM algorithms can be used for Gaussian mixture models

(Cai et al. (2019), Day (1969) and McLachlan et al. (1999)) and Binomial mixture

models (Drton and Plummer (2017)). All these methods have pros and cons. For

the data without any assumptions towards the underlying distribution, K-mean

or hierarchical clustering methods usually can be implemented. But performances

of these methods are hard to check in theory. On the other hand, for the known

mixture data, the EM Algorithm works well. However, in some cases, both of these

two kinds of methods perform poorly. For example, suppose that the underlying

distribution of mixtures is unknown, in some cases, both methods are not workable.

In this thesis, suppose that each observation xi ∈ Rp, i = 1, . . . , n, is collected

from the following mixture distribution:

F (x) =
K∑
s=1

πsFs(x; θs),

where {πs} are the corresponding mixing weights,
∑K

s=1 πs = 1, Fs(x; θs) represents

the cumulative distribution functions characterized by the parameter set θs and K

is the number of clusters. For example, the differences between clusters in the

gaussian mixture model (GMM) is specified by the parameters of mean µs ∈ Rp

and covariance matrices Σs ∈ Rp×p, and hence θs = (µs,Σs). Numerous literature
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investigated this model. For example, Redner and Walker (1984) considered clus-

tering problem for the gaussian mixture model in low dimensional cases, while Cai

et al. (2019) considered the high dimensional cases. As discussed in Li and Yao

(2018), when the number of the features p in x is large compared to the sample

size n, the inference of general multivariate mixture distribution becomes intricate.

Here, unlike the usual parametric settings, we assume that each cluster is de-

termined by the means and covariance matrices, but do not restrict any specific

distributions towards the observations. Moreover, to overcome the difficulty in

high dimensional settings, we consider the cases which allow p/n → c > 0. Let

x1, . . . ,xn ∈ Rp be independent data vectors, and each belongs to one ofK distribu-

tion classes indexed by V1, . . . ,VK . Class Vs has cardinality ns for s ∈ {1, . . . , K}.

Write

xi = ai + Σ1/2
s wi if i ∈ Vs for s = 1, . . . , K, (1.1)

where ai = µs/
√
n ∈ Rp, Σs ∈ Rp×p, Vs is the indices set of the s-th cluster and

√
nwi ∈ Rp is a random vector with i.i.d. mean 0 and variance 1 coordinates.

Comparing with GMM, our proposed model is more general. Moreover, the pro-

posed clustering method does not rely on any known distribution, which is easy to

be implemented.

The major contributions are twofold. From the methodological and practical

perspective, we first propose a new covariance based clustering method that aims

to do the clustering when µs = µt for s 6= t in (1.1). Also, we investigate the

mean based clustering when Σs = Σt for s 6= t in (1.1). Moreover, to do the

clustering towards the data from the general model, i.e., (µs,Σs) 6= (µt,Σt), we

propose a universal clustering method, called Two-step method. The Two-step

method can determine the different clusters not only depends on the covariance

matrices but also the corresponding means. From simulation studies, it is easy to

see that our proposed methods outperform others. Besides, according to the real
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data analysis, we find that the electroencephalographic (EEG) time series data in

Andrzejak et al. (2001) demonstrates the covariances difference between epileptic

and healthy groups and means difference between the datasets collected with eyes

open and eyes closed within the healthy group. The Two-step method performs

well in analyzing this dataset, which means that our proposed method is workable

in practice. One can see the details in the real data section of this thesis.

From the theoretical perspective, we prove that the misclustering errors of the

covariances clustering, means clustering and Two-step method tend to zero with

probability tending to 1, respectively. Moreover, to prove the theoretical result of

the mean clustering method, we extend the results in Bai and Silverstein (1998)

and Bai and Silverstein (1999) to the model of low rank information plus general

noise. Specifically, we consider the model of

Xn = An + Σ1/2
n Wn ∈ Rp×n,

where rank(An) = K < ∞, An is a fixed term, Wn is the random matrix with

i.i.d. mean 0 variance 1/n random variables. Moreover, the centerized version is

also considered:

Sn = XnX
>
n and S̄n = (Xn − X̄n)(Xn − X̄n)>.

Under mild conditions, we prove two facts: 1. No eigenvalues outside the support

of the limiting spectral distribution (l.s.d.) of Sn and S̄n, 2. Exact separation of

eigenvalues of Sn and S̄n.

The main content of the thesis is organized as follows.

• In Chapter 2, we propose the Covariance Clustering method, which aims to

find the clusters when there exist distinct covariance matrices among a large

set of data. Also, the corresponding theoretical results have been investigated
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as well.

• In Chapter 3, we propose the Mean Clustering method, which aims to find

the clusters when the means of data are different.

• Combining with Covariance and Mean Clustering method, we also propose

a universal method, Two-step method. Using Two-step method, one can do

the clustering towards data when either means or covariances are different.

The Two-step method is introduced in Chapter 4.

• In Chapter 6, we extend the results in Bai and Silverstein (1998) and Bai and

Silverstein (1999) to the low rank information plus a general noise model.

Moreover, we also investigate the corresponding centralized versions. These

results are significant towards the theoretical part of Mean Clustering method.

• Chapter 5 gives some discussions about our results and future research.

Throughout the thesis, without any particular explanation, we use C, Ci and

Ki to denote different positive constants, which may be different from line to line.

For two sequence of real numbers {sn} and {tn}, we write sn = O(tn) if |sn| ≤ C|tn|,

and sn = o(tn) if limn→∞ sn/tn = 0 and sn � tn if t C1|tn| ≤ |sn| ≤ C2|tn| when n is

sufficiently large. We also use K̂1, . . . , K̂K1 to denote the estimators of Kk’s, where

k = 1, . . . , K1. Moreover, ‖B‖, ‖B‖F Bi, and B,j stand for the spectral norm, the

Frobenius norm, the i-th row and the j-th column of a matrix B, respectively. For

a vector b = (b1, . . . , bn)>, ‖b‖2 =
∑
b2
i is the corresponding Euclidean norm. For

a complex number z ∈ C, =z and |z| represent the corresponding imaginary part

and the norm of z, respectively.





Chapter 2

High dimensional clustering:

Covariance clustering for mixture

data

2.1 Introduction

In this Chapter, we investigate the clustering problem for the model (1.1) when

µs = µt and Σs 6= Σt if s 6= t. To have an in-depth insight of such a case, let us

look at a toy example:

Example 1. Suppose that there are 2 clusters indexed by K1 and K2, and |K1| =

|K2| = n/2. For i ∈ K1, Exi = 0 ∈ Rp and cov(xi) = Σ1 = I, and for i ∈ K2,

Exi = 0 ∈ Rp and cov(xi) = Σ2 = 1.5I. For simplicity, we assume that K1 =

{1, . . . , n/2} and K2 = {n/2 + 1, . . . , n}.

If one hopes to do the clustering for this dataset, from the simulation studies

below, it is easy to find that the distance based methods, such as K-mean, work

poor in this situation. This is because the distance based methods like K-mean are

implemented based on the Euclidean distance between different clusters. However,

in Example 1, there exists a big merge between these two clusters, and one can see

7



8 2.1. Introduction

it from the probability density functions when p = 1, 2 in Figure 2.1. As to the EM

Algorithm, the situation as mentioned above can be handled only if the dimension

of data is not large. However, the EM Algorithm is only applicable to the known

mixture models.

Figure 2.1: Both figures display the probability density function (p.d.f.) of
Example 1.

To tackle the disadvantages, we aim to find the clusters for the mixture mod-

els like Example 1 through using the distance based method in high dimensional

setting.

The rest of this chapter is organized as follows. In Chapter 2.2 , we propose

the methodology of covariances clustering. The theoretical properties are analyzed

in Chapter 2.3. In Chapter 2.4, we conduct Monte Carlo simulation studies to

examine the finite sample performance of the proposed methods under different

scenarios. The main technical details are left to the Chapter 2.5.
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2.2 Methodology

Assume that x1, . . . ,xn ∈ Rp are the independent observations and xi = (xi1, . . . , xip)
>.

Consider

xi = µ/
√
n+ Σ1/2

s wi if i ∈ Ks for s = 1, . . . , K1, (2.1)

where Ks is the indices set of the s-th cluster and wi = (wi1, . . . , wip)
> ∈ Rp is a

random vector consisting of i.i.d. mean 0 and variance 1/n random variables. Each

covariance matrix, Σs, determines a cluster. Hence, there are K1 clusters among

these n observations. In other words,

{K1, . . . ,KK1} = {1, . . . , n}. (2.2)

Since there is no means difference among clusters we below assume that Exi = 0 ∈

Rp for i = 1, . . . , n for simplicity. Otherwise one could use the sample mean to

replace the common mean.

Ideally, we hope to find the clusters from their distances and in the meantime

relax the explicit distribution assumptions in the model based methods. Motivated

by the idea of the kernel method (Schölkopf et al. (2002)) in machine learning, we

introduce some nonlinear transformations for the observations. In other words, we

aim to find an appropriate nonlinear map such that the distinct covariances can be

characterized in terms of means of the transformed data. For illustration, consider

Example 1 in the Introduction. We map each xi to yi =
√
nxi � xi, and treat yi,

i = 1, . . . , n, as new observations, where � represents the Hadamard product. As a

consequence, Eyi = 1/
√
n if i ∈ K1 and Eyi = 1.5 ·1/

√
n if i ∈ K2, and we define

the sample covariance matrix of yi as

S1 = [y>i yj]1≤i,j≤n. (2.3)

It turns out that the eigenvectors of the matrix S1 corresponding to the largest
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eigenvalues demonstrate a large gap between different clusters. Figure 2.2 displays

the eigenvector corresponding to the largest eigenvalue of S1 and illustrates the

phenomenon. Here, we suppose that the observations in Examples 1 follow normal

distribution, and set n1 = n2 = 50.

Figure 2.2: (Example 1) The eigenvector corresponding to the largest eigen-
value of S1 in (2.3) when Ψ = I. The two horizontal lines represent the means
of two clusters that determined by K-mean method.

As seen from the above example it is important to find an appropriate trans-

formation of the original data. To this end, define

yi,Ψ =
√
n(Ψxi)� xi, for i = 1, . . . , n, (2.4)

where Ψ = [ψ1, . . . , ψp]
> ∈ T1 ⊂ Rp×p and

T1 = {B ∈ Rp×p : each row of B has only one nonzero element being 1 and ‖B‖ ≤ C}.

(2.5)

Here we suggest the set T1 as the possible transformations of xi from the perspective

that the distinct covariance matrices may be converted to the mean of yi,Ψ, as

illustrated below. When i ∈ Ks, set

Eyi,Ψ = ρs,Ψ = (ρs1,Ψ, . . . , ρsp,Ψ)>
∆
= di,Ψ ∈ Rp (2.6)



Chapter 2. High dimensional clustering: Covariance clustering for mixture data11

and

cov(yi,Ψ) = Γs,Ψ/n
∆
= (γ

(s)
jk,Ψ/n) ∈ Rp×p, when i ∈ Ks, (2.7)

where ρsj,Ψ =
√
nE[(ψ>j xi)xij], γ

(s)
jk,Ψ = n2E[xijxik(ψ

>
j xi)(ψ

>
k xi)] − nρsj,Ψρsk,Ψ and

s = 1, . . . , K1. To make the notations simple, in the sequel, we remove the subscript

Ψ in (2.4), (2.6) and (2.7) (write them as yi, di, ρs and γ
(s)
jk , respectively) when

there is no confusion. From (2.6), we see that by choosing an appropriate Ψ ∈ T1

in (2.4) the clustering information in terms of covariances of xi is transformed into

the mean part of yi. We suppose that a proper Ψ is given for now. Let M =

[ρ1, . . . ,ρK1 ] ∈ Rp×K1 , J = [j1, . . . , jK1 ] ∈ Rn×K1 , js = (js(1), . . . , js(n))> ∈ Rn,

where js(i) = 1 if i ∈ Ks and js(i) = 0 otherwise, and ρs is given in (2.6). In a

matrix form, write

Yn = [y1, . . . ,yn] = Dn + Zn = [d1, . . . ,dn] + [z1, . . . , zn] ∈ Rp×n, (2.8)

where Dn = MJ> and zi, the i-th column of Zn, is the random vector with mean 0

and covariances Γs/n defined in (2.7). It is easy to observe that, if i ∈ Ks, the s-th

cluster, di = ρs for s = 1, . . . , K1 and i = 1, . . . , n. Now, we work on the sample

covariance matrix of Yn

Sy = Y>nYn = D>nDn + Z>nDn + D>nZn + Z>nZn. (2.9)

Note that the term D>nDn in (2.9) is nonrandom, and the remaining three terms

are random.

There are two problems to be answered before proceeding: why we could do

the clustering for the new constructed yi in (2.4) when a proper Ψ is given and

how we should choose a proper Ψ in theory and practice. To help understand the

problems, we consider a simple case K1 = 2, i.e., there are two clusters specified

by Σ1 and Σ2, and indexed by K1 and K2, respectively. For the cases K1 > 2, an
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extension of the proposed method is straightforward. Without loss of generality,

we assume that the first n1 observations, i.e., {1, . . . , n1} belong to K1, and the

remaining observations {n1 + 1, . . . , n} belong to K2. We also let n2 = n − n1.

Suppose that under the Ψ, there is ρ1 6= ρ2, where ρs is defined in (2.6). It is easy

to observe that Dn = [ρ1, . . . ,ρ1,ρ2, . . . ,ρ2] with the first n1 columns being the

same. Hence, it is easy to see that M = [ρ1,ρ2] ∈ Rp×2 and J = [j1, j2] ∈ Rn×2,

where j1 = (1>n1
,0>n2

)> and j2 = (0>n1
,1>n2

)> under this setting. Note that either j1

or j2 contains the information about the clusters. It turns out that the eigenvectors

of D>nDn in (2.9) contain important information of the clusters, as seen from the

following lemma.

Lemma 2.2.1. For a given Ψ, if ρ1 6= ρ2, let a = ‖ρ1‖2, b = ρ>1 ρ2 and c = ‖ρ2‖2.

Then, the matrix D>nDn has two simple nonzero eigenvalues

λ1 =
1

2

(
an1 + cn2 +

√
(an1 − cn2)2 + 4b2n1n2

)
,

λ2 =
1

2

(
an1 + cn2 −

√
(an1 − cn2)2 + 4b2n1n2

)
,

and the associated eigenvectors

v1 =

(
bn2 · j1 +

1

2

[
cn2 − an1 +

√
(an1 − cn2)2 + 4b2n1n2

]
j2

)
/c1,

v2 =

(
bn2 · j1 +

1

2

[
cn2 − an1 −

√
(an1 − cn2)2 + 4b2n1n2

]
j2

)
/c2,

where j1 = (1>n1
,0>n2

)>, j2 = (0>n1
,1>n2

)> and c1, c2 are the normalized constants.

This result is a variant of Lemma 1 in Jin (2015). From Lemma 2.2.1, we see

that the eigenvectors v1 and v2 already contain the information about the clusters.

In the case of Example 1, if one takes Ψ = I ∈ T1, yi’s can be used to do clustering.

This is because Eyi = 1p/
√
n if i ∈ K1 and Eyi = 1.5 ·1p/

√
n if i ∈ K2 so that

Lemma 2.2.1 can be applied.
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Interestingly, if we choose Ψ = I, the newly constructed Sy in (2.9) is coincident

with that used in Liao and Couillet (2018). However, it is conceivable that the

selection of Ψ should depend on the data rather than a fixed one. To see this,

consider the following example.

Example 2. Suppose that there are 2 clusters indexed by K1 and K2, and |K1| =

|K2| = n/2. For i ∈ K1, Exi = 0 and cov(xi) = Σ1 = (0.5|i−j|), and for i ∈ K2,

Exi = 0 and cov(xi) = Σ2 = I. We also assume that K1 = {1, . . . , n/2} and

K2 = {n/2 + 1, . . . , n}.

If one still takes Ψ = I in Example 2, it is easy to find ρ1 = ρ2 = 1/
√
n such

that Lemma 2.2.1 is not applicable. Instead, if we take Ψ = [e2, e3, . . . , ep, ep−1]>,

by a simple calculation, ρ1 = 0.5 ·1/
√
n and ρ2 = 0/

√
n. To visualize the difference

between taking different transformations we plot the eigenvectors corresponding to

the largest eigenvalue of Sy based on Ψ′ = [e2, e3, . . . , ep, ep−11]> and Ψ = I,

respectively, in Figure 2.3. Figure 2.3 indicates that the transformation Ψ′ =

[e2, e3, . . . , ep, ep−1]> works while Ψ = I does not help for clustering. Here, we

also assume that all the data in Examples 2 follow normal distribution, and set

n1 = n2 = 50. Moreover we also display the corresponding eigenvector in Figure 2.4

for Example one when taking transformation Ψ′ = [e2, e3, . . . , ep, ep−1]> in order

to make comparison with the transformation Ψ = I in Figure 2.2.

Figure 2.3: (Example 2) The eigenvectors corresponding to the largest eigen-
value of Sy in (2.9). The left figure is the case under Ψ′ = [e2, . . . , ep, e1]>, and
the right one is corresponding to Ψ = I.
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For Example 1, compared with the case of Ψ = I in Figure 2.2, we also display

the corresponding eigenvector when Ψ = [e2, . . . , ep, e1]> in Figure 2.4.

Figure 2.4: (Example 1) The eigenvector corresponding to the largest eigen-
value of Sy when Ψ = [e2, . . . , ep, e1]>.

Observing from Figures 2.2, 2.3 and 2.4 we see that different models/data

require different transformations Ψ. Therefore, choosing a proper Ψ is significant.

Based on the aforementioned discussions, we propose to choose Ψ by the following

optimization problem:

Ψo = arg max
Ψ∈T1

K1∑
s=1

ns‖ρs,Ψ − ρ0,Ψ‖2 (2.10)

where T1 is specified in (2.5), ρ0,Ψ = 1
n

∑K1

s=1 nsρs,Ψ is the weighted average of the

means of the different clusters, ns is the cardinality of the s-th cluster, and ρs,Ψ is

defined in (2.6). The idea behind (2.10) is to look for a transformation so that the

difference from the centers of the different clusters of the transformed data to the

average of the the centers of the different clusters of the transformed data becomes

the largest. Note that, in the case of K1 = 2, maximizing the objective function

involved in (2.10) is equivalent to maximizing ‖ρ1,Ψ − ρ2,Ψ‖.

Remark 2.2.1. In general, the selection of Ψo is not unique in (2.10). For ex-

ample, in Example 2, one can set either Ψo = [e2, e3, . . . , ep, ep−1]> or Ψo =
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[e2, e1, e4, e3, . . . , ep−1]>. Moreover, similar to Example 1, if Σ1 = I and Σ2 =

diag(1.51p/2,1p/2), one can set Ψo = [e1, . . . , ep/2, el,1 . . . , el,p/2]>, where el,s can

be arbitrarily chosen from {e1, . . . , ep} for s = 1, . . . , p/2. All these Ψo achieve

optimal. Note that Ψo is an oracle estimator, and in practice, we need to find an

empirical estimator of Ψo, Ψ̂. For the purpose of identifiability, we say that Ψ̂ = Ψo

if Ψ̂ is equal to one of the optimal mappings Ψo.

To solve the optimization problem of the multivariate variables, it suffices to

focus on the analysis of the univariate version. We then resort to considering the

optimization problem (2.10) coordinately. For the j-th coordinate of ρ0,Ψ = ρ0 =

(ρ01, . . . , ρ0p)
>, we propose the following optimization problem:

ψoj = arg max
ψj

K1∑
s=1

ns(ρsj − ρ0j)
2 for j = 1, . . . , p, (2.11)

where ρs,Ψ = (ρs1,Ψ, . . . , ρsp,Ψ)> = (ρs1, . . . , ρsp)
> and ρsj =

√
nE[(ψ>j xi)xij] if i ∈

Ks. We also propose Algorithm 1 below to find an estimator of Ψo = [ψo1, . . . , ψ
o
p]
>

from (2.11). Here and in the sequel we add a superscript “o” referring to the oracle

version to distinguish between the general version and the oracle version of each

quantity of interest.

To find the estimator of ψoj (2.11), we need to find a consistent estimator of∑K1

s=1 ns(ρsj − ρ0j)
2. In the supervised learning, such as the two-sample testing

problem, the consistent estimators of ρsj and ρ0j are easy to obtain. This is be-

cause which cluster the samples belonging to is known. However those quantities

excluding ρ0j are all not easy to estimate in the unsupervised learning.

To overcome such situations, we aim to estimate
∑K1

s=1 ns(ρsj−ρ0j)
2 as a whole

rather than estimating each individual quantity. Recall that y1j, . . . , ynj ∈ R are

the entries of the j-th column of Yn in (2.8), and there are K1 different means ρsj,

s = 1, . . . , K1. Inspired by the idea of U-statistics we propose a kind of modified
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U-statistic as follows:

Uj =

(
n

2

)−1 ∑
i1<i2

(yi1j − ȳB1)(yi2j − ȳB2), (2.12)

where B1 = B1(i1,i2), B2 = B2(i1,i2), B1 ∪ B2 = B = B(i1,i2) ⊂ {1, . . . , n}\{i1, i2},

B1 ∩ B2 = ∅, |B1| = |B2| = m ≤ ns−2
2

and ȳB1 =
∑

k∈B1
ykj/|B1|. Moreover,

the set B is randomly selected from {1, . . . , n}\{i1, i2} and the set B1 is also ran-

domly selected from the set B. In practice, one can set m = bn/(K1 + 2)c, where

bxc means the largest integer not greater than x. We below call Uj or its ana-

logues U statistics although they are not U statistics strictly speaking. As will

be seen in the proof of Lemma 1 in the appendix the expectation Uj is equal to

n−2
∑K1

s=1 ns(ρsj − ρ0j)
2 + o(1/n2). If (ρsj − ρ0j)

2 = O(1/n), EUj is of the size of

n−2. Moreover by tedious calculations the variance of Uj turns out to be of the size

n−4. This means that it may be powerless if one uses Uj to do statistical inference.

To deal with the issue we below propose a new algorithm to find an estimator of

Ψo in (2.10) inspired by the idea of cross validation.

Remark 2.2.2. In practice the performance of this algorithm is still reasonable if

we set qn = 1. We can also set δ = 0.1 or 0.5 when n is large. Moreover, recalling

(2.5), we can also extend the set T1 in order to enhance the power of the statistic.

Define

Tk = {B ∈ Rp×p : each row of B has only k nonzero entries being one and ‖B‖ ≤ C}.

One can construct Ψ̂ within the set Tk as in Algorithm 1. The only difference

is that in this case, we set ψ̂j in Step 3 of Algorithm 1 to be a p dimensional

vector with its k entries being 1 and the remaining being 0. The positions being

1 in ψ̂j correspond to the first k largest U` for ` ∈ {1, . . . , p}. For example, write
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Result: The estimator of Ψo.
Given xi = (xi1, . . . , xip)

> ∈ Rp, and set qn = bnδc, where bxc means the
largest integer not greater than x, 0 < δ < 1 and i = 1, . . . , n;

for j = 1, . . . , p do
for ` = 1, . . . , p do

1. Let y
(`)
ij =

√
nxijxi`, and i = 1, . . . , n.

2. Randomly divide {1, . . . , n} into qn subgroups with
(approximately) equal size, and denote the index sets by
X1, . . . ,Xqn , respectively.

for k = 1, . . . , qn do

3. For all y
(`)
ij , i ∈ Xk, we construct a U-statistic as in (2.12):

U
(`)
j (k) =

2

|Xk||Xk − 1|
∑

i1<i2,i1,i2∈Xk

(y
(`)
i1j
− ȳ(`)

B1
)(y

(`)
i2j
− ȳ(`)

B2
),

(2.13)

where ȳ
(`)
B1

=
∑

m∈B1
y

(`)
mj/|B1| and B1,B2 are selected from Xk

as in (2.12).

4. Find the mean of U
(`)
j (k), k = 1, . . . , qn, i.e. let

U
(`)
j =

1

qn

qn∑
k=1

U
(`)
j (k). (2.14)

5. For fixed j, we choose the `j ∈ {1, . . . , p} corresponding to the

largest |U (`j)
j | among {|U (1)

j |, . . . , |U
(p)
j |}, and let ψ̂j = e`j .

return Ψ̂ = [e`1 , . . . , e`p ]
>

Algorithm 1: Determine the estimator of Ψo, Ψ̂.

ψ̂j = e`j(1) + e`j(2) when k = 2, where `j(1) and `j(2) are obtained similar to step

5 in Algorithm 1.

We are now in a position to use the spiked eigenvectors of Sŷ to do the cluster-

ing where Sŷ denotes the sample covariance matrix of (2.9) when Y is constructed

from the transformation Ψ̂ selected by Algorithm 1. The algorithm is given below.
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Result: K̂1, . . . , K̂K1 as the indices for each cluster.

1. Given Ψ̂, we construct Sŷ, and obtain the eigenvectors of Sŷ

corresponding to the largest K1 eigenvalues, denoted by

V̂ := (v̂1, . . . , v̂K1) ∈ Rn×K1 .

2. Take each row of v̂ as an observation, and do the K1-mean clustering

towards V̂. Specifically, consider the set

Mn,K = {M ∈ Rn×K : M has at most K distinct rows}. Thus, the

K-mean procedure is as follow

M∗ = arg min
M∈Mn,K1

‖M− V̂‖2
F .

Algorithm 2: Covariance clustering with the eigenvectors.

2.3 Theoretical results

This section is to develop theory for the proposed method in Chapter 2.2. Before

introducing our main theoretical results, we first propose some necessary definitions

and criteria. Recall that

K1 ∪ . . . ∪ KK1 = {1, . . . , n}

is the true partition of the whole indices set corresponding to clusters. As in Jin

(2015) we also introduce a n× 1 vector θ = (θ1, . . . , θn)> of true labels such that

θi = k if and only if i ∈ Kk, 1 ≤ i ≤ n.

Define the n× 1 vector of the estimated labels by θ̂ = (θ̂1, . . . , θ̂n)> such that

θ̂i = k if and only if i ∈ K̂k, 1 ≤ i ≤ n.
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Similar to Jin (2015), we also define

PK1 = {π : π is a permutation of the set {1, . . . , K1}}.

For any label vector θ and any π ∈ PK1 , π(θ) = (π(θ1), . . . , π(θn)). Based on this

notation, we define the true rate of misclustering rate (TMR) as

TMR({K̂k}) = min
π∈PK1

∑n
i=1 I

(
θ̂i 6= π(θi)

)
n

. (2.15)

We now specify some necessary conditions for further analysis.

Condition A1: For some l > 0, we assume that p2/nδl → 0 and E|
√
nxij|4l <∞

as n, p→∞, where δ is given in the step 2 of Algorithm 1. Moreover, ‖Σs‖ = O(1)

for s = 1, . . . , K1.

Condition A2: The number of clusters, K1, is bounded. Moreover, |Kk| � n for

each k ≤ K1.

Condition A3: For all j ∈ C, a subset of {1, . . . , p} and any Ψ 6= Ψo, we assume

that
∑K1

s=1 ns(ρsj,Ψo − ρ0j,Ψo)
2 −

∑K1

s=1 ns(ρsj,Ψ − ρ0j,Ψ)2 ≥ C1 > 0, where ρsj,Ψ

is defined in (2.6). For all j ∈ Cc, any 1 ≤ s 6= t ≤ K1 and Ψ, we assume

(ρsj,Ψ − ρtj,Ψ)2 = 0. Here, Ψo refers to any transformation satisfying (2.10).

Remark 2.3.1. Condition A1 demonstrates the relationship between p and n and

specifies the moment condition for underlying variables. This moment could be

further relaxed but we do not pursue it here. Condition A3 describes the difference

of distinct covariance matrices under the oracle Ψo and Examples one and two both

satisfy such a condition. Note that, in some cases we do not require C = {1, . . . , p},

and one can also refer to the examples in Remark 2.2.1. Here, C1 is also allowed

to tend to 0 theoretically by increasing the moment condition as in Condition A1.

Moreover, one should remark that |ρsj| = O(1/
√
n).
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Proposition 2.1. Under Conditions A1 and A3, we have Ψ̂ = Ψo with probability

tending to 1, where Ψ̂ is obtained by Algorithm 1 and Ψo is given in (2.10).

The following lemma characterizes the spectral norm of the covariance matrix

of the Hadamard product of two random vectors, which has an independent interest

in its own right and plays a key role when proving the misclustering error rate

(TMR).

Lemma 2.3.1. Suppose x = Σ1/2w and ‖Σ‖ = O(1), where w = (w1, . . . , wp)
> ∈

Rp is a random vector with mean 0 and covariance I. Let y = (Ax) � (Bx) and

denote its covariance matrix by Γ. If the spectral norms of A and B are bounded

then ‖Γ‖ < C.

We are now in a position to state one of the main results about TMR. To this

end, write

Yo
n = [yo1, . . . ,y

o
n] = Do

n + Zo
n = [do1, . . . ,d

o
n] + [zo1, . . . , z

o
n] ∈ Rp×n, (2.16)

and

Syo = Yo>
n Yo

n = Do>
n Do

n + Zo>
n Do

n + Do>
n Zo

n + Zo>
n Zo

n (2.17)

as the the oracle versions of (2.8) and (2.9), i.e., under Ψo, respectively.

Theorem 2.3.1. Under conditions A1 to A3, there is

TMR({K̂i}) = O

 max{α2
p, λ1αp}

min
1≤k≤K1−1

{|λk − λk+1|2, |λk−1 − λk|2}

 (2.18)

with probability tending to 1, where K̂i is given in Algorithm 2, i = 1, . . . , K1,

αp = κp max
(√

(p log p)/n, (p log p)/n
)

with κp tending to infinity with arbitrary

slow rate (such as log log p) , and λi = λi
(
Do>
n Do

n

)
. Here, we set λ0 =∞.
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Corollary 2.3.1. Suppose that λk
(
Do>
n Do

n

)
−λj

(
Do>
n Do

n

)
> c ·

√
log p

√
max{α2

p, λ1αp}

for 1 ≤ k < j ≤ K1 and c > 0. TMR({K̂i}) = o(1) with probability tending to 1

under conditions of Theorem 2.3.1.

Remark 2.3.2. The conditions imposed on the leading eigenvalues of Do>
n Do

n

are mild. For example, a simple calculation indicates that λ1

(
Do>
n Do

n

)
= 13p/8

and λ2

(
Do>
n Do

n

)
= 0 in Example 1. For Example 2, λ1

(
Do>
n Do

n

)
= p/4 and

λ2

(
Do>
n Do

n

)
= 0. All the other models in simulation satisfy such a condition as

well.

2.4 Simulation analysis

This section is to investigate the finite sample performance of the proposed methods

and compare them with the other existing methods in the literature. Specifically,

we compare the performance of the Two-step method with the K-means (KM),

Gaussian mixture method (GMM), sparse K-means (SKM, Azizyan et al. (2015))

and Random features maps based method (RFM, Liao and Couillet (2018)). In all

simulations, we set the number of the variables p to vary from 50, 100 and 200, and

we repeat 200 times. For different covariance matrices, we consider the following

four models:

Model 1: Following Example 1, we consider the case of K1 = 2, i.e., there are

two clusters in terms of different covariance matrices, and the covariance matrices

are equal to Σ1 = I and Σ2 = 2 · I, respectively. The corresponding cardinality of

each cluster is n1 = n2 = n/2.

Model 2: Similar to Bickel and Levina (2008b), we consider a moving average

covariance structure model. For the case ofK1 = 2, we set σ
(1)
ij = 0.5|i−j| ·1{|i−j| ≤

1} and σ
(2)
ij = (−0.5)|i−j| ·1{|i − j| ≤ 1}. The corresponding cardinality of each

cluster is n1 = n2 = n/2.
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Model 3: Similar to Bickel and Levina (2008a), we consider an autoregres-

sive covariance structure model: Σs = (σ
(s)
ij ) ∈ Rp×p. To check the covariance

differences in terms of distinct clusters, we assume that K1 = 2, σ
(1)
ij = 0.5|i−j| and

σ
(2)
ij = (−0.5)|i−j|. The corresponding cardinality of each cluster is n1 = n2 = n/2.

Model 4: In this case, we consider the case K1 = 3 with covariance matrices

being Σ1, Σ2 and Σ3, respectively, where Σ1 = I, and Σ2 and Σ3 are the same as

those in Model 3. Moreover, we set n1 = 80 and n2 = n3 = 60.

As discussed before, the selection of the map Ψ is significant in conducting

clustering. We first check if the Algorithm 1 is implementable. As mentioned in

Remark 2.2.1, the selection of Ψo may not unique in some cases. Let Ωo = {Ψo :

Ψo satisfies (2.10)} be the selection set of Ψo. Note that for Model 1, Ωo = {Ψo =

[e1, . . . , ep]
> ∈ Rp×p}, for Model 2 to Model 4, Ωo = {Ψo = [ψo1, . . . , ψ

o
p]
> ∈ Rp×p :

ψo1 = e2, ψ
o
p = ep−1 and ψok = ek−1 or ψok = ek+1 for k = 2, . . . , p− 1}. To enhance

the power of the statistic in practice, let ψ̂j = e`j(1) + e`j(2) where `j(1) and `j(2)

are obtained from Algorithm 1 and Remark 2.2.2. To measure the performance of

such ψ̂j, we define

CR2 = max
Ψo=[ψo1 ,...,ψ

o
p]>∈Ωo

∑p
j=1 I(ψoj ∈ {e`j(1), e`j(2)})

p
,

where I( · ) is a indicator function. A bigger value of CR2 means that ψ̂j correctly

selects ψoj with high probability.

For Model 1, 2, 3 and 4, we assume that {xk}nk=1 are all either generated from

zero mean normal distribution or zero mean t distribution with degree of freedom

25. Table 2.1 shows that for all these four models, the proposed Algorithm 1 can

detect most covariances differences in terms of entries. Thus, based on the selected

Ψ̂, we conduct the K-mean clustering as shown in Algorithm 2. Table 2.2 displays

the average misclustering errors for different methods under the aforementioned

four models. Figure 2.5 provides us a visualized comparison with the RFM method.
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normal t25

CR2 p = 50 p = 100 p = 200 p = 50 p = 100 p = 200
Model 1 0.949 0.913 0.870 0.938 0.914 0.846
Model 2 0.734 0.655 0.620 0.628 0.632 0.550
Model 3 0.702 0.626 0.594 0.608 0.604 0.530
Model 4 0.832 0.808 0.794 0.786 0.742 0.722

Table 2.1: Performance of Algorithm 1

Here, we randomly take one dataset and plot the eigenvector corresponding to the

largest eigenvalue of the sample covariance matrix Sŷ for all these four models

under the case of p = 50. Moreover, Figure 2.6 also displays the performances of

each method in terms of average misclustering errors.

From Table 2.2, we see that, in Model 1, the performance of our proposed

method is similar to that in RFM method and better than the other methods in

terms of AME. This is because the RFM method proposed by Liao and Couillet

(2018) can capture the difference in terms of the trace of the covariance matrices,

i.e., tr(Σs), and in Model 1, the differences between clusters are just reflected in the

diagonal entries. As to the other models, it is easy to observe that our proposed

method performs much better in terms of AME. Moreover, we also report the

SD values to measure the variability of AME. In general, one can say a method

is better when the AME of the compared methods is close, but it has a lower

SD value. In Table 2.2, we see that our proposed method performs much better

under most models (similar to RFM under Model 1) in terms of AME, and hence

we conclude that the proposed method is better even if with a relative larger SD

value. Moreover, Figure 2.5 and Figure 2.6 also support this fact. Therefore, we

can conclude that our proposed method for covariance clustering is a much general

method compared with others and it can be adapted into a wider area.
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Method Model 1 Model 2 Model 3 Model 4
AME SD AME SD AME SD AME SD

p = 50 KM 0.465 0.024 0.472 0.022 0.474 0.018 0.621 0.068
GMM 0.495 0.000 0.495 0.000 0.495 0.001 0.697 0.024
SKM 0.469 0.020 0.469 0.023 0.470 0.023 0.639 0.058
RFM 0.073 0.023 0.471 0.022 0.474 0.018 0.622 0.075

Proposed 0.090 0.027 0.070 0.000 0.070 0.000 0.245 0.048

p = 100 KM 0.442 0.039 0.468 0.019 0.470 0.023 0.630 0.057
GMM 0.495 0.000 0.495 0.000 0.495 0.000 0.698 0.007

Normal SKM 0.467 0.024 0.473 0.022 0.472 0.022 0.639 0.047
RFM 0.019 0.012 0.473 0.021 0.476 0.017 0.618 0.089

Proposed 0.029 0.015 0.030 0.000 0.030 0.000 0.109 0.036

p = 200 KM 0.425 0.042 0.470 0.023 0.472 0.023 0.635 0.064
GMM 0.059 0.151 0.464 0.027 0.462 0.029 0.636 0.081
SKM 0.465 0.024 0.472 0.022 0.471 0.022 0.636 0.052
RFM 0.002 0.003 0.469 0.023 0.473 0.020 0.596 0.085

Proposed 0.005 0.005 0.000 0.000 0.000 0.000 0.025 0.012

p = 50 KM 0.461 0.032 0.471 0.022 0.467 0.027 0.634 0.064
GMM 0.495 0.000 0.495 0.000 0.495 0.000 0.695 0.015
SKM 0.470 0.024 0.472 0.019 0.470 0.020 0.636 0.055
RFM 0.075 0.021 0.475 0.021 0.476 0.019 0.638 0.040

Proposed 0.086 0.024 0.095 0.000 0.095 0.000 0.343 0.063

p = 100 KM 0.451 0.033 0.459 0.030 0.470 0.025 0.634 0.068
GMM 0.495 0.000 0.495 0.000 0.495 0.000 0.695 0.011

t25 SKM 0.469 0.025 0.472 0.020 0.472 0.019 0.629 0.053
RFM 0.019 0.011 0.469 0.022 0.473 0.020 0.638 0.039

Proposed 0.027 0.014 0.030 0.000 0.030 0.000 0.238 0.058

p = 200 KM 0.422 0.045 0.467 0.025 0.467 0.028 0.630 0.063
GMM 0.050 0.141 0.485 0.018 0.480 0.022 0.649 0.059
SKM 0.467 0.023 0.473 0.021 0.471 0.023 0.628 0.055
RFM 0.001 0.002 0.475 0.021 0.476 0.021 0.638 0.031

Proposed 0.004 0.005 0.005 0.000 0.005 0.000 0.157 0.069

Table 2.2: Average misclustering errors (s.e.) of four models for covariance
clustering
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Figure 2.5: The comparison of the proposed covariance clustering and the
RFM clustering. Here, we choose σ(x) = x2 in RMF method based on the table
provided therein.



26 2.4. Simulation analysis

Figure 2.6: The comparison of the proposed covariance clustering and other
methods in terms of AME.
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2.5 Appendix

Now, we start with the theoretical proof. Let M = [ρ1, . . . ,ρK1 ] ∈ Rp×K1 , J =

[j1, . . . , jK ] ∈ Rn×K , js = (js(1), . . . , js(n))> ∈ Rn, where js(i) = 1 if i ∈ Ks and

js(i) = 0 otherwise, and ρs is given in (2.6). In a matrix form, write

Yn = [y1, . . . ,yn] = Dn + Zn = [d1, . . . ,dn] + [z1, . . . , zn] ∈ Rp×n,

where Dn = MJ> and zi, the i-th column of Zn, is the random vector with mean

0 and covariances Γs/n defined in (2.7) when i ∈ Ks. It is easy to observe that, if

i ∈ Ks, the s-th cluster, di = ρs for s = 1, . . . , K1 and i = 1, . . . , n. The sample

covariance matrix is defined as

Sy = Y>nYn = D>nDn + Z>nDn + D>nZn + Z>nZn.

The eigenvectors of D>nDn is V = [v1, . . . ,vK1 ] ∈ Rn×K1 . In the sequel, for sim-

plicity, we omit the subscript “n” from Dn and Zn.

Proof of Lemma 2.3.1.

Proof. We first assume B = I. Denote the i-th row of A and Σ1/2 by a>i ∈ Rp and

s>i ∈ Rp, respectively. From the definitions of Γ and y, write

Γ =


var(a>1 Σ1/2ws>1 w) · · · cov(a>1 Σ1/2ws>1 w, a>p Σ1/2ws>p w)

...
...

cov(a>p Σ1/2ws>p w, a>1 Σ1/2ws>1 w) · · · var(a>p Σ1/2ws>p w)


p×p

.

To find the bound of ‖Γ‖, the following identity

E (w∗Aw − trA) (w∗Bw − trB)

=
(

E |w1|4 − |Ew2
1|

2 − 2
)∑n

i=1 aiibii + |Ew2
1|

2
trAB> + trAB,

(2.19)
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where A = (aij) and B = (bij), plays an important role, and one may refer to

(1.15) in Bai and Silverstein (2004). Using (2.19), we have

var(a>1 Σ1/2ws>1 w) = E(w>Σ1/2a1s
>
1 w − s>1 Σ1/2a1)2

= (Ew4
1 − 3)

p∑
j=1

(e>j Σ1/2a1s
>
1 ej)

2 + tr(Σ1/2a1s
>
1 Σ1/2a1s

>
1 )

+tr(Σ1/2a1s
>
1 s1a

>
1 Σ1/2)

= (Ew4
1 − 3)

p∑
j=1

(e>j Σ1/2a1s
>
1 ej)

2 + (s>1 Σ1/2a1)2 + s>1 s1a
>
1 Σa1

≤ (Ew4
1 − 3)

p∑
j=1

(e>j Σ1/2a1s
>
1 ej)

2 + 2‖s1‖2‖Σ‖‖a1‖2. (2.20)

Since

p∑
j=1

(e>j Σ1/2a1s
>
1 ej)

2 ≤
p∑
j=1

e>j Σ1/2a1a
>
1 Σ1/2ej‖s1‖2 = ‖s1‖2a>1 Σa1 ≤ ‖s1‖2‖Σ‖‖a1‖2,

there is (2.20) ≤ C. Similarly, consider

cov(a>1 Σ1/2ws>1 w, a>k Σ1/2ws>k w) = E(w>Σ1/2a1s
>
1 w − s>1 Σ1/2a1)E(w>Σ1/2aks

>
k w − s>k Σ1/2ak)

= (Ew4
1 − 3)

p∑
j=1

(e>j Σ1/2a1s
>
1 ej)(e

>
j Σ1/2aks

>
k ej)

+(s>1 Σ1/2aks
>
k Σ1/2a1) + s>1 ska

>
k Σa1, (2.21)

for k = 2, . . . , p. It follows from the Gershgorin Disc Theorem and (2.21), there is

|λ1 − Γ11| ≤
p∑
j 6=1

|Γ1j|

= (s>1 Σ1/2a2s
>
2 Σ1/2a1) + s>1 s2a

>
2 Σa1 + · · ·+ (s>1 Σ1/2aps

>
p Σ1/2a1) + s>1 spa

>
p Σa1 (2.22)

+(Ew4
1 − 3)

p∑
j=1

[
(e>j Σ1/2a1s

>
1 ej)(e

>
j Σ1/2a2s

>
2 ej) + · · ·+ (e>j Σ1/2a1s

>
1 ej)(e

>
j Σ1/2aps

>
p ej)

]
,
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where λ1 = ‖Γ‖. By the inequality of
√
ab ≤ a+b

2
for a, b ≥ 0, we have

|s>1 Σ1/2aks
>
k Σ1/2a1| ≤ (a>k Σ1/2s1s

>
1 Σ1/2ak)

1/2(a>1 Σ1/2sks
>
k Σ1/2a1)1/2

≤ (s>1 Σ1/2aka
>
k Σ1/2s1) + (a>1 Σ1/2sks

>
k Σ1/2a1)

2
(2.23)

and

|s>1 ska
>
k Σa1| ≤ (s>1 sks

>
k s1)1/2(a>1 Σaka

>
k Σa1)1/2

≤ (s>1 sks
>
k s1) + (a>1 Σaka

>
k Σa1)

2
, (2.24)

for k = 2, . . . , p. Similarly, we have

|(e>j Σ1/2a1s
>
1 ej)(e

>
j Σ1/2aks

>
k ej)| ≤

(e>j Σ1/2a1e
>
j Σ1/2ak)

2 + (s>1 ejs
>
k ej)

2

2
, (2.25)

for k = 2, . . . , p. It follows from (2.22) to (2.25) that

|λ1 − Γ11|

≤ 1

2

p∑
k=2

[
(s>1 Σ1/2aka

>
k Σ1/2s1) + (a>1 Σ1/2sks

>
k Σ1/2a1) + (s>1 sks

>
k s1) + (a>1 Σaka

>
k Σa1)

+(Ew4
1 − 3)

p∑
j=1

(
(e>j Σ1/2a1e

>
j Σ1/2ak)

2 + (s>1 ejs
>
k ej)

2
) ]

=
1

2

[
s>1 Σ1/2(A>A− a1a

>
1 )Σ1/2s1 + a>1 Σ1/2(Σ− s1s

>
1 )Σ1/2a1 + s>1 (Σ− s1s

>
1 )s1

+a>1 Σ(A>A− a1a
>
1 )Σa1 + (Ew4

1 − 3)

p∑
j=1

(
e>j Σ1/2a1a

>
1 Σ1/2ej · e>j Σ1/2(A>A− a1a

>
1 )Σ1/2ej

)
+(Ew4

1 − 3)

p∑
j=1

(
e>j s1s

>
1 ej · e>j (Σ− s1s

>
1 )ej

) ]

≤ 1

2

[
s>1 Σ1/2(A>A− a1a

>
1 )Σ1/2s1 + a>1 Σ1/2(Σ− s1s

>
1 )Σ1/2a1 + s>1 (Σ− s1s

>
1 )s1 + a>1 Σ(A>A

−a1a
>
1 )Σa1 + |Ew4

1 − 3| ·
(
a>1 Σa1λmax(Σ)λmax(A>A− a1a

>
1 ) + ‖s>1 s1‖λmax(Σ− s1s

>
1 )
)]
,

where the last step uses ‖
∑p

j=1 e>j s1s
>
1 ej · e>j (Σ−s1s

>
1 )ej‖ ≤ ‖Σ−s1s

>
1 ‖
∑p

j=1 e>j s1s
>
1 ej =
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‖Σ− s1s
>
1 ‖ · s>1 s1. Using the facts of ‖aia>i ‖ ≤ ‖A>A‖, ‖sis>i ‖ ≤ ‖Σ‖ and (2.20),

we have maxi |λ1 − Γii| ≤ C, and hence λ1 ≤ C.

Now, we consider the case of B 6= I. Denote the i-th row of B by b>i , and

write

Γ =


var(a>1 Σ1/2wb>1 Σ1/2w) · · · cov(a>1 Σ1/2wb>1 Σ1/2w, a>p Σ1/2wb>p Σ1/2w)

...
...

cov(a>p Σ1/2wb>p Σ1/2w, a>1 Σ1/2wb>1 Σ1/2w) · · · var(a>p Σ1/2wb>p Σ1/2w)


p×p

.

As before, we conclude that

|λ1 − Γ11| ≤
1

2

[
b>1 Σ(A>A− a1a

>
1 )Σb1 + a>1 Σ(B>B − b1b

>
1 )Σa1 + b>1 Σ(B>B − b1b

>
1 )Σb1

+a>1 Σ(A>A− a1a
>
1 )Σa1 + |Ew4

1 − 3| ·
(
|a>1 a1|λ2

max(Σ)λmax(A>A− a1a
>
1 )

+|b>1 b1|λ2
max(Σ)λmax(B>B − b1b

>
1 )
)]
.

Therefore, we also have maxi |λ1 − Γii| ≤ C, and hence λ1 ≤ C.

Lemma 2.5.1. Recall that Uj =
(
n
2

)−1∑
i1<i2

(yi1j − ȳB1)(yi2j − ȳB2) in (2.12).

Suppose that there are K1 different means within {y1,j, . . . , yn,j}, denoted by

ρ1j, . . . , ρK1j, respectively. Then, there are EUj = [1+o(1)] ·
∑K1

s=1 ns(ρsj−ρ0j)
2/n(n−

1) = O(1/n2) and var(Uj) = O(1/n4).

Proof. For convenience, in the sequel, we omit the subscript j of both ρsj and ρ0j.

Recall that B1 ∪ B2 = B ⊂ {1, . . . , n}\{i1, i2}, B1 ∩ B2 = ∅, |B1| = |B2| = m =

O(n) and ȳB1 =
∑

k∈B1
ykj/|B1|. Moreover, we denote the indices of clusters by

K1, . . . ,KK1 . We first calculate EȳB, where ȳB =
∑

k∈B ykj/|B|. Define the event

Θs(k) = {there are k out of 2m elements in the set B belonging to Ks}. (2.26)

Suppose that |Ks| = ns. There is



Chapter 2. High dimensional clustering: Covariance clustering for mixture data31

P(Θs(k)) =

{ (nsk )(n−2−ns
2m−k )

(n−2
2m )

if both i1 and i2 /∈ Ks,
(ns−1

k )(n−1−ns
2m−k )

(n−2
2m )

if one of i1, i2 ∈ Ks,
(ns−2

k )(n−ns2m−k)
(n−2

2m )
if both i1 and i2 ∈ Ks.

Moreover,

EȳB =
1

2m
E

 ∑
i∈B∩K1

yi + . . .+
∑

i∈B∩KK1

yi

 .

For simplicity, we only consider the first term, i.e., B1∩K1. By simple calculations,

there is

E
∑

i∈B∩K1

yi =
2m∑
k=0

P(Θ1(k)) · k · ρ1 =

{ n1

n−2
2mρ1 if both i1 and i2 /∈ K1,

n1−1
n−2

2mρ1 if one of i1, i2 ∈ K1,

n1−2
n−2

2mρ1 if both i1 and i2 ∈ K1,

where the indices i1 and i2 are excluded from the set B by recalling the definition

of B in (2.12). Thus, it is easy to conclude that

EȳB =
∑K1
k=1 nkρk−2ρs

n−2
if both i1 and i2 ∈ Ks

EȳB =
∑K1
k=1 nkρk−ρs−ρt

n−2
if i1 ∈ Ks, i2 ∈ Kt and s 6= t. (2.27)

Next we show that

EȳB1 = EȳB2 = EȳB. (2.28)

Let S be a random choice of a subset of B with cardinality m . Since |S| = |B/S|,

we have P (B1 = S) = P (B1 = B/S). Since B2 = B/B1, it follows that P (B2 =
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S) = P (B1 = B/S). Then we have

EȳB1 = E
∑
S

ȳSP (B1 = S) = E
∑
S

ȳSP (B2 = S) = EȳB2 . (2.29)

Since

EȳB1 + EȳB2 =
1

m
E
∑
i∈B

yi = 2EȳB,

we get (2.28). Let ρ′0s =
∑K1
k=1 nkρk−2ρs

n−2
. It follows that

n(n− 1)EUj =

K1∑
s=1

ns(ns − 1)(ρs − ρ′0s)2 +
∑
s 6=t

nsnt(ρs − ρ′0s −
ρs − ρt
n− 2

)(ρt − ρ′0t −
ρt − ρs
n− 2

)

=

K1∑
s=1

n2
s(ρs − ρ′0s)2 +

∑
s 6=t

nsnt(ρs − ρ′0s)(ρt − ρ′0t)−
K1∑
s=1

ns(ρs − ρ′0s)2

−
∑
s 6=t

nsnt(ρs − ρ′0s)
ρt − ρs
n− 2

−
∑
s 6=t

nsnt(ρt − ρ′0t)
ρs − ρt
n− 2

+
∑
s 6=t

nsnt

(
ρs − ρt
n− 2

)2

= −
K1∑
s=1

ns(ρs − ρ′0s)2 +
n+ 1

(n− 2)2

∑
s 6=t

nsnt(ρs − ρt)2

= − n2

(n− 2)2

K1∑
s=1

ns(ρs − ρ0)2 +
2n(n+ 1)

(n− 2)2

K1∑
s=1

ns(ρs − ρ0)2

= [1 +O(1/n)] ·
K1∑
s=1

ns(ρs − ρ0)2, (2.30)

where the third line uses the fact that [
∑K1

s=1 ns(ρs − ρ′0s)] = 0, the identity

2n
∑K1

s=1 ns(ρs − ρ0)2 =
∑

s 6=t nsnt(ρs − ρt)2 and ρ0 = 1
n

∑K1

s=1 nsρs.

Now, let us consider the variance of Uj. Write

var(Uj) =
1

n2(n− 1)2
(ξ0 + 4ξ1 + 2ξ2), (2.31)
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where

ξ0 =
∑

1≤i1 6=i2 6=i3 6=i4≤n

E
[
(yi1j − ȳB1(i1,i2)

)(yi2j − ȳB2(i1,i2)
)
][

(yi3j − ȳB1(i3,i4)
)(yi4j − ȳB2(i3,i4)

)
]

−(1 + o(1))

[
K1∑
s=1

ns(ρs − ρ0)2

]2

,

ξ1 =
∑

1≤i1 6=i2 6=i3≤n

E
[
(yi1j − ȳB1(i1,i2)

)(yi2j − ȳB2(i1,i2)
)
][

(yi1j − ȳB1(i1,i3)
)(yi3j − ȳB2(i1,i3)

)
]

and

ξ2 =
∑

1≤i1 6=i2≤n

E
[
(yi1j − ȳB1(i1,i2)

)(yi2j − ȳB2(i1,i2)
)
]2

.

To find the order of ξ0, ξ1 and ξ2, we take ξ2 as an example. There is

ξ2 =
∑

1≤i1 6=i2≤n

E
[
(yi1j − ȳB1(i1,i2)

)(yi2j − ȳB2(i1,i2)
)
]2

=
∑

1≤i1 6=i2≤n

E
[
(yi1j − EȳB1 + EȳB1 − ȳB1)(yi2j − EȳB2 + EȳB2 − ȳB2)

]2

=
∑

1≤i1 6=i2≤n

{
E(yi1j − EȳB1)2E(yi2j − EȳB2)2 + E(yi1j − EȳB1)2E(ȳB2 − EȳB2)2

+E(yi2j − EȳB2)2E(ȳB1 − EȳB1)2 + E(ȳB1 − EȳB1)2E(ȳB2 − EȳB2)2

}
∆
= A+B + C +D. (2.32)
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For the term A, we have

∑
1≤i1 6=i2≤n

E(yi1j − EȳB1)2E(yi2j − EȳB2)2

=
∑

1≤i1 6=i2≤n

E(yi1j − Eyi1j + Eyi1j − EȳB1)2E(yi2j − Eyi2j + Eyi2j − EȳB2)2

=
∑

1≤i1 6=i2≤n

{
E(yi1j − Eyi1j)

2E(yi2j − Eyi2j)
2 + E(yi1j − Eyi1j)

2(Eyi2j − EȳB2)2

+E(yi2j − Eyi2j)
2(Eyi1j − EȳB1)2 + (Eyi1j − EȳB1)2(Eyi2j − EȳB2)2

}
.

For i ∈ Ks, let var(yij) = γs. Recalling (2.28), we have

(Eyij − EȳB1)2 = (1 +O(1/n))(ρs − ρ0)2, (2.33)

for i ∈ Ks. Combining with (2.33), we have

A =

(
K1∑
s

nsγs

)2

−
K1∑
s

nsγ
2
s + 2(1 +O(1/n))

[
K1∑
s=1

n2
sγs(ρs − ρ0)2 + 2

∑
s 6=t

nsntγs(ρt − ρ0)2

−
K1∑
s=1

nsγs(ρs − ρ0)2

]
+ (1 +O(1/n))2

(
K1∑
s=1

ns(ρs − ρ0)2

)2

− (1 +O(1/n))2

K1∑
s=1

ns(ρs − ρ0)4

= (1 + o(1))

[
K1∑
s=1

ns
(
γs + (ρs − ρ0)2

)]2

, (2.34)

where the third line uses the facts of ρs = O(1/
√
n) and γs = var(yij) = O(1/n).

For the terms B,C and D, we first consider E[ȳ2
B1

]. Then, there is

E[ȳ2
B1

] =
1

m2
E
∑

k1,k2∈B1

yk1jyk2j =
1

m2

E
∑
k∈B1

y2
kj + E

∑
k1∈B1

yk1j

∑
k2∈B1\{k1}

yk2j

 .
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A straightforward calculation yields,

E
∑
k1∈B1

yk1j

∑
k2∈B1\{k1}

yk2j = E

K1∑
s=1

∑
k1 6=k2∈B1∩Ks

yk1jyk2j + E
∑
s 6=t

∑
k1∈B1∩Ks

∑
k2∈B1∩Kt

yk1jyk2j

=

(
K1∑
s=1

m∑
k=2

k(k − 1)

(
ns
k

)(
n−ns
m−k

)(
n
m

) ρ2
s +

∑
s 6=t

∑
k1+k2≤m

k1k2

(
ns
k1

)(
nt
k2

)(
n−ns−nt
m−k1−k2

)(
n
m

) ρsρt

)

= m(m− 1)

(
K1∑
s=1

ns(ns − 1)ρ2
s

n(n− 1)
+
∑
s 6=t

nsntρsρt
n(n− 1)

)
= m2(ρ2

0 + o(ρ2
0)).

Thus, using the facts of ρs = O(1/
√
n) and γs = var(yij) = O(1/n), we have

E[ȳ2
B1

] =
1

mn
(

K1∑
s=1

nsγs +

K1∑
s=1

ns(ρs − ρ0)2) + ρ2
0 + o(ρ2

0) = ρ2
0 + o(ρ2

0). (2.35)

Applying (2.35) and (2.28), it is easy to obtain that B = o(1), C = o(1) and

D = o(1), respectively. Therefore ξ2 = O(1). Similarly, by tedious computations,

we have ξ1 = (
∑K1

s=1 ns
(
γs + (ρs− ρ0)2

)
)
(∑K1

s=1 ns(ρs− ρ0)2
)

+ o(1) and ξ0 = o(ξ1).

Thus, the conclusion follows.

Lemma 2.5.2. Recall U
(`)
j (k) = 2(mk(mk − 1))−1

∑
i1<i2,i1,i2∈Xk(y

(`)
i1j
− ȳ(`)

B1
)(y

(`)
i2j
−

ȳ
(`)
B2

) in (2.13). Under conditions of Lemma 2.5.1, there are EUj = O(1/nmk),

var(Uj) = O(1/n2m2
k) and E|U (`)

j (k)|l = O(1/ml
kn

l).

Proof. Now, we consider the mean and the variance of U
(`)
j (k) defined in (2.13).

According to step 2 of Algorithm 1, we randomly separate the whole samples into

qn = nδ disjoint partitions, and hence each |Xk| ≈ n1−δ ∆
= mk. Similar to Θs in

(2.26), define an event

Ξk({ts}K1
s=1) = {there are ts out of mk elements in the set Xk belonging to Ks}.

(2.36)
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Then, we have

P(Ξk({ts})) =

(
n1

t1

)
. . .
(
nK1
tK1

)(
n
mk

) and
∑

ts≥0,
∑K1
s=1 ts=mk

P(Ξk({ts})) = 1.

Similar to (2.27), we also have

EȳB =
∑K1
k=1 nkρk−2ρs

n−2
mk
mk−2

if both i1 and i2 ∈ Ks ∩ Xk,

EȳB =
∑K1
k=1 nkρk−ρs−ρv

n−2
mk
mk−2

if i1 ∈ Ks ∩ Xk, i2 ∈ Kv ∩ Xk and s 6= v. (2.37)

and EȳB1 = EȳB2 = EȳB. Thus, by (2.30) and (2.36), we have

mk(mk − 1)EU
(`)
j (k) = E

[ ∑
i1 6=i2,i1,i2∈Xk

(y
(`)
i1j
− ȳ(`)

B1
)(y

(`)
i2j
− ȳ(`)

B2
)

]
=

∑
∑K1
s=1 ts=mk,ts≥0

∑
i1 6=i2∈Xk

E
[
(y

(`)
i1j
− ȳ(`)

B1
)(y

(`)
i2j
− ȳ(`)

B2
)|Ξ({ts})

]
P(Ξ({ts})

=

K1∑
s=1

∑
∑K1
s=1 ts=mk,ts≥0

P(Ξk({ts}))(1 +O(1/n))ts(ρs − ρ0)2

= [mk + o(mk)]

K1∑
s=1

ns(ρs − ρ0)2/n. (2.38)

We next consider the variance of U
(`)
j (k). Similar to (2.31), we only need to inves-

tigate the following term:

∑
i1 6=i2,i3 6=i4∈Xk

E
[
(yi1j − ȳB1(i1,i2)

)(yi2j − ȳB2(i1,i2)
)(yi3j − ȳB1(i3,i4)

)(yi4j − ȳB2(i3,i4)
)
]
.

Taking the case i1 = i3 and i3 = i4 ∈ Xk as an example and combining it with

(2.32), we have
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E

[ ∑
i1 6=i2,i1,i2∈Xk

(y
(`)
i1j
− ȳ(`)

B1
)2(y

(`)
i2j
− ȳ(`)

B2
)2

]

=

K1∑
s=1

K1∑
v=1

∑
∑K1
s=1 ts=mk,ts≥0

P(Ξk({ts}))
[
ts
(
γs + (ρs − ρ0)2

)] [
tv
(
γv + (ρv − ρ0)2

)]

= [mk(mk − 1) + o(mk)]

K1∑
s=1

[
ns
(
γs + (ρs − ρ0)2

)]
/n(n− 1) = O(m2

k/n
2).(2.39)

For the remainders, one can also obtain such a bound, and hence var[U
(`)
j (k)] =

O(1/n2m2
k).

Now, we investigate the bound of E|U (`)
j (k)|l for l > 2. We first consider the

case of the whole samples, i.e., E|Uj|l, where Uj is defined in (2.12). For simplicity,

we omit the subscript j in yisj. Write

E|n(n− 1)Uj|l =
∑

is 6=ks,s=1,...l

E
l∏

s=1

(yis − ȳB1(is,ks)
)(yks − ȳB2(is,ks)

).

To facilitate statement, let A = {is 6= ks, s = 1, . . . l} ∆
= {a1, . . . , a2l}, where

as = is and as+l = ks if s ≤ l. For simplicity, we say that as = at is a pair and

as1 = · · · = ast is a size t > 2 tuple. In what follows, we divide the set A into three

types of disjoint sets:

1. Denote the set of indices containing no pairs or tuples by A0 ⊂ A.

2. If there exist 1 ≤ t ≤ l pairs such that the remaining indices are all not equal,

we denote such indices set by At.

3. If there exists m ≥ 1 tuples, we denote such indices set by Ac.

It is easy to see that A = A0 ∪ {∪lt=1At} ∪Ac. Now, we consider these three cases

separately. To simplify notations, we denote
∏l

s=1(yis− ȳB1(is,ks)
)(yks− ȳB2(is,ks)

) by



38 2.5. Appendix

Rl(is, ks). By tedious calculations, we have

∑
is,ks∈A0

ERl(is, ks) = Cl(

K1∑
s=1

ns(ρs − ρ0)2)l + Cl(

K1∑
s=1

ns
(
γs + (ρs − ρ0)2

)
)l(2.40)

∑
is,ks∈At

ERl(is, ks) = Cl(

K1∑
s=1

ns
(
γs + (ρs − ρ0)2

)
)t
( K1∑
s=1

ns(ρs − ρ0)2
)l−t

(2.41)

and
∑

is,ks∈Ac
ERl(is, ks) = o(1), (2.42)

where t = 1, . . . , l and γs = var(yi) if i ∈ Ks. For easier presentations, we relegate

the proof of (2.40) to (2.42) to the end of this lemma. Now, once (2.40) to (2.42) are

established, there is E|Uj|l = O(1/n2l). Combining with the expression of E|Uj|l

and using similar arguments as in (2.38) or (2.39), we can obtain that E|U (`)
j (k)|l =

O(1/ml
kn

l). The conclusion follows.

Proof of (2.40): Let As = (yis − ρ0)(yks − ρ0), Bs = (yis − ρ0)(ρ0− ȳB2(is,ks)
) +

(yks − ρ0)(ρ0 − ȳB1(is,ks)
) and Ds = (ρ0 − ȳB1(is,ks)

)(ρ0 − ȳB2(is,ks)
). For A0, there is

∑
is,ks∈A0

Rl(is, ks)

=
∑

is,ks∈A0

E
l∏

s=1

(yis − ρ0 + ρ0 − ȳB1(is,ks)
)(yks − ρ0 + ρ0 − ȳB2(is,ks)

)

=
∑

is,ks∈A0

E
l∏

s=1

(As +Bs +Ds).

Let Xr,Yq and Zv be the disjoint indices subsets belong to {1, . . . , l} with sizes

r ≥ 0, q ≥ 0 and v ≥ 0, respectively, and Xr ∪Yq ∪Zv = {1, . . . , l}. Based on these

defined notations, we write

∑
is,ks∈A0

E
l∏

s=1

(As +Bs +Ds) =
∑

is,ks∈A0

E
[ l∏
s=1

As +
l∏

s=1

Bs +
l∏

s=1

Ds (2.43)

+Cl
∑

at least two of r,q,v≥1

∏
s∈Xr

∏
j∈Yr

∏
k∈Zr

AsBjDk

]
.
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Considering the first term of (2.43), there is

∑
is,ks∈A0

E
l∏

s=1

As =
∑

i1 6=k1 6=···il 6=kl

l∏
s=1

(ρis − ρ0)(ρks − ρ0) (2.44)

=
∑

i1 6=k1 6=···il−1 6=kl−1

l−1∏
s=1

(ρis − ρ0)(ρks − ρ0)
∑

il 6=kl{−(i1,k1,...,il−1,kl−1)}

(ρil − ρ0)(ρkl − ρ0),

where il 6= kl{−(i1, k1, . . . , il−1, kl−1)} represents the set
{

(il, kl) : 1 ≤ il 6= kl ≤

n and (il, kl) ∈ {1, . . . , n}\{i1, k1, . . . , il−1, kl−1}
}

and ρil = ρs if il ∈ Ks. It is easy

to check that

∑
il 6=kl{−(i1,k1,...,il−1,kl−1)}

(ρil − ρ0)(ρkl − ρ0)

=

[
−

K1∑
s=1

ns(ρs − ρ0)2 +
( l−1∑
t=1

(ρit − ρ0) +
l−1∑
t=1

(ρkt − ρ0)
)2
]
, (2.45)

where we use the fact of
∑K1

s=1 nsρs = nρ0. Substituting (2.45) into (2.44), we have

∑
is,ks∈A0

E
l∏

s=1

As = −
∑

i1 6=k1 6=···il−1 6=kl−1

l−1∏
s=1

(ρis − ρ0)(ρks − ρ0)

K1∑
s=1

ns(ρs − ρ0)2

+
∑

i1 6=k1 6=···il−1 6=kl−1

l−1∏
s=1

(ρis − ρ0)(ρks − ρ0)
( l−1∑
t=1

(ρit − ρ0) +
l−1∑
t=1

(ρkt − ρ0)
)2

.

(2.46)

Note that l is a fixed constant and |ρis| = O(1/
√
n), and hence

( l−1∑
t=1

(ρit − ρ0) +
l−1∑
t=1

(ρkt − ρ0)
)2

= o

(
K1∑
s=1

ns(ρs − ρ0)2

)
.

Therefore, repeating (2.46) for i1, . . . , il−1, k1, . . . , kl−1, we have

(2.46) =

[
−(1 + o(1))

K1∑
s=1

ns(ρs − ρ0)2

]l
= Cl

[
K1∑
s=1

ns(ρs − ρ0)2

]l
, (2.47)
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for some constant Cl.

Now, we consider the second term of (2.43). It suffice to consider

∑
is,ks∈A0

E
l∏

s=1

(yis − ρ0)(ρ0 − ȳB2(is,ks)
)

=
∑

i1 6=k1 6=···il 6=kl

E
l∏

s=1

(yis − ρ0)(ρ0 −
1

m

∑
k∈B2(is,ks)

yk)

=
∑

i1 6=k1 6=···il 6=kl

E
l∏

s=1

(yis − ρ0)

ρ0 −
1

m

∑
k∈B

2s({it,kt}lt=1)

yk −
1

m

∑
k∈B2(is,ks)\B2s({it,kt}lt=1)

yk


=

∑
i1 6=k1 6=···il 6=kl

E
l∏

s=1

[
(yis − ρ0)

(
ρ0 −

1

m

∑
k∈B

2s({it,kt}lt=1)

yk

)

− 1

m
(yis − ρ0)

( ∑
k∈B2(is,ks)\B2s({it,kt}lt=1)

yk

)]
∆
=

∑
i1 6=k1 6=···il 6=kl

E
l∏

s=1

(Bs1 +Bs2),

where B2s({it,kt}lt=1) means that we remove indices {it, kt}lt=1 from B2(is.ks) and m =

|B2(is,ks)|. Similar to the expansion in (2.43), define X̃r and Ỹq to be the disjoint

indices subsets belonging to {1, . . . , l} with sizes r ≥ 0 and q ≥ 0, respectively, and

X̃r ∪ Ỹq = {1, . . . , l}. There is

∑
i1 6=k1 6=···il 6=kl

E
l∏

s=1

(Bs1 +Bs2)

=
∑

i1 6=k1 6=···il 6=kl

E
[ l∏
s=1

Bs1 +
l∏

s=1

Bs2 +
∑

both r,q≥1

∏
s∈X̃r

∏
j∈Ỹq

Bs1Bj2

]
. (2.48)

To investigate the order of (2.48), we consider the first term of (2.48), i.e.,

∑
i1 6=k1 6=···il 6=kl

E
l∏

s=1

Bs1.
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By a similar argument as in (2.28) and the fact of l > 2 is a fixed constant, one

can obtain that

1

m
E

∑
k∈B

2s({it,kt}lt=1)

yk = (1 +O(1/n))ρ0. (2.49)

Using (2.49) and the fact of
∑n

i=1(ρi − ρ0) = 0 (ρi = ρs if i ∈ Ks) and |ρs| =

O(1/
√
n), there is

∑
i1 6=k1 6=···il 6=kl

E
l∏

s=1

Bs1 = Cl
1

nl
ρl0

∑
i1 6=k1 6=···il 6=kl

E
l∏

s=1

(yis − ρ0)

= Clρ
l
0

(
K1∑
s=1

ns(ρs − ρ0)2

)b l
2
c

= o(1), (2.50)

where bxc represents the integer part of x. Moreover, since l is a fixed constant

and m = O(n), we have |B2(is,ks)\B2s({it,kt}lt=1)| = O(1), and hence one can obtain

∑
i1 6=k1 6=···il 6=kl

E
l∏

s=1

Bs2 = o(1). (2.51)

For the last term in (2.48), write

∑
i1 6=k1 6=···il 6=kl

E
∑

both r,q≥1

∏
s∈X̃r

∏
j∈Ỹq

Bs1Bj2 =
∑

both r,q≥1

∑
i1 6=k1 6=···il 6=kl

E
∏
s∈X̃r

∏
j∈Ỹq

Bs1Bj2.

Note that |B2(is,ks)\B2s({it,kt}lt=1)| ≤ 2l − 2. In the sequel, we investigate

∑
i1 6=k1 6=···il 6=kl

E
∏
s∈X̃r

∏
j∈Ỹl−r

Bs1Bj2,

for r = 1, . . . , l − 1. Without loss of generality, we assume that X̃r = {1, . . . , r},

Ỹl−r = {r+1, . . . , l} and B2(is,ks)\B2s({it,kt}lt=1) = {(it, kt)}s−1
t=1∪{(it, kt)}vt=s+1, where

v ≤ l. Then, if v < r, B2(is,ks)\B2s({it,kt}lt=1) = {(it, kt)}vt=1 for s > r. Thus, by
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assuming v < l − r, there is

∑
i1 6=k1 6=···il 6=kl

E
∏
s∈X̃r

∏
j∈Ỹl−r

Bs1Bj2 =
∑
∗

∑
i1 6=k1 6=···il 6=kl

E
r∏
s=1

[
(yis − ρ0)

(
ρ0 −

1

m

∑
k∈B

2s({it,kt}lt=1)

yk

)]

·
l∏

j=r+1

[
− 1

m
(yij − ρ0)

( ∑
k∈B2(ij ,kj)\B2j({it,kt}lt=1)

yk

)]

= Cl
∑
∗

(
1

m
)l−r(

1

n
)rρr0

∑
i1 6=k1 6=···il 6=kl

E(yi1 − ρ0)yt1i1 · · ·E(yiv − ρ0)ytviv

l∏
j=v+1

E(yij − ρ0), (2.52)

where
∑
∗ represents the summation over {t1, . . . , tv : ti ≥ 0,

∑
ti = l − r}. By

the fact of l > 2 is a fixed constant and similar arguments as in (2.46), we have

(2.52) = o(1). Similarly, for the cases when v ≥ r or v ≥ l − r, (2.52) = o(1) still

holds. Hence, from (2.50), (2.51) and (2.52), we have

∑
is,ks∈A0

E
l∏

s=1

Bs = o(1). (2.53)

For the term
∑

is,ks∈A0
E
∏l

s=1 Ds
∆
= D, write

D =
∑

is,ks∈A0

E
l∏

s=1

(ρ0 − ȳB1(is,ks)
)(ρ0 − ȳB2(is,ks)

)

=
∑

is,ks∈A0

E
l∏

s=1

(ρ0 − ȳB1(is,ks)
)E

l∏
s=1

(ρ0 − ȳB2(is,ks)
).

To find the order of the term D, without loss of generality, we mainly consider two

cases: Case 1, we assume that {B1(is,ks)}ls=1 are disjoint each other. Case 2, we

assume that B1(i1,k1) = · · · = B1(il,kl)
∆
= B0. For Case 1, by the fact of (2.28), it is

easy to obtain that D = O(n2ln−2lρ2l
0 ) = o(1). For Case 2, similar to (2.36), define

Ok({ts}K1
s=1) = {there are ts out of m elements in the set B0 belonging to Ks}.
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Write

E
l∏

s=1

(ρ0 − ȳB1(is,ks)
) =

1

ml
E[
∑
i∈B0

(yi − ρ0)]l

=
1

ml

∑
∑K1
s=1 ts=m,ts≥0

E

(
[
∑
i∈B0

(yi − ρ0)]l|Ok({ts}K1
1 )

)
P(Ok({ts}K1

1 ))

≤ Cl
1

ml

∑
∑K1
s=1 ts=m,ts≥0

[
K1∑
s=1

ts(γs + (ρs − ρ0)2)

]l/2
P(Ok({ts}K1

1 ))

= Cl
1

nl

[
K1∑
s=1

ns(γs + (ρs − ρ0)2)

]l/2
,

where the first inequality applies Rosenthal’s inequality and the last equality adopts

the same strategy as in (2.38). For the other cases, one can use Holder’s inequality

and similar arguments to prove that D = O
(∑K1

s=1 ns(γs+(ρs−ρ0)2))l
)
, and hence

D = Cl

( K1∑
s=1

ns(γs + (ρs − ρ0)2)
)l
. (2.54)

For the last term of (2.43), using similar arguments as in (2.52), one can also

obtain that

∑
is,ks∈A0

∑
at least two of r,q,v≥1

E
∏
s∈Xr

∏
j∈Yq

∏
k∈Zv

AsBjDk

= Cl
∑
r+v=l

(

K1∑
s=1

ns(ρs − ρ0)2)r
K1∑
s=1

ns(γs + (ρs − ρ0)2))v (2.55)

Therefore, by (2.47), (2.53), (2.54) and (2.55), (2.40) is obtained.

Proof of (2.41): For the set At, t = 1, . . . , l, the proof is similar to (2.40), and

hence omitted.

Proof of (2.42): Now we consider the set Ac. Recall that Ac is denoted by

the set with m ≥ 1 tuples. To simplify statement, we consider a simple case,

i.e., m = 1 and i1 = i2 = i3. Let Ac1,3 = {is 6= ks, i1 = i2 = i3, s = 1, . . . l},
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and it is easy to check that Ac1,3 ⊂ Ac. Similar to (2.43), recall that Rl(is, ks) =∏l
s=1(yis − ȳB1(is,ks)

)(yks − ȳB2(is,ks)
), and write

∑
is,ks∈Ac1,3

ERl(is, ks)

=
∑

is,ks∈Ac1,3

E
[ l∏
s=1

As +
l∏

s=1

Bs +
l∏

s=1

Ds + Cl
∑

at least two of r,q,v≥1

∏
s∈Xr

∏
j∈Yr

∏
k∈Zr

AsBjDk

]
,

(2.56)

where As = (yis−ρ0)(yks−ρ0), Bs = (yis−ρ0)(ρ0−ȳB2(is,ks)
)+(yks−ρ0)(ρ0−ȳB1(is,ks)

)

and Ds = (ρ0− ȳB1(is,ks)
)(ρ0− ȳB2(is,ks)

). Expanding the first term in (2.56), there is

∑
is,ks∈Ac1,3

E
l∏

s=1

As

=
n∑
i=1

(yi − ρ0)3
∑

k1 6=k2 6=k3 6=i

(yk1 − ρ0)(yk2 − ρ0)(yk3 − ρ0)
∑
Ac1,3(i)

E
l∏

s=4

(yis − ρ0)(yks − ρ0)

+3
n∑
i=1

(yi − ρ0)3
∑

k1 6=k2 6=i

(yk1 − ρ0)2(yk2 − ρ0)
∑
Ac1,3(i)

E
l∏

s=4

(yis − ρ0)(yks − ρ0),

whereAc1,3(i) = {{is, ks}ls=4 : is 6= ks 6= i and there is no tuples among i4, . . . , il, k4, . . . , kl}.

By similar arguments as in the set A0 and At, one can prove that

∑
Ac1,3(i)

E
l∏

s=4

(yis − ρ0)(yks − ρ0) = O(1). (2.57)

By calculations, we also have

E
∑

k1 6=k2 6=k3 6=i

(yk1 − ρ0)(yk2 − ρ0)(yk3 − ρ0) = o(1)(

K1∑
s=1

ns(ρs − ρ0)2) = o(1) (2.58)
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and

E
∑

k1 6=k2 6=i

(yk1 − ρ0)2(yk2 − ρ0) = o(1)

[
K1∑
s=1

ns
(
γs + (ρs − ρ0)2

)]
= o(1), (2.59)

where we use the facts of ρs = O(1/
√
n) and γs = var(yi) = O(1/n). Moreover,

there is

E
n∑
i=1

(yi − ρ0)3 =

K1∑
s=1

ns(ηs + 3γs(ρs − ρ0) + (ρs − ρ0)3) = o(1), (2.60)

where ηs = E(yi − ρs)3 = O(1/n3/2) and γs = var(yi) if i ∈ Ks. Using (2.57) to

(2.60), one can obtain that the first term of (2.56) is o(1). By similar arguments, we

can also obtain the remaining three terms of (2.56) is o(1), and hence (2.56) = o(1).

Since l is a fixed constant, all the other cases in Ac can be analyzed like Ac1,3. Thus,

we have

∑
is,ks∈Ac

ERl(is, ks) = o(1).

Proof of Proposition 2.1

Proof. For two different, Ψ1 and Ψ0, the corresponding U-statistics as in (2.13) are

denoted by U
(1)
j and U

(0)
j , respectively. We first assume that

EU
(1)
j − EU

(0)
j > C/mkn. (2.61)

Thus, it suffices to prove that

P(U
(1)
j < U

(0)
j ) = o(p−2). (2.62)
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Then, using (2.61), there is

P(U
(1)
j < U

(0)
j ) = P(U

(1)
j − EU

(1)
j < U

(0)
j − EU

(0)
j + EU

(0)
j − EU

(1)
j )

= P
(

EU
(1)
j − EU

(0)
j < U

(0)
j − EU

(0)
j − (U

(1)
j − EU

(1)
j )
)

≤ P
(

EU
(1)
j − EU

(0)
j < 2ε/mkn

)
+ P(|U (0)

j − EU
(0)
j | > ε/mkn)

+P(|U (1)
j − EU

(1)
j | > ε/mkn)

≤ P(|U (0)
j − EU

(0)
j | > ε/mkn) + P(|U (1)

j − EU
(1)
j | > ε/mkn),

where 0 < ε < C/2. The next step is to prove

P

(
1

qn

∣∣∣∣∣
qn∑
k

U
(`)
j (k)− EU

(`)
j (k)

∣∣∣∣∣ ≥ ε/mkn

)
= o(p−2).

According to the Rosenthal inequality and Lemma 2.5.2, there is

E

∣∣∣∣∣
qn∑
k

U
(`)
j (k)− EU

(`)
j (k)

∣∣∣∣∣
2l

≤ Clq
l
n/n

2lm2l
k .

It follows from the Markov inequality that

P

(
1

qn

∣∣∣∣∣
qn∑
k

U
(`)
j (k)− EU

(`)
j (k)

∣∣∣∣∣ ≥ ε/mkn

)
= O(1/qln).

By taking l large enough, (2.62) is obtained. Recalling Condition A3, for all j ∈

C ⊂ {1, . . . , p}, some 1 ≤ s 6= t ≤ K1 and any Ψ 6= Ψo, there is

K1∑
s=1

ns(ρsj,Ψo − ρ0j,Ψo)
2 −

K1∑
s=1

ns(ρsj,Ψ − ρ0j,Ψ)2 ≥ C. (2.63)

Letting Ψ1 = Ψo and Ψ = Ψ0 6= Ψo, (2.63), together with (2.38) implies (2.61),

and hence (2.62) also holds.

For a fixed j ∈ {1, . . . , p}, recall that y
(`j)
ij is obtained in Step 5 of Algorithm

1, where `j ∈ {1, . . . , p} is chosen from the largest U
(`j)
j in (4.7). For the fixed j,
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if j ∈ C in Condition A3, we set ψ̂j = e`j . According to (2.62), Condition A3 and

Remark 2.2.1, one can obtain ψ̂j = ψoj with probability 1− o(p−1). If j ∈ Cc, from

Remark 2.2.1, we can also say that ψ̂j = ψoj with probability 1 − o(p−1). Based

on Ψ̂ = [e`1 , . . . , e`p ]
> obtained by Algorithm 1, we have Ψo = Ψ̂ with probability

tending to 1. The conclusion follows.

Once Proposition 2.1 is established, it is time to investigate the behaviours of

the eigenvectors of Sy associated with Ψo or Ψ̂.

Lemma 2.5.3. Under Conditions A1 to A3, using Algorithm 2, we have

|v>u v̂u| = O(
max{α2

p, λ1αp}
min

1≤k≤K1−1
{|λk − λk+1|2, |λk−1 − λk|2}

)

with probability tending to 1,, where v̂u and vu are the eigenvectors corresponding

to the u-th largest eigenvalues of Sŷ defined in (2.9) with Ψ = Ψ̂, and Do>Do,

respectively, u = 1 . . . , K1. Here Do is defined in (2.16).

Proof. Define an event χ1 = {Ψ̂ = Ψo}. By Proposition 2.1, we have P(χ1) =

1 − o(1). Under the event χ1 and by the Davis-Kahan sin Θ theorem (Davis and

Kahan (1970)), there is

1− v>i v̂i =
1

2
‖vi − v̂i‖2 ≤ C‖(Do + Zo)>(Do + Zo)−Do>Do‖2

min{|λi − λi+1|2, |λi−1 − λi|2}
,

where λi is the i-th largest eigenvalue of Do>Do. According to Theorem 5.48 of

Vershynin (2010) and its remark, there is

E
∥∥ZoZo> − Γo

∥∥ ≤ max
(
‖Γo‖1/2δ, δ2

)
, where δ = C

√
m log min(p, n)

n
,

m = Emaxi≤n

∑p
j=1 z

2
ij and Γo =

∑K1

s=1 nsΓs,Ψo/n. Here, Γs,Ψo is defined in (2.7) and

zi = (zi1, . . . , zip)
>. By m ≤ Etr(ZoZo>), there is m = O(p). Combining with the
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Markov inequality,

P
(∥∥ZoZo> − Γo

∥∥ ≥ a
)
≤

E(
∥∥ZoZo> − Γo

∥∥)

a
,

and and setting a = κp max
(
‖Γo‖1/2δ, δ2

)
defined in (2.18), we have ‖ZoZo> −

Γo‖ ≤ a with probability tending to 1, and hence ‖ZoZo>‖2 ≤ αp with proba-

bility tending to 1. Moreover, DoDo> � 0 and Z′ = (DoDo>)1/2Zo, and we have

‖Do>Zo‖2 = ‖Z′Z′>‖. By similar arguments, we also have ‖Do>Zo‖2 ≤ αp‖Do>Do‖

with probability tending to 1. In addition, by Lemma 2.3.1, it is easy to obtain that

‖Γs,Ψo‖ = O(1), and hence ‖Γo‖ = ‖
∑K1

s=1 nsΓs,Ψo/n‖ = O(1). Using the Wely’s

inequality, we have ‖vi− v̂i‖2 ≤ C max{α2
p,λ1αp}

min
1≤k≤K1−1

{|λk−λk+1|2,|λk−1−λk|2}
defined in (2.18) with

probability tending to 1.

Lemma 2.5.4. For the model in (2.1), let Ω = (ωij)K1×K1 , where ωij = ρo>i ρoj/p,

ρoj is defined in (2.6) with Ψ = Ψo in (2.10) and K1 is the number of clusters in

terms of covariances. Suppose that all eigenvalues of Ω are simple, and denote

τk = (τk1, . . . , τk,K1)>, k = 1, . . . , K1, by the corresponding eigenvectors. Then, for

the eigenvectors corresponding to the nonzero eigenvalues of Do>Do, v1, . . . ,vK1 ,

there are

vk = c−1
k

K1∑
s=1

τksjs,

where js = (js(1), . . . , js(n))> ∈ Rn, js(i) = 1 if i ∈ Ks and js(i) = 0 otherwise, and

c−1
k is a normalize constant.

Remark 2.5.1. The proof of Lemma 2.5.4 is similar to that for Lemma 2.1 in

Jin (2015), and hence omitted. According to Lemma 2.5.4, it is to see that V =

[v1, . . . ,vK1 ] ∈ Rn×K1 has K1 distinct rows.

Proof of Theorem 2.3.1.
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Proof. For convenience, we let βp =
max{α2

p,λ1αp}
min

1≤k≤K1−1
{|λk−λk+1|2,|λk−1−λk|2}

. By Lemma 2.5.3

and the fact that K1 is bounded, we have ‖V − V̂‖2
F = O(βp) with probability

tending to 1. Let ri and r̂i be the i-th rows of V and V̂, respectively. Ac-

cording to Lemma 2.5.4, V has K1 distinct rows and ‖ri − rj‖ ≥ C/
√
n, with

indices corresponding to K1, . . . ,KK1 . Consider the set Mn,K = {M ∈ Rn×K :

M has at most K distinct rows}. Thus, the K-mean procedure is as follow

M∗ = arg min
M∈Mn,K1

‖M − V̂‖2
F .

Thus, we have ‖M∗− V̂‖F ≤ ‖V− V̂‖F . Also, ‖M∗−V‖F ≤ ‖M∗− V̂‖F + ‖V−

V̂‖F . It follows that

‖M∗ −V‖2
F = OP (βp).

Similarly, we denote the i-th row of M∗ by mi. Given δ > 0, we define C = {1 ≤

i ≤ n : ‖r̂i −mi‖ ≤ δ/
√
n, ‖ri −mi‖ ≤ δ/

√
n} and K̂j = Kj ∩ C for j = 1, . . . , K1.

Thus, it is easy to prove that |K\C| = O(nβp). Now, we only need to show that

for any i ∈ K̂s and j ∈ K̂t, mi = mj if and only if s = t.

To prove this claim, first, we have |K\C| = O(nβp), and hence |Kj\K̂j| =

O(nβp). Also, for s 6= t, there is

‖mi −mj‖ ≥ ‖ri − rj‖ − ‖mi − ri‖ − ‖mj − rj‖ ≥ δ/
√
n.

Hence, the conclusion follows.

Proof of Corollary 2.3.1. Under the conditions of Corollary 2.3.1, it is easy

to obtain that ‖vi − v̂i‖2 = o(1) with probability tending to 1. Hence, following

the same strategy of Theorem 2.3.1, the conclusion is obatined.





Chapter 3

High dimensional clustering:

Mean clustering for mixture data

3.1 Introduction

In this Chapter, we investigate the clustering problem for the model (1.1) when

µs 6= µt and Σs = Σt if s 6= t. The clustering method is also mainly based on

the sample covariance matrix of Xn. We prove that the eigenvectors corresponding

to the spike eigenvalues can be used to determine clusters. Moreover, the con-

sistency of the mean clustering is established by using the information plus noise

model, which is different from usual stochastic block model. Compared with the

community detection in the stochastic block model in Jin (2015), our requirement

to the spike eigenvalue is much weaker. In our cases, the magnitudes of the spike

eigenvalues can be finite. The rest of the Chapter is organized as follows. Chapter

3.2 provides the methodology and the implementable algorithm. Chapter 3.3 in-

troduces the theoretical properties of the proposed estimators. Simulation results

and real data analysis are illustrated in Chapter 3.4. We relegate all the proof

details to the Appendix.
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3.2 Methodology

Suppose that the observations x1, . . . ,xn have the same covariance matrix Σ,

and `1 different means. Denote the corresponding index sets by {V1, . . . ,V`1} =

{1, . . . , n} in terms of means, i.e., for any i ∈ Vs, there is Exi = µs/
√
n, where

s = 1, . . . , `1. Let N = [µ1, . . . ,µ`1 ]/
√
n ∈ Rp×`1 , H = [h1, . . . ,h`1 ] ∈ Rn×`1 ,

hs = (hs(1), . . . ,hs(n))> ∈ Rn, where hs(i) = 1 if i ∈ Vs and hs(i) = 0 otherwise.

Similarly, in a matrix form, write

Xn = [x1, . . . ,xn] = An + Σ1/2Wn, (3.1)

where An = NH> and Wn is a p×n matrix with i.i.d. random variables with mean

0 and variance 1/n. We also let An = [a1, . . . , an] ∈ Rp×n and Wn = [w1 . . . ,wn] ∈

Rp×n, and note that
√
n · ai = µs when i ∈ Vs. Define

Sn = XnX
>
n = (An + Σ1/2Wn)(An + Σ1/2Wn)> (3.2)

and

S̃n = X>nXn = (An + Σ1/2Wn)>(An + Σ1/2Wn). (3.3)

Similar to the covariance clustering, we mainly focus on the eigenvectors corre-

sponding to the spike eigenvalues of S̃n. In order to investigate the underlying

structures of S̃n in (3.3), we consider the resolvent Q̃n(z) of matrix S̃n:

Q̃n(z) = (S̃n − zI)−1. (3.4)

Note that Sn and S̃n share the same nonzero eigenvalues, and we also define

Qn(z) = (Sn − zI)−1, (3.5)
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which is also used in the theoretical part. To have a full insight towards Q̃n(z),

we hope to find a nonrandom counterpart of Q̃n(z) so that some properties can be

obtained.

Proposition 3.1. Suppose that the rank of An in (3.3) is finite and E|
√
nwij|4 <

C, un, vn are any deterministic unit vectors, cn = p/n→ c ∈ (0,∞) and z ∈ C−R+

with =z = n−l, l ∈ (0, 1/10), ‖µk‖ = O(1). Then, we have

E|u∗n(Q̃n(z)− R̃n(z))vn| = O(1/
√
n), (3.6)

where

R̃n(z) = r̃(z)I− (r̃(z))2A>n
[
I + r̃(z)

(
Σ + AnA

>
n

)]−1
An, (3.7)

and where r̃(z) in C+ solves the equation

z = −1

r̃
+ cn

∫
tdHRn(t)

1 + tr̃
. (3.8)

Here HRn(t) is the empirical spectral distribution of

Rn = AnA
>
n + Σ. (3.9)

Moreover, inspired by the Lemma 1 in Jin (2015), there is

Lemma 3.2.1. Define Ω = (ωij)`1×`1 , where ωij = µ>i µj/n. Suppose that all

eigenvalues of Ω are simple, and denote τk = (τk1, . . . , τk,`1)>, k = 1, . . . , `1, by

the corresponding eigenvectors. By singular value decomposition, we have An =

VD1/2U>, where V ∈ Rp×`1 and U = [u1 . . . ,u`1 ] ∈ Rn×`1 . Then, there is

uk = c−1
k

`1∑
s=1

τkshs,
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where hs = (hs(1), . . . ,hs(n))> ∈ Rn, hs(i) = 1 if i ∈ Vs and hs(i) = 0 otherwise,

and c−1
k is a normalize constant.

From R̃n(z) in (3.7) and Lemma 3.2.1, fixing z, if Condition A5 below is

satisfied, the eigenvectors corresponding to the spike eigenvalues of S̃n still re-

flect the information about clustering as in Lemma 3.2.1. In the next chapter,

we also provide some theoretical results about the eigenvectors corresponding to

the spike eigenvalues. Thus, through Proposition 3.1 and Theorem 3.3.1 below,

one can similarly use the method proposed in Algorithm 2 to do the clustering.

Specifically, let the eigenvectors corresponding to the first `1 eigenvalues of S̃n be

Û = [û1, . . . , û`1 ] ∈ Rn×`1 . Similar to the K-mean procedure in Algorithm 2 in

covariance clustering, we apply the following optimization problem to the U, i.e.,

U∗ = arg max
U∈Mn,`1

‖U − Û‖2
F , (3.10)

where Mn,K = {U ∈ Rn×K : U has at most K distinct rows}. Then, we return

V̂1, . . . , V̂`1 as the indices for each cluster.

Note that in Proposition 3.1, the condition ‖µs‖ = O(1) is necessary. However,

in practice, the condition of ‖µs−µt‖ � 1 is more suitable in clustering problems,

which allows ‖µs‖ � 1. For example, µ1 = (1, . . . , 1)> and µ2 = (2, 1, . . . , 1)>.

Ideally, under such a case, the mean clustering method should also be imple-

mentable. To overcome such situations, in the following, we also investigate the

centered version of previous models, i.e.,

XnΦ = AnΦ + Σ1/2WnΦ = Xn − X̄n, (3.11)

where Φ = I− 11>/n. It is easy to see that AnΦ = An−Λ := Ān. For simplicity,

we denote Ān = [ā1, . . . , ān]. It is easy to check that ‖āi‖2 = O(1/n) even if

‖ai‖2 � 1/n under condition of ‖µs −µt‖ � 1. Combing with the fact Φ2 = Φ, in
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the sequel, we can still take each ‖ai‖2 = O(1/n). Similarly, we also consider the

corresponding covariance matrices

S̄n = (Xn − X̄n)(Xn − X̄n)>,

and

˜̄Sn = (Xn − X̄n)>(Xn − X̄n),

where X̄n = x̄n1
> and x̄n =

∑n
k=1 xk/n. Moreover, define the corresponding

resolvent ˜̄Qn(z) of matrix ˜̄Sn:

˜̄Qn(z) = (˜̄Sn − zI)−1. (3.12)

Based on these notations, we extend Proposition 3.1:

Proposition 3.2. Suppose that the rank of An in (3.3) is finite and E|
√
nwij|4 <

C, un, vn are any deterministic unit vectors, cn = p/n→ c ∈ (0,∞) and z ∈ C−R+

with =z = n−l for some l ≥ 0. Then, we have

E|u∗n( ˜̄Qn(z)− D̃(z))vn| = O(1/
√
n), (3.13)

where

D(z) =
(
−z(I + m̃(z)Σ) + (AΦ)(I +m(z)Φ)−1(AΦ)∗

)−1
,

D̃(z) =
(
−z(I +m(z)Φ) + (AΦ)∗(I + m̃(z)Σ)−1(AΦ)

)−1
,

m(z) = 1
n

tr(ΣD(z)) and m̃(z) = 1
n

tr(ΦD̃(z)).

By simple approximations and calculations, it is to see that the D̃(z) has

a similar property as R̃n(z) in (3.7). Therefore, one can also conduct K-mean

procedure as in (3.10). One can see the details in the theoretical proof.
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3.3 Theoretical results

Before introducing our main theoretical results, we first propose one necessary

definition:

Definition 3.1. (Same block structure) For an n × r1-dimensional matrix A =

[a1, . . . , an] ∈ Rr1×n, we separate the index set {1, . . . , n} into k block, B1, . . . ,Bk,

and there is ai = aj if i, j ∈ Bs, ai 6= aj if i ∈ Bs and j ∈ Bt, where s 6= t. Given

another r2 × n-dimensional matrix B = [b1, . . . ,bn], if i, j ∈ Bs there is bi = bj

and if i ∈ Bs and j ∈ Bt, where s 6= t, there is bi 6= bj, we say that the matrices A

and B have a same block structure.

We also provide some conditions for further analysis.

Condition A4. Denote the spectral decomposition of Rn = AnA
>
n + Σ by Rn =∑p

k=1 γkξkξ
>
k , where γ1 > . . . > γ`1+1 ≥ . . . ≥ γp. For 1 ≤ k ≤ `1, γk satisfies

∫
t2dH(t)

(γk − t)2
<

1

c
,

where H(t) is the limiting spectral distribution of Rn.

Condition A4’. Replace Rn by AnΦA>n +Σ, the conditions in Condition A4 still

holds.

Condition A5. Recalling the definition of N = [µ1, . . . ,µ`1 ]/
√
n, we assume that

the rows of N>U := Υ ∈ R`1×`1 are different from each other, i.e., Υi, 6= Υj, for

i 6= j, where U = [ξ1, . . . , ξ`1 ]. Moreover, we assume that ‖µs − µt‖ � 1 for s 6= t.

Remark 3.3.1. Condition A4 ensures that the first `1 eigenvalues of X>nXn are

simple spike eigenvalues. Condition A5 is needed in theoretical proof. It is not hard

to check that the spike eigenvectors of Rn, ξ1 = (1, 0, . . . , 0)> and ξ2 = (0, 1, . . . , 0)>

under the aforementioned case. Hence Condition A5 also holds. By simulation, we

also find that all the existing models are all satisfying this condition. Comparing

with the Condition 4 in Liao and Couillet (2018), Condition A5 is much weaker.
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We also extend this condition in Chapter 4, which allow ‖µs − µt‖ � 1 for s 6= t.

Moreover, it also covers the cases proposed in Li and Yao (2018).

Proposition 3.3. Suppose the rank of An in (3.3) is finite, E|
√
nwij|4 < C,

and cn = p/n → c ∈ (0,∞). Under Conditions A1, A4, A5 and ‖µs‖ = O(1),

U∗ ∈ Rn×`1 has the same block structure as A>n with probability tending to 1, where

U∗ is given in the optimization problem (3.10).

Theorem 3.3.1. Under conditions of Proposition 3.3, there is TMR({V̂1
i }) =

O(1/
√
n) with probability tending to 1, where V̂1

i is given under (3.10) and TMR

is defined in (2.15), i = 1, . . . , `1.

Remark 3.3.2. Similar to Liao and Couillet (2018), the condition of ‖µs‖ = O(1)

is necessary in the proof of Proposition 3.3 and Theorem 3.3.1. However, for

example, it excludes the cases like µ1 = (2, 1, . . . , 1)> and µ2 = (1, 1, . . . , 1)>. It is

easy to see that, in such a case ‖µ1 − µ2‖ � 1 which also satisfies Condition A5.

Based on the Proposition 3.2, we have the following proposition and theorem.

Proposition 3.4. Suppose the rank of An in (3.3) is finite, E|
√
nwij|4 < C, and

cn = p/n→ c ∈ (0,∞). Under Conditions A1, A4’, A5, U∗ ∈ Rn×`1 has the same

block structure as (AnΦn)> with probability tending to 1, where U∗ is given in the

optimization problem (3.10).

Theorem 3.3.2. Under conditions of Proposition 3.4, the corresponding results

in Theorem 3.3.1 still hold when the condition ‖µs‖ = O(1) is removed.

3.4 Simulation

This chapter is to investigate the finite sample performance of the mean clustering

methods and compare them with the other existing methods in the literature. For

comparison, we also record the performance of K-means (KM), Gaussian mixture
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method (GMM), sparse K-means (SKM, Azizyan et al. (2015)), CHIME (Cai et al.

(2019)). In all simulations, we set the number of the variables p to varys from

50, 100 and 200, and we repeat 200 times. Note that, the CHIME method only

considers the mean differences in terms of distinct clusters when K = 2, and hence,

in what follows, we use “-” for this method in other cases.

Scenario 1: We consider the case of K2 = 2 with means µ1 = (5, 0, . . . , 0)>

and µ2 = (0, 3, 0, . . . , 0)>. The cardinality of each cluster is n/2. And we set the

covariance matrix to be Σ = I.

Scenario 2: The setting of means and the corresponding cardinalities of

clusters are same as Scenario 1. We set the covariance matrix to be Σ = (σij)p×p,

where σij = 0.5|i−j| ·1{|i− j| ≤ 1}.

Scenario 3: In this scenario, we consider the case of K2 = 3 with means

µ1 = (5, 0, . . . , 0)>, µ2 = (0, 3, 0, . . . , 0)> and µ3 = (−1, 0, 2, 0, . . . , 0), and we set

n1 = n2 = 60 and n3 = 80. Here, we take Σ = I.

Scenario 4: We consider the case of K2 = 2 with means µ1 = (5, 1, . . . , 1)>

and µ2 = (1, 3, 1, . . . , 1)>. The cardinality of each cluster is n/2. And we set the

covariance matrix to be Σ = I.

For these four scenarios, we also generate {xk}nk=1 from normal distribution

or t25 distribution with the means and covariances for each setting. From Tables

3.1 and 3.2, in terms of AME, we see that the GMM method performs worst in

all scenarios, and the KM method performs poor for most scenarios except for

scenario 2. Compared with the KM method, SKM performs more stable. But it

is still worse than the proposed method. For normal cases, the CHIME method

performs slightly better than ours. However, for nongaussian cases, the proposed

method performs much better. As the reason of CHIME performing better under

normal cases is because CHIME is constructed based on the Gaussian mixture

model. Moreover, it applies the idea of sparsity, and hence can be implemented in

high dimensional cases. One can see more in Cai et al. (2019). If the underlying
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distribution is nongaussian, the basic assumption of CHIME is not satisfied, and

hence it performs worse than ours. In general, among these methods, our method

performs well under each setting. One should note that if one takes σ(x) = x in

the RFM method, the RFM is identical to ours, and hence in Tables 3.1 and 3.2,

we omit theirs.

Normal t25

Scenario 1 Scenario 2 Scenario 1 Scenario 2

AME SD AME SD AME SD AME SD

p = 50

KM 0.500 0.000 0.000 0.001 0.500 0.000 0.000 0.001

GMM 0.495 0.000 0.495 0.000 0.495 0.000 0.495 0.000

SKM 0.030 0.081 0.060 0.119 0.048 0.093 0.036 0.091

CHIME 0.003 0.003 0.000 0.000 0.413 0.114 0.346 0.170

Proposed 0.007 0.006 0.011 0.008 0.004 0.004 0.003 0.004

p = 100

KM 0.486 0.017 0.000 0.001 0.500 0.000 0.001 0.002

GMM 0.495 0.000 0.495 0.000 0.495 0.000 0.495 0.000

SKM 0.042 0.090 0.040 0.092 0.029 0.071 0.055 0.102

CHIME 0.001 0.002 0.000 0.000 0.473 0.080 0.489 0.043

Proposed 0.007 0.006 0.012 0.010 0.003 0.004 0.004 0.005

p = 200

KM 0.476 0.020 0.000 0.001 0.475 0.020 0.001 0.002

GMM 0.006 0.035 0.000 0.001 0.464 0.116 0.330 0.223

SKM 0.038 0.090 0.053 0.108 0.035 0.090 0.038 0.090

CHIME 0.003 0.002 0.000 0.000 0.149 0.230 0.499 0.001

Proposed 0.009 0.007 0.016 0.011 0.006 0.005 0.012 0.010

Table 3.1: Average misclustering errors (s.e.) of three scenarios for mean
clustering
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Normal t25

Scenario 3 Scenario 4 Scenario 3 Scenario 4

AME SD AME SD AME SD AME SD

p = 50

KM 0.082 0.175 0.500 0.000 0.080 0.167 0.500 0.000

GMM 0.595 0.043 0.495 0.000 0.599 0.006 0.495 0.000

SKM 0.260 0.216 0.067 0.100 0.296 0.215 0.057 0.080

CHIME - - 0.004 0.006 - - 0.338 0.151

Proposed 0.043 0.074 0.017 0.009 0.065 0.106 0.020 0.001

p = 100

KM 0.067 0.161 0.477 0.019 0.072 0.158 0.467 0.031

GMM 0.598 0.006 0.495 0.000 0.599 0.006 0.495 0.000

SKM 0.253 0.211 0.054 0.087 0.180 0.202 0.057 0.083

CHIME - - 0.003 0.014 - - 0.446 0.095

Proposed 0.055 0.076 0.018 0.008 0.070 0.079 0.023 0.011

p = 200

KM 0.057 0.150 0.464 0.023 0.059 0.122 0.472 0.022

GMM 0.063 0.136 0.032 0.067 0.500 0.155 0.460 0.098

SKM 0.232 0.209 0.070 0.092 0.242 0.212 0.058 0.082

CHIME - - 0.021 0.004 - - 0.477 0.057

Proposed 0.075 0.073 0.023 0.012 0.139 0.111 0.031 0.012

Table 3.2: Average misclustering errors (s.e.) of three scenarios for mean
clustering

3.5 Appendix

To give the theoretical justifications, we first introduce some necessary lemmas.
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Lemma 3.5.1. (Woodbury matrix identity) Suppose that A ∈ Rn×n and D ∈ Rk×k

are invertible, and U ∈ Rn×k, V ∈ Rk×n, there is

(A+ UDV )−1 = A−1 − A−1U
(
D−1 + V A−1U

)−1
V A−1.

Lemma 3.5.2. For n× n invertible matrix A and n× 1 vectors q,v where A and

A+ vv∗ are invertible, we have

q∗ (A+ vv∗)−1 = q∗A−1 − q∗A−1v

1 + v∗A−1v
v∗A−1.

Lemma 3.5.3. Let B = (bij) ∈ Rn×n with ‖B‖ = O(1) and x = (x1, . . . , xn)>,

where {xi} are i.i.d. satisfying Exi = 0, E|xi|2 = 1. Then, there is

E |x∗Bx− trB|q ≤ Cq

((
E |x1|4 trBB∗

)q/2
+ E |x1|2q tr (BB∗)q/2

)
.

Lemma 3.5.4. (Wely’s inequality) Suppose that A and B are two n×n Hermitian

matrices, and there is

dj + λk ≤ γi ≤ λr + ds,

where j + k − n ≥ i ≥ r + s− 1 , di, λi and γi are the i-th eigenvalue of A, B and

A+B, respectively.

Lemma 3.5.5. (Burkholder inequality) Let {Xk} be a complex martingale dif-

ference sequence with respect to the filtration Fk. For every q ≥ 1, there exists

Cq > 0 such that:

E

∣∣∣∣∣
n∑
k=1

Xk

∣∣∣∣∣
2q

≤ Cq

(
E

(
n∑
k=1

E(|Xk|2|Fk−1)

)q

+
n∑
k=1

E|Xk|2q
)
.
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We recall that the sample covariance matrix of Xn,

Sn = XnX
>
n = (An + Σ1/2Wn)(An + Σ1/2Wn)>

S̃n = X>nXn = (An + Σ1/2Wn)>(An + Σ1/2Wn),

the resolvent Qn(z), Q̃n(z) of matrix Sn and S̃n are

Qn(z) = (Sn − zI)−1,

Q̃n(z) = (S̃n − zI)−1.

In what follows, for a matrix B, we use B∗ to replace B>, which is same when

B is real. For simplicity, we remove the subscripts of “n”. Let X = [x1, . . . ,xn],

xi = ai + Σ1/2wi, Xk = X− xke
>
k , and hence define

Qk(z) = (XkX
∗
k − zI)−1.

Moreover, we also introduce some basic notations and formulas. For k×k invertible

matrices A,B and k-dimensional vector q, there are

q∗ (B + qq∗)−1 =
1

1 + q∗B−1q
q∗B−1, (3.14)

A−1 −B−1 = B−1(B − A)A−1. (3.15)

Moreover, define

βk =
1

1 + x∗kQ(z)xk
, (3.16)

bk =
1

1 + tr(ΣQk(z))/n+ a∗kQk(z)ak
. (3.17)

The following lemma is useful in calculating some moments bounds below:

Lemma 3.5.6. For z ∈ C+, there are |βk| ≤ |z|
|=z| and ‖Qk(z)Xk‖ ≤ ( 1

|=z|+
|z|
|=z|2 )1/2.
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Proof. The bound of βk is given in Bai and Silverstein (2010). For the second

inequality, there is

‖Qk(z)Xk‖ = ‖Qk(z)XkX
∗
kQk(z)‖

1
2

= ‖Qk(z)(XkX
∗
k − zI + zI)Qk(z)‖1/2

≤ ‖Qk(z) + zQk(z)Qk(z)‖1/2

≤ (
1

|=z|
+
|z|
|=z|2

)1/2.

Proposition 3.1 plays an important role in the proof of Theorem 2. To prove

Proposition 3.1, we first prove the following Proposition:

Proposition 3.5. Under the conditions of Propostion 3.1, for any deterministic

unit vectors un, vn and z ∈ C− R+, we have

E|u∗n(Q̃n(z)− T̃ (z))vn| = O(1/
√
n), (3.18)

where

T (z) =

(
−z(I + δ̃(z)Σ) +

1

1 + δ(z)
AA∗

)−1

,

T̃ (z) =
(
−z(1 + δ(z))I + A∗(I + δ̃(z)Σ)−1A

)−1

,

δ(z) = 1
n

tr(ΣT (z)) and δ̃(z) = 1
n

tr(T̃ (z)).

Proof. Note that we assume ‖µs‖ = O(1), and hence ‖ai‖2 = O(1/n). Using the

Woodbury identity in Lemma 3.5.1, there is

Q̃(z) = (−zI)−1 − z−1X∗(XX∗ − zI)−1X.
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To prove Proposition 3.5, it suffices to prove

E|u∗X∗(XX∗ − zI)−1Xu− Eu∗X∗(XX∗ − zI)−1Xu|2q ≤ C
1

nq
(3.19)

|Eu∗X∗(XX∗ − zI)−1Xu− Eu∗X∗0(X0X
∗
0 − zI)−1X0u| ≤ C

1√
n
, (3.20)

where u = (u1, . . . , un)> is a fixed unit vector and X0 represents the case of the W

being gaussian. Suppose, by the singular value decomposition, Σ = UDU>. Write

Eu∗
[
(A + Σ1/2W0)∗(A + Σ1/2W0)− zI

]−1
u

= Eu∗
[
(A + UD1/2U>W0)∗(A + UD1/2U>W0)− zI

]−1
u

= Eu∗
[
(A + UD1/2W0)∗(A + UD1/2W0)− zI

]−1
u

= Eu∗
[(
U(U>A +D1/2W0)

)∗(
U(U>A +D1/2W0)

)
− zI

]−1
u

= Eu∗
[(
U>A +D1/2W0

)∗(
U>A +D1/2W0

)
− zI

]−1
u.

Letting U>A as A, it satisfies the model in Hachem et al. (2013). Hence we have

E
∣∣∣u∗ ([(U>A +D1/2W0

)∗(
U>A +D1/2W0

)
− zI

]−1 − T ′(z)
)
u
∣∣∣ ≤ C

1√
n
,

(3.21)

where T ′(z) =
(
−z(1 + δ(z))I + A∗U(I + δ̃(z)D)−1U>A

)−1

= T̃ (z). Moreover,

combing Proposition 3.8 and Proposition 3.9 in Hachem et al. (2013), the conclusion

follows.

To prove (3.19) and (3.20), we first take truncations to the W. For C > 0,

let w̃ij = wijI(|
√
nwij| ≤ C) − EwijI(|

√
nwij| ≤ C) and X̃ = A + Σ1/2W̃, where
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W̃ = (w̃ij). For fixed vectors u, v and =z > 0, consider

∣∣∣u∗(X∗X− zI)−1v − u∗(X̃∗X̃− zI)−1v
∣∣∣

≤ C1

∥∥∥(X∗X− zI)−1 − (X̃∗X̃− zI)−1
∥∥∥

≤ C2

∥∥(X∗X− zI)−1
∥∥ · ‖X̃∗X̃−X∗X‖ ·

∥∥∥(X̃∗X̃− zI)−1
∥∥∥

≤ C3
1

(=z)2

[
‖X− X̃‖ · ‖X‖+ ‖X̃‖ · ‖X− X̃‖

]
≤ C4

1

(=z)2

[
2‖Σ1/2(Wn − W̃n)‖ · ‖An‖+ ‖Σ1/2(Wn − W̃n)‖ · ‖Σ1/2Wn‖

+‖Σ1/2(Wn − W̃n)‖ · ‖Σ1/2W̃n‖
]

≤ C5

(
E|
√
nw11|2I(|

√
nw11 ≤ C|)

)1/2
,

where the last inequality comes from Theorem 3.1 in Yin et al. (1988) and the

facts ‖A‖ = O(1), ‖Σ‖ = O(1). Therefore, this bound can be arbitrarily small

by choosing C sufficiently large. Hence, in what follows, we assume |
√
nwij| ≤ C,

Ewij = 0 and Ew2
ij = 1/n. Accordingly, the bound in Lemma 3.5.3 becomes

E |nw∗1Bw1 − trB|q ≤ Cq

(
E
∣∣√nw11

∣∣4 trBB∗
)q/2

, (3.22)

and consequently,

E |nw∗1Bw1|q ≤ Cq

[(
E
∣∣√nw11

∣∣4 trBB∗
)q/2

+ |trB|q
]
,

where w1 = (w11, . . . , w1p)
>.
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Proof of (3.19): Using two basic matrix equalities (3.14) and (3.15) and, there

is

u∗X∗(XX∗ − zI)−1Xu− u∗X∗k(XkX
∗
k − zI)−1Xku

= u∗(X∗ −X∗k)(XX∗ − zI)−1Xu+ u∗X∗k
(
Q(z)−Qk(z)

)
Xu+ u∗X∗kQk(z)(X−Xk)u

= u∗ekx
∗
kQk(z)Xuβk − u∗X∗kQk(z)xkx

∗
kQk(z)Xuβk + u∗X∗kQk(z)xke

∗
ku

:= Ak −Bk + Ck. (3.23)

We first consider Ak:

Ak = u∗ekx
∗
kQk(z)Xuβk

= u∗ek(a
∗
k + w∗kΣ

1/2)Qk(z)(Xk + xke
∗
k)uβk

= u∗eka
∗
kQk(z)Xkuβk + u∗eka

∗
kQk(z)xke

∗
kuβk

+u∗ekw
∗
kΣ

1/2Qk(z)Xkuβk + u∗ekw
∗
kΣ

1/2Qk(z)xke
∗
kuβk

:= A1k + A2k + A3k + A4k.

To find the bound of Ak, we control the bounds of A1k to A4k, respectively. Denote

by Ek the conditional expectation with respect to the σ-field generated by {wi, i ≤

k}. For A1k = u∗eka
∗
kQk(z)Xkuβk, there is

n∑
k=1

Ek−1 |(Ek − Ek−1)A1k|2 ≤ C

n∑
k=1

Ek−1|A1k|2

≤ C
n∑
k=1

|uk|2|a∗kQk(z)Xku|2|βk|2

≤ C

n
,
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where uk is the k-th coordinate of u, the first line uses the holder inequality and

the third lines uses Lemma 3.5.6. Similarly,

n∑
k=1

E|(Ek − Ek−1)A1k|2q ≤ C

n∑
k=1

E|A1k|2q

≤ C
n∑
k=1

|uk|2q|a∗kQk(z)Xku|2q|βk|2q

≤ C

nq
.

Thus, by using the Burkholder inequality in Lemma 3.5.5, there is

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)A1k

∣∣∣∣∣
2q

≤ C

nq
. (3.24)

For A2k = u∗eka
∗
kQk(z)xke

∗
kuβk, by expanding xk and using Lemma 3.5.6, there is

n∑
k=1

Ek−1 |(Ek − Ek−1)A2k|2

≤ C
n∑
k=1

Ek−1|u∗eka∗kQk(z)ake
∗
kuβk|2 + C

n∑
k=1

Ek−1|u∗eka∗kQk(z)Σ1/2wke
∗
kuβk|2

≤ C

∑n
k=1 |uk|4

n2

and

n∑
k=1

E|(Ek − Ek−1)A2k|2q ≤ C
n∑
k=1

E|A2k|2q

≤ CE|u∗eka∗kQk(z)ake
∗
kuβk|2q + CE|u∗eka∗kQk(z)Σ1/2wke

∗
kuβk|2q

≤ C
∑n

k=1 |uk|4q

n2q
,
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where we use the Lemma 3.1 in Hachem et al. (2013) in the last inequality above.

Combining with Lemma 3.5.5, we also have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)A2k

∣∣∣∣∣
2q

≤ C

n2q
. (3.25)

For A3k = u∗ekw
∗
kΣ

1/2Qk(z)Xkuβk, it is similar to A1k, and hence there is

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)A3k

∣∣∣∣∣
2q

≤ C

nq
. (3.26)

For A4k = u∗ekw
∗
kΣ

1/2Qk(z)xke
∗
kuβk, there is

A4k = u∗ekw
∗
kΣ

1/2Qk(z)(Σ1/2wk + ak)e
∗
ku(βk − bk + bk)

= u∗ekw
∗
kΣ

1/2Qk(z)Σ1/2wke
∗
ku(βk − bk) + u∗ekw

∗
kΣ

1/2Qk(z)Σ1/2wke
∗
kubk

+u∗ekw
∗
kΣ

1/2Qk(z)ake
∗
kuβk

:= A5k + A6k + A7k. (3.27)

To bound A5k to A7k, we use the following lemma.

Lemma 3.5.7. Let ∆k = x∗kQk(z)xk − trΣQk(z)
n

− a∗kQk(z)ak and Ewk
be the

conditional expectation with respect to the σ-field generated by {wl, l 6= k}. Under

Conditions A1 and A2, for q ≥ 2, there is

Ewk |∆k|q = O

(
1

nq/2|=z|q

)
(3.28)

Proof. The proof is similar to the Corollary 3.2 in Hachem et al. (2007). Using the

bound in (3.22), the bound is easy to obtain and hence omitted.
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Now, we can continue to boundA5k toA7k. ForA5k = u∗ekw
∗
kΣ

1/2Qk(z)Σ1/2wke
∗
ku(βk−

bk), there is

n∑
k=1

Ek−1 |(Ek − Ek−1)A5k|2 ≤ C

n∑
k=1

Ek−1

{
|uk|4

(
Ewk
|w∗kΣ1/2Qk(z)Σ1/2wk|4

)1/2 (
Ewk
|βk − bk|4

)1/2
}

≤ C

∑n
k=1 |uk|4

n
,

where we apply Lemma 3.1 in Hachem et al. (2013) and and Lemma 3.5.7. Simi-

larly,

n∑
k=1

E|(Ek − Ek−1)A5k|2q ≤ C

n∑
k=1

E|A5k|2q

≤ C
n∑
k=1

E
{
|uk|2q

(
Ewk
|w∗kΣ1/2Qk(z)Σ1/2wk|4q

)1/2 (
Ewk
|βk − bk|4q

)1/2
}

≤ C

∑n
k=1 |uk|2q

nq
.

Thus, again using Lemma 3.5.5, we have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)A5k

∣∣∣∣∣
2q

≤ C

nq
. (3.29)

For A6k = u∗ekw
∗
kΣ

1/2Qk(z)Σ1/2wke
∗
kubk, there is

n∑
k=1

Ek−1 |(Ek − Ek−1)A6k|2 =
n∑
k=1

Ek−1

{
|uk|4

(
Ewk
|w∗kΣ1/2Qk(z)Σ1/2wk −

1

p
trΣQ(z)|2

)}
≤ C

∑n
k=1 |uk|4

n

and

n∑
k=1

E|(Ek − Ek−1)A6k|2q ≤ C

n∑
k=1

E

{
|uk|2q

∣∣∣∣Ek(w
∗
kΣ

1/2Qk(z)Σ1/2wk −
1

p
trΣQ(z))

∣∣∣∣2q
}

≤ C

∑n
k=1 |uk|2q

n2q
,
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where we also apply the Lemma 3.1 in Hachem et al. (2013). Thus, there is also

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)A6k

∣∣∣∣∣
2q

≤ C

nq
. (3.30)

For A7k = u∗ekw
∗
kΣ

1/2Qk(z)ake
∗
kuβk, similar to A2k, the bound in (3.25) still holds.

Then, there is

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)A7k

∣∣∣∣∣
2q

≤ C

n2q
. (3.31)

Now, we consider Bk in (3.23). Recall that

Bk = u∗X∗kQk(z)xkx
∗
kQk(z)Xuβk

= u∗X∗kQk(z)aka
∗
kQk(z)Xkuβk + u∗X∗kQk(z)Σ1/2wka

∗
kQk(z)Xkuβk

+u∗X∗kQk(z)akw
∗
kΣ

1/2Qk(z)Xkuβk + u∗X∗kQk(z)Σ1/2wkw
∗
kΣ

1/2Qk(z)Xku(βk − bk)

+u∗X∗kQk(z)Σ1/2wkw
∗
kΣ

1/2Qk(z)Xkubk + u∗X∗kQk(z)akx
∗
kQk(z)xke

∗
kuβk

+u∗X∗kQk(z)Σ1/2wkxkQk(z)xke
∗
kuβk

:= B1k +B2k +B3k +B4k +B5k +B6k +B7k.

One can handle the terms B1k, B2k and B3k as those in A1k and A2k. As to

the terms B4k and B5k, one can find the bounds as those in A4k. Recalling the

definition of ∆k = x∗kQk(z)xk − trΣQk(z)
p

− a∗kQk(z)ak in Lemma 3.5.7, there is

|x∗kQk(z)xk| ≤ |∆k|+
∣∣∣∣trΣQk(z)

n
+ a∗kQk(z)ak

∣∣∣∣ ≤ C

(
|∆k|+

1

|=z|

)
. (3.32)
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Combining with (3.32), we have

n∑
k=1

Ek−1 |(Ek − Ek−1)B6k|2 ≤ C
n∑
k=1

Ek−1|B6k|2

≤ C
n∑
k=1

Ek−1|u∗X∗kQk(z)ak|2
(
|∆k|+

1

|=z|

)2

|uk|2|βk|2

≤ C

∑n
k=1 |uk|2

n
,

and

n∑
k=1

E|(Ek − Ek−1)B6k|2q ≤ C
n∑
k=1

E|B6k|2q

≤ C
n∑
k=1

E|u∗X∗kQk(z)ak|2q
(
|∆k|+

1

|=z|

)2q

|uk|2q|βk|2q

≤ C

∑n
k=1 |uk|2q

nq
.

Thus, for B6k, there is

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)A6k

∣∣∣∣∣
2q

≤ C

nq
. (3.33)

Similarly, we also have the same bound for B7k. Moreover, for the term Ck in

(3.23), one can similarly find the same bound as Ak. Combining the bounds in

(3.24) with (3.33), we can obtain (3.19). Taking q = 2, we can prove that

u∗X∗(XX∗ − zI)−1Xu→ Eu∗X∗(XX∗ − zI)−1Xu a.s.
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Proof of (3.20): We first define

Z1
k =

k∑
i=1

xie
∗
i +

n∑
i=k+1

x0
i e
∗
i

Zk =
k−1∑
i=1

xie
∗
i +

n∑
i=k+1

x0
i e
∗
i

Z0
k =

k−1∑
i=1

xie
∗
i +

n∑
i=k

x0
i e
∗
i ,

where x0
i = ai + Σ1/2w0

i , and w0
i follows normal distribution with mean 0 and

variance 1/n. Thus, there is

Eu∗X∗(XX∗ − zI)−1Xu− Eu∗X∗0(X0X
∗
0 − zI)−1X0u

=
n∑
k=1

E
(
u∗Z1

k
∗
(Z1

kZ
1
k
∗ − zI)−1Z1

k − u∗Zk∗(ZkZk∗ − zI)−1Zk
)

−
n∑
k=1

E
(
u∗Z0

k
∗
(Z0

kZ
0
k
∗ − zI)−1Z0

k − u∗Zk∗(ZkZk∗ − zI)−1Zk
)

:=
n∑
k=1

[
E
(
A1
k −B1

k + C1
k

)
− E

(
A0
k −B0

k + C0
k

)]
,

where

A1
k = u∗ekxk(ZkZ

∗
k − zI)−1Z1

kuβ
1
k ,

B1
k = u∗Z∗k(ZkZ

∗
k − zI)−1xkx

∗
k(ZkZ

∗
k − zI)−1Z1

kuβ
1
k ,

C1
k = u∗Z∗k(ZkZ

∗
k − zI)−1xke

∗
ku,

A0
k = u∗ekx

0
k(ZkZ

∗
k − zI)−1Z0

kuβ
0
k ,

B0
k = u∗Z∗k(ZkZ

∗
k − zI)−1x0

kx
0
k
∗
(ZkZ

∗
k − zI)−1Z0

kuβ
0
k ,

C1
k = u∗Z∗k(ZkZ

∗
k − zI)−1x0

ke
∗
ku,

β1
k =

1

1 + x∗kQk(z)xk
, β0

k =
1

1 + x0
k
∗
Qk(z)x0

k
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andQk(z) = (ZkZ
∗
k−zI)−1. Similar toAk, Bk, Ck in (3.23), here, A1

k, B
1
k, C

1
k , A

0
k, B

0
k, C

0
k

can be further decomposed as before, and we use the superscripts “1” and “0” to

distinguish between the general case and the gaussian case. Since the procedure is

similar as before, for simplicity, we list two typical examples to illustrate the idea

of proof”. . For example, consider A1
k,

A1
k = u∗ekx

∗
kQk(z)Z1

kuβ
1
k

= u∗ek(a
∗
k + w∗kΣ

1/2)Qk(z)(Zk + xke
∗
k)uβ

1
k

= u∗eka
∗
kQk(z)Zkuβ

1
k + u∗eka

∗
kQk(z)xke

∗
kuβ

1
k

+u∗ekw
∗
kΣ

1/2Qk(z)Zkuβ
1
k + u∗ekw

∗
kΣ

1/2Qk(z)xke
∗
kuβ

1
k

:= A1
1k + A1

2k + A1
3k + A1

4k.

For A1
1k = u∗eka

∗
kQk(z)Zkuβ

1
k , similar to (3.29), there is

∣∣∣∣∣
n∑
k=1

Eu∗eka
∗
kQk(z)Zku(β1

k − bk)

∣∣∣∣∣ ≤
n∑
k=1

(
E|u∗eka∗kQk(z)Zku|2E|β1

k − bk|2
)1/2 ≤ C√

n
,

where bk is defined in (3.17). Thus, we have

n∑
k=1

EA1
1k =

n∑
k=1

Eu∗eka
∗
kQk(z)Zkubk +O(

1√
n

). (3.34)

Similarly, we also have
∑n

k=1 EA0
1k =

∑n
k=1 Eu∗eka

∗
kQk(z)Zkubk + O( 1√

n
). For the

remaining terms, one can prove that

∣∣∣∣∣
n∑
k=1

EA1
jk

∣∣∣∣∣ = O(
1√
n

),

where j = 2, 3, 4.
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Consider B1
k . There is

B1
k = u∗Z∗k(ZkZ

∗
k − zI)−1xkx

∗
k(ZkZ

∗
k − zI)−1Z1

kuβ
1
k

= u∗Z∗kQk(z)aka
∗
kQk(z)Zkuβ

1
k + u∗Z∗kQk(z)Σ1/2wka

∗
kQk(z)Zkuβ

1
k

+u∗Z∗kQk(z)akw
∗
kΣ

1/2Qk(z)Zkuβ
1
k + u∗Z∗kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)Zku(β1
k − bk)

+u∗Z∗kQk(z)Σ1/2wkw
∗
kΣ

1/2Qk(z)Zkubk + u∗Z∗kQk(z)akx
∗
kQk(z)xke

∗
kuβ

1
k

+u∗Z∗kQk(z)Σ1/2wkxkQk(z)xke
∗
kuβ

1
k

:= B1k +B2k +B3k +B4k +B5k +B6k +B7k.

Similar to (3.34), we have

n∑
k=1

EB1
1k =

n∑
k=1

Eu∗Z∗kQk(z)aka
∗
kQk(z)Zkubk +O(

1√
n

)

and
n∑
k=1

EB0
1k =

n∑
k=1

Eu∗Z∗kQk(z)aka
∗
kQk(z)Zkubk +O(

1√
n

).

For B1
2k = u∗Z∗kQk(z)Σ1/2wka

∗
kQk(z)Zkuβ

1
k , we have

n∑
k=1

EB1
2k =

n∑
k=1

Eu∗Z∗kQk(z)Σ1/2wka
∗
kQk(z)Zku(β1

k − bk) = O(
1√
n

),

and by the same reason, we have such a bound for
∑n

k=1 EB0
2k,
∑n

k=1 EB1
3k and∑n

k=1 EB0
3k.

For B1
4k = u∗Z∗kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)Zku(β1
k − bk) , we have

|
n∑
k=1

EB1
4k| ≤ E|w∗kΣ1/2Qk(z)Zkuu

∗Z∗kQk(z)Σ1/2wk|2E|β1
k − bk|2 = O(

1√
n

),

and
∑p

k=1B
0
4k also has a bound of order O( 1√

n
).
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For B1
5k and B0

5k, we have

n∑
k=1

EB1
5k =

n∑
k=1

EB0
5k =

n∑
k=1

u∗Z∗kQk(z)ΣQk(z)Zku

n

For B1
6k = u∗Z∗kQk(z)akx

∗
kQk(z)xke

∗
kuβ

1
k , it can be decomposed into

B1
6k = u∗Z∗kQk(z)aka

∗
kQk(z)ake

∗
kuβ

1
k + u∗Z∗kQk(z)akw

∗
kΣ

1/2Qk(z)ake
∗
kuβ

1
k

+u∗Z∗kQk(z)aka
∗
kQk(z)Σ1/2wke

∗
kuβ

1
k + u∗Z∗kQk(z)akw

∗
kΣ

1/2Qk(z)Σ1/2wke
∗
ku(β1

k − bk)

+u∗Z∗kQk(z)akw
∗
kΣ

1/2Qk(z)Σ1/2wke
∗
kubk.

It is easy to check that the above first 4 terms can be bounded by O(1
p
), and hence

there is
n∑
k=1

EB1
6k =

n∑
k=1

E
tr[Qk(z)Σ]

n
u∗Z∗kQk(z)ake

∗
kubk +O(

1√
n

).

Also, we have

n∑
k=1

EB0
6k =

n∑
k=1

E
tr[Qk(z)Σ]

n
u∗Z∗kQk(z)ake

∗
kubk +O(

1√
n

).

For B1
7k = u∗Z∗kQk(z)Σ1/2wkxkQk(z)xke

∗
kuβ

1
k , it can be decomposed into

B1
7k = u∗Z∗kQk(z)Σ1/2wka

∗
kQk(z)ake

∗
kuβ

1
k + u∗Z∗kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)ake
∗
kuβ

1
k

+u∗Z∗kQk(z)Σ1/2wka
∗
kQk(z)Σ1/2wke

∗
kuβ

1
k

+u∗Z∗kQk(z)Σ1/2wk

(
w∗kΣ

1/2Qk(z)Σ1/2wk −
trQk(z)Σ

n

)
e∗kuβ

1
k

+u∗Z∗kQk(z)Σ1/2wk
trQk(z)Σ

n
e∗ku(β1

k − bk) + u∗Z∗kQk(z)Σ1/2wk
trQk(z)Σ

n
e∗kubk.
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After taking expectation, the last term is 0, and the summation of other terms over

k can be bounded by O( 1√
n
). Thus, there is

∣∣∣∣∣
n∑
k=1

EB1
7k

∣∣∣∣∣ = O(
1√
n

). (3.35)

Similarly, we have ∣∣∣∣∣
n∑
k=1

EB0
7k

∣∣∣∣∣ = O(
1√
n

). (3.36)

Moreover, for Ck, we have

n∑
k=1

EC1
k =

n∑
k=1

Eu∗Z∗kQk(z)ake
∗
ku =

n∑
k=1

EC0
k . (3.37)

Therefore, combining arguments above, (3.20) holds.

Proof of Proposition 3.1. Recall that

T (z) =

(
−z(I + δ̃(z)Σ) +

1

1 + δ(z)
AA∗

)−1

,

T̃ (z) =
(
−z(1 + δ(z))I + A∗(I + δ̃(z)Σ)−1A

)−1

,

δ(z) = 1
n
tr(ΣT (z)) and δ̃(z) = 1

n
tr(T̃ (z)). Using the Woodbury matrix identity in

Lemma 3.5.1, there is

T̃ (z) = − 1

z(1 + δ(z))
I−
(
− 1

z(1 + δ(z))

)2

A∗
[
I + δ̃(z)Σ +

−1

z(1 + δ(z))
AA∗

]−1

A.

To prove (3.6), write

∆̃(z) = δ̃(z)I− (δ̃(z))2A∗
[
I + δ̃(z) (Σ + AA∗)

]−1

A.
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There is

∣∣∣u∗ (T̃ (z)− ∆̃(z)
)
v
∣∣∣ ≤ ∣∣∣∣− 1

z(1 + δ(z))
− δ̃(z)

∣∣∣∣ |u∗v|
+

∣∣∣∣∣
(
− 1

z(1 + δ(z))

)2

− δ̃2(z)

∣∣∣∣∣
∣∣∣∣u∗(A∗

[
I + δ̃(z) (Σ + AA∗)

]−1

A

)
v

∣∣∣∣
+

∣∣∣∣∣
(
− 1

z(1 + δ(z))

)2
∣∣∣∣∣
∣∣∣∣∣u∗
(

A∗
[
I + δ̃(z) (Σ + AA∗)

]−1

A

−A∗
[
I + δ̃(z)Σ +

−1

z(1 + δ(z))
AA∗

]−1

A

)
v

∣∣∣∣∣. (3.38)

We first consider the convergence rate of

− 1

z(1 + δ(z))
− δ̃(z). (3.39)

Then, there is

− 1

z(1 + δ(z))
− δ̃(z) = − 1

n

(
− 1

z(1 + δ(z))

)2

trA∗T (z)A. (3.40)

Note that Proposition 5.1 part 3 in Hachem et al. (2007) yields ‖T (z)‖ ≤ 1
=z , and

one can see in Hachem et al. (2013) as well. Also, by Lemma 2.3 of Silverstein and

Bai (1995), there is ‖(I + δ̃(z)Σ)−1‖ ≤ max( 4
=z , 2). Via the fact of trAA∗ = O(1),

we have

| − 1

z(1 + δ(z))
− δ̃(z)| = O(

1

n(=z)3
). (3.41)

Thus, by a simple calculation, we have

∣∣∣u∗ (T̃ (z)− ∆̃(z)
)
v
∣∣∣ ≤ O(

1

n(=z)7
). (3.42)

Next, let

R̃(z) = r̃(z)I− (r̃(z))2A∗ [I + r̃(z) (Σ + AA∗)]−1 A,
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where r̃(z) in C+ solves the equation

z = − 1

r̃(z)
+ cn

∫
tdHRn(t)

1 + tr̃(z)
,

and HRn(t) is the empirical spectral distribution of Rn = Σ + AA∗. If we denote

the right hand side of (3.40) by ω, then (3.40) can be rewritten as

z =
1

δ̃
− zδ + ω1, (3.43)

where ω1 = −1
δ̃
− 1

δ̃+ω
. We also let

T ′(z) =
(
−z(I + δ̃(z)Σ)− zδ̃(z)AA∗

)−1

.

By the definition of δ, this equation can be further written as

z = −1

δ̃
− z

n
trΣT + ω1

= −1

δ̃
− z

n
tr(Σ + AA∗)T +

z

n
trAA∗T + ω1

= −1

δ̃
− z

n
tr(Σ + AA∗)T ′ +

z

n
tr(Σ + AA∗)(T ′ − T ) +

z

n
trAA∗T + ω1

= −1

δ̃
+ cn

∫
tdHRn(t)

1 + tδ̃
+ ω2

(3.44)

where ω2 = ω1 + z
n
tr(Σ+AA∗)(T ′−T )+ z

n
trAA∗T. We have that |ω1| = O( 1

n(=z)5 ),

| z
n
tr(Σ + AA∗)(T ′ − T )| = O( 1

n(=z)5 ),and | z
n
trAA∗T | = O( 1

n=z ). It follows that

|ω2| = O( 1
n(=z)5 ). With equations (3.8) and (3.44) at hand, there is

δ̃ − r̃ = (δ̃ − r̃)
(
δ̃r̃cn

∫
t2dHRn(t)

(1 + tr̃)(1 + tδ̃)

)
− δ̃r̃ω2.

Similar to (3.21) in Bai and Silverstein (1998), we also have

∣∣∣∣δ̃r̃cn ∫ t2dHRn(t)

(1 + tr̃)(1 + tδ̃)

∣∣∣∣ ≤ 1− C(=z)2.
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Therefore, there is

|δ̃ − r̃| = O(
1

n(=z)7
).

From the same arguments as in (3.38), it follows that

|u∗(R̃(z)− ∆̃(z))v| = O(
1

n(=z)10
). (3.45)

Then the conclusion follows.

To prove Theorem 3.3.1, we also need to clarify the separation of the spike

eigenvalues of Sn. Recall that Rn = AnA
>
n + Σ =

∑p
k=1 γkξkξ

>
k .

Lemma 3.5.8. (Exact separation) Under Conditions A1, A2, A4 and A5, there

exists [− 1
r̃(ak)

,− 1
r̃(bk)

] ⊂ (γk+1, γk) for k = 1, . . . , `1, where r̃(z) is given in (3.8).

Then we have

P(λk > bk and λk+1 < ak)→ 1 as n→∞,

where λk is the k-th largest eigenvalue of Sn.

Proof. The proof of Lemma 3.5.8 is same as that Theorem 6.1.2 in Chapter 6, and

hence omitted.

Proof of Theorem 3.3.1. Define

Ry(k) = {z ∈ C : σ̂1 ≤ <z ≤ σ̂2, |=z| ≤ y},

where y > 0, [σ̂1, σ̂2] encloses the sample eigenvalues λk of X∗nXn and excludes all

other sample eigenvalues with probability tending to 1. The existence of Ry(k) is

guaranteed by Condition A4. By the Cauchy integral formula, we have

1

2πi

∮
∂R−y (k)

v∗(X∗nXn − zI)−1vdz = v∗ûkû
∗
kv := r̂k, (3.46)
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where v is an n×1 deterministic unit vector, and ∂R−y (k) represents the negatively

oriented boundary of Ry(k).

Lemma 3.5.9. Under Condition A4, there is

√
n

∣∣∣∣∣r̂k − 1

2πi

∮
∂R−y (k)

v∗R̃(z)vdz

∣∣∣∣∣ i.p.→ C,

where R̃(z) is defined in (3.7).

Proof. The proof is similar to the proof of Proposition 4 in Mestre (2008b), and

hence omitted.

To calculate the deterministic integral F = 1
2πi

∮
∂R−y (k)

v∗R(z)vdz, we introduce

w(z) = − 1
r̃(z)

, where r̃(z) is introduced in Proposition 3.1. Thus, w(z) satisfies the

following equation

z = w(z)

(
1− c

∫
tdFRn(t)

t− w(z)

)
,

which is parallel to equation (24) in Mestre (2008a). Thus, w(z) satisfies all the

properties listed in Proposition 2 in Mestre (2008a). Write F = F1 + F2, where

F1 = − 1

2πi
v∗v

∮
T−(k)

1

w

[
1− 1

n

p∑
k=1

(
γk

γk − w

)2
]
dw, (3.47)

F2 = − 1

2πi
v∗v

∮
T−(k)

1

w
v∗A∗

p∑
k=1

ξkξ
∗
k

w − γk
Av

[
1− 1

n

p∑
k=1

(
γk

γk − w

)2
]
dw, (3.48)

where T−(k) is a simple closed curve that includes γk and excludes all the other

population eigenvalues of Rn with a negative orientation. By calculations,

F1 = Res

(
1

w

[
1− 1

n

p∑
k=1

(
γk

γk − w

)2
]
, γk

)
=

1

n
.
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For F2, we further decompose the integrand as

F2 = − 1

2πi

∮
T−(k)

(χ1k(w) + χ2k(w) + χ3k(w) + χ4k(w))dw,

where

χ1k(w) =
v∗A∗ξkξ

∗
kAv

w(w − γk)
, χ2k(w) = −γ

2
k

n

v∗A∗ξkξ
∗
kAv

w(w − γk)3

χ3k(w) = −v
∗A∗ξkξ

∗
kAv

nw(w − γk)

p∑
i=1,i 6=k

(
γi

γi − w

)2

,

χ4k(w) = − 1

nw
v∗A∗

p∑
i=1,i 6=k

ξiξ
∗
i

w − γi
Av

γ2
k

(γk − w)2
.

By calculations, there are

Res(χ1k(w), γk) =
v∗A∗ξkξ

∗
kAv

γk
, Res(χ2k(w), γk) = −v

∗A∗ξkξ
∗
kAv

nγk

Res(χ3k(w), γk) = −v
∗A∗ξkξ

∗
kAv

nγk

p∑
i=1,i 6=k

(
γi

γi − γk

)2

Res(χ4k(w), γk) = − 1

n
v∗A∗

∑
i=1,i 6=k

ξiξ
∗
i (γi − 2γk)

(γk − γi)2
Av.

Therefore, we have

F =
v∗A∗ξkξ

∗
kAv

γk

(
1− 1

n

∑
i=1,i 6=k

γ2
i

(γk − γi)2

)
+O(

1

n
).

Let θ =
(

1− 1
n

∑
i=1,i 6=k

γ2
i

(γk−γi)2

)
. Taking v = θ−1/2A∗ξk/‖A∗ξk‖2 and combining

with Lemma 3.5.14, we have r̂k = |v∗û|2 → 1 a.s. as n → ∞. Recalling the

definition of A = NH> where N = [µ1, . . . , µ`1 ]/
√
n ∈ Rp×`1 , H = [h1, . . . ,h`1 ] ∈

Rn×`1 , hs(i) = 1 if i ∈ Vs and hs(i) = 0 otherwise and Definition 3.1, it is easy to

see that for any vector u ∈ Rp 6= 0, A∗u shares the same block structure as A>.

Therefore, combing Condition A5 with Lemma 3.5.8, the conclusion follows.
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Proof of Proposition 3.2.

Recall that Xn = An + Σ1/2Wn and Φn = I− 1
n
11>, where An = [a1, . . . , an]

and Wn = [w1, . . . ,wn]. In this part, we consider the centered version, i.e.,

S̄n = (Xn − X̄n)(Xn − X̄n)>,

where X̄n = x̄n1
> and x̄n =

∑n
k=1 xk/n. Note that Φ2

n = Φn, and hence

S̄n = (XnΦn)(XnΦn)> = [(AnΦn + Σ1/2Wn)Φn][(AnΦn + Σ1/2Wn)Φn]>.

It is easy to see that AnΦn = [a1 − ā, . . . , an − ā] := [ā1, . . . , ān], where ā =∑n
i=1 ai/n. According to the condition ‖µs − µt‖ � 1, it is easy to check that

‖āi‖2 = O(1/n) even if ‖ai‖2 � 1/n. Therefore, in the sequel, we redefine An =

AnΦn and take each ‖ai‖2 = O(1/n), and for simplicity, we omit the subscript n

in each notation. Also, denote by Ek the conditional expectation with respect to

the σ-field generated by {wi, i ≤ k}.

Similar to the previous setting, we also aim to prove

E|u∗(X∗ − X̄∗)
(
(X− X̄)(X− X̄)∗ − zI

)−1
(X− X̄)u

− Eu∗(X∗ − X̄∗)
(
(X− X̄)(X− X̄)∗ − zI

)−1
(X− X̄)u|2q ≤ C

1

nq
(3.49)

|Eu∗(X∗ − X̄∗)
(
(X− X̄)(X− X̄)∗ − zI

)−1
(X− X̄)u

− Eu∗(X∗0 − X̄∗0)
(
(X0 − X̄0)(X0 − X̄0)∗ − zI

)−1
(X0 − X̄0)u| ≤ C

1√
n
.(3.50)

where u = (u1, . . . , un)> is a fixed unit vector and X0 represents the case of the W

being gaussian with mean 0 and variance 1/n.
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Suppose, by the singular value decomposition, Σ = UDU> and Φ = V ĨV >,

where Ĩ = diag(1, . . . , 1, 0)>. Write

Eu∗
[
(AΦ + Σ1/2W0Φ)∗(AΦ + Σ1/2W0Φ)− zI

]−1
u

= Eu∗
[
(AV ĨV > + UD1/2U>W0V ĨV >)∗(AV ĨV > + UD1/2U>W0V ĨV >)− zI

]−1

u

= Eu∗
[
(AV ĨV > + UD1/2W0ĨV

>)∗(AV ĨV > + UD1/2W0ĨV
>)− zI

]−1

u

= Eu∗
[(
U(U>AV Ĩ +D1/2W0)V >

)∗(
U(U>AV Ĩ +D1/2W0)V >

)
− zI

]−1

u

= Eu∗
[
V
(
U>AV Ĩ +D1/2W0Ĩ

)∗(
U>AV Ĩ +D1/2W0Ĩ

)
V > − zI

]−1

u

= E(V >u)∗
[(
U>AV Ĩ +D1/2W0Ĩ

)∗(
U>AV Ĩ +D1/2W0Ĩ

)
− zI

]−1

(V >u).

Treating U>AV Ĩ as A, it satisfies the model in Hachem et al. (2013). Define

D(z) =
(
−z(I + m̃(z)Σ) + A(I +m(z)Φ)−1A∗

)−1
,

D̃(z) =
(
−z(I +m(z)Φ) + A∗(I + m̃(z)Σ)−1A

)−1
,

m(z) = 1
n
tr(ΣD(z)) and m̃(z) = 1

n
tr(ΦD̃(z)). Hence we have

E

∣∣∣∣(V >u)∗
([(

U>AV Ĩ +D1/2W0Ĩ
)∗(

U>AV Ĩ +D1/2W0Ĩ
)
− zI

]−1

− T ′(z)

)
(V >u)

∣∣∣∣ ≤ C
1√
n
,

(3.51)

where T ′(z) =
(
−z(I +m(z)Ĩ) + (AV Ĩ)∗U(I + m̃(z)D)−1U>AV Ĩ

)−1

. It is easy

to see that E|u∗((S̄n(z)− I)−1− D̃(z))u| ≤ C√
n
. Combining with (3.49) and (3.50),

the conclusion follows.

To prove (3.49) and (3.50), we also introduce some necessary quantities.

x̄k = x̄− 1
n
xk, βk = 1

1+x∗kQk(z)xk
, βkj = 1

1+x∗jQkj(z)xj

β̄ = 1
1−nx̄∗Q(z)x̄

, β̄k = 1
1−nx̄∗kQk(z)x̄k

, Qkj(z) = (XX∗ − zI− xkx
∗
k − xjx

∗
j)
−1.
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Similar to the proof in Proposition 3.1, one can also do the same truncation to-

wards W, and hence we also assume |
√
nwij| ≤ C, E

√
nwij = 0 and Ew2

ij = 1/n.

Accordingly, the bound in Lemma 3.5.3 becomes

E |nw∗1Bw1 − trB|q ≤ Cq

(
E
∣∣√nw11

∣∣4 trBB∗
)q/2

, (3.52)

and consequently,

E |nw∗1Bw1|q ≤ Cq

[(
E
∣∣√nw11

∣∣4 trBB∗
)q/2

+ |trB|q
]
, (3.53)

where w1 = (w11, . . . , w1p)
>.

We first introduce one useful lemma:

Lemma 3.5.10. For z ∈ C+, there is E
∣∣w̄∗kΣ1/2Qk(z)Σ1/2wk

∣∣q = O( 1
nq

).

Proof. By the same argument of Lemma 3.5.6, there is ‖Qk(z)Xk‖ = O(1). Ex-

panding this term, we have

‖Qk(z)Xk‖ = ‖Qk(z)(Ak + Σ1/2Wk)‖ ≥ ‖Qk(z)Σ1/2Wk‖ − ‖Qk(z)Ak‖.

Since ‖Ak‖ = O(1) and ‖Qk(z)‖ ≤ 1
=z , there is ‖Qk(z)Σ1/2Wk‖ = O(1). Moreover,

write

E
∣∣w̄∗kΣ1/2Qk(z)Σ1/2wk

∣∣q =
1

nq
E
∣∣1∗W∗

kΣ
1/2Qk(z)Σ1/2wk

∣∣q
≤ 1

nq
E
∣∣w∗kΣ1/2Qk(z)Σ1/2Wk11∗W∗

kΣ
1/2Qk(z)Σ1/2wk

∣∣q/2 ≤M
1

nq
,

where we utilize (3.53) and hence the conclusion follows.

Lemma 3.5.11. For z ∈ C+, there is |w̄∗kΣ1/2Qk(z)Xku| = O(1/n1/2).

Proof. It is easy to obtain that

|x̄∗kQk(z)Xku| =
1

n
‖X∗kQk(z)Xku1∗| ≤ 1

n
‖u1∗‖ · ‖(Qk(z)XkX

∗
k − zI + zI‖ ≤M

1

n1/2
.
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Moreover, expanding x̄k = āk + Σ1/2w̄k, we have

M
1

n1/2
≥ |x̄∗kQk(z)Xku| ≥ |w̄∗kΣ1/2Qk(z)Xku| − |ā∗kQk(z)Xku|.

By the fact that ‖ai‖2 = O(1/n), there is ‖āk‖2 = ‖
∑

j 6=k aj/n‖2 = O(1/n), and

thus, combining with Lemma 3.5.6, we have

|w̄∗kΣ1/2Qk(z)Xku| = O(1/n1/2).

The conclusion follows.

Lemma 3.5.12. For z ∈ C+, there is E|β̄ − β̄k|q ≤Mn−2q.

Proof.

E|β̄ − β̄k|q ≤
(
E|β̄β̄k|2

)1/2(
E|x̄∗Q(z)x− x̄∗kQk(z)x̄k|2

)q/2
≤ M

(
E|βkx̄∗kQk(z)xkx

∗
kQk(z)x̄k|2 + E| 1

n
βkx

∗
kQk(z)x̄k|2

+E| 1

n2
βkx

∗
kQk(z)xk|2

)q/2
≤Mn−2q.
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Proof of (3.49): Expanding (3.49), there is

u∗(X∗ − X̄∗)
(
(X− X̄)(X− X̄)∗ − zI

)−1
(X− X̄)u

= u∗X∗ (XX∗ − zI)−1 Xu− u∗1x̄∗ (XX∗ − zI)−1 Xu

−u∗X (XX∗ − zI)−1 x̄1∗u+ u∗1x̄∗(XX∗ − zI)−1x̄1∗u

+u∗X∗
[
n(XX∗ − zI)−1x̄x̄∗(XX∗ − zI− nx̄x̄∗)−1

]
Xu

−u∗1x̄∗
[
n(XX∗ − zI)−1x̄x̄∗(XX∗ − zI− nx̄x̄∗)−1

]
Xu

−u∗X∗
[
n(XX∗ − zI)−1x̄x̄∗(XX∗ − zI− nx̄x̄∗)−1

]
x̄1∗u

+u∗1x̄∗
[
n(XX∗ − zI)−1x̄x̄∗(XX∗ − zI− nx̄x̄∗)−1

]
x̄1∗u

:= A−B − C +D + E − F −G+H. (3.54)

The term A is the same to (3.19). For the term B = u∗1x̄∗ (XX∗ − zI)−1 Xu,

using two basic matrix equalities (3.14) and (3.15), there is

Bk = u∗1x̄∗ (XX∗ − zI)−1 Xu− u∗1x̄∗k (XkX
∗
k − zI)−1 Xku

= u∗1(x̄− x̄k)
∗Q(z)Xu+ u∗1x̄∗k

(
Q(z)−Qk(z)

)
Xu+ u∗1x̄∗kQk(z)(X−Xk)u

=
1

n
u∗1x∗kQ(z)Xu+ u∗1x̄∗kQk(z)xkx

∗
kQk(z)Xuβk + u∗1x̄∗kQk(z)xke

∗
ku

:= B1k +B2k +B3k.

We first consider B1k = 1
n
u∗1x∗kQ(z)Xu,

B1k =
1

n
u∗1(ak + Σ1/2wk)

∗Qk(z)(Xk + xke
∗
k)uβk

=
1

n
u∗1a∗kQk(z)Xkuβk +

1

n
u∗1a∗kQk(z)xke

∗
kuβk

+
1

n
u∗1Σ1/2w∗kQk(z)Xkuβk +

1

n
u∗1Σ1/2w∗kQk(z)xke

∗
kuβk

:= B1
1k +B2

1k +B3
1k +B4

1k.
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To find the bound of B1k, we rcontrol the order of Bj
1k, j = 1, 2, 3, 4. For B1

1k =

1
n
u∗1a∗kQk(z)Xkuβk, there is

n∑
k=1

Ek−1

∣∣(Ek − Ek−1)B1
1k

∣∣2 ≤ M

n∑
k=1

Ek−1|B1
1k|2

≤ M

n

n∑
k=1

|a∗kQk(z)Xku|2|βk|2

≤ M

n2
,

where the first line uses the holder inequality and the fact that |
∑n
i=1 ui
n
|2 = O(1/n),

and the third lines uses Lemma 3.5.6. Similarly,

n∑
k=1

E|(Ek − Ek−1)B1
1k|4 ≤ M

n∑
k=1

E|B1
1k|4

≤ M
n∑
k=1

|a∗kQk(z)Xku|4|βk|4

≤ M

n4
.

Thus, by using the Burkholder inequality in Lemma 3.5.5, there is

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)B1
1k

∣∣∣∣∣
4

≤ M

n2
.

By similar arguments, Lemma 3.5.6 and the fact of |w∗kQk(z)wk| ≤M , we have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)Bj
1k

∣∣∣∣∣
4

≤ M

n2
, (3.55)

for j = 2, 3, 4. Now, let us focus on the term B2k = u∗1x̄∗kQk(z)xkx
∗
kQk(z)Xuβk:

B2k = u∗1x̄∗kQk(z)xkx
∗
kQk(z)(xk + Xk)uβk

= u∗1(āk + Σ1/2w̄k)
∗Qk(z)(ak + Σ1/2wk)(ak + Σ1/2wk)

∗Qk(z)(ak + Σ1/2wk)ekuβk

+u∗1(āk + Σ1/2w̄k)
∗Qk(z)(ak + Σ1/2wk)(ak + Σ1/2wk)

∗Qk(z)Xkuβk.
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By expandingB2k, it is not hard to find thatB1
2k = u∗1ā∗kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)akuβk,

B2
2k = u∗1w̄∗kΣ

1/2Qk(z)Σ1/2wkw
∗
kΣ

1/2Qk(z)Σ1/2wkuβk andB3
2k = u∗1ā∗kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)Xkuβk

are the dominant terms. Thus, we consider these three terms particularly, and the

remaining terms can be discussed similarly. ForB1
2k = u∗1ā∗kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)akuβk,

there is

B1
2k = u∗1ā∗kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)akubk + u∗1ā∗kQk(z)Σ1/2wkw
∗
kΣ

1/2Qk(z)aku(βk − bk)

:= B11
2k +B12

2k.

Hence, (Ek−Ek−1)B11
2k =

(
w∗kΣ

1/2Qk(z)akā
∗
kQk(z)Σ1/2wk − ā∗kQk(z)ΣQk(z)ak

)
u∗1bk.

Consider

n∑
k=1

Ek−1

∣∣(Ek − Ek−1)B11
2k

∣∣2 ≤ Mn
n∑
k=1

Ek−1|w∗kΣ1/2Qk(z)akā
∗
kQk(z)Σ1/2wk − ā∗kQk(z)ΣQk(z)ak|2

≤ M

n
,

where the first line uses the fact of |
∑n

i=1 ui|2 = O(n). Similarly,

n∑
k=1

E|(Ek − Ek−1)B11
2k|4 ≤

M

n2
.

For the term B12
2k = u∗1ā∗kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)ake
∗
ku(βk − bk), there is

n∑
k=1

Ek−1

∣∣(Ek − Ek−1)B12
2k

∣∣2
≤ M

n∑
k=1

Ek−1

{
|uku∗1|4|a∗kāk|2

(
Ewk
|w∗kΣ1/2Qk(z)Σ1/2wk|4

)1/2 (
Ewk
|βk − bk|4

)1/2
}

≤ M
1

n
,
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where we apply the Lemma 3.1 in Hachem et al. (2013), the fact of ‖ak‖2 = O(1/n)

and Lemma 3.5.7. Similarly,

n∑
k=1

E|(Ek − Ek−1)B12
2k|4 ≤

M

n2
.

Thus, using the Burkholder inequality, there is

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)B1
2k

∣∣∣∣∣
4

≤ M

n2
.

For the term B2
2k = u∗1w̄∗kΣ

1/2Qk(z)Σ1/2wkw
∗
kΣ

1/2Qk(z)Σ1/2wke
∗
kuβk, write

B2
2k = u∗1w̄∗kΣ

1/2Qk(z)Σ1/2wkw
∗
kΣ

1/2Qk(z)Σ1/2wke
∗
ku(βk − bk)

+u∗1w̄∗kΣ
1/2Qk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)Σ1/2wke
∗
kubk

:= B21
2k +B22

2k.

The term of B21
2k can be handled as B12

1k. Combing with Lemma 3.5.10, we have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)B21
2k

∣∣∣∣∣
4

≤ M

n2
.

For the term B22
2k, using Lemma 3.1 in Hachem et al. (2013), there is

n∑
k=1

Ek−1

∣∣(Ek − Ek−1)B22
2k

∣∣2
≤

n∑
k=1

Ek−1|u∗1w̄∗kΣ
1/2Qk(z)Σ1/2wk(w

∗
kΣ

1/2Qk(z)Σ1/2wk − trQk(z)Σ)ukbk|2

≤ n

n∑
k=1

Ek−1

[(
Ewk
|w̄∗kΣ1/2Qk(z)Σ1/2wk|4

)1/2 (
Ewk
|w∗kΣ1/2Qk(z)Σ1/2wk − trQk(z)Σ|4

)1/2
]

≤ M

n
.
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Similarly,

n∑
k=1

E
∣∣(Ek − Ek−1)B22

2k

∣∣4
≤

n∑
k=1

E|u∗1w̄∗kΣ
1/2Qk(z)Σ1/2wk(w

∗
kΣ

1/2Qk(z)Σ1/2wk − trQk(z)Σ)ukbk|4

≤ n2

n∑
k=1

(
E|w̄∗kΣ1/2Qk(z)Σ1/2wk|8

)1/2 (
E|w∗kΣ1/2Qk(z)Σ1/2wk − trQk(z)Σ|8

)1/2

≤ M

n2
,

and thus, we have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)B2
2k

∣∣∣∣∣
4

≤ M

n2
.

As to the term B3
2k = u∗1ā∗kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)Xkuβk, it can be handled as

in B1
2k, and hence omitted. Thus, we also have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)B2k

∣∣∣∣∣
4

≤ M

n2
. (3.56)

For the term B3k, using the bound (3.12) of Pan and Zhou (2011) and Lemma

3.5.6, it is easy to obtain

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)B3k

∣∣∣∣∣
4

≤ M

n2
. (3.57)

Similar to term B, term C also can be decomposed in this manner.

Now, we consider term D = u∗1x̄∗(XX∗ − zI)−1x̄1∗u, and there is

u∗1x̄∗(XX∗ − zI)−1x̄1∗u− u∗1x̄∗k(XkX
∗
k − zI)−1x̄k1

∗u

= u∗1(x̄− x̄k)
∗Q(z)x̄1∗u+ u∗1x̄∗k

(
Q(z)−Qk(z)

)
x̄1∗u+ u∗1x̄∗kQk(z)(x̄− x̄k)1

∗u

:= D1k +D2k +D3k.
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For term D1k = u∗1(x̄− x̄k)
∗Q(z)x̄1∗u, there is

D1k =
1

n
u∗1x∗kQk(z)x̄1∗uβk =

1

n
u∗1(ak + Σ1/2wk)

∗Qk(x)(āk + Σ1/2w̄k)1
∗uβk

By the bound in Lemma 3.5.10 and the fact of ‖ak‖ = O(1/n), it is easy to obtain

that

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)D1k

∣∣∣∣∣
4

≤ M

n2
. (3.58)

For term D2k = u∗1x̄∗k
(
Q(z)−Qk(z)

)
x̄1∗u, there is

D2k = u∗1x̄∗kQk(z)xkx
∗
kQk(z)(x̄k +

1

n
xk)1

∗uβk

= u∗1x̄∗kQk(z)xkx
∗
kQk(z)x̄k1

∗ubk + u∗1x̄∗kQk(z)xkx
∗
kQk(z)x̄k1

∗u(βk − bk)

+
1

n
u∗1x̄∗kQk(z)xkx

∗
kQk(z)xk1

∗ubk +
1

n
u∗1x̄∗kQk(z)xkx

∗
kQk(z)xk1

∗u(βk − bk)

= D1
2k +D2

2k +D3
2k +D4

2k.

Similar to the term B2k, using Lemma 3.5.10 and the Burkholder inequality, we

also have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)D1
2k

∣∣∣∣∣
4

≤ M

n2
. (3.59)

As to the term D2
2k, it also can be decomposed into several terms as in D1

2k. For

simplicity, we only consider the leading term among the decompositions of D2
2k,

i.e.,

u∗1w̄∗kΣ
1/2Qk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)Σ1/2w̄k1
∗u(βk − bk) := D21

2k.
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The remaining terms can be handled similarly, and hence omitted. Similar to B12
2k,

there is

n∑
k=1

Ek−1

∣∣(Ek − Ek−1)D21
2k

∣∣2
≤ M

n∑
k=1

Ek−1

{
|u∗1|4

(
Ewk
|w̄∗kΣ1/2Qk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)Σ1/2w̄k|4
)1/2 (

Ewk
|βk − bk|4

)1/2
}

≤ M
1

n
,

where we apply Lemma 3.5.10. Similarly,

n∑
k=1

E|(Ek − Ek−1)D21
2k|4 ≤

M

n2
.

Thus, using the Burkholder inequality, there is

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)D21
2k

∣∣∣∣∣
4

≤ M

n2
.

Compared with D1
2k and D2

2k, it is easy to see that the terms D3
2k and D4

2k have a

smaller order. Thus,

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)D2k

∣∣∣∣∣
4

≤ M

n2
. (3.60)

Moreover, for the term D3k, it is similar to D1k, and we have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)D3k

∣∣∣∣∣
4

≤ M

n2
. (3.61)
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Now, we consider the term E = u∗X∗ [n(XX∗ − zI)−1x̄x̄∗(XX∗ − zI− nx̄x̄∗)−1] Xu.

Similarly, there is

Ek = u∗X∗
[
nQ(z)x̄x̄∗(XX∗ − zI− nx̄x̄∗)−1

]
Xu

−u∗X∗k
[
nQk(z)x̄kx̄

∗
k(XkX

∗
k − zI− nx̄kx̄

∗
k)
−1
]
Xku

= u∗X∗ [nQ(z)x̄x̄∗Q(z)] Xuβ̄ − u∗X∗k [nQk(z)x̄kx̄
∗
kQk(z)] Xkuβ̄k

=
[
u∗(X−Xk)

∗ [nQ(z)x̄x̄∗Q(z)] Xu+ u∗X∗k[n(Q(z)−Qk(z))x̄x̄∗Q(z)]Xu

+u∗X∗k[nQk(z)(x̄− x̄k)x̄
∗Q(z)]Xu+ u∗X∗k[nQk(z)x̄k(x̄− x̄k)

∗Q(z)]Xu

+u∗X∗k[nQk(z)x̄kx̄
∗
k(Q(z)−Qk(z))]Xu+ u∗X∗k[nQk(z)x̄kx̄

∗
kQk(z)](X−Xk)u

]
β̄

+u∗X∗k[nQk(z)x̄kx̄
∗
kQk(z)]Xku(β̄ − β̄k)

:= E1k + E2k + E3k + E4k + E5k + E6k + E7k.

Expanding E1k, there is

E1k = u∗(X−Xk)
∗ [nQ(z)x̄x̄∗Q(z)] Xuβ̄ = nukx

∗
kQ(z)(x̄k +

1

n
xk)(x̄k +

1

n
xk)
∗Q(z)Xuβ̄

= nukx
∗
kQ(z)x̄kx̄

∗
kQ(z)Xuβ̄ + ukx

∗
kQ(z)xkx̄

∗
kQ(z)Xuβ̄ + ukx

∗
kQ(z)x̄kx

∗
kQ(z)Xuβ̄

+
1

n
ukx

∗
kQ(z)xkx

∗
kQ(z)Xuβ̄

:= E1k1 + E1k2 + E1k3 + E1k4.

Consider E1k1 = nukx
∗
kQ(z)x̄kx̄

∗
kQ(z)Xuβ̄,

E1k1 = nu2
kβ

2
kβ̄(ak + Σ1/2wk)

∗Qk(z)(āk + Σ1/2w̄k)(āk + Σ1/2w̄k)
∗Qk(z)(ak + Σ1/2wk)

+nukβ
2
kβ̄(ak + Σ1/2wk)

∗Qk(z)(āk + Σ1/2w̄k)(āk + Σ1/2w̄k)
∗Qk(z)

· (ak + Σ1/2wk)(ak + Σ1/2wk)
∗Qk(z)Xku

= E1k11 + E1k12.
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For the term E1k11, similar to term D2
2k, for simplicity, we only investigate one

leading term of the above expansion, i.e.,

nu2
kβ̄β

2
kw
∗
kΣ

1/2Qk(z)Σ1/2w̄kw̄
∗
kΣ

1/2Qk(z)Σ1/2wk =: E1
1k11.

Write

E1
1k11 = nu2

kb
2
kβ̄kw

∗
kΣ

1/2Qk(z)Σ1/2w̄kw̄
∗
kΣ

1/2Qk(z)Σ1/2wk

+nu2
kb

2
k(β̄ − β̄k)w∗kΣ1/2Qk(z)Σ1/2w̄kw̄

∗
kΣ

1/2Qk(z)Σ1/2wk

+nu2
k(β

2
k − b2

k)β̄kw
∗
kΣ

1/2Qk(z)Σ1/2w̄kw̄
∗
kΣ

1/2Qk(z)Σ1/2wk

:= E11
1k11 + E12

1k11 + E13
1k11

Consider the first term E11
1k11. There is

(Ek − Ek−1)nu2
kb

2
kβ̄kw

∗
kΣ

1/2Qk(z)Σ1/2w̄kw̄
∗
kΣ

1/2Qk(z)Σ1/2wk

=
1

n
u2
kb

2
kEk

(
βkw

∗
kΣ

1/2Qk(z)Σ1/2Wk11>W∗
kΣ

1/2Qk(z)Σ1/2wk

−βktr(ΣQk(z)Σ1/2Wk11>W∗
kΣ

1/2Qk(z))/p
)
.

For simplicity, we let Tk(z) = ΣQk(z)Σ1/2Wk11>W∗
kΣ

1/2Qk(z), and hence

n∑
k=1

Ek−1

∣∣(Ek − Ek−1)E11
1k11

∣∣2
≤ M

n2

n∑
k=1

Ek−1

{
u4
k

(
Ewk
|w∗k
[
Tk(z)− tr(T (z))/p

]
wk|4

)1/2 (
Ewk
|β̄k|4

)1/2
}

≤ M
1

n
,
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where the second line applies the Cauchy Schwarz inequality, Corollary 3.2 of

Hachem et al. (2013) and the fact that |β̄k| ≤M . Similarly,

n∑
k=1

E|(Ek − Ek−1)E11
1k11|4 ≤

M

n2
,

and hence

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)E1
1k11

∣∣∣∣∣
4

≤ M

n2
.

By the Cauchy Schwarz inequality and Lemma 3.5.10, the remaining terms con-

tained in E1
1k11 also have the same order. Similarly, by a simple calculations, the

other terms contained in E1k11 also have such an order. Thus,

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)E1k11

∣∣∣∣∣
4

≤ M

n2
.

For E1k12, we still consider one of leading terms to simplify the presentation. Let

E1
1k12 = nukβ̄β

2
kw
∗
kΣ

1/2Qk(z)Σ1/2w̄kw̄
∗
kΣ

1/2Qk(z)Σ1/2wkw
∗
kΣ

1/2Qk(z)Xku.

We can also decompose E1
1k12 like the term E1

1k11. Combining with Lemma 3.5.6,

we have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)E1
1k12

∣∣∣∣∣
4

≤ M

n2
.

By calculations and tedious decompositions, we also have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)E1k12

∣∣∣∣∣
4

≤ M

n2
.

Consequently, there is

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)E1k1

∣∣∣∣∣
4

≤ M

n2
. (3.62)
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Since the orders of the terms of E1k2, E1k3 and E1k4 are obvious smaller than that

of E1k1, it is not hard to find that

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)E1kj

∣∣∣∣∣
4

≤ M

n2
for j = 2, 3, 4. (3.63)

Combining (3.62) with (3.63), we have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)E1k

∣∣∣∣∣
4

≤ M

n2
. (3.64)

Consider E2k = u∗X∗k[n(Q(z) − Qk(z))x̄x̄∗Q(z)]Xu. From now on, to simplify

notations, we let

Γ0k(z) = Qk(z)xkx
∗
kQk(z), (3.65)

Γ1k(z) = Qk(z)x̄kx
∗
kQk(z). (3.66)

Γ2k(z) = Qk(z)xkx̄
∗
kQk(z), (3.67)

Γ3k(z) = Qk(z)x̄kx̄
∗
kQk(z). (3.68)

There is

E2k = u∗X∗k[n(Q(z)−Qk(z))x̄x̄∗Q(z)]Xuβ̄

= nβ̄βku
∗X∗kQk(z)xkx

∗
kQk(z)x̄x̄∗Q(z)(xke

∗
k + Xk)u

= nukβ̄β
2
ku
∗X∗kΓ0k(z)x̄x̄∗Qk(z)xk + nβ̄βku

∗X∗kΓ0k(z)x̄x̄∗Qk(z)Xku

+nβ̄β2
ku
∗X∗kΓ0k(z)x̄x̄∗Γ0k(z)Xku

= E2k1 + E2k2 + E2k3.
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Consider E2k1. There is

E2k1 = nukβ̄β
2
ku
∗X∗kΓ0k(z)x̄kx̄

∗
kQk(z)xk + ukβ̄β

2
ku
∗X∗kΓ0k(z)xkx̄

∗
kQk(z)xk

+ukβ̄β
2
ku
∗X∗kΓ0k(z)x̄kx

∗
kQk(z)xk +

1

n
ukβ̄β

2
ku
∗X∗kΓ0k(z)xkx

∗
kQk(z)xk

:= E2k11 + E2k12 + E2k13 + E2k14.

Consider E2k11.

E2k11 = nukβ̄β
2
ku
∗X∗kQk(z)(ak + Σ1/2wk)(ak + Σ1/2wk)

∗Qk(z)(āk + Σ1/2w̄k)(āk + Σ1/2w̄k)
∗

·Qk(z)(ak + Σ1/2wk).

Similar to E1k11, for simplicity, we only investigate one leading term, i.e.,

nukβ̄β
2
ku
∗X∗kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)Σ1/2w̄kw̄
∗
kΣ

1/2Qk(z)Σ1/2wk := E1
2k11.

Write

E1
2k11 = nukβ̄kb

2
ku
∗X∗kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)Σ1/2w̄kw̄
∗
kΣ

1/2Qk(z)Σ1/2wk

+nuk(β̄ − β̄k)β2
ku
∗X∗kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)Σ1/2w̄kw̄
∗
kΣ

1/2Qk(z)Σ1/2wk

+nukβ̄k(β
2
k − b2

k)u
∗X∗kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)Σ1/2w̄kw̄
∗
kΣ

1/2Qk(z)Σ1/2wk

:= E11
2k11 + E12

2k11 + E13
2k11.
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For term E11
2k11, by the Burkholder inequality, there is

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)E11
2k11

∣∣∣∣∣
4

≤ME

[
n∑
k=1

∣∣E11
2k11

∣∣2]2

≤ Mn4E

[
n∑
k=1

u2
k

∣∣β̄ku∗X∗kQk(z)Σ1/2wk(w
∗
kΣ

1/2Qk(z)Σ1/2w̄k)
2
∣∣2]2

≤ Mn5

n∑
k=1

u4
kE
∣∣β̄ku∗X∗kQk(z)Σ1/2wk(w

∗
kΣ

1/2Qk(z)Σ1/2w̄k)
2
∣∣4

≤ Mn5

n∑
k=1

u4
k

(
E|β̄k|8

)1/2
(

E
[
(u∗X∗kQk(z)Σ1/2wk)

8(w∗kΣ
1/2Qk(z)Σ1/2w̄k)

16
])1/2

≤ Mn5

n∑
k=1

u4
k

∣∣E(u∗X∗kQk(z)Σ1/2wk)
16
∣∣1/4 ∣∣E(w∗kΣ

1/2Qk(z)Σ1/2w̄k)
32
∣∣1/4

≤ M/n2, (3.69)

where the third and forth lines use the Cauchy Schwarz inequality and the last line

uses lemma 3.5.10, Lemma 3.5.6 and the fact of |w∗kBwk| ≤M . As to the terms of

E12
2k11 and E13

2k11, one can use the Cauchy Schwarz inequality and similar arguments

as in B12
2k, and the bounds can be easily obtained. Thus, we have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)E2k11

∣∣∣∣∣
4

≤ M

n2
.

It is easy to see that the order of E2k11 is larger than those of the other three terms,

and hence,

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)E2k1

∣∣∣∣∣
4

≤ M

n2
. (3.70)

For the term E2k2 = nβ̄βku
∗X∗kΓ0k(z)x̄x̄∗Qk(z)Xku, write

E2k2 = nβ̄βku
∗X∗kΓ0k(z)(x̄k +

1

n
xk)(x̄k +

1

n
xk)
∗Qk(z)Xku

= nukβ̄β
2
ku
∗X∗kΓ0k(z)x̄kx̄

∗
kQk(z)Xku+ ukβ̄β

2
ku
∗X∗kΓ0k(z)xkx̄

∗
kQk(z)Xku

+ukβ̄β
2
ku
∗X∗kΓ0k(z)x̄kx

∗
kQk(z)Xku+

1

n
ukβ̄β

2
ku
∗X∗kΓ0k(z)xkx

∗
kQk(z)Xku

:= E2k21 + E2k22 + E2k23 + E2k24
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Similar to the decomposition in the term E2k2, we also need to decompose each

term. For simplicity, we only consider one dominant term contained in E2k21, i.e.,

nukβ̄kb
2
ku
∗X∗kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)Σ1/2w̄kw̄
∗
kΣ

1/2Qk(z)Xku.

Similar to (3.69), we have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)nukβ̄kb
2
ku
∗X∗kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)Σ1/2w̄kw̄
∗
kΣ

1/2Qk(z)Xku

∣∣∣∣∣
4

≤ Mn4E

[
n∑
k=1

u2
k

∣∣β̄k(u∗X∗kQk(z)Σ1/2wk)
2w∗kΣ

1/2Qk(z)Σ1/2w̄k

∣∣2]2

≤ Mn5

n∑
k=1

u4
kE
∣∣β̄k(u∗X∗kQk(z)Σ1/2wk)

2w∗kΣ
1/2Qk(z)Σ1/2w̄k

∣∣4
≤ Mn5

n∑
k=1

u4
k

∣∣E(u∗X∗kQk(z)Σ1/2wk)
32
∣∣1/4 ∣∣E(w∗kΣ

1/2Qk(z)Σ1/2w̄k)
16
∣∣1/4

≤ M/n2,

where the last line uses Lemma 3.1 in Hachem et al. (2013). Therefore, by tedious

calculations, we have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)E2k2

∣∣∣∣∣
4

≤ M

n2
. (3.71)

The order of the term E2k3 is smaller than those of E2k1 and E2k2. Therefore, we

have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)E2k

∣∣∣∣∣
4

≤ M

n2
. (3.72)

Consider E3k = β̄u∗X∗k[nQk(z)(x̄− x̄k)x̄
∗Q(z)]Xu. There is

E3k = β̄u∗X∗kQk(z)xk(x̄k +
1

n
xk)
∗Q(z)(xke

∗
k + Xk)u

= β̄βkuku
∗X∗kΓ2k(z)xk + β̄βku

∗X∗kΓ2k(z)Xku

−β̄βku∗X∗kΓ2k(z)xkx
∗
kQk(z)Xku+

1

n
β̄u∗X∗kΓ0k(z)Xu

:= E3k1 + E3k2 + E3k3 + E3k4.
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Compared with E2k1, E2k2 and E2k3 respectively, it is easy to see that the orders of

E3k1, E3k2 and E3k3 are smaller than their correspondence. Moreover, the order of

E3k4 is also much smaller than either of these three terms. Therefore, we omit the

proof of E3k, and

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)E3k

∣∣∣∣∣
4

≤ M

n2
. (3.73)

For E4k, it is similar to E3k. E5k is similar to E2k, and E6k is similar to E1k.

For term E7k = u∗X∗k[nQk(z)x̄kx̄
∗
kQk(z)]Xku(β̄ − β̄k), using Lemma 3.5.11,

Lemma 3.5.12 and the Cauchy Schwarz Inequality, it is easy to obtain

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)E7k

∣∣∣∣∣
4

≤ M

n2
. (3.74)

Combining (3.64) to (3.74), there is

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)Ek

∣∣∣∣∣
4

≤ M

n2
. (3.75)

Now, we aim to consider the term F = u∗1x̄∗ [n(XX∗ − zI)−1x̄x̄∗(XX∗ − zI− nx̄x̄∗)−1] Xu.

There is

Fk = u∗1x̄∗
[
nQ(z)x̄x̄∗(XX∗ − zI− nx̄x̄∗)−1

]
Xu− u∗1x̄∗k

[
nQk(z)x̄kx̄

∗
k(XkX

∗
k − zI− nx̄kx̄

∗
k)
−1
]
Xku

= u∗1x̄∗ [nQ(z)x̄x̄∗Q(z)] Xuβ̄ − u∗1x̄∗ [nQk(z)x̄kx̄
∗
kQk(z)] Xkuβ̄k

=
[
u∗1x∗k [Q(z)x̄x̄∗Q(z)] Xu+ u∗1x̄∗k[nQk(z)xkx

∗
kQk(z)x̄x̄∗Q(z)]Xuβk

+u∗1x̄∗k[Qk(z)xkx̄
∗Q(z)]Xu+ u∗1x̄∗k[Qk(z)x̄kx

∗
kQ(z)]Xu

+u∗1x̄∗k[nQk(z)x̄kx̄
∗
kQk(z)xkx

∗
kQk(z)]Xuβk + u∗1x̄∗k[nQk(z)x̄kx̄

∗
kQk(z)]xkuk

]
β̄

+u∗1x̄∗k[nQk(z)x̄kx̄
∗
kQk(z)]Xku(β̄ − β̄k)

:= F1k + F2k + F3k + F4k + F5k + F6k + F7k.
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For F1k = u∗1x∗k [Q(z)x̄x̄∗Q(z)] Xuβ̄, there is

F1k = u∗1x∗kQ(z)(x̄k +
1

n
x̄k)(x̄k +

1

n
x̄k)
∗Q(z)(xke

∗
k + Xk)uβ̄

= β̄β2
kuku

∗1x∗kQk(z)(x̄k +
1

n
x̄k)(x̄k +

1

n
x̄k)
∗Qk(z)xk

+β̄βku
∗1x∗kQk(z)(x̄k +

1

n
x̄k)(x̄k +

1

n
x̄k)
∗Qk(z)Xku

−β̄β2
ku
∗1x∗kQ(z)(x̄k +

1

n
x̄k)(x̄k +

1

n
x̄k)
∗Qk(z)xkx

∗
kQk(z)Xku

:= F1k1 + F1k2 − F1k3.

For F1k, similar to E1k, we expand it first. Then,

F1k = β̄β2
kuku

∗1x∗kQk(z)(x̄k +
1

n
x̄k)(x̄k +

1

n
x̄k)
∗Qk(z)xk

= β̄β2
kuku

∗1x∗kΓ3k(z)xk +
1

n
β̄β2

kuku
∗1x∗kΓ1k(z)xk

+
1

n
β̄β2

kuku
∗1x∗kΓ2k(z)xk +

1

n2
β̄β2

kuku
∗1x∗kΓ0k(z)xk

:= F1k1 + F1k2 + F1k3 + F1k4.

Obviously, the term F1k1 is the leading term of F1k, and hence we mainly consider

F1k1. Similar to above discussions, we only investigate one dominant term of F1k1

to simplify the proof. Denote the dominant term by

F 1
1k1 = β̄kb

2
kuku

∗1w∗kΣ
1/2Qk(z)Σ1/2w̄kw̄

∗
kΣ

1/2Qk(z)Σ1/2wk.

Write

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)F 1
1k1

∣∣∣∣∣
4

≤ ME

[
n∑
k=1

|β̄kb2
kuku

∗1w∗kΣ
1/2Qk(z)Σ1/2w̄kw̄

∗
kΣ

1/2Qk(z)Σ1/2wk|2
]2

≤ Mn3

n∑
k=1

u4
kE
∣∣β̄k(w∗kΣ1/2Qk(z)Σ1/2w̄k)

2
∣∣4

≤ Mn3

n∑
k=1

u4
k

(
E|β̄k|8

)1/2 ·
(
E|(w∗kΣ1/2Qk(z)Σ1/2w̄k)|16

)1/2 ≤M/n2,
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where we use Lemma 3.5.10 and the Cauchy Schwarz Inequality. Therefore, by

similar calculations, we have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)F1k

∣∣∣∣∣
4

≤ M

n2
. (3.76)

For F2k = u∗1x̄∗k[nQk(z)xkx
∗
kQk(z)x̄x̄∗Q(z)]Xuβkβ̄, there is

F2k = nu∗1x̄∗kQk(z)xkx
∗
kQk(z)(x̄k +

1

n
xk)(x̄k +

1

n
xk)
∗Q(z)(xke

∗
k + Xk)uβkβ̄

= nβ2
kβ̄uku

∗1x̄∗kΓ0k(z)x̄kx̄
∗
kQk(z)xk + β2

kβ̄uku
∗1x̄∗kΓ0k(z)xkx̄

∗
kQk(z)xk

+β2
kβ̄uku

∗1x̄∗kΓ0k(z)x̄kx
∗
kQk(z)xk +

1

n
β2
kβ̄uku

∗1x̄∗kΓ0k(z)xkx
∗
kQk(z)xk

+nβ3
kβ̄uku

∗1x̄∗kΓ0k(z)x̄kx̄
∗
kQk(z)Xku+ β3

kβ̄uku
∗1x̄∗kΓ0k(z)xkx̄

∗
kQk(z)Xku

+β3
kβ̄uku

∗1x̄∗kΓ0k(z)x̄kx
∗
kQk(z)Xku+

1

n
β3
kβ̄uku

∗1x̄∗kΓ0k(z)xkx
∗
kQk(z)Xku

−nβ3
kβ̄uku

∗1x̄∗kΓ0k(z)x̄kx̄
∗
kΓ0k(z)Xku− β3

kβ̄uku
∗1x̄∗kΓ0k(z)xkx̄

∗
kΓ0k(z)Xku

−β3
kβ̄uku

∗1x̄∗kΓ0k(z)x̄kx
∗
kΓ0k(z)Xku−

1

n
β3
kβ̄uku

∗1x̄∗kΓ0k(z)xkx
∗
kΓ0k(z)Xku :=

12∑
j=1

F2kj.

For simplicity, we use two representative terms F2k1 and F2k5 to illustrate the

corresponding bound. For F2k1 = nβ2
kβ̄uku

∗1x̄∗kQk(z)xkx
∗
kQk(z)x̄kx̄

∗
kQk(z)xk, we

still consider one leading term, i.e.,

nb2
kβ̄kuku

∗1w̄∗kΣ
1/2Qk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)Σ1/2w̄kw̄
∗
kQk(z)Σ1/2wk := F 1

21k.

Using similar arguments as in F 1
1k1, we have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)F 1
2k1

∣∣∣∣∣
4

≤Mn7

n∑
k=1

u4
kE|β̄k(w̄∗kQk(z)Σ1/2wk)

3|4 ≤M/n2.
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Similarly, for F2k5 = nb3
kβ̄uku

∗1x̄∗kQk(z)xkx
∗
kQk(z)x̄kx̄

∗
kQk(z)Xku, we consider its

leading term, i.e.,

nβ3
kβ̄uku

∗1w̄∗kΣ
1/2Qk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)Σ1/2w̄kw̄
∗
kΣ

1/2Qk(z)Xku := F 1
2k5.

Then, there is

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)F 1
2k5

∣∣∣∣∣
4

≤ Mn7

n∑
k=1

u4
kE
∣∣β̄k(w̄∗kQk(z)Σ1/2wk)

2(w̄∗kΣ
1/2Qk(z)Xku)

∣∣4
≤ Mn7

n∑
k=1

u4
k

(
E|(w̄∗kQk(z)Σ1/2wk)

32|
)1/4 ·

(
E|(w̄∗kΣ1/2Qk(z)Xku)16|

)1/4

≤ M/n2,

where the last step follows from Lemma 3.5.11. Therefore, by tedious computa-

tions, we have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)F2k

∣∣∣∣∣
4

≤ M

n2
. (3.77)

The rest terms, i.e., F3k to F7k, all have such a bound by using similar arguments.

Thus, we conclude that

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)Fk

∣∣∣∣∣
4

≤ M

n2
. (3.78)

According to the terms E and F , one can observe that the orders of Gk and Hk

are both equal to or smaller than those in E and F , and thus, we also have

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)Gk

∣∣∣∣∣
4

≤ M

n2
(3.79)

and

E

∣∣∣∣∣
n∑
k=1

(Ek − Ek−1)Hk

∣∣∣∣∣
4

≤ M

n2
. (3.80)

Consequently, the bound in (3.49) holds for q = 4.
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Proof of (3.50): We also define

Z1
k =

k∑
i=1

xie
∗
i +

n∑
i=k+1

x0
i e
∗
i

Zk =
k−1∑
i=1

xie
∗
i +

n∑
i=k+1

x0
i e
∗
i

Z0
k =

k−1∑
i=1

xie
∗
i +

n∑
i=k

x0
i e
∗
i ,

where x0
i = ai + Σ1/2w0

i , and w0
i follows normal distribution with mean 0 and

variance 1/n. Moreover, we set z̄1
k = 1

n
Z1
k1, z̄k = 1

n
Zk1 and z̄0

k = 1
n
Z0
k1, and it is

easy to observe that

z̄1
k − z̄k =

1

n
xk and z̄0

k − z̄k =
1

n
x0
k.

Recalling (3.54), one can decompose u∗(X∗−X̄∗)
(
(X− X̄)(X− X̄)∗ − zI

)−1
(X−

X̄)u into 8 terms (A to H). Note that the term A is proved in Proposition 3.1. So,

in the following, we focus on the remaining terms.

Term B: For B, we aim to prove

|Eu∗1x̄∗ (XX∗ − zI)−1 Xu− Eu∗1x̄0∗ (X0X0∗ − zI
)−1

X0u| := |EB1 − EB0| ≤M/
√
n(3.81)

To obtain (3.81), write

EB1 − EB0 =
n∑
k=1

E
(
u∗1z̄1∗

k (Z1
kZ

1
k
∗ − zI)−1Z1

ku− u∗1z̄∗k(ZkZk
∗ − zI)−1Zku

)
−

n∑
k=1

E
(
u∗1z̄0∗

k (Z0
kZ

0
k
∗ − zI)−1Z0

ku− u∗1z̄∗k(ZkZk
∗ − zI)−1Zku

)
:=

n∑
k=1

[
E
(
B1
k1 −B1

k2 +B1
k3

)
− E

(
B0
k1 −B0

k2 +B0
k3

)]
,
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where

B1
k1 =

1

n
u∗1x∗k(ZkZk

∗ − zI)−1Z1
kuβ

1
k ,

B1
k2 = u∗1z̄∗k(ZkZk

∗ − zI)−1xkx
∗
k(ZkZk

∗ − zI)−1Z1
kuβ

1
k ,

B1
k3 = u∗1z̄∗k(ZkZk

∗ − zI)−1xke
∗
ku,

B0
k1 =

1

n
u∗1x0∗

k (ZkZk
∗ − zI)−1Z0

kuβ
0
k ,

B0
k2 = u∗1z̄∗k(ZkZk

∗ − zI)−1x0
kx

0∗
k (ZkZk

∗ − zI)−1Z0
kuβ

0
k ,

B0
k3 = u∗1z̄∗k(ZkZk

∗ − zI)−1x0
ke
∗
ku,

β1
k =

1

1 + x∗kQk(z)xk
, β0

k =
1

1 + x0
k
∗
Qk(z)x0

k

Similar to the proof of Proposition 3.1, we still list some typical examples to illus-

trate the idea of proof. For example, consider B1
k1,

B1
k1 =

1

n
u∗1x∗kQk(z)Z1

kuβ
1
k

=
1

n
u∗1(a∗k + w∗kΣ

1/2)Qk(z)(Zk + xke
∗
k)uβ

1
k

=
1

n
u∗1a∗kQk(z)Zkuβ

1
k +

1

n
u∗1a∗kQk(z)xke

∗
kuβ

1
k

+
1

n
u∗1w∗kΣ

1/2Qk(z)Zkuβ
1
k +

1

n
u∗1w∗kΣ

1/2Qk(z)xke
∗
kuβ

1
k

:= B11
k1 +B12

k1 +B13
k1 +B14

k1

For B11
k1 = 1

n
u∗1a∗kQk(z)Zkuβ

1
k , we decompose it as

B11
k1 =

1

n
u∗1a∗kQk(z)Zku(β1

k − bk) +
1

n
u∗1a∗kQk(z)Zkubk.

Similar to (3.34), we also have

n∑
k=1

EB11
1k =

n∑
k=1

E
1

n
u∗1a∗kQk(z)Zkubk +O(

1√
n

). (3.82)



106 3.5. Appendix

Similarly, we also have
∑n

k=1 EB01
1k =

∑n
k=1 E 1

n
u∗1a∗kQk(z)Zkubk +O( 1√

n
). For the

remaining terms, one can prove that

∣∣∣∣∣
n∑
k=1

EB`j
k1

∣∣∣∣∣ = O(
1√
n

),

where j = 2, 3, 4 and ` = 0, 1. The terms of B1
k2 can be also handled as in the

proof of Proposition 3.1. And B1
k3 is similar to B1

k1, and thus, we have (3.81). By

a simple but tedious computation, The terms of C and D also satisfy such result,

i.e.,

|Eu∗X (XX∗ − zI)−1 x̄1∗u− u∗X0∗ (X0X0∗ − zI
)−1

x̄01∗u| := |EC1 − EC0| ≤ M√
n

(3.83)

and

|Eu∗1x̄∗(XX∗ − zI)−1x̄1∗u− Eu∗1x̄0∗(X0X0∗ − zI)−1x̄01∗u| := |ED1 − ED0| ≤ M√
n
.

(3.84)

Now, we need to prove

|Eu∗X∗
[
n(XX∗ − zI)−1x̄x̄∗(XX∗ − zI− nx̄x̄∗)−1

]
Xu

−Eu∗X0∗ [n(X0X0∗ − zI)−1x̄0x̄0∗(X0X0∗ − zI− nx̄0x̄0∗)−1
]
X0u| ≤ M√

n
.

(3.85)
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To obtain (3.85), write

EE1 − EE0 =
n∑
k=1

E
(
u∗Z1∗

k

[
n(Z1

kZ
1∗
k − zI)−1z̄1

kz̄
1∗
k (Z1

kZ
1∗
k − zI− nz̄1

kz̄
1∗
k )−1

]
Z1
ku

−u∗Z∗k
[
n(ZkZ

∗
k − zI)−1z̄kz̄

∗
k(ZkZ

∗
k − zI− nz̄kz̄

∗
k)
−1
]
Zku

)
−

n∑
k=1

E
(
u∗Z0∗

k

[
n(Z0

kZ
0∗
k − zI)−1z̄0

kz̄
1∗
k (Z0

kZ
0∗
k − zI− nz̄0

kz̄
0∗
k )−1

]
Z0
ku

−u∗Z∗k
[
n(ZkZ

∗
k − zI)−1z̄kz̄

∗
k(ZkZ

∗
k − zI− nz̄kz̄

∗
k)
−1
]
Zku

)
=

n∑
k=1

E
(
u∗Z1∗

k

[
n(Z1

kZ
1∗
k − zI)−1z̄1

kz̄
1∗
k (Z1

kZ
1∗
k − zI)−1

]
Z1
kuβ̄

1
k

−u∗Z∗k
[
n(ZkZ

∗
k − zI)−1z̄kz̄

∗
k(ZkZ

∗
k − zI)−1

]
Zkuβ̄k

)
−

n∑
k=1

E
(
u∗Z0∗

k

[
n(Z0

kZ
0∗
k − zI)−1z̄0

kz̄
1∗
k (Z0

kZ
0∗
k − zI)−1

]
Z0
kuβ̄

0
k

−u∗Z∗k
[
n(ZkZ

∗
k − zI)−1z̄kz̄

∗
k(ZkZ

∗
k − zI)−1

]
Zkuβ̄k

)
:=

n∑
k=1

[
EE1

k − EE0
k

]
.

The expansions of E1
k and E0

k are quite tedious, so we take E1
k as an example, and,

for simplicity, we also use some typical terms to demonstrate the idea of the proof.

Write

E1
k = nu∗(Zk + xke

∗
k)
∗[Qk(z)− βkQk(z)xkx

∗
kQk(z)](z̄k +

1

n
xk)

· (z̄k +
1

n
xk)
∗[Qk(z)− βkQk(z)xkx

∗
kQk(z)](Zk + xke

∗
k)u(β̄k + β̄ − β̄k)

−nu∗ZkQk(z)z̄kz̄
∗
kQk(z)Zkuβ̄k

=
(
nu∗Z∗k[Qk(z)− βkQk(z)xkx

∗
kQk(z)]z̄kz̄

∗
k[Qk(z)− βkQk(z)xkx

∗
kQk(z)]Zkuβ̄k

−nu∗ZkQk(z)z̄kz̄
∗
kQk(z)Zkuβ̄k

)
+nu∗(Zk + xke

∗
k)
∗[Qk(z)− βkQk(z)xkx

∗
kQk(z)](z̄k +

1

n
xk)

· (z̄k +
1

n
xk)
∗[Qk(z)− βkQk(z)xkx

∗
kQk(z)](Zk + xke

∗
k)u(β̄ − β̄k) +Rk

:= E1
k1 + E1

k2 +R1
k.
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Consider E1
k1, there is

E1
k1 = nβ2

ku
∗Z∗kQk(z)xkx

∗
kQk(z)z̄kz̄

∗
kQk(z)xkx

∗
kQk(z)Zkuβ̄k

−nβku∗Z∗kQk(z)xkx
∗
kQk(z)z̄kz̄

∗
kQk(z)Zkuβ̄k − nβku∗Z∗kQk(z)z̄kz̄

∗
kQk(z)xkx

∗
kQk(z)Zkuβ̄k

= nb2
ku
∗Z∗kQk(z)xkx

∗
kQk(z)z̄kz̄

∗
kQk(z)xkx

∗
kQk(z)Zkuβ̄k

−nbku∗Z∗kQk(z)xkx
∗
kQk(z)z̄kz̄

∗
kQk(z)Zkuβ̄k − nbku∗Z∗kQk(z)z̄kz̄

∗
kQk(z)xkx

∗
kQk(z)Zkuβ̄k

+n(β2
k − b2

k)u
∗Z∗kQk(z)xkx

∗
kQk(z)z̄kz̄

∗
kQk(z)xkx

∗
kQk(z)Zkuβ̄k

−n(βk − bk)u∗Z∗kQk(z)xkx
∗
kQk(z)z̄kz̄

∗
kQk(z)Zkuβ̄k

−n(βk − bk)u∗Z∗kQk(z)z̄kz̄
∗
kQk(z)xkx

∗
kQk(z)Zkuβ̄k

:= E11
k1 + E12

k1 + E13
k1 + E14

k1 + E15
k1 + E16

k1

Take the term of E11
k1 as an example. Write

E11
k1 = nb2

ku
∗Z∗kQk(z)xkx

∗
kQk(z)z̄kz̄

∗
kQk(z)xkx

∗
kQk(z)Zkuβ̄k

= nb2
ku
∗Z∗kQk(z)(ak + Σ1/2wk)(ak + Σ1/2wk)

∗Qk(z)z̄k

· z̄∗kQk(z)(ak + Σ1/2wk)(ak + Σ1/2wk)
∗Qk(z)Zkuβ̄k.

For simplicity, we investigate 3 leading terms among E11
k1, i.e.,

nb2
ku
∗Z∗kQk(z)akw

∗
kΣ

1/2Qk(z)z̄kz̄
∗
kQk(z)Σ1/2wka

∗
kQk(z)Zkuβ̄k := E111

k1 ,

nb2
ku
∗Z∗kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)z̄kz̄
∗
kQk(z)Σ1/2wka

∗
kQk(z)Zkuβ̄k := E112

k1 ,

and nb2
ku
∗Z∗kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)z̄kz̄
∗
kQk(z)Σ1/2wkw

∗
kΣ

1/2Qk(z)Zkuβ̄k := E113
k1 .

For the term E111
k1 , one can easily prove that

EE111
k1 = E111

k0 =
n

p
Eb2

ku
∗Z∗kQk(z)akz̄

∗
kQk(z)ΣQk(z)z̄ka

∗
kQk(z)Zkuβ̄k.
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For the term E112
k1 , write

E112
k1 = nb2

ku
∗Z∗kQk(z)Σ1/2wk

[
w∗kΣ

1/2Qk(z)z̄kz̄
∗
kQk(z)Σ1/2wk −

1

p
z̄∗kQk(z)ΣQk(z)z̄k

]
a∗kQk(z)Zkuβ̄k

+
n

p
b2
ku
∗Z∗kQk(z)Σ1/2wkz̄

∗
kQk(z)ΣQk(z)z̄ka

∗
kQk(z)Zkuβ̄k.

The expectation of the first term can be bounded by the Cauchy Schwarz Inequality

and Lemma 3.5.6, i.e.,

∣∣∣ n∑
k=1

E

(
nb2

ku
∗Z∗kQk(z)Σ1/2wk

[
w∗kΣ

1/2Qk(z)z̄kz̄
∗
kQk(z)Σ1/2wk −

1

p
z̄∗kQk(z)ΣQk(z)z̄k

]
a∗kQk(z)Zkuβ̄k

) ∣∣∣
= O(

1√
n

).

Moreover, the last term above is equal to zero. Similarly, for E112
k0 , we also

have such a result. Similarly, the terms E113
k1 and E013

k1 can be also handled as in

E112
k1 , and the expectation of remaining terms of E11

k1 at most differ from that of

the remaining terms of E01
k1. Therefore, we have

n∑
k=1

EE11
k1 =

n∑
k=1

EE01
k1 +O(

1√
n

). (3.86)

The terms E12
k1 and E13

k1 can be handled in a similar way, and we also have

n∑
k=1

EE1j
k1 =

n∑
k=1

EE0j
k1 +O(

1√
n

) for j = 2, 3. (3.87)

As to the terms E14
k1 to E16

k1, one can use the Cauchy Schwarz Inequality and Lemma

3.5.6 to obtain

∣∣∣∣∣
n∑
k=1

EE1j
k1

∣∣∣∣∣ =

∣∣∣∣∣
n∑
k=1

EE0j
k1

∣∣∣∣∣ = O(
1√
n

) for j = 4, 5, 6. (3.88)
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Using Lemma 3.5.12 and the Cauchy Schwarz Inequality, we also have

∣∣∣∣∣
n∑
k=1

EE1
k2

∣∣∣∣∣ =

∣∣∣∣∣
n∑
k=1

EE0
k2

∣∣∣∣∣ = O(
1√
n

). (3.89)

Moreover, by tedious computations, one can check that

n∑
k=1

ER1
k =

n∑
k=1

ER0
k +O(

1√
n

). (3.90)

Therefore, (3.85) is obtained.

Consider the term F . Similar to (3.85), we need to prove

|Eu∗1x̄∗
[
n(XX∗ − zI)−1x̄x̄∗(XX∗ − zI− nx̄x̄∗)−1

]
Xu

−Eu∗1x̄0∗ [n(X0X0∗ − zI)−1x̄0x̄0∗(X0X0∗ − zI− nx̄0x̄0∗)−1
]
X0u| ≤ M√

n
.

(3.91)

Similarly, we also write

EF 1 − EF 0 =
n∑
k=1

E
(
u∗1z̄1∗

k

[
n(Z1

kZ
1∗
k − zI)−1z̄1

kz̄
1∗
k (Z1

kZ
1∗
k − zI)−1

]
Z1
kuβ̄

1
k

−u∗1z̄∗k
[
n(ZkZ

∗
k − zI)−1z̄kz̄

∗
k(ZkZ

∗
k − zI)−1

]
Zkuβ̄k

)
−

n∑
k=1

E
(
u∗1z̄0∗

k

[
n(Z0

kZ
0∗
k − zI)−1z̄0

kz̄
1∗
k (Z0

kZ
0∗
k − zI)−1

]
Z0
kuβ̄

0
k

−u∗1z̄∗k
[
n(ZkZ

∗
k − zI)−1z̄kz̄

∗
k(ZkZ

∗
k − zI)−1

]
Zkuβ̄k

)
:=

n∑
k=1

[
EF 1

k − EF 0
k

]
.
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By the same decomposition as that for the the term E, the bound in (3.85) can be

obtained. Similarly, we also have

|Eu∗X
[
n(XX∗ − zI)−1x̄x̄∗(XX∗ − zI− nx̄x̄∗)−1

]
x̄1∗u

−Eu∗X0
[
n(X0X0∗ − zI)−1x̄0x̄0∗(X0X0∗ − zI− nx̄0x̄0∗)−1

]
x̄01∗u| ≤ M√

n
.

(3.92)

|Eu∗1x̄∗
[
n(XX∗ − zI)−1x̄x̄∗(XX∗ − zI− nx̄x̄∗)−1

]
x̄1∗u

−Eu∗1x̄0∗ [n(X0X0∗ − zI)−1x̄0x̄0∗(X0X0∗ − zI− nx̄0x̄0∗)−1
]
x̄01∗u| ≤ M√

n
.

(3.93)

Combining (3.81), (3.83), (3.84), (3.85), (3.91), (3.92) with (3.93), the conclusion

follows.

Proof of Theorem 3.3.2.

Recall that Φ = diag(1n) − 1n1
>
n /n and Λ = [µ0, . . . ,µ0]/

√
n ∈ Rp×n, where

µ0 =
∑

s=1 nsµs/n ∈ Rp. Recall that

D(z) =
(
−z(I + m̃(z)Σ) + A(I +m(z)Φ)−1A∗

)−1
,

D̃(z) =
(
−z(I +m(z)Φ) + A∗(I + m̃(z)Σ)−1A

)−1
,

m(z) = 1
n
tr(ΣD(z)) and m̃(z) = 1

n
tr(ΦD̃(z)). To simplify notations, let α(z) =

−z(1 +m(z)), and hence m(z) = −α(z)
z
− 1. Write

m̃(z) =
1

n
tr(ΦD̃(z)) =

1

n
tr(D̃(z))− 1

n2
tr(D̃(z)11>).
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Thus, we have m̃(z) − 1
n
tr(D̃(z)) = O(1/(n=z)). By a similar argument as in

(3.40), we have α−1(z)− m̃(z) = O(1/(n=z)3). Rewrite

D̃(z) =

(
α(z)I− α(z)

11

n

>
− z11

n

>
+ A∗(I + m̃(z)Σ)−1A

)−1

,

and define

D̃′(z) =

(
m̃−1(z)I− m̃−1(z)

11

n

>
− z11

n

>
+ A∗(I + m̃(z)Σ)−1A

)−1

.

Similar to Proposition 3.5, we have

u∗
(
D̃(z)− D̃′(z)

)
v = O(1/(n=z)5).

Hence, for simplicity, we consider D̃′(z) instead. Let

B(z) = m̃−1(z)I− m̃−1(z)
11

n

>
− z11

n

>
,

and using the identity

M−1 = N−1 − N−1(M−N)N−1

1 + tr (N−1(M−N))
, (3.94)

we have

B−1(z) = m̃(z)Φ− 1

z

11

n

>
.
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Define T (z) = [I + m̃(z)(Σ + AΦA∗)]−1. Recall that the A defined here is AΦ.

Therefore, using the Woodbury identity and (3.94), there is

D̃′(z) = B−1(z)−B−1(z)A∗
[
I + m̃(z)Σ + AB−1(z)A∗

]−1
AB−1(z)

= B−1(z)−B−1(z)A∗
[
I + m̃(z)(Σ + AΦA∗)− 1

z
A

11

n

>
A∗
]−1

AB−1(z)

= B−1(z)− m̃2(z)ΦA∗T (z)AΦ

(3.95)

Suppose that R̄n = AΦA∗ + Σ. Let s̃(z) in C+ solve the equation

z = −1

s̃
+ cn

∫
tdHR̄n(t)

1 + ts̃
(3.96)

Define

D̃
′′
(z) = s̃(z)Φ− 1

z

11

n

>
+ s̃2(z)ΦA∗ [I + s̃(z)(Σ + AΦA∗)]−1 AΦ. (3.97)

Similar to (3.45), we can get

u∗
(
D̃′(z)− D̃′′(z)

)
v = O(1/(n=z)10).

Define

R̂y(k) = {z ∈ C : Σ̂1 ≤ <z ≤ Σ̂2, |=z| ≤ y},

where y > 0, [Σ̂1, Σ̂2] encloses the sample eigenvalues λk of (XnΦ)∗(XnΦ) and

excludes all other sample eigenvalues with probability tending to 1. The existence

of R̂y(k) is guaranteed by Condition A4’. By the Cauchy integral formula, we have

1

2πi

∮
∂R̂−y (k)

v∗ [(XnΦ)∗(XnΦ)− zI]−1 vdz = v∗ûkû
∗
kv := ϕ̂k, (3.98)

where v is any n×1 deterministic unit vector, and ∂R̂−y (k) represents the negatively

oriented boundary of R̂y(k).



114 3.5. Appendix

Lemma 3.5.13. (Exact separation) Under Conditions A1, A2, A4 and A5’, there

exists [− 1
s̃(ak)

,− 1
s̃(bk)

] ⊂ (γk+1, γk) for k = 1, . . . , `1, where s̃(z) is given in (3.96).

Then we have

P(λk > bk and λk+1 < ak)→ 1 as n→∞,

where λk is the k-th largest eigenvalue of Sn.

Proof. The proof of Lemma 3.5.13 is same as that Theorem 6.2.2 in Chapter 6,

and hence omitted.

Lemma 3.5.14. Under Condition A4’, there is

√
n

∣∣∣∣∣ϕ̂k − 1

2πi

∮
∂R̂−y (k)

v∗D̃′′(z)vdz

∣∣∣∣∣ i.p.→ C,

where D̃′′(z) is defined in (3.97).

Proof. The proof is similar to that of Proposition 1 in Mestre (2008b), and hence

omitted.

To calculate the deterministic integral F = 1
2πi

∮
∂R−y (k)

v∗R(z)vdz, we introduce

w(z) = − 1
s̃(z)

. Thus, w(z) satisfies the following equation

z = w(z)

(
1− c

∫
tdFRn(t)

t− w(z)

)
,

which is parallel to equation (24) in Mestre (2008a). Thus, w(z) satisfies all the

properties listed in Proposition 2 in Mestre (2008a). Denote the contour of w

by T (k). It is a simple closed curve that includes γk and excludes all the other

population eigenvalues of Rn. Write

1

2πi

∮
∂R̂−y (k)

v∗D̃′′(z)vdz =
1

2πi

∮
∂R̂−y (k)

v∗B−1vdz +
1

2πi

∮
∂R̂−y (k)

m̃2(z)v∗ΦA∗T (z)AΦvdz

= F1 + F2

(3.99)
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We have

F1 : =
1

2πi

∮
∂R̂−y (k)

m̃(z)v∗Φv − 1

z

v∗11v

n

>
dz

= − 1

2πi
v∗Φv

∮
T−(k)

1

w

[
1− 1

n

p∑
k=1

(
γk

γk − w

)2
]
dw

=
v∗Φv

n
,

(3.100)

and

F2 =
1

2πi

∮
∂R̂−y (k)

m̃2(z)v∗ΦA∗T (z)AΦvdz

=
1

2πi
v∗v

∮
T−(k)

1

w
v∗ΦA∗

p∑
k=1

ξkξ
∗
k

w − γk
AΦv

[
1− 1

n

p∑
k=1

(
γk

γk − w

)2
]
dw,

=
v∗ΦA∗ξkξ

∗
kAΦv

γk

(
1− 1

n

∑
i=1,i 6=k

γ2
i

(γk − γi)2

)
+O(

1

n
).

(3.101)

Therefore, we have

√
n

∣∣∣∣∣ϕ̂k − v∗ΦA∗ξkξ
∗
kAΦv

γk

(
1− 1

n

∑
i=1,i 6=k

γ2
i

(γk − γi)2

)∣∣∣∣∣→ C

Let θ =
(

1− 1
n

∑
i=1,i 6=k

γ2
i

(γk−γi)2

)
. Taking v = θ−1/2ΦA∗ξk/‖ΦA∗ξk‖2 , we have

ϕ̂k = |v∗û|2 i.p.→ 1 as n→∞.





Chapter 4

High dimensional clustering: A

Two-step method for mixture

data

4.1 Introduction

Recall that x1, . . . ,xn ∈ Rp are the independent data vectors, and each belongs to

one of K distinct classes indexed by V1, . . . ,VK . Class Vs has cardinality ns for

s ∈ {1, . . . , K}. Write

xi = ai + Σ1/2
s wi if i ∈ Vs for s = 1, . . . , K, (4.1)

where ai = µs/
√
n ∈ Rp, Σs ∈ Rp×p, Vs is the indices set of the s-th cluster and

√
nwi ∈ Rp is a random vector with i.i.d. mean 0 and variance 1 coordinates. Each

tuple of parameters, (µs,Σs), determines a cluster. Note that for some distinct

s, t, µs may be equal to µt or Σs may be equal to Σt, but (µs,Σs) 6= (µt,Σt) for

s 6= t.

The rest of this chapter is organized as follows. We propose a Two-step method

117
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in Chapter 4.2. In Chapter 4.3, we provide the main theory. Simulation studies are

presented in Chapter 4.4. Moreover, the real data analysis is provide in Chapter

4.5.

4.2 Methodology

4.2.1 Two-step method

To unify notations, we write the disjoint set of {V1, . . . ,VK} (up to a permutation)

as

{V1
1 , . . . ,V1

`1
, . . . ,VK1

1 , . . . ,VK1
`K1
} = {1, . . . , n}, (4.2)

where
∑K1

s=1 `s = K and `s ≥ 1. Let Ks = ∪`st=1Vst for s = 1, . . . , K1. Without

loss of generality, we assume that, for i ∈ Ks, cov(xi) = Σs and for s 6= t, Σs 6= Σt,

where 1 ≤ s, t ≤ K1. Hence, it is easy to see that the set of

{K1, . . . ,KK1} = {1, . . . , n} (4.3)

is another partition of the whole indices set characterized by the distinct covariance

matrices. Moreover, for each Ks = {Vs1 , . . . ,Vs`s}, s = 1, . . . , K1, there is

Exi 6= Exj when `s > 1, i ∈ Vsd , j ∈ Vsh and d 6= h ≤ `s. (4.4)

Our final aim is to find the cluster index sets as in (4.2). However, in many

cases, when deciding (4.2), both parameters influence each other. Based on the

aforementioned mean clustering and covariance clustering method, we propose a

universal method, Two-step method to find (4.2).

Generally speaking, since two parameters, both µ and Σ determine a cluster,

and we consider the clustering problem by two steps: Step 1, we first determine

K1, . . . ,KK1 from the covariances viewpoint by the method proposed in Chapter
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2. Step 2, for each cluster Kt, we apply the method proposed in Chapter 3 to do

a further clustering, where t = 1, . . . , K1. We thus call the proposed method a

Two-step clustering method.

As mentioned before, in Step 1, we aim to find the clusters in terms of covari-

ances regardless of means. However, in Chapter 2, to do the clustering is based on

the prerequisite µs = µt ∈ Rp for s 6= t ≤ K, which is not satisfied in this case.

Thus, in order to apply Algorithms 1 and 2, we have to preprocess the observed data

X first. Similar to Algorithm 1, let µ0 = 1
n

∑K
s=1 nsµs, where µs = (µs1, . . . , µsp)

>.

Without loss of generality, we assume that µ0 = 0, otherwise, one can use the

centered observations as in (2.12) to do the next steps. Our first aim is to detect

the indices that contribute to mean differences, i.e.,

{1 ≤ j ≤ p : there exists 1 ≤ i ≤ n s.t. Exij 6= 0}

It is easy to check that this indices set is equivalent to

{j :

K2∑
s=1

ns(µsj)
2 6= 0} := A. (4.5)

Therefore, if we can find a proper estimator or a good surrogate of A then we

redefine a new observation X̃ = [x̃1, . . . , x̃n] ∈ R(p−|A|)×n, where x̃k = (x̃k1, . . . , x̃k|Ac|)
>,

x̃kj ∈ {xki; i ∈ Ac} and {xki; i ∈ Ac} = {x̃k1, . . . , x̃k|Ac|}. In this way, we remove

the coordinates, which cause differences in terms of means. In this case, we can

assume that Ex̃i = Ex̃k = 0 if i ∈ Ks and k ∈ Kt, and hence the condition of the

method proposed in Section 2 is applicable. To find the estimator of A, we use a

method as in (2.12). We also provide a simple algorithm so that an estimator A

can be obtained, denoted by Â.
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Result: The preprocessed X̃.

Given xi = (xi1, . . . , xip)
> ∈ Rp, and set qn = bnδxc, where byc means the

largest integer smaller than y, 0 < δx < 1 and i = 1, . . . , n;

for j = 1, . . . , p do

1. Randomly divide {1, . . . , n} into qn subgroups with

(approximately) equal size, and denote the indices set by E1, . . . , Eqn .

for k = 1, . . . , qn do

2. For all xij, i ∈ Xk, we construct a U-statistic as in (2.12):

U
(x)
j (k) =

2

|Ek||Ek − 1|
∑

k1<k2∈Ek

xk1jxk2j. (4.6)

3. Find the mean of U
(x)
j (k), k = 1, . . . , qn, i.e. let

U
(x)
j =

1

qn

qn∑
k=1

U
(x)
j (k). (4.7)

4. Define Â = {j : |n2U
(x)
j | ≥ t}, where t is the threshold to detect the

corresponding j. In practice, one can set t = q1/2 · log n.

5. Reconstruct X̃ = [x̃1, . . . , x̃n] ∈ R(p−|Â|)×n, where x̃k = (x̃k1, . . . , x̃k|Âc|),

x̃kj ∈ {xki; i ∈ Âc} and {xki; i ∈ Âc} = {x̃k1, . . . , x̃k|Âc|}

Algorithm 3: Preprocess X.

Remark 4.2.1. Since n is not very large in our simulation studies and the mean

differences only appear at a few indices, by setting qn = 1 and choosing the largest

b3 log nc |U (x)
j |, the performance of Algorithm 3 is still satisfactory.

Based on Algorithm 3, one can use the method in Chapter 2 so that the

estimators of Kt, t = 1, . . . , K1 can be obtained. On the other hand, for each Kt,



Chapter 4. High dimensional clustering: A Two-step method for mixture data121

t = 1, . . . , K1, we do the clustering again from the means viewpoint by using the

method proposed in Chapter 3, and vice versa. According to the discussions in

Chapter 2, it is easy to see that each member in one Kt shares a same covariance

matrix, but their means may be different. Thus, without loss of any generality,

we assume that Xt = [x1, . . . ,xr] and {1, . . . , r} = Kt, where cov(xi) = Σt/n for

i = 1, . . . , r. Suppose there are `t classes based on distinct means, say V1, . . . ,V`t ,

and Exi = µu/
√
n if i ∈ Vu for u = 1, . . . , `t. Hence, there is Kt = ∪`tu=1Vu. Also,

define

S̃tn = X>t Xt = (At + Σ
1/2
t Wt)

>(At + Σ
1/2
t Wt), (4.8)

where At = NtH
>
t , Nt = [µ1, . . . ,µ`t ]/

√
n ∈ Rp×`t , Ht = [ht1, . . . ,h

t
`t

] ∈ Rr×`t ,

where hts(i) = 1 if i ∈ Vs and hts(i) = 0 otherwise. Similar to (3.10), we also apply

the optimization problem

U∗r = arg max
U∈Mn,`t

‖U − Û`t‖2
F , (4.9)

to obtain the matrix that can be used to do clustering, where Û`t consists of

eigenvectors corresponding to the largest `t eigenvalues of Stn.
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1. Given the data matrix, the number of classes in terms of covariances and

means, i.e., X ∈ Rp×n, K1 and `k’s, respectively.

2. Use Algorithm 3 to obtain a preprocessed X̃, so that it is applicable in

Algorithms 1 and 2.

3. Use Algorithm 1 to obtain the Ψ̂ of X̃, and find the Sŷ as in (2.9).

4. Apply Algorithm 2 to the Sŷ, and return the set K̂1, . . . , K̂K1 , which are the

estimator of K1, . . . ,KK1 .

for t = 1, . . . ,K1 do

1.Construct Stn as in (4.8), and find the eigenvectors corresponding to the

spiked eigenvalues of Stn, denoted by V̂t := (v̂t1, . . . , v̂
t
`t

) ∈ R|Kt|×`t .

2. Similar to Algorithm 2. by using K-mean clustering to V̂t, generates

clusters V̂t1, . . . , V̂t`t , where |V̂ti | ≤ |K̂t|.

Return The final clusters are: V̂1
1 , . . . , V̂1

`1
, . . . , V̂K1

1 , . . . , V̂K1
`K1

.

Algorithm 4: Two-step method: covariance-mean for the case ‖µs−µt‖ � 1.

Remark 4.2.2. In practice, compared with the case ‖µs − µt‖ � 1, the case of

‖µs−µt‖ � 1 is much easier to distinguish. We also propose a revised method in

next chapter.

In Algorithm 4, it requires a part of covariances differences to occur at the

coordinates which do not have any means differences. However, in practice, there

still exists such cases. For example,

Example 3. For x1, . . . ,xn, suppose there are four clusters characterized by

(µs,Σs), s = 1, 2, 3, 4. Let µ1 = µ2 = (5, 0, . . . , 0)>, µ3 = µ4 = (0, 3, 0, . . . , 0)>,

Σ1 = Σ3 = I and

Σ1 = Σ3 =

 5 0.5 ·1>

0.5 ·1 A

 and Σ2 = Σ4 =

 5 −0.5 ·1>

−0.5 ·1 A

 ,

where A ∈ R(p−1)×(p−1) is used for keeping all these four matrices positive definite.

It is to see that if we remove the first and second coordinates of xk k = 1, . . . , n

by Algorithm 3, the preprocessed data x̃k share the same covariance matrix. In



Chapter 4. High dimensional clustering: A Two-step method for mixture data123

this way, one may not find the clusters characterized by the covariance clustering

method. To overcome such situations, we propose a modified version of Algorithm

4.

1. Given the centered data matrix, the number of classes in terms of

covariances and means, i.e., X ∈ Rp×n, K1 and `k’s, respectively.

2. Use Algorithm 1 to obtain the Ψ̂ of X and construct new Y whose columns

are defined in (2.4).

3. Use Algorithm 3 to obtain the set Â as a surrogate of A defined in (4.5).

4. Remove the rows indexed by Â in Y, and denoted by Ỹ. Let S̃y = Ỹ>Ỹ.

5. Apply Algorithm 2 to the S̃y, and return the set K̂1, . . . , K̂K1 , which are the

estimator of K1, . . . ,KK1 .

for t = 1, . . . ,K1 do

1.Construct Stn as in (4.8), and find the eigenvectors corresponding to the

spiked eigenvalues of Stn, denoted by V̂t := (v̂t1, . . . , v̂
t
`t

) ∈ R|Kt|×`t .

2. Similar to Algorithm 2. by using K-mean clustering to V̂t, generates

clusters V̂t1, . . . , V̂t`t , where |V̂ti | ≤ |K̂t|.

Return The final clusters are: V̂1
1 , . . . , V̂1

`1
, . . . , V̂K1

1 , . . . , V̂K1
`K1

.

Algorithm 5: Modified Two-step method: covariance-mean for the case ‖µs−

µt‖ � 1.

Remark 4.2.3. It is easy to observe that, in Example 3, excluding the first two

coordinates of the newly constructed Y, the means of all the remaining coordinates

will not be influenced by µs, s = 1, 2, 3, 4. Therefore, if one uses the Ỹ in Algorithm

5 to do further covariance clustering, it is also workable.

4.2.2 Modified Two-step method

Recalling Condition A6, we focus on the case ‖µs − µt‖ � 1 previously. In this

section, we also investigate the case of ‖µs − µt‖ � 1. Similarly, we start with

the notations needed in the following context. For the data x1, . . . ,xn following
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model (4.1), we suppose that there are K < ∞ clusters characterized by (µs,Σs)

for s = 1, . . . , K. Unlike the Two-step method, if there exists the situations of

‖µs − µt‖ � 1, we do not distinguish the covariance structure first. Instead, we

find the clusters whose means differences are very large. Then, for each clusters

that found according to large mean deviations, we apply the Two-step method to

find the final clusters.

Specifically, suppose there exists K3 > 0 classes, ∪K3
k=1Lk = {1, . . . , n}, and be-

tween which the mean difference is large compared with a constant, i.e., min1≤s 6=t≤K3 ‖µs−

µt‖ � 1. Also, within one Lk, there still may exist several classes regardless of

means covariances, and ‖µs − µt‖ = O(1) when s, t ∈ Lk. To handle this case, we

propose Algorithm 6 as follows.

1. Given the data matrix, the number of whole clusters and the number of

classes in terms of large mean difference, i.e., X ∈ Rp×n, K and K3,

respectively.

2. Construct S̃n as in (3.3), and extract the eigenvectors corresponding to the

largest K3 eigenvalues of S̃n as the Algorithm 2. Apply K-mean towards the

obtained eigenvectors (K = K3), and hence there is L̂1, . . . , L̂K3 .

for k = 1, . . . ,K3 do

1. Let X(k) be the data matrix in class L̂k, and apply Algorithm 4 to each

X(k).

Return The final clusters are returned.

Algorithm 6: Two-step method: mean-covariance-mean for the case ‖µs −

µt‖ � 1.

4.3 Theoretical results

So far, we have considered the theoretical results about covariances clustering and

means clustering, respectively. For the settings in Chapter 4, we also investigate
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the corresponding theoretical results. Condition A6 is for Chapter 4.

Condition A6. There exists a set of C ⊂ {1, . . . , p} with |C| < c · p for some

positive c < 1 such that A ⊂ C, where A is defined in (4.5). Let X̃ = [x̃1, . . . , x̃n] ∈

R(p−|C|)×n, where x̃k = (x̃k1, . . . , x̃k|Cc|)
>, x̃kj ∈ {xki; i ∈ Cc} and {xki; i ∈ Cc} =

{x̃k1, . . . , x̃k|Cc|}. We assume that the new constructed data X̃ satisfies Condition

A3.

Condition A7. For each j ∈ A and some s ∈ {1, . . . , K}, (µsj−µ0j)
2 ≥ τn, where

τn = C and µsj, µ0j are the j-th coordinates of µj and µ0, respectively.

Remark 4.3.1. For Condition A6, it means that most coordinates of the obser-

vation xk share a same mean except a small part of coordinates indexed by A.

However, most covariance differences are still kept in the x̃k. In our simulations

studies, all the models satisfy this condition. Condition A7 reflects the differences

between means in terms of coordinates.

Proposition 4.1. Under Conditions A1 and A7, by using Algorithm 3, we have

A ⊂ Â with probability tending to 1.

Corollary 4.3.1. Under Conditions A1, A2 A3, A6 and A7, there is

TMR({V̂ ts}) = O

 max{α2
p, λ1αp}

min
1≤k≤K1−1

{|λk − λk+1|2, |λk−1 − λk|2}

 := O(βp)

with probability tending to 1, where V̂ ts is given in the Step 4 of Algorithm 4 and

TMR is defined in (2.15), κp →∞, Γ̃o =
∑K1

s=1 nsΓ̃s,Ψo/n,

αp = max{κp log p, κp(log p)1/2‖Γ̃o‖1/2, ‖Γ̃o‖}

and λi = λi

(
D̃o>
n D̃o

n

)
. Here, we set λ0 = ∞, and Γ̃o, Γ̃s,Ψo , D̃

o
n are all for X̃ in

Condition A6, and their corresponding counterparts are given in Theorem 2.3.1.
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Corollary 4.3.2. Under conditions of Corollary 4.3.1, if the observations in each

Ks satisfies conditions in Theorem 3.3.1, U∗r and A>r have the same block structure

with probability tending to one, where U∗r ∈ Rn×` is given in (4.9).

Based on these two corollaries, we have our final conclusion:

Theorem 4.3.1. Suppose that V̂1
1 , . . . , V̂1

`1
, . . . , V̂K1

1 , . . . , V̂K1
`K1

are the clusters ob-

tained by Algorithm 4 and conditions in Corollary 4.3.2 also hold. Then, we have

TMR({V̂ ts}) = O
(
max{βp, 1/

√
n}
)

with probability tending to 1, where βp is given in Corollary 4.3.1.

As discussed in Example 3, Algorithm 4 cannot tackle some special cases.

Thus, we also develop the theory about the Algorithm 5. The following condition

is a weaker version of Condition A6, which can be implemented in the theoretical

part of the proof of Algorithm 5.

Condition A6’. Define B = {(i, j)| there exist s 6= t s.t. (σ
(s)
ij − σ

(t)
ij )2 ≥ τn} and

D = A×A, where A is given in (4.5), τn = C. Then, there is |B\D| ≥ C$p, where

$p tends to infinity with p.

Remark 4.3.2. In Example 3, B = {(1, 1), (1, 2), . . . , (1, p), (2, 1), . . . , (p, 1)}, D =

{(1, 1), (1, 2), (2, 1), (2, 2)}, it satisfies Condition A6’ naturally and $p = O(p).

The other settings in the simulation all satisfy Condition A6’. Compared with

Condition A6, this condition is much weaker.

To clarify the theoretical result of Algorithm 5, we also introduce some nota-

tions. For the Ỹ in the step 4 of Algorithm 4, write Ỹo = D̃o+Z̃o as the correspond-

ing oracle version, where D̃o is the nonrandom part. Similar to (2.16), we denote

the covariance matrix of the row of Z̃o by Γ̃s,Ψo , and define Γ̃o =
∑K1

s=1 nsΓs,Ψo/n,

where s = 1, . . . , K1.
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Theorem 4.3.2. Replacing Conditions A6 by Condition A6’, and using Algorithm

5, we have

TMR({V̂ ts}) = O
(

max{β̃p, 1/
√
n}
)

with probability tending to 1, where

β̃p =
max{α̃2

p, λ1α̃p}
min

1≤k≤K1−1
{|λk − λk+1|2, |λk−1 − λk|2}

,

α̃p = max{κp log$p, κp(log$p)
1/2‖Γ̃o‖1/2, ‖Γ̃o‖}, λi = λi

(
D̃o>
n D̃o

n

)
and κp →∞.

Remark 4.3.3. It is easy to see that Algorithms 4 and 5 are constructed based

on the known number of the whole classes and the classes based on distinct means.

However, in practice, it is usually unknown, so one can use the AIC or BIC criterion

to determine K1 and `k’s.

4.4 Simulation

Lastly, we evaluate our Two-step method as in Chapter 4. For simplicity, we

first define 1 = (5, 0, . . . , 0)>, µ2 = (0, 5, . . . , 0)>, Σ1 = I, Σ2 = 1.5 · I, Σ3 =

(0.5|i−j| ·1{|i − j| ≤ 1})p×p and Σ4 = ((−0.5)|i−j| ·1{|i − j| ≤ 1})p×p. Combining

the aforementioned models and scenarios, we consider the following two cases:

Case 1: For this case, we set K = 4 with K1 = 2, `1 = 2 and `2 = 2,

respectively. For k ∈ V1, xk follows the distribution with mean and covariance

matrix µ1 and Σ1 (denote by xk ∼ (µ1,Σ1)), for k ∈ V2, xk ∼ (µ1,Σ2), for for

k ∈ V3, xk ∼ (µ2,Σ1) and for k ∈ V4, xk ∼ (µ2,Σ2). We set n1 = · · · = n4 = n/4.

Case 2: Similar to Case 1, we set xk ∼ (µ1,Σ3) if k ∈ V1, xk ∼ (µ1,Σ4) if

k ∈ V2, xk ∼ (µ2,Σ3) if k ∈ V3 and xk ∼ (2,Σ4) if k ∈ V4. The cardinality of each

cluster is remain same as in Case 1.
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Similar to the Covariance and Mean clustering, we also generate generate

{xk}nk=1 from normal distribution or t25 distribution with the means and covari-

ances that correspond to each setting. We first check that if the Algorithm 3 is

implementable for these two cases. In other words, can we detect the indices of

mean differences of xk, i.e., A in (4.5). To measure the corresponding perfor-

mances, we denote by 1 if A ⊂ Â and 0 else, where Â is the set obtained by

Algorithm 3. Table 4.1 records the average scores for each settings and it shows

that for both distributions and both cases, the Algorithm 3 can always detect the

set A. Thus, one can conduct the next steps. For the cases aforementioned, both

Algorithms 4 and 5 work well for these models. For simplicity, we only record the

results performed by Algorithm 4. Observing from Table 4.2, we see that, under

Case 1 when p = 50, the SKM method performs slightly better than ours in terms

of AME, and under all the remaining cases, Two-step method outperforms all the

other methods. Moreover, compared with SKM, Two-step method avoids the se-

lection of tuning parameters. Therefore we can conclude that Two-step method is

a worthwhile clustering instrument to be investigated.

Normal t25

Case 1 Case 2 Case 1 Case 2

p = 50 1 1 1 1 1 1 1 1

p = 100 1 1 1 1 1 1 1 1

p = 200 1 1 1 1 1 1 1 1

Table 4.1: Average scores by using Algorithm 3
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Figure 4.1: The comparison of the proposed Two-step clustering and other
methods in terms of AME.
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Normal t25

Method Case 1 Case 2 Case 1 Case 2

AME SD AME SD AME SD AME SD

p = 50 KM 0.288 0.169 0.257 0.185 0.344 0.143 0.294 0.201

GMM 0.745 0.000 0.730 0.060 0.744 0.003 0.744 0.003

SKM 0.117 0.075 0.102 0.070 0.242 0.151 0.280 0.156

RFM 0.196 0.147 0.216 0.174 0.260 0.169 0.275 0.178

Proposed 0.175 0.054 0.038 0.048 0.257 0.077 0.160 0.182

p = 100 KM 0.382 0.168 0.215 0.184 0.385 0.124 0.290 0.188

GMM 0.745 0.000 0.745 0.001 0.745 0.000 0.745 0.001

SKM 0.111 0.076 0.118 0.087 0.248 0.147 0.277 0.153

RFM 0.201 0.163 0.227 0.172 0.252 0.145 0.243 0.186

Proposed 0.056 0.034 0.031 0.064 0.222 0.109 0.138 0.156

p = 200 KM 0.436 0.156 0.229 0.175 0.489 0.130 0.353 0.161

GMM 0.262 0.188 0.271 0.128 0.653 0.152 0.466 0.140

SKM 0.127 0.084 0.103 0.065 0.314 0.215 0.248 0.144

RFM 0.190 0.128 0.232 0.167 0.182 0.111 0.281 0.195

Proposed 0.024 0.015 0.022 0.029 0.218 0.107 0.229 0.105

Table 4.2: Average misclustering errors (s.e.) of two cases for Two-step
method.

Moreover, we also check the performance of Algorithm 5. Recalling Example

3, we set µ1 = µ2 = (3, 0, . . . , 0)>, µ3 = µ4 = (0, 5, 0, . . . , 0)>,

Σ1 = Σ3 =

 5 0.5 ·1>

0.5 ·1 A

 and Σ2 = Σ4 =

 5 −0.5 ·1>

−0.5 ·1 A

 ,
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where A ∈ R(p−1)×(p−1) is used for keeping all these four matrices positive definite.

We generate n1 = n2 = n3 = n4 = 50 samples from multivariate normal distribu-

tion with parameters (µk,Σk)
4
k=1, respectively. Moreover, the t distribution with

degree of freedom 25 is also similarly considered. For simplicity, we only consider

the cases of p = 50 and p = 100. Table 4.3 reports the AME by Algorithm 5

for these two distributions. From Table 4.3, it is easy to see that the method by

Algorithm 5 performs much better than others.

p = 50 p = 100

Method Normal t25 Normal t25

AME SD AME SD AME SD AME SD

KM 0.741 0.208 0.790 0.180 0.703 0.176 0.765 0.177

GMM 0.760 0.213 0.790 0.212 0.794 0.146 0.750 0.205

SKM 0.747 0.186 0.783 0.203 0.749 0.163 0.689 0.182

RFM 0.771 0.185 0.806 0.173 0.711 0.154 0.849 0.171

Proposed 0.394 0.044 0.383 0.054 0.381 0.047 0.403 0.051

Table 4.3: Average misclustering errors of Algorithm 5.

4.5 Real data analysis

This part is to investigate the performance of the Two-step method in real datasets.

We consider the electroencephalographic (EEG) time series data in Andrzejak et al.

(2001). According to Andrzejak et al. (2001), the EEG dataset consists of five

groups, denoted by A to E. Each set contains 100 single channel EEG segments of

23.6 sec duration. Among which, the segments of sets A and B were taken from

surface EEG recordings of five healthy volunteers using a standardized electrode

placement scheme. Moreover, the segments of set A and B were collected when

the healthy volunteers were relaxed in an awake state with eyes open and eyes

closed, respectively. While sets C, D and E were taken from the EEG records of
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the presurgical diagnosis of five patients, all of whom had been correctly diagnosed

to be epileptic.

As we know, when we collect a large number of data, there are many factors

which will affect the forms of datasets. If one aims to analyse the dataset without

considering some important factors, it is possible to result in a large deviation.

For example, in the aforementioned EEG dataset, apart from diving the data into

the healthy and epileptic groups, the effect of the eyes open or not in the healthy

group i.e., sets A and B, should be considered as well. Also, there are some factors

contributing to the sets C, D and E, which are worthy of investigating. For sim-

plicity, we only consider the data from sets A, B and E. Here, we randomly choose

n1 = n2 = n3 = 50 EEG segments from sets A, B and E, respectively, with length

p = 100.

To apply the Two-step method, we first conduct the Algorithm 3 to select the

indices that may cause differences in terms of means. By using the whole dataset

(A,B and E, denoted by X ∈ Rn×p), we find indices set Â = {10, 13, 17, 37, 47, 59, 68}.

Through removing the indices set Â, we apply the covariance clustering towards

the index-removed data X̃ ∈ Rn×(p−|Â|). Figure 4.2 displays the first and second

spike eigenvectors of the sample covariance matrix as in (2.9) based on Algorithm

2 and X̃.

Figure 4.2: (Step 1) The eigenvectors of the sample covariance matrix of X̃
corresponding to largest two eigenvalues.
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From both plots, we see that the coordinates of the middle part illustrate an

obvious gap compared with the remaining part. Hence, we apply K-mean method

(K = 2) to these two eigenvectors. Denote K̂1 and K̂2 by the corresponding index

sets. In the next step, we hope to do the mean clustering towards the data indexed

by K̂1 and K̂2, respectively. From both plots in Figure 4.3, we see that there is a

large gap between the former part and the latter part of coordinates. Thus, we still

apply the K-mean (K = 2) method towards these two eigenvectors. We denote the

clusters obtained in this step by V̂1 and V̂2. While, for the other cluster indexed

by K̂2, we see that there is no obvious gaps from Figure 4.4, and we treat the data

indexed by K̂2 as one cluster. One can also use AIC or BIC value to determine

the number of clusters. To unify notations, we use V̂3 to denote K̂2, and the final

clusters are indexed by V̂1, V̂2 and V̂3. In addition to the total misclassification

error (TMR) in Section 3, we also define the specific misclassification error (SMR):

For a given set B and the corresponding estimator set B̂, we define

SMR(B̂) =
|(B\B̂) ∪ (B̂\B)|

|B|
,

where |B| is the cardinality of the set B. The SMR and TMR are also reported

in Table 4.4 based on 200 replications. For comparison, we also record the SMR

and TMR by using Random features maps based method (RFM, Liao and Couillet

(2018)). Note that, as claimed in Liao and Couillet (2018), using function σ(x) =

max(0, x) to do the clustering by RFM method is able to distinguish both covari-

ances and means differences between clusters. Hence, we use σ(x) = max(0, x) in

RFM method. From Table 4.4, our approach outperforms RFM in terms of SMR

and TMR.
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Figure 4.3: (Step 2) The eigenvectors of the sample covariance matrix based
on K̂2 (as (3.3)) corresponding to largest two eigenvalues.

Figure 4.4: (Step 2) The eigenvectors of the sample covariance matrix based
on K̂1 (as (3.3)) corresponding to largest two eigenvalues.

SMR(V̂1) SMR(V̂2) SMR(V̂3) TMR

Proposed 0.028 0.008 0.001 0.012

RFM 0.365 0.365 0.336 0.373

Table 4.4: TMR and SMR for EEG data

4.6 Appendix

Proof of Proposition 4.1. Recall that

A = {j :

K2∑
s=1

ns(µsj)
2 6= 0}. (4.10)
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By the similar arguments as in the proof of Proposition 2.1, we can prove that

P

max
j∈Ac

∣∣∣∣∣∣ U
(x)
j√

varU
(x)
j

∣∣∣∣∣∣ ≥ C log p

 = o(1),

where U
(x)
j is given in (4.7). Moreover, combined with Condition A7 and the

precondition µ0j = 0, there is

P

min
j∈A

∣∣∣∣∣∣ U
(x)
j√

varU
(x)
j

∣∣∣∣∣∣ ≤ Cnδx/2−ε

 = o(1),

for some ε > 0, µ0j is the j-th coordinate of µ0 = (µ01, . . . , µ0p)
>. Thus, we have

P

min
j∈A

∣∣∣∣∣∣ U
(x)
j√

varU
(x)
j

∣∣∣∣∣∣� max
j∈Ac

∣∣∣∣∣∣ U
(x)
j√

varU
(x)
j

∣∣∣∣∣∣
 = 1− o(1).

According to the Steps 3 and 4 in Algorithm 3, the conclusion follows.

Proof of Corollary 4.3.1. The proof is similar to Theorem 2.3.1, and hence

omitted.

Proof of Theorem 4.3.1. Using Corollary 4.3.1 and Corollary 2, the final

conclusion is easy to obtain.

Proof of Corollary 4.3.2. The proof is similar to Theorem 3.3.1, and hence

omitted.

Proof of Theorem 4.3.2. Recall that Ψ = [ψ1, . . . , ψp]
> in (2.4). Write

Ψ = [Ψ>A,Ψ
>
Ac ]
> up to some rows permutation, where ΨA = [ψj] ∈ Rp×|A| and

j ∈ A. According to Algorithm 1, we obtain the estimator of Ψo row by row, and

hence the rows permutation will not affect the final result. From Proposition 4.1,

we have A = Â with probability tending to 1, where Â is obtained by Algorithm

3. Therefore, if one can prove Ψ̂Ac = Ψo
Ac with probability tending to 1, the final

result can be obtained via an approach similar to the proof of Theorem 4.3.1.

Since, for any j ∈ Ac, there is Exij = Exkj when 1 ≤ i, k ≤ n, where xij is
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the j-th coordinate of xi. Without loss of generality, for any i ≤ n, we assume

that Exij = 0 if j ∈ Ac. Otherwise, one can use the centeralized version. Thus, if

we search ` ∈ Ac in Algorithm 1, one can still have the same expectation of U `
j .

By a similar argument as in the proof of Proposition 2.1 and Condition A6’, the

conclusion follows.



Chapter 5

Discussions and Future Research

This research work proposes several clustering methods for high dimensional data

under different settings. Specifically, in Chapter 2, we introduce a new approach

to reconstruct the observations so that the traditional clustering method can be

applied. In constructing new observations, the selection of Ψ ∈ T1 in (2.4) plays

a significant role. To this end, we propose a new U-statistic in (2.12) to detect

the positions of the differences between different covariance matrices in terms of

clusters. From Table 2.1, it is easy to see that the proposed U-statistic performs well

in detecting the positions of differences. However, in practice, the time complexity

of Algorithm 1 is relatively high. Finding a proper Ψ is computationally expensive.

Moreover, if one can find a more efficient approach, we believe that the performance

of covariance clustering will be better. We will also work on it in the future.

In Chapter 3, we investigate the model of low rank information plus general

noise by random matrix theory. According to the theoretical results of this model,

we develop the mean clustering method with noncentered and centered version.

In Chapter 4, combining with the covariance clustering and mean clustering

method, we propose three algorithms. By Algorithms 4, 5 and 6, in most cases,

one can do the clustering when either means or covariances of data are different.

However, there still exist some extreme cases that our proposed algorithms are not

137
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applicable. For example, in Condition A6’, if |B\D| = 0, under such a case, the

proposed algorithms will fail to work. Another future work about this situation

may be considered as well. Moreover, in this thesis, we assume that the number of

clusters in terms of either covariances or means are known. However, in practice,

all these quantities are needed to be estimated. We will also aim to find consistent

estimates of these quantities in the future.



Chapter 6

Some properties of low rank

information plus general noise

model

6.1 Main results (noncentered version)

In this chapter, we propose four important theoretical results that similar to Bai

and Silverstein (1998) and Bai and Silverstein (1999). Specifically, suppose the

observations x1, . . . ,xn ∈ Rp belong to K < ∞ different clusters, i.e., V1, . . . ,VK ,

with different means and same covariance matrix Σ ∈ Rp×p. In a matrix form, we

write

Xn = [x1, . . . ,xn] = An + Σ1/2
n Wn, (6.1)

where A = [a1, . . . , an] ∈ Rp×n with K different vectors and ‖ai‖2 = O(1/n),

and Wn = [w1, . . . ,wn] ∈ Rp×n are i.i.d. random variables with mean 0 and

variance 1/n. In what follows, we mainly consider the the eigenvalues of the sample

covariance matrix Sn = XnX
>
n . With the aid of Stieltjes transform, defined for

139
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any probability distribution function (p.d.f.) F by

mF (z) ≡
∫

1

λ− z
dF (λ), z ∈ C+ ≡ {z ∈ C : =z > 0},

we also prove two facts: 1. No eigenvalues outside the support of the limiting

spectral distribution (l.s.d.) of Sn, 2. Exact separation of eigenvalues of Sn.

For any square matrix A having real eigenvalues, let FA be the empirical dis-

tribution function (e.d.f.) of its eigenvalues. Assuming p/n→ c > 0 as n→∞ and

using Lemma 2.4 of Silverstein and Bai (1995), it is easy to see that almost surely

FSn converges weakly to a nonrandom p.d.f. F . Combining with the inversion

formula

F ([a, b]) =
1

π
lim
η→0

∫ b

a

ImmF (ξ + iη)dξ,

weak convergence of p.d.f.’s can be proven by showing convergence of Stieltjes

transforms. Let Sn = X>nXn, Q := Qn(z) = (Sn−zI)−1, Q̃ := Q̃n(z) = (Sn−zI)−1,

mn = trQn(z)/p and mn = tr(Sn − zI)−1/n. Moreover, throughout this section,

we let R := Rn = AnA
∗
n + Σ ∈ Rp×p and z = x+ ivn with v := vn = n−

1
2η , where

η > 0 is a positive integer. Following (1.1) and (1.2) in Bai and Silverstein (1998),

for each z ∈ C+, δn in C+ solves the equation

z = − 1

δn
+ cn

∫
tdFR

n (t)

1 + tδn
.

Suppose that FR
n →D H with probability 1 and n/p→ c > 0 , where H is a proper

cumulative distribution distribution. According to Bai and Silverstein (2010), we

conclude that FSn converge in distribution to a nonrandom c.d.f, denoted by F c,H .

Let F c,H = (1 − c)I[0,∞) + cF c,H . The Stieltjes transform of F c,H , δ ∈ C+ is

determined by
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z = −1

δ
+ c

∫
tdH(t)

1 + tδ
. (6.2)

The following notations also play important roles in our theoretical proof:

αn =
1

1 + 1
n
trΣEQ

, βk =
1

1 + x∗kQ
−1
k xk

bk =
1

1 + 1
n
trΣEQk + a∗kEQkak

,

γk = x∗kQkxk −
1

n
trΣEQk − a∗kEQkak,

γ̂k = x∗kQkxk − n−1trΣQk − a∗kQkak,

fk = x∗kQ
2
kxk −

1

n
trΣQ2

k − a∗kQ
2
kak,

f̂k =
1

n
trΣQ2

k + a∗kQ
2
kak,

T =
(
− zEmn(Σ + AnA

∗
n)− zI

)−1
,

T1 =
(
− zEmnΣ +

AnA
∗
n

1 + 1
n
trΣEQ

− zI
)−1

,

ξk = w∗kΣ
1/2T1QkΣ

1/2wk −
1

n
trΣT1Qk,

∆k = x∗kQk(z)xk −
trΣQk(z)

n
− a∗kQk(z)ak,

where Qk = (X(k)X
∗
(k) − zI)−1 = (S(k) − zI)−1 and X(k) ∈ Rp×(n−1) is obtained

from the matrix X with the k-th column removed. To prove facts 1 and 2, we also

introduce some basic lemmas:

Lemma 6.1.1. For X = (X1, . . . , Xn)> i.i.d. standardized (complex) entries,

C ∈ Rn×n(Cn×n), we have, for any

E |X∗CX − trC|q ≤ Kp

((
E |X1|4 trCC∗

)q/2
+ E |X1|2q tr (CC∗)q/2

)
.
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Lemma 6.1.2. For z ∈ C+ with v = =z, A and B n × n with B Hermitian and

r ∈ Cn, there is

∣∣tr ((B − zI)−1 − (B + rr∗ − zI)−1)A∣∣ =

∣∣∣∣r∗(B − zI)−1A(B − zI)−1r

1 + r∗(B − zI)−1r

∣∣∣∣ ≤ ‖A‖v .

Lemma 6.1.3. Let m1(z), m2(z) be the Stieltjes transforms of any two p.d.f.’s.

There is

1.
∥∥(m1(z)A+ I)−1

∥∥ ≤ max(4‖A‖/v, 2),

2.
∣∣trB ((m1(z)A+ I)−1 − (m2(z)A+ I)−1)∣∣ ≤ |m2(z)−m1(z)|n‖B‖‖A‖(max(4‖A‖/v, 2))2,

3.
∣∣r∗B (m1(z)A+ I)−1 r − r∗B (m2(z)A+ I)−1 r

∣∣ ≤ |m2(z)−m1(z)| ‖r‖2‖B‖‖A‖(max(4‖A‖/v, 2))2,

where z = x + iv ∈ C+, r ∈ Cn and A,B ∈ Cn×n with A being Hermitian

nonnegative definite.

Theorem 6.1.1. (No eigenvalues outside the support) Assuming that

1. W = (wij), Ewij = 0, E(
√
nwij)

2 = 1 and E(
√
nwij)

4 <∞,

2. cn = p/n→ c > 0 as n→∞,

3. ‖Σ‖ <∞ and K <∞

4. For each n, R = Rn is p× p Hermitian nonnegative definite satisfying FR
n →

H, where H is a deterministic p.d.f.

5. The interval [a, b] with a > 0 lies outside the support of FR
n and F cn,Hn for

all large n.

There is

P(no eigenvalues of Sn appears in [a,b] for all large n) = 1.
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Proof of Theorem 6.1.1. To prove Theorem 6.1.1, we let [e, f ] be an interval

that encloses the spectrum of Sn almost surely. Similar to Bai and Silverstein

(1998), in this part, we first aim to find a rate on FSn .

Lemma 6.1.4. Let vn = n−1/2η. For any positive ε, l > 1 and η > 8, there is

lim
n→∞

Ev−ln sup
x∈[e,f ]

|mn − δn|l = 0.

Proof. First we show that supx∈[e,f ] |Emn − δn| = o(vn). Let

ωn = −z − 1

Emn
+ cn

∫ dHR
n (t)

1+tEmn(z)

ω̂n = −1
z

∫ dHR
n (t)

1+tEmn(z)
− Emn

θn =
cn

∫ t2dHR
n

(1+tEmn)(1+tδn)

(−z+cn
∫ dHR

n (t)
1+tEmn(z)

−ωn)(−z+cn
∫ dHR

n (t)
1+tδn(z)

)

We have

Emn − δn = Emnδnωn/(1− θn),

ωn = ω̂nzcn/Emn.

It follows that

Emn − δn =
ω̂nzcnδn

1− θn
. (6.3)

We have

sup
x∈[e,f ]

|Emn| ≥ sup
x∈[e,f ]

E=mn = sup
x∈[e,f ]

E
1

n

n∑
k=1

vn
(λi − x)2 + v2

n

≥ Cvn (6.4)

Next, we claim that

|ω̂n| = o(v4
n), (6.5)
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which is a rough order but is enough to conclude this lemma. Then it follows that

=ωn ≤ |ωn| ≤
|ω̂nzcn|
|Emn|

≤ vn. (6.6)

This implies θn < 1 − Cv2
n by similar arguments to (3.21) in Bai and Silverstein

(1998).

Therefore, combining (6.4) with (6.5) with |δn| ≤ v−1
n , we conclude that

|Emn − δn| = o(vn). (6.7)

To obtain the claim (6.5), we write

ω̂n =
1

p
tr
(
− zEmn(Σ + AA∗)− zI

)−1 − Emn

=
1

p
Etr
(
Q(XX∗ + zEmn(Σ + AA∗)T )

)
=

1

p

n∑
k=1

E
(
βk
(
x∗kTQkxk −

1

n
tr(Σ + AA∗)TEQ

))
=

1

p

n∑
k=1

Eβk(w
∗
kΣ

1/2TQkΣ
1/2wk −

1

n
trΣTQk) + Eβk(

1

n
trΣT (Qk −Q))

+Eβk(
1

n
trΣT (Q− EQ)) + Eβk(w

∗
kΣ

1/2TQkak + a∗kTQkΣ
1/2wk)

+Eβka
∗
kTQkak −

1

n
EβktrAA∗TEQ

It can be shown easily that |ω̂n| = O(n−1/2v−4
n ) by using trivial bounds of ‖Qk‖

and ‖T‖ which are v−1
n , and |βk| ≤ v−1

n |z|. Hence, (6.5) is true.

Next, we give a moment bound for |mn − Emn|. For any positive integer q,

we have

E|mn − Emn|2q ≤
Cq
n

n∑
k=1

E|e∗k(Q̃− EQ̃)ek|2q

≤ Cqn
−qv−4q

n

(6.8)

where the last inequality is from proof of Proposition 3.1.
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Let Ln be a set with n elements that are equally spaced in [e, f ] , for any

positive ε and l,

P ( sup
x∈[e,f ]

v−1
n |mn − δn| > ε) ≤ P (max

x∈Ln
v−1
n |mn − δn| > ε/2)

≤ P (max
x∈Ln

v−1
n |mn − Emn| > ε/4)

≤ Cqε
−2qn−qv−6q

n

≤ Cqε
−2qn−l,

(6.9)

for sufficiently large q.

A simple result that can be obtained based on the lemma is

lim
n→∞

Ev−ln sup
x∈[e,f ]

|mn − δn|l = 0.

Similar to the argument to derive (3.27) and (3.28) in Bai and Silverstein (1998),

recall that Sn = XnX
∗
n, we can also get

max
k≤n

Ek(F
Sn{[a, b]})2 = oa.s.(v

2
n) = oa.s.(n

−1/η) (6.10)

and

max
k≤n

Ek(F
Sn{[a, b]}) = oa.s.(vn) = oa.s.(n

−1/2η) (6.11)

There exists an ε > 0 such that [a−2ε, b+ 2ε] also satisfies condition 5 in Theorem

6.1.1. Let a′ = a− ε, b′ = b+ ε. Then (6.10) and (6.11) also hold if [a, b] is replaced

by [a′, b′].

Next, we consider the convergence rate of mn−Emn. Our goal is to show that

sup
x∈[a,b]

nvn|mn − Emn| → 0 a.s. as n→∞. (6.12)
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Similar to Bai and Silverstein (1998), we first derive bounds on moments of γk and

γ̂k. Using Lemma 6.1.1, Burkholder inequality and the fact that ‖a∗kQkΣ
1/2‖∞ =

O(1/n1/2vn), we have

E|γ̂k|q ≤ K
(
E|w∗kΣ1/2QkΣ

1/2wk − n−1trQkΣ|q + 2E|a∗kQ−1
k Σ1/2wk|q

)
≤ Kqn

−q/2v−qn .

Also, using the fact that E|a∗kQkak|q ≤ K(nvn)−q, E|Ea∗kQkak|q ≤ K(nvn)−q and

the inequality below (4.2) of Bai and Silverstein, we have

E|γk − γ̂k|q ≤ Kqn
−q/2v−qn .

We next consider the bounds of bk = 1

1+ 1
n
trΣEQk+a∗kEQkak

, where 1 ≤ k ≤ n.

Recalling that

mn(z) = − 1

n

n∑
k=1

1

z
(

1 + x∗k
(
S(k) − zI

)−1
xk

) ,
we have 1

n

∑n
k=1 βk = −zEmn. Define zk = R1/2wk, B =

∑n
k=1 zkz

>
k , Bk =∑

i 6=k ziz
>
i , Q′k(z) = (Bk − zI)−1 and b′k = 1

1+n−1EtrRQ′k
. Following Bai and Silver-

stein (1998), one can prove that supx∈[a,b] |b′k| ≤ K for all k. We consider

|E(βk − b′k)| =
∣∣b′kE[βk(x

∗
kQkxk − n−1EtrRQ′k)]

∣∣
≤ Kv−1

n

∣∣∣∣E( 1

n
trΣQk −

1

n
trΣQ′k

)∣∣∣∣+Kv−1
n |E (a∗kQkak)|

+Kv−1
n

∣∣∣∣E( 1

n
trAA>Q′k

)∣∣∣∣
≤ K(nv3

n)−1.
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Thus, we can obtain supx∈[a,b] |Eβk| ≤ K. Moreover, by the fact that bk = βk +

βkbkγk, there is

sup
x∈[a,b]

|bk| = sup
x∈[a,b]

|Eβk + Eβkbkγk| ≤ K.

Write

mn − Emn =
1

p

n∑
k=1

EktrQ− Ek−1trQ

=
1

p

n∑
k=1

[Ek − Ek−1]

(
x∗kQ

2
kxk

1 + x∗kQkxk

)
=

1

p

n∑
k=1

(Ek − Ek−1)
x∗kQ

2
kxk

1 + n−1EtrΣQk + Ea∗kQkak

+
1

p

n∑
k=1

(Ek − Ek−1)
x∗kQ

2
kxk (n−1EtrQk + Ea∗kQkak − x∗kQkxk)

(1 + n−1EtrΣQk + Ea∗kQkak)
2

+
1

p

n∑
k=1

(Ek − Ek−1)
x∗kQ

2
kxk (n−1EtrΣQk + Ea∗kQkak − x∗kQkxk)

2

(1 + n−1EtrΣQk + Ea∗kQkak)
2 (1 + x∗kQkxk)

=
1

p

n∑
k=1

bkEkfk −
1

p

n∑
k=1

b2
kEkfkγ̂k −

1

p

n∑
k=1

b2
k(Ek − Ek−1)(fkγk − x∗kQ

2
kxkβkγ

2
k)

:= W1 +W2 +W3. (6.13)

Following the strategy of Bai and Silverstein (1998), we let Fnj be the spectral

distribution of the matrix
∑

i 6=j xix
>
i . From (6.10), one can obtain that

max
k

Ek (Fnk([a
′, b′]))

2
= o(v8

n) a.s.

Define

ζk = I([EkFnk([a
′, b′]) ≤ v4

n] ∩ [EkFnk([a
′, b′])2 ≤ v8

n]),

and we have

P (∪nk=1[ζk = 0] i.o.) = 0.
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Thus, for any ε > 0, there is

P

(
max
x∈Ln
|nvnW1| > ε i.o.

)
≤ P

(([
max
x∈Ln

∣∣∣∣∣vn
n∑
k=1

Ek (fk)

∣∣∣∣∣ > ε

]
n⋂
k=1

[ζk = 1]

)
∪

(
n⋃
k=1

[ζk = 0]

)
i.o.

)

≤ P

(
max
x∈Ln

∣∣∣∣∣vn
n∑
k=1

Ek (fk) ζk

∣∣∣∣∣ > ε i.o.

)
,

where ε = infn pε/(nmax(bk)) > 0, and Ln is a set with n elements that are equally

spaced in [e, f ]. Thus, for each x ∈ R, {Ek(fk)ζk} forms a martingale difference

sequence.

Using the Burkholder inequality and the fact that

fk = fk1 + fk2 :=

(
w∗kΣ

1/2Q2
kΣ

1/2wk −
1

n
trΣQ2

k

)
+ 2a∗kQ

2
kΣ

1/2wk,

for each x ∈ [a, b], there is

E

∣∣∣∣∣vn
n∑
k=1

Ek (fk) ζk

∣∣∣∣∣
q

≤ E

∣∣∣∣∣vn
n∑
k=1

Ek (fk1) ζk

∣∣∣∣∣
q

+ E

∣∣∣∣∣vn
n∑
k=1

Ek (fk2) ζk

∣∣∣∣∣
q

:= κ1 + κ2.

For κ1, similar to the inequalities below (4.4) in Bai and Silverstein (1998), one

can prove that

κ1 ≤ Kq

vqnn−qE
(

n∑
k=1

ζkEk−1tr
(
QkQ̄k

))q/2

+ v−qn1−q/2

 . (6.14)

Moreover, by Burkholder inequality and the fact that ‖a∗kQ2
kΣ

1/2‖∞ = O(n−1/2v−2
n ),

we have

κ2 ≤ Kqn
−q/2v−qn . (6.15)
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Let λkj be the j-th smallest eigenvalue of S(k). Also, using similar arguments as in

Bai and Silverstein (1998), we have

n∑
k=1

ζkEk−1trQkQ̄k =
n∑
k=1

ζkEk−1

[ ∑
λkj /∈[a′b′]

1(
(λkj − x)2 + v2

n

)2

+
∑

λkj∈[a′b′]

1(
(λkj − x)2 + v2

n

)2

]
≤

n∑
k=1

(
nε−4 + ζkv

−4
n Ek−1nFnk ([a′, b′])

)
≤ Kn2, (6.16)

where Q̄ is the complex conjugate matrix of Q. Therefore, choosing a proper

q, we have maxx∈Ln |W1| = o(1/nvn) a.s. Similarly, one can also prove that

maxx∈Ln |W2| = o(1/nvn). Considering W3, there is

E

∣∣∣∣∣vn
n∑
k=1

b2
k(Ek − Ek−1)(fkγk − x∗kQ

2
kxkβkγ

2
k)

∣∣∣∣∣
q

≤ Kqv
q
nE

(
n∑
k=1

b4
k

∣∣(Ek − Ek−1)(fkγk − x∗kQ
2
kxkβkγ

2
k)
∣∣2) q

2

≤ Kqv
q
n

E

(
n∑
k=1

|fkγk|2
) q

2

+ E

(
v−2
n

n∑
k=1

|γk|4
) q

2


≤ Kqv

q
n

{
n
q
2
−1

n∑
k=1

E |fkγk|q + v−qn n
q
2
−1

n∑
k=1

E|γk|2q
}

≤ Kqv
q
n

{
n
q
2
−1

n∑
k=1

(
E |fk1γk|q + E |fk2γk|q

)
+ v−qn n

q
2
−1

n∑
k=1

E|γk|2q
}

≤ Kqv
q
n

{
n
q
2
−1

n∑
k=1

(
n−q
(
E(trQ−2

k Q̄−2
k )
) 1

2n−q/2v−qn + n−
3q
2 v−3q

n

)
+ n−

q
2v−3q
n

}
≤ Kqn

− q
2v−2q
n .

Thus, we get maxx∈Ln |W3| = o(1/nvn) a.s. Consequently, (6.12) is obtained.

Finally, our aim is to show that

sup
x∈[a,b]

|Emn − δn| = O

(
1

n

)
. (6.17)
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We are going to show (6.17) for v = vn = n−1/4η. Recall that Emn − δn =

Emnδnωn/(1− θn), ωn = ω̂nzcn/Emn. and

Emn − δn =
ω̂nzcnδn

1− θn
.

We are going to show that ω̂n ≤ Kn−1 and θn is bounded above from 1. Because

of (6.7) the fact that −1/δn(x) stays uniformly bounded away from eigenvalues of

R for all x ∈ [a, b], we get

sup
x∈[a,b]

‖
(
− zEmn(Σ + AA∗)− zI

)−1‖ ≤ C (6.18)

By some calculations, it is true that

∣∣∣∣ 1

1 + 1
n
trΣEQ

+ zEmn

∣∣∣∣ =

∣∣∣∣∣ 1n
n∑
k=1

(
1

1 + 1
n
trΣEQ

− E
1

1 + x∗kQkxk
)

∣∣∣∣∣
=

∣∣∣∣∣ 1n
n∑
k=1

Eβkαn(x∗kQkxk −
1

n
trΣEQ)

∣∣∣∣∣
= o(v2

n).

(6.19)

Therefore,

sup
x∈[a,b]

‖
(
− zEmnΣ +

AA∗

1 + 1
n
trΣEQ

− zI
)−1‖ ≤ C. (6.20)

Consider

1

p
tr(−zEmnΣ +

AA∗

1 + 1
n
trΣEQ

− zI)−1 − Emn

=
1

p
E
( n∑
k=1

x∗kT1Qkxk
1 + x∗kQkxk

− a∗kT1Qak
1 + 1

n
trΣEQ

− 1

n

trΣT1EQ

1 + x∗kQkxk

)
=

1

p
E
( n∑
k=1

x∗kT1Qkxk
1 + x∗kQkxk

− a∗kT1Qkak
1 + 1

n
trΣEQ

+
a∗kT1Qkxkx

∗
kQkak

(1 + 1
n
trΣEQ)(1 + x∗kQkxk)

− 1

n

trΣT1EQ

1 + x∗kQkxk

)
=

1

p

n∑
k=1

(Z1k + Z2k + Z3k) (6.21)
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where

Z1k = Eβk(w
∗
kΣ

1/2T1QkΣ
1/2wk −

1

n
trΣT1EQ)

Z2k = Eβkαna
∗
kT1Qkak(

1

n
trΣEQ−w∗kΣ

1/2QkΣ
1/2wk)

Z3k = Eβkw
∗
kΣ

1/2T1Qkak + βka
∗
kT1QkΣ

1/2wk

−βkαn(w∗kΣ
1/2Qkaka

∗
kT1Qkak + a∗kQkΣ

1/2wka
∗
kT1Qkak)

+βkαn(a∗kT1QkΣ
1/2wka

∗
kQkak + a∗kT1Qkakw

∗
kΣ

1/2Qkak + a∗kT1QkΣ
1/2wkw

∗
kΣ

1/2Qkak.

Now we estimate Z1k, that can be further decomposed as

Z1k = Eβkξk +
1

n
EβktrΣT1(Qk −Q) +

1

n
EβktrΣT1(Q− EQ)

:= χ1k + χ2k + χ3k.

Before proceeding, we need the following moment bounds when the real part of z

is restricted to interval [a, b]:

sup
x∈[a,b]

E(trQkQ
∗
k)
q ≤ sup

x∈[a,b]

E(nε−2 + v−2
n nFnk([a

′, b′]))q

≤ Cqn
q, (6.22)

sup
x∈[a,b]

E|∆k|2q ≤ Cq sup
x∈[a,b]

(E|w∗kΣ1/2QkΣ
1/2wk −

1

n
trΣQk|2q + E|w∗kΣ1/2Qkak|2q)

≤ Cq
n2q

sup
x∈[a,b]

E(trΣQkΣQ
∗
k)
q +

Cq
nq

E‖Σ1/2Qkak‖2q

≤ Cq
n2q

sup
x∈[a,b]

E(trQkQ
∗
k)
q +

1

n2qv2q
n

,

≤ Cqn
−q (6.23)

sup
x∈[a,b]

E|γk|2q = sup
x∈[a,b]

E|∆k + a∗k(Qk − EQk)ak +
1

n
trΣ(Qk − EQk)|2q

≤ Cqn
−q. (6.24)
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With the fact that the spectral norm of T1 is uniformly bounded, supx∈[a,b] E|ξk|2q ≤

Cq can be handled by using (6.22), and

E|x∗kQkΣT1Qkxk|2q ≤ E|x∗kQkΣT1Qkxk −
1

n
trΣ1/2QkΣT1QkΣ

1/2 − a∗kQkΣT1Qkak|2q

+E| 1
n

trΣ1/2QkΣT1QkΣ
1/2|2q + E|a∗kQkΣT1Qkak|2q

≤ Cq.

Now, using βk = bk − b2
kγk + b2

kγ
2
kβk, we have

sup
x∈[a,b]

|χ1k| ≤ sup
x∈[a,b]

E|b2
kγkξk|+ sup

x∈[a,b]

E|b2
kγ

2
kβkξk| ≤ Cn−1 (6.25)

sup
x∈[a,b]

|χ2k| ≤ sup
x∈[a,b]

1

n
|Eβ2

kx
∗
kQkΣT1Qkxk|

≤ sup
x∈[a,b]

1

n
E
(

(|bk|2 + |bk|4|γk|2 + |bk|4|γk|4|βk|2)|x∗kQkΣT1Qkxk|
)
≤ Cn−1,

(6.26)

and

sup
x∈[a,b]

|χ3k| ≤ sup
x∈[a,b]

1

n
E|b2

kγktr
(
ΣT1(Q− EQ)

)
|+ 1

n
E|b2

kγ
2
kβktr

(
ΣT1(Q− EQ)

)
|

≤ sup
x∈[a,b]

1

n
(n−1/2 + n−1v−1

n )(E|tr
(
ΣT1(Q− EQ)

)
|2)1/2

≤ sup
x∈[a,b]

C

n3/2
(E|

n∑
k=1

(Ek − Ek−1)trΣT1(Q−Qk)|2)1/2

≤ sup
x∈[a,b]

C

n3/2
(E|

n∑
k=1

(Ek − Ek−1)(βkx
∗
kQkΣT1Qkxk)|2)1/2

≤ sup
x∈[a,b]

C

n3/2
(
n∑
k=1

E|βkx∗kQkΣT1Qkxk)|2)1/2

≤ Cn−1.

(6.27)
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Therefore, we get E|Z1k| ≤ Cn−1. The expectations of Z2k and Z3k also share

this bound. Then it follows that

|1
p

tr(−zEmnΣ +
AA∗

1 + 1
n
trΣEQ

− zI)−1 − Emn| = Cp−1. (6.28)

Next, we have

|1
p

tr
(
− zEmn(Σ + AA∗)− zI

)−1 − 1

p
tr
(
− zEmnΣ +

AA∗

1 + 1
n
trΣEQ

− zI
)−1|

= |1
p

tr
(
T1

( 1

1 + 1
n
trΣEQ

+ zEmn

)
AA∗T

)
|

≤ 1

p
‖T‖‖T1‖

1

1 + 1
n
trΣEQ

+ zEmn|tr(AA∗)

≤ Cp−1,

where in the last inequality, we use

| 1

1 + 1
n
trΣEQ

+ zEmn| = |
1

n

n∑
k=1

(
1

1 + 1
n
trΣEQ

− E
1

1 + x∗kQkxk
)|

= | 1
n

n∑
k=1

Eβkαn(x∗kQkxk −
1

n
trΣEQ)|

= o(v2
n).

(6.29)

We see that (6.28) and (6.29) imply

ω̂n ≤ Cn−1.

Following the same argument in Bai and Silverstein (1998), we conclude that θn is

uniformly bounded away from 1 for all n. Therefore,

sup
x∈[a,b]

|Emn − δn| = sup
x∈[a,b]

C|zδnω̂n| = O

(
1

n

)
.
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From the results in (6.12) and (6.17), one have

sup
x∈[a,b]

|mn(z)− δn(z)| = o (1/nvn) a.s. (6.30)

Thefore, using the similar arguments in Section 6 of Bai and Silverstein (1998), we

prove that, with probability 1, no eigenvalues of Sn will appear in [a, b] for all n

sufficiently large.

Similar to Bai and Silverstein (1999), we also prove the following theorem for

our proposed model: Let, for larger n, in ≥ 0 such that

λRn
in

> −1/δ(b) and λRn
in

< −1/δ(a), (6.31)

where δ is given in (6.2) and a, b are given in the condition 5 in Theorem 6.1.1.

Theorem 6.1.2. (Exact separation of eigenvalues) Let

Θn = (λSn
in
> b and λSn

in+1 < a)

where in is given in (6.31), and a0 is the left end point of the support of F c,H . If

Conditions 1-5 in Theorem 6.1.1 are satisfied and a > a0, the event Θn holds with

probability tending to 1.

Lemma 6.1.5. Let x ∈ [a, b] and δ = δ(x). Set x′ = a′ + Σ1/2w′, where a′ ∈

{a1, . . . , an} and w′ ∈ Rp is distributed the same as w1 and independent of Wn.

Then, we have

x′∗(xI− Sn)−1x′ → 1 +
1

xδ
, a.s. as n→∞.

Proof. The idea of the proof follows that of Lemma 3.3 of Bai and Silverstein

(1999). Here, we only need to specify some differences.
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Let Xn+1 = [X,x′] ∈ Rp×(n+1), Sn+1 = Xn+1X
>
n+1 and Sn+1 = X>n+1Xn+1.

Using Lemma 6.1.2 and similar arguments in Bai and Silverstein (1999), there is

∣∣mSn
(z)−mSn+1

(z)
∣∣ ≤ (2cn + 1)

vn(n+ 1)
. (6.32)

According to (2.2) of Silverstein (1995) , we have

mSn+1
(z) = − 1

n+ 1

n+1∑
j=1

1

z
(

1 + x∗j
(
S(j) − zI

)−1
xj

) .
Define h(z) = − 1

z(1+x′∗(Sn−zI)−1x′)
, and we aim to prove that

P
(∣∣mSn(z) − h(z)

∣∣ > ε
)
≤ Kq

(
|z|
εv3

n

)q
pq/2

nq−1
, (6.33)

for n sufficiently large, where vn = n−t, t ∈ [0, 1/3) and q > 2. Wirte

mSn+1
(z)− h(z)

= − 1

(n+ 1)z

n∑
j=1

 1(
1 + x∗j

(
S(j) − zI

)−1
xj

) − 1(
1 + x′∗ (Sn − zI)−1 x′

)


= − 1

(n+ 1)z

n∑
j=1

x′∗ (Sn − zI)−1 x′ − x∗j
(
S(j) − zI

)−1
xj(

1 + x∗j
(
S(j) − zI

)−1
xj

) (
1 + x′∗ (Sn − zI)−1 x′

) .
By the fact (3.3) in Bai and Silverstein (1999), there is

∣∣mSn+1
(z)− h(z)

∣∣ ≤ |z|
v2
n

max
1≤j≤n

∣∣∣x′∗ (Sn − zI)−1 x′ − x∗j
(
S(j) − zI

)−1
xj

∣∣∣ . (6.34)
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Rewrite x′∗ (Sn − zI)−1 x′ − x∗j
(
S(j) − zI

)−1
xj, and there is

x′∗ (Sn − zI)−1 x′ − x∗j
(
S(j) − zI

)−1
xj

= x′∗ (Sn − zI)−1 x′ − 1

n
tr (Sn − zI)−1 Σ−

(
x∗j
(
S(j) − zI

)−1
xj −

1

n
tr
(
S(j) − zI

)−1
Σ

)
+

1

n
tr (Sn − zI)−1 Σ− 1

n
tr
(
S(j) − zI

)−1
Σ.

Using Lemma 6.1.2, we have

∣∣∣∣ 1ntr (Sn − zI)−1 Σ− 1

n
tr
(
S(j) − zI

)−1
Σ

∣∣∣∣ ≤ 2

nvn
. (6.35)

For any j ≤ n+ 1 and q > 2, we also have

E

∣∣∣∣x∗j (S(j) − zI
)−1

xj −
1

n
tr
(
S(j) − zI

)−1
Σ

∣∣∣∣q
≤ E

∣∣∣∣w∗jΣ1/2
(
S(j) − zI

)−1
Σ1/2wj −

1

n
tr
(
S(j) − zI

)−1
Σ

∣∣∣∣q + E
∣∣∣w∗jΣ1/2

(
S(j) − zI

)−1
aj

∣∣∣q
+E

∣∣∣a∗j (S(j) − zI
)−1

Σ1/2wj

∣∣∣q + E
∣∣∣aj (S(j) − zI

)−1
aj

∣∣∣q
≤ Kq

1

nq
E
(

trΣ1/2
(
S(j) − zI

)−1
Σ
(
S(j) − zI

)−1
Σ1/2

)q/2
+Kq

1

(nvn)q

≤ Kq
1

nq

( p
v2

)q/2
. (6.36)

Similarly, we also have

E

∣∣∣∣x′∗ (Sn − zI)−1 x′ − 1

n
tr (Sn − zI)−1 Σ

∣∣∣∣qKq
1

nq

( p
v2

)q/2
. (6.37)

Thus, by (6.32), (6.35), (6.36) and (6.37), we get (6.33). Following the same

strategy of Bai and Silverstein (1999), we also have |h(x + ivn) − δ| → 0 a.s. as

n→∞, where vn = n−l for some l > 0. Hence, we have

∣∣∣∣x′∗(znI− Sn)x′ −
(

1 +
1

xδ

)∣∣∣∣→ 0 a.s. as n→∞. (6.38)
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To prove this lemma, we also need to consider

∣∣x′∗(zI− Sn)−1x′ − x′∗(xI− Sn)−1x′
∣∣q ≤ vn

d2
n

x′∗x′,

where dn is the distance between x and the nearest eigenvalue of Sn. By Theorem

6.1.1 there exist d > 0 such that lim infn dn ≥ d. Moreover, using similar arguments

as in (6.36), for ε > 0 and q > 2, we have

P(|x′∗x′ − 1

n
trΣ| > ε) ≤ Kq

1

nq/2εq
, (6.39)

and hence there is

|x′∗x′| ≤ C a.s. as n→∞. (6.40)

Therefore, by (6.38), (6.39) and the fact of vn → 0, the lemma is concluded.

We assume that the matrix sequence {Bp} are arbitrary Hermitian matrices

except their eigenvalues lie in a fixed interval.

Lemma 6.1.6. For any ε > 0, we have for m sufficiently large,

lim sup
n→∞

λ
X̃∗BpX̃
1 − λX̃∗BpX̃

[n/m] < ε a.s. (6.41)

where X̃ is p × [n/m] matrix that each column of X̃ is sampled from one of K

clusters, i.e., the ith column x̃i follow the same distribution as one of ak + Σ1/2wk

for k = 1, . . . , n, and it is required that the proportion of numbers of columns of

tildeX belonging to ith cluster is the same as that proportion in the observed Xn.

Proof. Write

X̃ = Ã + Σ1/2W̃,
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where Ã and W̃ are both p × [n/m] matrices. Based on the structure of X̃ as

assumed, there exists some constant K, such that

λÃ∗Ã
1 ≤ K

m
, and λW̃∗W̃

1 ≤ K

m
(1 +

√
cm)2 a.s. (6.42)

Using Lemma 4.2 in Bai and Silverstein(1999), we have

λ
X̃∗BpX̃
1 −λX̃∗BpX̃

[n/m] ≤ λ
W̃∗Σ1/2BpΣ1/2W̃
1 −λW̃∗Σ1/2BpΣ1/2W̃

[n/m] +λ
W̃∗Σ1/2BpÃ∗+ÃBpΣ1/2W̃
1 +λ

Ã∗BpÃ
1 .

(6.43)

It is already proved in Lemma 4.1 of Bai and Silverstein(1999) that for all m

sufficiently large,

λ
W̃∗Σ1/2BpΣ1/2W̃
1 − λW̃∗Σ1/2BpΣ1/2W̃

[n/m] <
ε

3
a.s. (6.44)

There exists a constant K, such that

λ
W̃∗Σ1/2BpÃ∗+ÃBpΣ1/2W̃
1 ≤ 2λΣ1/2

1 λ
Sp
1 (λW̃∗W̃

1 )1/2(λÃ∗Ã
1 )1/2

≤ K

m
(1 +

√
cm) a.s.

(6.45)

and

λ
Ã∗BpÃ
1 ≤ K

m
(6.46)

Choose m so that K
m

(1 +
√
cm) ≤ ε/3 and this m also guarantees (6.44). Then by

(6.43), it holds that

lim sup
n→∞

λ
X̃∗BpX̃
1 − λX̃∗BpX̃

[n/m] < ε a.s.

We now complete the proof of Theorem 6.1.2.
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Proof. The proof is very similar to that in Bai and Silverstein (1998). The main

task is to make equations (6.5) and (6.6) therein adapted to our cases.

Let for each j

Sjn =
n

n+ j[n/m]
(Ãj + Σ1/2W̃j)(Ãj + Σ1/2W̃j)∗,

where (Ãj + Σ1/2W̃j) is a p × (n + j[n/m]) matrix. For each column of (Ãj +

Σ1/2W̃j), it is sampled from one of K clusters, and it is required that the proportion

of numbers of columns of (Ãj + Σ1/2W̃j) belonging to ith cluster is the same as

that proportion in the observed Xn.

Write

zc,H(s) =
1

s

(
− 1 + c

∫
ts

1 + ts
dH(t)

)
.

Let cj = c/(1 + j/m), and define the intervals

[aj, bj] = [zcj ,H(δn(a)), zcj ,H(δn(b))].

Here we need to make it clear that actually we need more parameters and con-

straints to proceed the proof, such as (6.1) and (6.2) in Bai and Silverstein(1999).

However, since we can directly borrow most of those parameters and constraints

in Bai and Silverstein(1999) and use in our case, we will not introduce every detail

here, but only list those are necessary to proceed the following argument.

When j goes to infinity, [aj, bj] approximates to [−1/δ(a),−1/δ(b)],. Therefore, we

can find J0 such that for J > J0,

λRn
in+1 < aJ , and bJ < λRn

in
for all large n.
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We claim that if W = Wn and A = An are defined by (3.3), and under the case

that p/n→ 0, as n→∞, we have

‖WA∗‖ = op(1). (6.47)

Its proof is postponed later. We also conclude that λ
WW∗−Ip
1 = op(1), which can be

inferred from Theorem 1 in Chen and Pan (2012) and λ
WW∗−Ip
p = op(1), which can

be proved using similar method as in Chen and Pan (2012). Since Sn has following

decomposition:

Sn = AA∗ + Σ + Σ1/2(WW∗ − Ip)Σ
1/2 + Σ1/2WA∗ + AW∗Σ1/2, (6.48)

combining with above matrix norm bounds, we can find a J0, such that for all

J > J0, with probability tending to 1,

lim sup
n→∞

λ
SJn
in+1 < lim sup

n→∞
(λRn

in+1 + λ
Σ1/2(WW∗−Ip)Σ1/2

1 + λΣ1/2WA∗+AW∗Σ1/2

1 ) < aJ ,

(6.49)

and

lim inf
n→∞

λ
SJn
in
> lim inf

n→∞
(λRn

in
+ λΣ1/2(WW∗−Ip)Σ1/2

p + λΣ1/2WA∗+AW∗Σ1/2

p ) > bJ . (6.50)

Lemma 6.1.5 and Lemma 6.1.6 play the same role as equations (6.5) and (6.6) in

Bai and Silverstein(1999). Therefore, following similar induction steps as in Pages

19-20 of Bai and Silverstein(1999), we conclude Theorem 6.1.2.

What remains is the proof of the claim in (6.47): Denote the i-th row of W by w̃i.
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We have

E‖WA∗AW∗‖2
F = E(

p∑
i=1

|w̃∗iA∗Aw̃i|2 +
∑

1≤i 6=j≤p

|w̃∗iA∗Aw̃j|2)

= E(

p∑
i=1

|w̃∗iA∗Aw̃i −
1

n
trA∗A|2 +

∑
1≤i 6=j≤p

|w̃∗iA∗Aw̃j|2) +O(
1

n
)

= O(
p2

n2
),

(6.51)

where in the second line uses the fact that tr(A∗A) = O(1), and the last line uses

the Hőlder’s inequality and Lemma 6.1.1. Then we can conclude that if p/n→ 0,

as n→∞, (6.47) is true.

6.2 Main results (centered version)

We also consider the centerized sample covariance matrix. Recall that Xn = An +

Σ1/2Wn and Φn = I − 1
n
11>, where An = [a1, . . . , an] and Wn = [w1, . . . ,wn].

The centered version is defined as

S̄n = (Xn − X̄n)(Xn − X̄n)>,

where X̄n = x̄n1
> and x̄n =

∑n
k=1 xk/n. Note that Φ2

n = Φn, and hence

S̄n = (XnΦn)(XnΦn)> = [(AnΦn + Σ1/2Wn)Φn][(AnΦn + Σ1/2Wn)Φn]>.

It is easy to see that AnΦn = [a1 − ā, . . . , an − ā] := [ā1, . . . , ān], where ā =∑n
i=1 ai/n. According to the condition ‖µs − µt‖ � 1, it is easy to check that

‖āi‖2 = O(1/n) even if ‖ai‖2 � 1/n. Therefore, in the sequel, we redefine An =

AnΦn and take each ‖ai‖2 = O(1/n), and for simplicity, we omit the subscript n

in each notation.

Theorem 6.2.1. (No eigenvalues outside the support) Assuming
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1. W = (wij), Ewij = 0, E(
√
nwij)

2 = 1 and E(
√
nwij)

4 <∞,

2. cn = p/n→ c > 0 as n→∞,

3. ‖Σ‖ <∞ and K <∞

4. For each n, R = Rn := AΦA∗ + Σ is p × p Hermitian nonnegative definite

satisfying FR
n → H, where H is a deterministic p.d.f.

5. The interval [a, b] with a > 0 lies in an open interval outside the support of

F cn,R̄n , which is the probability measure associated with s̃n, and F c,H for all

large n, where s̃n is defined in (3.96),

there is

P(no eigenvalues of S̄n appears in [a,b] for all large n) = 1.

Proof. Let S̄′n = (AΦ+Σ1/2W)(AΦ+Σ1/2W)∗, mS̄n(z) = 1
p
tr(S̄n−zI)−1, mS̄′n

(z) =

1
p
tr(S̄′n−zI)−1. We can assume that the entries of W are uniformly bounded above

by a similar truncation argument as in Bai and Silverstein (1998).

Applying Theorem 6.1.1, we have

sup
x∈[a,b]

nvn|mS̄′n
− EmS̄′n

| → 0 a.s. as n→∞. (6.52)

sup
x∈[a,b]

∣∣EmS̄′n
− s̃n

∣∣ = O

(
1

n

)
. (6.53)

The main step is to show that for all z = x+ ivn where vn = n−1/20, we have

sup
x∈[a,b]

nvn|mS̄n(z)−mS̄′n
(z)| → 0 a.s. as n→∞. (6.54)

Once this is true, combining (6.52), (6.53) with (6.54), we conclude

sup
x∈[a,b]

nvn|mS̄n(z)− s̃n(z)| → 0 a.s. as n→∞.
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The conclusion of this theorem follows from argument similar to Section 6 in Bai

and Silverstein (1998). The remaining of the proof is to show (6.54). Write

p
(
mS̄n(z)−mS̄′n

(z)
)

=
nw̄∗Σ1/2(S̄′n − zI)−2Σ1/2w̄

1− nw̄∗Σ1/2(S̄′n − zI)−1Σ1/2w̄
(6.55)

Using Theorem 6.1.1, we see that [a, b] lies outside support of S̄′n almost surely.

Therefore, the numerator above is almost surely bounded above. Applying Lemma

3.5.2, we have

1

1− nw̄∗Σ1/2(S̄′n − zI)−1Σ1/2w̄
= 1 + nw̄∗Σ1/2(S̄n − zI)−1Σ1/2w̄. (6.56)

Then to conclude (6.54), we just need to verify that

sup
x∈[a,b]

vn|nw̄∗Σ1/2(S̄n − zI)−1Σ1/2w̄| → 0 a.s. as n→∞. (6.57)

Since S̄′n − S̄n = nw̄w̄∗, we know that there is an interlacing relationship between

eigenvalues of S̄′n and S̄n, i.e.

λ
S̄′n
i+1 ≤ λS̄n

i ≤ λ
S̄′n
i for i = 1, 2, · · · , p. (6.58)

Then with probability 1, the interval [a, b] includes at most one eigenvalue of S̄n.

Write the spectral decomposition of S̄n by S̄n =
∑n

i=1 λ
S̄n
i uiu

∗
i . Then we have

vnnw̄∗Σ1/2(S̄n − zI)−1Σ1/2w̄ =
n∑
i=1

vnnw̄∗Σ1/2 (λS̄n
i − x− ivn)uiu

∗
i

|λS̄n
i − x|2 + v2

n

Σ1/2w̄. (6.59)

If there is no eigenvalue of S̄n in [a, b], then there is nothing to prove. Suppose

that there is one eigenvalue λS̄n
j lies in [a, b]. Using (6.59), we have

vn|nw̄∗Σ1/2(S̄n − zI)−1Σ1/2w̄|

≤
∑

i 6=j vn|nw̄∗Σ1/2 (λS̄ni −x−ivn)uiu
∗
i

|λS̄ni −x|2+v2
n

Σ1/2w̄|+ |nw̄∗Σ1/2uju
∗
jΣ

1/2w̄|. (6.60)
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According to condition 5 of Theorem 6.1.1, we know that an ε > 0 exists for which

[a − 2ε, b + 2ε] also satisfies that condition. Then we know that with probability

1,λ
S̄′n
j+1 < a − 2ε and λ

S̄′n
j > b + 2ε. It follows from (6.58) that λS̄n

j+1 < a − 2ε and

λS̄n
j−1 > b + 2ε. For the first summation in (6.60), it converges to 0 almost surely,

which can be inferred from the fact that the denominator is bounded from below

by a constant 4ε2. Up to now, we just need to show that

|nw̄∗Σ1/2uju
∗
jΣ

1/2w̄| a.s.→ 0. (6.61)

Let Ξ be the contour described by the boundary of the rectangle

{z ∈ C : a− ε ≤ <(z) ≤ b+ ε, |=z| ≤ y},

where y > 0. By Cauchy’s integral formula, we have

nw̄∗Σ1/2uju
∗
jΣ

1/2w̄ =
1

2πi

∮
Ξ

nw̄∗Σ1/2(S̄n − zI)−1Σ1/2w̄dz. (6.62)

We claim that for any z ∈ Ξ,

nw̄∗Σ1/2(S̄n − zI)−1Σ1/2w̄
a.s.→ 1 +

1

zm0(z)
(6.63)

where m0(z) ∈ C+ is the solution to

z = − 1

m0

+ c

∫
tdH(t)

1 + tm0

. (6.64)

Since [a − 2ε, b + 2ε] lies outside the support of distribution determined by the

m0(z), we have ∮
Ξ

(1 +
1

zm0(z)
)dz = 0.
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Since supz∈Ξ ‖(S̄n− zI)−1‖ ≤ ε−1, by the dominated convergence theorem, and the

integral above, we have

∣∣ 1
2πi

∮
Ξ
nw̄∗Σ1/2(S̄n − zI)−1Σ1/2w̄dz

∣∣
≤ 1

2π

∮
Ξ

∣∣∣nw̄∗Σ1/2(S̄n − zI)−1Σ1/2w̄ − (1 + 1
zm0(z)

)
∣∣∣ |dz| → 0. (6.65)

Then from (6.62), we conclude (6.61).

We next show the claim (6.63). First we consider the convergence of nw̄∗Σ1/2(S̄′n−

zI)−1Σ1/2w̄. Let

Q1(z) = (Σ1/2WW∗Σ1/2 − zI)−1, Q2(z) = (S̄′n − zI)−1.

By a slight modification of the proof in Section 2.2 and Section 2.4 in Pan (2014),

we have that for any z = x+ iv where v > 0,

nw̄∗Σ1/2Q1(z)Σ1/2w̄
a.s.→ 1 + zm0(z). (6.66)

Next we show that for z = x+ iv,

nw̄∗Σ1/2(Q2(z)−Q1(z))Σ1/2w̄
a.s.→ 0. (6.67)

Write

nw̄∗Σ1/2(Q2(z)−Q1(z))Σ1/2w̄

= nw̄∗Σ1/2Q1(z)
(
AΦA∗ + AΦW∗Σ1/2 + Σ1/2WΦA∗

)
Q2(z)Σ1/2w̄.

(6.68)

Since AΦ is a finite rank matrix with a bounded spectral norm, it can be written

as summation of finite rank 1 matrices of form uv∗, where u ∈ Rp and v ∈ Rn,
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‖u‖, ‖v‖ = O(1). Therefore, to get (6.67), we just need to verity that for i = 1, 2,

√
nu∗Qi(z)Σ1/2w̄

a.s.→ 0,

√
nv∗W∗Σ1/2Qi(z)Σ1/2w̄ ≤ v−1‖W∗ΣW‖ a.s.→ M.

(6.69)

By similar argument from (3.7) to (3.12) in Pan (2014), we can get

E
∣∣√nu∗Q1(z)Σ1/2w̄ − E

√
nu∗Q1(z)Σ1/2w̄

∣∣4 = O(
1

n2
),

and

E
√
nu∗Q1(z)Σ1/2w̄ = O(

1√
n

).

Consequently, the first convergence in (6.69) is true for i = 1. For the case i = 2, we

can prove by considering the difference of
√
nu∗Q2(z)Σ1/2w̄ and

√
nu∗Q1(z)Σ1/2w̄,

which converges to 0 almost surely. This proof is easy thus we omit details here.

The second in (6.69) is implied by the facts that ‖Qi(z)‖ ≤ v−1 and the spectral

norm of W∗ΣW converges to a constant almost surely. Then (6.66) and (6.67)

imply that nw̄∗Σ1/2(S̄′n−zI)−1Σ1/2w̄ converges to 1+zm0(z) almost surely. Using

Theorem 6.1.1, we see that [a − 2ε, b + 2ε] lies outside the support of S̄′n almost

surely. By Lemma 2.3 in Bai and Silverstein (2004), we have

nw̄∗Σ1/2(S̄′n − zI)−1Σ1/2w̄
a.s.→ 1 + zm0(z) for z ∈ Ξ. (6.70)

Then (6.63) follows from above and (6.56).

Theorem 6.2.2. (Exact separation of eigenvalues) Let

Θn = (λS̄n
in
> b and λS̄n

in+1 < a)

where in is given (6.31), and a0 is the left end point of the support of F c,H . If
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Conditions 1-5 in Theorem 6.1.1 are satisfied and a > a0, the event Θn holds with

probability tending to 1.

Proof. The proof strategy is to use an induction method, which is similar to Lemma

6.1.6, where we introduce Sjn for induction. However, with the projection matrix

Φ involved in this case, we cannot use Sjn directly. So we introduce the matrix G̃j
n

defined below to include a suitable augmented projection matrix for induction.

First, we give notations and borrow necessary parameters with specific constraints

in Bai and Silverstein (1999). We redefine A = An = AnΦn and take each ‖ai‖2 =

O(1/p). Let X̃ be a p × [n/m] matrix. For each column of X̃, it is sampled from

one of the K clusters, and it is required that the proportion of numbers of columns

of X̃ belonging to ith cluster is the same as that proportion in X = A + Σ1/2W.

Denote independent copies of X̃ by X̃1, · · · , X̃j, · · · . For j ≥ 1, let

Yj =
(
X, X̃1, · · · , X̃j

)
, Gj

n =
n

n+ j[n/m]
YjΦn+j[n/m]Y

j∗

G̃j
n =

n

n+ j[n/m]
Yj

 Φn+(j−1)[n/m] 0

0 I[n/m]

Yj∗.

(6.71)

Write

zc,H(s) =
1

s
(−1 + c

∫
ts

1 + ts
dH(t)).

Let cj = c/(1 + j/m), and define the intervals [aj, bj] = [zcj ,H(s̃(a)), zcj ,H(s̃(b))],

[âj, b̂j] = [aj + 1
4
(bj − aj), bj − 1

4
(bj − aj)]. Let

ljn =

 k, if λGj
n

k > bj, λGj
n

k+1 < aj

−1, if there is an eigenvalue of Gj
n in [aj, bj] .

For notational convenience, let λA−1 =∞ for Hermitian A.
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When j goes to infinity, [aj, bj] approximates to [−1/s̃(a),−1/s̃(b)]. Therefore,

we can find J0 such that for J > J0,

λRn
in+1 < aJ , and bJ < λRn

in
for all large n.

We can use the method as in (6.49) and (6.50) to get that with probability tending

to 1,

lim sup
n→∞

λ
GJ
n

in+1 < lim sup
n→∞

(λRn
in+1 + λ

Σ1/2(WΦW∗−Ip)Σ1/2

1 + λΣ1/2WΦA∗+AΦW∗Σ1/2

1 )

< aJ ,

(6.72)

and

lim inf
n→∞

λ
GJ
n

in
> lim inf

n→∞
(λRn

in
+ λΣ1/2(WΦW∗−Ip)Σ1/2

p + λΣ1/2WΦA∗+AΦW∗Σ1/2

p )

> bJ .

(6.73)

where we use the facts that λ
WΦW∗−Ip
1 = op(1) and λ

WΦW∗−Ip
p = op(1), which can

be inferred from Theorem 3 in Chen and Pan (2012). Up to now, we see that the

exact separation is true for large J > J0.

Using the fact that for any n× n Hermitian matrix A, λA
1 ≤ λA

1 − λA
n + A11,

we get

λ
n

n+(j+1)[n/m]
X̃j+1∗(âjI−Gj

n)X̃j+1

1 ≤ λ
n

n+(j+1)[n/m]
X̃j+1∗(âjI−Gj

n)X̃j+1

1

− λ
n

n+(j+1)[n/m]
X̃j+1∗(âjI−Gj

n)X̃j+1

[n/m] +
n

n+ (j + 1)[n/m]

(
X̃j+1∗(âjI−Gj

n)X̃j+1
)

11
.

(6.74)

Since âj lies outside the support of Gj
n with probability 1, by using Lemma 6.1.6, we

conclude that for any ε > 0, there is sufficiently large m, such that with probability

1,

λ
n

n+(j+1)[n/m]
X̃j+1∗(âjI−Gj

n)X̃j+1

1 − λ
n

n+(j+1)[n/m]
X̃j+1∗(âjI−Gj

n)X̃j+1

[n/m] < ε. (6.75)
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Recall that S̄n = XΦX∗. We claim that for any x ∈ [a, b],

(
X̃∗(xI− S̄n)X̃

)
11

i.p.→ 1 +
1

xs̃(x)
. (6.76)

The proof is postponed to the end of proof of this Theorem. Then it follows that

n

n+ (j + 1)[n/m]

(
X̃j+1∗(âjI−Gj

n)X̃j+1
)

11
→ 1 +

1

âj s̃cj ,H(âj)
< 1.

By using Lemma 6.2 in Bai and Silverstein (1999), it follows that with probability

1− o(1),

λG̃j+1
n

ljn+1
< âj. (6.77)

What we need for induction is λGj+1
n

ljn+1
< âj. Therefore, we consider the difference of

G̃j
n and Gj

n next.

Denote rj = n+ j[n/m]. Write

G̃j
n −Gj

n =
n

rj

(
Yj−1, X̃j

) −[n/m]1rj−11∗rj−1

rjrj−1

1rj−11∗
[n/m]

rj
1[n/m]1

∗
rj−1

rj

1[n/m]1
∗
[n/m]

rj


 Yj−1

X̃j


=
−n[ n

m
]Yj−11rj−1

1∗rj−1
Yj−1∗

rj−1r2
j

+
nYj−11rj−1

1∗[n/m]X̃
j∗

r2
j

+
nX̃j1[n/m]1

∗
rj−1

Yj−1∗

r2
j

+
nX̃j1[n/m]1

∗
[n/m]X̃

j∗

r2
j

.

(6.78)

We have

‖
−n[ n

m
]Yj−11rj−1

1∗rj−1
Yj−1∗

rj−1r2
j

‖ = Op(
[n/m]

rj
)

,

‖
nYj−11rj−1

1∗[n/m]X̃
j∗

r2
j

‖ = Op(
[n/m]

rj
),
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and

‖
nX̃j1[n/m]1

∗
[n/m]X̃

j∗

r2
j

‖ = Op(
[n/m]2

r2
j

).

Therefore, for any sufficiently small ε > 0, and any j ≥ 0, we can choose a proper

large m, such that with probability 1− o(1),

‖G̃j
n −Gj

n‖ < ε. (6.79)

From this and (6.77), we see that λGj+1
n

ljn+1
< âj by imposing constraints on m such

that (6.79) is true. And the choice of m should also guarantee (6.75). Then we can

conclude the proof by using a similar argument as Section 6 of Bai and Silverstein

(1999).

Finally we show the claim (6.76). Denote the first column of X̃ by x′ :=

a′ + Σ1/2w′, where a′ ∈ {a1, . . . , an} and w′ ∈ Rp is distributed the same as w1

and independent of Wn. Recall that in the proof of Theorem 6.2.1, we define

S̄′n = XX∗. We have

x′∗(xI− S̄n)−1x′ = x′∗(xI− S̄′n)−1x′ +
nx′∗(xI − S̄′n)−1x̄x̄∗(xI − S̄′n)−1x′

1 + nx̄∗(xI− S̄′n)−1x̄
. (6.80)

The convergence of the first term of the RHS above is implied by Lemma 6.1.5.

We just need to verify that the second term is op(1). By (3.6) and (3.12) in Pan

(2014), conditioning on the event {‖w′Σ1/2‖ = O(1)} that holds with probability

tending to 1, we can show that for z = x+ iv with v bounded from below,

√
nw′∗Σ1/2(zI− Σ1/2WW∗Σ1/2)−1Σ1/2w̄

i.p.→ 0.

One can also prove without difficulty that

√
nx′∗(zI− S̄′n)−1x̄−

√
nw′∗Σ1/2(zI− Σ1/2WW∗Σ1/2)−1Σ1/2w̄

i.p.→ 0.
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From Lemma 2.3 in Bai and Silverstein (2004), it follows that

√
nx′∗(xI− S̄′n)−1x̄

i.p.→ 0. (6.81)

Since we can write

1

1 + nx̄∗(xI− S̄′n)−1x̄
= 1− nx̄∗(xI− S̄n)−1x̄,

and the fact that x lies outside the support of S̄n with probability 1, we have that

1

1 + nx̄∗(xI− S̄′n)−1x̄
= Op(1). (6.82)

The fact that the second term in (6.80) is op(1) following from (6.81) and (6.82).
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