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Abstract 

Bio-organisms often exhibit curved-like, graded and hierarchical structures which significantly 

contribute to their exceptional mechanical adaptability and performances in diverse range of 

environmental conditions. These structures offer lightweight properties alongside 

enhancements to crashworthiness and impact resistance. In this thesis, we delve into the 

development of innovative materials by mimicking the structural designs from nature, 

emphasizing on the exploration of lightweight solutions for applications across various 

domains. Specifically, through the introduction of curved ligaments, gradient variations and 

hierarchical arrangements, this thesis will demonstrate improvements to the mechanical 

properties and energy absorption (EA) capabilities of honeycomb structures. 

Firstly, the use of arc-shaped ligaments in re-entrant anti-trichiral (REAT) structures introduces 

unique deformation patterns through the rotation of cylinders, contact interactions, and petal-

like cell interactions. Experimental and Finite Element Analysis (FEA) demonstrate the 

positive influence of curved ligaments on elastic modulus, Poisson's ratio (PR), plateau stress, 

and  SEA capabilities. The findings reveal significant improvements in normalised Young's 

modulus and SEA with the introduction of combined curved ligaments (Dc + Uc) design. 

Further parametric studies highlight the influence of ligament curvature and cylinder diameter 

on mechanical properties and deformation patterns.  

The gradient-based approach in the design of REAT honeycombs represents an innovative 

method to enhance certain mechanical properties. Traditionally, gradients in these structures 

have been introduced through variations in thickness. However, this thesis explores an 

alternative by varying the cylindrical diameter (chiral) and the height of the unit cell. This shift 

from the conventional thickness-based gradient approach has shown to offer promising 

improvements in the mechanical properties of REAT structures, including elastic stiffness, SEA 
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(SEA), and densification strain. In contrast to the thickness-based gradient approach, which 

often results in layer-by-layer collapse due to significant stiffness differences between layers, 

the geometrical gradient approach utilizes variations in Poisson’s ratio between layers as the 

primary mechanism for deformation. In comparison to their uniform counterparts, chiral-based 

gradient REAT structures exhibited a sustained increase in the quasi-plateau stage and a relative 

constant EA efficiency at 25% more efficient than the base REAT structure. 

While the results for chiral-graded REAT structures were promising, height-based graded 

REAT did not reveal any dramatic improvements. Here, different variations in curvature and 

layer arrangements are investigated, which include conventional REAT structures, those with 

arc-shaped ligaments, and graded REAT designs. Negligible differences in mechanical 

performance are observed among the structures due to similar elastic and plastic deformation 

behaviors. In addition, improvements in plateau stress and elastic stiffness are observed in 

REAT structures with smaller cylindrical sizes and graded curvature. However, a consistent 

curvature with varied radius only showed marginally enhanced stiffness. This suggests that 

exploring simultaneous variations in cylindrical size and curvature could unveil more complex 

deformation behaviors, indicating a direction for future studies using advanced optimization 

methods like particle swarm optimization. 

Expanding on the idea of functional grading approach, a series of novel fractal honeycombs 

are proposed by combining functionally graded and fractal self-similarity features. These 

structures are generated by varying the fractal parameter in each layer of the traditional self-

similar honeycombs. The proposed structures exhibit notable improvements in EA and MCF 

as compared to traditional honeycombs. Additionally, the introduction of different gradient 

distributions allows for controlled deformation patterns during dynamic crushing. 

Building on the foundation of hierarchical architectures in nature, a novel graded hierarchical 

honeycomb is further proposed. By replacing cell walls of regular honeycombs with triangular 
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and hexagonal sub-structures, and varying the hierarchical length ratio in each layer, the 

structure exhibits enhanced crashworthiness behaviors. The graded hierarchical honeycombs 

demonstrate a progressive deformation model under different impact velocities, revealing three 

distinct plateau stages during in-plane crushing. The triangular sub-structure exhibits superior 

EA compared to the hexagonal sub-structure, resulting in an increased SEA of up to 32.2% 

compared to uniform hierarchical honeycombs. 

Finally, a new hybrid 3D auxetic structure along with its variant are investigated for both quasi-

static and dynamic compression properties. Drawing inspiration from biological structures with 

hierarchical configurations, the investigation seeks to develop an auxetic structure with 

superior or equivalent properties to those derived from 2D designs, optimizing for dynamic 

loading conditions. The designs are based on existing literature and tested to evaluate their 

performance in different planes and printing directions.  In the design of 3D structures, it's 

crucial to optimize the cell design to effectively manage EA in dynamic loading situations. 

Although maximizing EA in these scenarios is challenging due to the limited impact energy, 

leveraging the auxetic effect—which requires less compression, can be highly beneficial. For 

dynamic impacts, it is recommended to prioritize the ease of deformation in the auxetic design. 

In contrast, when dealing with quasi-static loading scenarios, the focus should remain on 

enhancing the auxetic effect itself. This approach ensures that the 3D structures are designed 

to efficiently manage different types of loading conditions. 

In essence, this thesis presents a comprehensive exploration into design and optimization of 

honeycomb structures, providing novel insights into improve mechanical properties, responses 

and EA capabilities. The combinations of approaches inspired from natural bio-organisms and 

their mechanisms paves the way for a future of lightweight EA systems for enhanced safety 

and protection performance. 
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NPRs indicate uniform deformation during compression (c1). Drastic NPR variation between levels 
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Chapter 1 Introduction 

1.1 Background and Motivation  

Nature, with its enormous collection of meticulous organization of cellular structures, has 

always been a remarkably rich source of inspiration for innovation. This has led to the initial 

development of honeycomb structures and subsequent advancements in other lightweight 

materials derived from microstructural arrangements and configurations in other organisms. 

The intricacy in the efficient arrangement of cellular structures have received substantial 

amount of attention leading to development of bio-inspired honeycomb structures. 

Auxetic materials, recognized for its negative Poisson’s ratio (NPR), have become a substantial 

consideration when designing lightweight structures. Their unique mechanical properties, now 

supported by the emergence of 3D printing technologies (additive manufacturing(AM)) pave 

the way for fabrication of complex novel geometries whose fabrication cannot be mimicked by 

conventional manufacturing techniques. Despite their advantage, these materials suffer from 

low stiffness as the by-product of substantial presence of porosity that restricts their structural 

applications. Consequently, enhancing the stiffness and other performance parameters of 

auxetic materials is paramount to widen their application in various engineering sectors. 

Historically, research in auxetic structures or even conventional lattice structures has largely 

been centered around designs involving straight ligaments which only scratched the surface of 

the full potential these materials may offer. By borrowing the concepts from nature, a myriad 

of complex configurations evolved over millions of years to adapt to a variety of harsh 

environments can be applied to augment the performance of these structures. 

The concept of incorporating curvature, both in-plane and out-of-plane, into ligaments of 

auxetic structures is a relatively unexplored area of research. Inspired by its natural form, this 

approach had been applied to limited numbers of structures such as re-entrant and hexachiral 
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honeycombs but only through simulation. The use of transversely curved ligaments combined 

with additional design parameters, allows for more extensive modifications and fine-tuning of 

deformation and mechanical responses whose range can be broadened behind what can be 

achieved with traditional honeycomb designs with straight ligaments. To author’s knowledge, 

no studies examined the influence of the direction and degree of curvature in ligaments on re-

entrant anti-trichiral (REAT) honeycomb structures. 

Furthermore, nature presents itself with other intriguing configurations such as the hierarchical 

structures and gradient-based structural approach which are common across multiple scales in 

organisms. While each configuration had been a subject of extensive research and analysis, 

there had been limited exploration into combined effect of integrating two configurations 

together. This includes combinations such as hierarchical with gradient, curvature with gradient 

or hierarchical with curvature. 

1.2 Objectives and Scope 

The main objective of this thesis is to explore and validate the potential enhancements in 

mechanical properties, such as in-plane stiffness, various stages of deformation, NPR and 

specific energy absorption (SEA), of REAT structure by first incorporating curvature and 

gradient individually before combining the two designs together. The study will then delve into 

combinational impact of integrating two configurations namely, hierarchical with gradient, 

curvature with gradient and hierarchical with curvature. The ultimate goal is to broaden the 

application of auxetic materials by offering various novel routes to design and optimization of 

lightweight energy absorption (EA) systems. 

To fulfil the objective, the following scopes of works are defined: 

1. Exploring the Design Space:  
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To investigate various design aspects of auxetic structures, focusing on curved 

ligaments, gradient-based approaches, and hierarchical geometries. This involves 

examining parameters such as curvature direction and degree, ligament designs (single 

and double), and the impact of varying geometries, including fractal self-similarity and 

functionally graded structures. 

2. Numerical Demonstration and Analysis: 

To model these designs numerically to understand their deformation patterns, stress-

strain relationships, PR-strain curves, and mechanical performance. This includes 

studying the effects of curvature, gradient distributions, and hierarchical architectures 

on these parameters. 

3. Experimental Validation:  

To conduct experimental tests, such as 3D printing of unit cell structures and quasi-

static compression tests, to validate the numerical models. This involves comparing the 

experimental results with the numerical predictions for various designs, including 

graded hierarchical honeycombs. 

4. Combined Performance Exploration:  

To evaluate the combined performance of these designs in terms of mechanical 

response and SEA. This will involve comparing different ligament designs, examining 

the role of node diameters in petal-shaped ligaments, and assessing the performance of 

structures under various crushing velocities. 

1.3 Organizations 

With close reference to the research mindmap shown in Figure 1.1 below, this thesis will consist 

of nine chapters as follows: 

• Chapter 1 details the background, objectives and scopes of the research. 
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• Chapter 2 provides in-depth review of auxetic structures, covering their unique 

properties, various designs, deformation mechanisms, and applications. This chapter 

also delves into the role of these structures in bio-inspired applications. 

• Chapter 3 entails information with regards to methodology used in carrying out the 

studies detailed in the later chapters. 

• Chapter 4 introduces the use of arc-shaped ligaments to improve the SEA of REAT 

structures. It discusses the numerical methods used, the physical experimental setup, 

and validates the numerical results with experimental findings. 

• Chapter 5 presents the delves into the application of a bio-inspired gradient distribution 

to conventional REAT structures, examining their mechanical properties. Key focus 

areas include the analysis of stress-strain(SS) curves, NPR, and SEA. 

• Chapter 6 expands further by introducing a gradient-based approach applied to REAT 

structures with arc ligaments. It concludes with remarks on the work done on this novel 

structure and suggestions for future research directions. 

• Chapter 7 discusses two innovative graded hierarchical honeycomb structures featuring 

self-fractal similarities and sub-structures. 

• Chapter 8 introduces a 3D star sub-cell hybrid hierarch re-entrant whose anisotropic 

performances are characterized by both quasi-static and dynamic loading at two 

different loading orientations and printing directions. 

• Chapter 9 summarizes the key findings and contributions. It also outlines potential areas 

for future research, building on the work presented in the thesis.
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Figure 1.1. Research Mindmap capturing the entire scope of this thesis.
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Chapter 2 Literature Review 

2.1 Overview of Metamaterials 

2.1.1 Conventional Auxetic Materials and Related Structural Enhancement 

Auxetic cellular solids with NPR have exhibit unique and superior mechanical properties which 

include improvement in shear modulus [1], enhancement to indentation resistance [2], increase 

in fracture toughness [3], lowering of bulk modulus [4] and excellent EA capabilities [5]. This 

unique and counterintuitive property of the material will result in its lateral contraction when 

compressed or lateral expansion when stretched longitudinally, as illustrated in Figure 2.1. 

Generally, structures exhibiting auxetic properties are made up of re-entrant, chiral and 

hierarchical structures, where extensive studies have been performed [6]–[8] for potential 

engineering applications in automotive, medical, defence, sports and aerospace industries [6], 

[9]–[12]. Among them, the re-entrant and chiral auxetic structures are particularly interesting 

as their deformation mechanisms are attributed to the bending of ligaments and rotation of 

cylinders, respectively. This creates the opportunity to investigate the integration of both 

structures by exploiting the possible advantages of ligament and hinge design to seek further 

enhancements to mechanical properties.  

First proposed by L.J. Gibson and M.F. Ashby [4], the re-entrant auxetic structure composed 

of periodically connecting hexagonal unit cells with two negative angles and whose effects 

were subsequently studied by Almgren [13] and Kolpakov [14] in conjunction with theoretical 

and experimental analysis of mechanical properties of beams in cellular honeycomb material 

[15]. The study concluded that two parameters namely wall thickness and cell-wall angles 

produced significant influence over the deformation modes, plateau stresses, and SEAs [16]–

[18]. 



2 

 

 

Figure 2.1. Schematic diagram illustrating (a) positive Poisson's ratio (PPR) of conventional material which 

contracts laterally as they are pulled apart, as compared with (b) NPR of auxetic materials [19] whose effect is 

opposite. The same is valid for compressive loading. 

Furthermore, uni-directional arrangement in cell-wall angle [20] and bi-directional 

configuration in wall thickness [21] are capable of enhacing EA capabilities of re-entrant 

honeycomb through optimised configurations. Possessing excellent mechanical properties, re-

entrant auxetic structures unfortunately also have drawbacks in having lower stiffnesses due to 

the significant presence of voids. Even though the voids can be effectively filled to improve 

mechanical properties while maintaining auxetic effects [22], this often compromise the 

strength to weight ratio [23]. Alternatively, partially solidifying the void region can improve 

mechanical properties which include the introduction of extra rib to the centre of re-entrant 

honeycomb unit cell for increased Young’s modulus [24], the integration of rhombic 

honeycomb to achieve superior critical buckling strength [25], and the integration with thin 

plates to provide improvement in shear strength [26].  

In another spectrum, chiral and anti-chiral honeycombs are another type of auxetic structures 

which distinguish themselves from re-entrant honeycomb by possessing an additional 

deformation mechanism in rotation of cylinders and cylinder-rotation induced ligament flexure 

in the deformation process [27]. Large, plastic deformation behaviours and EA performance of 
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the re-entrant and chiral-based auxetic materials were summarised in Zhang, Hu and You’s 

review [28]. In re-entrant honeycombs, the negative Poisson’s effect is predominately caused 

by the elastic and plastic bending of the ligaments during collapse while on the other hand, the 

same effect is generated by both the bending of ligaments but also the rotation of circular nodes 

or cylinders and ligaments about plastic joints. For re-entrant anti-trichiral honeycombs, the 

crushing stress and NPR effect of re-entrant anti-trichiral honeycomb under both small and 

large deformations were found to be significantly influenced by the variation of cell-geometry 

parameters [29], [30]. While its NPR effect is more prominent with the decrease of its ligament-

ratio and the mean radius, the crushing stress increases with cell-wall thickness and decreases 

with ligament-length ratio. In addition, through numerical simulations and experiments, the in-

plane elastic responses and relationships between variations in elastic constants and relative 

densities were established. 

Separately, the introduction of novel structures through the replacement of walls with curved 

ligaments in splined re-entrant and enhanced splined re-entrant designs, have shown 

improvements to moduli in both the lateral and axial directions [31]. Through reinforcement of 

arch-like beams and soft hinges on re-entrant honeycomb, structural stiffnesses can be 

enhanced while retaining auxetic behaviours [32]. Similar to splined re-entrant structures, bio-

inspired re-entrant arc-shaped honeycomb could improve impact EA abilities and crush 

uniformity [33]. Instead of replacing only the horizontal ligaments with elliptical pockets, the 

replacement of inclined walls of re-entrant honeycomb with double circular arc cell walls to 

create petal-like cells, produces plastic deformation as single sloped cell walls that facilitates 

EA [34]. Additionally, sinusoidally curved ligaments whose geometrical factors were also 

found to have profound effect on the anisotropy of the 2D lattice metamaterial [35]. The 

anisotropy in turn influences the amplitude/wavelength ratio and stiffness ratio between axial 

and transverse direction which ultimately define the auxeticity of the structure (i.e the NPR). 
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It was also found that transversely curved ligaments in tandem with additional design 

parameters allowed for more extensive modifications and fine-tuning of localized deformation 

in ligaments. This enabled tapping into extended envelope of mechanical responses that is not 

attainable by conventional chiral honeycomb design with flat ligaments [36]. Furthermore, 

curved ligaments may also be produced through controlled porosity via perforation method, 

which provides larger NPR and lower stress level as compared to conventional perforation 

shapes [37]. 

2.1.2 Bio-inspiration and REAT Structure 

Honeycomb lightweight structures are prevalently applied in industries such as aerospace[38], 

automotive, marine, and civil engineering. Specifically, they are a suitable option for structural 

and human protection against impact and blast loadings[4], [5], [39]–[41] due to their high 

specific stiffness, strength, exceptional impact resistance, and EA capabilities[2], [42]–[44]. 

Alongside the well-documented forms of hexagonal[45][46], Kagome[47], circular[48] and 

triangle[49][50] honeycombs, nature has supplied a wide range of other bio-inspired concepts 

for design and optimization of lightweight lattice structures[9][51]. In particular, gradient-

based distribution in nature has equipped animals, plants and significant number of organisms 

with superiority in adaptation and survivability in harsh environments through characteristics 

such as lightweight, shock and EA as well as crack resilience[52]. Influenced by the advantages 

of gradient distribution, it is possible to embody the concept into REAT honeycomb to enhance 

its mechanical performances. REAT possesses NPR and features a chiral-based structure 

derived from re-entrant hexagonal honeycombs. Each joint of the re-entrant unit cell comprises 

of a chiral, and each adjacent chiral is designed to be tangential to 3 ligaments on the same 

side[27][53]. 

Apart from many uniformly distributed lattice structures, novel class of architected mechanical 

metamaterials has been developed to produce superior compressive responses and EA 
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capability. Xu et al.[54] investigated the in-plane uniaxial compressive response and EA 

capacity of a novel hybrid configuration. The AuxHex structure exhibited superior stiffness, 

compressive strength and EA attributed to the stable and uniform deformation mode of its unit 

cell. The concept of AuxHex structure was then transformed into 3D lattice structure whose 

crushing deformation is stabilized by auxiliary structure, further enhancing the EA capacity[55]. 

On the other hand, tailorable PR, elastic modulus, and shear modulus were achieved through 

novel tetra-missing rib auxetic honeycomb by evolution of its elastic constant with geometrical 

variation[56]. Similarly, a novel class of chiral structure paired with hierarchical configuration 

was generated, which was capable of exhibiting auxetic behaviour as well as two types of 

deformation mechanisms[57]. While the PR is dependent on both the ratio of thickness as well 

as that of ligaments, the work also discovered regions where PR was independent of dimensions, 

which is important from the perspective of production as it would make PR insensitive to 

manufacturing defects.  

Furthermore, high EA capability through multi plateau stress can be realized through a 

combination of different honeycomb structures with widely varying mechanical performances. 

For instance, Wang et al.[58] proposed integrating double arrowhead honeycomb with star-

shaped honeycomb to produce two-stage plateau stress under low-velocity impact loading. 

Shen et al.[59] implemented vertex-based hierarchical technique onto re-entrant honeycomb 

structure to enhance its elastic modulus while keeping the PR stable over a wide range. On the 

other hand, an approach as simple as introducing strengthening ribs was able to increase 

Young’s modulus by up to 200% in the strengthening direction without compromising on its 

auxetic property[60]. Additionally, tunability of stiffness was accomplished by tuning 

densification strain through re-entrant unit cells with different variable stiffness factors 

characterized by various densities added to the horizontal ligaments[61]. Besides modifying 

the horizontal ligaments, Qi et al.[62] designed re-entrant circular honeycomb with double 
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elliptical arc inclined walls to dissipate more energy. Results showed obvious plateau stage in 

a dynamic setting as well as higher stress level in the proximal end over distal end, revealing 

great potential for impact protection. 

Furthermore, numerous structures that are inspired by biological creatures have also proven to 

provide superior mechanical responses over conventional structures. Zheng et al.[63] 

mimicked the structure of DNA to produce a helical structure whose mechanical properties 

were studied experimentally, numerically and theoretically. It was shown that connections 

between two intertwined helices was crucial to achieving stable chiral deformation. Taking 

chirality and twisting into consideration, a series of novel bio-inspired honeycomb structure 

with added twisted feature was fabricated. Three unit cells along each side with 30° twisted 

was found to have the highest compressive strength as well as SEA, which was attributed to 

uniform distribution of stress[64]. Ha et al.[65] evaluated the performance of a bio-inspired 

honeycomb sandwich panel based on the microstructure of a woodpecker’s beak and revealed 

a positive correlation between SEA and cores with larger wave numbers and amplitude. By 

mimicking the internal structure of a turtle shell, Wu et al. [66] studied the dynamic responses 

of aluminum honeycomb sandwich structure with CFRP panel from which substantial 

improvement in crashworthiness was observed. On the other hand, CFRP can also contribute 

to the overall crashworthiness through interlayer design with sparsely distributed Aramid-pulp 

(AP) micro-/nano-fibers[67]. Similar improvement in both in-plane and out-of-plane 

crashworthiness with increasing level of hierarchy was concluded in a novel bio-inspired self-

similar concentric auxetic reentrant and hierarchical honeycomb, respectively [67][68]. In 

addition, a bio-inspired hierarchical model mimicking microstructure of a horseshoe was 

proposed and its non-linear mechanical properties were analyzed to describe their dependences 

on the microstructure geometry[69]. A morning-glory inspired lattice structure was assembled 

to produce negative Poisson effect which is beneficial to SEA[70]. Remarkably, given the 
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geometry of the morning-glory unit cell, different types of cell-to-cell connections and thus cell 

distances were found to have profound effect on both the Poisson effect and EA efficiency. In 

stark contrast to conventional honeycombs which are made up of straight ligaments with sharp 

edges, most of the surfaces and cell walls of bio-inspired lattice structures with enhanced 

mechanical properties are curved in nature [63], [66], [68], [70]. This is further substantiated 

by bio-inspired re-entrant cell[33], novel re-entrant circular auxetic honeycombs[62] and novel 

REAT structure with arc-shaped ligaments[71]. 

 

Figure 2.2. Bone structure exhibiting graded hierarchical distributed configuration [72]. As observed, the bone is 

made of both hierarchical and functionally graded microstructures. 

Notably, nature-inspired gradient distribution exists more often than nature-inspired uniform 

distribution as the functionality demand varies across the interior of the structure. For example, 

bone structures have graded distribution that transits from the inner trabecular bone to the outer 

compact bone[72] which is illustrated in Figure 2.2 below. The structural composition of 

bamboo is also graded in nature as depicted in Figure 2.3(a), where the fiber bundles within 

the stem are compact and dense at the periphery and gradually becoming sparse towards the 

center, generating a gradient distribution of stiffness while keeping itself lightweight. Similarly, 

spider webs shown in Figure 2.3(d) feature a distinctive gradient variation in diameter, 

promoting tensile stiffness along the radial direction of the web[73]. Moreover, the special 

morphological gradient distribution in tubular density of equine hoof[74] and mineral 
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distribution in mantis shrimp's dactyl club[75] are particularly advantageous in providing 

longevity in fracture, crack and impact resistance.  

Several research had successfully demonstrated the beneficial influence of adopting graded 

distribution into lightweight synthetic lattice structures. Gradient designs are generally 

accomplished by implementing a gradation of porosity which can be achieved through various 

methods including varying cell wall thickness and density [76]–[79] matrix of 

materials[80],[81] or microstructural composition[82] or geometrical parameters of unit 

cell[83]. For instance, in-plane graded honeycombs were found to improve the crushing 

strength and SEA by up to 70% compared to conventional honeycombs[84]. Moreover, graded 

cell wall honeycombs have a tendency to undergo localised deformation initially concentrated 

at the weakest layer, allowing controlled deformation, which may be valuable in niche 

applications[85]. The direction of the gradient also affects the performance of honeycombs[86]. 

Honeycombs with unidirectionally graded cell walls have lower crushing stress and lower 

energy dissipation as compared to their bidirectional graded counterparts. Other investigations 

[87]–[89] also confirmed the significant impact from the alteration of cell-wall thickness on 

mechanical properties over its traditional uniform counterparts. As these graded honeycombs 

exhibit PPR, the collapse in individual layers had no impact on the deformation of other layers. 

In contrast to the aforementioned layer-by-layer collapse, the horizontal shrinkage coming 

from auxetic structures (with NPR effect) that start in the weakest layer also affected other 

graded layers in their horizontal shrinkage before full densification [86]. 
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Figure 2.3. Illustration of (a) Graded distribution of vascular bundle density in bamboo stem, increasing from 

interior to outer periphery[90] inspiring height-based graded design in REAT structure. (b) Increased tubular 

density from inner-to-outer direction in horse hoof thickness[51]. (c) Stem exhibiting hierarchical configuration 

[91]. (d) Spider-web inspiring several orders of hierarchical honeycomb [92], And (d) Pomelo peel-inspired 

honeycomb [93]. 

Jiang et al.[94] proposed graded re-entrant circular honeycombs with both positive and 

negative gradient to improve mechanical properties over its uniform counterpart. It was 

concluded that multiple gradient layers can produce multiple plateau stages and notably, 

structures with positive gradient exhibited multi-plateau stages regardless of crushing velocity. 

Furthermore, a combination of gradient-based approach and hierarchical configuration were 

also adopted to develop a series of graded fractal honeycombs and graded hierarchical 

honeycombs which achieved significant improvements in the crashworthiness performance as 

well as SEA under various loading velocities [95][96]. 

Not limited to 2D lattice structures, graded distribution technique was also adopted in 3D lattice 

structures such as the body-centered cubic (BBC) lattice which demonstrated its versatility and 
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viability in enhancement of mechanical properties. Functionally graded BCC lattices produce 

distinctive SS behaviour with collapse in sequence through periodic weakening in layer[97]–

[99]. Based on similar functionality to spider web, Liang et al.[100] proposed a bidirectionally 

graded configuration to a three-dimensional lantern-like lattice structure to achieve prominent 

enhancement to multi-directional crashworthiness. Gradient distribution was also introduced 

to thin walled tubed filled with three-dimensional arrowhead auxetic structure which exhibited 

even better EA and lower peak crushing force (PCF) when compared to its uniform 

counterpart[101], [102]. Likewise, comprehensive studies were conducted on both uniform and 

graded three-dimensional double-U hierarchical auxetic structures, which showed better high-

speed compressive performance in terms of lower PCF and higher crushing force efficiency in 

negatively graded lattice over its uniform counterpart[103]. The effect of graded severity on 

short fibre reinforced Schwarz-P (SP), Gyroid and BCC was studied and found to have widely 

varying effects[104][105]. Results had shown that both moderate and severe grading has 

negative influence on the stiffness and EA on BCC as compared to positive impact on SP 

lattices. It is also worthwhile to note that gradient-based approach on auxetic structure tend to 

have better enhancement effect to their mechanical performance over the non-auxetic structures 

as the negative Poisson effect in one gradient layer tend to affect adjacent gradient layers, which 

implies increased mobilization of materials leading to better EA performances.  

While extensive research has been conducted on the compressive performance of conventional 

REAT auxetic honeycombs[106], graded auxetic and non-auxetic honeycombs, there remains 

a significant research gap in the understanding of graded REAT honeycombs. Prior studies 

have primarily emphasized. Furthermore, majority of attention had been focused on thickness-

based gradient to reproduce a layer-by-layer collapse with staircase effect in the plateau stage. 

However, this method may prove unsuitable for various practical applications, as it could result 

in inadequate EA capacity during early compression stage. Moreover, unnecessary 
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concentration of stress in the joints between transition in thickness could undermine the EA 

capability through increased fracture. Therefore, the present study draws inspiration from the 

gradient distribution in bamboo stems and horse hoof (Figure 2.3(a) and (b)) to expose 

innovative deformation modes in the auxetic nature of graded REAT honeycombs (excluding 

thickness gradients) that differentiate from the conventional collapse pattern. In the subsequent 

sections, a thorough analysis of the SS response, deformation pattern, NPR, EA, and crushing 

strength are discussed through extensive experiments conducted on the graded REAT 

honeycombs under quasi-static compression. 

2.1.3 Honeycomb and Hierarchical Structures 

It is well acknowledged that various forms of honeycomb structures can be designed and 

optimized as the key to achieving promising mechanical properties lies in its topological 

definition. Homing in on just the traditional hexagonal structures and leveraging on its benefits 

due to its prevalent adoption, the concepts of functionally grading and hierarchical architecture 

inspired from nature can be integrated and introduced with triangular and hexagonal 

substructural hierarchy. Furthermore, given the geometrical symmetry and simplicity of the 

hexagonal cell topology, a combination of functionally graded configurations and self-

similarity can also be realized to further enhance the crashworthiness and EA of the structure. 

Being the most adopted and researched cell topology till date, numerous theoretical and 

numerical studies confirmed the prominent crashworthiness performance under both in-plane 

[107][108][109]and out-of-plane[109], [110][111] dynamic loading. Furthermore, increasing 

the wall thickness can enhance the in-plane and out-of-plane performance[4][112], [113] which 

is similarly applicable with changes in cell wall angle and length to thickness ratio of the unit 

cells[114]. The influence also have positive impact on the enhancement to dynamic stress under 

high crushing speed due to contribution from the inertia force[115]. As such, hexagonal 

honeycomb was also widely deployed as material core to improve the mechanical performance 
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of lightweight sandwich structures[116]–[118]. To further transcend the performance limits of 

the hexagonal honeycomb, novel cell topologies have been rigorously proposed and introduced. 

For instance, nine honeycombs of various cell topologies were generated and compared based 

on their in-plane compressive performance and EA behaviors[119]. Yang et al.[120] introduced 

a variety of horseshoe-shaped honeycombs to improve out-of-plane crashworthiness behaviors 

by investigating a series of crashworthiness indicators such as the initial peak force, mean 

crushing force (MFC), crushing force efficiency (CFE) and SEA. In addition, Liu et al.[121] 

proposed a novel circular honeycomb made of semi-periodic sinusoidal beams to enhance in-

plane stiffness strength. The global strain of the lightweight cellular structure was found to be 

to ten times larger than its raw material which demonstrated the potential of proposed structure 

for multifunctional in-plane morphing. Similar concepts were also presented through the use 

of multi-cell quadri-arc[122] and petal-shaped[107] mesostructures to achieve greater 

crashworthiness and EA behaviors of circular honeycombs. Performance over regular 

hexagonal honeycombs are obvious in quasi-static, low and medium velocity impact; however, 

the advantage starts to lose out due to increasingly dominant inertia effect in high velocity cases. 

Lately, fabrication of honeycombs made of shape-memory materials were made possible by 

4D printing technology to achieve reversibility in EA which enhance the reusability of 

lightweight structures after impact [123]–[125]. Furthermore, topological optimization[126] 

and shape optimization[127] were also proposed to design lightweight lattice structures with 

novel unit cell topologies. However, all of the aforementioned concepts are limited to single-

order cellular configurations which underperforms in in-plane stiffness which may restrict their 

potential applications. 

Besides directly manipulating the topologies of unit cell, bio-inspired concepts such as 

hierarchy had been well-sought after. There are specifically two types of hierarchical 

architecture, of which the first is generated by replacing the cell walls of regular honeycombs 
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with hexagonal[91][128][129], Kagome[47], triangular[130][131] or other topological 

tessellations. Through experiments and numerical simulations, it is well concluded and 

demonstrated that hierarchical configuration greatly improves mechanical and crashworthiness 

performance. Tao et al.[132] experimentally demonstrated the significant of hierarchical design 

in enhancing the in-plane compressive strength, SEA and CFE of 3D printed square 

hierarchical honeycombs. Furthermore, the level of hierarchy also produced a noticeable 

impact on the compressive behavior of the structures. Similarly in out-of-plane, Fan et al.[133] 

revealed the affirmative improvement in crushing performance of hierarchical tubular 

structures. Likewise, hierarchical design concept had been integrated into metamaterials which 

yielded similar enhancements in their mechanical performance[134]. 

While the first type of hierarchical structure reconstructs the cell wall with its unit cell geometry 

as illustrated by Figure 2.4(d), the second type of hierarchy is defined by replacing the vertices 

or nodes of the hexagon with smaller hexagon, which is also known as self-fractal similarity 

shown in Figure 2.4(b) and (c). Such design concept had been comprehensively investigated 

by Sun et al.[68], [135], [136] in the out-of-plane crushing which shown improvement in 

crushing resistance and EA over traditional honeycomb.  
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Figure 2.4. (a) Regular honeycomb and (b) hierarchical honeycomb with (b) first- and second order hierarchy and 

(d) hierarchical honeycombs made up of substructures [137]. 

The hierarchical concept is ideal for lightweight design for crashworthy structures as 

corresponding peak forces do not increase with density as compared to conventional 

honeycomb structure. The dynamic crushing characteristics influenced by self-similarity 

configuration were addressed by He at al.[138] whose study elucidated that self-similarity can 

offer drastic improvements to EA of honeycomb. Similar conclusions were drawn by other 

studies [139]–[142]. The prominent improvement in strength and stiffness of self-similar 

honeycomb over regular honeycomb was further clarified theoretically [139][137][143]. In 

addition, sandwich cores utilizing self-similar hierarchical honeycomb was also investigated to 

raise the loading bearing capacity under three-point bending [144]. Study had shown the 

tunability of mechanical properties of loading bearing structures are directly influenced by 

many factors such as cell size, shape pattern and level of hierarchy which is further tied to 

involvement of number of cells during deformation. 

Apart from hierarchical construction, functionally graded honeycomb is another promising 

approach to achieve lightweight impact absorbers by integrating layers of honeycomb with 
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distinct characteristics of stepwise fashion to bring about unexpected mechanical features 

[85][85], [145]. Theoretical [146][147], numerical [148][149][85] and experimental [150] 

analysis were conducted to demonstrate the enhancement in mechanical properties over 

uniform counterpart. Currently, the most common approach to create graded honeycomb is to 

modify the cell-wall thickness in each layer which were concluded to enhance crushing 

behavior and EA capabilities [149]. The graded thickness approach had been further explored 

and adopted by several other studies [146], [151], [152], [153] to enhance the crushing 

properties of honeycombs. Interesting deformation feature characterized by double shock 

deformation is observed in experiment conducted on density graded honeycomb of which had 

contributed to improvement in EA capacity [154]. Apart from functional grading in wall 

thickness, the graded effect can also be achieved by changing the cell size in each layer. This 

is illustrated by continuously varying the cell sizes of Voronoi honeycombs [155]–[157] in 

which the new design offers advantages in impact resistance over the conventional porous 

structure. Graded multilayer sandwiches with corrugated cores of different cell profile were 

proposed by Cao et al.[158] to enhance EA efficiency. Similarly, Bai et al.[159] fabricated 

lattice with graded strategy through varied density and topological configurations which 

ultimately led to better absorption capability over uniform structures. Similar work is again 

conducted by Xiao et al.[160] whose graded micro-lattice structures showed promising impact 

protection system. Interestingly, it was also highlighted that continuous grading is better than 

stepwise grading system as the latter may lead to unfavorable secondary shock. The gradient 

distribution can also be obtained by taking into consideration the materials of different stiffness 

into structural design to produce a hybrid soft-hard lattice structure [161].  

Given the following discussions and studies, self-similar hierarchy and gradient design 

strategies had been individually proven to be effective in redefining EA performances of the 

honeycomb structures. However, little is done to investigate their combined characteristics 
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adopted into one single honeycomb design. Therefore, new designs should not only take 

advantage of self-similarity hierarchy but also leverage on the functional gradient concept to 

enhance the dynamic crushing behavior of honeycombs. As such two novel designs will be 

introduced. 

At the same time, in order to replicate the hierarchical characteristics of animal bones and plant 

roots in nature, hierarchical 3D lattice structures are designed to improve the mechanical 

properties of the traditional 3D lattice structure. Traditional 3D lattice structures include truss-

based 3D lattices such as simple cubes [162][163], body-centered cubes[164][165][166], face-

centered cubes[162][167], octet truss[168], [169], plate-based lattices [170]–[172] and shell-

based 3d lattices[173]–[175]. When compared with conventional gyroid 3D structures, the 

mechanical properties of the two-order Gyroid lattice structure with very low density was found 

to have higher crushing strength than the single scale Gyroid lattice structure [176]. Similarly, 

a third-order lattice structure (Octahedron-octahedra-octahedra) and a second-order lattice 

structure (Octahedron-octahedra, Octet-octahedra, Octet-octets) was fabricated to reveal that 

the hierarchical structure had higher strength and stiffness than the non-hierarchical structure 

with no improvement in strength and stiffness of the structure beyond second order [177]. Lv 

et al.[178] studied the compressive mechanical performances of hierarchical octet structure by 

experiment and simulation, and found that the second-order structure was lower in SEA than 

that of the first-order structure, but higher than that of non-hierarchical structure. As far as 

research goes, the fortifications of 3d structures through hierarchical configurations are limited 

to non-auxetic structures as illustrated in the examples above. Thereby, drawing inspiration 

from the natural world, specifically from the varied hierarchical layers found in bone structures 

and plant systems, which are composed of distinct structural elements, the subsequent study 

proposes the incorporation of hybrid auxetic hierarchical 3d structures which uses more than 

one type of unit cells. The rationale behind this proposal is that such a combination of diverse 
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unit cells could potentially enhance the auxetic properties of the overall 3D structure, offering 

improved performance in applications where auxetic characteristics are beneficial. 
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Chapter 3 Methodology 

This section covers the general methodologies and approaches used in validating various 

structural designs and materials employed in this research. The focus is on outlining the 

systematic comparison between experimental results and simulation, applicable to different 

chapters focusing on each distinct structures and materials. The choice of materials and 

fabrication techniques aligns with the specific requirements of each lattice structure.  

3.1 Fabrication and Materials Characterization Techniques 

The methodology recognizes the varying resolution requirements of different structures. For 

instance, simpler structures like the REAT can be fabricated using the FDM technique. In 

contrast, hierarchical structures with finer wall thicknesses are fabricated using 

Stereolithography (SLA) to cater to their intricate design needs. The difference in resolution 

requirements and structural complexities is exemplified in the Figure 3.1, contrasting 

conventional lattice structures with hierarchical ones . 

 

Figure 3.1. Illustration of complexity of structure between (a) honeycomb structure of 1mm in thickness by FDM 

technique as compared to (b) Hierarchical structure with significantly lower thickness at 0.3mm by SLA technique. 

Different printing techniques are deployed based on resolution requirements. 

FDM is a widely used 3D printing technique that works by extruding thermoplastic filaments 

through a heated nozzle, depositing them layer by layer to build the desired structure. This 

method is particularly suitable for simpler lattice structures when compared with SLA. This is 
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due to the fact that FDM typically offers a lower resolution compared to SLA. The resolution 

is limited by the size of the extrusion nozzle commonly 0.4mm, which ultimately determines 

the minimum feature size and layer height. For structures that do not require extremely fine 

details, FDM provides a balance of resolution, strength, and material choice.  

One inherent limitation of FDM is its difficulty in achieving complete fill in the wall thickness 

of printed structures. This challenge arises due to the nature of the FDM process, where 

material is extruded in a linear path, potentially leading to gaps or insufficient density in the 

walls shown in Figure 3.2(a). However, this issue can be effectively addressed by modifying 

the pre-print settings. Instead of employing a traditional linear trajectory for the print path, a 

wavy or zigzag pattern is used as seen in Figure 3.2(b). This adjustment allows the extruded 

material to overlap and interlock more effectively, thereby ensuring a more uniform and dense 

fill within the walls of the structure. This technique enhances the structural integrity and 

mechanical properties of the printed object, making FDM more versatile for a wider range of 

applications, particularly where wall density and strength are critical. 

 

Figure 3.2. illustration of comparison between two lattice structures created using different printing trajectories. 

(a) displays a lattice printed with a linear path extrusion technique, where noticeable porosities are evident, 

particularly at the tangential attachments. These porosities are more pronounced due to the greater thickness at 

these points, which the linear path technique struggles to fill completely. In contrast, (b) shows a lattice structure 
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produced using a zigzag printing trajectory. This method results in a more uniform and thorough fill, effectively 

reducing the porosities and achieving better material distribution throughout the structure. 

Even though the resolution requirements for FDM are comparatively lower, it is imperative 

that the walls of the lattice are properly filled with materials to avoid any porosity or void. This 

is crucial for ensuring the fidelity of the experimental results. Inadequate fill can lead to 

porosity or voids within the structure, which could significantly interfere with the validation of 

experimental results against simulations. Ensuring a complete and uniform fill is therefore not 

only a matter of structural integrity but also a key factor in the accuracy and consistency of 

experimental validation with simulated counterpart. 

The material used to print lattices with FDM technique in the study is Acrylonitrile Butadiene 

Styrene (ABS). On the other hand, SLA is a 3D printing technique known for its high resolution 

and ability to produce intricate details. It works by using a laser to precisely cure liquid resin 

into solid form, layer by layer. This method is particularly advantageous for fabricating 

hierarchical structures with fine wall thicknesses and complex geometries as depicted in Figure 

3.1Figure (b). However, SLA comes with its own set of challenges that can impact the 

performance of the final structure. Firstly, the performance of structures printed with SLA is 

heavily dependent on post-processing and curing procedures. Uniform curing is crucial, but it 

can be challenging to achieve, especially in dense or intricate structures. Sometimes, the inner 

parts of the lattice may not cure evenly due to limited light penetration. Flipping the sample 

during post-processing can help ensure more even curing across the lattice, but uniformity 

remains a limiting factor. Notably, the mechanical strength of the printed structure can be 

affected by the printing time and the number of lattices printed per batch.  

An important empirical observation in SLA printing is the inverse relationship between the 

number of lattices printed per batch and their mechanical strength. It has been noted that as the 

number of lattices in a single printing batch increase, the mechanical strength of each lattice 

tends to decrease, given a constant curing time. For instance, a lattice printed individually may 
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exhibit higher strength compared to several lattices printed together in the same batch. This 

variation can be attributed to the time required for the laser to return to a specific layer, 

potentially affecting the bonding between layers. The longer the interval between the curing of 

successive layers, the greater the risk of inconsistencies in bonding, which can weaken the 

overall structure. Furthermore, post-processing steps, such as washing and curing, can further 

impact the consistency and mechanical properties of the printed structure. Inconsistent post-

processing can lead to variations in material properties throughout the batch, affecting the 

reliability and predictability of the printed structures. 

To address these challenges, SLA printing requires careful management of batch sizes, printing 

time and post-processing procedures. Understanding the impact of batch size on the mechanical 

properties is crucial for optimizing print runs, especially when strength and reliability are 

important to ensure the consistency of the results. Additionally, standardizing and meticulously 

executing post-processing steps can help ensure more consistent and predictable outcomes in 

correspondence to simulation. 

In close similarity to SLA, Digital Light Processing (DLP) technology emerges as a notable 

counterpart to SLA. DLP operates on a similar principle of curing liquid resin using light, but 

it employs a different approach. Unlike SLA, which uses a laser to cure the resin, DLP utilizes 

a digital projector screen to flash a single image of each layer across the entire platform. This 

means it can cure entire layers of the resin simultaneously, often leading to faster print times 

compared to the point-by-point method of SLA. DLP can also achieve high-resolution prints 

with excellent surface finish, comparable to SLA. However, the quality of the final product is 

pre-determined by the projector's resolution and other settings just as cure time and layer 

thickness. Furthermore, in contrast with the point-by-point laser curing method used in SLA, 

the simultaneous curing process in DLP significantly reduces print times, especially when 

dealing with larger batches or taller structures. As aforementioned in the limitations of SLA, 
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the mechanical properties of a print can vary depending on the size of the batch and the printing 

time, DLP offers more consistent mechanical properties across different print jobs. This 

consistency is attributable to the uniform exposure each layer receives during the DLP printing 

process. As each layer is cured uniformly and simultaneously, there is less variation in bonding 

quality between layers, leading to more predictable and uniform mechanical characteristics in 

the final product. Therefore, the efficiency of DLP in curing entire layers at once not only 

speeds up the printing process but also makes it more scalable for larger production volumes. 

In essence, DLP technology, while offering advantages in terms of printing efficiency and 

consistency in mechanical properties, shares similar challenges with SLA related to support 

structures and orientation. 

PolyJet 3D printing technology is renowned for its ability to print with high precision and detail, 

making it particularly suitable for complex and detailed prototyping. PolyJet works by jetting 

layers of curable liquid photopolymer onto a build tray. A UV light then cures these layers, 

building the object. This process allows for extremely high resolution and the ability to produce 

fine details, surpassing many other 3D printing technologies. One of the most significant 

advantages of PolyJet is its ability to blend the hardest and the softest materials to create a 

range of intermediate materials. This capability allows for extensive customization in the 

properties of the printed object, enabling the creation of parts with varying degrees of flexibility, 

transparency, and color in a single print, much applicable to achieving gradient characteristics 

in lattice structure. While PolyJet excels in printing intricate structures, it does face challenges 

similar to Stereolithography (SLA) when dealing with complex geometries that require support 

materials, especially for overhanging parts. The internal support materials can be particularly 

challenging to remove without damaging the main structure. This is a crucial consideration in 

both PolyJet and SLA, where delicate and detailed designs are often printed. In some cases, the 

post-processing required to remove these supports may risk damaging or breaking the finer 
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aspects of the main structure. A common strategy to mitigate this issue is to reorient the lattice 

structure during printing to reduce the need for supports however changing the orientation of a 

lattice structure to minimize support structures can significantly alter its mechanical 

performance. Since both PolyJet and SLA involve layer-by-layer deposition, the orientation of 

the layers is a critical factor in determining the strength and behavior of the final product given 

a fixed direction of compression. 

Building upon the discussion of various 3D printing techniques utilizing polymer materials 

previously, Type IV tensile samples were fabricated to evaluate their mechanical properties in 

accordance with established standards. The testing process adhered to the ASTM D-638 Type 

IV standard for tensile properties of plastics[179]. The uniaxial tensile tests were performed 

using a Shimadzu 10kN universal testing machine, equipped with a video extensometer. This 

setup allowed for measurements of the material's response to tension. The tests were conducted 

at a controlled tensile speed of 5 mm/min, in accordance with the ASTM D-638 standard. 

Furthermore, for all lattices presented in this thesis, quasi-static compressions are also done 

using the Shimadzu 10kN universal testing machine. Detailed justification for the choice of 

materials and their characterization will be presented in the respective chapters later. 

3.2 Performance Characterization 

To evaluate and characterize the performance of the structures, several measures of mechanical 

properties such as the in-plane stiffness, plateau stress and SEA are considered [180]. The stress 

of the structure is obtained by dividing the reaction force on the bottom plate by the projected 

area (length of the structure multiplied by the out-of-plane thickness). The stiffness or the 

elastic moduli are defined by the gradient of the SS curve while its crushing strength is 

interpreted by the stable level of stress with increase in strain. Next, the Poisson’s Ratio (PR) 

of the structure can be evaluated by choosing four points on the honeycomb structure shown in 

Figure 3.3 and interpreting their displacements. The four corner points are generally located at 
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the joints of connections between ligaments and are chosen close to the middle of the sample 

to avoid interference from the boundary effects. In addition, these chosen points are the same 

across all the proposed design configurations with the difference being the curvature of the 

ligaments. The strains εx, εy and PR νxy are expressed as: 

 𝜀𝑥 =
𝑥𝑖 − 𝑥0

𝑥0
 (3.1) 

 𝜀𝑦 =
𝑦𝑖 − 𝑦0

𝑦0
 (3.2) 

 𝜈𝑥𝑦 = −
𝜀𝑦

𝜀𝑥
 (3.3) 

where, with reference to Figure 3.3 xi is the average deformed width between xi1 and xi2, yi is 

the average deformed height between yi1 and yi2. x0 and y0 are the original width and height 

between the marked spots, respectively.  

 

Figure 3.3. A general illustration of points of reference within a lattice in calculating the PRs of the structures. 

The EA performance of the structures can be evaluated through the total EA, which is the area 

under the force-displacement (FD) curve shown in part of equation 3.4 where F(s) is the 

instantaneous force that is a function of the compression displacement s. To eliminate the 
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effects of variation in mass across samples, EA can be divided by the corresponding mass (M) 

to obtain the SEA. 

 𝑆𝐸𝐴(𝑠) =
𝐸𝐴(𝑠)

𝑀
=

∫ 𝐹(𝑠)𝑑𝑠
𝑠

0

𝑀
 Or 𝑆𝐸𝐴(𝜀) =

∫ 𝜎 𝑑𝜀
𝜀𝑝

0

𝜌𝑝
 (3.4) 

Similarly, to prevent the over-influence of relative density (RD) over mechanical performances 

of various designs, the stress is normalized by the respective RD of every structure to eliminate 

any discrepancies. Furthermore, the EA performance of the structure should also be evaluated 

with the SEA, or the energy absorbed per unit mass of the structure. In order to accurately 

pinpoint the densification stage of each design, EA efficiency, also known as the energy 

absorbed per unit stress is used. The SEA which eliminates the variation of mass in total EA of 

various specimens, can be expressed through the total energy absorbed, which is the area under 

the FD graph divided by the mass of the structure expressed as above in equation 3.4. 

Furthermore, SEA may also be expressed using SS curve normalised by density of the material, 

which is also expressed in equation 3.4 where σ and εp represent the instantaneous stress and 

strain, respectively and ρp is the density of the material. 

A better gauge of the EA performance is the EA efficiency (𝜂) which is defined as the energy 

absorbed up to a given nominal strain (𝜀𝑝) normalised by the corresponding stress value: 

𝜂(𝜀) =
∫ 𝜎 𝑑𝜀

𝜀𝑝

0

𝜎(𝜀𝑝)
(3.5) 

Furthermore, densification strain (𝜀𝐷) of a structure can be determined by the stationary point 

in the efficiency-strain curve where the efficiency is in global maximum, defined as: 

𝑑𝜂(𝜀)

𝑑𝜀
|

𝜀=𝜀𝐷

= 0 (3.6)

2.2.2 FE simulation methods 
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Furthermore, in order to comprehensively understand the crashworthiness of a structure, 

several other crashworthiness criteria, apart from SEA, which include PCF, MCF and CFE. 

PCF reflects the maximum impact force where the higher PCF will lead to greater deceleration 

of the impact object and whose value, in the perspective of safety, should be kept as low as 

possible. 

MCF represents the average force under the crushing process for a given displacement x as 

formulated: 

𝑀𝐶𝐹(𝑥) =
𝐸𝐴(𝑥)

𝑥
(3.7) 

In general, the higher the MCF, the more efficient the crashworthiness performance of a 

structure [181]. 

Next, CFE indicates the uniformity of the force distributed over the deformation and is defined 

by [182]: 

𝑀𝐶𝐹 =
𝑀𝐶𝐹

𝑃𝐶𝐹
(3.8) 

3.3 FE Analysis Setup 

The series of studies discussed in the later chapters employ FE analysis to investigate the 

mechanical behavior and EA characteristics of specific lattice structures under compression. 

The analysis primarily utilizes the ABAQUS/Explicit solver, a tool for addressing complex 

dynamic and quasi-static problems. The essence of this methodology involves creating FE 

models, calibrating material properties, defining boundary conditions, and determining the 

optimal mesh size for accurate and efficient simulations. 

The initial step of FE analysis cinvolves the development of FE models. These models are 

designed and exported in Solidworks and then imported into ABAQUS for detailed analysis. 
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The material properties from material characterization are calibrated based on experimental 

data. This calibration is crucial for accurately capturing the elastoplastic behavior of the 

polymer materials under load. 

In the setup illustrated in Figure 3.4, both the top and the bottom plates are assumed to be 

analytically rigid. Even though shapes that can be defined with analytical rigid are limited, the 

compression plates can be aptly represented given their simple geometry. Furthermore, rigid 

bodies defined with analytical rigid surfaces are cheaper in terms of computational cost as 

compared to discrete rigid bodies. Results generated with analytical rigid bodies are generally 

smoother as less fluctuations are produced at the contact interaction between the mesh and 

surface in comparison to mesh-to-mesh interaction. Moreover, inaccurate solutions may be 

produced in discrete rigid bodies as a result of possible mesh penetration of master discrete 

rigid surfaces into deformable slave surfaces. 

The bottom plate is fully constrained in all directions, while the top plate is allowed movement 

only in the y-direction. Additionally, constraints on honeycomb structure are applied to prevent 

out-of-plane buckling of the auxetic structure, which is vital for focusing only on the in-plane 

deformations. 

 

Figure 3.4 An illustration of simulation set up for FE analysis. 
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The simulation set up incorporate a general contact algorithm between the structure and 

compression plates, and a friction coefficient is set to simulate surface interactions. Mass 

scaling and smooth loading techniques are applied to handle the quasi-static nature of the 

problem efficiently. Similar to the experimental data extraction method for PR, unique nodes 

are chosen to calculate the PR through Eq. (3.3). 

Another important aspect of FE is mesh sensitivity analysis. This approach involves testing 

various element sizes to find a balance between computational efficiency and the accuracy of 

results. This process ensures that the chosen mesh size is fine enough to capture the accurate 

details at a balance unnecessary usage of excessive resources and computational efficiency and 

speed. 

The accuracy of the simulation results is verified by ensuring the kinetic energy remains 

negligible compared to the internal energy throughout the simulation [183].. This step is crucial 

to validate that the results are representative of quasi-static conditions. The method of 

validation involves comparing the SS curves obtained from the simulations with those derived 

from experimental data. A close agreement between the simulated and experimental curves 

would conclude that the FE model is able to accurately capture the elastoplastic behavior of 

the material. Furthermore, the deformation patterns predicted by the simulations are compared 

with experimental results. This comparison is critical in verifying the model's accuracy in 

predicting how the structure will deform under specific loading scenarios. Agreement in 

deformation patterns ensures that not only the material properties but also the boundary 

conditions and load applications in the model correctly mimic the experiment. Detailed 

justification for the choice of materials and their characterization will be presented in the 

respective chapters of this thesis. 

To further elaborate on the FEA model, it is important to consider the loading strategies and 

solvers used, particularly for auxetic cellular structures undergoing large deformations. In these 



29 

 

cases, geometric nonlinearity should be considered. The convergence behavior of the 

simulations is closely related to the choice of loading strategies and solvers. Different solvers 

and loading techniques can significantly impact the accuracy and efficiency of the simulation. 

For example, using the ABAQUS/Explicit solver is beneficial for capturing the dynamic 

response and handling complex contact interactions. 

Therefore, for the entirety of this thesis, ABAQUS Explicit is preferred over the Implicit solver 

for quasi-static loading conditions due to several key advantages, particularly in scenarios 

involving complex geometries and large deformations. The primary reason is its flexibility in 

handling severe nonlinearities, including contact and geometric nonlinearity, which are 

common in advanced material simulations like those of auxetic cellular structures. Unlike the 

Explicit solver, implicit solver can often struggle with convergence issues under such 

conditions. Furthermore, the Explicit solver can advance the solution in small, incremental 

steps, allowing it to capture the detailed progression of deformation and stress distribution 

fairly accurately as compared to implicit solver at a higher computational efficiency at a lower 

cost. This makes it particularly effective for problems where the structure experiences 

significant changes in geometry, as the Explicit solver can more easily track these changes 

without encountering convergence difficulties. Furthermore, the Explicit solver does not 

require the formation and solution of a global stiffness matrix, which not only reduces the 

computational cost and memory requirements but also avoids the iterative convergence process 

associated with Implicit methods. This characteristic is advantageous for simulations that 

involve complex contact interactions and large-scale interaction problems, as it simplifies the 

computational process and enhances stability. Although the Explicit solver is typically 

associated with dynamic problems, it can also be applied to quasi-static conditions through 

techniques like mass scaling and smooth loading to ensure that the dynamic effects remain 

negligible while maintaining computational efficiency. Consequently, ABAQUS Explicit 
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provides a more stable and reliable solution framework for quasi-static simulations of intricate 

and highly nonlinear material behaviors. 
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Chapter 4 Arc-shaped ligaments in REAT structure 

In this chapter, novel REAT structures with (curvature) arc-shaped ligaments are proposed to 

enhance both the elastic modulus and EA capabilities through both experimental and numerical 

approaches. By first replacing straight ligaments with curved ligaments, unique deformation 

patterns are introduced through the rotation of cylinders, contact interaction between cylinder 

and ligaments, as well as petal-like cell interactions. Quasi-static compression reveals the effect 

of curvature along ligaments and their directions on the Young’s modulus, PR, plateau stress 

and SEA capabilities. The primary finding is an improvement of up to eight times in normalized 

Young’s modulus and up to four times in SEA with the introduction of combined curved 

ligaments (Dc+Uc) design. In addition, parametric studies on geometrical parameters of 

ligament curvature and cylinder diameter shows significant influence over mechanical 

properties and deformation patterns. This chapter sheds light on the development of novel 

REAT honeycombs that can be achieved through simple ligament modifications and 

combinational designs. 

4.1 Design Approach 

The objective of this chapter is to introduce and investigate the impact of arc-shaped ligaments 

on the mechanical properties of REAT honeycombs. The principle underlying this design 

approach is that the introduction of curvature to ligaments can enhance the mechanical 

properties, such as elastic modulus and EA, by altering the deformation mechanisms of the 

structure. The design methods involve replacing straight ligaments in conventional REAT 

honeycombs with curved ligaments to form novel unit cells, designing unit cells of various 

combinations of curved ligaments, utilizing both FE analysis and experimental methods to 

evaluate mechanical behavior of the designed structures and lastly, investigating the effect of 
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geometrical parameters such as ligament curvature and cylinder diameter on the mechanical 

properties. 

Thus far, research into arc-shaped ligaments is still limited despite possible enhancements to 

mechanical properties as discussed earlier in literature review section 2.1.2. As such, this 

chapter seeks to contribute to the scientific understanding of curved ligaments by introducing 

the concept of arc shape to REAT honeycombs and unraveling their impact on PR, elastic 

modulus, plateau stress, EA, and deformation mechanisms. 

The unit cells of the proposed novel honeycombs are designed based on the geometries of 

conventional or the control model as shown in Figure 4.1(a), where all the straight ligaments 

are replaced with half-waved arc ligaments. Given the constraint of tangential attachments, 

there are two possible ways the ligaments can be re-designed based on the direction of the 

curvature, leading to external and internal arc tangents highlighted in Figure 4.1(b)-(c), 

respectively. The naming convention of the proposed structures is based on the direction of 

curvature for the horizontal ligament. 

 

Figure 4.1. Schematics of cell geometries: (a) Conventional REAT honeycomb, also known as the control model 

(b) single rib downward-curved honeycomb (Dc) with external tangent arc highlighted (c) single rib upward-

curved honeycomb (Uc) with internal tangent arc highlighted (d) double ligament combining downward-curved 
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and straight ligaments (Dc+C) (e) double ligament with downward-curved and upward-curved ligaments (Dc+Uc) 

and (f) double ligament with upward-curved and straight ligaments (Uc+C). 

A systematic approach to the modifications of conventional REAT honeycombs is adopted 

following the approach to splined re-entrant designs by Zied and Osman [31] and Zhang et al. 

[33]. Firstly, modifications to the ligaments are performed by introducing curvature, namely 

Dc and Uc as shown in Figure 4.1(b)-(c), respectively. In this design, the straight ligaments are 

replaced with segments of a circle with curvature determined by the width “w/2”, defined as 

the perpendicular distance between the midpoint of the straight ligament to the arc. It is 

important to note that the curvature of the curved ligaments between each design are different 

due to constraints set by the tangential attachment with the cylinders. With reference to external 

and internal tangent arc highlighted in grey in Figure 4.1(b) and (c), the distance between the 

attachments of the two ends of the upward curving ligament to the cylinders is shorter as 

compared to those of downward curving ligaments. Therefore, the actual lengths of the curved 

ligaments are different, and this difference will decrease with the reduction in diameter of the 

cylinder until the cylinders become a node which is basically a re-entrant design.  

In the next step, the three designs of control, Dc and Uc are integrated to form double ligament 

designs. The design Dc+C comprise of an downward curving and straight ligament in Figure 

1(d), Dc+Uc comprise of an upward and downward curving ligament in Figure 4.1(e), while 

Uc+C comprised of a upward curving and straight ligament in Figure 4.1(f). The RD of each 

structure is calculated from dividing the area of the unit cell configuration by the full area of 

the enclosing rectangle. The geometrical representations of the unit cells and their relative 

densities are illustrated in Table 4.1.  

Table 4.1. Geometrical representations of unit cells and their relative densities. The RD is expressed as η = 

Acell/Arect, where Acell is area occupied by the unit cell configuration and Arect is area of the enclosed dotted 

rectangle. 

Single Ligament Designs 
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C Uc Dc 

   

η = 0.303 η = 0.274 η = 0.355 

Double Ligament Designs 

Uc+C Dc+C Dc+Uc 

   

η = 0.404 η = 0.482 η = 0.445 

4.2 Fabrication, FEA and Experimental Validation 

The characterization of mechanical properties had been discussed in Chapter 3.2. However, 

with regards to NPR, extra step is taken to determine the number of unit cells to consider in the 

structure such that there is no edge or size effect on the PR, three different models of varying 

unit cell numbers are considered in Figure 4.2(b)-(d). The variation in PR for structures with 

3×2, 5×4 (baseline) and 7×6 unit cells are compared in Figure 2(a). Significant edge effects on 

the calculated PR can be observed for the 3×2 model, as evident from the large fluctuations. 

This is in contrast to the relatively similar and stable PR in both the 5×4 and 7×6 models. Hence, 

the baseline model of 4×5 is deemed sufficient to estimate the effect of PR across different 

engineering strains. 
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Figure 4.2. FE analysis model of REAT honeycomb of different cell numbers. (a) NPR vs engineering strain of 

the three models (b) 3×2 model (c) 5×4 model and (d) 7×6 model with points of reference illustrated in calculating 

the PRs of the structures. 

Specific to this chapter of study, the models are developed using C3D8R quadrilateral 8 nodes 

linear brick with reduced integration shown in Figure 4.3 and mesh sensitivity is conducted 

based on control solid configuration in the quasi-static condition.  

 

Figure 4.3. Numerical model with boundary conditions for the compression and a local diagram of the finite 

element mesh. The final element size is chosen to ensure there are at least three elements throughout the thickness. 

Six different elements sizes, i.e., 0.8 mm, 0.6 mm, 0.4 mm, 0.35 mm, 0.3 mm and 0.2 mm are 

used for the convergence study. The force displacement diagram, internal energy to kinetic 

energy ratio as well as EA are compared. With consideration of computational efficiency and 

cost, an average size of 0.35 mm is adopted. Even though element size of 0.4 mm is sufficient 

for EA, there should be at least three elements across the thickness of the ligaments to produce 
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reliable and satisfactory outcomes [184]. Having less than three elements across the thickness 

will result in reduction in overall stiffness of the structure. Thus, an element size of 0.35mm is 

selected for the numerical modelling. 

The REAT honeycomb or the control model samples were fabricated through material 

extrusion 3D printing, which were then subjected to compression tests where the results were 

used for validation of the FE analysis. The validated FE analysis approach was then used to 

evaluated newly proposed structures for further investigations. White Acrylonitrile Butadiene 

Styrene (ABS) polymer was used as base material for fabrication of the samples using 

Flashforge Dreamer NX. ASTM D-638 Type IV tensile samples were printed as well and the 

SS curve of the base material is plotted in Figure 4.4 below, exhibiting an approximate elastic-

plastic property with Young’s modulus of 1900 MPa and yield strength of 30 MPa.  

 

Figure 4.4. SS curve of the base material with insets showing experimental setup and specimen of base materials. 

The control model contains three ligaments tangentially connected to each cylinder, namely, 

the horizontal ligament that is parallel to the x-direction and the two inclined ligaments at an 

angle. Referring to the schematics of cell geometries in Figure 4.1(a), the thickness t of both 

the ligaments and cylinders is set to be 1.0 mm. The mean diameter of the cylinders is 4.5 mm, 

cell repeat length L1 is 22.5 mm and cell repeat width L2 as 15 mm. w is set as 3.0 mm for 
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comparison between the proposed structures. The out-of-plane thickness of the honeycomb is 

25 mm to prevent out-of-plane buckling. 

For the compression test, the honeycomb sample was placed between two rigid plates with the 

bottom plate fixed and top plate crushing the honeycomb at a loading speed of 1 mm/min or 

strain rate of 0.0002 s-1 in the quasi-static experiment. The SS curve of the honeycomb is shown 

in Figure 4.6(b) with close similarity to the SS curve obtained by Hu et al. [29].  

The compression test was recorded with a digital camera (Canon EOS 800D) and tangential 

joint areas were marked to monitor the deformation of the structure. The recordings were 

processed using MATLAB image processing tool, Image Viewer, to measure the variation in 

the longitudinal strain against the lateral strain.  

The SS curve can be compartmentalized into four stages. According to the collapse process 

shown in Figure 4.6(a1) to (a4), no obvious severe deformation is observed. The ligaments 

deform elastically with slight flexure in the first stage where the stress increases linearly with 

strain. Under further compression, the honeycomb proceeds to the second stage as the stress 

remains fairly constant relative to strain. In this second stage, O′1 and O2 rotates anti-clockwise 

while O1 and O′2 rotates clockwise. Plastic hinges observed as small kinks on the inclined 

ligaments are formed at points A, A′, B and B′ shown in Figure 4.6(a2). As the compression 

advances into the third stage, more plastic hinges are formed at points C, C′, D and D′ in Figure 

4.6(a3) as the cylinders come into contact with the horizontal ligaments. At the same time, the 

cylinders push the horizontal ligaments upwards, causing a rapid increase in stress as compared 

to strain. Apart from cylinder to ligament interaction before the start of fourth stage, cylinders 

O2 and its immediate neighbour O′2 also encounter with each other. Fractures were 

subsequently observed on the cell walls at the fourth stage of the compression as evident from 

the oscillation in stress with strain. 
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The SS relationship of the REAT structure from experiment and simulation shows good 

agreement up to 30% strain in Figure 4.6(b). Beyond which, the deviation is enlarged as the 

specimen starts to experience fractures in cell walls and delamination. The FEA model is 

developed under the assumption that the internal structure is fully solid. However, given that 

the extruder takes on a continuous path in the 3D printing of samples, it is not always possible 

to fully densify the thin walls especially at the connected regions between the cylinder and the 

ligaments. Nonetheless, a combination of extrusion width and precision is carefully selected to 

minimize the voids in the interior as much as possible. Furthermore, there are slight 

discrepancies between the experiment and simulation results between 15% and 25% strain, 

which may be attributed to the quasi-orthotropic behaviour of the ABS material [184]. In 

general, the deformation, SS curve and PR are in good agreement between experiments and 

simulations as shown in Figure 4.5 and Figure 4.6. Hence, mechanical properties up to 30% 

strain are taken into consideration for numerical analysis of the new designs. 

   

   

(a1) 𝜀 = 0.10 (a2) 𝜀 = 0.15 (a3) 𝜀 = 0.25 
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(a4) 𝜀 = 0.30 (a5) 𝜀 = 0.35  

Figure 4.5. (a) Comparison of deformation patterns for REAT honeycomb between experiments (top) and 

simulations (bottom) up to 35% strain. Since fracture is not considered in the finite element analysis, a comparison 

between simulation and experiment at 35% strain shows the difference in results where fractures were present 

along the bottom-most and top-most row of unit cells of the experimental sample. 

 

    

(a1) (a2) (a3) (a4) 

  

(b) (c) 

Figure 4.6. Deformation process of the control model in experiment at various stages (a1) first stage, (a2) second 

stage, (a3) third stage and (a4) fourth stage. Comparison between experimental and FEA of REAT honeycomb 

for (b) SS relationship and (c) PR. 
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4.3 Results and discussions 

4.3.1 Single ligament designs 

The SS relationship, PR and Young’s modulus normalised by RD for the single ligament 

designs (C, Uc and Dc models) are presented in Figure 4.7 and Table 4.1. All strains used in 

this discussion is engineering strain. The compartmentalization of the first three stages in the 

SS relationship (excluding fracture in the fourth stage) for the control model is used as baseline 

for comparison with Dc and Uc structures. For Dc model presented in Figure 4.7(b), the elastic 

modulus or the stiffness of the structure in the first stage is significantly lower than that in the 

control due to curvature in the ligaments. This is also demonstrated by the normalised Young’s 

modulus of the Dc model from Table 2, which is four times lower than that of the control model.  

Given the low incident angle θinc (Figure 4.1(b)) for Dc model, the inclined ligaments are not 

strong enough to both resist the compressive loading and induce drastic rotations in the 

cylinders. Little to no plastic deformation is observed in the inclined ligaments till 

approximately 18% strain. The contact between horizontal ligaments and the cylinders is 

observed to occur as early as around 5% strain in Dc (shown in deformation pattern of the 

representative unit cell in Figure 4.7(b)-A) compared to 12% to 13% strain in control as 

observed in Figure 4.7(a)-B. Upon further compression from 6% to 13% strain, the cylinders 

of Dc pushed the downward curving horizontal ligaments upwards, producing a deformation 

dominated by elastic bending that results in the linear increase in stress in Figure 4.7(b). 

However, the stress increment was reduced slightly between 13% to 17% strain, signifying the 

formation of energy dissipating plastic hinges as the rate of increase in stress with strain drops 

temporarily. The brief plateau stress, albeit not considered as a second stage, is caused by the 

straightening of the horizontal ligaments seen in Figure 4.7(b)-B and the initiation of upward 

flexing of the horizontal ligaments from the contact interaction with the cylinder in Figure 

4.7(b)-C. Overall, the second stage is not present like the rest of the structures, as observed by 



41 

 

the lesser extent of formation of plastic hinges and the absence of plateau stress when compared 

to the control model. While formation of plastic hinges in the control model happens during 

the plateau stage, it only occurs during the third stage in Dc. 

 

(a) 

 

(b) 

 

(c) 

Figure 4.7. (a) FE simulated SS and PR-strain curve of control model. Inset shows simulated deformation pattern 

of individual cells: Inset A shows elastic flexure of ligaments in the first stage at 5% strain. Inset B shows rotation 

of cylinders, initiation of contact between cylinders and horizontal ligaments at 12.5% strain at the end of second 

stage. Solid red arrows indicate the point of contact between ligaments and cylinders. Inset C shows the rotation 

of cylinders and the upward flexing of horizontal ligaments at 25% strain with dotted black arrows illustrating the 

interaction between ligaments and cylinders after contact during the third stage. (b) FE simulated SS and PR-

strain curve of Dc model. Inset shows simulated deformation patterns of individual cells: Inset A shows initiation 

of contact between cylinders and horizontal downward curving ligaments as marked by solid red arrows at 5% 

strain in the first stage. Inset B shows the rotation of cylinders and straightening of horizontal downward curving 

ligaments due to contact with cylinders at 15% strain with dotted black arrows specifying the interaction between 

the ligaments and the cylinders. Inset C shows the rotation of cylinders and the upward flexing of horizontal 

downward curving ligaments demonstrated at 25% strain. Dc structure lacks the second stage due to the absence 

of plateau stress. Note the difference in contact points between the circled ligament-ligament contact in Dc against 

control model. (c) FE simulated SS and Poisson’s ratio-strain curve of Uc model illustrating the unique 

deformation within the entire structure at 10% strain in the second stage and 25% strain in the third stage. There 

is lack of uniformity in deformation unlike control and Dc models. 

Conventionally, increase in stiffness of the structure is accompanied by the increase in RD. 

However, being 9.5% lower in RD than control model, Uc in Figure 4.7(c) exhibits much 
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greater in-plane stiffness that is six times that of the control model in terms of normalised 

Young’s modulus. The Uc structure is more resistive to loading at the initial stage as its length 

of ligaments are shorter and incident angles are higher due to tangential attachment 

accompanied with the direction of curvature counteracting against the compression direction. 

In contrast to control and Dc models, the second stage for Uc extends significantly by the 

continual yet sequential formation of plastic hinges throughout the compression process in 

Figure 4.7(c). The unique deformation mechanism also results in more extensive rotation of 

cylinders about the plastic hinges.  

Figure 4.8(b) illustrates the deformation process of the Dc model, indicating a uniform lateral 

contraction across the entire structure. On the other hand, for the Uc model, the base of the 

model contracts first by forming an inverted V (marked by black dotted lines in Figure 4.8(a) 

at 10% strain) followed by a V shape deformation at the top of the structure (marked by black 

dotted lines at 15% strain). The demonstrated sequential deformation mechanism initiates at 

the base, then at the top followed by the middle of the Uc structure, allowing consistent 

formation of plastic hinges as well as rotation of cylinder around them. This leads to 

significantly prolonged plateau stage between 2.5% to 17.5% strain. The third stage is also 

significantly delayed as the distance to contact between the cylinder and horizontal ligaments 

are larger. 

 

Strain  nil 5% 10% 15% 25% 

(a) Uc 
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(b) Dc 

     

Figure 4.8. Deformation patterns of (a) Uc displaying the formation of inverted V deformation at the bottom of 

the structure at 10% strain, which is followed by a V deformation at the top of the structure at 15% strain to form 

a “X” deformation, and (b) Dc models illustrating an uniform deformation throughout the structure at different 

strains. 

The PRs of both control and Dc models in the elastic range (first stage) start off and remain 

relative constant at about -0.90 and -0.80, respectively. The lower Poisson ratio in the first 

(elastic) stage of Dc than control is due to the smaller lateral contraction initiated by the lower 

stiff inclined downward curving ligaments as compared to the straight ligaments. The PR of 

the control model is relatively stable after the elastic portion with values ranging between -0.80 

and -1.00 in Figure 4.7(a). Even though the cylinders begin to come into contact with the 

ligaments around 12.5 % strain, they are not laterally in contact with each other. Subsequently, 

the lateral gaps between the neighbouring cylinders are quickly closed off from the interaction 

with the horizontal ligaments as illustrated from Figure 4.7(a)-B to C, coupled with reduction 

in inclination angle of inclined ligaments. This allows for a more than proportionate increase 

in lateral strain as compared to longitudinal strain, leading to the peak of NPR at about 20% 

strain where cylinders establish lateral contact. On the other hand, the NPR of Dc in Figure 

4.7(b) gradually drops throughout the compression process after the elastic range, starting from 

as early as 5% strain when the horizontal ligaments are in contact with the cylinders as a result 

of interaction between the downward curving horizontal ligaments and its immediate cylinders 

below in Figure 4.7(b)-A. The downward curvature of the horizontal ligament restricts the 

cylinders from laterally coming into contact with each other together with the limitation of the 

rotation of cylinders by the flexure in the middle of the inclined ligaments, thus leading to a 

smaller NPR than control model. It is also noted that the inclined ligaments in Dc are in contact 

with each other instead of the cylinders shown in Figure 4.7(b)-C. 
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Unlike control and Dc, a drastic range of NPR is observed for Uc in Figure 4.7(c). The NPR 

for Uc increases linearly in the first elastic stage and then peaks at a maximum NPR of -1.80 

at 5% before exhibiting a non-linear behaviour in the second stage and dropping to -1.20 at the 

end of compression. The large and increasing NPR in the first elastic stage for Uc is attributed 

to the straightening of horizontal ligaments during the first stage coupled with the direction of 

curvature in the inclined ligaments which elicit a more drastic inward collapse of the structure 

facilitated by the rotation of the cylinders. The straightening of ligaments first started at the 

bottom of the structure, caused by the rotation of cylinders similar in direction to the cylinders 

in control and Dc as illustrated by the arrows in Uc at 5% strain in Figure 4.8(a). This 

deformation behaviour is not observed in Dc as the straightening of horizontal ligaments are 

only induced by the contact with cylinders. 

Table 4.2. The normalised Young's modulus obtained for each design. The lowest normalised Young’s modulus 

being Dc and the highest Dc+Uc. Uc achieved major improvement in Young’s modulus of up to six times when 

compared with control model. Double ligaments generally produce higher normalised Young’s modulus than their 

single ligaments counterparts. 

Configuration Control Uc Dc Dc+C Uc+C Dc+Uc 

Normalised Young’s 

Modulus 
19.3 114.2 4.98 34.1 157.5 162.1 

 

4.3.2 Double ligaments 

The SS and PR curves of the double ligament designs are illustrated in Figure 4.9 and Figure 

4.10(b). The overall normalised elastic modulus of the double ligament structures is higher than 

the single ligaments except for Dc+C which is lower than Uc as shown in Tables 2 and 4. Dc+C 

exhibits similar trends as Dc where the contact between the horizontal ligaments and the 

cylinders are brought forward earlier as observed from the continuous increase in stress with 

strain in Figure 4.9(a). Dc+C model could not reproduce a SS curve with plateau stress but 

nevertheless the elastic modulus is higher than control model, which means there is 
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reinforcement to some extent. The lack of plateau stress in Dc+C is due to the short distance 

between horizontal ligaments and cylinders, as well as the double ligament design that doubles 

the thickness of connecting ligaments between cylinders. The gap between the straight and 

downward curved ligaments are small, which are closed quickly without any plastic 

deformation. Unlike Dc, the stress for Dc+C increases relatively linearly with strain after 7% 

strain. This is because the now thicker horizontal ligaments in Dc+C are harder to bend as well 

as the earlier third stage caused by increase in RD.  

  

(a) (b) 

 

(c) 

Figure 4.9. FE simulated SS curve of double-ligaments designs (a) Dc+C, (b) Uc+C and (c) Dc+Uc with their 

respective constituent single-ligament designs. All of the double-ligaments designs show some extent of 

reinforcement to the structure in terms of higher Young’s modulus and crushing strength with increase in RD. 

The combination of control and upward curvature ligaments in Uc+C generates SS curve of 

similar trends to Uc but at a higher elastic modulus and crushing strength in Figure 4.9(b). This 
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is due to the higher RD of the structure at the expense of reduction in length of plateau stage, 

which significantly impacts on the overall EA capability of the structure.  

Finally, the elastic modulus of Dc+Uc design is higher than Uc design in Figure 4.9(c), proving 

the reinforcement of structure even if Dc ligaments with low stiffness are integrated. The 

presence of plateau stress implies that the structure is mainly driven by Uc ligaments due to its 

significantly higher elastic modulus than that of Dc. With reference to Figure 4.9(c), the 

crushing strength of Dc+UC is twice as much as that of Uc but at the cost of shorter plateau 

stage due to increased RD. 

  

(a) (b) 

Figure 4.10. (a) Combined normalised SS in which all of the double ligament designs except Dc+C exhibit larger 

crushing strength when compared to single ligament designs and (b) NPR-strain curve of both single and double 

ligament designs. Double ligament designs containing Uc as its constituent displayed characteristic of peak NPR, 

which implies that Uc ligaments play a significant role in determining the NPR of a structure. 

In terms of NPR in Figure 4.10(b), all double ligament designs except Dc+C, which does not 

possess the Uc design, show linearly increasing NPR in the elastic stage. Taken into 

consideration of the NPR both in and outside the first (elastic) stage, it is ascertained that Uc 

ligaments play a significant role in influencing the NPR of the structure throughout the 

compression process. 

Dc+C exhibits a higher starting NPR than Dc as the inclined ligaments are now more resistive 

to bending. This produces more horizontal tangential force that allows greater lateral 

contraction in the structure. As the effect generated by the stiffened inclined ligaments is 
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prolonged, Dc+C is also able to sustain a constant NPR after entry into the third stage at 5% 

strain. Furthermore, it experiences a much more drastic drop in NPR caused by the increase in 

RD and reduction in void spaces after entry into the third stage.  

The trend of NPR in Dc+Uc resembles closely to that of Uc. This can be observed by the sharp 

increase in NPR and the momentary peak present in both Uc and Dc+Uc structures. Separately, 

the peak NPR of Dc+Uc is also lower than Uc due to the increased RD. The drop of NPR after 

the peak is drastically different in magnitude which can be explained by the difference in 

deformation mechanism and the way the NPR is calculated. As the lateral contraction is 

calculated based on the average between top and bottom width, the results are deemed fairly 

accurate for structures that contract uniformly which is the case for Dc+Uc. However, this is 

not the case for Uc where the deformation is observed to be sequential. If 𝑥𝑖1 and 𝑥𝑖2 from 

Figure 4.2 are to be plotted with global strain, we will see a rapid decrease in 𝑥𝑖2 first followed 

by 𝑥𝑖1. 

The deformation pattern of Uc+C bears resemblance to that of Uc but the sequence of 

deformation is different. For Uc, the deformation initiates with an inverted “V” at the bottom 

half while Dc+C initiates with a “V” at the top half at 10% strain. Subsequently at 15% strain, 

an inverted “V” deformation is formed at the bottom half of Uc+C, producing a “X” shaped 

deformation. Based on the NPR plotted against global strain in Figure 4.10(b), Uc+C is able to 

sustain an extended strain of large NPR and less drastic reduction in NPR across the 

compression process. 
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(a) (b) 

Figure 4.11. (a) SEA-strain curves of the single ligament designs of which Uc not only has better overall SEA 

throughout the compression strain but also in the early stage of compression at lower strain. In contrast to Uc, 

both control and Dc have exponential increase in SEA which is lesser at the early strain and larger in the later 

strain. (b) SEA-strain curves of the double ligament designs where Dc+C shows similar SEA characteristic as 

control and Dc, while Dc+Uc and Uc+C both exhibits almost identical SEA. 

The SEA of each structure against global strain is illustrated in Figure 4.11. Among the single 

ligament designs, Uc outperforms both the control and Dc models in SEA across the entire 

compression process. Furthermore, Uc demonstrates consistent EA as observed by its linear 

increment in EA based on the area under SS curve of Figure 4.11(a). When compared to Uc, 

control and Dc models are only able to achieve excellent EA capabilities after their entry into 

the third stage at about 12.5% and 5.5% strain, respectively, which is shown by the gradual 

increase in gradient of SEA curve with strain.  

Among the double ligaments in Figure 4.11(b), despite Dc+C having similar SEA with Uc+C 

and Dc+Uc after 20% strain, its SEA is substantially lower before the 20% strain. This is 

attributed to the lower stiffness of the structure and the lack of second stage leading to a slow 

increase in SEA at the early stages of the compression followed by an increase in SEA at a 

much higher rate afterwards. Both Dc+Uc and Uc+C consisting of upward curvature ligaments 

show better performance in SEA capabilities throughout the compression as compared to the 

rest of the designs. Despite both Dc+Uc and Uc+C seemed to have relatively identical SEA 

through the entire compression process, the attributes to their SEA performance are vastly 

different. The performance in Uc+C mainly stems from the stiffening of the thickened 
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ligaments, whereas the performance of Dc+Uc arises from the petal-like cell (highlighted in 

Figure 4.1(e) formed by upward and downward curvature ligaments) flattening to induce more 

plastic deformation in the individual inclined circular arc ligaments. 

4.3.3 Parametric study on Dc+Uc Design 

In this section, parametric studies on the stiffness, plateau stress and SEA are carried out based 

on modifications to the design of Dc+Uc. Two separate parametric studies are conducted by 

varying the width w from 1 mm to 3 mm while keeping the diameter of the cylinders constant 

at 4.5 mm, and varying the diameter of cylinders from 1 mm to 4 mm while keeping the width 

constant at 3 mm. Due to the thickness of the ligament, the upper and lower ligaments are 

merged together at the width of 0.5 mm and 1 mm, and the structure becomes the control model 

when the width is reduced to zero. The geometric configuration of the unit cells involved in the 

parametric studies are listed in Table 3. 

4.3.3.1 Variation in width 

As shown in Table 4 and Figure 4.12(a), the in-plane stiffness, crushing strength and plateau 

stress generally increases with width. While the increase in crushing strength stems from the 

shortening of the Uc inclined ligaments as width is increased, the extension of plateau stress is 

the result of increased length of downward curvature ligaments which allows for more plastic 

deformation. 

From the control model with no width to width of 3 mm, the curve for NPR in Figure 4.12(b) 

gradually switches from a relative stable NPR into possessing distinct peaks. These peaks also 

occurs earlier at around 6% strain for Dc+Uc 3 mm width as compared to occuring at 20% 

strain for the control model. Among the three structures with merged ligaments (width 0 mm 

to 1 mm), the NPR across the entire global strain generally increases with the overall stiffness 

of the structure due to the thickening of the ligaments. In the case of width between 1.5 mm 
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and 2.5 mm where the ligaments began to form petal-like cells, the peak NPR remains relatively 

constant but the global strain at which the maximum NPR is reached drops. The magnitude of 

peak NPR increases with width from 0 to 2 mm before decreasing from widths larger than 2 

mm. The rate of decrease of NPR from the peak remained the same for widths above 2 mm. 

Table 4.3. Geometric configurations of unit cells in the parametric studies conducted. 

Variation in width keeping diameter constant 

w = 0.5 w = 1.0 w = 1.5 

   

w = 2.0 w = 2.5 w = 3.0 (baseline) 

   

Variation in diameter keeping width constant 

D = 1.0 D = 2.0 D = 2.5 

   

D = 3.0 D = 4.0 D = 4.5 (baseline) 
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Furthermore, approximately quadruple of SEA in control is observed as upward and downward 

curvature ligaments begin to form petal-like cells. Even when the ligaments are merged 

together at the width of 0.5 mm and 1 mm, the SEA doubles and triples that of the control 

model, respectively, due to increase in RD in Figure 4.12(c). Even though thickened ligaments 

prove to be a good way to increase SEA ability of the structure, they still do not possess decent 

SEA during the early stages of the compression. Comparing among structures with merged 

ligaments from 0 to 1 mm, a gradual increase in SEA at the early stage of the strain can be 

observed (elastic and plateau stage) in Figure 4.12(c). It is more evident when comparing 

Dc+Uc of width 1 mm with structures of larger width in which the rate of increase in SEA is 

higher at higher global strain but the lower at the smaller global strain. This explains the lack 

of decent EA capacity in the early stage as compared to the later stages of compression.  

In addition, it can be observed from Figure 4.12(c) that the merged structure of width 1 mm 

has close similarity in the change of SEA with the split structure of width 1.5 mm. As width is 

increased, 1.5 mm is the first structure starting with split ligaments and possesses the longest 

upward curvature ligaments, resulting in lowest stiffness as compared to structures of higher 

width. Nevertheless, the elastic modulus of the structure of width 1.5 mm is larger than width 

1 mm due to the emergence of upward curvature ligaments as well as the widening of the joint 

area. The plateau stress is also in close similarity due to the fact that the width is small enough 

that the separation is located more towards the middle of the ligaments such that the attachment 

area remains thickened. It is possible to assume that ligaments of 1.5 mm width are considered 

merged as the plastic hinges are mainly formed close to the attachment between ligaments and 

cylinders. The rate of increase in stress with strain during the third stage is higher in structures 

of width 1.5 mm due to the full-wave deformation mode in upward curvature ligaments, 

indicating a stronger EA closer to the third stage. For width larger than 1.5 mm, the slope for 
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SEA is also more constant for high strain rates as a result of the flattening and contraction of 

petal-like cells allowing for formation of more plastic hinges and hence better SEA.  

  

(a) 
(b) 

 

(c) 

Figure 4.12. (a) SS which shows both increase in normalized Young’s modulus (Table 4) and crushing strength. 

A further increase in length of plateau stress with width due to participation of more plastic deformation. (b) NPR-

strain displaying an immediate transition from a stable NPR to one with distinct peaks. The peak value increases 

for width of 0.5 mm to 2 mm, which then decreases after 2 mm. A general increase in SEA can also be observed 

in (c) based on parametric studies of the width in Dc+Uc designs. 

 

4.3.3.2 Variation in diameter 

The SS curve, NPR and SEA for variation in diameter are shown in Figure 4.14. The elastic 

modulus of the structure is generally increased with increasing diameter, due to shortening of 

Uc inclined ligaments with larger diameter thus enhancing the overall stiffness of the structure. 

The normalized Young’s modulus remained constant when the diameter increases from 4 mm 

to 4.5 mm, which may be due to the loss of rigidity in cylinders as they get larger. The plateau 
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stage is significantly lengthened with the reduction in diameter given that more space will be 

left for compression for more plastic and severe deformation to take place before the third stage. 

Furthermore, there is a transition of deformation mode with the change in diameter. At diameter 

of 1 mm, the structure, in the midst of its deformation, exhibits a “X” deformation in the middle 

of the structure at 15% strain in Figure 4.13(a). However, with reference to the same figure, the 

deformation differs drastically when diameter becomes 2 mm where a “V” shaped deformation 

is first formed at the top of the structure. Further compression produces an inverted “V” shaped 

deformation stacked on top of each other near the bottom of the structure as marked, which is 

in close similarity to deformation pattern found in Uc. In addition, the manner in which the 

cylinders and ligaments fold upon each other in the middle as they densify to fill the empty 

voids as compared to pure lateral cylinder-to-cylinder contact, elucidates the difference in 

length of the plateau stage. This effect becomes less prominent with increase in diameter as 

evident from reduction in the plateau stage in Figure 4.14(a). When diameter is at 3.0 mm, the 

structure is observed to deform uniformly in Figure 4.13(c). This is similar to what is observed 

in the deformation process of Dc in Figure 4.8(b) given the now shorter upward curvature 

ligaments that raised the overall stiffness of the structure. 

Table 4.4. Summary the relative densities and normalized Young’s modulus of the designs in the parametric study 

on width and diameter. For both variations, the normalised Young’s modulus generally increase with increase in 

RD except for variation in width between 2.0mm and 3.0mm where RD remains almost constant while normalised 

Young’s modulus increases. 

 Variation in width keeping diameter constant 

Design w = 0.5 w = 1.0 w = 1.5 w = 2.0 w = 2.5 w = 3.0 

Relative Density 0.360 0.416 0.438 0.445 0.447 0.445 

Normalized 

Young’s modulus 
38.35 60.95 68.41 90.30 113.15 162.14 

 Variation in diameter keeping width constant 

Design D = 1.0 D = 2.0 D = 3.0 D = 4.0 D = 4.5 

Relative Density 0.346 0.374 0.401 0.430 0.445 
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Normalized 

Young’s modulus 
97.87 121.76 149.41 163.20 162.14 

 

A variety of NPR is also observed with the change in diameter of the cylinders in Figure 4.14(b). 

Diameter between 1 mm and 3 mm shows NPR peaks of decreasing magnitude with increasing 

diameter. It is observed that the cylinders with diameter above 3 mm come into contact laterally 

with each other at earlier strain as compared to those with diameter of 1 mm and 2 mm. The 

structure also loses its distinct peak NPR when diameter is increased from 3 mm to 4 mm given 

the fact that the larger cylinders come into contact with the horizontal ligaments earlier at 14.5% 

strain as compared to 32% strain in smaller ones. As such, larger cylinders leave lesser room 

for the first two stages implying that the peak NPR is dependent on the lateral distance between 

the two cylinders. This explains that the structure with diameter of both 1 mm and 2 mm are 

able to achieve a much higher and distinct maximum NPR peak, which produces an obvious 

effect of folding cylinders and inclined ligaments folding on top of each other. The NPR peaks 

can be further explained by the neat and compact densification in structures of smaller 

diameters (Figure 4.13(a) and (b)) in contrast to structures of larger diameters (Figure 4.13(c)). 

Lastly, the load bearing capacity of the structure increases with diameter due to the shortening 

of Uc inclined ligaments as diameter becomes larger in Figure 4.14(c). The increase in SEA 

with diameter in the early stage is minimal given the slight increase in elastic modulus of the 

structure. However, as the entry into the third stage becomes earlier with increasing diameter, 

the difference in SEA widened with further compression.  

Given the existing parametric studies, it may be difficult to truly pinpoint an optimal structure 

owing to the numerous mechanical properties taken into consideration. For instance, to achieve 

a structure with long plateau stage and high Young’s modulus, the structure may be equipped 

with smaller diameter and larger width. While larger plateau stage is often accompanied by 
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high EA, smaller diameter may compromise the absorption capability due to its lower crushing 

strength. Therefore, due to the immense number of offsetting factors, multi-objective 

optimization method such as the particle swarm optimization algorithm [185] can be utilized 

as further work to obtain an optimal structure. 

Strain 

5% 15% 25% 

(a) Dc+Uc design with diameter of 1 mm 

   

(b) Dc+Uc design with diameter of 2 mm 

   

(c) Dc+Uc design with diameter of 3 mm 

   

Figure 4.13. The deformation process of Dc+Uc design with diameter of (a) 1 mm, (b) 2 mm and (c) 3 mm at 5 %, 

15 % and 25% strain. (a) The illustration of the formation of “X” deformation pattern marked by dotted line in 
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Dc+Uc design for diameter of 1 mm at 15% strain. (b) The entire transformation towards sequential double “V” 

at the top of the structure at 15% strain, followed by double inverted “V” formation at the bottom at 25% strain 

in Dc+Uc design for diameter of 2mm. (c) A relatively uniform deformation in design with diameter of 3mm as 

depicted by the uniform leftover porosity in each unit cell at 25% strain. 

  

(a) (b) 

 

(c) 

Figure 4.14. (a) Effect of diameter on SS curve with distinct shortening of plateau stage with increase in diameter 

due to the reduction in area of deformable porosity. (b) Effect of diameter on NPR-strain curve showing a sudden 

appearance of large NPR peak with small diameters. The NPR peaks gradually lose its distinctiveness, and the 

peak values decrease with larger diameters (c) Effect of diameter on SEA-strain curve revealing the stable increase 

in SEA in early strains but increasingly larger deviation in SEA with diameter. 

4.4 Conclusion 

By introducing arcs into ligaments of REAT honeycombs, five novel designs are 

conceptualised that exhibit significant improvements in mechanical properties including in-

plane stiffness, SEA and plateau stress. In the single ligament designs, the geometrical 

arrangement of having upward curvature of ligaments (Uc), at a lower density, performs better 

than both the control and downward curvature of ligaments (Dc). Uc also exhibits unique 

deformation pattern together with a larger NPR range. In the double ligament designs, higher 

in-plane moduli and plateau stress are observed against conventional REAT honeycombs. In 
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particular, Dc+Uc can achieve approximately eight times the in-plane stiffness of the control 

model. Furthermore, the double ligament structure exhibits better SEA capabilities especially 

during the elastic and plateau stages. It is found that Dc+Uc has approximately four times more 

SEA than control model across the entire compression process.  

Two parametric studies on varying the curvature of ligaments and cylinder diameter of the unit 

cells on Dc+Uc are carried out. It is observed that increasing diameter reduces the length of 

plateau stress while increasing width exhibit an opposing effect of increasing the length of 

plateau stress. Increasing width contributes to the increase in normalised Young’s modulus of 

the structure due to shortening of Uc ligaments. Similarly, increasing diameter produces the 

same effect but only up to a certain limit as larger cylinder leads to loss of rigidity. In addition, 

variations of both parameters generate a wide range of PR with more prominent range observed 

for the change in the diameter of the cylinders.  

Given the significant influence of geometrical parameters, an optimal combination of diameter 

and width can generate a structure that possesses high elastic modulus, extended plateau stage 

and high SEA especially in the early stages of strain. However, due to the presence of opposing 

effects between the parameters, further research will entail the use of optimization algorithm 

to generate an optimal structure. The present study sheds light on the development of novel 

REAT honeycombs that can be achieved through simple ligament modifications. 
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Chapter 5 Bio-inspired Gradient distribution 

approach on REAT structure 

In this section, study on REAT has been extended to focus on the nature-inspired gradient-

based approach to re-designing REAT honeycombs through extensive experimental quasi-static 

compression. Novel perspectives on REAT honeycomb are offered through the introduction of 

gradient distributions on two critical geometrical parameters, the cylindrical diameter (chiral) 

and height of the unit cell, rather than the traditional thickness-based gradient approach. Chiral-

based gradient approach demonstrated clear advantages in elastic stiffness, SEA and 

densification strain over uniform REAT structures of constant geometrical parameters. These 

advantages are exhibited in their extended and constantly increasing quasi-plateau stage, 

consistent SEA especially during early stages of compression, and most importantly, the ability 

to maintain a relatively constant EA efficiency that is 25% more than that of the Base uniform 

REAT structure. Height gradient-based REAT structures, on the other hand, were able to 

leverage on associations between the NPR effect and height of unit cell to demonstrate notable 

deformation patterns across various portions of the structure. The present work reveals the 

performance enhancements through alternative gradient-based approaches over thickness-

based gradient approaches and highlighted the differences in NPR between layers as the main 

driver of compressive collapse apart from the commonly concluded difference in RD. 

5.1 Methodology 

5.1.1 Design Strategy 

This study presents the concept of graded REAT lattice structures, taking inspiration from the 

gradient distribution of vascular and tubular density observed in bamboo stems and horse 

hooves, as depicted in Figure 5.1(a) and (b), respectively. The radial dimensions of vascular 

density in bamboo stem bears significant resemblance to cylinders in a REAT unit cell shown 
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in Figure 5.1(b), which can also be discerned in the horse hoof. This inspires the introduction 

of unit cells of various cylindrical sizes assembled end-to-end in multicellular columns through 

tangential attachments between cylinders and inclined ligaments in which a fully graded REAT 

lattice structure is then formed by periodically arranging the multicellular columns in 

lengthwise direction. Furthermore, the gradient distribution in bamboo stem shown in Figure 

5.1(a) may be evaluated as gradient distribution in distance between each layer of vascular or 

tubular density which could be applied to the height of unit cells. 

REAT unit cells are typically defined by several parameters as shown in Figure 5.1(c). Key 

parameters include chiral radius r, cell wall thickness t, ligament length L1 and L2, and the 

resulting layer height h. In this study, REAT unit cells are assembled into a 6x8 layered 

honeycomb as shown in Figure 5.1(d). The honeycomb has an out-of-plane depth of 25mm, 

global height H of 75.8mm, and width W of 144mm. The global height may vary slightly in 

chiral-graded REAT structures, which are listed in Table A-1. By varying the parameters of 

chiral radius and unit layer height, graded REAT structures can be attained. A more detailed 

characterization of each design is documented in Table A-1 of the Appendix. 
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Figure 5.1. (a) Graded distribution of vascular bundle density in bamboo stem, increasing from interior to outer 

periphery[90] inspiring height-based graded design in REAT structure. (b) Increased tubular density from inner-

to-outer direction in horse hoof thickness[51] which inspired the generation of graded distribution in size of 

cylinders in REAT structure. (c) Illustration of REAT unit cell with its geometrical parameters and (d) 

visualization of Base model with uniform distribution. One chiral layer is represented by red rectangle. (e) 

Gradient-based cylinder diameter approach in REAT structure: (e1) UC-P and (e2) UC-N - unidirectional, 

diameter change every three chiral layers where one chiral layer is a row of cylinders marked by red square in (d); 

(e3) BC-P and (e4) BC-N - bidirectional, diameter change every two chiral layers, varying from middle layer to 

both ends. Diameter changes in 0.5mm increments. (f) Gradient-based height variations in REAT structures: (f1) 

UH-P and (f2) UH-N - unidirectional, height change every unit cell layer from distal to proximal ends; (f3) BH-

P and (f4) BH-N - bidirectional, height change every unit cell layer, increasing and decreasing from center two-

unit cells. Height changes in 1.0mm increments. 

Two types of graded REAT structures are proposed in this present study, namely gradient in 

diameter D and height h. Furthermore, two main gradient directions are incorporated: (1) 

unidirectional and (2) bidirectional gradient. The naming conventions for increasing and 

decreasing gradients or positive and negative gradients, respectively, are referenced from the 

layer at the distal end towards the proximal end for unidirectionally graded structures. The 

direction of gradient can be recognized by the green symbols to the left of each lattice shown 
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in Figure 5.1(d), (e) and (f). Therefore, given the naming convention, UC-P is expressed as 

Unidirectional graded Chiral with a Positive gradient whereas BC-P is Bidirectional graded 

Chiral with a Positive gradient. For bidirectional graded structures, positive and negative 

gradients are referenced symmetrically from the centre layer. Thus, bidirectionally graded 

structure with the largest cylindrical diameter and smallest cylinders towards the end of the 

lattice (Figure 5.1(e4)) is expressed as BC-N with a negative gradient. Then, BC-P with positive 

gradient will define a graded lattice with smallest cylinder in the middle and increasing cylinder 

sizes towards either end of the structure shown in Figure 5.1(e3). The naming conventions for 

graded chiral structure are identical for graded height REAT structures which are separately 

detailed in Figure 5.1(f).  

5.1.2 Fabrication and Other Mechanical responses 

In this study, the material selected for the analysis of REAT and its graded honeycomb 

structures is RGD-8530DM with elastic module of approximately 780 MPa with a density of 

1.1 𝑘𝑔/𝑚𝑚3, a mixture of two standard digital materials VeroWhite Plus and TangoPlus. The 

mixture is realised by multi-material capability of Stratasys Objet350 Connex3 Polyjet 3D 

printer. RGD-8530DM is chosen over the individual constituent standard materials because the 

combination will allow the RGD-8530DM to not only have higher stiffness over the soft 

TangoPlus but also greater fracture toughness over rigid VeroWhite Plus. Polyjet is a 3D 

printing technology that uses jetting heads to spray small droplets of photopolymer in layers 

that are instantly cured by ultraviolet lamps. The multi-jet printing technology is capable of 

printing resolutions between 16 to 50 𝜇𝑚  which highly favours the demand for high 

dimensional accuracy[186], preventing inaccuracies of physical experimental validation due to 

unnecessary instability or premature fracture in any part of the honeycomb structure during 

quasi-static compression. 
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To ensure consistent results, all nine specimens were printed in one go and in three batches 

with the same cartridge, print time and post-processing. After printing, the specimens were left 

at room temperature to dry before the compression tests. The experimental setup is shown in 

Figure 5.2(a) and (b). Experiments on each design were repeated with three similar specimens 

and the results were shown to be consistent and documented in Figure A-1 to Figure A-9 in the 

Appendix. An average performance was taken from each design and then used for comparison. 

All design samples showed consistency except in Figure A-8 where slight discrepancy was 

observed between specimens due to instability in the middle layer with poor NPR. Furthermore, 

corresponding simulation setup, material characterization and experimental validation were 

done and presented in Appendix Figure A-10 and Figure A-11, respectively. Both experimental 

and simulation comparisons on the control REAT and one other random structure, UH-N are 

well within reasonable range and experiment is thus well validated. 

 

Figure 5.2. Fabrication, experimental setup, and NPR calculation of REAT designs. (a) All nine designs of REAT 

were 3D printed simultaneously using Stratasys Objet350 Connex3, ensuring consistency and repeatability of the 
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results. (b) Experimental setup for compression using Shimadzu 10kN universal test machine, recorded with a 

digital camera (Canon EOS 800D). Illustration of NPR calculation using images and marking on tangential joints 

located across the five levels between (c) undeformed and (d) deformed structure. 

Unlike uniform lattice structures, the RD of a uniform REAT structure can be defined by the 

RD of a unit cell, but specifically for a gradient-based REAT structure, the RD will drastically 

vary across the direction of the gradient due to changes in cylinder diameter or height. 

Therefore, the RD of each design is evaluated with the help of a CAD software, using the area 

occupied by the structure divided by the rectangular area occupied by the entire structure. To 

prevent the over-influence of RD over mechanical performances of various designs, the stress 

is normalized by the respective RD of every structure to eliminate any discrepancies just as 

with other chapters.  

Furthermore, in the previous chapter, the PR is calculated based on an enclosing rectangle 

within the structure to avoid the influence of boundary effect. The PR used in the previous 

work was a representative of the entire structure by taking the average of the directions. If the 

overall representation of NPR is used in this study, fine details on deformation within each 

layer of gradient distribution will be lost. Therefore, to distinguish and elucidate the various 

PR across different layers shown in Figure 5.2(c), the NPR is expressed as: 

𝜀𝑥,𝑛 =
𝑥𝑖,𝑛 − 𝑥0,𝑛

𝑥0,𝑛

(5) 

𝜀𝑦 =
𝑦𝑖 − 𝑦0

𝑦0

(6) 

𝜈𝑥𝑦,𝑛 = −
𝜀𝑥,𝑛

𝜀𝑦

(7) 

where, with close reference to Figure 5.2(c) and (d), xo and xi are the original and deformed 

width at each level n, respectively. 𝜀𝑥 and 𝜀𝑦 are the lateral and longitudinal strain of the overall 

structure, respectively. 
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5.2 Results and Discussion 

The mechanical responses of all four graded REAT honeycombs under in-plane quasi-static 

compression is discussed. The deformation patterns, SS behaviour, EA performance, and 

change in PR are compared and analysed between different gradient parameters and gradient 

directions. This section is segmented into comparison between graded chiral structures and 

Base model, as well as between graded height structure and Base model. 

5.2.1 Unidirectionally chiral gradient UC-P and UC-N 

An in-depth summary of micro deformation of unit cells in the original REAT structure was 

detailed in our previous chapter. Here, for gradient-based REAT structures, both micro and 

meso-deformation will be used to evaluate the collapse pattern throughout the compression. 

5.2.1.1 Mechanical responses from stress-strain 

By introducing unidirectional gradient-based distribution in cylindrical diameter, several key 

observations were made in the elastic, plateau and densification stages based on the SS, SEA 

and EA efficiency curves. Initially, for all three structures, a uniform deformation begins to 

occur starting from 0 to 5% strain which signifies the elastic stage. This is generally observed 

when the inclined and horizontal ligaments undergo slight flexure under load.  

After the elastic stage, the plateau stage is represented by plastic deformation in the inclined 

ligaments initiated by both the bending of ligaments and rotation of cylinders. The plastic 

deformation produced kinks on the upper portion of the inclined ligaments which can be 

observed specifically in the deformation process in Figure 5.3(b).  

 

 

 (a) 0% strain (b) 10% strain (c) 15% strain (d) 30% strain (e) 40% strain 
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Figure 5.3. Deformation process comparison for all structures at strains of (a) 0%, (b) 15%, (c) 30%, and (d) 40%. 

Key differences in graded structures include skewed "X" and "V" deformations. Asymmetrical "X" formed due 

to earlier lateral contraction on one layer compared to others, observed around 15% strain. In later compression 

stages, stacked "V," inverted "V," "banded," and positive Poisson's effect deformations were observed. 

Compared with Base model in Figure 5.4, the unidirectionally graded REAT structures started 

off with high plateau stress given the inverse relationship between cylindrical size and plateau 
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stress, and due to the deformation of smaller cylinders involved at the start of plateau stage 

which are evident in Figure 5.3(c) with UC-P producing a stronger lateral contraction at bottom 

portion of the structure. Unlike conventional auxetic structures such as the re-entrant, all three 

structures undergo a quasi-plateau stage of gradually increasing plateau stress. 

The plateau stage itself also varies according to various gradient distribution in the REAT 

structure. Control REAT started off with flat plateau stage from 7.5 to 15% strain followed by 

a slight increase in stress before continuing off with gradually increasing plateau stress shown 

in Figure 5.4(a). The initiation of the increase in stress during the plateau stage at around 15% 

strain is caused by the contact between the cylinders and the downward flexed horizontal 

ligaments as substantiated in Figure 5.3(c). The plateau stress increased under further 

compression as the downward flexed horizontal ligaments resist against the upward pressure 

caused by the cylinders below them. The stress then briefly flattened off as horizontal ligaments 

lost their flexure as they are straightened at around 25% strain shown in Figure 5.4(a1). 

Similarly, both UC-P and UC-N possess a flat plateau stage which is longer as compared to 

Base model as the graded REAT has more porosity introduced by the smaller cylinders which 

means a greater displacement between the smaller cylinders and the horizontal ligaments above 

them allowing for more plastic deformation before contact and hence more extended plateau 

stage. 

Between UC-N and control, both plateau stages show slight stress increase at 30% and 22.5% 

strain, respectively, as illustrated in Figure 5.4(a). The location of these instances of stress 

increase at different part of the plateau stage is attributed to the macro deformation mechanisms 

of the structures. Even though the contact between the horizontal ligaments and the larger 

cylinders of UC-N came as early as 17.5%, the stress increase was observed later as top layers 

with smaller cylinders underwent deformation until most of these cylinders are either in contact 

with adjacent counterparts or in contact with the horizontal ligaments above which can be seen 
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in the inset Figure 5.4(a2). The magnitude of stress increase is also larger due to the way larger 

cylinders and horizontal ligaments are in contact with one another in UC-N. The cylinders in 

Base model are very close and almost in touch with adjacent counterparts when the cylinders 

are in contact with the horizontal ligaments seen from Figure 5.4(a1), whereas on the other 

hand, seen from zoomed in inset Figure 5.4(a2), larger cylinders are adjacently far apart from 

each other when they are in contact with the horizontal ligaments. As the point of contact with 

ligaments are closer to the joints than towards the middle, the ligaments are thus even more 

resistive to upward force from the cylinders.  

In contrast to both UC-N and control, UC-P did not experience any prominent brief stress 

increments during its plateau stage as depicted in Figure 5.4(a). Comparing with UC-N, UC-P 

at around 27.5% strain did not show any stress increments as there are no contact between 

larger cylinders at the top layers with the horizontal ligaments as illustrated in Figure 5.4(a3) 

which means there is still room for plastic deformation even though the smaller cylinders in 

the lower layers were in contact with the horizontal ligaments as the effect of cylindrical 

pressure against horizontal ligaments are less significant. 

Ultimately, the characteristics of plateau stage are considered to be dependent on the overall 

deformation mechanism during the compression process. For instance, in a re-entrant with 

gradient -based thickness, its plateau stage is expected to have three flat plateau stages of 

consecutively higher stress assuming the stiffness of each gradient layer is drastically different 

given sufficient different in thickness between gradients. Conversely, uniform REAT structures 

have one single plateau stage of gradually increasing plateau stress. Again, unidirectional 

chiral-based gradient structures also have similar plateau stress to uniform REAT model but 

the sequence during the deformation process is drastically varied. From Figure 5.3(b) at 10% 

strain, the lower layers of UC-N started to collapse and laterally contract first, forming an 

marked inverted “V” deformation, followed by the lateral contraction of the top layer till points 
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of contact between cylinders and ligaments at 20% strain and finally the closing off of 

remaining porosities across the structure which produced the brief stress increase at the later 

part of the plateau stage. Correspondingly, the lower layers of UC-P also collapsed first as 

marked by the asymmetric red “X” in Figure 5.3(c), but the subsequent layers collapses and 

contract only after the cylinders in lower layers are in contact with one another or ligaments 

creating a more of layer-by-layer collapse creating a tapered “V” deformation which is most 

prominent in Figure 5.3(d) and (e). The phenomenon of brief stress increment was eliminated 

as it occurred only near the densification stage. 

 

Figure 5.4. Performance comparison between Base model (uniform REAT) and unidirectionally chiral-graded 

REAT (UC-P and UC-N): (a) SS, (b) SEA-strain, and EA efficiency-strain curves. Unidirectional chiral-graded 

REATs exhibit higher starting plateau stress, better SEA in early compression, consistently higher EA efficiency, 

and higher densification strain. Short stress increments (black and grey dotted lines) caused by upward pressure 

from larger cylinders on horizontal ligaments briefly reduce EA efficiency. NPR-strain curves for (c) Base model, 

(d) UC-P, and (e) UC-N, showing NPR at five levels defined in (c), (d) and (e). Similar middle three levels NPRs 

indicate uniform deformation during compression (c1). Drastic NPR variation between levels enables sequential 

deformation. Self-initiated collapse in level 2 (d1) and level 4 (e1) shown for UC-P and UC-N, respectively. 
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Strong lateral contraction in level 4 of UC-P generates “V” deformation in (d2). And the PR of level 2 in UC-N 

increased due to presence of porosity in (e2). 

5.2.1.2 Specific energy absorption and energy absorption efficiency 

In terms of SEA, due to the more extended flat portion in the early portion of the plateau stage 

with higher plateau stress, both unidirectionally graded chiral REAT performed better in the 

early stages of compression between 0 to 30% strain by about 50% shown in Figure 5.4(b). 

Even though the uniform REAT structure performed better after 30% strain, majority of its SEA 

comes from the later stage of the compression close to the densification, meaning that the 

amount of useful EA is not more than that of graded REAT. 

Furthermore, both graded REAT structures also performed better than the Base model as shown 

by their consistently high EA efficiency in Figure 5.4(b). However, the short stress increases in 

the plateau stress creates a dip in efficiency for control and UC-N at around 22 and 28% strain, 

respectively, marked by the red dotted vertical lines between graph (a) and (b) of  Figure 5.4. 

Conversely, UC-P exhibited a more consistent EA efficiency due to its steady increase in 

plateau stress. 

From the EA efficiency curve, it is also possible to see that the densification strain for control 

is much lesser than those of UC-N and UC-P. The EA efficiency of Base model reached its 

global maximum at around 42.5% strain which is in agreement with Figure 5.3(e) at 40% strain 

where there is little porosity left for deformation. Meanwhile, UC-P and UC-N had much 

greater densification strain both at around 50% strain. Although there is a global maximum in 

EA efficiency of UC-N at around 40%, Figure 5.3(e) showed that there are still porosity present 

in the structure for useful EA. The EA efficiency of both graded REAT structures drastically 

drops after 50% strain. 
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5.2.1.3 NPR Performance 

Unlike original REAT model, the unidirectional distribution of graded chiral had a profound 

effect on the NPR effect across various layers within the structure. With regards to Figure 5.4(c), 

apart from levels 1 and 5 which are negatively affected by the boundary effect in the proximal 

and distal ends, the middle portion of the structure consisting of levels 2, 3 and 4 exhibit NPR 

that are very close to one another. This is indicative of uniform deformation which can also be 

seen in Figure 5.4(e1) as well as the compression process recorded in Figure 5.3. UC-P and 

UC-N, on the other hand, possess substantially differentiated NPR from different layers. They 

all display peaks at various strain, demonstrating a sequential collapse from one layer to another. 

However, this does not necessarily hints at a layer-by-layer collapse observed in thickness 

graded structure. 

With close reference to levels 2, 3 and 4 first, UC-P started off the elastic stage with increasing 

NPR in all three layers of almost equal magnitude with slightly higher NPR effect in level 2 

which demonstrates the lack of stiffness in layers with larger cylinder. Next, at 7.5% strain, the 

NPR of level 2 peaked before dropping off as illustrated in the NPR-strain graph in Figure 

5.4(d) and flexure in ligaments displayed in Figure 5.4(d1). The NPR of level 2 was then 

overtaken by level 4, signifying the start of collapse in level 4, in which the NPR peaked up to 

a NPR of -1.3. This is evident from Figure 5.4(d2), which clearly shows a disproportionately 

larger lateral contraction (marked with a red arrow) in level 4 compared to other levels. 

Between around 10 and 30% strain, the NPR of level 3 is higher than level 2 but lower than 

level 4 due to interlayer influence from high NPR effect from level 4 as it is known that smaller 

cylinders exhibit stronger NPR effect than larger cylinders. For these three levels, all of them 

lose NPR at a constant rate implying that there was no lateral distance to cover between 

adjacent cylinders, leaving only the vertical displacement to condense which is apparent in 

Figure 5.3(d) of UC-P.  
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Again, considering the middle three levels, level 4 in the elastic stage began with higher NPR 

than level 2 and 3, indicating that in this case, larger cylinders have poorer stiffness when 

compared to other levels with smaller cylinders which is also true in UC-P albeit of smaller 

magnitude. The difference in magnitude may be due to UC-N having four chiral layers of 

largest cylinder while UC-P only has three.  

In UC-N, the collapse of level 4 peaked at around 12.5% strain forming an inverted “V” 

deformation shown in Figure 5.4(e1) before dropping off till around 17.5% strain at which a 

turning point where level 2 started to show stronger NPR effect than level 4. This reversal is 

caused by the cylinders in the lower levels coming into contact with the horizontal ligaments 

instead of adjacent cylinders contacting one another. The mentioned contact restricted the 

further lateral contraction causing the NPR of level 4 to gradually drop. Subsequently, the NPR 

of level 2 peaked at around 22.5% strain shown in Figure 5.4(e2) before dropping after the 

adjacent cylinders close off the lateral displacement.  

It is noted that level 1 and 5 of all three structures are distinctly lower than the other levels. 

Referring to the uniform REAT, despite being uniform in deformation, level 1 and 5 showed 

lower NPR due to the boundary effect from the proximal and distal ends. The influence from 

boundary effect is prevalent in the graded REAT structures due to the frictional contact between 

the structure and the compression plate. Undoubtedly, under the assumption of negligible 

friction, it is expected that level 5 consisting of the smallest cylinders should exhibit the 

strongest NPR effect regardless of sequence of collapse. Therefore, it is confirmed that 

unidirectionally graded chiral REAT structures deviate remarkably from uniform deformation 

while producing a drastically varying NPR among different level defined within the structure. 

It is also worth noting that the sequential deformation discussed in this work does not imply 

orderly collapse from top to bottom, instead, a collapse or lateral contract of one level may 

potentially has a interlayer propagation effect which initiates the contraction of another or an 
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initial collapse all by the layer itself due to its lack of stiffness or enhanced stiffness due to 

cylinder to ligament contact. 

In essence, the sequential collapse from one layer to another is not driven by the stiffness 

difference between layers of varying cylindrical diameter. Rather, it's the NPR effect that drives 

this phenomenon. On the contrary, when considering a gradient-based distribution in thickness, 

the collapse becomes solely dependent on the stiffness variation. This variation arises from the 

drastic differences in relative densities among the layers. The creation of a gradient in chiral 

diameter introduces another dynamic. In this case, the difference in NPR between layers 

becomes more influential than the differences in RD and stiffness. This differential in NPR 

emerges as the main driver of deformation in graded chiral lattices. 

5.2.2 Bidirectionally chiral gradient BC-N and BC-P 

5.2.2.1 Mechanical responses from stress-strain 

Much similar to unidirectionally chiral-graded REAT structure, both BC-N and BC-P are able 

to retain the gradually increasing plateau stress as well as higher elastic stiffness against Base 

model. Furthermore, brief stress increment and concentration are discovered in these structures. 

Firstly, both plateau stages of the bidirectional chiral graded REAT structure started off 

relatively flat, with BC-P exhibiting a slightly higher plateau stress than BC-N after around 12% 

strain, as shown in Figure 5.5(a).This can be attributed to the fact that the bulk of deformation 

in BC-P involved smaller cylinders as compared to BC-N, as can be seen in Figure 5.5(a1), 

where a majority of deformation involved smaller cylinders. BC-N extended its plateau stage 

till around 30% strain before experiencing a brief stress increment caused by the interaction 

between largest cylinder in the middle chiral layer and the horizontal ligaments mentioned in 

the earlier section, as illustrated in Figure 5.5(a). On the other hand, BC-P produced a plateau 

stage with gradual increase in stress comparable to UC-P before exhibiting various catastrophic 
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fracture in the layers near the proximal and distal end of lattice marked by red circle in Figure 

5.5(a1), leading to large drop in stress. As materials have higher fracture toughness, this shows 

that this design tends to produce various regions of high stress concentration leading to failure. 

The major difference between the two plateau stages is the various locations where the collapse 

was initiated. The middle layer of BC-N with the largest cylinder collapsed first before top and 

bottom layers began to collapse simultaneously as observed in Figure 5.3(b) and (c). However, 

the pressure from the largest cylinders on its horizontal ligaments above had started just as the 

next biggest cylinders came into contact with the horizontal ligaments, and this caused a 

miniature stress increase at 27.5% strain. Interestingly, unlike all other graded structures, BC-

N exhibited an obvious second plateau stress between 37.5% and 45% strain, strongly 

indicating the ongoing plastic deformation of top and bottom layers with smaller cylinders. 

This is substantiated by the presence of remaining porosity between adjacent cylinders, and 

between cylinders and horizontal ligaments that are above and below, as shown in Figure 5.3(d). 

The deformation is followed by the closing of these gaps observed in Figure 5.3(e).  

 

Figure 5.5. The following figure presents a summary of (a) SS curves, with an inset showing combined SEA and 

EA efficiency graphs. Bidirectionally chiral-graded REATs exhibit higher plateau stages than the Base model. 

Concentrated deformation in BC-P's middle leads to fractures near proximal and distal ends, while contact 

interaction between large cylinders and horizontal ligaments causes mini-stress increases, as observed in the Base 

and UC-N models. Though EA efficiency is higher than the Base model, densification strain of bidirectionally 

graded REATs is nearly equivalent. Graphs depict NPR-strain for (b) BC-N and (c) BC-P. Despite closely related 

NPRs between levels in BC-N, distinct inverted "V" and upright "V" deformations emerge, with level 2 peaking 

around 15% strain (b1). In contrast, significant NPR divergence between levels in BC-P results in pronounced 

deformations, especially when the spike in level 5's NPR at 10% strain creates an inverted "V" deformation in the 
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lower structure portion. This phenomenon carries over to level 4, forming a noticeable hourglass shape in the 

lower lattice section, while the top half shows little to no plastic deformation. 

5.2.2.2 Specific energy absorption and energy absorption efficiency 

The SEA of bidirectionally graded chiral REAT performed similar to that of unidirectionally 

graded chiral structure where more energy can be absorbed in the early stage of compression 

instead of having useful EA that are concentrated towards the densification stage in the Base 

model shown in Figure 5.4(b). Once again, the brief stress increments were accompanied by a 

significant drop in EA efficiency, as observed in BC-N, and are marked by the solid blue and 

red line between the SS curve and EA efficiency curve in Figure 5.5(a). Despite their higher 

EA efficiency, the densification strains in these structures are lower compared to their 

unidirectionally graded counterparts. Apart from global maximum defining the densification 

strain, analysis of its subsequent deformation after densification strain as well as the presence 

of fracture arising from failure to distribute stress throughout the structure are sufficient proof 

to conclude one’s densification stage. For instance, the densification strain was concluded to 

be at the point where BC-P exhibited a sharp global maximum peak at 45% strain along with 

drastic drop in efficiency, coupled with Figure 5.5(a1) showing evidently compact middle 

layers, creating stress concentration in the layers whose movements are restricted by the 

boundary effect in the proximal and distal ends. Likewise, BC-N had its EA efficiency peaked 

at around 43% strain and subsequent deformation after this strain only involved further bending 

of ligaments within the protruding portion of the layer under the influence of boundary effect 

close to the distal end marked by the blue circle in Figure 5.5(a2). Thus, it is concluded that 

while bidirectional graded REAT structure offers good EA efficiency, their densification strain 

remains questionable in comparison to the uniform REAT structure. 
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5.2.2.3 NPR performance 

Previously, peaks of various levels at different strains defined the sequence of deformation in 

the unidirectionally distributed chiral gradient REAT. Here, in the bidirectionally distributed 

chiral gradient, peaks are also observed, except that the peaks in BC-N are comparatively 

gentler, as depicted in Figure 5.5(b). During the elastic stage in BC-N, the NPR of level 4 

started off lower than that of level 2 and 3, implying that the smaller cylinders in level 4 have 

inherently higher stiffness than the larger cylinders in level 3. Despite having the same cylinder 

size, level 2 experienced stronger NPR effect than level 4. This is due to the effect of interlayer 

influence caused by cylinders in level 3 coming into contact with horizontal ligaments. This 

carry-over effect did not affect the lower levels because given the structure of the REAT unit 

cell, it is not symmetrical, and the cylinders are directed upwards which causes them to be more 

prone to interact with ligaments above them instead of the ones below them. The NPR of level 

2 peaked at around 15% strain, producing a “V” deformation at the top portion of the structure 

and a concurrent double inverted “V” deformation at the bottom portion of the structure shown 

in Figure 5.5(b1).  

Notably, before level 2 peaked in its NPR, level 1 which is closest to the proximal end showed 

stronger NPR than level 4 which is further away from the boundary effect which can be 

explained by the interlayer influence effect caused by high NPR from level 2. It is also 

worthwhile to consider the fact that despite both proximal and distal ends possessing the 

smallest cylinders which is expected to show a substantial NPR effect, the NPR performance 

was poorer than the levels with larger cylinder which illustrate the detrimental impact of the 

boundary effect on the NPR performance. This is further substantiated by the lower NPR of 

level 1 and 5 compared to rest of the levels of control REAT given the uniformity in 

deformation. Furthermore, the boundary effect from the distal end is stronger than the proximal 

end, attributed to the larger surface area of contact between the plate and the lattice. Thus, the 
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presence of larger friction restricts the mobilization of bottom portion of the lattice as compared 

to the top portion. This is also partially the reason that inverted “V” deformation is more often 

observed than “V” deformation. 

Conversely, a diversity of NPR between the middle three levels in BC-P was observed in the 

early stage of compression up to 25% strain. Between levels 2, 3 and 4, the deviation from one 

another widened as level 5 started to laterally contract till peak at approximately 12.5% strain 

where the cylinders of chiral layer 12 came into contact with the ligaments above. Despite not 

having a strong NPR effect given its proximity to distal end, the contraction in level 5 also 

initiated the lateral contraction in level 4 via the interlayer influence effect. Hence, the peak in 

NPR of level 5 at 10% shown in Figure 5.5(c2) forming an inverted “V” is sequentially 

followed by peak in NPR of level 4 at around 15% strain in Figure 5.5(c1). The strong NPR 

effect in level 4, in turn, was propagated over to level 3 but to a lower extent. It can be seen 

that the propagation effect gets weaker as cylinder size becomes smaller which is illustrated by 

the negligible effect of level 3 on level 2 whose NPR slightly dropped as level 3 increased. 

Furthermore, larger cylinders have greater propensity to rotate along with bending of ligaments 

whereas the rotational effect in smaller cylinders are less dominant as compared to bending of 

ligaments. 

5.2.3 Height based gradient distribution in REAT 

5.2.3.1 Stress-strain, mechanical responses, SEA, and absorption efficiency 

Results from the experiments on gradient distribution in height on REAT had shown 

insignificant effect on the mechanical behaviour and EA capability. Considering all the layers 

in these four graded designs, the ratios of 𝐿2 to 𝐿1 fall between 1.5 and 2 which had been shown 

to have weaker dependence of the SS curve and the SEA on the ligament length ratio [30][106]. 

The insignificant impact by the graded distribution in height is illustrated in the following 

Figure 5.6. However, the deformation patterns of REAT with graded height distribution are 
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much more predictable and discernible. Cell layers with taller unit cells or smaller 𝐿2/𝐿1 ratio 

contains larger displacement between the cylinders and the horizontal ligaments allowing for 

greater plastic moments and deformations. This is clearly observed in all height-graded REAT 

structures shown in Figure 5.5 where layers with greater height showed stronger lateral 

contraction than the layer with smaller height. It is also noted that BH-P exhibited higher 

plateau stage than the control REAT model and the rest of the height-graded structure shown 

in Figure 5.6(a) because due to the shorter displacement between cylinders and the horizontal 

ligaments in the middle layer, the cylinder to horizontal ligament contact came as early as 10% 

strain as illustrated in Figure 5.3(b) which caused the stress to start increasing after the elastic 

stage.  

 

Figure 5.6. (a) SS comparison between Base model and height-based graded REAT structures, showing minimal 

impact of applying gradient Based approach in height on the SS performances. (b1) shows the SEA-strain of the 

structures in which, again, the EA capacity of the introducing gradient distribution in height is relatively similar 

to that of BASE model. (b2) illustrates the EA efficiency between the structures and again, variations are mostly 

similar, and all of the height graded REAT structure densifies at around 40-45% strain, close to Base model. 
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5.2.3.2 NPR performance 

Despite the poor correlation between graded height and SS and EA performance, strong 

relationship between height and NPR exhibited drastic variations in NPR across various 

designs. This can be concluded in Figure 5.7 where NPRs of different levels are well 

distinguished from one another as compared to that of chiral-based graded REATs shown in 

Figure 5.4 and Figure 5.5. A well individualised NPR curve for each level in UH-P (Figure 

5.7(a)) with level 1 having the stronger NPR effect followed by level 2, 3, 4 and finally 5. 

Whereas on the other hand, the trend in UH-N (Figure 5.7(b)) is reversed with level 4 (which 

is level 2 of UH-P) having the strongest NPR effect followed by 5, 3, 2 and 1. The reduction in 

NPR effect of level 5 of UH-N is due to the boundary effect on the distal end. Despite being 

influenced by boundary effect at proximal end, level 1 of UH-P continues to outperform the 

rest of the level. However, the same unit cell now near the distal end, with similar NPR trend, 

showed smaller NPR effect which goes to show the more detrimental impact of distal end over 

proximal end on the NPR effect. The significantly differentiated NPRs between levels created 

a tapered deformation through the outline of the unidirectionally graded REAT structures as 

illustrated in Figure 5.3 between 15 and 30% strain. 

Notably bidirectional height graded REAT structures in Figure 5.7(c) and (d), the NPRs of 

levels with same unit cell configuration are almost equivalent of each other except for the level 

1 and 5, implying that the NPR effect within each level was very much individualized unlike 

graded-chiral REAT structures where one level may have a profound interlayer influence over 

another depending on the size of the cylinders. As previously explained, the gradient 

distribution of cylindrical size every three chiral layers implies that the cylinders of various 

sizes may be shared between unit cells which makes the deformation within each level more 

interdependent. In contrast, even though the cylinders are shared between unit cells, the 

cylinder sizes are constant, and the geometrical change is discrete between layers of unit cells. 
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Furthermore, unlike unidirectional graded height, there are, to a certain extent, a detrimental 

impact on the neighboring levels can be deduced from Figure 5.7(c) where the performance of 

level 3 is poor given the smallest height of the unit cell being the weakest as well as the earlier 

contact between the cylinder and the horizontal ligaments heavily restricting the NPR effect. 

In addition, the NPRs of levels 2 and 3 of BH-P are much lower when compared with level 2 

and 3 of Base model in Figure 5.4(a) while the NPRs of level 2 and 3 in BH-N are relatively 

similar to those of Base model. Even though it was discussed that the NPR of each level are 

distinct and individualized, the poor NPR effect of level 3 in BH-P could restrict its neighboring 

levels which can also be observed in the deformation process of BH-P in Figure 5.3 where a 

bulge in level 3 was much more obvious after 15% strain. 

Overall, there is a lack of interdependence between SS and change in height of the unit cell due 

to the short range of 𝐿2/𝐿1 ratio. However, despite the limited range in 𝐿2/𝐿1 ratio, drastic 

range of NPR was observed between layers of various height configurations. Deformation 

pattern observed in height graded REAT was predictable as it is driven by the NPR effect of 

different layers. 
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Figure 5.7. Summary of all NPR-strain of four height-graded REAT designs namely (a) UH-P, (b) UH-N, (c) BH-

P and (d) BH-N. Except for BH-P, the NPRs of each layer are clearly separated indicating a significant relationship 

between height of the unit cell and its corresponding NPR effect. 

5.2.4 Comparative Summary 

A radar chart is shown in Figure 5.8 to compare the normalized performance between Base 

model and (a) chiral-graded and (b) height-graded REAT structures. The integration of the 

chiral-based gradient resulted in significant improvements, especially in areas such as elastic 

stiffness, plateau stress, and SEA during the early stage of compression. Even though the SEA 

is lower at the later stage of compression, this is offset by the extended densification strain and 

consistently higher EA efficiency. In contrast, height-graded REAT structures only produced 

stronger NPR effects with the rest of mechanical performances being fairly similar to Base 

model. BH-P is only distinguishable from the rest of height-graded structures due to the early 

collapse of the shortest unit cells in the middle layers, creating an early contact between 

cylinders and the horizontal ligaments, allowing the structure to skip the flat plateau stage and 

enter the stage with increasing stress. 
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Figure 5.8. Radar chart illustrating the normalized comparison of key quantifiable performances between (a) 

chiral-graded REAT and (b) height-graded REAT structures, using Base model performance parameters. In (a), 

chiral-based gradient advantages over the Base model include higher elastic stiffness, higher plateau stress, and 

improved SEA at densification stage. Additionally, higher EA efficiency and a greater NPR effect are achieved 

through integrating a range of chiral diameters. For height gradient in (b), aside from the higher NPR effect, most 

mechanical performances are relatively close to the Base model, except for BH-N, which exhibits early cylinder-

to-ligament interaction in layers with the shortest unit cell, bypassing the flat plateau stage. 

The results of this study had demonstrated that the graded REAT structure especially the chiral-

based graded REAT exhibited superior performance in terms of SEA compared to most other 

lattice structures found in literature illustrated in Figure 5.9. Notably, despite the enhanced 

mechanical properties, the density of the graded REAT structures remained around the average 

range. Furthermore, according to the Ashby plot, it is challenging to achieve a higher SEA 

while simultaneously keeping the density of the structure low especially for polymeric lattice 

structures. However, the promising performance of graded REAT structure indicate that 

advancing novel configurations by drawing inspiration from bio-structures may be possible in 

overcoming this limitation. This also suggests that there is potential room for further 
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exploration of bio-inspirated and its related development of lightweight lattice structures with 

improved SEA, tackling the challenges and trade-off between mechanical performance and 

density of the structures. 

 

Figure 5.9. Ashby plots illustrated to compare SEA of graded REAT structures with various other lattice structures 

and foam in literature,[187]–[194]. The focus of the comparison was mainly on polymeric lattice structures rather 

than metallic lattices due to the significant differences in material properties between polymers and metals. Results 

indicated that graded REAT structure outperformed most of the lattice structures shown in terms of SEA while 

keeping their density close to average. 

5.3 Conclusions 

In this study, eight novel designs and Base model of REAT structures with gradient distribution 

based on cylindrical diameter and height were evaluated. For the gradient based on cylindrical 

diameter, the modified structures exhibited greater stiffness compared to the original Base 

REAT structure. These particular set of graded designs also had a more profound influence on 

the extension of their plateau stage, while maintaining a gradual increase in plateau stress, 

which is advantageous for consistent EA in both early and late stages of compression, at the 

same time, achieving a more stable and improved EA efficiency. 

Moreover, significant variations in NPR were observed in the middle three levels of the graded 

chiral REAT structures. The differences in NPR effect outweighed the stiffness differences 

between layers, leading to sequential deformation rather than layer-by-layer collapse, as seen 
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in graded thickness structures driven by stiffness or RD differences in most literature. 

Additionally, effects of interlayer influence were identified between layers with larger cylinders, 

which had a greater impact on the overall structure compared to smaller cylinders. These 

interlayer influences were directional, owing to the geometrical configuration of REAT unit 

cells. 

Regarding height-graded REAT structures, no drastic deviations were observed from the Base 

REAT model, except for the drastic NPR effect. This indicates a lack of interdependence 

between the height of the REAT unit cell and SS performance. This work provides insights into 

the mechanical responses of REAT structures with gradient-based configurations in cylinder 

diameter and height. 
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Chapter 6 Gradient Distribution Approach on Arc-

shaped ligaments in REAT structure 

In contrast to previous chapter, gradient-based approaches had been applied with the available 

geometrical parameters found in conventional REAT structure with straight ligaments. As such, 

the two main tuneable geometrical parameters are radius of the cylinder and the height of the 

unit cell. However, with the introduction of arc-shaped ligaments in the previous chapter, more 

tuneable geometrical parameters can thus be varied to expand the range of tunability in extra 

geometrical parameters such as the direction of curvature and degree of curvature. 

6.1 Design Strategy 

This section elucidates the design methodology for graded REAT featuring arc-shaped 

ligaments, aiming to manipulate the curvature degree of each curved ligament across the unit 

cell layers to achieve a graded curvature effect. Figure 6.1 visually represents this concept, 

showcasing a progression of curvature from one unit cell to another, increasing from left to 

right. By integrating this concept, series of designs are generated to evaluate the impact of 

utilizing gradient-based approach on curvature and its potential changes in combination with 

other parametric change such as the radius. It is also important to highlight that, as defined in 

Chapter 3 and illustrated in Figure 6.1(a) and (b), the REAT structure under examination 

exhibits a disparity in curvature between the inclined and horizontal ligaments. This 

discrepancy arises due to the tangential attachment, which is dependent on the distance between 

two cylinders. Concurrently, the horizontal and inclined arcs maintain an equal distance of w/2. 

Given that the horizontal ligament is twice the length of the inclined ligament, the horizontal 

arc has a lesser degree of curvature. In contrast, by eliminating the w/2 distance and allowing 

the arc to solely reference the horizontal ligaments—which are twice as long—the degree of 

curvature between the horizontal and inclined ligaments is equalized. The attachment points of 
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the cylinders connected by the inclined arc are subsequently adjusted to align with the 

horizontal arc and the cylinder’s tangential attachment, as depicted in Figure 6.1(c). 

 

Figure 6.1. Unit cells of (a) Control and (b) UC with increasing degree of curvature from left to right shown in (d) 

which illustrates the degree of curvature being adjusted by increasing the value of w/2 at an increment of 0.5 from 

w/2=1 to 36 shown in unit cell of UC. However, to ensure equal degree of curvature, method of drawing is 

illustrated in (c) to show the new definition of curvature with only reference to the horizontal arc. 

Consequently, the investigation commences with an exploration of four graded REAT curved 

honeycomb structures, encompassing two with unidirectional and two with bidirectional 

distributions of ligament curvature, as illustrated in Figure 6.2. The structures are 

systematically named to reflect their gradient distribution characteristics: ‘U’ denotes 

unidirectional, and ‘B’ denotes bidirectional. The second letter in each abbreviation indicates 

the direction of curvature change from the bottom to the top of the structure for unidirectional 

and from middle to both ends of the structures for bidirectional. This naming convention has 

been intentionally simplified to avoid any potential confusion with terminologies used in other 

chapters of this study. 
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Figure 6.2. Illustration of four designs to be evaluated in this study. Two honeycombs are unidirectionally 

distributed with black arrow showing direction of increasing degree of curvature. Based on the direction of the 

increasing in curvature, the honeycombs are named as (a) Ui and (b) Ud with “U” indicating unidirectional 

gradient and “i” and “d” implying the increase and decrease in curvature from bottom to top, respectively. 

Subsequently, the bidirectionally distributed design are named as (c) Bi and (d) Bd. 

6.2 Results and Discussion 

This section delineates the mechanical behaviors of REAT under graded curvature conditions, 

utilizing four distinct design configurations. Each design is characterized by a unique gradient 

distribution, yet it is crucial to emphasize that these variations are derived from different 

arrangements of an identical set of layers with varying curvatures. When reconfigured, each 

design can be transformed into any of the others, highlighting their inherent similarity despite 

the apparent differences in gradient distribution. As illustrated by Figure 6.3, there is no 

significant difference between SS relationship. While acknowledging the inherent similarity in 

nature, the deformation observed may also elucidates the lack of discernable difference in the 

SS relationships across the designs. This also underscores the fact that despite the variation in 

structural configuration, the fundamental mechanical behaviors remain consistent in quasi-

static compression.  
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Figure 6.3. SS relationship between the four designs of REAT with graded curvature. There is no drastic difference 

between the four designs as it is noted that these variations essentially stem from different arrangements of the 

same set of layers of various curvatures. 

Figure 6.4 provides additional substantiation to this observation, demonstrating a consistent 

initiation of plastic deformation in the layers characterized by the smallest curvature ligaments, 

subsequently progressing towards layers with larger curvature ligaments. This trend underlines 

the notion that ligaments with a larger curvature exhibit an increased resistance to compression 

compared to their straighter counterparts. However, an exception is observed in design Ud, 

where the plateau stress, occurring between strains of 0.25 and 0.35, is notably higher than in 

other designs. This is attributed to the premature collapse of a structurally stronger layer 

preceding the failure of a weaker one, resulting in a temporary increase in stress levels. The 

sequential collapse of layers is exemplified by design Bi, as shown in Figure 6.4(c). Here, the 

layer with the smallest curvature, and thus the weakest, succumbs first at a 15% strain. Despite 

the symmetrical gradation in curvature from the centre to the extremities of the structure, the 

lower layers yield prior to the upper layers, a behaviour that is evident at strains of 25% and 

35%. 
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 15% 25% 35% 

(a) 

Ui 

   

(b) 

Ud 

   

(c) 

Bi 

   

(d) 

Bd 

   

Figure 6.4. Deformation patterns for all four designs at three different strains of 15, 25, and 35%. The sequence 

of deformation is predictable as the layers with least curvature will collapse first followed by layers with greater 

curvature. 

In comparison to REAT with graded curvature and a smaller radius of 2mm, the structure Ui-

R=2, as observed in Figure 6.5, exhibits an elevation in plateau stress and an enhancement in 

structural stiffness. The diminished stiffness displayed by Ud-R=2 relative to Ui-R=2 is 

attributed to the interaction between the horizontal arc ligament and the top plate, as opposed 

to the cylinder, potentially compromising the structure’s rigidity. Furthermore, there is a 

substantial increase in densification strain, shifting from 0.45 to approximately 0.6 strain. 

Consequently, reducing the cylinder size positively influences the mechanical response, 

enhancing stiffness, plateau stress, and densification strain. As explored in the parametric study 

in section 3.3.3, a reduction in cylinder size typically results in weaker stiffness due to the 
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shortening of ligaments generated from larger cylinders contributing to greater stiffness. 

However, in this graded scenario, the decrease in cylinder size in Ui-2 positively impacts the 

mechanical performance of the structure, despite a slight elongation of the arc ligament from 

the tangential attachment. Additionally, the deformation patterns of REAT with graded 

curvature and a cylinder size of 2mm, as illustrated in Figure 6.6 at 15% strain, clearly indicate 

that ligaments with lesser curvature are predisposed to collapse first, regardless of their position 

in the lattice. Although subsequent layers are expected to collapse in order of increasing 

curvature, this pattern does not hold true in both Figure 6.5 and Figure 6.6. This suggests a 

non-linear relationship between the curvature of the inclined ligaments and the stiffness of the 

structure at these two cylindrical sizes.  
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Figure 6.5. Comparison between graded REAT with curvature Ui of larger cylindrical diameter of 3mm and 

graded REAT with curvature Ud-2 and Ui-2 of cylindrical diameter of 2mm. Aside from the contact between 

horizontal arc ligaments and the top plate in Ud-2, Ui-2 in general exhibited better stiffness, higher plateau stress 

as well as larger densification strain as compared to graded counterpart with larger cylinder size. 

Aside from the bidirectional graded REAT, unidirectional graded REAT structures across both 

cylindrical sizes initiated with collapse of ligaments with least curvature followed by a joint 

collapse of the layers with greater curvatures. Moreover, the horizontal ligaments appear to 

play a less significant role in the structure’s stiffness, as stress concentration is predominantly 

observed in the inclined ligaments during the elastic stage of compression. Conversely, the 
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horizontal ligaments become more involved in the later stages of plastic deformation, 

participating in the straightening and downward flexure of ligaments and their subsequent 

contact interaction with the cylinder, which is delayed to the later stages of compression 

compared to straight ligaments. 

 15% 30% 45% 

(a) 

Ui-2 

   

(b) 

Ud-2 

   

Figure 6.6. Deformation patterns of unidirectionally graded curvature REAT structures with cylindrical size of 

2mm. Ligaments with least curvature is almost always expected to collapse first however, the layer-by-layer 

collapse is not in sequence as expected from increasing curvature. 

Upon transitioning from a gradient in curvature with a cylindrical size of 3mm to a graded 

curvature with a cylindrical size of 2mm, a comparative analysis was conducted between the 

gradient in radius in REAT with constant curvature and the previously superior structure, which 

also possesses a graded curvature but with a cylindrical size of 2mm. Intriguingly, the plateau 

stress exhibited by both structures is relatively comparable. However, the structure denoted as 

Ud-r demonstrates a reduced stiffness in comparison to the other two structures. This is 

attributed to the initial deformation occurring in the lower layer, which is inherently less stiff 

than the subsequent gradient layers. In contrast, the structure labeled as Ud-i manifests a higher 

elastic stiffness than Ud-r. This is due to the gradient layer at which the initial collapse 

transpires, providing a stiffer response. As such, with reference to Figure 6.8, initiation of 

collapse for both structures, regardless of the strength of the bottom layer, consistently begins 
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at the bottom layer during the onset of compression. Given that a reduction in cylindrical size 

generally results in an increase in structural stiffness, the stiffness of Ui-r is consequently higher 

than that of Ud-r. The subsequent deformation follows a consistent pattern, with the initial 

collapse of the bottom layer leading to the collapse of the mid-layer which forms a tapered “V” 

deformation pattern, followed by plastic deformation in the undeformed region and eventual 

densification.  
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Figure 6.7. SS comparison between unidirectionally increase curvature with cylindrical size of 2mm and graded 

REAT structure with graded cylindrical size at constant curvature. Due to notable deformation, Ud-r has a lower 

stiffness as compared to Ud-i. 
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Figure 6.8. Deformation patterns of unidirectionally graded REAT structures with graded cylindrical size. Regard 
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6.3 Concluding Remarks 

The investigation continues, building upon the insights gained in the previous two chapters, 

examining conventional REAT, REAT with arc-shaped ligaments, and graded REAT structures 

derived from conventional REAT geometrical parameters. The exploration commences with an 

analysis of the REAT structure featuring graded curvature, where the design methodology has 

been refined to ensure a uniform curvature across all layers.  

Remarkably, there is an almost imperceivable difference between the graded structures, 

attributed to their analogous elastic and subsequent plastic deformation behaviours. Moreover, 

as all four structures incorporate identical gradient layers in their configuration, altering the 

arrangement of each gradient layer appears to have little to no substantial impact on the overall 

mechanical performance of the structures. 

Subsequently, the focus is shifted towards REAT structures with a smaller cylindrical size and 

graded curvature, revealing enhancements in both plateau stress and elastic stiffness. 

Progressing further, the investigation reproduces the REAT structure with a constant curvature 

and varied radius, resulting in a marginal improvement in stiffness due to early deformation, 

though the plateau stress did not exhibit significant enhancement. 

While the study provides valuable perspectives on the gradient-based approach, it may still be 

limited as it maintains a constant value for other significant geometrical parameters. A 

potentially more intriguing deformation behaviour might emerge if both the cylindrical size 

and curvature are varied simultaneously. However, given the extensive combinations and 

permutations of potential structures, a comprehensive analysis of this nature may be more 

suitably addressed in future research endeavours. Employing advanced optimization 

techniques, such as particle swarm optimization, could prove helpful in identifying the most 

optimal configuration combinations.  
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Chapter 7 Graded Hierarchical sub-structures and 

Graded Fractal Self-similarity 

Apart from topological enhancements and subsequent integration with gradient based approach 

in conventional auxetic structure such as REAT structure as elucidated in the previous chapter, 

this study similarly proposes a series of novel fractal honeycombs based on the combination of 

functionally graded concepts with fractal self-similarity features, which are constructed by 

varying the fractal parameter in each layer of the traditional self-similar honeycombs.  

Two graded fractal honeycombs with symmetric gradient and another two with asymmetric 

gradient are presented, and their dynamic crushing behaviors are numerically investigated. The 

numerical approach is first validated by comparing against theoretical and experimental data 

with good agreements achieved. Subsequently, it is demonstrated that the SG-I honeycomb can 

present the best EA behavior (89% higher than traditional honeycomb) for low velocity impact, 

while SG-II honeycomb performs the best for SEA (17% larger than traditional honeycomb) 

for high velocity impact. Furthermore, deformation patterns under dynamic crushing can be 

controlled by the design of graded fractal honeycombs through the introduction of different 

gradient distributions. The graded fractal honeycombs present significant improvements to the 

absorbed energy and MCF over traditional honeycombs, offering a new route to the design and 

optimization of future lightweight EA systems with improved safety protection performance. 

Furthermore, inspired by nature, an innovative graded hierarchical honeycomb is proposed in 

this study to enhance its crashworthiness behaviors. The structure is created by replacing cell 

walls of regular honeycombs with triangular and hexagonal sub-structures and varying the 

hierarchical length ratio in each layer. The in-plane crushing performances of the graded 

hierarchical honeycombs are comprehensively analyzed and compared with their uniform 

hierarchical counterpart. The former exhibits a progressive deformation model under different 

impact velocities and three plateau stages can be observed under in-plane crushing loads 
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through theoretical predictions. The triangular sub-structure presents better EA than the 

hexagonal sub-structure, and its SEA is enhanced by up to 32.2% as compared to the uniform 

hierarchical honeycomb. The present study suggests that the combination of hierarchy and 

gradient is an effective strategy to improve the dynamic crushing behaviors of honeycombs, 

which can be further explored in protective devices to enhance their impact resistance. 

7.1 Topological description of novel honeycomb structures 

7.1.1 Novel honeycomb with functionally graded fractal self-similarity 

The traditional fractal honeycomb, which is also known as the uniform self-similar (US) 

honeycomb, is constructed by replacing every vertex of the traditional hexagonal (TH) 

honeycomb with a narrowed hexagon. In a similar way, the higher-ordered fractal honeycomb 

can be achieved by altering all vertices of lower-ordered fractal honeycombs as narrowed 

hexagon [40]. In the present work, only the 1-st order fractal honeycomb with the wall angle 

of 120o is taken into account, and the representative unit for the traditional US honeycomb is 

exhibited in Figure 7.1. Let lh and lc denote the lengths of the cell wall of the regular hexagonal 

honeycomb and the cornered hexagon, respectively. Then, the fractal parameter γ = lc /lh can 

be introduced to represent the fractal behaviors, and its smallest and largest values are γ = 0 

(reduced to TH honeycomb) and γ = 0.5, respectively, as shown in Figure 7.1. 
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Figure 7.1. Representative unit cells of US honeycomb with various fractal parameters. From minimal value of γ 

= 0 represents TH honeycomb whose fractal cornered hexagonal at each vertex is considered to be a node, to 

maximal value of γ = 0.5 where straight ligaments of the honeycomb is completely replaced by the sub-structure 

honeycomb. 

By varying the fractal parameter γ for each layer, the functionally graded fractal honeycomb 

can be achieved, as shown in Figure 7.2. Herein, four types of fractal honeycomb including 

two asymmetric and two symmetric graded distributions with a total layer number N = 10 are 

considered in the present study. For the asymmetric graded I (AG-I), the fractal parameter 

changes gradually from the bottom γ1 = 0.5 to the top γ10  = 0.05 at regular intervals of step 

size Δγ = 0.05, while an opposite distribution for the fractal parameter is employed for the 

asymmetric graded II (AG-II). The subscript for the fractal parameter in γi denotes the i-th 

layer of the graded fractal honeycomb, numbered from the bottom upwards. For symmetric 

graded I (SG-I) type, the fractal parameter in the middle layer is γ5  = 0.1, and it enlarges 

gradually to the top and bottom at regular intervals of step size Δγ = 0.1. On the other hand, for 

the symmetric graded II (SG-II), the fractal parameter in the middle layer is the largest at γ5 = 

0.5, which decreases gradually to the top and bottom at regular intervals of step size Δγ = 0.1.  

For the TH honeycomb with wall thickness of t and wall length lh, its RD can be given as a 

function of t / lh, i.e., [30] 
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Figure 7.2. Geometrical configurations of graded fractal honeycombs. Graded strategy is achieved through 

unidirectional (asymmetric) and bidirectional (symmetric) arrangement of fractal parameters. 

 

7.1.2 Graded honeycomb with hierarchical architecture 

Configurations Triangular Substructure Hexagonal Substructure 

Uniform 

Hierarchy 

UH_TRI UH_HEX 

  

NGH_TRI NGH_HEX 
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Hierarchy with 

Negative 

Gradient 

  

Hierarchy with 

Positive 

Gradient 

PGH_TRI PGH_HEX 

  

    

Figure 7.3. Illustration of graded hierarchical honeycomb with Triangular (-TRI) and hexagonal (-HEX) 

substructures. NGH is abbreviated to represent honeycomb of negative gradient in hierarchy with denser top layer 

and sparse bottom layer, while the opposite is denoted as PGH honeycomb with denser bottom and sparse top 

layer. 

7.2 Theoretical Development, Fabrication and Validation 

The following section builds upon the theorectical validation of experiment and simulation 

illustrated by Figure 7.4. The plateau stress of graded hierarchical structures under in-plane 

crushing is analyzed theorectically through the use of two-scale method introduced by Qian 

and Chen[139]. In this method, the substructures within the honeycomb is taken as 

homogenized solid yielding perfectly plastic behaviour. As such, simplifed model can be 

generated to represent the deformation modes shown in Figure 7.4 below. The inclined 
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ligaments marked by red lines undergoes plastic deformations characterized by bending by 

rotating about vertex A by an angle of 𝜃 = 𝜋/3  towards horizontal and at the same time 

shortened by ∆𝐿 = |𝑂𝐴 − 𝑂𝐴′|  during the compression. Hence, the inclined ligament is 

marked to deform from OA to OA′ during deformation as depicted in Figure 7.4 below. 

Therefore, the energy dissipation involes bending rotation of two plastic hinges at point A and 

B and the shortening deformation from AB to AB′. The following analysis is formulated by 

neglecting the PR effect of the structure as well as any formation of plastic hinges in the 

horizontal ligaments.  

Due to the symmetrical nature of hexagonal unit cell, only half of the unit cell is taken into 

consideration, and so the external work imposed by half of the unit cell is calculated as: 

𝑊𝑒𝑥𝑡 =
3

2
𝑁𝑖𝑙𝑖𝑏𝜎𝑝𝑙∆y (7.1) 

from which 𝜎𝑝𝑙 is the plateau stress in 𝑖-th gradient layer of graded hierarchical honeycomb 

and ∆𝑦 = √3𝑁𝑖𝑙𝑖/2 denoting the displacement moved by the half unit cell when the plastic 

hinge (red) is deformed to horizontal position which then transforms 𝑊𝑒𝑥𝑡 into: 

𝑊𝑒𝑥𝑡 =
3√3𝑁𝑖𝑙𝑖𝑏

4
𝜎𝑝𝑙 (7.2) 

Next, considering the rotation of two plastic hinges in a unit cell is given by 𝑊𝑏 = 2𝑀𝑏∆𝜃 with 

∆𝜃 = 𝜋/3 and plastic bending moment generated by the plastic hinge: 

𝑀𝑏 = 2 ∫ 𝜎𝑝
𝑠𝑢𝑏𝑏𝑦 d𝑦

ℎ
2

0

=
1

4
𝑏ℎ2𝜎𝑝

𝑠𝑢𝑏 (7.3) 

in which 𝜎𝑝
𝑠𝑢𝑏 defines the yield stress of the substructure and 𝑏 is the out-of-plane thickness of 

the honeycomb. 
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Originally, the substructure was assumed to be homogenized solid structure, now to release the 

assumption, its equilateral yield stress 𝜎𝑝
𝑠𝑢𝑏 can be estimated by 

𝜎𝑝
𝑠𝑢𝑏 = 𝐶𝑠𝑢𝑏𝜌̅𝑠𝑢𝑏

2 𝜎𝑚𝑎𝑡 (7.4) 

where 𝜎𝑚𝑎𝑡 is the yield stress of the base material. The coefficient 𝐶𝑠𝑢𝑏 denotes the relationship 

between in-plane equilateral stress and the RD of the pure triangular and hexagonal 

honeycombs. These coefficients were obtained throught FE simulations on parametric study 

on the equilateral yield stress of pure triangular and hexagonal honeycomb with various RD. 

The relationship is obtained through curve fitting of the FE results. This topic has been 

comprehensively analyzed by several researchers such as Gibson and Ashby[42] in which it 

systematically examine the mechanical responses of honeycombs with different cell geometries. 

Similarly, Qiao and Chen[139] and Qiu et al.[195] analyzed the collpase stress of equilateral 

triangular honeycomb and pure honeycomb, respectively. Both studies unanimously concluded 

that the equilateral yield stress is proportional to the second-order RD of pure triangular and 

pure hexagonal honeycombs. Hence, 𝐶𝑡𝑟𝑖 = 0.534 [139] and 𝐶ℎ𝑒𝑥 = 0.271 [195] as derived 

from these studies are deployed for triangular and hexgonal substructure, respectively. 

Furthermore, 𝜌̅𝑠𝑢𝑏, the RD of substructure can be denoted as follows: 

triangular substructure; 

𝜌̅𝑡𝑟𝑖 =
6𝑡

√3𝑙𝑖

(7.5) 

hexagonal substructure; 

 

𝜌̅ℎ𝑒𝑥 =
2𝑡

√3𝑙𝑖

(7.6) 
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Therefore, the energy dissipated by the bending moment of the two plastic hinges can be 

formulated as: 

𝑊𝑏𝑒𝑛𝑑 = 2𝑀𝑏∆𝜃 =
𝜋

6
𝑏ℎ2𝜌𝑝

𝑠𝑢𝑏 (7.7) 

The second part of energy dissipation is the shortening deformation OA calculated as ∆𝐿 =

|𝐴𝐵 − 𝐴𝐵′| = 𝑁𝑖𝑙𝑖(1 − 𝑐𝑜𝑠𝜃) =
𝑁𝑖𝑙𝑖

2
. The plastic dissipation 𝑊𝑠ℎ𝑜𝑟𝑡 can thus be derived as: 

𝑊𝑠ℎ𝑜𝑟𝑡 = 𝐴𝜎𝜌
𝑠𝑢𝑏∆𝐿 =

1

2
𝑁𝑖𝑙𝑖ℎ𝑏𝜎𝜌

𝑠𝑢𝑏 (7.8) 

Finally, by conservation of energy under the whole process would be denoted by: 

𝑊𝑒𝑥𝑡 = 𝑊𝑏𝑒𝑛𝑑 + 𝑊𝑠ℎ𝑜𝑟𝑡 (7.9) 

Thus, by substituting the formulas discussed above into the above equation, the plateau stress 

can thus be finalised as: 

𝜎𝑝𝑙 = [
2

3√3

ℎ

𝑁𝑖𝑙𝑖
+

2𝜋

9√3

ℎ2

(𝑁𝑖𝑙𝑖)2
] 𝜎𝜌

𝑠𝑢𝑏 (7.10) 

 

Figure 7.4. Schematic diagram for deformation mechanism for graded hierarchical honeycomb: (a) deformation 

pattern predicted by FE simulation that is simplified by (b) representative model for theoretical analysis.  

Quasi-static compression experiments were carried out to provide a validation of the proposed 

FE simulation method using shell elements. Apart from fabrication of the honeycombs, some 
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dog-bone-shaped specimens were also printed by using SLA printing technology to obtain the 

material property of the base material, and dimension of the bone-shaped specimen is 

illustrated in Figure 7.5(a) below. The uniaxial tensile tests on the bone-shaped specimens were 

performed using the universal test machine with a tensile speed of 1 mm/min, and the 

specimens before and after tensile tests are shown in Figure 7.5(b). The SS curve of this base 

material is presented in Figure 7.5(c). From the figure, Grey-Pro resin exhibits a typical elastic-

plastic property with Young's modulus 𝐸 = 1.1 ± 0.2 𝐺𝑃𝑎  and yield stress 𝜎0 = 28.2 ±

0.3 𝑀𝑃𝑎. 

The honeycomb samples were placed on a fixed plate and were crushed by a downward moving 

plate with a compression velocity of 2𝑚𝑚/𝑚𝑖𝑛. The FE-models with the same geometrical 

parameters and boundary conditions were established and discussed previously in section 2.2.2 

to compare with the experimental results.  

 

Figure 7.5. Tensile specimens for material characterization: (a) dimensions of tensile samples; (b) specimens 

before and after tensile tests; (c) SS curves of base material obtained from uniaxial tensile test. 

In the case for hierarchical structures, computational investigations on the crashworthiness of 

hierarchical structures under dynamic loading are performed using nonlinear finite element 

software ABAQUS/Explicit as well. Shown in Figure 7.6 below, the hierarchical structure with 

size of L×H×Z is simulated, where L and H are the horizontal and vertical lengths of the 

structure, and Z being the out-of-plane thickness of the honeycomb. In Figure 7.6 (b) and (c), 
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the graded fractal honeycomb is composed of 13 cells in the horizontal direction and 10 cells 

in the -vertical direction and the graded hierarchical honeycomb with 7 unit cells in x-direction 

and 6 unit cells in y-direction, respectively.  

 

Figure 7.6. (a) Diagram of in-plane analysis of graded fractal honeycomb and (c) graded hierarchical honeycomb. 

 

The honeycomb is meshed by using four-node, reduced-integration, shell elements (S4R), and 

an average element size of 0.2 mm is adopted for both structures shown in Figure 7.6. The 

honeycomb is being sandwiched between two analytically rigid blocks on top and bottom sides. 

The bottom block remains stationary while the top block moves down on the structure with a 

constant velocity varying between 3 m/s and 100 m/s in the simulations. A general contact “all 

with self” criterion is chosen to simulate the contact behavior between the honeycomb and rigid 

blocks as well as to prevent any interpenetration of folding walls during crushing. The general 

contact is more computationally efficient than surface-to-surface contact and self-surface 

contact definition as general contact automatically encompass the said criteria. At the same 

time, the frictional coefficient at all contact points is specified as 0.2 for the contact along 

tangential direction while contact along normal direction is set as “hard contact”[33][107]. As 
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observed from the experiment, linear, nonlinear and rotation deformations mostly appeared in-

plane hence the deformation along its thickness (z-direction), the rotation about x- and y- 

directions for all nodes of the honeycomb are constrained while the deformation across x- and 

y- directions as well as rotation about z- direction are set free to accurately capture its in-plane 

deformation [33][107]. Therefore, to avoid any misrepresentation by potential out-of-plane 

buckling and eliminate boundary effects, the displacement for all nodes of the honeycomb 

along the out-of-plane direction is constrained to ensure the plane strain state of deformation. 

Finally, to obtain a reasonable element size for the hierarchical honeycomb for the following 

simulation study, a mesh sensitivity analysis is performed firstly. Four different element sizes 

including 0.8 mm, 0.4 mm, 0.3 mm, and 0.2 mm are taken into consideration for the 

convergence study. The crushing velocity is set as v = 15m/s for all of the convergence analyses. 

As observed from Figure 7.7, the SS curve and the SEA-strain curve converges with refinement 

of element size. The deviations in the SS curve and the SEA-strain curve shrinks as the element 

size is reduced from 0.8mm to 0.3mm, which becomes even smaller when the element size is 

smaller than 0.3mm. To balance between computational efficiency and accuracy, element size 

of 0.2mm is adopted.  

 

Figure 7.7. (a) SS and (b) SEA-strain curves for hierarchical honeycomb with different element sizes. 

Convergence is observed from 0.3 to 0.2mm wall thickness. The crushing strain for this chapter is defined as 

engineering strain. 
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The deformation modes of the hierarchical honeycombs at various engineering strains 

predicted by FE simulations and experiments are compared in Figure 7.8 below. The 

deformation patterns of UH-Hex and UH-Tri in the experiments are very well captured by the 

FE simulation, validating the latter’s ability to provide computational analysis on crushing 

behaviors of hierarchical structures. In addition to comparison in deformation modes, the SS 

curves of UH-Hex and UH-Tri are also compared between simulation and experiments. Despite 

strong agreement in deformation modes, there is slight deviation between the experiment and 

FE simulation can be found in the elastic and densification region of the SS curve due to partial 

fracture of honeycomb samples not taken into consideration in the simulations.  

 

Figure 7.8. Validation between SSs of UH-Hex and UH-Tri honeycombs predicted by FE simulations and 

experiments. Significant agreement is observed between experiment, simulation and theoretical analysis. SS is 

segmented into three regions namely elastic, plateau and densification region as illustrated in the diagram. Slight 

deviation in elastic and densification region is observed due to fracturing of material in experiment not taken into 

account for FE simulation. 

Nevertheless, the plateau stress and the overall SS curves from the experiment are fairly well-

represented by the simulation and theoretical analysis which provide assurance that the FE 

method can provide satisfactory accuracy in subsequent analysis of crushing mechanisms of 

hierarchical honeycombs.  
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Figure 7.9. Comparison on deformation patterns between results from experiments and FE simulations. A side-

by-side comparison had shown strong agreement between experiments and FE simulations in (a) UH-Hex and (b) 

UH-Tri. 

 

7.3 Results and Discussion 

7.3.1 Hierarchical fractal self-similar structure 

This section aims to detail the investigation and evaluation of the crashworthiness of graded 

fractal self-similar honeycomb. The influence of gradient configuration, impact velocity and 

cell wall thickness on deformation mode and EA are revealed below. 

For dynamic crushing under low impact speed of 𝑉 =
3𝑚

𝑠
 shown in Figure 7.10 and Figure 7.11, 

both TH and US honeycomb begin to collapse simultaneously at the impact and distal end 

which resulted in “X” shaped shear band. On the other hand, the collapse started only at the 

layers with smallest fractal parameter 𝛾 for all graded fractal honeycombs. As illustrated in 
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Figure 7.11, the top and bottom layers of AG-I and AG-II collapsed in the early compression 

stage, respectively. Whereas, in SG-I, the middle layers is crushed first under impact loading. 

In contrast, cell of SG-II in the top and bottom layers collapse simultaneously. This drastic 

difference in deformation pattern provides strong implication that the graded fractal design is 

influential in controlling the deformation of honeycombs. 

7.3.1.1 Influence of gradient configuration 

 

Figure 7.10. SS response of various graded fractal honeycombs under 𝑉 = 3𝑚/𝑠: (a) Impact end and (b) distal 

end. 

Consequently, the influence of graded fractal design on SS relationships is also profound in 

Figure 7.11, which indicated that the SS relationship can also be controlled via the graded 

fractal design. An obvious increment of plateau stress is achieved from introducing graded 

fractal design as compared to its uniform counterparts. 
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Figure 7.11. Dynamic compressive response of various fractal graded honeycombs under 𝑉 = 3𝑚/𝑠 under strain 

𝜀 = 0.4. 

Among the graded designs, honeycombs with symmetric gradient (SG-I and SG-II) can provide 

higher plateau stress than asymmetric gradient (AG-I and AG-II) as the amount of material 

mobilized for deformation during early stage of crushing is more in symmetric than asymmetric 

gradient. The dynamic stress in the impact and distal end are almost same in magnitude at such 

a low impact speed. 
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Figure 7.12. Illustration of SS for dynamic crushing responses of various graded fractal designs under impact 

velocity of 𝑉 = 15𝑚/𝑠. The SS graphs are separated into (a) impact and (b) distal end for comparison. 

When the impact velocity increases from 3𝑚/𝑠 to 15𝑚/𝑠, a transition in deformation modes 

is observed as the deformation patterns differs significantly among the graded fractal structures 

in Figure 7.13 and with the counterparts underwent slower impact speed in Figure 7.11. Starting 

with TH and US honeycombs, a transition from “X” shaped shear band to “V” shaped shear 

band located close to impact loaded end. Similar deformation pattern is observed in AG-I and 

SG-I where most of the lower fractal parameter 𝛾 are present. Therefore, for AG-II honeycomb, 

the “V” shear band actually appeared on the bottom of the structure closer to the distal end due 

to the smaller fractal parameter in this layer, and the layers near the impact end deformed layer 

by layer. Only layer by layer deformation is also reproduced in SG-II near the impact end and 

the lack of shear band is primarily due to the layer with lower fractal parameter is in direct 



110 

 

contact with the impact end. Again, there are significant differences among the deformation 

patterns among the structures indicating a clear influence and control of graded fractal design 

over the dynamic characteristics of fractal honeycombs. 

 

Figure 7.13. Deformation modes under 𝜀 = 0.40 under impact velocity of 15𝑚/𝑠. 

From the SS curves in Figure 7.12, the dynamic stress in the impact end is now slightly higher 

than that of the distal end, implying that the inertia effect is present during medium impact 

velocity to a certain extent. Both Figure 7.10 and Figure 7.12 had definitively illustrated the 

advantage of hierarchy over conventional hexagonal honeycomb through the increase in 

plateau stress. The graded fractal design in turn performed better than the US model especially 

at the later stage of the compression between 𝜀 = 0.4 and 0.6.  
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Figure 7.14. Dynamic deformation modes of graded fractal honeycombs under high impact velocity 𝑉 = 60𝑚/𝑠 

The typical SS relationship and deformation patterns for various graded fractal structures under 

high velocity loading are presented in Figure 7.14 and Figure 7.15 above. The deformation 

modes are completely different from the low and medium impact velocity with no observable 

transition that was seen between low and medium impact speeds. All honeycombs deform row 

by row with the crushing starts from the impact end and propagates to the distal end, leading 

to “I” deformation pattern. Further, a shock front is formed in the densified section located next 

to the impact end due to high impact velocity. Such deformation mode is insensitive to any 

gradient distribution because the distinctively greater plateau stress at the impact end over the 

distal end signifies the predominant presence of inertia effects. No significant difference is 

observed between the graded fractal structures for the impact end. Apart from deformation 

modes and SS previously discussed, SEA and MCF are two important indicators of 

crashworthiness for EA systems. 
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Figure 7.15. SS curve of various graded fractal structures under high impact velocity of 𝑉 = 60𝑚/𝑠. 

Shown in Figure 7.16 below, SEA and MCF of different configuration under low impact 

velocity is demonstrated below. Comparative to traditional hexagonal honeycomb, SEA of all 

graded fractal designs increase throughout the compression process shown in Figure 7.16(a), 

indicating significantly better performance in EA capacity. In particular, SG-I has the most 

profound improvement in EA capacity among the graded designs. 
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Figure 7.16. (a) SEA and (b) MCF as a function of compressive strain for various fractal honeycomb at 𝑉 = 3𝑚/𝑠. 

It is further demonstrated in Figure 7.16(b) that the behavior in MCF varies drastically among 

the six designs studied in this work. Peaks in MCF are observed at a small compressive strain, 

which then slightly decreases and then increases with compression strain. At small strain 

between 0.1 and 0.3, the largest MCF is from SG-II while SG-I honeycombs produce the largest 

overall MCF at the later stage of the compression at 𝜀 > 0.4. 

7.3.1.2 Influence of impact velocity 

The dynamic SS curve of SG-II honeycombs whose impact and distal end are plotted in Figure 

7.17 (a) and (b), respectively. The difference between the plateau stress of the impact and distal 

end are negligible under low and medium impact velocity from 3𝑚/𝑠  to 15𝑚/𝑠 . This 

difference, however, become significant when impact velocity is raised to high impact velocity 

due to the dominant inertia effect under high impact velocity. The dynamic stress in the distal 
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end is also fairly similar to that of impact end under low impact velocity as there is sufficient 

time for impact wave to propagate from impact to distal end. Furthermore, at the distal end, as 

the velocity is raised to high impact velocity range, there is gap in dynamic stress between the 

low and the high impact velocity after 0.6 compression strain, which indicates that the impact 

wave only reach the distal end only at very large deformation and that the densification of 

structure only concentrates at the impact end at high impact velocity. 

 

Figure 7.17. SS curve of SG-II honeycombs under various impact velocities for its (a) impact and (b) distal end. 

The SEA and MCF of each graded fractal honeycombs are compared between one another 

among the four impact velocities considered in this study shown in Figure 7.18. The values of 

SEA and MCF were taken at compressive strain of 𝜀 = 0.65  for fair compression. When 

compared with TH honeycomb, the maximum increment in SEA and MCF achieved by fractal 

graded honeycombs are 89% and 188%, respectively. The relative increment is reduced as the 
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impact velocity is increased, with maximum increase of 17% in SEA and 43% in MCF. At low 

impact velocity of 3𝑚/𝑠, SG-I honeycomb exhibits the best absorption characteristics while 

SG-II presents the best performance at medium and high velocities (15𝑚/𝑠  and 60𝑚/𝑠 ). 

These findings above indicate the availability of geometric configurations for design for EA at 

applied impact velocities. 

 

Figure 7.18. Bar Diagram comparison of SEA and MCF between various graded fractal structures under different 

impact velocity; (a) 3𝑚/𝑠, (b) 15𝑚/𝑠, (c) 60𝑚/𝑠, (d) 100𝑚/𝑠. 

The SEA and MCF of the graded fractal honeycombs as a function of velocity are also 

compared among the graded fractal structures in Figure 7.19. Generally, graded fractal 

structures are able to capture more EA and enhance MCF as compared to TH honeycombs in 

all impact velocities. SG-I has the largest improvement in SEA and MCF at lower impact 

velocities while SG-II performed best at higher impact velocities. In lower impact velocities, 

most graded structure is able to perform better in SEA and MCF than US. However, US 

performed better than some fractal graded structures at higher impact velocity except for SG-
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II which had consistently provided better crashworthiness characteristic for all impact 

velocities considered in this study. 

 

Figure 7.19. (a) SEA and (b) MCF as function of impact velocity for various graded fractal honeycombs. 

7.3.1.3 Effect of cell wall thickness 

The impact from the cell wall thickness of the graded fractal honeycombs on the SS curves is 

illustrated in Figure 7.19 below. The influence of cell wall thickness on AG-II honeycomb is 

analyzed under impact velocity of 𝑉 = 15𝑚/𝑠. The dynamic stress is founded to be enhanced 

with the increase in the thickness of the cell walls. An obvious increase in plateau stress with 

the cell wall thickness leads to increase in EA capacity by the graded fractal honeycomb. 

Further comparison is done on the SESA of different graded fractal honeycombs of cell wall 

thickness of 𝑡 = 0.1𝑚𝑚 and 0.3𝑚𝑚 shown in Figure 7.21(a) and (b), respectively. 

Figure 7.21 compares the SEA to compression strain of all designs at two different thicknesses. 

As observed, the values of SEA increase significantly with cell wall thickness for all graded 

designs in this study. The AG-II honeycomb has the largest SEA at earlier compression strain 

smaller than 0.4, while SG-II honeycomb exhibits the greatest EA capacity when compressive 

strain is larger than 0.4. 

The influence of cell wall thickness on SEA and MCF of graded fractal honeycombs are further 

illustrated in Figure 7.22. The positive impact of cell wall thickness on SEA and MCF is clearly 
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observed and the incremental ratio of SEA for is the largest for SG-II honeycomb which has 

achieved 57%, 81% and 77% relative to the TH honeycomb for 𝑡 = 0.1𝑚𝑚 , 0.3𝑚𝑚  and 

0.5𝑚𝑚 , respectively. On the other hand, the maximum increment with respect to TH 

honeycomb in MCF are approximately 111%, 145% and 140% for 𝑡 = 0.1𝑚𝑚, 0.3𝑚𝑚 and 

0.5𝑚𝑚, respectively. 

 

Figure 7.20. SS of AG-II honeycomb of different thickness at (a) impact and (b) distal end. 

 

Figure 7.21. Comparison of SEA from different graded fractal honeycombs with different wall thickness for (a) 

𝑡 = 0.01𝑚𝑚 and (b) 𝑡 = 0.03𝑚𝑚. 
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Figure 7.22. Comparison between graded fractal honeycombs of three different thicknesses based on (a) SEA and 

(b) MCF. 

7.3.1.4 Concluding Remarks 

To sum up, a series of novel graded fractal honeycombs is introduced by combining fractal 

self-similarity and functionally graded configurations. Besides uniform self-similarity, two 

graded fractal honeycombs with asymmetric gradients and another two with symmetric 

gradients are proposed and their in-plane compressive performance numerically analyzed. A 

comprehensive parametric study is conducted to evaluate the influence of geometrical gradient 

configuration, impact velocity and cell-wall thickness on the dynamic responses, SS 

relationship, SEA and MCF of the honeycombs. Significant findings from this study are 

summarized as below: 

1. The deformation modes are drastically affected by the impact velocity and is 

controllable by graded fractal design. Three modes can be observed from the analysis; 

low velocity deformation mode, followed by a transitional deformation mode when 

impact velocity reaches a moderate value and finally the row-by-row mode at high 

impact velocity due to presence of inertia and is insensitive to gradient configurations. 

2. Generally, the symmetrical gradient designs performed better in SEA at all levels of 

impact velocity. The SG-I honeycomb provides the best EA capacity for low impact 

velocity while SG-II honeycomb performed the best in EA at moderate and high impact 
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velocity. When compared with TH honeycomb, the graded fractal designs are able to 

absorbed 90% more and 17% more energy at low and high impact velocities, 

respectively. 

3. The plateau stress, SEA and MCF are significantly increased with the impact velocity 

for all graded fractal honeycombs due to increasing inertia effect. However, the 

increment ratios of SEA and MCF with respect to TH honeycomb decreased with 

impact loading velocity. The maximum increment of MCF for graded fractal 

honeycombs is 188% at low impact velocity and 43% at high impact velocity. 

4. The SEA for all graded fractal honeycombs increases significantly with cell wall 

thickness. Among all the graded fractal designs, AG-II achieved the best EA capacity 

for low compressive strain below 0.4 while SG-II absorbed more energy at higher 

compression strain above 0.4. 

7.3.2 Graded hierarchical architecture with substructures 

7.3.2.1 Low velocity impact performance 

The deformation modes for graded hierarchical honeycombs with hexagonal and triangular 

sub-structures under selected crushing strains are illustrated in Figure 7.23 and Figure 

7.24Figure  below. In this study, low impact case is represented by an impact velocity of 𝑉 =

3𝑚/𝑠 with thickness set to 𝑡 = 0.05𝑚𝑚. Seen from Figure 7.23 and Figure 7.24, “X” shear 

band are present in both uniform hierarchical structure with hexagonal and triangular sub-

structure. Meanwhile, for graded hierarchical honeycombs, the deformation first occurs in the 

weak layer with the lowest RD, i.e., the bottom layer of NGH and top layer of PGH honeycomb. 

The deformation then progressively occur towards the stronger layer of the graded hierarchical 

honeycombs. The progressive deformations form a “I+V” mode in each gradient layer which 

is related to the gradient distribution but is independent of the topology of sub-structure. The 
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independence of sub-structure on deformation pattern is also true for uniform hierarchical 

structure. 

 

Figure 7.23. Deformation patterns of graded hierarchical structures with hexagonal sub-structures at low impact 

velocity of 𝑉 = 3𝑚/𝑠. UH-Hex honeycomb being uniform in nature, produces “X” shear band while the graded 

ones, NGH-Hex and PGH-Hex honeycombs show “I+V” deformation pattern which appears first in the weak 

layers and then progresses into stronger layers. 
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Figure 7.24. Deformation patterns of graded hierarchical structures with triangular sub-structures at low impact 

velocity of 𝑉 = 3𝑚/𝑠. Similar patterns in Figure 7.23 are observed in hierarchical structures with triangular sub-

structures where “X” shear band in UH-tri and “I+V” deformation modes appearing in weak and subsequent 

strong layers in PGH-Tri and NGH-Tri honeycombs. 

The crushing SS relationship in graded hierarchical honeycombs with hexagonal and triangular 

sub-structures under low velocity impact condition are portrayed in Figure 7.25 below. Seven 

stages are identified in the SS relationship for the crushing response of graded hierarchical 

honeycombs under low impact velocity from which, the mechanisms are similar for both 

hexagonal and triangular sub-structures. Stage I represents the initial linear elastic stage, which 

is depicted by linear increase in stress over strain and it ends as the initial yield stress is reached. 

Stage II which is the first plateau region subsequently follows due to the crushing of the 

weakest layers of NGH and PGH honeycombs which is shown in Figure 7.23 and Figure 7.24. 

In a plateau stage, the stress is stabilized with increasing strain, which leads to large EA. Stage 

IV and VI are the second and third plateau region which corresponds to the crushing of medium 

and strongest layers of NGH and PGH honeycombs presented in Figure 7.23 and Figure 7.24. 

Stage III and stage V are transitional stage that connects the plateau stages to one another. 

During the transitional stage, the crushing stress is increased from previous to next plateau 

stage as the weaker layer is full densified and crushing begins on the next stronger layer. While 

uniform hierarchy only produces a single plateau region during the compression process, both 

graded hierarchical structures exhibit three progressively larger plateau stages. Furthermore, 

the normalized stress for the graded hierarchical structure with triangular sub-structure is 

approximately 2.5 times than that of graded hierarchical structure with hexagonal sub-structure. 
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Figure 7.25. Illustration of in-plane crushing SS relationship of graded hierarchical honeycomb with (a) hexagonal 

and (b) triangular sub-structures under same impact velocity of 𝑉 = 3𝑚/𝑠. A total of seven stages are identified 

in the SS diagram including two transitional regions and three plateau stages besides elastic and densification 

regions. 

7.3.2.2 Graded hierarchical structures with varying thickness 

Under this subsection, given the same low impact velocity of 𝑉 = 3𝑚/𝑠 , the response of 

graded hierarchical honeycombs of varying thickness in each gradient layer is investigated to 

provide a comparison to the previous subsection. To ensure equivalent total mass between 

graded and uniform hierarchical honeycombs, 𝑡1 = 0.0935𝑚𝑚 , 𝑡2 = 0.05  and 𝑡3 =

0.0259𝑚𝑚  are used for NGH-Tri honeycomb, and 𝑡′1 = 0.0938𝑚𝑚 , 𝑡′2 = 0.05𝑚𝑚  and 

𝑡′3 = 0.0263𝑚𝑚  for NGH-Hex honeycombs. These values are derived from uniform 
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hierarchical honeycomb which has a thickness set to 𝑡 = 0.05𝑚𝑚. The deformation pattern of 

these modified graded hierarchical structure would resemble to those with uniform thickness 

as presented in Figure 7.23 and Figure 7.24. Five stages comprising of three plateau stages, 

linear elastic and densification stage are observed for this type of graded hierarchical 

honeycomb shown in Figure 7.26 below. 
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Figure 7.26. In-plane SS curves of graded hierarchical honeycombs with (a) hexagonal and (b) triangular sub-

structures of varying thickness. Five stages consisting of three plateau stages, linear elastic and densification stage. 

Transitional stages are absent due to the equivalence in mass for all graded layers. 
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Slight difference in plateau stress among various plateau stages are observed which is attributed 

to the difference in topologies among different gradient layers. Furthermore, plateau stress 

among all plateau stages is close to that of the uniform hierarchical honeycombs which is 

consistently proven by the theoretical analysis. This is due to the total mass of each gradient 

layer being equal to that of uniform hierarchical counterpart. 

7.3.2.3 Parametric study 

The following parametric study in this section attempts to investigate the influence of impact 

velocities, topology of sub-structures, gradient distributions and wall thickness on the crushing 

responses and EA capacity of the graded hierarchical structures. 

Three different velocities namely low, medium and high are taken into consideration. 

Analogically, low velocity is equivalent to velocity attainable by drop hammer which is 

translated to a strain rate range of about 0.1 − 0.13 𝑠−1. The medium velocity of strain rate 

ranging from 102  to 104 𝑠−1  can be realized by Split Hopkinson Bar. And lastly, the high 

impact velocity is achieved by Taylor impact test with a strain rate range of 103 − 105 𝑠−1 

[196]. The graded hierarchical honeycomb with uniform thickness is considered unless 

otherwise specified in the parametric study which is separate from the uniform mass considered 

in section 5.2.2.2. 

High impact velocity performance 

In comparison to low velocity impact deformation mode as discussed in previous section, high 

velocity impact deformation patterns of graded hierarchical honeycombs under 𝑉 = 60𝑚/𝑠 

are presented in Figure 7.27 and Figure 7.28 below. Deformation modes from low velocity 

impact differs greatly from high impact velocity as it exhibits “I” deformation mode for both 

uniform and graded hierarchical structure. In this mode, the crushing occurs mainly on the 

impact end which deform progressively towards the supported end. Thus, shock front is clear 
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for all honeycombs as impact end is completely crushed or densified whereas the supported 

end is undeformed during the entire crushing process until the shock front propagates to the 

end. 

 

Figure 7.27. Deformation pattern of graded hierarchical honeycomb with hexagonal sub-structures. Figure clearly 

illustrates the formation of shock front on the impact end leading to crushing and densification on the immediate 

layer under impact. 
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Figure 7.28. Deformation pattern of graded hierarchical honeycomb with triangular sub-structures. Formation of 

shock front forming “I” deformation mode similar to Figure 7.27. 

For honeycomb structures under high impact loading, the dominant presence of inertia will 

greatly affect the dynamic stress. The observed progressive “I” deformation mode mainly 

attributed to the hardening phenomenon of cellular material as it densifies and compact itself 

on impact. This can be physically explained by the shock theory specifically for this type of 

honeycomb structure discussed in various literature [115][197][139]. As such, the dynamic 

stress under high velocity impact can thus be approximated by: 

𝜎𝑑𝑦_𝑖 = 𝜎𝑠𝑡_𝑖 +
𝜌𝑠𝜌𝑡̅

𝜀𝑑𝑦
𝑣2 

where 𝜎𝑠𝑡_𝑖 and 𝜎𝑑𝑦_𝑖 are the static and dynamic plateau stress in the 𝑖-th gradient layer of the 

graded hierarchical honeycomb, respectively. 𝑣 and 𝜌𝑠 are the crushing velocity and density of 

the base material, respectively. 𝜌𝑡̅ represents the RD of the 𝑖-th gradient layer of the graded 

hierarchical structure. Furthermore, 𝜀𝑑𝑦 denotes the densification strain for 𝑖-th gradient layer, 

which in turn can be represented as follows [139]: 
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𝜀𝑑𝑦 = 0.8(1 − 𝜌𝑡̅) 

The dynamic SS responses of graded hierarchical honeycomb with hexagonal and triangular 

sub-structure are illustrated in Figure 7.29 below. In stark contrast to SS response in low impact 

velocity shown in Figure 7.25, high impact velocity response lacks two transitional stages due 

to effect of inertia. Besides linear elastic and densification stage, three distinct plateau stages 

corresponding to each gradient layer can be observed in the figure. This can be seen that the 

dynamic stress of NGH and PGH honeycomb is different in the first plateau stage due to the 

difference in RD in the first gradient layer, i.e., the first crushing region belongs to the strong 

end of NGH as compared to the weak end of PGH, leading to 𝜎𝑑1𝑃𝐺𝐻
>  𝜎𝑑1𝑁𝐺𝐻

. The opposite 

is true for the third plateau stage where the final crushing region now belongs to the weak end 

of NGH and the strong end of PGH hence 𝜎𝑑3𝑃𝐺𝐻
<  𝜎𝑑3𝑁𝐺𝐻

. Based on this derivation, the 

dynamic stress of gradient layer 1 of PGH is equal to that of gradient layer 3 of NGH due to 

same RD, i.e., 𝜎𝑑1𝑃𝐺𝐻
=  𝜎𝑑3𝑁𝐺𝐻

 and vice versa 𝜎𝑑3𝑃𝐺𝐻
=  𝜎𝑑1𝑁𝐺𝐻

. Furthermore, the RD of 

gradient layer 2 of PGH and NGH is equal to the RD of uniform hierarchical structure hence 

in the second plateau region, 𝜎𝑑2𝑃𝐺𝐻
=  𝜎𝑑2𝑈𝐻

= 𝜎𝑑2𝑁𝐺𝐻
. 

0.0 0.2 0.4 0.6 0.8
0

20

40

60

80

100

N
o
rm

al
iz

ed
 s

tr
es

s 
(M

P
a)

sd3_NGH /ρ

sd3_PGH /ρsd1_PGH /ρ sd1_NGH /ρ

sd2_NGH /ρ =sd2_PGH / ρ

=11.84MPa

sd1_PGH /ρ=sd3_NGH /ρ

=5.993MPa

sd1_NGH /ρ=sd3_PGH /ρ

=25.01MPa

sd (Eq.18)

Densification 

The third plateau region The second plateau region 

Stage V

Stage IVStage III

Crushing strain

 UH-Hex

 NGH-Hex

 PGH-Hex

Stage I
Linear elastic

Stage II

The first plateau region 

(a)

 



128 

 

0.0 0.2 0.4 0.6 0.8
0

20

40

60

80

100

N
o
rm

al
iz

ed
 s

tr
es

s 
(M

P
a)

sd1_PGH /ρ=sd3_NGH /ρ

=6.418MPa

sd1_NGH /ρ=sd3_PGH /ρ

=32.65MPa

sd3_PGH /ρ

sd3_NGH /ρ

sd1_PGH /ρ

sd1_NGH /ρ
sd2_NGH /ρ=sd2_PGH /ρ

=13.61MPa

sd (Eq.18)

Densification 

The third

plateau region 

The second plateau region 

Stage V

Stage IVStage III

Crushing strain

 UH-Tri

 NGH-Tri

 PGH-Tri
Stage I

Linear elastic

Stage II

The first plateau region 

(b)

 

Figure 7.29. SS response of graded hierarchical honeycomb with (a) hexagonal and (b) triangular sub-structure. 

Effect of impact velocity 

The influence of impact velocities on the SS relationship of graded hierarchical honeycomb 

with triangular sub-structures is captured and examined by Figure 7.30 below. While the 

crushing stress is evidently enhanced with the increase with impact velocity, the increase in 

fluctuation of stress is even more prominent for both graded hierarchical honeycombs. The 

increase in fluctuation is attributed to the increasing presence of inertia with impact velocity. 

This oscillation of stress is particularly prevalent in all stages of PGH-Tri honeycomb under 

impact velocities of 40𝑚/𝑠 and 60𝑚/𝑠, but only appears in the first plateau region of NGH-

Tri honeycombs. This situation is attributed to processive crushing from weak to strong ends 

in PGH-Tri honeycomb, leading to oscillation of stress in each region, among which, the 

magnitude of oscillation is particularly high for crushing of strong end.  
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Figure 7.30. In-plane crushing SS response of (a) NGH-Tri and (b) PGH-Tri honeycombs under various impact 

velocities. The magnitude of plateau stress in each plateau region is dependent on the velocity of impact i.e. the 

presence of inertia as well as the arrangement of gradient. 

Therefore, for NGH-Tri honeycomb, the strong end will be crushed first which leads to strong 

oscillation in the first plateau region. Subsequently, the crushed material during the first stage 

reduces the oscillation of the following stages. In low and medium impact velocity, three 

distinct of plateau stages start from low to high dynamic plateau stress is observed for both 

honeycombs and given the sufficient time for stress to propagate throughout the structure, the 

weakest layer regardless of position is always crushed first. At high impact velocities, the layer 

closest to impact end will always gets crushed first which registers the highest initial plateau 

stress for NGH-Tri in the first plateau stage as the strongest layer is the first layer to be crushed. 
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On the other hand, given the weakest layer being the top layer in PGH-Tri, the dynamic plateau 

stress is always progressively higher for sequential plateau stages. 

Further investigation in influence of impact velocity on the crushing stress of the graded 

hierarchical honeycombs is conducted by examining the relationship of average crushing stress 

as a function of the impact velocity is presented in Figure 7.31 below. NGH-honeycombs with 

hexagonal and triangular sub-structure compared with its uniform counterpart are considered. 

The FE prediction of average crushing stress is calculated over the region between elastic and 

densification stage. At the same time, theoretical predictions of this stress is obtained by simply 

taking the average value of the three plateau stresses because the duration of each plateau stage 

is almost the same: 

𝜎𝑎𝑣𝑒 = (𝜎𝑑1 + 𝜎𝑑2 + 𝜎𝑑3)/3 

Figure 7.31 clearly illustrates that the average crushing in the entire plateau region increases 

with impact velocity which ultimately lead to large EA. The average crushing stress for both 

graded hierarchical honeycombs are consistently larger than its uniform counterpart which 

implies the inherently better EA capability over uniform honeycombs. The theoretical 

prediction also agrees fairly well with the numerical method. 
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Figure 7.31. Normalized average stress as a function of the impact velocity for uniform and graded hierarchical 

structure with (a) hexagonal and (b) triangular sub-structures. The average crushing stress increases with impact 

velocity for all honeycombs. 
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Energy absorption performance 

The EA performances of graded hierarchical honeycomb structures are evaluated in the 

following section along with Figure 7.32 and Figure 7.33. In low velocity impact, the SEA 

strain curves of NGH and PGH overlap with each other, while prominent distinction between 

them is observed when impact velocity is high. From Figure 7.32, the SEA of graded 

hierarchical honeycomb structure is lower than that of uniform counterpart at low compression 

strains, but exceeds when compression strain is larger than 0.6 under low-velocity impact. On 

the other hand, from Figure 7.33, NGH honeycomb exhibits the largest SEA relatively to both 

PGH and uniform honeycomb at smaller crushing strain as this phenomenon is dependent on 

the strength of the top region closest to the impact end. Therefore, NGH started with crushing 

of strong end and ended with the weakest end, the reverse is true for PGH which created an 

mirror image of SEA-curve to each other. Hence, the SEA of PGH honeycomb is always 

smaller than uniform structure throughout the crushing process, indicating that positive 

gradient distribution weaken the EA performance of hierarchical honeycomb with both 

substructures before densification sets in. With the emphasis on NGH in Figure 7.33, it is clear 

that NGH-Hex can present larger SEA in all stages of compression than UH-Hex while NGH-

Tri is larger than UH-Tri honeycomb only before compression strain of 0.6. This physical 

performance suggests that the sub-structural configuration also affect the SEA performance of 

graded hierarchical honeycombs. 
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Figure 7.32. SEA to strain curve for graded hierarchical honeycombs with (a) hexagonal and (b) triangular 

substructures under low velocity impact. The SEA curves of NGH and PGH are very similar to one another 

because the weakest layer will be crushed first regardless of their gradient direction. 
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Figure 7.33. SEA to strain curve for graded hierarchical honeycombs with (a) hexagonal and (b) triangular 

substructures under low velocity impact. As compared with Figure 7.32, NGH and PGH drastically differentiate 

themselves from one another as gradient direction now has a impact on the SEA in the early and late stage of 

compression. NGH generally performs better in the early stage as the strongest layer is crushed first. 

The influence of sub-structural configuration on EA capacity at densification strain is further 

illustrated in the following Figure 7.34. In general, triangular sub-structure provides a better 

SEA performance than hexagonal sub-structure. Given low velocity impact, SEA for graded 

hierarchical structures with hexagonal and triangular sub-structures are enhanced by 27.9% and 

32.2%, respectively with respect to its uniform counterpart. For subsequent velocities, the 

energy absorbed by the graded hierarchical honeycombs increased due to increasing presence 

of inertia effect while the enhancement for graded hierarchical honeycombs as compared to its 

uniform counterpart is reduced which ultimately shows that graded design approach is 

becoming more independent of SEA as inertia force takes over at higher velocities. Ultimately, 

under high impact velocities, NHG-Hex honeycomb was only able to provide a 4.04% 

improvement in SEA when compared to UH-Hex, and 5.25% for NGH-Tri. 
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Figure 7.34. Comparison of SEA in graded hierarchical honeycombs of two different sub-structures under various 

impact velocities (a) 𝑣 = 3𝑚/𝑠, (b) 𝑣 = 15𝑚/𝑠, (c) 𝑣 = 40𝑚/𝑠 and (d) 𝑣 = 60𝑚/𝑠. While increment in SEA 

is seen for all graded hierarchical structures when compared with uniform honeycombs, the enhancement is 

reduced with every increase in impact velocity due to the increasing influence of inertia effect. 

7.3.2.4 Concluding Remarks 

In this study, several novel hexagonal honeycombs with graded hierarchical approach are 

presented to enhance their impact resistance behaviors. The following design is achieved by 

replacing the walls of regular honeycombs with sub-structures along with gradient distribution 

obtained from varying the hierarchical length ratio in each layer. Hexagonal and triangular sub-

configurations were chosen as sub-cell structures, and two unidirectional gradient distribution 

are compared. The crashworthiness and EA of graded hierarchical honeycombs are first 

validated by experiments and theoretical approaches and numerically analyzed. 

Deformation modes are highly dependent on impact velocity, where “I+V” and “I” modes are 

observed in low and high impact velocities, respectively. Seven stages comprising of standard 
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linear and densification stages, along with three distinctly different plateau stages and two 

transitional stages were identified among the graded hierarchical honeycombs under low 

velocity. The discreteness of transitional stage fades as impact velocities increases with inertia 

effect whose increasing presence also enhances the crushing stress and SEA. 

The gradient distribution provides influence on crashworthiness performance to a great extent. 

There is no significant difference between SS and SEA curves of NGH and PGH when the 

velocity impact is low. However, drastic difference emerges can be observed as impact velocity 

goes higher. Notably for NGH, the largest plateau stage occurs at the third plateau stage under 

low velocity impact but transforms to the first plateau stage under high-velocity impact which 

have implication towards large SEA in the early or late stage of impact crushing. On the other 

hand, the largest plateau stage for PGH always appears in the third plateau stage under all 

impact velocities. Both configurations can enhance SEA performance under low velocity 

impact, while only PGH distribution provides greater SEA performance under high velocity 

impact. Comparatively, PGH has more consistently better performance than NGH 

configuration. 

Sub-cell structure also have a profound impact on the crushing stress and EA of graded 

hierarchical honeycombs. The triangular sub-structures possess better SEA than hexagonal sub-

structures with former providing a 32.3% improvement while the latter 27.9% when compared 

to uniform counterpart. However, at high velocity impact, the SEA enhancement is drastically 

reduced to 4.04% and 5.25% for hexagonal and triangular sub-structures respectively. 

7.4 Conclusion 

Firstly, a series of novel graded fractal honeycombs is introduced. These designs incorporate 

fractal self-similarity with functionally graded features and are classified into symmetrical and 

asymmetrical gradient. The study then explored the effects of geometric gradient configuration, 
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impact velocity, and cell wall thickness on the dynamic crushing behavior, SS relationship, EA, 

and MCF of these honeycombs. This section of study provides the several findings. Firstly 

deformation responses varies with impact speed and can be regulated by graded designs but is 

unaffected as velocity becomes high. Plateau stress, SEA and MCF all increase with impact 

velocity in all graded fractal honeycombs due to increasing inertia effect. Similarly, SEA 

improves significantly across all graded fractal honeycombs as cell wall thickness increases. 

In essence, graded fractal design of honeycombs can significantly enhance EA and deformation 

control, especially when compared to traditional honeycomb structures. The study’s insights 

into the impact of geometric gradients, impact velocity, and wall thickness provide valuable 

guidance for optimizing these structures for specific impact scenarios. 

Concurrently, new hexagonal honeycombs with graded hierarchical properties were developed 

to improve crashworthiness. These honeycombs, created by substituting regular cell walls with 

sub-structures, vary in hierarchical length ratio across layers. Both hexagonal and triangular 

sub-cell structures were examined, along with negative and positive gradient hierarchies. 

Likewise, key findings from the study had concluded that there are seven distinct stages in the 

deformation under low velocity, but only five under high velocity due to the disappearance of 

two transitional stages. Gradient distribution has an impact on crashworthiness. SS and SEA-

strain curves of NGH and PGH are similar at low velocities but diverge at higher velocities. 

Furthermore, sub-structure also influences the mechanical performance of the honeycombs. 

Triangular sub-structures outperform hexagonal ones in SEA. Under low-velocity impact, the 

SEA enhancement is notable for both configurations but is less pronounced at high velocities. 

Again, the study demonstrated the specificity in design of honeycombs, including gradient 

distribution and sub-cell configuration, significantly influences their performance in 

crashworthiness and EA, particularly under varying impact velocities. 
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Chapter 8 3D Hybrid Hierarchical Auxetic Structure 

This chapter focuses on the design and analysis of a new 3D auxetic structure, along with its 

variant inspired from biological structures of hierarchical configuration. As such, this 

investigation seeks to develop an auxetic structure with comparable auxetic and energy-

absorbing qualities compared to existing 3D structures that evolved from 2D designs. This 

involves incorporating innovative design elements from 2D auxetics. The primary objective is 

to optimize the design for superior performance under dynamic loads, while identifying key 

design factors for auxetics intended for dynamic applications.  

This chapter proposes the incorporation of design methods from 2D auxetic structures, which 

have proven to significantly boost their performance, into the 3D design framework. The aim 

is to develop a structure that exhibits a more effective response to dynamic loading conditions. 

This involves designing a structure characterized by its ease of deformation and consistent 

densification, which in turn enhances its capacity to absorb energy during dynamic impacts. 

Since 3D structure are known to be highly anisotropic, two different planes of compression 

were conducted. Consistent material use ensured that results reflected the design's geometry 

rather than material properties. Variations in properties due to printing direction were also 

considered. Each sample underwent identical testing conditions to evaluate properties across 

different planes and printing directions. As such, a total of 16 experiments were conducted - 

eight quasi-static and eight dynamic - to analyze and draw conclusions on the performance of 

auxetic structures. Findings revealed the significant impact of printing direction on the 

deformation pattern of the structure leading to inconsistency of performances apart from the 

anistropic nature of 3D structure. However, a more consistent performance and even improved 

impact behavior is achieved through minor modification to the 3D structure demonstrating the 

improved ability to efficient response to loading.  
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8.1 Development and Methodology 

In the development of 3D re-entrant auxetic structure with enhanced physical properties, it is 

insufficient to simply rearrange or reinforce the unit cell in three dimensions [198]. Therefore, 

it is proposed to integrate innovative design techniques from novel 2D auxetic structures, which 

have shown to enhance their overall performance, into the 3D model. The objective is to create 

a structure that responds more efficiently to dynamic loading. This means designing a structure 

that demonstrates easy deformation and uniform densification, thereby improving its ability to 

absorb energy from dynamic impacts. 

Figure 3.1(a) defines the main auxetic unit cell required to construct the external 3D unit cell. 

A size of 15mm is selected to ensure that the patterned structure fits on the printing plate of the 

3D printer. In addition, a strut diameter of 1mm is chosen in order to ensure the struts are 

slender and the thickness of the struts do not cause the structure to be overly rigid or overly 

weak so it will exhibit noticeable deform during dynamic loading conditions. Separately, a re-

entrant cell angle of 60° is chosen to achieve a good balance between strength and PR for the 

structure [199].  

Figure 8.1(b) then defines the star sub-unit cell which will serve as both the hybrid aspect and 

the hierarchical sub support structure for the external re-entrant unit cell. Figure 8.1(d) and (e) 

features the completed designs. ReC represents the conventional straight struts for its re-entrant 

unit cells while ReM has its re-entrant unit modified so the straight struts are bent inwards at 

45° like the star unit cell so to shift its propensity to deform inwards as compared to ReC.  

Therefore, based on the following two proposed designs, the objective is to determine whether 

ReM, which is a structure that deforms more readily and has a lower peak stress is better 

performing in dynamic loading than ReC, which will have the same deformation mechanism. 

Both have a star unit strut supporting the re-entrant cell as well as seen in Figure 8.1(d) and (e), 

which is further ensure the stability of the deformation mechanism [200]. 
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Figure 8.1. (a) Re-entrant unit cell and (b) star sub-unit cell and its placement of star sub-unit cell within re-entrant 

cube in (c). The assembly of 3D re-entrant and star sub-cell to form two designs namely (d) ReC and (e) ReM.  

The 3D unit cells are arranged into a 5x5x5 structure, which is the maximum number of cells 

that can be arranged horizontally onto the print platform of the printer. It is not necessary to 

pattern as many cells as possible to fully avoid the size effect which is termed for abnormal 

localities in the stress concentrations in a 3D auxetic structure due to boundary conditions. 

Thus, 5 cells per axis is more than enough as the size effect can generally be avoided so long 

as the number of patterned cells is more than three [199]. 

Nylon Green, a fairly flexible material, had been identified as a suitable material for 

manufacturing the samples in this study because the material balances between avoiding easy 

fracture and maintaining necessary stiffness. This promotes the effective production of the 

auxetic effect as softer resins might fail to demonstrate the auxetic effect under loading due to 

inadequate load-bearing capacity, while harder resins are prone to fracture under dynamic 

loading, hampering the initiation of the structure's deformation mechanism. The samples are 

printed with the Phrozen Sonic Mighty 4K printer and its affordability for 3D printing 

applications, allow for the fast and efficient production of numerous experimental samples. 
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Figure 8.2. illustration of fully assembled model of (a) ReC and (b) ReM and (c) the definition of X-Y and X-Z 

plane 

Given the assembled models shown in Figure 8.2, they were fabricated through 3D printing 

with Nylon Green and oriented in two different directions. This approach is necessary due to 

the influence of printing direction on the structural properties. A common issue with this type 

of 3D printing is the non-uniformity in material properties, caused by the stacking layered 

approach from the printing process. This problem, aggravated by the inherent anisotropy of the 

design, necessitates the consideration of both printing orientations in the fabrication. This 

decision is particularly relevant to dynamic testing scenarios, where the full expression of the 

auxetic effect and the assessment of EA capabilities are critical. Given the lattice's anisotropic 

characteristics, the crushing directions are dictated by two planes, X-Y and X-Z planes, which 

is defined in Figure 8.2(c) based on the contact with the compression plate. Given each crushing 

direction, further two print directions namely horizontal print (HP) and vertical print (VP) are 

defined. Horizontal print means that the stacking direction of the print layer is perpendicular to 

the loading direction while for the vertical print, the orientation of the print layer is 

perpendicular to the loading direction. 

A notable challenge encountered was the simulation of the layer-by-layer print direction in 3D 

printing processes. Traditional simulation models often assume solids to be fully homogeneous 

and continuous, which overlooks the layering inherent in 3D printed materials. This assumption 
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potentially leads to disparities between simulated and actual behavior, particularly in the 

mechanical response under various loading conditions. Due to these limitations, an 

experimental methodology was selected for this part of the study. 

8.2 Results and Discussion 

The results of experiments are presented in form of comparison between the crushing direction 

on different plane as well as two different printing direction to highlight the significance and 

importance of ensuring auxetic structure of being capable of maintaining its auxetic 

deformation mechanism. 

Initial investigations into three-dimensional lattice structure exclusively composed of re-

entrant unit cells have revealed poor behavior under dynamic load conditions, as evidenced by 

an excessive magnitude of impact forces and pronounced instability, as depicted in Figure 8.3 

(a) and (c), respectively. This phenomenon is largely attributable to the intrinsic hollowness of 

the 3D structure. Drawing inspiration from biological architectures, such as bone tissue, the re-

entrant three-dimensional model has been augmented with smaller hybrid star-shaped unit cells. 

This integration aims to rectify the previously observed deficiencies in performance. 
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Figure 8.3. (a) Force-time diagram for 3D structure made up of only re-entrant structure along with its (a) 

undeformed and (b) deformed during dynamic loading. 
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8.2.1 Quasi-static Analysis 

8.2.1.1 ReC 

As observed from Table 8.1 below, both print directions had the structure converged towards 

the centre under quasi-static loading which is prominently shown in Table 8.1-3 where marked 

in red shows the rotational effect of unit cell towards each other during compression. As Nylon 

Green is a relatively elastic material, no fracturing of the structure was observed, and the main 

deformation mechanism was the deformation of the re-entrant unit cell from the struts buckling 

towards one another in both samples. Print directions had some effect on the deformation 

mechanism of these structures. ReC-VP showed initial collapse in the middle layers, followed 

by a gradual collapse of the entire structure. In contrast, ReC-HP led to a more evenly 

distributed rotation among the 3D unit cells.  

Table 8.1. Deformation mechanism of ReC in the X-Y and X-Z plane with two printing directions under quasi-

static loading.  

ReC 1 2 3 

(a) 

X-Y 

VP 

   

(b) 

X-Y 

HP 
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(c) 

X-Z 

VP 

   

(d) 

X-Z 

HP 

   

 

ReC X-Y VP displayed more variability in its deformation pattern compared to the horizontal 

print. The layers in HP, being perpendicular to the applied force, allowed for a more uniform 

deformation compared to VP. This is particularly noticeable in samples X-Y VP-2 and X-Y 

VP-3 in Table 8.1, where there were more intact cells per layer than in HP samples. Intriguingly, 

ReC X-Y HP demonstrated a consistently higher resistance to compression than ReC X-Y VP. 

This finding contrasts with the common assumption that structures perform better when layers 

are stacked parallel to the loading direction, as layer adhesion is not directly stressed by the 

load. The key to this observation lies in the stronger and more uniform auxetic deformation of 

ReC X-Y HP, which effectively engages more material than ReC X-Y VP which is prominently 

demonstrated in Table 8.1-3. In HP, the layers are parallel to the loading direction. This 

orientation might allow the layers, and consequently the lattice structure, more flexibility to 

move or bend laterally when compressed. This increased flexibility can enhance the auxetic 

behavior of the structure. As such, auxetic effect induced by printing direction has a profound 
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effect in the SS response as ReC X-Y HP performed consistently better than ReC X-Y VP as 

seen in Figure 8.4. This is further substantiated by the higher plateau stress which indicate more 

involvement in deformation caused by increased auxetic effect in ReC X-Y HP. 
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Figure 8.4. SS response of ReC in the (a) X-Y plane between HP and VP and (b) X-Y plane between HP and VP 

As compared to ReC X-Y, ReC X-Z predominantly shows buckling during the compression 

process as marked by red line in Table 8.1 (c) and (d)-2. Negligible amount of auxetic effect is 

observed in both printing directions as no prominent rotation of unit cells were observed during 

the compression. Generally, both X-Z VP and X-Z HP underwent similar deformation 

mechanism, except that the collapse is more concentrated in the center for HP while collapse 

is more concentrated near the two ends in X-Z VP before densification. The lack of stability in 

deformation as well as buckling could partially be due to the lack of proper contact area 

(a) 

(b) 
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between the plate and the lattice which could have led to uneven stress distribution and thus 

ineffective stress propagation through the entire structure causing unstable deformation. 

Furthermore, the star sub-cell may also not effectively compel the deformation of individual 

cells as the sub-cell is more resistant to compression loading in X-Z orientation which 

contributed further to buckling and sliding of the structure.  

Apart from the difference in sequence of collapse, both structures exhibit similar deformation 

which is unaffected by the print direction which is ultimately overshadowed by the buckling 

effect. The buckling effect is further cemented by Figure 8.4 which showed unstable plateau 

stress. In ReC X-Y plane, HP is stronger than VP as HP elicited more uniform auxetic effect 

cross the structure. In stark contrast, X-Z VP is stronger as depicted in Figure 8.4 as the load is 

applied perpendicular to the layers. This orientation tends to compress the layers against each 

other, effectively increasing the structure’s resistance to buckling. In X-Z HP, however, the load 

is parallel to the layers, making it easier for these layers to slide or separate under stress, which 

can lead to earlier buckling. Therefore, in X-Z VP, stresses are distributed across the interfaces 

of the layers, which can bear compressive loads more effectively. In X-Z HP, the stresses may 

concentrate at the weaker points between layers, leading to a lower resistance to buckling. In 

another perspective, in a X-Z VP orientation, the layers can behave more like columns, which 

are better at resisting compressive forces, whereas in HP, the layers can behave more like beams, 

which are more susceptible to bending and buckling under similar loads. 

8.2.1.2 ReM  

In the modified 3D re-entrant structure, ReM X-Y VP shows a more consistent collapse of 

entire layer with lesser rotation as compared to ReM X-Y HP shown in Table 8.2 (a) and (b). 

Bending deformation is predominant in ReM X-Y VP as more folding is observed during 

compression as compared to rotation in ReM X-Y HP as circled in red shown in Table 8.2 (b) 

-3. As such, the presence of rotation had significantly contributed to the increase in plateau 
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stress in ReM X-Y HP over ReM X-Y VP. Furthermore, the peak stress in HP is higher than 

VP, as bending deformation is dominant at the start of the compression in which the bending 

force will be acting on the weaker bonding layer in the VP as compared to HP. The phenomenon 

of HP exhibiting more auxetic effect can also be explained by the possibility discussed in 

section 8.2.1.1 which increased the flexibility of the overall structure in the lateral contraction. 

Given so, the performance of HP exceeded that of VP in the loading ReM. 

Table 8.2. Deformation mechanism of ReM in the X-Y and X-Z plane with two printing directions under quasi-

static loading. 

ReM 1 2 3 

(a) 

X-Y 

VP 

   

(b) 

X-Y 

HP 

   

(c) 

X-Z 

VP 
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(d) 

X-Z 

HP 
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Figure 8.5. SS response of ReM in the (a) X-Y and (b) X-Z plane between HP and VP. 

Both X-Z HP and X-Z VP encountered sliding during deformation due to a reduced contact 

area with the compression plate, leading to unusual stress concentrations within the structure. 

This issue was also noted in the ReC design under quasi-static loading. However, unlike ReC, 

(a) 

(b) 
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the ReM design did not show outward bending or buckling of struts. The design of ReM, 

featuring inwardly bent struts, effectively directed deformation towards the center of each 3D 

unit cell. This allowed both HP and VP samples to maintain some degree of auxetic effect from 

the onset of loading, in spite of the stress irregularities caused by sliding. 

 In comparison, X-Z HP exhibited more uniform deformation than X-Z VP. Both print 

orientations experienced sliding, but it was more pronounced in VP. This can be attributed to 

the inherent lack of rigidity in the bent struts and the uneven stress distribution, resulting in 

structural instability due to the print orientation's targeted susceptibility to shearing at the 

bonding layers. Conversely, HP provided greater flexibility and resistance to bending in the 

bent struts, leading to a more consistent auxetic effect and uniform deformation. When 

analyzing SS responses in Figure 8.5, in both planes, ReM-HP outperformed ReM-VP, which 

contrasts with the ReC model whose performance from printing direction is inconsistent in the 

two planes. The inclusion of bent struts in the ReM design proved to be beneficial compared 

to ReC, whose performance was inconsistent under loading in the X-Z plane due to buckling 

issues. 

8.2.2 Dynamic Analysis 

8.2.2.1 ReC 

During dynamic loading, the rapid nature of the process hinders effective stress distribution 

across the structure, contributing to the sequential layer collapse observed in ReC X-Y VP 

detailed in Table 8.3 (a) and (b). The orientation of layers in ReC X-Y VP reduces the bending 

resistivity of the structure in the loading direction. In contrast, despite similar challenges with 

stress propagation, ReC X-Y HP exhibited a pronounced auxetic effect and consistent 

deformation, as depicted in Table 8.3 (a) and (b), characterized by the noticeable rotation of 

unit cells into petal-like configurations nearing densification. Although the deformation 

patterns of VP and HP differ, their force-time responses are relatively similar. A notable aspect 
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is the marginally higher second peak force in HP compared to VP, as shown in in Figure 8.6. 

This highlights HP's increased compressive resistance induced in the later stages of loading 

due to its auxetic properties. 

Table 8.3. Deformation Mechanism of ReC in the X-Y and X-Z plane under dynamic loading 

ReC 1 2 3 

(a) 

X-Y 

VP 

   

(b) 

X-Y 

HP 

   

(c) 

X-Z 

VP 
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(d) 

X-Z 

HP 
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Figure 8.6. Force-Time Response of ReC in the (a) X-Y and (b) X-Z plane under dynamic loading. 

Similar deformation progression observed in X-Z plane quasi-static loading Table 8.1 and Table 

8.3 (c) and (d) is reproduced in the following dynamic loading. A notable similarity between 

dynamic and quasi-static loading is evident, particularly how ReC X-Z VP collapses centrally 

(a) 

(b) 
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while ReC X-Z HP shows initial collapse at both ends. In quasi-static loading, ReC X-Z VP 

outperformed ReC X-Z HP as depicted in Figure 8.5. however, this discrepancy narrows under 

dynamic loading due to the resemblance in deformation patterns, thereby reducing the impact 

of print direction on the buckling effect observed in quasi-static loading. 

Comparatively, under dynamic loading in the X-Y plane, the force levels are about 50% lower 

in the X-Z plane, attributed to sliding issues caused by the buckling effect. This buckling-

induced instability diminishes compressive resistance, resulting in a lower crushing force. 

Furthermore, the initial peak force for loading in the X-Y plane, as seen in Figure 8.6, is greater 

than that in the X-Z plane (Figure 8.5). This difference highlights a reduced capacity for EA 

and compressive resistance in scenarios where buckling predominates over bending and 

rotational deformations. 

Notably, the impact loading diagrams show two peaks, unlike conventional impact loading, 

which exhibits only a single, approximately sinusoidal wave. This behavior is attributed to the 

viscoelastic properties of the base material (nylon green resin), which combines both viscous 

and inherent damping characteristics, resulting in double peaks during impact. Furthermore, 

conventional re-entrant structures made of the same material typically exhibit only one peak 

due to their lack of stability, as shown in Figures 8.3(b) and 8.3(c). This comparison indicates 

that the modified design's structural layout also contributes to the double peaks observed during 

dynamic loading. 

8.2.2.2 ReM 

In the modified 3D re-entrant featuring bent-in struts, a distinct set of deformation mode is 

observed show in Table 8.4. In ReM-VP, there is an initial collapse and densification of the 

middle layer, followed by subsequent collapse in the rest of the structure. In contrast, ReM-HP 

exhibits a more uniform deformation pattern, closely resembling that seen in quasi-static 
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loading, yet with a less pronounced auxetic effect. This reduced auxetic behavior, despite HP's 

enhanced flexibility, is linked to the higher loading speeds which created an insufficient time 

for stress distribution across the structure. As a result, the lateral flexibility's influence on the 

auxetic behavior becomes less significant compared to the structure's longitudinal compressive 

resistance. Nonetheless, some degree of auxetic effect is still noticeable in HP at the later stages 

of loading, leading to an increased second peak force, as depicted in Figure 8.7. Conversely, 

the higher second peak force observed in VP is primarily due to the initial high compressive 

resistance generated by the yet-to-deform layers. 

Table 8.4. Deformation Mechanism of ReM in the X-Y and X-Z plane under dynamic loading 

ReM 1 2 3 

(a) 

X-Y 

VP 

   

(b) 

X-Y 

HP 

   

(c) 

X-Z 

VP 
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(d) 

X-Z 

HP 
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Figure 8.7. Force-Time Response of ReM in the (a) X-Y and (b) X-Z plane under dynamic loading. 

Switching from straight to bent-in struts in the ReM design, as depicted in Table 8.4, effectively 

eradicates the buckling phenomenon observed in the X-Z plane loading. The previously seen 

wavy strut pattern is now replaced by an expansion of the diamond shapes formed by the bent-
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in struts, highlighted in Table 8.4. Although this alteration does not considerably raise the peak 

force of ReM compared to ReC, the added stability and the role of the bent-in struts 

significantly enhance the damping effect of the structure. This effect prolongs the impact 

duration from a typical 0.006 seconds to approximately 0.020 seconds, as illustrated in Figure 

8.7. By maintaining a low peak force and prolonging damping, the structure's EA capacity 

under dynamic loading is notably improved. However, despite these enhancements, no auxetic 

effect involving the rotation of unit cells was observed, likely due to the X-Z plane loading 

orientation. 

In the context of X-Z plane loading, the diamond configuration of the bent-in struts plays a 

more active role compared to their function in X-Y loading, where they primarily offer lateral 

resistance during the compression associated with ReC's auxetic effect, marginally increasing 

the second peak force. Moreover, as discussed in section 8.2.1, the damping effect is further 

extended in the HP orientation, which enhances the bending resistance of the struts compared 

to the VP orientation, where the bonding layers exhibit weaker shear resistance. The gradual 

reduction in crushing force observed in HP, as opposed to the dual peak forces seen in other 

loading scenarios, not only demonstrates a robust damping effect but also prevents any abrupt 

deceleration that could lead to a catastrophic failure of the structure in impact scenarios.  

8.3 Conclusion 

Drawing inspiration from the multi-tiered organization of diverse materials in bones, the 3D 

structure employs a similar concept of hybrid unit cells. Thus, the study had conducted a series 

of quasi-static and dynamic loading tests on two separate hybrid star sub-cell hierarchical 3D 

re-entrant structures, focusing on two loading directions and two printing orientations. In quasi-

static loading, the printing direction significantly impacted the SS response and deformation 

pattern. The horizontally printed (HP) orientation, aligned parallel to the loading direction, 

enhanced lateral flexibility and bending resistance, which augmented the auxetic effect. With 
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unchanged struts in Re-C, buckling and induced instability were prominent, resulting in 

instability. In stark contrast to Re-C, Re-M, where struts were modified to a bent-in design, HP 

consistently outperformed vertically printed (VP), enhancing structural predictability. 

During dynamic loading, while deformation modes mirrored those in quasi-static loading, 

structures exhibiting pronounced auxetic effects in quasi-static loading showed reduced auxetic 

behavior due to stress propagation challenges at higher loading speeds. Notably, the bent-in 

struts in X-Z loading eliminated buckling and significantly boosted the damping effect, an 

improvement further enhanced by HP's increased lateral bending resistance. 

In summary, printing direction is crucial in enhancing the auxetic effect under quasi-static 

loading, but it influences different characteristics when the auxetic effect is less pronounced 

under dynamic loading due to increased loading velocity. Additionally, strut modifications 

significantly improved dynamic loading performance, transitioning from dual peak loading to 

a gradual reduction in crushing force, accompanied by a strong damping effect. Despite the 

initial promise of our bone-structure-inspired design, it has not completely fulfilled our 

expectations. Consequently, there should be some extent of design modifications to correct any 

shortcomings and enhance the overall efficacy of the structure. 
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Chapter 9 Conclusion and Future Work 

In this thesis, a variety of auxetic and hybrid structure had been proposed, fabricated, simulated 

and experimented on. Drawing inspiration from nature, the predominant presence of curved 

ligament application to harsh environment condition, the concept was first applied onto REAT 

structure by replacing all straight ligaments with arc shaped ligaments. Significant 

improvement was discovered due to the increased interaction between cylinders and curved 

ligaments as well as more profound rotation of ligaments about the cylinders. 

Next, a gradient based approach is applied towards two basic geometrical parameters of 

conventional REAT structure, namely cylindrical size and height. Notably, gradient based 

approach allows for a gradual increase in plateau stress which translates to a consistent EA 

efficiency as compared to other efficiency which is momentarily high close to densification. 

Then, a combination of gradient based approach is deployed onto arc ligaments in REAT 

structures. In graded curvature, all four structures incorporate identical gradient layers in their 

configuration, altering the arrangement of each gradient layer seems to have little to no 

substantial impact on the overall mechanical performance of the structures. This is due to the 

lack of drastic difference in mechanical properties between layers. While focus was shifted 

towards REAT structures with varying cylindrical size, further investigation yielded marginal 

improvement. 

In the next combined study, two innovative honeycomb structures, graded fractal honeycombs 

and graded hierarchical honeycombs, were developed and analyzed for their crashworthiness 

and EA capabilities. The graded fractal honeycombs, including symmetric (SG-I & SG-II) and 

asymmetric gradients (AG-I & AG-II), demonstrated that deformation patterns and EA vary 

significantly with impact velocity. SG-I honeycombs excelled in EA at low velocities, while 

SG-II outperformed at higher velocities. The plateau stress, SEA, and MCF for these 
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honeycombs increased with impact velocity. Additionally, increasing cell wall thickness 

significantly enhanced SEA across all fractal honeycomb types, with AG-II showing the 

highest EA capacity at low strain and SG-II excelling at higher strains. 

On the other hand, the graded hierarchical honeycombs, featuring hexagonal and triangular 

sub-cell structures, revealed that their deformation modes and crushing behaviors are also 

highly dependent on impact velocity. "I+V" deformation mode was observed at low velocities, 

shifting to an "I" mode at high velocities. These honeycombs showed enhanced crushing stress 

and SEA with increased impact velocity, influenced by the inertia effect of increasing velocity. 

The gradient distribution played a crucial role in performance, with PGH providing better SEA 

than NGH at high velocities. Triangular sub-structures within these honeycombs offered better 

SEA than hexagonal ones, especially at low velocities. Overall, the study underscores the 

importance of design configurations, such as gradient distribution and sub-cell structure, in 

enhancing the performance of honeycombs under varying impact conditions. 

And finally, in a comprehensive investigation of two hybrid star sub-cell hierarchical 3D re-

entrant structures under quasi-static and dynamic loading, the role of printing direction was 

established in influencing the structures' SS response and deformation pattern. Specifically, the 

horizontally printed orientation demonstrated enhanced lateral flexibility and bending 

resistance, leading to an increased auxetic effect, particularly evident in the 3D re-entrant 

designs with bent-in struts. Dynamic loading tests revealed that while these structures mirrored 

quasi-static deformation modes, the pronounced auxetic effect observed under quasi-static 

conditions diminished at higher loading speeds due to stress propagation challenges. The 

incorporation of bent-in struts was important in eliminating buckling and enhancing the 

damping effect, with horizontal printing further boosting this improvement. Ultimately, this 

research underscores the importance of printing direction and strut configuration in optimizing 
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the crashworthiness and EA capabilities of 3D re-entrant structures, transitioning from dual 

peak loading to a more effective, gradual reduction in crushing force under dynamic conditions. 

In conclusion, this thesis presents a comprehensive exploration of auxetic and hybrid structures, 

innovatively blending natural inspirations. By integrating curved ligaments into REAT 

structures and employing a gradient-based approach to modify geometrical parameters, 

significant improvements in interaction dynamics and EA efficiency were achieved. The 

studies on graded fractal and hierarchical honeycombs further highlighted the impact of design 

configurations on crashworthiness behaviors, demonstrating that varying impact velocities, 

gradient distributions, and sub-cell structures influence deformation patterns and EA 

capabilities. Moreover, the examination of printing directions in hybrid star sub-cell 

hierarchical 3D re-entrant structures revealed that horizontal printing enhances auxetic effects 

and improves crashworthiness under dynamic loading conditions. Overall, this research not 

only provides insightful in the structural design of auxetic and hybrid materials but also 

establishes foundational knowledge for future developments in optimizing material behavior 

for specific application requirements. 

As the research into auxetic and hybrid structures progresses, the scope for exploring an even 

wider array of design parameters becomes increasingly necessary. Currently, the variation in 

design parameters has been conducted with other variables being kept constant, which 

inherently limits the exploration to a certain extent. Therefore, to thoroughly investigate the 

vast potential of these structures, a more sophisticated approach is needed, one that can handle 

the complexity and multitude of variable combinations. 

Advanced optimization techniques, such as particle swarm optimization and machine learning 

algorithms, present a promising tool for diving deeper into this field. These methods are 

particularly apt at navigating extensive and unexplored design spaces, where the number of 

possible permutations and combinations of parameters is overwhelming. By leveraging these 
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techniques, it becomes feasible to explore configurations that have yet to be considered or 

discovered, uncovering novelty and potentially more efficient design solutions. 

As mentioned in the beginning of this thesis, the realm of bio-inspired designs offers a rich 

source of inspiration for future research. One particularly intriguing concept is the development 

of bio-inspired horseshoe hierarchical honeycombs. This design would integrate the principles 

of curvature with hierarchical structuring as this multi-scale structuring is a common theme in 

nature, seen in entities ranging from tiny cellular components to large ecological systems. Each 

variable – the degree of curvature, the levels of hierarchy, the size and shape of each 

hierarchical element enriches the design space which will require advanced tools and methods. 
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Appendix 

The geometric properties of all 9 models are defined in Table A- 1. 

Table A- 1. Table illustrating configurations of graded honeycombs. 

Model Geometric properties 

Ungraded REAT Honeycomb(Control Model) 

 

Geometric properties constant for all 

layers. 

 

𝑑 =  3 𝑚𝑚 
ℎ =  12𝑚𝑚 

Unidirectional Graded Chiral (Decreasing) UC-P  

 

Chiral diameter at chiral layer 1, 

𝑑1  =  3.0 𝑚𝑚 

 

Chiral diameter decreases by constant 

intervals of 0.5 𝑚𝑚 every 3 subsequent 

chiral layers. 

 

Chiral diameter at chiral layer 13, 

𝑑13  =  1.5 𝑚𝑚 

 

L2 and h constant for all layers. 

 

Unidirectional Graded Chiral (Increasing) UC-N 

 

Chiral radius at chiral layer 1, 

𝑑1  =  1.5 𝑚𝑚 

 

Chiral diameter increases by constant 

intervals of 0.5 𝑚𝑚 every 3 subsequent 

chiral layers. 

Chiral diameter at chiral layer 13, 

𝑑13  =  3.0 𝑚𝑚 

 

L2 and h constant for all layers. 
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Bidirectional Graded Chiral (Decreasing) BC-N  

 

Chiral radius at chiral layer 7, 

𝑑7  =  3.0 𝑚𝑚 

 

Chiral diameter decreases by constant 

intervals of 0.5 𝑚𝑚 from middle chiral 

layer towards both proximal and distal end 

every 2 subsequent chiral layers. 

 

Chiral diameter at layers 1 and 13, 

𝑑1,13  =  1.5 𝑚𝑚 

 

L2 and h constant for all layers. 

 

Bidirectional Graded Chiral (Increasing) BC-P  

 

Chiral radius at chiral layer 7, 

𝑑7  =  1.5 𝑚𝑚 

 

Chiral diameter decreases by constant 

intervals of 0.5 𝑚𝑚 from middle chiral 

layer towards both proximal and distal end 

every 2 subsequent chiral layers. 

 

Chiral radius at chiral layers 1 and 13, 

𝑑1,13  =  3.0 𝑚𝑚 

 

L2 and h constant for all layers. 

 

Unidirectional Graded Height (Decreasing) UH-P  

 

Unit layer height at layers 1, 

ℎ1  =  14𝑚𝑚 

 

h decreases by constant intervals of 2 𝑚𝑚 

every 2 subsequent height layers. 

 

Unit layer height at layers 6, 

 

ℎ6  =  10𝑚𝑚 

 

L2 and r constant for all layers. 
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Unidirectional Graded Height (Increasing) UH-N  

 

Unit layer height at layers 1, 

ℎ1  =  10𝑚𝑚 

 

h increases by constant intervals of 2 𝑚𝑚 

every 2 subsequent height layers. 

 

Unit layer height at layers 6, 

 

ℎ6  =  14𝑚𝑚 

 

L2 and r constant for all layers. 

 

Bidirectional Graded Height (Decreasing) BH-N  

 

Unit layer height at layers 3 or 4, 

ℎ3,4  =  14𝑚𝑚 

 

h decreases by constant intervals of 2 𝑚𝑚 

in each adjacent height layer. 

 

Unit layer height at layers 5 or 6, 

 

ℎ1,6  =  10𝑚𝑚 

 

L2 and r constant for all layers. 

 

Bidirectional Graded Height (Increasing) BH-P  

 

Unit layer height at layers 3 or 4, 

ℎ3,4  =  10𝑚𝑚 

 

h increases by constant intervals of 2 𝑚𝑚 

in each adjacent height layer. 

 

Unit layer height at layers 5 or 6, 

 

ℎ1,6  =  14𝑚𝑚 

 

L2 and r constant for all layers. 
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The following figures contain the stress-strain curves of each design with three specimens to 

show the consistency in the 3D printed samples and their respective results. 

 

Base Model UC-P 

 

Figure A-1. Stress-strain of uniform REAT or control 

model. 

 

 

Figure A-2. Stress-strain of uniform UC-P. 

 

UC-N BC-N 

 

Figure A-3. Stress-strain of uniform UC-N. 

 

 

Figure A-4. Stress-strain of uniform BC-N. 

 

BC-P UH-P 
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Figure A-5. Stress-strain of uniform BC-P. 

 

 

Figure A-6. Stress-strain of uniform UH-P. 

 

UH-N BH-P 

 

Figure A-7. Stress-strain of uniform UH-N. 

 

 

Figure A-8. Stress-strain of uniform BH-P. 

 

BH-N  

 

Figure A-9. Stress-strain of uniform BH-N. 
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Figure A-10. (a) stress-strain curve of RGD-8530DM. (b) simulation setup with C3D8R solid mesh. (c) Tensile 

samples printed with RGD-8530DM with (d) the experimental setup. 

 

Figure A-11. Experimental validation with simulation for (a) Base model and (b) UH-N. Deformation and 

stress-strain curve are in substantial agreement. 

 


