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Abstract 

Parallel manipulators (PMs) have many advantages comparing with the serial counter­

parts, such as high payload capacity, high speed and acceleration, high accuracy and high 

stiffness. However, usual PMs, like the Stewart platform, suffer from the problems of 

difficult forward kinematics, coupled motion, and small workspace so as to make motion 

planning and control difficult in applications. Kinematically decoupled PMs are the best 

candidates to cope with these drawbacks while keeping the advantages of general PMs. 

This thesis focuses on issues related to kinematic design of 6-DOF decoupled PMs, includ­

ing structure synthesis, displacement and singularity models, workspace design, dimension 

optimization, statics and stiffness models, and constraint errors. The main contributions 

of this thesis lie in the design methodology on structure synthesis, workspace determina­

tion, and constraint error evaluation for decoupled PMs. The decoupled PMs are classified 

according to the motion of the end-effector. A systematic approach is proposed for struc­

ture synthesis of two classes of 6-DOF decoupled PMs. As a result, the two classes of 

6-DOF decoupled PMs are obtained, in which seven structures are new. A finite-partition 

approach for parametrical and proportional partition of the rigid motion group SE(3) is 

introduced based on its topology. The partition approach makes the numerical computa­

tion of the 6-D manipulator workspace possible. Based on this finite-partition approach, 

two global performance indices and three optimal points are defined on the 6-D workspace 

for design optimization and task realization of PMs. Several design examples show that 

this approach is effective. Due to the special geometric requirements on the joint arrange­

ment for decoupled motion, a method to evaluate the effect of constraint errors on the 

decoupling characteristics of PMs is proposed. Through this approach, the importance of 

design constraints can be objectively described and used as guidelines during fabrication 

and assembly. In summary, important aspects of decoupled PM design have been estab­

lished. The design methodology is illustrated by case studies on the design of the two 

classes of 6-DOF decoupled PMs. 
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Chapter 1 

Introduction 

1.1 Motivation 

A parallel manipulator (PM) is a closed-loop kinematic chain mechanism whose end-

effector is linked to the base by several independent kinematic chains. Over the past two 

decades, parallel manipulators have attracted a lot of interest from university to industry. 

Generally speaking, the parallel manipulators may give higher payload capacity, higher 

speed and acceleration, higher static and dynamic accuracy and higher stiffness than what 

is possible with the industrial robots of serial structure used today. 

The earliest parallel manipulator is probably the Gough platform invented by Gough in 

1947, which allows the positioning and the orientation of a moving platform so as to test 

tire wear and tear (Fig. 1.1). Stewart [99] designed a parallel manipulator (Fig. 1.2) for 

use as a flight simulator in 1965. The researchers in the field of mechanisms and robotics 

were attracted by the parallel manipulators in 1980s. Till now, the commercialized PMs 

are mainly based on three types of parallel manipulator structures, i.e., Stewart platform 

structure [99], Delta robot structure [17] and Tricept robot structure [88]. Based on 

the Stewart platform structure, Hexel Corporation has developed the R series robots 

(Fig. 1.3(a)) for bio-medical applications, and P series robots (Fig. 1.3(b)) for industrial 

applications, such as welding, deburring and milling. 

1 
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Figure 1.1: Gough platform (adapted from Figure 1.2: Stewart platform 
http://www.parallemic.org/Reviews/Review007.html) 

(a) R series (b) P series 

Figure 1.3: Applications of the Stewart platform by Hexel Corporation (adapted from 
Hexel Corporation) 
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(a) IRB340 Flex Picker (adapted (b) Demaurex's Line-Placer installation 
from ABB Flexible Automation) (adapted from Demaurex) 

Figure 1.4: Applications of the Delta robot 

In 1999, the ABB Flexible Automation introduced the IRB340 Flex Picker as shown in 

Fig. 1.4(a). The Flex Picker is an extension work on Delta Robots [17]. It is equipped 

with an integrated vacuum system capable of rapid pick-and-place of objects. There are 

many applications related to Delta robots in the industry and one of them is used as 

Line-Placer as shown in Fig. 1.4(b). SMT Tricept Corporation introduced the Tricept 

600 series for the line assembly and manufacture of automobile (Fig. 1.5). 

Other applications can be found in [1, 2, 10, 13, 22, 30, 34, 39, 40, 47, 70]. As there is 

only several types of parallel mechanism structures available, the attention of researchers 

moves to propose new types of structures [21, 30, 32, 33, 38, 58, 60, 104], and study the 

approaches for structure synthesis of PMs with lower mobility (less than six) recently 

[21, 38, 43, 60, 62, 64, 72, 103]. 

However, most of the PMs with lower mobility are overconstrained PMs when assembly 

errors are considered [78]. Therefore, these PMs cannot be assembled without joint clear­

ance which imposes negative impacts on the accuracy of the end-effector. In addition, 

for PMs with less than six DOFs, kinematic errors may not even be recovered through 

calibration. Parenti-Castelli and Di Gregorio studied the error effects on the kinematic 

performance of PMs with three DOFs [35, 90], and found that some errors satisfying 

3 
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(a) Tricept 600 (b) Machining of bumpers 5 tricepts work­
ing in one cell 

Figure 1.5: Applications of the Tricept robot by SMT Tricept Corporation (adapted from 
SMT Tricept Corporation) 

the DOF requirements of the end-effector can be calibrated while other errors cannot be 

calibrated. 

Another trend in PM design is to study these 6-DOF PMs with decoupled motion structure 

[5, 49, 50, 52, 54, 55, 57, 113, 115], which can overcome the problem of assembly and 

calibration, and simplify the kinematic analysis, motion planing and control. Usual PMs, 

like the Stewart platform, suffer from the disadvantages of difficult forward kinematics, 

coupled motion, and small workspace, so that the motion planing and control become 

very complicated and difficult to be implemented in real application. 

Decoupled motion means that some motion DOFs are independent to the other motion 

DOFs. For example, 6-DOF decoupled translation and rotation means that the 3-DOF 

translations are independent to the 3-DOF rotations. A decoupled PM refers to a PM 

whose end-effector has decoupled motion, so that specific motion axes of the end-effector 

can be controlled by the designated actuators independently Taking the 6-DOF decou­

pled PM with decoupled translation and rotation for example [55], the 3-DOF translation 

4 
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is controlled by three linear actuators, and the 3-DOF rotation is controlled by three 

rotary actuators. In this case, the manipulator Jacobian can be reduced from a single 

6 x 6 matrix to two 3 x 3 matrices. The position and orientation of the end-effector 

can be calculated separately. Therefore, the displacement calculation, singularity analy­

sis, workspace evaluation, statics analysis, motion planning and control are significantly 

simplified. Generally speaking, the 6-DOF decoupled PMs have following advantages: 

• High payload capacity, low moment of inertia, high stiffness, high speed and accel­

eration capacity 

• Decoupled motion characteristics, selectively actuated for different tasks 

• Closed-form solutions for both inverse and forward displacements 

• Simplified kinematic analysis, motion planning and control scheme 

• Ease for implementing calibration and compensation 

In the literature, Innocenti [49] proposed a 6-DOF PM with decoupled translation and 

rotation, in which three links share a common ball joint so that the position of the end-

effector is only controlled by these three links. Lallemand et al. [67] introduced a 6-DOF 

decoupled 2-Delta PM in which the external Delta robot is in charging for the translation 

of the end-effector, while the internal Delta robot is for controlling the orientation of the 

end-effector through one limb that allows free translation but no rotation. Shim et al. 

[98] mentioned a decoupled 3-PRPS 6-DOF PM in which the two prismatic joint of each 

limb are actuators. Lee and Park [71] introduced a 6-DOF decoupled PM which makes 

use of two PMs and a central axis. The orientation and the position of the end-effector 

are independently controlled by the two PMs. Comparing with the corresponding Stewart 

platform, the decoupled PM performs a larger workspace with less singularity. Zabalza et 

al. [115] proposed a 6-DOF PM which decouples the 3-DOF planar motion and the other 

3-DOF spatial motion by using three modified Scott's mechanisms. Yang et al. [110] 

5 
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proposed a 6-DOF 3-RPRS decoupled PM, in which the three planar motion DOFs and 

the other three motion DOFs are independently controlled. 

Current design of decoupled PMs mainly depends on the intuition and intelligence of 

the designer, and there is no clear classification and systematic approach for synthesizing 

decoupled PMs. There could be some other novel types of decoupled parallel mechanism 

structures having good performance neglected. Therefore, the focus of this thesis is to 

address the systematic design of PMs leading to new types of decoupled PM structures, 

and performance evaluation of these PM structures. 

1.2 Design Problems of Parallel Manipulators 

Engineering design of PMs is a very broad topic. Figure 1.6 indicates the overview of 

the kinematic design issues for parallel manipulators discussed in this thesis. Structure 

synthesis is the beginning in a manipulator design. All the other design issues should be 

based on the parallel manipulator structure. Kinematic model is to find the relationship 

between the output pose of the end-effector and the input displacement of the actuators. 

It is the basis for various analyses of the PM, such as singularity, statics and error analyses. 

Singularity analysis is very important. It is usually used to determine the workspace of 

PMs. As a PM has limited workspace, workspace evaluation and optimization are essential 

to design a PM optimally. Statics and stiffness are also necessary for evaluating the statics 

properties of PMs, such as maximal output force and accuracy. For the decoupled PMs, 

constraint error evaluation are also dispensable for objectively describing the error effects 

so as to provide guidelines for fabrication and assembly. In this section, the current 

state-of-arts of these design issues are introduced. 

(. 
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Figure 1.6: Kinematic design issues discussed in this thesis 

1.2.1 Structure Synthesis 

The initial step in manipulator design is structure synthesis, which is to determine the 

topological structure properties such as degrees of freedom (DOFs), the number and type 

of links, the number and type of joints, the number of independent loops, and the inter­

connections between links and joints. This part of the work is most difficult because it 

comes from the creativity of the designer and mostly depends on their intuitiveness, intel­

ligence and experiences. Generally speaking, current parallel manipulators are designed 

in a case-by-case manner. It is difficult to find a generic approach to synthesize any type 

of manipulators. In order to reduce the complexity of type synthesis of PMs, the PMs are 

often classified by their end-effector mobility. In this way, some parallel manipulator with 

less mobility (less than 6) can be synthesized in a systematic way [21, 37, 38, 43, 62, 72]. 

However, there are no clear classification of decoupled PMs, and no systematic approaches 

for synthesizing PMs with decoupled motion. 

7 
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1.2.2 Kinematic Models 

With given manipulator structures, a designer needs to identify the kinematic properties 

of the manipulators, such as instantaneous kinematic modeling, singularity conditions, 

and displacement solution. 

Instantaneous kinematics is to establish the relationships between the instantaneous mo­

tion of the active joints and that of the end-effector, which is necessary for analyzing the 

motion and control of robotic manipulators. Singularities refer to particular manipulator 

configurations in which the end-effector gains or losses one or more degrees of freedom. 

Jacobian matrix analysis is an effective approach for checking the singularities of PMs. 

The singularity loci will directly determine the workspace of a manipulator. Sometimes 

it also helps the designer to identify the isotropy characteristics of a PM. 

Kinematics (displacement) analysis is to find the relationship between the position (pose) 

of the end-effector and the displacements of the actuators. It is the basis of workspace 

analysis, dimensional optimization, motion planing and control. For parallel manipula­

tors, displacement analysis is classified into: 1) forward displacement analysis, in which 

it is to find the end-effector pose with given displacements of actuators, and 2) inverse 

displacement analysis, in which the displacements of actuators is to be found with given 

end-effector pose. For a serial manipulator, the forward displacement is straight forward 

but the inverse displacement is difficult due to multiple solutions. For the parallel ma­

nipulators, the inverse displacement is easy because it can be obtained once the platform 

pose is determined. And yet the forward displacement is generally very complicated as it 

requires solving higher order nonlinear equations. 

1.2.3 Workspace Evaluation and Dimension Optimization 

Workspace analysis and optimization are important in a manipulator design. As PMs 

have a much smaller workspace than that of a serial counterpart, the size and quality of 
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workspace become important performance indices. Solution to this problem is critical in 

the design and motion planing of the manipulator. Therefore, physical geometry parame­

ters of the links, joints, base and the moving platform should be optimized for maximizing 

the workspace performance. 

Determination of workspace of the general parallel manipulators is still a challenging 

problems, due to following reasons. 1) As the complete workspace of a 6-DOF manipulator 

is embedded into a 6-dimensional space, there is no possible way to represent it graphically 

in a human-readable way. Most of the literatures only considered the 3-D workspaces, 

which are subspaces of the complete 6-D workspace. Therefore, the global properties 

of the 6-D complete workspace cannot be evaluated properly. 2) There is no suitable 

way for us to integrate the 6-D workspace volume along its boundary, as the forward 

kinematic problem is difficult to obtaine in closed-form. The 3-D reachable workspace 

volume is thus often used to describe the workspace in the literature. 3) Restricted by the 

workspace computation, to our knowledge, there are no global performance indices for the 

optimal design in the complete 6-D workspace. 4) The workspace depends on constraints 

introduced by joint-angle limitations, link-length limitations, and leg-interference. Most of 

the literature does not consider the actual physical constraints in the workspace analysis. 

1.2.4 Statics and Stiffness Modeling 

Statics force analysis is of practical importance in evaluating the force transmission 

through the manipulator joints and links. For a manipulator design, it is essential to 

specify the peak force and moments that the end-effector can perform, which is an impor­

tant measure to select a machine for some certain tasks. Stiffness is an important index 

to evaluate robot performance for a specific task in which the end-effector exerts some 

force and moments on its environment. This force and moments will lead to the deflec­

tion of the mechanism so that the end-effector will be deflected away from the desired 

pose. Therefore, the stiffness will give an immediate impact to the position accuracy of 
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a manipulator. Some control algorithms make use of the stiffness characteristics for ac­

curately controlling a robot manipulator. The overall stiffness of a manipulator depends 

on several factors, including the mechanical structure, the dimensions and the materials 

of the links, the actuators and the controller. Especially when the links or joints have 

more compliance, the stiffness of the manipulator becomes the major concern of the accu­

racy. Computation time is critical in control, so that the simple stiffness model is usually 

required. 

1.2.5 Error Evaluation 

Parallel manipulators featuring decoupled motion usually need to satisfy some critical 

geometrical constraints, for example, the axes of revolute (R) joints intersecting at one 

common point and the moving direction of the passive prismatic (P) joint being perpen­

dicular to the related actuator axis [55], the axis of the rotary actuator aligning with the 

moving direction of the prismatic actuator in each limb, and the axes of passive R-joint 

and rotary actuator being parallel [113]. When manufacturing tolerances and assembly 

errors are considered, the actual manipulator motion may not be decoupled as stated 

in the design. Although these manufacturing errors may be compensated through the 

kinematic calibration [86, 107, 111, 116], it is still not possible to know the effects of the 

errors on the manipulator kinematics. Hence, it is difficult for engineers to identify the 

source of the geometrical errors and minimize them in the initial manufacturing stage. 

For PMs with less than six DOFs, kinematic errors may not even be recovered through 

calibration. 

1.3 Proposed Approaches 

To reduce the complexity in the generic problem of type synthesis of 6-DOF decoupled 

PMs, the decoupled PMs are classified, and the concept of Group Decoupling (GD) is 
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introduced. An idea of sharing sub-chain composed by only passive joints is disclosed. 

A systematic approach based on this idea is proposed for structure synthesis of 3-limb 

symmetrical 6-DOF PMs with 3-3 decoupled motion, i.e., 3-DOF translation and 3-DOF 

rotation are independently controlled, or 3-DOF planner motion and the other 3-DOF 

spatial motion are independently controlled. A search space including serial limb chains 

with at least one zero-pitch wrench is developed, which reduces great effort in type syn­

thesis. Two classes of 3-3 decoupled parallel manipulators are obtained, in which seven 

novel structures are obtained. 

A finite-partition approach of the rigid motion group SE(3) is proposed for workspace 

evaluation. It is known that the Special Orthogonal group 50(3) is homeomorphic to a 

solid ball D3 with antipodal points identified while the geometry of M3 can be regarded as 

a cube. Furthermore the solid ball and the cube can be parametrically and proportionally 

partitioned into a number of elements. Therefore, the basis volume elements of M3 and 

50(3) can be obtained. The product of two basis volume elements of R3 and 50(3) 

respectively will produce a basis volume element of SE(3). By this way, the integration of 

the complete 6-D workspace volume is transformed into the simple summation of the basis 

volume elements of SE(3). Based on this finite-partition method, two global performance 

indices, i.e., Workspace volume ratio(Wr) and Global condition index (GCI), and three 

optimal points, i.e., Global optimal position (pG), Global optimal orientation (RG) and 

Global isotropy point (GIP), are defined in the 6-D workspace. With the help of the two 

indices, two dimension optimization algorithms are effectively implemented for the two 

classes of PMs respectively. The optimal points of the two classes of PMs are obtained. 

They are useful for specifying the performance of a certain design, which is illustrated by 

two classes of decoupled PMs in this thesis. 

A new approach for analyzing the constraint error effects on decoupling characteristics 

of PMs is proposed. Three basic types of constraint errors are identified. Through this 

approach, the dominating errors and the guidelines for design, fabrication and assembly 
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can be obtained. In addition, this approach can also be used for those PMs with less 

mobility (less than six DOFs). 

The remaining chapters of this thesis are organized as follows. Chapter 2 presents the 

structure synthesis of 6-DOF 3-3 decoupled parallel manipulators. Chapter 3 addresses 

instantaneous kinematics and singularity analysis. Chapter 4 gives the displacement al­

gorithm for the 3-3 decoupled PMs. Chapter 5 addresses workspace evaluation through 

a finite-partition approach of SE(3). Chapter 6 address statics and stiffness analysis. 

Chapter 7 study constraint error. Chapter 8 concludes the work. 
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Chapter 2 

Structure Synthesis 

Generally speaking, designing a mechanism is a two-step process, i.e., structure synthesis 

and dimensional synthesis [81]. Structure synthesis refers to the determination of struc­

tural properties such as degrees of freedom, the number and type of links, the number 

and type of joints, the number of independent loops, the nature of motion (planar and 

spatial), and the interconnections between links and joints. This step is difficult because 

it comes from the originality and mostly depends on the experience and intelligence of 

the designer. Dimensional synthesis is to determine the parameters of the mechanism to 

satisfy the performance requirements based on the given mechanism structure. 

In this chapter, a systematic approach is proposed to synthesize symmetrical non-redundant 

6-DOF PMs with 3-3 decoupled motion, i.e., 3-DOF translation and 3-DOF rotation are 

independently controlled, or 3-DOF planner motion and the other 3-DOF spatial motion 

are independently controlled. In this approach, the end-effector mobility requirements 

are analyzed first to obtain the wrench constraints associated with each limb kinematic 

chain based on the decoupled motion requirements. Then the limb sub-chain with only 

passive joints are enumerated based on a search space which includes all the limbs with 

at least one zero-pitch wrench. The type and geometry of actuators are determined sub­

sequently by using the line geometry method [21, 43, 62]. An exhaustive enumeration of 

3-3 decoupled 6-DOF PMs are obtained. 
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This chapter is organized as follows. Section 2.1 introduced the background on the struc­

ture synthesis of PMs. Section 2.3 studies the type synthesis of limbs with at least one 

zero-pitch wrench in finite motion. The concept of Group Decoupling (GD) is proposed in 

Section 2.4. A procedure for synthesizing 3-limb symmetrical non-redundant 6-DOF PMs 

with 3-3 GD is proposed in Section 2.5. Section 2.6 introduces the structure synthesis of 

6-DOF PMs with decoupled translation and rotation. Section 2.7 studies the structure 

synthesis of 6-DOF PMs with decoupled 3-DOF planner motion and the other 3-DOF 

spatial motion. 

2.1 Introduction 

In the literature, most of the PMs have identical limbs to simplify the design and fab­

rication [30, 33, 55, 67, 85, 105, 115]. Tsai introduced an enumeration scheme based on 

the Griibler criterion to guide synthesis of PMs with 2 to 6 DOFs [103]. However, this 

approach can only synthesize PMs with certain number of DOFs but not PMs with cer­

tain motion. For the structure synthesis of PMs with lower DOFs, there are two major 

methods: constraint synthesis approach [20, 21, 43, 44, 62, 63] based on screw theory, and 

Lie sub-group approach [37, 38, 72] based on the algebraic properties of a Lie group of 

the Euclidean displacement set. 

In screw-based method [43], the standard base of the mechanism twist system is obtained 

according to the mobility requirement of the end-effector, and then is treated as the 

standard base of the limb twist system. Subsequently, some other necessary twists are 

added to obtain the limb twist system. The process of adding other twists mainly depends 

on the experiences of the designer. Then, all the limbs are connected with the base and the 

mobile platform according to the geometrical conditions. Lastly, it requires to check if the 

PMs can work in finite motion as this approach is based on the instantaneous kinematics. 

Hence, some PMs obtained in this manner may be infeasible for finite motion. 
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In Lie subset method [37], a set of operators is used to describe all possible finite dis­

placements, and each kind of motion is represented by a set of operators. A mechanical 

bond is represented by the set of allowed displacements of one body with respect to the 

other. A serial arrangement of kinematic pairs becomes the composition of mechanical 

bonds, and a parallel arrangement of kinematic pairs is represented by the intersection of 

mechanical bonds. The first step in type synthesis is to get a mechanical generator of a 

limb according to the motion characteristics of the end-effector. Second is to analysis the 

mechanical generator to obtain a feasible configuration for a limb. Third is to combine 

several limbs to form the PMs. And last, checking finite motion on the mechanism is 

required. Similar to the screw-based method, the second step of this approach very much 

depends on the experiences of the designer. 

2.2 Concepts of Screw, Twist and Wrench 

A screw is associated with a line in the three-dimensional space and a scalar called pitch, 

and has the form as 

$ = [ S' x 1 , (2-1) 
r x s + As J v ' 

where s is a 3 x 1 vector pointing the direction of the screw axis, r is the position vector 

is the position vector of any point on the screw axis with respect to a reference frame, 

and A is the pitch of the screw. Specially, the screw is called a unit screw when s is 

a unit vector. According to Chasles's theorem: Any displacement of a rigid body can 

be effected by a single rotation about a unique axis combined with a unique translation 

parallel to that axis, so any displacement can be described as a "screw displacement", 

where the unique rotation axis, which is also the translation direction, is referred to as 

the screw axis of the displacement. Screw theory is a way to study velocities and forces 

in three-dimensional space, combining both rotational and translational parts. When a 

screw is used to describe the motion state of a rigid body, it is often called a twist. When 

a screw is used to describe the force or moment, it is called a wrench. 
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A screw is called a zero-pitch screw if its pitch equals to zero. It is defined as 

$ = S (2.2) 
r x s\ v ' 

It represents pure rotation in a twist motion or pure force in a wrench action and is 

associated with a revolute joint. 

A screw is called infinite-pitch screw if its pitch is an infinity. The screw is defined as 

(2.3) 

It represents pure translation in a twist motion or pure moment in a wrench action and 

is associated with a prismatic joint whose joint axis direction is in s. 

Two screws $ i=[ s i , U\\ and $2=[s2, u?] are said to be reciprocal if we have 

si • u2 + s2 • u i = 0 (2.4) 

Its physical interpretation is the rate of work done by a wrench $i acting on a rigid body 

having a twist $2 motion vanishes. 

A screw system is a set of linear combination of independent screws. The order of a screw 

system, ns, is equal to the number of basis (independent) screws in the system. Generally 

speaking, a serial chain with ns revolute joints forms a ns-system in finite motion if all 

the joints in their initial position are linear independent. An ms order screw system is 

associated with a reciprocal (6 — ms) screw system. The twist system of a kinematic 

connection represents all motions permitted by that connection in a given position. The 

wrench system of the connection represents all constraints that can be transmitted by 

the connection. The twist system and the wrench system of the connection are uniquely 

related by reciprocity. For a parallel manipulator, the end-effector is constrained by 

several limbs, i.e., its DOF is determined by the combination of all the contact wrenches. 

Hence, the combination of all the wrench systems under different geometrical conditions 

may result in different kinematic DOF of the end-effector. 
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2.3 Type Synthesis of Limbs with at least One Zero-
Pitch Wrench in Finite Motion 

As Lee et al. mentioned that the wrenches associated with each limb constraining the 

end-effector are mostly of zero-pitch (ZP) [69]. In other words, those limbs with ZP 

wrench (constraint) are very useful for synthesizing PMs. In this section, the concept 

that the geometrical relationship between two mutually reciprocal screws can be held in 

finite motion is applied to synthesize serial limb chains with at least one ZP wrench in 

finite motion. Tsai has formulated the geometrical relationship between the screws and 

reciprocal screws associated with some kinematic pairs as follows [102]. 

• If two ZP screws are reciprocal, they must be in-parallel or intersecting to each 

other. 

• If a ZP screw and a infinite pitch (IP) screw are mutually reciprocal, they must be 

perpendicular to each other. 

Based on the line geometry, limb types with at least one ZP reciprocal screw in finite 

motion are constructed by increasing the number of kinematic pairs one by one, as shown 

in Fig. 2.1. In this figure, only rotary (R) and prismatic (P) joints are considered because 

any other types of joints can be regarded as the combination of these two joints. Each line 

represents a screw associated with an R-joint or a P-joint. In order to avoid redundancy, 

all the screws associated with each pair in a limb are independent in finite motion. Note 

that R represents one of the intersecting R-joints, and R represents one of the parallel 

R-joints. Other geometrical conditions are described in the figure. In order to meet these 

geometrical conditions in finite motion, the kinematic pairs associated with these screws 

with certain geometrical requirements must be adjacent. 
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Type Line geometry 
Pose of at least 
one zero-pitch 

reciprocal screw 
Type Line geometry 

Other 
geometrical 
conditions 

Pose of at least 
one zero-pitch 

reciprocal screw 

2R 

3R 

4R 

Passing through 
point 0' or in the 
plane determined 

by the two Rs 

Intersecting or 
parallel to both 

Intersecting one 
and parallel to the 

other, or 
intersecting both 

Passing through 
the point 0' 

Passing through 
the point O' and 

parallel to R 

Parallel to Rand 
intersecting with R 

Parallel to R 

Passing through 
the point O' and 

parallel to R 

Passing through 
the two points O' 

and O" 

Passing through 
the point O' and 

parallel to R 

Parallel to Rand 
intersecting R 

Passing through 
the two points O' 

and O" 

5R 
Passing through 
the point O' and 

parallel toR 

Passing through 
the point O' and 

parallel toR 

1R1P 

2P 

2R1P 

2R2P 

3R1P 

3R2P 

4R1P 

Perpendicular to P 
and intersecting R 

Pand R 
perpendicular 

Perpendicular to P 
and intersecting R, 

or parallel to R 
Perpendicular to 

the two Ps 

Passing through the point 
O' and perpendicular to P, 
or perpendicular to P and 
intersecting with two Rs 

P a n d R 
perpendicular 

Parallel to R 

Perpendicular to P 
and intersecting with 

the two R 
Two Ps 

perpendicular 
toR 

Parallel to R 

Perpendicular to the 
two Ps and passing 

through point O' 

P a n d R 
perpendicular 

Parallel to R_and 
intersecting to R 

P and R 
perpendicular 

Perpendicular to 
P and passing 

through point O' 

Parallel to R and passing 
through point O' 

Passing through point O' 
and intersecting to R 

and perpendicular to P 

Perpendicular to the 
two Ps and passing 

through point O' 

Two Ps 
perpendicular 

toR 

Parallel to R and passing 
through point O' 

Pand R 
perpendicular 

Parallel to R and 
passing through 

point O' 

Passing through point O' 
and intersecting to R 

and perpendicular to P 

P and R 
perpendicular 

Parallel to R and 
passing through 

point O' 

Figure 2.1: Limb types with at least one zero-pitch reciprocal screw 
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2.4 Concept of Group Decoupling 

Jin and Yang [50] classified the kinematic decoupling into two types, i.e., complete cou­

pling (each independent output is controlled by only one input) and partial decoupling 

(neither complete decoupling nor complete coupling). However, the definition of partial 

decoupling is too broad and almost all decoupled PMs can be classified in this category 

of PMs. Here, a new classification method for kinematically decoupled PMs is proposed. 

Taking 6-DOF PMs for example, let x, y and z represent the output position (translation 

axis) of the end-effector in Cartesian coordinate, a, (3 and 7 represent the output orienta­

tion (rotation axis) of the end-effector about the x, y and z axes respectively, and 6\, 92, 

#3) 04) 05 a n d 06 are the six input displacements of actuators, the classification is defined 

as follows. 

• Complete Coupling: Complete coupling means that each of the output axes has 

contribution from all input axes. The kinematic relationships between input and 

output variables can be written as 

(x , 2 / ,z ,a , /3 , 7 ) = /(0i,02,03,04,05,06). (2.5) 

• Group Decoupling (GD) : Group decoupling means that the 6-DOF output mo­

tion of the end-effector can be divided into two or more motion groups (such as 1-5, 

2-4, 3-3 in Table 2.1), and the different motion groups are controlled by different 

actuators following certain order. Table 2.1 shows the different types of GD. Note 

that x, y and z in this table are set to represent a position, and a, /?, and 7 are set 

to represent an orientation. Taking a 3-3 GD PM with decoupled translation and 

rotation for example, the kinematic relationships between outputs and inputs can 

be written as 

f (a,/?,7) = /(0i,02,03) , 2 f n 

\ {x,y,z) = g(61,02,03,6A,06,e6) ' l ' ; 

Equation (2.6) shows that the 3-DOF rotations are determined by three actuators 
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Table 2.1: Enumeration of motion groups of decoupled parallel manipulators 

Type 
1-5 

2-4 

3-3 

1-2-3 

1-1-1-3 

2-2-2 

1-1-2-2 

1-1-1-1-2 

Groups 
(x), (y, z, a, (3, 7) 
(a), [x, y, 2, (3, 7) 
(x, y), (2, a, 0, 7) 
(a, 0), (x, y, 2, 7) 
(x, a) , (y, 2, /?, 7) 
(x, y, 2), (a, /?, 7) 
(x, y, a ) , (2, /?, 7) 

(at), (y, 2), (a, /?, 7) 
(a), (/?, 7), (x, y, 2) 
(x), (a, /?), (y, 2, 7) 
(a), (x, y), (2, /3, 7) 

(x), (y), (2), (a, /?, 7) 
(a), (/?), (7), (x, y, 2) 
(x), (a), (/?), (y, 2, 7) 
(a), (x), (y), (2, /?, 7) 
(x, a), (y, /?), (2, 7) 
(x, y), (a, /?), (2, 7) 
(x), (y), (2 a), (/?, 7) 
(x), (a), (y, 2), (0, 7) 
(x), (a), (y, /3), (2, 7) 
(a), (/?), (x, y), (2, 7) 
(x), (y), (2) (a), (0, 7) 
(x, y), (2), (a), 09), (7) 
(x, a) , (y), (2), (/?), (7) 

Note: x, y, 2 equivalent; a, (3, 7 equivalent 

(#i) #2, #3), while the position is determined by the other three actuators (#4, #5, 06), 

so that motion decoupling can be obtained. 

• Complete Decoupling: Complete decoupling means that each independent out­

put axis is controlled by only one input axis. The kinematic relationships of a 6-DOF 

PMs with complete decoupling between outputs and inputs can be written as 

r x--
y = 
z = 
a -

P--
( 7 = 

= / i (0 i ) 
= H<k) 
-- Wz) 
= WA) • 
= h(h) 
~- fe(0e) 
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In this section, we study type synthesis of 3-limb symmetrical 6-DOF PMs with 3-3 GD, 

in which the sub-chain with only passive joints will be shared by the two motion groups. 

From perspective of rigid body motion [43], the 6-DOF 3-3 GD motion can be divided in 

two categories, i.e., 3-DOF translation in combination with 3-DOF rotation (3T3R), and 

3-DOF planar motion in combination with the other 3-DOF spatial motion (3P3S). 

2.5 Structure Synthesis of 3-limb 6-DOF PMs with 
3-3 GD 

Structure synthesis is the starting point of the design of a PM. As there is no systematic 

approach for synthesizing PMs with decoupled motion. A procedure is proposed for 

structure synthesis of 3-limb symmetrical 6-DOF 3-3 Decoupled PMs as follows. 

• STEP 1: Based on decoupled motion requirements, the wrench system of the 

moving platform is analyzed, and the limb wrench system is obtained according to 

the symmetrical property. 

• STEP 2: Inspect the search space (see Fig. 2.1) for 4-system limbs with the desired 

wrench system obtained from STEP 1, and enumerate all the limb sub-chains with 

only passive kinematic pairs. 

• STEP 3: Determine the type of actuators and geometry in each limb obtained from 

STEP 2 based on the line geometry method. 

• STEP 4: Construct the 3-limb 6-DOF PMs using the serial limb chains obtained 

in STEP 3 while following the geometrical requirements from STEP 1. 
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Three force wrenches 
intersecting at a 
common point 

Base frame 

Figure 2.2: Wrench system for 3-DOF translation 

2.6 Structure Synthesis of PMs with Decoupled Trans­
lation and Rotation 

2.6.1 Wrench System Analysis 

The 3-limb symmetrical structure requirement determines that each limb has two 1-DOF 

actuators [103]. To avoid over-constraint [61] and redundancy, the connectivity [103] of 

each limb should be six and all the joints in each limb should be independent in finite 

motion. The objective here is to synthesize 6-DOF PMs with decoupled translation and 

rotation. In other words, when the three actuators related to rotation are locked, the 

end-effector will have only translations. When the three actuators related to translation 

are locked, the end-effector will have only rotations. According to the statics analysis [43], 

three force wrenches (/1? /2 and / 3 in Fig. 2.2) are required to constrain the end-effector 

for three translational DOFs, and three moment wrenches (n l7 n^ and nj, in Fig. 2.3) 

are required for three rotational DOFs of the end-effector. The three force wrenches 

must form a 3-system, so that geometrically the three forces cannot share one common 

plane. The three moment wrenches must also form a 3-system. The geometric condition 
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Three moment 
wrenches non-coplanar 

O V 
Base frame 

Figure 2.3: Wrench system for 3-DOF rotation 

requires that any two moments cannot be in parallel, and the three moments cannot share 

a common plane. Without loss of generality, f\ and n\ are regarded to be associated with 

limb 1 according to the symmetrical property. Hence, one force wrench and one moment 

wrench are required for each limb due to the symmetrical property. Note that the three 

forces need to intersect at one common point which can move along with the end-effector. 

2.6.2 Synthesis of Limb Sub-chains with Only Passive Joints 

As each limb has two 1-DOF actuators, for the non-redundant mechanism, each limb 

serial chain with only passive joints should form a 4-system. All the screws associated 

with the passive joints should be reciprocal to one force wrench and one moment wrench. 

Inspecting those limbs of the 4-system in Fig. 2.1, those who can provide an IP wrench can 

be of type 4R(c), 2R2P(b), 3R1P(C) and 3RlP(d). Based on the geometrical constraints 

of these limb types, four configurations of limbs are constructed as shown in Fig. 2.4. 
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2.6.3 Determination of Type and Geometry of Actuators 

This step is to add the two actuators to the obtained sub-chains. In other words, two 

active joint screws are required to connect the sub-chain to form a limb of 6-system. 

Specially, each one of the two active joint screws are to be reciprocal to one of the two 

wrenches respectively. For design purpose, all the actuators are preferred to be mounted 

on or close to the base, so that only the first two positions of each limb serial chain 

(numbering from the base to the end-effector) are considered for mounting the actuators. 

Adding two active joint screws based on the line geometry (note that the maximal number 

of independent screw axes in parallel is three), only the limb sub-chain shown in Fig. 2.4(b) 

can be expanded to two feasible serial limb chains which provides a ZP wrench and an IP 

wrench as shown in Fig. 2.5. 

2.6.4 Enumeration of Feasible Mechanisms 

With the feasible limbs obtained in Fig. 2.5, the desired decoupled PMs are enumerated 

as shown in Fig. 2.6 based on the geometrical requirements obtained in Step 1 by sym­

metrically connecting three identical limbs between the base and the end-effector. Note 

that the axes of the two actuators in each limb may not be aligned. 

Figure 2.4: Limb sub-chains with only passive joints 
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(a)RPPPRR(R1±P2,R,±P3) (b)PRPPRR(RiJ_P2.Ri-LP3) 

Figure 2.5: Feasible limbs for 3T3R PMs 

R %s Platform4 

(a) 3-PRPPRR (b) 3-RPPPRR 

Figure 2.6: Parallel mechanisms with decoupled translation and rotation 

2.7 Structure Synthesis of 3P3S PMs 

In this section, we study the structure synthesis of 3P3S PMs, which have decoupled 

3-DOF planar motion and 3-DOF spatial motion. 

2.7.1 Wrench System Analysis 

For 3-DOF planar motion (two translations along the horizontal plane and one rotation 

about a vertical axis), three forces in parallel are required to constrain the end-effector, as 

shown in Fig.2.7. Note that the three force wrenches must form a 3-system. This implies 

that the three forces cannot share one common plane. In other words, the three forces 
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Three force 
I wrenches in parallel t/a 

/ 
x 

Base frame 

Figure 2.7: Wrench system for 3-DOF planar motion 

must be independent of each other. 

For 3-DOF spatial motion (two rotations about the axes parallel to the horizontal plane, 

and one translation along the vertical direction), three other forces are required for con­

straining the end-effector, as shown in Fig. 2.8. In order to keep the three forces a 

3-system, the geometrical arrangements of the forces must satisfy: 

• the three forces are coplanar; 

• any two of the three forces are not in parallel; 

• the three forces do not intersect at a common point. 

For symmetry, each limb should be associated with two force wrenches, i.e., one along 

the vertical direction and the other parallel to the horizontal plane. Without loss of 

generality, f\ and f$ are taken to be associated with limb 1. Note that the two force 

wrenches associated with a limb are mutually perpendicular. 
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Three force wrenches coplanar 
and nonparallel and not 

intersect at a common point 

L 

o y 
Base frame 

x 

Figure 2.8: Wrench system for 3-DOF spatial motion 

> ^ ^ 

fi 
(a)RS 

Figure 2.9: Limb sub-chains with only passive joints 

2.7.2 Synthesis of Limb Sub-chains with Only Passive Joints 

As the wrench system associated with each limb forms a 2-system, the order of sub-chain 

with only passive joints should be four. Checking those limbs of 4-order in Fig. 2.1, only 

type 4R(a) and 3RlP(b) can satisfy the wrench requirements. Based on the geometrical 

constraints, two sub-chain configurations are constructed as shown in Fig. 2.9. Note that 

a spherical joint (S) is used to represent three R-joints intersecting at one common point 

in Fig. 2.9. 
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(a) PRBS* 
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fi 

(b) RPRS 
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(d) RPPS* (e) PPRS* (f) PPPS* 

Figure 2.10: Feasible limbs for 3P3S PMs 

2.7.3 Determination of Type and Geometry of Actuators 

Based on the line geometry, two actuators are added into these sub-chains shown in 

Fig. 2.9. The feasible limb serial chains are enumerated as shown in Fig. 2.10. 

2.7.4 Enumerat ion of Feasible Mechanisms 

Based on the geometrical requirements of the platform wrench system obtained in Section 

2.7.1, the desired decoupled PMs can be enumerated by symmetrically connecting three 

identical limbs between the base and end-effector as shown in Fig. 2.11. 

A modular PM [112] is constructed based on the 3-PRRS structure. However, the de­

coupling motion characteristics has not been disclosed. Yang et al. [110] studied the 

decoupling characteristics of the 3-RPRS structure. Shim et al. [98] mentioned a decou­

pled 3-PRPS 6-DOF PM in which the two prismatic joints of each limb are actuators. 

Hence, from the perspective of decoupled motion, these structures in Fig. 2.11 (a, c, d, e, 

f) are new. 
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(a) 3-PRRS* (b) 3-RPRS 

(c) 3-PRPS* (d) 3-RPPS* 

(e) 3-PPRS* (f) 3-PPPS* 

Figure 2.11: Parallel mechanisms with decoupled 3-DOF planar motion and 3-DOF spatial 
motion (*new structure) 
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Figure 2.12: The 2-DOF actuator module [76] 

Remark (2-DOF Drive Unit): Analyzing the PMs obtained in Sections 2.6 and 2.7, we 

find that most of the PMs (Fig. 2.6(a), 2.6(b), 2.11(a), 2.11(b), 2.11(c) and 2.11(d)) may 

employ one linear actuator and one rotary actuator along the same axis. For implemen­

tation of these PMs with all actuators mounted on the base, we have developed a 2-DOF 

actuator module that combines a pure rotation and a pure translation on a single shaft as 

shown in Fig. 2.12 [76]. Two DC servo motors (SilverMax) are used as the driving units 

through two timing belts. The Ball-Screw Spline mechanism (THK) is used to provide 

the combination of rotation and translation on a single compact design. The ball-screw 

spline mechanism can achieve three modes of motion (rotational, linear and spiral) on a 

single shaft by rotating or stopping the ball-screw and spline nuts through the motion 

coordination of the two motors. 

2.8 Summary 

The PMs with decoupled motion are classified, and the concept of Group Decoupling is 

introduced. An idea of sharing sub-chain composed by only passive joints is introduced. 

A systematic approach based on this idea is proposed for structure synthesis of 3-limb 
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Screw-spline 
mechanism 

Integrated motors 
in parallel 

Figure 2.13: Internal structure of 2-DOF actuator [76] 

symmetrical 6-DOF PMs with 3-3 decoupled motion. A search space including serial 

limb chains with at least one zero-pitch wrench is developed, which saves effort of a 

designer on structure synthesis. This search space is useful not only for synthesizing 

decoupled PMs but also synthesis of PMs with lower DOFs. Two classes of 3-3 decoupled 

parallel manipulators are obtained, in which seven novel structures are obtained. For ease 

of implementation of these PMs, a 2-DOF actuator which can provide both linear and 

rotary motions along the same axis is newly developed. 
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Chapter 3 

Instantaneous Kinematics and 
Singularity Analysis 

Instantaneous kinematics is to establish the relationships between the instantaneous mo­

tion of the active joints to that of the end-effector. This relationship is very important in 

analyzing the motion and control of robotic manipulators. In this chapter, we will derive 

the instantaneous kinematics and singularity conditions of the decoupled PMs obtained 

in the previous chapter. 

This chapter is organized as follows. Section 3.2.1 briefly reviews the significant research 

results in instantaneous kinematics and singularity analysis of PMs. Section 3.2 intro­

duced the instantaneous kinematics and singularity analysis of the 3T3R PMs. The 

instantaneous kinematics and singularity conditions of the 3P3S PMs are derived in Sec­

tion 3.3. 

3.1 Introduction 

A number of researchers have studied the instantaneous kinematics of PMs [6, 66, 84]. 

Mohamed and Duffy [84] proposed the concept of partial twists for instantaneous kine­

matic analysis, in which the instantaneous motion of the end-effector is expressed only 

in terms of the twists of actuators. Kumar [66] derived the instantaneous kinematics of 
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PMs using an approach based on reciprocal screw. Angeles [6] proposed the concept of 

screw system annihilators to systematically formulate instantaneous kinematics. 

One of the early work of singularity analysis is that of Gosselin and Angeles [26]. In this 

work, the relationship between the input joint rates (0) and the output moving platform 

velocity (x) of a PM is 

Jxx = Jg0- (3.1) 

Three different types of singularities can be identified, i.e., forward singularity (Jx is 

singular), inverse singularity (Jg is singular) and combined singularity (Jx and Jg are 

simultaneously singular). Jx and Jg are the manipulator forward and inverse Jacobian 

matrices respectively. 

A number of methods based on screw theory and line geometry have been proposed for 

analyzing the singularities of closed-chain manipulators. Hunt [45] laid down a geometrical 

framework for applying screw theory to singularity analysis and presented the concept 

of stationary and uncertainty configurations. Kumar [66] formulated the instantaneous 

kinematic relationship of closed-chains by using the concept of screw reciprocity. In this 

work, the singularity conditions due to the actuator location were also discussed. Merlet 

[79] showed that all the singularities of the Stewart type of parallel manipulators can 

be analytically enumerated by using line geometry method. Collins [18] proposed an 

approach for determining the singularities of parallel manipulators by using screw theory 

and Clifford algebras. 

Park and Kim [91] proposed a coordinate invariant differential geometric analysis of sin­

gularities of closed-loop chains. In this geometric framework, both redundant and non-

redundant systems, including the case of redundant actuation, are treated in a uniform 

manner. 

Liu et al. [73] presented a mathematical tool for singularity analysis by using the language 

of differential forms. In this work, various singularities, and their relationship with the 
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kinematic parameters and the configuration space were studied in a general approach, 

and the effects of redundant actuation on singularities were also considered. 

Yang et al. [Ill] proposed a novel method for singularity analysis of a class of three-

legged parallel manipulators, in which a spherical joint was used to connected to the 

moving platform in each leg. Based on the instantaneous velocities of passive joints, the 

forward singular conditions were realized by analyzing a 3 x 3 matrix associated with 

passive joint velocities. The inverse singularities of each leg is determined by one 3 x 3 

matrix, so totally three 3 x 3 matrices are obtained for all three legs. Therefore, the 

complexity of singularity analysis is significantly reduced because only the four 3 x 3 

matrices need to be analyzed. 

3.2 Analysis on PMs with Decoupled Translation and 
Rotation 

3.2.1 Description of 3T3R PMs 

As shown in Fig. 3.1, this class of PMs is constructed with a moving platform and a 

base connected by three identical serial chains in parallel. Each of the three actuators is 

mounted on the base, followed by P, P, R, R passive joints. Note that the three actuator 

axes are not in parallel to one plane and any two of them are not in parallel. Each actuator 

has two DOFs, i.e., one linear translation DOF along the driving axis and a rotary DOF 

along the same axis. Other geometrical requirements include: 1) the two passive P-joint 

axes are perpendicular to the actuator axis in each limb; 2) the last two passive R-joints 

in every limb must intersect at one common point O', which is the rotation center of the 

end-effector. 

As shown in Section 2.6, when the PM is driven by the three rotary actuator motions, 

the end-effector of the manipulator will produce only a 3-DOF rotary motion (spherical 

motion). When the actuation becomes three linear motions, the end-effector produces 

34 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Figure 3.1: Schematic description of the 3T3R PMs 

only 3-DOF spatial translation. With all 6-DOF actuation, the end-effector will produce 

general 6-DOF spatial motion with decoupled translation and rotation. With different 

actuator motions, the manipulator may produce different types of movements. Hence, we 

term this manipulator a Selectively Actuated Parallel manipulator, or simply an SA-PM. 

To verify its feasibility, a Lego model (Fig. 3.2) and a CAD model (Fig. 3.3) of the PM 

are constructed. As Lego parts are made of plastics, the constructed PM model may have 

compliance so that it is only suitable for preliminary idea development and verification. 

Note that in this Lego model, the actuator was represented as the R(P) cylindrical joint 

at the base instead of the real one. 

3.2.2 Instantaneous Kinematics of SA-PM 

In this section, the instantaneous kinematics is formulated, which shows that the de­

coupling characteristics can be directly identified by using hybrid velocity representation 

[87]. 

Kinematic decoupling means that the motion of the end-effector along different motion 
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^platform 

R(P) 

' Base 

Figure 3.2: Lego model of the SA-PM (View point is located at upper 45 degree in front.) 

C . i 

~* 'ff£ 

y f R(P) 

Figure 3.3: CAD Model of SA-PM 
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axes will be controlled by the respective actuators. For the SA-PM, the velocity decoupling 

allows end-effector velocity (w, v) to be written as the following function of actuator rates, 

W =U/(0n,021,03l) 
V = v(0n,021,831,812,822,632) 

(3.2) 

where On, 9i2 represent rotational and translational velocities of the 2-DOF actuator in 

the ith limb respectively. Note that v in eqn.(3.2) represents the linear velocity of a point 

which belongs to the body and is coincident with the origin of the reference system. As 

point O' is the rotation center of the end-effector, the origin of the reference frame can also 

be located at O', then the end-effector velocity can be reduced to the following expression 

w =w(du, 821,831) 
v = x/(8i2,822,832) 

(3.3) 

Hence, the rotary velocity and translational velocity of the end-effector can always be 

determined by the rotary velocity and linear velocity of the actuator respectively. In this 

way, motion decoupling can be directly identified and evaluated when the manufacturing 

and assembly errors are considered [51]. The velocity of the end-effector is called hybrid 

velocity [87] representing the velocity of the rigid body relative to the frame attached 

to the origin of the rigid body with its orientation fixed relative to the inertial frame. 

Figure 3.4 shows the ith limb of the PM, three Cartesian coordinate systems are fixed 

to the PM respectively, i.e., the reference frame {O' — xyz}, the base frame {O — xyz} 

and the end-effector frame {O' — uvw}. Note that the two origins of the wrist frame and 

the end-effector frame are coincident, and the coordinate axes of the base frame and the 

wrist frame are always in parallel. All joint screws are expressed with respect to the wrist 

frame. Let sitj be a unit vector along the j t h joint axis of the ith limb. Then the six unit 

joint screws of a limb can be written as: 

$ i l — 

ti 

Sil 

0'An x siX 

2 = 
" 0 " 

• 

, i=1,2,3 (for rotary actuator); 

, z=l,2,3 (for linear actuator); 

$i3 
0 

S«3 
$i4 — 
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effector 
;ame 

\ j z Wrist 
x[ frame 

O7 

Figure 3.4: The ith limb of SA-PM 

$i5 — 
Sib 

0'Aih x si5 
$ifi — 

St6 

0'Ai6 x si6 
i=l ,2,3. 

The instantaneous twist $o' of the end-effector can be expressed as 

$0' = 0tl$il + #i2$t2 + P«3*i3 + 0i4$t4 + $J5*i5 + #?:6$i6) ^= :l ,2,3, (3.4) 

where Oy represents the joint rates of limb z, i.e., On, Q& represent rotary and the linear 

velocities of the 2-DOF actuator respectively, and 0{3, On represent the linear velocities of 

the two passive prismatic joints, and 0^, 0^ represent the rotary velocities of corresponding 

joints. 

According to structure synthesis, the screw that is reciprocal to all the passive joint screws 

but not reciprocal to the first active joint should be 

»trl 
0 

si5 * si6 
1=1,2,3. (3.5) 

Note that $ iri is invalid if the plane determined by $ i5 and $ i6 is parallel to $n due to 

the reciprocality to the actuator. This configuration in which the plane determined by 

$i5 and $j6 is parallel to $n, is an inverse singular configuration because the three screws 

associated with R-joints in the limb are dependent as shown in eqn. 3.9. As a result, the 

platform will lose one DOF because one more constraint will be imposed on the moving 

platform. 
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Another screw that is reciprocal to all the passive joint screws but not reciprocal to the 

second active joint should be: 

$ir2 — 0 i=l,2,3. (3.6) 

Taking the orthogonal product of both sides of instantaneous kinematics eqn. (3.4) with 

$jri and $ir2, we have 

Jxx = Je0, (3.7) 

where Jx = 
A 0 
0 C Je = 

D 0 
0 / 

A = [S15 x s16 s25 x s26 S35 x s36]
T, 

C = [sn 821 «3l] . 

D = dza^ [(s15 x s16) • s n , (s25 x s26) • s2i, (*35 x «3e) • «3i], 

x = [w, v] , 0 #111 #21> #31; #12) 022, 032 . A, C, Z) are all 3 x 3 sub-matrices, and / is 

a 3 x 3 identity matrix. 

Expanding eqn.(3.7), we have 

{ 
Aw = D0l (3.8) 

where 0i = ^n,0 2 i ,03i and &2 012, 022; 032 

Equation (3.8) obviously shows that the angular velocity is controlled by the three rotary 

elements of the actuators, and the linear velocity of the end-effector is determined by the 

linear elements of the three actuators. In other words, the translation and orientation 

movement of the end-effector is decoupled. 

3.2.3 Singularity Analysis of SA-PM 

Inverse Singularity 

The inverse singularity occurs in the manipulator configuration when the moving platform 

loses one or more degrees of freedom instantaneously. The actuator velocities cannot be 

determined by the given moving platform velocity. In other words, the moving platform 
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will be constrained by more wrenches instantaneously in the inverse singular configuration. 

As each limb has three R-joints and three independent P-joints, the inverse singularity 

occurs when the three R-joints are dependent. Based on the geometry, the condition of 

inverse kinematic singularity is 

(s i 5 x s<6) • su = 0. (3.9) 

The geometric explanation is that the three R-joints share one common plane when singu­

larity occurs. As a result, the platform will lose one or more DOFs in this configuration. 

Forward Singular i ty 

Forward singularity occurs when the moving platform gains one or more degrees of freedom 

instantaneously. In this configuration, the moving platform can move even though all 

actuators are locked. The condition of forward kinematic singularity is 

det{Jx) = det(A) • det(C) = 0. (3.10) 

Equation (3.10) can be further expanded into 

[(si5 x si6) x (s25 x s26)] • («35 x s3e) = 0, (3.11) 

or 

(sn x s21) • s3i = 0. (3.12) 

Obviously, the left-hand side of eqn. (3.11) is equivalent to the volume of the tetrahedron 

formed by the three vectors, (s15 x s16), (s25 x s26) and (S35 x s36). When the volume of 

the tetrahedron vanishes, the forward singularity will occur. As a result, two geometrical 

conditions can be readily identified: 

• Any two of the three vectors are parallel. Due to the six passive R-joints intersecting 

at the common point O', the forward singularity occurs when four R-joints in any 

two limbs are coplanar. This singular configuration is illustrated by the Lego model 

of Fig. 3.5. 
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Figure 3.5: Forward singular configuration I (Four R-joints in a plane) 

Figure 3.6: Forward singular configuration (II Three planes determined by si5 and si6 

perpendicular to a common plane) 

41 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



• All the three vectors are parallel to the same plane. In other words, the forward 

singularity occurs if the three plane determined by si5 and si6 (i = 1,2,3) are 

perpendicular to a common plane. The configuration can be recognized easily using 

the Lego model as shown in Fig. 3.6. In this configuration, the rotation about the 

normal of the common plane cannot be controlled. 

Similarly, the left-hand side of eqn. (3.12) is equivalent to the volume of the tetrahe­

dron formed by the three vectors, Sn,S2i and S31. Due to the geometrical conditions 

of the structure, such forward singularities will never occur because the volume of the 

tetrahedron will never be equal to zero. 

Combined Singular i ty 

Solving eqn. (3.9) and eqn. (3.10) together, the combined singularity occurs in two situ­

ations: 1) four passive R-joints of any two limbs are in one plane which is parallel to the 

two actuator driving axes of the two limbs; 2) the six passive R-joints share one plane, and 

all the actuator driving axes are parallel to this plane. Because all actuator axes are not 

parallel to the same plane, the second situation is impossible. As combined singularity 

depends on the mechanism dimensions that the first situation can be avoided by choosing 

appropriate dimensions in the design stage. 

Note that the PM will have only 3-DOF translation when only the three linear actuators 

is used to drive (refer to eqn. (3.8)). Specially, as each row of matrix C is the unit 

vector of the axis of the actuator, we can obtain the isotropic mechanism if the three 

actuator axes are mounted mutually orthogonal, i.e., the condition number of the Jacobian 

matrix is 1. Furthermore, if the base coordinate frame is fixed such that vectors Sn, S21 

and S3! are aligned with the x—, y— and z—axes of the base coordinate system, the 

Jacobian matrix becomes the identity matrix. No computation is required for the forward 

displacement analysis, inverse displacement analysis and the associated velocity analysis. 

Each of the translation components along the x—, y— and z—axes of the moving platform 
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Figure 3.7: Schematic description of the 3-RPPS PM 

is independently controlled by its corresponding actuator. 

3.3 Analysis on 3P3S PMs 

3.3.1 Instantaneous Kinematics 

As shown in Section 2.7, each limb is associated with two force wrenches, fx and /2 , 

which are reciprocal to the two actuators respectively. Based on eqn. (3.4), the instan­

taneous kinematic equation can be formulated directly by orthogonally multiplying the 

corresponding reciprocal screw six times for the three limbs. In following part, we will 

take the 3-RPPS structure as an example for formulating the instantaneous kinematic 

equation. 

As shown in Fig. 3.7, two Cartesian coordinate systems are fixed on the base and the 

moving platform respectively. All the joint screws are expressed with respect to the base 
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frame {O — xyz}. Let siyj be a unit vector along the j t h joint axis of the ith. limb, and 

Aij (i = 1,2,3; j = 1, 2,3,4) represents the joint center of the jth joint of the ith limb. 

Assume the coordinates of Aij are (xij,yij,Zij) with respect to the base frame. Specially, 

we have In = 0 and U3 = li4. Then the six unit joint screws of a limb can be written as: 

$ , i 

$i2 

$i3 

$ i4 

$i6 

[0 0 1 yn -xa 0 ] r , 

[ 0 0 0 0 0 1 ] T , 

[0 0 0 xi4-xi3 ViA-Viz 0 ] T , 

[0 0 1 yi4 -xi4 0] , 

= [ 0 1 0 - 2 , 4 0 x W4 

= [1 0 0 0 zl4 -yi4]
T, i=l ,2,3. (3.13) 

The instantaneous twist $o' of the end-effector can be expressed as 

$ 0 ' — P»l*»l + Gi2$i2 + #i3$i3 + $i4*i4 + $»5®i5 + #i6$J6> *—1,2,3, (3.14) 

where 9\j represents the joint rates of limb i, i.e., 9n, 6i2 represent rotary and the linear 

velocities of the 2-DOF actuator respectively, and 9i3, 9i4 represent the linear velocities of 

the two passive prismatic joints, and 9i5, 9i6 represent the rotary velocities of corresponding 

joints. 

According to structure synthesis, the screw that is reciprocal to all the passive joint screws 

but not reciprocal to the first active joint is 

$ ir l — 
sz x Ai3Ai4 

OAi4 x (a , x Ai3Ai4) 

Vi3 ~ J/i4 

Xi4 — X{3 

0 

zi4{ya - ya) 
xu(xi4 - xa) - yi4(yi3 - yu) 

i=l,2,3, (3.15) 

where sz = [0 0 1] . Another screw that is reciprocal to all the passive joint screws 
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but not reciprocal to the second active joint is: 

S tr2 OAi4 x s3 
= 

0 
0 
1 

yu 
-xiA 

0 

(3.16) 

Taking the orthogonal product of both sides of instantaneous kinematics eqn. (3.14) with 

$iri and $ i r 2 , we have 

Jxx = J96, (3.17) 

where 
"J/13 - J / 1 4 X14 - X13 0 * u ( x i 3 - * 1 4 ) 214(5/13 - J/14) X i 4 ( x i 4 - X13) - I/14(j/13 - J/14) 

5/23 - !/24 X24 — X23 0 Z24(X23 - X24) 224(l /23 — J/24) X24<X24 - X23) - J/24(l/23 - 1/24) 
S/33 - S/34 X34 — X33 0 2 3 4 ( 1 3 3 - 1 3 4 ) 2 3 4 ( 5 / 3 3 - 1 / 3 4 ) 1 3 4 ( 1 3 4 - X33) - 1/34(5/33 - 1/34) 

0 0 1 y i 4 - X 1 4 0 

0 0 1 1/24 - X 2 4 0 
0 0 1 i/34 - X 3 4 0 

Je = diag[Ai,A2,A3,l,l,i\ 

A = (y« - Vu)(Vi3 - Vn) + (xi4 - xa){xn - x«), (t = 1,2,3) 
r -i T 

J. -

X=[vx,Vy,Vz\Wx,Wy,Wz} ,0 = 011,02l!03i;#12!022>#32 

Equation (3.17) can be expanded into two equations as follows: 

JA 

and 

where 

JA = 

yu 
y24 

y34 

—X14 

- ^ 2 4 

- ^ 3 4 

Vz' 

wx 

.wv. 

= 
#12 

#22 

_ # 3 2 _ 

JB 

vx 

vy 
wx 

Wy 

.W*. 

= Jc-
"en' 

#21 

03i _ 

(3.18) 

(3.19) 

!/13 - !/14 X 1 4 - X 1 3 Z 1 4 ( x i 3 - X l 4 ) 2 1 4 ( 5 / 1 3 - 3 / 1 4 ) X i 4 ( x i 4 - X13) - 5/14(5/13 - 5/14) 

JB = J/23 - J/24 X24 - X23 2 2 4 ( X 2 3 ~ X 2 4 ) 224(l /23 - J/24) X24(X24 - X23) - J/24(J/23 - 1/24) 

. I / 3 3 - J / 3 4 X34 - X33 2 3 4 ( 1 3 3 - X 3 4 ) 2 3 4 ( ! / 3 3 - I / 3 4 ) X3 4 (X34 - X33) - ! /34(l /33 - J/34) 

Jc =diag[Ai,A2,A3\. 

From eqn. (3.18) and eqn. (3.19), the motion decoupling can be directly identified, i.e., 

the 3-DOF spatial motion (two rotations wx and wy, and one translation vz) is controlled 
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by the three prismatic actuators, and the 3-DOF planar motion (two translations vx and 

vy, and one rotation wz) is controlled by the three rotary actuators. 

3.3.2 Singularity Analysis 

Inverse Singularity 

For these 3P3S-PM structures, inverse singularity occurs when the twist-system of a 

limb degenerates (the order is less than six). Based on the line geometry, the inverse 

singularities can be directly identified as shown in Fig. 3.8. For the 3-PRRS structure, 

the inverse singularities occur if and only if the two links Ai2Ai3 and A i 3A i 4 in limb i are 

in parallel as shown in Fig. 3.8(a). Geometrically, this singularity condition corresponds 

to the fully stretched or folded configurations. For the 3-RPRS structures, the inverse 

singularity conditions are the same as that of the 3-PRRS. For the 3-PPRS structure, 

the inverse singularity occurs when the link A^A^ is perpendicular to the actuator axis 

$ii, as shown in Fig. 3.8(c). For structures of types (c), (d) and (f) in Fig. 2.11, there 

is no inverse singularity. Thus, we can conclude that the inverse singularity of these 

3P3S PMs depends on the location of the passive R-joint. If there is a passive R-joint 

connecting to the spherical joint, the inverse singularities exist. Otherwise, there is no 

inverse singularity. 

Forward Singularity 

The forward singularity occurs when the moving platform gains one or more degrees of 

freedom instantaneously. In other words, the wrench system to constrain the moving 

platform degenerates (the order is less that six for 3P3S-PMs). Kinematically, it also 

means that the moving platform will still possess infinitesimal motion in certain directions. 

The conditions of forward kinematic singularity is 

det{ Jx) = 0. (3.20) 

As shown in the forward Jacobian matrix Jx, each row of Jx represents a wrench associated 

with a limb. In fact, the forward Jacobian matrix of a 6-DOF PM is composed of the six 
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(a) 3-PRRS (b) 3-RPRS 

• H - L V M 

(c) 3-PPRS 

Figure 3.8: Inverse singularity of PMs with decoupled 3-DOF planar motion and 3-DOF 
spatial motion 

related wrenches (reciprocal screws). Each reciprocal screw can be regarded as a straight 

line in the Cartesian space. For the 3P3S PMs, the six reciprocal screws can be divided into 

two independent groups: one group including three lines parallel to the horizontal plane 

($i ri , $2ri and $3ri for 3-RPPS PM), and the other group including three lines parallel 

to the vertical direction ($ir2,$2r2, and $3r2 for 3-RPPS PM). The forward singularity 

occurs when the order of the two groups reduces. Based on line geometry, the forward 

singular configuration can be enumerated directly. Taking the 3-RPPS PM for example, 

the forward singularity occurs if the three lines in group 2 share one common plane, i.e., 

the plane determined by points A14, A24 and A34 is perpendicular to the horizontal plane. 

For the three lines in group 1, the forward singular configurations occur if and only if the 

three lines are parallel to each other or intersect at one common point. With the three 

lines in parallel as shown in Fig. 3.9(a), the moving platform will produce an infinitesimal 

translation along the line direction even though all actuators are locked. With the three 

lines intersection at a common point as shown in Fig. 3.9(b), the moving platform can 

produce rotations about that point even though all actuators are locked. Note that the 

singular configurations in Fig. 3.9 are projected onto the horizontal plane (the base plane). 
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(a) (b) 

Figure 3.9: Forward singularities of the 3-RPPS PM 

Combined Singularity 

As no inverse singularity exists for the 3-RPPS PM, it has no combined singularity. 

3.4 Summary 

Both instantaneous kinematics and singularity conditions are analyzed for the SA-PM 

and 3P3S PMs. The instantaneous kinematics shows that the decoupling characteristics 

can be directly identified by the Jacobian matrix. Due to motion decoupling, the two Ja-

cobian matrices (both inverse and forward Jacobian matrices) of rank six can be converted 

into four Jacobian matrices of rank three. The complexity of instantaneous kinematics 

and singularity analysis is significantly reduced. The inverse singularities, forward singu­

larities and combined singularities are obtained for both the SA-PM and the 3P3S PMs. 

As a result, the SA-PM is an isotropic mechanism when the three actuators are mutu­

ally orthogonal and operating in linear motion. Singularity conditions of the SA-PM in 

complete six DOF motion are the same as the SA-PM in pure spherical motion. The 

inverse singularity depends on the location of the passive R-joint for these 3P3S PMs. 

The forward singularity conditions of 3P3S PMs are obtained. The results prove that the 
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decoupled motion structure can significantly simplify the instantaneous kinematics and 

singularity analysis. 
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Chapter 4 

Inverse and Forward Kinematics 

Kinematics (displacement) analysis is to find the relationship between the position (pose) 

of the end-effector and the displacements of the actuator. It is very important for robot 

design and analysis, and is the basis for workspace analysis, dimensional optimization, 

motion planing and control. 

For parallel manipulators, displacement analysis is classified into two types, i.e., forward 

displacement analysis, in which it is to find the end-effector pose with given displacements 

of actuators, and inverse displacement analysis, in which the displacements of actuators 

is to be found with given end-effector pose. For a serial manipulator, the forward dis­

placement is straight forward and the inverse displacement is difficult due to the multiple 

solutions. For the parallel manipulators, the inverse displacement is easy because it can 

be obtained once the platform pose is determined. And yet the forward displacement 

is generally very complicated as it requires solving higher order nonlinear equations. In 

this chapter, a decomposition method is applied to calculate displacements of the SA-PM 

because it has decoupled translation and orientation. For the 3P3S PMs, as the rota­

tion of the end-effector about x- and y- axes will have influence on the planar motion 

(refer to eqn. (3.19)), the decomposition method is not suitable. Therefore, a projective 

method [110] is applied for the displacement analysis. As a result, closed-form solutions 

are obtained for both inverse and forward displacement of the SA-PM and the 3P3S PMs. 
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This chapter is organized as follows. Section 4.1 introduce the significant research on the 

displacement analysis of PMs. The algorithms of both inverse and forward displacement 

for the SA-PM and the 3P3S PMs are studied in Section 4.2 and Section 4.3 respectively. 

4.1 Introduction 

It is well known that forward kinematics of PMs is a difficult problem due to the highly 

non-linear equations and multiple solutions. A number of approaches for displacement 

analysis have been proposed in the literature [11, 16, 46, 48, 82, 89, 95, 108, 112, 114]. 

Wang and Chen [108] proposed a numerical approach to calculate the kinematics of gen­

eral PMs. A two-step scheme is employed in this approach, i.e., structure analysis and 

displacement analysis. The structure information is firstly identified by using graph the­

ory and the Depth First Search algorithm, which is used as the inputs of the second step. 

The displacement analysis is realized by an algorithm combining the cyclic coordinate 

descent method and Newton-Raphson method so that it is insensitive to the initial guess 

and has rapid convergence rate. However, only one solution can be obtained each time. 

Raghavan [95] showed a numerical approach to solve the forward kinematics of the Stew­

art platform of general geometry. In this approach, a polynomial continuation technique 

is employed with random complex-valued parameters. As a result, there are 40 configu­

rations for forward kinematics of the general Stewart platform. 

Husty [46] presented an algorithm to solving the forward kinematics of fully parallel 

manipulators, which leaded to a 40th order polynomial equation of unique variable. How­

ever, the 40th order polynomial equation is computationally expensive and difficult to be 

implemented in real time. 

Yang and Geng [114] proposed a forward kinematics algorithm for a class of hexapod 

manipulators, in which the shapes of the moving platform and the base are linearly 
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related. Based on this assumption, the algorithm can obtain closed-form solutions in a 

very rapid way which is suitable for real-time applications. As a result, at most eight 

solutions exist for the forward kinematics of this type of PMs. 

Yang et al. [112] introduced two forward displacement algorithms based on the local 

POE formula for a class of 3-limb 6-DOF modular PMs, in which each limb had three 

main joint and a spherical joint supporting to the moving platform. However, only one 

solution can be obtained each time, and the numerical approach is sensitive to the initial 

approximation. 

Some other researchers studied the forward kinematics of PMs with the help of additional 

sensors [11, 16, 89], by which the difficulty is significantly reduced so that the kinematic 

algorithm is suitable for the real-time applications. 

4.2 Displacement Analysis of SA-PM 

4.2.1 Frames of Reference and Vector Representation 

According to singularity analysis, the base frame {O — xyz} and the platform frame 

{O' — x'y'z'} are redefined to simplify the kinematic model as shown in Fig. 4.1. The 

coordinates of the base frame {O — xyz} are along three actuator axes respectively and 

point to the first passive prismatic joint. As the mechanism has a symmetrical design, the 

origin of the inertial frame is on the central normal of the triangle AnA2iA3i. In addition, 

we take the {O' — x'y'z'} coordinate system as the instantaneous reference frame with 

its origin located at the O'. The z'-coordinate axis is normal to the plane determined 

by three points A\e, A26, A36 and pointing to the centroid M of the equilateral triangle 

J416^26^36- The t/'-axis is orthogonal to the z'-axis and in the plane determined by three 

points O', A\6 and M, and has the opposite direction with vector 0'A\b in the home pose. 

The z'-axis can be obtained by the right-hand rule. 
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A 2 1A 2 2 

Figure 4.1: Schematic description the SA-PM 

Figure 4.2: The first limb of the SA-PM 
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Figure 4.3: The geometry of the gripper link 

Taking limb 1 as an example, the local frame associated with each link assembly is de­

fined as shown in Fig. 4.2, which shows the initial configuration of the SA-PM (0^ = 0, 

i = 1,2, 3; jr = 1,2, ••• ,6) . In this configuration, the two local frames {An} and {^2} 

are coincident (i = 1,2,3), and the plane determined by vectors 0'Ai5 and 0'Ai& is 

perpendicular to the plane determined by the three points A16, A26 and A3G. Note that 

the origins of the two local frames {A^} and {̂ 4̂ 6} a r e both located at the common point 

O', and the xi6-axis is on the plane determined by three points, namely, 0',Ai6 and M. 

Because of the symmetry, the local frames associated with each joint of limb 2 and 3 are 

defined in the same way as limb 1. The geometry of the moving platform (the end-effector) 

can be thought of as a pyramid with a triangular base (A 16^26^36) as shown in Fig. 4.3. 

To describe the manipulator geometry, some notations are introduced below. 

• L\. the distance between origins of frame {An} and the base frame in the initial 

configuration; 

• L2. the distance between origins of frame {^3} and {Ai2} in initial configuration; 

• L3: the distance between origins of frame {A^} and frame {^3} in the initial 

configuration; 

• a: the relative angle between s^ and su; 

• 7: the relative angle between s^ and s^; 
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\p4x,P4y,P4z]' the position of frame {Ai5} relative to frame {Ai4} in the initial con­

figuration; 

: G 50(3) , represents the orientation of frame {Ai5} relative to 
r n ru r13 

?"2i r22 r23 

_r31 r32 r33 

frame {An) in the initial configuration; 

• | | 0 'Ai 6 | | = | |0 'A 2 6 | | = | |0 'A3 6 | | = L5, where L5 is a constant; 

• | |Ai6A26 | | = | |Ai6A36 | | = ||A26A36 | | = L6, where L6 is a constant; 

• <;: the angle between 0'Ai6 and O'AJQ, (i ^ j ; i,j = 1,2,3); 

• <j>: the angle between the last R-joint axis and the normal O'M of the plane deter­

mined by the equilateral triangle ,4I6 .426J436, 

• <p: the angle between two planes, namely, plane 0'AIGA26 and plane O'A16C, 

Too1 — 

&11 &12 &13 Px 

&21 b22 b23 Py 

hi b32 b33 pz 

0 0 0 1 

: given end-effector pose. 

Note t h a t the geometry of t h e moving platform is fixed once L5 and L6 are given. T h e 

relat ionships are wr i t ten as follows: 

sin(</2) = L 6 / ( 2 L 5 ) , 

2\/3 . . ,„, 
sin0 = - — sin(^/2), 

cosip=JzL\-LUyJlLl-Lt 

(4.1) 

(4.2) 

(4.3) 

4.2.2 Inverse Displacement Analysis 

Inverse kinematics is a mapping from the pose {Too') of the moving platform into the 

actuator displacements (#ii,#i2)- Referring to Fig. 4.2, the forward kinematic transfor­

mation from the base (O) to the end-effector (0 ') of the ith limb is (note that $tj here is 
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represented in its local frame [87]): 

Too>(en,ei2,..., 6i6) = TOAile*"9» • • • ^ ^ e ^ T ^ O ) , 

where 

TOAU -

]OA31 

0 0 1 L] 
0 - 1 0 0 
1 0 0 0 
0 0 0 1 

0 - 1 0 0 " 
1 0 0 0 
0 0 1 U 
0 0 0 1 

TA,2A,M = 

'OA21 = 

TAtlA,M 

1 0 0 0 
0 0 1 u 
0 - 1 0 0 
0 0 0 1 

1 
0 
0 
0 

0 
1 
0 
0 

0 
0 
1 
0 

0" 
0 
0 
1 

0 
1 
0 
0 

0 
0 
1 
0 

1 
0 
0 
0 

w 
0 
0 
1 

TA,3A,A0) = 

—ca 0 
0 - 1 

sa 0 
0 0 

SQ 

0 
ca 
0 

L3sa 
0 

L3ca 
1 

where s represents sin, and c represents cos, 

7*4*5(0) = 

r*.*.(o)« 

TAuo>{0) = 

rn ru r13 pix 

T2\ r22 r 2 3 Piy 

r3\ r32 r33 p4z 

0 0 0 1 

cy 0 S7 0 
0 1 0 0 

—S7 0 cj 0 
0 0 0 1 

0 c<t> scj) 0 
- 1 0 0 0 
0 -s<f> ccj) 0 
0 0 0 1 

426 O' (0) 

TA36O'{0) -

c(j> • c(57r/6) — aj> • s(57r/6) s<p 0 
S(5TT/6) C(5TT/6) 0 0 

-scj) • c(57r/6) S4> • s(57r/6) c4> 0 
0 0 0 1 

c(f> • c(7r/6) —C4> • S(TT/6) sip 0 
S(TT/6) C(TT/6) 0 0 

—S(j) • c(7r/6) S 0 • s(n/6) ccj) 0 
0 0 0 1 
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As the translations and rotations of the PM are decoupled, the position and orientation 

of the end-effector can be computed respectively. Applying the position preservation [23] 

technique, i.e., the position of the point O' will be preserved under the rotation of $ i5 and 

$ i6 as point O' is the intersecting point of two revolute joints, eqn. (4.4) can be reduced. 

Let p0, represents the position vector of point O' in R3 with respect to the base frame, 

and Let pi6 represents the position vector of point O' in K3 with respect to the frame 

{Ai6}, we have p i 6 = [0 0 0 ] T . Let pQI = Po< 
1 

and pi6 = Pi6 
1 

then 

p0, = TAAil ( O ) e ^ . . . TAt4AjO)pi6. 

After computing for limb 1, 2 and 3, we have 

Po> = 

Kx 

h ( 013 ,0M) 

/2(013,0u) 
1 

f3(023, 02*) 
K2 

fi (023 >#24) 
1 

hi 033,034) 
/6(033, 034) 

K3 

1 

(4.5) 

(4.6) 

where 

K\ = 6\2 -

/Vj = 022 — 

^ 3 — $32 _ 

/ l ( ^ 1 3 , ^14) 

/2(013,^14) 

/3(^23,^24) 

/4(^23,^24) 

/5(^33,^34) 

76(^33,^34) 

Piy + Li, 

Piy + Li, 

Piy + Li, 

- -s6n • 613 - s(0xx + a) • 014 + cifixx + a) • PAX ~ s(0u + a) •; 

— c9\\ • sa • L3 — s6n • ca • L3 — s8n • L2, 

= cd\\ • <?i3 + c(0n + a) • 0U + s(9xx + a) • p4x + c(0u + a) • piz 

— s0n • sa • L3 + c0n • ca • L3 — c0n • L2, 

= c02i • 2̂3 + c(92x + a) • 6>24 + s(62i + a) • pix + c(62x + a) • pAz 

- s62\ • sa- L3 + c02x - ca • L3 - c02i • L2 

= —S92\ • #23 — 

-cB2 

sa- L,3-F cu2\ • ca • L,3 - cv2l • L,2, 

>23 - S(021 + a) • 024 + C(021 + a) • Pix - -5(021 + <*) ' Piz 

sa • Li — s0oi • ca • Li — .s0m • Ln. ?2i • sa • L3 - s02x • ca • L3 - s02i • L2, 

-s931 • 033 - s(03l + a)-0 '34 + c(03i + a) • p4x ~ s(03i + a) • pAz 

- c03i • sa- L3- s031 ca- L3 - s031 • L2, - c03i • sa- L3- s031 -ca- L3 - s03i • L2, 

= C031 • 033 + C(03i + Q) • 0 3 4 + s(03X + a) • Pix + c{03l + a 

- s031 • sa- L3 + c031 -ca- L3 - c03i • L2. 
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With a given end-effector pose Too1, (based on eqn.(4.6)), the linear displacements of 

actuators can be computed directly as follows: 

#12 = Px+Piy- Lu 

#22 = Py+P4y~ Li, 

#32 = Pz+P4y~Li. 

(4.7) 

(4.8) 

(4.9) 

Equations (4.7)~(4.9) show that the linear displacement of each actuator can be directly 

computed using the position vector of the end-effector. To compute the orientation of the 

moving platform, let s<j 
0 

(i = l , 2 ,3 ; j = 5,6), we have 

s* = TA>Ail (0)e*"*« . . . TAiA,Ai6 (0) [sl5]
A«. (4.10) 

After computing for each limb, we have 

«15 = 

«25 = 

-?~23 

c(9n + a) • r13 - s(0n + a 
s(9n + a) • ru + c(9n + a 

0 

s(9n + a) • r13 + c(9n + a 
-r23 

c(9n + a) • r13 - s(9n + a 
0 

S35 = 

•»"33 

• ^ 3 3 

• r 3 3 

•7*33 

c(9n + a) • ri3 - s{9n + a) • r33 

s(9n + a) • r13 + c(9n + a) • r33 

-r23 
0 

According to the geometry of the moving platform, s^ can be easily expressed with respect 

to frame O' as follows: 

[ W = 
0 

— S(j) 

C(f) 

[-36]°' 

j 

= 

[s26]°' = 

—s(j) • S(TT/ 

scj) • c(n/3 

a/) 

~sq 

sq 

3)" 
) 

> • S(TT/3) 

i • C(TT/3) 

With the given end-effector pose Too1 •, S& with respect to the base frame A can be written 

a.s: 

- iO' siG — TQO' [si6] (4.11) 
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We can then write the closure equation as follows: 

si5 • si6 = cos7, (4.12) 

which, for each limb, leads to a trigonometric function equation of the form 

An • s(0n + a) + Ai2 • c(8a + a) + Ai3 = 0, (i = 1,2,3), (4.13) 

where Aij ( i=l , 2, 3; j = l , 2, 3) are constants, and their expressions are as follows. 

An = (622*0 - &23C0)r33 + (-632s0 + b33c<j>)n3, 

Ai2 = {~b22S<t> + 623c0)ri3 + (-632*0 + b33c<j>)r33, 

Al3 = (6i2*<A - b13c(f>)r23 - 0(7), 

A21 = {bns(j> • s{n/3) + bns<t> • c(n/3) + 6i3c0)ri3 - (631s0 • s(7r/3) + b32s<t> • c(7r/3) + 633C(£)r33, 

^22 = (6ns0 • S(TT/3) + 612s0 • c(7r/3) + 6i3c<£)r33 + (63is0 • s{n/3) + 632s^ • c(7r/3) + b33c<t>)ri3, 

A23 = -(621*0 • *(*73) + 622S0 • c(7r/3) + 623C0)r23 - 0(7), 

A31 = (6ns0 • s(7r/3) - 612*0 • C(TT/3) - 613c«!>)r33 + (-b-ns^ • *(7r/3) + 622S0 • c(7r/3) + 623c0)ri3, 

^32 = (-6n*0 • *(7r/3) + 6i2*0 • c(7r/3) + 6i3C0)ri3 + {-b2iS(j> • s(n/3) + 622*0 • c(n/3) + 623c0)r33, 

^33 = -(-631*0 • s{n/3) + 632s0 • C(TT/3) + b33c<j>)r23 - 0(7). 

Assume that xiX = tan((0u + a) /2) , eqn. (4.13) can be written as: 

{Ai3 - Ai2)xl + 2AilXil + Ai2 + Ai3 = 0. (4.14) 

The symbolic solutions of Xn, (i — 1, 2,3), can be directly obtained as 

xa = (Aa ± yjAl + A\2 - A?3)/(Ai2 - Al3). (4.15) 

Therefore, 

On = 2arctan(:r i l) — a. (416) 

Obviously, at most two solutions exist for the given end-effector pose in each limb. Hence, 

there are eight solutions at most for the inverse kinematics of the PM. 
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4.2.3 Forward Displacement Analysis 

Forward kinematics is to find the possible pose of the end-effector with given actuator 

displacements. It will be helpful for determining assembly modes and off-line simulation. 

With given actuator displacements, based on eqn. (4.6), K\, K2 and K3 are constants, the 

position of the moving platform can be directly obtained as follows: 

Px = 0l2 ~ PAy + LU (4.17) 

Py = d22-Piy + LU (4.18) 

Pz = &32 - P4y + LV (4.19) 

The results show that each element of the position of the end-effector is directly controlled 

by an actuator. In other words, the PM is isotropic when all the actuators are in linear 

mode. 

To solve the orientation of the end-effector, we can treat the PM as a virtual wrist with 

only rotary joints as the displacements of prismatic joints (including actuator) will not 

affect the orientation of the end-effector (without considering the joint limits here). Hence, 

we employ a similar way suggested by Gosselin [28] to calculate the orientation of the end-

effector. In order to simplify the expressions, frame {O'-x'y'z1} will be defined again as 

follows: the z'- coordinate axis is aligned with the last R-joint axis of limb 1, the x'-axis 

is orthogonal to the z'-axis and in the plane determined by two vectors, namely, 0'A1& 

and 0 ' A 2 6 and the y'-axis is obtained by the right-hand rule. The transformation from 

the original frame {O'-x'y'z'} to the new frame {O'-x'y'z'} is written as: 

sip —cip 0 0 
_ C(f) • Of C(f) • Stf —Sip 0 

scp • cip s(p • sip sip 0 
0 0 0 1 

In the following part, the new frame {O'-x'y'z'} will be used for the orientation of SA-PM. 

Also in order to simplifying the expressions, the frame {O'-x'y'z'} is represented by Z-Y-

Z Euler angles with respect to frame {Ai5-Xi5y15Zi5} as shown in Fig. 4.4. The Z-Y-Z 
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Figure 4.4: Z-Y-Z Euler angles from frame {^15} to frame {O'} 

Euler angles associated with the rotation from frame {^lis-ZisyisZis} to frame {O'-x'y'z1} 

are defined as follows: first, a rotation of angle 771 about Zis-axis which will bring axis 

X15 in the plane defined by Z15- and z'- axes; then, a rotation of angle 772 about y'15-axis 

(obtained from the previous rotation) which will bring Zi5-axis in coincidence with z'-axis; 

and, finally, a rotation of angle 773 around z'-axis which will bring (obtained from 

the previous rotation) in coincidence with x'-axis. The corresponding rotation matrices, 

written in local coordinate frames can easily be written as: 

Ri = 
crji 

srji 

0 

-ST)i 

CT]i 

0 

0" 
0 
1 

, R2 = 
crfe 
0 

sr}2 

0 
1 
0 

«fc" 
0 

CTjl _ 

RA = 

cm 
sm 
0 

Sift 
CT]3 

0 

0" 
0 
1 

Hence, the rotation from frame {Ai5-X\5yi5zi5} to frame {O'-x'y'z1} is written as 

cn C12 c13 

R = R1R2R3= c2i c22 c23 (4.21) 
_ C31 c32 c33 _ 

where 

Cll = - S ? ? i • S773 -f C77! • C?72 • C773,C12 = -C773 • S?7i - CT]x • ST]3 • Crj2, 

Cl3 = C77i • S772, C21 = C77i • ST)3 + C773 • S?7i • CT]2, 

C2 2 = C77x • C773 - ST/i • 5773 • C772, C2 3 = ST/j • S/72, 

C31 = -C?73 • S772,C32 = S773 • Sr?2,C33 = C772. 

For forward kinematics, the geometrical constraints that the three limbs are coupled to a 

common moving platform should be expressed. To this end, the unit vectors s16, s26 and 
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«36 are expressed in a common frame {O'-x'y'z1}, which are written as: 

[*w] 
O' 

S 2 6 
1«' 0 [«»] 

O' 
c0 • s(<r/2) 

c0 • c(?/2) 

(w'-'l where 0 = a r c s i n ( ^ ^ ) + arctan( , W ). Let 

rll5 = T^,1e$^...r / l i4A5(o) = •Rtl5 -P»15 
0 1 

,(» = 1,2,3), 

the vector si6, with respect to the base frame, can be written as: 

(4.22) 

lO ' 
s* = /W*[** ] , (i = 1,2,3). (4.23) 

The vector SJS, with respect to the base frame A, can be written as: 

i . i , si5 = Rut [si5]
A* , (i = 1,2,3). (4.24) 

Therefore, the geometric constraints to be specified for the closure of the kinematic loops 

are: 

s l 5 • si6 = cry, (i = 1,2,3). (4.25) 

Substituting eqn. (4.23) and eqn. (4.24) into eqn. (4.25) will lead to three nonlinear 

algebraic equations in 771,772 and 773. As a result, one of the three equations can be 

simplified as: 

cos 772 = cos 7. (4-26) 

Hence, the angle 772 can be solved directly, and the other two equations can be written as: 

Cx • S77i + C2 • cqx + C3 = 0, (4.27) 

£>i • ST7I + D2 • CT7! + D3 = 0 . (4.28) 

where 

C\ = -Bi • 5773 + B2 • CT]3 • C772 + B5 • STfc, 

C 2 = Bi • Ct]3 • C7]2 + B2 • ST]3 + Bi • ST]2, 

C3 = ~B3 • CT}3 • ST]2 + B6 • CT}2 - C772, 
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^115 : 

Bi = 

B2 = 

B3 = 

B4 = 

B5 = 

B6 = 

Dx = 

D2 = 

D3 = 

Ex = 

E2 = 

E3 = 

E4 = 

Eb = 

E,= 

E7 = 

E8 = 

E9 = 

= [dij],(hj = 1,2,3), 

(-d13d31 + d33d2i + d23du) • s<r, 

(-d13d32 + ^33^22 + ^23^12) • sc, 

(-d1 3d3 3 + d33d23 + ^23^13) • sq, 

(-d13d3i + d33d21 + d23dn) • cq, 

{-di3d32 + d33d22 + ^23^12) • cq, 

(-dud33 + d33d23 + d23di3) • cq, 

-Ei • sr]3 + E2 • cq3 • cq2 - E4 • cq3 - E5 • sr}3 • crj2 + E8 • sr]2, 

Ei • cr]3 • a]2 + E2 • sr]3 - £ 4 • sr]3 • cq2 + E5 • crj3 + E7 • srj2, 

-E3 • CT]3 • ST)2 + E6 • ST)3 • ST)2 + Eg • CT)2 - CT}2. 

-d23d31 - di3d2i + d33dn 

—d23d32 — d\3d22 + d33d\2 

—d23d33 — d\3d23 + d33di3 

-d23d31 - dl3dn + d33dn 

—d23d32 — di3d22 + d33d\2 

—d23d33 — d\3d23 + d33d\3 

-d23d3i - dud2i + d33dn 

—d23d32 — d\3d22 + d33d\2 

—d23d33 — di3d23 + a33ai3 

•cP-s(<;/2), 

•c0-s(<;/2), 

• c/3 • s(<r/2), 

•s/3, 

•s/3, 

•s0, 

•c/3-c(«r/2), 

•c/?.c(?/2), 

•c0-c(<;/2). 

Combining eqn. (4.27) and eqn. (4.28), srji and cr\\ can be solved as follows: 

sm = (-C2D3 + C3D2)/(C2Di - dDi), 

cqx = (C1D3 - C3D1)/(C2D1 - dD2). 

Substituting above two equations into the following trigonometric identity 

srfi + cni = 1, (4 
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Table 4.1: Geometric data of SA-PM 

Lx 
30 

L2 

30 
L3 

30 
Ls 

30 
U 
30 

PAx 
50 

P4y 
30 

P4z 
-30 

Q 

TT/2 
A 

TT/18 

02 
5TT/6 

ft 
7T 

7 
TT/3 

which leads to an equation containing only one unknown, namely angle 773. The equation 

is written as: 

C\D\ + C\D\ + C\D\ + C\D\ + C\D\ + C\D\ 

-2ClC2D1D2 - 2C2C3D2DS - 2C1C3D1D3 = 0 (4.30) 

with the following condition: 

C2Dl-ClD2^Q. (4.31) 

Assume that 

5773 = 2y/(l + y2), c/73 = (1 - y 2 ) / ( l + y2), 

where y = tan(773/2), after simplification, eqn. (4.30) can be written in the following form. 

8 

X>y' = o, (4.32) 

where y = tan(r73/2), the coefficients kt (i = 0,1, • • • ,8) are functions of the geometric 

parameters of the PM and the actuator displacements. Clearly, there are at most eight 

solutions for the forward kinematics of this PM. A numerical example of the forward 

kinematics is shown in Tables 4.1, 4.2 and 4.3. Table 4.1 shows the geometry parameters 

of the SA-PM. Given the rotary displacements (Table 4.2) of the three actuators, eight real 

orientation solutions are obtained for the forward kinematics, as shown in Table 4.3. Note 

that eqn. (4.32) may not have eight real solutions for some sets of rotary displacements 

of actuators. As a result, there are at most eight solutions for the forward kinematics of 

the SA-PM. 
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Table 4.2: Rotary displacements of actuators 

011 
TT/12 

#21 

TT/18 

#31 

TT/15 

Table 4.3: Eight orientation solutions of forward kinematics 

No. 
1 
2 
3 
4 
5 
6 
7 
8 

y 
-18.9867 
-0.7722 
-0.5739 
-0.2533 
0.1754 
1.1473 
2.0807 
10.3226 

m 
2.3714 
3.0047 
2.7512 
0.8348 
0.1080 
0.9730 
1.0859 
4.7820 

m 
7r/3 

TT/3 

TT/3 

TT/3 

TT/3 

TT/3 

TT/3 

-f;i 

m 
-3.0364 
-1.3151 
-1.0420 
-0.4962 
0.3473 
1.7078 
2.2456 
2.9484 

Figure 4.5: Schematic description of the 3-RPPS PM 

4.3 Displacement Analysis of 3P3S PMs 

Based on the kinematic features of the 3P3S PMs such that one actuator is linear and 

perpendicular to the base plane, a projective approach can be used to simplify the analysis. 

65 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



By projecting these 3P3S PMs onto the base plane, i.e., the {O-xy} plane, the 6-DOF 

decoupled PMs will become 3-DOF planar ones (3-RRR, 3-RPR, 3-PRR and 3-PPR). 

Take the 3-RPPS structure as an example, the inverse and forward displacements are 

analyzed as follows. 

4.3.1 Inverse Displacement Analysis 

The inverse displacement analysis is to find the actuator displacements (^1,^2) by given 

the end-effector pose Too1- According to the geometry of the end-effector, the position 

vector of the point An with respect to the base frame can be directly obtained by 

OAa = OO' + T00> • [0'Ai4)
0'. (4.33) 

where [O'v l^] 0 is the vector relative to the end-effector frame, all other vectors is with 

respect to the base frame. Therefore, each of the three limbs can be regarded as a RPP 

type serial chain as shown in Fig. 4.6. By projecting the limb onto the vertical plane 

(Fig. 4.6(a)), the displacement of the linear actuator can be directly computed by 

0i2 = zu ~ h. (4.34) 

where h is the lowest position (zero position) of the linear actuator. By projecting the 

limb onto the base plane (Fig. 4.6(b)), the displacement of the rotary actuator can be 

calculated by 

cosflu = OAa • AnA'J(\\OAn\\ • | |AnA' i 4 | |) for \\AtlA'J\ ± 0. (4.35) 

Therefore, we have 

0« = ±arccos(OA t l • AiXA\J{\0AiX\\ • \\AiXA\^). (4.36) 

As a result, there are at most two solutions of each limb, and at most eight solutions exist 

for the inverse kinematics of the 3-RPPS PM. 
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(a) front view (b) top view 

Figure 4.6: The zth limb of 3-RPPS PM 

4.3.2 Forward Displacement Analysis 

Forward kinematics is to find the end-effector pose when all actuator displacements On 

and 9i2 ( i=l , 2, 3), are known. A similar approach with [110] is employed to solve the 

forward kinematics here. Let Too' € SE(3) represents the end-effector pose with respect 

to the base frame {O — xyz}, then 

1 

where [OAi4] and [OAi4] represent respectively the vector OAi4 with respect to the 

end-effector frame {O'-xyz] and the base frame {O-xyz}. Since both these two frames 

are right-hand Cartesian coordinate frames, we have 

Too' 
[OAm 

1 
[OAi4}° 

(i = 1,2,3), (4.37) 

Too' 
\<y [AUA24] x [A24A34] 

0 

o' l O Ai4A24] x [A2M34] 
0 

o 
, (i = 1,2,3), (4.38) 

Combining equations (4.37) and (4.38), the end-effector pose can be written by 

iO l A i lO ir\ A lO 1 A A lO . . r A A I O I 

Too' 
[OA14]

u \OA24)
u [OAi4]

u [A14A24}
U x [A24A34f 

1 1 1 0 
i O ' ^y \<y [OA14]
u [OA24}

u [OA34]
u [A14A24]

U x [A24A34] 
1 1 1 0 

o1 

(4.39) 
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Note that the inverse matrix occurs in eqn. (4.39) is a constant matrix for a certain 

manipulator, and it always exists if points A14, A24 and A34 are neither collinear nor 

coincident. Equation (4.39) shows that the pose of the end-effector can be determined 

once the coordinates of the three points An, A24 and A3i with respect to the base frame 

are obtained. Based on the structure geometry (Fig. 4.6(a)), the z-coordinate of point 

An can be directly calculated by 

2i4 = Qi2 + h. (4.40) 

As the links A^A^ and A^An move only in the horizontal plane, the 3-RPPS PM 

can be projected onto the base plane, i.e., the {O-xy} plane, as shown in Fig. 4.7 or 

Fig. 4.8. As the moving platform may not be parallel to the base plane, the end-distance 

of the three limbs, HA14A24II, HA24A34H and HA34A14H become the projected distance 

||A'14A'24||, | |A24A34 | | and ||A34A'14||, that 

h = ||A'14A24|| = v
/ l l^ i4A 2 4 | | 2 - 11*24 - *i4 | |2 (4.41) 

l2 = | |A24A34 | | = VM24A34II2 - 11*24 - 234||2 (4.42) 

/3 = ||A'34A'14|| = y/\\AMA14\\* - 11*34 - zi4 | |2. (4.43) 

To simplify the calculation, a new frame {A\\-xy} is taken as the reference frame as 

shown in Fig. 4.7. Let A represent the displacement of the passive prismatic joint of limb 

1, and (3 denote the relative angle between A'l4A'24 and A'l4A'34. Point A'24 slides along 

a line with unit vector U2{u2X,U2y), and point A'34 slides along a line with unit vector 

U3(u3X,u3y). The posture of the 3-RPR PM will be determined by the value of A and 

the orientation angle a. For the structure shown in Fig. 4.7, two equations can describe 

points ^124 and '̂34 sliding along the given lines: 

(li • sin a — y2i) • U2x — (X + h • cos a — X21) • U2y = 0 (4.44) 

(h • sin(a + 0) - y3i) • u3x - (X + li • cos(a + (3) - x3i) • u3y = 0 (4.45) 

The value of a can be obtained by eqn. (4.44) as 

A = u2x • {h • sin a - y2\)/u2y - h • cos a + x2\, (4.46) 
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Figure 4.7: Projected planar 3-RPR PM 

Figure 4.8: Projected planar 3-RPR PM 
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Substituting A into eqn. (4.45), we have 

A • sin a + B • cos a + C = 0, (4.47) 

where 

A = u3x • /j • cos (3 + u3y • h • sin/3 - u3y • tt2y • /i/u2x> 

B = u3x-l1 • sin (3 -u3y • h • cos [3 - u3y • -h, 

C = U 3 y • U2y • V2l/U2x ~ U3y • X2\ ~ U3x • y31 + U3y • X 3 1 . 

For the structure shown in Fig. 4.8, the coefficients of eqn. (4.47) are 

A = u2x • l2 • cos (3 + u2y-l3- sin{3 - u2y • u3y • l3/u3x, 

B - u2x • Z3 • sin (3 -u2y-l3- cos(3 - u2y • -l3, 

C = u2y- u3y • y3i/u3x - u2y • x31 - u2x • y2i + u2y • x2x. 

Assume that Q = tan(a/2) , eqn. (4.47) can be written as: 

(C - B)Q2 + 2A-n + B + C = 0. 

The symbolic solutions of Q, can be directly obtained by 

fl = {An ± VA2 + B2- C2)/{B - C). 

(4.48) 

(4.49) 

Therefore, 

a = 2 • arctan(Q). (4.50) 

Once the angle a is obtained, A can be obtained by using eqn. (4.46). After a and A are 

solved, the coordinates of A'i4 with respect to frame {An-xy} can be solved as: 

/ i^4 i i [AUA'U 

[An41 A " 

[AnA'u]
An = 

A 
0 

A + /1 • cos a 
li • sin a 

A + l\ • cos(a + (3) 
l\ • sin(a + (3) 

(4.51) 

(4.52) 

(4.53) 

Let 72? represent the transformation from frame {An-xy} to frame {O-xy}, we have 

sin(0u) - c o s ( 0 a ) , 4 5 4 , 
[ c o s ^ O sin(0a) J 
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The coordinates of A'i4 with respect frame {O-xy} can be obtained as: 

[OA'l4}° = {OA'n}° + R°Au • [AuAl4}
A^ . (4.55) 

As A'i4 is the projection of An along z-axis, the first two coordinates of point of A'i4 and Ai4 

are identical. The coordinates of points An, A2\ and A34 are thus determined. In other 

words, the position of the moving platform can be directly determined by eqn. (4.39). 

Hence, there are at most four solutions for the forward kinematics of the 3-RPPS PM. 

4.4 Summary 

Displacement analysis is the basis for workspace analysis, dimension optimization, motion 

planing and control. Due to motion decoupling, a decomposition method and a projective 

method are applied to compute the displacements for the SA-PM and the 3RPPS PM 

respectively. As a result, closed-form solutions for both inverse and forward kinematics are 

obtained. There are at most eight solutions for both inverse and forward kinematics of the 

SA-PM. For the 3RPPS-PM, there are at most eight solutions for the inverse kinematics 

and four solutions for the forward kinematics. 
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Chapter 5 

Workspace Evaluation through 
Finite-Partition of SE(3) 

Workspace analysis is a challenging problem for PMs. The solution of this problem is 

critical in the design and motion planing of the manipulator. As the complete workspace 

of a 6-DOF manipulator is embedded in a 6-dimensional space, there is no simple way 

to visualize it in a human-readable way. Therefore, the workspace of parallel manipula­

tors is usually visualized in various 3-D subspaces [81], such as the constant-orientation 

workspace, the reachable orientation workspace and the reachable positional workspace. 

Due to the complexity of forward kinematic problem which involves solving highly nonlin­

ear equations, there is no suitable way to compute the workspace volume by integrating 

along its boundary. Hence, very few global performance criteria of PMs can be evalu­

ated. Most of the literatures for optimal design of PM focused on the optimization of 

the reachable positional workspace which is a 3-D subspace of the complete 6-D manip­

ulator workspace. Based on the topology of the rigid motion group SE(3), a numerical 

approach to parametrically partition the 6-D workspace into finite elements, is introduced 

in Section 5.3. Two global performance indices and three optimal points (position or ori­

entation or pose) are introduced in Section 5.4. In Section 5.5, dimension optimization 

and performance specification of the SA-PM and the 3-RPPS PM are used as case studies 

to demonstrate the effectiveness of the partition method. 
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5.1 Introduction 

As the major drawback of PMs is their limited workspace, workspace volume becomes an 

important performance index of PMs [9, 12, 25, 59, 65, 75, 83, 85, 113]. Some researchers 

made use of geometrical methods to calculate the workspace of PMs [25, 59, 83]. Other 

researchers studied the design for the desired workspace by optimization [9, 56, 75, 85]. 

Gosselin [25] proposed a geometrical method to compute the reachable positional workspace 

of Stewart-type of PMs. The inverse kinematic solution of the PM is used. The workspace 

boundaries are obtained by the intersection of the reachable workspace generated by each 

limb. Then the reachable positional workspace is sliced vertically so that the workspace 

volume of each workspace slice can be integrated along the boundary. The volume of the 

complete reachable positional workspace is subsequently obtained by the summation of 

the volume of all workspace slices. 

Merlet et al. [83] proposed geometrical algorithms in calculating various types of workspaces 

for planar PMs. Types of the workspace include constant orientation workspace, the 

maximal workspace, the inclusive workspace, the total orientational workspace and the 

dextrous workspace. 

Kumar [65] made use of the properties of screw system to calculate the reachable workspace, 

the dextrous workspace, and the controllable dextrous workspace (a subset of dextrous 

workspace, in which, with the reference point fixed at any point, the end-effector can ro­

tate completely about any arbitrary line through that point in a controllable, continuous, 

and smooth motion.) for PMs. According to the screw theory, the singularity conditions, 

i.e., the workspace boundaries, are transformed into the reciprocal screw conditions for 

different types of workspaces. By using inverse kinematics, the reciprocal screw condition 

can be readily obtained, and hence the workspace boundaries. 

Masory and Wang [77] introduced a numerical method to compute the reachable workspace 
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volume with respect to manipulator geometry parameters and joint constraints of a 

Stewart-type parallel manipulator. The reachable workspace is sliced into laminates so 

that the workspace boundary of each slice is obtained by a fast search method. The 

reachable workspace is then quantified by the integration of all slices of the reachable 

workspace. 

Wang and Hsieh [109] proposed a numerical approach for systematically calculating the 

reachable workspace of general PMs. In this method, finding the extreme reach is for­

mulated as an optimization problem, which can be solved by a combined optimization 

strategy with the cyclic coordinate descent method and the quasi-Newtonian method. 

Because it is a numerical optimization method, the global optimal solution cannot be 

guaranteed. 

Badescu and Mavroidis [8] proposed several performance indices for workspace analysis 

based on the concept of dexterous solid angle [3], including the workspace volume, the 

dexterous workspace volume, the dexterity index and the workspace volume with a certain 

dexterity. The concept of dexterous solid angle is used to represent the orientation ability 

of manipulators, and it refers to the ratio of the service sphere surface area that the 

end-effector z-axis can intersect to the area of the complete service sphere (a 2-D sphere 

surface). However, the dexterous solid angle cannot completely represent the dexterity 

of orientation which should be a 3-D manifold (SO(3)), because it only uses the z-axis of 

the end-effector to represent the end-effector orientation. Therefore, these performance 

indices cannot characterize the complete 6-D workspace, including both 3-D translational 

workspace and 3-D orientational workspace. 

The representation of orientational workspace is a challenging problem because it cannot 

be easily described and visualized as its physical meaning in Cartesian space. Bulca et al. 

[12] proposed a method to describe the orientational workspace of PMs by using the four 

Euler-Rodrigues parameters. In order to graphically describe the orientational workspace, 

one parameter will be eliminated based on the normality condition. 
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Yang et al. [113] presented a differential geometry approach for numerically analyzing 

the orientational workspace of parallel manipulators which can be represented by the 

Special Orthogonal group 50(3) and geometrically visualized as a solid sphere of radius 

7T. A 3D division scheme is proposed to parametrically and proportionally divide the solid 

sphere into a number of finite elements of the same volume. When the number of the 

finite elements is sufficiently large, each element can be kinematically represented by a 

point located inside the element. Hence, the workspace volume is converted into a simple 

summation of all volume elements in the workspace. 

5.2 Geometric Background 

A general rigid body spatial motion consisting of both translation and rotation can be 

mathematically represented by an element of the Special Euclidean group SE(3), which 

has the following form: 

5£(3) = {(p, R) | p e R3, R e 50(3)} = R3 X 50(3) . (5.1) 

where 50(3) is the Special Orthogonal group representing the spatial rigid body rotation, 

R € 50(3) represents a rigid body rotation and p G i 3 represents a rigid body translation. 

For the purpose of homogeneous transformation, it can also be denoted by a 4 x 4 matrix 

in the form of 

'R p 
0 1 

(5.2) 

SE(3) is a Lie group of dimension six. The Lie algebra of SE(3), denoted as se(3), has 

the form of 

w v 
0 0 

where 

»' = 

0 
wz 

—w !) 

0 
w* 

Wy 

-wx 

0 

(5.3) 

(5.4) 

The set of 3 x 3 real skew-symmetric matrices, w, forms the Lie algebra of 50(3) , denoted 

by so(3). Note that a skew-symmetric matrix can be equivalently represented as a vector 
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w = [wx,wy,wz] G R3 for assigning the orientation of the end-effector. An element of 

w 
v 

se(3) thus admits a 6 x 1 vector form: ', termed a twist. 

Based on the topology of R3, the geometry of R3 can be regarded as a cube as shown 

in Fig. 5.1. Hence the volume element for integration can be defined with Cartesian 

coordinates as 

dp = dx • dy • dz. (5.5) 

Obviously, the rigid body translation R3 can be conveniently described by using the 

3D Cartesian coordinates system. However, this is not the case for rigid body rotation 

because 50(3) is only topologically homeomorphic to R3 and it does not bear the simple 

geometrical features of [68]. Usually, a relatively intuitive way to represent orientations 

makes use of three Euler angle parameters. But such a representation approach has its 

inherent disadvantages, i.e. the three parameters are not independent to each other and 

need to follow certain sequence, and singularities exist (e.g. when (3 = 0 and 0 = n for 

a — (3 — 7 parameters in the Z-Y-Z Euler angle representation). 

Park and Ravani [68, 92] verified that the Special Orthogonal group 50(3) can be vi­

sualized as a solid sphere of radius n centered at the origin in R3 as shown in Fig. 5.2. 

Note that the solid sphere is viewed in the coordinate frame of exponential coordinates of 

50(3) . Each point in the solid sphere maps one element of 50(3) which have the form 

as 

R = e™. (5.6) 

In this way, 50(3) can be parameterized with exponential coordinates {wx, wy, wz}, which 

can be viewed as Cartesian coordinates over the interior space of the solid sphere. 

It is shown in [15] that the volume element (i.e., differentiation of eqn. (5.6)) can be 

written as 

dR = \det(J(R(w)))\dw, (5.7) 

where dR denotes the volume element of 50(3) , dw = dwxdwydwz denotes the volume 
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m •••j+1 j ••• 3 2 1 

Figure 5.1: Partition of 

element of the solid sphere of radius TT in R3, and \det(J(R{w)))\ = 2 ( 1 " y ^ y i ) ) , (IMI = 

y/wl + Wy + w\), is the integration measure. Therefore, the entire 50(3) workspace 

volume is given by 

/ dR= f f(R( 
JR€S0(3) JW€D3 

,2(l-cos(H|))<to = 8 ^ 
'R€SO(3) JW€D3 \\w\ 

« , ) ) • ' (5.8) 

The integration of a rotation-dependant function f{R) over a set of rotations S G 50(3) 

is given by 

/ f(R)JR=[ /(BW)2" -r^dw, (5.9) 
>W€Q \W\ 

where Q denotes the parameter space, i.e., a subset of D3 (the solid ball). 

As each element of SE(S) is the product of two related elements of K3 and 50(3) re­

spectively, the product of two volume elements of R3 and 50(3) respectively leads to the 

corresponding volume element of 5£'(3). Based on eqn. (5.5) and eqn. (5.7), the volume 

element of SE(3), dW, can be written as 

dW = d(p, R) = dp.dR = dp. 2(1 " fOSfjHI) W 
w 

(5.10) 

To make ease of workspace evaluation of a manipulator, following terms are defined: 
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w2 

Figure 5.2: Visualization of SO(3) 

• W: the complete 6-D workspace, W € SE(3); 

• Wp: the reachable positional workspace, Wp C R3; 

• WR. the reachable orientational workspace, WR C 50(3) ; 

• W H ( P ) : the orientational workspace at a constant position p , W H ( P ) Q WR; 

• Wp(/2): the positional workspace under a constant orientation R, WP(R) C Wp; 

• Wc- the positional workspace envelope containing the reachable positional workspace 

of a manipulator, Wc C R3 and Wc 2 Wp-

The manipulator workspace W E SE(3) can be represented by 

w = {(P, it!) | p e wp c R3, R e wR(P) c 50(3)}, (5.11) 

or 

W = {(p, /?) | p € Wp(fl) C R3, R e WR C 50(3 )} . (5.12) 
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In most cases, the position and orientation are dependent on each other. Based on 

eqn. (5.10), the workspace volume of a manipulator (eqn. (5.11) or eqn. (5.12)) can be 

written as 

f d w = f t 2 a - c y i ) ) , ^ (,13) 
Jw JpewpjR£WR(p) \\w\\ 

or 

f d W = f f 2( l -cos(H|) ) | j p d M > (514) 
JW JR€WRJp&Wp{R) \\W\\ 

As the reachable position workspace Wp is usually easy to obtain, eqn. (5.13) is preferred 

for workspace determination. 

5.3 Finite-partition of SE(3) 

As each element of SE(3) is the product of two related elements of R3 and 50(3) respec­

tively, the finite-partition of SE(3) can be transformed into partitions of the cube and 

the solid sphere respectively. To isotropically partition the cube and the solid sphere into 

finite elements, following properties are required to be fulfilled: 

• Geometric identity: All elements are geometrically identical to each other. 

• Parametrization: The number of elements is determined based on the division m 

along each dimension, which is parametrically alterable. In other words, the total 

number of elements is in the order of 0(m3) for a three dimensional manifold. 

• Uniform convergence: All three dimensions of each element are inverse-proportional 

to the division m, so the dimensions are uniformly convergent when m is large. 
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5 . 3 . 1 I s o t r o p i c P a r t i t i o n o f R 3 

Partition method 

Based on the topology of R3, the geometry of R3 can be regarded as a cube. A natural 

isotropic partition of the cube is to take a cubic element as the basis element which 

is homomorphic to R3, as shown in Fig. 5.1. Let m be the number of division along 

each dimension, which determines the numerical resolution of each element in the cube. 

Therefore, there are totally m3 basis elements in the cube. Each basis element will have 

the same convergence rate with m increasing. When m is sufficiently large, each element 

can be regarded as a point. When the manipulator workspace is to be evaluated, the 

reachable position workspace can always be bounded by a cube although it may be of a 

complex shape. To reduce the computation effort, one can also choose a cuboid to bound 

the reachable position workspace. In this case, the scaling factors along each dimension 

are required to normalizing the cuboid to a cube. 

Mathematical representation of elements 

To facilitate the numerical computation, a feature point within each element, will be 

defined to represent the local property of the element when m is sufficiently large. The 

centroid of the basis cube element will be a suitable choice as the feature point of the 

element. Assume that the reachable position workspace Wp is embedded in a cube with 

edge of length a. As shown in Fig. 5.1, the edge length e of the basis element is defined 

as: 

e = - . (5.15) 
m 

Let i, j and k represent the ordinal number along the x, y and z axes respectively, we have 

the coordinates of the (i,j,k) element as follows. 

{ x = ( i - l ) * e + | 
y = ( j - l ) * e + ! . (5.16) 

* = (/b-l)*e + § 
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5.3.2 Equi-volumetric Part i t ion of Solid Sphere [113] 

The solid sphere does not possess such an isotropic partition scheme as R3 so that the 

above three properties could not be simultaneously satisfied. By relaxing the first prop­

erty of geometric identity to equi-volumetric elements, it is possible to obtain an equi-

volumetric partition of the solid sphere that satisfies Properties 2 and 3 as well. Yang et 

al. [113] presented a differential geometry approach for parametrically and proportionally 

dividing the solid sphere of radius 7r into 2n3 elements with the same unit volume dw 

in R3. With every element of the same volume, numerical integration in 50(3) becomes 

algebraical addition of valid volume elements in 50(3) based on eqn. (5.9). 

Partition method 

The equi-volumetric partition scheme of 50(3) is achieved based on the equi-volumetric 

partition on the solid sphere of radius n in a number of steps shown below. 

STEP 1: Solid ball to solid hemispheres 

Divide the solid sphere into two solid hemispheres along wx-0-wy plane, as shown in 

Fig. 5.3. Because 50(3) is equivalent to a solid sphere of radius n with antipodal points 

identified, attention will be focused on one solid hemisphere in the following context as 

the other one will be partitioned in a similar manner. 

STEP 2: Solid hemisphere to hemispherical shells 

Divide the solid hemisphere into n hemispherical shells (like onion shells) with the same 

thickness 5r (= 7r/n) as shown in Fig. 5.4. Note that the first shell, the core, is a small 

solid hemisphere with a radius of r\ = 5r = j* and a volume of vu = ^j- = | ^ . This core 

element is a basic element of the partition scheme and its volume is defined as the unit 

volume of all the partition elements though they may be topologically different. Label 

the shells from 1 to n starting from the core. The ith hemispherical shell (i = 1,2,. . . , n) 

possesses rrii (= i3 — (i — l)3) elements of identical volume of vu. Altogether the entire 
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(a) (b) 

Figure 5.3: Partition of the solid sphere into two solid hemispheres 

solid hemisphere contains m (= ]>2"=1 rrii = n3) such elements. 

Figure 5.4: Shells of a solid hemisphere 

S T E P 3: Hemispherical shells to basic elements 

Divide the ith hemispherical shell (i = 2 , 3 , . . . , n) into rrii elements of the same volume, 

i.e., the unit volume. Now consider the integer rrii — z3 — (i — l ) 3 = 1 + 3i(i — 1) which is 

the number of elements in the ith shell. It is realized that rrii is equal to the summation 
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of the integer series 1,6,12, . . . , 6(i — 1), i.e., rrii = 1 + 5Zp=i 6(p — 1). For example, the 

second shell has m2 = 7 = 1 + 6 elements and the third shell has 7713 = 19 = 1 + 6 + 12 

elements. Based on this integer series expression of mi, an equi-volumetric partition of the 

ith hemispherical shell into m* elements (i = 2 , 3 , . . . , n) can be achieved in the following 

manner. 

S tep 3-1 Divide the ith hemispherical shell into one circular cap and i — 1 circular bands 

around the pole as shown in Fig. 5.5a. The cap element is a spherical disk shell 

homeomorphic to D2 x 3? and has a unit volume of vu. Label the cap and the bands 

from 1 to i 

S tep 3-2 Based on the integer series 1,6, ...6(j — 1), divide the j t h (j = 2 , 3 , . . . , z) band 

into 6(j — 1) equi-volumetric elements of vu. These elements, called common el­

ements, are spherical rectangular shells homeomorphic to R3. To ensure that the 

volume of every element is identical to the unit volume, the angular division of the 

spherical rectangular shell needs to obey two rules: 

• As shown in Fig. 5.5b, The latitudinal division angle of the j t h band (j = 1 for the 

cap) in the iih shell, $_,, can be computed as: 

A* = cos I1 - ? . ( i. 1)3 j 

V 1 + 3z(z - 1 ) J K ' 

where i = 2 , 3 , . . . , n and j — 1 ,2, . . . , t. 

• The longitudinal span of the common element in the j t h band of the ith shell is 

7ij = gpryr a s shown in Fig. 5.5c. Therefore, the longitudinal orientation (starting 

from u;x-axis) of the kth element in the j t h band can be given by: 

2Ar?r , „ , „ . 

<* = j jp jy , (M8) 
where i = 2 , 3 , . . . , n, j = 2 , . . . , z, and /c = 1,2, . . . , 6(j — 1). Note that there is no 

division in the cap element (j = 1) and thus ain = 2TT. 
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(c) (d) 

Figure 5.5: Equi-volumetric partition of a hemispherical shell 

Using this finite partition scheme, the solid hemisphere of radius n can be divided into 

n3 elements of equal volume. There is one core element of a solid hemisphere of radius 

jj, n cap elements of spherical disk shells, and the rest are all common elements of spher­

ical rectangular shells. With the other hemisphere partitioned in the same manner, the 

complete solid sphere 50(3) will have 2n3 elements in total. It was verified in [113] that 

when the number of elements increases, the dimensions of every element have the same 

convergence rates according to n. 

M a t h e m a t i c a l r ep resen ta t ion of e lements 

To simplify computational effort, the feature point of a common element is selected as the 

intersecting point of its three neutral planes. Hence, the feature point coordinates, Wijk = 

,s4 
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{•Wijk,w
y
ijk,w

zijk) (t = 2,3, . . . , n ; j = 2 , 3 , . . . ,i, k = 1,2, ...,6(j- 1)) can determined 

through its spherical coordinates r™, /?t™, and o^-k given by: 

Ti + r ^ (2i - 1)7T 
rr = 2 2n 

fly + A(j-i) 

a,t _ ^ ^ H , ( 5 1 9 ) 

The Cartesian coordinates of the feature point, itfy*, can be determined by: 

w?jk = i f »n 05 cos a f r , 

<•* = ^ sin/?- sin a ^ , 

wfo = r f c o s / ^ . (5.20) 

As the core and cap elements (i = 1,2,... ,n;j = k = 1) are along the pole axis of the 

solid sphere, their feature point coordinates can be written as: 

Kk = o 

•J* = °. 

* - a=r* <5-21> 
For the lower half solid hemisphere, the Cartesian coordinates of all n3 feature points 

uVj'fc = {™ijk''u,ijki™ijk)i n a v e the following form due to symmetry about the x — y plane: 

«>fjjfc 

™yijk 

wz
ijk 

= 

= 

= 

< j k 1 

<-fc> 

- < i f c . (5.22) 

where i = 1 ,2 , . . . ,n ; j = 1 ,2, . . . , t; k = 1,2, . . . , 6(j — 1). Therefore, the solid sphere can 

be characterized by all feature points of 2n3 equi-volumetric elements. Using eqn. (5.6), 

the rotation matrices associate with feature points Wijk and u>ijk can be written as 

Rijk = e ^ * , 

Rijk = e*yt- (5.23) 

85 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



An algorithm to calculate the coordinates of each element and its corresponding rotation 

matrices of 50(3) has been introduced in [113]. 

5.4 Global Performance Indices 

For optimal design of parallel manipulators, the workspace quality and quantity measures 

appear to be the most suitable indices. The isotropy property is often used for a specific 

task. Based on the finite-partition of SE(3), two global performance indices and three 

optimal points will be introduced in this section, which are very helpful for the dimension 

optimization and task-based applications. 

Workspace Volume R a t i o (Wr) 

As the workspace calculation involves the solutions of highly non-linear equations, it is a 

challenging problem to compute the workspace volume of the complete 6-D workspace. 

The 3-D reachable positional workspace is usually used for calculating the workspace 

volume in literatures [25, 77]. However, the volume of the 3-D reachable workspace 

cannot represent the complete properties of the entire 6-D workspace. Therefore an 

effective method for quantity the 6-D workspace is necessary and essential. 

As discussed in Section 5.3, one can use the feature points of R3 or 50(3) to represent 

the properties of the partitioned elements of R3 or 50(3) respectively when m and n 

is sufficiently large. The product of two feature points of R3 and 50(3) respectively, 

forms a feature point representing an element of SE(3), which is associated with a spatial 

transformation. As the parallel manipulators have limited workspace, the dimensions are 

always optimized for obtaining the maximal workspace. The workspace volume ratio, Wr, 
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is defined as a workspace volume measure as follows. 

f f 2(i-cos(IHD)d d E dW 
= JJKWJKWM IMP *"*P = new»m » P^P x 1 Q 0 % ( 5 2 4 ) 

fleso(3) & pevvc 

The numerator of the right-hand side of eqn. (5.24) is to compute the workspace volume 

of a manipulator in hand. The denominator represents the volume of the entire sampling 

workspace, which is determined by the position workspace envelope Wc and the entire 

orientational workspace 50(3) . As the parameter spaces of Wc and 50(3) are always 

larger than that of Wp and WR(p) respectively, we have WT £ [0.0% 100%]. The larger 

the Wr value, the larger the workspace volume. 

Global Condition Index 

Jacobian matrix is very important in manipulator design because it is used to map both 

the velocity and the force systems from the actuator input to end-effector output. The 

relationships are shown by following equations: 

A0 = J A X , (5.25) 

F = JTT, (5.26) 

where A0 and A X are the infinitesimal actuator input displacements and the end-effector 

output displacements respectively, F represents the end-effector output forces and mo­

ments, and r represents the actuator input torques or forces. Equations (5.25) and (5.26) 

show that the manipulator performance is largely dependent on the property of the Ja­

cobian matrix. 

It is often based on the condition number of the manipulator Jacobian matrix (C(J)) 

to evaluate the workspace quality [97]. The condition number of the Jacobian matrix is 

defined as 

C(J) = | | J | | | | J - 1 | | , (5.27) 
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where || • || denotes the Euclidean norm of its matrix argument, which is defined as 

|| J\\ = y/tr{J • W • J T ) ; W = -I (5.28) 
u 

where u is the dimension of the square matrix J, and / is the u x u identity matrix. 

As C(J) is always positive and 1 < C(J) < +00, the inverse of condition number, or 

condition index (C/(J)) , is often used, thus 

C,(J) = 1/C(J), Cj(J)€ [0,1). (5.29) 

The condition number of a matrix measures the sensitivity of the solution of a system of 

linear equations to errors in the data. It gives an indication of the accuracy of the results 

from matrix inversion and the linear equation solution. As the Jacobian matrix maps both 

the velocity and static force between the actuator inputs and the end-effector outputs 

in robot design, the condition index is used to evaluate the kinetostatic performance 

of a manipulator. It can represent not only the occurrence of the singular point, but 

also how far it is away from its nearest singularity. It also represents uniformity of the 

force distribution with the homogeneous actuator input. The larger the condition index, 

the velocity and force is more uniformly distributed in the entire workspace. When the 

condition index approaches zero, the Jacobian matrix is ill-conditioned. The manipulator 

will be in an isotropic configuration when the condition number is identity. 

Note that when the end-effector motion includes both rotation and translation, the ele­

ments of Jacobin matrix will have inhomogeneous units, i.e., no physical unit for orien­

tation but physical unit for position, such as the meter. Even though the Jacobian has 

homogeneous units, the condition index can only evaluate uniformity of the Cartesian 

velocities and/or end-effector wrenches with identical actuator inputs. In practice, the 

actuators of a robot may have very different capacity (such as larger actuators at the 

base and smaller actuators near the end-effector of a fixed stationed robot). To cope with 

this problem, Tandirci et al. [101] proposed the concept of characteristic length (CL) to 

minimizing the condition number of the dimensionless Jacobian. This approach later was 
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generalized by Stocco et al. [100] by using two scaling matrices to normalize the Jacobian 

matrix and balancing the nonuniform capabilities of actuators for task-based design. 

To evaluate the global properties of the workspace, Gosselin [27] proposed the global 

condition index {GCI) which is the ratio between the integration of condition index and 

the workspace volume. However, the workspace volume is merely the reachable positional 

workspace, the 3-D sub-space of the 6-D workspace. The GCI can be extended to the 

entire 6-D workspace based on the notion of SE(3). Therefore, the following definition of 

GCI in 6-D workspace is adopted: 

r r(ndW Y.Ci(J)dW 
GCI ~ fwdw " J2dw ' (5-30) 

w 

where W is the 6-D workspace, and J is the manipulator Jacobian matrix which is pose 
dependent. 

Definition: Global Optimal Position 

For a specific manipulator design, one may want to find the position with maximal ori-

entational workspace, which is necessary for machining tasks on complex surfaces. The 

global optimal position pG can be defined as 

PG = {p\ max WR{p) C 50(3 )} . (5.31) 

Definition: Global Optimal Orientation 

Similarly, one may want to find the orientation with maximal positional workspace, which 

is used for the tasks with translational requirements, such as pick-and-place. Therefore, 

the global optimal orientation Re, corresponding to the maximal positional workspace 

can be defined as 

RG = {R\ max WP(R) C M3}. (5.32) 

Definition: Global Isotropy Point 

Isotropy refers to the condition index of manipulator Jacobian equal to one so that it has 

uniform velocity and force distribution. Global isotropy point (GIP) here is defined as 
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the point in SE(3) with the best conditioning. In other words, the point with maximal 

condition index is the GIP, which is often used as the operational pose of manipulators. 

5.5 Applications 

In this section, the two global performance indices and the three optimal points are applied 

to optimize the geometrical dimensions and evaluate the performance of the SA-PM and 

the 3RPPS PM respectively. For the manipulator workspace optimization through the 

finite-partition of SE(3), we need to follow the procedure below. 

1. Find reachable position workspace Wp, so that the position workspace envelope Wc 

can be defined; 

2. Partition the workspace in SE(3) which is determined by Wc and 50(3) into m3 x 

2n3 basis elements of SE(3); 

3. Compute the feature point of each basis elements of SE(3); 

4. Check if each feature point is in the workspace by inverse kinematics; 

5. Compute the volume (dW) and condition index C/ of current element of SE(3); 

6. Calculate the workspace volume ratio Wr and the global condition index GCI based 

on equations (5.24) and (5.30). 

5.5.1 Dimension optimization of SA-PM 

For the SA-PM, the kinematics displacement analysis clearly shows us that the position of 

the moving platform is directed controlled by three linear actuators, and the orientation 

is only related with the rotary actuators and passive rotary joints without considering 

passive joints' limits. Hence, for any end-effector orientation, the translation workspace 

of the end-effector is always the same without considering the joint limits. At each 
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point in the positional workspace, the orientational workspace is always identical if the 

passive P-joints are within their joint limits. Due to the decoupling characteristics, the 

design parameters related to position and orientation of the SA-PM can be optimized 

respectively. 

De t e rmina t i on of p a r a m e t e r s re la t ing to posi t ional workspace 

Assume that the moving range of each linear actuator is \L\ — pmax/2, L\ + pmax/2], the 

range of Ki(i = 1,2,3) of eqn. (4.6) is 

~Pmax/2 - piy + Li < Ki < Pmax/2 - p4y + L\. (5 .33) 

Without loss of generality, assume that L\ = p4y for simplification of expressions, eqn. (5.33) 

can be simplified as 

-Pmax/2 <K{< Pmax/2. (5.34) 

Based on eqn. (4.6), K\,K2 and K3 are constants with given actuator displacements. 

Combining the two equations, /i(#i3,#i4) = K2 and f2(&\3,Q\A) = K3, the passive pris­

matic joint displacements, #13 and 6u can be computed as follows: 

#13 = (—P4x + K2-cat-cd\\ + K$-ca-s6\\ — K2• sa• s6u + K^-sa-c6u — L2• sa)/sa (5.35) 

#14 = (P4i • ca — P\z • sa — L3 • sa — K2 • c6u — K3 • s6n)/sa. (5.36) 

Let sp = Ki/\JK\ + ^31 (0 — A4 < "")) eQn- (5.35) and eqn. (5.36) can be written as 

013 = {-PAX + \JKl + K\ -s(p + a + Bu) - L2 • sa)/sa, (5.37) 

014 = (P4xCQ — Pizsa — L 3 S Q — JK\ + K\ • s(p + 6n))/sa. (5.38) 

As \s(p + a + 0n)\ < 1 and \s(p + 0u)\ < 1, the required maximal motion range of passive 

P-joints of limb 1 can be obtained as follows: 

(-P*x - L2 • sa - V2/2pmax)/sa < 6n < (-p4x - L2 • sa + \/2/2pmax)/sa, (5.39) 
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(p4xca - p4zsa - L3sa - \/2/2pmax)/sa < 6U < (p4xca - p4zsa - L3sa + V2/2pmax)/sa. 

(5.40) 

Similarly, the optimal dimensions of passive P-joints of limbs 2 and 3 can be obtained: 

(~P4x -Li-sat- V2/2pmax)/sa < #23 < (-P4* - L2- sa + V2/2pmax)/sa, (5.41) 

(p4xca - p4zsa - L3sa - \f2/2pmax)/sa < <924 < (p4Xca - p4zsa - L3sa + \/2/2pmax)/sa, 

(5.42) 

{-Pix -I*-sat- y/2/2Pmax)/sa < 633 < ( —P4X — L2 • sa + V2/2pmax)/sa, (5.43) 

{p4xca - pizsa - L3sa - V2/2pmax)/sa < 634 < {pixca - p4zsa - L3sa + V2/2pmax)/sa. 

(5.44) 

Generally speaking, the longer the stroke, the heavier and bulkier the passive prismatic 

joint will be. It would be better makeing the required motion range of the passive prismatic 

joints small. Based on eqn. (5.39) to eqn. (5.44), we can easily obtain the optimal value 

for a: 

a = TT/2. (5.45) 

The required maximal dimensions of passive P-joints are further computed as: 

-P4x ~L2- \f2/2pmax < 6i3 < -p4x -L2 + V2/2pmax, (i = 1, 2,3) (5.46) 

-Piz ~L3- v /2/2pm a x < 0i4 < -p4z -L3 + V2/2pmax, (i = 1,2,3) (5.47) 

Without loss of generality, we can assume that p4z = —L3, so eqn. (5.47) can be rewritten 

as: 

- v / 2 / 2 / w < 0l4 < +v / 2/2p m o i , (i = 1,2,3). (5.48) 

As a result, it will not limit the orientational workspace if the motion range of each passive 

P-joints is in [0, \f2pmax\. In other words, the manipulator will have identical positional or 

orientational workspace at every orientation or position in the entire workspace. However, 

in practice, joint limits always exist to reduce the weight of the moving components and to 
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O (Base frame) 

(Task frame) 

Figure 5.6: Maximal translational workspace of SA-PM 

avoid leg interferences. The positional or orientational workspace at every orientation or 

position will therefore be different. Assume that the motion range of the passive P-joint 

is [0, p-max], based on the forward kinematic algorithm, the reachable positional workspace 

will be a cube with edge of length pmax, as shown in Fig. 5.6. The transformation from 

the task frame to the base frame is: 

T = 

1 0 0 L i - z w / 2 
0 1 0 U-Praa.11 
0 0 1 U-pmaxl2 
0 0 0 1 

(5.49) 

Note that the reachable positional workspace may not be obtained at only one position 

of R3. The positional workspace envelope will be identical with the reachable positional 

workspace (Full-Wp) in optimization. 

Dimension optimization for maximal workspace with satisfied conditioning 

As the SA-PM has decoupled translation and rotation, and is isotropic when three actu­

ators are in linear motion, the GCI here can be defined based on pure orientation as 

JwCj(Jr)dW 
GCI 

JwdW 
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where W is the workspace volume of the complete 6-D workspace, and Jr{= D~l • A) is the 

orientation Jacobian matrix. For the orientation of the end-effector of the SA-PM, each 

limb can be regarded as a virtual wrist, which means the orientation is only dependent 

on the geometry of Su, si5 and s,6 without considering the limit of P-joints. If the passive 

P-joint limit is considered, the orientational workspace will be position-dependent. Our 

objective here is to obtain the optimal geometrical data for the maximal workspace with 

GCI larger than 0.1 meaning that the maximal to minimal velocity in the workspace 

will be different by ten times at most. By the inverse kinematics algorithm, the partition 

scheme of SE(3) is applied to the SA-PM for evaluating its orientational workspace under 

each set of design parameters. As the objective function is highly nonlinear and is very 

difficult to formulate its derivatives, the complex algorithm is chosen for design optimiza­

tion of the SA-PM. The complex algorithm is a direct multi-variable search method, and 

can pursue the optimal solution without strongly depending on the initial guess of the 

variables. The dimension optimization problem is defined as follows. 

Design variables: 0i, 02, 03, 7, and q, where /3\, fo, 03 are the Z-Y-Z Euler angles 

to represent the initial orientation of local frame {A^} relative to local frame {^4}, 7 

is the relative angle between 0'Ai5 and 0'Aie, and <; is the angle between 0'Aie and 

0'Aj6,{i^j;iJ = 1,2,3). 

Objective function: 

max WT 

Design constraints: 

0 < 0i < 2TT, (5.51) 

0 < fa < 7T, (5.52) 

0 < 03 <2TT, (5.53) 

0 < 7 < 7r, (5.54) 

0 < ? < 2 / 3 T T , (5.55) 

•10 cm < 9i3 < 10 cm, (t = 1,2,3) (5.56) 
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- 1 0 cm < 6i4 < 10 cm, (5.57) 

0.1 < GCI. (5.58) 

Table 5.1: Geometric data of SA-PM 

Li(cm) 
12 

Z/2(c7n) 
15 

L3(cm) 
15 

L5(cm) 
10 

P4x{cm) 
5 

P4y(cm) 
G 

P4z{cm) 
-15 

a 
TT/2 

Pmox (cm) 

20 

The other geometry parameters are shown in Table 5.1. The optimization procedure is 

shown in Fig. 5.7. 

Table 5.2 shows the computation-intensive optimization results based on the full posi­

tional workspace. It is difficult to implement the dimension optimization with very high 

resolution with large m and n due to the number of computed points increasing at expo­

nential rate. One way to contain this problem is to make use of parallel processing on a 

cluster of computers, which is beyond our current scope for implementation. All current 

computations are run on a P4 2.6GHz computer. 

Alternatively, to reduce the computation time, the reduced positional workspace (Diagonal-

Wp) based on its diagonal elements as shown in Fig.5.8 is used in the optimization. Since 

the SA-PM bears a 3-limb symmetrical design with decoupled translation and rotation, 

both its orientational workspace and positional workspace will be symmetrical. The ori-

entational workspace at different position is purely affected by the joint limits of the 

passive P-joints, i.e., the point on the diagonal line in the positional workspace as shown 

in Fig.5.8 corresponds to the maximal orientation workspace. In other words, the orien­

tational workspace at other point on the same plane normal to the diagonal line will be 

a subspace of that of the corresponding point on the diagonal line. Therefore, we believe 

that the elements along the diagonal line can be used to represent the entire positional 

workspace in the optimization. Using the same approach except for the reduced number 

of feature points in the positional workspace, the optimal results are obtained as shown in 

Table 5.3. The comparison results (Table 5.4) between the two approaches show that the 
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Repeat for all 
optimization 

oriented 
parameters 

(P,.P2.P3.Y.C) 

For the current set (P r Pv p v y. Q 

Compute the value of objective function 

i=i+1 

Orientational 
workspace volume 
+ current volume 
element of SO(3) 

i=m3? 

"""" Y 

Output: Wr, GCI 

2n3 sets of 
joint 

displacements 
and Jacobian 
matrices by 

inverse 
kinematics 

Find the optimal set (fJ . Pv P v y. Q for 
maximal orientational workspace 

m3 feature 
points in RJ 

2n3 feature 
points of SO(3) 

Figure 5.7: Procedure of the dimension optimization of SA-PM 
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Reachable 
position 

workspace 

O (Base frame) 

(Task frame) 

Figure 5.8: Reduced positional workspace for dimension optimization of SA-PM 

set of optimal parameters over the entire positional workspace is only a little better than 

the other one since its GCI is better. Hence, the resultant optimal dimensions based on 

full positional workspace is selected as the optimal solutions. 

Table 5.2: Optimization results over the complete 6-D workspace (Full-Wp) 

i 
1 
2 
3 

m 
5 
10 
15 

n 
5 
10 
15 

t (hours) 
0.0337 
2.0840 

24.7290 

WT 

4.259f 
4.20% 
4.10% 

GCI 
0.6160 
0.6121 
0.6054 

0i (rad) 
0.0000 
0.0000 
0.0468 

02 (rad) 
0.7261 
0.7261 
0.7261 

03 (rad) 
3.8127 
3.8127 
3.8127 

7 (rad) 
1.5267 
1.5267 
1.5732 

<: (rad) 
1.8666 
1.8666 
1.5519 

Table 5.3: Optimization results over the reduced workspace (Diagonal-Wp) 

m 
40 

n 
40 

t (hours) 
84.8877 

Wr 

26.25% 
GCI 

0.6005 
01 (rad) 
0.0384 

02 (rad) 
0.5000 

03 (rad) 
3.6000 

7 (rad) 
1.5700 

<; (rad) 
1.5000 
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Table 5.4: Comparison of optimization results 

Full-Wp 
Diagonal-H'p 

01 (rad) 
0.0468 
0.0384 

02 (rad) 
0.6051 
0.5000 

03 (rad) 
3.8127 
3.6000 

7 (rad) 
1.5732 
1.5700 

<; (rad) 
1.5519 
1.5000 

m 
20 
20 

n 
20 
20 

t (hours) 
3.0071 
2.9977 

Wr 

4.15% 
4.15% 

GCI 
0.6047 
(1.1,017 

(a) Orientational workspace (b) Singularity zone 

Figure 5.9: Orientational workspace of SA-PM before optimization 

5.5.2 Determinat ion of pG, RG and GIP of SA-PM 

With the optimal geometric parameters obtained in Section 5.5.1, points pG, RG and 

GIP of the SA-PM can be easily obtained. The results indicate that there are 230 pG 

points with the maximum orientational workspace (99.72%) in the reachable positional 

workspace. Taking one pG point (5.5,5.5,5.5) as an example, its orientational workspace 

before and after optimization are shown in Fig. 5.9 and Fig. 5.10 respectively. Note 

that the actual topology of the singularity loci should be 1-D manifold (like a curve) 

as shown in Fig. 5.10. Due to sampling resolution of the workspace representation and 

stop criteria of the numerical approach, the singularity loci look like volumetric 3-D 

manifold. The volume ratios of orientational workspaces before and after optimization to 

the entire 50(3) space volume are 60.07% and 97.54% respectively, which shows that the 

orientational workspace has been significantly improved with acceptable GCI. 
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w.. 

Wy Wx 

(a) Orientational workspace (b) Singularity manifold 

Figure 5.10: Orientational workspace of SA-PM after optimization 

The global orientation Re is 

Rc = 
-0.5820 0.5440 0.6044 
-0.0380 0.7242 -0.6885 
-0.8123 -0.4237 -0.4008 

(5.59) 

The corresponding positional workspace under this orientation is shown as Fig. 5.11 and 

its volume is about 6.36% of the positional workspace envelope. There will be many GIPs 

having the same orientation, and the condition index of each GIP point is 0.9976. 

5.5.3 Dimension optimization of 3P3S P M s 

For the 3P3S PMs, the orientational workspace will be different at various point in the 

positional workspace. Therefore, the positional workspace and the orientational workspace 

cannot be treated separately. In this section, the optimization algorithm will be developed 

to obtain the optimal dimensions of 3P3S PMs for maximal workspace with satisfied 

conditioning in the complete 6-D workspace. 
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Positional 
workspace envelope 

Figure 5.11: Positional workspace of Re of SA-PM in the task frame 

Reachable Positional Workspace of 3 R P P S P M s 

The reachable positional workspace is the set of the positions that the end-effector can 

reach with at least one orientation. Due to the structure properties of the family of 3P3S 

PMs, the reachable workspace in z-direction can be directly determined by the stroke of 

linear actuators. For the reachable workspace in the x-y plane, each PM can be regarded 

as a 3-DOF planar one accordingly. The workspace analysis of these 3-DOF planar PMs 

can be found in [81, 83]. The reachable workspace of the end-effector is the cross section of 

the reachable workspaces from the three limbs. Let r\ and r2 represent the radius of the 

base and moving platform respectively (Fig. 5.13), ppmin and ppmax represent respectively 

the distance from point A{2 to the proximal end and distal end that the passive joint can 

reach. The reachable positional workspace in x-y plane generated by each limb will be an 

annular plane, and can be expressed mathematically as: 

(Ppmin ~ r2)
2 <{x- Xii)2 + {y- ya)2 < {ppmax + r2)

2 for r2 < ppmin, (5.60) 

0 < (x-xn)
2 + {y-yn)2 < (ppmax+ r2)

2 for r2> p^^. (5.61) 
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Figure 5.12: Reachable workspace in x-y plane of the 3RPPS PM 

The reachable positional workspace of the end-effector in the x — y plane, i.e., the in­

tersection of the reachable workspace generated by the three limbs, will be the region 

in gray as shown in Fig. 5.12, for r2 < Ppmin- If r2 > ppmin, the reachable workspace 

generated by each limb will be a complete area in the circle with radius of Ppmax + ^2, 

and the reachable workspace will have similar shape as shown in Fig. 5.12. Therefore, the 

reachable workspace of the 3RPPS PM is shown in Fig. 5.14, and can be mathematically 

represented as: 

{ppmin - r2)
2 <(x- xu)

2 + (y - ytl)
2 < (Ppmax + r 2) 2 , (i = 1,2,3), (5.62) 

h<z<h + pa, (5.63) 

where h is the lowest position of the linear actuator relative to the base frame, and pa 

represents the stoke of each linear actuator. Obviously, the longer the motion range of the 

passive P-joints and the larger the stroke of the linear actuator, the larger the reachable 

workspace. 
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Figure 5.13: Schematic description of 3RPPS PM 

For the optimization over the complete 6-D workspace, a suitable cube is required to 

accommodate the reachable positional workspace. Although we can select a large cube 

to enclose the complete reachable workspace, the computational time is a critical issue to 

consider. Therefore, we prefer to use a cuboid as small as possible to bound the reachable 

positional workspace. Let a, b and c are the lengths of the three edges of the cuboid. 

For the 3RPPS PM, the two edges a and b in the x-y plane can be defined as shown in 

Fig. 5.12. Let {xn,yn) be the coordinates of the point An of the planar PM, the three 

larger circles can be represented by 

x2 + {y-yn? = r2
m, (5.64) 

(x-X2iy + (y-y2lf = r2
m, (5.65) 

[x + x21)
2 + {y - y21)

2 = r2
m, (5.66) 

where rm = pmax + ?"2- The position of the six intersecting points can be easily calculated, 

and the coordinates of the points Bi(xBi,yBi) are obtained as follows: 

xm = 0, (5.67) 

102 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Cuboid containing 
reachable workspace 

Task frame 

Figure 5.14: Reachable workspace of the 3RPPS PM 

VB\ -i rtn-X21+V2l, 

VB2 
1 2yn -2-DE + 2y/-2yn • D • E - D2 • yn + D2 • g - £ 2 +" 

2 D2 + l 

(x + x2i)
2 + {y - y2i)

2 = r2
m, 

xB2 = D • yB2 + E, 

(5.68) 

(5.69) 

(5.70) 

(5.71) 

where D = yn
x
 y21, E = Xil ^ y " . Therefore, the three edges a, b and c can be obtained 

as: 

2X21 

a = rm-yB1+yn, 

b = 2xB2, 

c = pa. 

(5.72) 

(5.73) 

(5.74) 

Practically, the reachable workspace of the 3RPPS-PM should be contained by the solid 

cylinder whose bottom surface is a circle determined by the three points ^11,^21 a n d 
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A3i- Identical basis feature points are required for different set of design parameters in 

the optimization. Therefore, the cuboid bounding the solid cylinder as shown in Fig. 5.14 

is taken as the positional workspace envelope in the optimization. The three edges a, b 

and c are obtained as: 

a = 2ri, 

b = 2ru 

C = Pa-

(5.75) 

(5.76) 

(5.77) 

The transformation from the task frame to the base frame is: 

1 0 0 -2r i 
0 1 0 - 2 r i 
0 0 1 h 
0 0 0 1 

(5.78) 

Dimension optimization for maximal workspace with satisfied conditioning 

Dimension optimization is to find the optimal dimensions for the moving platform and 

the base, to obtain maximal workspace with satisfied conditioning. As presented in Sec­

tion 5.4, the optimization of the 3RPPS PMs will encounter the problems of inhomo-

geneous units and non-uniform actuators. To eliminate the problem of inhomogeneous 

units, all dimensions are normalized by the base radius r%, and the ratio v — TiJT\ is 

defined as a design variable. To normalize the actuator inputs, £ = TI/TJ is defined as the 

capability ratio of a rotary actuator to a linear actuator another design variable. For the 

3RPPS PM, eqn. (5.26) can be written as follows: 

F = J T T = J T J S T \ (5.79) 

where 

Js = diag[£ £ £ 1 1 1], r = [ n TX TX T2 T2 r 2 ] T , and 

T * = [ T2 T2 T2 T2 T2 T2 ] . 

The normalized Jacobian matrix is J* = JT • Js, which is used to find the condition 
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Table 5.5: Optimization results 

i 
1 
2 

m 
5 
10 

n 
5 
10 

/ (hours) 
0.6395 
25.5661 

Wr 

7.74% 
6.77% 

GCI 
0.1003 
0.1201 

V 

0.2701 
0.2500 

t. 
0.4634 
0.6640 

index of the manipulator. The optimal £ value will give us the best coordination of linear 

and rotary actuators. Practically, the spherical joints always have their physical limits, 

which will greatly influences the volume of the workspace. The Hook-type spherical joint 

is considered here, and its tilting angle is in [—n/2,n/2], and the spin angle, i.e., along 

the axis s i3, has no limits. Mathematically, the spherical joint limits can be expressed as 

follows: 

Z(s i 3 • AiA0') e [0, IT/2]. (5.80) 

The normalized stroke of linear actuator and the passive joint limit are pa € [0, 2] and 

PP S [ppmin, Ppmax] = [0.2,2] respectively. The design objective is to maximize the 6-D 

workspace volume with satisfied conditioning, i.e., GCI > 0.1. Therefore, the optimiza­

tion problem can be defined as follows: 

Design variables: v and £ 

Design objective: max Wr, 

Design constraints: 1/4 < v < 3/4, 

0 < £ < 10, 

Z ( s i 3 - A i 4 O ' ) e [ 0 , 7 r / 2 ] . 

The complex optimization strategy is employed, and is shown in Fig. 5.15. Table 5.5 shows 

the optimization results with two sets of m and n, which indicate that the algorithm is 

also computational intensive. Table 5.6 lists the performance value of the 3RPPS PM 

before and after optimization, which indicates that the workspace volume is improved 

130.51% with satisfied conditioning by optimization. 
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Table 5.6: Comparison of results before and after optimization 

after 
optimization 

before 
optimization 

V 

0.2500 

0.5000 

M 

0.6640 

1.0000 

m 

20 

20 

n 

20 

20 

Wr 

6.80% 

2.95% 

GCI 

0.1001 

0.1475 

5.5.4 Determinat ion of pG, RG and GIP of 3 R P P S P M 

With the optimal geometric parameters obtained in Section 5.5.3, pG, RG and GIP of the 

3RPPS PM can be easily obtained as shown in the Tables 5.7, 5.8 and 5.9 respectively. 

Taking one pG (—0.05, 0.05, 1.07) point as an example, its corresponding orientation 

workspace is shown in Fig. 5.16. The orientation workspace volume is 16.94% of the 

entire 50(3) workspace. The position workspace of the two RG points are shown in 

Fig. 5.17, and their volume are both 54.99% of the positional workspace envelope. Two 

GIP points are obtained as shown in Table 5.9. The maximum condition index in the 

workspace is 0.4540. 

Table 5.7: pG of 3RPPS PM {Wr = 16.94%, m = n = 20, t = 14.2072 hours) 

! 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

Va 
-0.0500 0.0500 0.0700 
-0.0500 0.0500 0.1700 
-0.0500 0.0500 0.2700 
-0.0500 0.0500 0.3700 
-0.0500 0.0500 0.4700 
-0.0500 0.0500 0.5700 
-0.0500 0.0500 0.G700 
-0.0500 0.0500 0.7700 
-0.0500 0.0500 0.8700 
-0.0500 0.0500 0.9700 

i 
11 
12 
13 
14 
15 
1C 
17 
18 
1!) 
20 

Pn 
1-0.0500 0.0500 1.0700] 
[-0.0500 0.0500 1.1700] 
1-0.0500 0.0500 1.2700] 
-0.0500 0.0500 1.3700 

[-0.0500 0.0500 1.4700] 
0.0500 0.0500 0.0700 
0.0500 0.0500 0.1700 
0.0500 0.0500 0.2700 
0.0500 0.0500 0.3700 
0.0500 0.0500 0.4700 

i 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

P(7 
[0.0500 0.0500 0.5700] 
[0.0500 0.0500 0.0700] 
0.0500 0.0500 0.7700 
0.0500 0.0500 0.8700 
0.0500 0.0500 0.9700 
0.0500 0.0500 1.0700 
0.0500 0.0500 1.1700 
0.0500 0.0500 1.2700 
0.0500 0.0500 1.3700 

[0.0500 0.0500 1.4700] 

Table 5.8: RG of 3RPPS PM {Wr = 54.99%, m = n = 20, t= 14.2083 hours) 

I 

1 

RG 
0.9881 0.1059 0.1118 

-0.1240 0.9776 0.1700 
-0.0913 -0.1819 0.9791 

i 

2 

RG 
0.9881 -0.1059 -0.1118 
0.1240 0.9776 0.1700 
0.0913 -0.1819 0.9791 
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Table 5.9: GIP of 3RPPS PM (m = n = 20, CI = 0.4540, t = 14.1762 hours) 

i 

1 

T 
- 1 0 0 -0 .05 -
0 1 0 -0 .05 
0 0 1 0.07 

.0 0 0 1 . 

i 

2 

T 
" 1 0 0 0.05 " 
0 1 0 -0 .05 
0 0 1 0.07 

.0 0 0 1 J 

5.6 Summary 

In this chapter, a finite-partition approach for parametrical and proportional partition of 

SE(3) is introduced based on its topology, which is the product of R3 and 50(3) . It is 

known that the Special Orthogonal group 50(3) is homeomorphic to a solid ball D3 with 

antipodal points identified while the geometry of R3 can be regarded as a cube. Further­

more the solid ball and the cube can be parametrically and proportionally partitioned 

into a number of elements. Therefore, a basis volume element of SE(3) is the product 

of two basis volume elements of R3 and 50(3) respectively. By this way, the integration 

of the complete 6-D workspace volume is transformed into the simple summation of the 

basis volume elements of SE(3). Based on this finite-partition method, two performance 

indices and three optimal points are defined over the complete 6-D workspace. Two algo­

rithms are developed for the dimension optimization of the SA-PM and the 3RPPS-PM 

respectively with the first two indices. As a result, the optimization approach is valid 

although it is computationally intensive. The p G , RQ and GIP of the two PMs with 

optimal dimensions are obtained. The results show that they can be used to objectively 

evaluate the performance of a manipulator. 
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For the current set (u, <;) 

Compute the value of objective function 

i=1 

i=1 K 

=i+1 
Compute joint displacements and 

Jacobian matrix by inverse kinematics 

j=j+1 

Workspace volume +volume 
of current element of SE(3) 

Output: Wr, GCI 

Find the optimal set (u. <;) for 
maximal 6-D workspace 

m feature points 
inR3 

2n3feature points 
ofSO(3) 

Figure 5.15: Dimension optimization procedure of 3RPPS PM 
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*co . 

(a) Orientational workspace (b) Singularity zone (lower half) 

Figure 5.16: Orientational workspace of pG(—0.05,0.05,1.07) 

Positional t z 

workspace envelope 
Positional z 

workspace envelope 

(a) Rail) (b) RQ{2) 

Figure 5.17: Positional workspace of the two RGS in the task frame 
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Chapter 6 

Statics and Stiffness Analysis 

Static force analysis is of practical importance in evaluating the force transmission through 

the manipulator joints and links. When a manipulator performs a given task, such as 

forging and pressing a workpiece, its end-effector will exert force and moments to the 

external environment. The force and moments (also called generalized force in [81]) are 

generated by actuators and transformed by the mechanical structure. For a manipulator 

design, it is essential to specify the maximum force and moments that the end-effector 

can perform. The maximum force and moment output is an important measure to select 

a PM for specific tasks. 

Stiffness is an important criterion for evaluate robot performance when the end-effector 

exerts force and moments to its environment. The external force and moments will lead 

to the deflection of the mechanism so that the end-effector will be deflected away from the 

desired pose. Therefore, the stiffness will give an immediate impact on the positioning 

accuracy of a manipulator. Some control algorithms make use of the stiffness characteris­

tics for accurately controlling a robot manipulator. The overall stiffness of a manipulator 

depends on several factors, including the mechanical structure, the dimensions and the 

materials of the links and the actuators. Especially when the links or joints are more 

compliant, the stiffness of the entire manipulator become the major concern. Due to the 

complex structure and multiple joints of PMs, the stiffness analysis become the critical 
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issue in manipulator design. 

In this chapter, both statics and stiffness properties of the decoupled PMs are studied. 

Section 6.1 briefly introduced the latest research efforts on statics and stiffness of PMs. 

Section 6.2 introduced statics and stiffness of the SA-PM, which shows that the contri­

bution from the position and that of orientation can be independently calculated when 

a proper reference frame is chosen. The statics and the stiffness of the 3P3S-PMs are 

studied in Section 6.3. 

6.1 Introduction 

It is generally complicated to determine the force transmission of the parallel manipu­

lators, which relies on the mechanical structure. The problem becomes more complex if 

elasticity of every component is considered. To reduce the complexity of stiffness prob­

lem, only the driving forces and moments are of interest in most robotics literatures 

[4, 19, 29, 80, 102, 106]. Some researchers argued that the simplified theoretical stiffness 

model is very close to their experimental results [19, 106]. 

Agrawal and Roth [4] established a framework for studying the statics of general PM sys­

tems based on the duality of the screw. Four classes of serial chains are classified based 

on the instantaneous configuration, and the correspondence between reciprocal screw and 

joint torques of each class of kinematic chains are obtained. Based on these correspon­

dence, the general condition to determine the controllability from a set of actuators are 

obtained. The conditions of static singularities, i.e., configurations losing the static equi­

librium under at least one external force/moment, were also presented. Many researchers 

investigated manipulator statics by applying the virtual work principles. Merlet presented 

an efficient algorithm for determining the extremal joint forces of the Stewart-Gough type 

of PM [80]. Gosselin studied the statics and proposed a stiffness mapping method for PMs 

with rigid links [29]. In this method, the stiffness matrix of a PM is related to the Jacobian 
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matrix and the spring constants of actuators. Based on the stiffness matrix, the stiffness 

maps in the workspace of the manipulator can be obtained, which will help the designer 

to have a better understanding of the properties of the manipulator. Griffis and Duffy [36] 

proposed an approach for global stiffness modeling of compliant couplings which consist 

of translational springs acting in-parallel. This approach is applicable for the stiffness 

mapping of both planar and spatial manipulators. The resulting stiffness matrices show 

that they are functions of the configuration of their respective compliant couplings, and is 

possible to have asymmetric stiffness mappings for compliant devices. Huang and Schim-

mel [41] proposed a method to realize an arbitrary spatial elastic behavior by using an 

elastic mechanism with concurrent axes. The study showed that any full-rank spatial 

stiffness matrix can be realized by a PM with all spring axes intersecting at a common 

point, and any full-rank compliance matrix can be realized by a serial mechanism with all 

joint axes intersecting at a common point. Gosselin and Zhang [31] proposed an approach 

for stiffness analysis of PMs using a lumped parameter model. In this lumped model, the 

compliance of links are replaced by virtual joints and rigid links. Two different methods 

were introduced for the formulation of the stiffness models for rigid mechanisms and flex­

ible mechanisms respectively. Using these stiffness models, the stiffness contour graphs 

can be obtained. A 6-DOF PM example showed that when the link stiffness is sufficiently 

large, the stiffness of the PM with flexible links is very close to that of the PM with 

rigid links. Ceccarelli and Carbone [14] studied the stiffness characteristics of a 3-DOF 

PM (CaPaMan). The stiffness matrix is formulated based on the structure analysis, and 

numerical results are presented for the PM. Specially, the determinant of the stiffness 

matrix is used as a stiffness performance index. Other works of stiffness of PMs can be 

seen in [24, 42, 96] 
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6.2 Statics and Stiffness Analysis of SA-PM 

6.2.1 Maximal Generalized Force of SA-PM 

According to the principle of virtual work, the output force system F = (n represents n 

moment and / represents force) by the end-effector, and all the active forces or moments 

on the actuators, T = [TX T2 • • • r n ] , are related by Jacobian matrix as follows: 

F = JTT, (6.1) 

where J = Jg1Jx. In designing a manipulator, one may want to find the force distribution 

and the maximum generalized forces that can be generated by the manipulator when the 

active force/moments are bounded. Assume that | | r | | < 1, with the help of eqn. (6.1), we 

have 

FJ-xrTF < 1. (6.2) 

Taking Jx and Je obtained in Section 3.2.3, we have 

J J Q Jx 
D'1 • A 0 

0 C 
(6.3) 

where A = [si5 x s16 s25 x «26 s35 x s36] , 

C = [su s2i s31] , 

D = diag [(s15 x Si6)sn, (s2 5 x s26)s2i, {s35 x s3 6)s3i]. 

Due to the decoupling characteristics of the SA-PM, eqn. (6.1) can be written as 

n = Jrru (6.4) 

/ = JPr2. (6.5) 

where Jr and Jp are the Jacobian matrices related to the orientation and position re­

spectively, T\ — \T\\ TI\ T31 ] represents the rotary actuator torques, and r 2 = 

[ri2 r22 T32]T the forces from the three linear actuators, Jr = D~l • A and Jp = C 

(refer to eqn. (3.8)). As shown in Section 3.2.3, by suitably defining the coordinate frame 
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Figure 6.1: Generalized moment ellipsoid of the GIP of SA-PM 

and mounting actuators orthogonally Jp is an identity matrix. The end-effector output 

force are identical with the linear actuator inputs. Therefore, only the torques that the 

end-effector can output are of our concern. Equation. (6.2) thus becomes 

nTJ-lJ-Tn<l. (6.6) 

Equation (6.6) represents a three-dimensional moment ellipsoid. Because J~lJ~T is a 

symmetric positive semi-definite matrix, its eigenvectors are orthogonal to each other. 

The principal axes of the ellipsoid coincide with the eigenvectors of J^J'7, and their 

lengths are equal to the reciprocals of the square roots of the eigenvalues. Fig. 6.1 shows 

the generalized moment ellipsoid of the GIP (0.05, —0.05,0.07) when the joint torque are 

limited by | | r i | | < 1. 
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6.2.2 Stiffness Evaluation 

Let Ad be the vector of actuator joint displacements. We can relate A6 and r by an 

n x n diagonal matrix as follows: 

r = * A 0 , (6.7) 

where x = diag[k\, A ,̂ • • •, kn] is spring constants related to the actuators. 

For a parallel manipulator, the displacements of actuators AO is related to the displace­

ments of end-effector AX by the Jacobian matrix as follows: 

A0 = J AX, (6.8) 

Substituting eqn.(6.8) into eqn.(6.7), and then into eqn.(6.1), we have 

F = KAX. (6.9) 

where 

K = JT
XJ, 

is the stiffness matrix of the parallel manipulator. 

(6.10) 

As shown in [74], the condition index of the stiffness matrix, Cj(K), can be used to 

represent the stiffness property of a PM. The larger the condition index of the stiffness 

matrix, the more uniform distribution of the stiffness in all directions. Therefore, C[(K) 

can help the designer to reveal the workspace stiffness properties for task operations. 

Let kT represent the stiffness of the rotary actuators, and ki the stiffness of the linear 

actuators, the stiffness matrix K can be written as 

K = 
D~lA 0 

0 C 

0 0 
0 
0 
0 
0 
(J 

fcr 
0 
0 
0 
0 

0 
fcr 
0 
0 
(J 

0 
0 
ki 
0 
0 

(J 
0 
0 
ki 
0 
0 

0 
0 
0 
0 
fcl 
0 

0" 
0 
0 
0 
0 
ki 

D~l-A 0 
0 C 

(6.11) 
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Equation (6.11) shows that the stiffness matrix including two 3 x 3 sub-matrices which 

represent the torsional stiffness Kr and the translational stiffness Ki of the PM respec­

tively, and all the coupling coefficients are zero. Hence, eqn. (6.11) can be expanded into 

two equations as 

{ 
Kr = kr- {D-1 • A)T • ZT1 A 
Kl = k,Cfr C r n (612) 

Equation (6.12) shows that the translational stiffness matrix is a constant matrix deter­

mined by the location of the three linear actuators, and the direction of the reference 

frame. Therefore, for maximal translational stiffness in x-, y- and z- directions, the 

three actuators should be located mutually orthogonal and the coordinates of the ref­

erence frame should be along the three actuator axes respectively. Then we have the 

translational stiffness K\ = fc; • 7, where I is a 3 x 3 identity matrix. In other words, 

the translational stiffnesses in x-, y- and z- directions of SA-PM are identical with the 

stiffness of the three linear actuators. 

In the orientation workspace, the stiffness property of the SA-PM is evaluated by using 

the stiffness condition index Cj(Kr) with optimal geometry parameters obtained in Sec­

tion 5.5.1. The orientation of the end-effector is represented by three parameters, wx,wy 

and wz as described in Section 5.2. Fig. 6.2 and Fig. 6.3 show the stiffness contours of the 

SA-PM in its orientation workspace with different value of wz. The stiffness distribution 

of the entire orientation workspace is revealed by this way, so that we can easily find the 

orientation workspace with the best uniform stiffness property, e.g., the central zone of 

Fig. 6.2(a), (d) and (e). 
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(a) wz = -2.5 (b) wz = -2.0 

(c) wz = —1.5 (d) wz = - 1 

(e) wz = -0.5 (f) wz = 0 

Figure 6.2: Stiffness contours (Ci(Kr)) of pG of SA-PM 
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(a) wz = 0.5 (b) wz = 1 

(c) wz = 1.5 (d) wz = 2.0 

(e) wz = 2.5 

Figure 6.3: Stiffness contours (C](Kr)) of pG of SA-PM 
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6.3 Stat ics and Stiffness Analysis of 3 R P P S P M 

6.3.1 Maximal Generalized Force of 3 R P P S P M 

With manipulator Jacobians Jx and Je obtained in Section 3.3.1, the Jacobian matrix, 

J = Jg1 • Jx, can be directly computed by 

t i l 

/_>1 

*31 

0 
0 
0 

hi 

t22 

hJ2 

0 
0 
0 

0 
0 
0 
1 
1 
1 

^14 

^24 

^34 

£44 

' • 54 

' ( i - l 

t l 5 

^25 

tzs 
£45 

t", 
t-er, 

he 
he 
ha 
0 
0 
0 

J = 

where 

Ui = (Vis - yu)IAu {i = 1, 2,3), 

h2 = (Xj4 — Xa)/Ai, 

Ui = zi4{xi3 — Xi4)/Ai, 

Uh = zi4{yi3 - Vi4)/A, 

he = {xu{xi4 - xi3) - ynivi-i - yi4))A4i, 

tj* = ya, (j = 4,5,6), 

Ij5 — Xj4. 

A = {yn - yu){ya - ya) + {xi4 ~ xa)(xi4 - xi3), {i = 1,2,3) 

(6.13) 

Based on eqn. (6.1) the output force F — [fi J2 fj, n\ n2 n3] can individually 

controlled by the actuator input in the following manner: 

/ l 

h 
. n 3 . 

= 
^ n £12 £31 

£12 £22 £32 

tie he he _ 

Til 

T21 

. T 3 1 . 

h = T i 2 + T 2 2 + T 3 2 , 

. n 2 . 
= 

^14 ^24 ^34 ^44 ^54 

_t\5 h5 h5 ^45 ^55 

* 

^64 

^65 

Ti l 

T21 

T31 

Tl2 

T22 

T32 

(6.14) 

(6.15) 

(6.16) 
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CO 

f1 
1 -1 f2 

Figure 6.4: Generalized force ellipsoid of the GIP of 3RPPS PM 

where m and ri2 (i = 1,2,3) represent the rotary actuator torques and the linear actuator 

forces of the three limbs respectively. Equations (6.14)~(6.16) show that the output 

force/moment can be easily computed with given actuator input, or vice versa. The force 

along the z-axis of the base frame fa is the summation of the force inputs from the three 

linear actuators. The two forces parallel to the base plane (/i and /2) and the moment 

about the z-axis (n^) is determined by the inputs from the three rotary actuators. The 

moments about x- and y- axes are contributed by all actuator inputs. Based on eqn. (6.2), 

Figures 6.4 and 6.5 illustrate the generalized force and moment ellipsoid of the GIP of 

the 3-RPPS PM by the normalized Jacobian matrix J* when the joint force and torque 

are bounded ( | |r * || < 1). The pose of the GIP is 

GIP = 

1 0 0 0.05 
0 1 0 -0.05 
0 0 1 0.07 
0 0 0 1 

(6.17) 
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Figure 6.5: Generalized moment ellipsoid of the GIP of 3RPPS PM 

6.3.2 Stiffness Evaluation 

Let kT represent the stiffness of the rotary actuators, and ki represent the stiffness of the 

linear actuators, the stiffness matrix K (eqn. (6.10)) can be written as 

# n 
K\2 

0 
Ku 

# 1 5 

# 1 6 

# 1 2 

# 2 2 

0 
# 2 4 

# 2 5 

# 2 6 

0 
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# 3 3 

# 3 4 

# 3 5 

# 3 6 

# 1 4 

# 2 4 

# 3 4 

# 4 4 

# 4 5 

# 4 6 

# 1 5 

# 2 5 

# 3 5 

# 4 5 

# 5 5 

# 5 6 
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#15 = 

#16 = 

#22 = 

#24 = 
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"T ' (MI + '21 "1" '31/' 

kr(tn 

fcr(tl, 
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# 1 6 

#26 
0 
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(6.18) 
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K34 = h • (£44 + £54 + ^64), 

^ 3 5 = k • (*45 + ^ 5 5 + ^65), 

K44 = kr • (tu + t24 + t34) + ki • ( ^ + f54 + £64), 

K45 = ^r " (^14 ' ^15 + ^24 " ^25 + ^34 ' ^35J + ^/ " (^44 ' ^45 + ^54 " ^55 + ^64 " ^65J) 

•^46 = &r • (*14 - *16 + ^24 - *26 + ^34 - *36)i 

K55 = kr • (t15 + t25 + t35) + kt • (t45 + t55 + t65), 

^ 5 6 = ^r " (^15 - ^16 + ^25 " *26 + ^35 - ^36), 

# 6 6 = K • (<16 + ^26 + *36)" 

In the stiffness matrix K, the upper left 3 x 3 sub-matrix is the translational matrix of the 

PM, the lower right 3 x 3 sub-matrix represent the torsional stiffness of the PM, and the 

other two 3 x 3 sub-matrices are the cross coupling effects between forces and moments. 

Note that the translational stiffness along x- and y- axes, and the torsional stiffness about 

z-axis, are only related to the stiffness of rotary actuators. The translational stiffness 

along the z-direction, K33, is a constant, which is three times of the stiffness of the linear 

actuators. This is obvious because the forces along the z-direction is completely supported 

by the three linear actuators. This property makes the PM suitable for supporting large 

vertical load. 

With the optimal parameters obtained in Section 5.5.3, and kT = lOOOiVm and ki = 

lOOOiV/m, the stiffness contours of the condition index of the 3RPPS PM are shown in 

Fig. 6.6 and Fig. 6.7. In these figures, the PM are in the position workspace under two 

orientations R\ and R2 respectively as follows. 

Ri = 

"1 
() 
0 

0 
1 
0 

0" 
0 
1 

Ri = 

0.9881 0.1059 0.1118 
-0.1240 0.9776 0.1700 
-0.0913 -0.1819 0.9791 

Fig. 6.6 and Fig. 6.7 indicate that the central zones have the most uniform stiffness 

behavior. However the condition index of the stiffness matrix in these zones is very small, 

which means the stiffness is direction-dependent. Therefore, for certain tasks, it is better 

to operate in the direction with high stiffness. To further study the stiffness of the 3RPPS 
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(a) z = 0.2 (b) z = 0.4 

i.i r * ^ 7 . - ,----. -o.i -—• . . . • . . 1 
-0.1 -0.08-0.06-0.04-0.02 0 0.02 0.04 0.06 0.08 0.1 -0.1 -0.08-0.06-0.04-0.02 0 0.02 0.04 0.06 0.08 0.1 

(c) 2 = 0.6 (d) 2 = 0.8 

Figure 6.6: Stiffness contours 3RPPS PM in translation workspace {R\) 

PM, the stiffness mappings under two orientations [R\ and R2) are shown in Fig. 6.8 and 

Fig. 6.9. From Fig. 6.8 and Fig. 6.9, we can see that the translational stiffness along the 

x-axis, and the torsional stiffness about y-axis, will increase when y value decreases. The 

translational stiffness along the y-axis, and the torsional stiffness about the x-axis, will 

increase when y value increases. The central region has the lowest torsional stiffness about 

the 2-axis. Fig. 6.10 shows the stiffness mapping in the orientational workspace. Note 

that the end-effector orientations are represented by three Z-Y-Z Euler angles, i.e., a,0 

and 7. We can clearly see that the home position of the manipulator (i.e., a = (3 = 7 = 0) 

have the best stiffness property in every directions from Fig. 6.10. 
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,1 l , 7 r = x r ^ 3 , , , 1 -0.1 I 1 . 1 1 1 1 . . . .--I 
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M -0.08-0.06-0.04-0.02 0 0.02 0.04 0.06 0.08 0.1 -0.1 -0.08-0.06-0.04-0.02 0 0.02 0.04 0.06 0.08 0.1 

(c) z = 0.6 (d) z = 0.8 

Figure 6.7: Stiffness contours 3RPPS PM in translation workspace (R2) 

6.4 Summary 

In this chapter, both static characteristics and stiffness properties of two types of de­

coupled PMs are studied. It was shown that the end-effector force/moment can also be 

decoupled to a certain extent due to the decoupling motion structure. This will reduce the 

complexity and computation time for calculating the forces/moments and stiffness of the 

manipulator. The maximal generalized force at the GIP are obtained. The stiffness map­

ping for both the SA-PM and the 3RPPS PM are formulated. As a result, the torsional 

and translational stiffness of the SA-PM can be decoupled because the translation and 

rotation of the end-effector are independently controlled. The torsional and translational 
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5000 

Translational stiffness along x axis Translational stiffness along y axis 

10000-

Translational stiffness along z axis Torsional stiffness about x axis 

3001! 

2999 
0.1 

-0. 1 -0. 1 -0. 1 -0. 1 

4000 

Torsional stiffness about y axis 

2000 i 

Torsional stiffness about z axis 

Figure 6.8: Stiffness mappings of the 3RPPS PM (Ru z=0.4) 

stiffnesses cannot be decoupled because the two moments (ni and n2) will be contributed 

by all actuators. The stiffness contours based on the condition index of stiffness matrix 

are obtained for both the SA-PM and the 3RPPS PM, which reveal the regions with the 

best uniform stiffness properties in the workspace. 
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(a) Translational stiffness along x axis (b) Translational stiffness along y axis 

5000 10000-

(c) Translational stiffness along z axis (d) Torsional stiffness about x axis 

2999 
0.1 

(e) Torsional stiffness about y axis (f) Torsional stiffness about z axi s 

4000 2000-

Figure 6.9: Stiffness mappings of the 3RPPS PM {R2, z=0.4) 
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(a) Translational stiffness along x axis (b) Translational stiffness along y axis 

2000-
3500 
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a 2500• 
* 2000 
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2999 
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(c) Translational stiffness along z axis 

beta alpha 

(d) Torsional stiffness about x axis 

(e) Torsional stiffness about y axis 

10000-1 

beta alpha 

(f) Torsional stiffness about z axi s 
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Figure 6.10: Stiffness mappings of the 3RPPS PM with constant position, (p=(-
0.05,0.05,1.07), 7 = 0) 
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Chapter 7 

Study on Constraint Errors 

From perspective of structure synthesis, some special geometric constraints are unavoid­

able in order to realize the decoupled end-effector motion of kinematically decoupled 

parallel manipulators (PMs), such as joint axes intersecting at one point or perpendicular 

to each other. These constraints are difficult to achieve in the actual system due to the 

assembly errors and manufacturing tolerances. These errors caused by the violation of the 

geometric constraint requirements are termed "constraint errors". The constraint errors 

are usually more harmful than conventional errors because the decoupling characteristics 

of the manipulator may no longer exist and the kinematic models will be rendered useless 

due to these constraint errors. Therefore, identification and prevention of these constraint 

errors in the initial design stage are of great significance. 

This chapter is organized as follows. Section 7.2 introduces three basic types of geometric 

errors from commonly seen joint arrangements of decoupled PMs. A general procedure to 

evaluate the constraint errors on decoupling characteristics of PMs is proposed in Section 

7.3. This approach is illustrated by the SA-PM in Section 7.4. 
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7.1 Introduction 

PMs featuring decoupled motion usually need to satisfy certain critical geometrical con­

straints, for example, the axes of revolute (R) joints intersecting at one common point and 

the moving direction of the passive prismatic (P) joint being perpendicular to the related 

actuator axis [55], the axis of the rotary actuator aligning with the moving direction of 

the prismatic actuator in each limb, and the axes of passive R-joint and rotary actua­

tor being parallel [113], the three passive R-joints being in one plane and each of them 

perpendicular to the related hydraulic actuator [5]. When manufacturing tolerances and 

assembly errors are considered, the actual manipulator motion may not be decoupled as 

stated in the design. Although these manufacturing errors may be compensated through 

the kinematic calibration [86, 107, 111, 116], it is still not possible to know the effects of 

the errors on the manipulator kinematics. Hence, it is difficult for engineers to identify 

the source of the geometrical errors and minimize them in the initial manufacturing stage. 

For PMs with less than six DOFs, kinematic errors may not even be recovered through 

calibration. Parenti-Castelli and Di Gregorio studied the error effects on the kinematic 

performance of PMs with three DOFs [35, 90], and found that some errors satisfying 

the DOF requirements of the end-effector can be calibrated while other errors cannot be 

calibrated. The effects of these errors should be analyzed in the initial design stage as a 

preventive measure and guideline for the manufacturing of the PM. 

7.2 Basic Types of Constraint Errors 

In topological design of decoupled PMs, certain geometric constraints on the layout of the 

joints are usually required. When these geometric requirements cannot be met, the end-

effector of the PM will not have the desired decoupled motion. Three types of geometric 

requirements on the joint arrangement can be commonly seen: two adjacent revolute 

(R) joints are either intersecting (Fig. 7.1) or in parallel (Fig. 7.2), or an R-joint and a 
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Figure 7.1: Nominally intersecting Figure 7.2: Nominally parallel 

Figure 7.3: Nominally perpendicular 

prismatic (P) joint are mutually perpendicular (Fig. 7.3). It is difficult to meet these 

geometric constraints exactly due to the manufacturing tolerances and assembly errors. 

Therefore, the motion of the end-effector due to these errors needs to be studied. The 

possible geometric constraint errors of the joint axes that violate the basic geometric 

requirements are shown respectively as Figures 7.1, 7.2 and 7.3, in which ${ and $* 

represent the nominal and actual poses of the ith joint axis respectively. Figure 7.1 shows 

that two nominally intersecting R-joint axes may not be intersected at time. Figure 7.2 

shows that two nominally parallel R-joints are not in parallel in the actual situation. 

Figure 7.3 shows that the P-joint and the R-joint are not mutually perpendicular. The 

geometry of a decoupled PM that violate the constraints are very often the combination 

of the three basic types of geometric errors. 
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7.3 Evaluation of Constraint Errors on End-effector 
Motion 

A systematic procedure is proposed here to determine how the constraint errors affect 

the motion of a PM with decoupled kinematic structure. This procedure consists of four 

steps as shown in Fig. 7.4: 

• Step 1 (Error Identification): This is to determine types of errors violating 

the stringent geometric constraints, which will be the combination of the three 

basic types of errors. For example, three nominally intersecting R-joint axes can be 

regarded as one type of errors in a PM. 

• Step 2 (Error Jacobian Analysis): This is to determine how the end-effector 

motion can be affected by different types of errors obtained in Step 1. In this way, 

we can find which type of errors will carry more weight to the end-effector motion. 

Depending on the manipulator structure, the characteristic length may be found as 

a measure of average errors of the end-effector. 

• Step 3 (Motion Evaluation): First, a geometric error model is required to be 

developed for assigning the constant errors. A general forward kinematic model is 

required in simulation for calculating the actual poses of the end-effector, in which 

the Jacobian model under constraint errors obtained in Step 2 will be used. Then 

the motion error of the end-effector can be calculated by comparing with the nominal 

pose. Several trajectories away from singularities in the workspace are randomly 

chosen for evaluating the motion errors. The motion errors due to each type of 

constraint errors can be obtained subsequently. 

• Step 4 (Comparison of Errors): Based on the results obtained in Step 3, the 

motion errors of the end-effector due to different types of constraint errors are com­

pared, and the influences of each type of errors are obtained. 
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Kinematic structure of 
decoupled parallel manipulators 
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Error Jacobian 
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Figure 7.4: General procedure for decoupled motion evaluation 

7.4 An Example: Selectively Actuated Parallel Ma­
nipulator 

The SA-PM is taken as an example to illustrate the approach in this section. As shown 

in Section 3.2.1, the SA-PM is required to satisfy two geometry constraints: 1) the two 

passive P-joint axes are perpendicular to the actuator axis in each limb; 2) the six passive 

R-joints must intersect at one common point O'. 

7.4.1 Identification of Error 

When the manufacturing and assembly errors are considered, three kinds of constraint 

errors violating the geometrical requirements of the PM can be identified. If these errors 

occur, the decoupling characteristics of the PM may not exist. The three types of errors 

are stated as follows. 

• Error Type I: The two passive R-joint axes of each limb are intersecting at one 
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\*\§^- TVJovingp*- -J A 
^ / ^ platform / V * $ 3 5 

(a) Nominal structure (b) Type I (nominally intersect­
ing at O') 

(c) Type II (no intersection) (d) Type III (nominally perpen­
dicular) 

Figure 7.5: Nominal structure and three types of constraint errors SA-PM 

point, but the three intersecting points for three limbs are not coincident as shown 

in Fig. 7.5(b). In this way, the three force wrench associated with each limb will not 

intersect at one common point, and there is no pure orientation for the end-effector. 

• Error Type II: The two passive R-joint axes are not intersecting at one point as 

shown in Fig. 7.5(c). In this case, there will be no force wrench to constraint the 

end-effector [55], and there is no pure orientation for the end-effector. 

Error Type III: The plane determined by the two passive P-joint axes of each limb is 
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not perpendicular to the related actuator axis as shown in Fig. 7.5(d). In this case, 

there will be no force wrench imposed on the end-effector, and the pure orientation 

for the end-effector cannot be obtained. 

7.4.2 Error Jacobian Analysis for Kinematic Decoupling Char­
acteristics 

Referring to the nominal Jacobian of the SA-PM eqn. (3.8), the Jacobian matrices with 

errors can be studied using the following method. Under the three types of errors, the 

manipulator still has six DOFs as computed using Griibler-Kutzbach criterion. 

Er ro r T y p e I: As shown in Fig. 7.5(b), the three intersecting points Oi, O2 and 0 3 may 

not coincide at a common point O', i.e., 0'0\,0'02 and CO3 are three alignment errors. 

This kind of errors may occur in the manufacturing or assembly process. In this case, 

the three force constraints of the joints will not intersect at one common point. The end-

effector will have complex three DOFs when all three actuators act in the rotary mode. 

As there are four passive joints in each limb forming a 4-system, two reciprocal screws 

(or wrenches) for each limb are needed for formulating Jacobian matrix of the PM [102]. 

Under alignment errors mentioned above, a screw that is reciprocal to all the passive joint 

screws is 

$irl = 
0 

and the other reciprocal screw is: 

$ir2 = 

S5,« X *6,t 

O'Oi X 8n 

i=l ,2,3. 

t=l ,2,3. 

(7.1) 

(7.2) 

Taking the orthogonal product of both sides of instantaneous kinematics eqn. (3.4) with 

$ i r l and $ i r2 , we have 

J*x = Je6, (7.3) 

where Jx = 
A 0 
B C 1 Je — 

D 0 
0 / 

i4 = [ * i 5 x a 1 6 s25
 x «26 S35xs 3 6 ] , 
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B = [ 0'0X x s „ 0'02 x s21 0'03 x s31 ]
T , 

C = [ sn s2i s3 i ] , 

D = diag [(a15 x s16) • s n , (s25 x s2e) • «2i, («35 x «3e) • S31], 

x = [to,u], 0 = #11, #21, #3 i ; $12, #22, #32 A, B, C, D are all 3 x 3 sub-matrices, and / is 

a 3 x 3 identity matrix. 

Expanding eqn. (7.3), we have 

Aw = D6i 
Bw + Cv = 02 

(7.4) 

The major difference between eqn. (7.4) and the nominal equation (3.8) is the existence 

of the error matrix B. It shows that the translation is coupled with the orientation of 

the PM. The rotary velocity of the end-effector w may contribute to the linear velocity 

of the end-effector v. 

Error Type II: Under this type of errors, the end-effector still has 3-DOF spatial transla­

tions when all three actuators run in the linear mode. However, the end-effector will have 

hybrid 3-DOF motion, not pure orientation when all three actuators run in the rotary 

mode. In order to formulate Jacobian matrix of the manipulator under these errors, two 

reciprocal screws associated with the four passive joints are required for each limb. Let 

the reciprocal screw be in the following form, 

§ir — 
Sir 

hi 
= 

a 
b 
c 
d 
e 

. / . 

i=l,2,3, (7.5) 

where sir and hi represent vectors of the first three elements and the last three elements 

respectively. We have 

Si3 • SiT = 0 Z=l,2,3. (7.6) 

su • s^ = 0 z=l,2,3. (7.7) 

(0'Aib x s i5) • s^ + «« • hi = 0 1=1,2,3. (7.8) 
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(0'Aifi x si6) • sir + sl6 • hi = 0 i=l ,2,3. 

Based on eqn. (7.6) and eqn. (7.7), sir can be directly computed as follows 

siri = 0 or sir2 = si3 x s i4, z=l,2,3. 

Substituting siri into eqn. (7.8) and eqn. (7.9), we have 

hn — si5 x s i6, i=l ,2 ,3. 

(7.9) 

(7.10) 

(7.11) 

Similarly, substituting sir2 into eqn. (7.8) and eqn. (7.9) and denoting si5 = [si5i si52 si53]
T 

and s i6 = [SJ6I si62 sm]T, we have 

hl2 = [dl a / t ] T , 1=1,2,3. (7.12) 

where 

di is an arbitrary scalar, 

e-i = (pi • ti6 - ti5 + di(pi • si6i - si5i))/(si52 - Pi • si62), 

Pi = Si53/St63) 

fi = (—*6 - si61 • di - Si62 • ej) /Si63, 

t« = (0'Ai5 x s i5) - s a , 

ti6 = (0'Ai6 x s i6) • sn, 

*»1 = «i3 x ««4, 1 = 1 , 2 , 3 . 

Without loss of generality, let di = 0, ha can be easily calculated and the second recip­

rocal screw is obtained. Taking the orthogonal product of both sides of instantaneous 

kinematics eqn. (3.4) with $;ri and $ir2, we have 

J x x = JgO, (7.13) 

\A 0 l , \D 0" 
where Jx = ^ ^ , Je = E j , 

A=[si5X S 1 6 S25 X S 2 6 «35 X «36J , 

B = [ /I12 Al22 ^32 ] , 

C = [ sn s2i s3 i] , 
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D = diag [(a16 x s w ) • sn, (s25 x s26) • s21, («35 x s36) • s31], 

£ = diag[ei,e2,e3}, 

e{ = sn • hi2, (z=l,2,3), 

k = [w,v], 6 On, #21, #3i; #12>#22,#32 

Expanding eqn. (7.13), we have 

{ 
,4™ = DOl 

Bw + Cv = 62 + EOl 
(7.14) 

Equation (7.14) shows that the translation is coupled with the orientation of the PM. 

The linear velocity of the end-effector v will have contributions from the rotation of the 

actuators due to the error matrices B and E. 

Error Type III: Type III errors occur when the plane determined by two passive P-joint 

axes is not normal to the actuator axis in each limb. Let s'^ represents the ideal direction 

of the actuator axis and Sn represents the actual direction with errors. According to 

screw theory [102], the first reciprocal screw will be the same for each limb as in Section 

7.4.2. The second one is 

$ { r 2 — 1=1,2,3. (7.15) 

where s'iX is normal to the plane determined by two vectors SJ3 and si4:. 

Taking the orthogonal product of both sides of instantaneous kinematics eqn. (3.4) with 

the two reciprocal screw for each limb, we have 

JTx = Je6, (7.16) 

where JT = 
A 0 
0 C , J9 — 

D 0 
E F 

A = [S15 X Si6 S2b X S26 S35 X S 3 6 ] , 

C = [sn s21 s31 j , 

D = diag [(s15 x s16) • sn, {s25 x s26) • s2i, (s35 x s36) • s31], 

E = diag [(sn x s'n) • 0'An, {s21 x s'21) • 0'A2i, (s31 x s31) • 0'A31], 

F = diag[sn • s'n s21 • s'21 s31 • s31 ]
T , 

x = [10, v], 0 = ^11, ^211 ^3i; ^12, ^22) #32 A, C, D, E, F are all 3 x 3 sub-matrices. 
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Expanding eqn. (7.16), we have 

Aw = DQ\ 

Cv = 02 + E0! + {F- I)62 ' ^ ' 1 ? ^ 

where / represents the 3 x 3 identity matrix. Equation (7.17) shows that the translation 

is not decoupled with the orientation of the PM. The linear velocity of the end-effector 

will have contribution from the rotation of the actuators multiplied by the error matrix E 

and an error from the linear velocities of actuators multiplied by the error matrix (F— I). 

Specially, the errors in (sn x s'n) can be magnified proportionally by HO'AJIH, which can 

have large values. For each non-zero element in the matrix E, we have 

(8a x s'a) • 0'An = {s'n x 0'An) • sn = (s'n x O'O) • sn = (a,, x s'tl) • O'O (7.18) 

When O'O is very large, the contribution to the motion error from matrix E will be far 

more than that from the matrix (F — I). In order to quantify the linear error, the term, 

Characteristic Length (CL) of the parallel manipulator is introduced as an evaluation 

criteria. CL is defined as the distance from the origin of the base frame to the origin of 

the end-effector frame 

Z = IIOO'H, (7.19) 

which is a measure of the average positional error of the end-effector. Note that the 

CL here is different from the CL defined in [7] which is used to resolve the dimensional 

inhomogeneity in computing the condition number of a Jacobian matrix. 

7.4.3 Error on End-effector Motion 

Geometric Description of Link Errors 

As shown in Fig. 7.6, due to geometry errors, the actual frame ia will be different from 

the nominal frame i of link i. Let Ti_ii(0) and T^l_li(0) be the initial pose of the nom­

inal link frame i and the actual link frame ia with respect to the frame t — 1. Based 

on differential transformation theory [86, 93], the geometrical errors can be represented 
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Figure 7.6: Coordinate frames in a dyad 

by an infinitesimal translation Trans(5xi,5yi,5zi), followed by an infinitesimal rotation 

Hot(5ai,SPi,S^fi), where Sxi,6yi,5zi are infinitesimal displacements along x,y, z axis of 

frame i and 6ai, 6 Pi, 8-)i are infinitesimal rotations about the x, y, z axes of frame i 

respectively. Then we have 

7r-i,i(0) = ( / + <5ti)Ti_M(0), (7.20) 

where 
0 -5ji 6(3i 8xi 

r£ _ $li 0 -Sen 8yi 
—SPi 5oti 0 6zi 

0 0 0 0 

As shown in Section 5.2, 5ti (€ se(3) can be represented by a twist 

5U = (8ai, 8Pi, 8ji, 5x{, 5yi, 6zi)T, which is used for describing the errors. 

Actual Model of Forward Kinematics 

In order to calculate the end-effector errors, an actual model of forward kinematics is 

required. Although the nominal forward kinematics has close-form solutions [53], the 

actual forward kinematics is very complicated because it is no longer a decoupled motion 

structure. Hence, a numerical approach is needed to compute the actual pose of the 

end-effector as shown in Fig. 7.7. 

Given actuator displacements 0a
a, by using the nominal kinematics model, all solutions 
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Robot 
Description: 

Assign actuator displacements G° 
and errors 

Use nominal kinematics model to calculate 
platform pose T" which is the initial guess for 

optimization algorithm 

Compute all joints' displacements, ffa and^, , 
by actual inverse kinematics model 

Calculate the errors of actuator 
displacements, i.e., 89 = 6°-0[ . 

Update the platform pose, i.e., 
T°~ =To ld+<n' 

Calculate the differential change of 
platform, i.e., &Y = Jtrr"'SO • 

r 

\50\\<^~t>^ 

"TYes 

Terminate 

Figure 7.7: Actual model of forward kinematics 

of the forward kinematics can be obtained [53], which is used for the initial guess of the 

actual pose of the end-effector in the iterative-loop computation. Then, the displacements 

of all active and passive joints can be calculated using the actual inverse kinematics, which 

employs the same approach as the nominal inverse kinematics [53] except for those errors. 

After the calculated values of actuator displacements 6l
a are obtained, the difference be­

tween the actual actuator displacements and the calculated ones can be computed. The 

difference is compared with a given infinitesimal value e to determine if the loop can be 

terminated. If the magnitude of the difference vector is larger than e, the difference will 

be multiplied by the actual Jacobian matrix to calculate the current differential change of 

the end-effector. The resultant differential change will be used to modify the end-effector 
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pose to approach the actual pose of the end-effector. The computation loop will stop if 

the difference vector is smaller than e. The actual pose, i.e., the last platform pose, is then 

obtained. Note that all the solutions of the actual forward kinematics can be obtained as 

we have close-form solutions in the nominal forward kinematics. 

Numerical Evaluation 

Generally, tight manufacturing tolerances will lead to high fabrication cost. To assign 

reasonable tolerances in manufacturing is a very important work in mechanical design. 

However, it is not an easy task to assign reasonable tolerances to links and joints because 

some geometrical parameters may be more critical on the performance than others. Here 

we use a numerical approach, implemented in Matlab, for evaluating the error effects on 

the end-effector of the PM. The evaluation procedure is as follows. 

• Step 1: Six trajectories away from singularity in the workspace are selected as 

sample trajectories, and each sample point on the trajectory represents an ideal pose 

of the end-effector. The trajectories are random selected based on the decoupled 

motion characteristics of the PM. 

• Step 2: All joints' displacements are calculated based on the nominal kinematics 

model. 

• Step 3: The critical geometrical errors are assigned to the geometrical parameters. 

• Step 4: The actual pose of the end-effector is calculated. 

• Step 5: Both the ideal and actual pose of the end-effector are transformed into the 

form of 6x1 vectors, i.e., twists. 

• Step 6: The error of the end-effector pose, which is the difference between the 

actual pose and the ideal pose, is calculated. 
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Trajectory 2 

Trajectory 1 

P,< 

Trajectory 3 

Figure 7.8: Trajectories in translational workspace 

According to Error-Jacobian analysis, the orientation of the end-effector is only controlled 

by rotary displacements of the three actuators, and the position of the end-effector is only 

determined by three linear displacements of the actuators if rotary motion of the 2-DOF 

actuators is locked. Hence, the position errors and orientation errors can be evaluated 

separately. Note that the passive prismatic joint limits are not considered here. The 

geometrical dimensions of the SA-PM are shown in Table 7.1. Generally speaking, the 

entire workspace needs to evaluate to find the maximum error effects. However, this 

required lots of computation which is not practical. Therefore, many researchers used 

several sample trajectories in the workspace to see the error effects of the end-effector of 

PMs [35, 90]. To evaluate the position errors, three trajectories in translational workspace 

with a constant orientation w = [0 0 0]T (home pose) are defined here as follows (see 

Fig. 7.8). 

• Tra jec to ry 1: px = 45 + t,py = 45 + t,pz = 45 + t; (t G [0.0 10.0], step=1.0) 

• Trajectory 2: px - 45 + 10 * cos(£),py = 45 + 10 * sin(t),p, = 60; {t e [0.0 3.0], 

step=0.3) 

Trajectory 3: px - 30 + t,py = 60 - t,pt = 45 + 0.5 *t;(te [0.0 10.0], step=1.0). 

142 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Trajectory 4 w, 
Trajectory 5 

•w. 

Trajectory 6 

Figure 7.9: Trajectories in orientational workspace 

Table 7.1: Geometric data of SA-PM 

Lx 
30 

La 
30 

£3 
30 

/--, 
30 

U 
30 

a 
TT/2 

ft 
0.0468 

ft 
0.7261 

33 

3.8127 
7 

1.5519 

To evaluate the orientation errors, three other trajectories in the orientational workspace 

with a constant position pl = [60 60 60]T are defined as follows (see Fig. 7.9): 

• Trajectory 4: wx = Q.%*t,w2 = 0.8 *t,w3 = 0.0; (t G [-1.5 1.5], step=0.3) 

• Trajectory 5: w\ = cos(t),w2 = sin(t),w3 = —0.1; (t 6 [0.0 3.0], step=0.3) 

• Trajectory 6: wx = 0.0, w2 = 0.0, w3 = t;(te [-2.4 0.6], step=0.3). 

The geometric errors are represented by twists assigned as follows, 

Type I: Sti67 = [0.0050 0.0050 0.0050 0.1000 0.1000 0.1000]T, (i = 1,2,3); 

Type 1.1: dt167 = [0.0050 0.0050 0.0050 0.1000 0.1000 0.1000]r, (limb 1 

only); 

Type II : 5ti56 = [0.0050 0.0050 0.0050 0.1000 0.1000 0.1000]T , (i = 1,2,3); 
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• Type II. l: 6t156 = [0.0050 0.0050 0.0050 0.1000 0.1000 0.1000]r, (limb 1 

only); 

• Type III: dti23 = [ 0.0050 0.0050 0.0050 0.0000 0.0000 0.0000 f , (i = 1,2,3); 

• Type I I I . 1 : 6t123 = [0.0050 0.0050 0.0050 0.0000 0.0000 0.0000]T, (limb 1 

only). 

Note that the first three elements represent orientational errors with the unit in radian; 

the last three elements represent positional error in centimeter. 

Based on the numerical results, the position and orientation errors along each trajectory 

are shown in Fig. 7.10 and Fig. 7.11 respectively. As shown in Fig. 7.10, Type III and Type 

III. 1 errors always have the most effects on the position error of the end-effector. This is 

because the position error contributed by the two types of errors needs to be magnified 

by the length from the end-effector origin to the error associated joints. Comparing to 

other types of errors, the magnified length for both Type III and Type III. 1 errors are 

the largest. Therefore, Type III and Type III. 1 errors dominate the position error of 

the end-effector. For the orientation error of the end-effector, it will be stable in the 

translations as shown in Fig. 7.11 (a, b, c). This is because the error matrices associated 

with orientation (B in eqn. (7.4), B and E in eqn. (7.14), and E in eqn. (7.17)) will not 

change when the end-effector orientation keeps fixed, so that the error contributions to 

the end-effector orientation will not change based on equations (7.4), (7.14) and (7.17). 

When the end-effector orientation changes, the error matrices will have related changes, 

which will contribute to the orientation error of the end-effector, as shown in Fig. 7.11(d, 

e, f). By analyzing the numerical results, following conclusions are obtained: 

• Error Type I: The maximal magnitude of orientational errors is 0.0247rad, which is 

2.8480 times of the errors we assigned. The maximal magnitude of positional error 

is 0.2510cm, which is 1.4492 times as the assigned errors. 
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• Error Type II: The maximal magnitude of orientational errors is 0.0262rad, which is 

3.0238 times as the errors we assigned. The maximal magnitude of positional errors 

is 0.2554cm, which is 1.4746 times of the assigned errors. 

• Error Type III: The maximal magnitude of orientational error of end-effector is 

0.0187rad, which is 2.1570 times as the errors we assigned. The maximal magnitude 

of positional error of the end-effector is 1.0295cm although we have not assigned 

position errors. 

• For any type of the constraint error, a single limb error is much less critical than 

simultaneous errors in all three limbs. However, motion error of the end-effector 

resulting from simultaneous errors in all three limbs is less than three times of that 

from the error of a single limb. For example, the largest norm of the position error 

of Type I resulting from all three limbs is 1.4492 times of the assigned value while 

the corresponding error resulting from error in only one limb is 0.9512 times of the 

assigned value. This shows that the parallel kinematic structure of the manipulator 

can "average" out the errors in individual limbs though it has decoupled kinematic 

structure. 

• Orientational errors of all the three types are about the same on the end-effector. 

For position of the end-effector, Type III errors dominate because these errors will 

be magnified by the distance | | 0 0 ' | | as shown in Section 7.4.2. 

In order to verify the effectiveness of the CL, we also evaluated the pose error 

under trajectories 4, 5 and 6 at the other two positions, i.e., p2 = [30 30 30]T and 

p 3 = [30 30 60]T. As a result, the largest relative positional error 8p{ becomes 

Spx = 1.0295/HPIII = 0.0099, 

6p2 = 0.5727/||p2|| =0.0110, 

6p3 = 0.6975/||p3|| =0.0095. (7.22) 

Hence, the CL is a suitable measure for average positional errors of the end-effector. 
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Figure 7.10: Position error of the task trajectories 
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Figure 7.11: Orientation error of the task trajectories 
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Based on the above conclusions, four main guidelines are obtained as follows. 

• The links related to Type III constraint error are suggested to assign tight toler­

ances in the manufacturing process. Caution has to be taken for these links during 

assembly. 

• As the CL is configuration dependent, these points with small CL value in the 

position workspace are preferable to be chosen for certain tasks. 

• Averaged by the CL, the position influences from different types of constraint errors 

are about the same magnitude. Thus identical weighting factors multiplied by the 

related CL are suggested to be assigned for the position parts of the constraint errors 

in calibration or compensation. 

• As the orientation influences from different types of constraint errors are about the 

same magnitude, identical weighting factors can be assigned for the orientation parts 

of the constraint errors in calibration or compensation. 

7.5 Summary 

A procedure is proposed for analyzing the error effects on decoupling characteristics of 

PMs. This procedure includes error identification, error Jacobian analysis, motion error 

evaluation and comparison of motion from different types of constraint errors. A class 

of PMs with decoupled translation and rotation is employed as an example, which shows 

that different types of errors will have different effects on the decoupling characteristics 

of the end-effector motion. A characteristic length is defined as a measure of average 

positional errors of the end-effector for this class of PMs, and the dominating errors are 

obtained. Design guidelines are obtained. The result shows the feasibility of the evaluation 

procedure on decoupled motion PMs. This approach can also be used for PMs with lower 

mobility (less than six). 

148 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 8 

Conclusions and Future Directions 

In this thesis, I have studied the fundamental research issues of decoupled parallel manip­

ulators including design approaches for structure synthesis, workspace optimization and 

constraint error evaluation, and modelings of singularity, kinematics and statics as shown 

in Fig. 8.1. In this chapter, the conclusions and main contributions are summarized, and 

the future research directions are then outlined. 

8.1 Conclusions 

Structure synthesis 

The concept of group decoupling is introduced. Based on this concept, the decoupled 

parallel manipulators have been classified according to the end-effector motion. An idea 

of sharing sub-chain with only passive joints is disclosed. Based on this idea, a systematic 

approach is proposed for structure synthesis of 3-limb symmetrical 6-DOF PMs with 3-3 

decoupled motion. A search space including limb serial chains with at least one zero-pitch 

wrench is developed based on the line geometry method. Two classes of 3-3 decoupled 

parallel manipulators are obtained, in which seven structures are new. 

Kinematic models and singularity analysis 

Kinematic modelling and singularity analysis are the basis of workspace evaluation, error 
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Figure 8.1: Kinematic design issues discussed in this thesis (*major contributions) 

analysis and static investigation. The formulation of instantaneous kinematics shows 

that the decoupled motion properties can be directly identified by suitably choosing the 

reference frame and velocity representation method. As a result, the two manipulator 

Jacobian matrices (both inverse and forward Jacobian) of rank six can be converted into 

four Jacobian matrices of rank three for these 3-3 decoupled PMs. Due to decoupled 

motion, the kinematics analysis is also significantly simplified. As a result, closed-form 

solutions of both inverse and forward kinematics are obtained. 

Workspace evaluation through finite-partition of SE(3) 

A finite-partition approach for parametrical and proportional partition of the rigid motion 

group SE(3) is introduced based on its topology, which is the product of R3 and 50(3) . 

The basis volume elements of R3 and 50(3) are obtained. The product of two basis volume 

elements of R3 and 50(3) respectively will produce a basis volume element of SE(3). By 

this way, the integration of the complete 6-D workspace volume is transformed into the 

simple summation of the basis volume elements of SE(3). Based on this finite-partition 
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method, two performance indices and three optimal points are defined in the complete 6-D 

workspace. Several algorithms for the dimension optimization and performance evaluation 

of the SA-PM and the 3RPPS-PM are developed to illustrate the effectiveness of the 

approach. The results show that the finite-partition approach is valid and the global 

properties of PMs can be objectively evaluated by these performance indices. 

Statics and stiffness analysis 

Both the static and stiffness models of two types of decoupled PMs are established. It is 

shown that the end-effector force/moment can be decoupled to some extent due to the 

decoupling motion structure. This will reduce the complexity and computation time for 

calculating the forces/moments and stiffness. The maximal generalized force at the GIP 

are obtained. The stiffness contours of both the SA-PM and the 3RPPS PM are obtained, 

which reveal the manipulator stiffness behavior in the workspace. 

Constraint error evaluation 

An approach for analyzing the constraint error effects on decoupling characteristics of 

PMs is proposed. Three basic types of constraint errors are identified. One example is 

used to illustrate the validity of this approach. As a result, the weight of each type of 

constraint error are obtained, and the dominating error has been found. 

8.2 Contributions 

This research work contributes towards the design methodology of decoupled PMs. This 

research work is important since more and more parallel manipulators are required for 

applications with high speed and high accuracy. To summarize, the contributions are: 

Classification and structure synthesis of decoupled P M s 

The classification of decoupled PMs is necessary and useful for reducing the complexity 

of structure synthesis since there is no generic method for synthesizing decoupled PMs. 

The idea for sharing sub-chain composed by only passive joints can also be applied for 
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synthesizing other decoupled PMs or the manipulators with redundant actuation. Due 

to the decoupled translation and rotation, the structure of SA-PM has high potential for 

micro or nano applications, such as fibre alignments. A flexure micro manipulator based 

on this structure has been designed [94]. With high stiffness in vertical direction, these 

3P3S PMs are the suitable mechanisms for machining tasks with high payload in the 

vertical direction. 

Workspace evaluation through finite-partition of SE(3) 

The important function of the finite-partition approach is to makes the numerical com­

putation of 6-D manipulator workspace possible. It is shown that various workspace 

measures such as workspace volume and the global condition index can be readily in­

corporated in the partition scheme. As the proposed finite-partition scheme can cope 

with any solid sphere or cube, it can be applied to not only S£'(3)-related issues such as 

workspace analysis, path planing, sampling and control of robot manipulators but also 

other areas like computer graphics. Based on similar idea, other types of geometry, such 

as torus, can also be partitioned into a number of elements. 

Constraint error evaluation 

The approach for evaluating constraint errors of decoupled PMs can be used to objectively 

describe the importance of difficult design constraints, which provides the guidelines for 

fabrication, assembly and calibration. This approach can be applied for both decoupled 

PMs and PMs with lower mobility. It also serves as the preliminary study of machine 

errors, which is necessary for assigning reasonable tolerances for specific tasks. 

8.3 Future Directions 

The future direction of this project will include following issues: 

1. General design methodology of decoupled P M s 

A structure synthesis method for 3-3 decoupled 6-DOF PMs is proposed. However it is not 
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a general approach for synthesizing decoupled PMs. It is well accepted that structure syn­

thesis is a big challenge, and a generic synthesis approach cannot be available. Although 

some approaches are available for certain PMs, there is no general design methodology for 

synthesizing a PM to fulfill some tasks optimally For the structure design of decoupled 

PMs, new structure synthesis methods are required for other types of decoupled PMs. In 

addition, a generic design environment for PMs, including structure synthesis, dimension 

optimization, and performance evaluation, is required urgently, which will be very helpful 

for a designer to design a task based PM, or for a customer to select optimal ones. 

2. Improvement on workspace compu ta t i on 

The proposed workspace evaluation algorithm based on the finite-partition approach of 

SE(3) is computationally intensive, which will influence the accuracy of the results. Our 

results show that the computation time can be reduced by resorting to lessen the reach­

able workspace volume based on the manipulator structure properties. Another suitable 

method to this problem is to use parallel processing to increase the resolution of the 

workspace. This will need us to redesign the program structure, and recoding the algo­

rithm with communications in multiple processors. In addition, code optimization will 

also be helpful to decrease the computation time. 

3. Motion planning algorithm and control 

The advantages of decoupling characteristics of PMs need to be investigated in the motion 

planning and control. The problems include that how fast the control algorithm can be 

realized, and how much the computation time can be reduced by the decoupling char­

acteristics, and how to make use of the decoupling properties to realize the closed-loop 

control. Another interesting issue is: what is the the shortest path between two feature 

points of SE(3), and how to find the path geometrically. The solution to this problem 

will be very helpful for trajectory planning and control. 

4. Error bound for manufacturing with specific requirements 

We have proposed an approach to evaluate the constraint error effects on the decoupling 
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characteristics. The next step is to define a reasonable measure, which should be an error 

bound, to judge the manipulator decoupling properties. The measure is used to protect 

the adaptability of the nominal kinematic models. A complete kinematic error model, 

including both constraint and non-constraint errors is also required. The mapping between 

the errors in joint (link) space and those of the end-effector is needed to formulated, which 

is useful to assign tolerances of each joint (link) with given accuracy requirements of task 

space, or to find the accuracy of the end-effector with given errors in the joint space. The 

results will also be helpful for calibration. 

5. From rigid mechan i sms to flexure mechanisms 

Precision positioning devices having resolution of sub-microns to some nanometers have 

attracted many attention both from university scholars and from industry. The advan­

tages of PMs, i.e., high stiffness and high accuracy, make them suitable candidates for 

precision positioning mechanism with flexure joints instead of rigid joints. Furthermore, 

the PM structure make it feasible to mount all actuators immediately on the base so as 

to reduce the weights of moving parts and increase the dynamic behavior. In addition, 

the decoupling properties are preferred to simplify the control. Therefore, the design of 

flexure mechanisms based on the newly designed PM structures is also an interesting and 

significant issue. Specially, based on the SA-PM proposed in this thesis, one flexure PM 

has been designed [94]. 

6. Potential applications of these decoupled P M s 

The design and analysis of the two novel classes of 6-DOF decoupled PMs clearly show 

that these decoupled PMs are the best candidates for conquering the disadvantages of 

conventional PMs while keeping the advantages of general PMs, such as low moment of 

inertia, high speed, high acceleration, high accuracy and high stiffness. More over, the 

augmented advantages of these 3-3 decoupled PMs are as follows. 

• Larger workspace due to the 3-limb design comparing with usual hexpod PMs. 
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• Energy efficient due to decoupled motion, so that different motion of end-effector is 

only controlled by certain actuators rather than the coordination of all actuators. 

• Ease of motion planning and control because close-form solutions are obtained for 

both inverse and forward kinematics. 

The limitations of the 6-DOF 3-3 decoupled PMs are as follows. 

• There are many links and joints in the PMs with decoupled translation and rotation, 

so that the workspace of the end-effector is very small mainly due to leg interferences. 

Therefore, the PMs with decoupled translation and rotation are much applicable for 

micro- or nano- applications. 

• Geometrical constraints for achieving decoupled motion are difficult to be realized 

in real applications. Therefore, in the initial design stage, careful consideration, 

such as assigning tight tolerances and making the CL small, needs to be taken for 

these critical constraints. 

As to the application, these decoupled PMs are ideal for the fibre alignment since it is 

easy to set the position point of the fibre to prevent its movement when orientation of the 

fibre is optimized. Specially, the SA-PM can be used to firstly locate the positioning point 

of the fibre at the rotation centre, and then adjust the angular alignment to optimum. 

Due to the dextrous motion ability of these 6-DOF decoupled PMs, they are suitable 

for light machining tools for deburring, polishing, and grinding of curved surfaces. In 

addition, as the stiffness along vertical direction (or z-direction) of these 3P3S PMs is 

very high, they are very useful for precision assembly tasks of heavy parts. Other possible 

applications include: motion simulator for virtual reality, laser beam steering, and fast 

micro-manipulation. 
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