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Abstract

This paper examines variance swap pricing using a model that integrates three
major features of financial assets, namely the mean reversion in asset price, multi-
factor stochastic volatility (SV) and simultaneous jumps in prices and volatility
factors. Closed-form solutions are derived for vanilla variance swaps and gamma
swaps while the solutions for corridor variance swaps and conditional variance
swaps are expressed in a one-dimensional Fourier integral. The numerical tests
confirm that the derived solution is accurate and efficient. Furthermore, empir-
ical studies have shown that multi-factor SV models better capture the implied
volatility surface from option data. The empirical results of this paper also show
that the additional volatility factor contributes significantly to the price of variance
swaps. Hence, the results favor multi-factor SV models for pricing variance swaps
consistent with the implied volatility surface.

Keywords: Pricing, Variance Swap, Multi-factor Stochastic Volatility, Mean

Reversion, Jump Diffusion

!Correspondence author; fax: (852) 2603-5188; e-mail: hywong @cuhk.edu.hk.

Preprint submitted to European Journal of Operational Research March 25, 2015



1. Introduction

The management of volatility risk has gained increased attention in financial
markets since the onset of the recent global financial crisis. Variance swap is
a typical financial tool for managing this risk. Numerous researches have been
done on variance swaps (Carr and Madan, 1998; Demeterfi et al., 1999). However,
none of them consider the discrete monitoring principle or the use of stochastic
volatility model. Until recently, Zhu and Lian (2011) solve the discretely sampled
variance swap pricing formula under the Heston’s stochastic volatility (SV) model
using a partial differential equation (PDE) approach. Zheng and Kwok (2012)
consider the stochastic volatility simultaneous jump (SVSJ) model in the valuation
of various types of variance swap contracts using a probabilistic approach. They
also include saddle-point approximation in Zheng and Kwok (2013a) and Fourier
transform algorithms in Zheng and Kwok (2013b), respectively, in variance swap
pricing under Lévy processes.

In this paper, we generalize these recent advances in variance swap pricing to
a wider class of models that incorporates the following well-known features of
financial asset dynamics: mean reversion in asset price, multi-factor SV and si-
multaneous jumps in price and volatility factors. Therefore, the model considered
embraces the Heston SV and SVSJ models as its special cases. Mean reversion is
a well-known feature in commodity markets. A list of empirical studies support-
ing the existence of mean reversion can be found in Fusai et al. (2008). Wong and
Lo (2009) propose an option pricing model with mean reversion and the Heston
SV to capture information contained in the term structure of futures prices. The
Wong and Lo model is also found to be a special case of our model.

Another well-known empirical finding is that the implied volatility surface



solved by matching market option prices and the Black-Scholes formula shows
a smiling pattern. Numerous models have been proposed to capture this pattern,
including the SV models. Empirical evidence, however, shows that the level of
implied volatility is independent of the slope of the volatility smile. Although a
one-factor SV model can generate a steep smile or a flat smile for a given volatility,
it fails to generate both patterns for a given parameterization. Using the Black-
Scholes implied volatility for S&P 500 options over 15 years, the empirical study
by Christoffersen et al. (2009) shows that a two-factor SV model is sufficient to
model the stock return volatility based on a principal component analysis. The
empirical study by Li and Zhang (2010) confirms the existence of the second
volatility factor using a nonparametric test. Therefore, we consider a two-factor
SV model in this paper.

Apart from mean reversion and multifactor SV, jumps in the return process
and volatility factors have also received a great deal of research attention. Jacod
and Todorov (2010) discover that the prices of most of the constituent stocks in the
S&P 500 index jump together with their volatilities. Duffie et al. (2000) compare
an SV model without jumps, an SV model with jump in price and an SVSJ model
and show that the SVSJ model is able to produce an implied volatility smile closest
to the one observed in the market. Wong and Zhao (2010) apply a model with
mean reversion and two SV factors to currency option pricing. However, they do
not incorporate jumps nor investigate the implications of their model for variance
swap pricing.

In this paper, we value various types of discretely monitored variance swaps
under the proposed model. We follow Zheng and Kwok (2012) in using the square

of the geometric return of the underlying asset to represent the realized variance in



the variance swaps. The solution for the fair strike price in the variance swap con-
tract, or the variance swap price, relies on the analytic joint characteristic function
of the log asset prices at two different time points. We obtain this characteristic
function by first deriving the joint characteristic function of the log asset price and
its volatility at a particular time point. Then, we transform the payoff function of
the variance swap into an exponential function. This enables the variance swap
price to be deduced from the characteristic function.

The remainder of this paper is organized as follows. The proposed model is
presented in Section 2, where we also derive the joint characteristic function of
the log asset price and the volatility. The analytical formulas for various types
of variance swap contracts are obtained in Section 3. Empirical and numerical
experiments are conducted in Section 4. Specifically, the empirical experiments
illustrate the effect of the second volatility factor on variance swap prices. Section

5 concludes the paper.

2. The Model

Under the risk-neutral measure, we postulate that the underlying asset .S; and

its two volatility factors V;; and V3, jointly evolve as follows. Let S; = exp (X;).

dX, = [0(t) — mX, — A2t )dt + Vi dW}! + /VadWE + JXdN}

dViy = [a1(t) — biVa]dt + o1/ Vi[prdW) + /1 — p3dW2] + J AN}, (D)

dVoy = [az(t) — boVardt + oan/Var|padWE + /1 — p3dW] + J2dNZ,
where W}, W2, W2 and W}! are independent standard Wiener processes; N}

and N? are independent Poisson processes with constant intensities A\; and ),

respectively; and J'2, J" and JX are independent random variables that repre-



sent random jump sizes and which are independent of the Wiener processes and
Poisson processes.

This model (1) embraces most of the important derivatives pricing models in
the literature. The simultaneous jumps on asset return and its volatility consid-
ered by Zheng and Kwok (2012) are reflected by the Poisson process N}, while
N? models jumps in the volatility process independent of the asset return. The
constant m is the mean-reversion speed of the log asset, the deterministic func-
tion 0(t) is related to the equilibrium mean level of the log asset at time ¢ and J*X
denotes the random jump size of the log asset. Similarly, the constant b; is the
mean-reversion speed of the ith volatility factor, the deterministic function a;(t)
is related to the equilibrium mean level of the :th volatility factor at time ¢, the
constant o; is the volatility coefficient of the ith volatility factor process and .J":
denotes the random jump size of the ith volatility factor for i = 1, 2. Notice that it
is not necessary to know the explicit form of 6(¢) since we will show in later part
that this term can be calibrated with futures as a whole. If there is no jump, the
model is reduced to the mean reversion model with two-factor SV in Wong and
Zhao (2010). If the mean-reversion speed m is further set to zero, it becomes the

two-factor SV model proposed by Christoffersen et al. (2009).

2.1. The Characteristic Function

The payoff of variance swaps depends on the underlying asset prices realized
at time points 0 < t; < --- < t,,. Thus, the valuation needs the joint distribution
of asset prices at these time points. We thus derive the multivariate characteristic
function of log-spot prices, In S;,, - - - ,In .S , under the proposed model and then
apply the results to the variance swap pricing in the next section.

This section is organized as follows. We begin with a mean reversion model



with a one-factor SV and extend it to incorporate the second SV factor. As shown
in the later analysis, the process with two SV factors can be written as the sum
of two independent processes with one SV factor. As the building block for the
later analysis, the following lemma presents the joint characteristic function of the
log-asset value and its variance under the mean reversion model with a one-factor
SV process and simultaneous jumps. Afterward we derive the joint characteristic

function of the log-asset values under the model (1).

Lemma 2.1. Consider the mean reversion model with SV and simultaneous jumps:

dX, = [0(t) — mX, — L]dt + VVdW} + JXdN,,

@
Vi = [a(t) = bVildt + o/ Vilpd W} + /T = p2dW2| + JY N,

where W' and W2 are independent standard Wiener processes; NV; is a Poisson
process with constant intensity A independent of the two Wiener processes; and
J?X and JY are random jump sizes of the log asset price and volatility, respectively.
JX and J) are independent of the two Wiener processes and the Poisson process.

Then, the joint characteristic function of X; and V; is given by

flz,v,t;0,0) = Elexp(ioXr +ipVy)| Xy =2, V, = 0] 3)
= explA(T —t;9)z + B(T = t;6, 0)v + C(T — t; ¢, 9)],(4)

where " > tand i = /—1,

Alri9) = ige,
—br —mT
Brigg) = Ule™)+ e Ve ™)

ii 7
w—}J(l) +om ym 'V (y)dy

Clrid,p) = / B(3)A(T — 5:6) + a(s) B(T — 5,6, 9)

T—1

+ AE[exp(A(T — s;¢)J* + B(T — s;0,0)J") — 1]]ds,

6



2my (V1= p? = pi) g ®(a”, b, o) + gy @(a” + 1,07 + 1, o f5)

Uly:o) = — B(a b, L) ,
Vigio) = iEZY;< IV
W@
. (/pz_l—i—p)%%—ﬁ’ b*zl—ﬂ, () = —m |
p*—1 m op\/1 — p?

and ®(e, e, o) is the degenerated hypergeometric function.

Proof. The Feynman-Kac formula states that f(x, v, ) is governed by the follow-
ing partial integro-differential equation (PIDE):

0 o v o4V o2
—oL = [0(t) — mx — Y%L + [a(t) — )P + 22L + 22O+ pov 2L

+AE[f(z + JX v+ JV 1) — f(x,0,1)],
flx,v,T) = exp(igx + ipv).
From the affine structure of our model, we postulate f(z, v, t) admitting the form

(4). Substituting (4) into the above PIDE gives the following system of ordinary

differential equations for A, B and C"

0A

E = —mA(T),

0B o? 1

5, = 3B (1) = b—poAN)]B(r) - SA(T)[1 - Al7)], (5)
% = O(t)A(T) + a(t)B() + AE[exp(A(T)J* + B(1)JY) — 1], (6)

with the initial conditions A(0) = i¢, B(0) = i¢ and C'(0) = 0, where 1 =T — ¢
and (5) is known as the Riccati equation. It is trivial to solve for A(7) and the

explicit formula is displayed in this lemma. Substituting A(7) into (5) gives:

88 = L B(r) - [b— poige ™| B(1) — j(ige™™ + ¢Pemm),
B(0) = ip.



Following the results of Wong and Lo [10], we can write the analytical formula of
B(7) where the initial condition of B(7) is i instead of 0. Having obtained A(7)
and B(7), C(7) is then obtained by integrating both sides of (6). O

An explicit formula of C'(7) in Lemma 2.1 can be obtained once the distribu-
tions of JV and JX are specified. Observe that if JV and JX are independent of
each other, the last expectation in the above expression can be calculated directly
by using the marginal characteristic functions of .J¥" and JX, respectively. How-
ever, to allow for a more flexible modeling, we consider a more complicated struc-
ture for JV and JX. Specifically, we employ the dependent structure in Zheng and
Kwok (2012) that JV ~ exp(n), JX|JV ~ N (v + p;JV,§?). The expectation in

C(7) can be computed as follows:
Elexp(A(r;¢)J" + B(r1¢,¢)J") — 1]
=explA(T; ¢)v + %AQ(T; $)0%)(1 = [psA(T;0) + B(T; 6, 90)n) " — 1.
In particular for J¥ = 0, the expectation is equal to (1 — B(7;¢,¢)n)~* — 1.

As the result in Lemma 2.1 is frequently used in the remaining text with different

parameters, we introduce the following notation.

Definition 2.1. The one-factor SV model considered in Lemma 2.1 is denoted as
M(©;J%,JV), where © = {0(t), m,a(t),b, o, p, \} is the parameter set charac-

terizing the model except for the jump sizes.

The joint characteristic function of the log asset prices X = (X, -+, Xy, ) is
defined as
Fx (w0, v10, V205 U, - - -, Up) = Efexp (i Xoy + -+ +iun Xy, ) | Xo = w0, Vio = vi0, Vao = v20]
(7



where uy, - - - , u,, are real numbers. The following theorem holds.

Theorem 2.1. Under model (1), the multivariate characteristic function of X de-

fined in (7) is given by
Fx (o, v10, Va0 Ut, U, -+ -, Up,)
= exp Z Ci(te — tho1; Ory k) + Bi(ty; d1, 01.1) 010 + i¢1€_mt1$0]
k=1
- exp Z Cs(ty — tk—1; Ok, pax) + Ba(ti: o1, p2.1)v20 |
k=1
where

b = up+ Qpppe BRI B =1 n—1; ¢, = uy,
ik = —iBj(tkr1 =t Grg1, Qjpe1), k=1, ,n—1; @;, =0, forj = 1,2,
01 = {0(t),m,ai(t),br,01,p1, M1},
©2 = {0,m,as(t),b2, 09, pa, Ao},
in which B;, B, are the function B in Lemma 2.1 under the model M (©y; J*, J"1)
and M (©,;0, J*2), respectively. Similarly, C', C, are the function C' in Lemma

2.1 under the model M (©q; JX, J"*) and M (©O,; 0, J"2), respectively.

Proof. We only prove the case of n = 2. The case with an arbitrary n can be
shown by the same principle or by induction. Given the initial values zg, v1y and
v99, we decompose {X;} into the sum of two random processes {Y;} and {Z;},

re. X; =Y; + Z;, such that

dY, = [0(t) —mY; — t]dt + Vi dW} + JXdN} , Yo = o, ®)
d‘/lt = [a1 (t) — bl‘/lt]dt “+ 01/ ‘/it[plthl + \/ 1-— p%thQ] + JtV1 dNtl ) ‘/10 = V10,
dZ, = [-mZ, — 2]dt + Vo, dW} . Zo =0, ©)

AV = laz(t) — boVarldt + oo/ Var[pad W + /1 — psd W] + J2ANE . Vag = vao.

9



From model (1), it is clear that {Y;} and {Z;} are independent processes. Then

the bivariate characteristic function is given by
Fth,th (Uh UQ) = E[exp(iulth + Z’UQXtQ)} = E1 : EQ,

where ) = Elexp(iuYy, + iuaYy,)] and By = Elexp(iuy Z;, + iugZy,)]. Notice
that {Y;} and {Z;} follow models M (©1; J*, J"*) and M(O,;0, J*2), respec-
tively. By Lemma 2.1,

Ei = exp [Ci(t1; 01, 011) + Ci(ts — t1; da, p12) +idre ™ ag + By(ty; dr, 1.1)v10]

and

Ey = exp [Cy(t1; ¢1,p2,1) + Colta — 15 ¢z, pa,2) + Ba(ty; d1, 02,1)va0] -
This shows the bivariate case while the multivariate case follows by induction. [

As a concrete example, consider the exponential jump sizes for the volatility
factors, JV* ~ exp(n1), J*2 ~ exp(1), and the normal jump size for the log asset
return conditional on J"* and independent of JV2: JX|JY* ~ N(v + p;J", 6?).
This consideration is consistent with Zheng and Kwok (2012). Therefore, the
joint characteristic function of log-asset prices is obtained in an explicit closed-
form solution, which is useful in examining distributional properties and rendering
an efficient pricing scheme for financial derivatives. As this paper focuses on
variance swap contracts, the explicit pricing formulas are provided in the next

section?. In practice, the characteristic function is often expressed in terms of

2Even a general model is provided in this paper, we use a submodel in the empirical studies
as there is no available asset embraced all the features. The improvement with respect to some

characteristic is still unknown and to be explored as an interesting future topic.

10



observed market forward (futures) prices. This is known as the super-calibration
of the model by enforcing it to be consistent with the market prices of futures

contracts.

Corollary 2.1. Under the model (1), a forward price of the underlying asset with
maturity 7" is given by
G(T) = E[e™ | Xo =m0, Vio = vi0, Vao = va0)
= exple "y + By(T; —i,0)v10 + Bo(T; —i, 0)vgg
+C1 (T, —i, 0) + CQ(T; —i, O)]
where the functions involved are defined in Theorem 2.1.

Proof. The proof follows by noting G(T') = F'(x, v19, U20; —¢) and applying The-
orem 2.1. 0

To express the characteristic function in terms of observed market forward

(futures) prices, we link the common terms in Corollary 2.1 and Theorem 2.1.

T
/ 0(s)e-"T=ds — W[G(T)] - By(T: —i,0)v10 — Ba(T: —i, 0)vso
0

—€_mT.Z'0 - él(T, —i7 0) - CQ(T, —i, 0),
where

Culrid,p) = / (a1(8) Bu(T — ;6 0) + MElexp(Ay(T — 5:.6) 7%

T—1

+B(T — s;0,0)J") — 1]]ds. (10)

This enables the characteristic function to be expressed super-calibrated to (or in

terms of) futures prices in the market, by noting that

tk tk tk—l
/ Q(S)e_m(tk—s)ds :/ 0(S)e—m(tk—s)ds_e—m(tk—tk1)/ 9<S)€—m(tk,1—s)ds‘

te—1 0 0

11



The following corollary is straightforwardly obtained by substitution of this equa-

tion, such that no # appears in the expression of the joint characteristic function.

Corollary 2.2. Under the model (1), the multivariate characteristic function of X

super-calibrated to the term structure of future prices is given by

FX('UJ,UQ,"‘ 7U'n)
n Pk n
G(ty ~
= <*m()tk*tk—l> exp Ci(tk = ti—1; Gk, p16) + Balts; d1, 011)v10
it [ Gte)® k=1

- exp Z Cote — the1; Ok, P2.k) + Ba(ti; o1, p2,1)v20 + i¢1€mt1x0]
k=1

“exp | — Z iﬁbk(Akél + ApCy 4 v10AL By + v20A Bo)
=1

where G(T') is the forward price with maturity 7', B;, Cs, 9k, ¢, J = 1,2,k =
1,--- ,n are defined in Theorem 2.1, él is defined in (10) and
ACr = Cilty; —i,0) — e C 1,y =i, 0)
AxCy = Oy(ty; —i,0) — e =00y (1,15 —4,0)
ALB; = Bj(ty; —i,0) —e ™0 Bt 15 —i,0), j = 1,2
In practice, if there are no available options to calibrate the risk-neutral pa-
rameters, it is interesting to know how to use the estimated physical parameters
to infer the risk-neutral parameters, especially 6(t). In fact, we can also super-
calibrate 6(t) with the physical parameters by the use of the change of measure.

For simplicity, we suppose that, under the physical measure P, the underlying

asset .Sy and its volatility factor V; jointly evolve as follows. Let S; = exp (X;).

dX, = [ — mX,|dt + /VidZ},
AV, = [aP — PV)dt + o/ Vi[pdZ! + /1 — p2dZ2),

12



where Z}!, Z?2 are independent standard Wiener processes under P. By the change

of measure, the joint dynamics of X; and V;, under Q becomes

dX, = [0(t) — mX, — %]dt + /V;dW},
dV; = [a(t) — BVt + o/ Vi[pdW} + /T = p?dW],

where W}, W2 are independent standard Wiener processes under Q, and
a(t) = a” — po(pu —0(t)), b=b" + R (11)

These relations between physical and risk-neural parameters help us to establish
the super-calibration of 0(¢). Moreover, we assume 6(t) to be a piecewise function
defined on sampling intervals: 6(¢) = ZZ:1 Or1{te(t, ]y~ Using the Corollary
2.1 and noting that there is only one SV factor and no jumps, the terms related to

0(t) can be expressed as

/05 sTds—/ 0(s)[e ™"~ 4 poB(T — s;—i,0)]ds
— B(T; —i,0)vg — e ™ xy — C(T; —i, 0), (12)

where G(T) is the forward price with maturity T given the initial values X, =
z0, Vo = wo, and C(T; —4,0) = fo — pou)B(T — s;—i,0)ds. Then the

recursive formula for 6s is given

O = [In[G(tx)] — Blty; —i,0)vg — e ™ zg — C(tg; —i,0)

b1 /lt‘ Stk)dsl/[/t::g@,tk)ds], (13)

J=1 -

where g(s,T) = e ™"~ 4 po B(T — s; —i,0) and Z?Zl(-) = 0. Hence, we can
utilize the whole futures structure to super-calibrate the drift term (). We will

illustrate the whole implementation with the empirical parameters in Section 4.

13



3. Variance swaps

Variance swaps enable investors to trade on the variance of an underlying as-
set. By specifying the sampling dates of a variance swap, for example 0 = ¢y <

t1 < --- <ty =T, the payoff of the contract at maturity 7" is defined as

2
. ) - K, (14)

where wy, is the weight put on the return over the period [t_1,tx]. The constant
K is the strike price the long side of the variance swap will pay at the end of the
contract. The constant AF’ is the annualized factor. For instance, if we consider
daily sampling for the contract, that is t;, — t;_1 = ﬁ, then AF = 252. This

section examines the analytic pricing for vanilla variance swaps, gamma swaps,

corridor variance swaps and conditional variance swaps.

3.1. Vanilla variance swaps

Vanilla variance swaps are the simplest form of variance swap. Their payoffs
are obtained by putting all the weights w;, = 1 in (14).
The fair strike price K is set in such a way that the contract has zero value at

the initial time. Under the market-implied pricing measure, the no-arbitrage strike

AF & S, \2
_ 1 Kk
N Z(nstk) ] !

price becomes

K=E

k=1

which is often called the variance swap price/rate. Because AF' and N are con-
stants once the tenor structure for the contract is specified, the above expectation
is indeed taken on each of the squared log returns one by one. By the property of

characteristic function, the expectation for each term inside the above summation,

14



which is essentially the second moment, is calculated as:

2 2

This gives the closed-form solution for the vanilla variance swap price.

$=0

When mean reversion and jumps are absent in model (1), the explicit formulas
for the vanilla variance swap prices using one-factor and two-factor SV models
are summarized in the following proposition. This result is used in the subsequent

empirical analysis on the contribution of the second volatility factor.

Proposition 3.1. If the log-asset price X (¢) follows the one-factor SV model
(namely Heston model, i.e. M (0;0,0) with © = {6,0,a,b,0, p,0}), then the
variance swap with monitoring dates 0 = g < t; < --- < tny = T has the fair
price

VSl($7 v, T7 N7 6) = klv2 + k2/U + k?n

where

_ —2bt —bt —tk—1) _ 1)2
]{51 — 4b2NZe k1 (th—tk—1 1)’

AF po o2 Y AF bt
be NS ) T (R Zbe "t =t

1 AF B B 2a + o2
o BYAR Sy, gy 2

b 2b/ N
k=1
AF [a aps 2 AF (apo  ao?\ < bt
_ Iz _ T _ 1 — (tk—tr—1)
s N (b b2 453) TN (b?’ 4b k:l( ‘ )
A a2 , a 2a* + ao?
D e
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Alternatively, if X (t) follows the two-factor SV model, i.e. m = O and .J;X, J}*, J}? =

0 in model (1), then the vanilla variance swap price is given by
V' Sy(x,v1,v9, T, N) =V Si(x,v1, T, N;0O1) + VS1(0,v2, T, N; O2) + I(vy, v3),
Where I(Ul, 1)2) = QATF(kﬂjl’UQ —+ k’51)1 + k?GUQ —+ ]{?7),

61 = {07()’ al)bho-lapho}v @2 = {0707a2ab2702710270}7

N
1 a a
- E —bity _ —bitp_1 —baty _ —botp_y - __215 _ 2 h(b
4 4b1b2 k:1(€ € )(6 € )7 5 bQ 4 2b2 (1)7
a a 1 N
— __1 _ _1 - —bty, _ —btp_1 _
ke b ky + <9 2b1) h(b2), h(b) 5% 321(6 e Ytk — te—1),
aia aLa a a a a N
ky = —2k “Eh(b) — o (0= o be) — 5 (0= 5 ) D (b — teer)”
L T A G o0, ) Mb2) — 5 op, ) 2t~ )
k=1

.« . . . . L AF _ 1
In addition, by taking the asymptotic limit: max,(; —tx—1) — 0 and 55 = 7, the
two formulas respectively converge to their continuously monitoring counterparts:

1— —bT 1— —bT
VSi(z,v,T,00;0) = b; v—a( b2; )+%,

VSa(x,v1,v9,T,00) = VSi(x,v1,T,00;01) 4+ VS1(0,v9, T, 00; Os).

Proof. The proof follows the previous discussion and simple calculation. 0

Remark: Similar explicit formulas can be derived for models with jumps. As the
corresponding expression is rather long, we put it in the Appendix A and provide
the Mathematica code upon request.

Proposition 3.1 shows that the fair vanilla variance swap price is a quadratic
function of initial volatility and independent of the initial asset price. In fact, the
same conclusion applies to cases with jumps (see Appendix A). When the log-

asset price has mean reversion, the log-asset price appears in the drift term of the

16



SDE, which causes the pricing formula to depend on the initial asset price. If the
underlying asset is liquidly traded, the drift term can be delta-hedged away, which
eliminates the mean reversion effect under a risk-neutral measure. However, if
the underlying asset is not traded as a commodity, mean reversion remains in the
market-implied pricing dynamic and should be taken into account in the variance
swap pricing formula. In this latter situation, we expect the variance swap price

to be dependent on the initial asset price.

3.2. Gamma swaps

Gamma swaps are variance swaps with weights w; = g%’g in (14). One moti-
vation to trade gamma swaps is to protect the swap sellers from crash risk because
the weights of gamma swaps inherently dampen the downside variance. The fair
strike price for a gamma swap is defined as

AF LS, [ S\
SN2 (1
N &5, \"S,_,

K=E

The valuation requires the weight to be included in the expectation and we again

use a property of the characteristic function. Specifically,

2
E [% (111 < ) ] = E[eMX0)(X,, — X, )7

Sto Stkq
62
= e_XO_E |:€¢(th_th—1)+th—1:| '
ol $=1
X 02
= O Fy x, (iqf)—i,—icb)‘
a¢2 k— k 61

This offers the closed-form gamma swap price through the characteristic func-
tion. When mean reversion and jumps are removed from the model (1), the ex-
plicit formulas for the gamma swap prices under the one-factor and two-factor SV

models are given in the following proposition.
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Proposition 3.2. If the log-asset price X () follows the one-factor SV model, the
gamma swap price with monitoring dates: 0 = 5 < t; < -+ < ty = T is

GSi(z,v, T, N;0) = nyv? + nyv + nsz, where

AF &
— 2:(0t—2b*t,) b (te—tk—1)\2 px 7
n1_4b*2Nk:1€k O e BT B =0 — po,

AF L /1 I po o’ —b*tp 1 —b*t Otk
TN & (b* <0+2b*>( ~ )+ (b*+b72+2b*3>)(6 —e e

_AF (6—b%)z 2a + o
N <b* 2b*2)ze (b = teet) - =,

AF [ a apo | ot _AF (ap ot
n = W(§+ b*2 4b*3>ze k k_tk 1 N (b*3 4b*4 Ze k

AF ot a 2a* + ac?
+_( )Ze’“ k_tkl —g Q—Wnl.

Alternatively, if X (¢) follows the two-factor stochastic volatility model, then the

gamma swap price is

GSQ(.T,Ul,UQ,T, N) = GSl(LU,’Ul,T,N; @1) + GSl(O,UQ,T, N, @2) + J(’Ul,’UQ),

where ©; and ©, are defined in Proposition 3.1, J (v, ve) = QATF (nqvive +n50; +
nevz +n7), b7 = by — p1o1, by = by — pa0s,

N

1 Oty [, —bitp_1 N —bity as as
— -1 -1 = - by
ion 0 gle (e e )(e e ), ns b ng + —— 2b* g(b}),
a 1 N
Ng = —b—i’I’L4 + (9 + 2b*) ( = 2_b E thk —btp—1 — e_btk)(tk — tk_l),
1 =1

a10a2 a1az

_ . « CLQ aq Gtk _
= ™ ot T g (9+ 2b*>g<b?) b3 <9+ 2b*) Ze e = i)™
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By taking maxy (tx —tx_1) — 0 and ATF = %, the above two formulas respectively
converge to their continuously monitoring counterparts:

1— 6(—b-&-pa)T (1(1 _ 6(—b-&-pa)T) a
GS T, 00;0) = —
1(33',1}, y 003 ) (b—pO’T v (b—pO')QT + b_po_a

GSy(x,v1,v9, Ty 00) = GSy(x,v1,T,00;01) + GS1(0,v9, T, 00; O3).

Interestingly, the gamma swap prices remain independent of the initial log-
asset price whenever there is no mean reverting effect in the asset return. Similar
explicit formula for models with jumps can also be obtained. Due to long expres-
sion of it and the page limit, we omit here and provide the Mathematica code upon

request.

3.3. Corridor variance swaps

The structure of corridor variance swaps is similar to that of vanilla variance
swaps except that the underlying asset price must fall within a specified corri-
dor for that period’s squared log return to be included in the variance. A typical
corridor variance swap sets wy = 1y L<Si,_,<U} in (14).

Corridor variance swaps allow investors to take view on a particular interval of
the implied volatility smile because only the realized variance within the corridor
is included. A downside-variance swap sets L = 0 while an upside-variance
swap lets U — oo. In general, the payoff of various corridor variance swaps can
be spanned by downside-variance swaps and vanilla variance swaps. Hence, it is
sufficient to consider the pricing of downside-variance swaps. The fair strike price

for a downside-variance swap is given by

AF & S, \?
K—=E |2 In—t_ ) 1
N Z (nstk 1> {8t =)




The random part here is the squared log return and the indicator function. The

expectation for each term in the summation is calculated as follows.

Stk ? 82 O(Xt, — Xt )
In s, <01 = 5oE [e =Xty 1{th71§u}}

¢=0
where u = In U.
When k = 1, the value for the above indicator function is immediately known

at the initial time point. Hence,

S\ 0% (X ~Xup)
E (lnS_to> 1{StOSU} = aT&E [6 t1 to l{XtO<U}]‘

$=0
0 X X

= L E[e¥a] e X1y, o,
praal L]
62

= wFXtO,th (Z¢7 _Z¢>1{Xt0 <u} o

When k£ > 2, the expectation in (15) needs the Fourier transformation technique
to deal with the indicator function. We first transform the indicator function
1¢s,  <vyinto lyx, <y} and consider the generalized Fourier transform on the

indicator function 1 Xy, <u}s which is a function of w.

—lTuw _ —luw R
/ 1{th71gu}€ du = / e du = ——.

[e.e] th71 rw

The complex variable w in the Fourier transform is written as w = w, +4w;. Then,
the Fourier transform exists for w; € (—o0,0). By taking the inverse Fourier

transform, the quantity 17y, <4} can be expressed in the Fourier integral form:

—iX w
1 0 TR
e ——duw,.

Lx, <= —
Ko< = on C iw

By replacing 1;x, <4y in (15) with its Fourier integral expression, the following
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result holds.

S\
- [(lnst,fl) 1{&“@]

00 —ithilw

2
— E 8_6¢(th —th_l)i eiuwe dwr
0¢p? 21 ) jw $=0

—uw; 0 TUW 2
_ € / Re < e 0 E |:€¢th—(¢+2'11;)sz71]
0

T iw, — w; 0¢?

dw,
$=0

efuwi /oo R eiuwr 82 F ( ¢ ¢> d
= el ————— 10 —w, —1 Wy
T Jo iw, — w; 02 1N ’ $=0

This integration can be efficiently made by utilizing the fast Fourier transform

(FFT) technique, a numerical technique introduced in Carr and Madan, 1999. This
procedure is repeated for £ = 2,--- | N. We compute the fair corridor variance
swap price by summing up all the individual terms obtained in the early computa-

tion and then multiplying the sum with the constant AWF.

3.4. Conditional variance swaps

A conditional variance swap is similar to a corridor variance swap, except that
the summation of the squared log return is divided by D), the number of asset
prices that fall within the corridor, rather than N. The final payoff is then adjusted

by the factor %. Therefore, the conditional variance swap payoff is

D |AF & Si\°

=Y () 1 K

N D k=1 <nStk—1) {8y =t

AR & S\ , . D
- |7 () x| (- #%).

N . . . . .
where D = ;" | 1(5, <y and K’ is the fair corridor variance swap price.
Conditional variance swaps offer an alternative to trade variance within a cor-

ridor other than the corridor swap. A possible advantage of using conditional
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variance swaps is that their strikes are adjusted by %, hence the profit is immune
from the time the underlying asset is within the corridor. The payoff structure
however shows that the conditional variance swap can be fully replicated by a
corridor variance swap and a range accrual note (RAN). Hence, it remains for us
to compute the RAN, E(D), with the proposed model. Then, K = K’ %.

The calculation E(D) can be made by summing up E(1(s,  <uy) for k =
1,...,n.Fork =1, E(].{St()SU}) = 1¢s,,<vy- For k > 2, we express l{stk_lg(]} =
1 X, <u} in a Fourier integral form. Hence,

1 = iuwe_ith_lw
E(l{stk_lﬁU}> = E(%/ € war>

—00

_ ¢ 1/ Re(.e—TFthpth(—w,O)>dwr.
0 i

s 1w, — W

The conditional variance swap price is then obtained by combining the corre-

sponding corridor variance swap price and value of E(D).

4. Numerical and empirical studies

This section investigates the accuracy and efficiency of the pricing solution
and empirically examines the contribution of the second volatility factor. The
accuracy of our analytical pricing methodology is benchmarked against a simula-
tion. We examine the effect of monitoring frequency on the fair strike. We also
examine the effect of the second volatility factor on variance swap prices when
the model is calibrated to the volatility surface implied by the market prices of
options. The empirical results favor the two SV model. Due to the page limit, the
price sensitivities of the variance swaps to mean reversion and jumps are included
in the online supplement material. As such, we focus on the contribution of the

second volatility factor to the value of variance swaps.
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4.1. Effect of monitoring frequency

The numerical comparison is based on the four aforementioned types of vari-
ance swaps under different sampling frequencies. The MC simulation adapts the
Euler-Maruyama discretization scheme, where the dynamics for the log asset price

and the two stochastic factors are discretized as follows.

Vi, = max (Vjtk_l + (a; = 0;Vjy,_, )0t + 053/ Vi, 6825 + JVijﬁ) ,J=12,
Vltk—l + V2tk—1
2

+ Vi, 0t (Plzl +4/1— P%Z?)) + 4/ V2, 0t <PzZQ +4/1 - P%Z4> ;

where 6t is the simulation time step; J"* and J"2 are independent exponential

X, = X, , + (9 —mX,,_, — ) 5t + J*Y,

random variables with means 7; and 7, respectively; JX|JY1 ~ N (v+p;J"1, 62);
and Z,, Zy, Z3 and Z, are independent standard normal random variables. The
independent Bernoulli random variables Y; and Y5 with parameters A\t and \;0t
approximate Poisson processes with arrival rates of A; and )y, respectively. To
match the monitoring frequency specified in the variance swap contracts, the time
step is set such that the sets of monitoring dates are subsets of the set of dates
of simulated prices. Specifically, the simulation divides the one year maturity
of the variance swaps into 252 X 26 = 3276 subintervals for daily monitoring
contracts when there are 252 trading days a year. More precisely, the simulation
uses 0t = ﬁ and 1 million sample paths. Table 1 summarizes the parameter
values used in the numerical experiment. These parameter values are obtained by
rescaling the empirical two-factor SV parameters in Table 3 to retain the first two
moments. For simple illustration, we use a constant #, a; and a,.

Table 2 compares the analytic and simulated fair strike prices for the variance

swaps under different sampling frequencies. The analytic results in Zheng and
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Kwok (2012) are included for comparison. The simulation standard deviations
are in parentheses. The fair strike values and standard deviations are measured in
variance points, which equal the realized variance multiplied by 1002. The same
expression is used for the remaining parts of the paper. The relative errors of the
analytic solutions against the simulated solutions in Table 2 show that they closely
match for all cases, verifying the accuracy of the analytic solution. However, the
analytical pricing procedure is much more efficient. Specifically, the execution
time for the analytical solution of vanilla and gamma swaps are 0.02% to 0.3% of
that to simulate one price, depending on the monitoring frequency. The execution

time of corridor swap is higher but still much faster than the simulation.

Table 1: Model parameter values

Sy 1 Vie 0.0076 | Vay 0.1076
0 00787 |ai  0.0277 | ay 0.1277
pi 082 b 356 |b, 3.66
ps 072 |0y 014 |0y 024
m 346 |\ 047 | )X 057
p; 02 m 03 n 0.4
v -0.08 | &  0.0001
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4.2. Effect of the second volatility factor

To empirically show the effect of the second volatility factor on variance
swaps, the computation is based on parameters calibrated to real option data.
Christoffersen et al. (2009) calibrated the one-factor and two-factor SV mod-
els to S&P 500 index option prices. Their calibration results are reported in Table
3, where we supplement some of the missing values with our own efforts. We
remark here that the Feller conditions for SV factors should be imposed within
the calibration. Based on this set of option prices, Christoffersen et al. (2009)
report that the two-factor model offers better in-sample and out-sample fits than
the one-factor model.

Table 3: Calibrated parameters to S&P 500 index option data reported by Christoffersen et al.
(2009)

One-factor SV parameters Two-factor SV parameters

So 35876 | Vip 0.07 Voo 0| So 358.76 | Vip 0.02 Voo 0.05

6 00764 |a; 01160 |ay; 0] 6 0.0764 |a; 0.0054 | a; 0.2320
pr -0.6717 | by 19561 | by O p1 -0.7695 | by 02370 | by  8.4983
p2 O op 08516 |0y O po -0.8417 | 0y 1.0531 | o2 0.6827

When these calibrated parameters are fed into the pricing formulas, range dif-
ferences in variance swap prices can be observed between the two SV models. The
prices for the variance swaps under the different models are shown in Table 5. The
relative price difference is measured as the price from the two-factor model less
the price from the one-factor model and then divided by the price of the one-factor

model. It can be seen from Table 5 that the variance swap prices are very differ-
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ent under the different models. Typically, the one-factor SV model overestimates
various types of variance swap prices by more than 17% for all cases compared to
the two-factor SV model. As the two-factor SV model better captures the implied
volatility surface, derivative traders who use implied volatility information in their
daily work may consider the variance swap prices from the one-factor SV model
as too expensive. The second volatility factor offers a reason to lower the price
to better integrate the information on implied volatility into the valuation. We
also observe the relative error increases with the monitoring frequency. This is
because a two factor volatility model explains the volatility surface significantly
better than a single factor volatility model. This makes the price under the two
models evolves very differently. When the monitoring frequency increases, more
sample points are included and the difference is more obvious.

We further compare the variance swap price differences between our model
and the model of Zheng and Kwok (2012). We continue to use the parameters
in Table 3, except for the jump part we follow the values in Table 1. Results are
given in Table 6. We see that the price differences between the two models are

huge but the price patterns across monitoring frequency are similar.

4.3. Super-calibration

We are able to calibrate our model based on market information. The func-
tional value of #() in our model could be super-calibrated to futures, while other
parameter values could be calibrated based on option prices. The characteristic
function obtained would be in terms of the future price curve, and it could be used
to price variance swaps. Even that there are only estimated physical parameters,
we can also super-calibrate §(¢) in terms of them by the discussion at the end of

Section 2. Based on this idea, we illustrate how to calibrate a mean reversion one-
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factor SV model for wheat price. We first take the values estimated by Lahiani et
al. (2013) using a VAR-GARCH model. Some missing values are supplemented
by us to the best of our knowledge. The parameters values are reported in Table
4. We can adopt the estimated parameter values as our model is a continuous case
of their model. We then calibrate the 6s using the recursive formula (13) by the
future price curve observed on 19th November 2013. The futures price with matu-
rity 1—12 % % % % and % are 646.6, 656.2, 659.4, 657, 665 and 676.5 respectively.
The resulting {0, }%_, (6(¢) = 22:1 Onlirct, o 4)3) are 2.2976, 5.3308, 5.3231,
5.2848, 5.3955, 5.4199. We can then obtain the risk-neural parameters a and b by
(11). The pricing follows previous sections. The fair strikes for vanilla variance

swaps and gamma swaps with the monitoring dates set as the futures maturity

dates are 3800.5 and 3112.0 (in variance points) respectively.

Table 4: Physical parameter values for calibration

So  834.36 Vo 0.1628 | a® 0.000065 | b 0.0677
@ 0.000217 | m 08115 |0 0.0674 p 1

5. Conclusion

In this paper, we derive the analytical fair strike price for various types of
variance swaps when the underlying asset exhibits mean reversion, multivariate
stochastic volatility and jumps. The pricing method relies on using the bivariate
characteristic function for the log asset price at two different time points. When
pricing the corridor variance swap and the conditional variance swap, the analyt-

ical solution is expressed in terms of Fourier integrals. We confirm the accuracy
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and efficiency of the analytical results by benchmarking the analytical pricing for-
mulas against Monte Carlo simulation. We further examine the effect of the sec-
ond volatility factor on variance swap prices. The results show that the effect of
the second volatility factor is very significant, which supports using the proposed
model for variance swap pricing. Moreover, the proposed model can be calibrated
to fit the volatility surface implied by the market prices of options. We believe
that the analytical results obtained in this paper will be useful for practitioners
who are eager to estimate variance swap prices consistent with the observed im-
plied volatility surface. Apart from variance swaps, our model can be used to
price a wide scope of derivatives. This can be achieved by using the multivariate
characteristic function and Fourier transform technique. The performance of such

application requires further investigation.
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Appendix A. Vanilla variance swap prices under the models with jumps

If the log-asset price X (t) follows the one-factor SV model with jumps (i.e.
M(©; J%,JV) with © = {0,0,a,b,0,p,\}, JV ~ exp(n) and JV ~ N(v +
psJV,0?%), then the vanilla variance swap with monitoring dates 0 = ¢, < t; <

-+ <ty =T has the fair price
VS (z,v, T, N; M(©; JX, JV)) = k1v® + (ko + ki )v + ks + k3,

where k1, ko and k3 are defined in Proposition 3.1, and

a4 N
ke = =gy D (e = ety
k=1
+(26%Av + 262 Anps — bAn) (e Pt — eV (8, — te1)]
N
ki = 8(:]\7 Z {e’zbt’“(eb(t’“’tk*) —1An [eb(t’“’tkfl)(éla + 20\ + o* — 2bn)
k=

+eb Ot =1) (8p2 (1 + 2np ;) — 202 — 4bn + 8bpo) + €' (8po — 8b? — 40?)
—2n\ — 2bn — o® + 207)]

+(tk — tr—1)2bX [e "1 [db(av + n*Aps + 1(0 + Av + apy)) — 2207

+e " [—4b(av +n*Aps +n(0 + Av + apy + po)) — 2n(2a — An — 0?)]
+4nb*(1 — v — 2npy) + 46> (6% + v° + 2nvpy + 20°p5) + no® + 2bn(n — 2p0) ]
—(tr — te—1)?26°A(2bv + 1 (2bpy — 1)) (2a + X — 2b(20 + Av 4+ nApy)) } -

Alternatively, if we consider two-factor stochastic volatility model with jumps

(i.e. model (1) with m = 0), then the vanilla variance swap price is given by

ng(l’,Ul,UQ,T,N) = IJ(’Ul,UQ)—|—VSi](l',U1,T,N;M(@l;JX,JV1>>
+V S (@, 02, T, N; M(64;0, J"2)),
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where I7(v1,v0) = I(v1,v2) + 2 (kfvi + kfva + k7). I(v1,v) is defined in

Proposition 3.1, and

; N (e—bltk _ €_b1tk_1)(€_b2tk _ e—thk—l)nz)\Q
ki = —
n <€_b1tk — e_bltk_l)ﬁg/\g(tk — tkfl)
4b; b, ’
; N (e—bltk _ e—bltk_l)(e—b2tk _ e_b2tk_1)771)\1
ko= —
Ry
+ (e7b2th — emb2tem1) (g — 201 (v + pym)) M (B — 1)
4b, by ’
N —bity _ —bitp_1 —baty _ ,—botp_y
B — Z (e € )(e € NaomAr + (a1 + miA1) 02
S 1202

—+ (a2b1>\1771 + (llbl/\QT]Q + b17717’]2/\1>\2 — 2b%7’]2/\2€ — Qb%/\l(y + pﬂh)(ag/\l + 772/\2))

tr — Tr_
(702t — e7b2lk=1) 4 (aobyAim1 + arbamadg 4 bamima A Ag) (e P10 — efbltkfl)] k4b2bk2 -
103

asMi(m — 201 (v + pym)) + maAa(ar +mA —200(0 + v A + pymAr)) 9
+ 1010, (te — tr—1)” ¢ -
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Appendix B. Parameter sensitivity

This appendix further investigates the effects of the mean reverting speed, m,
and the jump arrival rate, A, on fair strike prices using the two-factor SV parame-
ters in Table 3, and observe how the fair strike prices for vanilla and gamma swaps
change with the mean reversion speed and jump arrival rate. When studying the
effect of A\, we also put 7, = 75 = 0.05,v = —0.086, p; = —0.38,9 = 0.0001.
The results are presented in Figure B.1 to Figure B.2.

The fair strike prices for both vanilla variance swaps and gamma swaps can
be seen to increase with m. This is somewhat counterintuitive, as we know m 1s
the mean reversion speed for the log asset price. The larger the m, the faster the
asset will return to its long term mean level, which ought to lower the volatility
of the asset price. Although this is conceptually correct, the numerical example,
is based on the situation where the initial log asset price =y is much higher than
the long term mean level % If we increase m, two effects contribute to the rise
in asset volatility. First, the speed in which the asset price drops to its long term
mean level is increased. Second, the long term mean level is lowered, causing
an increase in the drop magnitude. This explains why a higher m will result in a
higher fair strike in this case. Another result worth noting is that the increase in
price for the gamma swap is much lower than that for the vanilla variance swap.
This difference is due to the payoff structure of gamma swaps, we use the asset
value ratio % as the weight. When the asset value drops quickly, the increase in
variance is counterbalanced by the decrease in weight. This effectively protects
the gamma swap seller from crash risk.

In Figure B.2, the fair strike for both variance swaps increases with A. In this

case, higher jump intensity implies a higher expected number of jumps, which in-
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Figure B.1: Change of fair price across m

creases the asset price volatility. Interestingly, the contribution of \; in increasing
the fair strike price is greater than that of 5. This is not surprising as A is the in-
tensity of simultaneous jumps in both log asset price and the first SV factor, while
A2 only controls the number of jumps in the second volatility factor. The vanilla
variance swap is also more sensitive to the change in A\; compared to the gamma
swap, but the sensitivity to \s is the same for both types of variance swaps. Here,
the mean for the jump size in the log asset process is v+ p ;11 = —0.105, which is
a negative value for the parameter values used. If we increase \;, more jumps are
expected in the log asset process, causing a negative jump size on average. In this
case, the payoff structure for the gamma swap provides an embedded damping
effect for downside variance and hence the change in fair strike for the gamma
swap is smaller than that for the vanilla variance swap. When increasing \o, there
is no directional effect on the log asset price and the price change is the same for

both the vanilla variance swap and the gamma swap.

37



Fair strike

600 800 1000 1200 1400

400

—e— Vanilla variance swap
—&— Gamma swap

s
2 T—° Vanilla variance swap
—4— Gamma swap
o
o 3 4
P @
°
-
o
-
o
- s
S
3

Fair strike
550
I

400
I

0.0 0.5

M

Figure B.2: Change of fair price across A

38




