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Abstract

In this paper, we obtain necessary and sufficient conditions for the
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of length relatively prime to the characteristic of the underlying field.
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1 Introduction

The issues concerning existence conditions, algebraic structures and enumera-
tions for self-dual codes have been hot research topics in the theory of error-
correcting codes (e.g. see [1], [2]-[10], [14], [16]). As a natural generalization of
self-dual codes, self-orthogonal codes also have received a lot of attention.

In [6], Fu and Feng gave characterizations for self-orthogonal abelian codes
in the group algebra F'G, where F' is a finite field with characteristic p and
G is a finite abelian group with cyclic Sylow p-subgroup. In [1], assuming
that p is an odd prime, Bakshi and Rake obtained a nonexistence condition for
nonzero self-orthogonal negacyclic codes of length 2p™ over a finite field, where
the characteristic of the base field is coprime to 2p.

In [13], Pless linked self-orthogonal and self-dual cyclic codes with the class
of duadic codes, and presented some conditions for the nonexistence of nonze-
ro self-orthogonal cyclic codes. Recently, Kathuria and Raka [11] pointed out
that [13, Theorem 8] is incorrect, and tried to obtain necessary and sufficient
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conditions for the nonexistence of nonzero self-orthogonal cyclic codes over a fi-
nite field, of length relatively prime to the characteristic of the underlying field.
Unfortunately, one of the main results in [11], [11, Theorem 2], is not true in
general.

In this paper, we first fix the error in [11, Theorem 2]. We then exhibit nec-
essary and sufficient conditions for the nonexistence of nonzero self-orthogonal
negacyclic codes over a finite field Fy, of length relatively prime to the char-
acteristic of Fy; (see Theorem 3.5 in Section 3). It should be noted that, if
nonzero self-orthogonal negacyclic codes of a given length do not exist, neither
do nonzero self-orthogonal cyclic codes of the same length.

The remaining sections of this paper are organized as follows. The necessary
notations and known results are provided in Section 2. In Section 3, we first
give corrections to [11, Theorem 2|, then we derive necessary and sufficient
conditions for the nonexistence of nonzero self-orthogonal negacyclic codes.

2 Preliminaries

Let Fy be the finite field with ¢ elements and Fy; the multiplicative group of Fy
consisting of all nonzero elements of Fy,. For 8 € Fy we denote by ord(3) the
order of 3 in the group Fy. We then know that ord(f) is a divisor of ¢ — 1, and
B is called a primitive ord(5)th root of unity.

Let N be a positive integer coprime to ¢ and F;V the Fy-vector space of
N-tuples. A linear code C of length N over F, is an Fj-subspace of FqN. Let
A be a nonzero element in Fj,. A linear code C' of length IV over Fj is called
A-constacyclic if (Aen—1,¢o,+ - ,en—2) € C for every (co,c1,++ ,en—1) € C.
Note that for A =1 (respectively, A = —1), A-constacyclic codes are cyclic codes
(respectively, negacyclic codes).

Let C be a A-constacyclic code of length NV over F,. The dual code of C is
defined as C*+ = {u € FYN |u-v = 0,for any v € C}, where u - v denotes the
standard Euclidean inner product of v and v in F;V . The code C' is said to
be self-orthogonal if C C C+ and self-dual if C = C*. It turns out that the
dual of a A-constacyclic code is a A~ !-constacyclic code; specifically, the dual
of a cyclic code (respectively, negacyclic code) is a cyclic code (respectively,
negacyclic code) (e.g. see [4, Proposition 2.2.]).

We know that any A-constacyclic code C' of length N over Fj is identified
with exactly one ideal of the quotient algebra F,[X]/(X®" — \), which is gener-
ated uniquely by a monic divisor g(X) of X~ — \. In this case, g(X) is called
the generator polynomial of C' and we write C = (g(X)). In particular, the
irreducible factorization of X — X in F;[X] determines all A-constacyclic codes
of length N over Fj,.

Assume that C' = (g(X)) is a A\-constacyclic code of length N over F, where
g(X) is the generator polynomial of C. Let h(X) = )zj(v);))‘ and let deg h(X) be
the degree of A(X). It is known that its dual code C* has generator polynomial




h*(X), where h*(X) = h(0)"1Xdeh(X)p (L) is called the reciprocal polynomial
of h(X). Note that h*(X) is a monic polynomial and it divides X~ — \~1. If a
polynomial is equal to its reciprocal polynomial, then it is called self-reciprocal.

In this paper, we only focus on cyclic and negacyclic codes over finite fields.
It is known that the irreducible factors of X~ —1 in F,[X] can be described by
q-cyclotomic cosets. For any integer t, the g-cyclotomic coset Cy of t modulo N
is defined by

Cy={t-¢ (mod N)|j=0,1,---}.

Let {0,141, - ,4,} be a complete set of representatives of all g-cyclotomic cosets
modulo N; this means that {0,i1,- - ,ip} is a subset of {0,1,--- ,N—1}, C;, =
{0},C,,Cy, - -+, Cy,, are distinet and UZ:O C;,, ={0,1,--- ,N —1}.

Take 7 to be a primitive Nth root of unity (maybe in an extension of Fy), and
denote by M;, (X), the minimal polynomial of n' over F,, for each 0 < j < h.
It is well known that (e.g. see [7, Theorem 4.1.1])

XN 1= (X - 1)M;, (X)M;,(X)--- M,

in (X)
with ‘
My (X)= J[ X-n), k=1, h
JEC,

all being monic irreducible in F,[X].
Write
XN 1= fi(X) () - Ful X (R (X)ha (XOE(X) - by (X)RE(X)

where f;(X), 1 <4 < u, are monic irreducible self-reciprocal polynomials over
F, while h;(X) and its reciprocal polynomial ~7(X) are both monic irreducible
polynomials over Fj.

Suppose C' = (g(X)) is a nonzero cyclic code of length N over F, with
generator polynomial g(X). We can assume that

9(X) = [r(X)™ - fu(X) T ha (X)THRT(X) - - ey (X) 70 By (X))
where each 74, 0;,wy is equal to 0 or 1. Then
h(X) = fulX)TT s fu(X) T ha (X)) TR (X) 790 by (X) TR (X) T
Hence
() = OO L 00N T b (O (010 (0 (01
We know that C is self-orthogonal if and only if 2*(X) | g(X), i.e.,

{ 1< 27, for each 1 < < u,

1<o0;+w;, foreach1<j<w. (2.1)

In this case, C = (f1(X)f2(X) -+ fu(X)h (X)) A (X)¥t - - - hy (X)) hE(X)¥),
where 0; + w; > 1 for all j. In the light of the above discussion we have the
following result.



Remark 2.1. The following statements are equivalent:

(i) Nonzero self-orthogonal cyclic codes of length N over Fy; do not exist.
(i) All the monic irreducible factors of X — 1 over F, are self-reciprocal.
(iii) There exists an integer i such that ¢ = —1 (mod N).

(iv) The q-cyclotomic coset modulo N containing 1 is equal to the q-cyclotomic
coset modulo N containing —1, i.e. C; = C_1.

Note that the equivalence of (i) and (iv) appeared previously in [11, Lemma 1].

An argument similar to the one above shows that, nonzero self-orthogonal
negacyclic codes of length N over F; do not exist if and only if all the monic
irreducible factors of X~ + 1 over F, are self-reciprocal.

Observe that XV + 1 divides X*¥ — 1 in F,[X]. Assume that gcd(2N, q) =
1. Let D; be the g-cyclotomic coset modulo 2N containing 1 and let ¢ be a
primitive 2/Nth root of unity in some extension field of Fj. Since N =—1,it
follows that [ [, p, (X —¢7) is a monic irreducible factor of X N +1 over F,. By
Remark 2.1, we have the following result.

Remark 2.2. Assume that gcd(2N,q) = 1. The following statements are e-
quivalent:

(i) Nonzero self-orthogonal negacyclic codes of length N over Fy do not ezist.
(i) All the monic irreducible factors of X + 1 over F, are self-reciprocal.

(i4i) All the monic irreducible factors of X*N — 1 over F, are self-reciprocal.

Finally, we reproduce the irreducible factorization of X2° — 1 and X2 + 1
in Fy[X], where ¢ is a positive integer and ¢ = 3 (mod 4). The irreducible
factorization of X2° —1 and X2 +1 in F,[X] have been characterized precisely
in [3]. We should mention that, though [3, Theorem 1] and [3, Corollary 4] are
proved for a prime field F,, with p = 3 (mod 4), one can check in the same way
as in [3] that it also holds for the present case that ¢ is a power of a prime and
g =3 (mod 4).

Note that 4|(¢g + 1) in the present case, hence there is a unique integer
a > 2 such that 2||(¢+ 1), where the notation 2%||(¢+ 1) means 2| (¢ + 1) but
20F1 4 (g +1). We reformulate the result as follows.

Lemma 2.3. Assume that ¢ =3 (mod 4). Set G; = {0}; recursively define
G; = {i(%ﬂ)% lge Gz‘ﬂ},
fori=2,3,---,a—1; and set

Go = {#(5)F g€ G}
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If1</¢<a-—1,then

X¥ 41= ] (X® - 29X +1);

geGy
if £> a, then
X¥p1= [T —29x* " 1),
geGa
If 1 </?¢<a, then
2¢ = 2
X* —1=x-DX+D]] [T x*-20x +1);
i=1g€eqG;

if £ > a+ 1, then

XY -1=(x-nx+1) [ &2-20x+1) [ (X7 -29x¥ 1),
1523’71 Ogjgg(cﬁ;i’u.—l)

All the factors in the above products are irreducible over Fy,.

3 Main Results

Let F, be the finite field with ¢ elements. Let ¢ be a positive integer and n’ > 1
an odd positive integer. Write n’ = pi‘lpg‘Q ---p}r, where p; are distinct odd
primes and A; are positive integers for 1 < j <.

In the first subsection, after providing a counterexample of [11, Theorem
2], we give corrections to this result. We then derive necessary and sufficient
conditions for the nonexistence of nonzero self-orthogonal negacyclic codes in
subsection 3.2.

3.1 Nonexistence conditions for self-orthogonal cyclic codes

In [11, Theorem 2], it asserts that: Let n = 2/\0pi‘1p§‘2 -oepr, where Ao > 2, p;
are distinct odd primes and \; are positive integers for 1 < j < r. Non-trivial
self-orthogonal cyclic codes of length n over F, with ged(n,q) = 1 do not exist
if and only if \o =2 or 3; ¢ =3 (mod 4) if \g =2, ¢ =7 (mod 8) if \o =3
and ord,, (q) is even but not divisible by 4 for each j, 1 < j <r.

This result is not true in general. For example take \g =4, p1 =7, \y =1
and ¢ = 31. In other words, consider cyclic codes of length 2% - 7 = 112 over
F31. The 31-cyclotomic coset containing 1 modulo 112 is given by:

Cl = {1,31765, 111,81,47} == Clll = C_l.

This implies that non-trivial self-orthogonal cyclic codes of length 112 over F3;
do not exist, but \y = 4 > 3. We mention that the statement in the proof of



[11, Theorem 2], ordyx, (¢) = 22~2 for \g > 3, is incorrect. (It is easy to check
that ordys(31) = 2 and 2 # 2472))
In this subsection, we fix the error in [11, Theorem 2] and give a necessary

and sufficient condition under which nonzero self-orthogonal cyclic codes over
F, do not exist.

We begin with the following special case, i.e. cyclic codes of length 2¢ over
F,.
Lemma 3.1. Assume that the notation as given above. Nonzero self-orthogonal
cyclic codes of length 2° over F, with ged(2,q) = 1 do not exzist if and only if
one of the following two statements holds:

(i) £=1.
(ii) ¢=3(mod 4) and2 < ¢ < a, where a is the positive integer with 2*||(¢g+1).

Proof. Assume that nonzero self-orthogonal cyclic codes of length 2¢ over F,
with ged(2,¢) = 1 do not exist. If £ = 1, then there is nothing to prove. Hence,
we may assume that ¢ > 2. It follows from Remark 2.1 that there is an integer
i such that ¢ = —1 (mod 2%), which implies 4 { (¢ — 1). By Remark 2.1 again,
all the monic irreducible factors of X2° — 1 over F, are self-reciprocal. From
Lemma 2.3, it is easy to see that 2 < ¢ < a, where a is the positive integer with
2°l(g +1).

Now, suppose that (i) or (ii) is satisfied. We know from Remark 2.1 that
nonzero self-orthogonal cyclic codes of length 2¢ over F, with ged(2,q) = 1 do
not exist if and only if all the monic irreducible factors of X 2" _ 1 over F, are
self-reciprocal. The result then follows directly from Lemma 2.3. O

The following lemma has been presented in [11, Theorem 1].

Lemma 3.2. Letn' = pi‘poQ -, where p; are distinct odd primes and \;

are positive integers for 1 < j < r. We assume that A\g =0 or 1. Nonzero self-
orthogonal cyclic codes of length 2*n’ over F, with ged(2*n/,q) = 1 do not
exist if and only if ordy, (q) is even and the highest power of 2 dividing ordy, (q)
1s the same for each j, 1 < j <r.

We adopt the following notation. For each 1 < j <r, let ordpxj (q) =2%y;,

J
where y; is an odd positive integer. It has already been pointed out in [11],
2“J'||ordpxj (q) if and only if 2%|lordy, (¢), and ord,/(q) = 2%z, where n’ =
j

pi\lpg‘z —op)ag = max{ay,as, - ,a,} and z = lem(y1, Y2, - -+ ,yr). We have
the following result.

Theorem 3.3. With respect to the above notations, we further assume that
£ > 2 and ged(2n’,q) = 1. Then there does not exist any nonzero self-orthogonal
cyclic code of length 2n’ over F, if and only if both the following two conditions
hold:



(i) ¢=3(mod 4) and 2 < ¢ < a, where a is the positive integer with 2°||(¢+1).

(ii) ordy,(q) is even but not divisible by 4 for each j, 1 < j <.

Proof. Suppose that there does not exist any nonzero self-orthogonal cyclic code
of length 2‘n’ over F,. By Remark 2.1, all the monic irreducible factors of

X2 1 over F, are self-reciprocal. It is readily seen that X2 -1 | X2 1
and (XQK -1 = X2 — 1. It follows from Remark 2.1 again that all the monic

irreducible factors of X2° — 1 over F, are self-reciprocal. By Lemma 3.1, we
obtain the statement (i) of the theorem.

Observe that X" — 1| X2 — 1. Similar reasoning then shows ord,, (q) is
even by Lemma 3.2. Hence, we are left to verify that a; = 1, foreach 1 < j <.
Assume not. Suppose ap > 2 for some 1 < k < r. It follows from Remark 2.1
that C7 = C_1, where C; and C_; denote the g¢-cyclotomic cosets modulo
2¢n/ containing 1 and —1, respectively. Then there is some integer i such that
¢' = —1 (mod 2n’). Obviously, ¢* = 1 (mod pp*). From ordpzk (q) = 2%y,
it follows that 2%y, | 2i and then 4 is even. This leads to ¢¢ = 1 (mod 4), a
contradiction.

Assume now that both conditions (i) and (i) hold. By Remark 2.1, we
need to show that there is an integer i such that ¢* = —1 (mod 2n/). Since
ordy, (q) is even but not divisible by 4, then a; = 1 for each 1 < j < 7 and
% = —1 (mod p;j). This implies that ¢ = —1 (mod p?j). Therefore, ¢* =
—1 (mod n/). By the conditions 2%||(¢ + 1) and 2 < £ < a, we have 2° | (¢ + 1),
ie. ¢ = —1 (mod 2°). Tt follows that ¢* = —1 (mod 2), since z is an odd
positive integer. Hence ¢ = —1 (mod 2‘n’). This completes the proof. O

3.2 Nonexistence conditions for self-orthogonal negacyclic
codes

In this subsection, we focus on the nonexistence conditions for nonzero self-
orthogonal negacyclic codes.

The following proposition concerns self-orthogonal negacyclic codes of odd
length. It is well known that negacyclic codes of odd length are scalar equivalent
to cyclic codes of the same length under the following map:

Fy[X]/(X™ = 1) — Fy[X]/ (X" +1)

a(X) — a(—X).
By Lemma 3.2, we have the following result.

Proposition 3.4. Letn' = pj\lpg‘z ---p}, where p; are distinct odd primes and

A; are positive integers for 1 < j < r. Nonzero self-orthogonal negacyclic codes
of length n' over Fy with ged(n',q) = 1 do not exist if and only if ordy, (q) is
even and the highest power of 2 dividing ord,, (q) is the same for all j, 1 < j <r.



Let p be an odd prime such that ged(2p,q) = 1. As mentioned in the
introductory section, Bakshi and Raka showed that if ¢ = 3 (mod 4) and the
multiplicative order of ¢ modulo p is even but not divisible by 4, then nonzero
self-orthogonal negacyclic codes of length 2p™ over F;, do not exist. ( [1, Theorem
6(iii)] ). More generally, we have the following result.

Theorem 3.5. Letn' = pi\lpéz o, where p; are distinct odd primes and \;

are positive integers for 1 < j < r. Let £ be any positive integer, and assume that
ged(2n’,q) = 1. Then there does not exist any nonzero self-orthogonal negacyclic
code of length 2tn’ over F, if and only if both the following two conditions hold:

(i) ¢ =3 (mod4) and 1 < ¢ < a — 1, where a is the positive integer with
2|(g +1)-

(ii) ordy,(q) is even but not divisible by 4 for each j, 1 < j <.

Proof. Suppose that both (i) and (ii) are satisfied. Observe that (XQZ”, +

1)(X2£"/ -1)= X2 _ 1. By Theorem 3.3, there does not exist any nonzero
self-orthogonal cyclic code of length 2+’ over F,, or equivalently, all monic ir-

reducible factors of X2 —1 over F, are self-reciprocal. Hence, all irreducible

factors of X2 + 1 over F, are self-reciprocal. We deduce from Remark 2.2
that nonzero self-orthogonal negacyclic code of length 2¢n’ over F, do not exist.

Now, suppose that there does not exist any nonzero self-orthogonal nega-
cyclic code of length 2n’ over F,. It follows from Remarks 2.2 and 2.1 that
there does not exist any nonzero self-orthogonal cyclic code of length 2¢+1n/
over F,. By Theorem 3.3(ii), we get the desired result. O
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