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ABSTRACT
This study presents a parallel algorithm for high-dimensional quantum dynamics simulations in poly atomic reactions, integrating
distributed- and shared-memory models. The distributions of the wave function and potential energy matrix across message passing interface
processes are based on bundled radial and angular dimensions, with implementations featuring either two- or one-sided communication
schemes. Using realistic parameters for the H + NH3 reaction, performance assessment reveals linear scalability, exceeding 90% efficiency
with up to 600 processors. In addition, owing to the universal and concise structure, the algorithm demonstrates remarkable extensibility to
diverse reaction systems, as demonstrated by successes with six-atom and four-atom reactions. This work establishes a robust foundation for
high-dimensional dynamics studies, showcasing the algorithm’s efficiency, scalability, and adaptability. The algorithm’s potential as a valuable
tool for unraveling quantum dynamics complexities is underscored, paving the way for future advancements in the field.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0209245

I. INTRODUCTION

A bimolecular reaction transpires due to the collision between
two reactant molecules, generating novel product molecules.1
Understanding the behaviors at the quantum level is fundamental to
unraveling the mysteries of chemical reactions. Quantum dynamics
simulations, a powerful subset of computational chemical physics,
provide a significant means to explore and comprehend the intricate
processes that govern molecular interactions.2

Tremendous progress has been witnessed in quantum dynam-
ics calculations on chemical reactions. The first full-dimensional
quantum studies of the simplest H + H2 reaction3,4 were achieved
in the 1970s, with time-independent (TID) quantum dynamics
methods.5,6 Later on, quantum dynamics were extended to larger-
sized reactions comprising more atoms, where the extension of TID

methods became quite tricky. Accurate initial-state-selected (ISS)
time-dependent wave packet (TDWP) calculations of the H2 + OH
reaction were pioneered by Zhang and Zhang7 and Neuhauser8

in 1994 and of the H + H2O reaction by Zhang and Light9 in
1996. Since then, reactions with five or more atoms have attracted
increasing interest in the field.10,11

An accurate quantum simulation for such poly-atomic reac-
tions often suffers from the overwhelming amount of computa-
tional resources required. As a result, various approximate reduced-
dimensional models were usually adopted to balance the simulation
accuracy and computation workload. For the typical five-atom reac-
tion of H + NH3, a four-dimensional semi-rigid vibrating rotor
target (SVRT) model12 and a seven-dimensional dynamics model13

were proposed. For the prototype six-atom reaction of H + CH4,
simplified models with up to ten dimensions were developed.14–17
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Developments in full-dimensional calculations for poly-atomic
reactions have also been seen in the past two decades. Yang stud-
ied the five-atom H + NH3 reaction18 using the TDWP method
mentioned above. Alternatively, a new transition-state wave packet
(TSWP) method for the reactive scattering was proposed19 and
applied to atom–diatom reactions20 and some reactions beyond
three atoms.21,22 Notably, within the less “brute-force”23 multicon-
figuration time-dependent Hartree (MCTDH)24,25 framework, the
group of Manthe and co-workers has played a pioneering role in
simulating reaction dynamics of systems with six atoms.26–32 How-
ever, the grids and basis used in these studies were suspected to
be less than required by a convergency of simulation results, espe-
cially for high-energy regions,33 leading naturally to more or less
accuracy losses. This dilemma is primarily due to the unsatisfactory
efficiency of relevant computer programs instead of the availability
and accessibility of computational resources. Thus, further efforts
are still desirable in developing high-performance software for high-
dimensional quantum dynamics simulations to deeply tap into the
potential of modern computers.

The computational challenge of large-scale quantum calcula-
tions, requiring a tremendous amount of computer resources, such
as CPU time and physical memory, is very suitable for parallel com-
puting, particularly in the case of the time-dependent wave packet
(TDWP) propagations consisting of an enormous amount of inher-
ent parallelism.2 Goldfield and Gray proposed distributing all Ω
quantum numbers (projection of total angular momentum J on
the body-fixed axis) over different computer processors.34 Cvitas
and Althorpe replaced the angular kinetic energy part of the split-
operator propagator with the Crank–Nicholson approximation,
making a more straightforward parallel Coriolis-coupled quantum
dynamics.35 Eggert et al. implemented a parallel pseudo-spectral cal-
culation of molecular energy levels by splitting the evaluation of the
potential term in Hamiltonian over up to 64 computer processors.36

Goldfield presented a parallel method for acting the Hamiltonian
for four-atom quantum dynamics calculations, where the data were
distributed to processors according to one radial coordinate.37 Sim-
ilarly, Meijer reported another parallel strategy with the wave func-
tion distributed according to two degrees of freedom.38 Borowski
and co-workers introduced a parallel implementation for quan-
tum dynamics of molecule-surface reaction with problem-adapted
data decomposition in all dimensions.39 Medvedev, Goldfield, and
Gray40 presented accelerating the four-atom quantum mechanics
by a hybrid OpenMP/MPI approach, in which the wave function
was distributed over a two-dimensional (2D) radial domain formed
with the selected degrees of freedom, realizing good scalability for
up to 512 processors. Note that parallelization of the MCTDH
method was also investigated previously for shared-memory41 and
distributed-memory42 hardware, which is out of the scope of our
current work.

Despite a wealth of successful investigations in parallelizing
quantum dynamics codes for reactions consisting of up to four
atoms, to the best of the authors’ knowledge, a report of parallel
algorithms, scalable to full-dimensional quantum TDWP simula-
tion for reactions with more atoms, is still seldom in the literature.
This paper presents a novel approach to parallel quantum time-
dependent wave packet calculation, exploiting the inherent paral-
lelism common among reactions with different numbers of atoms.
Our approach scales very well up to hundreds of processors, which

FIG. 1. Jacobi and Radau vectors for the X + YNZ2 system.

showed its power in the full-dimensional quantum studies of the
H + NH3 (basis size: about two billion)43 and H + CH4 (basis
size: roughly one hundred billion)33 reactions, in addition to the H
+ D2O reaction.44 Due to the algorithm’s universal idea and concise
structure, the effort needed to extend it to other reaction systems is
trivial.

This article is organized as follows: Section II outlines the
time-dependent wave packet method with the five-atom X + YNZ2
reaction as an example. Section III describes the parallel implemen-
tation of the corresponding time-dependent wave packet program.
Section IV presents performance tests for realistic simulations. A
summary concludes the article.

II. TDWP METHOD FOR THE X + YNZ2 REACTION
The five-atom reaction system X + YNZ1,2 is described by

a combination of Jacobi and Radau vectors,43,45,46 as shown in
Fig. 1. The Radau vectors, R⃗i (i = 1, 2), are the vectors

Ð→
AZi, with

A being the “canonical” point of NZ1,2. Thus, the internal vibra-
tion of NZ1,2 is described by three spherical coordinates: R2, R1,
and θ. The Jacobi vector R⃗3 is from the center mass of NZ1,2 to
atom Y, and R⃗ is from the center mass to atom X. The body-
fixed frame of YNZ1,2 (BFYNZ1,2) is oriented by Euler angles with
respect to the global body-fixed frame (BF) of the whole system
(X + YNZ1,2), βY and αs. The orientation of NZ1,2’s body-fixed
frame (BFs) is parametrized by Euler angles βs and γs with respect to
the BFYNZ1,2 frame.

As a result, the Hamiltonian of the reactant X + YNZ1,2 can be
written as (h = 1)

Ĥ = − 1
2μR

∂2

∂R2 +
(J⃗†tot − L⃗†

YNZ1,2
) ⋅ (J⃗tot − L⃗YNZ1,2)

2μRR2

− 1
2μR3

∂2

∂R3
2 +
(L⃗†

YNZ1,2
− L⃗†

NZ1,2
) ⋅ (L⃗YNZ1,2 − L⃗NZ1,2)

2μR3 R2
3

+ T̂NZ1,2 + V(R,βY ,αs, R3,βs, γs, R1, R2, θ), (1)

where μR and μR3 are the reduced masses of X-YNZ1,2 and
Y-NZ1,2, respectively. J⃗tot is the total angular momentum operator
of the system. L⃗YNZ1,2 and L⃗NZ1,2 are the rotational angular momen-
tum operator of the YNZ1,2 and NZ1,2, respectively. V denotes the
potential energy surface.

The kinetic operator T̂NZ1,2 include three parts, T̂NZ1,2 = T̂vib

+ T̂rot + T̂cor , with T̂vib being the vibrational part of NZ1,2, T̂rot being
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the rotational part of NZ1,2, and T̂corr being the coupling between the
rotation and vibration in NZ1,2. The T̂vib operator is defined by

2T̂vib = −∑
i=1,2

1
μi

∂2

∂R2
i
− ( 1

μ1R2
1
+ 1
μ2R2

2
) ∂

∂u
v2 ∂

∂u
, (2)

where μ1 = mZ1 , μ2 = mZ2 , u = cos θ, and v = sin θ. Explicit forms for
the other operators, T̂rot and T̂corr , can be found in the literature.43

During the wave packet propagation, the nine-dimensional
wave function is expanded as

ΨJtot MK
νL (R⃗, R⃗3, R⃗1, R⃗2, t) = ∑

R,R3 ,R1 ,R2 ,
θ,βs ,γs ,L,k,K

FJtot MK
R,R1 ,R2 ,R3 ,θ,βs ,γs ,L,k

× uνR3
n (R)ϕνR3

(R3)ϕR1(R1)ϕR2(R2)
× ϕθ(θ)ϕβs(βs)ϕγs(γs)Y Jtot MK

Lk (R⃗, R⃗3), (3)

where n is the translational basis label and (νL) is the initial rovibra-
tional state of YNZ1,2. M and K are the projection of the total angular
momentum Jtot on the z axis of space-fixed and body-fixed frames,
respectively. In addition, k is the projection of the rotational angular
momentum L on the z axis of the YNZ1,2 frame.

In order to solve the Schrödinger equation, the potential-
optimized discrete variable representation (PODVR) is used for six
degrees of freedom (R1, R2, R3, θ,βs, γs), leading to the correspond-
ing basis sets, i.e., ϕR1(R1), ϕR2(R2), ϕR3(R3), ϕθ(θ), ϕβs(βs), and
ϕγs(γs). Here, uνR3

n (R) represents the basis set functions for the reac-
tive coordinate, R, which are defined separately for grid ranges of the
asymptotic and interaction region, respectively.

The rotational basis functions for the X + YNZ1,2 system in the
BF frame are written as

Y Jtot MK
Lk (R⃗, R⃗3) = D Jtot

MK(R⃗)D
L
Kk(R⃗3), (4)

where DJ
MK(R⃗) and DL

Kk(R⃗3) are the Wigner rotation matri-
ces, depending on the corresponding Euler angles (α,β, γ,βY ,αs)
between the coordinate frames.

For the specific (Jtot , M), a direct product of a localized trans-
lational wave packet G(R) and a specific rovibrational eigenstate
(ν0L0K0) for YNZ1,2 is chosen to construct the initial wave function,

ΨJMK0
ν0L0
(R⃗, R⃗3, R⃗1, R⃗2, t = 0) = G(R)ψ JMK0

ν0L0
(R⃗, R⃗3, R⃗1, R⃗2), (5)

where ψJMK0
ν0L0
(R⃗, R⃗3, R⃗1, R⃗2) is the eigenfunction of YNZ1,2, calculated

when the molecular YNZ1,2 is far from the incoming atom X.
The initial wave packet is propagated using the second-order

split operator method,47

Ψ(t + Δ) = e−iT̂ radΔ/2e−iT̂ angΔ/2e−iÛ Δe−iT̂ angΔ/2e−iT̂ radΔ/2Ψ(t), (6)

where the radial kinetic energy operator T̂rad = − 1
2μR

∂2

∂R2 +∑3
i=1ĥi

and the angular kinetic energy operator T̂ang = Ĥ0 − T̂rad, with Û
= V(R⃗, R⃗3, R⃗1, R⃗2) −∑3

i=1Vref
Ri
(Ri) and Ĥ0 = Ĥ − Û as the reference

potential and the reference Hamiltonian, respectively.

The time-independent wave function ψiE is calculated using a
Fourier transform of time-dependent of the time-dependent wave
function as

∣ψiE⟩ =
1

ai(E)∫
∞

0
ei(E−H)t/h̵∣Ψi(0)⟩dt, (7)

where ai(E) = ⟨ϕiE∣Ψi(0)⟩ is the overlap between the initial wave
packet Ψi(0) and the energy-normalized asymptotic scattering
function ϕiE.

The total reaction probabilities for the specific initial state in the
whole range of energies can be obtained by calculating the reactive
flux at the dividing surface R3 = R3s as

Pi(E) =
h̵
μR3

Im(⟨ψiE∣ψ′iE⟩)∣R3=R3s , (8)

where ψ′iE the first derivative of the time-independent wave function
in R3.

If anyone is interested in more theoretical details, they can refer
to Ref. 43.

III. PARALLEL IMPLEMENTATIONS OF THE TDWP
PROGRAM
A. Simulation procedure

The structure of the time-dependent wave packet five-atom
nine-dimensional (TDWP-5A9D) program consists of three major
stages: initialization, propagation, and finalization. At the initializa-
tion stage, the program reads the values of parameters from the input
file and then sets the grids for each spatial dimension, matrices for
representation transformation, potential energy matrix, and other
auxiliary arrays. At the propagation stage, the time-dependent wave
packet is evolved using the split-operator method.47 The integration
over time in the Fourier transformation of the time-dependent wave
packet defined in Eq. (7) is discretized and performed within each
propagation step. At the finalization stage, dynamic information is
extracted by analyzing the time-independent wave function. The ini-
tialization and finalization stages are done once and for all, which
usually occupies only a limited portion of the total calculation time.
At the propagation stage, operator multiplications and transforma-
tions between different representations are carried out frequently,
involving considerable data access over different system dimensions.
As a result, the propagation stage is computationally more demand-
ing, especially when one needs to propagate the wave packet for a
long time.

B. Wave packet propagation and representation
transformations

The wave packet propagation is carried out using the split-
operator method in the order shown in Eq. (6). The exponential
form of the split-operator method generally requires that the wave
function is transformed to a representation in which the matrix for
each operator is diagonal before applying the corresponding oper-
ator.36 Specifically, the finite basis representation (FBR) is used for
kinetic energy operators, and the discrete variable representation
(DVR) is used for the potential energy operator. In the TDWP-5A9D
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program, we choose an FBR representation for T̂rad, a mixed DVR-
FBR representation for T̂ang , and a DVR representation for Û, as
described below.

The evolution of representations corresponding to each term
of the split Hamiltonian is described as follows. At the beginning
of each propagation step, the wave packet is in the FBR represen-
tation for all the nine dimensions, and the radial kinetic operator
T̂rad is applied by half-time step (Δ/2). Then, the four radial dimen-
sions of the wave function are transformed to the corresponding
DVR representations (R, R1, R2, R3), and the angular kinetic oper-
ator T̂ang is applied. Following that, the angular momentum FBR
representation of the wave function is further transformed to the
corresponding DVR representations (βs, γs, θ,βY ,αs), and the poten-
tial energy operator Û is applied. Later, the T̂ang and T̂rad opera-
tors are applied to the wave function successively in a symmetric
manner.

C. Parallel strategy
In the TDWP-5A9D program, we implement a hybrid

distributed-memory/shared-memory parallel strategy analogous to
that in Ref. 48. The distributed-memory part of the algorithm is
based on the message passing interface (MPI),49 and the share-
memory parallel part is based on the OpenMP paradigm.50 The
core idea of the parallel computation underlying the program is
“divide and conquer.” The most time-consuming wave packet prop-
agation is partitioned and accomplished collaboratively by a batch
of computer nodes, each with one MPI process. Most of the cal-
culations are performed locally within each node by exploiting the
parallelism based on OpenMP, which is the case when a complete
set of data required by a specific operation is entirely stored in
the memory of the same node. However, if the data set required is
incomplete, i.e., distributed among more than one node, it is neces-
sary to perform inter-process data exchange first, which is achieved
through MPI. In the following discussions, the terms “computer
node” and “MPI process” are used interchangeably if not specified
otherwise.

1. Data distribution
Logically, the entire wave function is thought to consist of

two imaginary dimensions, i.e., as a direct product of the “radial”
(Rad) and the “angular” (Ang) ones (Rad ⊗ Ang). The length of
the “radial” dimension is nRad = nR∗nR1

∗nR2
∗nR3, with nR and

nRx as the number of basis functions in the FBR representation (or
equally grid points in the DVR) for the four actual radial dimensions,
respectively. The size of the “angular” dimension in the FBR rep-
resentation, nRot, is the total number of angular momentum basis
sets.

Inside the code, the two “imaginary” arrays, which store the
full time-dependent wave function (WF) and potential energy (PE),
are divided into disjoint parts, with each part assigned to one spe-
cific MPI process. The partition scheme of the WF array is shown
in Fig. 2(a), where the angular dimension (nRot) is divided as
evenly as possible, according to the total number of MPI processes
nProc. Each process maintains an array to store the partial WF,
whose dimensions are nRowp∗nCol with nRowp = nRot/nProc and
nCol = nRad. As a result, the radial kinetic operator T̂rad can be
evaluated locally within each MPI process. However, the “angular”

FIG. 2. Partition of the wave function: (a) before and (b) during MPI communication.
A total number of three MPI processes are assumed for illustration purposes.

dimension is distributed among different MPI processes. In order
to locally evaluate the angular kinetic operator T̂ang and the poten-
tial energy operator Û, another column-wise partition of the WF
and PE arrays is also performed, which can be considered a trans-
pose of that shown in Fig. 2(a). As a result, each process maintains
an array to store the partial PE, whose dimensions are nRow∗nColp
with nRow = nAng the total number of angular grids and
nColp = nRad/nProc.

We note that a similar plan, named “Doubly Distribution Par-
allel ĤΨ” (DDPHP), was proposed previously by Meijer.38 However,
in the DDPHP scheme, the partition of the WF array is performed
according to one single dimension or quantum number, which
limits the total number of MPI processes available. Alternatively,
Medvedev and co-workers proposed partitioning the WF array over
a 2D radial domain, e.g., the inter-molecule distance R and the
length of breaking bond r1 in the AB + CD system.40 Although
it may benefit from the less communication between neighboring
computer nodes, in practice, an optimal 2D partition of the WF
array over MPI processes seems to depend on the exact sizes of
the involved dimensions, as shown in the original report, and thus
requires careful tunes or expert experiences beforehand, especially
for complicated poly atomic reaction systems with many degrees
of freedom. By comparison, in our work, the partition of the WF
array is generally performed according to the two bundled radial
and angular dimensions, which are essentially independent of the
reaction system under study, making it easier to implement and
apply.

Keep in mind that the column number nRad can be very large
sometimes. The huge size of data blocks to be exchanged may lead
to inefficient communication, particularly in a busy network envi-
ronment with limited bandwidth. Accordingly, we introduce a new
parameter kcol, the maximum column size of a data block allowed
to be exchanged each time [Fig. 2(b)]. Consequently, it takes more
than one iteration (loop) to evaluate the T̂ang and Û operations,
with the kcol∗nProc columns processed in each loop. Then, the total
number of loops over columns is nLoop = nRad/(kcol∗nProc). The
introduction of the kcol parameter brings additional flexibility to
the simulation, which allows program users to adjust the load of
network communications and achieve an optimal overlap between
calculation and communication.
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2. Inter-process data exchange: Two-sided MPI
implement

With the data distribution scheme described above, the full WF
array is partitioned row-wise according to the “angular” dimension.
Moreover, the full PE array is split column-wise according to the
“radial” dimension. The sliced WF and PE arrays are stored in the
physical memory of an individual MPI process. Remember that dur-
ing the wave packet propagation, only the sliced WF array needs to
be exchanged among different MPI processes. Here, we would like to
name the T̂rad operation evaluated on local MPI processes without
data communication as “row operation.” In contrast, the evaluations
of the T̂ang and Û operators requiring communication are named
“column operations.”

An analysis shows that for column operations in one iteration,
each MPI process requires three successive steps:

1. Exchanges raw WF data between MPI processes.
2. Does computations, i.e., the actions of T̂ang and Û.
3. Exchanges updated WF data between MPI processes.

In the TDWP-5A9D program, we allocate the following two
important arrays:

● srBuf(2∗MAX(nRowp)∗kcol, 0:nProc-1): send/receive buf-
fer storing updated and raw WF data.

● workTmp(nRot, kcol): work array holding WF data for T̂ang
and Û evaluations.

In addition, several auxiliary subroutines are also defined,

● packRawData: copy local raw data from WF to srBuf;
● unpackRawData: arranges raw data in srBuf and stores

them in workTmp;
● packRstData: copy local updated data from workTmp to

srBuf;
● unpackRstData: arranges updated data in srBuf and stores

them in WF;
● initExchange: encapsulates MPI reading/writing utilities

and starts to scatter raw/updated data stored in srBuf;
● finishExchange: encapsulates the MPI synchronization util-

ity and finalizes data exchanges, guaranteeing that the raw
and updated WF data are ready for later use.

The classic non-blocking two-sided MPI utilities
(MPI_ISend/MPI_IRecv/MPI_WaitAll) are employed in the
first implementation of the parallel algorithm. All these arrays
and subroutines defined above are finally assembled into one core
subroutine named ExchangeData, which is called once for each
loop over columns. The corresponding FORTRAN codes are shown
in Appendix A 1.

As described in the FORTRAN code, the evaluation of opera-
tors involving angular dimensions is partitioned into nLoop itera-
tions. Within each iteration, the ExchangeData subroutine is called
first, which gathers raw WF data needed by the calculation and scat-
ters updated data blocks, and then, the actual calculations are per-
formed. The integer variable iLoop denotes the current loop index
(starting from 1). An additional iteration with the index “nLoop
+ 1” is necessary to finish scattering the last part of the updated wave
function. Overlapping computation and communication is achieved
by pre-fetching wave functions in the previous iteration.

3. Inter-process data exchange: One-sided MPI
implement

In Sec. III C 2, the inter-process communication is based on
a send/receive two-side pattern, as usually done in most of the
reported MPI-based quantum dynamics code.

Consequently, two MPI processes (one as sender and another
as receiver) have to be involved to complete the communication. In
the second implementation of the parallel algorithm, we developed a
much simpler architecture for communication, taking full advantage
of the “one-side communication” feature supported by MPI-249 and
its successors.

In a one-sided communication-based parallel implementation,
the WF array belonging to each MPI process is exposed to all
other processes through the MPI_Win_Create subroutine. Doing
this makes the WF arrays accessible and modifiable by other pro-
cesses through the MPI_Get and MPI_Put subroutines, logically
equivalent to the read and write operations to local memory, respec-
tively. The initExchange subroutine is no longer needed since the
MPI reading and writing utilities are now encapsulated into the
new getRawData and putRstData subroutines. In addition, the
srBuf array used in the one-sided communication implement is
now replaced with two separated arrays, i.e., rawBuf(nRowp∗kcol,
0:nProc-1) and rstBuf(nRowp∗kcol, 0:nProc-1). The correspond-
ing FORTRAN codes are presented in Appendix A 2.

Both the MPI_Get and MPI_Put functions are “non-blocking.”
This feature facilitates the overlap between the calculation and com-
munication, similar to the combination of MPI_ISend/MPI_IRecv
utilities in the two-side scheme. Other than its concision compared
to the widely used two-sided pattern, one-sided communication has
several advantages, such as reduced synchronization and communi-
cation time,49 thus higher efficiency of parallelization as illustrated
below.

4. Intra-process computation: OpenMP
The TDWP-5A9D program features a hybrid parallelization

scheme, combining the above-mentioned MPI-based distributed-
memory algorithm with a shared-memory OpenMP technology.
The OpenMP portion of the program, mainly for parallel loops, was
implemented in a traditional way, details of which may be found by
interested readers in relevant textbooks.50

Here, we would like to analyze the necessity and emphasize
the advantages of this hybrid scheme in the context of the cur-
rent TDWP-5A9D program. First, with a pure MPI scheme, to take
full advantage of the multi-core architecture of modern computers,
more MPI processes need to be created, typically of the same number
of local CPU cores. As seen in the above-mentioned algorithm, every
MPI process has to communicate with all other processes. Generally,
more MPI processes mean more significant overheads for network
communication. In contrast, with a hybrid MPI/OpenMP scheme,
the number of MPI processes is significantly reduced, resulting in
higher efficiency.

Second, a better overlap between communication and compu-
tation can be achieved. With a pure MPI scheme, the number of
columns distributed per iteration, kcol, cannot be too large even
with a high network bandwidth, owing to the limited computa-
tion capability of a single CPU core. With a hybrid MPI/OpenMP
scheme, due to the inherent very high parallel efficiency of OpenMP,
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the value of kcol can be much larger than that in a pure MPI
scheme. The value of kcol is optimal when the bandwidth of net-
work communication is exhausted, i.e., a further increase in the
data packet size leads to no better or even worse performance in
communication.

IV. RESULTS AND DISCUSSIONS
We carried out calculations on one of our in-house computer

clusters. The cluster comprises 30 shared-memory computer nodes,
each with 20 Intel Xeon E5-2640 v4 processors (CPU cores) at
2.40 GHz and 256 gigabytes (GB) of main memory. The operat-
ing system running on the nodes is CentOS Linux release 7.2.1511
with the 3.10.0-327.el7.x86_64 kernel. Each node is equipped with
one InfiniBand host channel adapter (HCA) supporting 4x Quad
Data Rate (QDR) connections with a 40 GB/s speed. We have
one 4x-QDR InfiniBand connection from each node to a central
InfiniBand switch (Mellanox, MT26428). The TDWP-5A9D pro-
gram was compiled at the -O2 optimization level with OpenMP
support using the Intel Fortran compiler (version 15.0.2). The
MPI utilities implemented as in Open MPI51 (version 1.4.5) were
adopted.

The most important issue is whether the parallel program can
calculate the correct result. To answer this question, we have con-
ducted reaction dynamics calculations on the H + NH3 system and
compared the reaction probabilities to the right results, where quite
good agreement has been seen (not shown).

We performed timing runs for the H + NH3 reaction system
involving up to 50 steps of wave packet propagation. All the times
are in wall clock time, obtained using the MPI_WTime subroutine.
Two different test methods, named method-I and method-II, respec-
tively, have been employed. Within method-I, which corresponds
to the so-called “strong scaling,”52 the number of MPI processes is
increased gradually while the size of the simulation remains con-
stant. In method-II, which is related to the case of “weak scaling,”
the number of MPI processes and the simulation size increase simul-
taneously, resulting in an essentially constant workload per MPI
process.

Table I presents the parameters of the basis sets used in the time
runs for these two test methods. The values of parameters used for
method-I are close to the actual calculations.43 Most parameter val-
ues used in the method-II case are identical to those in method-I,
except for fewer R grids and basis functions. Note that the parameter
values of method-II, as presented in Table I, correspond to the fun-
damental case with one MPI process; for other runs with more MPI
processes, the nR parameter value was increased proportionally. The
center of the initial Gaussian wave packet is located at 13.0 a0 and
the width of the packet is 0.32 a0. For test purpose only, the ground
state (00+00) NH3 reactant and Jtot = 0 was assumed, which was cal-
culated in the same way as in our previous work.43 The potential
energy surface of NH3 employed here was constructed by Li and Guo
in 2014.53

Figure 3 shows the speedup and efficiency derived from
method-I, i.e., with fixed parameter values and increased MPI pro-
cess number. The speedup for a case of n MPI processes is defined as
SPn = t1/tn, where tn is the running time taken on n MPI processes,

TABLE I. Parameters of basis sets used in timing runs. Note that for the dimensions
of R and R3, different numbers of grid points are applied separately to the asymptotic
and interaction regions. The parameter values for method-II correspond to the funda-
mental case run with one MPI process. The value of the kcol parameter is fixed to
40.

Parameters nR nR3 nR1 nR2 nθ nβs nγs nβY nαs

Method-I 200/100 5/25 3 3 8 8 12 31 7
Method-II 20/10 5/25 3 3 8 8 12 31 7

FIG. 3. Speedup and efficiency in method I with fixed parameter values and
increased MPI process number (nNode). The dotted line shows the ideal linear
speedup.

each with 20 OpenMP threads. The speedup efficiency is defined as
EFn = SPn/n = (t1/tn)/n.

The tests were performed with the number of MPI processes
ranging from 1 to 30. For both the two-sided (2S) and one-sided (1S)
communication schemes implemented in this work, a linear scal-
ing of speedup concerning the MPI process number (nNode) was
observed. As a result, speedups of 24.04 and 26.88 were achieved
with up to 30 MPI processes for the 2S and 1S schemes, respec-
tively. For both the schemes, the speedup scaling deviates gradually
from the ideal linear one (SPn = n) with increased MPI processes.
This reduction in the parallel performance can be attributed to
the increased overhead of inter-process communications due to the
fully connected nature of MPI processes involved and, thus, more
data-exchanging operations.

For the 2S scheme, the speedup efficiency for 5 MPI processes
is about 86%, which decreases slowly to about 80% for 30 MPI pro-
cesses. The speedup efficiencies for the 1S scheme are higher than
those for the 2S scheme, still about 90% for 30 MPI processes. An
average enhancement of 7.4% in speedup efficiency is achieved by
the 1S scheme compared to the 2S one, demonstrating the antici-
pated performance advantages of one-sided communication. Gen-
erally, we see excellent scalability (larger than 80% compared to the
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FIG. 4. Efficiency in method II with parameter values and MPI process number
(nNode) increased proportionally.

ideal one) for both parallelization schemes, which can be obtained
for up to 30 MPI processes (600 CPU cores).

Figure 4 shows the efficiency calculated according to method-
II, i.e., parameter values and MPI process number increased pro-
portionally, resulting in a constant workload per MPI process. Thus,
different from method-I, the parallel efficiency for the case of n MPI
processes is redefined as EFn

′ = t1/tn. In an ideal situation, the effi-
ciency value by this definition equals one, which means that one
solves progressively larger problems in the same time as it takes to
solve smaller ones using fewer computer nodes.

In practice, as shown in Fig. 4, the efficiency decreases along
with increasing MPI processes for the 2S and 1S communica-
tion schemes. This trend of efficiency can be explained below. For
more MPI processes, due to the increasing per-iteration simula-
tion size (nRot∗kcol∗nNode), the latency of data exchange between
MPI processes tends to increase, particularly for a network with
limited bandwidth. In addition, with a simultaneously increased
simulation size and process number, the impacts of intra-process
computation–communication overlapping and inter-process load
balancing on parallel performance may become more critical.
Nonetheless, an excellent scalability (larger than 80%) concern-
ing the total workload is maintained for up to 600 CPU cores.
Similar to those shown in method-I, an average enhancement in
the efficiency of about 5% was realized by the 1S scheme over
the 2S one.

Finally, the influence of different kcol parameters was also
investigated. The testing cases are based on simulation parameters
adopted in method-I, which results in 9000 and 22 500 columns
of the asymptotic and interaction wave functions, respectively. We
measured the running time with 30 MPI processes for kcol values
ranging from 20 to 300. It is found that the kcol parameter has a non-
trivial impact on the parallelization performance, showing a relative
difference in the clock time of roughly 15%–20%. Briefly speaking, a
larger kcol value is preferred to exhaust the network bandwidth and
achieve a better computation–communication overlap. An optimal

kcol value was determined to be about 200, associated with the cur-
rent simulation parameters and hardware configurations. For even
larger kcol values, the measured clock time tends to be stable with a
minor fluctuation of about 5%. Note that one may not pay too much
attention to finding the optimal kcol value since the primary concern
is usually whether the MPI application can help make what used to
be an impossible or expensive calculation happen in a practical and
cheap network.

V. CONCLUSIONS
This study introduces a parallel algorithm designed to conduct

precise high-dimensional quantum dynamics simulations of poly
atomic reactions, integrating both distributed- and shared-memory
programming models. The distribution of the full wave func-
tion and potential energy matrices across MPI processes, employ-
ing bundled radial and angular dimensions, forms a foundational
aspect of our approach. In addition, the implementation consider-
ations include both two-sided and one-sided MPI communication
schemes.

Our assessment of the algorithm’s performance, using realis-
tic parameters for a full-dimensional simulation of the H + NH3
reaction, yielded promising results. Notably, the algorithm exhibited
exceptional linear scalability, achieving efficiency levels surpassing
90% across 600 processors. Furthermore, our investigation demon-
strated its remarkable extensibility to accommodate larger-sized
simulations. The universality and concise structure of the algorithm
enable seamless application to a broad spectrum of reaction systems.
Building on our prior successes with reactions involving six and four
atoms, the algorithm’s adaptability is evident.

In summary, our work contributes a robust foundation for
high-dimensional dynamics studies, laying the groundwork for
future advancements in the field. The efficiency, scalability, and
adaptability demonstrated by the parallel algorithm underscores
its potential as a valuable tool in unraveling the complexities of
quantum dynamics across various chemical reactions.
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APPENDIX A: FORTRAN ROUTINES ON MPI DATA
EXCHANGE
1. Implement based on two-sided communication

subroutine ExchangeData(iLoop)
if(iLoop == 1) then
call packRawData(iLoop) ! prepare raw data for this

loop(1).
call initExchange
call FinishExchange
call unpackRawData(iLoop) ! raw data for this loop(1)

ready.
call packRawData(iLoop+1) ! prepare raw data for next

loop(2).
call initExchange
else if(iLoop /= nLoop+1) then
call finishExchange
if(iLoop-2 >= 1) then
call unpackRstData(iLoop-2) ! store data

updated@(iLoop-2)
end if
call packRstData(iLoop-1) ! data updated@(iLoop-1), !

pack & send@(iLoop), ready@(iLoop+1)
call unpackRawData(iLoop) ! raw data for this loop ready
if(iLoop+1 <= nLoop) then ! if any, call

packRawData(iLoop+1) ! prepare raw data for next loop
end if
call initExchange
else
call finishExchange
call unpackRstData(iLoop-2) ! store data

updated@(nLoop-1)
call packRstData(iLoop-1)
call initExchange
call finishExchange
call unpackRstData(iLoop-1) ! store data

updated@(nLoop)

endif
end subroutine ExchangeData

2. Implement based on one-sided communication
subroutine ExchangeData(iLoop)
if(iLoop == 1) then
call getRawData(iLoop) ! get raw data for this loop(1)
call FinishExchange
call unpackRawData(iLoop) ! raw data for this loop(1)

ready.
call getRawData(iLoop+1) ! get raw data for next loop(2).
else if(iLoop /= nLoop+1) then
call FinishExchange
call packRstData(iLoop-1)
call putRstData(iLoop-1) ! data updated@(iLoop-1)
call unpackRawData(iLoop) ! raw data for this loop ready
if(iLoop+1 <= nLoop) then ! if any
call getRawData(iLoop+1) ! get raw data for next loop
end if
else
call FinishExchange
call packRstData(iLoop-1)
call putRstData(iLoop-1) ! store data updated@(nLoop).
call FinishExchange
endif
end subroutine ExchangeData

APPENDIX B: USAGE OF THE TDWP-5A9D PROGRAM

The TDWP-5A9D program has been made freely available
on the GitHub website (https://github.com/darrelzhang/TDWP-
5A9D.git). For the parallelization strategy adopted by the TDWP-
5A9D program, interested readers may refer to the source codes
“mpi_scatt_1.f ” and “mpi_scatt_2.f ” for one-sided and two-sided
MPI communication schemes, respectively.

An Intel Fortran compiler (version 2015 or later) and OpenMPI
(version 1.4.5 or later) are required when compiling the program.
It is essential to place all the files in the same directory. One
should modify the variable “MKL_PATH” in the makefile and then
run the “make” command to generate an executable file named
xynh2.exe.

Before running the program, one specifies various parameters
in the “input” file located in the same directory as the executable
file. As needed, one can adjust the ranges and the number of basis
functions/grid points for the nine degrees of freedom. It is neces-
sary to utilize an appropriate absorbing potential to reduce the wave
function’s reflection at the boundary region. In order to obtain con-
verged results, adjustments can be made to ensure a sufficient total
propagation time and a small enough time step. The reaction prob-
ability is calculated at a specific position (posfluxr) within the exit
region.

The program can be run with the command line “mpirun
-hostfile machinefile -n procs ./xynh2.exe,” where a
file named “machinefile” contains the hostname of the parallel com-
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puting nodes and the procs variable represents the total number
of MPI processes. All the generated output files are placed in the
result folder. Specifically, the time-dependent wave functions for the
asymptotic and interaction regions are recorded in the “asy.∗” and
“int.∗” files, respectively. The reaction probabilities are stored in the
“prob.eng” and “prob.eng.zz” files.
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