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Abstract

In existing control techniques for optical tweezers, a target particle is directly trapped and manipulated by a single laser
beam. However, a typical force generated by an optical trap is extremely small (on the order of pico-newtons) and thus it is
not sufficient to manipulate a large cell or object. Besides, the feasibility of optical manipulation also depends on the physical
properties of the specimen. An opaque object or object with the same refractive index as the fluid media may not be trapped
directly by the laser beam. Therefore, current control techniques for optical tweezers cannot be utilized to manipulate various
types of cells or objects, including untrappable or large ones. In this paper, robotic control techniques are developed for optical
tweezers to achieve grasping and manipulation of a microscopic particle, which is beyond the capability of a single optical
trap. First, multiple laser beams are generated, and each laser beam is utilized to trap and drive one grasping particle to form
a desired shape around the target particle. A grasping formation of trapped particles is thus generated to hold the target
particle. Then the target particle is manipulated to a desired position by controlling the motorized stage. The proposed control
strategy is particularly suitable for manipulation of large particles, or even untrappable cells or objects. Rigorous mathematical
formulations have been developed to analyze the control system for grasping and manipulation of the microscopic particle.
Experimental results are presented to illustrate the performance of the proposed grasping and manipulation techniques.
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1 Introduction

Micromanipulation is currently of increasing interest due
to its wide range of applications in biology science and
micro-system technology. Techniques that have been uti-
lized for micromanipulation include atomic force mi-
croscopy [1], mechanical micromanipulator [2, 3], mag-
netic tweezers [4, 5], electromagnetic tweezers [6], and
optical tweezers [7]. Among these techniques, optical
tweezers has received considerable attention because of
its ability to manipulate microscopic objects precisely
using highly focused laser beams.

The pioneer work in this field was conducted by Askin
[8] in early 1970s. It was then demonstrated that a fo-
cused laser beam is able to tweeze and manipulate var-
ious types of objects such as dielectric micro-particles,
viruses, bacteria, atoms, and molecules [9, 10]. Optical
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tweezers have been frequently utilized for manipulation
of biological cells in recent years. Applications include
cell separation [11], study of structure and mechanical
properties of DNA [12], and analysis of human red blood
cells [13].

In many applications, it is required to generate and
manipulate multiple traps simultaneously. Techniques
that have been developed to generate multiple traps in-
clude acousto-optic deflectors (AODs) [14], laser scan-
ning method [15, 16], and holographic optical tweezers
(HOT) [17]. The capability to generate and manipulate
multiple traps independently at the same time has con-
tributed extensively to the popularity of optical tweez-
ing. Hence it has been utilized in many applications such
as manipulation and assembling complex structures [18],
multiple particle sorting [19], and indirect cell manipu-
lation [20,21].

Demand for precise, efficient and reliable manipula-
tion of optical trapping has led to the development of
automatic manipulation methods. Several control tech-
niques have been proposed to improve the efficiency and
performance of micromanipulation. A simple control
scheme developed for manipulation of micro-scopic ob-
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jects was presented in [22]. Hu and Sun [23] proposed a
PID controller and a synchronization control technique
for transportation of biological cells. Ranaweeraz et
al. [24] discussed the performance of linear and nonlin-
ear controllers for manipulation of spherical particles.
An automated technique for trapping and manipulation
of non-spherical objects based on computer vision tech-
niques was presented in [25]. Li and Cheah [26] employed
a dynamic region control technique to allow flexibility
in optical manipulation tasks. The integrated trapping
and control technique for cell manipulation with the
consideration of both cell and manipulator dynamics
for closed-loop control was developed in [27]. Yan et
al. [28] investigated the dynamic optical trapping prob-
lem of micro-particles under random perturbations and
developed a controller with a velocity constraint based
on the analysis. Besides, several control techniques have
been proposed for automated manipulation of multiple
particles. Chen and Sun [29] utilized holographic opti-
cal tweezers to drive every pair of micro-particles into
an assigned array. In [30], a flocking controller has been
developed to move all trapped micro-particles into a
desired region without collision. Reza and Cheah [31]
proposed a control methodology for dynamic manipula-
tion of multiple groups of cells.

As the typical trapping force of a laser beam is very
small, the target particle may escape from the trap dur-
ing the manipulation process. In order to assure the com-
pletion of the manipulation task, it is usually required
to increase the trapping stiffness by increasing the laser
power. However, the use of a high intensity laser beam
to directly trap and manipulate the biological cell may
cause photo-damage or even lead to the death of the cell.
To avoid cell photo-damage, Chowdhury et al. [21] pro-
posed an indirect manipulation technique for cells using
silica beads. The A* path planning algorithm was em-
ployed to generate a collision-free path for the system
composed of the target cell and micro-beads. However,
the work in [21] considered only the path planning prob-
lem while the dynamic interactions between the target
cell and micro-beads, control law and stability analysis
have not been taken into account for automated manip-
ulation of cells.

In addition, optical trapping is also dependent on the
physical properties of cells or objects. Current control
techniques for optical tweezers cannot be utilized to ma-
nipulate various types of microscopic particles, such as
large particles, laser-sensitive biological cells, or parti-
cles that cannot be trapped by the laser beam such as
opaque objects. In this paper, robotic control techniques
are proposed to achieve grasping and manipulation of
a microscopic particle using multiple optical traps. Be-
sides, rotation of particles, which cannot be performed
by using single optical trap, is also achieved. In this
control strategy, multiple laser beams are first gener-
ated, and each laser beam is utilized to trap and au-
tomatically drive an identical trappable micro-particle

to form a desired shape around the target particle. A
grasping formation of trapped micro-particles is thus
generated to hold the target particle. The target par-
ticle is then manipulated to a desired position by us-
ing the motorized stage. Finally, the target particle can
be released from the grasping formation. The manipu-
lation control law is developed with the consideration
of the dynamic interaction between the target particle
and grasping particles. Moreover, the dynamics of the
motorized stage is considered so that a complete control
problem can be formulated and solved. The proposed
control strategy is particularly desirable for manipula-
tion of laser-sensitive biological cells, large particles, or
even particles that are not trappable by optical tweezers.
The main contribution of this paper is the formulation
and solution of a robotic control problem to achieve a
complete grasping and manipulation task in the micro-
world, which is beyond the capability of single optical
trapping. The stability of the system is analyzed by us-
ing Lyapunov-like analysis, and experimental results are
presented to demonstrate the performance of the pro-
posed controllers. A preliminary version of this paper
was accepted for presentation in [32]. The result in [32]
required a time-consuming manual operation to allocate
and adjust the grasping particles around the target par-
ticle to hold it. This paper presents the extended version
which includes a grasping technique to achieve a com-
plete grasping and manipulation task of a microscopic
particle. New experimental results on grasping and ma-
nipulation of the micro-particle are also presented.

2 Background on optical tweezers and problem
statement

Optical tweezers are utilized to trap and manipulate
microscopic objects using highly focused laser beams.
When light travels through the microscale object, the
transfer of momentum from photons to the object re-
sults in a trapping force that keeps the object near the
center of the laser beam. A typical optical-tweezer sys-
tem is shown in Fig. 1. The laser beam is expanded by
a beam expander, reflected on dichroic mirror, then in-
troduced into the inverted microscope to create a trap
at the sample plane.

In order to achieve multiplexed optical tweezers,
acousto-optic deflectors (AODs) are commonly used for
generating multiple traps simultaneously. An acousto-
optic deflector consists of a crystal whose refractive in-
dex is determined by variations of sound wave frequency.
Hence, varying the frequency of the sound wave results
in different deflection angles of the diffracted beam.

In this paper, robotic control techniques are developed
to achieve grasping and manipulation of a microscopic
particle, which resolves problems of existing control tech-
niques of optical tweezers using single optical trapping.
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Fig. 1. A schematic of the optical tweezers system.

In this control strategy, a region control technique is uti-
lized to first generate a grasping formation around the
target particle to hold it, and the target particle is then
manipulated to a desired position by controlling the mo-
torized stage. An illustration of the control strategy is
shown in Fig. 2.

The control strategy is described as follows: First, n laser
beams are generated, and each laser beam is utilized
to trap an identical trappable micro-particle such as a
micro-bead. Using a region control technique, n trapped
grasping particles are automatically moved to a desired
shape or region around the target particle, and at the
same time, kept a defined minimum distance between
each other. The region is then scaled down to form a
grasping formation around the target particle to hold
it in a static position. An illustration of the grasping
formation is shown in Fig. 3. After the target particle
is held by trapped micro-particles, the laser beams will
be kept fixed in the FOV, and the target particle is thus
suspended in the medium. Then the target particle is
manipulated to a desired position by the motorized stage
which thus acts as a robotic manipulator.

3 Grasping formation control of trapped parti-
cles using a region control technique

In this section, a region control technique [33] is utilized
to develop a robotic grasping strategy for the micro-
scopic particle. By using the proposed strategy, the tar-
get particle can also be rotated. First, the laser beams
are employed to trap and then move the grasping par-
ticles to form a desired shape specified by a desired re-
gion, and at the same time, keep the minimum distance
between them. In order to hold the target particle in
2-D space, it is required to have at least three trapped
micro-particles to form three contact points [34].

(a)

(b)

Fig. 2. An illustration of the control strategy. A grasping
formation of four optically trapped particles is generated
to first hold the target particle. The target particle is thus
suspended in the medium. Then moving the motorized stage
while fixing the laser beams in the field of view (FOV) of
the camera varies the relative position between the target
particle and the stage. (a) a 3-D view. The FOV is fixed while
the motorized stage moves in 2-D space. (b) a 2-D view. The
“+” denotes the laser beam position.

(a) (b)

Fig. 3. An illustration of a grasping formation achieved by a
time-varying region. First, six lasers are utilized to drive six
grasping particles to the desired region centred around the
target object while keeping the minimum distance between
them. This region is then shrunk to hold the target object.

In this control problem, both the position of the target
particle and the positions of the grasping particles are
specified in the stage coordinate frame

∑
S that is at-

tached to themotorized stage andmoving with the stage,
and the positions of the laser beams are defined with re-
spect to the reference frame

∑
C that is fixed with the

field of view (FOV) of the camera. The coordinate spec-
ification is illustrated in Fig. 4. The dynamics of the ith
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grasping particle is described as follows:

−Bbẏi︸ ︷︷ ︸
viscousforce

+ k
(
(qi + z)− yi

)
︸ ︷︷ ︸

trappingforce

= 0, i = 1, 2, . . . , n.

(1)
where Bb = diag{bb1, bb2} ∈ R

2x2 denotes the damp-
ing matrix which is diagonal and positive definite, and
k represents the stiffness of the optical trap, and yi =
[yi1, yi2]

T ∈ R
2 is the position of the ith grasping particle

with respect to the stage coordinate frame
∑

S , qi is the
position of the ith laser beam with respect to the refer-
ence frame

∑
C , and z = z1, z2]

T ∈ R
2 is the position of

the origin of the reference frame
∑

C with respect to the
stage coordinate frame

∑
S . The first term in (1) is the

viscous force due to the viscosity of the fluid medium.
The trapping force of the laser beam is proportional to
the small displacement between the position of the laser
beam and the position of the grasping particle. As il-
lustrated in Fig. 4, this displacement is represented by(
(qi + z) − yi

)
. In the grasping process, the motorized

stage is kept fixed with respect to the FOV and hence
z is constant, while qi is varied by using acousto-optic
deflectors. Note that in micromanipulation, the mass of
the micro-particle can be ignored due to the dominance
of drag force.

The desired shape of the grasping particles centred
around the target particle is specified by the following
desired region [26,33]:

f(∆Yi) = [f1(∆Yi), f2(∆Yi), . . . , fm(∆Yi)]
T ≤ 0, (2)

where ∆Yi = T−1(yi−x) = T−1∆yi. Note that the de-
sired region is the intersection of all the objective func-
tions. The position of the target particle with respect to
the stage coordinate frame x = [x1, x2]

T ∈ R
2 is the ref-

erence point of the desired region, T is a time-varying
transformation matrix which is differentiable and invert-
ible, and T−1 is the inverse of the transformation ma-
trix T. The functions fl(∆Yi), l = 1, 2, ...,m are scalar

Fig. 4. The coordinates of the optical tweezers system. Stage
coordinate frame

∑
S
attaches and moves with the motorized

stage, while reference frame
∑

C
is fixed with the FOV of

the camera.

functions with continuous partial derivatives, where m
is the total number of objective functions.

Note that various desired regions or grasping forma-
tions can be formed by choosing appropriate objective
functions. For example, the desired region in Fig. 5(a),
which is the intersection of two concentric ellipses, can
be formed by choosing the objective function as follows:

f1(∆Yi) = 1− {∆Yi1}
2

a2

1

− {∆Yi2}
2

b2
1

≤ 0

f2(∆Yi) =
{∆Yi1}

2

a2

2

+ {∆Yi2}
2

b2
2

− 1 ≤ 0
(3)

where

(
∆Yi1

∆Yi2

)
= T−1

(
yi1 − x1

yi2 − x2

)
. a1, a2 and b1, b2

are the semi-major and semi-minor axes of the two el-
lipses, where a2 = a1 + δa and b2 = b1 + δb with posi-
tive parameter δa, δb. Note that when a1 = b1 = R1 and
a2 = b2 = R2, the grasping formation becomes a ring,
and when the transformation matrix T is equal to the
identity matrix, i.e.T = I2, the desired region is a static
ring.

Note that the size and orientation of the desired region
can be varied by the transformation mapping T. An
example of a rotational matrix R and a scaling matrix
S in 2D is given by:

R =

[
cosφ(t) sinφ(t)

− sinφ(t) cosφ(t)

]
,S =

[
sx(t) 0

0 sy(t)

]

respectively, where φ(t) is the angle of the rotation, sx(t)
and sy(t) are scaling factors. By using either scaling
or rotational matrix, or the combination of them, vari-
ous grasping tasks can be performed. As illustrated in
Fig. 5(b), by using the scaling transformation matrix S,
the desired region is thus scaled down to form the grasp-
ing formation that holds the target particle. Then the
target particle is also rotated by rotating the grasping
formation (Fig. 5(c)) using the rotational transforma-
tion matrix R. Thus, a transformation matrix for both
scaling and rotation is given as T = RS.

Another example is illustrated in Fig. 6 where the de-
sired region of grasping particles is first rotated to an ap-
propriate orientation with respect to the target particle.
Then the region is scaled down to generate a grasping
formation that holds the target particle.

A potential energy function of the global objective func-
tion (2) involving the ith grasping particle is defined as:

Pi =
m∑

l=1

kl
β
[max(0, fl(∆Yi)]

β
, (4)
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(a) (b) (c)

Fig. 5. An illustration of grasping and rotating of a target particle by using the time-varying region. The desired region is
obtained by the intersections of 2 concentric ellipses. The transformation matrix is used to scale and rotate the desired region.
The region is first scaled down to form a grasping formation that holds the target object (Fig. 5(b)). Then the target object
is rotated by using a rotational transformation matrix. (Fig. 5(c))

(a) (b) (c)

Fig. 6. Another illustration of using a transformed region to perform the grasping task. By using rotational transformation
matrix T = R, the desired region (Fig. 6(a)) is first rotated to find stable grasping points. Then using scaling transformation
matrix T = S, the region (Fig. 6(b)) is shrunk to form a grasping formation that holds the target object (Fig. 6(c)).

where kl is a positive constant, and β > 2 is a constant
integer so that Pi is twice differentiable. It is noted that
if β = 1, then Pi is not differentiable at the boundaries of
the regions where fl(∆Yi) = 0. Therefore, β is set to be
greater than 2 so that Pi is at least twice differentiable.

A region error ∆ξi of the i
th grasping particle is defined

as follows:

∆ξi =
∂Pi

∂(∆Yi)

=
m∑

l=1

kl [max(0, fl(∆Yi))]
β−1

(
∂fl(∆Yi)

∂(∆Yi)

)T

(5)

Note that when the grasping particles are outside of the
desired region, the control force ∆ξi described in (5)
drives the grasping particles towards the desired region.
When the grasping particles are inside the desired re-
gion, then ∆ξi = 0.

In addition, the minimum distance between grasping

particles can be defined by the following inequality:

gij(∆Yij) = r2 − ∥∆Yi −∆Yj∥
2

= r2 −
∥∥T−1∆yij

∥∥2 ≤ 0, (6)

where ∆yij = yi − yj is the distance between grasping
particle i and grasping particle j. Note that the mini-
mum distance between grasping particles is time varying
according to the transformation matrixT. When the de-
sired region scales up/down, the minimum distance also
increases/decreases accordingly. Besides, r is chosen ap-
propriately with respect to the desired region and the
number of grasping particles so that the grasping parti-
cles can spread out over the desired region, as shown in
Fig. 5 and Fig. 6.

A potential energy for the local objective function (6) is
defined as:

Qij =
∑

j∈Ni

kij
β

[max(0, gij(∆Yij)]
β
, (7)

where kij are positive constants, and Ni is the set of
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neighbors around grasping particle i.

Partial differentiating the potential energyQij described
in (7) with respect to ∆Yij , we obtain:

∂Qij

∂(∆Yij)
=
∑

j∈Ni

kij[max {0, gij(∆Yij)}]
β−1

(
∂gij(∆Yij)

∂(∆Yij)

)T

︸ ︷︷ ︸
∆ρij

∆
=∆ρij . (8)

Note that ∆ρij is a resultant force acting on the ith

grasping particle by its neighboring grasping particles.
When the ith grasping particle maintains the minimum
distance from its neighboring grasping particles, i.e.∥∥T−1∆yij

∥∥ ≥ r, then ∆ρij = 0. The control force ∆ρij
is activated only when the distance between grasping
particle i and any of its neighboring grasping particle is
less than the minimum distance, i.e.

∥∥T−1∆yij
∥∥ < r.

Let εi be defined as follows:

∆εi = αi∆ξi + γ∆ρij , (9)

where αi and γ are positive constants. Note that when
the grasping particle i is inside the desired region and
the distance between grasping particle i and any of its
neighboring grasping particle is greater than the mini-
mum distance, then ∆εi = 0. The control objective is to
design qi based on (1) to guarantee that ∆εi = 0 for all
i.

Eq. (1) can be rewritten as follows:

ẏi + kBb
−1yi − kBb

−1z = kBb
−1qi. (10)

Note that in the grasping stage, qi varies while z is kept
fixed. Next, a reference vector for the grasping particle
i is defined as follows:

ẏri = ẋ−T(Ṫ−1)(yi − x), (11)

where Ṫ−1 = d
dt
(T−1). Then (10) can be rewritten as

follows:

T∆Ẏi + ẏri + kBb
−1yi − kBb

−1z = kBb
−1qi. (12)

The formation grasping controller is introduced as fol-
lows:

qi = yi − z+ ẏri − kpT
−T∆εi +Y(ẏri)θ̂i, (13)

where superscript −T denotes the inverse transpose of
a matrix. The adaptive regressor Y(ẏri) [35] is a diag-
onal matrix whose diagonal element is the entry of the
reference vector yri, i.e. Y(ẏri) = diag{yri1, yry2}, and

θ̂i ∈ R
2 is the adaptive parameter vector whose updat-

ing law is given as follows:

˙̂
θi = −LqY(ẏri)T

−T∆εi, (14)

where Lq ∈ R
2×2 is a positive diagonal matrix.

Note that in (13), Y(ẏri) and θ̂i are used to compensate
the uncertainty caused by the unknown parameters k,
Bb. Substituting (13) into (12), we obtain the closed-
loop equation:

T∆Ẏi + (I2 − kBb
−1)ẏri

+kpkBb
−1T−T∆εi − kBb

−1Y(ẏri)θ̂i = 0. (15)

Now we are in the position to state the following lemma:

Lemma 1. Consider the dynamics of the grasping par-
ticles described by (1), then the grasping formation con-
troller given by (13) and (14) guarantees the convergence
of the system described by (15), that is ∆εi → 0 as
t → ∞ for i = 1, ..., n. This means that all the grasping
particles converge to the desired region while maintain-
ing the minimum distance between each other so that
a grasping formation of trapped particles is generated
around the target particle to hold it.

Proof . The details of the stability analysis are shown
in the Appendix for completeness as this section mainly
presents an idea of using a region control technique [33]
for grasping of the microscopic particle.

Remark 1. In (13), the position of the laser beam is cal-
culated and used as the input of the optical tweezers
system. It is noted that the position-based control may
lead to oscillation when implemented on a holographic
optical tweezer system (HOT). In that case, the control
technique described in [36] can be utilized to eliminate
the oscillation caused by the position-based control with
the use of the HOT.

4 Robotic control technique for manipulation
of microscopic particles using grasping forma-
tion and motorized stage control

In the previous section, a grasping formation of trapped
particles has been generated to hold the target particle.
The laser beams are then fixed, and the target particle is
manipulated to a desired position by moving the motor-
ized stage. An illustration of the manipulation control
objective is shown in Fig. 7.

In this section, the control law is presented for auto-
mated manipulation of the target particle with the con-
sideration of the dynamic interactions between the tar-
get particle and grasping particles as well as the dynam-
ics of the motorized stage.
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When the grasping particles are in contact with the tar-
get particle, the dynamic equations of the grasping par-
ticles are now described as follows:

−Bbẏi + k
(
(qi + z)− yi

)
+ fi = 0, i = 1, 2, . . . , n.

(16)
where fi are the contact forces exerted by the target
particle to the grasping particles. At this stage, the laser
beams are fixed in the FOV, hence qi is constant. The
motorized stage is moving, and thus z is now a variable.
The target particle is held by grasping particles as shown
in Fig. 2, and thus the dynamics of the target particle
can be described by the following equation:

Bcẋ = −

n∑

i=1

fi, (17)

where Bc ∈ R
2x2 denotes the damping matrix which is

diagonal and positive definite. The mass of the target
particle is also negligible due to the dominance of drag
force in micromanipulation.

The dynamics of the motorized stage can be expressed
as [27]:

Mz̈+Bż = u, (18)

where M ∈ R
2x2 denotes the inertia matrix, B ∈ R

2x2

denotes the damping matrix, and u ∈ R
2 is the control

input for the manipulator. Matrices M and B are diag-
onal and positive definite.

From (16), the dynamic equation for n grasping particles
can be represented as follows:

BBẏ +Ky −Kq = KAT z+ f , (19)

where BB = diag{Bb, · · · ,Bb} ∈ R
2n×2n and K =

diag{kI2, · · · , kI2} ∈ R
2n×2n are diagonal and posi-

tive definite matrices, f = [f1
T , · · · , fn

T ]T ∈ R
2n×1,

q = [q1
T , · · · ,qn

T ]T ∈ R
2n×1, y = [y1

T , · · · ,yn
T ]T ∈

Fig. 7. Manipulation of the target particle using grasping
particles and motorized stage control. The target particle is
held at an initial position by trapped micro-particles, then
it is manipulated to the desired position by moving the mo-
torized stage.

R
2n×1, and A = [I2, · · · , I2] ∈ R

2×2n.
The summation of the forces acting on the target parti-
cle by n grasping particles in (17) can be represented as:

−
n∑

i=1

fi = −Af . (20)

As the grasping formation is generated to hold the tar-
get particle stably, the whole formation of grasping par-
ticles and target particle is assumed to be a rigid body.
Thus the velocity of the target particle can be calculated
as the average velocity of the grasping particles. If the
grasping formation of the grasping particles and the tar-
get particle cannot be treated as a rigid body, then the
grasping positions should be properly placed so that the
position of the target particle is the average of the po-
sitions of the grasping particles, that is x = 1

n

∑n
i=1 yi.

Thus the velocity of the target particle is described as
follows:

ẋ =
1

n

n∑

i=1

ẏi =
1

n
Aẏ. (21)

Multiplying both sides of (19) by A, we obtain:

ABBẏ +AKy −AKq = AKAT z+Af . (22)

Substituting (17), (20), and (21) into (22) we obtain the
dynamic equation:

(ABB +
1

n
BcA)ẏ +AKy −AKq = AKAT z. (23)

In this control technique, the target particle is manipu-
lated to a constant desired position xd ∈ R2 by using
grasping particles and the motorized stage. The devel-
opment of the controller can be resolved into two steps.
First, based on the dynamic equation described in (23), a
desired position input zd for z is developed to ensure the
convergence of x → xd. Second, based on the dynamic
equation of the robotic manipulator described in (18),
the control input u is derived using the back-stepping
procedure [37] to guarantee that the actual position in-
put z tracks the desired position input zd.

4.1 Desired Position Input for Target Particle

The aim of this subsection is to develop the desired po-
sition input zd so that the position of the target parti-
cle converges to the desired position. First, we rewrite
z = z− zd + zd = ∆z+ zd where zd is the desired po-
sition input. Then (23) can be re-written as:

(ABB +
1

n
BcA)ẏ +AKy −AKq

= AKAT zd +AKAT∆z, (24)
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where ∆z = z − zd represents an input pertubation.
Therefore, the system in (24) can be viewed as being
controlled by the fictitious input zd with the pertubation
∆z.

Since

AK= (I2 · · · I2)




kI2 . . . 0
...

. . .
...

0 · · · kI2




= (kI2 · · · kI2) = kA, (25)

and

AKAT = (I2 · · · I2)




kI2 . . . 0
...

. . .
...

0 · · · kI2


 (I2 · · · I2)

T

= nkI2, (26)

then (24) can be rewritten as:

(ABB+
1

n
BcA)ẏ+kAy−kAq = nkzd+nk∆z. (27)

The desired position input zd is proposed as:

zd =
1

n
(Ay −Aq)−Kpx∆x, (28)

where ∆x = x− xd with xd ∈ R2 denoting the desired
position of the target particle in stage coordinate frame∑

S ; Kpx ∈ R
2x2 is a diagonal and positive definite gain

matrix. Note that the relative position error of the target
particle ∆x in (28) can also be obtained directly in the
reference frame

∑
C .

Substituting zd into (27), we obtain the closed-loop
equation:

(ABB +
1

n
BcA)ẏ + nkKpx∆x = nk∆z. (29)

Since

ABB = (I2 · · · I2)




Bb . . . 0
...

. . .
...

0 · · · Bb




= (Bb · · ·Bb) = BbA, (30)

then

(ABB +
1

n
BcA)ẏ = (Bb +

1

n
Bc)Aẏ = (nBb +Bc)ẋ.

(31)

Substituting (31) into (29), we obtain:

(nBb +Bc)ẋ+ nkKpx∆x = nk∆z. (32)

In order to analyze the stability of the system in (32),
a Lyapunov-like candidate function Vx is proposed as
follows:

Vx =
1

2n
∆xT (nBb +Bc)∆x, (33)

where (nBb +Bc) is symmetric and positive definite.
Differentiating Vx with respect to time, we obtain:

V̇x =
1

n
∆xT (nBb +Bc)ẋ. (34)

Substituting (32) into (34) we obtain:

V̇x = −k∆xTKpx∆x+ k∆xT∆z. (35)

For illustration, we first set ∆z = 0 and show the con-
vergence of the position error ∆x → 0. The control in-
put u will be developed in the next subsection to ensure
the convergence of both ∆z → 0 and ∆x → 0.

If ∆z = 0, the convergence of the position error can be
stated as in the following lemma:

Lemma 2. Consider the system described by (24), if
∆z = 0, then the desired position input in (28) guaran-
tees the convergence of ∆x → 0 as t → ∞.

Proof . From (33), it is clear that Vx is positive defi-

nite in ∆x. Since ∆z = 0, V̇x is negative definite in ∆x.
Therefore, Vx is bounded, and thus ∆x is bounded. From
(32), we have ẋ is bounded also. Therefore, ∆x is uni-
formly continuous. From (33) and (35), it is clear that
∆x ∈ L2(0,+∞). Therefore, we can conclude about the
convergence of ∆x → 0 as t → ∞ by using Barbalat’s
lemma [38].

4.2 Control Input for Robotic Manipulator

In the previous subsection, we considered the case where
∆z = 0 to show the convergence of ∆x → 0 as t → ∞.
Now we develop a control input u to ensure the conver-
gences of both ∆z → 0 and ∆x → 0 as t → ∞.

First, a sliding vector s using the desired position input
is presented as:

s = ż− żr = ż− żd + σ∆z, (36)

where żr = żd − σ∆z is a reference vector, and σ is a
positive constant.

By using the sliding vector s, the dynamic equation of the
robotic manipulator described in (18) can be re-written
as:

Mṡ+Bs+Yz(żr, z̈r)θz = u, (37)
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where Yz(żr, z̈r) ∈ R
2×p is a regressor matrix, and θz ∈

R
p×1 is a parameter vector.

The control input u for the robotic manipulator is pro-
posed as follows:

u = −Kss−Kz∆z+Yz(żr, z̈r)θ̂z, (38)

where Ks ∈ R
2×2 and Kz ∈ R

2×2 are diagonal and

positive definite matrices, and θ̂z is the estimation of θz
with the update law:

˙̂
θz = −LzYz

T (żr, z̈r)s, (39)

where Lz ∈ R
p×p is a symmetric and positive definite

matrix.

Substituting the control input u in (38) into (37), we
obtain the closed-loop dynamic equation as follows:

Mṡ+ (B+Ks)s+Kz∆z+Yz(żr, z̈r)∆θz = 0, (40)

where ∆θz = θz − θ̂z.

To analyze the stability of the overall system, a
Lyapunov-like candidate function is proposed as:

V = Vx + Vz

= Vx +
1

2
sTMs+

1

2
∆zTKz∆z+

1

2
∆θTz Lz

−1∆θz, (41)

where Vx is defined in (33).

Differentiating V with respect to time, we obtain:

V̇ = V̇x + V̇z = V̇x + sTMṡ+∆zTKz∆ż−
˙̂
θTz Lz

−1∆θz.
(42)

Substituting (39) and (40) into (42), and using (35), we
obtain:

V̇ = V̇x−sT (B+Ks)s−(∆ż+σ∆z)TKz∆z+∆zTKz∆ż

= −k∆xTKpx∆x+k∆xT∆z−sT (B+Ks)s−σ∆zTKz∆z

= −sT (B+Ks)s

−(∆zT ∆xT )

(
σKz − 1

2kI2

− 1
2kI2 kKpx

)
(∆zT ∆xT )T . (43)

Let the controller parameters σ and Kz, Kpx be chosen
such that

σλmin[KzKpx] >
1

4
k, (44)

then Q =

(
σKz − 1

2kI2

− 1
2kI2 kKpx

)
is positive definite, with

λmin[·] denoting the minimum eigenvalue of the matrix.
We can now state the following theorem:

Theorem. Consider the optical tweezers system de-
scribed by (16), (17), (18), then the control input for
the robotic manipulator given by (38), (39), and (28)
with the control gains chosen as in (44) guarantees the
convergence of the closed-loop system so that ∆x → 0
and ∆z → 0 as t → ∞.

Proof . From (33) and (41), it is clear that V is positive
definite in ∆x, s, ∆z, and ∆θz . With the controller pa-
rameters satisfy (44), V̇ is negative definite in s, ∆z and
∆x. Therefore, V is bounded, and thus ∆x, s, ∆z and
∆θz are bounded. From (36), the boundedness of s and
∆z guarantees the boundedness of ∆ż. Therefore, ∆z is
uniformly continuous. Since ∆z and ∆x are bounded,
then ẋ is bounded from (32). Therefore, ∆x is uniformly
continuous. From (33), (41) and (43), it is clear that
∆z,∆x ∈ L2(0,+∞). Then it follows that ∆z → 0 and
∆x → 0 as t → ∞ by using Barbalat’s lemma [38].

Remark 2. The overall dynamics of the robotic manipu-
lator interacting with the grasping particles and the tar-
get particle described in (16), (17), and (18) has third-
order dynamics. In order to avoid the use of the high-
order derivatives due to the third-order dynamics, adap-
tive observers [39] can be used.

5 Experiment

The proposed control technique was implemented in the
optical tweezers system as shown in Fig. 8. The system
consists of a multiple optical trap device (Elliot Scien-
tific, E3500), a motorized stage (Marzhauser Wetzlar,
SCAN IM), an inverted microscope (Nikon, Eclipse Ti-
U), and a digital camera (Basler, pi640-210gm). The op-
eration of the motorized stage is in 2-D space, with the
range of 120mm×100mm and the resolution of 0.01µm.
The FOV of the camera is a rectangle with the dimen-
sions of 47.95µm× 36.11µm. By utilizing acousto optic
deflectors (AODs), the optical tweezers system is able to
create and manipulate multiple laser beams within the
FOV with the resolution of 16ρm. The position of the
laser beams can be measured by using either the camera
or encoders mounted on the stage, while the position of

Fig. 8. Optical tweezers system consists of a microscope, a
motorized stage, an optical trap device, and two cameras.
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the micro-particles are measured by using the camera.
The control methodology has been programmed in Na-
tional Instruments LabVIEW that could simultaneously
control the motorized stage and the laser traps.

To illustrate the performance of the proposed controller,
four 5µm diameter latex micro-beads (with the den-
sity of 1500kg/m3, and a refractive index of 1.60) were
trapped and driven to a desired region around a target
particle, which is specified as follows:

f1(∆Yi) = R2
1 − {∆Yi1}

2 − {∆Yi2}
2 ≤ 0

f2(∆Yi) = {∆Yi1}
2 + {∆Yi2}

2 −R2
2 ≤ 0.

(45)

By using a transformation matrix, the desired region
was first scaled down to form a grasping formation to
hold the target particle. After the target particle was
held, it was also rotated around its center. The target
particle was then manipulated to a desired position by
using the motorized stage. In this experiment, a corn-
flour particle with approximate diameter of 8µm was
used as the target particle. Since the cornflour particle
is inert due to its large size, it was difficult to directly
trap and manipulate it using a single laser beam.
(i) First, four laser beams were generated, and each
laser beam trapped a 5µm micro-bead as shown in
Fig. 9(a). Then the trapped micro-particles are auto-
matically driven to the desired region (45). By using the
transformation matrix

T = SR =

[
sx(t) 0

0 sy(t)

][
cosφ(t) sinφ(t)

− sinφ(t) cosφ(t)

]
, (46)

with

sx(t) = sy(t) =





3
2 − 1

2

[
−3
(

t
t1

)4
+ 4
(

t
t1

)3]
, t < t1

1, t ≥ t1

(47)
and

φ(t) =





0, t < t1

φ1

[
−3
(

t−t1
t2−t1

)4
+ 4
(

t−t1
t2−t1

)3]
, t1 ≤ t < t2

φ1, t ≥ t2
(48)

the desired region was first scaled down (t < t1) until
the grasping formation was achieved. Then the target
particle was rotated by an angle φ1 around its center for
t1 ≤ t < t2. It is noted that the different time points
t1, t2 are user-defined. These parameters are specified
according to the desired rotational speed of the grasping
formation. The power of the laser source was set at 0.2W ,
and the control parameters were set as Lq = 10−5 ×
I2, kp = 5 × 10−4, with φ1 = −4π/9, t1 = 2s, t2 =

8s, and γ = αi = 1 for i = 1, 2, ..., n. The snapshots
of the scaling formation at different time instants are
shown in Fig. 9, and the snapshots of rotated formation
are shown in Fig. 10.

(ii) Next, the laser beams were fixed to hold the cornflour
particle in the medium. The cornflour particle was then
manipulated to a desired position by moving the mo-
torized stage. Finally, the trapped micro-particles were
released from the grasping formation. The control pa-
rameters were set as n = 4, Kpx = 0.02 × I2, σ = 1,
Ks = I2,Kz = I2,Lz = 10−5×I4. The initial position of
the cornflour particle was (17.67µm,−18.72µm)T , and
then it was manipulated to the desired position xd =
(41.74µm,−34.78µm)T , both positions are defined with
respect to the stage coordinate frame

∑
S . The snapshots

of manipulation at different time instants are shown in
Fig. 11. The errors between the position of the cornflour
particle and its desired position during transportation
are shown Fig. 12. The target particle was transported
to the desired position in approximately 6 seconds.

In the second experiment, three 5µm micro-beads were
utilized to grasp and manipulate another target object,
as shown in Fig. 13(a). The target object is also a corn-
flour particle but with a bell-like shape. By using the
transformation matrix T (46) where

φ(t) =





0, t < t1

φ2

[
−3
(

t−t1
t2−t1

)4
+ 4
(

t−t1
t2−t1

)3]
, t1 ≤ t < t2

φ2, t2 ≤ t < t3

φ2 −
π
2

[
−3
(

t−t3
t4−t3

)4
+ 4
(

t−t3
t4−t3

)3]
, t3 ≤ t < t4

φ2 −
π
2 , t ≥ t4

(49)
and

sx(t) = sy(t) =



15
4 , t < t2

15
4 − 11

4

[
−3
(

t−t2
t3−t2

)4
+ 4
(

t−t2
t3−t2

)3]
, t2 ≤ t < t3

1, t ≥ t3

(50)

the grasping particles were first driven to a desired region
(Fig. 13(b)). In order to achieve appropriate grasping
points, the grasping particles were rotated around the
target object by an angle φ2 = −π/3 for t1 ≤ t < t2.
Then the desired region was scaled down (t2 ≤ t < t3)
to form a grasping formation to hold the target particle,
as shown in Fig. 13(f). Next, the target particle was
rotated by another angle −π/2 by rotating the grasping
formation for t3 ≤ t < t4. Finally, the target particle was
manipulated to a desired position by motorized stage
control, as shown in Fig. 13(k). The control parameters
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(a) Beginning of grasping
stage at t = 0s. Four micro-
particles are trapped by four
laser beams.

(b) t = 1s. The trapped
micro-particles are driven to
the region.

(c) t = 1.5s. The region is
scaled down.

(d) t = 2s. The grasping
formation is generated to
hold the target cell.

Fig. 9. The grasping of the target particle using grasping particles and a scaling region. By using the scaling transformation
matrix, the desired region was shrunk to form the grasping formation to hold the target particle. The ”+” denotes the laser
beam position, and the ”·” denotes the position of the micro-particle.

(a) t=2s (b) t=4s (c) t=6s (d) t=8s

Fig. 10. Snapshots of the rotational motion of the system at different time instants. By using rotational transformation matrix,
the trapped micro-particles are rotated which lead to the rotation of the target particle around its initial position.

(a) Beginning of manipula-
tion stage at tt = 0s.

(b) tt = 2s. (c) tt = 6s. The target par-
ticle is at the desired posi-
tion.

(d) tt = 9s. The target par-
ticle is released from the
grasping formation.

Fig. 11. Manipulation of the target particle using trapped micro-particles and motorized stage control. The cornflour particle
is manipulated to the desired position by moving the motorized stage while fixing the laser beams in the FOV to suspend the
cornflour particle in the medium.

Fig. 12. The errors between the position of the cornflour
particle and its desired position.

were set as in the previous experiment, with t1 = 2s,
t2 = 5s, t3 = 8s, and t4 = 14s. The initial position
of the target particle was (22.10µm,−14.89µm)T , and
then it was manipulated to the desired position xd =
(41.74µm,−34.78µm)T , both positions are defined with
respect to the stage coordinate frame

∑
S . The snapshots

of grasping and manipulation of the target particle at
different time instants are shown in Fig. 13. The errors
between the position of the target particle and its desired
position during transportation are shown in Fig. 14.

Remark 3. If the speed of the motorized stage is too
high, then the grasping formation may lose balance and
finally lead to a failed manipulation task. To avoid this
problem, a saturated controller [40] can be implemented
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(a) Beginning of grasping
stage at t = 0s. The grasp-
ing particles are trapped
and brought around the tar-
get object

(b) t = 2s. The grasping
particles are driven to a de-
sired region centred around
the target object

(c) t = 3s. The region is be-
ing rotated.

(d) t = 5s. The region stops
rotating and starts scaling.

(e) t = 6s. The region is be-
ing scaled down.

(f) t = 8s. A grasping for-
mation is generated to hold
the target particle

(g) t = 11s. The target par-
ticle is being rotated by ro-
tating the grasping forma-
tion.

(h) t = 14s. The region
stops rotating.

(i) Beginning of manipula-
tion stage at tt = 0s. The
laser beams are fixed, and
the target particle is manip-
ulated to the desired posi-
ton by controlling the mo-
torized stage.

(j) tt = 2s. (k) tt = 5s. The target par-
ticle is at the desired posi-
tion.

(ℓ) tt = 8s. The target par-
ticle is released from the
grasping formation.

Fig. 13. Experiment 2: Grasping and manipulation of a bell-like target particle.

to restrain the speed of the motorized stage movement.

Fig. 14. Experiment 2: The errors between the position of
the cornflour particle and its desired position.

6 Conclusion

In this paper, robotic control techniques have been pre-
sented to achieve grasping and manipulation of a micro-
scopic particle. A grasping formation of trapped parti-
cles is first generated to hold the target particle in the
medium, and motorized stage control is then used to
manipulate the target particle to the desired position.
The proposed strategy is particularly suitable for ma-
nipulation of various types of microscopic particles, in-
cluding laser-sensitive biological cells, large particles, or
even particles which cannot be directly trapped and ma-
nipulated by using only one single optical trap. Rigorous
mathematical formulations have been developed to an-
alyze the control system, with the consideration of the
dynamic interactions between the target particle and the
grasping particles as well as the dynamics of the motor-
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ized stage, which acts as a robotic manipulator. Experi-
mental results have been presented to illustrate the per-
formance of the proposed techniques. This paper consid-
ers the grasping and manipulation of the target parti-
cle in a two-dimensional workspace. Future work would
be devoted to implementing the proposed control tech-
niques on a three-dimensional motorized stage. That is,
after the target particle has been grasped by the grasp-
ing particles, the motorized stage is moved in three di-
mensions to perform the manipulation tasks.
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A Appendix

In this appendix, we present the proof of lemma 1 stated
in Section 3:

Proof : The second term of (15) can be expressed as
follows

(I2 − kBb
−1)ẏri = diag{ẏri1, ẏri2}(1−

k

bb1
, 1−

k

bb2
)T

=Y(ẏri)χ, (A.1)

where χ = (1− k/bb1, 1− k/bb2)
T is unknown.

Substituting (A.1) into (15), we obtain:

T∆Ẏi +Y(ẏri)(χ− kBb
−1θ̂i) + kpkBb

−1T−T∆εi = 0.
(A.2)

The Lyapunov-like candidate function is introduced as
follows:

Vq =
n∑

i=1

αiPi +
1

2

n∑

i=1

γQij

+
n∑

i=1

1

2
(k−1Bbχ− θ̂i)

TLq
−1kBb

−1(k−1Bbχ− θ̂i),(A.3)

where Lq
−1kBb

−1 is a positive diagonal matrix.

Taking the time-derivative of Vq, we obtain:

V̇q =
n∑

i=1

αi

m∑

l=1

kl

[
max(0, fl

β−1(∆Yi)
]
∆Ẏ T

i

(
∂fl(∆Yi)

∂(∆Yi)

)T

+
1

2

n∑

i=1

γ
∑

j∈Ni

kij∆Ẏ T
ij ∆ρij −

n∑

i=1

˙̂
θi

T

Lq
−1(χ− kBb

−1θ̂i),(A.4)

where ∆ρij is defined in (8). Using (6), the second term
of (A.4) can be rewritten as:

1

2

n∑

i=1

γ
∑

j∈Ni

kij∆Ẏ T
ij ∆ρij

=
1

2

n∑

i=1

γ∆Ẏ T
i ∆ρij +

1

2

n∑

j=1

γ
∑

i∈Nj

kij∆Ẏ T
j ∆ρji

=
n∑

i=1

γ∆Ẏ T
i ∆ρij . (A.5)

Substituting (A.2) and (A.5) into (A.4), we obtain:

V̇q =

n∑

i=1

∆Ẏ T
i ∆εi −

n∑

i=1

˙̂
θi

T

Lq
−1(χ− kBb

−1θ̂i)

=−
n∑

i=1

{T−1Y(ẏri)(χ− kBb
−1θ̂i)}

T
∆εi

−kkp

n∑

i=1

∆εTi T
−1Bb

−1T−T∆εi

−
n∑

i=1

(χ− kBb
−1θ̂i)

T
Lq

−1 ˙̂θi

=−kkp

n∑

i=1

∆εTi T
−1Bb

−1T−T∆εi. (A.6)

From (A.3), and (A.6), Vq is non-negative and V̇q is neg-
ative definite in ∆εi, hence Vq is bounded. Therefore,
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Pi and Qij are bounded. From (4) and (7), fl(∆Yi) and
gij(∆Yij) are bounded. Therefore yi is bounded if x is

bounded. Hence, ∂fl(∆Yi)
∂(∆Yi)

and
∂gij(∆Yij)
∂(∆Yij)

are bounded.

From (9), ∆εi is bounded.

From (11), ẏri is bounded if ẋ is bounded. From (14), θ̂i is

bounded. Therefore, from (15), ∆Ẏi is bounded. Hence,

from (4), and (7), ∆ξ̇i and ∆ρ̇ij are bounded. Therefore,

∆ε̇i is bounded. Hence, V̈q is bounded since both∆εi and

∆ε̇i are bounded. Therefore, V̇q is uniformly continuous.

Applying Barbalat’s lemma [38], we have V̇q → 0 which
also indicates that ∆εi → 0 as t → ∞ for i = 1, ..., n.
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