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Abstract We consider a MAP-modulated fluid flow queueing model with multiple vaca-
tions. As soon as the fluid level reaches zero, the server leaves for repeated vacations of
random length V until the server finds any fluid in the system. During the vacation period,
fluid arrives from outside according to the MAP (Markovian Arrival Process) and the fluid
level increases vertically at the arrival instance. We first derive the vector Laplace—Stieltjes
transform (LST) of the fluid level at an arbitrary point of time in steady-state and show that
the vector LST is decomposed into two parts, one of which the vector LST of the fluid level
at an arbitrary point of time during the idle period. Then we present a recursive moments
formula and numerical examples.
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1 Introduction

We consider a MAP-modulated fluid flow system in which the server leaves for repeated
vacations as soon as the fluid level reaches zero. This is an extension of the conventional
Markov-modulated fluid flow system to control the server’s idle state. We assume that the
background process follows the MAP (Markovian Arrival Process) (Lucantoni et al. 1990)
with parameters C and D.

The queueing systems in which the fluid (workload) increases or decreases linearly ac-
cording to the phases of the background Markov process have been studied under the name
of Markov-modulated fluid flow (MMFF) models. The conventional MMFF model was in-
troduced by Anick et al. (1982) to analyze a data handling system with multi-input sources.
More details about the conventional MMFF models can be found in Ahn (2009), Ahn and
Ramaswami (2003, 2004, 2005), Ahn et al. (2005), Asmussen (1995) and Bean et al. (2005).
Various applications to the real world systems can be found in Aggarwal et al. (2005), Bade-
scu and Landriault (2009), Badescu et al. (2007), Kulkarni and Yan (2007), Mitra (1988),
Takada (2001), Tan and Gershwin (2007), Tzenova et al. (2005), Yan and Kulkarni (2008)
and Yeralan et al. (1986). Analysis of the MAP-modulated model with D policy can be
found in Baek et al. (2011).

The conventional MMFF model has been successfully applied to various real world sys-
tems such as telecommunication systems and production/inventory systems. However, wider
applications were limited due to the assumption that the system (server) has to begin to pro-
cess the fluid as soon as the fluid level turns to be positive. This limited range of applications
due to the lack of server control can be found, for example, in the computer and communi-
cation systems which usually require a maintenance period whenever there is no workload
to be processed. Similar example can be found in a production system in which the server
needs to delay the production until a certain amount of raw material is accumulated. From
the engineering point of view, delaying the production is meaningful when the setup cost is
very high. By delaying the production the production cycle becomes larger and it results in
a low average setup cost per unit time.

In this paper, we consider a new modification of the conventional MMFF model such that
the system has a vacation period whenever the fluid level reaches zero. During the vacation
period, no service is rendered by the server and the fluid level only increases by the inflow
of the fluid. Fluid models driven by a background server vacation queues were studied by
Mao et al. (2010a, 2010b, 2010c) in which the rate of change of the fluid levels is controlled
by the background vacation queueing systems. But their models could not be regarded as
the server vacation MMFF models in the true sense.

In a queueing context, our model is analogous to the server vacation queueing systems.
A server vacation queueing system is in a wide sense a queueing system in which the server
is idle even though there are customers (or workload) waiting for service in the system.
More details about vacation queues can be found in Doshi (1986), Heyman (1977), Lee and
Srinivasan (1989) and Levy and Yechiali (1975). Studies on the MAP(BMAP)/G/1 queue
with a server vacation model can be found in Baek et al. (2008), Chang et al. (2002), Lee
and Baek (2005) and Lee et al. (2001).

It is known that the vector Laplace Stieltjes transform (LST) of the queue length and the
workload distributions for many of the MAP(BMAP)/G/1 vacation queues is factored into
two parts (Baek et al. 2008; Chang et al. 2002 and Lee et al. 2001) one of which is the LST
of the queue length or the workload at an arbitrary time during the idle period. Readers will
see that the vector LST of the fluid level of our system is also factored into a similar form.
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Fig. 1 MAP modulated fluid flow system with multiple vacations
2 The system and the model

2.1 The system

3 21 70

In this paper, we consider a MAP-modulated fluid flow queueing system with multiple va-
cations with following specifications (readers are advised to see Fig. 1 to understand the
system behavior):
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The background process follows a Markovian Arrival Process (MAP) with parameter
matrices C and D. Thus, the background process is a continuous-time Markov chain
with infinitesimal generator Q = C + D. We will call this background process the un-
derlying Markov chain (UMC). We note that this UMC process determines the arrival
of customers during the idle (vacation) period and the input/output rates of fluid during
the busy period.

During the busy period (processing period), the rate of change of the fluid level is r; if
the UMC is in phase i. If r; > 0, the fluid level increases linearly. If ; < 0, the fluid level
decreases linearly. Thus we have two sets {J, J,} of phases where 3 is the set of the
UMC phases with increasing rates and 3, is the set of the UMC phases with decreasing
rates.

As soon as the fluid level reaches zero, the server leaves for repeated vacations of iid
random length { V), V,, ...} with DF V (x) (vacation period or idle period) independently
of the UMC process. If there exists any fluid at the end of a vacation, the busy period
starts immediately. If not, the server leaves for an another vacation.

During the vacation period, the server does not process the fluid. Customers arrive in the
system during the idle period according to the common MAP(C, D) of the background
process, and the fluid level jumps up at the arrival instances. The jump size follows a
non-negative random amount S with a general distribution function S(x) (x > 0). We
assume finite mean variance of S.

S, V; and UMC (background) process are independent.

Figure 1 depicts our system. For the system, we say that the system idle if it is in the

vacation period. Thus an idle period is the length that consists of the successive vacations.
By a cycle we mean an interval between two successive busy period termination points.
A cycle consists of an idle period and a busy period. We note that the busy period of our
system behaves identically to the conventional MMFF system with the fluid level at the end
of the vacation (idle) period.



The examples of discrete increase during the idle period and continuous increase during
the busy period can be found in many real-world systems. Chemical processing systems and
water purification systems are good examples.

2.2 Preliminaries

In this section, we review the conventional MMFF system and important theoretical results
for later use. Results in this section can be found in Ahn and Ramaswami (2004, 2005).
The conventional MMFF model is a two dimensional stochastic process {U (¢), J(¢), t}
where U (t) is the fluid level at time ¢ and J(¢) is the phase of the UMC at time ¢. For
the conventional MMFF model, let us divide the UMC phases into two sets {3, J,} where
3 is the set of UMC phases with increasing rates and S, is the set of UMC phases with
decreasing rates. According to the set of phases that belong to J; and J,, the infinitesimal

generator can be expressed as
0o ( 0. le>
0 0Oxn

which is partitioned according to J; (i =1, 2).

During the sojourn time the UMC is in i € J, the fluid level increases with rate (slope)
r; > 0 and decreases with slope r; < 0 during i € 3.

Let us define I' as the diagonal matrix of y; = |r;|, and P as follows,

r-'o
A

P= +1, 2.1)

where A is a positive number with

A> max[—l"*1 Q]”,.

ied

We partition P and T according to J; and 3, as

P P rBh o0
p_ ( 11 12) ’ r— < 1 > .
Py, Py 0 I,
P is used to compute the performances by using the uniformization technique.
In the analysis of MMFF related systems, the first passage times play important roles.

Let t = inf{r > 0, U (¢) = 0} be the first passage time to level 0. Let us define the following
Laplace—Stieltjes transforms (LST),

[¥*@], =E[e J@=jlUO0)=0,J(0) =i] (e jeN),
[G1010)], = E[e™", J(0) = jlU©) =x, JO) =i] (€3, jeD),
[G5O10)], =E[e". J()=jlUO) =x,J0)=i] (€, jeN).

W*(0) represents the length of the busy period of the simple MMFF system. G7,(0|x)
represents the first depletion time of the simple MMFF that starts with level x and an in-

creasing slope. G, (6|x) represents the first depletion time of the simple MMFF that starts
with level x and a decreasing slope. Then, we have

v (0) = [(Pu - ?rﬁ)\v*(e) + Plz] [1 -
G5, (0]x) =¥*(0)Gh(0]x) (x> 0), (2.3)

H*(@) -1
. ] , 2.2)



and
G301x) =" (x>0), (24)
in which

H*(0)=T;'[ 0y — 01 + 0,,¥°(0)]. 2.5)

3 Analysis of the system

In this section, we analyze our system. Let us define the following notation and probabilities:

e r;: rate of the change of the fluid level when UMC phase is i,
o v =|ril,
e J: set of UMC phases with r; > 0,
e J;: set of UMC phases with r; <0,
o I=31UY3y,
e m;: number of UMC phasesin J; (i =1, 2),
e m: number of UMC phases (= m; + m,),
e V(x), v(x): distribution function (DF) and probability density function (pdf) of V,
o V*(0): LST of V(x),
e S : amount of fluid brought in by an arrival during the vacation period (random variable),
e S(x), s(x): DF and pdf of S,
e S5*(0): LST of S(x),
e R;: diagonal matrix of rates in J; (i = 1, 2),
e R=(7 2)-T=({r).
o ; =lim,_ o Pr[J(#) =i] (1 <i <m),
e T ={m, >, ..., T} steady-state phase probability vector of the UMC process,
E(r) = { 0, system is idle at time ¢,
1, system is busy at time ¢,
e e: column vector of 1’s.

Let us define the following probabilities,

Uidie, i (x, 1) =Pr[U @) <x, J (1) =i,E(1) =0] (x> 0),
Upusy (6, ) =Pr[U(1) <x, J@) =i, E@0) =1] (x> 0),

and steady-state quantities as
Uidie,i (x) = lim Ujge i (x, 1),
—00
Uhusy,i (x) = lim Ubusy,i (-x, t)~
—00

Let us define the vectors and vector LSTs as follows:

Uidie(x) = {Uidie,1 (%), Uigte2(X), ..., Ugte.n (X) },
Uhusy(x) = {Ubusy,l ()C), Ubusy,Z(x)v sy Ubusy,m (X)},

o]

o0
u?dle(e) = / e_edeidle(x)7 uzm.y(O) = / e_edebuSy(x).
0 0

Then, the vector LST u*(0) of the fluid level at an arbitrary time in steady state can be
obtained from

u () = uiy, (0) + up,, (0). 3.1



We note that the system becomes stable if and only if the average increase of the fluid is
less than zero, or, equivalently, average outflow rate is higher than the average inflow rate.
We thus have the following stability condition,

7 igie DeE(S) + 1 py5yRe < 0

where, 7 ;g and 7, are steady-state phase probability vectors of the UMC process during
the idle period and the busy period respectively. It is easy to confirm that above stability
condition is reduced to & Re < 0 for the ordinary MMFF system.

3.1 Analysis of the idle period

In this section, we derive the vector LST u},,(6) of the fluid level at an arbitrary time during
the idle period. Let us define the following probability.

[f/,, (x)]l.j = Pr(n jumps (arrivals) occur during a vacation, the length of the vacation

" is less than or equal to x and the UMC phase at the end of the vacation

is j under the condition that the vacation starts with UMC phase i)
(n=>0,x>0).

Let us define the following matrix transforms,

Vi) = / e dV,(x), (3.2)
0
Vi@ 0)=) V0" = / e DI gy (x), (3.3)
n=0 0
V(@) =V*2.0l=0= Y _ V2" :/ e CHPI GV (x), (3.4)
n=0 0

where f’n (x) is the matrix of [f/n (x)]ij. Then we have the following theorem.

Theorem 3.1 Let k be the stationary probability vector of the UMC phase at the start of a
cycle (i.e., at the start of an idle period). We then have

k(I =Vo)'[V() - I1(C+ Dy)”!

i (0) = (1 = p) E(WV)k[I —Vy]~le

(3.5)

7=S5*(0)
where, Vo = V (2)|,=0 is the probability that no jump occurs during a vacation and p is the
probability that the server is busy at an arbitrary time.

Proof We note that the fluid level process during the idle period is identical to the workload
process of the MAP/G/1 queue with multiple vacations. Let p, ;. (z) be the vector generating
function (GF) of the number of the customers (jumps) at an arbitrary idle time point. Using
N =1 in equation (3.49) of Lee et al. (2001), we get

k(I — Vo) '[V(z) — I](C + Dz)™!
EWV)x[I — Vgl le ’

Since each arriving customer brings in amount S of fluid into the system, using S$*(0) in
place of z after multiplying by (1 — p) proves the theorem. O

Pia(2) =

k and p will be obtained later.



3.2 Analysis of the busy period

To derive the vector LST uy, (6) of the fluid level at an arbitrary time during the busy
period, we need to derive the fluid level distribution at the start of the busy period.
Let us define the following probability,

Usp,ij(x) = Pr(at the start of a busy period, the fluid level is less than or equal to x
and the UMC phase is j under the condition that the UMC phase is i at
the start of the idle period) (x > 0).

Let Ug(x) be the matrix of U ;;(x) and U%(0) = fooo e~ dU g(x) be its LST. From
Lucantoni et al. (1990), we have

Us()=( — Vo)™ [Z Vns“”(x)} (x>0, (3.6)
n=1

Up@)=U -V '[V(z) — Vo] (3.7)

z=8*%(0)’

where, V,, = V(0)|p— and S™ is the DF of the n-fold convolution of S with itself.
To derive uj,, (6), we first set up the system equations that represent the level changes
during the infinitesimal time Af. Let g;; be the (i, j)-element of the infinitesimal genera-

tor Q. Then we have the following infinitesimal system equation,

Upusy,i (X, t + At) = Upygy,i (x —1; AL, 1)(1 + i At)

+ D Upiy j(x =1 AL Dqji At + P (x, DAL, (3.8)
=1
()]'#i)
where @p ;(x, t) is the rate, with respect to time, at which the system turns to be busy with
the probability that the fluid level is less than or equal to x and the UMC phase is i at time 7.
Defining @5 ;(x) = lim,, o Pp;(x,?) and a vector Pz(x) = {Pp 1 (x),..., Ppm(x)},
(3.8) can be written as

d
EUbusy(x)R=Ubusy(x)Q+¢B(x)~ (39)

Let E(C) be the mean length of an arbitrary cycle, i.e., the length from the time point at
which an idle period starts to the next such time point. Note that x; = 0 for i € J; because
the busy period can not end when the UMC phase is in an increasing state. Since the system
becomes idle and busy only once in a cycle, we now have

m

P
Pp(x)=) —-Up;i(x) (x=0), (3.10)
; EC) "
or in vector notation,
de(x):%UB(x). G.11)

E(C) will be obtained later.

Remark 3.1 In (3.10) % is the rate at which an idle period starts with UMC phase j and
Up ji(x) is the probability that the fluid level is less than or equal to x and the UMC phase
is i at the end of an idle period under the condition that the idle period starts with UMC
phase j. Thus (3.10) can be easily obtained from the meaning of @5 ; (x).



To solve (3.9), we need to get upygy,; (0) = lim,_o{ % Upusy,i (x)}, which is none other than
the rate at which the busy period ends with UMC phase i. Since the fluid level decreases
with slope r; when the UMC phase is in i € J,, we obviously have

Upusy,i (0)(=ri) = EI(CZC) (i €32). (3.12)

We also have
Upusy,i (0) =0 (i €3y), (3.13)

because the busy period can not end when the UMC phase is in an increasing state.
Defining a vector s, (0) = {t4pus,1(0), ..., Upusy,n(0)}, we can summarize (3.12) and
(3.13) in the next theorem.

Theorem 3.2 We have

Upusy(0)(—R) = % (3.14)

To solve (3.9), let us take the Laplace transforms of both sides of (3.9) and use (3.14).
Then, we have

Ot} ()R — tpusy O)R =y, (0) Q + — E(C) =~ U3 ©). (3.15)

Rearranging the terms, we get

* _ -l
iy ) = e [T+ UOJ0R — 017" (3.16)

Then, using (3.7), (3.16) becomes
Wjus, () = m[—l +T =V H{V[s*®)] - Vo}]IOR — 017", (3.17)

where V[S*(0)] = V(2)|.=s)-
Now, (3.17) can be completely determined once ¢ and E(C) are determined.

3.3 Determining k and E(C)
Let K*(9) be the matrix LST of the length of a cycle. We then have the following theorem.

Theorem 3.3 We have

K*(G)—Z/ [I-Vi®)] ' VEO)G*Blx)dS™ (x), (3.18)
where
i /(0 GT2(0|x))
G(9|x)—<0 L0 (3.19)

Proof Note that V7 (0) is the matrix LST, with respect to time, of a vacation length with
exactly n customer arrlvals Then, the LST of the length of the idle period and the density
of the amount of fluid at the start of a busy period can be represented by

[e ]

S -Vvi®] ' Vi®)ds™ ). (3.20)

n=1



Since the fluid level process during the busy period is stochastically equivalent to the
conventional MMFF process, under the condition that the busy period is initiated with fluid
level x, the LST of the length of the busy period can be denoted by G*(#|x). Thus, inte-
grating with respect to all possible x, after postmultiplying (3.20) by G*(6|x), finishes the
proof. O

We note that K = K*(0)|y—o represents the UMC phase shift probability during a cycle
and becomes

K= Z T =V VLGOI o] dSY ()

nle

*© _ 0 G} @1x)]o=0
- I-Vylv, ( 12 ) dsm™
Z =V 0 G501l )

n=1 x=0
& o . 0 WeHx

=X | a-vo'v, e ) 45700, (3:21)
n=1 x=0 0 e’

where H = H*(0)|g—o = 1‘2‘1[Q22 + 0,,¥], and ¥ = ¥*(0)|y—o can be obtained from
the algorithm of Ahn and Ramaswami (2005). The algorithm for V,, can be obtained from
Lucantoni et al. (1990).

The probability vector ¥ can now be obtained from

Kk=kK, ke=1. (3.22)

The mean length E(C) of a cycle is given by the following theorem.
Theorem 3.4 We have

EQC)=EWVed = Vo) e+ / TR -V Vg dSO . (3.23)
=0
g(x) = (gl(x>> :( ZG}(mx)\g 0 )
g2(‘x) G 2(0|'x)|9 0

d *
E(C) = x[—EK (9)]9_06' (3.24)

where

Proof We note that

Taking a derivative of (3.18), (3.24) becomes

d
E<C>=K<I—V0)*1[—EV3<0)] =V~ ‘ZV / [G*(610)],_odS™ (x)e

=0
e

d
+k( =V Z[—%V:t(e)}

n=1

/ ~ [G*(01x)],_,dS™ (x)e

=0 Jx=0

+K Z h (I -V 'V,g(x)dS™ (x). (3.25)



Note that
o0
/ [G*(010)],_,dS™ (x)e=ce, (3.26)
x=0
and

I-Vo)™' Y Vye=e. (3.27)

n=1

Using (3.26) and (3.27) in (3.25), we get

o0
d
— —1 *
E(C)=k(I —Vy) Z[—%V” (9)]9_0e
n=0 =
0 00
+k Z T=Vy)'V,g(x)dS™ (x). (3.28)
n=1 x=0
Then using ZEO:O —% V3 (6)lp=oe = E(V)e in (3.28) finishes the proof. a

g1(x)

Now, we need to obtain g(x) = (g2 P

) used in (3.23). We have the following theorem.

Theorem 3.5 We have

g(x)=—V¥Vet+Weg,(x) (x>0), (3.29)
where
oo xn
_ _ (=1 g _
gz(x)=Z;[F21Q22+r21Q2,\II] [lee—l—rlez](—\Il(')e)]
n=1""
(x > 0), (3.30)
and
d r;'w wr;'
—¥Ve=——w*@ =—[¥Py+Py—1N""—1—+—2)e. (331
e 20 ()9=oe [(¥Py + Py — 1] x + S )e (3.31)
Proof Let us rewrite (2.2) in the following way
* H*(Q) * 9 — 1y
VO - — =[P ¥*0)+ Pp] — ST 0). (3.32)
Taking a derivative of (3.32) with respect to 6 and taking 6 = 0, we get
wO |7 — r;'0y _ r;'0,¥ L r_z_l _ rz_lel‘I,(l)
A A A A
r—l
=P, _ TI\I, (3.33)

-1 -1
Using Py = L AQZI L Pyp=1+ FZTQZZ (see (2.1)), we have

1 -1

| r
1\1:+~1:%]. (3.34)

e
Postmultiplying both sides of (3.34) by e and using [Py, + P, ¥]e = e yields (3.31).

WD [Py+ Py ¥ — 211 — [Py + Py ¥ = —|:



To derive (3.30), we take a derivative of (2.4) with respect to € and take 8 =0 to get

do do

_d = [[H*(Q)]”x”] e
do n! 9<0

gz(x)=—|:iG;2(0|x):| e= [_ieH*(O)X} e
0=0 0=0

[ o d
:Z%[H*(G)Iezo] 1[—d—9H*(9)] e. (3.35)
n=l1 :

6=0

Using H*(0) = I'z’l [Qy — 01 + Q,,¥*(0)] in (3.35) yields (3.30).
To derive (3.29), let us take a derivative of (2.3). Then we have

d
g,(x) = _%[w*(o)agz(eu)]e:oe =-—WDGLOx)|s—0e + ¥g,(x). (3.36)

Using G%,(0]x)]g—oe = e yields (3.29). O

Let E (/) be the mean length of the idle period. Noting that V, represents the probability
that a vacation ends without any arrival of customers (jumps), k(I — V)~'e is the mean
number of the vacations during an arbitrary idle period. Then, we easily have

E(=EVM)x(I —Vy) e (3.37)

Thus, the probability p that the system is busy at an arbitrary time point can be obtained
from
_EQ©-EWD) | E)
- EO  EO)

(3.38)

3.4 The fluid level at an arbitrary time point

In this section, we derive the vector LST u*(0) of the fluid level at an arbitrary time. Using
(3.5) and (3.16) in (3.1), we have the following theorem.

Theorem 3.6 We have

u*(0) =ul, (0)[0R— D+ DS*©)]OR - Q)"
- p)lc(l — Vo) '[VIS*©)] - 1]-[C + DS*©O)]"!
E(WV)k[I -Vl e
x[0R— D+ DS*®)](OR— Q)" (3.39)

Proof Let us rewrite (3.5) in the following way

k(I = Vo) ' [VIS*@)] — 1]

uj, (0)[C+ DS*O)]=(1-p) E el = Vol e (3.40)
Using (3.37) and (3.38) in (3.40), we then have
ul, (0)[C + DS*6)]
k(I =V '[VIS*O)] = Vo] k(I =V (Vo—1)
B E(C) E(C)
U%(0) — ——— (3.41)

T E©) EC)



Using (3.14) in (3.15) yields
* * * K * K
Oup,s (R —up, (0)C —uy, (0)D = mUB(Q) — EC)

Now, direct subtracting (3.42) from (3.41) finishes the proof. |

(3.42)

Remark 3.2 Equation (3.39) shows that the vector LST u*(0) of the fluid level at an arbitrary
time point is factored into two parts, one of which is the vector LST u};, (6) of the fluid
level at an arbitrary idle time point. This factorization is very similar to the factorization
of the BMAP/G/1 queue with generalized vacations (Baek et al. 2008 and Chang et al.
2002).

Remark 3.3 The importance of (3.39) is that it shows the possibility that any other MAP-
modulated fluid flow with server control policies can be represented in the same form.
For example, it is shown that the LST of the fluid level at an arbitrary time of the MAP-
modulated fluid flow model under D-policy can be expressed in the same decomposed form
(Baek et al. 2011).

Remark 3.4 Another importance is that the moment of fluid level at an arbitrary time can be
represented as a function of its lower moments and the moment of fluid level at an arbitrary
time during the idle period (It will be shown in detail in the following section). Thus the
entire analysis of our model can be reduced to characterizing u};,(0).

Remark 3.5 The complete interpretation of [§R — D + DS*(6)](R — Q)~! contained in
(3.39) has not been successful so far.

3.5 Moments

In this section, we derive the recursive formula for moments from (3.39). For notational
simplicity, let us define, for a matrix (or vector) LST M*(6),

(n) — i *
M M*(9)

, MO =M = M*(0)|g—.
107 (®)]o=0

0=0

We then have the following theorem.

Theorem 3.7 We have

1
ue = —e {ujj},L[R —~DE(S)]e—nuly,"[R — DE(S)](ex — Q)~'Re

1 ot n+1
+ > ( )(—1)"E(S’<)u§;‘;1"‘>0e
14+n po k

+nuVR(er — Q)"'Re

n

-2 (D (=D'E($ )ufi,” Diex — @) Re . (343)

k=2



Proof Taking nth derivative of (3.39) yields
u(")(_ o)+ nu® DR
n— . n n—
=nujy, [R~ DE(S)] + Z(_l)kE(Sk) (k) uiz,"D. (G.44)
k=2

Using w(er — @)~ = m in (3.44), we get

u® +nu""YRex — Q) ' =uPer + nuf:]’l;l)[R —DE(S)](er — Q)"!

=) (—=DE(sY) (Z)ufgl;")p(en -0 (345)
k=2

Postmultiplying (3.44) by e and using (n 4 1) in place of n, we get

n+1

. (n) n+ 1\ i
u”Re=uy; [R— DE(S)]e+ p——’ 2(_1)k5(sk)( L )u,.;,j De. (3.46)
Now, postmultiplying (3.45) by Re and using (3.46) finishes the proof. |

4 Numerical examples

In this section, we present numerical examples. We consider two cases. The length of a
vacation and jump size of the fluid level follow respectively

Case 1: (exponential, exponential);
Case 2: (Erlang of order 2, Erlang of order 2).

4.1 Exponential vacation and jump size

We assume that the vacation length and jump size follow the exponential distributions. The
mean E (V) of a vacation length is assumed to be 0.02 for all cases. We vary the mean E (S)
of a jump size from 0.1 to 0.9 to accommodate wide range of traffic intensities. We consider
two set of parameter matrices C, D and rate matrix R as follows:

e Case 1-1
—-10 1 3 1 21 1 1
1 —7 1 1 1 1 1
C = 5 D = s
1 —13 2 1 1 3 2
2 1 1 —12 1 2 3 2
1 0 O 0
0 2 0 0
R =
00 -2 0
0O 0 0 =3
o Case 1-2
-8 1 2 2 1 05 05 1
1 -95 1 3 2 05 1 1
C= , D= ,
1 2 —10 2 1 2 1 1
1 1 1 —10 3 2 1 1



Table 1 Mean fluid levels of Case 1

E(S) 0.1 0.3 0.5 0.7 0.9
Case 1-1 1.17189 1.42469 1.66095 1.892 2.12074
Case 1-2 1.07135 1.29421 1.51507 1.735 1.9544

Table 2 Mean fluid levels of Case 2

E(S) 0.1 0.3 0.5 0.7 0.9
Case 2-1 1.16262 1.37116 1.55652 1.73443 1.90899
Case 2-2 1.0719 1.26424 1.44487 1.61974 1.79135

Table 3 Mean fluid levels with the changes of the outflow rate and the jump size

P 0.77 0.797 0.828 0.866 0.911 0.965
E(Uy) 1.0719 1.2580 1.5539 2.0903 3.3319 8.9724
E(Uy) 1.0719 1.1495 1.2642 1.4626 1.9018 3.8669

30 0 O

02 0

R =
00 -4 0
00 0 =5

Table 1 shows the mean fluid level for each case.
4.2 Erlang vacation and jump size

We carry out the same experimentation with Erlang vacation and jump size distributions.
Table 2 shows the mean fluid level for each case.

4.3 Effects of the jump size and outflow rate

In our system, the traffic intensity p is affected by two factors: one is the change of the
outflow rate during the busy period, and the other is the change of the jump size (offered
load) during the idle period. In this section, we explore the effects of these factors on the
system performance.

We use the same parameter matrices and probability distributions as in Case 2-2 of
Sect. 4.2. To see the effect of the outflow rate, we change r, with all other parameters fixed
(system 1). To see the effect of the jump size we change the mean E (S) of the jump size.

Let E(U,) and E(U,) be the mean fluid levels at an arbitrary time point in system 1 and
system 2 respectively. Table 3 shows the mean fluid levels. Figure 2 depicts the table.

Figure 2 shows that under the same traffic intensity the change of the service rate results
in a higher mean fluid level than the change of the mean jump size does. This implies that
control of the service rate is more important than the control of the offered load during idle
period in our system.



Fig. 2 Mean fluid levels with the
changes of the outflow rate and
the jump size

0 0.77 0.797 0.328 0.866  0.911 0.965 P

5 Conclusion

In this paper, we analyzed the MAP-modulated fluid flow queueing model with multiple
vacations. We derived the vector LST of the fluid level at an arbitrary time in steady-state
and showed that the vector LST is expressed in a factored form. We also derived recursive
formula for moments. We presented numerical examples and explored the effects of outflow
rate and jump size.
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