SRoEd NANYANG
TECHNOLOGICAL
UNIVERSITY

SINGAPORE

HIGH DIMENSIONAL CLUSTERING
FOR MIXTURE MODELS

LIU YIMING

SCHOOL OF PHYSICAL AND MATHEMATICAL SCIENCES

2020


http://www.ntu.edu.sg
https://spms.ntu.edu.sg

HIGH DIMENSIONAL CLUSTERING

FOR MIXTURE MODELS

LIU YIMING

SCHOOL OF PHYSICAL AND MATHEMATICAL SCIENCES

A thesis submitted to the Nanyang Technological
University in partial fulfilment of the requirement for the

degree of Doctor of Philosophy

2020


https://spms.ntu.edu.sg

Statement of Originality

I hereby certify that the work embodied in this thesis is the result
of original research done by me except where otherwise stated in
this thesis. The thesis work has not been submitted for a degree
or professional qualification to any other university or institution. I
declare that this thesis is written by myself and is free of plagiarism
and of sufficient grammatical clarity to be examined. I confirm that
the investigations were conducted in accord with the ethics policies
and integrity standards of Nanyang Technological University and that

the research data are presented honestly and without prejudice.

Date LIU YIMING






Supervisor Declaration Statement

I have reviewed the content and the presentation style of this thesis
and declare it of sufficient grammatical clarity to be examined. To the
best of my knowledge, the thesis is free of plagiarism and the research
and writing are those of the candidate’s except as acknowledged in the
Author Attribution Statement. I confirm that the investigations were
conducted in accord with the ethics policies and integrity standards
of Nanyang Technological University and that the research data are

presented honestly and without prejudice.

Date Prof. Pan Guangming






Authorship Attribution Statement

(A) This thesis does not contain any materials from papers published
in peer-reviewed journals or from papers accepted at conferences in

which I am listed as an author.

Jan 15, 2020 Sy

Date LIU YIMING






Abstract

Clustering is an essential subject in unsupervised learning. It is a common
technique used in many fields, including machine learning, statistics, bioinformat-
ics, and computer graphics. Classifying samples into homogeneous groups is based
on different criterions. In this thesis, we focus on the clusters that are character-
ized by the different parameters (i.e., means and covariances), and we study the
clustering method for the high dimensional mixture data. According to this set-
ting, we propose two new methods, Covariance clustering method and Two-step
method. Also, we investigate and develop the Mean clustering method from both
theoretical and practical aspects by random matrix theory.

Specifically, the first part focuses on the clustering when the data are collected
from a mixture distribution with distinct covariance matrices. We provide a new
algorithm to address this issue and find the misclustering rate theoretically.

In the second part, for the data with different means, we provide a noncentered
and centered version of Mean clustering method. Moreover, to give a theoretical
justification of these two methods, we prove that the results of no eigenvalue outside
the support of the limiting spectral distribution and exact separation of eigenval-
ues of large-dimensional sample covariance matrices can be extended to low rank
information plus general noise models.

In the third part, when either means or covariances are distinct, we propose
a Two-step method to do clustering. Both theoretical and numerical properties of
the Two-step method are discussed. Simulation studies and real data analysis also
demonstrate that the Two-step method outperforms the other methods under a

variety of settings.
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Chapter 1

Introduction

Nowadays, with the explosion of information, high dimensional datasets appear
in many fields, including the scientific and business domains. For example, these
include spatial data, gene data, social media data, financial data, etc. and one can
see the details in Xu and Tian (2015). To handle such big datasets, clustering plays
a significant role in data analysis. It is an important tool that aims at summarizing
different samples into a homogeneous group by distinct characteristics and useful
in several exploratory pattern analysis, grouping, decision making, and machine
learning situations, including data mining and pattern classification. In practice,
clustering in high dimensional spaces presents many difficulties. As mentioned in
Parsons et al. (2004), the reason that many clustering algorithms struggle with high
dimensional data is the curse of dimensionality. As the number of dimensions in a
dataset increases, distance measures become increasingly meaningless. Therefore,
investigating the clustering problems in high dimensional cases have been attracting
much attention in various areas.

On the other hand, there exist plenty of clustering methods for low dimension
datasets. Every methodology follows a different set of rules for defining the “sim-

ilarity” among data points. There are two main streams of approaches: distance
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based clustering method and model based clustering method. For example, K-
mean Clustering (MacQueen et al. (1967), Bradley et al. (1999)), and K-medoids
Clustering (Kaufman and Rousseeuw (1987)) are based on minimizing the distance
between points labeled to be in a cluster and a point designated as the center of
that cluster. The Hierarchical clustering (Maimon and Rokach (2005)) seeks to
build a hierarchy of clusters that are based on a measure of dissimilarity between
observations. These methods are the distance based clustering methods. As to
the model based clustering methods, they are conducted based on the notion of
how probable it is that all data points in the cluster belong to the same distribu-
tion. For instance, the EM algorithms can be used for Gaussian mixture models
(Cai et al. (2019), Day (1969) and McLachlan et al. (1999)) and Binomial mixture
models (Drton and Plummer (2017)). All these methods have pros and cons. For
the data without any assumptions towards the underlying distribution, K-mean
or hierarchical clustering methods usually can be implemented. But performances
of these methods are hard to check in theory. On the other hand, for the known
mixture data, the EM Algorithm works well. However, in some cases, both of these
two kinds of methods perform poorly. For example, suppose that the underlying
distribution of mixtures is unknown, in some cases, both methods are not workable.

In this thesis, suppose that each observation x; € RP, ¢ = 1,...,n, is collected

from the following mixture distribution:

K

F(x) = ZWSFS(X; 0s),
s=1
where {7,} are the corresponding mixing weights, >.% | 7, = 1, F,(x; ,) represents
the cumulative distribution functions characterized by the parameter set 6, and K
is the number of clusters. For example, the differences between clusters in the
gaussian mixture model (GMM) is specified by the parameters of mean p, € R?

and covariance matrices 3, € RP*P and hence 05 = (us, 2s). Numerous literature
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investigated this model. For example, Redner and Walker (1984) considered clus-
tering problem for the gaussian mixture model in low dimensional cases, while Cai
et al. (2019) considered the high dimensional cases. As discussed in Li and Yao
(2018), when the number of the features p in x is large compared to the sample
size n, the inference of general multivariate mixture distribution becomes intricate.

Here, unlike the usual parametric settings, we assume that each cluster is de-
termined by the means and covariance matrices, but do not restrict any specific
distributions towards the observations. Moreover, to overcome the difficulty in
high dimensional settings, we consider the cases which allow p/n — ¢ > 0. Let
X1, ...,X, € RP be independent data vectors, and each belongs to one of K distribu-
tion classes indexed by Vi, ..., V. Class V, has cardinality n, for s € {1,..., K}.
Write

xi:ai—i—E;/Qwi if ieV,fors=1,..., K, (1.1)

where a; = pg/y/n € RP, X, € RP*P ), is the indices set of the s-th cluster and
vnw; € RP is a random vector with i.i.d. mean 0 and variance 1 coordinates.
Comparing with GMM, our proposed model is more general. Moreover, the pro-
posed clustering method does not rely on any known distribution, which is easy to
be implemented.

The major contributions are twofold. From the methodological and practical
perspective, we first propose a new covariance based clustering method that aims
to do the clustering when p, = p; for s # t in (1.1). Also, we investigate the
mean based clustering when ¥, = ¥, for s # ¢ in (1.1). Moreover, to do the
clustering towards the data from the general model, i.e., (s, Xs) # (g, 2y), we
propose a universal clustering method, called Two-step method. The Two-step
method can determine the different clusters not only depends on the covariance
matrices but also the corresponding means. From simulation studies, it is easy to

see that our proposed methods outperform others. Besides, according to the real
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data analysis, we find that the electroencephalographic (EEG) time series data in
Andrzejak et al. (2001) demonstrates the covariances difference between epileptic
and healthy groups and means difference between the datasets collected with eyes
open and eyes closed within the healthy group. The Two-step method performs
well in analyzing this dataset, which means that our proposed method is workable
in practice. One can see the details in the real data section of this thesis.

From the theoretical perspective, we prove that the misclustering errors of the
covariances clustering, means clustering and Two-step method tend to zero with
probability tending to 1, respectively. Moreover, to prove the theoretical result of
the mean clustering method, we extend the results in Bai and Silverstein (1998)
and Bai and Silverstein (1999) to the model of low rank information plus general

noise. Specifically, we consider the model of

X, = A, + Z?W, € RP*",

where rank(A,) = K < oo, A, is a fixed term, W,, is the random matrix with
i.i.d. mean 0 variance 1/n random variables. Moreover, the centerized version is

also considered:

S, =X,X! and S, = (X,, - X,)(X,, - X,,)".

Under mild conditions, we prove two facts: 1. No eigenvalues outside the support
of the limiting spectral distribution (1.s.d.) of S, and S,, 2. Exact separation of
eigenvalues of S,, and S,,.

The main content of the thesis is organized as follows.

e In Chapter 2, we propose the Covariance Clustering method, which aims to
find the clusters when there exist distinct covariance matrices among a large

set of data. Also, the corresponding theoretical results have been investigated
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as well.

e In Chapter 3, we propose the Mean Clustering method, which aims to find

the clusters when the means of data are different.

e Combining with Covariance and Mean Clustering method, we also propose
a universal method, Two-step method. Using Two-step method, one can do
the clustering towards data when either means or covariances are different.

The Two-step method is introduced in Chapter 4.

e In Chapter 6, we extend the results in Bai and Silverstein (1998) and Bai and
Silverstein (1999) to the low rank information plus a general noise model.
Moreover, we also investigate the corresponding centralized versions. These

results are significant towards the theoretical part of Mean Clustering method.

Chapter 5 gives some discussions about our results and future research.

Throughout the thesis, without any particular explanation, we use C', C; and
K; to denote different positive constants, which may be different from line to line.
For two sequence of real numbers {s, } and {t,}, we write s, = O(t,,) if |s,| < C|t,],
and s,, = o(t,,) if lim,, o 8, /t, = 0 and s, < t,, if t C1|t,| < |s,| < Colt,| when n is
sufficiently large. We also use I@l, e ,I@K1 to denote the estimators of K;’s, where
k=1,...,K;. Moreover, ||B|, |B||r B;, and B ; stand for the spectral norm, the
Frobenius norm, the i-th row and the j-th column of a matrix B, respectively. For
a vector b= (by,...,b,)", ||b]|> = 3] b? is the corresponding Euclidean norm. For
a complex number z € C, $z and |z| represent the corresponding imaginary part

and the norm of z, respectively.






Chapter 2

High dimensional clustering:
Covariance clustering for mixture

data

2.1 Introduction

In this Chapter, we investigate the clustering problem for the model (1.1) when
ps = py and X, # X, if s # t. To have an in-depth insight of such a case, let us
look at a toy example:

Example 1. Suppose that there are 2 clusters indexed by Ky and Ky, and |K;| =
IICa] = n/2. Fori € Ky, Ex; = 0 € R? and cov(x;) = 37 = I, and for i € Ky,
Ex; = 0 € R? and cov(x;) = ¥y = 1.5I. For simplicity, we assume that ; =
{1,...,n/2} and Ko = {n/2+1,...,n}.

If one hopes to do the clustering for this dataset, from the simulation studies
below, it is easy to find that the distance based methods, such as K-mean, work
poor in this situation. This is because the distance based methods like K-mean are
implemented based on the Euclidean distance between different clusters. However,

in Example 1, there exists a big merge between these two clusters, and one can see



8 2.1. Introduction

it from the probability density functions when p = 1, 2 in Figure 2.1. As to the EM
Algorithm, the situation as mentioned above can be handled only if the dimension
of data is not large. However, the EM Algorithm is only applicable to the known

mixture models.

0.30
[
>

0.20
|

Density
0.10
I

0.00
l

FIGURE 2.1: Both figures display the probability density function (p.d.f.) of
Example 1.

To tackle the disadvantages, we aim to find the clusters for the mixture mod-
els like Example 1 through using the distance based method in high dimensional
setting.

The rest of this chapter is organized as follows. In Chapter 2.2 , we propose
the methodology of covariances clustering. The theoretical properties are analyzed
in Chapter 2.3. In Chapter 2.4, we conduct Monte Carlo simulation studies to
examine the finite sample performance of the proposed methods under different

scenarios. The main technical details are left to the Chapter 2.5.
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2.2 Methodology

Assume that xy, ..., x, € RP are the independent observations and x; = (i1, ..., ;)"
Consider

x; = p/v/n+ZVw; if i€ K, fors=1,... K, (2.1)
where ICg is the indices set of the s-th cluster and w; = (wy, . .. ,wip)T € RPis a

random vector consisting of i.i.d. mean 0 and variance 1/n random variables. Each
covariance matrix, 3, determines a cluster. Hence, there are K clusters among

these n observations. In other words,

(Ki, oo Kb = {1,...,n}. (2.2)

Since there is no means difference among clusters we below assume that Ex; = 0 €
R? for ¢ = 1,...,n for simplicity. Otherwise one could use the sample mean to
replace the common mean.

Ideally, we hope to find the clusters from their distances and in the meantime
relax the explicit distribution assumptions in the model based methods. Motivated
by the idea of the kernel method (Scholkopf et al. (2002)) in machine learning, we
introduce some nonlinear transformations for the observations. In other words, we
aim to find an appropriate nonlinear map such that the distinct covariances can be
characterized in terms of means of the transformed data. For illustration, consider
Example 1 in the Introduction. We map each x; to y; = v/nx; ® x;, and treat y;,
1=1,...,n, as new observations, where ® represents the Hadamard product. As a
consequence, Ey; = 1/y/n if i € K; and Ey; = 1.5-1/y/n if i € Ky, and we define

the sample covariance matrix of y; as

S1 = [y, Vili<ij<n- (2.3)

It turns out that the eigenvectors of the matrix S; corresponding to the largest
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eigenvalues demonstrate a large gap between different clusters. Figure 2.2 displays
the eigenvector corresponding to the largest eigenvalue of S; and illustrates the
phenomenon. Here, we suppose that the observations in Examples 1 follow normal

distribution, and set n; = ny = 50.

Values of each coordinate of 1st eigenvector

& .'\nﬂ JlUl ilﬂln-f\

WY \J” MM/\MA
] w ww wu

1st eigenvector
-0.10
[

-0.16

coordinate

FIGURE 2.2: (Example 1) The eigenvector corresponding to the largest eigen-
value of S; in (2.3) when ¥ = I. The two horizontal lines represent the means
of two clusters that determined by K-mean method.

As seen from the above example it is important to find an appropriate trans-

formation of the original data. To this end, define
yi,\If = \/ﬁ(\IfXZ) ® X, fOI' = ]_, Loy, (24)
where W = [¢)1,...,1,]T € T1 C RP*P and

T = {B € RP*? : each row of B has only one nonzero element being 1 and ||B|| < C}.
(2.5)

Here we suggest the set 77 as the possible transformations of x; from the perspective

that the distinct covariance matrices may be converted to the mean of y; v, as

illustrated below. When i € K, set

A
EY’i,\If = Ps, v = (psl,\IJ: cee apsp,\I/)T = di,‘ll e RP (26)
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and

cov(yiw) =Tsw/n 2 (’y](z)\l,/n) € RP*P when i € KC,, (2.7)

where pgw = nE[(¢] x;)z4], 7](2)\1, = n*Elzjza (1) x:) (V) X)] — npsjepskw and
s=1,..., K;. Tomake the notations simple, in the sequel, we remove the subscript
U in (2.4), (2.6) and (2.7) (write them as y;, d;, ps and %('Z)a respectively) when
there is no confusion. From (2.6), we see that by choosing an appropriate ¥ € Ty
in (2.4) the clustering information in terms of covariances of x; is transformed into
the mean part of y;. We suppose that a proper V¥ is given for now. Let M =
[p1, - pry] € R T = [y, k] € RYF 5o = (3s(1), .., 3s(n) T € R™,
where js(i) = 1 if i € K4 and js(i) = 0 otherwise, and p, is given in (2.6). In a

matrix form, write
Yo=1[yi- .,y =Dn+Zy=1dy,....do] + [21,...,2,] € RT, (2.8)

where D,, = MJ" and z;, the i-th column of Z,,, is the random vector with mean 0
and covariances I's/n defined in (2.7). It is easy to observe that, if i € Iy, the s-th
cluster, d; = ps for s =1,..., Ky and i = 1,...,n. Now, we work on the sample

covariance matrix of Y,
Sy=Y,Y,=D/D,+Z'D,+D,Z, +Z)Z,. (2.9)

Note that the term DD, in (2.9) is nonrandom, and the remaining three terms
are random.

There are two problems to be answered before proceeding: why we could do
the clustering for the new constructed y; in (2.4) when a proper ¥ is given and
how we should choose a proper ¥ in theory and practice. To help understand the
problems, we consider a simple case K; = 2, i.e., there are two clusters specified

by 3; and X5, and indexed by K; and Ky, respectively. For the cases Ky > 2, an
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extension of the proposed method is straightforward. Without loss of generality,
we assume that the first n; observations, i.e., {1,...,n1} belong to Ky, and the
remaining observations {n; + 1,...,n} belong to Ky. We also let ny = n — ny.
Suppose that under the ¥, there is p; # po, where p; is defined in (2.6). It is easy
to observe that D,, = [p1,...,p1, P2, ., p2] with the first n; columns being the
same. Hence, it is easy to see that M = [p;, p2] € RP*? and J = [j1,j2] € R™*2,
where j; = (1,,0, )" and j, = (0} ,1} )" under this setting. Note that either j;
or jo contains the information about the clusters. It turns out that the eigenvectors

of D, D,, in (2.9) contain important information of the clusters, as seen from the

following lemma.

Lemma 2.2.1. For a given U, if p; # po, let a = ||p1]|%, b = p{ p2 and ¢ = || p2]|?.

Then, the matrix D, D,, has two simple nonzero eigenvalues

1

A\ = 3 ((ml + cng + \/(fml —cng)? + 452”1”2) ;
1

Ay = 3 (am +cng — \/(le —cng)? + 452”1”2> ’

and the associated eigenvectors

.1 j
v = (an g+ 3 [cng — any ++/(any — cng)? + 4b2n1ng] -]2) fer,

. 1 .
Vo = (bng J1+ 5 [ch —ang — \/((ml —cng)? + 4b2n1n2} J2> /ca,

where j; = (1,,0,.)", jo = (0,1} )" and ¢;, ¢, are the normalized constants.

This result is a variant of Lemma 1 in Jin (2015). From Lemma 2.2.1, we see
that the eigenvectors v; and vy already contain the information about the clusters.
In the case of Example 1, if one takes W =1 € 7Ty, y;’s can be used to do clustering.
This is because Ey;, = 1,/y/n if i € Ky and Ey; = 1.5-1,/y/n if i € Ky so that

Lemma 2.2.1 can be applied.
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Interestingly, if we choose U = I, the newly constructed S, in (2.9) is coincident

with that used in Liao and Couillet (2018). However, it is conceivable that the
selection of W should depend on the data rather than a fixed one. To see this,
consider the following example.
Example 2. Suppose that there are 2 clusters indexed by Ky and Ky, and |IC;| =
K| = n/2. Fori € Ky, Ex; = 0 and cov(x;) = Xy = (0.5771), and for i € Ky,
Ex; = 0 and cov(x;) = ¥y = I. We also assume that K£; = {1,...,n/2} and
Ko={n/2+1,...,n}.

If one still takes ¥ = I in Example 2, it is easy to find p; = ps = 1/y/n such
that Lemma 2.2.1 is not applicable. Instead, if we take U = [ey, e3,...,€,,€, 1],
by a simple calculation, p; = 0.5-1/+/n and py = 0/y/n. To visualize the difference
between taking different transformations we plot the eigenvectors corresponding to
the largest eigenvalue of Sy based on ¥’ = [ey,e3,...,€,€, 11]" and ¥ = I,
respectively, in Figure 2.3. Figure 2.3 indicates that the transformation ¥ =
[e2,e3,...,e,,e, 1]’ works while ¥ = I does not help for clustering. Here, we
also assume that all the data in Examples 2 follow normal distribution, and set
ny = ny = 50. Moreover we also display the corresponding eigenvector in Figure 2.4
for Example one when taking transformation W' = [eq, €3, ..., €, ep,l]T in order

to make comparison with the transformation ¥ =1 in Figure 2.2.

Values of each coordinate of 1st eigenvector Values of each coordinate of 1st eigenvector
8

B ] T sl
L] L]
e = z o | | M\f\/\ N\T |
& & s 11 [ !
@ [
9 2

: T T T T T T S T T T T T T

0 20 40 60 80 100 0 20 40 60 80 100
coordinate coordinate

FIGURE 2.3: (Example 2) The eigenvectors corresponding to the largest eigen-
value of Sy in (2.9). The left figure is the case under ¥/ = [es, ..., e,,e;1]", and
the right one is corresponding to ¥ = 1.
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For Example 1, compared with the case of ¥ = I in Figure 2.2, we also display

the corresponding eigenvector when ¥ = [ey, ..., e,, €]’ in Figure 2.4.
Values of each coordinate of 1st eigenvector

o

® e

. r\/\’\[\/\/\{w"\ﬁ"f\u

| | | | | 1
0 20 40 60 80 100

1st eigenvector
-0

0.6

coordinate

FIGURE 2.4: (Example 1) The eigenvector corresponding to the largest eigen-
value of Sy when ¥ = [es,...,e,, e1]'.

Observing from Figures 2.2, 2.3 and 2.4 we see that different models/data
require different transformations W. Therefore, choosing a proper W is significant.
Based on the aforementioned discussions, we propose to choose ¥ by the following

optimization problem:

K,
PO = sllpsw — 2 2.10
argglea;f;n |psw — Powll (2.10)

where 77 is specified in (2.5), pov = % 5:11 nspsw is the weighted average of the
means of the different clusters, n, is the cardinality of the s-th cluster, and p, ¢ is
defined in (2.6). The idea behind (2.10) is to look for a transformation so that the
difference from the centers of the different clusters of the transformed data to the
average of the the centers of the different clusters of the transformed data becomes
the largest. Note that, in the case of K; = 2, maximizing the objective function

involved in (2.10) is equivalent to maximizing ||p1 v — p2,u||-

Remark 2.2.1. In general, the selection of ¥° is not unique in (2.10). For ex-

ample, in Example 2, one can set either U° = [ey,e3,...,€,,€, 1] or W’ =
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[e2,€1,€4,€3,...,€, 1]". Moreover, similar to Example 1, if 3; = I and ¥, =
diag(1.51,/2,1,/2), one can set U° = [e1,..., ey, €1... ,el,p/g]T, where €, can
be arbitrarily chosen from {ey,...,e,} for s = 1,...,p/2. All these ¥° achieve
optimal. Note that W° is an oracle estimator, and in practice, we need to find an
empirical estimator of U°, 0. For the purpose of identifiability, we say that U = po

if Uis equal to one of the optimal mappings W°.

To solve the optimization problem of the multivariate variables, it suffices to
focus on the analysis of the univariate version. We then resort to considering the

optimization problem (2.10) coordinately. For the j-th coordinate of pyy = py =

(pots - -, pop) ", we propose the following optimization problem:
K
W = argrrgpaxzns(psj —poj)’ for j=1,....p, (2.11)
J
s=1

where ps ¢ = (Psl,\p, . 7psp,\I/)T = (ps1,--- ;Psp)T and pg; = \/ﬁE[(l/JJTXz)%] if i €
KCs. We also propose Algorithm 1 below to find an estimator of W = [¢9, . .. ,%‘;]T
from (2.11). Here and in the sequel we add a superscript “o” referring to the oracle
version to distinguish between the general version and the oracle version of each
quantity of interest.

To find the estimator of ¥¢ (2.11), we need to find a consistent estimator of
Zlel ns(ps; — poj)?. In the supervised learning, such as the two-sample testing
problem, the consistent estimators of py; and py; are easy to obtain. This is be-
cause which cluster the samples belonging to is known. However those quantities
excluding po; are all not easy to estimate in the unsupervised learning.

To overcome such situations, we aim to estimate 5:11 ns(psj— poj)2 as a whole
rather than estimating each individual quantity. Recall that y1;,...,y,; € R are
the entries of the j-th column of Y,, in (2.8), and there are K; different means p,;,

s =1,...,K;. Inspired by the idea of U-statistics we propose a kind of modified
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U-statistic as follows:

—1

Uj = (Z) Z (Yinj — UB) (Ying — UBs), (2.12)

11<i2

where By = Bi,4,), B2 = Baiy i), Bt UBy = B = B, i) C {1,...,n}\{i1,42},
BiNBy, =0, By = |Bo] = m < 272 and ys, = Y cp, Yks/|Bi|. Moreover,
the set B is randomly selected from {1,...,n}\{i1,i2} and the set B; is also ran-
domly selected from the set B. In practice, one can set m = |n/(K; + 2)], where
|| means the largest integer not greater than xz. We below call U; or its ana-
logues U statistics although they are not U statistics strictly speaking. As will
be seen in the proof of Lemma 1 in the appendix the expectation U; is equal to
=2 S ng(pg — pog)? + o(1/n2). If (ps; — poj)? = O(1/n), EU; is of the size of
n~2. Moreover by tedious calculations the variance of U; turns out to be of the size
n~%. This means that it may be powerless if one uses U; to do statistical inference.
To deal with the issue we below propose a new algorithm to find an estimator of

U in (2.10) inspired by the idea of cross validation.

Remark 2.2.2. In practice the performance of this algorithm is still reasonable if
we set ¢, = 1. We can also set 6 = 0.1 or 0.5 when n is large. Moreover, recalling

(2.5), we can also extend the set 7; in order to enhance the power of the statistic.

Define
Tr. = {B € RP*? : each row of B has only k nonzero entries being one and ||B|| < C'}.

One can construct ¥ within the set 7; as in Algorithm 1. The only difference
is that in this case, we set ﬁj in Step 3 of Algorithm 1 to be a p dimensional
vector with its k entries being 1 and the remaining being 0. The positions being

1in z/}j correspond to the first k largest U, for £ € {1,...,p}. For example, write
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Result: The estimator of W°.

Given x; = (2;1,...,25) € RP, and set g, = [n’], where |z] means the
largest integer not greater than z, 0 <d <landi=1,...,n;

for j=1,...,pdo

for /=1,...,pdo

1. Let yff) = /nwixy, and i =1,...,n.

2. Randomly divide {1,...,n} into ¢, subgroups with
(approximately) equal size, and denote the index sets by
X1, ..., X,,, respectively.

for k=1,...,q, do

3. For all yi(f), i € Xy, we construct a U-statistic as in (2.12):

2
0Ok — 0 20V, _ 0y
Vi ( ) |Xk|’Xk _ 1’ i1<i27i21;2€/¥k(y21j yBl )(yzzj yBQ)
(2.13)
where gjgl) =D meB, yﬁ,g/|Bl| and By, By are selected from Xj,
as in (2.12).
4. Find the mean of U]@(k:), k=1,...,q,, ie. let
©_ 1~
U’ =—>% U7 (k). (2.14)
e

5. For fixed j, we choose the ¢; € {1,...,p} corresponding to the
largest |Uj@j)| among {\U](I)|, - |U;p)\}, and let ¢; = ey,.
T

return U = [e,,, . .. ey,
Algorithm 1: Determine the estimator of W°, 0.

;= e,(1) + €;2) when k = 2, where £;(1) and £;(2) are obtained similar to step
5 in Algorithm 1.

We are now in a position to use the spiked eigenvectors of Sy to do the cluster-
ing where Sy denotes the sample covariance matrix of (2.9) when Y is constructed

from the transformation ¥ selected by Algorithm 1. The algorithm is given below.
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Result: l@l, e ,I€K1 as the indices for each cluster.

1. Given \if, we construct Sy, and obtain the eigenvectors of Sy
corresponding to the largest K eigenvalues, denoted by
V= (Vi,..., Vg, ) € REL

2. Take each row of V as an observation, and do the K-mean clustering
towards V. Specifically, consider the set
M, x ={M € R™¥ : M has at most K distinct rows}. Thus, the

K-mean procedure is as follow

M* = in ||M— V|3
arg min | I

n,Kq

Algorithm 2: Covariance clustering with the eigenvectors.
2.3 Theoretical results

This section is to develop theory for the proposed method in Chapter 2.2. Before
introducing our main theoretical results, we first propose some necessary definitions

and criteria. Recall that
IC1U...UICK1 :{1,,7’L}

is the true partition of the whole indices set corresponding to clusters. As in Jin

(2015) we also introduce a n x 1 vector @ = (61,...,60,)" of true labels such that
0, =k ifandonlyifie Ky, 1<i<n.
Define the n x 1 vector of the estimated labels by 8 = (6;,...,6,)T such that

é,-:k ifandonlyifielék, 1 <3 <n.
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Similar to Jin (2015), we also define

Pr, = {m : 7 is a permutation of the set {1,..., K;}}.

For any label vector @ and any 7 € Pk,, 7(0) = (7(61),...,7(0,)). Based on this

notation, we define the true rate of misclustering rate (TMR) as

TMR({K}}) = min Zin (0 # 7(6)

7T€'PK1 n

(2.15)

We now specify some necessary conditions for further analysis.

Condition A1: For some [ > 0, we assume that p?/n® — 0 and E|y/nx;|* < oo
as n,p — 00, where ¢ is given in the step 2 of Algorithm 1. Moreover, ||3;]| = O(1)
fors=1,..., K.

Condition A2: The number of clusters, K7, is bounded. Moreover, || < n for
each k < K;.

Condition A3: For all j € C, a subset of {1,...,p} and any ¥ # ¥° we assume
that S0 ny(pyee — pojue)? — Sonty ns(psjw — pojw)? > C1 > 0, where pyjgp
is defined in (2.6). For all j € C° any 1 < s # t < K; and U, we assume

(psjw — prjw)? = 0. Here, W° refers to any transformation satisfying (2.10).

Remark 2.3.1. Condition Al demonstrates the relationship between p and n and
specifies the moment condition for underlying variables. This moment could be
further relaxed but we do not pursue it here. Condition A3 describes the difference
of distinct covariance matrices under the oracle ¥° and Examples one and two both
satisfy such a condition. Note that, in some cases we do not require C = {1, ..., p},
and one can also refer to the examples in Remark 2.2.1. Here, (' is also allowed
to tend to 0 theoretically by increasing the moment condition as in Condition Al.

Moreover, one should remark that |ps;| = O(1/y/n).
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Proposition 2.1. Under Conditions A1 and A3, we have ¥ = U° with probability

tending to 1, where U is obtained by Algorithm 1 and V° is given in (2.10).

The following lemma characterizes the spectral norm of the covariance matrix
of the Hadamard product of two random vectors, which has an independent interest

in its own right and plays a key role when proving the misclustering error rate

(TMR).

Lemma 2.3.1. Suppose x = /2w and ||Z|| = O(1), where w = (wy, ..., w,)" €
R? is a random vector with mean 0 and covariance I. Let y = (Ax) ® (Bx) and
denote its covariance matrix by I'. If the spectral norms of A and B are bounded

then ||T']| < C.

We are now in a position to state one of the main results about TMR. To this

end, write
YO =[y,...,y)] =D% +Z2 =[dS,...,d°] + [z, ...,2°] € RP*", (2.16)
and
Sye =Y2'Y? =D'D? + Z2' D2 + D' Z° + Z°" Z°, (2.17)

as the the oracle versions of (2.8) and (2.9), i.e., under W°, respectively.

Theorem 2.3.1. Under conditions Al to A3, there is

max{a2, Ay, }

min 1{|/\k — M1 | Ak—1 — Ael?}

1<k<K;—

TMR({K:}) = O

(2.18)

with probability tending to 1, where K; is given in Algorithm 2, i = 1,..., K,

Q, = Kpmax (\/(p logp)/n, (plogp) /n> with k, tending to infinity with arbitrary

slow rate (such as loglogp) , and \; = \; (D;’LTD%). Here, we set \g = oo.
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Corollary 2.3.1. Suppose that A, (D3 Dg)—); (D3'D3) > c- \/logp\/max{ag, Aoy}
for 1 <k <j<K;and c>0. TMR({K;}) = o(1) with probability tending to 1

under conditions of Theorem 2.3.1.

Remark 2.3.2. The conditions imposed on the leading eigenvalues of D2 D?
are mild. For example, a simple calculation indicates that A\, (DZTDZ) = 13p/8
and Ao (D2'D?) = 0 in Example 1. For Example 2, A\, (D5'D9) = p/4 and
X2 (D2TD?) = 0. All the other models in simulation satisfy such a condition as

well.

2.4 Simulation analysis

This section is to investigate the finite sample performance of the proposed methods
and compare them with the other existing methods in the literature. Specifically,
we compare the performance of the Two-step method with the K-means (KM),
Gaussian mixture method (GMM), sparse K-means (SKM, Azizyan et al. (2015))
and Random features maps based method (RFM, Liao and Couillet (2018)). In all
simulations, we set the number of the variables p to vary from 50, 100 and 200, and
we repeat 200 times. For different covariance matrices, we consider the following
four models:

Model 1: Following Example 1, we consider the case of K; = 2, i.e., there are
two clusters in terms of different covariance matrices, and the covariance matrices
are equal to 31 = I and 3y = 2-1, respectively. The corresponding cardinality of
each cluster is ny = ny = n/2.

Model 2: Similar to Bickel and Levina (2008b), we consider a moving average
covariance structure model. For the case of K7 = 2, we set 02-(;) = 0.5 1{|i—j| <
1} and ag) = (=0.5)".1{}i — j| < 1}. The corresponding cardinality of each

cluster is ny = ny = n/2.
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Model 3: Similar to Bickel and Levina (2008a), we consider an autoregres-
sive covariance structure model: ¥, = (az-(;)) € RP*P. To check the covariance
differences in terms of distinct clusters, we assume that K; = 2, crl(; ) = 0.5/~ and
ag ) = (=0.5)l-9l. The corresponding cardinality of each cluster is ny = ny = n/2.

Model 4: In this case, we consider the case K; = 3 with covariance matrices
being 31, 35 and X3, respectively, where 3; = I, and 35 and X3 are the same as
those in Model 3. Moreover, we set n; = 80 and ny = n3 = 60.

As discussed before, the selection of the map W is significant in conducting
clustering. We first check if the Algorithm 1 is implementable. As mentioned in
Remark 2.2.1, the selection of W° may not unique in some cases. Let Q° = {¥° :
U satisfies (2.10)} be the selection set of W°. Note that for Model 1, 2° = {W° =
le1,...,e,]T € RPP} for Model 2 to Model 4, Q° = {U° = [¢7,..., 49T € RP*P
Y] = ey, =e,  and Y} =€, or Y} = ey for k=2,...,p—1}. To enhance
the power of the statistic in practice, let @/AJJ» = ey, (1) + €, (2) where ;(1) and £;(2)
are obtained from Algorithm 1 and Remark 2.2.2. To measure the performance of

such Qj}j, we define

P o
CR;=  max = 1] € feqy eub).
WO=[i,.... 5] T €Q0 D

where I(-) is a indicator function. A bigger value of C'Ry means that 1@- correctly
selects ¢ with high probability.

For Model 1, 2, 3 and 4, we assume that {x;}7_; are all either generated from
zero mean normal distribution or zero mean t distribution with degree of freedom
25. Table 2.1 shows that for all these four models, the proposed Algorithm 1 can
detect most covariances differences in terms of entries. Thus, based on the selected
¥, we conduct the K-mean clustering as shown in Algorithm 2. Table 2.2 displays
the average misclustering errors for different methods under the aforementioned

four models. Figure 2.5 provides us a visualized comparison with the REM method.
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normal tos

CR, p=>50 p=100 p=200|p=>50 p=100 p =200
Model 1 | 0.949 0.913 0.870 0.938 0.914 0.846
Model 2 | 0.734 0.655 0.620 0.628 0.632 0.550
Model 3 | 0.702 0.626 0.594 0.608 0.604 0.530
Model 4 | 0.832 0.808 0.794 0.786 0.742 0.722

TABLE 2.1: Performance of Algorithm 1

Here, we randomly take one dataset and plot the eigenvector corresponding to the
largest eigenvalue of the sample covariance matrix Sy for all these four models
under the case of p = 50. Moreover, Figure 2.6 also displays the performances of
each method in terms of average misclustering errors.

From Table 2.2, we see that, in Model 1, the performance of our proposed
method is similar to that in RFM method and better than the other methods in
terms of AME. This is because the RFM method proposed by Liao and Couillet
(2018) can capture the difference in terms of the trace of the covariance matrices,
i.e., tr(X;), and in Model 1, the differences between clusters are just reflected in the
diagonal entries. As to the other models, it is easy to observe that our proposed
method performs much better in terms of AME. Moreover, we also report the
SD values to measure the variability of AME. In general, one can say a method
is better when the AME of the compared methods is close, but it has a lower
SD value. In Table 2.2, we see that our proposed method performs much better
under most models (similar to RFM under Model 1) in terms of AME, and hence
we conclude that the proposed method is better even if with a relative larger SD
value. Moreover, Figure 2.5 and Figure 2.6 also support this fact. Therefore, we
can conclude that our proposed method for covariance clustering is a much general

method compared with others and it can be adapted into a wider area.
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Method Model 1 Model 2 Model 3 Model 4
AME SD AME SD AME SD AME SD
p =50 KM 0.465 0.024 0.472 0.022 0.474 0.018 0.621 0.068
GMM  0.495 0.000 0.495 0.000 0.495 0.001 0.697 0.024
SKM 0.469 0.020 0.469 0.023 0.470 0.023 0.639 0.058
RFM 0.073 0.023 0.471 0.022 0.474 0.018 0.622 0.075
Proposed 0.090 0.027 0.070 0.000 0.070 0.000 0.245 0.048
p = 100 KM 0.442 0.039 0.468 0.019 0.470 0.023 0.630 0.057
GMM  0.495 0.000 0.495 0.000 0.495 0.000 0.698 0.007
Normal SKM 0.467 0.024 0.473 0.022 0.472 0.022 0.639 0.047
RFM 0.019 0.012 0.473 0.021 0.476 0.017 0.618 0.089
Proposed 0.029 0.015 0.030 0.000 0.030 0.000 0.109 0.036
p =200 KM 0.425 0.042 0.470 0.023 0.472 0.023 0.635 0.064
GMM  0.059 0.151 0.464 0.027 0.462 0.029 0.636 0.081
SKM 0.465 0.024 0.472 0.022 0471 0.022 0.636 0.052
RFM 0.002 0.003 0.469 0.023 0.473 0.020 0.596 0.085
Proposed 0.005 0.005 0.000 0.000 0.000 0.000 0.025 0.012
p =50 KM 0.461 0.032 0.471 0.022 0.467 0.027 0.634 0.064
GMM  0.495 0.000 0.495 0.000 0.495 0.000 0.695 0.015
SKM 0.470 0.024 0.472 0.019 0.470 0.020 0.636 0.055
RFM 0.075 0.021 0.475 0.021 0.476 0.019 0.638 0.040
Proposed 0.086 0.024 0.095 0.000 0.095 0.000 0.343 0.063
p = 100 KM 0.451 0.033 0.459 0.030 0.470 0.025 0.634 0.068
GMM  0.495 0.000 0.495 0.000 0.495 0.000 0.695 0.011
tos SKM 0.469 0.025 0.472 0.020 0.472 0.019 0.629 0.053
RFM 0.019 0.011 0.469 0.022 0.473 0.020 0.638 0.039
Proposed 0.027 0.014 0.030 0.000 0.030 0.000 0.238 0.058
p =200 KM 0.422 0.045 0.467 0.025 0.467 0.028 0.630 0.063
GMM  0.050 0.141 0.485 0.018 0.480 0.022 0.649 0.059
SKM 0.467 0.023 0.473 0.021 0.471 0.023 0.628 0.055
RFM 0.001 0.002 0.475 0.021 0.476 0.021 0.638 0.031
Proposed 0.004 0.005 0.005 0.000 0.005 0.000 0.157 0.069

TABLE 2.2: Average misclustering errors (s.e.) of four models for covariance

clustering
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FIGURE 2.5: The comparison of the proposed covariance clustering and the
RFM clustering. Here, we choose o(x) = 22 in RMF method based on the table

provided therein.
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2.5 Appendix

Now, we start with the theoretical proof. Let M = [py,...,px,| € RP>*K1 J =
1, odx] € RE o = (§s(1),...,js(n))" € R*, where j,(i) = 1 if i € K, and

js(i) = 0 otherwise, and py is given in (2.6). In a matrix form, write
Yn = [y17"'aYH] :Dn+Zn = [d17"-7dn] + [Zla---azn] S Rpxn’

where D,, = MJ" and z;, the i-th column of Z,, is the random vector with mean
0 and covariances I';/n defined in (2.7) when i € ICs. It is easy to observe that, if
1 € K, the s-th cluster, d; = p, for s =1,...,K; and ¢ = 1,...,n. The sample

covariance matrix is defined as
Sy=Y,Y,=D/D,+Z'D,+DZ, +Z)Z,.

The eigenvectors of DD, is V = [vy,..., Vg, ] € R In the sequel, for sim-
plicity, we omit the subscript “n” from D,, and Z,,.

Proof of Lemma 2.3.1.

Proof. We first assume B = I. Denote the i-th row of A and X£'/2 by a; € R? and

s] € R, respectively. From the definitions of I" and y, write

var(a] X/2ws] w) -+ cov(a] X ?ws{w,al 5 wsw)

cov(al BV2ws w, al BV wsw) - var(a) Xws ] w)
To find the bound of ||I'||, the following identity
E(w*Aw — tr A) (w*Bw — tr B)

(2.19)
= <E |w1|4 — |Ew%|2 — 2) Z?:l aubu + |Ew%|2trABT + tI‘AB,
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where A = (a;;) and B = (b;;), plays an important role, and one may refer to

(1.15) in Bai and Silverstein (2004). Using (2.19), we have

var(a; 2Y2wsw) = E(w'XY%a;s/w — s/ X2a;)?
p
= (Ewj —3) Z(ejTZI/zalslTej)2 + tr(Z%a;s] 2V %a;s])
j=1
+tr(XY2a;s] s1a] 31/?)
p
= (BEwj —3) z:(ejTZI/QalslTej)2 + (s; 2¥%a;,)? + 5] s1a Xa,
j=1
p
< (Bui—3)) (e]=Vasle) +2[si’lIZ]las]*.  (2:20)
j=1
Since

P P
S (el S 2asle;)? < Y el B 2aja] V2 lsi |2 = [Isi)%a] Sar < [|si 2]l 2,
j=1 =1

there is (2.20) < C. Similarly, consider

cov(a) S ws w.al B hws w) = Blw 5% w - s 5% E(w 528 w - s[5 %)
p
= (Bwj —3) Z(ejTEl/QalslTej)(ejTEl/Qaksgej)
j=1
+(s] ' %a;s] 2Y2a,) + s] spa) Zay, (2.21)

for k=2,...,p. It follows from the Gershgorin Disc Theorem and (2.21), there is

P
A =Tl <) [Tyl
i#1
= (s{ Z'%ays] X' %a;) + s/ sha; Sa; + -+ + (s] £'/%a,s) T%;) + 5] s,a) Tay (2.22)
p
+(Ew! — 3) Z [(e] ='%ais]e;)(e] B 2ags) e;) + -+ + (e] B %ais] e;)(e] X' a,s) e))]
=1
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where A\; = |T||. By the inequality of vab < «£ for a,b > 0, we have

and

s =Y 2a;s] 2122, < (a] BY%s;s] B12a,) 2 (a] B 2s;s] 2/2a,) Y2
(s] Z'%a,a) B1/%s)) + (a] BV/%s;s] X1/2a))

< > (2.23)
s/ spa, Bay| < (s]sps)s1)Y?(a] Zaga, Xa;)'/?
< (s)sksisi) + ;aIEaka;Zal)’ (2.24)
for k= 2,...,p. Similarly, we have
el X1/2a,el 31/23,)2 + (s]e;s] e;)?
‘(eszl/ZalslTej)(eszl/Zaksgej)’ < ( J 1% k’) ( 1 %7%k J) 7 (2'25)

2

for k=2,..., p. It follows from (2.22) to (2.25) that

IA

IN

where the last step uses || ¥

A1 — T

1 p
3 Z [(slTEl/Qaka;21/2sl) + (a] ZV2%s,8] 2Y2a)) + (s] spsp 1) + (a] Ba,a,] Xa,)

S

+(Ew] — Z ((e] =1%are] B1%ay)” + (s] e;s, €;)?) ]

7j=1
1
5 s/ BV2(ATA — aja] )2Y2%s; + a] BV2(E — 515 )22, + 5] (T — s8] )sy

p
+a B(ATA - aja))3a; + (Ew! — 3) Z (ejTZI/zalalTEl/er .e;21/2(ATA —aja) )X%
j=1
p

+(Ew! — 3) Z (estlslTej : ejT(E — 518, )e;j) ]

j=1

1
5 [slTEl/Q(ATA —a1a] ) XY% 4 a/ V(T — 518 )2 %a; +5] (T —sy8] )s; +a; B(ATA

—alalT)Eal + \wa — 3| (alTEal)\maX(E))\max(ATA — alalT) + HslTslH)\max(E — slsf))},

P elsise; o] (S-sis] e, < [S-sis]]| Y7, e sisTe, =
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|3 — s;8/ || - 87 s1. Using the facts of ||a;a, || < [[ATA||, [sis] ]| < |2 and (2.20),
we have max; [\ — I';| < C, and hence \; < C.
Now, we consider the case of B # I. Denote the i-th row of B by b/, and

write

var(a] '/?wb] 21/2w) -+ cov(a] ZV*wb| XV ?w, a;Elﬂwb;El/zw)

cov(a] BV2wb ] BV 2w, al B wh] S 2w) . var(a) S whb) 1/%w)

As before, we conclude that

1
M =Ty < 3 b/ X(A"A - aja] )¥b, +a X(B'B —bb/ )Xa, + b X(B'B — b;b])Zb,
+a] B(ATA —ajal )Xa; + |[Ewi — 3] (|a] a1 A2 1 () Amax(ATA — aja] )

max

BT |A2 o (Z)Amex (BB = bib])) |.

max

Therefore, we also have max; [A\; — I';;| < C, and hence \; < C. O

m —1 _ .
Lemma 2.5.1. Recall that U; = (3) >, o, (Wij — U8,) (Yinj — UB,) in (2.12).
Suppose that there are K different means within {y1;,...,y,;}, denoted by

P1js- -+ PEyg» Tespectively. Then, there are EU; = [14+0(1)] - 325 ng(psj—po,)2/n(n—

1) = O(1/n?) and var(U;) = O(1/n?).

Proof. For convenience, in the sequel, we omit the subscript j of both ps; and py,.
Recall that 81 U BQ == B C {1,...,”}\{i1,i2}, Bl N BQ == @, |Bl| == |BQ| = m =
O(n) and yp, = D e, Yki/|Bi|. Moreover, we denote the indices of clusters by

Ki,...,Kk,. We first calculate Egg, where yp = >z Y;/|B|. Define the event
Os(k) = {there are k out of 2m elements in the set B belonging to Ks}. (2.26)

Suppose that |ICs| = ng. There is
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() (Camit) if both 4; and iy ¢ Ks,
P(O. (k) = { CC) i one of iy, iy € K,

ng—2 n—msg
M if both 7; and 75 € IC,.

Moreover,
_ 1
EyB:%E Z y¢+...+' Z Yi
1EBNK, 7,€BQICK1
For simplicity, we only consider the first term, i.e., B1NK;. By simple calculations,

there is

) --2mpy  if both iy and iy ¢ KCy,
E Z inZP((%(k))-k-m = { ’;1—__212771/)1 if one of i1,y € Ky,
k=0

1€EBNK1 5
ny—
n—2

2mp1 if both 7; and iy € ICl,

where the indices 7; and 75 are excluded from the set B by recalling the definition

of B in (2.12). Thus, it is easy to conclude that

E* _ 22(:11 NPk —2ps fb h . d . IC
yp = =+=———— 1 both 73 and 12 € K;

K
Ejjg = ZE=t PPl bt | iy € Ky and s £ T (2.27)

n—2
Next we show that
Eys, = Eyp, = Fys. (2.28)

Let S be a random choice of a subset of B with cardinality m . Since |S| = |B/S],
we have P(B; = §) = P(B, = B/S). Since By = B/By, it follows that P(By =
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S) = P(By = B/S). Then we have
Eys, = EY §sP(Bi=8)=EY ysP(B,=8) = Eys,. (2.29)
S S
Since

EgBl + EgBQ =

we get (2.28). Let pf, = 3

Z ns(n
1

> nlp

s=1

n(n — 1E ns — 1)(

s;ét

_Zns Ds /)05 2
n2 all
"ol

[1+0(1/n)]-

where the third line uses the fact that [

K
2n Zs:ll nS(pS - 100)2 = Zs#t nsnt(ps

Zk 1 MePE—2ps
- p63)2 + Znsnt<p5 - p63 -

- p65>2 + Z nsnt<p8 - pOs
st

P
- Z nsnt(ps - pé)s) .

> o

—pi)? and py = %

%Ezyz = 2E7yg,

ieB

. It follows that

s#£t

POt

n—2 pr
1
S e,
TL— s#t
2n n—i—l
2
n—2 Zns
K
2 ng(ps

K
s=1lsPs-

Now, let us consider the variance of U;. Write

var(U;)

n2(n —

1)2 (€o + 461 + 283),

Ps —

—Ps

Pt Pt
)pe = por =~ 5

-2

Z ns S IOOS
LS nanpe — ph) 22 -

— pt + Znsnt

s#t

(=5)

(2.30)

— pbs)] = 0, the identity

(2.31)
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where
60 = Z E |:<y’ll] - gBl(il,iz))(y’béj - glg?(ilﬂé))] |:(y13] - 961(1‘3’i4))(yi4j - ng(i&m))
1<inFig#iz#ia<n
K1 2
~(1+0(1) [Z ne(ps — m?] ,
s=1
SEES Z E[(y’hj - gBl(il,iQ))<yi2j - gBQ(il,i2)>i| [(yhj - g31(i1,i3))(yi3j - ng(i”?,))
1<ir#io#iz<n
and

2
o = Z E[(yhj - gBl(n,iQ))(yi?j B gBQ(ilvi?))] '

1<ii#i2<n

To find the order of &, & and &, we take & as an example. There is

2
52 - Z I |:<yi1j - gBl(ilh))(yiﬂ - gBQ(il’iQ))]

1<ii #i2<n
2
= Z E |:(yi1j — Eys, + Eyp, — glﬁ)(yizj — Eyp, + Eyn, — gBQ)]

1<ii#ie<n

= > {E(ym‘ — Ey5,)°E(Yir; — Eys,)* + E(vi; — Eys, ) E(Us, — Eys,)°

1<iyi #ie<n

+E(yi,; — E¥s,)°E(Us, — E¥s,)* + E(Us, — Eys, )*E(Us, — Esz)Z}

l=

A+B+C+D. (2.32)
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For the term A, we have

Z E(yhj - E.@Bl)QE(?Jm - Eg52)2

1<ii#i2<n

= Y E(is — Bt + Evij — BUs) EWij — Evisj + Eyinj — Elis,)

1<ii#i2<n
= D {E(?Jm — Byij ) EWinj — Eyiny)® + E(Wir; — Bvin;)* (Byin; — Es,)?
1<ii#i2<n
+E(ir; — Eying)*(Byinj — Es,)? + (Byi,; — Eis, ) (Bys; — Esz)Q}-
For i € K, let var(y;;) = 7s. Recalling (2.28), we have

(Eyi; — Egjs,)* = (14 O(1/n))(ps — po)”, (2.33)

for i € 5. Combining with (2.33), we have

K1 2
A = (Z nsvs) Znﬂs +2(1+0(1/n)) [Znﬂs ps — po)* + QZnsntys(pt — po)?
s s#t
K
_Znslys(p -
s=1

+(1+0(1/n)) <Zn Py 2) (1+0(1/n)) Zn

= (1+0(1)) [Z N (s + (ps — 00)2)] : (2.34)

s=1

where the third line uses the facts of ps = O(1/y/n) and v, = var(y;;) = O(1/n).

For the terms B, C' and D, we first consider E[g ]. Then, there is

. 1 1
Eljg,] = e > Yklkes = 3 EY 0 +ED kg Y. Uk

k1,ko€B1 keBy ki1€By kQEBl\{k1}
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A straightforward calculation yields,

K,
E Z Yk Z Ykoj = EZ Z YkriYkaj +EZ Z Z Yk1Ykaj

ki1€B; kQEBl\{kl} s=1 k1#ko€B1NKs s#t k1€B1INKs ko€B1NK:

- (Zik 6D 5 5 "S)("t)(%_'ii_?;)pspt>

s=1 s#t ki1+ka<m m

= =) (3P SN oty

s=1 sF#L

Thus, using the facts of ps = O(1/4/n) and 75 = var(y;;) = O(1/n), we have

Ki K1
_ 1
Blgg,] = — (3 nave Y nalpe = po)?) + 9 + 0(pf) = pj + 0(pf).  (2:35)
s=1 s=1

Applying (2.35) and (2.28), it is easy to obtain that B = o(1), C' = o(1) and
D = o(1), respectively. Therefore &, = O(1). Similarly, by tedious computations,

we have & = (3008 1 (s + (05 — 00)%)) ( Xk ns(ps — po)?) +0(1) and & = o(&1).

Thus, the conclusion follows.

l _ Y4 4
Lemma 2.5.2. Recall U (k) = 2(my(mi — 1)) oo s v (07 — 5900 -
gjgj) in (2.13). Under conditions of Lemma 2.5.1, there are EU; = O(1/nmy),
var(Uy) = O(1/n*m3) and E[U" (k)|' = O(1/mint).

Proof. Now, we consider the mean and the variance of U ;Z)(k) defined in (2.13).
According to step 2 of Algorithm 1, we randomly separate the whole samples into
¢, = n’ disjoint partitions, and hence each | k| ~ pl—d & my,. Similar to O, in

(2.26), define an event

Zr({ts}5)) = {there are t, out of my, elements in the set A} belonging to /C}.
(2.36)
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Then, we have

P(E({t)) = @ and Y. P(E({L)) =

K
ts 20»23211 ts=my

Similar to (2.27), we also have

_ K1 —2ps . . .
EyB — Zk:l:ﬁgk P mn;:iZ if both 11 and 19 € ’Cs N Xk,

K
Zk:11 NgPk—Ps—Pv my

EgB = po—) P if i, € K, N Xk, 1o € K, N A, and s # V. (237)

and Eyg, = Eys, = Eys. Thus, by (2.30) and (2.36), we have

V4 V4 4 V4 _(e
mk(mk—1)EU}>(kz):E[ > W) — g5 (e — g)

7;1751'2 71 iQEXk

| |

=YY B[el) -a)el - s)EdD]| PEd)

Zf:ll ts=my,ts>0 1712 € Xy,

=5 Y PEUL))A+ O/t (ps — po)?
S=LS I ti=mp 1520

=[x+ o(mp)] > ns(ps — po)* /. (2.38)

s=1

We next consider the variance of U j(g)(k:). Similar to (2.31), we only need to inves-

tigate the following term:

Z E [(yllj - /glgl(ilyig))<yi2j - gBQ(“,Q))(yiiﬁj - g81(i3,i4))(yi4j - gBQ(i37i4)) °

i1712,i3 414 €EXy

Taking the case 1; = i3 and i3 = 14 € X, as an example and combining it with

(2.32), we have
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J4 _(£ 4 _(¢
Bl Y ) —as) ) — )
11 712,01,i2 € X
K1 K

=33 S PEE) [+ (o= 20)D)] [t (0 + (o — p0)?)]
s=1v=l 25:11 ts=my,ts >0

K

= [melmi = 1)+ o(mi)] S [ (4 (ps = p0)?)] /i — 1) = Ot /n?)(2.30)

s=1

For the remainders, one can also obtain such a bound, and hence var[U ]@)(k)] =
O(1/n*m3).

Now, we investigate the bound of E\U]@(k)\l for [ > 2. We first consider the
case of the whole samples, i.e., E|U;|', where Uj is defined in (2.12). For simplicity,

we omit the subscript j in y;, ;. Write

l
E’n(n - 1)Uj‘l = Z EH(yis - gBl(is,ks))(yks - gBQ(iS,kS))'

i8¢kS7SZl,...l s=1

To facilitate statement, let A = {iy # ks, s = 1,...1} 2 {ai,...,ay}, where
as = ig and agy; = ks if s < [. For simplicity, we say that a; = a; is a pair and

as, = -+ = ag, is a size t > 2 tuple. In what follows, we divide the set A into three

types of disjoint sets:
1. Denote the set of indices containing no pairs or tuples by Ay C A.

2. If there exist 1 <t < [ pairs such that the remaining indices are all not equal,

we denote such indices set by A;.
3. If there exists m > 1 tuples, we denote such indices set by A°.

It is easy to see that A = Ay U{U'_;A;} UA°. Now, we consider these three cases

separately. To simplify notations, we denote Hlszl(yis = ggl(is’ks))(yks = 3332(1.87,63)) by
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Ry (is, ks). By tedious calculations, we have

K1
Z ER(is, ks) = Ci( Zns Ps )+ OZ(Z ns (Vs + (ps — po)?(¥.40)
/L'SykSEAO s=1
K1
> ERi(is k) = (Y ne(s + ( Zn Ds ~'(2.41)
is,kSEAt s=1
and Z ER(is, ks) = o(1), (2.42)
is,ks€AC
where t = 1,...,l and 5 = var(y;) if i € KCs. For easier presentations, we relegate

the proof of (2.40) to (2.42) to the end of this lemma. Now, once (2.40) to (2.42) are
established, there is E|U;]' = O(1/n?). Combining with the expression of E|U;|!
and using similar arguments as in (2.38) or (2.39), we can obtain that E|UJ@(I<:)|Z =
O(1/mint). The conclusion follows. O

Proof of (2.40): Let As = (yi, — po)(Yr. — po)s Bs = (Yi, — po)(po — Uby, 1.)) T

(Yk, — po)(po — glgl(isw) and D; = (pg — gBl(is,kS))(po — g32<i57k5>). For Ay, there is

> Ri(is, k)

’isyks GAO

= > E][wi —po+po— s Wr — P0+ p0 = Tby )

is ,ks G.Ao s=1

= Y E][(A + B+ D).

is ,ks E.Ao s=1

Let X, Y, and Z, be the disjoint indices subsets belong to {1,... 1} with sizes
r>0,q¢ > 0and v > 0, respectively, and X, UY, U Z, = {1,...,l}. Based on these

defined notations, we write

l

Y E[[A+B+D) = Y [HA +HB +HD (2.43)

is,ks€Ag s=1 is,ks€Ag s=1

+C 3 [T IT IT 4.B:04)

at least two of r,q,v>1 s€X, jeVr k€2,
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Considering the first term of (2.43), there is

> ElJa= > H pi. = Po)(Pr, — po) (2.44)

is,ks€Ap s=1 11 F£k1# i £k s=1

= > szS 0) (Pr. — o) 3 (i — Po) (o1, — po);

i1Fk1#£ i 17k 1 s=1 G F#k{—(i1,k1,..01—1,k1—1)}

where i; # ki{—(i1, k1,...,4-1,ki—1)} represents the set {(z’l,kl) 1 <id £k <
n and (i, k) € {1,...,n}\{i1, k1, ..., 01, kl_l}} and p;, = ps if i) € Ky. It is easy

to check that

> (pi, = po) (o, = po)

G #k{—(i1,k1,t—1,k1—1)}

=) " nulps = po)* + (i(mt — po) + i(f)kt - po))2] . (2.45)

where we use the fact of 3.5 n p, = npy. Substituting (2.45) into (2.44), we have

l
Z EHASI— Z szs—po Pks — Po Zns

is,ks€Ag  s=1 i1#k1F 1 £k =1
-1 -1
+ > szs pks—po)(zpzt +Zpkt—po) :
il?ﬁkl# ’Ll 17ékl 1 S= 1 t=1 t=1

(2.46)

Note that [ is a fixed constant and |p;,| = O(1/y/n), and hence

(li(pit — po) + li(pkt ) =0 (Z ns(ps ) :

Therefore, repeating (2.46) for iy, ...,4_1,k1,...,k_1, we have

(2.46) =

K !
Z ns(ps - P0)2] ) (2'47)

—(1+o0(1 Zns Ps — P
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for some constant C;.

Now, we consider the second term of (2.43). It suffice to consider

l
Z E H(%s — po)(po — ng(iS,ks))

is,ks€Ag =1
l

= Z EH(yz — po)(po — % Z Yr)

iFk1#£#k  s=1 kE€Bs(ig k)
!
1 1
= E EH(%S —po) | Po— — E Ye — — E
. . m m
aFkiF gk 5=l KBy (g e}y k€Bais ka) \Bas(fig k3 )

yzs <p0 - % Z yk)

RE€By (fikitt_y)

—%(yz-s — po)( > yk)] = > EJ[Ba+Ba)

FEBa s ks) Bay (i k) aFkF-uth 5=l

-y el

il#kl#---il;ﬁkl s=1

where Boy;, k,31_,) means that we remove indices {iy, ki}i_, from By, k) and m =

|Bai, k|- Similar to the expansion in (2.43), define X, and Y, to be the disjoint

indices subsets belonging to {1, ...,l} with sizes r > 0 and ¢ > 0, respectively, and

X, UY,={1,...,1}. There is

l

Z E H(le + BSQ)
FkiFEyFEk  s=1
l

- ¥ E[H331+HBSQ+ S 11 HleBﬂ] (2.48)
11£k1F 4 F#£k s=1 both 7,¢>1 sc X, ]eyq
To investigate the order of (2.48), we consider the first term of (2.48), i.e

> Eﬁle.

kAt s=1
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By a similar argument as in (2.28) and the fact of [ > 2 is a fixed constant, one

can obtain that

g Y p=0+00/m) (2.49)

M es
EPas({ip ke }l_y)

Using (2.49) and the fact of Y " (pi — po) = 0 (p; = ps if i € K,) and |ps] =
O(1/+/n), there is
!

l
> Enfﬂzagﬁ >, Ellw. —m)

nwFki#EyFEk s=1 iWFkiFEyFEk s=1

K, 5]
= Olpé (Z ns(ps - ,00)2) = 0(1)7 (250)

where |x| represents the integer part of z. Moreover, since [ is a fixed constant

and m = O(n), we have |Ba(i, k) \Bos(fi, k3t_)| = O(1), and hence one can obtain
!
> E[[Be=o(1) (2.51)
ik Atk s=1

For the last term in (2.48), write

S o5 Y [[I58- Y % BI85

i#k1#uFk;  both rg>1sex,. jey, both rq>1i1£k#-u#k  seX, jeY,

Note that |Bai, k) \Bas(fir ki)l < 20 — 2. In the sequel, we investigate

> E]] I BaBx

nwFEk1FE - uFEk seX, jey_,

for r = 1,...,1 — 1. Without loss of generality, we assume that X, = {1,...,r},

Vicw = {r+1,.., 1} and Bagi o) \Bag iyt = LG k) 2 U{Gir, k) Yioyyr, where
v < I Then, if v < 7, Bag, k) \Bas(irpyi_,) = {(is k) by for s > r. Thus, by
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assuming v < [ — r, there is

SR 1 A SIS SR | (PRSI

inFkiEitk seX e, *x i1 Fk1 £y Fk s=1 keB
!

M| w-m X

1L o \Yis Po k

J=rt keg?(ij’kj>\82j({it,kt}£:1)

1 -Tr 1 T.r
= Gy ()7 Y, By — o)l Blyi, — po)yi; H E(y;, —
* i1 £k #£ i # Jj=v+l
where ) represents the summation over {t;,...,t, : t; > 0,> t; =1 —r}. By
the fact of [ > 2 is a fixed constant and similar arguments as in (2.46), we have
(2.52) = o(1). Similarly, for the cases when v > r or v > 1 —r, (2.52) = o(1) still

holds. Hence, from (2.50), (2.51) and (2.52), we have

> E]]B.=o0(1). (2.53)

’is,ks E.AQ s=1

For the term >, , _ . E[]._, D, 2 D, write

D = Z E H yBl(zs ks) (100 - gB?(iS,ks))

iS,ICSEAO s=1
l

_ Z EH = YByiu o) EH(PO_ng(iS,kS))'

is,ks€Ag  s=1 s=1

To find the order of the term D, without loss of generality, we mainly consider two
cases: Case 1, we assume that {Byq, x,)}._; are disjoint each other. Case 2, we
assume that By, x) = -+ = B, n) 2 By. For Case 1, by the fact of (2.28), it is

easy to obtain that D = O(n*n=2p2') = o(1). For Case 2, similar to (2.36), define

Or({t}51)) = {there are t, out of m elements in the set By belonging to /C,}.

7

> )

25({%,1%}%:1)

(2.52)
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Write
l . ] |
EH(pO - yBl(iska) — %E[Z(yz —_ po)]
s=1 1€Bg
1
w2 <[Z<yz- - ponlrok({ts}{“)) P(Oy({t: 1))
S te=m >0 i€Bo
1 K /2
S D [Z Fe+ (e — p0))| POL({E}E))
SR t=mt >0 L=t

1 K /2
- Clﬁ Zns(’ys + (/05 - pO)Z)] )
s=1

where the first inequality applies Rosenthal’s inequality and the last equality adopts
the same strategy as in (2.38). For the other cases, one can use Holder’s inequality

and similar arguments to prove that D = O( S (e 4 (ps — p0)?))"), and hence

D= Cz(ins(vs + (ps — po)z))l- (2.54)

For the last term of (2.43), using similar arguments as in (2.52), one can also

obtain that

S > B[ A50

is,ks€Ag at least two of r,q,v>1  s€X, jEY4 k€EZ,

= Cl Z (Z ns(ps - )00)2)T Zns(PYs + (ps - p0>2))v (255>

r+ov=l s=1

Therefore, by (2.47), (2.53), (2.54) and (2.55), (2.40) is obtained. O
Proof of (2.41): For the set A;, t = 1,...,1, the proof is similar to (2.40), and
hence omitted. O
Proof of (2.42): Now we consider the set A°. Recall that A° is denoted by
the set with m > 1 tuples. To simplify statement, we consider a simple case,

i.e., m = 1 and 1 = 1y = ig. Let Ai3 = {’LS 7é k57i1 = iy = ig,S = 1,[},
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and it is easy to check that Af; C A°. Similar to (2.43), recall that R(is, k) =

l — _ .
Hszl(yis - ylsl(is,ks))(yks - y82(is,ks))’ and write

is,ks €AT 3
- ¥ [HA +HB +HD +C > [T IT IT 4-5:04)
is,ks EAT 3 s=1 at least two of 7,q,u>1s€X, jEV, kEZ,

(2.56)

where As = (yi,—po)(Yr, —po), Bs = (Yi.—p0) (00 =Yy, 1))+ Yo —P0) (P0— U8, (s, 1))

and Ds = (po — Z_/Bms,kS))(PO — 1?32(1.37,“)). Expanding the first term in (2.56), there is

= > W= D (k= 00) (ks — p0) Wk, — p0) Y E H vi, = o) Yk, — po)
=1 k1#kaF#ks#1 A%g(l) s=4
+3 Z(yz — o)’ Z Yk — 00)*(Yry — Z E H Yi. — Po)(Yr, — Po);
=1 kl#kg;ﬁi "41,3(7‘) s=4

where AS 5(i) = {{is, k}._, :is # ks # 4 and there is no tuples among iy, . .., 4, ky, ..., ki }.

By similar arguments as in the set Ay and 4;, one can prove that

l
E ][ — po) (s, — po) = O(1). (2.57)
A 13 (i) s=4

By calculations, we also have

E Y (W — po) ¥k, — po) Wes — po) Zns Ps =o(1) (2.58)

k1#ko#ks i
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and
E Z (yk;1 - p0)2(yk2 - ,00) = 0(1) Zns (’75 + (ps - p0)2) = 0(1)7 (259)
k175k275i s=1

where we use the facts of p;, = O(1/y/n) and 75 = var(y;) = O(1/n). Moreover,

there is
n K
ES (i = p0)* = 3 naln+ 375005 — p0) + (s — p0)®) = 0(1),  (2.60)
s=1

i=1

where 7, = E(y; — ps)® = O(1/n%/?) and v, = var(y;) if i € K,. Using (2.57) to
(2.60), one can obtain that the first term of (2.56) is o(1). By similar arguments, we
can also obtain the remaining three terms of (2.56) is o(1), and hence (2.56) = o(1).
Since [ is a fixed constant, all the other cases in A° can be analyzed like Af 3. Thus,

we have

> ERi(is k) =o(1). O

is,ks€AC

Proof of Proposition 2.1

Proof. For two different, ¥y and Wy, the corresponding U-statistics as in (2.13) are

denoted by U ng) and U ;O), respectively. We first assume that
1 0
EU" —EUY > C/myn. (2.61)
Thus, it suffices to prove that

PUY <UY) = o(p7?). (2.62)
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Then, using (2.61), there is

P <" = PUY -EUY <UY ~EUY + EUY ~ EUY)

W _ gy < g _gp® _ g _ gy®
p(EU - EU < U U — (U — EU1V))
P<EU(1 EU( ) < 26/mkn> + P(|UJ(0) — EUJ(O)| > €/myn)

IN

+P(|UY — BUY| > e/myn)

A

i

S
|

EUY| > e/myn) + P(|UY — BUV| > e/myn),

where 0 < € < C/2. The next step is to prove

1
Pl —
dn

According to the Rosenthal inequality and Lemma 2.5.2, there is

EUY (k)

> E/mkn> =o(p~?).

2
< G, /n”'mi

qTL
B> U (k) - EUS (k)
k

It follows from the Markov inequality that

(o

By taking [ large enough, (2.62) is obtained. Recalling Condition A3, for all j €

EUY (k)

> e/m;m) =0(1/4).

CcC{l,...,p},somel<s#t<K;and any U # U°, there is

K1 Kl
> ns(psjue = pojue)’ = > ns(psjw — poju)® > C. (2.63)
s=1 s=1

Letting U3 = W and U = ¥, # ¥° (2.63), together with (2.38) implies (2.61),
and hence (2.62) also holds.
For a fixed j € {1,...,p}, recall that yi(fj) is obtained in Step 5 of Algorithm

1, where ¢; € {1,...,p} is chosen from the largest U;gj) in (4.7). For the fixed j,
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if 7 € C in Condition A3, we set 1@ = ey,. According to (2.62), Condition A3 and
Remark 2.2.1, one can obtain wj ¢ with probability 1 — o(p~ D). If j € C¢, from
Remark 2.2.1, we can also say that wj = 1) with probability 1 — o(p~'). Based
on U = ler,, ..., €] obtained by Algorithm 1, we have ¥° = U with probability
tending to 1. The conclusion follows.

O

Once Proposition 2.1 is established, it is time to investigate the behaviours of

the eigenvectors of S, associated with ¥ or 0.
Lemma 2.5.3. Under Conditions Al to A3, using Algorithm 2, we have

o max{afg, Ay} )
min {|/\;€ = Mg |3 [ A1 — Akl?}

1<k<K;—

|VI‘A’u| =

with probability tending to 1,, where v,, and v, are the eigenvectors corresponding
to the u-th largest eigenvalues of Sy defined in (2.9) with ¥ = ¥, and D°TDe,

respectively, u =1..., K;. Here D? is defined in (2.16).

Proof. Define an event y; = {\TJ = W°}. By Proposition 2.1, we have P(x;) =
1 —o(1). Under the event y; and by the Davis-Kahan sin © theorem (Davis and
Kahan (1970)), there is

o T 0 o) __ oTT)ol|2
1—v] Vi =~ Hvi—viH?<O”(D. 27 D7 27 D7 DA
min{|A; — i1 % [Aicn — A2}

where )\; is the i-th largest eigenvalue of D°'D°. According to Theorem 5.48 of

Vershynin (2010) and its remark, there is

E||Z°Z°" —T°|| < max (|[°]'/%5,6%), where &= c\/mlogﬂ;in(p, n))

m = Enaz,-, ? 1 Zw and I'° = f L Nsl's wo/n. Here, T' o is defined in (2.7) and

zi = (2, ..., 2ip) . By m < Etr(Z°Z°"), there is m = O(p). Combining with the
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Markov inequality,

|Zoon _FOH)

a

P (|22~ 1) > a) < 2

and and setting a = k,max (||[I°[|'/26,6%) defined in (2.18), we have ||Z°Z°T —
I°|| < a with probability tending to 1, and hence ||Z°Z°"||*> < «,, with proba-
bility tending to 1. Moreover, D°D°T = 0 and Z’ = (D°D°")/2Z°, and we have
|D°TZ°||?> = ||Z'Z""||. By similar arguments, we also have [|D°TZ°||? < a,||D°"D°||
with probability tending to 1. In addition, by Lemma 2.3.1, it is easy to obtain that
|ICswe|| = O(1), and hence [|I?|| = || 25:11 nsl's wo/n|| = O(1). Using the Wely’s

Cmax{a2,A1ap}

i A—A 2 N _1—Xg|?
1§k1£1}1(1171{| k=M1 2 Ak —1— Ak

inequality, we have ||v; — v;||? <

7 defined in (2.18) with
probability tending to 1.
O

Lemma 2.5.4. For the model in (2.1), let Q = (w;;)x, xx,, Where wi; = p¢T p2/p,
p] is defined in (2.6) with ¥ = W in (2.10) and K, is the number of clusters in

terms of covariances. Suppose that all eigenvalues of 2 are simple, and denote

T = (Thi,- -, Thery) , kK =1,..., Ky, by the corresponding eigenvectors. Then, for
the eigenvectors corresponding to the nonzero eigenvalues of D°'D°, vy, ..., v,
there are

K,
_ 1 :
Vi = ¢ E Tkslss
s=1

where j, = (js(1),...,js(n))" € R, j,(i) = 1if i € K, and j4(i) = 0 otherwise, and

c,;l is a normalize constant.

Remark 2.5.1. The proof of Lemma 2.5.4 is similar to that for Lemma 2.1 in
Jin (2015), and hence omitted. According to Lemma 2.5.4, it is to see that V =

[Vi,..., VK, ] € R has K distinct rows.

Proof of Theorem 2.3.1.
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max{a%,/\lap}
i Ae—Ak+1]2 ] Ae—1 =2}
I L R L e

and the fact that K, is bounded, we have |V — \A7||% = O(B,) with probability

Proof. For convenience, we let 3, = By Lemma 2.5.3
tending to 1. Let r; and 7; be the i-th rows of V and \Af, respectively. Ac-
cording to Lemma 2.5.4, V has K; distinct rows and ||r; — ;|| > C/y/n, with
indices corresponding to Ki,...,Kg,. Consider the set M, x = {M € R K .
M has at most K distinct rows}. Thus, the K-mean procedure is as follow

M* = in ||M— V|3

arg | min I IF

Thus, we have || M* — V||z < [V = V| r. Also, |[M*=V|p < ||M*=V|p+]|V—
\A/'H r. It follows that

| = V5 = Op(B,).

Similarly, we denote the i-th row of M* by m;. Given § > 0, we define C = {1 <
i < ||F—mgl| <8/ ||lr —mal| <6/y/n}and K; = K;NCforj=1,..., K.
Thus, it is easy to prove that [K\C| = O(nf,). Now, we only need to show that
for any 7 € K, and Jj € I@t, m; = m; if and only if s = ¢.

To prove this claim, first, we have |K\C| = O(nf,), and hence |K;\K;| =
O(npB,). Also, for s # t, there is

lmi = mll = llri = 751l = llms = rall = llm; = rjll = 6/v/n.

Hence, the conclusion follows. O]

Proof of Corollary 2.3.1. Under the conditions of Corollary 2.3.1, it is easy

||2 —

to obtain that ||v; — v;||* = o(1) with probability tending to 1. Hence, following

the same strategy of Theorem 2.3.1, the conclusion is obatined. [






Chapter 3

High dimensional clustering:

Mean clustering for mixture data

3.1 Introduction

In this Chapter, we investigate the clustering problem for the model (1.1) when
ps # py and X, = 3, if s # t. The clustering method is also mainly based on
the sample covariance matrix of X,,. We prove that the eigenvectors corresponding
to the spike eigenvalues can be used to determine clusters. Moreover, the con-
sistency of the mean clustering is established by using the information plus noise
model, which is different from usual stochastic block model. Compared with the
community detection in the stochastic block model in Jin (2015), our requirement
to the spike eigenvalue is much weaker. In our cases, the magnitudes of the spike
eigenvalues can be finite. The rest of the Chapter is organized as follows. Chapter
3.2 provides the methodology and the implementable algorithm. Chapter 3.3 in-
troduces the theoretical properties of the proposed estimators. Simulation results
and real data analysis are illustrated in Chapter 3.4. We relegate all the proof

details to the Appendix.

o1
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3.2 Methodology

Suppose that the observations xi,...,X, have the same covariance matrix 3,
and ¢, different means. Denote the corresponding index sets by {Vi,...,V,} =
{1,...,n} in terms of means, i.e., for any i € Vy, there is Ex; = ps/+/n, where
s=1,....0,. Let N = [p1,...,pp,]/v/n € RP*4 H = [hy,... hy] € RO,
h, = (h,(1),...,hy(n))" € R", where hy(i) = 1 if i € V, and h,(i) = 0 otherwise.

Similarly, in a matrix form, write
X, = [x1,...,X,] = A, + Z?°W,,, (3.1)

where A,, = NH' and W, is a pxn matrix with i.i.d. random variables with mean
0 and variance 1/n. We also let A,, = [a;,...,a,] € RF*" and W,, = [wy ..., w,] €

RP*™ and note that /n-a; = ps when i € V,. Define
S, =X, X, = (A, +ZV*W,)(A, + VW) " (3.2)
and
S, =X'X, = (A, + ZV2°W,) (A, + Z2W,,). (3.3)

Similar to the covariance clustering, we mainly focus on the eigenvectors corre-
sponding to the spike eigenvalues of S,. In order to investigate the underlying

structures of S, in (3.3), we consider the resolvent @,(z) of matrix S,:

Qn(z) = (Sn — D)7t (3.4)
Note that S,, and Sn share the same nonzero eigenvalues, and we also define

Qn(z) = (S, — 2I)7, (3.5)
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which is also used in the theoretical part. To have a full insight towards Qn(z),
we hope to find a nonrandom counterpart of Qn(z) so that some properties can be

obtained.

Proposition 3.1. Suppose that the rank of A, in (3.3) is finite and E|y/nw;|* <
C, uy, v, are any deterministic unit vectors, ¢, = p/n — ¢ € (0,00) and z € C—R*

with Sz =n~'1 € (0,1/10), ||pr]| = O(1). Then, we have

By, (Qu(2) = Ru(2))va| = O(1/v/n), (3.6)

where

Ro(2) = F(2)T — (F(2))?A] [T+ 7(2) (T + A,A])] 7 A, (3.7)

and where 7(z) in C* solves the equation

z= —l—i—cn/w. (3.8)

r 1 +tr

Here H®(t) is the empirical spectral distribution of
R,=A,A] +3. (3.9)

Moreover, inspired by the Lemma 1 in Jin (2015), there is

Lemma 3.2.1. Define Q = (w;j)e,xe,, Where w;; = p] pi/n. Suppose that all
eigenvalues of Q are simple, and denote 7, = (Tr1,...,The,) , k = 1,...,¢;, by
the corresponding eigenvectors. By singular value decomposition, we have A, =

VD'2UT, where V € RP* and U = [u; ..., u,] € R™%. Then, there is

12
_ 1 h
U, = G, Tkss,
s=1
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where hy = (h,(1),...,h,(n))" € R?, hy(i) = 1 if i € V, and h,(i) = 0 otherwise,

and c,;l is a normalize constant.

From R,(z) in (3.7) and Lemma 3.2.1, fixing z, if Condition A5 below is
satisfied, the eigenvectors corresponding to the spike eigenvalues of S,, still re-
flect the information about clustering as in Lemma 3.2.1. In the next chapter,
we also provide some theoretical results about the eigenvectors corresponding to
the spike eigenvalues. Thus, through Proposition 3.1 and Theorem 3.3.1 below,
one can similarly use the method proposed in Algorithm 2 to do the clustering.
Specifically, let the eigenvectors corresponding to the first ¢; eigenvalues of S,, be

U = [{y,...,10,] € R™4, Similar to the K-mean procedure in Algorithm 2 in

covariance clustering, we apply the following optimization problem to the U, i.e.,

U' =arg max |[U -~ U2, (3.10)

n,lq

where M,, x = {U € R™F : U has at most K distinct rows}. Then, we return
]}1’ e ,f/gl as the indices for each cluster.

Note that in Proposition 3.1, the condition || || = O(1) is necessary. However,
in practice, the condition of ||ps — p¢|| < 1 is more suitable in clustering problems,
which allows ||ps]| > 1. For example, p; = (1,...,1)" and py = (2,1,...,1)".
Ideally, under such a case, the mean clustering method should also be imple-
mentable. To overcome such situations, in the following, we also investigate the

centered version of previous models, i.e.,
X,d=A,®+IZV*W, 0 =X, - X,, (3.11)

where ® = I — 117 /n. It is easy to see that A,® = A,, — A := A,,. For simplicity,

we denote A, = [aj,...,a,]. It is easy to check that ||a;]|> = O(1/n) even if

|a;]|> > 1/n under condition of ||ps — || < 1. Combing with the fact ®* = ®, in
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the sequel, we can still take each ||a;||* = O(1/n). Similarly, we also consider the

corresponding covariance matrices

and

where X,, = x,1" and %, = Y _y1 Xg/n. Moreover, define the corresponding

resolvent én(z) of matrix S,:
Qu(z) = (S, — 211, (3.12)

Based on these notations, we extend Proposition 3.1:

Proposition 3.2. Suppose that the rank of A, in (3.3) is finite and El\/nw;;|* <
C, up, v, are any deterministic unit vectors, ¢, = p/n — ¢ € (0,00) and z € C—R*

with Sz = n~" for some | > 0. Then, we have

Bl (Qu(2) — D(2))ua| = O(1/V/n), (3.13)

where

1

D(z) = (—Z(I +m(2)%) + (AP)(I+ m(z)CD)’l(Aq))*)_ ,

~ -1

D(z) = (—z(I+ m(2)®) + (AD)* I+ m(2)X) ' (AD))

m(z) = Ltr(3D(2)) and m(z) = Ltr(®D(2)).

By simple approximations and calculations, it is to see that the D(z) has
a similar property as R,(z) in (3.7). Therefore, one can also conduct K-mean

procedure as in (3.10). One can see the details in the theoretical proof.



56 3.3. Theoretical results

3.3 Theoretical results

Before introducing our main theoretical results, we first propose one necessary

definition:

Definition 3.1. (Same block structure) For an n X ri-dimensional matrix A =
[ai,...,a,] € R we separate the index set {1,...,n} into k block, By, ..., By,
and there is a; = a; if i,j € B, a;, # a; if « € B, and j € B;, where s # t. Given
another ry x n-dimensional matrix B = [by,...,b,], if 4,j € B, there is b; = b;
and if ¢ € By and j € By, where s # t, there is b; # b;, we say that the matrices A

and B have a same block structure.

We also provide some conditions for further analysis.
Condition A4. Denote the spectral decomposition of R,, = AnA,TL +X by R, =

Zizlykgkg,j, where y1 > ... >y, > ... > . For 1 <k < 4y, 7 satisfies

< -,
(v —1)* ¢

R

where H(t) is the limiting spectral distribution of R,,.

Condition A4’. Replace R, by A, ®A + 3, the conditions in Condition A4 still
holds.

Condition A5. Recalling the definition of N = [p1, ..., py,]/+/n, we assume that
the rows of NTU := T € R*“ are different from each other, i.e., T; # T; for

i # 7, where U = [£;,...,&,]. Moreover, we assume that ||ps — ]| < 1 for s # t.

Remark 3.3.1. Condition A4 ensures that the first ¢, eigenvalues of X,TL X,, are
simple spike eigenvalues. Condition A5 is needed in theoretical proof. It is not hard
to check that the spike eigenvectors of R,,, & = (1,0,...,0)" and & = (0,1,...,0)"
under the aforementioned case. Hence Condition A5 also holds. By simulation, we
also find that all the existing models are all satisfying this condition. Comparing

with the Condition 4 in Liao and Couillet (2018), Condition A5 is much weaker.
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We also extend this condition in Chapter 4, which allow ||ps — pee|| > 1 for s # t.

Moreover, it also covers the cases proposed in Li and Yao (2018).

Proposition 3.3. Suppose the rank of A, in (3.3) is finite, El\/nw;|* < C,
and ¢, = p/n — ¢ € (0,00). Under Conditions A1, A4, A5 and ||pus|| = O(1),
U* € R has the same block structure as A} with probability tending to 1, where

U* is given in the optimization problem (3.10).

Theorem 3.3.1. Under conditions of Proposition 3.3, there is TMR({V}}) =
O(1/4/n) with probability tending to 1, where )A)il is given under (3.10) and TMR
is defined in (2.15), i =1,...,4;.

Remark 3.3.2. Similar to Liao and Couillet (2018), the condition of ||us|| = O(1)
is necessary in the proof of Proposition 3.3 and Theorem 3.3.1. However, for
example, it excludes the cases like pu; = (2,1,...,1)T and pp = (1,1,...,1)". Tt is

easy to see that, in such a case ||[p1 — p2]] < 1 which also satisfies Condition Ab.
Based on the Proposition 3.2, we have the following proposition and theorem.

Proposition 3.4. Suppose the rank of A, in (3.3) is finite, E|\/nw;|* < C, and
cn =p/n — c € (0,00). Under Conditions A1, A4’, A5, U* € R"™“ has the same
block structure as (A, ®,)" with probability tending to 1, where U* is given in the

optimization problem (3.10).

Theorem 3.3.2. Under conditions of Proposition 3.4, the corresponding results

in Theorem 3.3.1 still hold when the condition ||ps|| = O(1) is removed.

3.4 Simulation

This chapter is to investigate the finite sample performance of the mean clustering
methods and compare them with the other existing methods in the literature. For

comparison, we also record the performance of K-means (KM), Gaussian mixture
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method (GMM), sparse K-means (SKM, Azizyan et al. (2015)), CHIME (Cai et al.
(2019)). In all simulations, we set the number of the variables p to varys from
50, 100 and 200, and we repeat 200 times. Note that, the CHIME method only
considers the mean differences in terms of distinct clusters when K = 2, and hence,
in what follows, we use “-” for this method in other cases.

Scenario 1: We consider the case of Ky = 2 with means p; = (5,0,...,0)7
and py = (0,3,0,...,0)". The cardinality of each cluster is n/2. And we set the
covariance matrix to be ¥ = 1.

Scenario 2: The setting of means and the corresponding cardinalities of
clusters are same as Scenario 1. We set the covariance matrix to be X = (0;;)pxp,
where o; = 0.56791. 1{|i — j| < 1}.

Scenario 3: In this scenario, we consider the case of Ky = 3 with means
= (5,0,...,0)", o = (0,3,0,...,0)" and p3z = (—1,0,2,0,...,0), and we set
ny = ny = 60 and n3 = 80. Here, we take X = 1.

Scenario 4: We consider the case of Ky = 2 with means p; = (5,1,...,1)"
and py = (1,3,1,...,1)". The cardinality of each cluster is n/2. And we set the
covariance matrix to be ¥ = 1.

For these four scenarios, we also generate {xj}7_, from normal distribution
or to5 distribution with the means and covariances for each setting. From Tables
3.1 and 3.2, in terms of AME, we see that the GMM method performs worst in
all scenarios, and the KM method performs poor for most scenarios except for
scenario 2. Compared with the KM method, SKM performs more stable. But it
is still worse than the proposed method. For normal cases, the CHIME method
performs slightly better than ours. However, for nongaussian cases, the proposed
method performs much better. As the reason of CHIME performing better under
normal cases is because CHIME is constructed based on the Gaussian mixture
model. Moreover, it applies the idea of sparsity, and hence can be implemented in

high dimensional cases. One can see more in Cai et al. (2019). If the underlying
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distribution is nongaussian, the basic assumption of CHIME is not satisfied, and
hence it performs worse than ours. In general, among these methods, our method
performs well under each setting. One should note that if one takes o(z) = x in
the RFM method, the RFM is identical to ours, and hence in Tables 3.1 and 3.2,

we omit theirs.

Normal tas

Scenario 1 Scenario 2 Scenario 1 Scenario 2

AME SD AME SD AME SD AME SD

p =950
KM 0.500 0.000 0.000 0.001 0.500 0.000 0.000 0.001
GMM  0.495 0.000 0.495 0.000 0.495 0.000 0.495 0.000
SKM 0.030 0.081 0.060 0.119 0.048 0.093 0.036 0.091
CHIME 0.003 0.003 0.000 0.000 0.413 0.114 0.346 0.170
Proposed 0.007 0.006 0.011 0.008 0.004 0.004 0.003 0.004

p =100
KM 0.486 0.017 0.000 0.001 0.500 0.000 0.001 0.002
GMM  0.495 0.000 0.495 0.000 0.495 0.000 0.495 0.000
SKM 0.042 0.090 0.040 0.092 0.029 0.071 0.055 0.102
CHIME 0.001 0.002 0.000 0.000 0.473 0.080 0.489 0.043
Proposed 0.007 0.006 0.012 0.010 0.003 0.004 0.004 0.005

p =200
KM 0.476 0.020 0.000 0.001 0.475 0.020 0.001 0.002
GMM  0.006 0.035 0.000 0.001 0.464 0.116 0.330 0.223
SKM 0.038 0.090 0.053 0.108 0.035 0.090 0.038 0.090
CHIME 0.003 0.002 0.000 0.000 0.149 0.230 0.499 0.001
Proposed 0.009 0.007 0.016 0.011 0.006 0.005 0.012 0.010

TABLE 3.1: Average misclustering errors (s.e.) of three scenarios for mean
clustering
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Normal tos

Scenario 3 Scenario 4 Scenario 3 Scenario 4

AME SD AME SD AME SD AME SD

p =50
KM 0.082 0.175 0.500 0.000 0.080 0.167 0.500 0.000
GMM  0.595 0.043 0.495 0.000 0.599 0.006 0.495 0.000
SKM 0.260 0.216 0.067 0.100 0.296 0.215 0.057 0.080
CHIME - - 0.004 0.006 - - 0.338 0.151
Proposed 0.043 0.074 0.017 0.009 0.065 0.106 0.020 0.001

=100
KM 0.067 0.161 0.477 0.019 0.072 0.158 0.467 0.031
GMM  0.598 0.006 0.495 0.000 0.599 0.006 0.495 0.000
SKM 0.253 0.211 0.054 0.087 0.180 0.202 0.057 0.083
CHIME - - 0.003 0.014 - - 0.446 0.095
Proposed 0.055 0.076 0.018 0.008 0.070 0.079 0.023 0.011

p = 200
KM 0.057 0.150 0.464 0.023 0.059 0.122 0472 0.022
GMM  0.063 0.136 0.032 0.067 0.500 0.155 0.460 0.098
SKM 0.232 0.209 0.070 0.092 0.242 0.212 0.058 0.082
CHIME - - 0.021 0.004 - - 0.477 0.057
Proposed 0.075 0.073 0.023 0.012 0.139 0.111 0.031 0.012

TABLE 3.2: Average misclustering errors (s.e.) of three scenarios for mean
clustering

3.5 Appendix

To give the theoretical justifications, we first introduce some necessary lemmas.
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Lemma 3.5.1. (Woodbury matrix identity) Suppose that A € R™*™ and D € R*¥*k

are invertible, and U € R™* V € R¥*" there is

(A+UDV) ' = A" — A7 (D' + VATIU) VAL,
Lemma 3.5.2. For n x n invertible matrix A and n x 1 vectors q, v where A and
A+ vv* are invertible, we have

*A—lv
(A ) —1 _ *Afl . q * A—1
TArw)T=q T+vA v

Lemma 3.5.3. Let B = (b;;) € R™" with ||B|| = O(1) and x = (21,...,2,)",

where {z;} are i.i.d. satisfying Ex; = 0, E|x;|* = 1. Then, there is
Bl Bx — B[ < C, ((B|m[' wBB)"* 4 B, P (BB)?).

Lemma 3.5.4. (Wely’s inequality) Suppose that A and B are two n x n Hermitian

matrices, and there is
dj+/\k Sryzg/\r"i_d&

where j+k—n>i>r+s—1,d;, \; and ; are the i-th eigenvalue of A, B and

A+ B, respectively.

Lemma 3.5.5. (Burkholder inequality) Let {X;} be a complex martingale dif-
ference sequence with respect to the filtration Fi. For every g > 1, there exists

Cy > 0 such that:

E

2q n q n
<, <E (Z E(\Xk|2]}"k_1)> + ZE[Xk|2q> .
k=1

k=1

>
k=1
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We recall that the sample covariance matrix of X,

S, =X, X! = (A, +ZV2W,) (A, + ZV2W,) T

S, =X'X, = (A, +ZV2W,) (A, + ZV*W,),

the resolvent Q,,(z), Q,(z) of matrix S, and S,, are

Qu(z) = (8, —2D)7,

Qn(z) = (S, — 21)7L.

In what follows, for a matrix B, we use B* to replace BT, which is same when
B is real. For simplicity, we remove the subscripts of “n”. Let X = [xy,...,X,],

x; = a; + 22w, X, = X — xpe] , and hence define

Qk(Z’) = (XkX;; — ZI)il.

Moreover, we also introduce some basic notations and formulas. For k x k invertible

matrices A, B and k-dimensional vector q, there are

1

q" (B+qq)” = mq*Bfl, (3.14)
A =B '=BYB-A)A" (3.15)
Moreover, define
B = Tg(z)xk (3.16)
be ! (3.17)

T 1+ (ZQu(2))/n + a.Qr(2)ay

The following lemma is useful in calculating some moments bounds below:

Lemma 3.5.6. For z € C, there are | 8] < L2k and [|Qp(2) X || < (% + IZ‘P)I/Q.
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Proof. The bound of fj is given in Bai and Silverstein (2010). For the second

inequality, there is

= |Qu(2)(XpXE — 21 4+ 2D)Qu(2)]|*?

< [|Qk(2) + 2Qk(2)Qk(2) ||

REIEN AR
Il

Proposition 3.1 plays an important role in the proof of Theorem 2. To prove

Proposition 3.1, we first prove the following Proposition:

Proposition 3.5. Under the conditions of Propostion 3.1, for any deterministic

unit vectors u,, v, and z € C — R™, we have

Elur,(Qn(2) = T(2))va| = O(1/v/n), (3.18)

where

T(z) = (—Z(I +E()D) + %(S(Z)AA*) ,

T(2) = (24 0T+ A (14 5(2)D)"A)
6(z) = 2tr(XT(2)) and 6(z) = %tr(f(z))
Proof. Note that we assume ||| = O(1), and hence ||a;||* = O(1/n). Using the

Woodbury identity in Lemma 3.5.1, there is

Q(2) = (—2I) 7t — 21 X*(XX* — 2I) ' X.
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To prove Proposition 3.5, it suffices to prove

1
E|u* X*(XX* — 2I) "' Xu — Eu*X*(XX* — 2I) ' Xu* < c— (3.19)
n

1
Bu X (XX* — 21)""Xu — Bu*X;(XoXE — 21) " Xou| < Com (320
n
where u = (uy,...,u,)' is a fixed unit vector and X, represents the case of the W

being gaussian. Suppose, by the singular value decomposition, 3 = UDU". Write

1

Eu* [(A +ZY2Wo)* (A + ZV2W) — 21| u

1

= BEu"[(A+UD?UTWo)"(A+UD"’U W) — 21| " u

1

[(
[(
= Eu" [(A+UD'"*Wy)"(A+UD"*W,) — 21| " u
[
[

1

= Eu [(UUTA +D'?Wy)) (UUTA + D'*Wy)) —2I] " u

1

= Eu' [(UTA +D'*W,)"(UTA + D'*Wy) — 2I] " w.

Letting U A as A, it satisfies the model in Hachem et al. (2013). Hence we have

-1

E

u ([(UT A+ DY2Wo) (UTA + DV2W,) = 1) = T(2) ) u| < oL

§

(3.21)
where T"(z) = (—z(l +0(2) I+ AU+ S(Z)D)*lUTA> oo T(z). Moreover,
combing Proposition 3.8 and Proposition 3.9 in Hachem et al. (2013), the conclusion
follows.

To prove (3.19) and (3.20), we first take truncations to the W. For C' > 0,

let UNJij = wUI(|\/ﬁwU\ S C) — Ewl]I(]\/ﬁww\ S C) and X = A -+ EI/QW, where
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W = (4y;). For fixed vectors u, v and $z > 0, consider

(XX — 2I) " — ut (XX — ZI)_IU’

< H(XX )7 (XX - zI)—1H

< GlXX =) XX - XX - H(X*X—zl)—lH

< Cigogs [IX = XU IX) -+ 1% 1% - X

< G (;2)2 2BV W, = W) [ A + [ VAW, = W) |- [SV2W, |
B W, = W)W

< G5 (BlvnwnP1(| Vi < €)Y

where the last inequality comes from Theorem 3.1 in Yin et al. (1988) and the
facts ||A] = O(1), ||Z]] = O(1). Therefore, this bound can be arbitrarily small
by choosing C sufficiently large. Hence, in what follows, we assume |y/nw;;| < C,

Ew;; = 0 and waj = 1/n. Accordingly, the bound in Lemma 3.5.3 becomes
4 q/2
E jnwBw, — trB|* < C, (E [/, | trBB*> , (3.22)
and consequently,
4 qa/2
E|nwiBw,|? < C, [(E |/ | trBB*) + |trB|q} ,

where wy = (wy1, ..., wyp) " .



66 3.5. Appendix

Proof of (3.19): Using two basic matriz equalities (3.14) and (3.15) and, there

18

X (XX — 21) Xy — X5 (X X — 21) X u
= uf(X* = X)) (XX* = 2I) 7' Xu + u' X (Q(z) — Qu(2)) Xu + ' X;Qr(2)(X — Xy)u
= u*ekX};Qk(z)Xuﬁk — U*XZQk(Z)XkXZQk(Z>XUﬁk + u*XZQk(z)Xke};u

We first consider Ay:

Ay = uerxQr(2) Xupy
= wep(a) + wiEV?)Qu(2)(Xy + xpe})ufs
= u'era;Qr(2)Xpuly + u'erarQr(2)xre;ufy
HurerwiBY2Qu(2)Xpuby + uerwi BV 2Qp(2)xpefu by

= A + Ao + Asi + Ay

To find the bound of A, we control the bounds of Ay, to Ay, respectively. Denote
by Ej. the conditional expectation with respect to the o-field generated by {w;,i <
k}. For Ay = u*eraQr(2)Xpulby, there is

ZEkq |(Ex — Ekfl)AlkF < CzEkq’AmP
k=1 k=1

IN

c Z g |* @ Qk (2) Xgu || By
k=1

¢

n?

IN
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where uy is the k-th coordinate of wu, the first line uses the holder inequality and

the third lines uses Lemma 3.5.6. Similarly,

ZE|(Ek_Ek—1)A1k|2q < CZE’Aqu
k=1

k=1
n
< O JurlagQu(z) Xpul ]3|
k=1
C
< —
< =

Thus, by using the Burkholder inequality in Lemma 3.5.5, there is

n 2q

> (B — Exor) A

k=1

E <& (3.24)
nd

For Ay, = u*epa;Qr(2)xrejufy, by expanding x;, and using Lemma 3.5.6, there is

> Eit [(Ex — Erer) A

k=1
n n
S C Z Ek_l|u*eka,’;Qk(z)ake’,;uBk|2 + C Z Ek_l|u*eka,’;Qk(Z)El/kae,’;uﬁkF
k=1 k=1
S OZZ:IQ|UI€|4
n
and

D BBy - Epo) A < O B[Ay ™
k=1

k=1
< CElu*erajQr(z)arejuby|™ + CE|uera;Qr(2) SV *wiefu B[
C' > ey ™

n24

IN

Y
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where we use the Lemma 3.1 in Hachem et al. (2013) in the last inequality above.

Combining with Lemma 3.5.5, we also have

C
E ;(Ek —Beq)An| < (3.25)
For Az, = u*eywi32Qy(2)Xup, it is similar to Ajx, and hence there is
n 2q C
E E,—E,_1)A < —. 3.26
> (B Beu| < (3.26)
For Ay, = u*eywiX2Qy(2)xpefufy, there is
A4k = U*ekWZEI/QQk(Z)(EI/QWk + ak)e’,;u(ﬁk — bk + bk)

= u*ekWZEl/QQk(z)El/ZwkeZU(ﬁk —by) + u*eszzlﬂQk(z)21/2wke,’;ubk
+u*ekaEl/QQk(z)akeZu,6k

= Asp + Asi + Az (3.27)

To bound Asy to Az, we use the following lemma.

Lemma 3.5.7. Let Ay = x;Qk(2)x — % — ajQk(z)ar and Ey, be the
conditional expectation with respect to the o-field generated by {w;,l # k}. Under

Conditions Al and A2, for ¢ > 2, there is

By, [Ax? = O (4) (3.28)

nQ/2|gz|q

Proof. The proof is similar to the Corollary 3.2 in Hachem et al. (2007). Using the

bound in (3.22), the bound is easy to obtain and hence omitted. O
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Now, we can continue to bound As, to Az,. For As, = u*e,wiX2Qu(2) XY 2wieiu(Br—

br), there is

ZEk—l [(Ey, — E_1)Asi|” < CZ Ey 1 {’Uk’4 (Bw, [WiS2Q1(2) 2" P wy|*) / (Ew, |8k — bi|*
k=1 k=1

-1 )
=1 Uk
cZizlul’

IN

where we apply Lemma 3.1 in Hachem et al. (2013) and and Lemma 3.5.7. Simi-

larly,

ZEKEk — Ep_1) 45?7 < CZ E|Asi|*
=1

k=1

1/2

IA

OB { [k (B [ Wi 2Qu(2) 52w 1) (B, 8 — bl 1)

k=1
C ZT/CL:I |uk‘2q
nd ’

IN

Thus, again using Lemma 3.5.5, we have

n 2q

> (Ex — Epo1) Asi

k=1

E <

C
o (3.29)

For Ag, = u*e,wi32Qy(2) 2V ?wyefuby, there is

n n 1
ZEk—l (Ex — Exm)Agel* = Z Ep1 {|Uk|4 (Ewk|WZEI/2Qk(Z)ZI/2Wk - ]—)tTEQ(Z)F) }
k=1

k=1
< OZZ:I |Uk|4
n

and

> E|(Br - Er)Aa < CY E {|uk|2q
k=1

k=1

Ek(WZZI/QQk(z)Zl/QWk — %trEQ(z))

)

C ZZ:I |uk‘2q
n24 ’

IA
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where we also apply the Lemma 3.1 in Hachem et al. (2013). Thus, there is also

(3.30)

For A7, = u*e,wiX2Qp(2)areiufy, similar to Ay, the bound in (3.25) still holds.
Then, there is

(3.31)

Now, we consider By in (3.23). Recall that

B = uX;Qr(2)xpx;Qr(2)Xufy

= wX;Qn(2)ara;Qr(2) Xpuby + wX;Qk(2) 2 wiaiQr(2) Xpubs
+u X Qr(2)arwi XY 2Q1 (2) Xpubr + w X Qu(2) 2 2w wi B2 Qr (2) Xpu( B — b)
+u* X Qu(2) 2 2w wi Y 2Q, (2) X puby, 4+ u* X Qw(2)apx Qr(2)Xkeube
+u* X Qr(2) BV Wi x, Qi (2) X e u

= By + Boy + Bsi, + Ba, + Bs, + Bey, + Bry.

One can handle the terms By, By, and Bs, as those in Ay, and Ay, As to
the terms By, and Bsg, one can find the bounds as those in Ag. Recalling the

definition of Ay = x;Qr(2)xr — J%f(z) — a;Qr(z)ay in Lemma 3.5.7, there is

%3 Qr(2)xk] < [Ag] +

ML) i

<C (]Ak| + L) L (3.32)

|32]
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Combining with (3.32), we have

ZEk—l (B, — Ex_1)Bex|” < CZEk—1|BGk|2

k=1
1 \2
< OZEk 1| X Qr(2)ag|? (|Ak| + 52 |> i) | Bel?
k=1
S C«ZZ:I |uk|27
n
and

Z E|(Ex — Ex—1)Bae|*? < OZE|Bﬁk|2q

IA

1 \*%
c ZEIU*XZQk( Jau (mkr = |) 2] 32
Zk 1’“k|

nd

IN

Thus, for Bgy, there is

2q
<

n

> (B — Exo1) Agr

k=1

E ¢
nd

(3.33)

Similarly, we also have the same bound for B7,. Moreover, for the term C} in
(3.23), one can similarly find the same bound as Aj;. Combining the bounds in

(3.24) with (3.33), we can obtain (3.19). Taking ¢ = 2, we can prove that

w X (XX — 2I) ' Xu — Eu*X*(XX* — 2I) ' Xu as.
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Proof of (3.20): We first define

k n
1 _ * 0, %
Z, = Exiei—l— g X, €;
i=1

i=k-+1
k-1 n

7y = E x;€e; + E xe;
i=1 i=k+1

k—1 n
0 0
Z, = E x;e; + g X, e’
i=1 i=k

0

where x? = a; + Y2w?, and w? follows normal distribution with mean 0 and

variance 1/n. Thus, there is

Fu*X* (XX — 2I)"Xu — Eu'X}(Xo X}, — 21) " Xqu

= Y EWZ (202 - 20)'Z), —w B (Zu 2" — 1) Z,,)

k=1

D EBWZNZRZ) - D) Z) — D ( Dz — 21) 7 )
k=1

= ) [BE(A-Bi+C) ~E(& - B+ Q)]

k=1

where

AL = wepxi(ZpZ; — 20 ZiuBl,

B, = wZ(ZZ; — D) 'xaxi (225 — 21) T ZupBy,
Ct = uwZ{ (2. Z; — 1) 'xpeiu,

AY = wrex(ZnZ; — 1)1 Z0uBy,

BY) = wZ(ZuZp — D)X Z2u 27 — 21) T 20,

Ct = uZH (2. Z; — 21) tadetu,
1 1
1 0 _
i g 1+ x2"Qr(2)x?

1+ x;Qr(2)x)
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and Qy(2) = (Z,.Z;—21)"'. Similar to Ay, By, Cy in (3.23), here, A}, B}, Cl, AY, BY, C?
can be further decomposed as before, and we use the superscripts “1” and “0” to
distinguish between the general case and the gaussian case. Since the procedure is
similar as before, for simplicity, we list two typical examples to illustrate the idea

of proof”. . For example, consider A},

A = werxyQu(2) Zyuby
= uer(ag + wis?)Qu(2)(Z + xre})ussy
= uw'era;Qr(2) Zruf; + uteraiQr(2)xreruly
+uterwi BY2Qu(2) Zyu Bt + uterwi BV 2Qu(2)xpefu Sy

= Ay + Ay + Ay, + Al
For A, = u*era;Qr(z) ZyuBi, similar to (3.29), there is
- * * 1 - * * 2 1 2\1/2 ¢
> Euw'esaiQu(z) Zyu(Bh — bi)| < Y (Elu'esajQu(z) ZyulEIBL — byl*) " < NG
k=1 k=1 "
where by, is defined in (3.17). Thus, we have

o 1

> o) (3.34)

Similarly, we also have > | EAY, = >7)_ | Eu*era;Qr(2) Zruby + O( For the

L)

remaining terms, one can prove that

where j = 2,3, 4.
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Consider B} . There is

Bl = uwZi(Zu 7 — D) ixxi (Ze 2 — 2D T 2B
= W Z;Qu(2)aralQr(2) Zrubl 4+ u* Z; Qu(2) 2V *wial Qr(2) ZruB)
" ZEQu(2)ap Wi B2 Qu(2) Zyu By + 1 ZEQu(2) B Pwyw B2 Q4 (2) Zyu (B — by)
+u* Z; Qu(2) Y 2wy wi BV2Qu (2) Zpuby + u* Z7 Qr(2)ax Qr(2)xpeu L
+u* Z Qu(2) B P wixp Qu(2)xieju By

= DBy + Bay + Bsi, + B, + Bs, + Bey, + Bry.

Similar to (3.34), we have

1

Y EBl =Y EutZiQu(2)araiQu(2) Zyuby + O(—=)
k=1

k=1

B

and

Z EBY), = Z Eu*Z; Qr(2)ara;Qr(z) Zyub, + O(—=).
k=1

k=1

Bl

For Bl = w*Z; Qu(2) XY ?wia;Qr(2) ZyuB), we have

> EBY =Y EuZ;Qu(z)S*wiarQu(2) Zyu(By — bi) = o(—),
k=1 k=1 \/ﬁ

and by the same reason, we have such a bound for >, EBY, Y7  EB) and
> k-1 BB
For B}, = w*Z; Qu(2) XY 2w, wiXY2Qu(2) Zyu(B} — by) , we have

1STEBL < ElwiEY2Qu(2) Zyuu' ZiQu(=) S Wi P B| B — bil> = O(—=),
k=1

i

and Y 7_, B}, also has a bound of order O(\/iﬁ)
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For B;, and By, we have

S EBL =Y BB, =Y w2z Qn(2)BQk(2) Zru
k=1 k=1

n
k=1

For By, = u*Z; Qr(2)arx;Qr(2)xrefuf}, it can be decomposed into

Bék = u*Z,ij(z)akaZQk(z)ake’,;uB,i + u*ZZQk(z)akw,’;ZI/QQk(z)ake};uﬁé
+u” ZQr(2)a1a;, Qu(2) B P wieufy + u* Z5Qu(2)awi B2 Qu(2) B A wieu (B — by)

+u*Z,:Qk(Z)akWZEl/QQk(z)ElﬂwkeZubk.

It is easy to check that the above first 4 terms can be bounded by O(%), and hence

there is
- — L tr[Qn(2)Z] 1
Z EB;,. = Z E—————u"Z; Qx(2)are ub, + O(—=).
k=1 k=1 " v

Also, we have

S BBy =3 EMU*Z;Qk(z)ake;ubk + 0(%)_
k=1 k=1

For Bl, = u*Z; Qu(2) XY ?wi.x, Qi (2)xreuBt, it can be decomposed into

B%k = u*Z,:Qk(Z)El/gwka;;@k(z)ake,’;uﬁ,i+u*Z,:Qk(Z)ElﬂwkaEI/QQk(z)ake};uﬂ,ﬁ

+u* 2, Q (z)Elﬂwka};Qk(z)El/kae};uﬁé

t P
H+u* Z; Qu(2) 2 2wy, (w,’;El/QQk(z)El/zwk - m) ejuf;
n
t P t P
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After taking expectation, the last term is 0, and the summation of other terms over

k can be bounded by O(—). Thus, there is

vn
Xn: BBL| = 0(—). (3.35)
o v
Similarly, we have
& 1
0| _
> EBY| = 0(%). (3.36)
k=1
Moreover, for '}, we have
> ECy =) Eu'ZiQu(2)ageju= > ECY. (3.37)
k=1 k=1 k=1
Therefore, combining arguments above, (3.20) holds. ]

Proof of Proposition 3.1. Recall that

T(z) = <—Z(I+S<z)z)+ 1+15 (Z)AA*>_ ,

T(z) = (—2(1+8(2)T+ A*(T+ 5(2)2)‘1A>_1 ,

6(z) = 2tr(ET'(2)) and 6(z) = 1tr(T(z)). Using the Woodbury matrix identity in

T on

Lemma 3.5.1, there is

5 1 1 2 - ~1 7!

To prove (3.6), write

A(z) =BT~ (3(2))*A° [14+3(2) (2 + AA") A
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There is

(i) e

u* (A* [I 1) (2 AA*)} A

1 2
I\ I +(5(z)))

—A* {1 +6(2)2 + Z(J—E(Z))AA*} : A) v,

We first consider the convergence rate of

1 5

~ Ty 0B (3.59)

Then, there is

1 ~ 1 1 2 )
i -0 = (i) ATEA G

Note that Proposition 5.1 part 3 in Hachem et al. (2007) yields || T'(2)|| < ==, and

Iz

one can see in Hachem et al. (2013) as well. Also, by Lemma 2.3 of Silverstein and

Bai (1995), there is |[(I+6(2)2)7!|| < max(<,2). Via the fact of trAA* = O(1),

Iz

we have
1 ~ 1
| - 0100 o(z)] = O(n(gz)g) (3.41)
Thus, by a simple calculation, we have
« (7 ~ 1
u (T(z) - A(z)) v) <0577 (3.42)

Next, let

R(z) = #(2)T — (7(2))2A" [T+ 7(2) (= + AA%) " A,

' (A* 1456) (2 +aAY)] A) .

(3.38)
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where 7(z) in C* solves the equation

1 / tdH®" (t)
ton | T
1+t7r(2)

and H®(t) is the empirical spectral distribution of R,, = 3 + AA*. If we denote

the right hand side of (3.40) by w, then (3.40) can be rewritten as

1
z = 5 20 + wy, (3.43)

By the definition of 4, this equation can be further written as

1
z2=—=— —trXT + wy
) n
1 z . z
=—=— —tr(ZX+ AA)T + —trAA*T + w,
5 n n
1 2, s s (3.44)
=5, tr(X 4+ AA)T + —tr(B+ AA")(T' = T) + —trAA*T + w,
n n n
1 / tdH® (t)
— — = + Cn —_— = + CUQ
o 1+to

where wy = w; + 2tr(X+AA*)(T"—T)+ ZtrAA*T. We have that |w,| = O(ﬁ),

n(Sz)

[Ztr(X + AA*)(T" = T)| = O( Z)5) and |2trAA*T| = O(=5;). It follows that

1
n(S
(

|wa| = O(m) With equations (3.8) and (3.44) at hand, there is

e

Similar to (3.21) in Bai and Silverstein (1998), we also have

’m"/ (1 iﬁz (Ji)tg)‘ =1-0632)°
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Therefore, there is

d
—_

n(%z)7)'
From the same arguments as in (3.38), it follows that

~ 1

[u* (R(2) = A(2))v] = O( (3.45)

Then the conclusion follows. O
To prove Theorem 3.3.1, we also need to clarify the separation of the spike

eigenvalues of S,,. Recall that R,, = AnAZ + 3= Z£=1 %gkg,j.

Lemma 3.5.8. (Exact separation) Under Conditions A1, A2, A4 and A5, there

exists [_Wlk)’ _Wlk)] C (Yk+1,7%) for &k = 1,... 01, where 7(2) is given in (3.8).
Then we have

P(A\x > b and A\pyq < ax) — 1 as n — oo,
where A\ is the k-th largest eigenvalue of S,,.

Proof. The proof of Lemma 3.5.8 is same as that Theorem 6.1.2 in Chapter 6, and

hence omitted. [

Proof of Theorem 3.3.1. Define

where y > 0, [01, 05] encloses the sample eigenvalues A\, of XX, and excludes all
other sample eigenvalues with probability tending to 1. The existence of R, (k) is

guaranteed by Condition A4. By the Cauchy integral formula, we have

1
— vH(XEX, — 2I) T ludz = vt = Ty, (3.46)
271 IR (k)



80 3.5. Appendix

where v is an n X 1 deterministic unit vector, and OR_ (k) represents the negatively

oriented boundary of R, (k).
Lemma 3.5.9. Under Condition A4, there is

1 3
Tk — =— v R(2)vdz

, ¥l
211 IR (k)

vn

where R(z) is defined in (3.7).

Proof. The proof is similar to the proof of Proposition 4 in Mestre (2008b), and

hence omitted. O

To calculate the deterministic integral /' = ﬁ faR_(k) v*R(z)vdz, we introduce
Y

w(z) = —=4, where 7(2) is introduced in Proposition 3.1. Thus, w(z) satisfies the

7(2)’

which is parallel to equation (24) in Mestre (2008a). Thus, w(z) satisfies all the

following equation

properties listed in Proposition 2 in Mestre (2008a). Write F' = F} + F,, where

F——l*jf 11—1§p: ) (3.47)
L= 7ot (k) W n Ve — W “ ‘

k=1

— W=k

-1t i (WV_’“ w)2] dw, (3.48)

1 1 - :
= ——,v*v?g —v*rA* Z &Av
2ri Jr-mw o =

where T~ (k) is a simple closed curve that includes 7, and excludes all the other

population eigenvalues of R,, with a negative orientation. By calculations,

1 1< 2 1
F1:R65<—[1——Z( T )],%>:_.
w nAa= \ M —w n
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For Fy, we further decompose the integrand as

1
Fy=—o— (X1 (w) + x2re(w) 4 xar(w) + Xar(w))dw,
T JT (k)
where
 UATGGAY | RvAGgA
Xlk(w) - w<w _")/k) ) X?k(w) - n w(w_ﬁ)/k)g
) = —UAGEAY ()
g mofe - 22, \7-w)
1 AN T3 2
X4k(w) — U AY Z 551 Av Vi .
nw im0 i (e —w)
By calculations, there are
v AFEES A VAL A
Res(xuk(w), vx) = %7 Res(Xar(w), m) = _ng—sfk
VA GEAY L i\
Res(xae(w), ve) = —# Z 7‘1%
i=1,i#k v
1 & (i — 2)
Res(xar(w),yx) = ——v*A* =L Av.
n 11217&1@ (v — %)?

Therefore, we have

FATEELA 1 2 1
poUASSAY (L ) o),
Vk " (Ve — %) n

Let 0 = (1 - %Zizu#k ﬁ) Taking v = 07 Y/2A*¢,/||A*&]|? and combining
with Lemma 3.5.14, we have 7, = [v*d|? — 1 a.s. as n — oo. Recalling the
definition of A = NH" where N = [uy, ..., up,]//n € RP* H = [hy,... hy] €
R4 h,(i) = 1if i € V, and h,(i) = 0 otherwise and Definition 3.1, it is easy to

see that for any vector u € R? # 0, A*u shares the same block structure as AT,

Therefore, combing Condition A5 with Lemma 3.5.8, the conclusion follows.
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Proof of Proposition 3.2.
Recall that X,, = A, + '?*W,, and &, =1— 1117, where A, = [ay,...,a,

and W,, = [wy,...,w,]. In this part, we consider the centered version, i.e.,

where X,, = %,17 and %, = >_,_, Xx/n. Note that ®? = ®,,, and hence

S, = (X,®,)(X,®,)" = [(A,®, + ZV*W,)d,][(A,®, + ZV/*W,)d,]".

It is easy to see that A,®, = [a; —a,...,a, — a] := [a},...,a,]|, where a =
>, a;/n. According to the condition ||ps — ]| =< 1, it is easy to check that
|a;]|? = O(1/n) even if ||a;||* > 1/n. Therefore, in the sequel, we redefine A,
A, ®, and take each ||a;]|> = O(1/n), and for simplicity, we omit the subscript n
in each notation. Also, denote by E, the conditional expectation with respect to
the o-field generated by {w;,i < k}.

Similar to the previous setting, we also aim to prove

Elu*(X* — X*) (X = X)(X — X)* —21) " (X — X)u
- - 1
— Eu*(X* - XY ((X X)(X = X)* = 21) " (X - X)ul < O—  (349)
[Eu*(X* — X*) (X = X)(X = X)* — 21) ' (X = X)u
S - S 1
— But(Xg - X)) (Xo — Xo)(Xo — Xo)* — 2I) 7 (Xo — Xo)u| < 0%43.50)
where u = (uq, . .. ,un)T is a fixed unit vector and Xg represents the case of the W

being gaussian with mean 0 and variance 1/n.
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Suppose, by the singular value decomposition, ¥ = UDUT and & = VIV,
where I = diag(1,...,1,0)". Write

1

Eu* [(A® + BV2W(d)*(AD + VW, @) — 2I] " u
— Eu* [(AVIVT + UDV2UTW VIV (AVIVT + UDYV2UTWVIVT) — ZI] T
— Eu* [(AVIVT + UDYV2W IV T)(AVIVT + UDY2W, IV T) — zI} o
= Eu' [(U(UTAVI+ DVEWVT) (U(UTAVE + DYAW)VT) — 21 M

= Bu' [V(UTAVI+ D'2Wl) (UTAVI+ DVPW D) VT — 21 “u

= E(VTw)* [(UTAvi + D'PWI) (UTAVI + DV?W,I) — zl} B (V).

Treating UT AVT as A, it satisfies the model in Hachem et al. (2013). Define

1

D(z) = (—z(I+m(2)X) + A(I+ m(2)®)"A*) ",

~ 1

D(z) = (—2(I+m(2)®) + A*I+m(2)X)'A)

m(z) = Ltr(XD(z)) and m(z) = %tr(@b(z)). Hence we have

<o L

E ‘(vTu)* ([(UTAvi + DVPWoI)" (UTAVI + DV2W,I) — ZI] o T’(z)) (V) 7

(3.51)
where T'(z) = (—=(I+m(2)T) + (AVI)U(T + (= )D)‘lUTAVi>_1. It is casy

U+
to see that E[u*((S,(2) —I)~' — D(2))u| < % Combining with (3.49) and (3.50),

the conclusion follows.

To prove (3.49) and (3.50), we also introduce some necessary quantities.

S T 1 _ 1
Xp = X — Xk, ﬁk 1+Xka( 2)Xp ﬁkj - 1+x;ij(z)x]'
A Q. _ 1 _ * * x\—1
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Similar to the proof in Proposition 3.1, one can also do the same truncation to-
wards W, and hence we also assume |/nw;| < C, Ey/nwy; = 0 and Ew}; = 1/n.

Accordingly, the bound in Lemma 3.5.3 becomes
4 q/2
E|nw:Bw, — t1B| < C, (E Narm trBB*) : (3.52)
and consequently,
q/2
E [nwiBw;|? < C, {(E |\/ﬁwn\4trBB*) + \trB]q} : (3.53)

where w; = (w11, ..., wy,) .

We first introduce one useful lemma:
Lemma 3.5.10. For z € C,, there is E |[W;X2Q,(2) X" ?w;|* = O(Z).

Proof. By the same argument of Lemma 3.5.6, there is ||Qx(2)Xk|| = O(1). Ex-

panding this term, we have
1Qu()Xell = [1Qu(2)(Ax + ZVWi) || 2 [|Qu(2) Y2 Wil — | Qu(2) Axll.

Since [[Ax| = O(1) and [|Qk(2)]| < <, there is [|Qx(2)E*W | = O(1). Moreover,

write
1
E Wi EY2Qu(2) X" 2wy |" = —E "W E2Q,(2)SY 2wy |
1 1
< —E |w;;21/2Qk(z)zl/Zwkn*W;;zl/?Qk(z)zl/ka}‘”2 <M—,
n n
where we utilize (3.53) and hence the conclusion follows. O

Lemma 3.5.11. For z € C,, there is |[W}X2Q.(2)Xu| = O(1/n'/?).

Proof. 1t is easy to obtain that

1 1 1
%iQe(5)Xe = - IXEQA Xl < [l |- [(Qu(2)XoXG = 2L 4 21 < M
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Moreover, expanding X;, = aj, + X/?W},, we have
1 X — x =%
M_n1/2 > [%,Qr(2)Xpul > |szl/2Qk(z)XkU| — &, Qr(2) Xgul.

By the fact that ||a;[|* = O(1/n), there is [|a]|* = || 32, ., a;/nl* = O(1/n), and

thus, combining with Lemma 3.5.6, we have
wiEY2Qu(2)Xpul = O(1/n'/?).

The conclusion follows. O
Lemma 3.5.12. For z € C,, there is E|f — ;|7 < Mn~%.

Proof.

EIB - Bl < (EIBB) " (EXQ(2)x — xiQu(2)xs[?) "
< M<E|ﬁkiZQk(2)XkXZQk(2)ik|2 + E%ﬁkXZQk(Z)XHQ

1 " 2\ 9/2 )
+E|ﬁﬁkkuk(z)Xk| ) < Mn—4.
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Proof of (3.49): Expanding (3.49), there is

wH(XF =X (X =X)(X = X)* —2I) " (X = X)u

= X (XX* - 2I) 7 Xu — uf1x* (XX — 2I) 7 Xu
—uw* X (XX — 2I) 7 %1% + w15 (XX — 2D) "%l
Fur X [n(XX* — 2I) 7 'xx* (XX — 21 — nxx*) '] Xu
—u*1X* [n(XX* — 2I)7'xx* (XX* — 21 — nxx*) "' | Xu
—u*X* [n(XX* — 2I) 7 'xx"(XX* — 21 — nxx*) '] x1*u
Fu1X" [n(XXF — 2I) 7 'xx*(XX* — 21 — nxx") '] x1*u

= A—-B-C+D+E—F—-G+H. (3.54)

The term A is the same to (3.19). For the term B = u*1x* (XX* — 2I)”' Xu,

using two basic matrix equalities (3.14) and (3.15), there is

B, = u'lx* (XX* —2I) 7" Xu — v 1x; (X, X; — 21) "' X
= u1(x — %) Q(2)Xu + u*1x}(Q(2) — Qr(2)) Xu + u*1X;Qk(2)(X — Xy )u
1
- Eu*leQ(z)Xu + w1 Qr(2)xk X Qr (2) Xufy + v 1X;Qr(2)Xrefu

= By + Bag + Bay.
We first consider By, = tu*1x;Q(2)Xu,

1
Blk = Eu*l(ak + 21/2Wk)*Qk(Z) (Xk + Xke,’;)uﬂk
1 1
= ﬁu*la}ZQk(z)Xkuﬁk + ﬁu*la};Qk(z)xkeZuﬁk
1 1
+=u* 1BV 2w Qr (2) X B + —u 1XYW Qp(2)xpefu b
n n

= Bi, + B}, + B}, + B
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To find the bound of Bj;, we rcontrol the order of B{k, j=1,2,3,4. For B}, =

%u* 1a; Qr(2) Xy ufk, there is

S B [(Br—E)BLT < MY BBl
k=1 k=1
M~
< ;Z|aka(z)Xku’2|ﬁk|2
k=1
M
< pok

where the first line uses the holder inequality and the fact that |Zn:—1u

n

2=0(1/n),

and the third lines uses Lemma 3.5.6. Similarly,

Y EIE —E—)BL" < M) E[By/
k=1 k=1

< MY |aiQu(z)Xyul '[B!
k=1

M

n4’

IN

Thus, by using the Burkholder inequality in Lemma 3.5.5, there is

n 4

> (Bx — Ex1)Bjy

k=1

M

E S 2 N

3

By similar arguments, Lemma 3.5.6 and the fact of |wW;Qx(2)wy| < M, we have

n 4

> (Bx —Ex 1) B,

k=1

M

E <=, (3.55)

n

for j = 2,3,4. Now, let us focus on the term By, = u*1X;Qr(2)x,x;Qk(2) Xufy:

ng = u*liZQk(z)kaZQk(z)(xk -+ Xk)Uﬁk
= u*1<ék + 21/2Wk)*Qk(z)(ak + 21/2wk)(ak + Zl/zwk)*Qk(2> (ak + 21/2Wk)eku6k

+U*1<ék + El/Zv’vk)*Qk(z)(ak + 21/2Wk)(ak + 21/2Wk)*Qk(Z>Xkuﬂk
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By expanding By, it is not hard to find that Bl, = u*1a;Q(2) 2 *w,wiS2Q(2)arufy,

B, = w 1w SV2Qu(2) Y 2w, wi BV2Q(2) BV 2wiuBy, and B3, = v 1aiQ(2) 22w, wi BV2Q, (2) X pu
are the dominant terms. Thus, we consider these three terms particularly, and the

remaining terms can be discussed similarly. For B), = u*1a;Qy(2) 3 *w,w; S2Qy(2)ayufy,

there is

Bl = u1aiQu(2) XY ?w,wiEY2Qk(2)aguby + v 1aLQk(2) XY 2w wi XY 2Q (2)aru(B — bi)

— B+ R

Hence, (Ex—Ej_1) Byt = (W;EY2Qu(2)aa)Qr(2) =Y 2wy, — a5 Q1 (2) Q. (2)ax) u1by.

Consider

Z Ek—l |(Ek — Ek—l)B%]i ’2 S Mn Z Ek_l\WZEl/QQk(z)akEZQk(z)Elﬂwk — EZQk(z)EQk(z)akF
k=1 k=1

M

R
n

IN

where the first line uses the fact of | Y1 | u;|* = O(n). Similarly,

- M
> BBy - Er)Byl* < .

n
k=1

For the term B2 = u*1a;Qy(2) XY 2wy wiSV2Qy(2)areju(By, — by), there is

> Bio1|(Ex — Exo1) By i
k=1

IN

& * * = * 1/2
MY By {|uku 1) atag? (B, [WiE2Q1(2) S 2wy ) (B, B — bk|4)1/2}
k=1

< Ml?
n
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where we apply the Lemma 3.1 in Hachem et al. (2013), the fact of ||ax||* = O(1/n)

and Lemma 3.5.7. Similarly,

- M
> BB - Ep)BR* < =5

[\

k=1 "

Thus, using the Burkholder inequality, there is
n 4 M
E ;(Ek —E,_1)BL| < —

For the term B2, = u*1w;32Q(2) 2w, wi BV2Q (2) SV *wiefuBy, write

B2 = w1wiEY2Qu(2) XY w,wi X 2Qu(2) B  wielu( B, — bi)
+u 1w EY2Qu(2) 2V 2w, wi B2 Qr (2) B 2 wiefuby,

— B+ By

The term of B3, can be handled as Bj7. Combing with Lemma 3.5.10, we have

n 4

> (Bx — Ev1) B3

k=1

<M
_n2‘

E

For the term B3Z, using Lemma 3.1 in Hachem et al. (2013), there is

ZEk—l ‘(Ek - Ek—1)322;3|2

k=1
< Y B [w 1w S A Qu ()2 wi (Wi Qu(2) BV wi — trQu(2) B)ushyf?
k=1
= nZEk*l [(E“’k|WZEU2Q/€<Z)EI/2WH4)I/Q (Ew, [ Wi E2Qp(2) 2wy, — ter(z)2|4)1/Q}
k=1
M
< —

n
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Similarly,

STE|(E - BB

k=1

IN

Z E|u 1w XY2Q(2) 2 2w, (Wi BY2Qu(2) 22wy, — trQu(2) X ) usby|*

k=1
< n? Z (E|W221/2Qk(z)21/2wk|8)1/2 (E|WZEl/2Qk(z)El/2wk — ter(z)E|8)1/2
k=1
M
S F7

and thus, we have
4

<

n

> (Ex — Ex 1) B3,

k=1

M

R

E

3

As to the term B3, = u*1a;Q(2) XY 2wy wiXV2Qy(2)Xu Bk, it can be handled as

in By, and hence omitted. Thus, we also have

<= (3.56)

For the term Bsy, using the bound (3.12) of Pan and Zhou (2011) and Lemma

3.5.6, it is easy to obtain

4
<

n

> (B — Ex_1)Bsx

k=1

M
E . (3.57)

Similar to term B, term C' also can be decomposed in this manner.

Now, we consider term D = u*1x*(XX* — 2I)"'x1*u, and there is

WK (XX — 21) %1 u — w 1x (X X5 — 21) 7 'x 1
= u'l(x — %) Q(2)x1"u + u*1x; (Q(2) — Qi(2)) X1 u + u 1x;Qx(2) (X — Xy) 1 u

= Dy + Doy, + Ds,.
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For term Dy = u*1(x — X;)*Q(z)X1*u, there is
— l * * o _ l * 1/2 * = 1/2 = *
Dy, = nu 1x;Qr(2)X1 ufy, = nu 1(ag + 27wy )" Qr(x)(ar + X7/*wWi) 1 ufy

By the bound in Lemma 3.5.10 and the fact of ||ai|| = O(1/n), it is easy to obtain

that
4

<

n

> (B — Ex_1)Dix

k=1

M

n2’

E (3.58)

For term Doy, = u*1x}(Q(2) — Qu(2))X1*u, there is

1
= u*1)2,:Qk(z)kaZQk(z)>_<k1*ubk + u*l)_cZQk(z)xkaQk(z)ikl*u(ﬁk — bk)
1 1
—|—Eu*1>‘<};Qk(z)xkaQk(z)xk1*ubk + Eu*liZQk(z)xkx,:Qk(z)xkl*u(ﬁk — by)

= Dy, + D3, + D3, + Dy,

Similar to the term Bs, using Lemma 3.5.10 and the Burkholder inequality, we

also have .

<

n

> (Bx —Ei 1) Dy,

k=1

M

E = (3.59)

n

As to the term D3, it also can be decomposed into several terms as in DJ,. For
simplicity, we only consider the leading term among the decompositions of D3,
ie.,

u*lv’v}iZlﬂQk(z)21/2wkw}221/262k(Z)EI/QWkl*u(ﬁk — bk) = Dg,lg
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The remaining terms can be handled similarly, and hence omitted. Similar to Bz,

there is

Z Ee1 |(Bx — Ek—1)D§;ﬂ2

k=1
< MZ D {’u*1|4 (EWk|v—V;;21/2Qk(2)21/2Wszzl/2Qk(Z>21/2wk|4)1/2 (Ewk‘ﬁk . bk|4)1/2}
k=1
< ML
n

where we apply Lemma 3.5.10. Similarly,

- M
S EI(Ey - B )DEIF < =

k=1
Thus, using the Burkholder inequality, there is

n 4

> (Bx — Ex1) D3

k=1

E

Compared with D}, and D2, it is easy to see that the terms D3, and Dj, have a

smaller order. Thus,

n 4

M
E Er, — Ex_1)D < —. 3.60
;( k k—1)Dor| < 2 (3.60)
Moreover, for the term Dsy, it is similar to Dy, and we have
" 4
E|> (Bx — Ex_1)Dsi| < M (3.61)
2 k k=) Pak| = o5 .
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Now, we consider the term E = v*X* [n(XX* — 2I) " 'xx*(XX* — 2I — nxx*) 1] Xu.

Similarly, there is

By, = uX" [nQ(z)xx"(XX* — zI — nxx*)"'] Xu
—u* X} [nQr(2)xX; (X X}, — 21 — nxyxy) | Xpu
= WX [nQ(2)xx"Q(2)] Xuf — u X} [nQr(2)%k X} Qr(2)] Xy
= [0 (X = X0 Q)R Q)] Xu + u' X 1(Q(=) — Qul=))5% Q=) Xu
+u" X5 [nQr(2) (X — X)X Q(2)| Xu + u* X [nQr(2) Xk (X — Xi,) " Q(2)| Xu
+u X [nQu(2)X X5 (Q(2) — Qu(2))Xu + w X [nQr(2) %X Qe (2)] (X — Xy )u | B
+u" X [nQu (2) %1% Qx () Xu(B — Br)

= B+ Eop + Bz + Eag + By + B + By,

Expanding FEij, there is

By = u(X—Xp) [nQ(2)xx*Q(2)] Xuf = nupx;Q(2) (%), + %xk)()_ck + %xk)*Q(z)Xuﬂ
= nuxiQ(2)X X Q(2)Xuf + upxiQ(2)xk X Q(2) Xuf + upx;Q(2) %X Q(2) Xuf
QXX Q) Xu

= FEig + Eug + B + Eiga.
Consider Ey; = nupx;Q(2)XpX;Q(2)Xu,

Bua = nuifiBlay + =V2wy.)*Qr(2)(ar + Sy (ar + EV2W)* Qu(2) (ax + = %wy)
+nug BB (ay + 2w ) Qr(2) (ar + B2 w) (A, + V2w Qu(2)
(ag + =V 2wy) (a, + B2 w) Qr(2) Xpu

= B + Eigae.
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For the term FEjjp, similar to term D3, for simplicity, we only investigate one

leading term of the above expansion, i.e.,
nui BEEIWLEY2Qu(2) BV A Wi Y 2Q (2) 2 2wy, =1 Bl ;.
Write

Bl = nulbiBw; 3204 (2) 2V 2 ww; BY2Q(2) 2 2wy,
+nupbi (B — B WS 2Qu(2) SV AW wi B12Q(2) B wy,
+rud (B — b)) Bwi BV2Qu (2) 2V AW Wi BV2Qu (2) =Y 2wy,

. 11 12 13
= By + B + B
Consider the first term E1},;. There is

(Ek — Ek_l)nuibiﬁkw,’;El/QQk(z)EUzv_vkv_v}:El/QQk(Z)El/Zwk
1
= EuzbiEk(ﬁkw};Eka(z)El/ZWk11TWZEl/QQk(z)EU2wk

—Bitr(ZQk(2)SPW 11T W B2 Q,(2)) /).
For simplicity, we let Tj(2) = ZQx(2)ZY?W;11TW;X/2Q,(2), and hence

Z Ek,1 ’(Ek - Ek*l)Elllilﬂ2

k=1
M - 1/2 > 1/2
< > B {ub (Bu Wi [T(2) — (T ] wil) Y (B 1Y)
k=1

n
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where the second line applies the Cauchy Schwarz inequality, Corollary 3.2 of
Hachem et al. (2013) and the fact that |3,] < M. Similarly,

- M
ZEKEk_Ek—I)EllIinﬁ < )

n
k=1
and hence A
E - E E E! <%
;( k= Er1) Bl | < l

By the Cauchy Schwarz inequality and Lemma 3.5.10, the remaining terms con-
tained in Ef,;; also have the same order. Similarly, by a simple calculations, the

other terms contained in F4;;; also have such an order. Thus,

n 4

> (B — Ex—1) By

k=1

M

E < —.
=2

For Fix12, we still consider one of leading terms to simplify the presentation. Let
E11k12 = nukﬁﬂgw,’;ZlﬂQk(z)21/2WkWZZl/2Qk(2)21/2Wkw}221/2Qk(z)Xku.

We can also decompose Ef,,, like the term Fj,;;. Combining with Lemma 3.5.6,

we have

n 4

Z(Ek - Ek—l)E11m2
k=1

M

<

By calculations and tedious decompositions, we also have

E ;(Ek — B 1) Eipa| < pok
Consequently, there is
n 4
E ;(Ek — Ey_1)Fi| < % (3.62)
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Since the orders of the terms of E1.2, Eq3 and Eqp4 are obvious smaller than that

of Eij1, it is not hard to find that

n 4

> (B — Exo1) B

k=1

M
E < — for j=2,3,4. (3.63)
n

Combining (3.62) with (3.63), we have

(3.64)

Consider Eo, = uw*X;[n(Q(2) — Qk(2))xXx*Q(2)|Xu. From now on, to simplify

notations, we let

Lor(2) = Qu(2)xkx;,Qr(2), (3.65)
F'ik(2) = Qu(2)Xpx;,Qr(2)- (3.66)
Po(2) = Qr(2)xk X Qi (2), (3.67)
Fai(2) = Qu(2) XX, Qn(2). (3.68)

There is

By, = uXi[n(Q(z) — Qul2))xx*Q(2)]Xuf
= 0B X Qu(2)xkx; Qu(2)XX"Q(2) (xpe, + Xy )u
= nupBBIu X Dor(2)XX* Qr(2)xk + nBBu X o (2) %X Qr (2) X
+n BB X or (2)xX Tor (2) X u

= Fop1 + Fapa + Eoys.
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Consider Esy;. There is

Eoy = nuBBruXiTop(2) XX Qn(2)xs + upB87u* X5 Dok (2)x1 X5 Qr (2) Xk
_ 1 _ .
+u BB X Lok (2)Xex; Qr(2) x5 + Eukﬁﬁi”LL*XZFOk(Z)XkaQk:(Z)Xk

= Fopin + Eoria + Fapiz + Eapia.

Consider E2k:11 .

By = nupBBRwXiQun(2)(ar + 32wy (ar + 2V2w,)*Qr(2) (ar + =V 2wy ) (a), + 2V 2w;)*

-Qr(2)(ag + El/ka).
Similar to Eyz11, for simplicity, we only investigate one leading term, i.e.,
nug BB X Qr(2) BV wi,wi B2 Qu (2) 2V 2%, wi BV 2Q1 (2) 2 2wy, := Eyy.
Write

E21k11 = nukﬁkbiu*XZQk(z)El/QWkW,’:El/2Qk(Z)Zl/Qv_vkv_V};ZI/ZQk(2)21/2wk
"’nuk(B - Bk)ﬁzU*XZQk(Z)21/2WkW}221/2Qk<2)ZI/QWkWZEI/2Qk(Z)21/2Wk
+nuk5k(ﬁ1§ - bz)U*XZQk(Z)El/kaWZEI/2Qk(Z>21/2WkWZEI/ZQk(2)21/2“%

o 11 12 13
T E2k11 + E2k11 + E2k11‘
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For term FEjl . by the Burkholder inequality, there is

4
< ME

n 2

Z(Ek - Ek—1>E211111
k=1

> 1Bl

k=1

E

n 2
Mn'E [Z Uz ‘BkU*XZQk(z)21/2Wk(wzzl/2Qk(2)21/2Wk>2 ‘2]
k=1

IA

4

IN

Mn? Z upB |Bku*XZQk(z)El/ka(wZEl/QQk(z)El/QWk)2‘
k=1

1/2

IA

Mt 3t (B (B[ (0 X500 2) 2 2wy 5204 () 5 24 )
k=1

IN

- * N 1/4 * _ 1/4
Mn52ui ‘E(u Xka(Z)21/2Wk)16| / |E(wk21/2Qk(z)El/2wk)32’ /
k=1

IA

M/n?, (3.69)

where the third and forth lines use the Cauchy Schwarz inequality and the last line
uses lemma 3.5.10, Lemma 3.5.6 and the fact of [w;Bwy| < M. As to the terms of
FE3%,, and 32, one can use the Cauchy Schwarz inequality and similar arguments

as in B2, and the bounds can be easily obtained. Thus, we have

n 4

> (B — Ex—1) Eany

k=1

M
_2.

E <
n

It is easy to see that the order of Fo1; is larger than those of the other three terms,

and hence,

n 4

> (B — Exe1) B

k=1

M

E <. (3.70)

For the term Eopy = nBBu* X Tor(2)XX*Qr(2) Xyu, write

= _ 1 _ 1 N
Egkz = nﬁﬁku*XZFOk(z) (Xk + ng)(Xk + ﬁxk) Qk(Z)XkU
= nukﬁﬁiu*XZFok(z)ikiZQk(z)Xku + ukﬁﬁiu*XZFok(z)kaZQk(z)Xku
o) = * 1 o) * N7k *
+Uk6613U*XZFOk<Z)XkaQk(Z)Xku + ﬁukﬁﬁzu X Lor (2)xx; Qr(2) Xpu

= Foror + Earoe + Eopoz + Eapaa
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Similar to the decomposition in the term FEss, we also need to decompose each

term. For simplicity, we only consider one dominant term contained in Eoyo1, i.e.,

nukBksz*XZQk(2)21/2WkW221/QQk(Z)ZI/QWkWZEI/QQk(Z)XkU-

Similar to (3.69), we have

" 4
B> (Bx — Exy)nuBibjuX;Qn(2) 2 wiew; BV2Q (2) 52w, Wi B2 Q) (2) X
k=1
" 2
< Mn'E [Z 3| B(w X5 Qu(2) B 2w ) *wi SV2Qu () SV 5, |
k=1
- n * N7k * _ 4
< Mn® Z uiE ‘Bk(u Xka(z)Zl/ka)2Wk21/2Qk(z)EI/QWk’
k=1
" 1/4 _ 1/4
< MnSZui ‘E(U*XZQ;C(Z)EIQW;C)M} / ‘E(WZEI/QQk(Z)El/2W}g)16| /
k=1
< M/n?

where the last line uses Lemma 3.1 in Hachem et al. (2013). Therefore, by tedious

calculations, we have

n 4

Z(Ek — Ej—1)Eaka

k=1

M

E < 3 (3.71)

The order of the term FEy3 is smaller than those of Fo; and FEapo. Therefore, we

have

n 4

> (B — Eieor) B

k=1

M

E < 3 (3.72)

Consider Ey, = fu*X;[nQ(2)(X — %3)X*Q(2)]Xu. There is

Py = 1 * *
Es, = pPuXpQn(2)xk(Xk + ﬁxk) Q(2)(xrey, + Xy)u
= BBruru*X;Top(2)xy, + BBt X;Tap(2) Xgu
_ 1-
— BBkt X o (2)xp X Qr (2) Xpu + Eﬁu*XZFok(Z)Xu

= B + Eske + Esps + Eapa.



100 3.5. Appendix

Compared with Fay1, Fare and Fors respectively, it is easy to see that the orders of
Espq, Eso and Esgg are smaller than their correspondence. Moreover, the order of
FEs4 is also much smaller than either of these three terms. Therefore, we omit the

proof of Ej3, and

(3.73)

For Ey, it is similar to Esj. Es is similar to Esy,, and Fg;, is similar to Fyy.
For term Ey, = u*X};[nQu(2)x:X:Qn(2)]|Xpu(B — Bi), using Lemma 3.5.11,

Lemma 3.5.12 and the Cauchy Schwarz Inequality, it is easy to obtain

n 4

E ;(Ek —Er1)FBn| < % (3.74)
Combining (3.64) to (3.74), there is
n 4
E ;(Ek —Ex1)Ex| < % (3.75)

Now, we aim to consider the term F' = u*1X* [n(XX* — 2I) 7 'xx*(XX* — 2I — nxx*) '] Xu.

There is

Fy = u'1x" [nQ(2)xx*(XX* — 2I — nxx") "] Xu — u*1%], [nQr(2) %X} (X X} — 21 — nxyx;) '] X4
= u'1X" [nQ(2)XX"Q(2)] Xuf — v 1% [nQu(2) %%, Qk(2)] Xyuy
= [U*lxz [Q(2)xx"Q(2)] Xu + u1x; [nQp (2)xk X}, Q1 (2)XX"Q(2)| XSy
Fu IR [ Qe (2)x6 X Q(2)[ Xu + w1x; [Qr ()X, Q(2) | X
+ut 1% [nQ (2) X135, Qr (2) x5, Qe (2)| Xy, + 0 1x [nQp (2) %55 Qe (2) xwure | B
+u 1% [nQr (2)%i X Qr (2)| Xy (B — Br)

= P+ Fop + Fap + Fug + s + Fop + Fy.
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For Fy;, = u*1x} [Q(2)xx*Q(z)] Xu3, there is

Fuo = w'1x0(2) (% + %xk)(xk + %ik)*Q(z)(xkez + X,
= BB X Qu() (R %) (e %)l
+BBu 1x; Qr(2) (i + %)‘(k)()_ck + %ik)*Qk(z)Xku
BB IRQU) (e + %0 (R + %) Q2K Qul2) X

= Fig + Fige — Fugs.

For Fi, similar to Eq;, we expand it first. Then,

Fie = BB 1iQu() (8 + %) (Re + %) Qules

n * * 1 n * *
= BB 1x; g (2)xy + ﬁﬁﬁiuku 1x; 15 (2) %
1 n * * 1 o) * *
+Eﬁﬁzuku 1x; Do (2)x + E,@Bguku 1x;Tok(2)xx

= i+ Fige + Fugs + Flpa.

Obviously, the term Fy; is the leading term of I}, and hence we mainly consider
Fii1. Similar to above discussions, we only investigate one dominant term of Fy

to simplify the proof. Denote the dominant term by
Fliy = Bbiuu 1w SV2Qu (2) SV 2wy, wi B2 Q1 (2) Z1 P wy.

Write

2

E|> (Br — Evr)Flyy

k=1

< ME

Z |Bkbiuku*1W221/2Qk(Z)21/2Wszzl/2Qk<Z)El/2Wk|2
k=1

n ~ . ) A
Mn? Z uiE !ﬁk(wkﬁl/QQk(z)El/ka)2‘
k=1

. ~ e\ 1/2 . _ 1/2
< Mngzuﬁ (E|B]%) /2. (E|(wpZ2Qu(2)E12w,)['0) " < M/n?
k=1

IN
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where we use Lemma 3.5.10 and the Cauchy Schwarz Inequality. Therefore, by

similar calculations, we have

n 4

> (B — Ex1) Fiy

k=1

M

E <. (3.76)

For Fy, = w*1%;[nQn(2)x,x;Qr(2)XX*Q(2)|XupB 3, there is

For = nu"1x;Qr(2)xkX;Qr(2)(Xx + %xk)(xk - %xk)*Q(z)(xke’,; + X )uBi
= nB:Bupu 15 Dor(2) Xk X5 Qr (2)xk + BrBupu 1X; Top (2) %X Qr(2) Xk
+ 82 Bugu 1% Dog (2) XX Qr (2) x5 + %5551@@*1)‘(’,;F0k(z)kaZQk(z)xk
+n B3 Buru 1% T or (2) X X5 Qr (2) Xpu + B3 Bupu 1x; Tor (2) %1% Qe (2) X pu
482 Bugu 1% Dog (2) XX Qr (2) Xpu + %B,‘Zﬁuku* 1x: Dok (2)x6 X5 Qr(2) Xu
—n B Bupu* 1X5Dor (2)%e X3 Dok (2) Xpu — B3 Buru* 1% Dor (2)x6 X5 Dok (2) X
12

_ 1 .
— B2 Bupu 1% Top (2) XX Ton (2) X pu — Eﬁgﬁuku*1)‘(2F0k(z)xkx,’;F0k(z)X;€u = Z Fay;.
j=1

For simplicity, we use two representative terms Fb5,; and Fhgs to illustrate the
corresponding bound. For Fy = nfB2Bupu1%;Qp(2)xkX;Qr (2)XeX; Qr(2)xs, We

still consider one leading term, i.e.,
nbiﬁ_kuku*1\7\7}221/2Qk(z)21/2Wkw,§21/2@k(z)Zl/Qv’vkv’V,tQk(z)El/ka = Fy,.

Using similar arguments as in F};,, we have

n 4

> (Bi —Ex1)Fyyy

k=1

E < Mn7ZUéE|Bk(WZQk(2)21/ka)3\4 < M/n?.

k=1
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Similarly, for Fops = nb} Bupu*1%5Qp(2)x,xt Qr(2) %X : Qr(2) X pu, we consider its

leading term, i.e.,
0B fupu 1w B 2Qp(2) 2V 2w, wi B2 Qr (2) BV 2w Wi BV 2Qu (2) X i = Fys.

Then, there is

n 4

< M"Y uiE |Bu(WiQu(2) Y we) (Wi SV 2Qu(2) Xyw) |

E|> (Br — Exo1) Foys
k=1 k=1
. — % 1/4 — %
< M"Y ub (BIWEQu(2)S 2w 2)) ! (BI(wiSY2Qu(2)Xu)
k=1
< M/n?

where the last step follows from Lemma 3.5.11. Therefore, by tedious computa-

tions, we have

n 4

> (Bk — Ex1) Fax

k=1

M
<= (3.77)

n

E

The rest terms, i.e., F3. to Frg, all have such a bound by using similar arguments.

Thus, we conclude that

<= (3.78)

According to the terms E and F', one can observe that the orders of GG, and Hj

are both equal to or smaller than those in £ and F', and thus, we also have

4
" M
E Er—E. )G, < — 3.79
;( k k-1)Gr| < 2 ( )
and
" 4
M
e A S A (3.80)
k=1

Consequently, the bound in (3.49) holds for ¢ = 4. O
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Proof of (3.50): We also define

k n

Z, = E x;e; + E x)e;
i=1 i=k+1
k-1 n

Z, = E x;e; + E x)e;
i=1 i=k+1
k—1 n

0 0

Z, = E xief—i—g X, €,
i=1 i=k

0

where x? = a; + Y2w?, and w? follows normal distribution with mean 0 and

variance 1/n. Moreover, we set z; = 1Z;1, 2, = 7,1 and z) = 1791, and it is

T n
easy to observe that

_ _ B _ 1
7zt — 7, = —x; and z0 — 7, = —x.
k k k
n n

Recalling (3.54), one can decompose u*(X* —X*) (X — X)(X — X)* — 21)71 (X—

X)u into 8 terms (A to H). Note that the term A is proved in Proposition 3.1. So,

in the following, we focus on the remaining terms.

Term B: For B, we aim to prove
[Bu*1x* (XX* — 2I) "' Xu — Eu 1x™ (XX — zI)‘1 X%/ := |[EB' — EB"| < M/\(8.81)
To obtain (3.81), write

EB' —EB’ = ) E(u 1z (ZZ} — 1) ' Zpu — w1z (Zp 2y — 21) ' Zyu)
k=1

= B (w12 (Z0Z) — 1) Zu — w125 (2, 2y — 1) Zyu)
k=1

= Z [E (Blil - BliQ + Bli3) —-E (Bgl - 322 + 3123)} )
k=1
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where

B}, = %u*lx,’;(zkzk* —20)"'Zupy,

B, = w1z (ZyZ;* — 1) 'xp x5 (2 Zi” — 21) " Zjupy,

Bl, = u*1z;(ZpZ;" — 21) 'xefu,

B), = %u*lxz*(Zka* — 2D ZoupBy,

BYy, = w1z (ZpZy* — 1) X0xV (2 Zi — 21) " Z0upy,

B, = u*1z;(ZyZ," — 21) 'x)eju,
1

B = O B =

1
1+ x0°Qr(2)x?

Similar to the proof of Proposition 3.1, we still list some typical examples to illus-

trate the idea of proof. For example, consider B},

1 * *
B,il = Eu 1kuk(z)Z,{;uﬁé

1 * * xy11/2 * 1

= U 1(ay, + WX %)Qr(2)(Zy, + xie;)uf;,
1 * * 1 * * *

= ~u 1a;Qr(2)Zyufy + ~u la;Qr(2)xresuf;,

1 1

—l—ﬁu*lw,’;El/QQk(z)Zkuﬁ,i + EU*IWZElﬂQk(z)xke};uﬂ;

= B+ B + Bl + B
For Bii = fu*la;Qx(2)Zyuf), we decompose it as
B = —u1ayQu(2)Ziu(By — bi) + —u 12y Qu(2) Zyuby.

Similar to (3.34), we also have

1

) (3.82)

n n 1
EB! =Y E-u*la’ Zub, + O
; 1k ; U a,Qr(2)Zyuby + O(
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Similarly, we also have >_p_, EB{; = Y7/ ELu*1a;Qy(2) Zyuby, + O(\/Lﬁ) For the

remaining terms, one can prove that

),

i EB/
k=1

1
O(——
7
where j = 2,3,4 and ¢ = 0,1. The terms of B}, can be also handled as in the
proof of Proposition 3.1. And B}, is similar to Bj,, and thus, we have (3.81). By

a simple but tedious computation, The terms of C' and D also satisfy such result,

ie.,

-1

|Bu*X (XX* — 2I) 7 %1% u — u* X" (XX — 21) 7 %%1*u| := |[EC* — EC?| <

= SI=
&

and

[Eu*1x*(XX* — 21) " '%1*u — Bu 1% (XX — 2I)'x%°1*u| := |[ED' — ED’| <

Now, we need to prove

[Eu*X* [n(XX* — 2I)7'xx"(XX* — 2I — nxx*) "] Xu
M
—Eu* X" [n(X°X” — 2I) '™ (XX — 21 — nx"x") 7' X0u| < —.
NLD
(3.85)
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To obtain (3.85), write

EE' —

EE°

ZE(U 7 [n(ZAZY — o1)'zlzl (ZLZY — 21— nzlzl) ] Zlu
—u*Z; [(ZZ, — )2z (Zi 2, — A — nzzl) ] Zku>
- Z (w2 [n(ZZy — 1) Az (22 — 21— nafa) | Zju

—u*Z; [ ZZs — ) 2z (Zi 2, — A — nzyzl) ] Zku>

ZE@*z}: (n(ZLZY — 1) '2}2 (Z)ZY — 21) Y] Zhuf)

k=1
—u'Z; [n(Zh 2 — 1) 'z (202, — 21) 7] zkuBk)

- Z <u 70 [n(ZOZY — 1) 'zl (2070 — =1) 7] Z0uf?

w7 [n(ZZ;, — 21) "2z (Za 2y — A1) ] ZkuBk>

> [EE; -EE].

k=1

The expansions of E} and E} are quite tedious, so we take E} as an example, and,

for simplicity, we also use some typical terms to demonstrate the idea of the proof.

Write

El =

m (Zi+ x10})" [Qn(2) — BhQu(2) x5t Qul2)] 2 + )
() Q) — Q)X Qul2)] B+ ki B+ B — )
—nu* Zy Q1 (2)Z1Z; Qr (2) Zyu By,
(nu ZilQu(=) = BeQu(2)xexiQu(2)]Z1ZE Q=) — BQu(2)x11 Qu2) Ziu B
T Qu(2) 27 Qu () Ziu By
e (Zi -+ x50 [Q(2) — ShQu(= P Qu(] 2 + 1)
(14 ) Qu(2) — BQul2) i Qul2)) e + xeel)ulB — ) + R

EL + Ely + Ry,
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Consider Ej},, there is

By = nBiuZiQu(2)xix;Qu(2)212; Qu(2) XX Qr(2) Zu By
—n B ZiQu(2) %X Qu (2) 242, Qi (2) ZiuBr — n " ZiQu(2) 2z Qn(2) XX Q. (2) Ziu By
= nbiu ZiQu(2)xux;,Qr(2) 22, Qn (2) %X Qn (2) Ziu B
—nbu” ZiQu(2) %X, Qu(2) 242, Qi (2) ZiuBy — nbi” ZiQu(2) 2z Qr (2) XX Qr (2) Ziu By
+n(B; — 0p)u" ZiQu(2)xix; Qu(2) 221, Qn (2)x1 X}, Qr(2) Zyu By
=By — bi)u" ZyQu(2) %1%, Qe (2) 212, Qu (2) Zicu By
—n(Br — bi)u" ZyQn(2) 242y Qi (2) x5, Qi (2) Ziu By

= En+El+E;+Ej+ES+ES
Take the term of B}l as an example. Write

Ey = nbuZiQu(2)xex;Qr(2) 212y Qu (2) X1 X5 Qr (2) Zyu By
= nbiu*ZZQk(z) (ak + 21/2Wk)(ak + 21/2Wk>*Qk(Z)Zk

- 2;Qu(2) (2 + B7wy) (ay, + B2 w)* Qu(2) Ziufy.
For simplicity, we investigate 3 leading terms among Elj, i.e.,
b2t ZEQu(2)apwi B2 Qu(2) 24zt Qi (2) XY 2wl Qu(2) ZyufBy, = EHL,

nbiu*ZZQk(z)El/kaw,’;El/2Qk(z)ikZZQk(z)El/kaa’,;Qk(z)ZkuBk = EﬁZ,
and nbiu*Z}ZQk(z)El/zwkw};El/sz(z)ZkZZQk(z)El/kaW}:Zl/QQk(z)ZkuBk = E,ﬂ:)’

For the term E}{!, one can easily prove that

n —x — * n
EE,' = Ey' = EEsz*ZZQk<2)akszk(Z>2Qk(z)zkaka(2)Zkuﬁk-
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For the term E}? write

1
B = nbiu*z;Qk(z)zmwk[w;;zl/ZQk(z)zkz;;cgk(z)zwwk—Z;z;Qk(z)sz(z)zk a1 Qu(2)Z

The expectation of the first term can be bounded by the Cauchy Schwarz Inequality

and Lemma 3.5.6, i.e.,

u 1
\ > E <nbzu*zzgk(z)21/2wk wiSY2Qu(2)2kZEQu(2) 2 2wy, — ]-)z;Qk(z)sz(z)zk] arQy(z
k=1

- 0(72).

Moreover, the last term above is equal to zero. Similarly, for E}}?, we also
have such a result. Similarly, the terms E};* and EJ® can be also handled as in
F;1%, and the expectation of remaining terms of E}] at most differ from that of

the remaining terms of E}}. Therefore, we have
n n 1
> EE} =) EE}+ 0(%). (3.86)
k=1 k=1
The terms E}? and E}? can be handled in a similar way, and we also have
> EBEY = ZEE,S{ +O(—=) for j =2,3. (3.87)
et \/_

As to the terms FEjf to ELY, one can use the Cauchy Schwarz Inequality and Lemma

3.5.6 to obtain

—) for j = 4,5,6. (3.88)

ZEE NG

Zn: EE
k=1
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Using Lemma 3.5.12 and the Cauchy Schwarz Inequality, we also have

1
Jn

- — O(—). (3.89)

zn: EE},
k=1

Zn: EE},
k=1

Moreover, by tedious computations, one can check that

n n 1
ER, =) ER) —). :
; R} ’; Rk+0(\/ﬁ) (3.90)

Therefore, (3.85) is obtained.

Consider the term F'. Similar to (3.85), we need to prove

[Bu1x* [n(XX* — 2I) " 'xx*(XX* — 21 — nxx") "' Xu
M
—BEu*1x” [n(X"X” — 2I) 7' x"x 7 (XOX% — 21 — nx"x") 7] X < —.
vn
(3.91)

Similarly, we also write

EFf —EF° = ) E<u*1z}; [(Zi 2y — 21)'2}21 (212 — 21) 7] ZiuBy
k=1
—ut1Z} [U(ZhZ;, — 1) %7 (22, — 21) ] ZkuBk)

-3 E(u*1zg* [(ZVZY — 1) ' 20z (ZOZY — 1) '] Z0uf3)
k=1

—ut1Z) [U(ZkZ, — 21) %7 (202, — 21) ] Zku3k>
= [EF; —EF/].

k=1
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By the same decomposition as that for the the term £, the bound in (3.85) can be

obtained. Similarly, we also have

[BuX [n(XX* — 2I)'xx*(XX* — 21 — nxx") '] x1*u

M
—Eu*X? [n(X°X" — 2I)7'x%x™(XOX” — 21 — nx"%x") 7' x°1*u| < —.

Vn

(3.92)
[Bu*1x* [n(XX* — 2I)7'xx*(XX* — 21 — nxx*) '] x1*u

M
—Eu*1x” [n(XOX% — 2I) 7% % (XOX% — 21 — nx"x”) 7] 1% < —.

vn

(3.93)

Combining (3.81), (3.83), (3.84), (3.85), (3.91), (3.92) with (3.93), the conclusion
follows. O
Proof of Theorem 3.3.2.
Recall that ® = diag(1,,) — 1,1 /n and A = [uo, ..., wo]/v/n € RP*", where

Mo =Y . Nspbs/n € RP. Recall that

D(z) = (—2(T+m(2)E) + AL+ m(2)®) 'A*)

~ 1

D(z) = (—z(I +m(z)®) + A*(I+ fn(z)E)_lA)* ,

m(z) = 2tr(XD(z)) and m(z) = Ltr(®D(z)). To simplify notations, let a(z) =

T on

—2(1+m(z)), and hence m(z) = =& — 1. Write

z

m(z) = %tr(@f)(z)) = %tr(f)(z)) — %tr(f)(z)llT).
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Thus, we have m(z) — %tr(f)(z)) = O(1/(nS2)). By a similar argument as in

(3.40), we have a™*(2) —m(z) = O(1/(nSz2)?). Rewrite

Do) = (a1 - eI -~ + AR A)
and define
D(z) = (m—1<z)1 _ ﬁfl(z)% - 21_711 AT+ fn(z)E)‘lA)_ .

Similar to Proposition 3.5, we have
u* <f)(z) — ﬁ'(z)) v =0(1/(n32)°).

Hence, for simplicity, we consider D’ (z) instead. Let

117 117
—_— _Z_ s

B(z) =m ) —m 1(2) - -

and using the identity

N-1(M — N)N-!

M!=N"—
1+ tr(N-I(M—-N))’

(3.94)

we have
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Define T'(z) = [I+ m(2)(X + A®A*)]"". Recall that the A defined here is A®.

Therefore, using the Woodbury identity and (3.94), there is

D'(z) = B7'(2) = B\ (2)A* 1+ m(2)E + AB~(2)A*] " AB~\(2)
= B (2) - B7'(2)A* lI +m(2) (X + APA*) — %Al—anA* _ AB71(£3.95)

= B (2) —m*(2)PA*T(2)Ad

Suppose that R,, = APA* + X. Let 5(z) in CT solve the equation

1 tdH®» (1)
z__§+cn/—1+t§ (3.96)
Define
3 11t . _ 1
D (2) =5(2)® — P +5(2)PA I+ 5(2) (X + APA™)] AD.  (3.97)

Similar to (3.45), we can get

~ /!

u* (D’(z) - D (z)) v = 0(1/(nS2)).

Define
Ry(k) ={z€C: 2 <Rz <3y, 32| <y},

where y > 0, [21,3,] encloses the sample eigenvalues A of (X,®)*(X,®) and
excludes all other sample eigenvalues with probability tending to 1. The existence

~

of R, (k) is guaranteed by Condition A4’. By the Cauchy integral formula, we have

1 _

— 0 [(Xn®)* (X, @) — 21)H vdz = v it = G, (3.98)
211 SR; (k)

where v is any n x 1 deterministic unit vector, and 8[@; (k) represents the negatively

oriented boundary of R, (k).
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Lemma 3.5.13. (Exact separation) Under Conditions A1, A2, A4 and A5’ there

exists [—@, _Wlk)] C (Vka1,7) for £ =1,... 01, where §(z) is given in (3.96).

Then we have

P()\k > bk and /\k-i—l < ak) — 1 as n — o0,
where Ay is the k-th largest eigenvalue of S,,.

Proof. The proof of Lemma 3.5.13 is same as that Theorem 6.2.2 in Chapter 6,

and hence omitted. O

Lemma 3.5.14. Under Condition A4’, there is

1 3
O — =— v* D" (2)vdz

6]
271 8@; (k)

vn

where D"(z) is defined in (3.97).

Proof. The proof is similar to that of Proposition 1 in Mestre (2008b), and hence

omitted. O

1

To calculate the deterministic integral F' = 5 —

faR;(k;) v*R(z)vdz, we introduce

w(z) = —ﬁ. Thus, w(z) satisfies the following equation

tdFRn(t
z=w(z) 1—c/—<) :
t—w(z)
which is parallel to equation (24) in Mestre (2008a). Thus, w(z) satisfies all the
properties listed in Proposition 2 in Mestre (2008a). Denote the contour of w

by T(k). Tt is a simple closed curve that includes 7, and excludes all the other

population eigenvalues of R,,. Write

1 ~ 1 1
— v*D"(2)vdz = — v* B odz + — m?(2)v* ®A*T (2) Adudz
211 Jozz i) 2mi Jory (k) 2mi Jot (k) (3.99)

=+ F



Chapter 3. High dimensional clustering: A Two-step method for mixture datallb

We have
1 1v*11
F:=— m(z)v*dv — a8
27 Jor; (k) z n
1 1 1 < ?
= ——,v*@v% — 1= —Z < L ) dw (3.100)
271 (k) W na= \ M —w
A 20
=—
and
1
Fy=— m?(2)v* ®A*T (2) Advdz
211 BR;(k)

p 2
= Lv vj[ v*PA* Z i: ——Adv |1 - 1 ( Tk ) dw,
271 (k) w W — Vg n e Ve —

VOAELEADy 1 Vi 1
- k (1—5‘2 W)+O(ﬁ)

Tk

Therefore, we have

* * * 2
@k_quAfkka@v(l_l Z : Vi )2>‘—>C

Tk W i, Tk = i

Vvn

Let 6 = <1 — %Zizl’#k ﬁ) Taking v = 07120A*E, /|| ®PA*E || , we have

G = v a2 B 1 as n — oco. O






Chapter 4

High dimensional clustering: A
Two-step method for mixture

data

4.1 Introduction

Recall that xq,...,x, € RP are the independent data vectors, and each belongs to
one of K distinct classes indexed by Vi,...,Vg. Class V, has cardinality n, for

se{l,...,K}. Write
Xi:ai—i—E;/Qwi if ieV,fors=1,..., K, (4.1)

where a; = ps/y/n € RP, X, € RP*P ), is the indices set of the s-th cluster and
vnw; € RP is a random vector with i.i.d. mean 0 and variance 1 coordinates. Each
tuple of parameters, (us,2s), determines a cluster. Note that for some distinct
s,t, s may be equal to p; or ¥; may be equal to 3, but (us, 35) # (e, 2) for
s #t.

The rest of this chapter is organized as follows. We propose a Two-step method

117
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in Chapter 4.2. In Chapter 4.3, we provide the main theory. Simulation studies are
presented in Chapter 4.4. Moreover, the real data analysis is provide in Chapter

4.5.

4.2 Methodology

4.2.1 Two-step method

To unify notations, we write the disjoint set of {V1, ..., Vk} (up to a permutation)
as

Vo ViV = {1, (4.2)

where 3% 0, = K and ¢, > 1. Let K, = U% V¥ for s = 1,...,K;. Without
loss of generality, we assume that, for i € ICs, cov(x;) = 3, and for s # t, 35 # X,

where 1 < s,t < K. Hence, it is easy to see that the set of

{’Cl,...7ICK1}:{]_,...,7’L} (43)

is another partition of the whole indices set characterized by the distinct covariance

matrices. Moreover, for each Ky = {V},...,V; }, s =1,..., K\, there is
Ex; # Ex; when 0, > 1,0 € Vj,j€V; and d # h < (. (4.4)

Our final aim is to find the cluster index sets as in (4.2). However, in many
cases, when deciding (4.2), both parameters influence each other. Based on the
aforementioned mean clustering and covariance clustering method, we propose a
universal method, Two-step method to find (4.2).

Generally speaking, since two parameters, both g and 3 determine a cluster,
and we consider the clustering problem by two steps: Step 1, we first determine

Ky, ...,Kg, from the covariances viewpoint by the method proposed in Chapter
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2. Step 2, for each cluster K;, we apply the method proposed in Chapter 3 to do
a further clustering, where t = 1,..., K;. We thus call the proposed method a
Two-step clustering method.

As mentioned before, in Step 1, we aim to find the clusters in terms of covari-
ances regardless of means. However, in Chapter 2, to do the clustering is based on
the prerequisite gy = pu, € RP for s # ¢t < K, which is not satisfied in this case.
Thus, in order to apply Algorithms 1 and 2, we have to preprocess the observed data
X first. Similar to Algorithm 1, let pg = % Zﬁil nspts, where prg = (fg1, - - -, fsp) | -
Without loss of generality, we assume that gy = 0, otherwise, one can use the
centered observations as in (2.12) to do the next steps. Our first aim is to detect

the indices that contribute to mean differences, i.e.,
{1 <j <p:thereexists 1 <i<ns.t. Ex;#0}

It is easy to check that this indices set is equivalent to

G+ mal)? £ 0} = A (4.5)

Therefore, if we can find a proper estimator or a good surrogate of A then we
redefine a new observation X = [X1,...,%,] € RO swhere %, = (T, . . . ,£k|Ac|)T,
Ty € {ap;i € A%} and {wg;i € A} = {@pa, ..., Tipae . In this way, we remove
the coordinates, which cause differences in terms of means. In this case, we can
assume that Ex; = Ex;, = 0if i € K, and k € K;, and hence the condition of the
method proposed in Section 2 is applicable. To find the estimator of A, we use a
method as in (2.12). We also provide a simple algorithm so that an estimator A

can be obtained, denoted by A.
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Result: The preprocessed X.
Given x; = (2;1,...,2;) € RP, and set g, = [n’ ], where |y] means the
largest integer smaller than y, 0 <, <l andi=1,...,n;

for j=1,...,pdo
1. Randomly divide {1,...,n} into g, subgroups with

(approximately) equal size, and denote the indices set by &, ..., &,

n*

for k=1,...,q, do
2. For all z;;, i € &}, we construct a U-statistic as in (2.12):

2
Uk = ——— Tk, Tk (4.6)
J |5k||€k_1|k1<kz;€€k 15V k2j

3. Find the mean of Uj@(k:), k=1,...,q,, ie. let

U™ (k). (4.7)

4. Define A= {j : ]an]@| > t}, where t is the threshold to detect the
corresponding j. In practice, one can set t = ¢/2- logn.
5. Reconstruct X = [X1,...,%,] € R(p*‘ﬁ‘)xn, where X = (g1, . .. ,ik@q),

i'kj € {.Tki;’i < ./zl\c} and {SL’]ﬂ,Z € A\c} = {i’kl, - ,iklﬁcl}

Algorithm 3: Preprocess X.
Remark 4.2.1. Since n is not very large in our simulation studies and the mean
differences only appear at a few indices, by setting ¢, = 1 and choosing the largest

|13logn| |U j@|, the performance of Algorithm 3 is still satisfactory.

Based on Algorithm 3, one can use the method in Chapter 2 so that the

estimators of Iy, t = 1,..., K; can be obtained. On the other hand, for each ;,
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t=1,...,K;, we do the clustering again from the means viewpoint by using the
method proposed in Chapter 3, and vice versa. According to the discussions in
Chapter 2, it is easy to see that each member in one K, shares a same covariance
matrix, but their means may be different. Thus, without loss of any generality,
we assume that X; = [x3,...,x,] and {1,...,r} = K;, where cov(x;) = X;/n for
t=1,...,r. Suppose there are {; classes based on distinct means, say Vi, ..., Vy,,
and Ex; = p,/+/nif i € V, for u = 1,...,¢,. Hence, there is K, = U"_,V,. Also,
define

St =X/ X, = (A, + Z°W) T (A, + =,°W,), (4.8)

where Ay = NJH/, Ny = [py,...,pe]//n € R H, = [h},... hi] € R4,
where hi (i) =1 if i € Vs and h(i) = 0 otherwise. Similar to (3.10), we also apply
the optimization problem

U = arg max [|U— U7 (4.9)

n,ly

to obtain the matrix that can be used to do clustering, where ﬂgt consists of

eigenvectors corresponding to the largest ¢; eigenvalues of St.
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1. Given the data matrix, the number of classes in terms of covariances and
means, i.e., X € RP*" K7 and £;’s, respectively.

2. Use Algorithm 3 to obtain a preprocessed X, so that it is applicable in
Algorithms 1 and 2.

3. Use Algorithm 1 to obtain the ¥ of X, and find the Sy as in (2.9).

4. Apply Algorithm 2 to the Sy, and return the set l@l, . ,l@Kl, which are the
estimator of Ky, ..., Kkg,.

fort=1,...,K; do
1.Construct S!, as in (4.8), and find the eigenvectors corresponding to the

spiked eigenvalues of S!, denoted by Vt = (vi,... ,\7‘2) e RIK:Ixte,

2. Similar to Algorithm 2. by using K-mean clustering to \A/'t, generates

clusters VI, ... ,f)}ft, where |VY| < |Kl.

Return The final clusters are: Vll,...,V}l,...,Vfl,...,Vg; .

Algorithm 4: Two-step method: covariance-mean for the case ||ps — p|| < 1.
Remark 4.2.2. In practice, compared with the case ||pus — ps]| < 1, the case of
|es — pee]] > 1 is much easier to distinguish. We also propose a revised method in

next chapter.

In Algorithm 4, it requires a part of covariances differences to occur at the
coordinates which do not have any means differences. However, in practice, there
still exists such cases. For example,

Example 3. For xi,...,%,, suppose there are four clusters characterized by
(s, X5), s = 1,2,3,4. Let py = po = (5,0,...,0)7, 3 = pg = (0,3,0,...,0)7,
¥, =3%3=TIand

5 0.5-17 5 —0.5-17

=3 = and Yy = X, = )
05-1 A —0.5-1 A

where A € RP~D*(=1) i5 ysed for keeping all these four matrices positive definite.
It is to see that if we remove the first and second coordinates of x, k =1,....n

by Algorithm 3, the preprocessed data X, share the same covariance matrix. In
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this way, one may not find the clusters characterized by the covariance clustering
method. To overcome such situations, we propose a modified version of Algorithm

4.

1. Given the centered data matrix, the number of classes in terms of

pxn K4 and £}’s, respectively.

covariances and means, i.e., X € R
2. Use Algorithm 1 to obtain the ¥ of X and construct new Y whose columns
are defined in (2.4).
3. Use Algorithm 3 to obtain the set A as a surrogate of A defined in (4.5).
4. Remove the rows indexed by A in Y, and denoted by Y. Let gy =Y'Y.
5. Apply Algorithm 2 to the Sy, and return the set l@l, ey l@Kl, which are the

estimator of Ky, ..., Kk, .

fort=1,...,K; do
1.Construct S, as in (4.8), and find the eigenvectors corresponding to the

spiked eigenvalues of S!, denoted by \A/'t = (vi,... ’{,Z) € RIfelxte,

2. Similar to Algorithm 2. by using K-mean clustering to \A/t, generates

clusters Vi, ... ,]}ét, where [V!| < |Ky|.

Return The final clusters are: V117 e 7V¢11’ R ViKl, . ,ng{l .
1

Algorithm 5: Modified Two-step method: covariance-mean for the case ||ps —

pel| < 1.
Remark 4.2.3. It is easy to observe that, in Example 3, excluding the first two

coordinates of the newly constructed Y, the means of all the remaining coordinates
will not be influenced by s, s = 1,2, 3,4. Therefore, if one uses the Y in Algorithm

5 to do further covariance clustering, it is also workable.

4.2.2 Modified Two-step method

Recalling Condition A6, we focus on the case ||ps — p|| < 1 previously. In this
section, we also investigate the case of ||ps — ]| > 1. Similarly, we start with

the notations needed in the following context. For the data xi,...,x, following
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model (4.1), we suppose that there are K < oo clusters characterized by (ps, X5)
for s = 1,..., K. Unlike the Two-step method, if there exists the situations of
s — el > 1, we do not distinguish the covariance structure first. Instead, we
find the clusters whose means differences are very large. Then, for each clusters
that found according to large mean deviations, we apply the Two-step method to
find the final clusters.

Specifically, suppose there exists K3 > 0 classes, UkKjlﬁk ={1,...,n}, and be-
tween which the mean difference is large compared with a constant, i.e., min<szi<x, || bs—
|| > 1. Also, within one Ly, there still may exist several classes regardless of
means covariances, and ||ps — pi|| = O(1) when s,t € L. To handle this case, we

propose Algorithm 6 as follows.

1. Given the data matrix, the number of whole clusters and the number of
classes in terms of large mean difference, i.e., X € RP*" K and K3,
respectively.

2. Construct S, as in (3.3), and extract the eigenvectors corresponding to the
largest K3 eigenvalues of S,, as the Algorithm 2. Apply K-mean towards the

obtained eigenvectors (K = K3), and hence there is Li,... LKy

for k=1,...,K3do
1. Let X®) be the data matrix in class ﬁk, and apply Algorithm 4 to each

X (k)

Return The final clusters are returned.

Algorithm 6: Two-step method: mean-covariance-mean for the case ||ps —

]| > 1.
4.3 Theoretical results

So far, we have considered the theoretical results about covariances clustering and

means clustering, respectively. For the settings in Chapter 4, we also investigate
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the corresponding theoretical results. Condition A6 is for Chapter 4.
Condition A6. There exists a set of C C {1,...,p} with |C| < ¢-p for some

positive ¢ < 1 such that A C C, where A is defined in (4.5). Let X = [Xy,...,%,] €

R(p—\C|)><n7 where X, = (Zi’kl, - ,Zf'k|cc|)—|—, Zi‘kj € {xki;i c CC} and {l’kz,l € CC} =
{Zk1, - - 73~;k\65|}- We assume that the new constructed data X satisfies Condition
A3.

Condition A7. For each j € A and some s € {1,..., K}, (usj — ptoj)? > T, where

T, = C and ps;, poj are the j-th coordinates of p; and po, respectively.

Remark 4.3.1. For Condition A6, it means that most coordinates of the obser-
vation x; share a same mean except a small part of coordinates indexed by .A.
However, most covariance differences are still kept in the X;. In our simulations
studies, all the models satisfy this condition. Condition A7 reflects the differences

between means in terms of coordinates.

Proposition 4.1. Under Conditions Al and A7, by using Algorithm 3, we have

A C A with probability tending to 1.

Corollary 4.3.1. Under Conditions A1, A2 A3, A6 and A7, there is

max{az, A\a}

min {])\k—)\k+1\2 [Ak—1— Ax[*}

1<k<K;—

TMR({V}) = O

= O(ﬁp)

with probability tending to 1, where )>§ is given in the Step 4 of Algorithm 4 and
TMR is defined in (2.15), x5, — oo, T? = S5 0T, yo/n,

oy, = max{#, log p, ry(log p) /2| 1712, [T }

and \; = \; (]5;’?]32). Here, we set g = oo, and %, T, g0, D2 are all for X in

Condition A6, and their corresponding counterparts are given in Theorem 2.3.1.
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Corollary 4.3.2. Under conditions of Corollary 4.3.1, if the observations in each
K, satisfies conditions in Theorem 3.3.1, U* and A, have the same block structure

with probability tending to one, where U* € R™** is given in (4.9).
Based on these two corollaries, we have our final conclusion:

Theorem 4.3.1. Suppose that VI, ... ,V}l, VKR ,]A/Zf{ll are the clusters ob-

tained by Algorithm 4 and conditions in Corollary 4.3.2 also hold. Then, we have

TMR({V}) = O (max{8,,1/v7})

with probability tending to 1, where (3, is given in Corollary 4.3.1.

As discussed in Example 3, Algorithm 4 cannot tackle some special cases.
Thus, we also develop the theory about the Algorithm 5. The following condition
is a weaker version of Condition A6, which can be implemented in the theoretical
part of the proof of Algorithm 5.

Condition A6’. Define B = {(i,j)| there exist s # t s.t. (0 (5) _ (t)) > 7,} and
D = Ax A, where A is given in (4.5), 7,, = C. Then, there is |B\D| > C'w,, where

w, tends to infinity with p.

Remark 4.3.2. In Example 3, B={(1,1),(1,2),...,(1,p),(2,1),...,(p,1)}, D =
{(1,1),(1,2),(2,1),(2,2)}, it satisfies Condition A6’ naturally and w, = O(p).
The other settings in the simulation all satisfy Condition A6’. Compared with

Condition A6, this condition is much weaker.

To clarify the theoretical result of Algorithm 5, we also introduce some nota-
tions. For the Y in the step 4 of Algorithm 4, write Y° = D°+Z as the correspond-
ing oracle version, where D° is the nonrandom part. Similar to (2.16), we denote
the covariance matrix of the row of Z° by fsv\yo, and define T° = ZS L NsLs wo /10,

where s =1,..., Kj.
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Theorem 4.3.2. Replacing Conditions A6 by Condition A6’, and using Algorithm

5, we have

TMR({V1}) = O (max{3,,1/v/n})
with probability tending to 1, where

- max{a;, A\, }

%= = P = MRy

1<k<Ki—

&, = max{k, log w,, x,(log @,)/?||T°||/2, [T}, A = s (]ND‘,’LT]NDZ) and K, — 00.

Remark 4.3.3. It is easy to see that Algorithms 4 and 5 are constructed based
on the known number of the whole classes and the classes based on distinct means.
However, in practice, it is usually unknown, so one can use the AIC or BIC criterion

to determine K and /}’s.

4.4 Simulation

Lastly, we evaluate our Two-step method as in Chapter 4. For simplicity, we
first define ; = (5,0,...,0)7, uy = (0,5,...,0)", B, =1, ¥, = 1.5.1, I3 =
(0.5571 - 14]i = j| < 1})pp and By = ((~0.5)9 - 1{Ji — j| < 1} Combining
the aforementioned models and scenarios, we consider the following two cases:
Case 1: For this case, we set K = 4 with K; = 2, {; = 2 and {, = 2,
respectively. For k € V;, x; follows the distribution with mean and covariance
matrix g, and ¥ (denote by x; ~ (p1,%4)), for k € Vy, x3 ~ (1, X5), for for
k € Vs, x ~ (2, X1) and for k € Vy, xi ~ (2, X2). Weset ny = -+ =ny =n/4.
Case 2: Similar to Case 1, we set xj, ~ (1, X3) if k& € Vi, x5 ~ (1, Xy) if
k€ Vs, xp ~ (2, X3) if k£ € V3 and x, ~ (2,2,) if £ € V,. The cardinality of each

cluster is remain same as in Case 1.
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Similar to the Covariance and Mean clustering, we also generate generate
{xx}}_; from normal distribution or to5 distribution with the means and covari-
ances that correspond to each setting. We first check that if the Algorithm 3 is
implementable for these two cases. In other words, can we detect the indices of
mean differences of xy, i.e., A in (4.5). To measure the corresponding perfor-
mances, we denote by 1 if A C A and 0 else, where A is the set obtained by
Algorithm 3. Table 4.1 records the average scores for each settings and it shows
that for both distributions and both cases, the Algorithm 3 can always detect the
set A. Thus, one can conduct the next steps. For the cases aforementioned, both
Algorithms 4 and 5 work well for these models. For simplicity, we only record the
results performed by Algorithm 4. Observing from Table 4.2, we see that, under
Case 1 when p = 50, the SKM method performs slightly better than ours in terms
of AME, and under all the remaining cases, Two-step method outperforms all the
other methods. Moreover, compared with SKM, Two-step method avoids the se-
lection of tuning parameters. Therefore we can conclude that Two-step method is

a worthwhile clustering instrument to be investigated.

Normal tos

Casel Case2 Casel Case?2

p=50 1 1 1 1 1 1 1 1
p=100 1 1 1 1 1 1 1 1
p=200 1 1 1 1 1 1 1 1

TABLE 4.1: Average scores by using Algorithm 3
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Case 1, Normal distribution Case 2, Normal distribution
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FIGURE 4.1: The comparison of the proposed Two-step clustering and other
methods in terms of AME.
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Normal tos
Method Case 1 Case 2 Case 1 Case 2
AME SD AME SD AME SD AME SD

p = 50 KM 0.288 0.169 0.257 0.185 0.344 0.143 0.294 0.201
GMM  0.745 0.000 0.730 0.060 0.744 0.003 0.744 0.003

SKM 0.117 0.075 0.102 0.070 0.242 0.151 0.280 0.156

RFM 0.196 0.147 0.216 0.174 0.260 0.169 0.275 0.178

Proposed 0.175 0.054 0.038 0.048 0.257 0.077 0.160 0.182

p =100 KM 0.382 0.168 0.215 0.184 0.385 0.124 0.290 0.188
GMM  0.745 0.000 0.745 0.001 0.745 0.000 0.745 0.001

SKM 0.111 0.076 0.118 0.087 0.248 0.147 0.277 0.153

RFM 0.201 0.163 0.227 0.172 0.252 0.145 0.243 0.186

Proposed 0.056 0.034 0.031 0.064 0.222 0.109 0.138 0.156

p = 200 KM 0.436 0.156 0.229 0.175 0.489 0.130 0.353 0.161
GMM  0.262 0.188 0.271 0.128 0.653 0.152 0.466 0.140

SKM 0.127 0.084 0.103 0.065 0.314 0.215 0.248 0.144

RFM 0.190 0.128 0.232 0.167 0.182 0.111 0.281 0.195

Proposed 0.024 0.015 0.022 0.029 0.218 0.107 0.229 0.105

TABLE 4.2: Average misclustering errors (s.e.) of two cases for Two-step
method.

Moreover, we also check the performance of Algorithm 5. Recalling Example

3, we set = po = (3,0,...,0)7, pu3 = py = (0,5,0,...,0)7,

5! 0.5-17 5) —0.5-17
21223: and22=§34: )
0.5-1 A —0.5-1 A
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where A € RP=Dx(=1) ig ysed for keeping all these four matrices positive definite.
We generate ny = ny = n3 = ny = 50 samples from multivariate normal distribu-
tion with parameters (py, Xx)3i_,, respectively. Moreover, the ¢ distribution with
degree of freedom 25 is also similarly considered. For simplicity, we only consider
the cases of p = 50 and p = 100. Table 4.3 reports the AME by Algorithm 5
for these two distributions. From Table 4.3, it is easy to see that the method by

Algorithm 5 performs much better than others.

Method Normal tos Normal tos

AME SD AME SD AME SD AME §SD

KM 0.741 0.208 0.790 0.180 0.703 0.176 0.765 0.177
GMM  0.760 0.213 0.790 0.212 0.794 0.146 0.750 0.205
SKM 0.747 0.186 0.783 0.203 0.749 0.163 0.689 0.182
RFM 0.771 0.185 0.806 0.173 0.711 0.154 0.849 0.171
Proposed 0.394 0.044 0.383 0.054 0.381 0.047 0.403 0.051

TABLE 4.3: Average misclustering errors of Algorithm 5.

4.5 Real data analysis

This part is to investigate the performance of the Two-step method in real datasets.
We consider the electroencephalographic (EEG) time series data in Andrzejak et al.
(2001). According to Andrzejak et al. (2001), the EEG dataset consists of five
groups, denoted by A to E. Each set contains 100 single channel EEG segments of
23.6 sec duration. Among which, the segments of sets A and B were taken from
surface EEG recordings of five healthy volunteers using a standardized electrode
placement scheme. Moreover, the segments of set A and B were collected when
the healthy volunteers were relaxed in an awake state with eyes open and eyes

closed, respectively. While sets C, D and E were taken from the EEG records of
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the presurgical diagnosis of five patients, all of whom had been correctly diagnosed
to be epileptic.

As we know, when we collect a large number of data, there are many factors
which will affect the forms of datasets. If one aims to analyse the dataset without
considering some important factors, it is possible to result in a large deviation.
For example, in the aforementioned EEG dataset, apart from diving the data into
the healthy and epileptic groups, the effect of the eyes open or not in the healthy
group i.e., sets A and B, should be considered as well. Also, there are some factors
contributing to the sets C, D and E, which are worthy of investigating. For sim-
plicity, we only consider the data from sets A, B and E. Here, we randomly choose
ny = ny = ng = 50 EEG segments from sets A, B and E, respectively, with length
p = 100.

To apply the Two-step method, we first conduct the Algorithm 3 to select the
indices that may cause differences in terms of means. By using the whole dataset
(A,B and E, denoted by X € R"*P), we find indices set A= {10,13,17,37,47,59,68}.
Through removing the indices set fl, we apply the covariance clustering towards
the index-removed data X € R (P—1AD. Figure 4.2 displays the first and second

spike eigenvectors of the sample covariance matrix as in (2.9) based on Algorithm

2 and X.
Step 1, First eigenvector Step 1, Second eigenvector
=
(=] l
; W :
w w
@ @
= 9N =
o o [
= T > o
f==}
@
<
=+
T \ T T @ T T T
0 50 100 150 0 50 100 150
elements elements

FIGURE 4.2: (Step 1) The eigenvectors of the sample covariance matrix of X
corresponding to largest two eigenvalues.
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From both plots, we see that the coordinates of the middle part illustrate an
obvious gap compared with the remaining part. Hence, we apply K-mean method
(K = 2) to these two eigenvectors. Denote K; and K, by the corresponding index
sets. In the next step, we hope to do the mean clustering towards the data indexed
by K, and ICQ, respectively. From both plots in Figure 4.3, we see that there is a
large gap between the former part and the latter part of coordinates. Thus, we still
apply the K-mean (K = 2) method towards these two eigenvectors. We denote the
clusters obtained in this step by V) and V. While, for the other cluster indexed
by K, we see that there is no obvious gaps from Figure 4.4, and we treat the data
indexed by K, as one cluster. One can also use AIC or BIC value to determine
the number of clusters. To unify notations, we use Vs to denote I@g, and the final
clusters are indexed by 191, )}2 and )}3. In addition to the total misclassification
error (TMR) in Section 3, we also define the specific misclassification error (SMR):

For a given set B and the corresponding estimator set B, we define

sat( - (BB LB

where |B| is the cardinality of the set B. The SMR and TMR are also reported
in Table 4.4 based on 200 replications. For comparison, we also record the SMR
and TMR by using Random features maps based method (RFM, Liao and Couillet
(2018)). Note that, as claimed in Liao and Couillet (2018), using function o(x) =
max(0,x) to do the clustering by RFM method is able to distinguish both covari-
ances and means differences between clusters. Hence, we use o(z) = max(0, z) in
RFM method. From Table 4.4, our approach outperforms RFM in terms of SMR

and TMR.
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Step 2, First eigenvector Step 2, Second eigenvector
First cluster First cluster
o =]
=} =]
o
[=)
w n S
3 e 3 =
5 3 § o
&
2 Q
S T T T T T T G T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100
elements elements

FIGURE 4.3: (Step 2) The eigenvectors of the sample covariance matrix based
on Kz (as (3.3)) corresponding to largest two eigenvalues.
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FIGURE 4.4: (Step 2) The eigenvectors of the sample covariance matrix based
on K; (as (3.3)) corresponding to largest two eigenvalues.

SMR(V;) SMR(V,) SMR(Vs) TMR

Proposed 0.028 0.008 0.001 0.012
RFM 0.365 0.365 0.336 0.373

TABLE 4.4: TMR and SMR for EEG data

4.6 Appendix

Proof of Proposition 4.1. Recall that

A={j: ins(usﬁ #0}. (4.10)
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By the similar arguments as in the proof of Proposition 2.1, we can prove that

U
P | max |———=| > Clogp | = o(1),

jeAc
J varl J(z)

where U]@ is given in (4.7). Moreover, combined with Condition A7 and the
precondition fp; = 0, there is
U(l‘)

P | min | —L—| < Cn%/? | = 0(1),
JeA VarUJ@

for some € > 0, pp; is the j-th coordinate of g = (po1, - - -, ftop) '~ Thus, we have
U U
P | min | —Z——| > max |——| | =1—o0o(1).
jeA \/varU]@) jeA \/VarU](z)
According to the Steps 3 and 4 in Algorithm 3, the conclusion follows. O

Proof of Corollary 4.3.1. The proof is similar to Theorem 2.3.1, and hence
omitted. O
Proof of Theorem 4.3.1. Using Corollary 4.3.1 and Corollary 2, the final
conclusion is easy to obtain. O]
Proof of Corollary 4.3.2. The proof is similar to Theorem 3.3.1, and hence
omitted. O
Proof of Theorem 4.3.2. Recall that ¥ = [¢)y,...,1,]" in (2.4). Write
U =[O, ¥].]7 up to some rows permutation, where W, = [¢);] € RP*MI and
j € A. According to Algorithm 1, we obtain the estimator of W° row by row, and
hence the rows permutation will not affect the final result. From Proposition 4.1,
we have A = A with probability tending to 1, where A is obtained by Algorithm
3. Therefore, if one can prove 0 Ae = V9. with probability tending to 1, the final
result can be obtained via an approach similar to the proof of Theorem 4.3.1.

Since, for any j € A¢, there is Ex;; = Exy; when 1 < ¢,k < n, where z;; is
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the j-th coordinate of x;. Without loss of generality, for any ¢+ < n, we assume
that Ex;; = 0 if j € A°. Otherwise, one can use the centeralized version. Thus, if
we search ¢ € A° in Algorithm 1, one can still have the same expectation of Uf.
By a similar argument as in the proof of Proposition 2.1 and Condition A6’, the

conclusion follows.



Chapter 5

Discussions and Future Research

This research work proposes several clustering methods for high dimensional data
under different settings. Specifically, in Chapter 2, we introduce a new approach
to reconstruct the observations so that the traditional clustering method can be
applied. In constructing new observations, the selection of ¥ € 77 in (2.4) plays
a significant role. To this end, we propose a new U-statistic in (2.12) to detect
the positions of the differences between different covariance matrices in terms of
clusters. From Table 2.1, it is easy to see that the proposed U-statistic performs well
in detecting the positions of differences. However, in practice, the time complexity
of Algorithm 1 is relatively high. Finding a proper ¥ is computationally expensive.
Moreover, if one can find a more efficient approach, we believe that the performance
of covariance clustering will be better. We will also work on it in the future.

In Chapter 3, we investigate the model of low rank information plus general
noise by random matrix theory. According to the theoretical results of this model,
we develop the mean clustering method with noncentered and centered version.

In Chapter 4, combining with the covariance clustering and mean clustering
method, we propose three algorithms. By Algorithms 4, 5 and 6, in most cases,
one can do the clustering when either means or covariances of data are different.

However, there still exist some extreme cases that our proposed algorithms are not

137
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applicable. For example, in Condition A6’, if [B\D| = 0, under such a case, the
proposed algorithms will fail to work. Another future work about this situation
may be considered as well. Moreover, in this thesis, we assume that the number of
clusters in terms of either covariances or means are known. However, in practice,
all these quantities are needed to be estimated. We will also aim to find consistent

estimates of these quantities in the future.



Chapter 6

Some properties of low rank
information plus general noise

model

6.1 Main results (noncentered version)

In this chapter, we propose four important theoretical results that similar to Bai
and Silverstein (1998) and Bai and Silverstein (1999). Specifically, suppose the
observations Xi,...,X, € R? belong to K < oo different clusters, i.e., Vi,..., Vg,
with different means and same covariance matrix > € RP*P. In a matrix form, we

write

X, = [x1,...,%,] = A, + Z°W,,, (6.1)

where A = [a;,...,a,] € RP*" with K different vectors and ||a;||* = O(1/n),
and W,, = [wy,...,w,] € RP*" are i.i.d. random variables with mean 0 and
variance 1/n. In what follows, we mainly consider the the eigenvalues of the sample

covariance matrix S, = X, X. With the aid of Stieltjes transform, defined for

139
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any probability distribution function (p.d.f.) F' by

1
mF(z)E/)\_ZdF()\), zeCt={2eC: 3z >0},

we also prove two facts: 1. No eigenvalues outside the support of the limiting
spectral distribution (l.s.d.) of S,,, 2. Exact separation of eigenvalues of S,,.

For any square matrix A having real eigenvalues, let F4 be the empirical dis-
tribution function (e.d.f.) of its eigenvalues. Assuming p/n — ¢ > 0 as n — oo and
using Lemma 2.4 of Silverstein and Bai (1995), it is easy to see that almost surely
FSn converges weakly to a nonrandom p.d.f. F. Combining with the inversion

formula
b

Flab)) = S tim [ Tmmp(e + in)de,

T n=0 /,
weak convergence of p.d.f.’s can be proven by showing convergence of Stieltjes
transforms. Let S, = X X,,, Q := Q,(2) = (Sp—21)"", Q := Qn(2) = (S, —2I)7 !,
my, = trQ,(z)/p and m, = tr(S, — 2I)~!/n. Moreover, throughout this section,
we let R:=R, = A, A7 + X € RP*? and z = = + v, with v :=v, = n_ﬁ, where
n > 0 is a positive integer. Following (1.1) and (1.2) in Bai and Silverstein (1998),
for each z € C*, ¢, in C* solves the equation

——1+ /tdF,?(t)
z= 5 Cn 1+t§n'

=-n

Suppose that F® —P H with probability 1 and n/p — ¢ > 0, where H is a proper
cumulative distribution distribution. According to Bai and Silverstein (2010), we
conclude that F'S* converge in distribution to a nonrandom c.d.f, denoted by F&#.
Let P = (1 — c)jo00) + cF=". The Stieltjes transform of Fofl 5 € Ctis

determined by
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1 tdH (t)
Z___+C/Tuj' (6.2)

The following notations also play important roles in our theoretical proof:

B 1 B 1
B LrYEQ’ b= 1+ x:Q; "%y,
B 1

1+ LaXEQy + ajEQsay,’

* 1 *
Vi = XpQrXp — ﬁtYEEQk — a EQay,

by

A = XpQrxXy, — n” trSQk — ajQray,
* 1 *

fr = XinXk - EUZQi - aszakv

R 1 .

fr = EtrEQi + a;Qray,

T = (= 2Em,(S+ A,A;) - 2T)
A A%

T = (= 2Em, %+ —
1= (= 2Bm, 1T TuzEQ

- zI)_l,

1
&k = WiS PHQS Ay — —trSTQy,

trEQx(2)
n

Ak = XZQk(Z)Xk — — aZQk(z)ak,

where Q) = (X(k)X’(*k)

from the matrix X with the k-th column removed. To prove facts 1 and 2, we also

—2I)7t = (S — 2I)7! and Xy € RP*("Y s obtained

introduce some basic lemmas:

Lemma 6.1.1. For X = (X;,...,X,)" iid. standardized (complex) entries,

C € R™™(C"*™), we have, for any

E|X*CX — 20" < K, ((E X 0™ + X (CC*)"/Q) _
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Lemma 6.1.2. For z € C* with v = Sz, A and B n x n with B Hermitian and

r € C", there is

r*(B — 2I)7'A(B — 2I)"'r < | Al

tr (B =20~ = (B + _ZI)_I) Al = 1+7*(B —2I)~1r - v

Lemma 6.1.3. Let my(z), ma(z) be the Stieltjes transforms of any two p.d.f.’s.
There is
L [[ma(2)4 + D7) < max(4]All/v,2),
2. [trB ((m1()A+1) 7" = (ma(2) A+ 1)) | < [ma(z) — ma(2)| nl| B[ All (max(4]| A /v, 2))?,

3. [ B (mi()A+ 1) r =B (ma(2) A+ 1) | < [ma(2) — mu ()| r]*| BI All(max(4]| Al /v, 2))

where 2z = 2 +w € Ct, r € C" and A,B € C"" with A being Hermitian

nonnegative definite.

Theorem 6.1.1. (No eigenvalues outside the support) Assuming that
1. W = (wy;), Ew;; = 0, E(v/nw;;)? = 1 and E(v/nw;;)* < oo,
2. ¢,=p/n—c>0asn— o0,
3. [|X]| < oo and K < o0

4. For each n, R = R,, is p x p Hermitian nonnegative definite satisfying F® —

H, where H is a deterministic p.d.f.

5. The interval [a,b] with a > 0 lies outside the support of F® and Fe» for

all large n.

There is

P (no eigenvalues of S,, appears in [a,b] for all large n) = 1.
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Proof of Theorem 6.1.1. To prove Theorem 6.1.1, we let [e, f] be an interval
that encloses the spectrum of S,, almost surely. Similar to Bai and Silverstein

(1998), in this part, we first aim to find a rate on FS».

Lemma 6.1.4. Let v, = n~"/?". For any positive ¢, I > 1 and n > 8, there is

lim Fv,! sup |m, —6,|' = 0.

oo z€le, f]

Proof. First we show that sup,c. s [Em, — 9, | = o(v,). Let

_ dH(t)
Wy = Em +en [ THEm, ()

O = 1 dHER(t
f 1+tEm (z Em"
t2dHR
cn [ (1+tEmn)(1+t5n)
0, =

dHE (1) dHE (1)
(_Z+c" 1+tEm (z) w")( Z+c”-f 1+t6 (z))

We have

Wn = Wpzcy/Em,.
It follows that
Em, — g, = 2o (6.3)
m, =8y = < — 5 :
We have
1 & Up,
sup |Em,| > sup EQm, = sup E— Y ——F—— > Chu, (6.4)
wele.f] z€le,f] velef] M kz:; (Ni —2)* + vy,

Next, we claim that

| = o(vy), (6.5)
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which is a rough order but is enough to conclude this lemma. Then it follows that

< V. (6.6)

This implies 6, < 1 — Cv2 by similar arguments to (3.21) in Bai and Silverstein
(1998).

Therefore, combining (6.4) with (6.5) with |d,,| < v, !, we conclude that
|[Em, = 9,| = o(vn). (6.7)
To obtain the claim (6.5), we write

1 _
W = —tr(—2Em, (S + AA*) — 2I) '~ Em,
p

- %Etr(Q(XX* +2Em,, (X + AA")T))

= - Z <6k X, TQrxy — lmr(z: + AA*)TEQ))

= = Z BBy (Wi 2T Q2 2wy, — —trZTQk) + EB(— trET(Qk -Q))

+EB(— trET(Q EQ)) + BB (WiSY2TQray, + a;TQp X" *wy)

n

~1/2,,—

It can be shown easily that |w,| = O(n —4) by using trivial bounds of ||Q]|

and ||T|| which are v, !, and |8)| < v, !|z|. Hence, (6.5) is true.

n ’

Next, we give a moment bound for |m, — Em,|. For any positive integer g,

we have

C, <& -
Blm,, — Bm, " < =4 " Elej(Q — EQ)ex|*
(6.8)

—q,,—4q
< Cyn~ v,

where the last inequality is from proof of Proposition 3.1.
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Let L, be a set with n elements that are equally spaced in [e, f] , for any
positive € and [,
P( sup Ugllmn _énl > 6) < P(maXU;”mn _én’ > 6/2)
z€le, f] z€Lp

< P(maxwv,'|m, — Em,| > ¢/4)

n

< qu’2qn’qv;6"
< qu’2qn’l,
for sufficiently large q. O]

A simple result that can be obtained based on the lemma is

lim Fv,' sup |m, —6,|' = 0.
e w€le,f]

Similar to the argument to derive (3.27) and (3.28) in Bai and Silverstein (1998),

recall that S,, = X,, X7, we can also get

max B (F5{[a,0]})* = 04.5.(v}) = 04.s.(n”") (6.10)
and
I]?Sa;( Ek(an{[av bl}) = 0as.(vn) = Oa-S-(n_l/Qn) (6.11)

There exists an € > 0 such that [a — 2¢, b+ 2¢| also satisfies condition 5 in Theorem
6.1.1. Let «/ = a—¢,b' =b+e. Then (6.10) and (6.11) also hold if [a, b] is replaced
by [d/, b'].

Next, we consider the convergence rate of m,, — Em,,. Our goal is to show that

sup nuv,|m, —Em,| — 0 a.s. as n — oc. (6.12)
z€[a,b]



146 6.1. Main results (noncentered version)

Similar to Bai and Silverstein (1998), we first derive bounds on moments of 7, and
k. Using Lemma 6.1.1, Burkholder inequality and the fact that ||ajQsX"?||e =

O(1/n'?v,,), we have

Efklt < K (ElwiE2QrS"wy — n '0rQu 2|7 + 2E|a; @y 'S wy|?)

—q/2 —
< Kpn 0.

Also, using the fact that ElajQrai|? < K(nv,) %, E|Ea;Qrax|?! < K(nv,) ¢ and

the inequality below (4.2) of Bai and Silverstein, we have

Elyk — Axl? < Ky~ 20,1,

We next consider the bounds of b, = where 1 < k < n.

1
1+%trEEQk+azEQkak !
Recalling that

1
=1 2 <1 + x5 (S — z])_1 Xk> ’

we have L1370 B, = —zEm,. Define z, = RY?w;, B = Y 7z, By =
D itk z;z; , Q. (2) = (B, — 2I)7! and b}, = m. Following Bai and Silver-

stein (1998), one can prove that sup,c(, ) |b)| < K for all k. We consider

BB — b)) = |0EBe(x;Quxr — n"ErRQ})]|

1 1
< Ku'lE (—trEQk — —trz}Q;)
n n

n

+ Kv, " |E (a;Qray)|

+Ko !

n

1
E (EtrAATQ;) ‘
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Thus, we can obtain sup,c(,; [ESe| < K. Moreover, by the fact that by = B +
Brbryk, there is

sup |bg| = sup |EfSy + ESpbevi| < K.

x€[a,b] x€(a,b]
Write
1 n
My —Em, = =) ExtrQ — By tr@Q
p
k=1

1 — x¥()?x
= - [Er—Ep] (—k%k . )
P 1 1 -+ XkaXk

1 — xiQ?x
= = E (Ex — Eg—1) 1 R ng i Eat
f it + nEtrXQy + EajQray

1 n * )2 _lEt Ea* —
L2 Z (B, — Ep_1) X, QiXx (1 - rQx + EajQray, X};Qkxk)

p (1 +n 1EtrEQk -+ EaZQkak)
X:Q2xy, (N 'EtrEQy 4+ Eal Qray — X1 Qrx)’
(1 + n*lEtrZQk + Ea,’;Qkak)2 (1 + XZQka)

k=1
1 n

+- Z (Ex — Eg-1)
P

1 < 1 < 1L .
= = BEufi— =D BEfid — = > bi(Er — Eeot) (fime — XpQexiBi77)
p k=1 p k=1 p k=1

= W1 + WQ + Wg. (613)

Following the strategy of Bai and Silverstein (1998), we let F,,; be the spectral

distribution of the matrix ;. x;x; . From (6.10), one can obtain that
max By (Fu([d V)2 = o(v?) as.

Define

G = I([ExFar([d,0]) < vp] N [ExFu([a,0])* < w3)),

and we have

P (Ui [¢G = 0] i0.) = 0.
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Thus, for any € > 0, there is

[ ASY 7%

P (max |nv, Wi| > € i.0. )

< P <( max va > Br (fr) >§] ﬂ[gk:u) U (U[gk:()]> i.0. )
< P (gé%x UniEk(fk>Ck > ¢ Lo. >
" k=1

where € = inf,, pe/(n max(by)) > 0, and L, is a set with n elements that are equally
spaced in [e, f]. Thus, for each z € R, {Ex(fx)(x} forms a martingale difference
sequence.

Using the Burkholder inequality and the fact that
1
Ji = fir + fiz = (WZE”QQiE”ka - EtrEQi) +2a;,Q2% 2w,

for each z € [a, b], there is

q q q

E UnZEk (f)C| < E UnZEk (fe1) Ce| +E anEk (fr2) Ck
=1 | =1
= K1+ Ka.

For ki, similar to the inequalities below (4.4) in Bai and Silverstein (1998), one

can prove that
n q/2
K1 S Kq vgn_qE (Z CkEk—ltr (Qka)> + v_qnl_q/2 . (614)
k=1
Moreover, by Burkholder inequality and the fact that ||a;Q?%1/2||., = O(n~?v;?),

we have

kg < Kgn~ 7201, (6.15)
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Let A; be the j-th smallest eigenvalue of S(;y. Also, using similar arguments as in

Bai and Silverstein (1998), we have

ZCkEk—ﬁerQk = ZCkEk—1[ Z !
=1 k=1

2
sogian) (Vg = 2)° + v2)

+ ) 12 2}

Agj€la’t] ((Akj —x)" + UTQL)

< Z 4 G By nFy ([d,6])) < Kn?, (6.16)

k=
where @ is the complex conjugate matrix of Q. Therefore, choosing a proper
q, we have max,er, |Wi| = o(1/nv,) as. Similarly, one can also prove that

maxger, |Wa| = o(1/nv,). Considering W3, there is

n q

E |v, Z bi(Er, — Er—1) (five — X5.Q7x1B677)

k=1
n N
< KpIE (Z by | (B — Ee1) (fine — X5.Q0xi8677) | )
r=1
< KpidE (Z\mﬁ) +E <vn22m14)
_ k=1
< Ky {”2 1ZE\fk’Yk\q+” ni ZE\”M?‘]}
< qu{ i IZ E|fk17k|q+E|fk2%|q>+U;q”g_lel%|Qq}
k=1 k=1
q n — 1 q q
< vaq{ Y (n (B Q@) P e+ H o) +n2vn3q}
k=1
< K;n~ 2vn

Thus, we get max,cr, |Ws| = o(1/nv,) a.s. Consequently, (6.12) is obtained.

Finally, our aim is to show that

1

z€[a,b]
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We are going to show (6.17) for v = v, = n~/*. Recall that Em,, — 6, =

Em,d,w,/(1 = 0,), w, = &nzc,/Em,,. and

W 2Cn O,
Em, —9¢, = =
1-6,
We are going to show that @, < Kn~! and 6, is bounded above from 1. Because
of (6.7) the fact that —1/J,(z) stays uniformly bounded away from eigenvalues of

R for all = € [a, b], we get

sup ||( — 2Em, (X + AA*) — zI)fl|| <C (6.18)

z€[a,b]
By some calculations, it is true that

1 1 1 1
4+ iEm,|=|- _E
1+ TusEQ M| T ;(1 TR0 e X0

1 « . 1 1
= |= > EBran(x;Qixi — —trSEQ) (6.19)
n < n
= o(v}).
Therefore,
AA* 1
su —zEm Y+ ———— — 21 <C. 6.20
xe[al?b} H( — 1+ %trEEQ ) | ( )
Consider
AA*
tr(—2Em, > + ———— — 2I)"' — Em,,
e T s — ) B

zn: x; T QX B a;ThQay B 1 trXT1EQ )
1+ X;;Qkxk 1+ %trZEQ nl+ XZQka

t
—

k=1
n

3 X LQexi T Qray a1 QXX Qray, 1 XThEQ >
1+ x5Qex; 1+ 103EQ (1 + trXEQ)(1 4 x;Quxx) 1 1+ X;QrXy

k=1

3

(Zik + Zok + Zsi) (6.21)

|

RV "R, "BR 8-
t
N

T
I
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where

Zyw = BB(WiXVTQpxY?w, — %trETlEQ)

Zog = EﬁkanaleQkak(%trzEQ — w;SY2Q5 2 wy,)

Zy, = EBwiS'PTiQray + Ba;TiQrS *wy,
—ﬁkan(WZEI/2QkakaZT1Qkak + aZQk21/2wkaleQkak)

+Bron (a1 QK S *wiag Qray + ay Ty Qray wi S 2 Qray, + ayT1 QX *wiywi B2 Qjay,.
Now we estimate Z7;, that can be further decomposed as

Zu = ESG+ ESOST(Qs - Q) + ~E40ST(Q - EQ)

= X1k T X2k + X3k

Before proceeding, we need the following moment bounds when the real part of z

is restricted to interval [a, b]:

sup E(trQyQ;)? < sup E(ne ? + v, *nFu([d,b]))?
z€[a,b] z€(a,b]

< Cnl, (6.22)

1
sup E|Ak’2q < (g sup (E‘szl/szzmwk - EUZQHQ(] + E!WZE”QQkak\zq)

z€[a,b] z€la,b]

C . C
< L sup B(rSQiNQ5)! + —2E[ SV Qua|*
n=a z€[a,b] nd
C 1
< 4 E *\q
= N Q@) + 24yt
< Cyn? (6.23)
. 1
Sl[lp} E|lv[* = 51[1p] E|A; + a(Qr — EQr)ay + EtrZ(Qk — EQ) ™
z€la,b z€la,b

< Cni. (6.24)
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With the fact that the spectral norm of 7} is uniformly bounded, sup ¢, El&]% <
C, can be handled by using (6.22), and

* * 1 *
E|x;QrXT1Qixr|* < E[x;QrITiQrxy, — Etrzl/QQkETlezl/z — a;QpXT Qray |
1
+E -2 QT QS + Blaj Qu=Ti Qa |

< O
Now, using B = by, — b27x, + b2v2Bk, we have

sup |xu| < sup Elbiveé&| + sup E|biviBeés| < Cnt (6.25)

z€[a,b] z€a,b] z€[a,b]

1
sup |xor| < sup E|EﬁzXZQk2TIQka|

z€a,b] z€[a,b]
< s Bl Il Tl + ol 15 QST Qi) < O,
(6.26)
and

1 1
sup |xak| < sup EE|bi7kt1"(ET1(Q —EQ))| + EE|bi%§Bktr(ETl(Q — EQ))]

z€|a,b| z€[a,b]
1, _ o
< sup —(n Y+ 0o (B (STHQ — EQ))|H)Y?

z€la,b] T

C n
< 81[1pb} W(E| Z(Ek — Er-)tr2T3(Q — Qi)|H)Y?
z€la, k=1

C n
e —572 (Bl Z(Ek — B 1) (Bix Qr ST Qex) [*)/?

IA

C
: SL[lpb] 3/2 ZEWkaQkZTleXM )2

< Cnt
(6.27)
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Therefore, we get E|Zy;] < Cn~!. The expectations of Zo; and Zs;, also share

this bound. Then it follows that

AA*

_ B ' Em,|=Cp . 6.28
1+ Lt SEQ 2D ma| = Cp (6.28)

1
|—tr(—zEm, > +
p

Next, we have

AA*

1 . -1 1 -1
|—tI‘(—ZEmn(Z+AA ) —ZI) —5tr(—zEmn2+W —ZI) |
1
(b )AAT)
| e tZEQ+Z m,) |
< - ——— + 2Em_[tr(AA”
< I g + Pm (A"
< Cp‘l,
where in the last inequality, we use
1 1
——— 4+ zE = —E
|1—|—%trZEQ+Z m| =17 Z(l—l— trZEQ 1+X2Qkxk)|
. 1
= ’; Efran(xiQuxi — —trSEQ)| (6:29)

= o(v?).

We see that (6.28) and (6.29) imply
Op < COn7h

Following the same argument in Bai and Silverstein (1998), we conclude that 6, is

uniformly bounded away from 1 for all n. Therefore,

1
sup [Em, —90,| = sup C|z6,&,| = O (;) :

z€[a,b] z€la,b]
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From the results in (6.12) and (6.17), one have

sup |m,(2) —6,,(2)| =0(1/nv,) as. (6.30)

z€[a,b]

Thefore, using the similar arguments in Section 6 of Bai and Silverstein (1998), we
prove that, with probability 1, no eigenvalues of S,, will appear in [a, ] for all n
sufficiently large. O

Similar to Bai and Silverstein (1999), we also prove the following theorem for

our proposed model: Let, for larger n, 7, > 0 such that
AR > —1/8(b) and AP < —1/4(a), (6.31)

where 0 is given in (6.2) and a,b are given in the condition 5 in Theorem 6.1.1.

Theorem 6.1.2. (Exact separation of eigenvalues) Let

O, = (A" > band A’"; < a)

(2

where 14, is given in (6.31), and qq is the left end point of the support of F¢H. If
Conditions 1-5 in Theorem 6.1.1 are satisfied and a > ag, the event ©,, holds with

probability tending to 1.

Lemma 6.1.5. Let z € [a,b] and § = §(z). Set x' = a’ + XV/2w/, where a’ €
{ay,...,a,} and w’' € RP? is distributed the same as w; and independent of W,,.
Then, we have

1
x*(zI —S,) 'x = 1+ —5) &S asn— oo,
x_

Proof. The idea of the proof follows that of Lemma 3.3 of Bai and Silverstein

(1999). Here, we only need to specify some differences.
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Let X, = [X,x] € R4S 0 = X, X and S, = X1 X040
Using Lemma 6.1.2 and similar arguments in Bai and Silverstein (1999), there is

(2¢, + 1)

S NCESIL (6.32)

|m§n <Z) - m§n+1 <Z> ‘

According to (2.2) of Silverstein (1995) , we have

1 n+1 1

ntlig: (1 +3 (S — 21) Xj)

ms, ., (2) = —

Define h(z) = _z(1+x’*(SifzI)_1x/)’ and we aim to prove that

S\ ¢ pa/2
P (|ms, :) — h(z)| > ¢) < K, <M) P (6.33)

3 -1’
ey, ) nd

for n sufficiently large, where v, = n~* t € [0,1/3) and ¢ > 2. Wirte

m§n+1(z) — h(z)
1 u 1 1
IR ; (1 +x7 (Sg) — 1) xj> (1 x7 (S, — D) X))

" X" (S, —2I)7'x —x* (S — zI)_1 X;

_ 1 Z J .
(TL + 1)2’ = <1 + X;f (S(j) _ ZI)_l Xj) (1 + x/* (Sn o ZI)_l X/)

By the fact (3.3) in Bai and Silverstein (1999), there is

E
Ims, ., (2) — h(2)] < o2 fax
2 1)<

x"* (S, — 21) 7' x' — x* (Sy) — ZI)_l x;|. (6.34)
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Rewrite x* (S,, — 2I) ' x’ — x* (Sg) — zI)_1 x;, and there is

x"* (S, —21) 7' x' — x¥ (S¢) — ZI)_l X

1 - 1 _
= x*(S,—2D)7'x — ~tr (S, —2I) 'Y — (X; (S — 1) 1xj — —tr (Sg) — 21) ! Z)
n n
T (S —=0)7' %
n n n () :
Using Lemma 6.1.2, we have
1 1 1 ~1 2
—tr (S, —2I) "X — —tr (S — =) 2| < —. .
nr( 1) nr((]) zI) ‘_m}n (6.35)

For any 7 <n+ 1 and g > 2, we also have

_ 1 _ a
E X; (S(j) — ZI) ! x; — —tr (S(j) — ZI) 12
n
_ 1 | _ q
S E W;El/z (S(j) — ZI) ! El/ZWj — Etl" (S(j) — ZI) ! E‘ + E ’W?EUQ (S(j) — ZI) ! aj
+E a;k- (S(j) — ZI)_I 21/2Wj ! + E aj (S(j) — ZI)_l aj !
1 1 N —1 qa/2 1
< KB (022 (S — 1) S (S — ) 2T 4 Koo
1 /pN9/2
< K <ﬁ> . (6.36)
Similarly, we also have
_ 1 ot 1 /p\9/2
E|x* (S, — 2I) ' x' — ~tr (S, — 2I)"' & K-(-) . 6.37
X (S, — )X (S, D)y K (D (6.37)

Thus, by (6.32), (6.35), (6.36) and (6.37), we get (6.33). Following the same
strategy of Bai and Silverstein (1999), we also have |h(x + iv,) — d| — 0 a.s. as

n — oo, where v, = n~! for some [ > 0. Hence, we have

zd

1
x*(z,I — S,)x — (1 + —) ‘ — 0 a.s. asn — o0. (6.38)
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To prove this lemma, we also need to consider

* — * — v *
x*(21—8,)"'x' = x"*(aI - S,) '¥/|" < d—ZX/ X/,
n
where d,, is the distance between x and the nearest eigenvalue of S,,. By Theorem

6.1.1 there exist d > 0 such that liminf, d,, > d. Moreover, using similar arguments

as in (6.36), for € > 0 and g > 2, we have

. 1 1
P(’X/ X/ — ﬁtrZ] > 6) S qu, (639)
and hence there is
|x*x'| < C a.s. as n — . (6.40)

Therefore, by (6.38), (6.39) and the fact of v,, — 0, the lemma is concluded. [

We assume that the matrix sequence {B,} are arbitrary Hermitian matrices

except their eigenvalues lie in a fixed interval.

Lemma 6.1.6. For any € > 0, we have for m sufficiently large,

limsup A P% — )‘[)ri;fﬁx <€ a.s. (6.41)
n—oo

where X is p x [n/m] matrix that each column of X is sampled from one of K
clusters, i.e., the ith column %; follow the same distribution as one of a;, + X/?wy
for k = 1,...,n, and it is required that the proportion of numbers of columns of

tildeX belonging to ith cluster is the same as that proportion in the observed X,,.

Proof. Write
X = A+ 3w,
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where A and W are both p x [n/m] matrices. Based on the structure of X as

assumed, there exists some constant K, such that

Ak A K X7 % YR
MA < and AWV L
m

3=

(1++em)?  a.s. (6.42)

Using Lemma 4.2 in Bai and Silverstein(1999), we have

)\X*Bpf(

X*B,X w*sl/2B,»1/2w | W*xl/2B,»1/2wW |\ W*S1/2B,A*+AB,S1/2W | A*B,A
1 A <A A +A .

[n/m] = 71 - n/m 1

(6.43)
It is already proved in Lemma 4.1 of Bai and Silverstein(1999) that for all m

sufficiently large,

W*El/QB Zl/?w W*El/2B 21/2V~V €

There exists a constant K, such that

W*s1/2B,A*+AB,x'/?W £1/2 3 Sp (\WHW\1/2/yA*A\1/2
M <207 AT (N )T )

i (6.45)
< —(14++/em) a.s.
m
and
ok ~ K
ANIA o (6.46)

3

Choose m so that £(1 + \/cm) < ¢/3 and this m also guarantees (6.44). Then by
(6.43), it holds that

. X*B,X X*B,X
hgl_}sup A — )\[n/m] <€ a.s.
o0

We now complete the proof of Theorem 6.1.2.
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Proof. The proof is very similar to that in Bai and Silverstein (1998). The main
task is to make equations (6.5) and (6.6) therein adapted to our cases.

Let for each j

§i = — (Al 4 NV2WI) (AT 4 DVEWI ),
n + jln/mj

where (A7 + XY2W7) is a p x (n + j[n/m]) matrix. For each column of (A7 +
»/2Wi ), it is sampled from one of K clusters, and it is required that the proportion
of numbers of columns of (A7 + X/2W7) belonging to ith cluster is the same as

that proportion in the observed X,,.

Write
ts

Zen(s) = 1(— 1—|—c/ 1+t8dH(t)).

S

Let ¢/ = ¢/(1 + j/m), and define the intervals

(@7, V] = [2.1(8,(a)), 2,1 (8, ()]

Here we need to make it clear that actually we need more parameters and con-
straints to proceed the proof, such as (6.1) and (6.2) in Bai and Silverstein(1999).
However, since we can directly borrow most of those parameters and constraints
in Bai and Silverstein(1999) and use in our case, we will not introduce every detail
here, but only list those are necessary to proceed the following argument.

When j goes to infinity, [a’, ¥’] approximates to [—1/d(a), —1/d(b)],. Therefore, we

can find Jy such that for J > J,,

)‘511 <a’,and b’ < Afzn for all large n.
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We claim that if W = W,, and A = A,, are defined by (3.3), and under the case

that p/n — 0, as n — oo, we have

[WA[| = 0,(1). (6.47)

Its proof is postponed later. We also conclude that )\YVW*_IP

= 0p(1), which can be
inferred from Theorem 1 in Chen and Pan (2012) and Ay’ v % = 0p(1), which can
be proved using similar method as in Chen and Pan (2012). Since S,, has following

decomposition:
S, = AA* + X+ SV2A(WW* —1,)8Y2 4 R12WA* + AW*/2, (6.48)

combining with above matrix norm bounds, we can find a Jy, such that for all

J > Jy, with probability tending to 1,

. s’ . R, B/2(WW*—1,)x1/2 $/2WA* +AW*51/2 J
limsup A", < limsup(A; 7, + A ? + A7 ) <a’,

n—oo n—oo
(6.49)
and

lim inf AS7 > Tim inf(ARr 4 AP/ WWL)SH2 | \EWATHAWSSYE) o T (6 50)
n—oo n—oo

Lemma 6.1.5 and Lemma 6.1.6 play the same role as equations (6.5) and (6.6) in
Bai and Silverstein(1999). Therefore, following similar induction steps as in Pages
19-20 of Bai and Silverstein(1999), we conclude Theorem 6.1.2.

What remains is the proof of the claim in (6.47): Denote the i-th row of W by w;.
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We have

p
E|WA AW* (2 = QY [WiA"AW 2+ > |[WiA*AW,[)
i=1 1<i#j<p
u 1 1
= E()_[WA"AW,; — EtrA*A\Q + > WIATAW,P) + (=)
i=1 1<i#j<p

2
p
= O(ﬁ)v
(6.51)
where in the second line uses the fact that tr(A*A) = O(1), and the last line uses
the Hélder’s inequality and Lemma 6.1.1. Then we can conclude that if p/n — 0,

as n — 00, (6.47) is true. O

6.2 Main results (centered version)

We also consider the centerized sample covariance matrix. Recall that X,, = A, +
SYV2W, and @, = I — 1117, where A, = [a;,...,a,] and W,, = [wy,...,w,].

The centered version is defined as

where X,, = %,17 and %, = >_,_, Xx/n. Note that > = ®,,, and hence
S, = (X,®,)(X,®,)" = [(A,®, + ZV*W,)®,][(A,®, + ZV*W,)D,] .

It is easy to see that A,®, = [a; —a,...,a, — a] := [a,...,a,]|, where a =
S a;/n. According to the condition ||us — || < 1, it is easy to check that

=1

la;||*> = O(1/n) even if ||a;||* > 1/n. Therefore, in the sequel, we redefine A, =
A, ®, and take each ||a;]|> = O(1/n), and for simplicity, we omit the subscript n

in each notation.

Theorem 6.2.1. (No eigenvalues outside the support) Assuming
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1. W= (wij), Ewij = 0, E(\/ﬁwm)z =1 and E(\/ﬁw”)‘l < o0,
2. ¢,=p/n—c>0asn— oo,
3. ||2]| < o0 and K < o0

4. For each n, R = R,, := A®PA* + ¥ is p X p Hermitian nonnegative definite

satisfying F® — H, where H is a deterministic p.d.f.

5. The interval [a,b] with @ > 0 lies in an open interval outside the support of
F C"’R", which is the probability measure associated with 5,, and F& for all

large n, where 3, is defined in (3.96),

there is
P (no eigenvalues of S,, appears in [a,b] for all large n) = 1.

Proof. Let S, = (A®+SY2W)(AP+XV2W)* mg (2) = %tr(sn—zl)*l, mg (2) =
%tr(gg —2I)~!. We can assume that the entries of W are uniformly bounded above

by a similar truncation argument as in Bai and Silverstein (1998).

Applying Theorem 6.1.1, we have

sup nvp|mg, — Emg | = 0 a.s. asn — oo, (6.52)
z€[a,b]
. 1
sup |Emg, — 5,| = O (—) : (6.53)
z€[a,b] " n
The main step is to show that for all z = z + v, where v, = n~/?°, we have
sup nv,|mg, (2) —mg (2)] = 0 a.s. as n — oo. (6.54)

z€[a,b]

Once this is true, combining (6.52), (6.53) with (6.54), we conclude

sup nuv,|ms, (2) — 3,(2)] = 0 a.s. as n — oo.
z€[a,b]
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The conclusion of this theorem follows from argument similar to Section 6 in Bai

and Silverstein (1998). The remaining of the proof is to show (6.54). Write

nw*L2(S! — 21) 7282w
1 — nw*Xl/2(S, — 2I)~181/2w

p (ms, (2) —mg, (2)) = (6.55)

Using Theorem 6.1.1, we see that [a, b] lies outside support of S/ almost surely.
Therefore, the numerator above is almost surely bounded above. Applying Lemma

3.5.2, we have

1
1 —nw*Xl/2(S, — 21)- 1512w

=1 +nw*SY3(S, — )7 'SY2w.  (6.56)
Then to conclude (6.54), we just need to verify that

sup v [nW*SV2(S, — 21)7ISV2w| — 0 as. as n — oo. (6.57)
z€[a,b]

Since S/, — S,, = nWww*, we know that there is an interlacing relationship between

eigenvalues of S/ and S,,, i.e.

A5 <A < A fori =1,2,--- ,p. (6.58)

Then with probability 1, the interval [a, b] includes at most one eigenvalue of S,,.

Write the spectral decomposition of S,, by S, = Y1 | )\ZS" w;u;. Then we have

v W SY2(S, — A1) IS 2w Zv e s1/2 IA__ T s (6.59)

S o+ o2

If there is no eigenvalue of S, in [a,b], then there is nothing to prove. Suppose

that there is one eigenvalue )\JS" lies in [a, b]. Using (6.59), we have

U |[nW*EV2(S,, — 2I) 7RV 2w |

< v w2 i ) e /2g 2] (6.60)
= Zuitj On 3t : :

A7 —f2 403
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According to condition 5 of Theorem 6.1.1, we know that an € > 0 exists for which

l[a — 2¢,b + 2¢] also satisfies that condition. Then we know that with probability

1,)\%1 < a — 2¢ and /\JS;L > b+ 2e¢. It follows from (6.58) that )\]SJ;I < a — 2¢ and

A?ﬁl > b+ 2¢. For the first summation in (6.60), it converges to 0 almost surely,

which can be inferred from the fact that the denominator is bounded from below

by a constant 4¢2. Up to now, we just need to show that
|nv‘v*21/2uju;21/2v_v| “%0.
Let = be the contour described by the boundary of the rectangle
{z€C:a—ec<R(z) <b+¢ |32 <y},

where y > 0. By Cauchy’s integral formula, we have

1 _
nv‘v*Zl/zuju;El/Qv_v = — ¢ nw'BY2(S, — 1) 'S 2wdz.

2mi J=
We claim that for any z € =,

1
zmo(2)

nw*SVA(S, — )71V 2w 15 1+

where mg(z) € C* is the solution to

1 / tdH (1)
Z=——+c P EEE—
mo 1+tm0

(6.61)

(6.62)

(6.63)

(6.64)

Since [a — 2¢,b + 2¢| lies outside the support of distribution determined by the

mo(2), we have

1
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Since sup,ez [|(S,, — 2I) 71| < €7, by the dominated convergence theorem, and the

integral above, we have

o g SIS, - 1) e

P SV2(S, — D)1V — (14 — )‘ dz] = 0. (6.65)

zmo(z)

S o e

Then from (6.62), we conclude (6.61).
We next show the claim (6.63). First we consider the convergence of nw*-/2(S! —

2I) 7SV, Let
Q1(2) = (EPWWE2 —2I) 7 Qu(2) = (S, — 21) 7"

By a slight modification of the proof in Section 2.2 and Section 2.4 in Pan (2014),

we have that for any z = = + iv where v > 0,

nw*SV2Qq (2)SY 2% 55 1+ 2mg(2). (6.66)
Next we show that for z = = + iv,

nw*SY2(Qa(2) — Q1(2))2*w X 0. (6.67)

Write

nw*S2(Qy(2) — Q1(2))SY*w
(6.68)

== nw*EI/QQl(Z) (A(I)A* + Aq)w*zl/Q + 21/2W@A*) QQ(Z)El/QW

Since A® is a finite rank matrix with a bounded spectral norm, it can be written

as summation of finite rank 1 matrices of form uv*, where u € R? and v € R",
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|lull,[[v|| = O(1). Therefore, to get (6.67), we just need to verity that for i = 1,2,

ViurQ,(2) 2w 5 0,
VIVWHISY2Q,(2) 82w < o7 H{WHEW|| 43 M

(6.69)

By similar argument from (3.7) to (3.12) in Pan (2014), we can get

E|vnu*Q:(z )22 — Ev/nu*Qy(2) 2w ‘ ),

and

By/nu* Qs (2)5 2w = 0(%).

Consequently, the first convergence in (6.69) is true for i = 1. For the case i = 2, we
can prove by considering the difference of \/nu*Qs(2)X?w and /nu*Q; (2) X" ?w,
which converges to 0 almost surely. This proof is easy thus we omit details here.
The second in (6.69) is implied by the facts that [|Q;(z)|| < v~! and the spectral
norm of W*YW converges to a constant almost surely. Then (6.66) and (6.67)
imply that nw*X/2(S!, — 2I)~'SY2W converges to 1+ zmg(z) almost surely. Using
Theorem 6.1.1, we see that [a — 2¢,b + 2¢] lies outside the support of S/ almost

surely. By Lemma 2.3 in Bai and Silverstein (2004), we have
nw*SY2(S! — 2)7TI8Y 2w X5 1 4 2mg(2) for 2 € Z. (6.70)

Then (6.63) follows from above and (6.56).

Theorem 6.2.2. (Exact separation of eigenvalues) Let
0, = (A3 > band XS | < a)

where i,, is given (6.31), and ag is the left end point of the support of F&H. If
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Conditions 1-5 in Theorem 6.1.1 are satisfied and a > ag, the event ©,, holds with

probability tending to 1.

Proof. The proof strategy is to use an induction method, which is similar to Lemma
6.1.6, where we introduce S’ for induction. However, with the projection matrix
® involved in this case, we cannot use S/ directly. So we introduce the matrix G7,
defined below to include a suitable augmented projection matrix for induction.

First, we give notations and borrow necessary parameters with specific constraints
in Bai and Silverstein (1999). We redefine A = A,, = A, ®,, and take each ||a;||> =
O(1/p). Let X be a p x [n/m] matrix. For each column of X, it is sampled from
one of the K clusters, and it is required that the proportion of numbers of columns

of X belonging to ith cluster is the same as that proportion in X = A + L/2W,

Denote independent copies of X by X!, .-+ X7, ... . For j > 1, let
Yi = (X,Xl,--- XJ> Gl = — NP, Y
" n+4jn/m ln/mi
6.71
S P
n+ jn/mj 0 T
Write
1 ts
. =—(—1 dH(t)).
onls) = (-1 e [ 1 aH()

Let ¢/ = ¢/(1+ j/m), and define the intervals [a/, V] = [z 1(5(a)), 2o 5 (5(D))],

~

(67, b] = [a? + 1(b' — a?), ) — 3(b) — a?)]. Let

. J . J .
b k, AT > WS < o
i =

—1, if there is an eigenvalue of G7 in [da/, ¥].

For notational convenience, let A4, = co for Hermitian A.
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When j goes to infinity, [a’, )] approximates to [—1/5(a), —1/5(b)]. Therefore,

we can find Jy such that for J > Jy,
)\Z»Rnll <a’,and b’ < )\f:" for all large n.

We can use the method as in (6.49) and (6.50) to get that with probability tending

to 1,
. J . $/2(WOW*—1,)%1/2 1/2 * xy11/2
limsup AC7 < limsup(AR2 | + A} ( PR \TAWRATASW L)
<a’,
and

.. G/ . 1/2 *_ 1/2 1/2 * *y11/2
lim inf A7™ > lim inf(AR - AF T (WEW )RRy ANEWRAT AW

> b7
where we use the facts that A}' " 7 = 0p(1) and Ay W 0p(1), which can

be inferred from Theorem 3 in Chen and Pan (2012). Up to now, we see that the
exact separation is true for large J > Jj.
Using the fact that for any n x n Hermitian matrix A, M < A& — A 4 A},

we get

n i+ (I T—Gd YR +1 n i+ (I T—Gd Y RI+1
ATFaEEm X @Gy e X @ GXS
1 — 1

o 6.74
_ O X (@ I Ga) X i n <Xj+1*(dj1 _ Gj)Xj-&-l) (6.74)
n/m n+ (5 + Din/m] "

11

Since @’ lies outside the support of G/ with probability 1, by using Lemma 6.1.6, we
conclude that for any € > 0, there is sufficiently large m, such that with probability
L,

XA (GII-GHXIH | e S XIH (0T1- G ) X

)\W
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Recall that S,, = X®X*. We claim that for any z € [a, b],

(6.76)

The proof is postponed to the end of proof of this Theorem. Then it follows that

- . o~ 1
(Xﬂ“*(d]l - G;)XJ“) Sl <1
11 /5. (@)

n+(j+1)[n/m]

By using Lemma 6.2 in Bai and Silverstein (1999), it follows that with probability
1—o0(1),

A <l (6.77)

. . . J+1 ~d . .
What we need for induction is /\gil < a’. Therefore, we consider the difference of
G/ and G/, next.

Denote r; = n + j[n/m]. Write

B ‘ n | _ *[n/mj.lﬁilll‘j,l 1T]'71r1fn/m] Yj—l
Gl -Gl = — Y]_l X JTi—1 J
n "y ’ Ln/m)Lr, o Lin/m) o /m) X
1] Ty
_n[%]inllrj—l ljj—leil* an_llrjfllrn/m]Xj* <678)
- ’I“j_17“]2- + sz'
nle[n/mllijlej_l* + nX]l[n/m}lfn/m}Xj*
2 2 ’
We have
n j—1 * j—1x
AL L Y ]
ijl’l"]z P rj

nY/ 1, 1r X n/m
| 2[/] H:Op([/]

)7
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and
nX/ 1[n/m]1[n/m] ” _ <[n/m}2)

= 7

Therefore, for any sufficiently small € > 0, and any 7 > 0, we can choose a proper

large m, such that with probability 1 — o(1),

|G — Gi|| < e (6.79)

From this and (6.77), we see that )\S' L < @’ by imposing constraints on m such
that (6.79) is true. And the choice of m should also guarantee (6.75). Then we can
conclude the proof by using a similar argument as Section 6 of Bai and Silverstein
(1999).

Finally we show the claim (6.76). Denote the first column of X by x’ :=
a’ + XY2w', where a’ € {aj,...,a,} and w' € RP is distributed the same as w,
and independent of W,,. Recall that in the proof of Theorem 6.2.1, we define
S/ = XX*. We have

x*(xl — S!)'xx*(x] — S!) 1%/
1+ nx*(2I —S,)"1x

x*(zI — S,) %' = x"*(2I - S,) " 'x' + n . (6.80)

The convergence of the first term of the RHS above is implied by Lemma 6.1.5.
We just need to verify that the second term is o0,(1). By (3.6) and (3.12) in Pan
(2014), conditioning on the event {||w'~'/2| = O(1)} that holds with probability

tending to 1, we can show that for z = x + v with v bounded from below,
VAW Y2 (1 — SPWWES2) sl 2 R,
One can also prove without difficulty that

VX (zI — §.) 7% — /w82 (21 — SVAPWWSY2) el 2 B
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From Lemma 2.3 in Bai and Silverstein (2004), it follows that

Vnx (21— 8)'x % 0. (6.81)

n

Since we can write

1

- =1-nx"(2I-8S,)7'x
1+ nx*(2I - S])~'x nx(e )7,

and the fact that z lies outside the support of S,, with probability 1, we have that

1
1+ nx*(21 —S,)"1x

= 0,(1). (6.82)

The fact that the second term in (6.80) is 0, (1) following from (6.81) and (6.82). [
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