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Abstract

The deformation and impact energy absorption properties of ultrathin polymeric microlattices
were investigated as a function of density, size and positional eccentricity of the trusses,
which controlled the amount of bending in the microlattice deformations. We considered
highly porous, 3-D microstructures with small lattice constants (< 135 um), and studied their
response to high strain rate (~1000/s) tests, using high speed video capture, SEM imaging and
quantitative modelling. The microlattices were found to have excellent impact absorption
efficiencies that are 2 - 120 times better than carbon nanotube foams, polycarbonate and
silicone rubber, despite being an order of magnitude slimmer than the thinnest commercial
foams of similar densities. This high impact absorption efficiency is largely due to the
sideways buckling of the microlattice trusses during the crushing stage, which prevented
densification of the microlattices at small strains. Furthermore, we showed that varying the

positional eccentricity of the trusses and the number of unit cells in the microlattices can
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modulate their stiffness, strength and energy absorption over an appreciable range,
comparable to that obtained through modifications in relative density. Because the
microlattices were mostly under stress equilibrium during the impact process, the insights
derived from the present study are expected to be valid for quasistatic and low strain rate

loadings as well.



1. Introduction

Shock absorbing materials are critical for the protection of portable computing
devices (e.g., laptops, mobile phones and tablets) against accidental collisions and falls. Such
commercial applications require protective materials to be thin (< 1 mm), both to enable rapid
dissipation of the heat generated by on-chip operations and for practical packaging [1,2].
Within the electronic devices, these shock absorbers take the form of gaskets and pads placed
around sensitive electronics such as hard disk drives, batteries and cameras [1,2]. Externally,
they are often employed as protective cases or skins covering the entire device. As the form
factor of mobile computers continue its trend towards slimmer designs, and heat management
becomes more difficult with increasingly powerful computer chips and fast battery charging
technology [3], there is a strong interest in developing thinner, lighter and more compact
shock absorbers.

This goal, however, cannot be easily realized with current materials because of the
trade-off between the minimum manufacturable thickness and the impact absorption
efficiency, which is the quantity of mass/volume required to dissipate a given amount of
impact energy. High porosity foams, for instance, have good impact absorption efficiencies
[4-7], but because of the relatively large size and irregular arrangement of the voids within
the material, they cannot be made very thin (< 1 mm) without losing uniformity in their
mechanical properties (see Supplementary Information). On the other hand, low porosity
foams and solid materials such as silicone rubber can be manufactured in very thin sheets
(~20 pm) [8,9], but they tend to have poor impact absorption efficiencies [10-12] in the
range of threshold stresses (0.1 — 10 MPa) for electronics [1].

To reconcile small thicknesses with high impact absorption efficiency, architected

microstructures with small lattice constants (< 135 pm) and high porosity (> 80%) are



proposed in this study. To date, experimental investigations of such ultrathin microlattices
have mainly been focused on lightweight, load bearing applications, typically utilizing the
stretch-dominated octet truss design [13-17], while their potential for energy absorbing
applications remain largely unexplored. Therefore, the aim of this study is to characterize the
mechanical properties and deformation of the microlattices under dynamic loading conditions,

and assess their viability as slim and efficient impact absorbers.



2. Materials and Methods

2.1 Microlattice Design and Fabrication

(a) (b)

Figure 1: Schematic diagram of (a) a unit cell (b) a sub-unit cell in isometric view and (c)
a sub-unit cell in 2 dimensions. SEM images of (d) close-up view of the fabricated unit
cells (Scale bar is 10 pm), (e) a single microlattice (Scale bar is 100 pm), (f) a 4 x 4 array

of microlattices on a single test sample (Scale bar is 500 pm).

A unit cell in the microlattice (Fig. 1a) was composed of 8 subunits, each adjacently
linked to their mirror images. The subunit (Fig. 1b) consisted of 6 trusses attached to a central
cuboid with dimensions, a (length) x a (width) x b (height) (Fig. 1c). The dimensions of the
vertical trusses were L (length) x w (width) x w (height), while that of the horizontal trusses
were L (length) x w (width) x h (height) (Fig. 1c). The subunit cells were then assembled into

microlattices (Fig. 1d and 1e). In most experiments, multiple microlattices were placed on a



single sample (Fig. 1le) to ensure that the compressive force would be sufficiently large for

detection by the piezoelectric sensors during impact testing.

The microlattice geometry described above was chosen because bending deformations
of the individual truss elements can be varied systematically using a single geometric
parameter, e. This facilitated the analysis of the mechanical response of microlattices with
respect to the underlying deformation mechanisms (Fig. 1c). For e = 0 um, the lattice design
was essentially simple cubic, and its uniaxial deformation was compression-dominated (i.e.,
stretch-dominated; see Supplementary Information). For e > 0 um, a uniaxial load generated
a rotation of the central cuboid, causing the trusses to bend (Fig. 1b). With increasing e, the
bending moment for a given load increased, and therefore, the lattice deformation
transitioned from one that was stretch-dominated to one that was bending-dominated. In
addition, it can be seen that buckling of the horizontal trusses under uniaxial compression
would pull the sub-unit cells closer together, shortening the overall width of the microlattice.
Therefore, microlattices with e > 0 were expected to have a negative Poisson’s ratio. Auxetic

designs that work on a similar principle had previously been studied in 2-D as well [18,19].

Other than the effect of buckling due to eccentricity (Fig. 2a), we also studied the
effects of relative density, by varying the length of the trusses, L (Fig. 2b), and of the relative
lattice size, by varying the number of subunit cells, n, along the length of the lattice (Fig. 2c).
The relative density, r, refers to the ratio of the lattice density to that of the constituent
material, and it is quantitatively equivalent to (1 - porosity). The relative lattice size is
determined with respect to the length of the subunit cell, following the convention established
in previous studies of stochastic foams, which traditionally characterized the width of gaps in
the foams as the cell length [20,21]. The full geometrical details of the fabricated

microlattices, measured using SEM images, are given in Table 1.



Figure 2: Top view SEM images of microlattices with different (a) positional
eccentricity of trusses, e, (b) relative density, r, (c) relative lattice size. n refers to the
number of subunit cells making up the length of a microlattice, and was varied by
scaling the unit cell size, while keeping the dimensions of the microlattice constant. Scale

bars in a(i), b(i) and c(i) are 10 pum.

To fabricate the microlattices, STL files of the models, such as those shown in Fig.
la-1c, were first transferred into a commercial instrument, Photonics Professional GT
(Nanoscribe GmbH). Based on the information of these files, the equipment then employed a
galvo-mirror system to mechanically position the focal point of an infrared laser at various
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points within a liquid negative photoresist, IP-Dip (Nanoscribe GmbH), which was deposited

on a 2.5 cm x 2.5 cm glass slide. The sections of the negative photoresist that were exposed

to this laser focal point then solidified due to 2-photon polymerization, forming the

microlattice structures shown in Fig. 1d-1f and Fig. 2. Unpolymerized photoresist resin was

removed through 10 min of isopropyl alcohol immersion, after which the samples were

allowed to dry in ambient. The density of cured IP-Dip is 1300 kg/m® [13] and the strain-rate

dependence of its Young’s modulus, E, and yield stress, oy, were characterized and reported

in the Supplementary Information. For the parameters in this study, E and o, were found to

be approximately 1.35 + 0.03 GPa and 76.5 + 6.5 MPa respectively, which are similar to the

quasistatic values reported previously [16].

Table 1: Details of microlattice dimensions measured from SEM images.

No. of sub- No. of
Lattice | Lattice | units (base . Relative
: e L a b h w . lattices .
Fig. wm | am) | @m | @m) | @m) | @m) base area | height length x on Density
H H H H H H (um) (um) | base width x (n
. sample
height)
. 240 x
2ai 0.0 7.5 9.0 | 120 | 55 | 3.0 240 243 10x10x9 16 0.10
2aii 2.0 7.5 9.0 | 120 | 55 | 3.0 Z;A?OX 243 10x10x9 16 0.10
2aiii/ 240 x
2biii/ | 4.0 7.5 90 | 120 | 55 | 3.0 240 243 10x10x9 16 0.10
2Civ
: 240 x
2aiv | 6.0 7.5 9.0 | 120 | 55 | 3.0 240 243 10x10x9 16 0.10
: 228 x
2bi 4.0 13 |10.0259 | 9.0 | 12.0 | 55 998 228 6X6X6 49 0.04
. 232 X
2bii 4.0 10 |0.0383| 9.0 | 12.0 | 55 932 224 8x8x7 36 0.07




2biv 4.0 45 10.1140| 9.0 | 120 | 55 225522X 231 12x12x 11 1 0.20
. 270 X

2Ci 100 | 188 | 225 | 300 | 138 | 7.5 970 270 A4x4x4 16 0.10
.. 270 X

2cii 6.7 125 | 15.0 | 20.0 | 9.2 5.0 270 270 6X6X6 16 0.10
270 X

2ciii 5.0 9.4 11.3 | 150 | 6.9 3.8 970 270 8x8x8 16 0.10

2.2 Dynamic Testing
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Figure 3: Schematic diagram of the impact test setup.

We performed impact tests on the microlattices using a custom, horizontal impact test
setup (Fig. 3) [22-24]. In this system, the microlattices were impacted by a striker that, upon
pneumatic activation, slid through a 200 mm long frictionless channel built with air bearings
(Newway®). The striker in our tests was made from Delrin polymer (E = 3.1 GPa, mass =

10.22g). The samples were mounted on top of a piezoelectric element (model 200B03, PCB




Piezotronics Quartz ICP). The velocity of the striker varied between 0.15 m/s and 0.25 m/s

(strain rate = 600/s - 1000/s) at the onset of impact.

The striker was fitted with Moire’s gratings (pitch = 25 um) and as it neared the
samples, a separate, stationary Moire’s gratings on top of the channel created an interference
pattern [22—24]. By tracking the intensity of a laser light focused on this interference pattern
through an oscilloscope (Tektronix DPO 3034), the distance-time plot of the striker can be
obtained. Together with the force-time plot provided by the piezoelectric element which was
connected to the same oscilloscope (sampling rate = 107/s), the force-distance plot, and
consequently, the stress-strain plot for each impact experiment was computed. Because of the
small thickness of the samples, the microlattices reached dynamic stress equilibrium very
quickly (the ringing-up time was estimated at ~ 0.2% of the impact duration [5]) and thus,

even the elastic, small deformation regime of the impact process could be reliably examined.

Each impact test was also recorded with a high-speed camera, Phantom V12.1 (Vision
Research), operated at 8000 fps, exposure time of 105 us and resolution of 1024 pixels x 768
pixels. The camera was fitted with K2/SC long distance magnifying lenses (Infinity Photo-

optical Co.), with a resolution of 2 um/pixel.

2.3 SEM Microscopy

Pristine microlattices and microlattices that were crushed after dynamic testing, were
characterized using a Hitachi Nanoshield scanning electron microscope (SEM) at 1 kV. The
microlattices were sputtered with a 5 nm thick Pt layer prior to SEM examination, to improve
the image quality at high resolution scanning. Due to the Pt coating, pristine microlattices

subjected to SEM examination were not used for experimental testing.
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3. Results

(a)

(c)

e=0um
40 Experimental
—_ _ —Calculated
§ 3.0 =125 per. Mov. Avg. (Experimental)
g2°'++$$$$++$
ElD-
0.0 T T ' ‘J
00 02 04 06
strain
50 e=4pum
§1.5 14+ ¥4 ¥ 4
o 1.0 4
]
+ 0.5 -
0.0 - : '
00 02 04 06

strain

(b)

(d)

4.0

T3.0

p
—2.0

w
w

g 1.0
0.0

2.0
© 1.5

[a

=
> 1.0

o
+ 0.5

wn

0.0

e=2um

\AAAMR AL

0.0

0.2

e=6pum

0.4

strain

0.6 0.8

AR/

A

0.0

0.2

0.4
strain

0.6 0.8

Figure 4: Dynamic engineering stress-strain curves obtained from impact tests

conducted on microlattices with different geometrical eccentricity, () e=0um (b) e =2

pm (c) e = 4 um (d) e = 6 um. The (violet) arrows indicate points where lattice layers

were partially or completely fractured.
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Figure 5: Dynamic engineering stress-strain curves obtained from impact tests
conducted on microlattices with different relative density, (a) r =0.04 (b) r=0.07 (¢c) r =
0.10 (d) r = 0.20. (inset) SEM image of the microlattice before impact testing. Scale bar
is 50 um. The (violet) arrows indicate points where lattice layers were partially or

completely fractured.
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Figure 6: Dynamic engineering stress-strain curves obtained from impact tests
conducted on microlattices of different relative lattice size, (@) n=4 (b) n=6 (c) n =8 (d)
n = 10. The (violet) arrows indicate points where lattice layers were partially or

completely fractured.

The raw (light blue) and filtered (dark blue) dynamic stress-strain plots obtained from
impact tests on microlattices with varying e, r and n are presented in Fig. 4, Fig. 5 and Fig. 6
respectively. It can be observed that each plot can generally be separated into 4 distinct
regimes as indicated in the schematic diagram in Fig. 7a. In stage A, the initial elastic
compressive loading of the microlattice caused the stress to rise until a critical magnitude, o;.
Stage B begins beyond this critical stress, and is characterized by stress that generally
oscillated in a series of sharp humps with increasing strain. In stage C, the densification
regime, the stress rose rapidly to a maximum, and in stage D, the stress decreased

precipitously as the striker unloads from the microlattice.
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Figure 7: (a) A schematic diagram that describes the general features of the dynamic
stress-strain curves. (b) Images from the high-speed video capture showing the auxetic
behaviour of microlattice (e = 6 um) during elastic loading from the side view. Scale
bars are 100 um. (Inset) SEM image of the pristine microlattice from the top view. Scale

bar is 100 pm.

These trends resemble the stress-strain plots obtained from quasistatic and dynamic
testing of stochastic foams [5,7]. The main difference is that, for stochastic foams, the stress-
strain curves usually plateau, rather than oscillate, in stage B. Stress humps similar to the one
observed in our lattices, however, were previously reported for compressive tests on cubic

lattices [25], and were shown to be caused by the sequential fracture of the lattice struts.

A characteristic feature of the eccentric microlattices (e > 0) is their expected auxetic
behaviour [18,19]. However, in our impact tests, displays of auxetic behaviour were only

found in stage A (Fig. 7b). An examination of the slow-motion video capture revealed that
14



both the stress oscillations and the loss of auxetic deformation were caused by the serial
failing of lattice layers (defined in Fig. 8a) adjacent to the substrate or striker boundaries (see
Supplementary Video). This can be further confirmed by noting that the number of stress
humps in each stress-strain plot matches the number of lattice layers in the respective

structures.

4. Quantitative Analysis

To derive additional insights into the fundamental mechanisms involved in the
dynamic deformation of the different microlattice designs, we developed a quantitative model
from first principles, using observations made from SEM and high-speed imaging (Fig. 8 and
Fig. 9). Because the microlattices reached stress equilibrium after ~0.2% of the impact
duration, static equations were applied, with suitable substitutions for the strain-rate
dependent parameters, such as the Young’s modulus, E, and yield stress, oy, of the

constituent polymer.

4.1 Simple Cubic Design (e = 0 um)
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Figure 8: (a) Schematic diagrams illustrating the deformation process and (b) the
corresponding lattice stress-strain response for e = 0 um. (¢) Single image from the high
speed video capture, showing the sideways buckling of the vertical trusses (red arrow)
in a microlattice. The yellow dashed line demarcates the boundary between the
microlattice and the glass substrate. The reflection of the microlattice can be seen below
the line. Scale bar is 100 pm. (d) SEM image of the microlattice (e = 0 pm) after impact

testing. Scale bar is 100 pm.

For e = 0 um (Fig. 8a), the initial loading of the simple cubic microlattice in stage A
(1 = 2 in Fig. 8a and 8b) resulted in the compression of the vertical trusses and cuboids, so
that the relationship between the compressive stress, o, and strain, ¢ of the lattice can be
given by

a(2L+a)2[2L 3)

“TE(Lb) (W (1)

This elastic compressive loading of the vertical trusses and cuboids continued until

stress on the vertical trusses reached the critical buckling stress for a beam with fixed ends (2
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- 3, in Fig. 3a and 3b). The corresponding critical lattice stress for this buckling [26], which

can also be considered as the effective lattice failure strength [4], is

, )

where g=,-% : (3)

I is the second moment of area, the subscript v denotes the vertical truss, and « is a constant
that was empirically determined to be approximately 1/3000, in line with the values obtained

from other materials [26].

In Eq. (2), we use the Rankine-Gordon equation in lieu of the Euler buckling relation,
as the slenderness ratios of trusses in the microlattices were relatively small (10 - 30). In
addition, we observed that failure of the lattice layers consistently took place next to the
striker or glass surface, suggesting that the fixed boundary conditions played a role by
imposing additional constraints on the microlattice deformation. A complete account of such
boundary effects is non-trivial and outside the scope of the current discussion, and therefore,

we have opted for a semi-empirical approach in determining o¢; in our analysis.

In the early stages of impact, where the strain rate was high, buckling caused all the
vertical trusses in a single lattice layer to fracture simultaneously. This brought the stress to 0
MPa (Fig. 4a and 3 - 5i through dashed line in Fig. 8b) once the critical buckling stress, o1,
was reached. The lattice stress remained at 0 MPa until the striker travelled the length of the

broken lattice layer (= 2L) to impact the next layer and compress the remaining lattice layers.

In the later stages of impact (¢ > 0.3), it was observed that the stress humps became

less sharp, and the lattice stress fell to a finite, non-zero value of o, after oz; was reached.
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This result indicates that the vertical trusses were undergoing significant deformation instead
of fracturing simultaneously at the critical buckling stress, which was most likely enabled by
the lower strain rates (Supplementary Information). Examination of the slow-motion video
confirmed this, showing that the vertical trusses in the boundary layers deformed sideways
before collapsing (Fig. 8c). This observation is consistent with the behaviour of similar
ductile lattices with 2-D simple cubic geometry under quasistatic mechanical testing [19].
The sideways deformation can be approximated as the buckling of a sliding beam [27], which

would take place at the critical lattice stress of

- (4)

The eigenfunction of the deformation shape for the vertical trusses would be approximately y
= cos (mx/2L), following the coordinates set forth in Fig. 1c. Note that x = O lies at the
interface between the vertical truss and cuboid. Fitting Eq. (4) to the experimental results in
Fig. 4a, it was found that o had increased to 1/200 during the buckling, suggesting that the
material properties had changed. This is likely because plastic deformation or fracture was

occurring in most of the vertical trusses.

After the lattice stress decreased from o t0 o2, due to the transition between the
primary deformation mode ((3) in Fig. 8a) to the secondary deformation mode ((4) in Fig. 8a),
it remained constant at approximately o, as the lattice layer continued to buckle further.
When snap-through fracture of the trusses in the lattice layer took place (Fig. 8d;

Supplementary Video), the deformation behaviour transitioned from state (4) to state (5ii).

All the lattice layers for e = 0 um were fractured sequentially, until only the cuboids

and horizontal trusses of the original microlattices were left (Fig. 8d). Further compression at
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this point was equivalent to compressing the densified polymer from which the lattices were
made. Since this polymer has a much higher stiffness than the microlattice, the stress rose

rapidly with strain in Stage C.
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4.2 Eccentric Designs (e > 0 um)

(a)

-

(b) stress (C)

(1) strain

Figure 9: (a) Schematic diagrams illustrating the deformation process and (b) the
corresponding lattice stress-strain response for e > 0 pm. (¢) Single image from high
speed video capture showing the sideways buckling of the vertical trusses (red arrow) in
a microlattice (e = 6 pm). Scale bar is 100 pm. (d) SEM image of the microlattice (e = 4
pm) after impact testing. The red arrow points to the lattice layer displaying the

eigenfunction shape of y = cos (zx/2L). Scale bar is 50 pm.

The deformation process for the auxetic microlattice designs (i.e., e > 0 um) was
similar to that for the simple cubic microlattices (i.e., e = 0 um). In stage A, onset of the
impact load led to elastic loading of the microlattices (122 in Fig 9a and Fig. 9b). The
buckling deformation of the trusses in this regime was small, and hence, the main
contribution to compressive strain of the lattice was the rotation of the central cuboids (Fig.
10a). To quantify this rotation, we first note that both the vertical and horizontal trusses were
fixed to the central cuboid, and therefore, the deflection angle at the ends of these trusses

must always be the same. Using this constraint, together with static and rotational equilibrium
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considerations, the stress-strain response of the bending-dominated designs can be found, as

detailed in the following.

4.2.1. Small Deformations
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Figure 10: (a) Schematic illustration of how the rotation of the central cuboid increases
compressive strain, even when the bent length of the trusses remained unchanged from
the original length. (b) Free-body diagrams of the forces and moments acting on the

central cuboid, vertical trusses and horizontal trusses.

To derive the 3-D deformation of the eccentric designs, we first consider the 2-D
projection of a subunit cell within the bulk of the lattice (Fig. 10). Based on the free body
diagrams in Fig. 10b, the equilibrium of moments gives

Fe
Myo + My === ()

Here, F is the force on a single vertical truss and is related to the effective lattice stress, o, by
F=o(2L+a)". (6)
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Using beam theory for the horizontal truss, it can be seen that

0=—12-
dy y0 El,

where the subscript h refers to the horizontal truss, @ refers to the rotation of the cuboid in the

x-y plane, and y = 0 refers to the end of the horizontal truss.

For the vertical truss, the deformation is dictated by the general buckling equation

d'y ,d?
et ®
where k= | : ©)

El

\

and the subscript v refers to the vertical truss. Solving Eqg. (8) based on the boundary
conditions shown in Fig. 10b gives

Y

0
= =——Yktan(kL), 10
dx F an (kL) (10)

x=0
for the vertical truss. Note that 0 < x < 2L and x = 0 refers to the end of the vertical truss.

Since the rotation of the horizontal truss and vertical truss at the ends, given in Eq. (7)
and Eq. (10) respectively, must be the same, and M, and My, are also related through Eq. (5),
it can be shown that

F2eL
M, = .
2El ktan(kL)+2FL

(11)

Substituting the expression in Eq. (11) into Eq. (10) will then yield the in-plane rotation of

the cuboid, 6.
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This cuboid rotation drew the ends of the vertical trusses closer (Fig. 10a), and
produced a compressive strain. In 3-D, the cuboid would be rotated by & in the x-y plane, as
well as the x-z plane, due to the geometrical symmetry of the microlattices in these planes.

The shortening of the distance between the vertical trusses, Ax, can therefore be derived as:
Ax =b(1-cos® §) +esind(1+cosh) , (12)
and the corresponding compressive strain is:

AX
g:
2L+Db

(13)

4.2.2 Size Effects

EDGE CORNER

i
!

Figure 11: (a) Magnified SEM image of a microlattice (n = 8) from the top view. (b)
Schematic illustration of the boundary conditions for a subunit cell with 2 lateral load-
bearing trusses in the projected plane. (c) Schematic illustration of the boundary

conditions for a subunit cell with 1 lateral load-bearing truss in the projected plane.

The analysis in the preceding section pertains only to the bulk subunit cells in the
microlattices, which had 4 horizontal load bearing trusses. The edge and corner subunits in a
microlattice block, however, have only 3 and 2 of these trusses respectively (Fig. 11a).
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Projecting their geometries onto 2-D planes and considering only load bearing trusses, it can
be seen that a bulk subunit cell would have the geometry shown in Fig. 11b in both the x-y
and x-z planes, while an edge subunit cell would have the geometry shown in Fig. 11b for
only one of the planes, and the geometry shown in Fig. 11c for the other plane. Finally, the

corner subunit cell would have the geometry shown in Fig. 11c for both the x-y and x-z planes.

The mechanical equilibrium of the geometry shown in Fig. 11b was previously
described in Eq. (5) — (14). Following the same derivation process for the geometry in Fig.

11c, it can be shown that for the case where only 1 in-plane horizontal truss was bearing load,

1 Fe
Mo+ Myp == (14)
FeL
MVO =
El ktan(kL)+2FL

and (15)

Since an edge subunit cell with the 2-D geometry in Fig. 11c was always connected to
a bulk subunit cell with the 2-D geometry shown in Fig. 11b, static equilibrium dictates My

in Eq. (5) and Eq. (17) to be the same, so that

2
Fbulke _ FbulkzeL —F. e— 2Fedge eL (16)
22BN Ky taN (Ko L) +2F L %% Bl kg, tan (Kygg, L) + 2F, 0 L
2L +a)’
where Koy = % 17)
2L+a)’
and k = M. (18)

edge E|

\'

Similarly, a corner subunit cell with a 2-D geometry in Fig. 11c was always connected

to an edge subunit cell with a 2-D geometry in Fig. 11b and hence,
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Fedgee _ FedgeZEL —F. e— 2 FcornerZeL (19)
2 2El h kedge tan (kedge L) +2 Fedge L e El hkcorner tan ( kcorner L) +2 I:corner L ’
2L+a)’
Where kcomer _ \/Ucorner I(EI ) (20)

Rearranging Eq. (19) and Eq. (22), and using Eqg. (6) to relate the force on the vertical

truss to the nominal stress, it can then be shown that

-1

1 L 1 1
G =12(2L+a)" + = (21
* ( ) |:Jbulk(2|-+a)2 El, {kbulk tan (Ko L) Keage tan(kedgeL)\J:l ()

-1

1 L 1 1
G =12(2L+2)° + - (&2
corner ( ) [O-edge (2'_ + a)2 El h ( kedge tan (kedgeL) kcornel’ tan (kcorner L)}:l ( )

Evaluating Eq. (21) and (22), it can be observed that ccomer < Cedge < Obui- This is expected,
as a subunit cell with less horizontal trusses to restrict the rotation of the cuboid means that it

is less stiff and therefore, contributes less to load bearing.

The overall stress-strain (o-¢) relationship for the microlattice, after accounting for

size effects, can finally be obtained as

4 4(n-2 n-2

O =5 Otomer + ( 2 ) O-edge +(—20-bulk (23)
n n
2L +a)’

and g:f@&L___l{§%+l%)+ Ax fore <w , (24)

E(2L+b) (w® a®) 2L+b
and &= AX fore>w . (25)

2L+Db

Here, the expression for 4x can be found in Eq. (12), and
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(26)

Eq. (24) and Eq. (25) take into consideration that geometries with e < w would be subjected
to both compressive and bending strains, due to the overlap of cross-sectional area of trusses
on opposite sides of the central cuboid, while geometries with e > w would only be subjected
to the bending strain. From Eq. (23), it can be observed that as n approaches « (i.e., lattices
with very large overall dimensions), the lattice stress, o, approaches opuik, Which is expected,
as the bulk subunits would vastly outnumber the edge and corner subunits, and the
mechanical properties of the microlattice would depend only on the geometry of the bulk
subunits (i.e., no size effects). In such cases, the analysis in the preceding section would be

sufficient to derive the stress-strain relationship of these lattices.

4.2.3 Failure

The elastic loading of the microlattices would continue until plastic deformation
occurred in the vertical trusses, specifically, when the surface bending stress of the vertical
trusses in a bulk subunit cell exceeded oy for 0.25 (2L) <x < 0.75 (2L), where 2L is the length
of the vertical trusses in a lattice layer. Failure is expected to occur in the vertical trusses of
the bulk subunit cell as they bear more stress than the edge and corner subunit cells. The
above criterion was determined through semi-empirical fitting and was consistent across all
the samples. Similar to the analysis performed for the simple cubic case (e = 0 um), it also
incorporates the influence of the fixed boundary conditions imposed on the microlattices by
the hard striker and substrate surfaces. Quantitatively, the critical bulk lattice stress, oc1 p, that

brought about this instability can be expressed as
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Substituting opuk With oz1p in Eq. (23) — (26), the corresponding lattice stress for failure, o1,

and the strain at which it occurred, can then be computed.

Like in the case of simple cubic microlattices, the onset of plastic deformation in the
trusses led to instability and subsequently, a transition from the primary deformation mode to
the secondary deformation mode (2->3 in Fig. 9a and 9b, Fig. 9c and Fig. 9d). During this
process, the stress on the microlattice fell from o, to ow, which was given in Eq. (4). For L =
4.5 um, however, this decrease was not observed (Fig. 5d), most likely because the short

truss length led to snap-through buckling (2->4ii in Fig. 9a and 9b).

After the transition to the secondary deformation mode, snap-through fracture could
occur in the lattice layers, like in the case for the simple cubic geometry, and the lattice stress
stayed approximately constant at o, until the striker reached the next lattice layer (3 = 4i
through the dotted line in Fig. 9b). In the event the trusses did not fracture, they continued to
bear load and the stress-strain relationship of the lattice layer can then be described by large
deformation calculations in the secondary buckling mode (3 - 4i through the dotted line in

Fig. 9b). These computations were performed numerically with the Galerkin’s method of
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weighted residual (Supplementary Information), using the secondary deformation shape as

trial function,

X
y(x):qcos(zj : (30)

The above deformation processes then repeat until all the lattice layers in the auxetic
microlattices had been compacted, and densification of the remaining cuboids and crushed

trusses occurred in stage C.

4.3 Comparison of Quantitative Model with Experimental Results

To validate the above analysis, the quantitative model was compared to the
experimental data in Fig. 4 - 6 (calculated plots in red). No fitting parameters were used in
the derivation of the theoretical plots, other than in Eq. (4) and Eq. (27) for computing the
critical failure stresses. Despite this, it can be observed that there is good agreement between
the theory and experimental results, indicating that the deformation mechanisms discussed
above provided a reasonably accurate depiction of the microlattice crushing process. Since
the quantitative model was based on static equations, the analysis can also be extended to
describe quasi-static loads, as long as the appropriate values are used for strain-rate

dependent material parameters, such as E and o.

By matching the strains of the calculated stress humps in stage B and the onset of
densification to the experimental plots, the lattice layers that fractured could be identified
individually (indicated with violet arrows in Fig. 4 - 6). It can be observed that the proportion
of fractured lattice layers decreased with increasing e (Fig. 4a — 4d), but remained
approximately constant at 50% for microlattices with different r and n but the same e. Clearly,

lattice designs that introduce greater bending reduce the probability of trusses fracturing. One
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possible reason for this could be because vertical trusses in such designs had already been
subjected to limited bending deformation during the elastic loading stage and thus, the
transition to the secondary deformation mode for these trusses was more gradual than that for

the simple cubic design.

Despite the general agreement of the quantitative model with the experimental results,
there were two significant deviations. First, the quantitative model overestimated the lattice
stress for r = 0.04 during the elastic loading phase in Stage A (Fig. 5a), which can be
attributed to fabrication defects in the lattice trusses. As can be seen from the inset of Fig. 5a,
some of the vertical trusses of the microlattice were not perfectly straight and aligned due to
uneven polymer shrinkage along the slender structures during the fabrication process. This, in

turn, caused the microlattice to buckle more easily initially.

Layer-by-layer crushing Parallel crushing

strain

Figure 12: Schematic diagram describing the effect of secondary deformation on the
failure strength of the lattice layers, accompanied by corresponding high speed camera

images. Scale bar is 100 pm.
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Second, it was noted that for n = 6 (Fig. 6b), n = 8 (Fig. 6¢) and n = 10 (Fig. 6d), the
final 4 stress humps, which correspond to the mechanical behaviour of the last 4 lattice layers
as they were being crushed, did not reach the expected maximum of o;. Instead, they had
broad, relatively indistinct peaks compared to the earlier stress humps. Similarly, for the case
of n = 4 (Fig. 6a), where the pristine microlattice started with only 4 lattice layers, there was
no distinct stress peaks found in Stage B. These results suggest that significant plasticity and
parallel deformation were involved in the crushing of the final 4 lattice layers. The validity of
this postulation was further confirmed by the good agreement obtained between the
experimental results for the case of n = 4, and calculations based on the parallel, plastic

deformation of the lattice layers (Fig. 6a).

To account for this deviation, it should first be noted that the transition of a failing
lattice layer from the primary deformation mode to the secondary mode involved lateral
deflections. Because the position of the microlattice was fixed at the boundaries, the
remaining lattice layers had to deflect horizontally in the opposite direction to accommodate
this lateral deformation. If there were many non-failing lattice layers, such as in the early
stages for n = 10 (“Layer-by-layer crushing” in Fig. 12), then each lattice layer only had to
deform slightly, so that they largely retained their elasticity and stayed in the primary
deformation mode shape. These lattice layers were, therefore, able to withstand a lattice stress

up to o in the subsequent stages of the crushing process.

However, as the number of non-failing lattice layers decreased, either due to a small n
in the initial design or successive crushing of lattice layers, the lateral deflection of each of
the remaining lattice layers had to correspondingly increase (“Parallel crushing” in Fig. 12).
For instance, if there were only 4 non-failing lattice layers, each of these lattice layers would

have to deflect laterally up to a displacement of 2L/4, as the maximum horizontal deflection
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for the failing lattice layer was ~2L in the secondary buckling mode. Assuming an eigenshape
of y = cos (mx/2L) for the sideways deflection of the lattice layers, this would lead to plastic
deformation on the surface of the vertical trusses for 0 < x < 0.3(2L) and 0.7(2L) < x < 2L.
Therefore, the remaining 4 lattice layers would become permanently deflected sideways, in
the secondary deformation mode shape. This, together with the lowering of material stiffness
due to plasticity, reduced the maximum failing stress of the microlattice to levels below o

for the final lattice layers.

5. Discussion

Besides providing insights into the deformation mechanisms of the impact process,
the quantitative model developed in section 4 can also be employed to predict key mechanical

properties of the microlattices based on the geometrical parameters.

5.1 Effect of Bending due to the Positional Eccentricity of Trusses
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Figure 13: (a) Experimental data points and calculated trend line (dashed line) of
effective lattice stiffness, k, as a function of eccentricity, e. (b) Experimental data points
and calculated trend line (dashed line) of &1 vs. e. Error bars in (a) and (b) represent
the uncertainty due to noise in the measurements. (c) Experimental plot of energy
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absorbed per unit volume, Q, against nominal stress for microlattices with different e.
The dotted line represents the points where maximum impact absorption efficiency can

be achieved.

The stiffness, k, failure stress, oc1, and energy absorbed per unit nominal volume, Q,
for microlattices with varying e are plotted in Fig. 13a — c. The experimental data can be
observed to follow the calculated trends (dashed lines) closely. As expected, an increase in e
induced a greater bending moment on the central cuboid, causing it to rotate more for a given
load, resulting in a decrease in microlattice stiffness. In addition, a higher e also resulted in a
decrease in oc; for the microlattices, as excessive bending at high eccentricities would cause

the trusses to reach plastic yield at smaller loads.

However, the energy absorbed per unit nominal volume of the microlattices, Q, which
can be quantified using the area under the stress-strain curve, has a less straightforward
relationship with e. As e increased, the maximum energy that was absorbed by the
microlattices was observed to rise initially before decreasing for e > 2 um, so that the energy
absorption characteristics for e = 0 um and e = 4 um were nearly identical. This indirect
relationship can be attributed to the opposing effects that increasing e has on Q. On the one
hand, a higher e causes a decrease in stiffness and failure strength of the microlattices, which
lowers Q, but at the same time, it reduces the probability of the trusses fracturing, so that they

continue to deform and absorb more impact energy, leading to an increase in Q.

Two important observations can be derived from the results in Fig. 13. First, for the
geometries presented here, the energy absorbed for the stretch-dominated design (e = 0) was
comparable to that for the bending-dominated design (e > 0 um) (Fig. 13c), which goes
against the conventional expectation that stretch-dominated lattice designs have inferior

energy absorption capabilities compared to bending-dominated lattice designs [4]. The main
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reason for this is because the stretch-dominated and bending-dominated geometries in the
present study both share the same secondary deformation mechanism, and therefore, have

similar energy absorption characteristics.

Second, slight modifications to the simple cubic geometry can bring about appreciable
changes in the mechanical properties of the microlattices without altering the relative density.
To illustrate this, a best fit line that runs through the shoulder of each energy absorption curve
in Fig. 13c, which represents the point of highest impact absorption efficiency for a given e,
can be plotted and shown to have a slope of 1.1. This value is comparable to that (= 1)

obtained through variations in the relative density of ductile foams [7].

5.2 Effect of Relative Density

1000 10 10
(a) - =Calculated (b) — = Calculated 7 (C)
100 4 Experimental 1 - = Experimental ’-' 1
© e o ’ T 01
S 10 y 2 1 &’ s
v - o . = i r=0.04
~ ’ C ik 0.01
L ! o J o r=0.07
b 0.001 A —r=0.10
I —r=0.20
0.1 ' 0-10 o o ) 0.0001 —
0.01 0.1 1 : 0.01 1 100
r r stress (MPa)

Figure 14: (a) Experimental data points and calculated trend line (dashed line) of k vs. r.
(b) Experimental data points and calculated trend line (dashed line) of o¢; vs. r. Error
bars in (a) and (b) represent the uncertainty due to noise in the measurements. (c)
Experimental plot of energy absorbed per unit volume, Q, against nominal stress for
microlattices with different r. The dotted line represents the points where maximum

impact absorption efficiency can be achieved.

Fig. 14a-c show the plots of k, oc; and Q against r. Both the experimental and

calculated plots show that the stiffness and failure strength of the microlattices are related to
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the relative density by a power law, with exponents of 1.57 and 1.70 respectively. These
values are reasonably close to the values of 2 and 1.5 predicted in generalized models [4].
Similarly, the line that represents the points of maximum impact absorption efficiency (dotted
line in Fig. 14c) for these microlattices had a slope of 0.99, which is nearly identical to the
expected value of 1 for bending-dominated lattices that fail by yielding [7]. Therefore, the
changes in the mechanical behaviour of the microlattices in response to a variation in r is in

line with that of stochastic foams and other bending-dominated designs.

5.3 Effect of Relative Lattice Size
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Figure 15: (a) Experimental data points and calculated trend line (dashed line) of k/kpuik
vs. n. (b) Experimental data points and calculated trend line (dashed line) of 6¢1/6¢1p VS.
n. Error bars in (a) and (b) represent the uncertainty due to noise in the measurements.
(c) Experimental plot of energy absorbed per unit volume, Q, against nominal stress for
microlattices with different n. The dotted line represents the points where maximum

impact absorption efficiency can be achieved.

The effect of relative lattice size, n, on the relative microlattice stiffness, k/kyu, and
the relative failure strength, ow/oc1p in the elastic deformation stage are shown in Fig. 15a
and Fig. 15b respectively. k/kpuk and owi/oc1p have a logarithmic relationship with n as a

direct result of the expression in Eq. (23), which expects that the mechanical stiffness and

34



strength of a microlattice to approach that of the bulk at large n, but weaken rapidly as n
decreases, due to the increasing influence of the softer edge and corner subunit cells. As a
result, the maximum amount of impact energy that can be absorbed in the crushing phase

increases with n (Fig. 15c).

The trends shown in Fig. 15a and 15b are similar to those exhibited by other bending
dominated designs due to size effects, such as hexagonal cell geometries [20,21,28]. The
main difference, however, is that the aluminium foams with these cell morphologies are
significantly less sensitive to n, with the mechanical properties of the lattices attaining bulk
values for n > 5 [20,21,28]. On the other hand, the microlattices exhibited only 60% to 80%
of the bulk mechanical properties for 4 < n < 10 (Fig. 15a and 15b), indicating that a finer
gradation of mechanical characteristics can be achieved at constant relative density, by

exploiting size effects for the bending dominated designs based on the simple cubic system.

Furthermore, the maximum impact absorption efficiency line in Fig. 15c can be
shown to have a gradient of 1.2, implying that variations in n can bring about a more
effective alteration of the energy absorption characteristics of the present microlattice designs
than changes in the relative density, r (Fig. 13c). This result is in sharp contrast to previous
reports on the dynamic energy absorption of stochastic foams, which displayed little to no

size effects [29,30].

5.4 Impact Absorption Efficiency

The performance of the microlattices as ultrathin and efficient shock absorbers were
compared with alternative materials that are commonly used as impact protectors. Since
mechanical properties are strain-rate sensitive, only data from similar loading conditions

(strain rate ~ 1000/s) were included.
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To assess the shock absorption efficiency of the microlattices, the cushion factor

[7,23,23,31,32], C, was used as the figure of merit. It is given by

C=—, (31)

(o}
Q
where Q refers to the amount of impact energy absorbed per unit nominal volume of the
material for a given stress, o. Q can be quantified by computing the area under the stress-
strain curve up to a given stress, o. From Eq. (31), it can be seen that a material with a lower
cushion factor is more efficient, as it will require less volume to absorb the same amount of
impact energy at a given threshold stress. Since C is not a fixed value, but is dependent on o,
we will focus only on the minimum value of the cushion factor, Cyin, as it represents the

maximum impact absorption efficiency of the material.

From Fig. 16a, it can be seen that the maximum impact absorption efficiencies of the
microlattices (Cnin = 2.53 £+ 0.22) approached the theoretical limit of Cy,;, = 1. Furthermore,
they were several times better than advanced carbon nanotube foams (Cpin = 4.64 — 10.2) or
solid materials, such as silicone rubber (Cpin, = 5.2 — 6.1), and were comparable with that of

the best foams currently available (Cyin = 2.47 £ 0.39).

Interestingly, the auxetic design of the bending-dominated microlattices did not
increase the values of Cp,in over the simple cubic lattice, even though their negative Poisson’s
ratios tend to draw material inwards and cause densification at low strains. This is because, at
large strains, the deformation of the microlattices shifted from the primary auxetic mode to
one that involved the sideways buckling of the lattice layers, thus allowing the microlattices
to be compressed to high strains (> 0.5) without exceeding the peak stress, o, in the

crushing stage. This deformation transition was most important for r = 0.04 and r = 0.07,
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which achieved the highest densification strains (~ 0.7) and, consequently, the lowest Cpin

values amongst the microlattices tested in this study.

The main motivation for using microlattices as ultrathin impact absorbers over
conventional foams is highlighted in Fig. 16a. It can be observed that, despite comparable
Chmin, the minimum manufacturable thickness, Tpin, Of the microlattices is 3.7 to 11.9 times
smaller than the thinnest foams currently available. In addition, solid materials displayed poor
impact absorption efficiencies that are 3 to 120 times worse than that of microlattices in the
threshold stress range of electronics (1 — 10 MPa), despite the fact that they can be fabricated

in ultrathin layers.
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Figure 16: (a) Cnin VS. Tmin and (b) Whin VS. Tmin for the threshold stress range of
electronics (i.e. 0.1 MPa < o < 10 MPa). The alternative materials were silicone rubber
[9-11] (pink), polycarbonate [12] (pink), polypropylene foam [5] (green), closed cell
polyurethane foam [6] (dark orange), open cell polyurethane foam [1,2] (light orange)

and carbon nanotube foam [23] (dark blue). The gray areas indicate the possible
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theoretical combinations of material thickness and shock absorption performance for

current materials.

Besides nominal volume, the impact absorption efficiency of the microlattice designs
were also evaluated with respect to the actual volume of material present in the
microstructures by using the index of measure, Wni,, Which can be quantified by multiplying
Chmin With r. Similar to Cyn, a design with lower W, requires less actual material to absorb
the same amount of impact energy at a given stress, i.e., the design makes use of its available
material more efficiently for impact absorption. For a given material, such a design would

also offer the lowest mass for the same impact absorption performance.

Plotting Whin against Tpin in Fig. 16b, it was found that the microlattices were able to
exhibit a similar range of Wn,, values as foams despite having T values that are up to an
order of magnitude lower. Solid materials, on the other hand, exhibited impact absorption

efficiencies that are 1 to 3 orders of magnitude worse, although their T, values are low.

These results show that the microlattices presented in this study were able to combine
high impact absorption efficiencies with an ultrathin form factor, extending their performance
beyond the boundaries of conventional materials. We expect that the impact absorption
properties of microlattices could be further improved with a systematic optimization of their

designs and selection of the constitutive material.
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6. Conclusions

The dynamic mechanical properties of ultrathin microlattices based on a highly
porous 3-D simple cubic design were investigated at high strain rates. It was found that the
microlattices were generally crushed layer by layer. The failure of a lattice layer was initiated
by buckling for the stretch-dominated design, and plastic yielding for the bending-dominated
designs. Further compression led to a sideways deformation of the failing lattice layers,
which prevented the auxetic microlattices from compacting at low strains, and contributed to

the higher impact absorption efficiencies observed in the microlattices.

In addition, it was found that microlattices subjected to bending-dominated
deformation had a lower stiffness and failure strength compared to the stretch-dominated
design, but the lattice layers were less likely to fracture during the crushing process. The net
effect of this was an improvement in the energy absorption characteristics of the lattice when
its geometry incorporated a slight bending design. For bending-dominated microlattices with
higher relative densities, the greater amount of material in the microlattices led to greater
lattice stiffness, failure strength and impact energy absorption. These microlattices also
exhibited similar improvements in their mechanical characteristics when they contained a
large number of unit cells. More cells minimized the influence of the softer and weaker edge
and corner subunit cells, as well as the weakening effects arising from the premature adoption
of the secondary deformation mode by non-failing lattice layers. The insights presented here
are valid for cases involving quasistatic and low strain rate loading as well, since the
microlattices were under stress equilibrium for the majority of the impact process, and static

equations were utilized in the analysis and modelling of the results.
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In summary, the microlattice designs proposed in this present study were
experimentally shown to reconcile high impact absorption efficiencies with low
manufacturable thicknesses in a manner that current materials could not. Furthermore, by
utilizing geometrical modifications and size effects, the mechanical properties of the
microlattices could be modulated over a meaningful range without altering their relative
densities, a trait that is not easily achievable with conventional, stochastic foams. These
results indicate that microlattices with designs based on the simple cubic system are potential

candidates for ultrathin impact absorbers.
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Supplementary Information

Effect of Excessively Small Thickness on High Porosity Foams

Density and mechanical property
of the foam is averaged and
consistent at different regions.

Irregular density, and therefore,
mechanical property of the foam

Denser Less dense

[ [ }“ )

Coverage becomes discontinuous.
Where the substrate is covered,
the foam’s shock absorbent
property is the same as the native
material of the foam.

Decreasing thickness of foam

No more air pockets

<N\

Figure S1: Schematic diagram illustrating the effect of decreasing thickness on foams.
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Stretch-Dominated Design: Simple Cubic Lattice

Consider a simple cubic lattice made up of a central cube with dimensions w (length)
x w (width) x w (height) and 6 trusses, each with dimensions, L (length) x w (width) x w
(height). For L >> w, it can be shown that the relative stiffness and relative strength of the
simple cubic lattice are linearly related to the relative density of the lattice, which are the
distinctive traits of stretch-dominated designs *.

Strain Rate Dependence of Mechanical Properties of IP-Dip
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Figure S2: (a) Dynamic engineering stress-strain response at strain rate = 5000/s for a
solid 50 pm x 50 pm x 50 pm cube fabricated from IP-Dip photoresist (inset). The blue
and orange best fit lines are plotted for the elastic and plastic regimes respectively. The
Young’s modulus, E, can be obtained using the slope of the blue line, and the tangent
modulus after yielding, Ep, can be obtained from the slope of the orange line. Scale bar
represents 10 um. (b) The variation of E with strain rate (c) The variation of yield stress
with strain rate for solid IP-Dip. The values of E = 1.35 + 0.03 GPa and yield stress (ay)
= 76.5 £ 6.5 MPa used in this study (average for strain rate = 600/s — 1000/s) can be

computed from the best fit curves obtained from the experimental values in Fig. (b) and

(©).



Reproducibility of Impact Test Results
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Figure S3: Dynamic engineering stress-strain results for 3 separate impact tests on the
microlattice geometry, e = 0 pm and L = 7.5 pm. It can be observed that the

experimental setup offers excellent reproducibility of results.

Evolution of Strain Rate During Impact
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Figure S4: Plot of strain rate vs. strain during the impact process for the simple cubic

microlattices.



Computations for Large Deformation in Secondary Buckling Mode
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Figure S5: Stress-strain relationship for a single lattice layer undergoing secondary
deformation. This relationship is only dependent on L. The data points were obtained
from MATLAB computations and the dashed lines are the fitted trends. (Inset)
Schematic diagram illustrating the transition from the primary deformation mode to

the secondary deformation mode.

For large deformations in the secondary buckling mode shown in the inset of Fig. S5,

the governing equation is

- I (S1)

To derive the stress-strain relationship, numerical calculations based on Galerkin’s method of

weighted residual was used, with the trial function being the eigenfunction deformation shape,

X
y(x)=qcos (Zj (S2)



so that

v X 2
_[O _{I_COS(ID dAﬁkzy dx=0 (S3)

(2]

where y refers to the compressed length of the truss in the x-axis (Fig. S5 inset). Note that the
tangent modulus, Ep (0.50 + 0.08 GPa), was used in place of E to compute the variable, k, in
Eqg. (S3) to account for plastic yielding as the vertical trusses buckled in the secondary

deformation mode.

In addition, any value of g that satisfies Eq. (S3) must also satisfy

y d y dy )
j-dx:j 1+| -2 | dx=2L (S4)
0 dx 0 dx

where dl is the length of an infinitesimal section of the vertical truss. Eq. (S4) constrains the
overall length of the deformed vertical truss to be the same as its original length, which is a

reasonable assumption, as the vertical trusses did not display any extensive elongation or

compression in the SEM images after impact.

A custom MATLAB program was used to find the corresponding q and F values that
satisfied Eq. (S3) and (S4) for a given . The equivalent nominal stress and strain for a single
lattice layer can then be given by

= S5
7 (2L+a)’ (59

oo 2L-y
2L+b

(S6)



The results from the numerical calculations and the corresponding best fit trendlines are
shown in Fig. S5, which describes the large deformation stress-strain behaviour of a lattice

layer in the secondary buckling mode (3 - 4ii through the solid line in Fig. 9b of main text).



