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We investigate the dynamics of modulation instability (MI) and the corresponding breather solutions
to the extended nonlinear Schrödinger equation that describes the full scale growth-decay cycle of
MI. As an example, we study modulation instability in connection with the fourth-order equation in
detail. The higher-order equations have free parameters that can be used to control the growth-decay
cycle of the MI; that is, the growth rate curves, the time of evolution, the maximal amplitude, and
the spectral content of the Akhmediev Breather strongly depend on these coefficients. Published by
AIP Publishing. https://doi.org/10.1063/1.5053941

The nonlinear Schrödinger equation (NLSE) is used
widely for modeling nonlinear wave propagation in dis-
persive media. Although this equation is the simplest
member of a family of integrable equations, it has a vari-
ety of analytic solutions in the form of solitons, breathers,
and rogue waves. In particular, the Peregrine solution
describes the appearance of giant waves in deep oceans,
as well as the formation of extremely high amplitude
pulses in optical fibers. On the other hand, the family of
breather solutions describes the phenomenon that is called
modulation instability (MI).

The accuracy provided by the NLSE is sufficient for
a description of the main features of these phenomena.
Nevertheless, we should remember the limitations that
materialize when only the lowest-order dispersion and
nonlinear terms are used. The higher-order dispersion and
nonlinear terms should be taken into account to improve
the accuracy of the equation. However, the higher-order
terms cannot simply be added in a haphazard fashion, as
this may destroy the integrability that is extremely help-
ful for obtaining analytic solutions. In this work, we study
the MI dynamics in the case when the higher-order terms
preserve the integrability of the extended NLSE.

I. INTRODUCTION

Modulation instability (MI) is one of the key processes
that initiates the formation of periodic structures in nonlin-
ear dispersive media. This is a mechanism where a back-
ground carrier wave is modulated due to seeding periodic
perturbations that initially grow but may also decay. New
frequencies are generated during this process and intensive
energy exchange occurs between them. MI can produce an
unlimited number of new frequency components, resulting
in periodic trains of localized waves or pulses.1 This effect
has widespread manifestations in natural phenomena and
applications in technology.

MI has been studied in optics,2 hydrodynamics,3,4

plasmas,5 and biology6. In nonlinear optics, MI has been the
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subject of extensive study because of its inherent connection
with short pulse train generation in nonlinear optical media,7

as well as optical parametric amplification.8,9 The underlying
mechanism involved in the initial stage of supercontinuum
generation is closely connected to noise-driven MI.10–12 It
has been revealed that the emergence of an optical rogue
wave in the supercontinuum generation process is connected
to MI.12,13 The well-known Fermi-Pasta-Ulam (FPU-T) recur-
rence phenomenon, that has been studied in Ref. 14, is also
closely related to MI.15–18

The propagation of ultra-short optical pulses in nonlin-
ear dispersive media is often modeled using the nonlinear
Schrödinger equation (NLSE) in its various forms.19 Indeed,
the integrable form of the NLSE20 has the advantage of hav-
ing analytic solutions that include solitons. The exact solution
that describes the full scale growth-decay cycle of MI is
known as the Akhmediev Breather (AB).21,22 A large amount
of literature is available on the use of ABs in physics.12,15,23–30

In the context of nonlinear optics, the basic NLSE, which
only includes the lowest-order dispersive and nonlinear terms,
can accurately model relatively long optical pulses.31 As the
pulse durations become shorter, other nonlinear effects, such
as self-steepening and Raman effect, become important.19

Then, the basic NLSE needs to be improved by including
higher-order terms that are related to these effects. MI in this
so-called generalized NLSE has been subject to numerous
investigations in the field of ultrafast optics, as it closely mod-
els the noise-induced supercontinuum generation process.10,32

The NLSE can also approximate the dynamics of ocean
surface gravity waves.33,34 A comparative study of waves in
optical fibers and on water surfaces reveals a common phe-
nomenon such as supercontinuum generation.35 The NLSE
approximation has been improved by Dysthe, taking into
account the two-dimensional nature of the ocean surface.36

Even in the case of unidirectional wave propagation, correc-
tion terms are still necessary to obtain higher accuracy in the
wave modeling.37,38 The general structure of these correction
terms is the same as for those relating to optical fibers, as
they are higher-order terms for the dispersion and nonlinear
response of the medium. However, the coefficients defining
the values of these corrections differ.
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Arbitrary coefficients result in a non-integrable equation
which make the general analysis difficult. Then, the only way
to obtain detailed results is to carry out numerical simulations
for each particular choice of the coefficients. On the other
hand, some specific choices of the coefficients provide inte-
grability, and then the results can be expressed in analytic
forms.39–43

One of the phenomena related to the NLSE is modulation
instability (MI). In the water wave case, it is known as the
Benjamin-Feir instability.44,45 The modification of the NLSE
also changes the instability curves for the range of wave-
lengths covered by the instability.46 Importantly, MI has been
recognized as one of the sources for the appearance of rogue
waves in the ocean.47 As MI represents only the initial stage of
long-term evolution, the detailed analysis of both the MI stage
and the follow-up growth-decay dynamics (AB) are equally
important for a complete analysis.

The aim of the present work is to provide analytic results
for MI and AB stages of unidirectional wave evolution for
the extended NLSE, where the coefficients of the higher-order
terms are chosen to make the whole equation integrable. This
choice may not provide a direct answer to practical problems,
but it is closer than the basic NLSE to realistic situations.
Indeed, we find that the AB solutions, and the corresponding
properties of MI, differ from the NLSE case. Moreover, our
analysis allows us to take into account an infinite number of
correction terms. The latter was not possible in any of the pre-
vious approaches. As we shall see, the MI growth rate changes
significantly with increasing equation order. The higher-order
terms have a large impact, both on the MI characteristics and
the AB stage of wave evolution.

II. HIGHER-ORDER NLS EQUATIONS AND THEIR
BREATHER SOLUTIONS

We start with the extended integrable NLS equation with
an infinite number of free parameters39,42

iψx + α2S2[ψ(x, t)] − iα3S3[ψ(x, t)]

+ α4S4[ψ(x, t)] − iα5S5[ψ(x, t)] + · · · = 0,
(1)

where the complex-valued function ψ(x, t) represents the
envelope of the waves, x is the variable along the propaga-
tion direction, and t is the time variable in a frame moving
with the group velocity of waves. Equation (1) is written
in the operator form with each Sj[ψ(x, t)] ( j = 2, 3, . . .) rep-
resenting the jth order functional. In particular, S2[ψ(x, t)]
is the standard nonlinear Schrödinger operator.1 It includes
second-order dispersion and Kerr-type nonlinearity

S2[ψ(x, t)] = ψtt + 2ψ |ψ |2. (2)

If all coefficients αj are zero except for α2 then Eq. (1) is the
basic NLSE. For the third order case, we have S3[ψ(x, t)] as
the Hirota operator48,49

S3[ψ(x, t)] = ψttt + 6|ψ |2ψt. (3)

When only two coefficients α2 and α3 are nonzero,
Eq. (1) is the so-called Hirota equation. The fourth-order
functional, S4[ψ(x, t)], is the Lakshmanan-Porsezian-Daniel

(LPD) operator50–52

S4[ψ(x, t)] = ψtttt + 8|ψ |2ψtt + 6ψ |ψ |4

+ 4ψ |ψt|2 + 6ψ2
t ψ

∗ + 2ψ2ψ∗
tt .

(4)

Porsezian et al.53 derived this equation in connection with
integrability aspects of a one-dimensional Heisenberg spin
chain problem. The next, fifth-order operator, S5[ψ(x, t)], is
given by Refs. 41 and 54:

S5[ψ(x, t)] = ψttttt + 10|ψ |2ψttt + 30|ψ |4ψt

+ 10ψψtψ
∗
tt + 10ψψ∗

t ψtt

+ 20ψ∗ψtψtt + 10ψ2
t ψ

∗
t . (5)

A method for deriving this infinite number of higher-order
operators is given in Ref. 42. Three of them, viz. S6[ψ(x, t)],
S7[ψ(x, t)], and S8[ψ(x, t)], are given explicitly in Appendix
A of Ref. 42. We stress that Eq. (1), with an infinite num-
ber of free parameters, αj, is integrable and that its solutions
can be written in the analytical form. Importantly, the odd
and even order operators introduce different features to the
solutions. For example, odd order operators (3) and (5) intro-
duce velocity or rotation in the x, t-plane to the solutions43,55

while the even order operators (2) and (4) do not. Instead, they
change the MI characteristics and influence the phase of the
solutions.40,42,56,57

In the present work, we provide a comprehensive descrip-
tion of how higher-order terms in Eq. (1) affect the AB
dynamics. We consider only the even order terms, as only they
are known to change the features of MI. To start with, we give
the general first-order AB solution to Eq. (1) derived for the
case of an infinite number of even order terms

ψ1 =
(
κ{κ cosh[VH xs] + iv1 sinh[VH xs]}

2 cosh[VH xs] − v1 cos [κts]
− 1

)
eiωx, (6)

where VH = �δ and δ = 1
2κ

√
4 − κ2 with 0 < κ < 2,

v1 = √
4 − κ2 and xs = x − x0 and ts = t − t0. The parame-

ters x0 and t0 are translations along x and t axes. κ is the
modulation frequency of the breather and VH is the growth
rate of the modulation at x → −∞. The parameter � is
given by

� = 2
N∑

n=0

α2n+2
(2n + 1)!

(n!)2
2F1

(
1, −n;

3

2
;
κ2

4

)
(7)

= 2
[
α2 + α4

(
6 − κ2) + α6

(
30 − 10κ2 + κ4) + · · · ],

where 2F1 is a hypergeometric function. The propagation
constant (or phase factor) ω is

ω =
M∑

m=1

α2m
(2m)!

(m!)2
= 2(α2 + 3α4 + 10α6 + · · · ). (8)

For an infinite number of even order operators, N = M = ∞.
This solution has been presented earlier in Refs. 40, 42, 56,
and 57. It has the same form as the AB for the NLSE case21,22

except for more complicated expressions for the coefficients.
In Secs. III, IV, and V, we mainly restrict ourselves to the

two even-order operators S2 and S4 in Eq. (1). That is, we are
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dealing with the equation

iψx + α2(ψtt + 2ψ |ψ |2)+ α4(ψtttt + 8|ψ |2ψtt

+ 4ψ |ψt|2 + 6ψ2
t ψ

∗ + 2ψ2ψ∗
tt + 6ψ |ψ |4) = 0 (9)

that has been considered earlier in Refs. 58 and 59. The coef-
ficient α2 in Eq. (9) scales the terms of the standard NLSE
while the coefficient α4 scales the fourth-order terms. Without
loss of generality, the coefficient α2 can be fixed to α2 = 1

2 .
In Sec. III, we take Eq. (9) as a representative example of
the equation with even-order operators and discuss the basic
features of the MI growth rate for both positive and negative
signs of α4. In Sec. IV, we discuss the properties of AB in
the frequency domain. In Sec. V, we consider the AB trajec-
tories on a complex plane. In Sec. VI, we discuss the total AB
phase shift. Finally, in Sec. VII, we give a brief description
of MI for the equation with 6th and 8th order terms. We show
that higher-order even operators exhibit similar MI properties,
except that they have different zero points within the instabil-
ity band. Our analysis can be easily extended to equations with
any number of even order terms, as the exact solution (6) is
valid for all of them.

III. GROWTH RATE OF INSTABILITY

We start by analyzing fundamental breather solutions and
their particular cases. If we take the summation up to N = 0
in Eq. (7) and M = 1 in Eq. (8), we obtain the first-order AB
solution of the NLSE. In other words, the breather solution of
Eq. (9) with α2 = 1/2 and α4 = 0 is given by

ψ1 =
(
κ{κ cosh[δxs] + iv1 sinh[δxs]}

2 cosh[δxs] − v1 cos [κts]
− 1

)
eix. (10)

For this case, we have� = ω = 1 and the growth rate VH = δ

in Eq. (6). The periodic perturbations on a finite background
will grow only when κ remains within the modulation insta-
bility band 0 < κ < 2. This condition makes the growth rate
δ real. This solution was first presented in the explicit form in
Refs. 21 and 22. The solution is periodic in t and localized in
x within one full growth-decay cycle. A detailed description
of this solution, its connection to FPU-T recurrence phenom-
ena, and its frequency spectrum analysis have been presented
in Refs. 1, 16, and 60.

Now, if we go one step beyond the NLSE, and take into
account the next higher-order even term, we obtain Eq. (9).
The additional terms in Eq. (9) take into account higher-order
dispersion and higher-order nonlinear terms that have to be
considered when accurately modeling ultra-short pulse prop-
agation in optical fibers. These terms inevitably modify the
features of the MI phenomenon. The best way to describe
these changes is to analyze the exact solution. If we raise
the summation to N = 1 in Eq. (7) and M = 2 in Eq. (8), we
obtain the first-order AB solution of Eq. (9). The solution has
the same form as Eq. (6) but the growth rate is now given by

VH = 2δ[α2 − α4(κ
2 − 6)] (11)

and the propagation constant is given by ω = 2(α2 + 3α4).
We can see, from Eq. (11), that the modified growth rate VH

depends on free parameters α2 and α4. It is shown in Fig. 1 for
several values of α4 and fixed α2 = 1/2. For comparison, the

FIG. 1. The growth rate of modulation |VH | versus frequency κ for Eq. (9)
for various values of α4. The uppermost black-thick curve is for α4 = 1/8.
It is located above the growth rate for the NLSE case (α4 = 0) presented
by the gray-dashed curve marked with blank diamonds. The growth rates for
negative α4 values, −1/10; −1/9; and −1/8, are shown as red-dotted, orange
dot-dashed, and green long-dashed curves, respectively. They become zero

at κ = 1,
√

3
2 , and

√
2. For α4 = −1/12 and −1/4, shown as blue-dashed

and brown-thin solid curves, the MI curve is positive in the whole interval of
κ values within 0 and 2.

NLSE case, α4 = 0, is also shown and is depicted by the gray
dashed curve. We are dealing with the focusing case α2 > 0
and this leaves us with two possibilities: (a) α4 > 0 and (b)
α4 < 0.

Any positive value of α4 simply increases the growth rate.
As can be seen from Fig. 1, the whole black-thick curve, cal-
culated for α4 = 1/8, is located above the growth rate curve
for the NLSE case. This, in effect, leads to faster evolution
of a breather with a higher growth rate. However, when α4

is negative, the growth rate can be reduced and may reach
zero at some frequency within the instability band. In the lat-
ter case, the gain curve may have two local maxima, as Fig. 1
shows. The condition of zero growth rate, VH = 0, leads to an
algebraic equation relative to the frequency κ:

1 − 2(κ2 − 6)α4 = 0. (12)

The solution within the instability band 0 < |κ| < 2 is

κ = κs =
√
(6 + 1

2α4
). This restricts the allowable values for

α4 to the interval − 1
4 < α4 < − 1

12 . At the left-hand-side
(α4 = − 1

4 ) of this interval, κs → 2, while at the right-hand-
side (α4 = − 1

12 ), κs → 0 (see Fig. 6).
Within this interval of α4 and for α2 = 1/2, the growth

rate VH becomes zero at three points, κ = 0, κs, and 2. For
the particular cases shown in Fig. 1, we have the following
numbers:
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• For α4 = −1/10, the red-dotted curve hits the horizontal
axis at κs = 1. The two growth rate maxima of the resulting

instability sub-bands are located at κ = 1
2

√
7 ± √

33.
• For α4 = −1/8 (green dashed curve), κs = √

2. The max-

imum gain occurs at two points, κ =
√

2 ± √
2. The two

gain maxima in this case are of equal values.

• For α4 = −1/9 (orange dot-dashed curve), κs =
√

3
2 . The

maximal growth rates in the two sub-bands occur at the

points κ = 1
2

√
1
2 (15 ± √

129).

When the growth rate is zero at κ = κs, Eq. (6) turns into a
propagation-invariant solution periodic in t:

ψ1 =
(

κ2
s

2 − √
4 − κ2 cos[κsts1]

− 1

)
eiω′x, (13)

where the propagation constant ω′ = 2α4(κ
2
s − 3). Solution

(13) has been presented earlier in Ref. 57 [see Eq. (3)].
For the NLSE case, the growth rate is maximal (δ = 1)

at the point κ = √
2. The peak amplitude of the AB is the

highest at this point. Above this point, the growth rate and the
peak amplitude reduce up to κ = 2, where the AB reduces to
the background plane wave.

On the other hand, for the fourth-order equation with neg-
ative α4, the instability band is split into two sub-bands at
the point κ = κs. The two sub-bands generally have two dis-
tinct gain maxima with the maximum on the left-hand-side
being lower than the maximum on the right-hand-side, apart
from the case α4 = −1/8, when they are equal. A non-zero
growth rate defines the longitudinal length of the breather.
The breather is transformed into a propagation invariant peri-
odic solution (13) at κ = κs. The breather is transformed into a
plane wave at κ = 2. At the limits of α4, i.e., when α4 = −1/4
and −1/12, we get a single instability band, just as in the
NLSE case. However, the shape of the growth rate curve is
different from the curve for the NLSE case.

IV. EVOLUTION OF THE AB SPECTRA

Spectral evolution of the AB for the NLSE case has been
studied in Refs. 1, 16, and 60. The exact solution (6) allows
us to find the spectral modes for the equation with infinitely
many even-order operators. That is, the nth spectral compo-
nent, which has frequency nκ , i.e., the nth harmonic of the MI
frequency is

fn(x) = κ

2π
eixω

∫ 2π/κ

0
ψ1 cos(nκt)dt (14)

= κ

2π
eixω

∫ 2π/κ

0

[
p(x)

2 cosh(VH x)− v1 cos (κt)
− 1

]

× cos(nκt)dt. (15)

This general expression is valid for any number of terms in
the evolution Eq. (1). Below, we consider only the case with
non-zero α2 and α4. We then have⎛

⎝ p(x) = κ
{
κ cosh[VH x] + iv1 sinh[VH x]

}

VH = κ
√

4 − κ2
[
α2 − α4

(
κ2 − 6

) ]
⎞
⎠ .

First, we take κ = √
2. This value simplifies the expressions

for the power spectrum, while allowing us to study the evo-
lution of the spectral content without losing generality. In this
case

| f0(x)|2 = 3 − 2
√

2 cosh(2Bx)
√

sech(4Bx),

| f1(x)|2 = 2
{

1 + 2 cosh(4Bx)−
√

2
[

cosh(2Bx)

+ cosh(6Bx)
]√

sech(4Bx)
}

,

| f2(x)|2 = 1

g

√
2
{√

2g[5 + 8 cosh(4Bx)]

+ 4
√

2g cosh(8Bx)− 4[2 + 2
√

2 cosh(2Bx)

+ cosh(4Bx)][2 cosh(2Bx)+ cosh(6Bx)]

× 1√
cosh(4Bx)

[
1 + cosh(4Bx)

+ 2
√

cosh(4Bx)
√

sech(4Bx) sinh2(2Bx)
]}

,

where

g(x) = 2 + 2
√

2 cosh(2Bx)+ cosh(4Bx),

B = α2 + 4α4.

There is no problem in writing down similar expressions for
any κ within the interval between 0 and 2. The MI growth rate
in this case can be controlled by the value of α4. If the growth
rate is close to zero, the evolution takes a much longer prop-
agation distance than it does when the gain is higher. Let us
illustrate this by particular examples. The spectral evolution
for two cases, (a) α4 = −10/79 ≈ −1/8 and (b) α4 = 1/12,
are shown in Figs. 2(a) and 2(b), respectively. In the first case
|VH | is close to zero. Thus, the MI evolution takes longer than
in the case (b), where |VH | is much larger.

In each case, the power is mostly concentrated in the
lower order harmonics (n = 0, 1, and 2). The black dotted
curve represents the sum of the power in the pump and
two lowest order sidebands. The highest amplitude of the
sidebands is reached at x = 0

| fn(0)|2 = 2(
√

2 − 1)2|n|, |n| ≥ 1,

while the power in the fundamental mode is

| f0(0)|2 = (
√

2 − 1)2.

As the left and right hand sidebands contain equal power,
| f−n| = | fn|, the total power is given by

| f0(0)|2 + 2
∞∑

n=1

| fn(0)|2 = 1.

We also note that

log
[| fn(0)|2

] = 4|n| log(
√

2 − 1) ≈ 0.693 − 1.763|n|,
confirming that the triangular shape of the AB spectrum is
retained for this case. When α2 = 1/2, a positive α4 simply
reinforces the focusing effect and increases the growth rate,
resulting in a faster breather evolution at any κ . We now look
at how the spectral evolution differs in the two instability
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FIG. 2. Plot of the AB spectra | fn(x)|2 versus x when (a) α4 = −10/79 and
(b) α4 = 1/12. In each case κ = √

2 and α2 = 1/2. The pump power, | f0(x)|2,
is shown in the blue solid line; the power in the first sideband, | f1(x)|2, is
plotted in the dark orange dashed line, and the power in the second side-
band, | f2(x)|2, is shown in the yellow dot-dashed line. The black dotted
curve is the sum of the power in the pump and the two lowest sidebands,
| f0(x)|2 + 2 | f1(x)|2 + 2| f2(x)|2. The growth-return cycle in (a) occurs over a
much larger distance in x than in (b).

sub-bands when α4 is negative. We consider the most repre-
sentative example of α4 = −1/8, when the two gain maxima

at κ =
√

2 − √
2 and κ =

√
2 + √

2 are equal. The forms of
spectral evolution at these two κ values are shown in Figs. 3(a)
and 3(b), respectively. The two plots are considerably differ-

ent. At the first maximum, κ =
√

2 − √
2, the power at the

pump frequency f0(x) (blue solid curve) is depleted almost
entirely at x = 0. Correspondingly, the power in the sidebands
is higher. In contrast, the pump only partly depletes at the

second gain maximum, κ =
√

2 + √
2. Most of the power is

converted into the first sideband, as can be seen from Fig. 3(b).
The power in the other sidebands is very small.

At the zero instability point, κ = κs, the solution is peri-
odic in t but does not vary in x. The spectral content of this
solution is fixed. Figure 4 shows the central and sideband
power composition at this point for a varying α4. The change
of κs with α4 is also shown on this plot by the blue curve with
red circles. Interestingly, the power in the central component
is zero when α4 = −1/10 and κs = 1. This means that the
sidebands have the largest power. This value could be opti-
mal for breathers at modulation frequencies near this κs. At
α4 = −1/4, the solution is transformed into a plane wave.
Consequently, all the energy is in the central component. The
solution is not defined for the upper limit at α4 = −1/12. This
point is indicated with a black dashed vertical line in Fig. 4.

FIG. 3. The spectral evolution of AB for α4 = −1/8 when (a) κ =
√

2 − √
2

and (b) κ =
√

2 + √
2. These κ values correspond to the two gain maxima

shown in Fig. 1. The central component | f0(x)|2 is shown by the blue solid
curve. The other components, | fn(x)|2 are for n = ±1, ±2, ±3, and ±4. Their
amplitudes are smaller in (b). In all cases, α2 = 1/2.

V. AB EVOLUTION TRAJECTORIES IN THE COMPLEX
PLANE

The evolution of the breathers can be illustrated as trajec-
tories in the complex plane if we follow the evolution of their
points of maximal (minimal) amplitude. These curves are
projections of trajectories of an infinite-dimensional dynam-
ical system in a full phase space onto a plane. These trajec-
tories are shown in Fig. 5(a). They show the motion of the
point ψ(x, t = 0) with x for fixed α4 and κ . Trajectories start
at one of the points on a unit circle that corresponds to the
background plane wave with an arbitrary initial phase. Any

FIG. 4. The spectral power | fn|2 for n = 0, 1, 2, 3, 4 versus α4 when κ = κs.
The curves are obtained using Eqs. (14) and (15). As the spectrum is x
invariant in this case, fn(x) = fn.
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FIG. 5. (a) AB trajectories on the
complex plane for the values of
α4 = − 1

12 ,− 1
10 ,− 1

8 , and − 1
4 . Color

coding of the curves is shown in the
inset. The solid light blue curve is the
unit-circle of initial conditions, which
represents the background wave. (b)

The AB solution for κ = 1
2

√
7 − √

33
corresponds to the outer red-dotted
trajectory in (a). (c) The AB solution

for κ = 1
2

√
7 + √

33 corresponds to the
inner red-dotted trajectory in (a). For
both cases (b) and (c), the parameters are
α4 = −1/10 and α2 = 1/2.

point on this circle is a saddle point that corresponds to MI.
The point ψ(x, t = 0) moves away from the circle, returning
to the circle of initial conditions after crossing the real axis at
the point of maximum amplitude. The direction of motion is
shown by the arrows on the trajectories in Fig. 5(a). The exact
solution shows that these trajectories are also circles.

The two red-dotted trajectories in Fig. 5(a) are shown
for the case α4 = −1/10. They correspond to the two MI

growth rate maxima in Fig. 1 at κ = 1
2

√
7 − √

33 (outer tra-

jectory) and κ = 1
2

√
7 + √

33 (inner trajectory). Although the
gain is higher at the second maximum, resulting in faster
evolution, the solution reaches a higher peak amplitude at
the first maximum. This can be seen from Figs. 5(b) and
5(c), which show the ABs at these two points. The maxi-
mal amplitudes of the two ABs are given by the expression

ψ(0, 0) = 1
2

(
2 +

√
9 ± √

33
)

.

The two green-dashed trajectories in Fig. 5(a) are shown
for the case α4 = −1/8. The two maxima of the MI growth

rate in Fig. 1 are located at the points κ =
√

2 − √
2 and

κ =
√

2 + √
2. Even though the growth rates are equal at

these maxima, the solutions evolve differently. The breather at
the first maximum achieves a higher amplitude at x = 0 than
at the second maximum.

Only one trajectory (blue small-dashed curve) is shown
for the case α4 = −1/12. In this case, there is a single max-
imum of the growth rate at κ = √

3. Finally, the brown solid
curve corresponds to α4 = −1/4. Here, we also have a single
maximum of the growth rate curve at κ = 1. The trajectory

of the periodic solution (13) is simply a dot located on the
real axis, no matter what value is taken by κs. However, its
position does depend on κs.

VI. NONLINEAR PHASE SHIFT INDUCED BY THE AB

Every breather induces a phase shift that is the dif-
ference between the phase in the presence of, and in the
absence of, the breather on top of a background wave.16,18

It is defined as a phase rotation from the initial to the
final point of the trajectory on the complex plane. This
phase shift explicitly depends on κ , and it can be calculated
from Eq. (14):

	φ = 2 cos−1

[
1

2

(
κ2 − 2

)]
, for all κ 	= κs. (16)

This phase shift is same as for the AB in the NLSE case. How-
ever, when κ = κs for a given α4, the solution remains fixed
along the x-axis and the total phase shift is zero.

VII. THE INFLUENCE OF THE 6TH AND 8TH ORDER
TERMS

In order to determine the role of operators above 4th
order, we next consider the 6th and 8th order terms in the evo-
lution Eq. (1). Our main conclusion is that the influence of
the higher-order even operators, e.g., 6th and 8th order oper-
ators with non-zero α2 coefficient is qualitatively similar to
that of the 4th order term. For a more detailed analysis, we set
α4 = 0 and study the MI in this case. The AB solution is still
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FIG. 6. Modulation frequency that leads to the zero growth rate versus the
higher-order operator coefficient α4, α6, or α8 in the evolution equation.

the same and is given by Eq. (6). With N = 2 and 3 in Eq. (7)
and M = 3 and 4 in Eq. (8), the instability growth rates are
now given by higher-order polynomials:

V (6)
H = 2δ[α2 − α6(10κ2 − κ4 − 30)], (17)

V (8)
H = 2δ[α2 − α8(70κ2 − 14κ4 + κ6 − 140)]. (18)

The propagation constants now are

ω(6) = 2(α2 + 10α6),

ω(8) = 2(α2 + 35α8).

At the points of zero growth rate, V (6)
H = 0 and V (8)

H = 0, the
AB solution reduces to the constant profile periodic solution
of (13). The propagation constants in this case are

ω′(6) = −2(20 − 10κ2 + κ4),

ω′(8) = 2(−105 + 70κ2 − 14κ4 + κ6).

The points of zero MI growth rate can be found from algebraic
equations. Keeping the fixed value of α2 = 1/2, we have

1 − 2(10κ2 − κ4 − 30)α6 = 0, (19)

1 − 2(70κ2 − 14κ4 + κ6 − 140)α8 = 0. (20)

The condition of keeping the solutions within the interval of
instability, 0 < |κ| < 2, imposes constraints on α6 and α8,
i.e., α6 has to be within the interval − 1

12 < α6 < − 1
60 , while

α8 must be within the interval − 1
40 < α8 < − 1

280 . In each of
these cases, there is only one solution within the instabil-
ity interval. That is, the frequencies of zero growth rate are
given by

κ = ±
√

5 +
√−α6 (1 + 10α6)√

2α6

for the evolution equation of the 6th order and

κ = ± 1√
6

⎡
⎣

√
28 +

3
√

2 3
√

p

α8
− 28 22/3α8

3
√

p

⎤
⎦

for the evolution equation of the 8th order, where

p = α2
8 (27 + 896α8)

+ 3
√

3
√
α4

8 [27 + 896α8 (2 + 35α8)].

Figure 6 shows the modulation frequency κ that gives zero
growth rate as a function of the higher-order even operator
coefficient, α4, α6, or α8. The solid blue curve is for α4. This
solution exists in the range − 1

4 < α4 < − 1
12 . The dark orange

dotted-dashed curve is for α6. This solution exists within the
range − 1

12 < α6 < − 1
60 . Finally, the yellow dashed curve is

for α8. This solution exists within the range − 1
40 < α8 <

− 1
280 . As we can expect, the changes induced by higher-order

terms occur at smaller values of the corresponding coeffi-
cients. Otherwise, there are no significant changes in the MI
dynamics with the increasing order of the equation being
considered.

VIII. CONCLUSIONS

Although the basic NLSE in its simplest form describes
the main features of MI, its applicability cannot be extended
to more complex systems, such as ultra-short pulse propaga-
tion in highly nonlinear optical fibers and deep water wave
dynamics, where higher-order effects become more important.

In this work, we have studied the influence of the higher-
order terms in the extended NLSE on the dynamics of mod-
ulation instability and ABs. Using the 4th order equation as
an example, we have investigated changes in the growth rate
of instability and the evolution of breathers in space-time and
frequency domains. We have presented the trajectories that
correspond to the full growth-decay modulation cycle of the
breather. In particular, we have found that the spectral con-
tent of the AB can be efficiently controlled by the coefficients
of higher-order terms. Also, energy transfer into side-bands is
increased at certain values of these coefficients.

One of the differences from the NLSE case is the splitting
of the instability band into two sub-bands, with zero growth
rate at a point between them. This point of zero growth rate is
found for the 4th, 6th, and 8th order extensions of the NLSE.
The AB is transformed into a stationary periodic solution at
this point. Characteristics of the ABs, such as the growth rate,
maximal amplitude, spectral content, and total phase shift
induced by the breather, are different in each of the sub-bands
of the instability interval.
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