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Abstract

High dimensional visual data, derived from images or videos, is ubiquitous as advance camera

technologies enable more measurements per sample to be captured. Increasingly sophisticated

visual data representations further contribute to an increase in data dimensionality. To facilitate

high level visual analytic tasks, this thesis focuses on three areas of high dimensional data pro-

cessing, namely direct graph embedding for sample class or cluster prediction, video tracking

for temporal information extraction, and spatial segmentation for a compact representation of

high resolution images.

To address the challenges of irrelevant, noisy, and highly correlational dimensions, a novel uni-

fied framework is proposed to simultaneously perform graph embedding and feature selection.

This framework enables an efficient extraction of linear data intrinsic structures, which are low

dimensional and robust to both noisiness in dimensions and outlier samples. This framework

is computationally efficient and flexible to incorporate various data prior properties such as

smoothness, sparsity, and locality.

In video analysis, efficient learning of high dimensional visual data often requires modeling

of temporal evolution of object appearance and motion. Instead of analyzing all the visual

data, object level temporal information can be extracted via visual tracking for more efficient

learning. For a long video sequence, the object appearance will change due to variations in

its poses and orientation, illumination, and occlusion. To track both the object appearance and

position, it is necessary to have a robust tracker with an adaptive object appearance update. We

propose a generative model to address the dual uncertainties in both the target positions and

appearance simultaneously. A diffusion process on a Riemannian manifold allows a geodesic

evolution of the target appearance.

Spatially, object segmentation can significantly simplify visual learning by grouping many pix-

els into a meaningful representation. However useful, object segmentation remains unsolved.

We propose a novel object co-segmentation framework to learn object segmentation using a

large image set. By leveraging on good segmentation results on the simplest images, we can

propagate this to more and more complex images.
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All the proposed methods enable efficient learning of high dimensional visual data. The pro-

posed unified framework for simultaneous dimensionality reduction and feature selection pro-

vides an abstraction for many high dimensional learning methods in the literature. Upon this

framework, more learning methods can be further developed. Both visual tracking and object

segmentation are important steps for many complex visual applications such as visual recog-

nition. The proposed methods enable robust and efficient exploitation of both temporal and

spatial information in visual data.
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Chapter 1

Introduction to High Dimensional Visual

Data

In the era of big data [53], technological advances in visual data sensing, collection, and storage

have motivated many industrial sectors to capture massive data at an accelerating pace. Mas-

sive data is often characterized by both a huge number of samples and a high dimensionality

for representation. Besides advances in visual data technology, active research in visual data

representation has also contributed significantly to the explosive growth in data dimensionality.

With a higher data dimensionality, many visual analytic applications can achieve a much better

performance in classification and recognition that cannot be easily obtained by lower dimen-

sional data. However, these advances come with emerging challenges, significantly stressing

classical statistical methods that are able to handle small dimensions [66].

This chapter introduces the concept of high dimensional visual data, its origin, characteristics,

and the challenges for machine learning tasks.

1.1 High Dimensional Visual Data

The amount of data that exists in the world is enormous and continues to increase exponentially

every day. About 90 percent of the data that exists in the world today was created in the last
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CHAPTER 1. INTRODUCTION TO HIGH DIMENSIONAL VISUAL DATA

two years alone, and a quintillion (1018) bytes are created on a daily basis [172]. This enormous

amount of data is often referred to as big data. Big data refers not only to a large number of data

samples, but a high number of dimensions. Data dimensionality also refers to the number of

data attributes, explanatory variables, and features. For example, in a business application,

a customer’s data could cover attributes such as age, gender, and salary. When a data set has

many dimensions, it is referred to as high dimensional data.

Derived from images or videos, visual data contributes significantly to the data growth in the

world. The social media websites provide a platform to undertake and record an explosive

growth in both quantity and resolution of images and videos. For example, Instagram, an

online mobile photo sharing website, has 300 million active users, 30 billion photos shared,

and 70 million photos viewed and liked daily1. YouTube, a video sharing website, on average

hosts additional 100 hours of video each minute, 6 billion hours of video watched each month2.

High dimensional visual data can also be found throughout academic research. The phe-

nomenon can be observed in datasets from two popular machine learning repositories, namely,

the UC Irvine Machine Learning Repository and the LIBSVM databases (Table 1.1). Over the

last two decades, data dimensionality has grown from less than 100 to more than 1 million.

Data Name Dimension Year

LETTER 16 1991
USPS 256 1994

MNIST 784 1998
GISETTE 5,000 2003

YOUTUBE MVG 1,000,000 2013

Table 1.1: Characteristics of some data sets collected from two popular data analytic repositories [172].

1Statistics were extracted from http://instagram.com/press/ on Dec 18, 2014.
2Statistics were extracted from https://www.youtube.com/yt/press/statistics.html on Dec 18, 2014.
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CHAPTER 1. INTRODUCTION TO HIGH DIMENSIONAL VISUAL DATA

1.2 The Origins of High Dimensional Visual Data

There are two main driving factors for the rapid growth in visual data dimensionality, namely,

technological advancement and the development of new visual data representation techniques.

We now examine these two motivating factors.

1.2.1 Technological Advancements

1.1.a: A photograph of a vegetation landscape with
the output from hyperspectral imaging - this type of
output is known as a data cube.

1.1.b: Photograph of the Colosseum, taken by a
CMOS camera with a resolution of 10 megapixels.
This number represents number of dimensions in the
resulting image.

1.1.c: Plot that shows the vegetation spectra across
the spectrum of wavelengths in the vegetation land-
scape image of Figure 1.1.a.

Figure 1.1: Examples of high dimensional data.

Advancements in sensor technology have contributed to the growth of high dimensional visual
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data. The increased spatial resolution allows fine details to be captured and results in higher

quality photographs. For example, the latest camera phones such as the Nokia Lumia 1020

are able to capture photographs with resolutions up to 41 megapixels. Figure 1.1.b shows a

photograph taken by a digital camera that results in an image with millions of pixels. High

spatial resolution is also commonly referred to as high definition (HD).

Besides having high spatial resolution, consumer cameras also record HD image sequences at

a fast frame rate (commonly 30 frames per second). This is the so-called HD video. An HD

video will have about 1800 megapixels within one minute, assuming one megapixel per frame.

Clearly, HD video data can easily have a very high data dimensionality.

Consumer cameras have evidenced a rapid increase in spatial resolution, allowing objects in

images to resolve better with finer details. On the other hand, specialized cameras such as

hyperspectral cameras can capture images across hundreds of bands in the electromagnetic

spectrum (spectral measurements), including wavelengths that cannot be detected by the human

eye. An example of an output from hyperspectral imaging is shown in Figure 1.1.c. This figure

shows a vegetation landscape along with measurements at different wavelengths - this is called

a “data cube”. Figure 1.1.c shows vegetation spectra across the spectrum of wavelengths that

exist in the image. In this example, over 200 dimensions exist in the output data.

1.2.2 Development of New Visual Data Representation Techniques

Besides technological advancement, continuing research in data representation has also brought

a huge increase in data dimensionality. Data representation aims to mathematically represent

data samples so that the corresponding distance measure can capture the desired properties of

the original data. Taking image data for example, a simple way to represent it is as a vec-

tor, where each pixel of the image constitutes one dimension. Then, the distance between

4
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1.2.a: SIFT feature extraction
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1.2.b: HoG feature extraction

Figure 1.2: Examples of image features extraction techniques.

samples is simply a vector distance, capturing the difference between images when they are

pixel-to-pixel aligned. Alternatively, a matrix can be used to represent images, then the dis-

tance between images is now a matrix distance, reflecting the similarities in both pixel values

and spatial arrangement. Both representations can easily result in high dimensions.

The image processing community has developed much more advanced ways to represent im-

age data. Advanced techniques have been invented to extract useful image features; these

techniques are called feature extraction methods. Some popular feature extraction methods are

included as follows [136, 155]:

(1) Encoding image local spatial information: Scale Invariant Feature Transformation fea-

tures (SIFT, 128 dimensions), Local Binary Patterns features (LBP, 58 dimensions), and

Gabor features. SIFT features (shown in Figure 1.2.a) encode gradient information on

the scale of feature points. As shown in the image, each 4 × 4 rectangle represents a

SIFT feature, in the scale, orientation, and magnitude inside each sub-rectangle. In Fig-

ure 1.2.b, the Histogram of Gradient (HoG, 512 dimensions) features capture the gradient

5
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magnitudes in each direction (quantized to 8 bins).

(2) Encoding image global information: color histogram. Color histograms encode the em-

pirical distribution of color intensities.

(3) Spatial-temporal information: spatio-temporal features for behavior recognition [52].

This is particularly important for video processing.

For a more comprehensive overview of current feature extraction methods, the reader is re-

ferred to [155]. Along with technological advancement in sensor technologies, advancement

in feature extraction methods drives the significant growth of high dimensional data.

1.3 Characteristics of High Dimensional Visual Data

Inherently due to high dimensionality, visual data is sparsely distributed in the data space,

tends to have a heavy tail distribution and have a high correlation among dimensions. These

characteristics are elaborated in detail in the following subsections.

1.3.1 Sparsely Distributed in High Dimensional Space

High dimensional data is sparsely distributed in data space. To illustrate this phenomenon,

Figure 1.3 shows 20 points distributed randomly in 1-D, 2-D, 3-D spaces that have 2 units

in each dimension. In 1-D, 10 out of the 20 points lie in the first unit of space. In 2-D, this

number drops to 6, and in 3-D, this drops to 2. To achieve the same density of 10 data points

per unit in a higher dimensional space as in 1-D space, it would require an exponential number

of samples. Assuming every dimension is independent and identically distributed (i.i.d.) in a

uniform distribution, then for x ∈ Rd, it requires 10d−1 samples to ensure that on the average

6
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0 1 2
0

11 points in the unit bin

1.3.a: Data distribution in 1-D
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1
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1.3.b: Data distribution in 2-D
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1.3.c: Data distribution in 3-D

Figure 1.3: Data in only one dimensional space is relatively tightly packed. Adding a dimension
stretches the points across that dimension, pushing them further apart. Additional dimensions spread
the data even further, making high dimensional data extremely sparse.
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every unit has 1 sample; this is hardly possible even for a small d, as the number of data sam-

ples required to reach a similar density is enormous. For example, to achieve the same density

of 10 points per unit in a 5-D space, 1 million samples are required. In the light of this, it is

difficult to estimate the data statistics from existing samples, and also computationally infeasi-

ble for generative model methods to generate sufficient samples to approximate the predefined

distributions.

0 5 10 15 20 25 30
0

1

2

3

4

5

6

Dimensionality

V
ol

um
e 

of
 h

yp
er

sp
he

re

Volume of hypersphere vs dimensionality

1.4.a: Volume vs dimensionality
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1.4.b: Volume percentage vs dimensionality

Figure 1.4: Data is sparse in the shell of a hypersphere as dimensions increase.

Another interesting observation is that majority of high dimensional volume is at the shell of

hypersphere. This is illustrated as follows. Consider the volume of a hyper-sphere in Rd,

d-dimensional space, given as follows:

V (d) =
π

d
2 rd

Γ(d
2

+ 1)
, (1.1)

where d and r are the dimensionality and radius, respectively, and Γ(d
2

+ 1) is a gamma func-

tion. Figure 1.4 shows how quickly a unit radius hypersphere drops in volume percentage as
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dimensions increase. The hypersphere inscribes the hypercube with length of 2 units. Most of

volume exists in the outer shell or the “corners” between the hypercube and the hypersphere.

This is the so called Empty Space Phenomenon [138].

1.3.2 Heavy-Tailed Distribution

In 1-D space, a standard Gaussian distribution has 90% of samples in the interval [−1.65, 1.65].

This probability falls quickly as data dimensionality increases. The Empty Space Phenomenon

indicates that the probability of samples falling within the “inscribed hyperball” converges to

zero as the data dimensionality increases [20]. In other words, a large bulk of data samples

exist in the tail ends. For data distribution modeling, it is necessary to take this into account.

1.3.3 High Correlation Among Dimensions

Besides the above two generic characteristics of high dimensional data, high dimensional visual

data tends to have highly correlated dimensions. This is because visual data is derived from

images and videos, which tend to be smooth and thus correlated in measurements. Visual data

mainly captures three kinds of information, namely, spatial, spectral, and temporal information.

An increase in the resolution contributes to a higher correlation among dimensions. Spatially,

an image with more pixels within the same field of view has a higher resolution. It is very

common for current consumer cameras to capture thousands of pixels in each image, resulting

in a high spatial correlation. The spectral resolution refers to the measurements at different

wavelengths, and is used in multispectral or hyperspectral cameras. Spectral cameras nowadays

have a spectral resolution less than 10 nm. Equivalently, there are more than 100 continuous

channels within 1 µm. It is also easy to imagine that those channels are highly correlated.

Finally, temporal resolution refers to frame per second in videos. Current cameras can record

9
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more than 100 frames per second; slow motion objects will have a high correlation in temporal

dimensions.

1.4 The Curse of Dimensionality

High dimensionality poses new challenges in the processing of such data, including challenges

in computational efficiency and data distribution modeling. The challenges that come from

processing high dimensional data but do not occur as with low dimensional data is referred to

as the curse of dimensionality.

1.4.1 Computational Complexity

The immediate challenge of high dimensional data lies in the computational complexity. The

complexity of many optimization and learning algorithms is related to the data dimensionality

by a polynomial distribution. For example, Principal Component Analysis (PCA), a popular

algorithm, has a polynomial computational complexity of O(d2p), where d is the data dimen-

sionality and p is the number of principal components. For each doubling of data dimensional-

ity, these methods slow down by 4p times. Image applications involving high dimensional data

cannot scale when its computational complexity is more expensive than linear complexity, i.e.,

O(d).

1.4.2 Noisy and Correlated Dimensions

In many situations, high dimensional data is noisy and correlated among dimensions. Images

can be corrupted by sensor artifacts such as dead pixels and non-calibrated pixels. Dust specks

on the camera lens also cause noisy images. From these images, extracted features will be

10
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noisy too. On the other hand, natural images are smooth spatially; many neighboring pixels are

similar in readings. It is very likely that resultant image representations are highly correlated

among different dimensions.

Noisiness and high correlation require us to construct robust statistical models for what is

observed. Simply using all the dimensions for data analysis may cause the performance to be

degraded due to unreliable data statistics and rank deficiency problems.

1.4.3 Data Distribution Modeling

High dimensional data also complicates data distribution modeling. In many statistical ap-

plications, covariance is an important statistic to calculate. However, the large number of

dimensions makes it difficult to estimate covariance accurately in high dimensions, leading re-

searchers to try find ways to reduce the number of parameters through sparsity [21] or with the

structural model [134].

1.5 High Dimensional Data in A Visual Analytic Framework

High dimensional data, discussed so far, mainly exists in the low level processing layer of a

typical visual analytic framework. Mid-level techniques are necessary for efficiently handling

high dimensional data to extract semantically meaningful information for high level analysis,

such as object recognition, event recognition, and activity inference. A possible framework is

illustrated in Figure 1.5 (a similar framework is used in [99] to reduce semantic gap for image

retrieval). The success of visual analysis depends on these three levels of processing, namely,

low level feature extraction as discussed in Section 1.2.2, mid-level visual learning techniques

such as machine learning, temporal tracking, and spatial object segmentation, and the high

11
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Figure 1.5: Visual analytic components and techniques.

level processing of the learning results from mid-level techniques.

While there are many other components in a visual analytic framework, this thesis chooses to

focus on the three areas in the mid-level learning methods, namely, machine learning methods,

visual tracking, and object segmentation. All these methods process low level features and

provide meaningful compact information to high level visual analytic tasks.

• Machine learning. To extract insights from visual data, machine learning techniques can

be used to predict visual data class labels (supervised learning methods) or appreciate

data clustering (unsupervised learning methods). Typically, this approach predefines a

learning task. For example, the learning task in [55] is to classify video data into five

categories: tennis, basketball, volleyball, soccer, and table tennis.

• Temporal semantics. Image sequences have been used to extract high level temporal

semantics, including event recognition [75, 168], target motion for surveillance [39],

gesture recognition [141]. To support these high level semantic learning tasks, it is nec-

12
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essary to associate objects throughout the video sequences, and visual tracking is the

most common approach to achieve this.

• Object semantics. The ability to describe objects in an image is critical for visual un-

derstanding. For example, an image tagged with beach, man, and dogs can immediately

help users visualize it as Figure 1.6. Object segmentation can efficiently help recognize

objects in images.

Figure 1.6: An example of visual understanding based on object components. It is easy to visualize this
image given the tags of man, dog and beach.

The mid-level processing layers aim to efficiently process the low level high dimensional data,

so that more relevant and compact visual representations may be achieved for high level pro-

cessing. While machine learning methods directly achieve the pre-defined learning tasks, both

visual tracking and object segmentation will compress the high dimensional visual data into

compact information like object attributes.

1.6 Organization of This Thesis

In this chapter, we have presented an overview of high dimensional data and its characteristics,

how advances in technology and continuing research have led to the increase in data dimen-

sionality, and the challenges posed by higher dimensionality. We also discuss different levels

of high dimensional data processing layers in visual analytic applications.

As shown in Figure 1.7, this thesis is organized as follows. Chapter 2 briefly surveys existing

13
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Figure 1.7: Organization of this thesis.

methods of handling high dimensional data in the literature. We conduct a case study on

challenges of high dimensionality in Chapters 3. In order to deal with challenges of high

dimensionality, Chapter 4 proposes a efficient feature selection framework for linear graph

embedding. Chapter 5 and 6 propose methods for visual tracking and object segmentation.

Finally, Chapter 7 concludes this thesis and briefly describes some future work.
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Chapter 2

A Brief Review of Dimensionality

Reduction and Feature Selection Methods

for High Dimensional Data

Natural data is intrinsically low dimensional. One intuitive approach for handling high dimen-

sional data is to extract the low dimensional intrinsic data structures. There are two main ap-

proaches, namely, feature selection and dimensionality reduction. This chapter briefly reviews

some existing methods on feature selection and dimensionality reduction. This will serve as

the foundation for the subsequent chapters.

2.1 Feature Selection

Recognizing the importance of feature selection, many methods have been proposed in the lit-

erature. Subsequently, a few survey papers have been published trying to organize and summa-

rize various methods according to different machine learning areas [48]. This may be because

feature evaluation criteria could differ from one application to another. Therefore, feature se-

lection methods are often proposed for specific learning contexts. For example, the Recursive

Feature Elimination (RFE) scheme [67] defines the least relevant feature as the one contribut-

ing the least to the classification margin through a recursive elimination method using Support
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Figure 2.1: Some feature selection methods.

Vector Machines (SVM).

In the literature, there are a few popular feature importance measures adopted in existing meth-

ods [97]. These measures are designed based on the following characteristics. For supervised

methods, there are two main feature importance measures, namely, distance based measures

and the correlation based measures. Specifically, in the distance measure, it defines the impor-

tant features as those that separate classes better and cluster the samples of the same classes,

such as Linear Discriminant Analysis (LDA) based feature selection methods [67]. In the cor-

relation based measure, the important features are those that correlate well with class labels

and give better prediction results, such as the method in [68]. In the unsupervised methods,

due to the absence of class labels, several criteria have been proposed to evaluate the feature

importance based on different learning contexts, such as information measure [125], variance

measure [101], and locality measure [71], summarized as follows:

• information measure: good features gain more information when included. Information
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gain can be computed via mutual information methods.

• variance measure: good features capture more variance in the data.

• locality measure: good features can preserve data locality better.

The existing feature selection methods are also often classified as filter, wrapper and embedded

approaches [66]. Overall, feature selection methods may be categorized as shown in Figure 2.1.

First, filter methods aim to pre-define some desired intrinsic data properties and rank feature

subsets accordingly. It is independent of its subsequent applications. Filter methods employ

either forward selection or backward elimination search strategies, often resulting in local op-

timality. Second, wrapper methods are application dependent; the subset of features giving the

best performance of a predetermined learning task will be chosen. The evaluation of features

subsets involves performing the application processes, and is thus very computationally expen-

sive. Generally, the wrapper methods give a better performance than the filter methods [96].

Finally, the embedded methods formulate feature selection process in their optimization objec-

tives such as sparsity regularization [76].

Recent works in literature focus on graph based feature ranking and sparsity induced embedded

methods [96]. They are explained in more detail in the next two sections.

2.1.1 Graph-based Methods for Features Ranking

Graph, a powerful tool to encode sample neighborhood relationships, is often used to model

intrinsic data structures. For example, ISOMAP [149] constructs shortest paths between any

pairs of samples on a graph. By utilizing a graph model, good features preserve the intrinsic

data structures well. He et al. [69] proposed to encode data locality via a Laplacian Score

(LS) for feature ranking. Similarly, Zhao and Liu [175] proposed to evaluate features based

on SPECtrum decomposition (SPEC) on the Laplacian matrix. These two methods employ
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feature level ranking, and redundancy between features is not considered. To address this, Nie

et al. [120] proposed a feature-subset trace ratio method to rank features that best discriminate

between-class and preserve within-class relationships. It reformulates the subset level selection

into a sum of individual features based on the monotonicity property. In other words, if feature

subset A is better than B, then {A,c} is better than {B,c}.

2.1.2 Sparsity-induced Embedded Methods

Another popular approach to select features is to formulate the problem as a sparse regression

problem, with the sparsity regularization term controlling features cardinality. This formulation

benefits from many efficient and optimal solvers available in the literature.

The sparse regression method LASSO [154] is popular in the literature due to its simplicity

and efficiency in computation. Its formulation of the feature selection is as follows:

min
w
‖X>w − y‖2 + γ‖w‖1, (2.1)

where X ∈ Rd×n is the data matrix, y is the response variable vector, and γ controls the

sparsity of the solution (a larger γ generally results in a more sparse solution, and vice versa).

LASSO can only choose at most n variables when d > n and is not well defined unless ‖w‖1

is bounded by a certain value [180]. The LASSO shrinkage may produce biased estimates for

large coefficients of w [179]. Zhou and Hastie [180] then proposed the Elastic net method

by adding an L2 norm term, i.e. γ‖w‖1 + β‖w‖2. However, both LASSO and the Elastic net

method do not guarantee the choice of the same set of features when regressing over different

principal components. To address this issue, Cai et al. [30] proposed a simple heuristic method

to rank the features based on the maximum absolute weight of different subspaces. This method

is termed as MultiClusters Feature Selection (MCFS) with preserving data locality as its main

18



CHAPTER 2. A BRIEF REVIEW OF DIMENSIONALITY REDUCTION AND FEATURE SELECTION METHODS
FOR HIGH DIMENSIONAL DATA

learning objective.

Recently, the Convex Relaxations for Subset Selection (CRSS) method [10] was shown to

achieve better results than the Least Angle Regression method (LAR) method [60]. It pro-

poses two search methods. One is a branch and bound search method and is combinatorial in

computational complexity. Another is based on random generation of Gaussian vectors. Both

LASSO and CRSS select features based on sequential iteration of principal components. In

this manner, tuning parameters for different components is complicated [163]. Therefore, they

do not optimize for the collective objectives.

A recent work [163] optimizes the collective objectives for sparse PCA via a Fantope projection

approach as follows:

Maximize < S,X > −λ‖X‖1,1

s.t. X ∈ Fd,

where S is the covariance matrix, X is the estimator with sparsity constraint in a Fantope Fd,

< S,X > is the inner product of S and V , and ‖X‖1,1 is the sum of all the absolute entries of

X . This approach is computationally efficient and optimal [163].

2.2 Dimensionality Reduction

Different from feature selection methods, dimensionality reduction approaches may employ all

the features to find a lower dimensional representation of the original data. There are two major

types of dimensionality reduction methods: linear and non-linear dimensionality reduction as

shown in Figure 2.2. In this section, we first briefly review the recent literature.
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Figure 2.2: Some dimensionality reduction methods.

2.2.1 Linear Dimensionality Reduction

Linear dimensionality reduction methods result in new projected features (dimensions) being

linear combinations of original dimensions. Let X ∈ Rd×n be a dataset with zero-mean d-

dimensional n samples, W = [ω1, ω2, ...] be the projection matrix, and Y be the projected

low dimensional representation. Note that for non-zero-mean data, a linear projection can be

applied first. Linear techniques can then be summarized in the following formulation:

Y = W>X. (2.2)
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2.2.1.1 Principal Component Analysis

Principal Component Analysis (PCA) finds the subspace that maximizes the explained vari-

ance,

argmax
w

w>XX>w

w>w
. (2.3)

Often, the first few leading components explain the most of variance, and the rest can be dis-

carded with minimal loss of information. The projection matrix W consists of orthogonal

principal components; as a result, the new features are uncorrelated.

PCA is probably the earliest algorithm that has inspired many modern algorithms. It has a few

limitations.

• Ignoring high order statistics: although PCA decorrelates data, it ignores the correlation

in the third and higher orders.

• It does not use sample label information, and thus does not optimize for classification

tasks [56].

2.2.1.2 Locality Preserving Projections

While PCA preserves the overall data variance globally, Locality Preserving Projections (LPP)

preserve data locality so that the sample neighborhood relationship is retained as much as

possible in the lower-dimensional space. Its formulation is as follows:

argmin
w

w>XLX>w

w>XDXw
,

argmax
w

w>XAX>w

w>XDXw
, (2.4)
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where L is the Laplacian matrix, D is a diagonal matrix, L = D − A, and A is the affinity

matrix.

2.2.1.3 Fisher’s Linear Discriminant Analysis

Both PCA and LPP are unsupervised and do not use any sample label information; they are of-

ten used for general pre-processing, clustering, or visualization. For classification, supervised

dimensionality reduction methods generally achieve a better accuracy as they explore the label

information. For example, LDA optimizes for between-class separation (Sb) and within-class

closeness (Sw) as follows:

argmax
w

w>Sbw

w>Sww
. (2.5)

LDA considers class-level global data structures, and assumes a Gaussian distribution for the

samples in each class. To include local data properties, Marginal Fisher Analysis [169] consid-

ers both local sample neighborhood relationships and between-class relationships.

2.2.1.4 Random Projection

Random projection is a simple yet powerful method to project high dimensional data to a lower

dimensional space. In the general formulation, Y = W>X , W is simply a random matrix. It

is computationally efficient and generally produces decent results. Kaski [86] shows that given

sufficient projected subspaces, random projection preserves the sample angular distance.
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2.2.1.5 Kernelization

Linear projection methods represent the resultant low dimensional features by linearly com-

bining the original features. They could have some severe limitation when data is not linear.

There are a few ways to extend the linear methods to handle non-linear data. One of the ways

is to apply the kernel trick. The kernelized versions of projective methods are also popular, for

example Kernel PCA, Kernel LDA, and Kernel LPP.

Assume that some algorithms only depend on the inner product of samples, and the dot product

is well defined in kernel space of the data such that for all samples xi, xj ,

k(xi, xj) = 〈Φ(xi),Φ(xj)〉,

where k is the kernel function, Φ(x) is the transformation of data from the original space to the

kernel space.

The kernel trick refers to that instead of computing the dot product of transformed features

〈Φ(xi),Φ(xj)〉, the algorithm computes the dot product in the original space before applying

the kernel function like k(xi, xj). Taking kernel PCA (KPCA) as an example. The derivation

of Kernel PCA can be found in [27], and the final form of KPCA is as follows:

Kω = nλω, (2.6)

where K = PKP , K ∈ Rn×n is the centered kernel matrix, P = 1 − I , 1 ∈ Rn×n is the

matrix whose entries are all 1, and the entries of the kernel matrix Ki,j = k(xi, xj) are the dot

products of pairs of data samples. Some typical kernel functions include:

• linear: k(xi, xj) = 〈xi, xj〉,
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• polynomial of degree m: k(xi, xj) = 〈xi, xj〉m,

• exponential: k(xi, xj) = exp
(
−‖xi−xj‖

2

2d2

)
.

Based on the formulation, it is clear that KPCA has a similar algorithm as PCA with an addi-

tional step on the construction of the centered kernel matrix.

2.2.2 Non-linear Dimensionality Reduction

Linear dimensionality reduction techniques find low dimensional representations by a linear

projection of the original data. Most of them are reasonably fast and are often used to obtain

the first impression of data. Generally, except LPP, they do not consider sample neighborhood

relationships. This may result in a loss of sample neighborhood relationships in some cases

and degradation in the subsequent application performance. For example, the famous toy data,

Swiss Roll, shown in Figure 2.3.a, cannot be “unwrapped” by linear dimensionality reduction

methods. Data neighbors generally share the same class labels in the original space, but these

relationships would be destroyed if projected using linear techniques such as PCA.

For such cases, non-linear dimensionality reduction methods are required to model the sample

neighborhood relations via manifolds. Some common examples of manifolds include varia-

tions in images such as apple images, and golf swings images 1, as shown in Figure 2.3.

One of the earliest non-linear learning methods is Multidimensional Scaling (MDS) [25],

which attempts to preserve all the pair-wise distances. MDS has been commonly used for

visualizing high dimensional data. More recent developments in manifold learning methods

such as ISOMAP [149], Locally Linear Embedding (LLE) [135], Hessian Eigenmaps [54],

and Laplacian Eigenmaps [14] have created a huge impact in the non-linear modeling of high

dimensional data.
1Images were extracted from http://www.golfswingphotos.com/ on Sept 11, 2014.
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2.3.a: Swiss Roll data 2.3.b: Variations in appearance

2.3.c: Golf swing

Figure 2.3: Some examples of non-linear data.

The ISOMAP, LLE, Hessian Eigenmaps, and Laplacian Eigenmaps methods based on K-

nearest neighbors (KNN) graphs typically follow the three steps below:

(1) Find the K nearest neighbors,

(2) Estimate the local properties of the manifold by examining the KNN graphs,

(3) Find a global embedding by preserving the properties in Step (2).

ISOMAP preserves the property of shortest path between any two points, using Dijkstra’s

algorithm. This step is called geodesic approximation. Subsequently, MDS is applied to the

distance matrix. It preserves the global structure, and generalizes to high dimensional data

if the connectivity and metric information of the manifold are correctly formulated [12]. As

shown in [12], ISOMAP is sensitive to noise. The choice of K for KNN is crucial as a large
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K may introduce “short-circuit” edges in the graph, and a small K may cause the graph to

become too sparse to approximate geodesic properties well.

LLE on the other hand aims to minimize the reconstruction error of each data sample using

its neighbors. The local properties of manifold is based on local linear relationships between

neighbors. Instead of using geodesic distance as in ISOMAP, LLE does not need to resort to

a distance measure, which may not be appropriate for some data. In addition, LLE is globally

optimal and has one free parameter, and similar to ISOMAP, LLE is prone to noise.

2.3 Conclusion

In this chapter, we have seen that high dimensional data tends to have low dimensional intrin-

sic structures, exploiting which enables us to benefit from high dimensionality and avoid the

associated problems. This chapter briefly discusses linear and non-linear embedding methods

that are used to extract and model the data in the low dimensional space, interested readers

may refer to a more detailed survey in [1]. These methods are classified into two main types of

methods - dimensionality reduction techniques and feature selection methods. Dimensionality

reduction techniques use all the dimensions to embed the original high dimensional data in the

desired low dimensional representation, while feature selection methods aim to choose a subset

of important features only. Both approaches aim to mitigate the challenges of high dimension-

ality, and they share so many similarities that they can be unified into a single framework. In

Chapter 3, we conduct a case study on the challenges of high dimensional data before propos-

ing a unified feature selection framework for a generalized class of dimensionality reduction

techniques.
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Chapter 3

High Dimensional Covariance Matrix

Estimation for Anomaly Detection in

Hyperspectral Images

The previous chapters describe some challenges in high dimensional data and the existing

methods in the literature. Before introducing our methods, we examine some of these chal-

lenges in hyperspectral images as a case study. This is because hyperspectral data is natu-

rally high dimensional, noisy, and highly correlated among dimensions. Furthermore, in high

dimensional learning, covariance matrix estimation is important for many dimensionality re-

duction methods such as PCA, LDA, and CCA. Therefore, this chapter focuses on covariance

matrix estimation methods in the literature on Hyperspectral imaging (HSI).

3.1 Introduction

Hyperspectral (HS) imagery provides rich information both spatially and spectrally. In contrast

to from the conventional RGB camera, HS images measure scientifically the radiance received

at fine divided bands across a continuous range of wavelengths. These images enable grain-fine

classification of materials otherwise undistinguishable in spectrally reduced sensors. Anomaly

detection (AD) using HS images is particularly promising in discovering the subtlest difference
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among a set of materials. AD is a target detection problem, in which there is no prior knowledge

about the spectra of the target of interest [143]. In other words, it aims to detect spectrally

anomalous targets. However, the definition of anomalies varies. Practically, HS anomalies

are referred to as materials semantically different from the background, such as a target in the

homogeneous background [37]. Unfortunately, often the backgrounds are a lot more complex

due to presence of multiple materials, which could be spectrally mixed at pixel levels.

This chapter comparatively surveys the existing AD methods via background modeling by co-

variance matrix estimation techniques. We analyze the AD in the context of optimal statistical

detection, where the covariance matrix of the background is required to be estimated. The

aim of covariance matrix estimation is to compute a matrix Σ̂ that is “close” to the actual, but

unknown, covariance Σ. We use “close” because that Σ̂ should be an approximation that is

useful for he given task at hand. The sample covariance matrix (SCM) is the maximum likeli-

hood estimator, but it tends to overfit the data when n does not greatly exceed d. Additionally,

in the presence of multiple clusters, this estimation fails to characterize the background well.

For these reasons, a variety of regularization schemes have been proposed [40, 41], as well

as several robust estimation approaches [2, 19, 63, 74, 108, 146, 152, 159, 166]. In order to

comparatively evaluate different methods, a series of experiments have been conducted using

synthetic data from distribution with covariance matrix Σ from real HS images. The rest of

this manuscript is organized as follows:

3.2 Hyperspectral Anomaly Detector

This section briefly describes the RX anomaly detector (Reed and Xiaoli Yu [131]) before

reviewing some covariance matrix estimation methods in the literature.
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3.2.1 The RX-detector

AD may be considered as a binary hypothesis testing problem at every pixel as follows:

H0 : X ∼ fX|H0(x), (3.1)

H1 : X ∼ fX|H1(x),

where fX|Hi
(·) denotes the probability density function (PDF) conditioned on the hypothesis

H0 when the target is absent (background), and H1 when the target is present. Usually, the

background distribution fX|H0(x) is assumed to follow a multivariate Gaussian model due to

theoretical simplicity. Targets have a uniform distribution [151]. Based on these two assump-

tions, the hypothesis testing in the well-known RX anomaly detector has the following test

statistics:

d

2
log(2π)− 1

2
log |Σ| − 1

2
(x− µ)>Σ−1 (x− µ)

H0

≷
H1

τ0,

⇒ ADRX(x, τ1) = (x− µ)>Σ−1(x− µ)
H1

≷
H0

τ1, (3.2)

where |Σ| is the determinant of matrix Σ, x ∈ Rd is data sample, τ0 and τ1 are thresholds,

above which H0 is rejected in favor of H1. In other words, the RX-detector is a threshold

test on the Mahalanobis distance [102]. In most of the cases, Σ is unknown and needs to be

estimated. SCM is the maximum likelihood estimator (MLE) of Σ [8], and is computed as

follows:

Σ̂ =
1

n

n∑
i=1

(xi − µ)(xi − µ)>, (3.3)
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where x1,x2, . . . ,xn ∈ Rd are samples from a d-variate Gaussian distribution with known

mean µ ∈ Rd.

3.2.2 The RX-detector in High Dimensional Space

To help better understand the implication of high dimensionality in the RX-detector, we de-

velop an alternative expression for (3.2) based on the Singular Value Decomposition (SVD) of

the covariance matrix Σ, as follows:

ADRX(x, τ1) = (x− µ)>U−1Λ−1U(x− µ)
H1

≷
H0

τ1,

where Σ = UΛU−1 with Λ a diagonal matrix and U an orthogonal matrix. The eigenvalues

{λi}di=1 in Λ correspond to the variances along the individual eigenvectors and sum up to the

total variance of the original data. Define the diagonal matrix Ω = {ωii}di=1 = {1/
√
λi}di=1,

then Ω2 = Λ−1. Since U−1 = U>, we can rewrite the RX-detector as follows:

ADRX =(x− µ)>UΩΩU>(x− µ)
H1

≷
H0

τ1

=||ΩU>(x− µ)||22
H1

≷
H0

τ1. (3.4)

As we can see from this decomposition, the RX-detector in (3.2) is equivalent to the weighted

Euclidean norm by the eigenvalues along the principal components. Note that as λi → 0, the

detector ADRX(x, τ1)→∞, ∀x, resulting in an unreasonable bias towardsH1 toH0. This fact is

well-known in the literature as bad conditioning, i.e., the condition number 1 of cond(Σ)→∞.

Before looking at the possible solutions to the ill-conditioning issue, we analyze the eigenvalue

1The condition number of a real matrix Σ is the ratio of the largest singular value to the smallest singular
value. A well-conditioned matrix means its inverse can be computed accurately.
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3.1.a: n = 300, c = 1
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Figure 3.1: Empirical distribution of eigenvalues of SCM Σ̂ and the corresponding Marchenko-Pastur
Distribution for two different values of sample size n with d = 300.

distribution of covariance matrices in the theory of random matrices [7, 57, 106]. Denoting the

eigenvalues of Σ̂ by λ1, λ2, . . . , λn with λ1 ≥ λ2 ≥ ... ≥ λn. The Marchenko-Pastur (M-

P) law states that the distribution of the eigenvalues of empirical covariance matrix, i.e., the

empirical spectral density,

f(λ) =
1

n
δλi(λ), (3.5)

converges to the deterministic M-P distribution, when d, n → ∞ and d
n
→ c [106] [7]. In the

case of X ∼ N (0, I), the M-P law describes the asymptotic behavior of f(λ)

f(λ) =

√
(λ− a)(b− λ)

2πcλ
, λ ≥ 0, (3.6)

where a = (1 −
√
c)2, b = (1 +

√
c)2. A simple analysis of previous equation illustrates

that, when n does not greatly exceed d, the SCM will have eigenvalues in the vicinity of zero.

This is illustrated in Fig. 3.1 with two different d
n

(dimensions to sample size ratio) values.

Additionally, one can compute the integral of (3.6) between 0 and a small k as function of

c to understand the effect of the ratio d
n

in (3.4). This is exactly what Figure 3.2 shows for
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Figure 3.2: Approximation of estimation accuracy of Σ by Σ̂ from [50] (in blue) and probability of
eigenvalues less than k = 0.001 both as function of c = d

n (in green).

k = 0.001. It gives the intuition that as c → 1, i.e. d
n

, there is a significant increase in the

probability of having very small eigenvalues and consequently ill-conditioning issues in (3.4).

Similarly, the analysis of the estimation accuracy of Σ elaborated in [130] and [50], with the

same distribution assumption, provides more clues about the relationship between c and the

performance of the RX-detector. Furthermore, the precision in the Σ estimation by Σ̂ can be

approximated by 1
1−c for large d [50]. This simple expression shows that if c = d

n
= 0.1, there

are more 11% overestimation on average (depending on d). Thus, a value less than c = 0.01 is

needed to achieve 1% estimation error on average.

3.2.3 Robust Estimation in Non-Gaussian Cases

Presence of outliers can distort both mean and covariance estimates in computing Mahalanobis

distance. This section describes two types of robust estimators for covariance matrix.
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3.2.3.1 M-estimators

In a Gaussian distribution, the SCM Σ̂ in (3.3) is the MLE of Σ. This can be extended to a

larger family of distributions. Elliptical distributions is a broad family of probability distribu-

tions that generalize the multivariate Gaussian distribution and inherit some of its properties [8,

62]. The d-dimension random vector X has a multivariate elliptical distribution, written as X ∼

Ed(µ,Σ, ψ), if its characteristic function can be expressed as, ψX = exp(itTµ)ψ
(

1
2
tTΣt

)
for

some vector µ, positive-definite matrix Σ, and for some function ψ, which is called the char-

acteristic generator. From X ∼ Ed(µ,Σ, ψ), it does not generally follow that X has a density

fX(x), but, if it exists, it has the following form:

fX(x;µ,Σ, gd) =
cd√
|Σ|

gd

[
1

2
(x− µ)TΣ−1(x− µ)

]
(3.7)

where cd is the normalization constant and gd is some non-negative function with (d
2
− 1)-

moment finite. Many applications including AD requires a robust estimator for data sets sam-

pled from distributions with heavy tails or outliers. A commonly used robust estimator of

covariance is the Maronna’s M estimator [107] as follows:

Σ̂M =
1

n

n∑
i=1

u((xi − µ)>Σ̂−1(xi − µ))((xi − µ)(xi − µ)>, (3.8)

where the function u : (0,∞) → [0,∞) determines a whole family of different estimators. In

particular, a special case u(x) = d
x

is shown to be the most robust estimator of the covariance

matrix of an elliptical distribution with form (3.7), in the sense of minimizing the maximum

asymptotic variance. This is the Tyler’s method [159] which is given by

Σ̂Tyler =
d

n

n∑
i=1

(xi − µ)(xi − µ)>

(xi − µ)>Σ̂−1
Tyler(xi − µ)

. (3.9)
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Tyler [159] establishes the conditions for the existence of a solution to (3.9), and shows that

the estimator is unique up to a positive scaling factor, i.e., that Σ solves (3.9) if and only if

cΣ solves (3.9) for some positive scalar c > 0. Another interpretation to (3.9) can be found

by considering normalized samples defined as {si = xi−µ
||xi−µ||}

n
i=1. Then, the PDF of s takes the

form [62]:

fS(s) =
Γ(d

2
)

2π
d
2

det(Σ)−
1
2 (s>Σ−1s)−

d
2 ,

and the MLE of Σ can by obtained by minimizing the negative log-likelihood function:

L(Σ) =
d

2

n∑
i=1

log(s>i Σ−1si) +
n

2
log det(Σ). (3.10)

If the optimal estimator Σ̂ > 0 of (3.10) exist, it needs to satisfy the equation (3.9) [62]. When

n > d, Tyler proposed the following iterative algorithm based on {si}:

Σ̃k+1 =
d

n

n∑
i=1

sis
>
i

s>i Σ̂−1
k si

, Σ̂k+1 =
Σ̃k

tr(Σ̃k)
. (3.11)

It can be shown [159] that the iteration process in (3.11) converges and does not depend on

the initial setting of Σ̂0. Accordingly, the initial Σ̂0 is usually set to be the identity matrix of

size d. We have denoted the iteration limit Σ̂∞ = Σ̂Tyler. Note that the normalization by the

trace in the right side of (3.11) is not mandatory but it is often used in Tyler based estimation

to make easier the comparison and analysis of its spectral properties without any decrement in

the detection performance. Recently, a similar M-P law to (3.6) for the empirical eigenvalues

of (3.11) has been shown in [46, 174].
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3.2.3.2 Multivariate t-distribution Model

Firstly, we evoke a practical advice to perform AD in real-life HS images from [37]. They

have indicated that the quality of the AD can be improved by means of considering the cor-

relation matrix R instead of the covariance matrix Σ, also known as the R-RX-detector [51].

However, notice that writing the j-th coordinate of the vector z as z(j) =
x(j)−µ(j)√

σ(jj)
, we have

z = (z1, . . . , zd) = σ−1/2(x − µ), where σ = diag(
√
σ1, . . . , σd). Now, Z = [z1, . . . , zn] is

zero-mean, and cov(Z) = σ−1/2Σσ−1/2 = R, the correlation matrix of X. Thus, the corre-

lation matrix of X is the covariance matrix of Z, i.e., the standardization ensuring that all the

variable in Z are on the same scale. Additionally, note that [51] gives a characterization of the

performance of the R-RX-detection. They conclude that the performance of R-RX depends

not only on the dimensionality d and the deviation from the anomaly to the background mean

but also on the squared magnitude of the background mean. That is an unfavorable point in

the case that µ needs to be estimated. At this point, we are interested in characterizing the

MLE solution of the correlation matrix R by means of t-distribution. A d-dimensional random

vector x is said to have the d-variate t−distribution with degrees of freedom v, mean vector

µ, and correlation matrix R (and with Σ denoting the corresponding covariance matrix) if its

joint PDF is given by:

fX(x;µ,Σ, v) =
Γ(v+d

2
)|R|−1/2

(πv)
d
2 Γ(v

2
)
[
1 + 1

v
(x− µ)>R−1(x− µ)

] v+d
2

,

where the degree of freedom parameter v is also referred to as the shape parameter, because the

peakedness of (3.12) may be diminished or increased by varying v. Note that if d = 1,µ = 0,

and R = 1, then (3.12) is the PDF of the univariate Student’s t distribution with degrees of

freedom v. The limiting form of (3.12) as v → ∞ is the joint PDF on the d-variate normal

distribution with mean vector µ and covariance matrix Σ. Hence, (3.12) can be viewed as a
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generalization of the multivariate normal distribution. The particular case of (3.12) for µ =

0 and R = Id is a normal density with zero means and covariance matrix vId in the scale

parameter v. However, the MLE does not have closed form and it should be found through

Expectation Maximization (EM) algorithm [113] [94]. The EM algorithm takes the following

form of iterative updates, using the current estimates of µ and R to generate the weights:

µ̂k+1 =

∑n
i=1w

i
kxi∑n

i=1w
i
k

, and (3.12)

R̂k+1 =
1

n

n∑
i=1

(wik(xi − µ̂k+1)(xi − µ̂(k+1))
>), (3.13)

wherewik+1 = v+d
v+(xi−µ̂k)>R−1

k (xi−µ̂k)
. For more details, interested readers may refer to [94,116].

In our case with zero mean data, this approach becomes:

R̂k+1 =
v + d

n

n∑
i=1

xix
>
i

v + x>i R̂−1
k xi

(3.14)

For the case of unknown v, [91] showed how to use EM to find the joint MLEs of all parameters

(µ,R, v). However, our preliminary work [161] shows that the estimation of v does not give

any improvement in AD task. Therefore, we limit ourselves to the case of t-distribution with

known degrees of freedom v.

3.2.4 Estimators in High Dimensional Space

The SCM Σ̂ in (3.3) has the advantages of being simple and unbiased, i.e., its expected value is

equal to the covariance matrix. However, as illustrated in Section 3.2.2, in high dimensions the

eigenvalues of the SCM are poor estimates for the true eigenvalues. The sample eigenvalues

spread over the positive real numbers with the smallest eigenvalues approaching zero the largest

to infinity [58, 92]. Consequently, SCM tends to perform poorly for large covariance matrix
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estimation problems.

3.2.4.1 Shrinkage Estimator

To overcome this drawback, it is common to regularize the estimator Σ̂ with a highly struc-

tured estimator T via a linear combination αΣ̂ + (1 − α)T, where α ∈ [0, 1]. This technique

is called regularization or shrinkage, since Σ̂ is “shrunk” towards the structured estimator. The

shrinkage helps to condition the estimator and avoid the problems of ill-conditioning in (3.4).

The notion of shrinkage is based on the intuition that a linear combination of an over-fit sam-

ple covariance with some under-fit approximation will lead to an intermediate approximation

that is “just-right” [152]. A desired property of shrinkage is to maintain eigenvectors of the

original estimator while conditioning on the eigenvalues. This is called rotationally-invariant

estimators [142]. Typically, T is set to ρI, where I is the identity matrix for some ρ > 0 and

ρ is set by ρ = 1
d

∑d
i=1 σii. In this case, the same shrinkage intensity is applied to all sample

eigenvalue, regardless of their position. To illustrate the eigenvalues behavior after shrinkage,

let us consider the case of linear shrinkage intensity equal to 1/4, 1/2 and 3/4. Figure 3.3 il-

lustrates this case. As it was shown in [93], in the case of α = 1/2, every sample eigenvalue

is moved half-way towards the grand mean of all sample eigenvalues. Similarly, for α = 1/4

eigenvalues are moved a quarter towards the mean of all sample eigenvalues. An alternative

is the non-rotationally invariant shrinkage method, proposed by Hoffbeck and Landgrebe [74],

uses the diagonal matrix D = diag(Σ̂) which agrees with the SCM the diagonal entries, but

shrinks the off-diagonal entries toward zero:

Σ̂α
diag = (1− α)Σ̂ + αdiag(Σ̂) (3.15)
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However, in the experiments, we use a normalized version of (3.15), considering the dimension

of the data, i.e.,

Σ̂α
Stein = (1− α)Σ̂ + αId(Σ̂) (3.16)

where Id(Σ) = tr(Σ̂)I
d

. This is sometimes called ridge regularization.

3.2.4.2 Regularized Tyler-estimator

Similarly, shrinkage can be applied to other estimators such as the robust estimator in (3.11).

The idea was proposed in [3, 40, 165]. Wiesel [165] proposes to compute a robust and well-

conditioned estimator of Σ by:

Σ̃k+1 =
d

n(1 + α)

n∑
i=1

(xi − µ)(xi − µ)>

(xi − µ)>Σ̃−1
k (xi − µ)

+
α

1 + α

dT

tr(Σ̂−1
k T)

Σ̂k+1 :=
Σ̃k+1

tr(Σ̃k+1)
. (3.17)

This estimator is a trade-off between the intrinsic robustness from M-estimators in (3.11) and

the well-conditioning of shrinkage based estimators in section 3.2.4.1. The existence and

uniqueness of this approach has been shown in [146].

3.2.4.3 Geodesic Interpolation in Riemannian Manifold

The shrinkage methods discussed so far involve a linear interpolation between a covariance

matrix estimator and a structured target matrix. The interpolation can be extended to the Rie-

mannian manifold space since covariance matrix is positive semi-definite [126]. In general,

Riemannian manifold are analytical manifolds endowed with a distance measure, which al-

lows the measurement of similarity or dissimilarity (closeness or distance) of points. In this

representation, the distance, called geodesic distance, is the minimum length of the curvature
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path that connects two points [39], and it can be computed by

DistGeo(A,B) :=

√
tr(log2(A−1/2BA−1/2)). (3.18)

This nonlinear interpolation, here called a geodesic path from A to B. A complete analysis

of (3.18) and the geodesic path via its representation as ellipsoids have been presented in [18].

We have included a Geodesic Stein estimation with the same intuition behind equation (3.16)

as follows,

Σ̂α
Geo-Stein = Geoα(Σ̂, Id(Σ̂)), (3.19)

where α ∈ [0, 1] determines the trade-off between the original estimation Σ̂ and the well-

conditioning Id(Σ̂).
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Figure 3.3: CCN truncates extreme sample eigenvalues and leaves the moderate ones unchanged and
CERNN gives the contrary effect. Linear and geodesic shrinkages moves eigenvalues towards the grand
mean of all sample eigenvalues. However, the effect of geodesic shrinkage is more attenuated for ex-
treme eigenvectors than in linear case. The effect of BD-correction depends on the eigenvalues sets
defined by t.
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3.2.4.4 Constrained MLE

As we have shown in Section 3.2.2, even when n > d, the eigenstructure tends to be sys-

tematically distorted unless d/n is extremely small, resulting in ill-conditioned estimators for

Σ. Recently, several works have proposed regularizing the SCM by explicitly imposing a

constraint on the condition number. [166] proposes to solve the following constrained MLE

problem:

maximize L(Σ) subject to cond(Σ) ≤ κ (3.20)

where L(Σ) stands for the log-likelihood function in the Gaussian distributions. This problem

is hard to solve in general. However, Won et al. [166] proves that in the case of rotationally-

invariant estimators, (3.20) reduces to an unconstrained univariate optimization problem. Fur-

thermore, the solution of (3.20) is a nonlinear function of the sample eigenvalues given by:

λ̂i =


η, λi(Σ̂) ≤ η

λi(Σ̂), η < λi(Σ̂) < ηκ

κη, λi(Σ̂) ≥ ηκ

(3.21)

for some η depending on κ and λ(Σ̂). We refer this method to as Condition Number-Constrained

(CCN) estimation.

3.2.4.5 Covariance Estimate Regularized by Nuclear Norms

Instead of constrain the MLE problem in (3.20), Chi and Lange [43] proposes to penalize the

MLE as follows,

maximize L(Σ) +
λ

2

[
α||Σ||∗ + (1− α)||Σ−1||∗

]
(3.22)
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where ||Σ||∗ is the nuclear norm of a matrix Σ and is the sum of the eigenvalues of Σ, λ is a

positive strength constant, and α ∈ (0, 1) is a mixture constant. We refer this approach by the

acronym CERNN (Covariance Estimate Regularized by Nuclear Norms).

3.2.4.6 Ben-David and Davidson correction

Given zero-mean2 data with normal probability density x ∼ N(0,Σ), its sampled covariance

matrix Σ̂ = 1
n−1

∑n
i=1 xix

>
i follows a central Wishart distribution with n degrees of freedom.

The study of covariance estimators in Wishart distribution where the sample size (n) is small

in comparison to the dimension (d) is also an active research topic [17,112,115]. Firstly, Efron

and Morris proposed a rotationally-invariant estimator of Σ by replacing the sampled eigen-

values with an improved estimation [59]. Their approach is supported by the observation that

for any Wishart matrix, the sampled eigenvalues tend to be more spread out than population

eigenvalues, in consequence, smaller sampled eigenvalues are underestimated and large sam-

pled eigenvalues are overestimated [17]. Accordingly, they find the best estimator of inverse of

the covariance matrix of the form aΣ̂−1 + bI/tr(Σ̂) by:

Σ̂Efron-Morris =

(
(n− d− 1)Σ̂−1 +

d(d+ 1)− 2

tr(Σ̂)
I

)−1

. (3.23)

It is worth mentioning that other estimations have been developed following the idea behind

Wishart modeling and assuming a simple model for the eigenvalue structure in the covariance

matrix (usually two phases model). Recently, Ben-David and Davidson [17] have introduced

a new approach for covariance estimation in HSI, termed as BD-correction. From the SVD of

Σ̂ = UΛΣ̂U>, they proposed a rotationally-invariant estimator by correcting the eigenvalues

2Or µ known, in which case, one might subtract µ from the data.
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by means of two diagonal matrices,

Σ̂BD = UΛBDU>, with ΛBD = ΛΣ̂ΛModeΛEnergy. (3.24)

They first estimate the apparent multiplicity pi of the i-th sample eigenvalue as

pi =
d∑
j=1

card[a(j) ≤ b(i) ≤ b(j)],

where a(i) = ΛΣ̂(i)(1 −
√
c)2 and b(i) = ΛΣ̂(i)(1 +

√
c)2. One can interpret the concept

of “apparent multiplicity” as the number of distinct eigenvalues that are “close” together [17].

Second, BD-correction conditions the i-th sample eigenvalue via its apparent multiplicity pi as

ΛMode(i) = (1+pi/n)
(1−pi/n)2

and as

ΛEnergy(i) =


∑t

i=1 ΛΣ̂(i)/
∑t

i=1(ΛΣ̂(i)ΛMode(i))∑d
i=t+1 ΛΣ̂(i)/

∑d
i=t+1(ΛΣ̂(i)ΛMode(i))

(3.25)

for a value t ∈ [1,min(n, d)] indicating the transition between large and small eigenvalues.

Interested readers can refer to [17] for an optimal selection of t. A comparison of correction in

the eigenvalues by CCN, CERNN, the linear shrinkage in (3.16), the geodesic Stein in (3.19)

and the BD-correction is illustrated in Figure 3.3 for three values of regulation parameter.

We can see that CCN truncates extreme sample eigenvalues and leaves the moderate ones

unchanged, while CCN (3.20) and CERNN (3.22) condition more the larger eigenvalues more

and less the smaller eigenvalues.
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3.2.4.7 Sparse Matrix Transform

Recently, [31, 152] introduced the sparse matrix transform (SMT). The idea behind is the

estimation of the SVD from a series of Givens rotations, i.e., Σ̂SMT = VkΛV>k , where

Vk = G1G2 · · ·Gk is a product of k Givens rotation defined by G = I + Θ(i, j, θ) where

Θ(a, b, θ) =



cos(θ)− 1, if r = s = a or r = s = b

sin(θ), if r = a and s = b

− sin(θ), if r = b and s = a

0, otherwise,

where each step i ∈ {1, . . . , k} of the SMT is designed to find the single Givens rotation that

minimize diag(V>i Σ̂Vi) the most. The details of this transformation are given in [31,32]. The

number of rotations k is a parameter and it can be estimated from heuristic Wishart estimator as

in [152]. However, in the numerical experiments, this method of estimating k tended to over-

estimate. As such, SMT is compared with k as function of d in our experiments. Table 3.2.4.7

summarizes the different covariance matrix estimators considered in the experiments.

Methods Notation Formula
SCM Σ̂ 1

n

∑n
i=1(xi − µ)(xi − µ)>

Stein Shrinkage [92] Σ̂α
Stein (1− α)Σ̂ + αId(Σ̂)

Tyler [159] Σ̂Tyler Σ̂j+1 = d
n

∑n
i=1

(xi−µ)(x−µ)>

(xi−µ)>Σ̂−1
j (xi−µ)

Tyler Shrinkage [41] Σ̂α
Tyler Σ̃k+1 = 1

1+α
d
n

∑n
i=1

xx>

x>i Σ̃−1
k xi

+ α
1+α

dT

tr(Σ̂−1
k T)

Sparse Matrix Transform (SMT) [152] Σ̂SMT G1G2 · · ·GkΛ(G1G2 · · ·Gk)
>

t distribution [91] Σ̂t Σ̂j+1 = 1
n

∑n
i=1

(v+d)(xi−µ)(xi−µ)>

v+(xi−µ)>Σ̂−1
j (xi−µ)

Geodesic Stein Σ̂α
Geo-Stein Geoα(Σ̂, Id(Σ̂))

Constrained condition number [166] Σ̂CCN (3.21)
Covariance Estimate Regularized by Nuclear Norms [43] Σ̂CERNN (3.22)

Efron-Morris Correction [59] Σ̂Efron-Morris (3.23)
Ben-Davidson Correction [17] Σ̂BD (3.24)

Table 3.1: Covariance matrix estimators considered in this chapter.
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3.3 Experiments

A series of experiments were conducted to compare the performance of the different methods

of covariance matrix estimation, using simulation by considering Σ from some well-known

HS images. All the covariance matrix estimators are normalized (trace equal to d) to have

comparable “size”. Note that we are not interested in the joint estimation of µ and Σ in this

work, then mean vector µ is assumed known throughout the experiments, i.e. the data matrix

is centered by µ.

The experiments were designed to address the following three issues in the covariance estima-

tion methods:

(1) The effect of covariance ill-conditioning due to limited data samples and high dimension

(c close to one).

(2) The effect of contamination due to anomalous data being included in the covariance

computation.

(3) The effect of non-Gaussian distribution.

3.3.1 Performance Measure

There are a few performance measures for anomaly detectors. First, we consider the probability

of detection (PD) and the false alarm (FA) rate. This view yields a quantitative evaluation in

terms of Receiver Operating Characteristics (ROC) curves [61]. A detector is good if it has a

PD and a low FA rate, i.e., if the curve is closer to the upper left corner. One may reduce the

ROC curve to a single value using the Area under the ROC curve (AUC). A detector with a

greater AUC is said to be “better” than a detector with a smaller AUC. The AUC value depicts
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the general behavior of the detector and characterizes how near it is to perfect detection (AUC

equal to one) or to the worst case (AUC equal to 1/2) [61].

Besides AUC, another measure is to find the one with better data fitting. That is the intuition

behind the approach proposed by [151]. It is a proxy that measures the volume inside an

anomaly detection surface for a large set of false alarm rates. Since in practical applications,

the AD is usually calibrated to a given false alarm rate, one can construct a coverage log-

volume versus log-false alarm rate to compare detector performances [150,153]. Accordingly,

for a given threshold radius η, the volume of the ellipsoid contained within x>Σ−1x ≤ η2 is

given by

Volume(Σ, η) =
πd/2

Γ(1 + d/2)
|Σ|1/2ηd. (3.26)

Given an FA rate, a smaller Volume(Σ, η) indicates a better fit of real structure of the back-

ground and thus is preferred. In this chapter, we compute the logarithm of (3.26) to reduce the

effect of numerical issues in the computation.

3.3.2 Simulations on Elliptical Distribution

We start with experiments in the case of multivariate t distribution in (3.12) with v degrees of

freedom. It can be interpreted as generalization of the Gaussian distribution (or conversely, the

Gaussian as a special case of the t-distribution when the degree of freedom tends to infinity).

As Σ, we have used the covariance matrix of one homogeneous zone in Pavia University HSI

(pixels in rows 555 to 590 and columns 195 to 240) [160] in 90 bands (from 11 to 100). Σ is

normalized to have trace equal to one. Its condition number is large, 2.7616×105. Anomalies in

this example are generated by the same distribution but using an identity matrix of trace equal

to one as parameter of the distribution. We perform estimations varying three components:
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(1) The degrees of freedom of the distribution from where the multivariate sample is gener-

ated.

(2) The size of the sample to calculate covariance matrix estimators in Table 3.2.4.7.

(3) The number of anomalies included in the sample to compute covariance matrix estima-

tors in Table 3.2.4.7.

With that in mind, we have generated 4000 random vectors (half of them anomalies) and we

have set the parameters in each estimator by minimizing the volume calculated in the threshold

corresponding to a false alarm rate of 0.001. Different volumes by varying parameters in the

estimation can be compared in (b,d,f,h,j,l) of Figure 3.4, 3.5 and 3.6 in all the explored cases. In

the experiments, the number of rotations in Σ̂SMT is fixed to i times the dimension d, for Σ̂α
Tyler,

the regularization parameter α is i, for Σ̂CCN the regularization parameter is 2i+1, in Σ̂CERNN

and Σ̂α
Stein the value α = i/20, and for Σ̂BD the value t is equal to i + 1. Different values of

i from 1 to 20 are shown in x-axis. We highlight that the estimators yield detectors with AUC

close to one. Additionally, to compare the general performance from the “best estimation” in

each approach, we have plot the coverage log-volume versus log-false alarm rate in (a,c,e,g,i,k)

of Figure 3.4, 3.5 and 3.6. The interpretation of these figures can be done in three directions:

• From left to right, we provide the evolution of the performance by varying the degrees

of freedom v. Note, that the limiting form of (3.12) as v → ∞ is the joint pdf of the

d-variate normal distribution with covariance matrix Σ. Hence, we use a large value

of degrees of freedom, v = 1000, to generate the Gaussian case. In v = 1, is the

case of multivariate Cauchy distributions. Note that Cauchy distributions look similar

to Gaussian distributions. However, they have much heavier tails. Thus, it is a good

indicator of how sensitive the estimators are to heavy-tail deviation from normality.

• From up to down, we illustrate the effect of the relative value c = d/n in the performance
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of the estimation. We have used, in the first row, five times the number of sample than

the dimension, i.e. c = 0.2, and in the second row, only 100 samples which correspond

to a difficult scenario where c = 0.9.

• From Figure 3.4 to Figure 3.6, we show the consequence of including anomalies in the

sample where the estimation is performed. Three cases are considered: Figure 3.4 is a

free noise case, Figure 3.5 includes a low level of contamination (1%), and Figure 3.6

shows a level of noisy samples equal to 10%.

At this stage, we can have some conclusion about the performance of studied estimators:

• In the more “classical” scenario, i.e., Gaussian distribution, no contamination and much

more samples than dimensions (c = 0.2 in Figure 3.4), the approaches Σ̂BD and Σ̂Efron-Morris

based on correction of eigenvalues (section 3.2.4.6) performed slightly better than the

other alternatives. However, as soon as the sample size was reduced, the data was con-

taminated or the distribution of data was “less” Gaussian, their performances seemed to

be drastically affected.

• In Gaussian cases with contaminated samples and c = 0.2, the robust approaches, Σ̂t and

Σ̂α
Tyler performed better than other approaches. However, Σ̂t was unquestionably affected

by the nocuous decreasing of the sample size in the case of c = 0.9, producing detector

with huge volumes.

• In the scenario of Gaussian data and c = 0.9, Σ̂SMT did the best job followed by the

shrinkage approaches, i.e., Σ̂α
Stein, Σ̂

α
Tyler and Σ̂α

Geo-Stein. Another important point to note

is that Σ̂SMT was more affected by the contamination in the data than shrinkage-based

methods.

• In the case of Cauchy distributions, Σ̂α
Tyler was in general less affected by heavy-tails

than other approaches. Additionally, geodesic interpolation (Σ̂α
Geo-Stein) clearly outper-
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formed linear interpolations (Σ̂α
Stein) in these heavy-tails scenarios. Σ̂CERNN and Σ̂CCN

were robust in this difficult case of heavy tails with contaminated data.

Finally, to summarize, the best three performances according to the coverage log-volume ver-

sus log-false alarm curve in each scenario are included in Table 3.3.3. Now, we move forward

along the difficulty of the studied problems by including simulations on a more complex sce-

nario.

3.3.3 Simulations on Dirichlet Distributions

In HS images, spectral diversity can be considered in a set of proportions, called abundances [88].

In this type of data, called compositional data [5], the Dirichlet family of distributions is usu-

ally the first candidate employed for modeling the data. The rationale behind this choice is the

following [118]:

(1) The Dirichlet density automatically enforces the non-negativity and sum-to-one con-

straint, which is natural in the linear mixture model.

(2) Mixtures of density allow one to model complex distributions in which the mass proba-

bility is scattered over a number of clusters inside the simplex [118].

A d-dimensional vector p = (p1, p2, . . . , pd) is said to have the Dirichlet distribution with

parameter vector ρ = (ρ1, ρ2, . . . , ρd), ρi > 0, if it has the joint density

f(p) = B(ρ)
d∏
i=1

pρi−1
i , (3.27)

where B(ρ) =
Γ(

∑d
i=1 ρi)∏d

i=1 Γ(ρi)
, pi ≥ 0,

∑d
i=1 pi = 1. We write p ∼ D(ρ).
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Figure 3.4: Non-contamination case. Performance of covariance matrices with d = 90 in different
settings from Multivariate Gaussian (large v) to Multivariate Cauchy distribution (v=1). First row:
n = 450, c = 0.2. Second row: n = 100, c = 0.9. In (d,e,f,j,k,l) volumes are calculated in the threshold
corresponding to a false alarm rate of 0.001.
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Figure 3.5: Contamination case with 1% outliers. Performance of covariance matrices are estimated
considering background vectors in d = 90 and 1% of anomalies with different degrees of freedom v.
First row: n = 450, c = 0.2. Second row: n = 100, c = 0.9. In (d,e,f,j,k,l) volumes are calculated in
the threshold corresponding to a false alarm rate of 0.001.

50



CHAPTER 3. HIGH DIMENSIONAL COVARIANCE MATRIX ESTIMATION FOR ANOMALY DETECTION IN
HYPERSPECTRAL IMAGES

10
−3

10
−2

10
−1

10
0

340

350

360

370

380

390

400

410

420

430

440

450

Prob False Alarm

L
o

g
−

V
o

lu
m

e

 

 

Σ

Σ̂

Σ̂ C C N

Σ̂ C E R N N

Σ̂ t

Σ̂ S t e i n

Σ̂
α

T y l e r

Σ̂ S M T

Σ̂
α

G e o - S t e i n

Σ̂ B D

Σ̂ E f r o n - M o r r i s

3.6.a: c = 0.2, v = 1000

10
−3

10
−2

10
−1

10
0

320

340

360

380

400

420

440

460

480

500

Prob False Alarm
L

o
g

−
V

o
lu

m
e

 

 

Σ

Σ̂

Σ̂ C C N

Σ̂ C E R N N

Σ̂ t

Σ̂ S t e i n

Σ̂
α

T y l e r

Σ̂ S M T

Σ̂
α

G e o - S t e i n

Σ̂ B D

Σ̂ E f r o n - M o r r i s

3.6.b: c = 0.2, v = 5

10
−3

10
−2

10
−1

10
0

300

400

500

600

700

800

900

Prob False Alarm

L
o

g
−

V
o

lu
m

e

 

 

Σ

Σ̂

Σ̂ C C N

Σ̂ C E R N N

Σ̂ t

Σ̂ S t e i n

Σ̂
α

T y l e r

Σ̂ S M T

Σ̂
α

G e o - S t e i n

Σ̂ B D

Σ̂ E f r o n - M o r r i s

3.6.c: c = 0.2, v = 1

0 2 4 6 8 10 12 14 16 18 20
350

400

450

500

550

600

650

Parameter

L
o
g
−

V
o
lu

m
e

 

 
Σ

Σ̂

Σ̂ C C N
Σ̂ C E R N N

Σ̂ t

Σ̂ S t e i n
Σ̂

α

T y l e r

Σ̂ S M T
Σ̂

α

G e o - S t e i n
Σ̂ B D
Σ̂ E f r o n - M o r r i s

3.6.d: c = 0.2, v = 1000
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3.6.e: c = 0.2, v = 5
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3.6.f: c = 0.2, v = 1
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3.6.g: c = 0.9, v = 1000
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3.6.h: c = 0.9, v = 5
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3.6.i: c = 0.9, v = 1
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3.6.j: c = 0.9, v = 1000
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3.6.k: c = 0.9, v = 5
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3.6.l: c = 0.9, v = 1

Figure 3.6: Contamination case with 10% outliers. Performance of covariance matrices are estimated
considering background vectors in d = 90 and 10% of anomalies vs different degrees of freedom v.
First row: n = 450, c = 0.2. Second row: n = 100, c = 0.9. In (d,e,f,j,k,l) volumes are calculated in
the threshold corresponding to a false alarm rate of 0.001.
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S/N Settings Computation of Σ̂

1 No contamination Σ̂ is estimated based on 970 samples from D1

2 No contamination Σ̂ is estimated based on 215 samples from D1

3 10% contamination Σ̂ is estimated based on 970 samples, 90%
from D1 and 10% from D2,D3

4 10% contamination Σ̂ is estimated based on 215 samples, 90%
from D1 and 10% from D2,D3

Table 3.2: Experiment settings based on Dirichlet distributions.

An experiment is carried out by selecting 15 endmembers from a real HS image (World

Trade Center) by the popular endmember extraction method Vertex Component Analysis (VCA)

[117]. subsequently, the samples are generated by generating the abundance matrix (how much

endmembers are mixed to form a sample) and adding a random Gaussian noise. Our motivation

is to have a realistic low-rank covariance matrix, which appears often in many HS images [105].

In the experiments, we generate 4000 samples from three Dirichlet distributionsD1([9, . . . , 9])

(3000 samples), D2([3, 9, 1, . . . , 1]) (500 samples) and D3([1, 1, 3, 9, 9, 1, . . . , 1, 1]) (500 sam-

ples). The background covariance is estimated based on the settings in Table 3.2. Detection

results are shown in Figure 3.7. We can see that some techniques fail to correctly detect the

anomalies. Among the estimators with AUC close to one, the best performance according to

volume is clearly given by the Σ̂SMT. After that, Σ̂BD and Σ̂α
Tyler performed better than other

approaches. From this point, we would like to analyze the behavior of the estimator in the

presence of contaminated samples. Accordingly, we substitute 10% of the sample with vectors

from D2. Thus, the AUC and the volume vs false alarm rate for the studied estimators are

illustrated in Figure 3.7 (c) and (e) with 10% and two sample sizes (215 and 970). We can

see, that the idea of constrain the estimation of covariance matrix by the condition number

provides detectors (Σ̂CCN), which outperformed all the other methods in the particular task of

AD for Dirichlet distributions even if we reduce the sample size from 970 to 215. Finally, to
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3.7.a: Log-volume versus log-false alarm rate
in n = 970, c = 0.2 without contamination.

10
−3

10
−2

10
−1

10
0

320

340

360

380

400

420

440

460

480

500

Prob False Alarm

L
o
g
−

V
o
lu

m
e

 

 

Σ

Σ̂

Σ̂ C C N

Σ̂ C E R N N

Σ̂ t

Σ̂ S t e i n

Σ̂
α

T y l e r

Σ̂ S M T

Σ̂
α

G e o - S t e i n

Σ̂ B D

Σ̂ E f r o n - M o r r i s

3.7.b: Log-volume versus log-false alarm rate
in n = 215, c = 0.9 without contamination.
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3.7.c: AUC for n = 970, c = 0.2 with 10%
of contamination.
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3.7.d: Log-volume versus log-false alarm rate in
experiment of (c)
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3.7.e: AUC for n = 215, c = 0.9 with 10%
of contamination.
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3.7.f: Log-volume versus log-false alarm rate
in experiment of (e)

Figure 3.7: Dirichlet case. Covariance matrices are estimated considering background vectors in d =
194. Parameters in each covariance matrix estimator are set to minimize the volume in the threshold
corresponding to a false alarm rate of 0.001.
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Distribution Anomalies c = d
n

Top three performances
Gaussian No 0.2 Σ̂BD Σ̂Efron-Morris Σ̂α

Geo-Stein

Gaussian 1% 0.2 Σ̂t Σ̂α
Tyler —

Gaussian 10% 0.2 Σ̂t Σ̂α
Tyler —

Gaussian No 0.9 Σ̂SMT Σ̂α
Stein Σ̂α

Tyler

Gaussian 1% 0.9 Σ̂SMT Σ̂α
Stein Σ̂α

Tyler

Gaussian 10% 0.9 Σ̂α
Tyler Σ̂α

Stein Σ̂α
Geo-Stein

Cauchy No 0.2 Σ̂α
Tyler Σ̂α

Geo-Stein Σ̂t

Cauchy 1% 0.2 Σ̂α
Tyler Σ̂α

Geo-Stein Σ̂CERNN

Cauchy 10% 0.2 Σ̂α
Tyler Σ̂t Σ̂α

Geo-Stein

Cauchy No 0.9 Σ̂α
Geo-Stein Σ̂α

Tyler Σ̂CERNN

Cauchy 1% 0.9 Σ̂α
Tyler Σ̂α

Geo-Stein Σ̂CERNN

Cauchy 10% 0.9 Σ̂α
Tyler Σ̂α

Geo-Stein Σ̂CCN

Dirichlet No 0.2 Σ̂SMT Σ̂BD Σ̂α
Tyler

Dirichlet 10% 0.2 Σ̂CCN — —
Dirichlet No 0.9 Σ̂SMT Σ̂BD Σ̂α

Tyler

Dirichlet 10% 0.9 Σ̂CCN — —

Table 3.3: Top-3 performances in different analyzed scenarios

summarize, the best performances according to the coverage log-volume versus log-false alarm

curve in each scenario have been included in Table 3.3.3 to make easier the comparison with

the result of previous sections.

3.4 Conclusion

This chapter presents a case study on high dimensional data learning based on anomaly detec-

tion in HS image processing. We investigated the performance of covariance matrix estimators

in the AD problem in three scenarios: different ratios between sample size and dimension, out-

lier contamination in the estimation, and non-Gaussian distributions of data samples (Cauchy

and linear mixing model from Dirichlet distribution).

In the simple Gaussian case without outlier contamination and a large sample size, the Ben-
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Davidson Correction [17] method outperformed the other alternatives. However, its perfor-

mance decreased when the samples contained a few outliers or there are insufficient the sam-

ples. With a few outlier samples, the t distribution [91] method Σ̂t could obtain satisfactory

performance, but its performance decreased with a small sample size. Additionally, Geodesic

interpolations (Σ̂α
Geo-Stein) performed better than linear interpolations (Σ̂α

Stein) in most of the

cases, especially in heavy-tails distributions. Overall, Σ̂α
Tyler and Σ̂SMT showed the best per-

formance in most of the explored cases. However, note that Σ̂SMT was more affected by the

contamination than shrinkage-based methods. In contrast, Σ̂SMT could adapt better to the data

samples generated from linear mixture models. Finally, the recent approach by constraining

the condition number (Σ̂CCN) performed exceptionally well in the difficult case of heavy tails

distributions with contaminated data, in addition to all the explored cases in Dirichlet sim-

ulations. Without any mitigation, the sample covariance estimation performed poorly in the

experiments.

This extensive comparative review of covariance estimation methods also reinforces the need

to deal with the challenges of high dimensionality efficiently. In the next few chapters, we

propose some efficient methods in dealing with these challenges.
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Chapter 4

A Unified Feature Selection Framework

for Graph Embedding on High

Dimensional Data

In the previous chapters, we discuss challenges of high dimensional visual data, and some cur-

rent state-of-the-art methods in handling high dimensionality. A case study on hyperspectral

data demonstrates the challenges of high dimensionality and benefits of the handling of high

dimensionality. This chapter proposes a unified framework for graph embedding on high di-

mensional data, providing an abstraction of a generalized class of machine learning methods

for image understanding.

4.1 Introduction to Graph Embedding on High Dimensional

Data

High dimensional data is ubiquitous in many real world applications. However, directly learn-

ing a classifier on high dimensional data may significantly degrade the performance of many

applications, especially when data features are highly correlated and the sample size is rela-

tively small. This is commonly referred to as the curse of dimensionality [16]. To alleviate

56



CHAPTER 4. A UNIFIED FEATURE SELECTION FRAMEWORK FOR GRAPH EMBEDDING ON HIGH
DIMENSIONAL DATA

this, one possible approach is to transform high dimensional data into a lower dimensional

representation while preserving the intrinsic data structure. This is known as dimensionality

reduction.

Graph embedding has been shown to be a powerful tool for dimensionality reduction [70,169].

In particular, some popular dimensionality reduction methods such as Principal Component

Analysis (PCA), Linear Discriminant Analysis (LDA) [110], ISOMAP [149], Locally Linear

Embedding (LLE) [135], and Locality Preserving Projections (LPP) [70] can be formulated

into graph embedding methods [169]. By employing full dimensional features for learning

tasks, the graph embedding methods try to learn a low dimensional projection, preserving

some intrinsic data structures. Intrinsic data structures can have both local and global prop-

erties, depending on the applications. Local properties often refer to the local neighborhood

relationship such as in LPP, while examples of global properties include class separation in

LDA, the global variance in PCA, and the global shortest path between any pairs of data sam-

ples in the ISOMAP method. Graph embedding of high dimensional data suffers from two

weaknesses. First, it is hard to interpret the resultant features when using all dimensions for

projection. Second, original data inevitably contain noisy feature measurements. Simply in-

corporating these noisy features could make graph embedding not reliable and noisy [81,163];

therefore, it is important to employ only significant features for graph embedding.

Both the graph embedding and feature selection methods define their own paradigms to pre-

serve data intrinsic structures. In existing work in the literature, these two tasks are mostly

done independently or mutually exclusively. This work instead proposes a novel paradigm to

unify these two schemes by performing feature selection and graph embedding simultaneously.

As an application illustrated in Figure 4.1.b, the proposed paradigm is applied to the LPP graph

embedding of some face images. The proposed method can automatically choose some impor-

tant pixels that capture the variations in illumination conditions, poses, and facial expressions.
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4.1.a: Sample face images with 1024 (32× 32) pixels. 4.1.b: Overlaying a face sample with 300 fea-
tures using the proposed method.

Figure 4.1: Important pixels that capture variations in the face images under different illumination
conditions, poses, and facial expressions.

The main contributions of this work are summarized as follows.

• By exploiting the least squares formulation of graph embedding, we introduce a binary

feature selector to directly constrain the desired number of features. We further reformu-

late the resultant problem as a convex semi-infinite programming (SIP) problem. This

novel feature selection scheme can be applied to unsupervised, supervised, and semi-

supervised learning tasks in preserving the corresponding intrinsic data structures via

low dimensional embedding.

• By exploiting the observation that only a few constraints are active in the resultant SIP

problem, we proposed an efficient cutting plane method, which essentially conducts a

sequence of accelerated proximal gradients only on a set of features. Therefore, a major

advantage of the proposed method is its ability to handle ultrahigh dimensions efficiently

due to its low computation cost and memory requirements. Moreover, the proposed

method is guaranteed to converge globally.

• The proposed method addresses the learning in a holistic way, resulting in both gener-
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alized graph embedding and the desired cardinality of the features. A wide range of

data sets have been tested in the experiments to verify the effectiveness of the proposed

framework for unsupervised, supervised, and semi-supervised learning tasks.

The organization of the rest of the chapter is as follows. In Section 4.2, we briefly review

some graph embedding methods for dimensionality reduction and introduce the least squares

formulation of graph embedding. Section 4.3 details the proposed approach. In Section 4.4, we

conduct some experiments to compare our results with the current state-of-the-art algorithms.

Section 4.5 concludes this work.

4.2 Related Work and Preliminaries

In this section, we first briefly review the recent literature on graph embedding and feature

selection. An overview of the generalized subspace problem is also provided since this is a

foundation of our method.

4.2.1 Graph Embedding for Dimensionality Reduction

Coherent structures in high dimensional data, such as neighboring pixels in images, naturally

induce a high correlation among dimensions. To alleviate the curse of dimensionality, scientists

have proposed to transform data into a low dimensional manifold via graph embedding [69,

169]. The number of data samples, data dimensionality, and the number of classes are denoted

by n, d, and k, respectively. X ∈ Rd×n is a zero-mean data matrix, and Y = {y1, y2, ...yn} ∈

Rk×n if available represents class label information. Furthermore, the symmetric positive semi-

definite matrix, S ∈ Rn×n, encodes the desired data properties. Graph embedding for a class

of dimensionality reduction methods aims to find the projection vector ω for the following
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S/N Methods S

1 PCA X>X

2 CCA Y >(Y Y >)−1Y

3 LDA Y >(Y Y >)−1Y

4 LPP D−1/2AD−1/2

5 HSL I − L

6 SDA (I + βD)−1/2(Wb + βA)(I + βD)−1/2

Table 4.1: S computations for common generalized eigen problems. X is a data matrix, Y is a regression
response matrix in CCA and class label matrix in LDA and Partial Least Squares (PLS), A is an affinity
matrix, D is a diagonal matrix whose diagonal entries are the row sum of A, L is a Laplacian matrix,
and β is a regularization constant.

generalized eigenvalue problem [145]:

XSX>ω = λXX>ω. (4.1)

Many dimensionality reduction methods such as PCA, LDA, CCA, LPP, and Hypergraph Spec-

tral Learning (HSL) can be formulated into the above graph embedding framework [169]. The

definitions of S for the above mentioned methods are tabulated in Table 4.1. More details can

be found in [145] and references therein.

Both PCA and LPP are unsupervised as they do not consider class labels. They are often used

for general pre-processing, clustering, or visualization. For classification, supervised graph

embedding, such as LDA, generally can achieve better performance since class label infor-

mation is considered. The graph embedding can be readily extended to the semi-supervised

setting, which utilizes large unlabelled data sets and small labelled data sets to model intrinsic

data structures [15, 28, 100, 177]. To achieve this, a possible model is a weighted graph whose

vertices are both labelled and unlabelled samples and edges reflect samples similarity. For ex-
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ample, the semi-supervised discriminative analysis (SDA) method [29] builds upon the LDA

and LPP graph embedding.

4.2.2 The Least Squares Formulation for Graph Embedding

Solving the generalized eigenvalue problem in (4.1) is very expensive for large-scale and high

dimensional problems. To reduce the computational burden for large-scale problems, Sun et al.

[145] formulates it into a least squares problem, as in (4.3). Specifically, since S ∈ Rn×n is a

symmetric positive semidefinite matrix, it can be decomposed as S = HH>, where H ∈ Rn×r

and r ≤ n is the number of significant singular values of S. Furthermore, let HP = QR

be the QR-decomposition of H with the permutation matrix P , where Q ∈ Rn×r is a matrix

with r orthonormal columns. Moreover, let R = URΣRV
>
R be the compact singular value

decomposition (SVD) of R, and the regression response T ∈ Rn×r is computed as follows:

T = QUR. (4.2)

Then the generalized eigenvalue problem can be cast as the following least squares regression

problem,

min
W
‖X>W − T‖2

F , (4.3)

where X ∈ Rd×n and W ∈ Rd×r are data matrix and weight matrix, respectively. In practice,

to improve the robustness to noise and avoid overfitting, a regularization term could be added

as follows:

min
W
‖X>W − T‖2

F + γ‖W‖2
F . (4.4)
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4.3 General Framework for Feature Selection

After transforming the generalized eigenvalue problem into a regression problem, the formu-

lation (4.4) can benefit from many existing efficient least squares solvers. However, the regu-

larizer γ‖W‖2
F may not produce sparse solutions. In other words, it cannot achieve the feature

selection task. To induce sparsity, we introduce a binary vector p ∈ {0, 1}d, whose entries are

1 for the selected features and 0 otherwise. To select m desired features, exactly m entries in p

will be set to 1, where m� d. Let P = {p : p ∈ {0, 1}d, p>1 = m} be the domain of p, and

1 ∈ Rd denotes a vector with all entries equal to 1. The proposed least squares formulation for

graph embedding based feature selection is cast as the following optimization problem,

min
p∈P

min
W

1

2
‖Ξ‖2

F +
γ

2
‖W‖2

F (4.5)

s.t. Ξ = X>diag(p)W − T,

where T ∈ Rn×r is the response matrix, diag(p) is the matrix whose diagonal is the feature

selector vector p, and Ξ ∈ Rn×r denotes the residual matrix.

The proposed formulation has several advantages over the conventional approaches, which im-

pose sparsity directly on W like the sparsity objective
∑

i ‖Wi‖1 in the sparse PCA (SPCA)

method [178]. First, it selects features naturally with the desired cardinality. This is much

more efficient than the sparsity induced methods, in which a regularizer constant controls car-

dinality. Second, the proposed model can be transformed to a convex programming prob-

lem [148], based on which an efficient solver can be developed. The similar schemes used

in [148] and [65] are designed for the Fisher score method and classification method, respec-

tively. These two methods can be seen as special cases of the proposed framework in (4.5).

In general, the problem in (4.5) is NP-hard to solve due to the combinatorial integral constraints
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on p. To address it, it is necessary to make some transformations and relaxations. It is not

difficult to verify that the inner minimization problem with a fixed p can be solved equivalently

in its dual. By introducing V ∈ Rn×r, the dual variable, to the constraint Ξ = X>diag(p)W −

T , we can solve the inner regression problem in its dual. Specifically, the Lagrangian function

of the inner regression problem is

L(W,Ξ, V ) =
1

2
‖Ξ‖2F +

γ

2
‖W‖2F + 〈V, Ξ−X>diag(p)W + T 〉,

where 〈·, ·〉 denotes the inner product. By setting the first derivatives of L(W,Ξ, V ) w.r.t.

W and Ξ to zero, we can obtain the Karush-Kuhn-Tucker (KKT) conditions, namely, γW =

diag(p)XV and V = −Ξ. By substituting these results into the Lagrangian function, the

problem in (4.5) can be transformed into the following dual formulation:

min
p∈P

max
V ∈Rn×k

f(V, p), (4.6)

where

f(V, p) = tr(V >T )− 1

2
tr

(
V >(

1

γ
X>diag(p)X + I)V

)
.

However, this problem is still a non-convex problem since the main optimization variable p is

in discrete values. Following the convex relaxation in [148], we have

min
p∈P

max
V ∈Rn×k

f(V, p) ≥ max
V ∈Rn×k

min
p∈P

f(V, p).

Moreover, this convex relaxed problem can be further transformed into a convex QCQP prob-
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lem by introducing an additional variable θ ∈ R,

max
V ∈Rn×k,θ∈R

θ

s.t. θ ≤ f(V, p), p ∈ P. (4.7)

Note that the constraint domain P contains a combinatorial number of p’s, making the opti-

mization problem intractable even for small-sized p and m.

4.3.1 Sparse Graph Embedding for Feature Selection

The optimization problem in (4.7) has a combinatorial number of constraints. However, only

a few of them are active. Exploiting this observation, we adopt the cutting plane algorithm to

solve the QCQP problem (4.7). The cutting plane algorithm [87,114] iteratively finds the most

active constraint and adds it to the active constraint set Π, which is initialized to an empty set

∅. The active constraint set Π is always a subset of P, i.e., Π ⊆ P. Given the updated set Π,

we solve the following subproblem,

max
V ∈Rn×k,θ∈R

θ

s.t. θ ≤ f(V, pt), ∀pt ∈ Π. (4.8)

We term our proposed procedure Sparse Graph Embedding (or SparGE for short), described

in Algorithm 1.
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Algorithm 1 Sparse Graph Embedding for Feature Selection
Input: data X ∈ Rd×n, a positive semi-definite matrix S, the desired feature cardinality m.

(1) Initialize Π = ∅, and compute T according to (4.2). Assign t := 1.

(2) Iterate the following two steps until convergence.

(a) Update V by solving the subproblem in (4.8).

(b) Find the most active constraint, which is indicated by pt, by solving pt =

argmaxp f(V, p), based on V . Update Π by Π := Π ∪ {pt} and t by t := t+ 1.

Output: Π = {p1, p2, ..., pk}, with each pi indexing the selected features.

Given V , Step 2b) of Algorithm 1 requires us solving

pt = argmax
p

f(V, p) = argmax
p
‖diag(p)XV ‖2

F

in order to find the most active constraint of problem (4.7). Let A = XV ∈ Rd×r, and define

si =
∑r

j=1(Ai,j)
2. The optimization problem becomes:

argmax
p
‖diag(p)XV ‖2

F = argmax
p

d∑
i=1

sipi. (4.9)

Apparently, problem (4.9) can be solved readily by sorting s and then setting its topm values in

s to 1 and the rest to 0. In other words, the most active constraint can be identified by choosing

the features with them highest values in s. The algorithm for the most active constraint analysis

is summarized in Algorithm 2. The most active constraint pt obtained is then added to the active

constraint set Π := Π ∪ {pt}.

65



CHAPTER 4. A UNIFIED FEATURE SELECTION FRAMEWORK FOR GRAPH EMBEDDING ON HIGH
DIMENSIONAL DATA

Algorithm 2 The Most Active Constraint Selection
Input: data X ∈ Rd×n, dual variable V , the desired number of features m, and the selection

vector p.

(1) Set all the entries of p to 0.

(2) Compute si =
∑k

j=1(Ai,j)
2, ∀i = 1, ..., d.

(3) Sort s in descending order.

(4) Set m entries of p w.r.t. the top m values of s.

Output: p which defines the most active constraint.

4.3.2 The Subproblem Optimization

After updating the active constraint set Π, we then solve the subproblem in (4.8) with reduced

constraints as defined by Π. Since the number of constraints in Π is no longer large, this

problem is readily solved by a sub-gradient method, such as simpleMKL [65, 148]. However,

solving this problem w.r.t. the dual variables V can be very expensive, in particular when n is

very large.

Assume there are κ active constraints in Π, i.e., κ = |Π|. Even though there are a large number

of features in X , at most mκ features are chosen by Π ⊆ P, where mκ � d. Based on this

observation, the subproblem in (4.8) might be solved more efficiently w.r.t. the primal variables

W . To be more specific, following [11], we have the following proposition.

Proposition 1. The subproblem in (4.8) can be equivalently addressed in the following primal

form:

min
Ω

γ

2
(
C∑
t=1

‖Ωt‖F )2 +
1

2
‖Ξ‖2

F , (4.10)

where Ξ = T −
∑κ

t=1X
>diag(pt)Ωt denotes the regression residual matrix and Ωt denotes the
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weight matrix defined on the features indicated by pt. Moreover, the dual variable V in (4.8)

can be recovered by V = Ξ, which is required for the most active constraint selection.

The proof of this proposition is included in Appendix A. Problem (4.10) is a non-smooth prob-

lem due to the regularization term γ
2
(
∑C

t=1 ‖Ωt‖F )2. However, there are at most mκ (where

mκ � d) features involved in this problem, making it easier to be solved.1 For convenience,

we define Ω = [Ω1,Ω2, ...,Ωκ] ∈ Rd×κr by stacking Ωi ∈ Rd×r. Let P (Ω) = γ
2
(
∑κ

t=1 ‖Ωt‖F )2

and f(Ω) = 1
2
‖Ξ‖2

F . Following [147], we propose to solve the primal problem using the accel-

erated proximal gradient method (APG), which iteratively minimizes the following quadratic

approximation of (4.10):

Q(Ω,Ωt) = f(Ωt)+ < ∇f,Ω− Ωt > +
τ

2
‖Ω− Ωt‖2F + P (Ω)

=
τ

2
‖Ω−G‖2F + P (Ω) + f(Ωt)−

1

2τ
‖∇f‖2F , (4.11)

where∇f denotes the gradient of f at point Ωt, τ > 0 denotes the Lipschitz constant of f(Ω),

and G = Ωt − 1
τ
∇f = [G1, G2, ..., Gκ] ∈ Rd×κr w.r.t. Ω = [Ω1,Ω2, ...,Ωκ]. Note that

f(Ωt)− 1
2τ
‖∇f‖2

F is constant w.r.t. Ω, and thus we just need to solve the following projection

problem:

min
Ω

τ

2
‖Ω−G‖2

F + P (Ω). (4.12)

This problem has a unique global closed-form solution, which can be calculated as follows via

Moreau Projection [124].

Proposition 2. Suppose the optimal solution to problem (4.12) is

Sτ (G) = [Sτ (G
1), Sτ (G

2), ..., Sτ (G
κ)] ∈ Rd×κr

1In practice, the optimization is conducted on those selected features only.
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and o = [o1, o2, ..., oκ]
′ ∈ Rκ is an intermediate variable. Then Sτ (G) is unique and its t-th

component, Sτ (Gt), can be calculated as follows:

Sτ (G
t) =


ot

||Gt||F
Gt, if ot > 0.

0, otherwise.

, (4.13)

where t ∈ {1, 2, ..., κ}. The intermediate vector ot can be calculated via a soft-threshold

operator soft(u, ς) [49, 124]:

ot = [soft(u, ς)]t =

 ut − ς, if ut > ς,

0, Otherwise,
(4.14)

where the threshold value ς can be calculated as in Step 4 of Algorithm 3.

Algorithm 3 Moreau Projection Sτ (G)

Given input G = [G1, G2, ..., Gκ] and s = 1
τ
.

1: Calculate ût = ‖Gt‖F for all t = 1, ..., κ.

2: Sort û to obtain u such that u(1) ≥ ... ≥ u(κ).

3: Find ρ = max

{
t|ut − s

1+ts

t∑
i=1

ui > 0, t = 1, ..., κ

}
.

4: Calculate the threshold value ς = s
1+ρs

ρ∑
i=1

ui.

5: Compute o = soft(û, ς).

6: Compute and output Sτ (G).

The overall APG algorithm for solving problem (4.10) is summarized in Algorithm 4, where

F (Ω) = γ
2
(
∑C

t=1 ‖Ωt‖F )2 + 1
2
‖Ξ‖2

F . Interested readers can find more details and the conver-

gence derivation of Algorithm 1 and Algorithm 4 in [147].
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Algorithm 4 Accelerated Proximal Gradient for Solving Problem (4.10)
Initialization: Initialize the Lipschitz constant Lt = Lt−1 and set Ω−1 = Ω0 by warm start,

τ0 = Lt, η ∈ (0, 1), parameter %−1 = %0 = 1, and k = 0.

1: Set V k = Ωk + %k−1−1
%k

(Ωk − Ωk−1).

2: Set τ = ητk.

Repeat

Set G = V k − 1
τ
∇f(V k), compute Sτ (G).

If F (Sτ (G)) ≤ Q(Sτ (G), V k),

set τk = τ , stop, break;

else

τ = min{η−1τ, Lt}.

End

Until convergence F (Sτ (G)) ≤ Q(Sτ (G), V k)

3: Set Ωk+1 = Sτk(G).

4: Let %k+1 =
1+
√

(1+4(%k)2)

2
. Let k = k + 1.

5: Quit if the stopping condition is achieved. Otherwise, go to step 1.

6: Let Lt = η2τk and return.

4.3.3 Handling High Dimensional Sparse Problems

Given an ultrahigh dimensional sparse data matrix, removing the data mean (zero-centering)

could make the matrix very dense. The data matrix

 X

11×n

 can be used instead for regression

to remove the data offset. As for the proposed framework, zero-centering can be performed

in each sub-problem. Zero-centering could also affect the computation of some regression

responses T , such as PCA as in Table 4.1, which assumes zero mean. In this case, XX> can
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be first computed and centering can then be applied to both rows and columns as follows:

X

(
I − 1

n
1n1>n

)
, (4.15)

S =

(
I − 1

n
1n1>n

)
XX>

(
I − 1

n
1n1>n

)
. (4.16)

4.3.4 Computational Complexity

There are a few components in the proposed framework. Given S ∈ Rn×n with r significant

singular values, the proposed framework requires a Cholesky decomposition S = HH> and a

QR-decomposition of HP = QR, SVD of R, finding pt, and solving the subproblem. The de-

composed matrices are compact, i.e.,Q ∈ Rn×r,R ∈ Rr×r. Table 4.2 shows the computational

complexity of different components. For r ≤ n and the desired feature cardinality mκ � d,

the overall computational complexity is O(ndr). This is much more efficient than the Fantope

Projection and Selection method [163], whose complexity is O(d3 + nd2) especially for high

dimensional data applications where d� mκ, d� n, and d� r.

4.4 Experiments

In the experiments, we evaluated the proposed framework for unsupervised, supervised, and

semi-supervised graph embedding, including PCA, LPP, LDA, and semi-supervised discrim-

inant analysis (SDA). We termed them as SparGE-PCA, SparGE-LPP, SparGE-LDA, and

SparGE-SDA, respectively, where SparGE stands for the proposed sparse graph embedding.

We compared them with some current state-of-the-art algorithms surveyed in Section 4.1. A

series of experiments on a wide range of data sets were conducted to compare the proposed

methods with the current state-of-the-art algorithms.

70



CHAPTER 4. A UNIFIED FEATURE SELECTION FRAMEWORK FOR GRAPH EMBEDDING ON HIGH
DIMENSIONAL DATA

Modules
Cholesky &

QR decompositions SVD Finding pt Subproblem

Details
S = HH>,
H = QR

URΣRV
>
R

Compute XV ,
s in (4.9), and sort s regression

Complexity O(nr2) O(r3) O(ndr + dr +m log d) O(mκnr)

Table 4.2: Computational complexity of the proposed framework.

4.4.1 Experiments on Unsupervised Sparse Embedding

S/N Data # dimensions # instances

1 Toy data 550 5,000
2 Ramaswamy data 16,063 144

Table 4.3: Data sets used to compare the SPCA, FPS, and SparGE-PCA methods.

The proposed SparGE-PCA method chooses feature subsets that maximize the variance in the

data in an unsupervised manner. It optimizes over all principal components simultaneously. On

the other hand, most of the sparse PCA methods [72, 84, 171, 178] select features sequentially

over the principal components (PC). It is assumed that the feature subset derived from the first

PC should be more important, but this may not be true. A simple counterexample is to find

one feature explaining the most variance of the covariance matrix [3.2 0 0; 0 3 3; 0 3 3]. In

this case, SPCA [178] will select either the second or the third feature based on the first PC,

but the correct selection should actually be the first feature. Only the recent concurrent work

on Fantope Projection and Selection (FPS) by Vu et al. [163] shares a similar optimization

objective as our proposed method.

To compare the proposed SparGE-PCA method with FPS and SPCA, we conducted experi-

ments on both simulated data and a real gene data data set shown in Table 4.3. The percentage
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of explained variance rΣ was used to measure the quality of the selected feature set as follows:

rΣ =
trace(Σfs)

trace(Σ)
× 100%, (4.17)

where Σfs and Σ are the covariances of the selected features and of all features, respectively.

A larger rΣ indicates a better feature subset. The results of 50 independent runs are reported.

For SPCA, we chose the features with the highest absolute magnitudes of the weight matrix,

similar to [30].

4.4.1.1 The Results on Simulated Data

Optimizing for global variance, a good sparse embedding method should be able to identify a

feature subset explaining the most variance and also remove noisy features. To test the opti-

mality of the selected features of the proposed SparGE-PCA method, a simulation experiment

is carried out. In this experiment, a toy data is generated with 50 significant features and 500

noisy features. Its covariance is shown in Figure 4.2.a. The explained variance should converge

at 50 features. Non-zero values in the off-diagonal entries indicate a correlation among the first

50 significant features.

As shown in Figure 4.2.c, FPS, SPCA, and the proposed SparGE-PCA method all converged to

the optimal variance at 50 features in accordance to the groundtruth. Computationally, SPCA

was an order of magnitude slower than the proposed method, as shown in Figure 4.2.d. FPS

shared a similar computational time with SPCA.
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10 20 30 40 50 60 70 80 90

10

20

30

40

50

60

70

80

4.2.b: Enlarged view of the covariance
in (a), there are 25 important and corre-
lated features and 500 small and noisy
features.

0 10 20 30 40 50 60 70 80
10

20

30

40

50

60

70

80

90

100

# of features

%
 o

f e
xp

la
in

ed
 v

ar
ia

nc
e

 

 

proposed SparGE−PCA
Sparse PCA
FPS
PCA

4.2.c: Variance explained
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Figure 4.2: Toy experiments to show the explained variance and run time vs features cardinality. The
proposed SparGE-PCA method performed similarly to SPCA and FPS in the explained variance on a
toy data set with the first 80 important features, but it was at least an order of magnitude faster than
SPCA and FPS. PCA with 25 subspaces using all of the dimensions explains about 99.8%.
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4.3.a: Variance explained
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Figure 4.3: Comparing to the SPCA method on the Ramaswamy data for variance and computational
time, the proposed SparGE-PCA method outperformed the SPCA method in the explained variance and
was much more efficient. PCA with 25 significant subspaces explains about 89% of the total variance.
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4.4.1.2 The Results on Real Data Sets

PCA is often used for analyzing high dimensional data with small samples, especially biolog-

ical data. In this experiment, the microarray data, Ramaswamy data [178], is used to find the

meaningful genes from very high dimensional data. The data has a very high dimensionality

of 16,063 (genes) and 144 samples only. Only the first 25 principal components were used to

select features.

In this experiment, the FPS method was unable to handle such a high dimensionality since the

its computational complexity isO(d3+nd2) when performing a Fantope Projection. Therefore,

only the SparGE-PCA and SPCA methods were chosen for comparison.

The proposed SparGE-PCA method outperformed SPCA significantly in the explained vari-

ance, by about 10% between 200 and 350 features as shown in Figure 4.3.a. Both SPCA and

the proposed SparGE-PCA method converged to 70% in the explained variance with 500 fea-

tures (only about 3.1% of the total features). Computationally, SPCA was at least two orders

of magnitude slower than the proposed method as shown in Figure 4.3.b.

4.4.2 Experiments on Feature Selection for Clustering

S/N Data # dimensions # instances # classes

1 MNIST 784 4,000 10
2 COIL20 1,024 1,440 20
3 ORL 1,024 400 40
4 USPS 256 9,298 10

Table 4.4: Image data sets used for clustering.

Besides sparse graph embedding for PCA, our proposed framework can be used to identify im-

portant features for clustering tasks. As discussed in Section 4.1, unsupervised LPP can model
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4.4.a: MNIST
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4.4.b: COIL20
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4.4.c: ORL 32x32
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4.4.d: USPS

Figure 4.4: Comparison of different feature selection methods on clustering tasks.

the local data structure well, and thus its embedding could improve clustering performance.

Since image data sets, such as digits and faces images, usually lie on a low dimensional man-

ifold, four popular image data sets, namely MNIST, COIL20, ORL, and USPS as shown in

Table 4.4 were chosen.

To evaluate the quality of selected features, we apply k-means clustering on the data with the

chosen features, where k is set to the number of classes. The normalized mutual information

defined in [69] is used as the performance measure. The clustering baseline employed all of

the features. Besides the baseline, the feature ranking methods such as Laplacian Scores (LS)

and MultiClusters Feature Selection (MCFS) were also chosen for a comparative evaluation.
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The result was shown in Figure 4.4 with up to 250 features only. Interestingly, the baseline

results could be achieved with as few as 50 to 70 features. Both MCFS and the proposed

SparGE-LPP method performed much better than the LS feature selection method. The pro-

posed SparGE-LPP method also outperformed MCFS on MNIST, COIL20, and USPS. Note

that MCFS employed a simple ranking method to choose features from a sequential learning

framework. Theoretically, it is unclear whether this approach could converge to optimality.

Furthermore, it does not learn the collective weights based on the common feature subsets.

In contrast, the proposed framework could achieve both weight learning and feature subset

selection simultaneously.

4.4.3 Experiments on Supervised Feature Selection

S/N Data # dimensions # instances # classes Type

1 PCMAC 3,289 1,943 2 Text
2 ORL10P 10,304 100 10 Face image
3 GLI-85 22,283 85 2 Microarray data
4 Real-Sim 20,958 72,309 2 Text

5 RCV1 47,236
training:20,242,
testing: 67,739 2 Text

6 News20 62,060
training:15,935,
testing: 3,993 20 Text

Table 4.5: A set of data used for classification experiments. Unless indicated otherwise, data sets were
split for 10-fold cross validation.

Methods Real-Sim RCV1 News20

SparGE-LDA 228 302 460
Fisher 53 91 329

SVM-RFE 155 344 24,160

Table 4.6: Computational time in seconds of SparGE-LDA, the Fisher Score method, and SVM-RFE
on ultrahigh dimensional data.
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4.5.a: PCMAC
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4.5.b: ORL10P
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4.5.c: GLI-85
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4.5.d: Real-Sim
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4.5.e: RCV1
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Figure 4.5: Comparison of different feature selection methods on classification tasks. Classification
results of PCA as pre-processing is also included as a benchmark for the first three data sets.
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In this section, we compare the proposed SparGE-LDA method with some chosen feature

selection methods on classification tasks. Six data sets as shown in Table 4.5 are used for com-

parison. The first three data sets ranging from text, images, and microarray data, have medium

dimensionality and small sample sizes, and are collected from the Arizona State University

(ASU) feature selection repository [176]. The other three higher dimensional and large-scale

text data sets are from the LIBSVM [38] repository.

Several popular feature selection methods, such as Relief-F [95], the method based on max-

dependency, Max-Relevance, and Min-Redundancy (MRMR) [125], Fisher score, and SVM

Recursive Feature Elimination (SVM-RFE) are chosen for comparison. Beside these, we also

compared the most recent method by Nie et al. [120], the Trace Ratio Criterion (TRC) method.

TRC was shown to outperform many methods in the literature. PCA is also included as a

benchmark for classification using SVM. However, PCA cannot handle data sets such as Real-

Sim, RCV1, and News20, which have both ultrahigh dimensions and large data sample sizes.

Therefore, no comparison with PCA for these three data sets is included. For the RCV1 and

News20 data sets, the accuracies on the test sets are reported. For the rest, the mean accuracies

of 10-fold cross-validation are reported.

The results are shown in Figure 4.5. We do not report the results of Relief-F, TRC, and MRMR

on the three high dimensional and large-scale data sets because these methods are computation-

ally inefficient on these data sets. Generally, both TRC and the proposed SparGE-LDA method

can handle global feature subset directly, they outperformed the feature-level selection pro-

cesses such as MRMR, Relief-F, and Fisher score methods. Our SparGE-LDA outperformed

the TRC method in the ORL10P and GLI-85 significantly, was marginally better than TRC for

the PCMAC data set. In the TRC method, the optimization enforces only one feature in each

column of the weight matrix; it is thus more constrained and may lead to sub-performance

compared to the proposed method.
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1 labelled samples 2 labelled samples 3 labelled samples

Datasets # feats SparGE-SDA SVM-RFE Fisher SparGE-SDA SVM-RFE Fisher SparGE-SDA SVM-RFE Fisher

100 59.7 56.8 31.9 64.3 61.8 39.7 71.3 70.3 50.4
COIL 200 61.2 57.6 37.0 67.1 62.6 54.9 74.5 70.8 61.1

300 64.2 57.9 50.0 69.1 63.4 58.5 76.7 71.1 65.5

100 59.0 48.5 25.3 65.3 63.3 56.8 70.1 73.9 34.8
ORL 200 64.7 52.2 40.0 71.5 66.5 64.9 77.5 75.9 68.9

300 65.0 53.9 48.5 71.9 66.6 69.2 76.8 76.9 74.2

Table 4.7: Feature selection results for the SparGE-SDA, SVM-RFE and Fisher score methods.

On the other hand, the SparGE-LDA method outperformed the SVM-RFE for the ORL10P,

PCMAC, Real-Sim, RCV1, and News20 data sets. On the first three small data sets, SVM-RFE

performed well too as it directly optimized for the classification methods. However, SVM-RFE

is a greedy method, and its performance dropped significantly in the higher dimensional and

large-scale data shown in Figure 4.5.d, 4.5.e, and 4.5.f. Compared to SVM-RFE, SparGE-

LDA achieved 20% better in performance on the News20 data set, 5% on the Real-Sim data

set, and 10% on the RCV1 data set. The Fisher score method significantly underperformed the

proposed SparGE-LDA method in accuracy on the last three high dimensional data sets.

Computationally, the Fisher score method was the fastest, but SparGE-LDA was also efficient

and completed the tasks within minutes as shown in Table 4.6. SVM-RFE was generally fast,

but it was very slow on the News20 data set, which had the highest dimension and number of

classes among the three ultrahigh dimensional data sets.

4.4.4 Experiments on Semi-supervised Feature Selection

So far, the experiments have demonstrated the effectiveness of our proposed framework for

both unsupervised and supervised learning settings. By incorporating small labelled samples,

the semi-supervised discriminant analysis based on the proposed framework (SparGE-SDA)

can achieve a good classification rate.
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Two data sets (COIL and ORL) from Table 4.4 are used for evaluation. The proposed SparGE-

SDA method was compared with the SVM-RFE and Fisher score feature selection methods.

The classification accuracies are tabulated in Table 4.7. From the table, we can see that

SparGE-SDA performed much better than the Fisher score method and better than SVM-RFE

in the most of cases. SVM-RFE performed well with more labelled data as it optimizes for

SVM classifiers. Ours optimizes between-class separation. Therefore, it is possible that SVM-

RFE performed better in some cases.

4.4.5 Experiments on Data Visualization

In this section, we intend to identify the important face features that can preserve the data local-

ity, i.e., the neighborhood relationships of these image samples. The data locality is visualized

using a 2-D linear embedding of face images by LPP. From the CMU-PIE database [140], 170

face images of the person shown in Figure 4.1.a were chosen for this experiment. The linear

embedding of these images is shown in Figure 4.6. In Figure 4.6.a, it can be observed that

the illumination increases from left to right, and her face turns from left to right. The faces

with expressions are far apart from the rest showing on the top, indicating a large difference.

A similar observation can be drawn using the proposed SparGE-LPP with only 20 features.

Variations in illumination, poses, and expressions are much more gradual on the embedding

shown in Figure 4.6.b, indicating a better fit of the underlying manifold.
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4.6.a: Linear embedding of face images using LPP on all of the pixels

4.6.b: Linear embedding of face images using the proposed SparGE-LPP method on 20
pixels

Figure 4.6: Linear embedding of face images using all of the pixels and the 20 selected pixels by the
proposed SparGE-LPP method. The proposed SparGE-LPP method has a better embedding as indicated
by a gradual change in different poses, illumination, and expressions. The respective enlarged portions
are shown in the red boxes.
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4.5 Conclusion

This chapter proposes a novel unified framework to select features for generalized graph em-

bedding. It utilizes a feature selector to directly optimize feature subsets for graph embedding

in modeling the intrinsic data structures, enabling a more robust embedding, especially for

high dimensional data with a small sample size. Its efficiency and effectiveness have been

demonstrated with a series of experiments for clustering, classification, and visualization. In

the experiments, the proposed methods outperformed the current state-of-the-art algorithms

for unsupervised, supervised, and semi-supervised learning tasks. The proposed framework

demonstrated its computational and memory efficiency in handling ultrahigh dimensional data

for classification.

Appendix A: Proof of Proposition 1

In Proposition 1, the dual form of problem (4.10) has the same form as in problem (4.8).

Let Ω = [Ω1,Ω2, ...,Ωκ] be the stack of Ωt. Define the coneQ = {(Ω, v)} ∈ (Rd×r,R) | ‖Ω‖F ≤

v}. Let zt = ‖Ωt‖F , z =
∑κ

t=1 zt. The optimization problem in (4.10) is equivalent to the fol-

lowing problem:

min
z,Ω

λ

2
z2 +

1

2
||Ξ||2F , (4.18)

s.t. Ξ = T −
κ∑
t=1

X>diag(pt)Ωt,

κ∑
t=1

zt ≤ z, (Ωt, zt) ∈ Qr.
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The Lagrangian function of (4.18) can be written as:

L =
γ

2
z2 +

1

2
‖Ξ‖2F − tr

(
V >(

κ∑
t=1

X>diag(pt)Ωt − T + Ξ)

)

+ η(
κ∑
t=1

zt − z)−
κ∑
t=1

(
tr((ξt)>Ωt) + µtzt

)
,

where V ∈ Rn×r, η ∈ R, ξt ∈ Rn×r, and µt ∈ R are the Lagrangian dual variables for the

corresponding constraints. By setting the derivatives of L w.r.t. z, zt,Ωt, and Ξ to zero, we

obtain the KKT conditions as follows:

γz = η = µt, ξ
t = −Xdiag(pt)V,Ξ = −V, ‖ξt‖F ≤ η.

Substitute these results into the Lagrangian function, and we obtain the dual problem as fol-

lows:

max
V,η

tr(V >T )− 1

2
tr(V >V )− 1

2γ
η2 (4.19)

s.t. ‖Xdiag(pt)V ‖F ≤ η, t = 1, ..., k. (4.20)

Setting θ = tr(V >T ) − 1
2
tr(V >V ) − 1

2γ
η2 and f(V, pt) = tr(V >T ) − 1

2γ
‖Xdiag(pt)V ‖2

F −
1
2
tr(V >V ), then the problem becomes as follows:

max
V ∈Rn×k,η∈R

θ

s.t. θ ≤ f(V, pt), ∀pt ∈ Π. (4.21)
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Chapter 5

Visual Tracking Via A Diffusion Process on

the Riemannian Manifold of Covariances

The proposed unified framework in the previous chapter can handle a generalized class of linear

graph embedding, including PCA, FDA, CCA, pLS, LPP, and SDA. Among these, PCA and

LPP are unsupervised. The other methods are supervised learning methods as they require label

information. Both supervised and unsupervised learning methods require a predefinition of the

learning task. In visual analytic applications, task definition may be defined in a higher level

after the mid-level processing. For example, high level temporal semantics may first require

visual tracking to continuously associate the target across a sequence of images. This chapter

proposes a novel tracking method for long sequences.

5.1 Introduction to Visual Tracking

Tracking essentially means to follow a target temporally, and visual tracking refers to achiev-

ing this using image sequences. Visual tracking is an important vision research topic that

has many applications, ranging from motion-based recognition [34] and surveillance [78], to

human-computer interaction [47]. Visual tracking covers many aspects of computer vision

problems, such as target feature representation [170], feature selection [44], and feature learn-

ing [64]. Generally, long term tracking first requires a good representation of the target (termed
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as features), then in each subsequent frame, searching for the locations which have similar fea-

tures through a feature comparison function, and updating the features accordingly (feature

learning).

Even though visual tracking has been actively researched for decades, many challenges remain

especially with changes in target poses and appearance, and illumination in a long video se-

quence. Unfortunately, these challenges are common in many real life applications. The target

pose consists of its position and orientations in 3D space, and changes as the target moves. 3D

movements of a target can easily induce appearance changes in 2D images to be captured by the

camera. Appearance changes can also be caused by changes in illumination, especially when

the target enters a shadowed region. Figure 5.1 shows two simple examples of how a target can

vary over a short time interval. The first target is a man’s head, which changes appearances

significantly when he changes his expression and takes off his spectacles. The second target is

a toy dog, which undergoes a series of 3D movements. Consequently, for long stable tracking

in many real life tasks, it is necessary to deal with these challenges. Note that in this work, the

target feature, i.e., target representation, is not limited to the image patches, and we interchange

it with the target template due to its wider usage. There are several choices for a target template

found in the literature. For example, [144] uses the histogram of oriented gradients, while [22]

uses the color histogram, [167] uses L1 sparse representation, [109] uses active appearance

model, [133] uses principal subspace of image patches, and [129] uses features’ covariance.

The template update problem can be expressed mathematically as follows:

Tt = f
(
Tt, Tt−1

)
, (5.1)

where Tt, Tt, t ∈ [1, 2, ...] are the estimated template and the updated template, respectively at

time t. However, as shown in [109], target template updating is a very challenging task. There
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Figure 5.1: Target patches for successive 871 frames, from #1, 31, ...871 from 2 video sequences. Target
changes in both illumination, poses, appearances even after being warped to a standard size.

are two intuitive and common ways to approach the template updating problem: update every

frame or never update and just use the first frame template. According to [109] and as shown in

Figure 5.2: An example video sequence that is used in [109]. Frames 10, 250, and 350 are shown here.
Top row: no update at all, tracking fails quickly; bottom row: update every frame, tracking drifts.
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Figure 5.2, if the template was not updated at all, the template would become outdated shortly

and cannot be used for matching as the target appearance would have undergone changes tem-

porally. On the other hand, updating at every frame would result in the accumulation of small

errors, and eventually a template drift and the loss of target information. Template drift occurs

when the template includes more and more background information and mistakes it as target

information.

The challenges of the template update problem include what to use for an update and how to

update given a hypothesis of the target region. During tracking, as the hypothesized target lo-

cation contains uncertainty, questions arise including how uncertainties should be incorporated

into the update and how an unstable frame should be handled.

Theoretically, the problem of template updating is about incorporating uncertain information

into the existing pool of information. This is often encountered in many machine learning

applications. The ability to make full use of the uncertain information would allow the machine

to learn how to deal with real life applications in a principled way.

5.2 Literature Review of Methods Handling Template

Variation

There are generally three common approaches to dealing with target appearance variations.

The first is to use robust or invariant target features such as the scale invariant feature transfor-

mation (SIFT) and color histograms [22]. The SIFT feature has been empirically shown to be

superior to any other features for recognition of affine-transformed images. It aims to capture

the histogram of gradients (descriptors) in different scales, and it has a deterministic way of

locating scaled descriptors. This allows SIFT to be robust to scaling and rotation. On the other
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hand, a color histogram describes the local color probability distribution of a target. In this

way, the color histogram is also robust to scaling and rotation. However, in reality, targets of

interest often undergo a lot more complicated 3D motions, rather than 2D affine transforma-

tions. A simple example is shown in Figure 5.1; as illustrated, the target appearance can change

significantly over time, and ends up being totally different from the one in the starting frame

due to variations in target poses and image illumination.

The second approach is to employ a complete set of possible target models [23], aiming to

model all the possible target variations rather than aiming to make one model as invariant and

robust as possible. This requires learning of the target models in advance and can hardly be

scalable. This could be applied to some simple constrained environments, in which both target

3D motions and appearance variations can be easily predicted.

Finally, the last approach is to update the template gradually as it evolves. Recognizing the im-

portance of a template update, many methods have been proposed. One common and intuitive

approach is to use a linear updating function in the respective feature spaces, such as [129] on

the covariance manifold. This will smoothen the changes between the estimated template and

the updated template. Similarly, a Kalman filter has also been used in [119] to track template

features, but not the target trajectory. On the other hand, there are three well-known template

updating algorithms in the literature, namely, the Template Alignment [109] method, Online

Expectation and Maximization (EM) [79], and the Incremental Subspaces method [133]. Here,

we briefly survey these three algorithms.

In the template alignment algorithm [109], the authors proposed a heuristic but robust algo-

rithm by using the first template to correct any template drift. The problem formulation is as

follows. The deformation parameters P at the tth frame are found via the following minimiza-
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tion problem:

Pt = arg min
P

∑
x∈Tt

(It(W (x;P )− Tt(x))2 , (5.2)

where x = (x, y)> are the coordinates of a pixel, W (x;P ) is the warping function, It(·) is the

intensity value of the image, and Tt(·) is the template at the tth frame. Matthews et al. [109]

shows how a gradient descent algorithm starting with P = Pt−1 is used to solve Problem (5.2)

and that this equation can be rewritten as:

Pt = gd min
P=Pt−1

∑
x∈Tt

[It(W (x;P )− Tt(x)]2 , (5.3)

where
(

gd min
P=Pt−1

)
means “to perform a gradient descent minimization starting with P = Pt−1”.

In order to correct for the template drift, an alternative update of the parameters is proposed as

follows:

P ∗t = gd min
P=Pt

∑
x∈T1

[It(W (x;P )− T1(x)]2 . (5.4)

Problem (5.4) shows the correction of the drift is done against the first template T1. The tem-

plate is only updated if the solved optimal deformation parameters in Problem 5.4 do not differ

much from that in Problem (5.2) by enforcing the following condition:

Tt+1(x) =


It(W (x;P ∗t )) if ‖P ∗t − Pt‖ ≤ ε,

Tt(x) otherwise.
(5.5)

Figure 5.3 shows some of the frames used in an example video sequence used in [109]. The
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Figure 5.3: An example video sequence that is used in [109]. Frames 10, 250, and 350 are shown here.

constraint imposed in (5.5) restricts any large changes of the current template from both the

previously updated template and the first template. However, such a constraint, which is im-

posed on every pixel, is not valid in many scenarios. For example, it is unlikely that a single

set of optimal deformation parameters can be found for a video sequence with a soccer player

running on the field as there is a wide variation in poses as well as an issue with pixel-pixel

misalignment.

The second algorithm, online EM, is proposed in [79]. More precisely, three templates are

used to capture three types of variations in the wavelet-based appearance of the target. The

first template is known as the long term stable template. This template is learned over a long

sequence, varies slowly temporally, and aims to capture the stable appearance of the target. The

second template is the interframe variational template. This template changes every frame,

and its aim is to capture the sudden changes in the target due to changes in the illuminations

or poses. The last template is the outlier template, which models the occlusion of the target,

outliers or missing tracking.

Specifically, the target is modeled using Gaussian mixtures. Each of the three templates con-

sists of N pixels and each pixel is modeled independently by a Gaussian distribution with a

mean and variance. Therefore, there are a total of 3N Gaussian models, and one would need

to estimate 6N Gaussian parameters and another 2N mixture ratios. The target model is up-

dated via the incremental update of the 8N Gaussian parameters using the online Expectation
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Figure 5.4: The 1st row shows an example frame. The 2nd row images are the current sample mean,
tracked region, reconstructed image, and the reconstruction error, respectively. The 3rd and 4th rows are
the top 10 principal eigenvectors.

and Maximization method. Since each pixel is modeled independently of each other, pixels

with small variations contribute more to the similarity measure. Thus, this would result in a

tendency to include more and more background pixels and the templates would drift quickly to

the more stable background.

The last algorithm is known as the incremental subspace update method, proposed in [133].

A subspace is used to represent the target and the subspace is updated via incremental Princi-

pal Component Analysis (PCA). PCA is performed on the most likely estimator of the target

template together with the previous stored templates and the mean is estimated. The authors

tested this algorithm on many datasets and showed that their algorithm is very robust. Figure

5.4 shows an example of the results.

There are a few issues with the incremental PCA approach. First of all, it is well-known that

PCA seeks to maximize the variance, and hence, it is reasonable to assume that the first eigen-

basis, which corresponds to the largest eigenvalue, is the most stable template, whereas the

subsequent eigenbases corresponding to smaller eigenvalues to be the less stable templates.

However, PCA assumes that the target templates are distributed in a Gaussian manner. While

this assumption generally holds true for the slow interframe variations, it is not true otherwise.
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5.5.a: Representative eigenbasis 5.5.b: Eigenbasis of mis-aligned tar-
get regions

5.5.c: Non-representative eigenbasis

Figure 5.5: Results of the incremental subspace method on the Sylvester sequence. Pixel-wise misalign-
ment could render the eigenbasis non-representative.

This can be seen in Figure 5.5, taken from [133]. One can see that from frames 600 to 636,

the eigenbases are not representative anymore and the tracker loses track of the target. During

these frames, the difference between the target template and the target region is more than the

difference between the target template and the background region due to pixel-wise misalign-

ment. Finally, PCA can be computationally expensive when using a large target template.

So far, most of the current state-of-the-art algorithms update templates in an out-of-chain man-

ner, by assuming the posterior estimate is “good enough” for template updating with pixel-wise

alignment. If the posterior estimate is inaccurate or there is a mis-alignment between the esti-

mated and last updated template, the update methods will gradually drift. On the other hand,

if the template update is not good, then the posterior estimate of target poses is unlikely to be

accurate. These coupled dual problems often render these methods unable to track well when

the targets undergo fast changes in poses or non-rigid transformations. However, robustness

to fast target poses has many real life applications such as human tracking and maritime target
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tracking.

5.3 Modeling Target Using Riemannian Manifold of

Covariance Matrices

To solve these dual problems faced by the existing state-of-the-art algorithms, we introduce a

novel approach to simultaneously quantify these two uncertainties by including both of them

into the state space of a Bayesian framework, instead of just target poses in the existing meth-

ods. In this manner, the updating is not performed on one single estimated temperate; instead,

better matched multiple hypothesized templates are propagated automatically.

We give a detailed analysis of the framework of a simultaneous propagation model of kinet-

ics and template state space. Using a similar target feature set as [39, 157], we show that on

the manifold, the target template dynamics tend to be small, random, and gradual, indicating

the feasibility of a random walk model. We propose a novel superior template propagation

mechanism in the log-transformed space of the manifold to free the constraints imposed in-

herently by positive semidefinite matrices, leading to a greater ability in dealing with template

variations. Our resultant method outperforms the state-of-the-art Incremental PCA algorithm

(IPCA) [133] in dealing with fast moving and changing targets, as will be clearly shown in the

experiments.
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5.3.1 Covariance Descriptor

A covariance descriptor is defined as follows:

C =
1

N − 1

N∑
i=1

(
f(i)− f̄

) (
f(i)− f̄

)>
, (5.6)

where f is a feature vector, and f̄ = 1/N
∑N

i=1(f(i)) is the mean of the feature vector over N

pixels in the target region. In this research, we use the following 9-dimensional feature vector:

f(i) =

[
xw, yw, I(xw, yw), |Ixw |, |Iyw |,

√
I2
xw + I2

yw , arctan
|Ixw |
|Iyw |

, |Ixxw |, |Iyyw |
]
. (5.7)

The feature vector includes x, y coordinates, pixel intensity, x, y directional intensity gradients,

gradient magnitude and angle, and second order gradients, respectively. w denotes that these

features are extracted after warping image patches to a standard size.

Since its proposed use in human detection [156], the covariance descriptor quickly gains pop-

ularity for many applications, such as face recognition [123], license plate detection [128],

and tracking [129, 167]. Some main advantages of choosing the covariance descriptor [157]

to model the template include its lower dimensionality of (d2 + d)/2 (45 in this research as

d = 9), compared to its number of target pixels (32× 32 = 1024 in this research), its ability to

fuse multiple possibly correlated features, and its robustness to match targets in different views

and poses. Using covariance descriptors has the following advantages [158]:

(1) The distance between two covariance matrices is invariant to the scaling/offset of any

features fi. As a result, the first two features (x, y) do not require any normalization.

(2) A single covariance matrix extracted from a region is usually sufficient to match the

region in different views and poses. Large rotations and illumination changes are taken
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Figure 5.6: The geodesic distance is the norm of a vector on the tangent space TC1M at point C1 on the
manifoldM

care of in the covariance matrices.

(3) The covariance matrix of features has a much smaller dimensionality of (d2 + d)/2,

compared to using the raw values of the region.

(4) The covariance matrix is a natural way to fuse multiple possibly correlated features.

By its definition, a covariance matrix is clearly a positive semi-definite matrix, which lies on a

Riemannian manifold. We will now briefly explain some basic operations on the Riemannian

manifold.

5.3.2 Riemannian Manifold

Figure 5.6 shows an example of a manifoldM. The tangent space ofM at a point Ci ∈ M,

denoted as TCi
M, is defined as the span of the tangent vectors for all the possible smooth

curves γ, where γ(t) : R → M, passing through Ci. A curve between two points Ci and Cj

with minimum length is called a geodesic. We define the exponential map expCi
: TCi

M →

M, which maps each tangent vector ty ∈ TCi
M to the point γ(t) ∈M obtained by following

the geodesic γ(t) (parameterized with arc-length) passing through Ci with direction y for a

distance t. The logarithm map is defined as logCi
= exp−1

Ci
. Table 5.3.2 shows the operations

in Euclidean and Riemannian spaces.
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Euclidean space Riemannian manifold
Cj = Ci +

−−→
CiCj Cj = expCi

(
−−→
CiCj)−−→

CiCj = Cj − Ci
−−→
CiCj = logCi

(Cj)

dist(Ci, C − j) = ‖Cj − Ci‖ dist(Ci, Cj) = ‖
−−→
CiCj‖Ci

Table 5.1: Operations in Euclidean and Riemannian spaces

The Riemannian space of covariance matrices has been extensively studied [127] and the Rie-

mannian operations can be found in closed form. For two tangent vectors yk, yl ∈ TCi
M at a

point Ci ∈M, the Riemannian metric is given as

〈yk, yl〉Ci
= tr

(
C

1
2
i ykC

−1
i ylC

− 1
2

i

)
. (5.8)

The exponential map expCi
: TCi
M→M, takes a tangent vector y at point Ci and maps it to

another point Cj:

Cj = expCi
(y) = Ci

1
2 exp

(
Ci
− 1

2yCi
− 1

2

)
Ci

1
2 , (5.9)

The inverse of the exponential map is the logarithm map, which takes a starting point Ci and

destination Cj and maps to the tangent vector y at point Ci:

y = logCi
Cj = Ci

1
2 log

(
Ci
− 1

2CjCi
− 1

2

)
Ci

1
2 . (5.10)

Note that expCi
(y) and logCi

Cj are both d × d matrices. In addition, expCi
(·) and logCi

(·)

are maps on the Riemannian manifold, whereas exp(·) and log(·) denote the normal matrix

exponential and logarithmic operations, which are defined as follows:

expA = B =
∞∑
k=0

1

k!
Ak, (5.11)

log(B) = A. (5.12)
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The distance between two covariance matrices Ci and Cj is given as

d(Ci, Cj) =

√√√√ d∑
k=1

ln2 λk (Ci, Cj), (5.13)

where λk (Ci, Cj) are the generalized eigenvalues of Ci and Cj . That is, λkCivk − Cjvk = 0,

and d is the dimension of the covariance matrices.

Note that expCi
(·) and logCi

(·) are maps on the Riemannian manifold, whereas exp(·) and

log(·) denote the normal matrix exponential and logarithmic operations. Both expCi
(y) and

the tangent vector y are d× d matrices here.

5.4 Bayesian Framework

In this chapter, we use a standard Bayesian framework [132] to formulate the tracking of

both the template and the kinetics as follows: zt is the measurement, st is the kinetic state

variable, Ct is the covariance descriptor, P (Ct, st|z1:t) is the posterior probability of the tar-

get template and pose given the measurement, P (zt|Ct, st) is the observational model, and

P (st, Ct|st−1, Ct−1) is the dynamical model. They are further elaborated in the following sub-

sections.

5.4.1 Dynamical Model

The state space in our research includes both target kinetic variables st and template covariance

descriptor Ct. The state variables are defined in (5.14) and (5.15), and we would like to

estimate them through the Bayesian framework in (5.16). These state variables are propagated
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from time t− 1 to t through a dynamical model P (st, Ct|st−1, Ct−1) .

st = [xt, yt, ẋt, ẏt, ht, θt], (5.14)

Ct = cov
(
xw, yw, I(xw, yw), |Ixw |, |Iyw |, arctan

|Iyw |
|Ixw |

,
√
I2
xw + I2

yw , |Ixxw |, |Iyyw |
)

(5.15)

where t is the frame number, xt, yt are the spatial coordinates of the target, whose velocities

are ẋt, ẏt, its scaling factor is ht, its orientation is θt, xw, yw are the coordinates of a pixel on

the standard target patch warped from xt, yt, I(xw, yw) is the pixel intensity, {Ixw , Iyw} are the

patch intensity gradients, {Ixxw , Iyyw} are the second order gradients. Assuming independence

between kinetic variables and covariance, we model the joint dynamics as follows:

P (st, Ct|st−1, Ct−1) = P (st|st−1)P (Ct|Ct−1), (5.16)

st = k(st−1) + ut, (5.17)

Ct = expCt−1
(nt). (5.18)

k is the kinetic model and we use a near constant velocity linear model k(st−1) = Ast−1. ut is

generated with an interacting Gaussian model with a jumping probability of [0.9, 0.1] to model

sudden changes in target poses. As for the template dynamical model, nt ∈ TCi
M is a random

process on the tangent plane of manifoldM. An example of this could be the Brownian motion

process as described by [77]. In our previous work [39], we model the random process by using

a random distribution on each eigenvalue of Ct−1 and keeping the same eigenvectors. Clearly,

the distribution of generated covariance matrices Ct will cluster around Ct−1 on the manifold

mainly due to the small random differences between their eigenvalues. However, the generated

random samples may be influenced by the eigenvalues of Ct−1 as shown by the blue points in

Figure 5.7. Since the template dynamics are random and small, ideally, it requires a random

process whose diffusion spread is independent of previous samples. To fulfill this, we choose to
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model the template dynamical model in the log-transformed space of the manifold as follows:

Ct = exp(log(Ct−1) + wt), (5.19)

P (log(Ct)) ∝ exp

−1

2

∑
i≤j,i,j∈[1,d]

w2
i,j

σ2
i,j

 , (5.20)

wt =



N(0, σ2
1,1) N(0, σ2

1,2) · · · N(0, σ2
1,d)

N(0, σ2
1,12) N(0, σ2

2,2) · · · N(0, σ2
2,d)

...
... . . . ...

N(0, σ2
1,d) N(0, σ2

2,d) · · · N(0, σ2
d,d)


,

where wt is simply a random symmetric matrices and N(0, σ2
i,j), i, j ∈ [1, d] are normal dis-

tributions. According to [9], the matrix exponential function maps a symmetric matrix to its

corresponding positive semidefinite matrix as follows:

exp : Sym(d)→ Sym+(d).

This mapping is one-to-one. Therefore, based on the proposed random generation model,

the generated samples of Ct are always positive semidefinite (PSD) matrices. This frees the

inherent constraints of positive eigenvalues in a PSD matrix. The proposed distribution may

be considered as a log-normal distribution of the PSD matrices as defined in [137]. In the

following derivation, we show that the distance, d(Ct, Ct−1) is constrained by the generated

symmetric noise matrix wt independent of Ct−1. Consequently, the extremal bounds of the

eigenvalues of wt control the diffusion spread of this random process. The derivation is as
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follows:

C−1
t Ct−1 = exp(− log(Ct−1)− wt) exp(log(Ct−1)),

= exp(−wt),

λkCtv − Ct−1v = 0,

C−1
t Ct−1v = λkv,

exp(−wt)v = λkv,

d(Ct−1, Ct) =

√√√√ d∑
k=1

[
ln2 λk (exp(−wt))

]
,

=

√√√√ d∑
k=1

λ2
k(wt), if ∃w−1

t .

In Figure 5.7, the green samples generated by our new template dynamical model. In this

research, for d = 9, wt’s eigenvalues λ1(wt) ≥ λ2(wt) ≥ ... ≥ λ9(wt) can be bounded

according to [173], assuming the entries of the noise matrix are bounded by [a, b], i.e., a ≤

wt(i, j) ≤ b:

λ9(wt) ≥


1
2

(
9a−

√
a2 + 80b2

)
|a| < b

9a otherwise.
(5.21)

λ1(wt) ≤


1
2

(
9b+

√
a2 + 80b2

)
|a| < b

9b otherwise.
(5.22)

In other words, the eigenvalues are roughly within an order of magnitude of max(σi,j) for

this random process. In this way, the template diffusion spread on the manifold can be easily

managed by choosing an appropriate max(σi,j) in wt.
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5.7.a: A target sample

5.7.b: Red: target, Blue: the previously proposed method in
[39], Green: proposed method

Figure 5.7: Comparison between two methods of generating random samples on covariance Riemannian
manifold.
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5.4.2 Observation Model

The observation model P (zt|Ct, st) measures the likelihood of a target given target poses and

template values. It is modeled as follows:

P (zt|Ct, st) ∼ N(0, σ2), (5.23)

zt = d(Ct, C
∗
t ),

C∗t = g(st, Image),

P (zt|Ct, st) ∝ exp(− 1

2σ2
d2). (5.24)

Here, d(Ct, C
∗
t ) is given by (5.13), g is the covariance computation operator, it takes the kinetic

value st of each particle at time t and warps the region to a standard size (in this research,

32× 32) before computing the covariance.

5.5 Overall Framework

We employ a new set of features for covariance, modified models of kinetic and template

dynamics. A particle filter is used to solve the sequential inference problem. The overall

framework is as follows:

(1) Initialization. The particle filter is initialized with a known realization of target state

variables, including the target initial state values. The covariance of the target C0, i.e.,

initial template is extracted for comparison later. The parameters of the covariance gen-

erative process, i.e., the template dynamical model, are also determined.

(2) Propagation. Each particle is propagated according to the propagation model in (5.17)

and (5.19). Both the kinetic variables and the template are generated through these ran-
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dom processes.

(3) Measure the likelihood. At each particle i, the covariance descriptor C∗t (i) extracted

is compared to its corresponding template Ct(i). The likelihood of the particle is then

estimated as given in (5.24).

(4) Posterior estimation. The posterior estimate gives the estimate of the current target

state, given all its previous information and measurements. This could be the maximum

a posteriori probability estimate or the minimum mean square error estimate (MMSE).

In this research, we use MMSE.

(5) Resampling. To avoid any degeneracies, resampling is conducted to redistribute the

weights of the particles.

(6) Loop. Repeat the process from step 2 to 5 as time progresses.

5.6 Analysis of the Template Generation Process

In this section, we show that the covariance descriptor is a good representation of the target

as well as the motivation behind performing a random walk as given in Section 5.4.1. Two

reasonable criteria for a good target representation are as follows:

• the representation evolves gradually as the target undergoes changes in poses, appear-

ance,

• there is clear separation of the target and background.

To help visualize the distribution of target covariance matrices on the manifold, we use mul-

tidimensional scaling [89] to construct a visualization of the distribution of the covariance

matrices. The distance matrix is constructed using the Riemannian distance as given in (5.13).
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The visualization shows the relative positions of targets (red) and backgrounds (blue). Visu-

alizing the PETS 2003 Soccer sequence and the Dudek Face sequence in Figures 5.8 and 5.9,

we noticed that our representation of the targets tended to cluster together as they evolved

gradually. This evolution is smoother and easier to model on the manifold as compared to the

evolution of its original feature values at each pixel. This observation motivated us to model

the template variations by using a random walk on the Riemannian manifold. Based on (5.17)

and (5.19), Figure 5.9 illustrates a realization of the random walk. This shows that our template

dynamical model can model the actual target appearance variations. Changes in facial expres-

sion and face poses cause the covariance template (shown as red points) to evolve slowly on

the manifold, and they are well modeled by the generated covariances on the manifold (shown

as green points).

Figure 5.8: Visualization of the target in the soccer sequences on the covariance manifold. Red: target
patches, blue: background patches.
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5.9.a: Propagation for frames 1, 6, 11, ...,100 5.9.b: Propagation for frames 1, 6, ...,500

5.9.c: Corresponding target patches for frames 1, 51, ...,500

Figure 5.9: Visualizing template propagation on Riemannian manifold. Red: target, blue: background,
green: random walk.

5.7 Experiments and Results

5.8 Experiments and Results

5.8.1 Experimental Data

We tested our algorithm on some of popular tracking datasets, David Ross’s sequences in-

cluding plush toy (toy Sylv), toy dog, David, car 4 sequences from his website, Dudek Face

sequences, and vehicle tracking sequences from PETS2001, soccer sequence from PETS2003.

The test data information is tabulated in Table 5.2.
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Test sequences Source No. of frames Characteristics

Plush Toy (Toy Sylv) David Ross 1344 fast changing, 3D Rotation, Scaling, Clutter, large movement
Toy dog David Ross 1390 fast changing, 3D Rotation, Scaling, Clutter, large movement

Soccer player 1

PETS 2003 1000
Fast changing, white team, good contrast with background, occlusionSoccer player 2

Soccer player 3
Soccer player 4 Fast changing, gray(red) team,poor contrast with background, occlusion

Dudek Face Sequence A.D. Jepson 1145 Relatively stable, occlusion, 3D rotation
Truck PETS 2001 200 relatively stable, scaling
David David Ross 503 relatively stable 2D rotation
Car 4 David Ross 640 Relatively stable, scaling, shadow, specular effects

Table 5.2: Test Sequences

5.8.2 Performance Measure

As discussed in [104], a good measure should include both overall tracking and goodness of

track. This work uses the ratio between on-track length and sequence length to capture the

performance of overall tracking, and on-track accuracy for goodness of track. Define tracking

errors as: ex(t) = ‖gx(t) − x(t)‖, ey(t) = ‖gy(t) − y(t)‖, where ex(t), ey(t), gx(t), gy(t) are

the errors in x, y and ground truth in x, y at time t respectively.

γontrack =
1

2

(
ex(t)

Hx(t)
+
ey(t)

Hy(t)

)
≤ 1 (5.25)

rontrack =
γontrack

l
(5.26)

rmsontrack =

√(
ex(t)

Hx(t)

)1/2

+

(
ey(t)

Hy(t)

)1/2

(5.27)

Hx(t), Hy(t) are the ground truth target size at time t. In this work, ground truth on the target

center is manually annotated, the target size is assumed to as those of the first frame (this may

not be applicable to frames with a large change in target size).
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5.10.a: Track duration rate rontrack

5.10.b: Track accuracy rmsontrack

Figure 5.10: The results statistics, our results in blue, IPCA in red.

5.8.3 Results and Discussion

In the literature, there are many ways to make tracking better, such as using better features,

additional cues like motion indicators. However, handling template drift using a generative
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model is the main contribution of the chapter. As such, we only compared our method with the

current state-of-the-art generative algorithm, the incremental PCA (IPCA) method by David

et al. [133]. Our results are shown in red and the IPCA in green from Figures 5.11 to 5.17.

In PLUSH TOY SYLV sequences shown in Figure 5.11, the IPCA failed to recover tracking

from frame #609 when it locked onto the background, which looks more similar to the upright

SYLV. Fast poses changes around frame #609 caused the IPCA eigenbases non-representative

as shown in Figure 4.

Similarly, in Figure 5.12, the IPCA failed to follow through when target underwent a fast

motion towards the frame #1351. This shortcoming of the IPCA is better reflected in Soccer

Sequences of PETS2003. the IPCA started to drift off from frame #628 shown in Figure 5.13

when the player moved his legs fast, and lost track shortly. In the same sequence in Figure

5.14, the IPCA found it hard to track the opposite team players who wore dark clothes after a

short occlusion at frame #285.

In Figure 5.15, Dudek Face sequences, both methods perform well despite of his rich facial

expressions, which have more effects on our covariance descriptor. In the more stable vehicle

sequence from PETS2001 in Figure 5.16, again both methods could track well. Figure 5.17

shows an example of a car sequence, in which our method did not perform satisfactorily. Our

method locked onto the background whereas the IPCA showed robustness to the illumination

changes. The possible explanation is that our template dynamics was unable to account for this

dramatic and non-smooth transition of the template when the car went into a shadowed region.

Also, a closer look showed that the IPCA eigenbasis looked similar to the target template in

shadows.

The overall tracking performance on the test cases is summarized in Figure 5.10. Note that im-

ages sequences of Sylv, PETS2001 and soccer player 4 have targets out of the images, this ex-

plained the small track duration performance. Nevertheless, our method shown in red generally
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had longer track length. On the hand, given frames that were on track for both trackers, IPCA

showed better track accuracy shown in Figure 5.10b. For the sequences with frequent changes

in target appearance such as soccer sequences, the track goodness was comparable. The video

sequences may be found on the website, http://www.youtube.com/watch?v=KaSrVbGyvq4.

Discussion. In stable tracking cases, good pixel-wise alignment enabled the IPCA to track

very well. The IPCA was generally very robust to blurring, even illumination changes, as

eigenbasis tended to encompass these changes. In other words, some eigenbasis looked similar

to blurred or illumination-changed templates. The distance measure in the IPCA uses a norm

of all corresponding pixels difference; as such, it tends to be very stable and well aligned in the

stable target cases. On the other hand, it is likely to favor the relatively stable regions in the

target. When such regions are too similar to the background and target poses changes at the

same time, then the IPCA may lose track very quickly in the Soccer Sequence in Figure 5.14.

On the other hand, our method uses covariance of gradients and intensity; the template feature

descriptor is much smaller in dimension. This may cause our method slightly less precise than

the IPCA shown in Figure 5.12, which our method did not match to pixel accuracy. Figure5.17,

our method lost track when the vehicle entered the shadowed region, because the both gradients

and intensity changed significantly and for an interval.

Although our method was slightly not as precise in the stable cases, it gain much more flexi-

bility in the non-stable tracking scenarios. In the cases of non-rigid or fast motion of targets,

mis-alignment in the posterior estimate (the new template sample to add to the eigen space in

the IPCA) and eigenbases may accumulate over a short interval and consequently render eigen-

bases non-representative at all. This inevitably leads to loss in tracking. Our method could deal

with these scenarios a lot better for two reasons. Firstly, the template descriptor did not require

pixel-wise alignment and is robust to mis-alignment. Secondly, the generative process could

accommodate multiple hypothesis of the template on the covariance Riemannian manifold, and
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it automatically selects the better hypothesis as the target template evolves as shown in Figure

5.9.

However, there are some limitations in our algorithm. One of them is to the need to careful

choose a suitable region for tracking. Since we used the published features such as intensity

and gradients, and second order gradients for covariance, these features are sensitive to specular

effects, dark shadows as shown in Figure 5.17. It is also important to choose a target region with

fairly good gradients variations, otherwise the covariance descriptor may be ill-conditioned

consequently affecting both eigenvalues estimation and distance measurements in Equation

5.13.

Figure 5.11: Tracking results on the PLUSH TOY SYLV sequences, frame #133, 594, 609, 613, 957,
and 1338, Green: IPCA, red: our results. The IPCA failed to recover the track from frame # 609.
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Figure 5.12: Tracking results on toy dog sequences, frame #1, 450, 715, 1014, 1271, and 1351. Green:
IPCA, red: our results. The IPCA was slightly more localized in the stable case, but failed to follow
through when the target underwent a fast motion towards frame #1351.

Figure 5.13: Tracking results on soccer sequences, frame #246, 628, 630, 661, 686, and 996. Green:
IPCA, red: our results. The IPCA started to drift off from frame #628 when the player’s legs moved
fast, and lost track shortly.
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Figure 5.14: Tracking results on soccer sequences, frame #10, 15, 122, 248, 285, and 360. Green:
IPCA, red: our results. The IPCA started to drift off from frame #15 due to low contrast between the
target and the background.

Figure 5.15: Tracking results on DUDEK FACE sequences, frame #1, 361, 459, 605, 795, and 1095.
Green: IPCA, red: our results. Both results were comparable despite his rich facial expressions, which
had more effect on our covariance descriptor.
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Figure 5.16: Tracking results on PETS2001 vehicle sequences, frame #1, 25, 50, 75, 100, and 125.
Green: IPCA, Red: our results. Both results were comparable.

Figure 5.17: Tracking results on car sequences, frame #1, 132, 150, 168, 184, 227, Green: IPCA, Red:
our results. The IPCA method performed better and was robust to illumination changes, but our method
mainly used template gradients, which changed dramatically due to shadows and lack of reflection of
the car plate. At frame #227, the arrow sign might look too similar to the target in gradients.
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5.9 Conclusion

In this chapter, we have proposed a novel superior template propagation mechanism in the

log-transformed space of the covariance manifold to free the constraints inherently imposed

by positive definite matrices. We have shown that the simple generative process can allow the

template to evolve naturally with target appearance variations. The simultaneous modeling of

poses and template uncertainties enable us to better tackle these dual problems together. By

employing a particle filter, our method can deal with multi-modal distributions in both poses

and template variations. In the experiments, our algorithm outperformed the current state-

of-the-art algorithm, IPCA, particularly when the target underwent a fast and non-rigid pose

changes, and our method also maintained a comparable performance when the target was more

stable.

The proposed method focuses on robust tracking of objects in a long video sequence, enabling

efficient extraction of temporal semantic for high level visual analytic applications. For ex-

ample, object trajectory information was used in [80] to infer any anomalous events. This is

particularly the case for high resolution images, where high dimensionality in data could result

in significantly expensive computation in extracting temporal information. So far, we only con-

sider using the image rectangular patch to present targets, and may thus include background

information when the object is not rectangular. For this, object segmentation information may

also be included for better tracking. In the next chapter, we will propose an efficient way for

object segmentation.
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Chapter 6

Object Co-Segmentation: Propagated from

Simpler Images

As discussed in Chapter 1, robust estimation of high dimensional statistics is challenging, espe-

cially when the data is highly correlated and noisy. High spatial resolution images are common

in our daily life, enabling us to resolve objects in the images better with clear boundaries.

However, this also brings in the challenges of highly correlated high dimensional data to the

automatic processing of images. This is particularly true when we have to model spatial rela-

tionships between neighboring pixels for object segmentation. With good object segmentation,

object semantics can then be derived for high level visual analytic applications. This chapter

proposes an unsupervised method for robust object co-segmentation using a large image set.

6.1 Introduction

Image segmentation is used in many image applications for classification and recognition. Seg-

mentation results often serve as spatial priors for object-based analysis [103] such as in remote

sensing [24]. Without a clear definition of subsequent applications, segmentation by itself is

not well defined; i.e., the definitions of complete objects vary according to their utilization. For

example, if an image contains a pedestrian wearing a hat, a good segmentation for hat recog-

nition would be just the hat, but pedestrian recognition may require both the person and the
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hat as one segment. This problem is alleviated when a common object exists in many images.

Given a large image set, the common object becomes a priori information for segmentation.

Furthermore, accurate segmentation could significantly improve automatic recognition perfor-

mance [103]. Therefore, it is important to develop an efficient and accurate objects segmenta-

tion algorithm for large image sets. Image co-segmentation is typically defined as the task of

jointly segmenting something similar in an image set.

Images co-segmentation has been actively researched recently [13,33,35,36,73,82,162]. Most

co-segmentation methods are unsupervised except [13], which requires interaction with users.

They usually leverage on similarities in foregrounds and backgrounds among different images,

and integrate pixel classification into the segmentation. In modeling, these methods aim to

extract what is common in all images in terms of visual features such as the Scale Invariant

Feature Transform (SIFT) [33]. A recent work [82] utilized the well-known discriminative

clustering method for segmentation and reformulates the problem into an optimization prob-

lem. However, it cannot handle object variations well. This is extended [83] to a multi-class

segmentation using both spectral and discriminative clustering for a probabilistic estimation.

The existing co-segmentation methods face a few challenges. First, the common objects may

vary substantially in appearance, color, and orientations across images. Some images are easier

to segment, but some are much more difficult due to cluttered backgrounds. It is hard to model

pixel spatial relationships for segmentation in feature spaces holistically, especially when im-

age features are high dimensional and samples are few. Second, simultaneous modeling of

simple and cluttered images may result in a non-discriminative model and poor segmentation

in simple images as illustrated in Figure 6.1. Third, a large image set may contain multiple fore-

ground objects. Without knowing their labels, it is not easy for the existing co-segmentation

techniques to work well. Lastly, the images may also contain undesired common backgrounds

such as leaves, as shown in Figure 6.1.
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Figure 6.1: Examples of co-segmentation results. First row: original images, second row: results
from [82].

To meet these challenges, this chapter proposes a co-segmentation paradigm to segment im-

ages sequentially, from easy to increasingly difficult images. We first propose a novel image

ranking measure to rank image segmentation easiness based on a saliency measure. With a

saliency prior, single image segmentation is applied to the simplest images to extract complete

objects. The complete object masks are then propagated to more complex images, on which

the common objects are less salient. This propagation gives a probabilistic estimation of fore-

ground objects in the images, which are then segmented using a graph cut. This process is

efficient in computation and memory, and can segment multiple classes object simultaneously

without class label information. In experiments, it achieved better object segmentation than the

current state-of-the-art algorithms, especially on more complex images.
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6.2 Recent Works

6.2.1 Recent Works on Segmentation

There is a recent trend of performing image segmentation in a superpixel representation, which

aims to group pixels with spatial and intensity homogeneity. This kind of representation allows

us to perform pixel group level processing and much faster. Two recent popular superpix-

els methods are Simple Linear Iterative Clustering (SLIC) [4] and Entropy Rate Superpixel

(ERS) [98]. Both methods can handle object boundaries well, and are computationally effi-

cient. SLIC employs k-means clustering in a local manner with a weighted distance measure

combining both color and spatial proximity. On the other hand, ERS formulates the superpixel

segmentation problem as an optimization problem on graph topology. The ERS method has

a parameter on the expected number of superpixels in an image. Usually, superpixels are the

intermediate steps for segmentation, as in [98].

Although using superpixels has many benefits, clustering superpixels into a complete object

is not an easy task. Some well-known segmentation methods such as mean-shift [45], graph

cut [26], and normalized cut methods [139] have been used in an attempt to segment out ob-

jects of interest. The mean-shift method recursively shifts the means of regions as they expand

to include neighboring pixels. A cluster of pixels converges to a local distribution forming a

segment, and small statistically close segments are merged into bigger segments. Both graph

cut and normalized cut methods build a graph to represent pixels and their neighborhood rela-

tionships. The graph nodes are image pixels and the graph edges model the affinity between

pixels. Graph-based methods have proven to be flexible to include multiple desired properties

of segmentation, such as known pixels relationships and symmetry.

Unsupervised segmentation methods do not utilize any a priori information on the foreground
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and background. These methods mainly focus on spatial grouping, rather than on foreground

segmentation of objects . The resultant images may not give complete foreground objects.

The concurrent work by [111] formulates the co-segmentation problem using an energy mini-

mization approach, which takes into account of both intra-group information within each image

and inter-group information between images. This approach may be used in the propagation

step of our proposed method.

6.2.2 Segmentation Propagation

There is also a trend towards transferring knowledge to learn a new class from a few training

examples by leveraging examples from related classes. Most of these works are intended for

object recognition or detection, but not segmentation. [90] proposes a segmentation propaga-

tion approach. Initialized with some known segmentation masks, it propagates the masks to

the most similar unsegmented images, serving as segmentation prediction. Segmentation is

then performed using a graph cut to refine the prediction. These segmented images will form

sources for segmentation transfer in the subsequent step. This novel approach maps the seg-

mentation results to the test images based on patch similarity. The underlying assumption is

that similar patches share a similar foreground and background segmentation. This approach

is supervised as it requires initial labelled images for training.

6.3 Unsupervised Image Set Segmentation

Building upon the success and challenges of the existing unsupervised segmentation methods,

this chapter proposes a paradigm to leverage on their success together with high level prior in-

formation. In simple images without cluttered backgrounds, salient objects can quickly capture
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Figure 6.2: Overall algorithm framework.

the user’s attention. The common foreground objects in simple images can be segmented out

readily and completely. Given a sufficient number of well-segmented images, the foreground

object masks can be propagated to increasingly difficult images in the manner similar to [90].

The overall algorithm framework is illustrated in Figure 6.2 and is explained in more detail as

follows.

6.3.1 Ranking of Segmentation Easiness

An image is easy to segment if the foreground stands out readily from the homogeneous back-

ground. For such images, there should be a clean separation between foreground and back-

ground with clear boundaries, and the resultant segments should contain complete foreground
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Figure 6.3: Ranking of segmentation easiness based on saliency. Images in row 1 have higher Rsal than
in row 2, and are easier to segment. Row 3 images are difficult images in the butterfly data set.

objects. This chapter proposes a saliency-based continuous measure for segmentation easiness

Rsal as follows:

Rsal =

∑
i∈fg S(i)∑
i S(i)

, (6.1)

where
∑

i∈fg S(i) is the sum of saliency scores over a foreground region, and
∑

i S(i) is the

sum over the whole image. The foreground and background regions in an image are determined

by a binary segmentation, the more salient regions are assumed to be the foreground. The

saliency score of every image region S(i) is estimated via a global contrast saliency score as

in [42]. This score is based on the region’s color contrast with respect to the whole image,

with weighted sum contributions from the neighboring regions. Subsequently, more salient

regions are segmented out using a graph cut. Upon segmentation, the saliency ranking Rsal is

computed. An image with a high Rsal ranking should be easy to segment. Examples of ranking

by (6.1) are presented in Figure 6.3 and the corresponding saliency maps in Figure 6.4.
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Figure 6.4: The corresponding saliency maps for images in Figure 6.3.

6.3.2 Segmentation Propagation

Simple images are segmented out using a graph cut on the saliency map. The resultant well

defined object masks are then propagated to more difficult images as segmentation prior. The

segmentation results from simple images are generally quite good, due to a clear separation

between foreground and background in these images. Even in some images that may not be

well segmented, the results can be further improved by passing them to the propagation step.

Let the image set be {I1, I2, ..., It, It+1, ...}, where Ik is an image according to our rankingRsal.

{I1, ..., It} have been segmented, and It+1 is to be segmented. In more difficult images, objects

may not be as salient and there could be more background clutter as shown in Figure 6.3.

This is where well segmented images can help, and similar object regions should have similar

segmentation boundaries. Since the similarity between images may be affected by varying

backgrounds, we adopt image patches for comparison. Possible object patches are extracted

from the image It+1, and matched to the closest K patches l in the segmented set {I1, ..., It}.
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The resultant segmentation prior of patch x in image It+1 is defined as follows:

P (x) =
1

K

K∑
l=1

exp
(
−d2(x, l)/2σ2

)
, (6.2)

where P (x) is the prior probability of patch x being in the foreground, d(x, l) is the Euclidean

distance between patches x and l, and σ is a parameter to set. To compute d(x, l), features are

extracted from these two patches. Here, we use GIST features as in [122]. Note that image

patches are extracted based on objectness as defined in [6], the patches may overlap. In this

manner, every pixel on the test patch will have a probability of being in the foreground and

being in the background.

6.3.3 Segmentation with Prior Information

To segment an image, a graph cut is used to solve the energy minimization problem as follows:

E(L) =
∑
i

U(Li) +
∑
i,j

V (Li, Lj), (6.3)

where E(L) is the energy to minimize, U(Li) is the unary potential of pixel i being labelled as

Li, and V (Li, Lj) is the potentials term modeling the spatial coherence between two neighbor-

ing pixels i, j. The unary potentials term is defined as U(Li) = −
∑

k log(P (Li|Ck)P (Ck)),

where P (Li|Ci) is the probability of pixel i belonging to class k, k ∈ {0, 1}, and P (Ck) is the

prior probability of class k computed from (6.2). P (Li|Ci) is computed based on a Gaussian

mixture model. The pair-wise potentials are defined as:

V (Li, Lj) ∝ d(i, j)−1 exp

(
−γ

∑
k=R,G,B

|Ii(k)− Ij(k)|1

)
,

where d(i, j) is the pixel spatial distance and |Ii(k)− Ij(k)|1 is the intensity difference across

RGB channels. The minimization and pixels labelling are carried out iteratively until there
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is no change in pixel labels. It took about 8 hours to finish segmenting 6000 images using a

16GB, 2.13 GHz Xeon machine.

6.4 Experiments

6.4.1 Data Sets

In the experiments, two data sets are chosen: the Leeds butterfly data set [164] and the flower

database from Oxford University [121]. The butterfly data set has 10 categories and 832 images

as shown in Table 6.1. The butterflies in these images appear in different positions, sizes,

orientations, and poses. The flower database consists of 102 flower categories, commonly

seen in the United Kingdom. Each class consists of between 40 and 258 images. There are

a total of 5198 images chosen. All images are scaled to maximum size of 500 pixels and no

category information is used in the experiments. Both have a wide variety of appearances,

poses, and cluttered backgrounds. They have multiple categories of foreground objects, and

their segmentation ground truths are also provided. There are both simple and difficult images

in these two data sets. In this work, we used the average accuracy as the performance measure.

The accuracy on one image is defined as follows:

acc =
TP

TP + FP + FN
× 100%, (6.4)

where TP, FP correspond respectively to the number of the foreground pixels classified cor-

rectly and incorrectly, and FN corresponds to the number background pixels classified as fore-

ground.
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Figure 6.5: Examples of co-segmentation results. 12 images were used. The results are in the sequence
of DCM [82], SC [42], and our results.

6.4.2 Results

The discriminative clustering method (DCM) [82], the Saliency Cut method (SC) [42], and

our proposed method are compared using these two data sets. In a more complex example

shown in Figure 6.3, the butterflies are of different orientations, slightly different illuminations,

and different sizes. In this case, the DCM method performed poorly in segmenting out the

butterflies. Both SC and our proposed methods could segment out the butterflies well as shown

in Figure 6.5. Since the DCM method could not handle variations in images and multi-class

objects well and it was computationally infeasible to process these two data sets, only SC was

chosen for qualitative evaluation.

Table 6.1 shows the segmentation results on the butterfly data set. Our method significantly
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S/N Names SC [42] Our Method

1 Danaus plexippus 85.8 87.7
2 Heliconius charitonius 56.4 72.0
3 Heliconius erato 73.7 79.7
4 Junonia coenia 61.4 72.7
5 Lycaena phlaeas 79.2 79.1
6 Nymphalis antiopa 87.5 83.5
7 Papilio cresphontes 76.7 83.6
8 Pieris rapae 54.7 75.2
9 Vanessa atalanta 84.1 83.0

10 Vanessa cardui 79.2 82.1

Mean 73.9 79.9

Table 6.1: Segmentation results on butterfly data set, accuracy in %.

outperformed SC, especially on the following categories: Heliconius charitonius (56.4% vs

72.0%), Junonia coenia (61.4% vs 72.7%), Papilio cresphontes (76.7% vs 83.6%), and Pieris

rapae (54.7%, 75.2%), as shown in the third row of Figure 6.3. It is clear that these categories

of butterflies do not have salient features, the distinction between foreground and background

objects is minimal especially for Pieris rapae. Our method could propagate the segmentation

results to handle these difficult cases.

For the flower data set, the results are shown in Figure 6.6. Our method outperformed the

SC method significantly on most of the flower categories with the average score 78.8% as

compared to 72.1% by SC.
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Figure 6.6: Segmentation results on the flowers data set with 102 categories.

6.5 Conclusion

This chapter proposes a novel unsupervised co-segmentation method for large image sets. The

proposed method first ranks the image set according to segmentation difficulty. Using top level

information such as object saliency, it can perform segmentation on simpler images very ac-

curately. It is unsupervised, and no class label information is required. Equipped with the

knowledge of both foreground objects and their accurate masks, the proposed method then

transfers the segmentation knowledge to more difficult images. This sequential, simple-to-

complex manner allows the proposed method to be very robust. It can handle complex images,

in which objects are not as salient. In the experiments, more than 6,000 images were tested

for robustness. The results were compared to current state-of-the-art algorithms, unsupervised

saliency cut, and images co-segmentation using discriminative clustering. Our results outper-

formed them significantly, especially in complex images.

The proposed object segmentation method is efficient and automatic, can be used for handling
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a large image set, particularly useful for high resolution images. In this case, visual analysis

could then look at the object level for semantic interpretation instead of the pixel level. Together

with the visual tracking method proposed in the previous chapter, the proposed methods form

the mid-level processing for the high level visual analytic applications.
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Conclusion

High dimensional visual data, ubiquitous in modern data analysis, gives rise to potentially bet-

ter data modeling and class separation for visual analytic applications. Along with these new

developments emerge new challenges such as sample insufficiency problems, data sparsity in

high dimensional space, and non-scalable computational costs. This thesis focuses on efficient

learning methods for high dimensional visual data. First, we propose a sparse graph embed-

ding methods for a generalized class of machine learning methods. Subsequently, two efficient

methods are proposed for learning of temporal and spatial semantics, respectively. They form

the important mid-level processing layer for high level visual analytic applications. This chap-

ter summarizes some contributions, and discusses some possible areas to further extend this

research.

129



CHAPTER 7. CONCLUSION
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Figure 7.1: Contributions of this thesis for efficient learning of high dimensional visual data.

7.1 Summary of Contributions

This thesis has made a few contributions to efficiently learning of high dimensional data for

visual analytic applications. Specifically, they include high dimensional covariance matrix es-

timation for hyperspectral data, an efficient framework to perform linear graph embedding and

feature selection simultaneously, manifold modeling of covariance matrices and its application

to visual tracking, and object co-segmentation on a large image set.

1 A case study on high dimensional covariance matrix estimation for hyperspectral

data

To cast light on the adverse effects of high dimensionality, we survey the literature for co-

variance matrix estimation on hyperspectral data. High correlation and noisiness among

the dimensions of hyperspectral data make covariance matrix estimation particularly rel-

evant for understanding the impacts of high dimensionality. The findings show that
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the sample covariance of high dimensional data severely degraded the performance of

anomaly detection as dimensionality increases. The performance was made worse by

the data outliers. A high correlation among data dimensions tends to cause rank defi-

ciency in the covariance matrix and presence of outliers yields unreliable estimates of

data statistics. On the other hand, conditioning covariance matrix with a sparse structure

and regularization can significantly mitigate rank deficiency and the outlier issue. This

demonstrates the necessity of efficient and robust methods for high dimensional data

learning.

2 An efficient framework to perform graph embedding and feature selection

simultaneously

Dimensionality reduction and feature selection are two main successful approaches in

handling high dimensional data. Although these two approaches have their own pros

and cons, they share a common objective in modeling data intrinsic structures. To unify

them, we propose a novel paradigm to perform feature selection and graph embedding

simultaneously. In this paradigm, a novel feature selection scheme is presented using a

regularized least squares formulation, which is then solved efficiently using an acceler-

ated proximal gradient method.

The proposed framework is flexible enough to cater for a generalized class of linear di-

mension reduction techniques, such as Principal Component Analysis, Linear Discrim-

inant Analysis, Locality Preserving Projections, Canonical Correlation Analysis, and

Hypergraph Spectral Learning. It can be also used for unsupervised, supervised, and

semi-supervised methods in preserving the corresponding intrinsic data structures via

low dimensional embedding.

Furthermore, the proposed framework is very computationally efficient and can readily

handle very high dimensional data, more than 50,000 dimensions, for which the common

131



CHAPTER 7. CONCLUSION

dimensionality techniques cannot achieve easily.

Computational efficiency and optimality in this framework enables an abstraction of gen-

eralized linear graph embedding, facilitates future developments of both linear dimen-

sionality reduction techniques and feature selection methods.

3 A diffusion process on Riemannian manifold for covariance evolution

While the proposed unified framework for linear graph embedding can efficiently handle

high dimensional data in linear modeling, non-linear modeling using manifolds has many

applications, especially on image analysis. A robust distance measure for image analysis

has to handle variations in image illuminations, object poses and appearances - these

variations are all within-class. It is therefore necessary to have a compact representation

in the low dimensional manifold. Many manifold learning methods have been proposed

for image modeling, many involve a pair-wise distance computation, which is neither

scalable nor easy to extend to incremental new samples.

We propose an efficient generative model on the Riemannian manifold of covariances

to handle a multiple-model distribution of covariances. The proposed model can effec-

tively incorporate the uncertainty in the labelled data for an incremental learning. This

is particularly applicable to long-term tracking, where there is inevitably a drift in target

positions, orientations, appearance, and possible occlusion. It is necessary to deal with

the dual uncertainties in the target kinetics (positions and orientations) and representa-

tions (appearance). The proposed generative target representation model, together with a

target motion model, enables us to simultaneously address the dual problems in tracking

via a Bayesian framework.

The proposed method exploits a compact representation on a well-defined manifold, ef-

fectively handles the dual uncertainties in visual tracking. This method can be extended
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to incremental learning problems, where there is an uncertainty in data labeling.

4 Object co-segmentation: propagated from simpler images

Object segmentation allows simplification of images for efficient visual analysis, it re-

mains challenging to perform this task on a single image. We propose a novel framework

to tackle this task by co-segmenting a large image set. First, we note that the modern im-

age segmentation techniques work well for simple images, but not for complex images.

This is due to lack of a good spatial relationship model to group object components

together. We then propose to propagate object segmentations results from the simpler

images to more difficult ones. A novel image ranking mechanism is proposed so that

simpler images can be filtered for object segmentation first. Segmentation results from

simple images serve as training samples for unsegmented more complex images via a lo-

cal KNN-graph. In this manner, the object co-segmentation model is much more smooth

and compact, and is capable of handling both simple and difficult images very well.

This application illustrates a neat way to address a complex visual analytic problem. By

first accomplishing simpler tasks well, a more efficient and compact learning model can

be constructed for more complex tasks in a sequential manner.

5 Spectral, spatial and temporal processing

This thesis covers all three domains of visual data, namely, spectrally across different

color channels up to hyperspectral channels, spatially for object segmentation, and tem-

porally for object tracking. The comprehensive coverage will enable potential fusion of

the information from all three domains for complete visual data exploitation.
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7.2 Future Work

Some possible future work is to extend our methods to high level visual analytic applications

or to better integrate the vertical processing chain in the visual analytic framework shown

in Figure 1.5. The proposed methods in this thesis can be used to individually to facilitate

extraction of the respective high level semantics. Also they can be used together to achieve

even better performance. They are further elaborated as follows:

• Simultaneous detection, segmentation, learning and tracking

The recent work on tracking-learning-detection [85] integrates the three areas of work

Learning 

Tracking Target Detection

Segmentation

Figure 7.2: Visual analytic components and techniques.

for robust tracking, namely, visual tracking, machine learning, and target detection. It

was shown to outperform most of current state-of-the-art algorithm. Most of the current

tracking algorithms have a suitable underlying kinetic model to predict target potential

regions, and often fail to predict for fast motion changes. Instead of searching for a

sophisticated model, a target detection model can be integrated to better estimate the

potential target locations. Upon detection, the target size and poses can be further re-

fined by a segmentation algorithm. The proposed object co-segmentation in Chapter 5
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is particularly suitable for this case, as it is sequential and instance-based learning. The

idea is that detection is mostly based on the pure object patch information without con-

sidering the surrounding information, and segmentation complements it by including the

surrounding information for a more complete object. Subsequently, tracking is to asso-

ciate temporally the detected and segmented objects and enables extraction of temporal

semantics such as object trajectories and target appearance changes. Finally, the learning

module can take in the tracked target segmentation and update its classifier, which will

help in detection. By this, a cycle is completed as shown in Figure 7.2.

• Extension to high level visual analytic applications

In this thesis, we focus on mid-level learning methods for visual analytic applications.

With a more complete framework as shown in Figure 7.2, we can then extract more

robustly high level semantic information, such as event recognition, anomaly activi-

ties, and spatial semantic extraction for object recognition. Trajectory information was

used in [80] to infer any anomalous events. More sophisticated models such as Hidden

Markov Model was also used in [75] to infer activities such as “converse”, “approach

then stop”, “approach then leave”. Given more constrained environments, such as pedes-

trian path in the park, the number of common activities are limited, high level visual

analytic tools can be used to identify potential anomalous activities such as “snatching”.

Besides the temporal event recognition, our work can be extended for visual recognition.

Our segmentation and tracking work can be used to extract better training samples for

classification, therefore, enabling better discrimination among similar images. One of

possible examples is face recognition in closed-circuit television videos.

• Applying to a deep representation

Throughout the work of this thesis, we have focused on efficient methods for high di-

mensional learning, assuming the data representation is known. The recent development
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of unsupervised feature representation through deep learning has been shown to signif-

icantly improve many machine learning tasks. The basic idea is to build multi-level

representations. In each hierarchical level, unsupervised learning methods are applied to

learn a new transformation method on the feature transformation derived from the previ-

ous level. To leverage the success of unsupervised feature representation, we can apply

the proposed efficient learning methods in each level of the multi-level representations

so to benefit from high dimensional representations without suffering from the adverse

effects discussed so far.
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