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Summary

Spectral representations of discrete functions have allowed development of powerful
tools for many applications in digital logic design and image and signal processing.
Through the investigation of their properties, they can be used to effectively solve
many problems that are difficult to solve in the original sum of product representation
based on the truth table. This thesis focuses on the development of spectral transforms
for binary and multiple-valued functions, investigation of their properties, and

algorithms for their efficient computation.

Algorithms for calculation and optimization of fixed polarity Reed-Muller
expansions for five-valued functions are presented. The algorithms start from different
representations of the input functions and due to the calculation steps inside them, the
algorithms are suitable for different applications. Computational costs for the
algorithms in terms of the required number of arithmetic operations are derived and

compared. Computational times for the algorithms are also shown.

New linearly independent transforms for binary functions are introduced. Based on
the computational fields, the transforms are classified into linearly independent
transforms over Galois field (2) and linearly independent arithmetic transforms. Fast
forward and inverse transform matrices for the new transforms are defined.
Corresponding butterfly diagram structures for the transforms are also shown.
Properties on the structure of the transform matrices and relations between the
different matrices are listed and experimental results of the transforms for several

MCNC binary benchmark functions are given.

Efficient algorithms for obtaining fixed polarity arithmetic expansions are

developed for ternary and quaternary functions. The basic forward and inverse
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transforms for the conversion between the truth vector and fixed polarity arithmetic
expansions spectra are shown for both cases. Relations between different fixed
polarity arithmetic expansions are derived and computational costs for the
transformation between them are generated. Based on the relations and computational
costs, different algorithms for generation of fixed polarity arithmetic expansions are
proposed. The computational steps and computational complexity of each algorithm

are found and compared with each other.

Representations of ternary functions with linearly independent basis functions are
discussed. Similar to the binary case, the representations are divided into ternary
linearly independent expansions and linearly independent ternary expansions
depending on whether they use GF(3) arithmetic operations or standard arithmetic
operations, respectively. The corresponding new fast forward and inverse transforms
are proposed. The properties and relations between the different linearly independent
expansions are investigated. The transforms are implemented in MATLAB and the
numbers of nonzero spectral coefficients for several ternary test files based on the

proposed transforms are shown.

The hardware computations and implementations of some of the discussed
transforms are shown. Both the binary and ternary linearly independent transforms
possess fast transform properties and so the transformation between the truth vector
and their spectra for the input function can be implemented using linear systolic
processor array. The linear systolic processor array structures for the conversions are
discussed. Some of the linearly independent transforms also have regular structure that
allows modular implementation of their resulting polynomial expansions. The basic
modules for such hardware implementations are given. The synthesis of the hardware
implementation for an n-variable function from the corresponding n—1 variable

modules is also described.
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Chapter 1

Introduction

1.1 Review of spectral techniques

In digital logic design, the behavior of a device is formulated as a function of its input
variables. Complete definition about the function is traditionally given in the form of
truth table, where each entry in it provides the function value for a specific
combination of input variables’ values. Since it was proven by Shannon [Sha38] that
Boolean domain developed originally by Boole [Boo54] provides a precise model for
the analysis of switching circuits, the majority of existing methods in digital logic
design are concerned with the properties of Boolean functions. Many problems in
digital logic design and testing, artificial intelligence, and combinatorics can be

expressed as a sequence of operations on Boolean functions.

However, one of the problem with the definition of a function in the Boolean
domain (in term of minterms) is that each individual minterm gives information on the
behavior of the function at a single point (that is, for a particular combination of the
input values) but not about the behavior of the function anywhere else (for any other
combination of input values). To get a complete definition of the function the behavior
of the function for all possible combination of input values (2" points for two-
valued function) must be known. Spectral representation is an alternative way to

represent a function where the information about the function, given in the



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological Universi

1.1. Review of spectral techniques

form of spectral coefficients, is much more global in nature. In spectral domain, each
spectral coefficient of an n-variable function contains some information about the
behavior of the function at a subset or all of the points, but does not necessarily
contain complete information about any of them. The combination of all the values in
the spectrum does lead to complete information about the function, but each individual
coefficient gives us some global information about the whole function since in general
they are affected by the values of the function at more than one points. Thus, spectral
domain provides additional insight into the functional structure of combinational
circuits. It has been shown that these alternative representations are useful in design
and testing of digital devices. Their usefulness stem from the facts that a number of
properties, such as decomposability, symmetry, tautology, and satisfiability, can be
more easily observed in spectral domain than in operational domain. Similarly, some
operations, e.g., equivalence cheking, can be more easily executed in spectral domain
[Dam92, DK89, DMO00, Edw75, EM86, FR02, Gre86, Hei91, HMM&5, Hur78, Hur89,
Hur92, Kar76, Kar85, KB81, Llo80, Mal97, Mil87, PM75, Red72, RZ04, SSJ98,
TDMOI, Tok80, VT88]. These properties allow some problems to be more easily

solved when they are transferred from the operational domain to spectral domain.

Conversion from Boolean domain representation to equivalent spectral domain
representation is usually done through special transforms called spectral transforms.
Spectral transforms redistribute the information contained in the truth table
(operational domain) by converting the sum of product representation of the function
based on the truth table entries into alternative representations based on some other
sets of basis functions that are chosen to more closely resemble the -circuit
characteristics [AS06, DDT78, HMMS85, Hur78, Kar76, Kar85, SSJ98, TDMO1]. In
this regard, the value of each spectral coefficient indicates the correlation between the
function being represented and the basis function that corresponds to the coefficient.
Spectral transforms need to have an inverse to ensure that it is possible to obtain the
Boolean domain representation back from spectral domain representation without any
loss of information. Generally, spectral transforms are orthogonal matrices by which a
spectrum can be obtained from the truth vector representation of a Boolean function

through matrix multiplication. The spectrum of a function itself may be represented
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either in original or reduced spectral domain as spectral vectors, spectral expansions,

spectral cubes, spectral trees, or spectral decision diagrams.

Spectral techniques have been playing important roles in digital logic design for
many years. In spectral techniques, the original set of data is first transformed into
spectral domain, desired properties or operation are extracted or performed on the
spectral coefficients, and the results are transformed back into the original domain.
The techniques take advantage of the fact that operations in the spectral domain may
be simpler than equivalent operations in the original domain. Early works on spectral
transforms include those by Rademacher [Rad22] and Walsh [Wal23], followed by
study on Hadamard matrices [Wal72] and orthogonal functions [Pal32, Pal33].
Currently there are many spectral transforms that are used in digital logic design. Each
of them has its own advantages and disadvantages, and hence its own applications.
Some important ones include various versions of Reed-Muller (RM) transform
[AAE95, AB96, Abo0Ol1, AS06, Alm94, CW83, Dam92, DDT78, DK89, DMOO,
DTB96, Fal02, FHH'93, FP91, FR95, FR97, FY04, GE78, Gre86, Gre89, Gre90,
GT76, Har90, HM92, Hur78, Hur92, JSD02, JISM03, KPH99, KS75, KSR92, KSY91,
KSZ790, LM98, PDF90, Pur91, Red72, RFO1, RP88, SA03, Sas93, Sas99, SF96,
SSJ98, SP92, TDMO1, TH79, Tra87, VPOl VTS89, VT91, Yan98], arithmetic
transform [AS06, Che92, Fal99, Fal02, FC94, FC97, FC99, FP90, FSP92, Hei9l1,
Hur92, Kar85, KB81, KSY91, KSZ90, PM75, RZ04, SA03, SF96, SSJ98, TDMOI,
VPO1, Yan94, Yan98, YSFO1], Rademacher-Walsh transform, and Haar transform
[AAE95, AS06, Bea84, Cas96, Edw75, Fal02a, FSP92a, HMMS85, Hur78, Hur89,
Hur92, JSDO1, Kar76, Kar85, KSY91, KSZ90, LM98, Mil87, Moh92, SA03, SF96,
SSJ98, TDMO1, VT88, VT89, Yar85].

Spectral techniques have been applied for various tasks in digital logic design,
such as Boolean function classification [Edw75, Hur78, HMMS&5, MMHS82, Muz80,
VPO1], disjoint decomposition [HMMS8S5, Tok80, Tra87, TV87, VT89], parallel and
serial linear decomposition [EM86, Hur78, HMMS&5, Hur89, Kar76, Kar85, KSA00,
Tra87, TV87, VP01, VT89], spectral translation synthesis [EM86, Hur78, Hur89,
Kar76, Tra87, TVS87], multiplexer synthesis [HMMS8S5, Llo80], prime implicant
extraction by spectral summation [HMMS5, Kar85, Lec71], threshold logic synthesis
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[Edw75, Hur78, Kar76], logic complexity [Kar76, VPO1], state assignment [Kar76,
VT88], filtering probable matches [Kar85], probabilistic analysis of Boolean
expressions [Che92, Hei91, KB81, PM75, VPO1], testing and verification [Che92,
Dam92, DK89, DM00, Gre86, Hei91, HMMSS5, Hur89, Hur92, Kar85, KSA00, Mil87,
RF99, RZ04], and low power VLSI CAD design [TDMO1]. Other than digital logic
design field, the spectral transforms also have implementations in the area of signal
and image processing [Bea84, Cas96, Fal04, Kar85, RP88, Yar85], communication
[LMO98, RSLO3], and digital filtering [AAE95]. Two design automation systems have
incorporated spectral techniques for designing digital circuits. They are SPECSYS
[VT89] developed at Drexel University and DIADES [FSP92a] from Portland State
University. Relations between the different spectral representations have been

investigated [TDMO1].

In the beginning, digital logic design is mainly concerned with the properties and
operations of binary logic functions related to Boolean functions [VPO1]. However as
the technology advanced to Ultra Large Scale Integration (ULSI) and the number of
gates per integrated circuit (IC) increased, there is an increasing research interest in
multiple-valued logic. This interest is motivated by the potential of multiple-valued
logic for solving the interconnection problem faced by the current ULSI technology.
As the technology matures, the number of gates that can be packed onto an IC grows
faster than the rise in the package pin count. This discrepancy leads to the increasingly
important problems of pin count limitation and the need for major reduction in
interconnections between active devices inside and outside of an IC [Wo0l98]. One
possible way to overcome these problems is by using multiple-valued elements and
interconnections [Rin84]. Multiple-valued interconnections are capable of transferring
more information than binary interconnections. On the other hand, multiple-valued
logic memories and registers can store larger volumes of data than two-valued
memory and registers. Thus, fewer interconnections per logic function realization
could be achieved when using multiple-valued logic design instead of binary logic.
Also, larger logic functions could be implemented for a fixed number of
interconnections. As the interconnections are sources of wiring errors and weak

connections, the fewer number of interconnections also improves the reliability of the
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function realization. New technologies [ZV93], improved Computer-Aided Design
(CAD) tools, and process controls have made possible the development of multiple-

valued logic.

The research direction in multiple-valued logic is twofold: first is to apply
multiple-valued logic to improve the analysis and synthesis of binary circuit; and
second is to develop the mathematical foundations and circuit technologies for
multiple-valued circuits. Many applications of the multiple-valued logic have been
proposed. In [Rin84], hazard elimination in binary network by multiple-valued gates
was discussed. Multiple-valued logic has also been applied for optimization of
programmable logic arrays (PLAs) [Sas88]. A multiple-valued encoding scheme for
low power asynchronous communication has been proposed in [TH04]. A 32 x 32 bit
multiplier using multiple-valued MOS current-mode circuit with smaller size and
comparable speed than the binary counterpart has also been reported [KKH'88]. In
[MTHO4], a common bus architecture employing four-valued encoding has been
developed and compared to binary DMA bus architecture. A CAD system for
multiple-valued logic design called MV-SIS has also been developed [BGJ02]. In
particular, multiple-valued memory technologies have been proposed and

implemented, such as StrataFlash memory technology by Intel.

In the past, although many interesting results, algorithms, and techniques were
discussed that are related to the application of spectral methods to digital design
problems, their use was greatly limited by the lack of techniques for computing and
manipulating the spectra of large functions encountered in practical industrial design
situations since the existing methods typically incurred exponential time and space
complexities [TDMO1]. However, this problem has become less significant with the
introduction of Binary Decision Diagram (BDD) [AS06, Bry86, Bry91, SA03, Sas93,
Sas99, SF96, SS98, TDMO1]. BDD is a graphical representation of a logic function
that offers more compact representation than other methods for many practical
functions. BDD in which the variable ordering in the expansion is fixed, redundant
nodes deleted, and isomorphic subgraphs are shared is called Reduced Ordered Binary
Decision Diagram (ROBDD). ROBDDs are canonical and they allow efficient

representation and manipulation of many functions encountered in practical
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applications. Because of these reasons, ROBDDs are widely used in many
applications, such as logic design verification, logic synthesis, test generation, and
fault simulation. ROBDDs are very sensitive to the variable ordering, i.e., different
choice of variable ordering may lead to vastly different size of the resulting ROBDDs.
Thus, there are many researches done on their minimization. Proposed minimization

techniques include heuristic variable reordering and sifting.

The wide application of ROBDDs has led to the development of other forms of
BDDs and other types of decision diagrams [AS06, Bry86, Bry91, PFC02, SA03,
Sas93, SF96, SKM*90, SS98, SSJ98, Sta95, TDMO1, YMS¥06]. A class of function
that has exponential size when represented by one decision diagram may have linear
size when represented by another decision diagram. The developed decision diagrams
differ in the decomposition rules applied at each node, the permitted values of the
terminal or constant nodes, as well as in the employed reduction rules. Decision
diagrams in which the constant nodes are logic values 0 and 1, such as BDD and
Functional Decision Diagram (FDD), are called bit level decision diagrams. Decision
diagrams in which the constant nodes are element of finite fields, integers, or complex
numbers, such as Multi Terminal Binary Decision Diagrams (MTBDDs), are called
word level decision diagrams. Classifications of the existing decision diagrams have
been presented in [Al-04] and [SS98]. In particular, spectral decision diagrams can be
used for computing and representing various spectra of logic functions. They are

especially useful for representing and executing operations on large functions.

Similar to the binary case, spectral techniques have also been proven to be useful
in multiple-valued logic design. In order to accommodate the multiple-valued nature
of the multiple-valued functions, many binary spectral transforms have been
generalized and extended to multiple-valued cases [Al-04, AS06, CW83, Dam92,
DDT78, DMO00, Eps93, FF03, FF04, FF05, FF05a, FF05b, FF05¢, FF06, FRO1, GE7S,
Gre86, Gre89, Gre90, GT74, GT76, HM92, Kar85, KPH99, KSZ90, Per92, PSB9S,
Rin&4, SSJ98, Yan94, Yan98]. Especially for RM transform, it has been shown that
the advantages in term of area, speed, and easy testability possessed by the binary RM
transform are preserved in multiple-valued case [Dam92, DMO00, KPH99, Sas93,

SF96]. Various efficient algorithms for computing spectra of multiple-valued
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functions have been proposed [CW83, FHH93, FR95, GE78, Gre89, Gre90, HM92,
JSD02, JSM02, JISM03, KSZ90, RF01, SA03, SF96, SKM*90, Sta95, TDMO1, TH79,
Yan94, Yan98]. Different reduced representations of multiple-valued functions and
operations on them have also been developed [AS06, SA03, Sas93, SF96, SKM*90,
Sta95, TDMO1, Yan94, Yan98]. These have increased the practical value and
feasibility of multiple-valued spectral techniques. Combined with the increasing
importance of multiple-valued logic design and the fact that multiple-valued spectral
techniques have potential applications in areas where binary spectral techniques have
been applied successfully, further research of spectral techniques in multiple-valued
logic design is an important and interesting one. Application of multiple-valued
spectral techniques for image processing has been proposed in [FalO4]. Linearization,
planarization, optimization, and reduction of interconnections with the help of
multiple-valued linear models based on arithmetic transform have also been

introduced [YFSO1].

1.1.1 Reed-Muller transform

Reed-Muller (RM) is a class of AND-EXOR expressions where the basis switching
functions are all conjunctions of the function literals. It directly corresponds to the
AND-EXOR two level logic network circuit realizations. In initial RM transform
known as complement-free ring-sum [DDT78, Gre86, Zhe27, Zhe28], all of the
literals appear in positive (not complimented) form throughout the function
polynomial expansion. This type of expansion has since been expanded into
Generalized Reed Muller (GRM) expansion, where the literals in the expansion may
also appear in complimented form. When all of the literals in the GRM expansion
appear consistently in not complimented or complimented form throughout the
expansion, the expansion is known as fixed polarity Reed Muller expansion (FPRME).
Otherwise, the expansion is called mixed polarity Reed-Muller expansion (MPRME).
Expressing a binary function by its MPRMEs may yield smaller circuit realizations.
However, as they allow the input variables to be represented by more than one literals,
the circuit realizations based on MPRME:s require more inputs than the FPRME circuit

realizations. In the literature, the binary RM transform is also known as conjunctive
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transform [AAE95] and adding transform [FP90]. In addition, as the elements of the
RM matrix can be easily derived using binary Pascal triangle, the matrix is also called

Pascal transform [AAE95].

As every variable in FPRME may appear in one of two forms, either
complimented or not complimented, there are 2" possible FPRMEs for a binary
function. Each of the expansion is canonical (unique) and is identified by its polarity
number @. The polarity number is obtained by assigning bit 1 or O to every variable
according to whether it appears in complimented or not complimented form
throughout the expansion and taking the decimal equivalent of the resulting binary
number. Hence, the complement-free ring-sum expression is none other than the
FPRME with polarity number zero. The expansion is also often referred to as the
positive polarity RM expansion. FPRMEs with different polarity numbers may have
different computational complexity, which is often measured by the number of
nonzero spectral coefficients or the number of literals in the FPRME. As the number
of nonzero spectral coefficients corresponds to the number of gates needed in the
circuit realization while the number of literals corresponds to the number of inputs to
the circuit, it is desirable to minimize the numbers. The smaller the numbers, the more
efficient is the final hardware implementation based on the expansion. The polarity
number for which the number, whichever is used as computational complexity
measure, is smallest is called as the optimal polarity. Many researches have been done

to find the solution to the problem of finding the optimal polarity for a function.

In earlier technologies, EXOR-based implementation, which is used by RM
transform, was not popular because EXOR gates were much larger and slower than
AND/NAND/OR/NOR blocks. However, this problem is no longer significant with
the introduction of new technologies which allow EXOR-based functions to be
implemented efficiently at the same cost as other inclusive gates, such as Signetics
LHS501, Xilinx 3000, Actel 1010/1020, Concurrent Logic Cli6000, and other PLDs
with EXOR gates [SP92]. This development, together with the findings that RM based
implementations are advantageous in terms of area, speed and testability [Red72,
Sas93, Sas99, SF96], have resulted in renewed interest in RM transforms. In [Sas99]

and [SF96] it was shown that AND-EXOR expressions require on the average fewer
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products than the sum of products expression. PLAs with EXOR arrays also often

require fewer products than PLAs with OR arrays [SB90].

It is well-known that RM expansions have high testability properties. This stems
from the characteristic of the EXOR gate that any change in its input is reflected on
the output. It has been found that when a circuit is represented as an RM expansion, if
only permanent stuck-at faults occur in either a single AND gate or only a single
EXOR gate is in fault, only (n +4) tests are required for fault-free primary inputs
for an arbitrary n-variable Boolean function [Red72]. The testability of binary FPRME
networks has also been considered in [DK89], where it was shown that at most n
FPRME spectral coefficients need to be verified to detect multiple stuck-at faults and
single bridging faults at the input lines of the networks, where n is the number of the
inputs. It was noted that the fault detection techniques by verification of RM spectral
coefficients have smaller time and hardware complexity compared to those based on
Walsh spectral coefficients [DK89]. Many functions can be best realized by their RM
expansions, especially those functions that have high content of linear part (EXOR
part of the function that does not include any product terms of the primary input
variables). Arithmetic functions such as adders, multipliers, counters, and parity
checkers are examples of such functions. A linear function can be implemented using
only modulo-2 adders with optional scalar or constant multiplier synthesized as an

open or close connection (to represent 0 or 1, respectively).

RM transform has been used for image processing [AAE9S5, FalO4, RP88], fault
detection [DK89, Sas99], and coding techniques, especially those concerned with
group or block codes for error control [Gre86, Kar85]. It has also been used in
developing good and compact models for decision diagrams [AS06, DTB96, KSR92,
SA03, SF96, SS98, Sta95]. Many methods exist that can be used to calculate the
FPRMEs for a given function from different representation of the function [AboO1,
DTBY6, Fis74, FP91, FR97, FY04, Har90, Pur91, Sas93, SF96, SP92, SSJ98, Tra87,
VTI91]. In [Alm94], a map based simplification of FPRME transform has been
presented which can be used to convert minterms to FPRME coefficients of binary
functions with up to six variables and vice versa, and thus select the optimal FPRME

for them. Hardware based translation between the truth vector and FPRME has also



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

1.1. Review of spectral techniques

been proposed [AB96]. Other algorithms have also been developed that obtain the
optimal FPRME representation from the reduced representations of the input
functions, such as graphs [CYP89], trees [AboOl], decision diagrams [DTB96,
KSR92, Pur91], and array of cubes [FP91, SP92, VT91]. A non exhaustive approach
for finding optimal FPRME of a three-variable binary function from its Walsh-
Hadamard spectra has also been presented in [FY04].

The RM transform and its spectral coefficients calculations have been extended to
multiple-valued case. Many attentions have especially been given to the ternary case
(GF(3)) [FHH93, Gre86, Gre89, TH79], which is the smallest multiple-valued field,
and the RM expansions over GF(2") such as quaternary case [FR95, Gre90, JSM03,
RFO1]. The extension of RM expansions to any prime field GF(g) have also been
proposed [DDT78, GE78, Gre86, GT74, GT76, HM92, JSD02, KS75]. Testability of
multiple-valued circuit realizing multiple-valued FPRMEs have been investigated in
[Dam90] and [DM96], where it has been found that the easy testability property
possessed by the binary FPRME networks is maintained in the multiple-valued
FPRME. In particular, in the latter it has been deduced that only four tests are required
to detect all single stuck-at faults on internal lines in a circuit realizing multiple-valued
FPRME with no complimented literals. Multiple-valued functions offer more
flexibility and can be more compact when compared with binary functions. However,
the number of FPRMEs to be considered increases more rapidly in multiple-valued
case than in binary case as the number of input variables rises. As a result,
optimization problem of multiple-valued FPRMEs is more complex than its binary
counterpart. Many algorithms have been developed for efficient calculation of FPRME
spectra from the truth vector representation of multiple-valued functions [FHH'93,
FR95, Gre89, Gre90, HM92, RFO01]. For larger functions, efficient calculation and
manipulation algorithms that work on the reduced representations of multiple-valued
functions, such as disjoint cubes, multiple-place decision diagrams, and FDDs also
exist [JSD02, JSM03, SA03, Sas96, SKM*90, Sta95]. Universal logic modules for
FPRMEs of ternary function have also been proposed [CW83, TH79].
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1.1.2 Arithmetic transform

Arithmetic transform, which is also known as probability transform [KB81, PM75],
algebraic transform, inverse conjunctive transform [AAE9S5], and the inverse integer
Reed-Muller transform, was initially introduced in [KB81] for probabilistic analysis of
Boolean functions. The forward arithmetic transform is obtained by calculating the
inverse of the inverse RM transform in arithmetic domain. It has been found that it is
often useful to convert a function to standard arithmetic function, especially when
probabilistic or stochastic analysis of Boolean function is required [Che92, KB8I,
Mil87, PM75, TDMO1]. Arithmetic expansions are used for efficient representation of
multi-output functions and they can be represented by word-level decision diagrams.
The binary function operated by the arithmetic transform can be defined with two
types of coding: R and S coding. Relations between the arithmetic spectra in different

coding can be derived as presented in [FP90].

Similar to the RM transform, initially arithmetic transform expansion does not
allow literals to be complimented (called ‘polarity zero’ expansion). Links between
RM and arithmetic transforms when all the literals appear in affirmative form were
presented in [KB81, Mil87]. In contrast, generalized arithmetic transform [Fal99,
Fal02, FC94, FC99, FP90, FSP92, YMS'06] allows all literals to be both in
affirmative and complimented form, which gives rise to 2" canonical arithmetic
expansions for a binary function where each of them may have different number of
nonzero spectral coefficients. The expansion with the smallest number of nonzero
spectral coefficients are said to be the optimal arithmetic expansion. Value of
expansions having fewer nonzero spectral coefficients can be calculated in shorter
time. Such property is important in applications where the value of the expansion
needs to be computed repeatedly for different assignment of input variables, for
example in probabilistic verification of switching functions. Smaller number of

nonzero terms also leads to more efficient circuit realizations.

Arithmetic transform has found applications in various tasks. They include
synthesis, verification, library matching of CAD, as well as probabilistic Boolean

analysis and testing [FRO2, Hei91, Hur92, KSY91, KSZ90, Mal97, Mil87, PC75,
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RZ04, SF96]. It has also been used in artificial intelligence [Hur75] and reliability of
engineering system as well as random testing of digital circuits [Hei91, PM75].
Linearization, planarization, optimization and reduction of interconnections with the
help of multiple-valued linear models based on arithmetic transform have also been
introduced [YSFO1]. The article [Fal99] presented a literature review of arithmetic

transform development in Eastern Europe.

Calculation methods of generalized arithmetic transform spectral coefficients had
been developed that operate on many different representations of a function. The
methods in [FC94, FC97] can be used to calculate generalized arithmetic transform
spectral coefficients from various binary decision diagrams that permits manipulation
and calculation of functions with large number of variables while the methods
presented in [Fal02, FSP92] work on truth vector representation of a function. If the
function is given as an array of cubes, then the algorithms to calculate the spectral
coefficients from disjoint cubes reduced representation [FC99] are the suitable
methods to use. Such methods are also well suited to applications that require
calculations of only some spectral coefficients [FSP92a, Hei91, Hur92, Kar76,
TDMO1].

1.1.3 Linearly independent and linearly independent arithmetic

transforms

Binary linearly independent (LI) logic generalizes all possible expansions of binary
logic circuits that are realized in GF(2) algebra. The set of basis switching functions in
the LI expansion is composed by any set of switching functions as long as the
resulting transform matrix is nonsingular. Their basic concepts have been discussed in
[Per93, PSB95] and their extension to multiple-valued input case can be found in
[Per92, PSB95]. Furthermore, their various properties and special cases have been
presented in [FR97a, FRO1, PDF90, Per92, Per93, PFC*02, PSB95]. Binary LI logic

provides any binary function with canonical representations that can be implemented
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as two and multi-level AND/EXOR circuits which are superior in terms of the number
of gates, speed, area, and testability. The canonical representations are obtained by
repetitive expansions of the logic functions. The well-known RM transform is only a
special case of LI transform. Generally, LI logic circuits realizations are smaller and
never worse than RM based circuits since they include all AND/EXOR circuits
covered by RM transform and they operate in a much larger design space. These
properties have allowed development of new types of decision diagrams [PFC*02] and
a comprehensive approach to logic synthesis and physical design for two-dimensional
logic arrays [SSC'94]. The resulting LI expansion can be readily implemented by
using existing 20x8 PAL device or Cypress 330 [FR97a].

There is a large number of all possible LI transforms over GF(2) and calculating
all representations of a particular binary function based on them will require extensive
resources. Hence, finding efficient ways for generating the expansions is of great
importance. In [FR97a], the classes of binary LI transforms that possess fast forward
and inverse butterfly diagrams were identified and their recursive definitions were
given together with the theory that allows one to find and calculate optimal LI
expansions by using fast transforms. Similar classification and fast transform method
for multiple-valued input LI logic have also been developed in [FRO1]. Even though
the fast transform method [FR97a] is able to find single expansion for some polarities
of variables, there is still the problem of finding the best expansion in some polarity
among all polarities of two-variable expansion. This problem is addressed in [PFC*02]
where basic principles of efficient algorithms for selecting the best expansion polarity
were given. In addition, multi-level structures of higher regularity for AND/OR/EXOR
bases have also been proposed in [PFC'02] which can be mapped to Motorola,
ATMEL, and Xilinx fine grain FPGAs. Obviously, different choice of basis functions
results in different implementation complexity. Proper selection of the basis functions
will greatly increase the efficiency of the final implementation of the circuit, in term of

area, speed, and testability.

In addition to the LI transforms identified in [F97a], another four LI transforms
which can be computed using fast transform have been introduced in [RF02]. Two of

these matrices belong to class Al whereas the other two are categorized as class A2.
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All these four transforms require fewer number of GF(2) additions than all the LI
transforms presented in [FR97a], including FPRME transform which was previously
known as the fastest transform in GF(2). Hence, they are the fastest and most efficient
LI transforms in terms of their GF(2) computational complexity. Properties of
polynomial expansions based on two of the fastest LI transforms had been discussed in
[FLO3a] together with the comparison of their experimental results with those of
FPRME transform for several binary benchmark functions. The comparison showed
that the fastest LI transforms offer less number of nonzero spectral coefficients than
the FPRME transform for some cases. Therefore, it is of interest to identify other LI
transforms that have the same computational complexity as the fastest LI transforms
and analyze whether they are able to give better representations than the four fastest LI

transforms [RF02].

It has been known that for some functions, it is more advantageous to implement
the function in arithmetic domain rather than as an EXOR based polynomial
expansion. Such an approach is especially useful for testing of properties of binary
functions, solving systems of binary equations and analyzing their stochastic
properties [Che92, TDMOI1]. The broadest approach in further generalization of
arithmetic expansions is to allow one to formulate such an expansion in terms of
standard addition and subtraction operating on an arbitrary logic function or logic
expression. It is obvious that, in the special case of the truth vector for the AND
function, such an expansion becomes mixed arithmetic where each variable can have
an arbitrary polarity throughout all terms in the expansion or generalized arithmetic
expansion. In the majority of cases, the new expansion has its own properties and may
be advantageous in different applications of arithmetic-type expansions in logic
design. The concept of such generalization known as linearly independent arithmetic
(LIA) transforms have been introduced [RF99a]. In [RF99a], the classes of binary LIA
transforms that possess fast forward and inverse butterfly diagrams are identified and
their recursive definitions are given together with the theory that allows one to find
and calculate optimal LIA expansions by using fast transforms. Arithmetic transform
falls into broad definition of LIA logic. Comparisons among various LIA transforms

show that for many classes of logical functions some LIA transforms outperform
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arithmetic transform when applied to fault detection [RF99]. In [FRO2], another two
recursive LIA transforms that possess fast transform properties have been presented
that possess smaller computational cost than the arithmetic transform and all other LIA
transforms introduced in [RF99a]. These transforms are called fastest LIA transforms
and their butterfly diagram and recursive definitions as well as their implementation
for Boolean verification are shown in [FR02]. Their properties and experimental
results were analyzed and presented in [FLO3], where it has been shown that for some
binary benchmark functions the pair of LIA transforms is more advantageous than

arithmetic transform in terms of number of nonzero spectral coefficients.

The concept of LI and LIA has been extended for multiple-valued cases, i.e.,
ternary and quaternary. In [FFO5] and [FF04], the family of fast LI transforms for
representations of ternary functions have been presented that operate over GF(3) and
standard arithmetic, respectively. The classes of such transforms that have the smallest
computational costs were identified in [FF03], [FFO5c], and [FF06]. On the other
hand, the articles [FFO5a] and [FFO5b] presented the fast LI transforms for analysis

and synthesis of quaternary functions.

1.2 Objectives and contribution of the thesis

The objectives of this thesis are to develop and analyze new spectral transforms for
binary and multiple-valued functions as well as to derive efficient algorithms for

obtaining spectral representations of discrete functions.

To that end, several algorithms for efficient generation of FPRMEs over GF(5) are
proposed. There are 5" possible FPRME:s for an n-variable five-valued function. Most
often, it is required to find the optimal FPRME to obtain the most efficient realization
for the input function, in terms of hardware and storage space. However, for some
applications such as testing and fault detection, only certain FPRME spectral
coefficients need to be obtained. The proposed algorithms offer different choices of

algorithms that are suited for different applications. They start from either the truth
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vector representation of the input function or reduced representation of the input
function in terms of arbitrary FPRME spectral coefficient vector or array of disjoint
cubes. Each algorithm is described and their computational complexities are analyzed.

Their computational times for obtaining the optimal FPRME are also compared.

New fastest LI over GF(2) and LIA transforms for binary functions are introduced.
They are derived from the existing fastest transforms such that they have the same low
computational cost. Fast forward and inverse transforms for the transforms are given
so that the butterfly diagrams for their fast software and hardware computation can be
quickly obtained. In order to reduce the computational cost of obtaining the spectra of
all the fastest transforms, relations between different fastest transforms are presented
and the number and locations of the nonzero elements inside the transforms are
analyzed. The properties are then used to obtain various arithmetic bounds on the
spectra of linearly independent arithmetic transforms. Such properties are useful for

testing and verification purposes.

Several algorithms for deriving the spectral coefficients of FPAEs are also shown.
The FPAE is closely related to the FPRME as they have the same basis functions in
some cases. However they operate over different algebra. The FPAE operates over
standard arithmetic algebra and consequently they have the useful property of being
able to represent multiple functions by a single expansion. With proper modification,
algorithms that have been found efficient for FPRME can be applied for FPAE as
well. In this thesis, such algorithms are shown for the FPAEs of ternary and quaternary
functions. The fundamental relations used in the algorithms are first analyzed and the

steps and computational costs for the introduced algorithms are derived.

The concept of the LI transforms has been extended to represent ternary functions
and so in this thesis new spectral transforms for ternary functions are proposed whose
basis functions are a set of linearly independent ternary functions over GF(3). The new
transforms are chosen such that they have low computational complexity and can be
calculated efficiently using fast transform. These requirements ensure that the
conversion between the operational and spectral domain based on the transforms can

be performed efficiently. This is important as in practice the applicability of a spectral
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transform largely depends on the complexity of computation for forward and inverse
transformations. Similar to the binary case, the transforms are classified into fastest LI
transforms over GF(3), in which all additions and multiplication are performed over
GF(@3), and LITA transforms, which use decimal arithmetic additions/subtractions and
multiplications. Properties of the new transforms are investigated and experimental

results for the transforms are shown for different classes of the transforms.

Hardware implementations for the new binary and ternary LI transforms are
discussed. Efficient computation of their spectral coefficients from the truth vector is
implemented using linear systolic array processor structure whereas their polynomial
expansions are realized using a multi level tree modular implementation. It is shown
that due to the relations between the fastest LI transforms, a single linear systolic array
processor structure or multi level tree modular structure can be reused for many fastest

LI transforms which leads to saving in hardware cost.

1.3 Organization of the thesis

The thesis is organized as follows:

Basic concepts and definitions that are used in this thesis are reviewed and
presented in Chapter 2. In particular, the RM and arithmetic transforms, which are

used for comparison in the subsequent chapters, are given.

Chapter 3 is devoted to the algorithms for optimization of FPRMEs over GF(5).
Basic forward and inverse transforms for FPRME over GF(5) are first reviewed and
their computational costs are established. They are subsequently used to develop basic
relations that are applied by the proposed algorithms. Based on the relations used by
the algorithms and the representations of the input function operated by them, the
algorithms are differentiated into matrix multiplication, extended dual polarity, cube
polarity adjustment, row polarity matrix, and column polarity matrix algorithms. The
computational steps for the algorithms are presented and their computational costs are

derived. The algorithms are implemented as C++ programs and their computational
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costs for several five-valued test files are listed. The generation of the five-valued test

files used in the experiment from the binary MCNC benchmark is also described.

New fastest LI transforms over GF(2) and fastest LIA transforms for binary
functions are introduced in Chapter 4. Basic definitions for general binary LI and LIA
expansions are given followed by the definitions of the forward and inverse matrices
for the new transforms. Relations between the existing and new transforms are also
shown. Based on the structure of their factorized matrices, the proposed transforms are
divided into four types. Several properties on the relations between the forward and
inverse transforms as well as between transforms of both same and different types are
established. Properties stating number and location of nonzero elements inside the
matrices are also found, which are useful for developing computational algorithms for
them. Several arithmetic bounds on the fastest LIA spectral coefficients are also
derived. Finally, several experimental results for the transforms are shown which
compare the number and values of the nonzero terms inside their polynomial

expansions.

In Chapter 5, FPAEs for ternary and quaternary functions are discussed. Their
forward and inverse transforms are given and their general polynomial expansions are
defined. Transformations between the truth vector and FPAE:s in different polarities as
well as their computational complexities are derived for both ternary and quaternary
cases. The transformations are then used to develop different algorithms for FPAEs
using similar concepts that have been applied for FPRME. Computational cost for
each algorithm is derived and compared with each other. The resulting number of
nonzero terms in the optimal FPAE for several quaternary test files are also found and

compared with the corresponding number in the optimal FPRME over GF(4).

Chapter 6 focuses on the fastest TLI and LITA transforms for ternary functions.
Existing fastest TLI and LITA transforms are first discussed. New TLI and LITA
transforms are then generated from the existing ones through permutation. Relations
and structures of the new transforms are investigated. The transforms are subsequently
further extended into a larger class of transforms with the same computational cost by

reordering and permuting the butterfly diagrams of the proposed TLI and LITA
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transforms. Experimental results for the transforms are given which show that the new
transforms spectra can have smaller number of nonzero elements than the spectra of

the existing fastest TLI and LITA transforms.

Based on the butterfly diagrams of the LI transforms over GF(2), LIA, TLI, and
LITA transforms, the linear systolic array processor structure for hardware calculation
of their spectra can be derived. The derivation process is illustrated in Chapter 7, using
LIA transforms as example. The implementation of their polynomial expansions by a
multi level tree modular realization is also shown there. In addition, the use of the
linear systolic array structures for obtaining the spectra of the FPRMEs and FPAEs

using the recursive polarity matrix algorithms are discussed.

Chapter 8 concludes this thesis and comments on the possible future research

directions.
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Chapter 2

Representations and Transforms for Binary

and Multiple-Valued Functions

This chapter reviews a number of mathematical concepts and definitions that are used
in this thesis. Among these concepts are the different representations for both binary
and multiple-valued functions as well as their spectral transformations. Most of the
discussed concepts and definitions and further details on them can be found in [AS06,
Bro90, DDT78, Gre86, Gre89, Gre90, HMMSS5, Jud94, Kar76, MW86, Ros99, SA03,
Sas93, Sas99, SSJ98, TDMO1, Yan94, Yan98].

2.1 Sets

A set is a well-defined finite or infinite collection of objects in which order has no

significance. The objects that belong to a set are called its elements or members.

A set is usually specified either by listing all of its elements inside a pair of braces
or by stating the property that determines whether or not an object x belongs to the set.

We might write

X ={x,x,,....x,} 2.1
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for a set containing elements x,,x,,...,x, Or

n

X ={x| xsatisfies P} 2.2)
if each x in X satisfies a certain property P. We write
xeX

to denote that x, is the element of set X and

x, & X

to say that x, is not an element of set X . A set with no elements in it is called an
empty set and is denoted by &. The number of elements in a finite set A is called the

cardinality of A, often denoted by |A| or # A.

A set A is called a subset of B, written A C B or B2 A, if every element of A is
also an element of B. If A and B are unequal, then A is a proper subset of B, written as
Ac B or B> A. Conversely, if A is not a subset of B then we write A ¢ B. When
two sets have no elements in common, the sets are said to be disjoint. Two sets are

equal, written A=B,iff Ac B and BC A.

We can construct a new set out of existing sets by performing union and
intersection operations on the existing sets. The union of two sets A and B is defined

as

AUB={xlxe Aorxe B}. 2.3)

The intersection of sets A and B is defined by

ANB={xlxe Aand x€ B}. 2.4)

The Cartesian product (direct product) on n sets X,,X,,..., X, is the set of all

possible ordered n-tuples such that the i-th component in the n-tuples is an element of

the set X, (1<i<n). We can write

X, XX, X..xX, ={<x,x,,....,x, >lx,;€ X, andx, € X, and...andx, € X }. (2.5)



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

2.1. Sets 22

Example 2.1. Let X, ={2,3}and X, ={a,b,c}. Then X, XX, ={<2,a>,<2,b>,
<2,c><3,a><3,b><3,c>} and X,xX,={<a2><a3><b2><b3>,

<c,2>,<c3>}.

2.2 Matrices

A matrix is a rectangular array of numbers. An m X n matrix consists of m rows and n
columns. A matrix is said to be square if m = n and rectangular if m #n. An mx1

matrix 18 called a column vector whereas a 1 X7 matrix is called a row vector.

Let A be an m X n matrix. Then A has the following general form:

Qoo Qo Ay
A=| %o Y ay
Ao Qoo (e

The entry of a matrix A that lies in the i-th row and j-th column is often written as 4, ;.
It is often convenient to express the matrix A by A =[q, ;], which indicates that A is

the matrix with its (i,)-th element equal to a, ;.

An nxnidentity matrix, often denoted by /,, is a special square matrix that is

given explicitly by

_fo, ifi#j
Iw“{L ifi= . (26)

Matrices can be both added and multiplied. Matrix addition is both commutative
and associative. Matrix multiplication is also associative and distributive but, in

general, not commutative.

The inverse of an nXn square matrix A, sometimes called reciprocal matrix, is an

nxn matrix A~ such that
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AAT =T 2.7

n

where [, is the nXn identity matrix. A matrix for which an inverse can be found is

called nonsingular or invertible.

The transpose of an mxn matrix A, commonly denoted by A”, is an nxm

matrix that is obtained by exchanging the rows and columns of matrix A such that
A'ij=A, Vi, jwherei=0,,...,n—1and j=01,...,m—-1. (2.8)
The transpose of the product of matrix multiplication satisfies the following property:

(AB)" =B"A”. (2.9)

2.3 Kronecker product

Let A be an mXn matrix and Bbe a pXxg matrix. Also let C be the result of the

Kronecker product (direct matrix product, tensor product) A® B. Then C is an

mp X ng matrix with elements defined by

Cop =4 ;B> (2.10)
where
o =pitk (2.11)
B=qj+l. (2.12)
Thus,
C=AQ®B
a,oB a,B - a,,,B

a,B a,B - a,,B

a,. B a, B a

m—1,n—1
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ay by agobyy 0 ay, by -1

ao,o.bl,o ao’o.bl,1 - ao,n_l.bl, o (2.13)
am_l,o.b 1.0 a, b JETERE a,_y b g1
The Kronecker product has the following properties:

A®(B+C)=A®B+A®C (2.14)
(B+C)®A=B®A+C®A (2.15)
k(A®B)=(kA)® B=A® (kB) (2.16)
(A®B)(C®D)=AC®BD (2.17)
(A®B)'=A"®B"' (2.18)
(A®B)" =A" ®B". (2.19)

2.4 Functions

A function f from a set A into a set B, written

f:A—>B

assigns every element a€ A an element f(a)e B. We say that f maps A to B. The set

A is called the domain of f; the set B is called the co-domain of f. If f(a)=0b, b is

said to be the image of a and a is a pre-image of b. The range of fis the set of images

of elements of A under f.

The range of fis clearly a subset of its co-domain. If the range of fis equal to B,

we say that the function is onto B. Also, if f(a,) = f(a,) implies that a, = a, for all

a, and a, in the domain of f, we say that the function fis one-to-one. If fis a one-to-

one correspondence, then we can define an inverse function of £, denoted by f~'. The
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inverse function of f is the function that assigns to an element b€ B the unique

element a in A such that f(a) =b.Hence, f'(b)=a when f(a)=b.

A function is a specialized relation. Recall that a relation from A to B is a subset of
AXB, i.e., a collection of ordered pairs each of which takes its first element from A
and its second element from B. Accordingly, we define a function f from A into B as a
relation from A to B having the property that each element of A appears as a first

element in exactly one of the ordered pairs in f. Thus the formulas “ f(x) = y” and

“(x,y)e f 7 are equivalent predicates.
An n-variable binary function fis a mapping:
f:B">Y,

where B = {0, 1} and Y = {0, 1} or {0, 1, —=}. If Y = {0, 1} then the function fis a
completely specified binary function. Otherwise, f is an incompletely specified

binary function.

By permitting the domain and co-domain of f to have more than two values, we
can obtain a multiple-valued function. Let X = {X,,X,,...,X,} be a set of n

multiple-valued variables. Then an n-variable multiple-valued input p-valued output

function can be defined as a mapping

F(X):R xR, x..xR — P,

where X,, 1 < i < n takes the values from the set R, ={0,1,...,r,—1} and
P={0,1,...,p—1,—} (where — denotes a don’t care value). If R, =R, =...=R =
{0,1,...,r—1} and P ={0,1,..., p—1} then fis said to be an n-variable r-valued input

p-valued output completely specified logic function. When r = p = 3, f'is a ternary

function and when r = p =4, fis a quaternary function.

A digital function can be represented in many forms where the effectiveness of a
representation depends on the underlying problem for which it is used. The simplest

representation of a function is a truth table, which lists all possible values of the input
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variables and the corresponding output value. Fig. 2.1 shows the truth table for a three-

variable incompletely specified binary function.

X | X% | x| f
0] 0] 0|1
00| 1]1
0| 1]0]0
O 1 1]1
110010
10110
1 1]0|1
Iy 1|11

Figure 2.1: Truth table for three-variable binary function.

From the truth table, we can get the truth vector for a function, which contains the

output values for all possible values of the input variables. For the function in Fig. 2.2,
the truth vector is given by F = [1,1,0,1,0,0,1,1] . The truth vector representation is very

useful in obtaining spectral representations by matrix operations. Both the truth table
and truth vector represent the operational behavior of the function and therefore

describes the operational domain.

In both the truth tables and truth vector, the function values for all possible input
conditions are listed. This makes them unsuitable for functions with a large number of
variables. The function representation can be simplified by considering the various
relationships that exist between the function values. Such representations are called
reduced representation. Examples of reduced representations are array of cubes,

spectral polynomial expansions, and decision diagrams.

A literal is defined to be an input variable or its complement. A minterm for an n-

variable function is a product of n literals, with one literal for each variable. Several
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minterms can be combined into a cube if they share common literals. Instead of the
truth vector, a function can be represented by an array of cubes that describe the
function. For example, a completely specified binary function can be described by an
array of cubes for which the value of the function is either O or 1 and it is understood
that for minterms that are not covered by the array of cubes the function value is 1 or

0, respectively.

Example 2.2. From the truth table in Fig. 2.1, it can be seen that the two-variable
binary function has output value 1 for the minterms 000, 001, 011, 110, and 111 and it
has output value 0 for the minterms 010, 100, and 101. Thus, the function can be
completely described either by the array of 1 cubes {00—, 0—1, 11—} or by the array of
0 cubes {010, 10-}.

Alternatively, an n-variable p-valued function can also be represented by spectral

polynomial expansion in the form of

where a, and ¢, are called the spectral coefficients and basis functions of the
particular polynomial expansion. The set of the basis functions ¢ are linearly

independent to allow canonical representation for a function and to maintain all the
information content from the operational domain. The translation between the truth
vector representation and the spectral representation can be performed through matrix
operations. Examples of spectral polynomial expansions are Reed-Muller, arithmetic,

Walsh, and Haar expansions.

A set of functions fi, f,,..., f, is said to be linearly independent if no set of

constants a,,a,,...,a,, of which at least one is nonzero, exists such that

af+a,f,+...+a,f, =0
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Any function from a set of linearly independent functions cannot be reduced to some
other function from this set by some simple linear operations over this function and

other functions in the set.

2.5 Galois fields

An algebraic system is defined by the tuple
<A0,..,0.;R,,....,R, ;c,....C, >,

where A is a non-empty set, o, is a function A” — A, p, is a positive integer, R; is

arelationon A, and ¢, is an element of A.

An algebraic system is a field if it has the following properties, where x, y, and z

are elements of A, ® denotes addition and - denotes multiplication:

.(x@y)@z=x®(yD 7).

2. For all x, a unique O element exists such that x@0=0®@ x=x.
3. For any x, an element y can be found such that x®@ y=y® x=0.
4, x®y=y®x.

S.(x-y)z=x-(y-2).

6. For any x, a unique 1 element exists such that x-1=1-x=x.

7. For any arbitrary nonzero element x, an element y can be found such that

x-y=y-x=1.
8. x-y=y-x.
9.2 (y®2)=x-y®x-z.

10. (y®2)- x=y-x®@z-x.
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A finite field (Galois field) is a field having a finite number of elements. Such a

field must have some (finite) prime characteristic p. Hence, its order must be some

power g = p"” of the prime p.

When m =1, ¢ = p and so inside GF(g) the elements are the integers modulo ¢ (O,

1,2, ..., g — 1) and the arithmetic operations are simply the modulo ¢ arithmetic. For
example, inside GF(3) the elements are 0, 1, and 2 whereas the addition and

multiplication operations are as shown in Fig. 2.2.

+10[1]2 x10|1]2
0012 0(0]0]0
111/12]0 110112
2121011 2101211

Figure 2.2: Addition and multiplication operations over GF(3).

A finite field GF(q) is called composite field when m > 1. For the composite field
we cannot simply use integers modulo ¢ with modulo ¢ arithmetic as the condition 7
above will not be satisfied. For example, when ¢ = 4 = 22, for element 2 we cannot
find any element y under modulo 4 multiplication such that 2-y = 1. Fig. 2.3 shows the

addition and multiplication operations over GF(4).

+(0|1]2]3 x| 0[1]2|3
0/0{1]2/3 0[{0]0(0]|0
1|1{0]3|2 110{1]2/3
2123|101 21012131
313(2(1(0 310(3[1]2

Figure 2.3: Addition and multiplication operations over GF(4).
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The addition f + g and the multiplication fg of two Galois functions f and g:

fAGF(q@)}" — GF(q)
g :{GF(q)}" — GF(q)

are defined to be the component wise extensions of the addition and of the

multiplication in GF(q) respectively, i.e.:

[(f+8).]=[f(e)+g(e)],

[(fe). 1=[f(e)g(e)].

Let [ € GF(q); the addition /+ f and the multiplication /f of the Galois function f

and of the field element / is defined by the above qualities when the function g reduces

to a constant function / over GF(g).

With these definitions, the set of Galois function {GF(q)}" — GF(q) is a linear

algebra of functions.

2.6 Fixed polarity Reed-Muller expansions

A binary function f can be represented by EXOR sum of products by recursively

applying the following expansion:

f=fox(f,®f), (2.20)

where f, = f (xl. =0) and fi=1f (xi =1) are the cofactors of f with respect to the
variable x;. The expansion is called the positive Davio expansion and is also known

as the Zhegalkin polynomial. It is the earliest Reed-Muller expansion proposed for

representing binary function.

In the positive Davio expansion, all the variables appear in positive (not

complimented) literals. An equivalent expansion for the function can be derived in
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which all the variables appear in negative (complimented) literals. Such expansion is
called negative Davio expansion and it is obtained by using the following

decomposition rule:

f=10x(f,®f). 2.21)

By permitting either positive or negative Davio expansion to be performed with
respect to a particular input variable x,, more equivalent Reed-Muller expansions can
be obtained for f. The resulting expansions are called fixed polarity Reed-Muller
expansions (FPRMEs). In an FPRME, each variable always appears in the same literal
throughout the expansion. Clearly, there are 2" possible FPRMEs for an n-variable
binary function, including the positive and negative Davio expansions. Each FPRME
is uniquely identified by its polarity numbers, which is defined as the decimal
equivalent of the n-bit binary number formed by assigning 0 or 1 for each variable

according to whether it appear in positive or negative literal, respectively.

The FPRME for an n-variable binary function can be written in the following

general form:

2"-1 n
f(X)= ZQ{H &" } (2.22)

i=0 I=1
where X = [x1, X2, ..., X4], ¢ € {0,1} is the i-th spectral coefficient, @ is the polarity
number, <i >, = <k,k,,...,k, >, is the spectral coefficient index, X, is the literal

of the variable x, in the FPRME, and %, is the k,-th power of %, . The additions and

multiplications are performed over GF(2).
Let F be the truth vector of f(X) and C® be a column vector that is defined by

C?=[cy ¢/ et 1. (2.23)

sbon

Then, the translation between C“ and F can be performed by the following

transforms:
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C°=RM”-F (2.24)
- AR w

and F=@RrM®)" c°, (2.25)

where (RM 2 )_1 is the inverse of RM” over GF(2) and the multiplication is performed

over GF(2).

The matrix RM ” can be obtained by the Kronecker product
RM} =®[]rm,, , (2.26)
=1

Where <a)>10 :<a)1,(()2,...,0)n >2, I”m0:|} (i)j|,and I’m1:|:(1) %j|.

Example 2.3. The truth vector for the three-variable binary function in Fig. 2.1 is

given by F =[1,1,0,1,0,0,1,1]. Then by (2.22)—(2.26), the spectral coefficients of the

FPRME with polarity number 4 (< 4 > ,=<1,0,0 >, ) can be calculated as follows:

C'=RM; F'

=(rm, ® rm, ® rm,))- F"

00001000][1
000011001
000010100

_looo0o01T111[]1

11000100010
11001100/ |0
10101010/ |1
111111111
0
0
1

_|0

=|9]

0
0
1

Hence, the FPRME in polarity 4 for the functionis f(¥)=x, ® X, ® X,x, ;.
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The binary Reed-Muller can be extended to represent multiple-valued functions in
many ways, depending on how the literals and operations are generalized. One

possible way is by allowing a p-valued variable x, to be represented by additive
literals (x, + @), where @, varies from 0 to p — 1, and by performing all additions and

multiplications over GF(p). With such modifications, the FPRME for an n-variable

p-valued function is of the form

p"-1 n
f(3) = zci{ fc,k’}, (2.27)
i=0 I=1
where X = [x1, X2, ..., %], ¢’€{0,1,....,p-1}, <0>=<0,0,,....0,>, ,

<i>, =<k,ky....k, >, , X =(x; +@)over GF(p) is the literal of the variable

1

x,, and %" is the k, -th power of %, . The additions, multiplications, and power

operations are performed over GF(p).

The equations (2.24)—(2.26) for binary FPRME are also valid for FPRME over
GF(p), except that for the latter the length of C” is p" and (RM o )_1 is the inverse of
RM ? over GF(p). There are p basic transforms rm,, for FPRME over GF(p), where

each is of size pXx p. Tables 2.1 and 2.2 show the basic transforms for FPRME over
GF(3) and GF(4), respectively.

2.7 Fixed polarity arithmetic expansions

Arithmetic expansions for binary functions have the same basis functions as the binary
Reed-Muller expansions. However, the additions and multiplications inside the
arithmetic expansion is performed over standard arithmetic algebra instead of over
GF(2) as is the case for binary Reed-Muller. Hence, the expansion can be considered
to be the integer counterpart of Reed-Muller. Arithmetic transform is also known in

the literature as probability transform or inverse integer Reed-Muller transform.
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Table 2.1: FPRME transforms over GF(3).

a)i rmwl
[100]
0 021
122 2]
(00 1]
1 210
1222
[010]
2 102
122 2]

w, rm,
[1000]
0 0132
0123
1111
(01 00]
i 1023
1032
1111
(00 10]
5 3201
2301
|1 111)
(000 1]
2310
3 3210
1111

Analogously to the FPRME, the fixed polarity arithmetic expansion (FPAE) is
the term used to refer to the arithmetic expansions in which each variable must appear

in the same literal throughout the expansion. In order to identify individual FPAE,
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each FPAE is assigned a unique polarity number which is defined the same way as for
the FPRME. Inside the FPAE in polarity zero, all variables appear in positive (not
complimented) literals. The FPAE in polarity zero can be derived using the following

decomposition rule, which is the arithmetic analogue of the positive Davio expansion.

f:f0+xi(_f0+fl)' (2.28)

On the other hand, inside the FPAE in polarity 2" —1, all variables always appear in
negative (complimented) form. The expansion can be obtained by recursively applying

the arithmetic analogue of the negative Davio expansion rule as follows:

f:f1+)_ci(fo_f1)' (2.29)

The FPAE in other polarities can be derived by applying the expansion rule in (2.28)

or (2.29) for the function with respect to every variable x,, according to whether the

variable should appears in positive or negative form in the FPAE, respectively.

The FPAE for an n-variable binary function has the following general form:

G = Zai“’{ﬁ X } (2.30)

where X = [x1, x, ..., X,], a;” is the i-th spectral coefficient, @ is the polarity number,
<i>, =<k,k,,....k, >, is the spectral coefficient index, X, is the literal of the

variable x, in the FPAE, and %, is the k, -th power of % . The additions and

multiplications are performed over standard arithmetic algebra.

The conversion between the truth vector and FPAE spectrum can be performed by
matrix multiplications. Let F be the truth vector of f(¥) and A” be the FPAE

spectrum for f(X) in polarity @ such that

A? =lay,a,....,al 1. (2.31)

sUon_y

Then,
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A” = AR” - F (2.32)
- AR o

and F=(AR")" A", (2.33)

where (ARZ’ )_l is the inverse of AR over standard arithmetic algebra.

As the FPRME and FPAE have identical basis functions, the matrix (AR,f’ )_1 for

FPAE is equal to the matrix (RM 2 )_l of the FPRME, whereas the 2" X2" matrix

AR can be constructed by the Kronecker product
AR? =®[Jar,, (2.34)
I=1
where <>, =<®,0,,....0,>,, ar, :[_11 ﬂ,and ar, :[(1) _11}

One important property of arithmetic transform is its ability to represent systems of
binary functions. This is done by taking the weighted sum of the binary truth vectors
of the functions to obtain an integer truth vector, which is then used to calculate the
FPAE. The individual binary truth vectors can be obtained back from the resulting

FPAE by applying the arithmetic inverse transform.

Example 2.4. Let 17“1, 17“2, and 1:“3 be the truth vectors of three binary functions, where

F, =[1,0,0,0,1,1,0,01", F, =[0,1,1,0,0,0,11]" , and F, =[0,1,0,1,1,0,1,0]" . Then we can

derive the FPAE in polarity zero to represent the system of three binary functions as

follows.

First, obtain an integer truth vector by taking the weighted sum of the three binary

truth vectors:
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Subsequently, find the FPAE spectrum in polarity zero for the integer truth vector:

=(4 el el 8])

NWRUN—OWA

SO OO ==

Thus, the system of functions can be represented by the FPAE

f(X)=4—x,+2x, +x,.

Clearly, if we take arithmetic inverse transform on the spectrum A we can get

back the integer truth vector F, and hence, the original binary truth vectors F, to 1:“3.
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Chapter 3

Efficient Algorithms for Calculation of
Fixed Polarity Reed-Muller Expansions
over GF(5)

The generation of FPRMEs over GF(5) for five-valued functions is considered in this
chapter. Basic definitions for FPRME over GF(5) and the notations used throughout
this chapter will be first reviewed. Basic forward and inverse FPRME transforms for
the conversion between the truth vector and FPRME spectra are given. Mutual
relations that exist between the different FPRME representations for five-valued
functions are then established, and used to develop several algorithms that can be used
to generate the FPRMEs for the input function. The presented algorithms are simple
and they start from different representations of the input function. For comparison
purpose, experimental results of the algorithms for several five-valued test files are
presented at the end of the chapter. Since currently there are no five-valued benchmark
functions available, the five-valued test files that are used in the experiments are
obtained by modifying the MCNC binary benchmark functions in a regular manner.
The rules used to convert the binary benchmark functions to the five-valued test files

are given.
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3.1 Basic definitions for FPRMEs over GF(5)

Definition 3.1.1. Any five-valued function can be represented by their corresponding
FPRME:s over GF(5). Let < x, <" x, “*x, " x, and “* x denote the five literals of
a particular five-valued variable x, where <" x = x+ j over GF(5). Then, in an

FPRME over GF(5) each variable x;, (1 <[ < n) must always appear in the form of

< x, (0 < j, <4) with the same j, value throughout the expansion.

Definition 3.1.2. The polarity of an FPRME, denoted by @, is taken as the decimal

<Jj;>

number representation of the five-valued number < j,,j,,...,j, >, where X,

denotes the literal of the /-th variable in the FPRME. That is,

SO>10=<ji, Jyses Jy >5- 3.1

Definition 3.1.3. The FPRME spectral coefficient vector (spectrum) in polarity @ of

an n-variable five-valued function is a vector of length 5" whose elements are all the

spectral coefficients of the FPRME in polarity @ for the function. Let C” and c¢,”

denote the spectral coefficient vector in polarity @ and the i-th spectral coefficient of

the FPRME in polarity @, respectively. Then,

C? =[cy,c/ el 1. (3.2)

> ¥an_y

Definition 3.1.4. The FPRME polarity matrix P[f(X)] is defined as a square matrix of
size 5" x 5" that contains all the FPRME spectral coefficients of the n-variable function

f(%) such that row i (0 <i<5"-1) of P[f(X)] correspondsto C'.

PLf(¥)]= [c",cl,...,cs”*lf, (3.3)

where T denotes matrix transpose operator.

Property 3.1.1. Let the element that is located at row i and column [ of P[f(X)] be
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denoted by P, where 0 <i, [ < 5"—1. Then by Definition 3.1.4,
P, =c.

Furthermore, the optimal polarity of f(X) corresponds to the row index number of the

P[ f(X)] row with the largest number of zeros in its columns.

Definition 3.1.5. Let f(X) be any n-variable five-valued function. Then the FPRME

of f(X) in polarity @can be written as follows:

fG)= Zc{Hx} , (34)

A

where X =[x, X, ..., x,], X,=""x, is the literal of the I-th variable,
¢ €{0,1,2,3,4} is the i-th element of C” for f(X), and <i>, = <k, k,,...,k, >,

(k; €{0, 1, 2, 3, 4}) is the spectral coefficient index. All the additions and

multiplications in the expression are to be performed over GF(5) as shown in Table

3.1.

Table 3.1: Addition and multiplication operations over GF(5).

+10(1](2(3]4 x{0[1]2(3]4
0/0|12]3|4 0[{0/0(0]0]O0
111]2|13]410 110]1|2]3\|4
212131401 210121413
3(3/4(0(11]2 310(3(1(4]2
414101123 4101413121

Definition 3.1.6. [JSMO3] Let <a,...,a,,,a;,a Sa, > and

+1°

<b,....b_,b,b .,b, >be the n-digit five-valued number representations of any

i+1°°°
two decimal numbers a and b, respectively, where 0 <a, b < 5" — 1. Then the polarities
a and b are said to be extended dual polarities of each other iff a; # b; for [ = i and

a; = b; otherwise (1 <1i, [ <n).
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3.2 FPRME transforms over GF(5), their relations, and their

computational costs

The most basic FPRME transforms that allow an FPRME spectrum of a five-valued
function to be obtained from either truth vector or another FPRME spectrum are
discussed in this section. They are the underlying transforms based on which the
algorithms described in this chapter are developed. Here the focus is to derive the
computational cost of those fundamental transforms in terms of the required number of
additions and multiplication operations. As commonly known, computational cost is
one indicator of effectiveness of transforms and/or algorithms. Therefore it would be
useful to deduce the computational cost of these fundamental transforms so that a
comparison of computational costs can be made with the described algorithms as a

measure of the algorithms’ effectiveness.

Given the truth vector F of an n-variable five-valued function f(X), the FPRME

spectrum of f(X) in polarity @ can be calculated by
(c“) =5 .F, (3.5)

where S denotes the forward FPRME transform matrix of polarity @. The

transform matrix S~ is of size 5" x 5".

Conversely, the truth vector F can be recovered from C® by

F=1""(c*) . (3.6)

n

where T %

n

is the inverse FPRME transform matrix of polarity @ The matrix 7 is

also of size 5" x 5" and T = (5 " over GF(5).

n

The transform matrices S°* and T can be constructed by taking Kronecker

product of n forward and inverse FPRME transform matrices of one-variable input

function, respectively as follows:
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S = ®H51<j’> (3.7)
=1
and T =17, (3.8)
=1

where S and T,*” represent the forward and inverse FPRME transform
matrices for one-variable five-valued function in polarity j, respectively (recall that

<@>,=<j, jss... j, >)- Table 3.2 lists all possible S;/> and 7,”> matrices.

Table 3.2: Transform matrices S/~ and 7, .

j T1<J> S1<J>
10000 10000
11111 04231

012431 04114
13421 04321
14141 44444
11111 00001
12431 42310

11113421 41140
14141 43210
10000 44444
12431 00010
13421 23104

21114141 11404
10000 32104
11111 44444
13421 00100
14141 31042

31110000 14041
11111 21043
12431 44444
14141 01000
10000 10423

41111111 40411
12431 10432
13421 44444

The algorithms presented in this chapter utilize existing relations between the

FPRME spectral coefficient vectors in different polarities. From (3.5) and (3.6), the
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relation between the spectral coefficient vector in polarity zero C° and the spectral

coefficient vector in any other polarity C” can be derived. When n =1,
(c”) =57 F

=si- ()

=z (). (3.9)

where je {0,1,2,3,4}. Table 3.3 shows the basic transform matrices Z=/> for all

possible values of j.

Generalizing this relation to any n-variable function, the following relation can be

obtained:

(C<w>)T — S:a)> . ﬁ

e e

n

e[ {ls 7))

I=1
—e[ [z

=1
=z (). (3.10)

It can be observed from Table 3.2 that for 0 <s,t <4 Z=>.Z< = Z=¢*"™%> and

Z:” = I (identity matrix of size 5 x 5). Based on these, (3.10) can be further

extended to relate a pair of FPRME spectra with any two polarities a and b

(0<a,b<5"—1) as follows:
(Ca)T — Z<a> . (CO)T

n

=2z )
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. <a;> - <4b,> b \T
=¢[ [z ¢ [z -(c’)
1=l =1
_ ®H z +b> (Cb )T
=1
=z (¢t (3.11)

Note that the transform matrices for (3.10) and (3.11) are exactly the same.

<j>

Table 3.3: Transform matrices Z;~/~.

iz
10000
01000
0 00100
00010
00001
14141
01331
1 00121
00011
00001
13421
01123
2 00144
00012
00001
12431
01422
3 00114
00013
00001
11111
01234
4 00131
00014
00001

The number of necessary additions to calculate a transform is dependent on the
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number of nonzero elements and the number of rows inside it whereas the number of

required multiplications is determined only by the number of nonzero elements inside
the matrix. Due to the regular structures of S™*, T.°", and Z “~, the number of Os,

1s, 2s, 3s, and 4s inside the transforms can be obtained. In what follows, the
computational costs of the transforms (3.5), (3.6), (3.10), and (3.11) in terms of
addition and multiplication numbers are analyzed and derived. For each of the
transforms, two cases are considered: when the transform is performed using direct
calculation and when the transform is generated using fast transform, which is related

to Good’s theorem [SSJ98]. In the former case the transform matrix is first generated

by appropriate Kronecker product of n basic transform matrices and C” is then
calculated by multiplying the transform matrix with appropriate vector. In the latter

case the transform matrix is first factorized into product of n sparse transform matrices
and the factorized form is then multiplied with the appropriate vector to obtain C“.

For example, when n =3, C can be calculated from F either by direct calculation
co) =(s7> @57~ @57 ) F
or by the fast transform
(c®) =7 ®I®N - I®ST” I (I®I®S ). F,

where I denotes the identity matrix of size 3 X 3.

Let N, (R) denote the number of entries in matrix R whose values are

equal to y (0 <y <4). From Table 3.2, it can be seen that a particular basic transform

matrix S;/> can be obtained from the matrix S;/> with any other value of j by simply

permuting the columns. As a result, the value of N (Sf"”) for a particular value of y

does not change with @. It follows that N (S ;“”) value is also independent of @ and

is only affected by the value of n.

4
The value of ZN y (Sf‘”) is equal to 18. Since multiplication of two nonzero
y=1

numbers in GF(5) always produces another nonzero number, it can be easily derived
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<w>
n

that there are 18" nonzero elements in S~ . In addition, it can also be obtained that

the values of Nl(S,f‘”) , NZ(S“”), N3(S<“’>) , and N4(S;“’>) are

i[18”+2'(—4)”+10”], 5[18”—10”], %[18"—10"], and i[lS”—Z-(—4)”+10"],

respectively. Let A,(n) and M (n) denote the numbers of required additions and
multiplications for executing (3.5) by direct calculation. Similarly, let A,(n) and
M ,(n) be the numbers of addition and multiplication operations performed in

deriving (3.5) by fast transform. Then their numbers can be easily derived as follows
A(n)=18" =5" (3.12)
M (n) = Ny (857 )+, (857 )+ N, (577

= %(3-18”—2-(—4)"—10") (3.13)

A,(m)=n-(18-5"" =5")
=13n-5"" (3.14)
M,(n)=n-(13-5"")

= A, (n) (3.15)

In a similar manner, from Table 3.2 and (3.8), it can be derived that there are

Lisin i nanat2n) 1« Lhin _122) ne L(pgn _1an Lo 5 gnyqan
Z(21 +2:9 +13)1s,4(21 13)2s,4(21 13") 3s, and4(21 2.9" +13")

4
4sin T with Z N, (T o ): 21" . Therefore, the number of necessary additions and

n
y=l1

multiplications for performing (3.6) are

A (n)=21"=5" (3.16)

M) = N,(T° )+ N, (17 )+ N, (1)

n n n

- 5(3.21"—2.9"—13") (3.17)
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for direct calculation and
A,(n)y=n-(21.5" =5")
=16n-5"" (3.18)
M,(m)=n-(85"")
=A,(n)/2 (3.19)

for fast transform calculation.

The computational cost values of (3.5) and (3.6) are listed in Table 3.4 for n < 6.
As expected, the calculations using the fast transform incur significantly smaller

computational costs compared to the direct calculations.

Table 3.4: Computational costs for forward and inverse FPRME transform.

Forward Inverse

n Direct Fast Direct Fast

A (n) Ml(n) A, (n) Mz(n) A, (n) M3(n) A, (n) M4(n)
1 13 13 13 13 16 8 16 8
2| 299 210 130 | 130 416 248 160 80
31 5707 4156 975 | 975 9136 6032 1200 600
41104351 | 76104 | 6500 | 6500 | 193856 | 135440 | 8000 | 4000
5(1886443| 1392688 | 40625 | 40625 | 4080976 | 2940728 | 50000 | 25000

The computational costs of (3.10) and (3.11) are the same since they use the same

transform matrices. In order to obtain them, let us first divide the basic transform

<Jj>

matrices Z™’~ into three groups based on the distribution of the nonzero elements
inside them and analyze each group separately. Let oy = {0}, o ={1,4}, and

o = {2, 3}. When @ € o, Z " only has five nonzero elements, all of which have

values of one. When @ € «, Nl(Zf‘”) = 10, NZ(Zf‘”) = 1, and N3(Zl<“’>) =
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N,(z=”) = 2. Finally, when @ € @ the values of N,(Z=”), N,(z), N,(z=),

and N, (Zf‘”) are 7, 3, 2, and 3, respectively.

Let Q¢ be a 5" x 5™ matrix that is obtained from Kronecker product of m basic
matrices whose polarities belong to oy d € {0, 1, 2}), ie,
0! e{z=” Ik w>,=<ji,jrs..j. >sand j, € @,Vie {l,...,m}} Then when d = 0,
Q,‘fl has 5™ 1s with the rest of the elements zero. When d = 1, the numbers of 1s, 2s,

3s, and 4s in the matrix Q¢ are not zero and they are related by

Nl(Qin)=N3(QL+1)—8-N3(Q,‘”)—%15'"+%.9’” (3.20)
1 1 m m 1

Ny@,) = (15" -9")-Ny(@)) 3.21)
1 1 1 25 m=2 1 m=2

N3(Q,,,)=16'N3(Qm_1)—65'N3(Qm_2)+7-15 —5'9 (3.22)
1 1 m m 1

Ny(@,)=2(15"+9")-N,(@)). (3.23)

Equation (3.22) is a nonhomogeneous second order linear recurrence equation

[Ros99]. Solving all the equations, it is found that there are 15™ nonzero elements in
Q! with N, Q) :%(2\/6'"“ sin((m+1)40) —16/65 " sin(my) +15" +9'"],

N, )= i(lsm —om _2./65" sin(m,u)) LN Q) =%(15m —9" 265" sin(m,u)j,

and N4(Q;l):i(w\/gmsin(m,u)—%/gmﬂsin((m+1),u)+15'”+9'"j, where

| = arc tan(0.125).

In a similar way, it can be derived that for d = 2 the relations between the numbers

of 1s, 2s, 3s, and 4s in the matrix QZ are given by

N,(Q2)=4-N,(Q})-N,(Q2,)+3-15" (3.24)
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2 1 m m 2

Ny@h) =25 -5 ]- N2 (3.25)
2 2 2 61 mo L o

NS(Qm)=8-N3(Qm_1)—17-NS(Qm_2)+?-15 —5-5 (3.26)
2 1 m m 2

Ny@) =2 ls"+5" =N @) (3.27)

Solving the equations gives us the values

1

1

1(5'" +15" 817" sinnay +217"" sin(¢n+1)a)) , i(lS’” 5" +2J17" sin@na)j ,

y [1 55" 217" sinqna)j, and %(5'" +15" +8J17" sintma)-2417" sin((m+1)a)j for

N(Q2), N,(Q2), Ny(Q2), and N,(Q.), respectively with the same total number of

15™ nonzero elements and o = arc tan(0.25).

Based on the numbers given above the computational cost of (3.10) and (3.11) can
now be calculated. Let the transform matrix Z ™~ be constructed from Kronecker
product of v basic matrices whose polarities belong to ¢, u basic matrices whose

polarities belong to @, and n — (u + v) Z* . Then the computational cost of the direct

calculation of (3.10) and (3.11) is

A (n)=5"(3" -1 (3.28)

and Mj(n):S”_w(15W—(Nl(Qj)-NI(QMZ)+N4(Q$)~N4(Qf)+N2(Q$)~N3(Qj)
+N,(0,)- N, (0,)))

5n—W

; (3-15“’ —5.9" + B—(2J/17 " sin(ua@) 65 sin(v,u)j (3.29)

additions and multiplications, respectively where w=u+v and

B= (J% " sin(@+ 1)) — 865" sin(v,u))(&/ﬁ " sin@ar)—2417"" sin(@+ 1)a)j ,

The corresponding numbers for the calculation of (3.10) and (3.11) using fast

transform are
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A (n)=2w-5" (3.30)
and M (n)=(Sw+3u)-5"", (3.31)
respectively

3.3 Matrix multiplication algorithms

Based on the derived computational costs in Section 3.2, it can be seen that it is more
computationally efficient to generate all spectral coefficient vectors in some sequence
where the current spectral coefficient vector is obtained from the previous polarity
spectral coefficient vector by (3.11) rather than calculating all of them from either the
spectral coefficient vector in polarity zero by (3.10) or the truth vector by (3.5). In this
section, three algorithms that generate all spectral coefficient vectors in such manner
are considered. The first algorithm employs lexicographic sequence [Gre89, Gre90]
and the direct version of (3.11). The second algorithm also uses lexicographic
sequence but in combination with the fast version of (3.11). The last algorithm applies
(3.11) along extended dual polarity route, which is an ordering of all polarities such

that any two consecutive polarities are extended dual polarities (see Definition 3.1.6).

The first polarity in the lexicographic order is polarity zero. Hence, when all the 5"
polarities spectral coefficient vectors are generated in lexicographic order, the spectral
coefficient vector in polarity zero need to be first calculated from the truth vector by
(3.5) if the input is the truth vector representation of a five-valued function. After it is
obtained, all the other spectral coefficient vectors are then calculated by (3.11). In the
calculation of the spectral coefficient vectors in nonzero polarities along the

lexicographic order, u is always zero and there are 4-5"7 instances where the

transform matrix Z=“**"> has v = ¢ (1 < ¢ < n). Substituting this into (3.28)—(3.31), the

total calculation cost for generating the spectral coefficient vectors in all the 5"—1

nonzero polarities by the first algorithm is
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Ay(n)=24-5"" A (n)

i=1

= 5" [5"“ —2.3m 4 1) additions (3.32)

and M7(nj=i4'5n_i-M5(n)

i=1

1 (13950-25" —20880-15" +2610-9" +

— . . (3.33)
46401 432065 sin((n+ 1)) - 54465 sin(nu)

multiplications whereas the corresponding computational cost for the second matrix

multiplication algorithm is

A (n) = 57 (5" —4n—5) additions (3.34)
and M(n)= 57 (5" —4n—5) multiplications. (3.35)

There is always more than one possible extended dual polarity routes for a given
number of variables, which means that there are many possible implementations of the
third matrix multiplication algorithm. The chosen extended dual polarity route affects
the computational cost of the algorithm, and hence its computational speed. For all the
possible extended dual polarity routes, any two consecutive polarities along the routes

are always the extended dual polarity of each other, and hence the transform

<a+4b>
n

matrix Z always has w = 1. By (3.30) and (3.31) the number of required additions

for the algorithm is always the same regardless of the extended dual polarity route
used, whereas the number of the required multiplication is affected by the employed
route. The computational cost in terms of multiplication number is minimal when the
nonzero bit <a+4b> is always 1 or 4 along the employed route. On the other hand,
when the chosen route causes the nonzero bit <a+4b> to be always 2 or 3, the worst-
case multiplication number for the algorithm occurs. Procedures that generate all
FPRME spectral coefficient vectors by the third algorithm in one possible best-case
and worst-case extended dual polarity routes over GF(5) are given in Figs. 3.1 and 3.2,

respectively.
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Void fprm(int truth vector| 1)
{int W[n] =<0, 0, ....,0>, p[ ];
char Dir[n] = ’aaa...a’;
Calculate C° from truth vector using (3.5) and
store the result in p[ |;
for(j=0to 5" -2)
{cont = true;
[=n;
while (cont==true)
{I=1-
cont = false;
if(Dir[l]=="a")
{ switch (W[I])
{ case 0: W[I] = 1; break;
case 1: W[!] = 2; break;
case 2: W[I] = 3; break;
case 3: W[l] = 4; break;
case 4: { cont = true; Dir[l] = ‘d’;}} }
else
{ switch (W[I])
{ case 4: W[I] = 3; break;
case 3: W[[] = 2; break;
case 2: W[I] = 1; break;
case 1: W[/] = 0; break;
case 0: { cont=true; Dir[l] = ‘a’;}} }}
Calculate CY from pl ] and store the result

back to p[ 13} }

Figure 3.1: Procedure fprm() with one possible best-case extended dual polarity route.
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Void fprm(int truth vector| 1)
{int W[n]=<4,4, ....,4>,pl ];
char Dir[n] = ’aaa...a’;
Calculate C° from truth vector using (3.5) and
store the result in p[ |;
for(j=0to 5" -2)
{ cont = true;
[=n;
while (cont==true)
{l=1-
cont = false;
if(Dir[l]=="a")
{ switch (W[I])
{ case 0: W[I] = 3; break;
case 1: { cont = true; Dir[l] = ‘d’;}
case 2: W[!] = 0O; break;
case 3: W[[] = 1; break;
case 4: W[l] = 2; break;} }
else
{ switch (W[I])
{ case 4: { cont=true; Dir[l] = ‘a’;}
case 3: W[[] = 0; break;
case 2: W[l] = 4; break;
case 1: W[[] = 3; break;
case 0: W[Il] = 2; break;} }}
Calculate CY from pl | and store the result

back to p[ 1;}}

Figure 3.2: Procedure fprm() with one possible worst-case extended dual polarity

route.
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When one of the possible best-case extended dual polarity routes is used, the value
of u in (3.31) is always zero. Hence, the computational cost of generating the spectral
coefficient vectors in all the 5" — 1 polarities (excluding the starting polarity) by the

third algorithm along the best-case extended dual polarity route is
A,(n)=2-5"(5" —1) additions (3.36)
and My(n)=5"(5" —1) multiplications, (3.37)

which is lower than the computational cost of the other two algorithms. Similarly, the

worst-case computational cost for the third algorithm can be obtained to be

A,,(n)=2-5"(5" —1) additions (3.38)

and M, (n)= 2(25 " —5") multiplications. (3.39)

The computational costs for generating the FPRME spectra in all the 5" polarities by
the first and second matrix multiplication algorithms and by the procedures given in
Figs. 3.1 and 3.2 for n < 6 are tabulated and presented in Table 3.5. The numbers
include the cost for calculating the starting polarity spectral coefficient vector from
truth vector by fast version of (3.5). The table shows that the computational cost of the
third algorithm along best-case extended dual polarity route is the smallest among the

algorithms.

3.4 Extended dual polarity algorithm

An algorithm that optimizes Kronecker expressions by introducing the term extended
dual polarity was presented in [JSMO2]. In [JSMO03], the algorithm was extended for
the optimization of FPRMEs over GF(4). In this section, an algorithm that uses
extended dual polarity property for optimizing FPRMEs over GF(5) is introduced. The

new algorithm can be implemented with low storage requirement.
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Table 3.5: Computational cost of generating all FPRME coefficient vectors
(matrix multiplication algorithms).

Additions Multiplications
Extended dual Extended dual
Lexicographic order ) Lexicographic order )
n polarity route polarity route
Worst- Best- | Worst-
Direct Fast |Best-case Direct Fast
case case case
1 53 53 53 53 33 33 33 45
2| 1930 1530 1330 1330 1098 830 730 1090
3| 58975 38975 | 31975 31975 33595 19975 | 16475 | 25775
411656500 | 976500 | 786500 | 786500 | 959888 | 491500 | 396500 | 630500
5144315625|24415625[19565625|19565625|26039025|12228125|9803125|15660625

Definition 3.4.1. [JSMO02] For a p-valued n-variable function, extended dual polarity
route is an ordering of all p" polarities in which each two successive polarities are

extended dual polarities.

As has been mentioned in Section 3.3, there are always more than one possible
extended dual polarity routes for a given function. Two procedures that generate
extended dual polarity routes that result in best-case and worst-case computational
cost for the shown matrix multiplication algorithm have been given in Figs. 3.1 and
3.2, respectively. Fig. 3.3 gives another procedure that can be used to generate another
extended dual polarity route for an n-variable five-valued function. The procedure is
obtained by modifying the procedures given in [JSMO02] and [JSMO03] for Kronecker
expressions and FPRMEs over GF(4), respectively. The initial values for the variables

level and direction inside the procedure are zero.
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Void route(int level, int direction)
{ if( direction == 0)
{ if( level == no_variable)

{ -- out new polarity vector & }

else
{ hllevel] =0;
route(level+1,0);

hllevel] = 1;
route(level+1,1);
hllevel] = 2;
route(level+1,0);
hllevel] = 3;
route(level+1,1);
hllevel] = 4;
route(level+1,0);}}
else //direction == 1
{if( level == no_variable)

{ -- out new polarity vector A }

else

{ hllevel] =4,
route(level+1,1);
h[level] = 3;
route(level+1,0);
hllevel] = 2;
route(level+1,1);
hllevel] = 1;
route(level+1,0);
hllevel] = 0;

route(level+1,1);}}}

Figure 3.3: Procedure route.
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3.4.1 Generation of FPRME in polarity zero from truth vector

Let us represent each product term c¢”%“%,..%“ in the FPRME by an

(n+1)-digit five-valued string ‘kik,...k, ¢’ and call it “term”. Based on (3.5), a
recursive algorithm that generates the terms of FPRME in polarity zero from the truth
vector is constructed. Given a truth vector, the algorithm first replaces each truth
vector element f; (0 <i < 5" — 1) by an (n+1)-digit five-valued string, i.e. truth vector
term ‘mymy...m,f;’ where <mj, my, ..., m,>s = <i>jo. The generated truth vector terms
are then taken as the input for the first level recursion. The algorithm has n recursion
levels. At each level, the output is taken as input for the next recursion. The output of

the last level recursion is the terms for the FPRME in polarity zero.

The algorithm uses matrix M which is defined as:

2413
M=|3142],
4321
where the element that is located at the row y and column z (1 £y <3,1<z<4)of

matrix M is denoted by M _.

The steps of the algorithm are:
Step 1: Generate truth vector terms for the given truth vector.

Step 2: Initialize [ to n. Take the truth vector terms as the input.

Step 3: Generate initial terms ‘kik,...k,c;”’ for the output. The initial terms are all

the 5" terms (0 < i < 5" — 1) with zero as the last digit.

Step 4: For each nonzero term (the term with nonzero last digit) of the input,
generate its contribution to the output terms according to the rule given in
Table 3.6. Note that the symbol g in Table 3.6 may represent k or m
depending on the input terms.

Step 5: Sum up the initial and all contributed terms. The summation is done by
replacing terms with identical first n-digit values with a new term. The first
n-digits of the new term are equal to those of replaced terms, while the last
digit of the new term is the summation of all the replaced terms’ last digits

over GF(5). After the summation the output terms are obtained.
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Step 6: Decrement [ by 1. If [ = 0 stop. Otherwise go back to Step 3 with current

output as the input.

Table 3.6: Contributed terms rule for generation of polarity zero terms.

Processed term Contributed terms

qi.-. q,_10q1+1... qn C
ql...ql_IO qi+1--- nC

qi--- Q14411 g Mz,

qi--- Qi-11qu... gn Ms,

qi--- Q-12q41... g Ms .

qi.-. q1—11 qi+1--. gnC
qi--- Q-13qu1... g Ms .

qi--- Q-14q11... g Ms .

Q... q1lqui... g M ¢

qi--- Qi-12qi+1... Gn C

qi... C]l_12 qi+1-.. gnC
qi... qi-13qisi... Gn Mo

qi--- Q144G ... gaMs .

Q... q11qui... gn Mo

qi--- Qi-12qi+1... Gn C
qi... C]l_13 qi+1-.. gnC

qi.-. qi-13qis1... Gn M ¢

qi--- Q144G g Mz,

qi--- Q-11qis1... qn

G- Q12qis1... Gn M3,
qi... C]l_14 qi+1-.. gnC

qi--- 4i-13qi+1... Gn C

qi--- Q144G g Mz,

Example 3.4.1. Let the input function f(X) be a two-variable five-valued function

with the following truth vector: F =[0,0,2,1,0,3,0,4,0,0,0,0,2,1,0,3,0,4,0,0,
0, 0, 0, 0, 0]. Then the truth vector terms of the input function are: {000, 010, 022,
031, 040, 103, 110, 124, 130, 140, 200, 210, 222, 231, 240, 303, 310, 324, 330, 340,
400, 410, 420, 430, 440}.
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At the first level recursion ([ = 2) the contribution of each nonzero term to the
output terms are as follows: {022—014, 022, 031, 043; 031—013, 021, 032, 044;
103—103, 142; 124—113, 124, 132, 141; 222214, 222, 231, 243; 231213, 221,
232, 244; 303—303, 342; 324—313, 324, 332, 341}. Summing up the initial and
contributed terms, the output terms of the first level recursion are obtained as {000,
012, 023, 033, 042, 103, 113, 124, 132, 143, 200, 212, 223, 233, 242, 303, 313, 324,
332, 343, 400, 410, 420, 430, 440}.

3.4.2 Calculation of FPRME:s in all nonzero polarities

Let a and b be two arbitrary polarity numbers such that < a >,,=<aq,,a,,...,a, >, and
<b>,=<b,,b,,....,b, >, . Then, according to (3.11), the two FPRME spectral

coefficient vectors in polarity numbers a and b are related as follows:
) = (®H(Sf“'> T )j (). (3.40)
=1

When the two polarity numbers a and b are extended dual polarities, (3.40) is

simplified into
) =l else-n)er, ) c). (3.41)

where I, denotes an identity matrix of size 5 x 5" and a, #b, .

Based on the resulting transform matrix S -7, for all possible combinations
of a, and b, values, an algorithm for the generation of all 5" FPRME spectral

coefficient vectors is derived. In the algorithm, each FPRME is represented by its
terms. Given the truth vector of a function, the algorithm first generates the terms of
the FPRME in polarity zero by making use of the algorithm described in Section 3.4.1.
It then generates the FPRME terms in all the nonzero polarities for the function one by
one in a sequence determined by the extended dual polarity route. The terms for each

FPRME in nonzero polarity are determined based on the terms of the FPRME in
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previous polarity according to the relation between the digits of the current polarity a

and the previous polarity b .

The steps of the algorithm are as follows:

Step I

Step 2:

Step 3:

Step 4:

Step 5:

At the

Moreover,

Initialization

- Initialize the polarity vector v to <0, O, ..., 0>.

- Initialize the polarity number @to O.

- Initialize the variables @est and Cpi, to 0.

Calculate the terms of the FPRME in polarity zero using the algorithm

given in Section 3.4.1. Assign the number of nonzero terms inside the

FPRME in polarity zero to Cyy;n.

Determine the next polarity vector v in the employed extended dual

polarity route and set wto the decimal equivalent of v.

Generate the terms of the FPRME in polarity @.

- List initial terms of polarity .

- Find the contribution of each nonzero terms of previous polarity
according to the rules given in Tables 3.7 and 3.8.

- Sum up all the terms for the polarity @.

- If the number of nonzero terms of polarity @, N is less than current value
of Chin, S€t Wpest = @ and Cryin = N.

If the terms for all polarities have been generated exit the algorithm.

Otherwise go back to Step 3.

end of the algorithm, all 5" FPRME:s for the given function are obtained.

the polarity number stored in @y 1S the optimal polarity number with Cpyin

nonzero spectral coefficients.

It should be noted that when the generation of the FPRME:s is done along the route

produced by the procedure in Fig. 3.3, the rules given in Table 3.7 are sufficient.

However the algorithm can also be performed along other extended dual polarity

routes, for

which other combinations of a, and b, values may be encountered and so

the rest of the rules are given in Table 3.8.
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Table 3.7: Contribution of processed term for some combinations of a, and b,

values.

a b Processed term Contributed terms
ki...ky—Okp1... kyc | ky...kyOkyiy... Ky
ki...ky-10kpyy... ky M5,
ki...kr 1k, .. kyc
ki...k,-10kyyy... ky
ki...kro2ker.. kyc | ki ke k.. ky Mo
ki...ky—12kps... ky
ki...ky—10kyyy... ky Ms,
ki...kylkp... ky My,
ki...kyo12kpiy. .. ky M .
ki...ky—13k1... ky
ki...k,—10kyyy... ky €
ki...kylkyy... ky c
ki...kyodker .. kyc | ki ke 2k Ky
ki...ky-13kps... ky C
ki...ky4key... ky c
ki...ky—Okyiy... kyc | ky...ky1Okyiy... ky €
ki...k,-10kyyy... ky
ki...kylkey... ky
ki...ky-10kyyy... ky
ki...kro2ker.. o kyc | ki ke k.. ky My
ki...ky212kpsy... ky €
ki...k,—10kpsy... ky €
ki...kp 1k, .. ky Mo,
ki...ky212kpiy. .. ky My,
ki...ky—13k1... ky
ki...k,-10kyyy... ky
ki...kr 1k, .. ky M3,
ki...kydker... kyc | ki ke 2k Ky
ki...ky213kps... ky Ms,.
ki...ky4key... ky c

kl .. -kr—l 1kr+1 v kn C

kl .. .kr_13kr+1 v kn C

A WO = O
W N = O

kl .. -kr—l 1kr+1 . kn C

kl...kr_13kr+1... kn C

A WO = O
S B~ W N =
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Table 3.8: Contribution of processed term for other combinations of a, and b, values.

a

r

b

r

Processed term

Contributed terms

A~ W N = O

N = O W

ki..

Jr1 0k .

.k, c

ki..

10k

k, c

ki..

K1k ...

k, c

ki..

K10k

kn MZ,C

ki..

K1k ...

k, c

ki..

K12k

ki..

10k

ki..

.kr_l 1kr+1 cee

ki..

K2k

ki..

K3k

ki..

K10k .

ki..

.kr_l 1kr+1 cee

ki..

K2k

ki..

K13k

ki..

K4k ...

ki..

K10k

ki..

.kr_l 1kr+1 cee

ki..

K12k

ki..

N AR AT

ki..

K4k ...

A W DD = O

—_— O B~ W N

ki..

K10k ..

ki..

K10k .

ki..

1k

ki..

K10k

ki..

.kr_l 1kr+1 cee

ki..

K2k

ki..

K10k

ki..

K1k ...

ki..

K2k

ki..

K3k

ki..

K10k .

ki..

K1k ...

ki..

K2k

ki..

N AR AT

ki..

N AT ST

ki..

K10k .

ki..

K1k ...

ki..

K2k

ki..

K13k

ki..

k...
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3.5 Cube polarity adjustment algorithm

In this section, an algorithm that converts the disjoint cubes reduced representation of
a five-valued function into its FPRME spectral coefficients is presented. Similar to
other spectral algorithms that start from the disjoint cubes reduced representation of
the input functions [FC99, FSP92a], the main advantage of the presented algorithm is
that it can be implemented with reduced memory space compared to other algorithms.
This is due to the fact that for many practical functions the number of disjoint cubes is
much smaller than the number of minterms [CYP89]. The algorithm also has another
advantage in that it may be implemented using parallel programming since inside it

each spectral coefficient is calculated independently from other spectral coefficients.

3.5.1 Basic definitions and properties for cube polarity adjustment

algorithm

Definition 3.5.1. The FPRME in polarity @ for an n-variable five-valued function f{ X )

can also be represented by

5"-1

f(x= Zciwﬁi”,

where each piterm 7, is equivalent to {H fc,k’} in (3.4).
=1
Property 3.5.1. There are 5" possible z,” for a particular polarity number that

correspond to assignments of different permutations of k.

Property 3.5.2. Each product term ¢,”7,” in FPRME is characterized by the spectral
coefficient ¢”, the polarity number @, and the piterm index < k,,k,,...,k, >, where

<i>=<k,ky, ... .k, >;.
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Definition 3.5.2. If a disjoint cube has zero output value, the cube is an OFF-cube.

Otherwise, the cube is an ON-cube.

Definition 3.5.3. The cube w-adjustment operator is a bit operator that takes two
values from the following set: {0, 1, 2, 3, 4, ‘=‘}. It is similar to the GF(5) bit-by-bit
addition operator except for the case when one or both of the input(s) is (are) ‘- (the

symbol for missing literal in cubes). This operation is shown in Table 3.9.

Table 3.9: Cube w-adjustment operation.

wadj | 0 1 2 3 4 -
0 0 1 2 3 4 -
1 1 2 3 4 0 -
2 2 3 4 0 1 -
3 3 4 0 1 2 -
4 4 0 1 2 3 -

Definition 3.5.4. The cube 7~adjustment operator is another bit operator that takes two
inputs. This operator depends not only on the input values but also on the order of the

inputs. The output values of a;zqqk; for all possible values of g; and k; are shown in

Table 3.10.

Definition 3.5.5. Let m,, the th ON cube be of the form m,my...m,,
(mqye {0, 1,2,3,4, ‘= °}, 1 <1< n) with output value f(r) (1 < f(r) <4). Then the
contribution of m, to the value of a particular spectral coefficient ¢;” is equal to the

result of multiplication of f(r) with the digits of (1, puqj @) zqqjk. Mathematically,

hy =g, fir), (3.42)
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where gi = (I Ia,, ”'li’ Ay = Myjpaqi@, and h,' denotes the contribution of the r-th
T —adj
=1

ON disjoint cube to the value of a particular spectral coefficient ¢”.

Table 3.10: Cube 7~adjustment operation.

m-adj k;
a [01]2]34
0O [(1/0][0]0|4
1 [0|4]|4]44
2 (012]1]3|4
3 (10(3]1(2|4
4 10|1]|4]14
— |1]0/0]0]|0

Definition 3.5.6. The final value of ¢,” is the summation of all contributions to it over

GF(5). Hence,
c®=>n'", (3.43)
r=l1

where z is the number of ON disjoint cubes inside the input function.

Property 3.5.3. The number of /' required to obtain all spectral coefficients of the

FPRME in the polarity @ is equal to the number of ON disjoint cubes inside the input

function multiplied by 5".

3.5.2 Algorithm for calculation of FPRME spectral coefficients over GF(S)

from disjoint cubes reduced representation

Given disjoint cubes representation of an n-variable five-valued function, the value of
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a particular spectral coefficient ¢ can be calculated by making use of the above

mentioned definitions. The steps of the calculation algorithm are

Step I: Generate the n-digit five-valued representation of @, < j,, j,,..., j, >.

Step 2: Generate the piterm index of ¢, <k,,k,,....k, >.

n

Step 3: For each ON disjoint cube m,, find out a, = m,4qq;@.
Step 4: For each resulting a,, find its contribution to the value of ¢/’ hf according
to Definition 3.5.5.

Step 5: The value of ¢ is the summation of all 4’ found in Step 4 over GF(5).

Based on the algorithm above, calculation of a spectral coefficient value at worst-
case condition involves (z—1) additions and n-z multiplications, where z is the number
of ON disjoint cubes of the input function. The amount of the required multiplications
can be reduced by first grouping the disjoint cubes according to their output values as

described by the following property.

Property 3.5.4. Let zj, 22, 23, and z4 be the number of ON disjoint cubes with output
values 1, 2, 3, and 4, respectively. Then the computational cost of the algorithm in
terms of multiplication number can be reduced by first grouping the ON cubes with

the same output values together and then arranging the groups in ascending order with
respect to the output values. Such arrangement of ON cubes allows ¢ to be

calculated as

r=1 r=z;+1 r=z;+z,+1 r=zi+z,+z3+1
which reduces the worst-case multiplication number to z:(n—1)+3.

Example 3.5.1. Let a four-variable five-valued function be represented by the

following set of ON cubes: f = {44-2 3, 1322 2, 0432 2, 3-01 3, 123— 4, 0123 1}.
Then the computation process of ¢, according to the given algorithm and Property

3.54is
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- Rearrange the order of the ON cubes — f = {0123 1, 1322 2, 0432 2, 44-2 3,
3-01 3, 123—-4}.

- Generate the n-digit five-valued representation of @ — <@>o = <0,1,3,2>s.

- Generate the piterm index — <i>j9 = <1,4,0,2>s.

- Calculate a, for each ON cube — a, = {0200, 1404, 0014, 40—4, 3-33, 131-}.

- Calculate g! for each ON cube — g'=1{0,4,0,1,0,0}.
e =(0)+ (4 +0)02)+((1+0)3)+(04)=0+42)+(13)+0=3+3=1.

Hence, for the given function the value of ¢, is 1.

3.6 Row polarity matrix algorithm

In this section, another algorithm, namely row polarity matrix algorithm, is presented
which generates the complete FPRME polarity matrix of a five-valued function in an
efficient and recursive manner based on a developed recursive equation of the polarity
matrix. The recursive equation is obtained based on the relationship between any two
spectra described by (3.11), the properties of the Kronecker matrix, as well as the
addition and multiplication properties over GF(5) shown in Table 3.1. Owing to the
efficiency of the recursive equations, the polarity matrix algorithm has relatively low
computational costs and potential implementation using parallel programming. The
algorithm can also be utilized to derive FPRMEs in specific polarities without first
constructing the complete polarity matrix. The fast flow diagrams for computation of

both complete and partial polarity matrix are given.

Similar to other polarity matrix algorithms [FHH93, FR95, RF01], the approach
used in generating the row polarity matrix algorithm is to first develop the initial
recursive definition of the polarity matrix based on the desired starting point and the
appropriate relations between the elements. The initial recursive definition is then
optimized into equivalent recursive definition such that the latter incurs less number of
arithmetic operations. The row polarity matrix algorithm starts from the first row

elements of the polarity matrix (polarity zero spectrum) and the recursive equation is
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based on the relations between the elements in different rows of the polarity matrix.

3.6.1 Basic definitions and properties for row polarity matrix algorithm

Definition 3.6.1. Let each FPRME spectral coefficient vector C“ be decomposed into

smaller equal size submatrices such that

c” =[C], c. C[ﬁ—1,<2>] > C[Z—1,<3>] > C[ﬁ—1,<4>] I. (3.45)

[n-1,<0>]° ~[n-1<1>]°

Property 3.6.1. Let the Definition 3.6.1 be recursive such that every subvector inside

C* can be recursively decomposed into five smaller submatrices of equal length.

0 ® ® ® 10) 10)
a =L Cip<aosr Cpacqsr Gpmtegsr Cpmteasy Gipmtgast 1 (3.46)

where 1 < < n—1 and '<q,r >'(re{0,1,2,3,4}) denotes the strings obtained by

concatenating r to q.

Property 3.6.2. Since C” has 5" elements, it follows from Definition 3.6.1 and

Property 3.6.1 that each subvector Cj; ., has 5/ elements. Moreover, for a particular
value of f, ¢ is an (n— p) -digit five-valued number representation of any decimal

number from zero to 5" % —1.

Property 3.6.3. Let <w > =<w,w,,....w, >5, §=<¢,,4,,..-,4, 5 >5, and Wbe a
set defined by W ={wlw, =¢,Vie {1,2,...,n—}} (0 < w < 5"-1). Then the
elements of C; ,, correspond to the polarity matrix P[ f (Fc)] elements with row index

numbers @ and column index numbers belonging to W.

Definition 3.6.2. Let Dy, ; be defined as a vector of length 57 that can be recursively

constructed from five smaller equal length subvectors such that
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Diy,1 = [D[ﬂ—w]’D[ﬂ—l,u’D[ﬂ—l,z]’D[ﬂ—l,S]’D[ﬂ—lA] ]’ (3.47)

where 1 £ f<nand g€ {0, 1,2, 3, 4}.

Definition 3.6.3. Let P, (D[ 5 q]) be a square matrix of size 5” x5” that is given by the

following recursive definition

b o) n (2]
p-1015-10] p-1UTp-11]

D 4D D 4D D P D 3D 3D D

1[ [p—10] * [p-11] * [p-12] * [p-13] * [p-141) p- 1[ [p-11] * [p-12] * [p—13] * [p- 1,4]]
P ]
p-

D [D +D +2D +3D
1 1IU[B-11 [p-12] [-13] [B-14]

+3D +4D +2D +D
B -10] [B-11] [B-12] (=131 [B-14]

D 2D 4D 3D D P D 4D 2D 2D
B-101 " “p-1n s T s T -1 - 1[ -1 -1 - T s
el

D +2D +3D +4D ]

[D +D +D +D +D ]
1IU[g-101 (-1 [p-12] [p-13] [B-14] [B-11] [8-12] [p-13] [B—14]

&(Dﬂq])z s

i) )
[A-12] A-1U1A-13] p-1

1[”[/% 12" [/;_1,3]”[/;_14]] 1[[’[/% 13 - 141] -1

|
[

P
B-
Pﬁl
P
B-

[5-14]

hw
__'—‘_,——

[D +4D JP [D +2D J D
P P12 " -1 T 14 o Bp -1 - [
3,
P 1[”[/% 12" [/;_1,3]*4”[/;_14J Ps- 1[1)[5—1,3]+ D[/f—mljp/f 1”[/% 141
P [D +D J P [D +4D JP D
-1 120 -1 s -a) TG T s a) - s |

where Dy, follows Definition 3.6.2.
Property 3.6.4. The first row of the matrix P (D[ 5 q]) is simply the vector Dy, ;.

Property 3.6.5. From Definition 3.6.3 and Property 3.6.4, the matrix P, (D[ ﬁ,q]) has

5 x 5 =25 elements when = 1. Since by (3.48) each Pl(D[L q]) is composed from 25

P, (D ) it follows that each matrix P, (D[0 q]) contains only a single element Dy, .

[0.4]

Thus, P,(Dy,,,) = Dy, -

Property 3.6.6. When § = n and Dy, = C’, the matrix Py (D[ 5 q]) is equal to the
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polarity matrix, P[f(¥)] = P.(C").

Definition 3.6.4. Let (3.48) be rewritten as follows

Py (Poo) Psi(Por) Py (Poy) Py i(Pos) Py (Pos)
Py (py) Po(py) Py (py) Py (pis) Py (puy)
P, (D[ﬂvq]) =| Py (Pay) Ppi(Poy) Py i (Pr) Py (Py3) Py (Po) |- (3.49)
Py (Py) Py (p3) Py (Py) Py (pys) Py (psy)
_Pﬂ—l(p40) Py (py) Py (Py) Py y(py3) Pﬂ—l(p44)_

Property 3.6.7. By Properties 3.1.1 and 3.6.4 and Definition 3.6.4, when
D, = C’, P, (p,)0<r<5) =P (C

[n—l<r>]7"

Definition 3.6.5. The numbers of necessary additions and multiplications for

generating the elements of each recursive matrix P (D[ 5 q]) can be further reduced.

Let five intermediate vectors [ 1 1 1 and / be introduced,

Iip-11> “2(p-11> “3[1p-11" ~4(p-11° Sip-11

where each has 57! elements and Ly =Put+Pa » Ly =Pntpsy s

13[ﬁ_l] =p,+Ds 14[ﬂ_1] =15, + Py, and Is[ﬁ_u =15, + Py - Then using these

intermediate vectors, (3.49) can be simplified into

By 1 (Py) Py (Poy) By (Pp) Py (Poy) By (Pos)
Py (py+Pa +Is[/371]) Py (py +12[/371]) Py (P2 +D23) Py (Pos +Pos) Py (Do)
Py(Dgy)=| PoaUappyHlspn) PP tlyyy) PP+ psy) Py (Prs+Pos) Py (Po) | -
By (py+1y,,) By (Pos+1550) Py (Poy+Pi3) Py (o3 +Pos) Py (Pos)
L P/f—l (14[/x—1] +12[/f—1]) P/f—l (P21 +Dor +P13) P,/;—l (P12 + Po3) P,/;—1 (P33 + Pos) P/f—l (p04)_

(3.50)

3.6.2 Generation of complete polarity matrix

Two recursive definitions for polarity matrix P[f(¥)] have been given in Section

3.6.1. From the definitions, it can be observed that computing all elements of
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Py (D[ 5 q]) by (3.50) gives rise to smaller computational cost than generating them by

(3.48). Thus, the row polarity matrix algorithm derives the complete polarity matrix by
recursively applying (3.50). The algorithm starts by first calculating C° for the input

function if it is not known. Once C° is obtained, the algorithm then decomposes C*
into five equal length subvectors according to Definition 3.6.1. It continues by

calculating the intermediate vectors and the first row elements of all the submatrices
P_(p,) (ref{0,1,2,3},5s€{0,1,2,3,4}) by (3.50). Once it is done, the algorithm
then applies similar steps for each of the recently calculated P,_,(p,,) submatrices and

repeats it recursively with increasingly smaller size of £ until the complete polarity

matrix is obtained. Note that as the rightmost column of submatrices are exactly the
same, only one of them needs to be further processed. The flow diagram showing the

computational sequence that is performed for each P, matrix at each stage of the

recursion is shown in Fig. 3.4. In summary, the steps for deriving the complete

polarity matrix from C° by the row polarity matrix algorithm are:

Step 1: Initialize S to n.
Step 2:  Divide the polarity matrix into P, matrices. For each P, matrix with

known first row elements, generate the corresponding intermediate

vectors. Then, calculate the first row elements of its P, (p,y), P, (p,),
Py (pn) s Pyo(pi) s Poi(p) s Ppi(pa) s Pyi(py) s Ppy(py3) s

Py (psy)s Py i(psy)s Py y(psyy), and Py (ps;) by (3.50) as shown by

Fig. 3.4.
Step 3. If B >1, decrement S by one and repeats Step 2.

Step 4:  Complete the polarity matrix by copying all P, ,(p,), Py (py) .
P, (py), and P, (p,,) from the appropriate P, (p,,), starting from

B =1lupto S =n.
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Figure 3.4: Flow diagram for the calculation in a recursion stage of row polarity

matrix algorithm.

Property 3.6.8. The computational cost of the row polarity matrix algorithm for
. . . . .. 23
generating the complete polarity matrix for an n-variable function is E(Zl" —5”)

additions and zero multiplications.

Proof: At the recursion when S = n, the first row elements of the 21 P, , matrices
inside the polarity matrix are calculated and based on Fig. 3.4, the calculation requires
23 additions of size 5" each. At the next recursion, each of the 21 recently calculated
P,_, matrices are divided into their corresponding P,_, submatrices and the first row
elements of 21 P,_, submatrices inside each P _, matrices are calculated. As the
generation of the first row elements of the 21 P,_, submatrices inside one P, , matrix
incurs 23 additions of size 5"_2, at the second stage of the recursion there are
21-23-5"* additions performed.

In general, at the i-th recursion (2 < i < n) the polarity matrix is divided into 25"

P, . matrices, where only 21" of them are unique and need to be further derived,
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1.e., the first row elements of 21 of their P,_, submatrices need to be calculated at the
recursion stage. Therefore the computational cost contributed by the i-th recursion is
217".23.5"" additions. The total computational cost to generate the complete
polarity matrix of size 5" x 5" is obtained as the summation of the computational cost

at each stage,

A, (n)= 2"223-211‘-1 5"
i=1

= 2(21" - 5") additions.
16

3.6.3 Generation of selected spectral coefficient vector

Besides generating the complete polarity matrix, based on (3.48) the row polarity
matrix algorithm may also be used to calculate a particular spectrum without first
deriving the complete polarity matrix. At each recursion stage of the calculation, only
the matrices that contain the required spectral coefficients need to be derived. In other

words, only a row of P

', matrices inside each P ; matrix need to be calculated as the

matrices that are located at other rows do not contribute to the values of the spectral
coefficient vector elements. The flow diagrams for the calculation of the first row

elements of the rows 1, 2, 3, and 4 P, matrices from the first row of the
corresponding P ; matrix are given in Figs. 3.5, 3.6, 3.7, and 3.8, respectively. In the

figures, the symbols ‘D° and ‘®° represent GF(5) adder and multiplier, respectively.

In what follows, the properties of the calculation of a spectral coefficient vector by
the row polarity matrix algorithm are established. For the properties, recall that at the

i-th recursion (1 < i < n) only the first row elements of five P, , matrices are derived

inside each P 5 where f=n+1-1i and the five submatrices are located at the same

rowofPﬁ.
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Figure 3.5: Flow diagram for the calculation of row 1 matrices.
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Figure 3.6: Flow diagram for the calculation of row 2 matrices.
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Figure 3.7: Flow diagram for the calculation of row 3 matrices.
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Figure 3.8: Flow diagram for the calculation of row 4 matrices.

Property 3.6.9. The P, row index number of the matrices to be derived at the i-th

recursion (1 <i<n)is given by j, (0<j,<4), where

ji = int(sn—a:j fori=1, (3.51)

- i]z 5"
=

n—i

J; =int fori>1, (3.52)

and the bracket int (rational number) means the integer part of a rational number.

Property 3.6.10. If [{(® mod 5" mod 5"} ... mod 5"] = 0 for some i, | <i<n,
the total number of the polarity matrix rows that are generated in the process of

calculating the spectrum in polarity @is equal to i.

Property 3.6.11. If [{(@mod 5"") mod 5"} ... mod 5"'1=R (R € {1, 2, 3, 4)}) for
some i, 1 <i < n, the total number of the polarity matrix rows that are generated in the

process of calculating the spectrum in polarity @is equal to i + 1.
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Property 3.6.12. There are 9-Y,-5"" additions and 2-Y,-5"" multiplications
performed in the course of generating the spectrum in polarity @, where Y, is the

number of the polarity matrix rows that need to be generated to obtain the spectrum in

polarity @.

Proof: 1t can be seen from Figs. 3.5-3.8 that the calculation of the first row

elements of any row P, , matrices requires 9.5 additions and 2-5/

multiplications. Since each row of the polarity matrix elements is contained in 5"

P, matrices, it follows that the computational cost of calculating each row of polarity

matrix is 9-5"" additions and 2-5"" multiplications. Therefore, if the number of

generated polarity matrix rows is Y, then the total computational cost incurred is

9-Y,-5"" additions and 2-Y, -5"" multiplications.

Property 3.6.13. By properties 3.6.10-3.6.12, it can be easily obtained that the worst-

case computational cost for the calculation of a spectral coefficient vector occurs when

Y, =nat 9n-5"" additions and 2n-5""" multiplications.

3.7 Column polarity matrix algorithm

Another recursive algorithm for obtaining all FPRMEs over GF(5) is presented in this
section. Similar to the row polarity matrix algorithm, a recursive definition for the
FPRME polarity matrix is first developed based on the Kronecker matrix properties as
well as the presented relations between FPRME spectra in different polarities.
However, the recursive definition derived for the algorithm presented in this section,
called column polarity matrix algorithm, is one that allows the FPRME polarity matrix
to be completely generated from the first column of the polarity matrix instead of the
first row. The recursive definition is then optimized based on the arithmetic properties
over GF(5) such that the new recursive definition requires smaller number of additions

and multiplications. The column polarity matrix algorithm operates based on the
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shown recursive definitions. Its applications for calculating both complete and partial

FPRME polarity matrix is described and the fast flow diagrams for computation inside

the algorithm are also given. Computational cost for the algorithm is then derived

where it is shown that the new algorithm is advantageous over the other presented

algorithms for computing selected FPRME spectrum.

3.7.1 Basic definitions and properties for column polarity matrix

algorithm

Definition 3.7.1. Let g4, be a column vector of size 57 that can be recursively

decomposed into smaller subvectors as follow

T
8(p.q = [g [p-1.0]> 8[p-1.1]> 8[p-1.2]> 8[-13]> 8 [ﬁ—1,4]] ’

where g€ {0,1,2,3,4}and f > 1.

(3.53)

Definition 3.7.2. Let H (g 5. q]) be a 57 x57 matrix that is recursively defined by

Hg,

H

-1 g [ﬁ—l,l] g [ [)’—1,2] g [ﬁ—l,?)] g [ﬁ—l,4]

Hy (381510 + 8519 + 28151 38114
H, A 38[5-1,0] +4g (5.1 T8[54 +2¢ (314
Hy (2815104381510 T 481512 814
H, 5 1\8[ g0 T 2g [p1]] +3g 112 +4g (13

where 1

_Hﬁ—l 8[p10] H,B—l 8[p1] +3g[ﬁ—1,2] +28[ﬁ-1,3] +4g[ﬁ—1,4] H,b’—l (48[5-1,1] +81512 T8p13 +4g[p-1,4])
8ipu| Hp i\ 381510+ 8151 T381549 +281510) Hp (381510 48151 8114 + 8114
H,B—l 851 H,b’—l 28[5-1,0] +4g[ﬁ—l,l] +81543 +3g[p-1,4] H,B—l 8410 +4g[p-1,1] +4g[p-1,3] +8p14
51\81543] Hp\381510) + 28511 +481549 F 81| Hpa\Sip0 + 81501 H481500 481114
H,B—l 8[p14 H,b’—l 8510 +3g[ﬁ—l,l] +28[ﬁ-1,2] +4g[ﬁ—l,3] H,B—l 4g[ﬁ—l,0] +81511) T8p12) +4g[p-1,3]

Hy \4815.10) H481511) 4812 T481519 T48(514
Hp (48150 48511 T481510 14853 T48(514
Hy 48510 H481511) 4812 T481519 T48(514
Hp (4850 48511 T481510 14859 T48(514
Hpy 48,510 H481511 4812 T481519 T48(514))

(3.54)
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Property 3.7.1. The first column of H, (g[ s q]) is the column vector g4 ;-

Property 3.7.2. By Definition 3.7.2 and Property 3.7.1, H, (g[qu]) has only one

element. Thus, H,, (g[qu])z 8lo.q]-

Definition 3.7.3. Let F be the truth vector of an n-variable five-valued function

f(x). Then Y <‘>( )15 defined as a subvector of F with 5 elements that satisfies

(3.55) and (3.56).

Yy (F)=F (3.55)

Y<‘>( ) [ <v0>( ) <V1>(F)’Yqz>(*)Y<vs>(*)Y<V4>(*)] (3.56)

where 1 < S < n, v is an n— f+1 -digits five-valued number, and ‘ <v,r >’
(re{0,1,2,3,4}) denotes the five-valued number obtained by shifting all digits of v

by one place to the left and placing r in the least significant digit position.

Definition 3.7.4. Let Y;" (ﬁ ) be as in Definition 3.7.3. Then X <”>( ) (1<B<n)is
defined as a vector that is related to Y, (ﬁ ) such that
s i (s s )

x5 (F (3.57)
x50 (F) x50 (F) x (F) x5 (F) x 57 (F)] otherwise.

Property 3.7.3. Let <v>jy be the decimal number representation of v in the vector

Y;w (13) or X;” (ﬁ) Then, 0 < <v>j0< 5"7.

Property 3.7.4. By Definition 3.1.4, Property 3.1.1, (3.5), and (3.7), it can be obtained

that the matrix H, (g[ﬁ,q]) is equal to the FPRME polarity matrix of an n-variable

function f(X) when f=nand g, = X (F)
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P(f(®)=H,(x(F)). (3.58)

Example 3.7.1. Let f(X) be a one-variable five-valued function with truth vector
F=[fy.f..fosfs. fu] . Then by Definitions 3.7.3 and 3.7.4, ¥*(F)=F and

X (ﬁ )= [fy» fi» fss for fi]. Furthermore, by Property 3.7.4

Pr®)=H, [x(F)]

[fo foA3f 421, +4f, 4f 4 fi+ [ +4f,
fo dfo+ [ +30,+2f, 4fg+4fi+ L+ /i
[y 2f, +af, + f,+3f, fo+4f,+4f, + 1
o 3fo+2f,+4f5+ 11 fo+[fi+4fs+4f
i fo+3fi+2f,+4f, 4fo+fu+ [ +4f,

fot2f,+3f, +4f, 4f, +4f, +4f,+4f, +4f
Adfg+ [3+2f,+3f) 4fo+4f, 41, +4f, +4f
3fo+afi+ [ +2f) Afo+4f, AL, +4f, +4f
2f0 +3fs AL+ Afg+4S AL +AS, 4,
Fo+2f, 35 +4f, 4fy+4f, +4fs+4f, +4f

The same result of P[f(x)] is obtained if the FPRME spectra in all polarities are

calculated from truth vector by (3.5) and then rearranged according to Definition 3.1.4.

The recursive definition for H g, (g[ﬁ,q]), and hence P[f (fc)], in (3.54) can be

optimized by examining the relations between the submatrices of H, (g[ﬁ! q]) and
applying them to generate an equivalent recursive definition such that the complete
generation of P[f(¥)] from X <0 (ﬁ ) requires less numbers of arithmetic operations.

Such definition that is used by the column polarity matrix algorithm is shown in

Definition 3.7.5.

Definition 3.7.5. Let I, \j, 1,5}, and I, ,) represent hy, + hyy, hyy +hyy +hy,, and

hy + hyy + hy, +2hy, , respectively. Then the recursive definition for H, (g[ 5 q]) in

(3.54) can be rewritten as follows
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H/i‘—l (%0) H/)’—l (13[&1] +hzo) H/)’—l (I 151 +1 2AB-1] +ho4) H/)’—l (13[&1] +h30) H/i‘—l (4X(12[ﬁ71] +hl()+h40))
Hpy (o) Hy(hy+hythy)  Hy oty Hy (B +h) Hp \(hy,)
H/s(g[ﬂ,q]) = H/i'—1 (}50) H, /3—1(%1 + }62 + h43) H/}—1(h42 + }63) H/s—1 (h13 +%4) H/}—1 (%4)
H/i‘—l (hao) H/i‘—l (h1 1 +hy, +h)3) H/j’—1(ho2 +h43) Hﬂ—l (hzs +ho4) H/j’—1 (%4)
Hy (ho) Hy (o +hothy)  Hg\(ho+hy)  Hp (bt Hy \(h)

(3.59)

3.7.2 Computational steps of column polarity matrix algorithm

The column polarity matrix algorithm recursively generates either a spectrum or
complete FPRME polarity matrix for a five-valued function based on (3.54) and
(3.59), respectively. Below the calculation steps of the column polarity matrix

algorithm for the two cases are given.

Steps to calculate the complete polarity matrix

Step 1: Generate X (ﬁ ) based on Definitions 3.7.3 and 3.7.4, where F and n are

the truth vector and the number of input variables of the input function,

respectively.

Step 2:Let X< (13 ) be the first column of the polarity matrix, i.e.,

Plr@) =, (x> (F). set g =n
Step 3: For each H ; matrix: if its first column elements have been obtained in the
previous steps then divide the matrix into its respective H ; , submatrices

based on (3.54). Subsequently, calculate the first column elements of the

H 5, submatrices according to the flow diagram given in Fig. 3.9. In the
figure, A, (0 < r, s < 4) represents the first column elements of the
submatrix H g, (h. ) of the currently processed H 5 matrix (refer to (3.54)).

Note that in the figure the first column elements are generated only for 21
submatrices instead of 25 since the rest can be obtained by copying which

is done at Steps 5 and 6.
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Step 4: If f=1 go to Step 5. Else, decrement S by 1 and repeat Step 3.

Step 5: For each H 5 matrix, divide the matrix into its H 51 submatrices. If all
elements of the submatrix H, , (hy, ) of the H 5 Mmatrix have been obtained

in the previous steps, then complete the matrix by copying its submatrix /o4

to its submatrices H ; , (hys ), Hg, (hy), Hg, (hy,), and Hg, (hy,).

Step 6: If [ = n exit the algorithm. Else, increment S by 1 and repeat Step 5.

h40 >D—>D—>K > ho
A A
) 4
[ | D
) 4
hoo >D »D >O—> hg; I—
A A
t ) 4 ) 4
»l [ AN WA
) 4
[ | ho|
/’130 | 4P » ] 3
DN
LANVA |
le/ [ 1
[ 7, |«De= b, |«
S P=F T G —
[y e hy < P > | hiz [P
Y
N < f!‘
hyy [P —_hy3 [4€D<
Y
ALV h > /'\4
A7) 33 |Tv\W™
A ) 4
[y e D
A ) 4 ) 4
> D aDa
@‘ \J"%‘l‘ \NPA
hy Je—D

Figure 3.9: Flow diagram for the calculation in a recursion stage of column polarity

matrix algorithm.

Steps to calculate FPRME spectral coefficients in polarity @

Step I: Generate X (F ) based on Definitions 3.7.3 and 3.7.4, where F and n are

the truth vector and the number of input variables of the input function,

respectively.

Step 2: Let < 0>, =< j, Jy»-r J, >5.Set fand € to n and 1, respectively.

Step 3: For each H 5 matrix with known first column elements, generate its H 5o
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submatrices that contain the polarity matrix row to be obtained, i.e.
Hy (). Hy,(n,,), Hy (), and H, (k). The flow diagram for

the calculation of those submatrices are given in Fig. 3.10, where

Jo€1{0,1,2,3,4}and r, = jo +y over GF(5), respectively. In the figure,
h, (0 <r,s<4)represents the first column elements of the submatrix #
of the currently processed H ; matrix (refer to (3.54)). Also, the symbols

‘D’ and ‘®’ represent GF(5) adder and multiplier, respectively.
Step 4: If f = 1, exit the algorithm. Else, set f and 6 to S —1 and 6+ 1,

respectively and repeat Step 3.

ry 0

b 4
LV
4
D
V
v
rl: B
&
g

~

=)

) 4
N

o<

Y
oD D [ ) /]
70 > > L > o2
A A
) 4 ) 4
D N D
U o>
A
X
hyo »O» 11

Figure 3.10: Flow diagram for the calculation of row j, matrices (column polarity

matrix algorithm).

Example 3.7.2. Let f(X) be a two-variable five-valued function that is described by
the truth vector F =[3,4,2,1,0,4,1,2,0,3,2,0,4,1,3,3,2,4,0,1,0,0,0,0,0]. Then, the steps of
obtaining FPRME of f(X) in polarity seven by the column polarity matrix algorithm
are as follows:

- Generate X,” (F ) By Definition 3.7.3, the subvectors ¥,* (F ), Y, (I3 ),

1
v (F), v (F), and ¥ (F) are [3,4.2,1,0], [4.1,2,0.3], [2.0,4,13],
[3,2,4,0,1], and [0,0,0,0,0], respectively. By Definition 3.7.4, the subvectors
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x> (F), x*(F), x2*(F), x**(F), and Xx°*(F) are [3,0,1,2,4],
[4,3,0,2,1], [2,3,1,4,0], [3,1,0,4,2], and [0,0,0,0,0], respectively. Subsequently,
X5 (F)=13,0,1,2,4,0,0,0,0,0,3,1,0,4,2,2,3,1,4,0,4,3,0,2,1].

- Divide P[f(¥)] into 25 H , matrices. Since ®=<7>,=<1,2>,, we need to
calculate the first column elements of the submatrices H,(h,), H,(h,),
H,(h,), and H,(h,) of P[f(¥)] = H, (X2<0> (ﬁ)) By applying Fig. 3.10, it can
be obtained that the first column elements of the H,(h,,), H,(h,), H,(h,), and
H,(h,) submatrices are [4,1,2,3,0]", [0,0,0,0,01", [1,1,1,1,1]", and [3.,3,3,3,3]",
respectively.

- Divide the H, matrices that corresponds to H,(h,,), H,(h,), H,(h,), H,(h;),
and H, (hM) of P[ f (Fc)] into their respective H, submatrices. Since j, = 2,
calculate H(h, ), H,(hy,), H,(hy), and H,(h,,) submatrices of those H,
matrices. After the calculation, all elements of C’ for f(X) have been
obtained:

C’ =[0,0,0,0,0,2,0,0,4,0,0,0,0,0,0,1,0,0,0,0,3,0,0,0,0].
- Hence, the FPRME of f(X) in polarity seven is
F) =20 +4% x5 + 0 + 3
which can be implemented by the circuit shown in Fig. 3.11. In the figure, the

addition and multiplication gates output the sum and product of the inputs over

GF(5), respectively.

Property 3.7.5. The total number of additions and multiplications performed by the

algorithm in order to generate the complete polarity matrix from the first column of

polarity matrix is f—Z(Zl" - 5") and %(21” —5”), respectively.

Proof: Let the number of H, (X <0> (ﬁ )) matrices with unknown first column

n

elements at the recursion stage where f = i be A(i). Since there are a total of

25" H, (X e (13 )) matrices in the polarity matrix, based on the given steps of the
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algorithm at the recursion stage there are (25"‘i - A(i)) H, (X < (ﬁ )) matrices whose

first column elements of its 21 submatrices are calculated. By the flow diagram given

in Fig. 3.9, the number of arithmetic operations involved in the calculation of the

submatrices of an H, (X < (F )) is 27-5"" additions and 5" multiplications. Hence,

there are a total of (25" —A(i))-27-5"" additions and (25" — A(i))-5™
multiplications performed at the recursion stage where £ = i. Since there are n

recursion stages, the cost of deriving the complete polarity matrix by this algorithm is

An(m) =Y (25"~ A®))-27-5"" additions (3.60)

i=1

and M, ()= (25" — Ai))-5" multiplications. (3.61)

i=1

When i = n, the value of A(i) is equal to 0. At the next stage when i = n — 1, the
value of A(i) is equal to 4. When i = n — 2, the value of A(i) is equal to
(A(n—1)-25)+(21-4). The first term is the submatrices number of the H,,, (X e (ﬁ ))
matrices whose first column elements are unknown at the previous recursion stage,
whereas the second term is the number of H,(h,), H.(h,), H.(h,), and H.(h,,)
submatrices of the rest of the H,, (X < (F )) matrices at the previous recursion stage.

Continuing this analysis, it is obtained that in general,

All)=(AG+1)-25)+ (21" 4) for 1 <i<n-—1

n—i l
-y 4 21(m=i) . (éj
o 25 21

=25" — 21", (3.62)

Substituting (3.62) to (3.60) and (3.61), it is obtained that the total number of

additions and multiplications in all recursion stages are » 27-21"".5""
i=1

27 (517 —5") and iZI”’i 5= L

21" —=5" ), respectively.
o o ). respectively
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Figure 3.11: Circuit implementation of FPRME in polarity seven.

Property 3.7.6. The number of arithmetic operations required by the algorithm in
order to generate the elements of one FPRME spectrum is 11-n-5"" additions and
n-5"" multiplications.

Proof: There are 5" H, (X e (F )) that contain the spectral coefficients of the
vector being calculated. At the recursion stage where £ = i, the first column elements
of four H_, (Z,fo> (F )) submatrices of each of those matrices are generated using the
flow diagram in Fig 3.10. Since from the figure it can be obtained that the generation

of the first column elements of the four submatrices of a particular H i(ero> (F ))

matrix requires 11-5" and 5" additions and multiplications, respectively, it follows

that at the recursion stage there are a total of 11-5"" additions and 5"
multiplications being performed. The algorithm has n recursion stages. Hence, the

total computational cost for calculating a particular spectral coefficient vector using

this algorithm is 11-n-5"" additions and 7n-5"" multiplications.

The computational cost for deriving the complete polarity matrix by both the row
and column polarity matrix algorithms from the truth vector is shown in Table 3.11 for

n < 6. Since the computational cost derived for the row polarity matrix is based on the
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assumption that the first row of the polarity matrix has been known, in Table 3.11 the
computational cost for the row polarity matrix is given as the summation of the
derived computational cost and the cost of obtaining FPRME spectrum in polarity zero
from truth vector by fast version of (3.5). Comparing the computational cost numbers
shown in Tables 3.5 and 3.14, it can be concluded that the column polarity matrix
algorithm has the smallest computational cost for deriving the complete polarity
matrix for n < 4 whereas for larger functions the row polarity matrix algorithm has the
most efficient computational cost. In addition, Table 3.12 lists the computational cost
of deriving an FPRME spectrum from the truth vector by the column polarity matrix
algorithm and by the fast version of (3.5). It can be seen that the computational cost
for the column polarity matrix algorithm is always smaller than for the fast version of
(3.5). Since both the matrix multiplication and row polarity matrix algorithms require
the FPRME spectrum in the starting polarity to be known, their computational cost for
generating a spectral coefficient vector from the truth vector is always greater than the
computational cost of the fast version of (3.5). Therefore, from Table 3.12 it can be
concluded that among the algorithms, the column polarity matrix algorithm incurs the
least computational cost for deriving a particular spectral coefficient vector from the

truth vector.

Table 3.11: Computational cost of polarity matrix algorithms.

Column polarity matrix algorithm | Row polarity matrix algorithm

n
Additions Multiplications Additions | Multiplications

1 27 1 36 13
2 702 26 728 130
3 15417 571 14108 975
4 327132 12116 285168 6500
5| 6886647 255061 5907028 40625




ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

3.7. Column polarity matrix algorithm

87

Table 3.12: Computational cost of deriving selected spectral coefficient vector.

Additions Multiplications
n | Fast version of | Column polarity Fast version Column polarity
3.5) matrix algorithm of (3.5) matrix algorithm
1 13 11 13 1
2 130 110 130 10
3 975 825 975 75
4 6500 5500 6500 500
5 40625 34375 40625 3125

3.8 Experimental results for FPRMEs over GF(5)

Experimental results for the algorithms presented in Sections 3.2—3.7 in terms of their
execution time for obtaining all FPRMEs, and therefore the optimal FPRME, are
presented in this section. The generation of the five-valued test files used as inputs to

the algorithm are also explained.

3.8.1 Generation of five-valued test files

The algorithms described in this chapter have been implemented as a C program.
Since currently no five-valued benchmarks are available, an effort is made to generate
five-valued test files from the MCNC binary benchmarks to be used as inputs to the
program. The generation is done by converting each entry in the binary benchmark
into one or more entries in the corresponding five-valued test file through mapping of
every three literals in the binary input cube to a literal in the five-valued input cube.
Similarly, to obtain the five-valued outputs, every three outputs in the binary
benchmark is mapped into a five-valued output. Since there are eight possible
combinations of three binary literals (outputs) while a five-valued literal (output) has

only five values, statistics of some binary benchmarks files are investigated in order to
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determine the best mapping rules. The binary benchmarks that are taken as samples
are: 9sym, apex4, clip, conl, ex1010, ex5, inc, misex1, rd84, squar5, xorS, z5xpl and

z9sym.

The collected data describe how many times each combination of three literal
values occurs in the input cubes (input frequency of appearance ifapp) and how many
times each combination of three output values is encountered in the output cubes
(output frequency of appearance ofapp). For collecting this data, each binary input
cubes with missing literals (‘—°) are first replaced by their minterms, where the outputs
of the minterms are the same as the replaced cube’s outputs. When the number of
input or output variables is not a multiple of three, one or two appropriate variables are
added behind in such a way that the numbers of both input and output variables are
multiple of three. The values of the added variables are always zero. The rules for
counting ifapp and ofapp are different. For input cubes, each input cube can only
contribute maximum one count to ifapp for each combination even when some
combinations occur more than once in the cube. Because of this rule, the accurate
information can be obtained on how many cubes will become invalid if certain input
combination is not used. For output, every time a combination occurs, the ofapp for
that combination is incremented by one, regardless of whether it occurs more than
once in an entry. Table 3.13 lists ifapp and ofapp of all possible combinations. The
given number for a particular combination is the total number that such a combination

has been found in all sample benchmarks.

It can be seen that the ifapp for each combination are roughly the same so it is
decided that none of the input combinations are eliminated (the entries with those
combinations are not used). For the output, the numbers vary more. To make the
numbers of the nonzero output values in the test files roughly the same, the chosen
mapping rule for output is as follows: 000, 101, and 110 are mapped to 0; 001 and
011 are mapped to 1; 010 is mapped to 2; 111 is mapped to 3; and 100 is mapped to 4.

Several input mapping rules have been explored to determine the best mapping
rule for input cube conversion. For each input mapping rule, the five-valued test files

are generated by performing the following steps:
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- If the number of input or output variable is not a multiple of three, add one or
two appropriate variables behind such that the numbers of input and output
variables are both multiple of three. The values of the added variables are always

Z€10.

- Divide the input cube literals of each entry (line) in the binary benchmark into
groups of three consecutive literals. Similarly, divide the output values of the

entry into groups of three consecutive output values.

- For those entries that have one or more groups with less than three missing
literals, expand the input cube with regards to the scattered ‘—‘s. Place each
expansion into separate entry. The output values of the new entries are the same

as the output values of the cube. Finally, delete the original cube.

- Convert every entry into an entry in the five-valued test files by mapping every
group of three binary literals or outputs into a literal or output in the test file
according to the used input and output mapping rules. The used output mapping

rule is the one given above.

- Build truth vector for each output in the test file. If a minterm has more than one
nonzero output values for an output variable, take the smallest value as the

output value for the minterm.

Table 3.13: The values of ifapp and ofapp for all combinations.

Combination | Input | Output
000 2579 | 12096
001 2114 | 1664
010 2112 2110
011 1906 | 563
100 2786 | 3409
101 2044 | 455
110 2157 491
111 1764 | 2173
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Three criteria are used to choose the selected input mapping rule. First, the number
of unique cubes in the resulting five-valued test files should be as high as possible.
Second, the number of nonzero truth vector elements for the output variables should
also be as high as possible. Third, the number of minterms having more than one
nonzero output values for an output variable should be minimized. Based on these
criteria, the following mapping rule is chosen for the input: —— is mapped to —; 000 is
mapped to 0; 001 is mapped tol; 010 is mapped to 2; 011 is mapped to O; 100 is
mapped to 4; 101 is mapped to 3; 110 is mapped to 3; and 111 is mapped to 4.

Example 3.8.1. An entry in binary benchmark ‘010——11-1 10’ is converted into
two entries in five-valued test file as follows:

- As the numbers of input and output variables are not multiple of three, add new

variables with values zero behind both the input and output cubes

(‘010——11-100 1007).

- As the input cube has a group with one missing literal, expand the input cube

(‘010—110100 100’; ‘010——111100 100°).

- Convert the entries into entries in five-valued test files according to the mapping

rules (‘2-34 4’; 2-44 4°).

3.8.2 Experimental results for cube polarity adjustment algorithm

A C program that takes the disjoint cubes representation of a five-valued function and
generates its whole FPRME polarity matrix using the algorithm presented in Section
3.5 has been written and run on a 500 MHz, 256 MB RAM Pentium III computer. Its
execution time for several five-valued test files is shown in Table 3.14. Here the
smaller computer speed is chosen so that the effect of the number of disjoint cubes of

the input function on the execution time of the algorithm can be seen more clearly.

The generation of the five-valued test files that are used here has been described in
the Section 3.8.1. Since the cubes in the resulting five-valued test files may not be

disjoint, an algorithm similar to that given in [FSP92a] is used to generate the
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equivalent disjoint cubes representations of the five-valued test files before they are
used as inputs to the program. The preprocessing program generates separate sets of
disjoint cubes for each nonzero value of each output variable. The numbers of input
and output variables as well as the total number of disjoint cubes for the five-valued

test files are shown in Table 3.15.

Table 3.14: Execution time for several five-valued test files.

Input files Execution time
(in seconds)
xor5 0.42
squar> 1.14
conl 2.26
clip 3.38
rd84 3.50
inc 4.26
misex 1 4.79
z5xpl 4.97
apex4 9.62
ex5 21.39
ex1010 118.44
bl2 444.83
table3 5105.10

As can be seen from Tables 3.14 and 3.15, the execution time of the program
increases as the number of either variables or disjoint cubes rises. Similarly, detailed
analysis of the algorithm shows that it has small memory requirement. Hence, it can be
concluded that if the minimum calculation time is desired, the algorithm should be
used when the input functions are represented by small number of disjoint cubes and
when a few spectral coefficients need to be calculated. However, if the memory
requirement is more important, this algorithm is useful for calculating the FPRME

spectral coefficients for functions with large number of variables, for which other
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methods require much more storage space.

Table 3.15: Numbers of input, output, and disjoint cubes for several five-valued

test files.
Input files Number of Number of | Total number of disjoint
input variables | output variables cubes
Xor5 2 1 0
squar5 2 3 38
conl 3 1 3
clip 3 3 99
rd84 3 > 103
inc 3 3 &
misex 1 3 3 130
z5xpl 3 4 7
apex4 3 7 154
ex5 3 21 592
ex1010 4 4 a1
bl2 5 3 56
table3 5 5 234

3.8.3 Experimental results for all FPRME algorithms

The generation of the complete FPRME polarity matrix by the algorithms presented in
Sections 3.2-3.7 have also been implemented as C++ programs and run on a 2.8 GHz,
512 MB RAM Pentium IV computer. Their execution times for some five-valued test
files are presented in Table 3.16. For all the algorithms, the execution times shown in
Table 3.16 are the times required by the algorithms to run from the moment the input
file 1s specified until the complete polarity matrix is generated and the polarities with
three best nonzero numbers for the input function are obtained. Hence, it includes the

time spent for building the truth vector and the required transform matrices as well as
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the time needed to determine the next polarity to be calculated for the algorithms that
employ the extended dual polarity route. In the experiment, the extended dual polarity
route in Fig. 3.1 is used for both the extended dual polarity algorithm and the matrix
multiplication algorithm along extended dual polarity route. The five-valued test files
that are used as inputs to these programs are actually binary MCNC benchmarks that
have been modified in a consistent manner to represent five-valued functions as

described in Section 3.8.1.

Table 3.16: Execution times to calculate spectral coefficients of several five-valued

test files (in seconds).

Polarity matrix
Matrix multiplication algorithms
algorithms
Extended| Cube
Input Extended
] dual polarity
file dual ) ) Row |Column
Lexicographic|Lexicographic polarity |adjustment
name polarity ) ) polarity|polarity
order (direct) | order (fast) algorithm| algorithm
(best- matrix | matrix
case)

xorS 0.36 0.27 0.27 0.27 0.05 0.02 | 0.00
squar5 0.31 0.31 0.30 0.31 0.05 0.00 | 0.02
conl 0.39 0.34 0.36 0.38 0.11 0.02 | 0.03
z5xpl 0.75 0.63 0.63 0.64 0.39 0.13 | 0.13
inc 0.64 0.55 0.55 0.53 0.28 0.09 | 0.09
rd84 0.52 0.47 0.44 0.44 0.25 0.06 | 0.06
misex 1 0.64 0.55 0.52 0.55 0.39 0.08 | 0.09
ex5 297 2.28 2.23 2.19 2.34 0.67 | 0.66
Osym 0.39 0.36 0.36 0.34 0.11 0.05 | 0.02
z9sym 0.38 0.34 0.38 0.34 0.11 0.02 | 0.03
clip 0.52 0.47 0.45 0.47 0.22 0.08 | 0.08
apex4 1.13 0.89 0.91 0.91 1.01 022 | 0.23
ex1010 42.69 25.66 20.97 2.53 27.78 092 | 091




ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

3.8. Experimental results for FPRMESs over GF(5) 94

From the numbers in Table 3.16, it can be seen that among all the algorithms the
polarity matrix algorithms have the shortest execution times for all test files whereas
the matrix multiplication algorithms have the largest execution time for most of the
test files, especially when the number of input and output variables are small. The
differences between their execution times are increasing with the number of input
and/or outputs variables. From the computational costs derived for the three developed
matrix multiplication algorithms, it is expected that among them the calculation time
for the dual polarity route algorithm is the shortest followed by lexicographic order
(fast) and lexicographic order (direct). Although this is true for most of the test files,
for some test files the lexicographic order (fast) is faster than the extended dual
polarity route algorithm. This discrepancy is due to the additional time used for
determining the polarity of the spectral coefficient vector to be calculated next in the
extended dual polarity route algorithm. Similarly, from the derived computational
cost, it is found that the column polarity matrix algorithm has smaller computational
cost compared to the row polarity matrix algorithm for n < 4. However, their
execution times as shown in Table 3.16 are not much different. This is due to the time
spent for converting the truth vector to the first column of the polarity matrix in the

column polarity matrix algorithm.
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Chapter 4

New  Fastest Linearly Independent

Transforms for Binary Functions

New fastest LI transforms for binary functions are introduced in this chapter. The new
transforms are grouped into fastest LI transforms over GF(2) and fastest LIA
transforms based on their operational fields. The transforms have the lowest
computational cost in their respective field in terms of the number of required
additions/subtractions. Here the fastest LI transforms over GF(2) are first discussed
followed by fastest LIA transforms. For each of them, basic definitions are given

followed by their properties and experimental results.

4.1 Basic definitions and operators for fastest LI transforms of

binary functions

Definition 4.1.1. Let M, be a square matrix of size 2" X 2" with columns
corresponding to truth vectors of 2" n-variable binary functions. Then M, is said to be
linearly independent if the set of columns in M, is linearly independent with respect

to XOR operations (i.e., columns are bit-by-bit XORed). A linearly independent M, is
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nonsingular and has a unique inverse in both GF(2) and standard arithmetic algebra.

Definition 4.1.2. The truth vector of binary functions can be encoded using either R-
coding or S-coding. In R-coding, true minterms are represented by 1, false minterms
by 0, and don’t care minterms by 0.5. In S-coding, they are represented by —1, 1, and

0, respectively.

Definition 4.1.3. Let X = <x,,x .., X, > be an n-bit binary string with x, as the

n-1°"
most significant bit (MSB). Then Lp(X) is defined as the subscript value of the

rightmost bit in X whose value is equal to 1.

Example 4.1.1. Let X; and X; be two binary strings, where X; = <0, 0, 0, 1> and
X, =x<I1,1,0,1, 0, 0>. Then according to Definition 4.1.3, Lp(X;) and Lp(X>) are 1 and

3, respectively.

Definition 4.1.4. The operator R, on a column vector is defined as applying dyadic

shift [Moh92] that reverses the order of the elements in the vector. If b represents a
column vector with 7 elements b = [b1 ,byy..sb,_,, b, |, then R, (b)= [b,,b, ,s.... by, b1,

where T denotes matrix transpose operator.

Definition 4.1.5. The operator R,, on a 2" x 2" matrix M, is defined as performing

—r—1 . . . . — .
4" counterclockwise rotations involving 4" submatrices each of order 2’

O<r<n-1).

Example 4.1.2. Let M, be a transform matrix of size 4 X 4, where

1 0 0 O 0 0: 10
-1 1 0 O . 0.0:-1_1

M, = 00 1 0l Then by Definition 4.1.5, (RM(M2 )) =1"17707070 and
-1 0-1 1 -1 1i-1 0
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0.1, 0:0
_|_-1i=1.0: 0
0:i—1! 1i-1

Definition 4.1.6. The operator R, on a 2" x 2" matrix M, is defined as recursively

applying operator R, on M, for r =n — 1, n — 2, ..., 1, 0. The integer power of

operator R, is specified as R, (M ; ) =R, (R2 (M ; ))

Definition 4.1.7. Let M, be a square matrix of dimension 2" x 2". The operator ; on
M , is defined as replacing the element of M, that is located at the bottom left corner

with 1. Thus, if M, =[m,;]then &, (M,)=[m,;], where 0<i,j<2"—1and

4.1

m, ;,  otherwise.

, {1, ifi=2"-1and j = 0
I’I’lij:

Definition 4.1.8. Let M, be a square matrix of size 2" x 2". Then the operator ¢, on
M , is defined as replacing the element of M that is located at the bottom left corner

with —1. Thus, if M, =[m, ;] then ¢, (M,)=[m, ], where 0<i,j<2"—1and

4.2)

m, ;, otherwise.

, {—1, ifi=2"-land j = 0
m. .=
ij
Definition 4.1.9. Permutation matrices are matrices that contain exactly one 1 in each
row and column. There are 2" possible unique permutation matrices of
dimension 2" x 2" that can be derived from Kronecker product of n elementary
permutation matrices. They are differentiated from each other by the permutation

number p. Let the elementary permutation matrices be denoted by p, and p,. Then

the permutation matrix of size 2" x 2" and permutation number p (0 <p <

2" — 1) is given by
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1
P'=®p, , 4.3)
J=n /

where p, :[(1) ﬂ s Py :[(1) (1)} [Moh92], ® denotes Kronecker product and

<p,sP,i>->P > 18 the n-bit binary representation of p, i.e,

SP>0=<DPusDPpi>sP1 >

4.2 Fastest LI transforms over GF(2)

In this section we seek to derive new fastest LI transforms over GF(2) by reordering
the butterfly diagram stages of the existing fastest LI transforms [RF02] and inserting
a permutation matrix in front of, behind, or inside the butterfly diagrams. Due to their
way of generation, the new fastest LI transforms have the same numbers of
computational cost as the existing ones [RF02] and possess regular structure. It also
ensures that the fastest LI transforms have fast forward and inverse transforms, which
means that they can be calculated quickly and efficiently. The fast forward and inverse
matrices for the transforms are defined. Several properties on the matrices structure
and relations between different fastest LI transforms are listed. Experimental results
are also given which show that the new fastest LI transforms are able to give
polynomial expansions with less number of nonzero spectral coefficients compared to
those based on the existing ones for the majority of binary benchmark functions. It
should be noted that when the polynomial expansions based on spectral transforms are
used for spectral synthesis [KSAOO], the spectral coefficients for the represented
function are stored in memory and the function output is obtained by multiplying the
spectral coefficients with the basis functions provided by suitably designed function
generator and summing them up. Thus, the complexity of the spectral realization of
the given function is proportional to the number of nonzero coefficients that need to be
stored in memory. Less number of nonzero spectral coefficients implies smaller

storage requirement for the hardware realization of the function.
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4.2.1 Basic definitions and properties for fastest LI transforms over GF(2)

Definition 4.2.1. Let f = [ fosJfisees fz,,_ l]T be the truth vector of an n-variable binary

function f (x) in natural binary ordering, where 7 denotes matrix transpose operator.
Then, for any LI matrix M,

—

F=M, A, (4.4)

where Zz[ao,al,...,azn_I]T is the coefficient column vector for the particular LI

transform matrix M, .

Conversely,
'F, 4.5)

where M ' is the inverse of M, in GF(2).

Definition 4.2.2. Let g; represent the n-variable binary function whose truth vector is
given by column j of a particular LI transform matrix M, (0 <j < 2" —1). Then,

based on M, any n-variable binary function can be expressed as a polynomial

expansion over GF(2)
Ly 2
fF)=Sas,. (4.6)
J=0

where X =[x,,x, ,....x,]and a, (0 <j <2"—1) is the j-th element of the coefficient

column vector A for M, .

Definition 4.2.3. Let M, = [m, ;] be a matrix of size 2" x 2" where 0 <i,j<2"-1.

The set Q, (M ; ) is defined as the set of column index numbers of all Is in the row i of
M, . That is, Q, (Mn ): {jIm,; =1}. Similarly, the set Qj(Mn) is defined as the set

of row index numbers of all 1s in the column j of M,, Q’ (Mn):{ilml.!j =1}. The
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cardinality of Qi(Mn) and Qj(Mn) are denoted by ‘Qi(MnX and ‘QJ(MJ,

respectively.

In [RFO2], four fastest LI transform matrices over GF(2) which have the most
efficient computational complexity were identified. All the fastest transform matrices

possess both fast forward and inverse transforms and can be recursively defined in

terms of submatrices O, ,, Y, ,, and M,_,, where O, is a 2" x2"" matrix with all
its elements 0 and Y, is a 2""'x2"" matrix with all its elements O except one

element located at the corner of each matrix depending on the position of Y, .

Definition 4.2.4. Let M, be a 2" x 2" LI transform matrix over GF(2). All the fastest
LI transform matrices introduced in [RF02] are constructed from one O, , submatrix,

one Y , submatrix, and two M,k _, submatrices. Their forward transformations are

given by the following equations.

=i «
=g @
=[G @)
=[] 410

The location of 1 entry inside the Y, , submatrix is at bottom left corner for (4.7), at

top right corner for (4.8), at top left corner for (4.9), and at bottom right corner for

(4.10).

In order to differentiate the four fastest LI transform matrices in Definition 4.2.4,

the symbols M¢, M”, M, and M are used to denote fastest LI transform matrices
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of dimension 2" x 2" that satisfy (4.7), (4.8), (4.9), and (4.10), respectively. In [RF02],

M?¢ and M are grouped into class Al whereas M ¢ and M belong to class A2.

Example 4.2.1. Let f,(x)=x,(x v, )v(x, ®x,) and f,(x)=xx, v x,x, be two
three-variable binary functions with truth vectors Fl =[1,1,1,0,0,1,1,0]" and

E =[1,1,0,1,0,0,0,0]" , respectively. By (4.7), the matrix M{ is given by

—OoO—Rr—OOoOOo0O
SO~ OO OoOoO
—— O OO OoOOo0O
i lelelelelote)

=

Il
—_ OO0 O =
cleolelelelel e
SOooOoOoOo—R—OO
cleolelel jeloXe)

where g, =X, VX, X, 8 XXX, &, T XXy, g3 = XX, 8, :x3(xzvx1) ’

8s =X;X,X,, 8¢ =X3X,,and g, = x;x,x,. By (4.5), the coefficient column vectors for

—_—

f and f, based on M¢ are A =(M¢)"F =[10L00.LL0]" and

—_—

A, :(M;’ )_1'F2=[1,O,0,0,O,0,0,1]T, respectively. Hence, using these sets of basis
functions, the switching functions f, and f, can be represented as LI polynomial

expansions over GF(2) f,=g,+g,+8s+8, and f, =g, + g,, respectively.

Definition 4.2.5. Let M’ be 2" x 2" fastest LI transform matrix of type @,
where 8 € {a, b, ¢, d}. Due to its recursive definition, M f can be represented

(factorized) as product of n sparse matrices over GF(2) as follows

0
M) = T]K7 =K.k} ,.K'K] (4.11)

j=n-1

where K‘f (0 <j <n—1) represents the 2" x 2" sparse matrices in the factorized

representation of M °.

Property 4.2.1. All the sparse matrices Kf contain at most two nonzero elements in



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

4.2. Fastest LI trasforms over GF(2) 102

each row and column. Let ® and I, denote Kronecker product and identity matrix of

dimension 2" x 2", respectively. Then the general formulae for K “,.9 are

ki=1,.,0al,,) (4.12)
K} =R (k) (4.13)
K =R, (K}) (4.14)
K =R, (K;). (4.15)

Example 4.2.2. In Example 4.2.1, the matrix M ; has been constructed by using the
recursive definition in (4.7). Based on Definition 4.2.5 and Property 4.2.1, M} can
also be obtained from the product of three sparse matrices K, , K', and K; where

K!=1,®a,,), K =1,®a,(I,), and K =1, ®,(I,) such that

M{! =K} K K
[10000000|[10000000][10000000O0]
01000000[(|01000000[[11000000
00100000001 00000[/00T100000

|00010000[[{10010000(|{00110000
“100001000[|00001000[|O0O001000
00000100[(|00000100[[{00001100
00000010//00000010[/|0O00000T10
110000001/|[00001001//000000T1 1|
[10000000]
11000000
00100000
/10110000
1000010007
00001100
00000010
110001011

Using the factorized representation of fastest LI transform matrices based on
(4.12)—(4.15), their butterfly diagrams can be easily constructed. Fig. 4.1 shows the
forward butterfly diagrams for all fastest LI transform matrices over GF(2) of

order 8 = 2°. In Fig. 4.2, the butterfly diagrams that correspond to the factorized
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representations of inverse fast binary FPRME transforms in polarities zero and seven
are given. All the operations on the butterfly diagrams are performed over GF(2). It
can be easily noticed that the butterfly diagram structures of the fast FPRME
transforms in polarity zero and polarity seven correspond to the butterfly diagram
structures of fastest LI transforms over GF(2) and that the fast FPRME transforms

require larger number of additions than the fastest LI transforms.

———~—
e —
S ———
—~r %
(a) (c)
e G .
e ———
—
—
(b) (d

Figure 4.1: Butterly diagrams of all fastest LI transform matrices of order 8:

() M{5(b) MJ;(c) M3;(d) My,

———— . * — < -
o — . * < /:
—— —_ * 0
* — N

(a) (b)

Figure 4.2: Butterly diagrams for fast FPRME transforms:

@ (RMO)"; ) (RMI)".

Since there are four different fastest LI transforms, based on Definition 4.2.1 four
coefficient column vectors corresponding to each fastest LI transform need to be

calculated separately in order to obtain the best representation for a particular binary



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

4.2. Fastest LI trasforms over GF(2) 104

function based on them. It means that the calculation requires computation of four
different transforms or four different hardware that correspond to each transform.
However, due to the various relationships that exist between the fastest LI transforms
the required resources can be reduced. In what follows properties describing those
useful relationships as well as an example illustrating their usage for reducing the

needed resources are presented.

Property 4.2.2. Both M and M ' are self-inverse whereas M ¢ and M ¢ are inverses

of each other. Thatis, (M) =M<, (M?)" = M", and (M) = M2,

Property 4.2.3. M is M¢ that is flipped vertically. Similarly, M”

n

is vertically-
flipped M ¢. Also, M ¢ can be obtained by flipping M ” horizontally and flipping M ¢
horizontally produces M. As a result, by Definition 4.1.9 class A2 forward LI

transform matrices can be obtained from class Al forward transform matrices through

premultiplication or postmultiplication by the permutation matrix Pnzn_1 as given
below.
MS=P"'M! (4.16)
MY =P 'M" (4.17)
M!=M*P* (4.18)
MS=M'P"". (4.19)

Conversely, by applying matrix inverse operator on (4.16)—(4.19) equations for

generating class Al forward transform matrices from class A2 forward LI transform

matrices through premultiplication or postmultiplication by Pnz”_1 can be obtained.

The butterfly diagrams for M; and M 3" that correspond to (4.16)—(4.19) are

shown in Figs. 4.3 and 4.4. It can be seen that the number of necessary additions of the

butterfly diagrams in Figs. 4.3 and 4.4 are the same with those in Fig. 4.1 since the
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permutation matrix does not incur any addition. However the butterfly diagrams in

Figs. 4.3 and 4.4 are simpler and have more regular structures than those in Fig. 4.1.

—~ . .

: o~ :

D O W

: .

o . \\;

.~ .
—

—_——
e S —
T
—
e —

Figure 4.4: Butterfly diagrams with permutations for M ;.

Property 4.2.4. Let F be the truth vector of a particular n-variable binary function
f (;c) In addition, let ;1”1 and Anz denote the column coefficient vectors for f (;) with

respect to M ¢ and M ?, respectively. Then,

Ro (Anl ): M;Ro(a) (4.20)
R(4,,)=M!R,(F) @21)



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

4.2. Fastest LI trasforms over GF(2) 106

Proof: By Property 4.2.2,
A, =M'F (4.22)
F. (4.23)

From Fig. 4.1 it can be seen that the butterfly diagrams of M S and M ¢ are vertical

flip of each other. Substituting this into (4.22) and (4.23), (4.20) and (4.21) are

obtained.

Property 4.2.5. Let A Anz, and F be vectors as defined in Property 4.2.4 whereas

nl?

;1,,3 and An , denote the coefficient column vectors that are obtained by (M b )_1 F and

(M “ )_1 F , respectively. Then, by Property 4.2.3

Ay =R(A,) 4.24)

and A, =R(4,). (4.25)

Property 4.2.6. The two fastest LI transform matrices that belong to class Al are

transposes of each other. That is
Me=(mt), (4.26)

where T denotes matrix transpose operator.

Due to the above properties, only one fastest LI matrix needs to be constructed in
order to obtain the polynomial expansions for a binary function based on all the four
fastest LI transforms. The coefficient column vector that corresponds to the simplest
fastest LI transform matrix can first be computed by (4.5). The remaining coefficient
column vectors can then be generated by simply applying appropriate permutation

matrices or R, operator without deriving the other fastest LI transform matrices.

Example 4.2.3. Let us derive all the coefficient column vectors for a binary function
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by constructing only M, where ;1,11 , ;1,12, AnS , and ;1,14 represent the coefficient
column vectors for M$, M?, M", and M, respectively. Then first M need to be
obtained by using either (4.7) or (4.11). After M is obtained, AM can then be
computed from F , the truth vector of the binary function by (4.5). Next, ;1,11 is

calculated either by A, =M ‘P> 'F or A, =M “R,(F) . Finally, A, and A , are

simply R, (An4) and R, (Anl) , respectively.

In the following properties, the total number and location of 1s in the fastest LI
transform matrices are given. The properties are useful for calculating selected LI
spectral coefficients as well as for establishing the properties of the spectra for special

classes of input functions.

Property 4.2.7. Let M, be any fastest LI transform matrix of size 2" x 2". Then the

total number of 1s in M, is always equal to 2,

Property 4.2.8. The value of ‘Qt (M 51 is equal to Lp(<i>;), where <i>, is the
binary representation of i (0 < i < 2"—1). Furthermore, the set Q, (M f)=

(g, 1g, =i+2" —1and0<k < L, (<i>,)}.

Property 4.2.9. The value of ‘Qj (M b 1 is equal to Lp(<j + 1>;), where 0 <j <2" — 1

and <j+ 1>, is the binary representation of (j+1). Also, the set of row

index numbers of all Is in column j of M’ is given by Qj(M f) =

{g.1g,=j—Q2 -Dand0<k<L,(< j+1>,)}.

By Property 4.2.6, Properties 4.2.8 and 4.2.9 can be easily modified to obtain the

positions of 1s in the rows and columns of M as follows:
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Property 4.2.10. The number of Is in row i (0<i < 2"~ 1) of M/, ic. [0, (M), is

equal to Lp(<i + 1>;), where <i + 1>, is the binary representation of (i+1). Their

column index numbers are the elements of the set Q, (M f:), where Q, (M ,f)

={q,1q, =i—(2" - and0<k < L, (<i+1>,)}.

Property 4.2.11. The column j (0<;<2"—-1) of M! has Lp(<j>;) ls, where
<j>, is the binary representation of j. The 1s are located at rows Q’ (M ,f ), where

0'(M*)={qg,1q, =j+2" ~1and0<k <L, (< j>,)}.

Properties 4.2.8—4.2.11 above can be further extended to obtain the numbers and

locations of 1sin M ¢ and M ¢ by making use of Property 4.2.3.

Theorem 4.2.1. [RF02] The number of GF(2) additions required to compute the

coefficient vector of a fastest LI transform for an n-variable binary function is 2" — 1.

Proof. For a transformation of an n-variable binary function, the fast transforms
may be simply derived by repeating the fast transform of an (n —1)-variable binary
function twice, placing one below another and introducing the n-th stage transform

which simply involves one GF(2) addition. As such, the computational cost is

B, =2B,  +1

_ ~n—k
=2""B, it

1

2!, (4.27)

n—k—
=0
=2" —1

which is always equal or smaller than n-2""', the computational cost of FPRME.

4.2.2 Fastest LI transform matrices over GF(2) with reordering and

permutation

The four fastest LI transform matrices presented in Section 4.2.1 are generalized into a

larger group of fastest LI transforms introduced in this section. For simplicity, and to
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preserve the regularity and low computational complexity of the fastest LI transforms,
the new transforms are constructed from the factorized transform matrices defined in
(4.12)—(4.15) and one permutation matrix. The notation used for the transforms is

defined below.

Definition 4.2.6. A 2" x 2" fastest LI transform matrix with reordering and

permutation over GF(2) M f (@, 0, p) is defined as

o 1
6 9 .
) {I.IK%}XPfx{I IIK%}, ifo#n+l
M, (p,0,p)=1-"" ="

1 (4.28)
P’ x H K Z/_ , otherwise
j=n

where @€ {a, b, c,d} is the type of the LI transform matrix, ¢ is the ordering
of the n sparse matrices in the factorized representation of M f (p,0,p),

o (1 <0 <n + 1) is the position where the permutation matrix is added in the

butterfly diagram, p is the type of the added permutation matrix, and

<P>1p=<DPysDPyy>>P1>2-

Property 4.2.12. The ordering ¢ is an n-digit string whose digits take values from O to

n — 1 and no two different digits in it have the same values,
O=<Q .0 | ....,0 > (4.29)

where ¢, € {0,1, ..,n—1}and @, =, iff i= j(1<i, j<n).

Example 4.24. Let f (;c) be a three-variable binary function with truth vector
F =[0,1,1,0,1,1,0,0]". Then by Definitions 4.1.9, 4.2.1, and 4.2.6 the coefficient column
vectors of fastest LI transforms M; , M{(102,2,3), and M;’ (012,2,2) for f (;c) are

A, Zl’ ,and A, , respectively where

—_— —

A =(k: -kt KY)F,
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— =

A=(kr-k¢-pok:)F,
A =(k¢ K -PLKE)F.

By (4.12) and Definition 4.1.7,

10000000 10000000 10000000
01000000 01000000 11000000
00100000 00100000 00100000
ke—|00010000| a_[10010000| gug e _[00110000
:=l00001000’%5 =|00001000/ 0=100001000]/
00000100 00000100 00001100
00000010 00000010 00000010
1000000 1 0000100 I 0000001 1
By (4.13) and Definitions 4.1.5 and 4.1.6,
10000000 1000000 1
01000000 01000000
00100000 00100000
b 00010000 00010000 .
Ky =Ry R:l100001000 = 100001000 Similarly,
00000100 00000100
00000010 00000010
1000000 1 00000001
10010000 11000000
01000000 01000000
00100000 00110000
» 100010000 , 100010000
K'=lp00001001|29 % ={00001100
00000100 00000100
00000010 0000001 1
0000000 1 0000000 1

Substituting the factorized matrices to (4.5), it is obtained that
A, =[0.1,11,1,0,0,1],
A =[1,1,1,0,1,0,0,0]",

and A, =[0,0,1,,0,0,0,1]".

Hence, among the three fastest LI transform matrices M ;’ (012,2,2) gives the smallest

number of nonzero spectral coefficients for f (;c), followed by M$(102,2,3) and M},

respectively.
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Property 4.2.13. From (4.28) and Definition 4.2.5, it can be clearly seen that when
@, =i—1forl<i<n and p=0

Ml (p,0,p)=M?, (4.30)

where 8€ {a, b, ¢, d}, M? is the 2" x 2" existing fastest LI transform matrix of type

@,and M f (¢, 0, p) is as in Definition 4.2.6. Hence, the existing fastest LI transform

matrices are special cases of fastest LI transform matrices with reordering and

permutation.

In Section 4.2.1, some properties on the relationships between the existing fastest LI
transform matrices as well as numbers and locations of Is inside them have been
presented and it has been shown that these properties reduce the amount of resources
needed to generate polynomial expansions based on all four fastest LI transform
matrices. Since the numbers of all possible fastest LI transforms with reordering and
permutation are much greater than four, computation of all polynomial expansions
based on them requires even more extensive resources. Hence, it is important to obtain
similar properties on them to reduce the required resources as much as possible. In

what follows, such properties are listed.

Properties 4.2.14-4.2.16 below are valid for class Al fastest LI transform

matrices.

Property 4.2.14. M ° (¢, 5,0) always yields the same matrix regardless of ¢ and o .

Property 4.2.15. Let M’(¢p,,0,,p,) and M°(¢p,,0,,p,) be any two fastest LI

transform matrices and B(¢, o) be the set defined as

{lp,In<j<o}, ifo#l

Alp.o)= { &, otherwise. “.31)

Then,
Mf((DI,O'l,pl) = Mf((oz’o-z’pz) if ﬁ(¢1’01) = ,B((pz’Gz) and 0, =0,
and p, =p, (4.32)
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Mf(¢1’o-1’p1) = Rzz(M5(¢2’O-2’pz)T) if pj=p,and 0, =n+2- 0, and
(Ble,o)uple,.0,)={0,1,...,n—1}). (4.33)

Example 4.2.5. M} (0123,3,1)=M(0132,3,1) =M [ (1023,3,1) = M [ (1032,3,1) .

Property 4.2.16. For any two class Al fastest LI transform matrices with the same 8,

p,and @,

M@l p) = R2(M (@.n+1,p)"). (4.34)

The following properties are valid for all fastest LI transform matrices with

reordering and permutation.

Property 4.2.17. Let M’ (¢,0, p) be any 2" x 2" fastest LI transform matrix with

reordering and permutation over GF(2). Then,

—1 7
!0 p) =R (M @0.p) ). (435)
It follows from (4.35) that for a pair of class Al fastest LI transform matrices
M’ (¢p,,0,,p,) and M?(¢p,,0,,p,) which satisfies all the conditions specified in

(4.33)

(M:(¢1’O-1’p1))_1 = (Mfw’z’o-z’pz))- (4.36)

Property 4.2.18. Let M (9,0, p), M, (9.0, p), M;(¢.0,p), and M| (9,0, p) be

the four different types of 2" x 2" fastest LI transform matrices with reordering and

permutation. Then they are related by the following equations.

-1

(M2 .0 ) =R, (M .0, p)") 4.37)

M (p.0.p)" =R, ((M . (9,0, p))_l) (4.38)
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Due to the regular structure of the butterfly diagrams for the fastest LI transform
matrices, the number and location of 1s in a fastest LI transform matrix with
reordering and permutation can be determined. In the following properties, some

algorithms to calculate them are presented.

Property 4.2.19. By Property 4.2.14, the number and location of 1s in M’ (¢, 5.,0)
for @€ {a,b} are the same as those in M?, which are presented in Properties

4.2.7-4.2.11.
Property 4.2.20. Recall that the total number of 1s in M (¢,0,p) is equal to
Z‘Q (/),6 pl Z‘Q (/),6 p)]. When p = 0, its value is given by

(5-2"") =2, if @ =0
P Zn: ((2 +y,)-2"" ), otherwise,
-1

SJo i p.o0) = o s (p.00)) -

(4.39)
where y; is obtained by the procedure given in Fig. 4.5. In the procedure, z is the

subscript value of the digit in ¢ whose value is equal to O such that

p=< ¢n’ ¢n—l’ e ¢z+1’ O’ ¢z—1’ ey ¢1 >

Property 4.2.21. Let S, be the set of subscript values of all the bits in

<PusPpis-p; > Whose values are equal to 1, S, ={ilp,=1} (recall that
<P >0 =< PrsPotses Py >,). Then the sets Q.. (M (0,0, p)), 0% (M (.0, p)),
0, (M (9.0, p)), and 0 (M¢(p,0, p)) can be obtained by the procedures shown

in Figs. 4.6, 4.7, 4.8, and 4.9, respectively where 0 < Row, Col < 2" —1. In the
procedures, S, is the set of binary strings whose members have one-to-one mapping to
the members of the sets to be obtained such that the members of S, are the binary

representations of the members of the set to be obtained.
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Property 4.2.22. Recall that < p > ,=<p, ,p, ... p, >,. The total number of 1s in
M (@,0,p) isequal to 2" =1+ U , where

o n—max(g;, j)—l . _ .
U:Zi{gz e ), if p,=1¥1.1<I<min(@, @) +1 (440

imn jmo-1 otherwise.

By (4.40), the number of Is in M/ (¢,0,p) is always 2" —1 when the least

significant bit (LSB) in <p>, = p; is equal to 0.

Forl=z ton
yi=-l;

Forl=1toz-1
yi=0;

Forloop_var=n toz + 1
{S1=10,1, ..., @op var =115
For loop_varl = loop_var —1 to z

(I Proop vart < Proop var
Remove @,,,, .., from S;;}
Forloop_varl =z —1to 1
1If Proop vart < Proopvar
(If Doy varr € S
Remove Dioop varl from S;.
Else
Add @,,,, 1 10 S1:}
Else
{IfS1 =2

Yioop_varl = Yloop_varl + ];}}}

Figure 4.5: Procedure to determine y;.
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Property 4.2.23. Let 0, (M’ (9,0, p)) and O, p (M (@, 0, p)) be the sets of

column index numbers of 1s in row Row of M” (¢, o, p) and row (2" —1—Row) of
M (p,0,p) , respectively. If Qs i kow (M “(p,0, p)):
{Qi | 0 S l < ‘QZH—I—R()W (M: (¢’ O-’ p)l} then QRUW (M:(¢’ O-’ p)):

(q:1¢,=2"—1-q,and0<i<|0, . (M (p.0.p))}. Similarly,
0 (M} (.0, p)=1q,14,=2" ~1-g, and0<i <|0* (M} (g.0, p))
if 0" (M (p.o.p))=g, 10si<|Q” M @o )y @4
0u. M (p.0.p)=1q,14,=2" ~1-g,and0<i<|0, . (M:(p.0.p))
if 0, ..M p.0.p)=tg,10<i<|0, . M@0 p) (4.42)
0 (M} (9.0, p)=1q, 14, =2" ~1-g, and 0<i <|0” " (M} (9.0, p))

ﬁQ”M%Mﬂ@awﬁq%uxn{g”H%Mﬂ@apm.m4$

Example 4.2.6. Let us find the location of 1s in row seven of M;(201,3,5). By

Definition 4.2.6,

[00001100]
00001000
00001011

m:0135)=kiPKiK! =190 00000

10000000
10110000

00101100

By Property 4.2.21, the steps for calculating Q, (M (20 1,3,5)), the set of the column
index numbers of 1s in row seven of M (201,3,5) are

- Row=7,<Row>; =111, S,={1,3}, S, ={111}.

- loop_var=3 — S, ={111, 000}.

- Invert bit s, of all elements of S, = S, = {010, 101}.
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Compute <Row>;, the n-bit binary representation of Row;
Set S, = {<Row>3};
For loop_var=nto o

{Compute <Row + 1>;, the n-bit binary representation of (Row + 1);

I-f ¢loop7var + I < LB(<R0W + ]>2)

Add the n-bit binary representation of (Row — 2Pl ) to Sz}
For every member of S, s,
Invert bit s, of all elements of S»;
Forloop_var= o —1tol

{For every element of S5, s;

{lf ¢Zoop7var + ] < LB(Si + ])

Add the n-bit binary representation of (<s;>19 — 2Pl ) to Sz, }}

Figure 4.6: Procedure to obtain Q,, (M (@, 0, p)).

Compute <Col>,, the n-bit binary representation of Col;
Set S, = [<COZ>2},‘
Forloop_var= o —1tol

{1 Poopvar +1 < Lp(<Col >)

Add the n-bit binary representation of (Col + 2Pl _ ) to Sz}
For every member of S, s,
Invert bit s, of all elements of S»;
Forloop_var=nto o

{For every element of S>, s;

{I-f q)loop_var + ] < LB(Si)

Add the n-bit binary representation of (<s;>19 + 2Pl _ ) to Sz })}

Figure 4.7: Procedure to obtain Q" (M “(p, 0, p))
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- loop_var=2 — S, ={010, 101, 100}.
- loop_var=1— S, ={010, 101, 100}.

Hence, the 1s in row seven of M} (201,3,5) are located at columns 2, 4, and 5 —

0,(M4(2013,5)) = {2, 4, 5).

Compute <Row>,, the n-bit binary representation of Row;
Set S, = {<Row>>};
For loop_var =n to ¢
{For every element of S, s;
{Invert bit @,,,, .., + 1 of si;
If La(Si) = Pioop var + 1
Add (s; — 1) to Sz, }}
For every member of S, s,
Invert bit s, of all elements of S,
Forloop_var= 0 —1tol
{For every element of S5, s;

{Invert bit @,,,, .., + 1 of si;

I.fLB(Sl') = q)loop_var + ]
Add (s;i— 1) to S, }}

Figure 4.8: Procedure to determine Q,, (M (o, 0, p))

Property 42.24. Let p; + po = p3s (p2 > p1, 0 < p;, pop < 2" = 1),
S\ (@p)={p.I1n>i>0c}, and S,(p) = {pl6>i>1}. M“(¢,0, p,) can be derived

from M/ (¢,0, p,) by simply multiplying M/ (¢,0, p,) with P"”* and doing some

simple modification if the following cases occur.

Case 1: If p, = 2"~ then

M (p,0,p,) = PPMi(9p,0,p) if(n—1)e S,(p) (4.44)

M“(p,0,p;) = M*(¢,0,p,)P" if (n—1) e S,(p). (4.45)
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- Case 2: If Lg(<p; + 1>;) = Lp(<p3 + 1>;) and p, = 2 Ge {1,2,...,n—2}) then
M;(9.0.p;) = P"M;(p.0.p)if Ss< S,(p) (4.46)
M;(9.0.p;) = M, (p.0.p)P/" if S5 < S;(¢) (4.47)
M (p,0,p;) = output of the procedure in Fig. 4.10, if Ssz S, (¢)
and Ss  S,(¢) (4.48)

where Ss={j,j+1,...,n—1} and M = P"*M (9,0, p,) is the input of the procedure
in Fig. 4.10.

In order to minimize the computational cost of generating all M/ (¢,0,p)
matrices, a fastest LI transform matrix M (¢,,0,,p,) (p4¢2i—1,

je {0, 1,...,n—1}) should be generated from M *(¢,,0,, p, —2"*"'™"), where M(ps)

is the subscript value of the leftmost bit in the binary representation of p, whose value

is equal to 1.

Compute <Col>,, the n-bit binary representation of Col;
Set S, = {<COl>2},‘

Forloop_var=1to ¢ — 1
{For every element of S, s;
{If L(si+ 1) = @i var + 1
Add (s; + 1) to Sz}
Invert bit @, ., of all elements of S>;}
For every member of S, s,
Invert bit s, of all elements of S,
For loop_var = o ton
{For every element of S>, s;
{If Lp(si+ 1) = @y 0 +1

Add (s; + 1) to Sy}

Invert bit @, ., of all elements of S2;}

Figure 4.9: Procedure to determine Q" (M “(p,0, p))
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Ss={5S,(p) NS5},
For every element of Sg, s
[r=2%+1.
Forl=0to((2"/r)—1)
{rowl =((lL+1)-r)—1);
row2 = rowl —p;
S7 = {tMyon2, = 1};
For every element of S, t
{If (t=(1-r))and (t <((I -r) + p2—1))
{Myow2,e = 0;
Moowi i+ p2) = 1:1}}}
M (p.0,p;) =M;

Figure 4.10: Procedure to obtain M ! (¢, o, p;) from P> M " (p,0, p,) .

Property 4.2.25. Let ps be an even number that is smaller than 2", v = Lg (<p5>>), and

V={v—-1,v,v+1,...,n—1}. Due to Properties 4.2.14 and 4.2.24,
M, (@,0,,ps) =M, (9,,0,,ps) (4.49)

when Ve S,(p,) and Ve S,(p,)or VA S,(p,) =@ and VN S,(p,) = D, where the

definition of §, (¢) follows Property 4.2.24.
Property 4.2.26. Let p;, p,, and ps be related as in Property 4.2.24. Then if p, = 2/
0<j<n-1
M (p.0.p;) = P M (p.0.p,) if s 5,(p) (4.50)
M;(9.0.p;) = M; (9.0, p )P if Ss S;(p) (4.51)

M®(p,0,p,) = P>"M(p,0,p,) if Ssc S, (p) (4.52)
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M!(p.0,p;) =M (p,0,p)P) ifSsc S,(p). (4.53)

Note that the S, (p), S . (@), and Ss in (4.50)—(4.53) are the same as those in Property
4.24.

4.2.3 Experimental results for fastest LI transforms over GF(2)

The calculation of spectral coefficients for the existing fastest LI transforms has been
implemented in C programs and run on a Pentium III 800 MHz computer with 192
MB RAM for several standard binary benchmark functions. The total numbers of

nonzero spectral coefficients for the existing fastest LI transforms are listed in Table
4.1. Due to Property 4.2.5, which states that the coefficient column vector of M
(M) for a particular binary function can be obtained by reversing the coefficient
column vector of M¢ (M") for the same binary function, the number of nonzero

coefficients of M“ and M? are always the same and likewise for M and M” .

Hence, in the Table 4.1 the number of nonzero spectral coefficients for existing fastest

LI transforms are combined into two columns.

In addition, the numbers of nonzero spectral coefficients in the fastest LI
expansion based on M ? (¢, o, p) with the smallest number of nonzero terms when p is

set to zero are also shown in Table 4.1 for the same benchmark functions. Note that

due to Property 4.2.15, for @€ {a,b} the number of nonzero spectral coefficients for
M (p,0,0) is always the same with the corresponding number for M ? regardless of
the ordering. Therefore, in the table only the numbers for optimal M (¢,0,0) and
M ?(¢,0,0) are given. It can be concluded from the table that reordering the butterfly

diagram stages of the existing fastest LI transforms may result in smaller number of

nonzero spectral coefficients.

For comparison purpose, the computation of FPRME transforms has also been

implemented in C programs and run on the same computer. Execution time (in
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milliseconds) for the spectral coefficients calculation of the existing fastest LI
transforms as well as polarity zero and all 2" polarities of FPRME using fast transform
are given in Table 4.2. Here the time for obtaining polarity zero FPRME spectral
coefficients is taken to represent the time to obtain any polarity FPRME spectral
coefficient as they will not differ much. Therefore, from the entries in Table 4.2, it can
be concluded that the time required for generating the spectral coefficients of an
existing fastest LI transform is generally either the same or shorter than the time
required for generating an FPRME spectral coefficient in any polarity. This result is
expected since fastest LI transforms require smaller number of additions over GF(2)
compared to FPRME and the higher the number of addition operations to be
performed the longer is the computation time. It should be noted that to be able to
obtain the best polarity for the FPRME transform, all 2" FPRME spectra have to be
calculated whereas there are only four coefficient column vectors that need to be

generated to obtain the best representation based on the existing fastest LI transforms.

Table 4.1: Number of nonzero spectral coefficients for several benchmark functions.

Existing fastest LI transforms Optimal M (¢, 5.,0)
Input files
M*and M? | M” and M¢ M £ (9,0,0) M (p,0,0)
xor5 19 20 16 16
squar5 30 31 30 29
rd53 28 30 28 26
bw 26 22 22 26
conl 96 91 72 73
5xpl 128 128 128 127
z5xpl 128 128 127 128
rd73 118 121 113 110
inc 88 85 74 74
rd84 240 246 227 224
misex1 99 99 76 76
ex5 240 223 207 207
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Table 4.2: Execution time to calculate the spectral coefficients of polarity zero
FPRME, all polarities FPRME, and existing fastest LI transforms for several binary

benchmark functions (in ms).

Execution Execution
time |ExecutionExecutionExecutionExecution| time
Input for time time time time for
files | polarity for for for for all
zero M M’ M¢ M? | polarities
FPRME FPRME
Xor5 10 10 10 10 10 381
squar5 40 10 10 10 10 1001
rd53 30 10 10 10 10 420
bw 150 10 10 10 10 3365
conl 20 10 10 10 10 1272
Sxpl 80 20 20 20 20 5178
z5xpl 80 20 10 20 20 5018
rd73 30 10 10 10 10 1743
inc 70 10 10 20 10 4627
rd84 40 20 10 20 10 4657
misex 1 70 30 20 20 20 7972
ex5 411 170 170 180 170 70171
9sym 30 10 10 10 10 3475
z9sym 30 10 10 10 10 3445
clip 90 50 50 50 50 14400
apex4 210 110 110 90 100 46998
sao2 120 60 60 50 50 36953
ex1010 220 110 100 90 100 104450
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The generation of the coefficient column vectors for the fastest LI transforms with

reordering and permutation has also been implemented in C and run on a Pentium 4

2.8 GHz, 512 MB RAM computer for the same binary benchmark functions. For each

benchmark function, the coefficient column vectors for all possible M f (9,0, p)

transform matrices are generated and the numbers of their nonzero spectral

coefficients are computed. The smallest numbers of nonzero spectral coefficients for

each type of the fastest LI transforms for those functions are presented in Table 4.3.

Table 4.3: Smallest nonzero spectral coefficient numbers of M f (p,0,p).

Smallest number of nonzero coefficients — One example of fastest LI transform
Input matrices that give such number
files of nonzero coefficients
M (9,0, p) M, (p.0, p) M (.0, p) M (p,0,p)
14 — 14 — 13— 13 >
XIS | 10 21430415) | MP(2140347) | MI(#123003) | MIQ24130.11)
28 — 29 - 28 — 27 —
SAUAS) e 4312033) | MPO3214501) | MS(31240622) | ME(10243531)
25 > 27 > 24 — 24 —
M3 Me43012310) | MP(A301232) | ME(13402,69) M (104233,5)
22 - 22 - 22 - 22 -
O Me3210,621) | MP(43210630) | MI(03142517) | M(43201,6.23)
62 > 67 > 63 > 58 —>
conl | 4 re(1543260,7,113)| M?(5306214,595) | ME(10234567,9) | MY (1034562,7,81)
121 — 127 - 126 — 119 —
P o re(6543120,355) | M?(6541032,3,73) | M<(4201563.4,120) | M (6145023.6,1)
120 — 120 — 119 — 11—
XL e (1654320.3,53) | M7 (6543120.3125) | ME(6102543.681) | MY (54610234.1)
105 — 109 — 102 — 101 —
73| e(3654012,42) | M?(4365210,62) | ME(21354604.73) | M¥ (3652410,510)
. 74 — 75 — 72 — 72 —
1 M2(0543216,7,21) | M?(6540213,4,127) | M<(2063451,7,67) | M4 (2013546,7,23)
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From the numbers in Tables 4.1 and 4.3, it can be seen that generally at least one
fastest LI transform with reordering and permutation can be found that provides a
particular function with simpler representation than the representations based on the
existing fastest LI transforms in terms of the number of nonzero spectral coefficients.
These simpler representations with smaller number of nonzero spectral coefficients
require less number of two-input XOR gates when directly implemented in hardware
and they are easier to be minimized if it is necessary. Hence, the new fastest LI
transforms are useful for minimizing hardware implementation cost of a binary

function or a system of binary functions.

4.3 Fastest LIA transforms

New generalized fastest LIA transforms that have the same computational complexity
as the existing fastest LIA transforms are introduced in this section. Fastest LIA
transforms are the integer counterpart of fastest LI transforms over GF(2) where the
spectral coefficients are not restricted to only 0 and 1. General definitions, properties,
and experimental results for both the existing and new fastest LIA transforms are
presented. The experimental results show that for some binary functions, fastest LIA
transforms provide representations with smaller number of nonzero spectral
coefficients and therefore allow the functions’ values to be calculated more quickly for

different assignment of input variables.

4.3.1 Basic definitions for fastest LIA transforms

Definition 4.3.1. Let 7, denote an LIA transform of size 2" x 2" and
F= [fo, Jiseos fon ]T be a column vector defining the truth vector of an n-variable

binary function f (x) in natural binary ordering. Then the coefficient column vector

(spectrum) C of T, for f (;c) can be obtained by

—

C=T,F, (4.54)
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where ¥ =[x, ,x ,x], C= [co,cl,...,czm_1 |’ and T represents matrix transpose

Nl

operator. Conversely,

F=T"'C, (4.55)

-1 . . . S . .
where T, is a linearly independent matrix which is the inverse of 7, performed in

standard arithmetic algebra.

Definition 4.3.2. Let 7, be an LIA transform of size 2" x 2". Then, the LIA expansion

of a binary function f (;c) based on 7, can be expressed as
R
)=, (4.56)
j=0

where ¢; (0 <j <2" - 1) is the j-th spectral coefficient of T, for f (;c) and g; is the

binary function whose truth vector is represented by column j of Tn_1 .

The new fastest LIA transforms that are introduced here are called generalized
fastest LIA transforms. They are classified into type a, b, ¢, and d depending on the
structure of their factorized transform matrices. The general formulae for their
factorized transform matrices are given in Definition 4.3.3. In Definition 4.3.4, the
factorized representation of the forward generalized fastest LIA transform matrices are
presented. Since this definition covers the existing fastest LIA transform matrices
defined in [FRO2], the terms generalized fastest LIA transform matrices and fastest

LIA transform matrices are used interchangeably in this thesis.

Definition 4.3.3. Let K ,ﬁ i O0<j<n-1,0¢€ {a,b,c,d }) denote a factorized transform

matrix for 2" x 2" fastest LIA transforms of type €. Then K, isa2"x2"

square matrix that contains at most two nonzero elements in each row and column and
follows the following general formulae, where I, denotes the identity matrix of

dimension 2" x 2".
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K =1_,,®al,,) (4.57)
Ky, =R (k) 4.58)
K, =R (k")) (4.59)
k' =R](k,) (4.60)

Definition 4.3.4. Let T (¢, 0, p) denote a 2" x 2" generalized fastest LIA transform

matrix. Then T¢ (9,0, p) is defined as
2 (P,0,p

o 1
{HK%}P”{HK%} ifo#zn+l
T (p,0,p)=1L7" | ot
P’ -HK o otherwise,

n ne;?
j=n

(4.61)

where @€ {a,b,c,d} is the type of the fastest LIA transform matrix, ¢ is the ordering

of the n sparse matrices in the factorized representation of Tn‘9 (p,0,p),

o (1 <o <n+ 1) is the position of the permutation matrix, and p (0 <p <2"—1)is

the permutation number of the added permutation matrix. The ordering ¢ is an

n-digit string in which every digit takes values from O to n — 1 and no two different

digits in it are allowed to have the same values,

=P, P> >, (4.62)

where @, € {0.1,...,n—1}and P =9, iff i=j(1<i,j<n).

Example 4.3.1. Based on Definitions 4.1.9, 4.3.3, and 4.3.4, the generalized fastest

LIA transform matrix 75 (021,2,1) is given by
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T(021.2.0) = K, - K3, - Py - K3,

100000O0O0O(|10000000
-11000000(|{01000000
00100000(]O0OO010000O
_00-11T000O0||00010000/
100001000 {000010060
0000-1100{]00000100
0000001 O0[]O0O000O0O010
00000O0-11{|-10000001
01000000{|1 000 0000
10000000{|0 1000000
000100000 0100000
00100000(|-1001 0000
000001000000 1000
000010000 000O0T100
000000010 000O0O0T10O0
00000010{|0000-1001

0 100O0O0O0O

1 -100 0 00O
-1001 0 000
|1 01-10 00O
10 000 0 100

0 000 1-100

0 000-1001
0-100 1 O01-1

Definition 4.3.5. Let T/ (¢,0, p) be a 2" x 2" generalized fastest LIA transform
matrix with ordering ¢. Then the sets ¢, and @, of T’ (@,0, p) are defined as

the subscript j values of K ,‘Z ; matrices that are located in the left hand side and the

right hand side of the permutation matrix in the factorized representation of

T! (@,0, p), respectively.
¢fronr (Tn€(¢7 o, P)) = { ¢I|O-Sl§n} (463)

P T2 (9.0, ) =L@l <i< o1} (4.64)

4.3.2 Properties of fastest LIA transforms and their spectra

In this section, some properties for fastest LIA transforms and their spectra are given.
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In Properties 4.3.1 and 4.3.2, special cases of generalized fastest LIA transforms and
the relationships between them are presented. In Property 4.3.3, the computational cost
of fastest LIA transforms is shown. More general relations between different fastest
LIA transforms are presented in Properties 4.3.4—4.3.7 that allow some fastest LIA
transforms to be obtained from one another without incurring any additions or
multiplications. Clearly, these properties are useful for reducing the total

computational cost when the best generalized fastest LIA expansion is being searched.

Property 4.3.1. Let ¢, be an n-digit string <@, .¢,, .....¢,, > where ¢, = j

(1 <j<n). Then, whenp =0and ¢ = @/, Tf(¢, o, p) matrices are recursive and can

be defined as follows:

T (¢, ",0.0) o

T!(¢),0,0) { Z

ol 4.65
T (¢ 0 ,O)} (469

n—1

T (9", 0,0) z

T'(¢!,0,0) = i (4.66)
i . 0, T, (¢)",0,0)
o oz T (9", 0,0)]
T (@, o.0)=|_. "} n-13¥a (4.67)
¢ _Tn—l (¢a : ’ 6’0) On—l |
o T! (¢, 0,0)
T (@",0,0)= n-1 n1\¥a SRS 4.68
" (¢a ) |:Tnd—1 (¢2_1’O-’O) Zn—l ( )

where O, , is a 2" x 2" matrix with all its elements zero and Z, , is a 2" x 2"

matrix with all its elements zero except one element located at one corner of the matrix

that is equal to —1. The location of —1 element inside Z, _, is at bottom left corner, top

right corner, top left corner, and bottom right corner for (4.65), (4.66), (4.67), and
(4.68), respectively, where (4.65) and (4.66) correspond to the recursive definitions of
the fastest LIA transform matrices presented in [FR02].

Property 4.3.2. T'(¢),0,0) is simply 7, (¢,,0,0) that is flipped vertically.

Similarly, T'(¢!,0,0) can be obtained by vertically flipping T (¢",0,0) .
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Furthermore, flipping 7. (¢ ,0.,0) horizontally results in T (¢",0,0). These can be

clearly seen from (4.65)—(4.68) and from their corresponding butterfly diagrams for

n = 3 given in Fig. 4.11. As a result, the coefficient column vector of
T (¢",0,0) (T (¢!,0,0)) for a particular n-variable binary function f (;c) is simply
the coefficient column vector of T (¢",0.,0) (T” (¢",5,0) ) for the same function with

the order of the coefficients being reversed.
Property 4.3.3. [RF02] The number of subtractions required to compute the
coefficient column vector of a generalized fastest LIA transform for an n-variable

binary function is 2" — 1.

®

[ I BN ]
® O
’

[ ]
[ ]

[ ]

&« o 00 06 0 0 0

® 0 0 060 6 0

-
®-
@

Legend:
—— = addition

______ = subtraction

Figure 4.11: Butterfly diagrams of forward fastest LIA transform matrices:

(a)T;(210,1,0) ; (b) T} (210,1,0) 5 (¢) T; (210,1,0); (d) T, (210,1,0).

Proof: From Definition 4.3.4, any generalized fastest LIA transform matrix of size

2" x 2" can be factorized into product of a permutation matrix and n sparse matrices

K f} (G =1{0,1, ..., n —1}), where each factorized matrix corresponds to one stage in
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the flow graph of the LIA transform matrix. From (4.3), the flow graph of a

permutation matrix does not involve any arithmetic operations whereas from

(4.57)-(4.60) the flow graph of each K, . incurs 2" subtractions. Hence, the total

computational cost for a generalized fastest LIA transform matrix is

n—1

D, =) 2"""

all of which are subtractions. As the computational cost of arithmetic transform for an
n-variable binary functions is n-2""', generalized fastest LIA transform matrix always

has smaller computational cost than arithmetic transform when n > 1.

Property 4.3.4. The product of the same subset of factorized matrices for
T’(Oe {a,b}) always produces the same results regardless of the order in which they
are multiplied. As a result, any two generalized fastest LIA transform matrices
T%(¢,,0,,P) and T (¢,,0,,P,) areidenticalif = & € {a, b}, P;= P, and
D fromt (Tng' (¢,,0,,P, )) = D front (sz (9,,0,,P, )) ) Furthermore,
T (9,0,0)=T (¢",0,0)and T (¢,0,0)=T"(¢",0,0) for any values of ¢ and o,
where ¢ and ¢, , (Tn‘9 (9,0, p)) were described in Property 4.3.1 and Definition

4.3.5, respectively.

Property 4.3.5. Let T (¢,0,p), T (9.0, p), T (¢,0,p), and T (9,0, p) be four

generalized fastest LIA transform matrices of different type with the same values of

¢, o, and p. Then,
T'(p,0,p) =R, (T’ (9,0, p)) (4.69)

and T (p,0,p) =R, (T (9.0, p)). (4.70)
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Property 4.3.6. Let T/ (¢,0, p) be any 2" X 2" generalized fastest LIA transform

matrix. Then, the inverse of T (¢,0, p) can be obtained by simply applying operation

R22 on (Tne (p,0, p))T and replacing all elements of the resulting matrix by their

absolute values,

() .0 p))" =|R (@ (9.0 )" ). @71

Example 4.3.2. In Example 4.3.1, it has been obtained that

01000000
1 =100 0 000
1001 0000
. 1 01-10 000
LO2L2Dh=19 000 0 1 00|
0000 1 100
0000-100
0-100 1 0 1-1]

Using Property 4.3.5, the matrix 7, (021,2,1) can be calculated by

T (021,2,) =R, (T (021,2.1))

110 1 00-10
100-1000 0
00-11000 0

001 0000 0
000 0-1101F
0000 100 -1
0000 00-11
0000001 0
Furthermore, by Property 4.3.6,
b -1 2 (b T
(r ©02120)" =|R,* (I 021,217 )
01110000
1100000 1
00010000
100110000
100000111}
00001100
00000001
0000001 1
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Property 4.3.7. Let T’ (¢,0,P,) and T’ (9,0, P,) be two 2" x 2" generalized fastest

LIA transform matrices of the same type, ordering, and permutation positions but

different permutation numbers P; and P,, respectively (0 < Py, P, <2"— 1, P, > P)). If
P3=(P,—P)>Pand P;=2 (0<j<n— 1), then T’(¢,0,P) and T’ (9,0, P,) are
related as follows

T’(¢,0,P,) = P"T’(p,0,P) if{j,j+1,...,n-1}c (p,mk(T;’(q;,o,a)) 4.72)
T!(9,0,P,) = T*(9,0,P)P" if{jj+1,...n-1}c ¢, [T’ @0c,P)) 473

Tne(¢’o-’P2) :M lf {j’j+]‘""’n_1}¢ ¢front(Tne(¢’o-’Pl)) and

Uj+ 1l eon—1}ya @, (T°(9,0,P)) and Ly(<P; + 1>y) = Lp(<P; + 1>,) and

0 {a,b}, (4.74)

where M is the result of the procedure given in Fig. 4.12 and P follows Definition

4.1.9.

We are interested in analyzing several arithmetic properties of the generalized
fastest LIA transforms spectra that may be useful for testing and fault detection
applications, such as various bounds on the spectra. In order to derive these various
bounds, properties on the numbers and locations of nonzero elements inside the
transforms must first be known. Hence, in what follows properties related to the

generalized fastest LIA transform matrix elements are first presented. Various

properties on the spectra of generalized fastest LIA transform matrices 7, (¢, 0, p)
and T'(¢,0,p) are then listed. Note that similar properties for the spectra of

T/ (¢,0,p) and Tnd (¢,0, p) can be derived in a similar way.

Property 4.3.8. The locations of nonzero elements in 7" (@,0, p) and T, (¢,0, p) can

be determined by the procedures shown in Figs. 4.13 and 4.14. Given an integer
number index (0 < index <2" — 1) and 8, @, p, and o of a generalized fastest LIA
transform matrix, Procedurel calculates the column (row) index numbers of the

nonzero elements in row (column) index of T." (¢, 0, p) (T, (¢,0, p)). Conversely,
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Procedure3 calculates the row (column) index numbers of the nonzero elements in
column (row) index of T (¢, 0, p) (T, (p,0, p)). In both procedures, the sets E3 and
E4 contain n-bit binary strings and other than in the initialization their numbers of
elements are modified by sub procedures Procedure?2 and Procedure4 inside
Procedurel and Procedure3, respectively. At the end of the procedures the elements
in the set E5 are the binary representations of the appropriate indexes of 1s whereas the

elements in the set E4 are the binary representations of the appropriate indexes of —Is.

Note that due to Property 4.3.5, the nonzero elements locations in 7”(@,0, p) and
T!(p,0,p) can be easily determined once the locations of nonzero elements in

T!(p,0,p) and T, (@,0, p) are known.

M= P"T/(p.0.R);

Er=fij+1..n-1}ng, [°@0.P));
for every element e of E;
{k — 2e+1;
for(l=0to ((2"/k) —1))
{if(6=a)
{rowl =((lL+1)-k)—1;
row2 = rowl —Pj3;}
else
{rowl = (l-k);
row2 = rowl + P3;}
E> = {ilMyoy2i #0);

for every element i of E

{iff (6=a)
{if (i 2(lk)) and (i < ((I-k) + P3 —1)))
{Mrowl,(i+P3) = row2,i;
MrowZ,i = 0’}}
else

{if((i2(((L+ 1) -k)=P3))and (i< ((I + 1) -k)))
{Mr()w]!(i_P}) = Mrow2,i;

Mrow2,i = 0’}}}}}
Figure 4.12: Procedure to obtain T’ (9,0, P,) .




ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

4.3. Fastest LIA transforms 134

Procedurel(index, 8, ¢, p, o)
{if (6 =c)
{for (loop_var = 1 to n)
Droop_var = Prti-toop_var 7
c=n—-0 +2;}
set E; ={<index>,} and E; = {};
for (loop_var =nto o)
Procedure2(loop_var);
for every element e in E; and E4
replace e with (e @ <p>;), where @ denotes bitwise XOR operation;
for (loop_var = o —1to 1)

Procedure2(loop_var);}

Procedure2(loop_var)
{setEs={}and Es={};
for every element e; of E;
{if(6 =c)
invert bit (@, ..+ 1) of e3;
l:f(LB(eS + ]) 2 ¢loop_var + 2)
{es = e3 with bits 1 to (@, ,,, + 1) inverted;
add es to Es;}}

for every element e4 of E4
[if(6 =c)
invert bit (@, ..+ 1) of e
if (La(es + 1) 2 @y 10 +2)
{ ec = eg with bits 1 to (@, ., + 1) inverted;
add eg to Eg; })}

add all elements of Es to E4;
add all elements of Es to E3,}

Figure 4.13: Procedurel(index, 6, ¢, p, o) and Procedure2(loop_var).
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Procedure3(index, 6, ¢, p, 0)
[if(6=c)

{ for (loop_var = 1 to n)
Droop_var = Prti-toop_var 7
c=n-0 +2;}

set E; ={<index>,} and E, = {};
for (loop_var =1to o —1)
Procedured(loop_var);

for every element e in E; and E,4

replace e with (e @ <p>,), where @ denotes bitwise XOR operation;
for (loop_var = o ton)

Procedured4(loop_var);}

Procedured(loop_var)
{setEs={}and Es={ };
for every element e; of E3

{l:f(LB(e3 ) 2 ¢loop_var + 2)

{ es = e3 with bits I to (@, ., + 1) inverted;
add es to Es;}}
for every element e4 of E4

{ iJC(LB(e" ) 2 ¢Zoop7mr + 2)

{ ec = eg with bits 1 to (@, ., + 1) inverted;

add eg to Eg; })}
add all elements of Es to E4;
add all elements of Es to E3,}
if(0 =c)

invert bit (@, .., + 1) of all elements of E; and E4; }

Figure 4.14: Procedure3(index, 6, ¢, p, o ) and Procedure4(loop_var).
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Example 4.3.3. Let us find the column index numbers of the nonzero elements in row
seven of 7,°(021,2,1) . By Property 4.3.8, the calculation can be performed by
Procedurel. The states of the sets E5 and E4 inside the procedure are as follows:
Initialization: Es = {111}; E4={}

- loop_var =3 -> After Procedure2(loop_var) : Es = {111}; E4 = {110}

- loop_var =2 -> After Procedure2(loop_var) : E3 = {111}; E4= {110, 000}

- After replacing e with (e @ <p>;): E3= {110}; E4= {111, 001}

- loop_var =1 -> After Procedure2(loop_var) : E5 = {110, 100}; E, = {111, 001}

Hence, it has been obtained that there are four nonzero elements inside row seven of

T, (021,2,1), which consists of two 1s at columns four and six and two —1s at columns

one and seven.

Property 4.3.9. Based on Properties 4.3.5 and 4.3.8, the total number of nonzero

elements in 7" (¢, 0, p) and Tnb (9,0, p) are equal to (2"+1 - 1)+ h, where

b i ZI: 2" OReTh i Ly(< p+1>,) 2 (min(g,, @,) +2)
0, otherwise. (4.75)

i=n j=0-1

The nonzero elements consist of (2" —1) —1s and (2" + h) 1s.

Property 4.3.10. The number of nonzero elements in 7, (¢,0, p) and Tnd (p,0,p) can
also be derived based on Properties 4.3.5 and 4.3.8. In order to simplify the analysis,
the matrices are divided into several groups based on the values of o, p, and z,
where z is the subscript value of the ordering digit whose value is equal to zero, i.e.,
¢, =0. Let X;, X5, X3, X4, X5, and X¢ be the binary strings given by (4.76)—(4.81),
where @ and & denote bitwise operators XOR and AND. Then the number of 1s and
—1s for each group are as given in Tables 4.4 and 4.5, respectively. It can be seen that
the number of —1s in 7, (¢, 0, p) and Tnd (¢, 0, p) are always equal to 2" —1 when p

is an even number. On the other hand, the number of 1s, and hence the total number of

nonzero elements, changes with z and p.
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X,(i,j)=<x,,x,_,,--,x, >where x, =1if ke {p, +11i <[ < j}and x, =0, otherwise
(4.76)
X, 0, )=(<2% =1>, ®X,(j+1,i—1)& < 2™ _1>, 4.77)
X, (i, )=(<2% =1>, ®X,(j+Li-D®< p>)&< 2™ 7™ _15 (4.78)
X, (i, )=(<2% =1>, ®X,(j+Li-D® < p>, D<1>)& < 2™ _15,
(4.79)

(<27 —1>, ®<p>, ®X,(k+1 j-1)&<2"™ """ ~1>,,  ifp <g,

X5 (l’ j’ k) - (2] @; . min(@; @, )+1 .
(<27 =2 >, ®<p>, X (k+Li-1))&<2™*™ —1>,, otherwise

(4.80)

X d0= (<27 —1>, ®X, (k+1, j—1)&<2™" " _1> | ifg<g,
° (<27 =27 >, ®< p>, ®X,(j+Li-D)®X, (k+1, j—1))&< 2" —1> | otherwise.

(4.81)

The upper bounds presented in Properties 4.3.11-4.3.17 below are derived based
on the distribution of the nonzero elements inside 7,'(¢,o, p) and T,f’ (p,0,p)
matrices. Since by (4.69) the nonzero elements distribution in the rows and columns of

Tn”((p, o, p) are the same as that of T (¢,0, p), the proofs for the properties are

given only for T (¢, 0, p) but the resulting bounds are also true for Tn” (p,0,p).

Property 4.3.11. The absolute value of any spectral coefficient of 7 (¢,0, p) or

T’ (p,0, p) is always less than or equal to %(n2 +4) for R-coding and less than or
1/, .
equal to Z(n +2n+5) for S-coding.

Proof: By Property 4.3.8, when p is even the odd rows of T (¢, 0, p) have one 1

and between zero to n —1s whereas the even rows of 7."(¢, 0, p) have only one 1.
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When p is odd, the even rows of 7,'(@,0, p) contain one 1 and between zero to

(o0 —1) —1s whereas the odd rows have between one and ((n+1—-0)(c—-1)+1) 1s and

2"—1
between zero to (n+1-0) —1s. By Property 4.3.3, ¢, = ZTiyj'fj , where T, .
j=0

i.j

denotes the element that is located at row i and column j of 7/ (¢, 0, p). Thus, for

any 1,

c,.| < max (no.of 1s, no.of —1s) in row i for R-coding and |ci| < number of

nonzero elements in row i for S-coding.

Let us first consider R-coding. According to the above, the maximum absolute

value of spectral coefficients for 7' (@, 0, p) = the largest value of max (no.of 1s, no.
of —1s) in any row of T%(¢,0,p) = max (n, maximum value of

(n+1-0)o-1)+1)). Let Y = (n+1-0)(c—1)+1). Then, the peak value of Y

occurs when Z—Y =20 +n+2=0 — the peak of ¥ occurs at o =(n+2)/2 with value
o

2
of %(n2 +4). As Cil r =-2<0, the peak value is the maximum value of Y. Since
(o

max (n, %(n2 +4)) = %(n2 +4), it is obtained that for R-coding the maximum

absolute value of C, for 7' (¢,0, p) = i(n2 +4).

Next, let us consider S-coding. For S-coding, the maximum absolute value of

spectral coefficients for 7' (@, 0, p) = maximum number of nonzero elements in any
row of T'(p,0,p) = max ((n+l-o)o-1)+1) + (n+l-0)). Let Y =
(n+1-0)o-1)+1) + (n+1-0) . Then similarly, it can be derived that the

maximum value of ¥, and hence the maximum absolute value of c;, is equal to

i(n2 +2n+5) for o = (n+1)/2.
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Table 4.4: Number of 1s for T (¢, 0, p) and T (¢, 0, p).

No. of 1s
Cases
p =even p =odd
- 1- n nmdx(gw,)l . PN
o=1 2n+22n¢, +ZZ , 1 X,3,j)=<0>,
c=n+1 imeal il otherwise
n
2<0 <n 2n—l Zzn—(p,-—l
and 3 . 2n—1 _1 n— n X . .o
“’i M@ A X (1 j) =< 0>,
Z=n P otherwise
2< 0 <n "+
and 2" Zgi 2O i XL (D, ) =< 0>,
=510, otherwise
Z =
z-1 2l
r S oSy
2 < (0 <n n z—i1=1 2n—max((p,-,¢/)71 f X N 0 n i1=o-2n —max(¢;,9;)-1 f X PN O
ZZ , 1 2(l,.]) =<0>, Z , 1 2(1,.]) =<0>,
and = 0, otherwise = 0, otherwise
+ +
O <z<n n_o-1 2n—max((pi,¢j)—l f X PN O z-1 o-1 2n max(¢;.9;)-1 f X.(i. 1) = 0
, 1f X,(,j)=<0>, Z , 1 3(1,.1) =<0>,
Paarll (15 otherwise == 10, otherwise
o-1
2< 0 <n on +22n—(0,—1
and 0 ool [ Anemax(@.0, ) . .. &
ZGZI: prmee)t g X;(, j)=<0>, 2
=0 Paarl {12 otherwise
2< < i 1
O- n 2n+ 2]’[*%*
and i | 3.2"" 1
: Z QIO i XL (6, ) =< 0>,
z=0-1 | =<0, otherwise
< 1 1 i 1
2N ) 2T 1= N
2< 0 < =y 1 1 z-1 A
o— n— . . . Z— . . .
n ZZ 2 max(¢;.¢;)— , lf X2 (l"]) —< O > o— Z n max(@;.¢;)— , lf X2 (l,‘j) =<O >2
and S 0, otherwise Pty otherwise
+ +
I< z< o-1 n z-1 n—max(@;,@;)-1 . .. n o-l n max(e,,p;)-1 . ..
2 T af XL, j) =< 0>, z e, if XL, ) =<0>,
== 0, otherwise P otherwise
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Table 4.5: Number of —1s for T (¢,0, p) and T/ (¢, 0, p).
No. of —1s
Cases =
p =odd
even
c=1;
2" —1
o=n+1
-1+
2< 0 <nand —max(@,.0,)— .
< “’ MO i X (G, ) =< 0>,
L=n =0, otherwise
2< 0 <nand
2" —1
z=1
-1+
1 o1 n—max((p‘-,(o/-)—l . N
Zz:z 2 , 1fX3(13])—<0>2+
2< 0 <nand pr O, otherwise
o< z<n Z A Z IO i X (i, j) =< 0>, and X (i, j,k) =< 0>,
-1 | S otherwise
2< 0 <nand
2" —1
=0
2< 0 <nand 2n ?—11+ n—max(@;,@;)-1 . .o
zz 2 e, it X, 3, )) =< 0>,
z=0-1 =450, otherwise
-1+
n n—max(¢;,@;)-1 . N
ZZ 2 , A X)) =<0>, |
2< 0 <nand =“5 0, otherwise
l<z<o-1 N if X,(i,j)=<0>, and X (i, j,k) =< 0>,

IR

i=0 j=z+1 k=1

o-1 z-1 n max(¢;,¢; ¢ )-1
b
otherwise

Property 4.3.12. Let

Sl(Tf (p,0, p)) be the sum of the LIA matrix 7,7 (p,0, p)

spectral coefficients for a particular n-variable binary function f (;c) If F is the truth

vector of f (x) then there exist a subset of F , I, whose values do not affect the value
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b

of S I(Tng (9,0, p)). For @€ {a,b} the number of elements inside F, denoted by |F1

is

1, if n=1and pmod4 =0
2m2 if n>1and pmod4=0orc=1orc=n+1
22—t if le 9, (T° (9.0, p))and pmod4 =2

|| =422 -2, if e @, (7% (9,0, p))and pmod4 =2
P Ll if O @, (7% (9,0, p))and pmod4 =1or3
atleast2" > +2"" 2" if0e g, (T°(p.0,p))and pmod4 =1
atleast 2" —2""7' 2" if 0e ¢, (T’ (@0, p))and pmod4 =3,

(4.82)

where u;, uy, and uz are min(qoﬁ.om (Tf (9,0, p))—{O}), min((pback (Tf((p, o, p))—{O}),
and min(¢fmm (Tf (p,0, p))—{O,ul }), respectively.
0 2"-1 2"-12"-1 2"-12"-1 2"-1 2"-1
Proof: Sl(Tn ((/”O"P)) = ch» =227, f =221, f = ij ZTu .
i=0 i=0 j=0 j=0 i=0 Jj=0 i=0
Thus, a particular truth vector element f; does not contribute to the value of
Sl(Tf((p, o, p)) if the sum of elements in column j of T (¢, 0, p) is equal to zero.

Hence, the number of elements in F, = the number of columns in Tf((p, o, p) for
which the sum of its elements is equal to zero. Table 4.6 summarizes the distribution
of nonzero elements in the columns of 7" (¢, o, p) based on Property 4.3.8. Summing

up the number of columns with equal number of 1s and —1s, (4.82) is obtained.

For the Properties 4.3.13—4.3.15, it is assumed that 1 < ¢ < n + 1. The same
properties of T (¢,0, p) and T (¢,0,p) when 6 = 1 or 6 = n + | are given in

Properties 4.3.16 and 4.3.17.
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Table 4.6: Distribution of nonzero elements in the columns of 7 (¢, 0, p).

For columns with For columns with For columns with column For columns with
column indexes column indexes indexes ]
P column indexes 4-k+3
4.k 4-k+1 4-k+2 ,
. 0<k<2" 1
0<k<2"%-1) 0<k<2"-1) (0<k<2"2-1) ( )
p |The columns have one 1| The columns have one 1 [he columns have one 1 and| The columns have one 1
mod | and two or more —1s and zero —1 one —1 and zero —1
4=0
None of the columns From all the columns, [he columns have one 1 and| The columns have one 1
have the same number | 272 _ 2741 of them zero —1 when and one —1 when
6
Of 1s and —1s when have one 1 and one —1 O c ¢fmnt (7"”9 (¢’ o, p)) and O ed¢fmnt fT'n fl¢’ o, pi)
6 and one 1 and zero —
0€ @ (Tn (.0, P))- when one 1 and one —1 when when
p Oe T (¢, 0,
mod However, some of them @ fom ( » (@ p)) 0€ @i (Tng (p.0,p )) 0€ @, (Tng (p,0,p ))
may possibly have the whereas
4=1 same number of 1s and —uy-1 —us-1
20T T of
—Is when them have one 1 and one
O € ¢back (Tng ((0, o, p)) —1 when
0 € q’back (Tlng (go’ G’ p))
The columns have one 1|The columns have one 1 [he columns have one 1 and| The columns have one 1
and at least two —1s and zero —1 at least two —1s when and zero —1
6
E)Vhen ) 16 ¢front (Tn (¢’ o, p))
le T%(p,0, .
p q’back n (go p) whereas 2n—2 _ 211 u—1 of
mod | whereas 2" — 2" them have one 1 and one —1
4 =2 of them have one 1 and when
one _IHWhen IE ¢back (Tng (¢’ O-’ p))
16 ¢fmnt (Tn (¢’ o, p))
None of the columns | The columns have one 1[he columns have one 1 and| From all the columns,
have the same number and on(e —1 when ) zero —1 when 272 — 2" of them
_ 0Oep, \TY(p, o0, have one 1 and one —1
ortsamt—tinten |00 X000) | o (1o p) | Preon o
6 and one 1 and zero —
) Oe qof’”"’(T” (p.o.p ))' when whereas 2" —2"""" of | O @, (Tng (9,0, P))
mod When 0O ¢, (Tng (9,0, p)) them have one 1 and one —1 whereas
43| 0€ 0,10 @0 p) at when 2t = of
least 22 —2"77" of 0€ 0, (Tng (9,0, P)) them have one 1 and one
them have the same _1 when
number of 1s and —1s 0
OE q’back (T'n (go’ G’ p))
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Property 4.3.13. Let SZ(Tf((o, o, p)) be the sum of absolute values of all spectral
coefficients for T (¢,0, p) and T’ (.0, p). Then S,(T’(p,0, p)) is always less
than or equal to ( o 1)+ h when S-coding is used, where 4 has been given in (4.75).
For R-coding the maximum value of §, (Tf (p,0, p)) is (3-2"")—1 when p is even

|0 1 (9.5

-1
and 2" — 2n—mn(¢fmm r pomh _ 2n—nﬂn(%ack [t @om + GZ:Q"—@ Ty Z ¥y,  whenpis
i=1 i=1

odd, where ‘(mem (T (.0, p)l denotes the number of elements in @, (% (.0, p))

and ¥, is obtained by the procedure given below.

Procedure to obtain 7, of 7 (9,0, p) and Tn" (p,0,p)

Step I: Initialization

— 6 .
Let A= {AI,AZ, ""Agof,,,n,(T,?«p,a,p)}} be @ (Tn (9,0, p)) that is sorted such that
Ai>Ajifi<l(1<i,l< \(pf,,m, (T,f((p, a,p)] )

Let B :{Bl,Bz, ...,Bq) .(T‘9<<wp>1} be @, (Tf (o, O",p)) that is sorted such that

B < Biifi<l(1<i,1<]p,, (10 (9.0, p))):
temp=1; templ=1; s = 0;

ky = ‘(pfmm (Tn‘g (p,0, p)l +1 —i; // ky 1s the number of —1s in the processed rows

ky=2"4"
if(i!l=1)
k, =k, — 2" 4171 I ky is the number of processed rows
ks = ko; // k3 1s the current maximum number of 1s in the processed rows
J=0;
Step 2:j=j+1;
/[calculate the maximum number of 1s among the processed rows at the end of
Procedure2( o — j) of Procedurel shown in Fig. 4.13 and the number of

processed rows with such number of 1s at the end of Procedure2( o — j).
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if  <[0,,.. (T (9.0, p))

{if (Lp(<p + 1>2) > (min(A;, B)) + 2)) go to Step 3; //
else go to Step 4;}
else go to Step 6;
Step 3: temp = temp + 1;
if (A;> B))

{for(I=i+1to ‘(pfmm (Tf (o, O',P)l)
(if (A;> B)
temp = temp + 1;}

k3 = ka;}

else

{k3 — 2n—Bf—1 .

for(l=i—1to1)
{if (Lp(<p + 1>7) < (min(A;, B)j)+2))
{if (bits (A; + 2) to (min(A;, B)) + 1) of <p>, = 0)
(ky=k, - 2n—max(A,,Bj)—l;
break;}}}}
go to Step 5;

Step 4: for (I=i+1to ‘(wam (T,:9 (9,0, P)X)

{if (Lp(<p + 1>;) = (min(A;, B))+2))
{if (bits (A; + 2) to (min(A;, B)) + 1) of <p>, = 0)
{temp =temp + 1; kg = k3;

k3 — 2n—max(A,,Bj)—l .

o

if (k3> ky)
ks =ko;
elseif (i !1=1)
{if ((Ai=1 > B)) and (bits (A; + 2) to (B; + 1) of <p>, = 0))
ky =k, — 2"

if ((Ai-1 < B)) and (bits (A; + 2) to (Ai-; + 1) of <p>, =0))
{temp = temp — 1;
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k3 =ky;}}
break;} }}
go to Step 5;
Step 5: //Update value of s
if (temp > ki) // there exist rows with more Is than —1s among the processed
rows
{if (templ > ki) // this is not the first j for which the maximum number of 1s
among the processed rows at the end of Procedure2( o — j) is greater than k;
s =5+ (ky-(temp — templ));
else
s = (ki-(k2 = k3)) + (ks-temp); }
templ = temp;
go to Step 2;
Step 6: //get the value of y,
if (tfemp < k) //none of the processed rows have more number of 1s than —1s
Vi = koki;
else // all or some of the processed rows have more number of 1s than —1s
Vi =55

exit the procedure;

2"—1 2" 12" -1 2"—1 2"—1
Proof: S,(T0 (0.0, p) = Yle|=> |37, £|<> max{>' T, - | . For s-
i=0 i=0 | j=0 i=0 =0

2"-12"-1
is simply equal to z Z‘Tl ;|» the total number of nonzero

i=0 j=0

2"
coding, Zmax
i=0

2"—1
ZTf,f f j
j=0

elements in the matrix. Hence, by Property 4.3.9 the upper bound for S-coding
is ( ”“—1)+h.

2" -1
= Zmax(no.ofls,no.of—ls)inrowi =

i=0 j=0 i=0

21 21
For R-coding, Zma{ZTm f;

Zmax(no.of1s,no.of—1s)inrowi + Zmax(no.of1s,no.of—1s)inrowi. When p is

i=even i=odd



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

4.3. Fastest LIA transforms 146

even, the even rows of 7" (@, 0, p) only have one 1 and zero —1, whereas the odd
rows of T (¢, 0, p) have one 1 and between one to n —1s. Hence, max (no. of 1s, no.
of —1s) in the even rows is equal to 1 whereas for odd rows it is equal to the number of

~1s in the row. By Property 4.3.9, it follows that

Zmax(no.of Is,no.of —1s)inrowi + Zmax(no.of 1s,no.of —1s)inrowi when

i=even i=odd

piseven=2""+2"-1=(3-2"")-1.

When p is odd, the even rows of 7, (¢, 0, p) have one 1 and zero or more —1s. By
Property 4.3.8, the number of even rows with zero —lIs isequalto

2t _preminloa ! @em hereas the  total number of —1s in the even rows =

o-1
z 2%~ Therefore, it follows that Zmax(no.of Is,no.of —Is)inrowi =

i=even

2t _ prminlgn 0.0 +22” %1 The odd rows of T/(@,0,p), on the other

hand, have between zero to ‘(ofmm (Tf (o, O',p)} —1s and one or more 1s. As 7,

(1<ic< ‘(ofmm (Tf (@, O',p)}) = sum of max (no. of Is, no. of —1s) in rows with

¢_/'rmxl (Tng (¢,O’,p )X

(‘¢from ! 9.0 p)1+1—i) —1s, Y max(no.of 1s,no.of —1s)inrow i = D7
i=odd i=1
+ Zmax(no. of 1s,no. of —1s)in odd rows with zero —1Is =
01 17 (9.0, p)] i

2t~ 2"_“ﬂ“(¢-/""” wonlh + z ¥, . Hence, > max@o.of 1s,no.of —1s)inrowi =

i=0

¢fmm (T/xa (¢!0' 5P ) ]

ac T” ( ) i -1 n—min (¢ front (T”g(¢,o',p)))»l
2n _9n- mm(q)hk( ©.0.p +22n(/ﬂ +2m 9 ’ + 27/1

i=1

. Dot T2 (9.0.)
=" _ 2n—mjn (‘/’fmm (T”H((ﬂ,o',p)))—l _ 2n—min (%m-k (T,,g(%o',[’)))‘l + O-Z: 2”_@ -1 + 1 Z 7/1

i=1

It should be mentioned that the procedure for obtaining y, given above is
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developed based on Procedurel for TS'(¢',0,p) , where ¢ =
<A1,A2,...,A¢ (2o p>}’Bl’BZ’”"B\¢ (2o P)X> . However, since according to
front \t'n .0, back \* n 0,

Property 4.3.4 T/ (¢',0,p)=T, (9,0, p), this modification does not affect the result

of the procedure.

Property 4.3.14. Let S, (Tf (9,0, p)) be the sum of the squares of spectral
coefficients for T (¢, 0, p) and Tn” (p,0,p), A and B be as given in Property 4.3.13,

A=A U {0}, and B = B — {0}. Then S,(I'°(p.0, p)) is always less than or
B

equal to 2"‘1+Zgi when p is even. When p is odd, S3(Tn‘9((p,0',p))§

i=1

i=1

L 4
2" + [Z 2" B (24 —1)J —2" 743y for R-coding and S, (r%p.0,p) <
i=2

|5 oA
2" 4 3.0 B [Z 2" BT (1 + 2i)j—2" Aty Z y? for S-coding, where »? and
i=2

i=1

g, are obtained by the procedures given below.

Procedure to obtain ¥’ of T (¢,0, p) and T (¢, 0, p)
Steps 1 to 4: same as Steps 1 to 4 in the procedure to obtain ¥, of T,/ (¢,0, p) and

T, (p.0,p)
Step 5: //Update value of s
if (j=1)
ks = ko; //initialize the value of ks
if (S-coding is used)
s =5+ (ks — k3)(ky + temp1)*;
else
{if (temp > k) // there exist rows with more number of 1s than —1s among the
processed rows

{if (temp1 > ky) // this is not the first j for which the maximum number of
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Is among the processed rows at the end of Procedure2( o —j) is greater
than k;
s =5+ (ks — ks)(temp1)*;
else
s = (ky = k3)(k1);})
templ = temp;
ks = ks;
go to Step 2;
Step 6: //get the value of ¥’
if (R-coding is used)
{s=s+ (kg-tempz);
if (temp < k) //all of the processed rows have more number of —1s than 1s
¥ =l ()
else // all or some of the processed rows have more number of 1s than —1s
y; =s3)
else //S-coding is used
{s =5+ ks-( ki + temp)*;
v =53}

exit the procedure;

Procedure to obtain £, of 7/ (9,0, p) and Tn" (p,0,p)
Step 1: Initialization
ki = |A'| +1 — i; // ky is the number of —1s in the processed rows just after
Procedure2(o)
temp = ky; templ=k;; € =0;
by = 2"
if@!=1)
k, =k, —2"*=""; /] k; is the number processed rows

ks = kp; I/ k3 is the current maximum number of 1s in the processed rows

ky = ky;
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J=0;
Step 2:j=j+1;
/[Calculate the maximum number of —1s among the processed rows at the end of
Procedure2( o — j) of Procedurel shown in Fig. 4.13 and the number of
processed rows with such number of —1s at the end of Procedure2(o —j).
if j <|B))
{if (La(<p>2) > (min( A;, B,) + 2)) go to Step 3; /
else go to Step 4;}
else go to Step 35;

Step 3:
if (A, > B))
temp = temp + 1;}
else

{if ((i !=1) and (bits (A, +2) to (min(A,_, , Bj,.) + 1) of <p>, =0))

b

{h:yﬁﬂ_ymmhﬂH.
if (k3 1=0)
temp = temp + 1;
else
k3 = ka3 }
else
{temp = temp + 1;
k=2
go to Step 4;
Step 4: //Update value of &,
if (S-coding is used)
£ = & + (ky— ks)(templ + 1)*;
else //R-coding is used
£ = & + (ky — ks)(templ)*;

templ = temp;
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ks = ks;
go to Step 2;
Step 5: //Get the final value of &,
if (R-coding is used)
E =€ + ks-(temp)?;
else // S-coding is used
£ = & +ky-(temp + 1)%;

exit the procedure;

2
o

-1 2"-1( 2"-1 2 2"-1
Proof: S3(Tf(¢, o, p)) = ci2 = Z( T, -fjj < max

i=0 i=0 \_ j=0 i=0

It

has been shown in the proof of Property 4.3.13 that when p is even the even rows of

T/ (¢,0, p) only have one 1 and zero —1 and the odd rows of T," (¢, 0, p) have one 1
and between one to n —1s. Also, when p is odd the even rows of T," (¢, 0, p) have one

1 and zero or more —1Is and the odd rows of 7,'(¢,0, p) have between zero to

only one 1.Therefore, it can be written that

2
2"—1 2"—1
> | max = % man ST, 1,
i=0 i=odd j=0

‘(ofmm (Tf (p,0, p)l —1s and one or more 1s, where the odd rows with zero —1s have
2"
ZTi,j f;
j=0

= Z(no.of —1s inrow i)2 + 21 when pisevenandR - codingis used

i=odd i=even

2" -1
ZTi,j f J
Jj=0

z (1+ no.of —1s inrow i)2 + 21 when pisevenandS - codingis used

i=odd i=even

Z(max (no.of 1s,no.of —1s) in rowi)2 + Zl +

i=odd i=even rows
with zero —ls

Z (no.of —1sinrowi)” when pisoddandR - codingis used

i=even rows
with one or more —1s

= no.of Is+no.of —1s inrowi) + 1 +
2. )

i=odd i=even rows
with zero —1s

z (1+no.of —1sinrowi)* when pisoddandS - codingis used.

i=even rows
with one or more —1s
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Let us first examine the cases when p is even. By observing the given procedure,

A1
it can be seen that for even p zgi = Z(no.of—ls inrow i)’ for R-coding
i=1 i=odd
. A1 . 2
whereas for  S-coding zé} = Z(l+n0.0f —1s inrow i) . Hence,
i=1 i=odd
2"-1 2"-1 ]
—_ n-1 3
Z max ZT,j fil| =2""+) & whenpiseven
i=0 j=0 i=1

When p is odd, the numbers of even rows in 7, (@, 0, p) with zero, j, and |B| —1s
are 2" — B pn Bl _pnoBiacl Cang 2" AT respectively. Substituting this

numbers, it can be easily obtained that 21 + 2(n0.0f —1sinrowi)* =

i=even rows i=even rows
with zero —1s with one or more —1s

|B]
2! +[z =Bl -(21‘—1)J and Zl + Z(1+n0.0f—1sin row i)*
i—2

i=even rows i=even rows
with zero —ls with one or more —1s

L
2" 3.2" 0 (Z 2" (14 2i)J :
i=2

Steps 1 to 4 of the procedure to obtain ¥, of T‘(¢,0,p) and T (@,0,p)

calculates the numbers of 1s in the rows with (‘(pfmm (T,f (9,0, p)l +1-i)-1s (1 <i<

‘%mm (Tng((o, o, p)}) and the corresponding numbers of such rows with such number

of 1s. Hence, by modifying Steps 5 and 6 appropriately, the procedure can be used to

calculate Z(max (no.of 1s, no.of —1s) in row j)2 and

Jj=odd rows
with i —ls

Z(no.of Is+no.of —1s in row j)2 for R-coding and S-coding, respectively. As

Jj=odd rows
with i —ls

4] 2"-1 2
Z(number of odd rows with j —1s) = number of odd rows, Z max ZTL o fill =
j=0 i=odd j=0

4 oA
no.of odd rows with zero—1s + > 7} L S L s >y} . Combining the

i=1 i=1
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]Z

L A
2" +[Z 2 -(21'—1)]—2"‘“ W for R-coding and
i=2 i=1

2"—1
above, it is obtained that when p is odd, Z(max

i=0

2"—1
ZTi,j 'ff
j=0

E

o
2" 432" [Z 2" B (14 21')] —2" M43 92 for S-coding.
i=2 i=1

Property 4.3.15. Let z be the subscript value of the ordering digit whose value is equal
to zero. Then when 1 < z < ¢ — 1, for f€ {a,b} SZ(Tng(go, o, p)) for R-coding and

o-1
odd value of p is always less than or equal to 2”’1+22’H"_1+h , where
i=1

. i 21: 2O i Ly(< p+1>,) 2 (min(g,,9,) +2)
10, otherwise.

i=n j=0—

Proof: By Property 4.3.8, when 1 <z < o — 1 and p is odd, the number of 1s in
odd rows of T/ (¢, 0, p) is always greater than or equal to the number of —1s. Hence,
it follows that Zmax(no.ofls,no.of—ls) in rowi = total no. of 1s in T/ (¢,0, p) —

i=odd

the total no. of 1s in even rows. By Properties 4.3.8 and 4.3.9,

Zmax(no.ofls,no.of—ls) in rowi = 2" +h—2"" =2"" +h. Since in the proof of
i=odd

Property 4.3.13 it has been shown that Zmax(no.of Is,no.of —1s) in rowi =

i=even

' , o1 21 .
2t _prninlo @ plt 22"‘“‘_1 . Y. max(no.of Is,no.of —1s) in rowi =
i=1 i=0

o-l1
2" 4y 2" h

i=1

Property 4.3.16. For 0 =1 or 0 = n + 1, the maximum value of S, (Tf (9,0, p)) is

2" —1 when S-coding is used and 3-2""' —1 when R-coding is used.
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Property 4.3.17. For 6 = 1 or 0 = n + 1, S,(T% (9,0, p)) < 2"+ > 2" - 2i - 1)
i=2

when R-coding is used and S, (Tn‘g (9,0, p)) <5:2"' 472" (2i+1) when S-coding

i=2

is used.

4.3.3 Experimental results for fastest LIA transforms

The calculation of fastest LIA transforms spectral coefficients as well as binary FPAE
transforms spectra have been implemented in C programs and run on a Pentium IV 2.8
GHz computer with 512 MB RAM for several standard binary benchmark functions.
For each binary benchmark function, its coefficient column vectors for all fastest LIA
transforms as well as FPAE transforms in all polarities are generated and the number
of nonzero spectral coefficients and the largest absolute spectral coefficient value in
each spectrum are computed. The results are shown in Tables 4.7 — 4.12, where the
numbers for fastest LIA transforms that are less than or equal to their arithmetic

counterparts are written in italic.

In Tables 4.7 and 4.8, the minimum numbers of nonzero spectral coefficients in the
spectra of fastest LIA transforms with polarity number zero for R and S coding are
presented. The numbers of nonzero spectral coefficients inside the FPAE spectrum in
polarity zero as well as the optimal polarity are also shown. In the tables, the numbers
for the fastest LIA transforms that are not larger than the corresponding numbers of
the polarity zero FPAE transform are written in italic. Table 4.9 lists the minimum
numbers of nonzero spectral coefficients in the spectra of all fastest LIA transforms of
types a and b whereas the numbers for polarities ¢ and d are shown in Table 4.10. In
the tables, the numbers that are written in italic are those which are smaller than or
equal to the corresponding numbers for the optimal FPAE transform. From the

numbers in Tables 4.7 and 4.8, it can be seen that the minimum number of nonzero

spectral coefficients for 7 (¢,0,0) and T! (¢,0,0) transforms are generally smaller

than the number of nonzero spectral coefficients in T (¢,5,0) and T (¢,5,0) spectra.
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Table 4.7: Minimum number of nonzero spectral coefficients (R-coding).

Input FPAE in | Optimal
e T(¢.0,0) | T'(p,0.0) | TS (¢.0.0) | T*(p.0.0) | polarity FPAE
Zero transform
xorS 21 21 15 15 31 31
squar5 30 31 30 31 23 23
rd53 28 32 23 22 31 31
bw 26 22 26 22 32 22
conl 104 94 76 74 21 18
Sxpl 128 128 128 128 62 62
z5xpl 128 128 128 128 62 62
rd73 122 128 92 93 127 127
inc 92 89 81 81 92 49
rd84 249 256 182 187 255 255
misex| 105 104 66 64 60 20
ex5 240 223 208 191 256 113
9sym 344 344 184 184 465 352
z9sym 344 344 184 184 465 352
clip 494 493 481 478 264 255
apex4 495 493 462 460 445 445

By Properties 4.3.2 and 4.3.4, the number of nonzero spectral coefficients of
T°(¢",5,0) and T'(p",0,0) are equal to that of any T°(¢,0,0) and T"(¢,0.0)
transforms, respectively. Therefore, it can also be concluded from Tables 4.7 and 4.8
that reordering the factorized matrices, i.e., changing the ordering ¢, helps to obtain
new fastest LIA polynomial expansions with smaller number of polynomial terms.
Similarly, by comparing the numbers for fastest LIA transforms in Tables 4.7 — 4.10,

it can be clearly seen that adding a permutation matrix in the factorized representation

of fastest LIA transforms are useful as some of the fastest LIA transforms built from
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both factorized matrices and permutation matrix can provide binary functions with
representations that have smaller number of nonzero terms compared to the

representations based on the fastest LIA transforms built from the factorized matrices

only.
Table 4.8: Minimum number of nonzero spectral coefficients (S-coding).
Input ) | ) FPAE‘j in| Optimal
files T (p,0,0) T, (p,0,0) TS (p,0,0) T (p,0,0) polarity | FPAE
zero | transform
xor5 32 32 22 22 32 32
squar5 31 32 31 32 24 24
rd53 32 32 24 24 32 32
bw 30 30 28 28 32 23
conl 102 103 76 78 21 18
Sxpl 128 128 128 128 62 62
z5xpl 128 128 128 128 62 62
rd73 128 128 94 94 128 128
inc 108 107 87 88 92 50
rd84 256 256 187 187 256 256
misex1 198 198 99 99 60 21
ex5 240 223 208 191 256 113
9sym 398 398 215 215 466 352
z9sym 398 398 215 215 466 352
clip 502 502 484 484 265 255
apex4 495 493 462 460 445 445

Looking at the numbers in Tables 4.7 — 4.10, it can be noticed that the fastest LIA
transforms can give smaller number of nonzero spectral coefficients than the optimal
FPAE transform for many of the binary benchmark functions, such as rd73. As the
values of a function for different assignment of variables can be calculated more
quickly when the function is represented by a polynomial expansion with smaller
number of terms, this advantage of the fastest LIA transforms over best polarity

arithmetic expansion can be useful in analysis of logic circuits using signal
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probabilities. Furthermore, if we compare the numbers in Table 4.9 with the numbers
in Table 4.10, it can be seen that the numbers in Table 4.10 are generally smaller than
or equal to the corresponding numbers in Table 4.9. This shows that among all fastest
LIA transforms, the one that gives the minimum number of nonzero spectral

coefficients is in most cases the types ¢ and d of fastest LIA transforms.

Tables 4.11 and 4.12 compare the largest absolute spectral coefficient value of
fastest LIA and FPAE transforms. In Table 4.11, the largest absolute spectral
coefficient value of the polarity zero arithmetic transform spectra and the fastest LIA
transforms with zero polarity number spectra are given whereas Table 4.12 lists the
largest absolute spectral coefficient value among all fastest LIA transforms and all
polarities FPAE transforms spectral coefficients. It can be clearly seen from the tables
that the fastest LIA transforms often have smaller value of maximum absolute spectral
coefficients than FPAE transforms. This is important since the largest absolute spectral
coefficient value may affect the stability of the system. In addition, larger spectral
coefficient requires more storage space when they are stored in memory. Note that all
the numbers in the Tables 4.11 and 4.12 for fastest LIA transforms are less than or
equal to the theoretical upper bounds for maximum absolute value of spectral

coefficients given in Property 4.3.11.
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Table 4.9: Minimum number of nonzero spectral coefficients

for T*(p,0, p) and T" (@, 0, p).

Input files T, (¢.0.p) T, (p.0.p)
R-coding S-coding R-coding S-coding

xorS 16 24 16 24

squar> 30 31 30 31

rd53 27 31 28 31

bw 22 28 22 28

conl 70 77 70 75
Sxpl 128 128 128 128
z5xpl 128 128 128 128
rd73 118 124 122 124
inc 75 87 75 87
rd84 240 251 249 254
misex 1 76 130 76 130
ex5 207 207 196 196
Osym 218 300 218 300
z9sym 218 300 218 300

Table 4.10: Minimum number of nonzero spectral coefficients

for T¢(p,0, p) and T/ (9,0, p).

Input files T, (¢.0.p) T, (9.0, p)
R-coding S-coding R-coding S-coding

xor5 14 21 14 21

squar5 30 31 30 31
rd53 21 22 21 22
bw 22 28 22 28
conl 67 69 66 69
Sxpl 120 120 124 124
z5xpl 128 128 128 128
rd73 85 86 85 86
inc 75 84 75 84
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Table 4.11: Largest absolute spectral coefficient value.
Tlpo0) | Tpoo) | Tipoo) | Tipoo) | T
Input polarity zero
files R- S- R- S- R- S- R- S- R- S-
coding | coding | coding | coding | coding | coding | coding | coding | coding | coding
xor5 2 2 3 2 3 4 3 4 16 32
squarS| 3 5 2 4 4 6 4 5 4 8
rd53 2 5 3 3 3 5 3 4 16 32
bw 4 5 2 6 4 5 4 6 4 8
conl 5 6 4 4 5 6 6 7 2
Sxpl 4 6 6 6 6 8 6 8 6 12
z5xpl 7 8 6 8 7 8 7 8 6 12
rd73 3 5 4 5 5 6 4 6 64 128
inc 4 7 4 6 5 7 5 7 4 8
rd84 4 17 4 17 5 9 5 7 128 256
misex1| 5 7 5 7 6 7 5 7 3 6
ex5 7 7 7 9 7 8 7 9 3 6
9sym 4 5 4 5 6 7 6 7 14 28
z9sym| 4 5 4 5 6 7 6 7 14 28
clip 7 6 7 7 8 10 7 10 12 24
apex4 6 8 7 8 6 9 7 9 20 40
Table 4.12: Largest absolute spectral coefficient value of all spectra.
FPAE
Tnpat T! (.0, p) T! (9.0, p) T:(¢.0,p) 1. (¢.0,p) transform
i in all polarities
files
R- S- R- S- R- S- R- S- R- S-
coding | coding | coding | coding | coding | coding | coding | coding | coding | coding
xorS 3 5 4 5 4 5 4 5 16 32
squary| 4 10 5 9 4 10 5 10 4 8
rd53 5 8 5 7 5 8 5 6 16 32
bw 5 8 5 8 5 8 5 9 10
conl 10 11 9 9 10 12 9 11 3 6
Sxpl 10 17 13 17 12 17 13 17 12
z5xpl| 13 17 10 17 13 17 12 17 6 12
rd73 9 14 11 14 11 14 11 14 64 128
inc 7.5 13 10 13 10 14 10 13 5 10
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Chapter 5

Algorithms for Efficient Computation of
Ternary and Quaternary Fixed Polarity

Arithmetic Expansions

FPAE, which can be thought of as the integer counterpart of FPRME, have been
reviewed in Chapters 1 and 2 for binary functions. Similar to the FPRME, the binary
FPAEs can also be extended to multiple-valued cases. This chapter is concerned with
the extension of FPAEs for ternary and quaternary functions and development of
efficient algorithms for their calculation. The basic definitions for FPAEs of
any p-valued functions, where p > 2, are first presented. Two special cases of the
FPAEs are then discussed for the case where p = 3 (ternary) and p = 4 (quaternary).
For each of the cases, the corresponding basic FPAE transforms are shown and their
computational costs are derived. Algorithms for computation of their FPAE spectra are

subsequently described.

5.1 FPAEs for multiple-valued functions

Definition 5.1.1. Let f(X) be an n-variable p-valued function. Then the general form
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of the FPAE for f(X) in polarity @ is
p"-1 n '
f(?c)=2cf’{[1fc, } (5.1)
i=0 =1

where x = [xl,xz,...,xn], ¢ is the i-th spectral coefficient inside FPAE in polarity
w, %, is the literal of the [-th variable, i is the decimal number representation of

.. . . Ak
n-digit p-valued number <k ,k,,....k, >, 1e., <i> =<k k,,....k, > , and X, €

n p°

{0, 1, ..., p—1} is the k,-th power of X, mod p. All the additions and multiplication are

performed in standard arithmetic algebra.

Definition 5.1.2. In an FPAE, each input variable x, (1<i<n) must appear in the
same literal throughout the expansion. Let the possible literals for an p-valued variable
x, be denoted by “*”x,, where “*”x, = (x, + j,)mod p and 0 < j, <p — 1. Then the
polarity of an FPAE is taken as the decimal number representation of the n-digit

p-valued number < j, j,,..., j, >, L.e., <@>,=<j,, j,,..., j, >, if the variable x,

(1<i<n) always appears as ~*”x, inside the FPAE.

Definition 5.1.3. The FPAE spectral coefficient vector in polarity @ for the function

f(X) is denoted by C“ where

C”=l[cy,c/, ..c? 1, (5.2)

p'-1

0<w< p"—1,and ¢ represents the i-th spectral coefficient in the FPAE of f(X) in

polarity @.

Definition 5.1.4. The FPAE polarity matrix of an n-variable p-valued function f(X) is
denoted by P[f(X)]. It is a p" X p” square matrix whose rows correspond to the

FPAE spectral coefficient vectors C* such that

Pl f(®]=]|C’,C", ...,c"”-l]T, (5.3)
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where T denotes matrix transpose operator.

Definition 5.1.5. The column coefficient vector of a function f(X) in polarity @ is

denoted by B“, where

B® =[b2,b°, .b° 1. (5.4)

’ -1

The vector B corresponds to column @ (0< @< p" —1) of P[f(X)].

Property 5.1.1. Let the element that is located at row g and column h of
P[f(X)] be denoted by P,, (0< g,h< p"—1). Then by Definitions 5.1.3-5.1.5,

— 8 — KN
P,=c, =b,.

5.2 FPAE:s for ternary functions

Let F = [FO,Fl,...,F3,,_l ]T be the truth vector of an n-variable ternary function f(x),
where % = [x,x,...x,] . F,=£(00,..,0) , F=£©00,..1 , and

F3,,_1 = f(2,2,...,2). Then C” for f(X) can be calculated by the transform

C’=8:""F, (5.5)

<w>
n

where S~ is the FPAE forward transform matrix for ternary functions. It is a square

matrix of size 3" x3" that can be constructed from the n-times Kronecker product
Sy =[S, (5.6)
=1

<j;>

where <@ >, =< j,, j,,..., J, >3, ® denotes Kronecker product, and S;”~ denotes
the FPAE forward transform matrix for one-variable ternary function in polarity j,

(j, € {0, 1,2}). The basic transforms S;/~ are given below.
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1 0 0
S»=0 -11
-1 2 -1

0 0 1]
SP=-11 0
|2 —-1-1)

[0 1 0]
SI<2>= 1 0 -1
-1-1 2|

<j;>

Consequently, if we denote the inverse of S;”~ over standard arithmetic algebra

by T;*"” then we can build the FPAE inverse transform matrix 7**” by

Tn<w> — ®HTI</‘,> , (57)
=1
where
F=T".C". (5.8)

Note that the matrices Tfj’> (j, € {0, 1, 2}) are exactly the same as the basic inverse

transform for FPRME over GF(3) [Gre89]. Their values are

100
7—11<()>: 111
121]
11 1]
7—11<l>: 121
100
12 1]
7'11<2>= 100
111

Example 5.2.1. Let f(X) be a two-variable ternary function with truth vector

F = [0,1,2,1,2,1,0,0,0]" . Then, C* for f(X) can be calculated as follows

C'=87 - F=(S"®8")-F



ATTENTION: The Singapore Copyright Act applies fo the use of this document. Nanyang Technological University Library

5.2. FPAEs for ternary functions 163

O 0 0O 0O 00 1 0 01lo 0
O 0 0 0 0 0 0 -11/|1 0
O 0 0 0 0 0 -12 —-1|{[2 0
-1 0 01 0 0 O 0 0|1 1

=0 1 -1 0 -1 1 0 0 O |{2|=|-2]|
1 -2 1 -1 2 =10 0 01 2
2 0 0 -1 0 0 -10 010 -1
0 -22 0 1 -1 0 1 —-1|{0 3
-24-21-21 1-21]0] |[-2

So, by Definitions 5.1.1 and 5.1.2 the FPAE for f(x) in polarity three is
f(R) =% —2%x, +2%,x,” — %, +3%, %, —2%,°x,°,

<>

where X, and x, are equivalent to the literals <" x, and “”x, in Definition 5.1.2.

Given the FPAE, we can get back the output value of f(X) for a pair of x, and x,
values by evaluating the expression in standard arithmetic algebra, except for the

power operations which are performed modulo 3. Hence, for x, =1 and x, =1,

f(x)=2-2-2-1+2-2-1-1+3-1-1-2-1-1
=2-4+4-1+3-2=2.

Let @ and @, be any two polarity numbers such that
<O >,=<L OOy, ..., 0, >, and <@, > =< Wy, Wy s, Wy, >, where

0<w,w, <3" —1. Then, by (5.5)—(5.8)

C*=8"F
— (®HS1<0)”> 'T1<0>J' CO
I=1
:(®Hzl<wu>j.c0, (5.9)
=1

00 12 1 11 1
10,Z"=|01 1 |,and Z> =0 -2 —1].
01

where Zf°>=
0-3-2 03 1

SO

-1
Furthermore, as Z;"~ = (Zfb)
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c :(@Hz;“’w]-(@
=1

:(®ﬁzl<w”>. <20)21>J
=1
(®HZ (o +20,, mod3>} sz

I=1

=Z e .co (5.10)

<Ji>

Each matrix S has six nonzero elements with one element has an absolute

value greater than one. By the property of the Kronecker product, it can be easily
obtained that there are 6" nonzero elements inside S, where 5" of them have

absolute values of one. As such, the numbers of additions/subtractions and

multiplications required to perform direct transform of (5.5) are
A(n)=6"-3" (5.11)
and M, (n)=6" -5", (5.12)
respectively whereas the computational cost for performing fast transform are
A,(n)=n-3" additions/subtractions (5.13)
and M,(n)=n- 3" multiplications. (5.14)

Similarly, it can be obtained that the Kronecker product of n Z=~ produces a

matrix with 7" nonzero elements where 4" of them have absolute values of one

whereas Kronecker product of n Z** have the same number of nonzero elements with

5" of them are either 1 or —1. Hence, it follows that the computational cost of

performing direct transform of (5.10) is

As(n)=3" {(%) - 1} additions/subtractions (5.15)

and M (n) =3""" (7" —4* .5") multiplications, (5.16)
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where u and v are the number of 1s and 2s in the ternary number <@, +2m, > ,

respectively. Performing fast transform reduces the computational cost of (5.10) to
A,(n)=4-(u+v)-3"" additions/subtractions (5.17)

and M, (n)=QCu+2v)- 3" multiplications. (5.18)

Similar to the case for FPRME over GF(5), the relationships between the truth
vector and FPAEs in different polarities as shown in (5.5)—(5.10) can be used to
generate algorithms for calculating FPAEs for ternary functions. The algorithms are

described in the following sections.

5.2.1 Matrix multiplication algorithms for ternary FPAEs

In the matrix multiplication algorithm, the generation of all FPAEs for the input
function is performed by first choosing an arbitrary ordering of all the 3" possible
polarity numbers. It starts by calculating the FPAE spectral coefficient vector in the
arbitrary starting polarity from the truth vector by (5.5). After it has been obtained, the
FPAEs in the remaining polarities are then calculated one at a time by (5.10) such that
the FPAE spectrum in a particular polarity is computed from the FPAE spectrum in
the previous polarity number in the chosen ordering. For example, if lexicographic

ordering is chosen then for two-variable functions the polarity numbers are ordered as

follows: 0-1-2-3-4-5-6-7-8 and so C“ is calculated from C*™' forall @, 1< @, <8.

In Section 5.2, it has been shown that the computational cost of (5.10) changes
with the values of @, and @, . As a result, the computational cost of the matrix

multiplication algorithms is dependent on the chosen ordering and whether fast
transform is used. In what follows, the computational costs for three different

orderings are derived.

When the polarity numbers are ordered in lexicographic order, in the generation of
the FPAE spectra in all the 3" —1 nonstarting polarities by (5.10), the nonzero digits in

< +2w, > are always one. Furthermore, there are 2-3"" instances where the
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number of nonzero digits inside <@ +2®, > are i (1<i<n ). As such, the

computational cost of generating all FPAESs in lexicographic order using fast transform

is
A (n)= Az(n)+zn:2-3"’i(4-i-3"’1)
p
=3"'(2-3™ —n—6) additions/subtractions  (5.19)
and Ms(n)=M2(n)+zn:2-3”_i(3-i-3”_1)
p
=£;(3"+2 — 4n—9) multiplications. (5.20)

On the other hand, when all the polarities are ordered in the reverse lexicographic
order (from 3" —1 down to zero), the number of instances where the number of
nonzero digits inside <@, +2w, > are i (1<i<n) are the same as in lexicographic
order. However, now the nonzero digits are always two instead of one. From
(5.15)—(5.18), it can be deduced that compared to the lexicographic order, the reverse
lexicographic order lead to the same number of additions/subtractions but smaller

number of multiplications. The computational cost for the reverse lexicographic order

with fast transform is

Ag(n)=3""(2-3"" —n—6) additions/subtractions (5.21)
and Mg(n)=M,(n)+).2-3""(2-i-3"")
i=1
=31 (3" — n—3) multiplications. (5.22)

Alternatively, the computational cost can be minimized by choosing an ordering
such that the ternary number < @, +2®, > in (5.10) always has only one nonzero
digit, i.e., the ordering is an extended dual polarity route (see Definition 3.4.1). As
Zf1> has more nonzero elements than Zf2>, the best case computational cost occurs

when the extended dual polarity route is one such that the nonzero digit in
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<@ +2w, > is always two. The matrix multiplication algorithm with such ordering is

given in Fig. 5.1. The computational cost of the algorithm is
A, (n)=3"" (4 3" +3n— 4) additions/subtractions (5.23)

and M, (n)=3""(2-3" + n—2) multiplications. (5.24)

The computational costs for the matrix multiplication algorithms with fast

transform and the three described orderings are shown in Table 5.1 for n < 7.

5.2.2 Cube polarity adjustment algorithm for ternary FPAEs

In Chapter 3, an algorithm called cube polarity adjustment has been introduced to
calculate the spectral coefficient of FPRMEs over GF(5) from the disjoint cube array
representations of the input functions. In this section, the algorithm is extended for

generating FPAE spectral coefficients of ternary functions.

Definition 5.2.1. Let the literal of a ternary variable in a cube be denoted by X,*,

lif X, € §,

. . 3 S’ =
where S, < {0,1,2) is said to be the true set of literal X, and X, _{Oif X g8

Then a ternary cube is simply a product of ternary literals X 15‘ X 252 DX ign.

1

Definition 5.2.2. A cube intersection operation is defined as

X ATy SAOSE L x SASEif § ANS. B # D foralli

ANB= n
N {@

) , (5.25)
, otherwise

where A and B are cubes and S;A and S.B are true sets of literal X, in A and B,

respectively.

Definition 5.2.3. Two cubes A and B are disjoint if AN B = . Otherwise, A and B

are nondisjoint (overlapped).
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Void tfpae(int truth vector]| ])
{int W[n] =<0, 0, ....,0>, p[ ];
char Dir[n] = ’aaa...a’;
Calculate C° from truth vector using (5.5) and
store the result in p[ ];
For(j =0 to 3" - 2)
{ cont = true;
[=n;
while (cont==true)
{I1=1—;
cont = false;
if(Dir[l]=="a")
{ switch (W[I])
{ case 0: W[I] = 2; break;
case 1: { cont = true; Dir[l] = ‘b’;}
case 2: W[I] = 1; break; }}
else if(Dir[l]=="b")
{ switch (W[I])
{ case 0: W[I] = 2; break;
case 1: W[I] = 0; break;
case 2: { cont = true; Dir[l] = ‘c’;}} }
else
{ switch (W[I])
{ case O: { cont=true; Dir[l] = ‘a’;}
case 2: W[I] = 1; break;
case 1: W[I] =0; break; } }}
Calculate C" from pl 1 and store the result

back to p[ ]:}}

Figure 5.1: Matrix multiplication algorithm for ternary FPAE:s.



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

5.2. FPAEs for ternary functions 169

Table 5.1: Computational cost of matrix multiplication algorithms for ternary FPAEs.

Additions/subtractions Multiplications
Reverse Reverse
n|Lexicographic Algorithm |Lexicographic Algorithm
lexicographic lexicographic
order in Fig. 5.1 order in Fig. 5.1
order order

1 11 11 11 7 5 5
2 138 138 114 96 66 54
3 1377 1377 1017 999 675 495
4 12852 12852 8964 9504 6372 4428
5| 117207 117207 79623 87399 58401 39609
6| 1059966 1059966 711990 793152 529254 355266

Definition 5.2.4. A minterm is a cube that includes literals for all function variables

X,, X,,.., X, in which every set S, has only one element.

n

Example 5.2.2. Let X I{I’Z}X Z{O’I}X 3{2} be a ternary cube with three input variables.
Then the minterms covered by the cube are X, Xx,"x.,"* | x"x,"x.,"”

X2 x, O x ™ and X, X," X" or 102, 112, 202, and 212, respectively.

Definition 5.2.5. A cube can be represented by its positional notation such that each
literal is represented by r (number of input values) binary digits, with the (i + 1)-th

digit is 1 when i is a member of the true set of the literal and 0 otherwise.

Example 5.2.3. The ternary cube X 1“’2} X 2{0’1} X 3{2} given in Example 5.2.2 can be

represented in positional notation as 011-110-001.

The cube polarity adjustment algorithm calculates each of the spectral coefficient
values by computing the contribution of each disjoint cube to the value of the spectral

coefficient and summing them up. The computation process is exactly the same for all
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spectral coefficients and it allows the required spectral coefficients to be calculated in
any order. In what follows, the basic definitions and properties related to the algorithm
is given. The steps of the algorithm are also described. The input to the algorithm is
the reduced representation of a ternary function in the form of disjoint cubes array,
where each cube can be represented as an integer coded cube or by its positional

notation. Therefore, the algorithm is given for both cases.

Definition 5.2.6. The canonical FPAE of f(X) in polarity @ for ternary function can

also be expressed by

fx)= 3210,-“)7[,-“ ) (5.26)

where each piterm 7;° is equivalent to the product term {H X, b } . In other word, 7”
=1

is the product term in FPAE that corresponds to the spectral coefficient ¢;”.

Property 5.2.1. There are 3" different possible z,° for a particular polarity number

that corresponds to the different permutations of ;.

Property 5.2.2. The n-variable ternary FPAE can be fully described by the set of all

spectral coefficients ¢;”, where ¢;” € {0,1,2}.

Definition 5.2.7. The subscript i in both 7z and ¢ is called the spectral coefficient

index. From Definition 5.1.1, <i > =<k, ,k,,....k, >;.

Definition 5.2.8. The cube of degree d is a cube that has d defined literals. If the
symbol m denotes the number of missing literals (‘=") in the cube and n denotes the

total number of input variables for the function then d =n—m.

Property 5.2.3. The missing literal in a cube corresponds to the literal X i{o‘l’Z} as well

as ‘111’ in positional notation.
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Definition 5.2.9. The w-adjustment operator is an operator that takes a polarity digit
and a ternary cube literal as its inputs. The cube can be represented either by integer
coded cube or positional notation. Tables 5.2 and 5.3 show the @ -adjustment
operation when the cube is an integer coded cube and in positional notation,

respectively.

Table 5.2: Cube @ -adjustment operation (ternary integer coded cube).

w-adj Polarity digit
Cubedigit | 0 | 1 | 2

0 0|1 ]2
1 11210
2 21011

Table 5.3: Cube w -adjustment operation (ternary positional notation).

w-adj Polarity digit
Variable positional notation | 0 1 2
001 001 | 100 | 010
010 010 | 001 | 100
011 011 | 101 | 110
100 100 | 010 | 001
101 101 | 110 | 011
110 110 [ 011 | 101
111 1| 1r 111

Definition 5.2.10. The 7 -adjustment operator is defined as an operation between a
spectral coefficient index digit and a ternary cube literal. Similar to the
w -adjustment operator, the cube input for the 7 -adjustment operation can be in the

form of either integer coded cube or positional notation. Tables 5.4 and 5.5 show the
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outputs of the 7z -adjustment operation for all possible inputs.

Table 5.4: Cube 7z -adjustment operation (ternary integer coded cube).

m-adj Spectral coefficient index digit
Cube digit 0 1 2
0 1 0 1
1 0 1 2
2 0 1 1

Table 5.5: Cube 7z -adjustment operation (ternary positional notation).

m-adj Spectral coefficient index digit
Variable positional
) 0 1 2
notation

001 0 1 1
010 0 1 2
011 0 0 1
100 1 0 1
101 1 1 2
110 1 1 1

Definition 5.2.11. Let h; denotes the contribution of the g-th disjoint cube to the value

of the i-th spectral coefficient ¢”. Then the final value of ¢ is a summation of all

contributions to it in standard arithmetic algebra. If z is the number of ON disjoint

cubes inside the input function, then
c=>hl. (5.27)
g=1

In the algorithm, the contribution of each disjoint cube to the value of each spectral

coefficient is calculated separately using the same procedure. Let the g-th ON disjoint
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cube of an n-variable ternary function be given by g = ¢q,q, ---¢q, . Then the value of h;

as described in Definition 5.2.11 can be calculated by the following steps:

Step I:

Step 2:

Step 3:

Generate the n-digit ternary representation of the spectral coefficient index
i, <k, k,, ...,k > and polarity number @, < j, j,,...,J, >.
Perform bitwise operation on g and @ :
q=q w-adi @ -
Set i'=i . If the degree of the cube ¢' = n, go to Step 4. Otherwise perform
the following:
If the cube is an integer coded cube:
For every digit of the cube ¢', (1 <1<n),if ¢',=-'then set ¢',=i', and
i''=0.
If the cube is represented by its positional notation:
For every literal in the cube ¢', (1 <[ < n), if g',=111 then set
q', =100, 010, or 001 according to whether i', =0, 1, or 2, respectively.

Subsequently set i, =0.

Step 4: Perform bitwise operation on ¢' and i':

nw__ .
9 =49 1 -

Step 5: Set M = ﬁq”, .
=1

Step 6: Determine the sign of h; by the following:

If the cube is an integer coded cube:

Perform bitwise modulo 3 addition, temp= ¢g'®i' . If the number of
nonzero digit in temp is even, sign=1. Else, sign=-1.

If the cube is represented by its positional notation:

Set temp = 0. For every nonzero digit in i', i', (1 </ < n): if (i',=1 and
the rightmost digit in the positional notation of the /-th input variable in

q' =0) or (i',=2 and the middle digit in the positional notation of the

173
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[ -th input variable in ¢' = 0) then set remp = temp + 1. If the final value

of temp is even, sign=1. Else, sign=-1.

Step 7: Let f(g) be the output value of the disjoint cube ¢ . Then,

h; =signxM % f(q).

Example 5.2.4. Let f(X) be a three-variable ternary function with the following

disjoint cubes array: {00- 1, 01— 1, 2-0 1, 222 1, 020 2, 022 2, 100 2, 102 2}. Then,
according to the given procedure the computation process of the spectral coefficient

ey, (<5>,=<0,1,2>,; <24 > =<220>,) is as illustrated in Table 5.6.

Table 5.6: Computation example for ternary integer coded cubes.

q | flg) | q' (after Step2) | ¢' (afterStep3) | i | q" | M | temp | sign | h,
00— 1 01- 010 220 121 2| 200 | -1 | =2
01— 1 02— 020 220 | 111 | 1 | 210 1 1
2-0 1 2-2 222 200 | 100 | O | 122 | -1 0
222 1 201 201 220 | 110 | O | 121 -1 0
020 2 002 002 220 1 110 | 0 | 222 | -1 0
022 2 001 001 220 | 110 | 0 | 221 -1 0
100 2 112 112 2201220 0 | 002 | -1 0
102 2 111 111 2201220 | 0 | 001 -1 0

¢ 34 -1

Example 5.2.5. Let f(X) be the three-variable ternary function given in Example
5.2.4. Then f(X) can also be represented by the following disjoint cubes in positional
notation: {100-110-111 1; 001-001-001 1; 001-111-100 1, 010-100-101 2;
100-001-101 2}. Table 5.7 shows the process of calculating the value of ¢, from the
disjoint cubes by the presented algorithm. As the functions in Examples 5.2.4 and

5.2.5 are the same, the values of ¢, are also the same for both of them.
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Table 5.7: Computation example for ternary positional notation.
' (after Ste ' (after Ste :
q fq) ! P P i' | 4 | M| temp |sign | h,
2) 3)
100-110-111 1 100-011-111 | 100-011-100 | 220 | 111 | 1 1 -1 | -1
001-001-001 1 001-100-010 | 001-100-010 | 220 | 110 | O 2 1 0
001-111-100 1 001-111-001 | 001-001-001 | 200 | 100 | O 1 -1 10
010-100-101 2 |[010-010-011 | 010-010-011 | 220 {220 | O | O 1 0
100-001-101 2 100-100-011 | 100-100-011 | 220 | 110 | O 2 1 0
¢ [
24

5.2.3 Row polarity matrix algorithm for ternary FPAEs

The row polarity matrix algorithm generates the required FPAE spectral coefficients
based on the recursive definition of the polarity matrix that has been modified using its
special properties such that the resulting computational costs are reduced. In what
follows, the definitions and properties of the recursive definitions used by the

algorithm are presented.

Definition 5.2.12. Let each spectral coefficient vector C* be divided into three equal

size subvectors as follows:

w (2] [

o _
C™ =[¢t00Clntay> St - (5.28)

Since there are 3" elements in C“, each of the subvectors c[“;_l, J (qe {0,1,2}) contains

3" elements.

Property 5.2.4. The definition above is recursive and each subvector of C” can be

further divided into three subvectors of equal size. Generally for 1 <p <n,

(5.29)

3] _r.e I3} w
Cpq1 = L€ po1901 €l pat g1 Ciprg2r 1>

where ¢ is the (n—p)-digit ternary representation of any decimal number from zero to
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3P —~1.

Property 5.2.5. Let < g >, be the decimal number representation of g in ¢ . Then

the elements of c[“l’,! ;) correspond to the polarity matrix P[f(x)] elements with row

index numbers w and column index numbers Js where

(<g>,37)<j<(<q>, +1)-3".

Property 5.2.6. Each subvector ¢’ has 3” elements. When p=n, has 3"

[0
clp,qJ

elements, and therefore ¢, ,, = C*”.

Definition 5.2.13. Let T, be a recursive square matrix which is defined by (5.30). The

subscript p is allowed to take the value from 1 to n.
T,(¢lpq) = [Tpo (1) T (€ ) T (€15 )] ; (5.30)
where

[0}
T, (Cprg0)
@ _ [} @ [}
TPO (Clp,qJ) - Tp—l (clp—l,qOJ + 2clp—1,qll + clp—l,qZJ) ’

(o} [0} [0}
T, (Clpotgo) T Clporgn + Clptga)

w
T, (cprqn)

1) _ 1) 1)
T, (o) =| Ty (Clpmrgny + Clpmrga) |
@ @
T, (2¢0, 141 = Clpotq2))

@
Tp—l (clp—l,qZJ )
w _ w w
and T,y (crp ) = | Tyt (536,100 = 2€0 1020 |-

(0] @
T, B¢ipagn +Clprga)

Property 5.2.7. Each matrix T, (c(, ;) is of size 3" x3".

Property 5.2.8. By Property 5.2.7, Tl(c[(f’q]) only has 3x3 elements. Therefore
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T, (cjo.s))= Clo.5)=Cs -

Property 5.2.9. When @ =0 and p =n, the matrix T, (c[‘;, 4 18 the polarity matrix,
Pf(®)] = T,c,,). Furthermore, by Property 52.6, ¢, =C" and

PLf(D)]=T,(C").

Definition 5.2.14. By analyzing the relations between the elements of polarity matrix

Pl f(X)], (5.30) can be rewritten as:

T, (ty) T, (1) T, (ty,)
Tp (C[a;.q]) = Tp—l (1)) Tp—l () Tp—l (1))
T, (ty) T, (1) T, (ty)

Tp—l (fo0) Tp—l (o) Tp—l (1)
=T, (g +10) T, (g, 1) T, (5 = 1)) |- (5.31)
Tp—l (too +t11) Tp—l (too _tlo) Tp—l (t01 _t21)
It can be seen that the revised recursive equation of 7, (c[‘j,,q]) in (5.31) is more

efficient than (5.30) for generating the complete polarity matrix.

The row polarity matrix algorithm calculates all elements of the polarity matrix by
recursively applying (5.30) on all 7, (c[(;’q]) matrices in each recursion stage. The

steps performed by the algorithm are as follows:
Step I: Generate polarity zero spectral coefficient vector by (5.5) if it is not known.
Otherwise go directly to Step 2.
Step 2: Setp =n.

Step 3: Divide P[f(xX)] into 3"" x3""" T, matrices. For each of the T, matrices,

divide it into its 7, , matrices and calculate the first row elements of all the
T, , matrices from the first row elements of the 7, matrix by (5.31). Fig.
5.2 shows the flow diagram for this calculation for each 7, matrix. Note

that in the figure, the dashed line ---- indicates that the sign of the signal
should be inverted before being added.
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Step 4: Decrement p by 1. If p = 0, all elements of the polarity matrix have been
derived. Exit the algorithm. Otherwise go back to Step 3.

Figure 5.2: Flow diagram of the calculation of rows 1 and 2 matrices.

Property 5.2.10. The computational cost of deriving the complete polarity matrix of

an n-variable ternary function from the FPAE spectral coefficient vector in polarity

zero by the algorithm is 3" (3" —1) additions/subtractions.

Proof: By the given steps, there are n recursion stages in the algorithm. At the i-th

recursion (1<i<n), there are 9" T

' .1; matrices being processed, each requires three
additions and three subtractions of size 3""'. Therefore, the total computational cost

(additions/subtractions) for the algorithm is

A =Y97.6.37 =2.371.33 =37 (3 -1).
i=1 i=1

The computational costs of obtaining all spectral coefficient vectors by the row
polarity matrix algorithm are given in Table 5.8 for n < 7. Note that the computational
cost of calculating polarity zero spectrum by fast transform of (5.5) has been added to
the cost given in Property 5.2.10. Comparing Tables 5.1 and 5.8, it can be seen that the
row polarity matrix algorithm requires smaller number of additions and multiplications

than all the matrix multiplication algorithms.
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Table 5.8: Computational costs of row polarity matrix algorithm (ternary FPAEs).

n | Additions/subtractions Multiplications
1 9 1

2 90 6

3 783 27

4 6804 108

5 60021 405

6 535086 1458

Besides deriving the complete polarity matrix, the algorithm can also be used to
generate a spectral coefficient vector only without the necessity of obtaining the whole

polarity matrix first. The steps of the algorithm in this case is similar to the steps given

above, except that only 3"" T matrices which contain the selected spectral
coefficient vector are processed at each recursion stage and that only one row of 7', ,
matrices need to be derived for each of the T, matrices. Figs. 5.3 and 5.4 show the
flow diagrams of the calculation of row 1 and row 2 T, | matrices from the first row
elements of the T, matrix, respectively. The algorithm is finished when the selected

spectral coefficient vectors elements have all been obtained.

The properties of the calculation of a spectral coefficient vector by the row polarity
matrix algorithm are given in the following. For the properties, let @ be the polarity

number of the selected spectral coefficient vector, where < @ >, =< j,, jo,..., J, >3-

Figure 5.3: Flow diagram of the calculation of row 1 matrices.
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Figure 5.4: Flow diagram of the calculation of row 2 matrices.

Property 5.2.11. The T, row index number of the matrices to be derived at the i-th

recursion (1 <i<n)is given by r, (0 <r,<2), where

= int(3n—a:j fori=1, (5.32)

i—1
-2 13"
=1

Y= fori>1, (5.33)

r, =int

and the bracket int (rational number) means the integer part of a rational number.

Property 5.2.12. If [{(@mod 3"") mod 3"} ... mod 3" = 0 for some i, 1 <i<n,
the total number of the polarity matrix rows that are generated in the process of

calculating the FPAE spectrum in polarity @is equal to i.

Property 5.2.13. If [{(@wmod 3"") mod 3"%} ... mod 3" =R (R € {1, 2}) for some
i, 1 £i < n, the total number of the polarity matrix rows that are generated in the

process of calculating the FPAE spectrum in polarity @ is equal to i + 1.

Property 5.2.14. Let the set ¥ ={y,,y,,":*, ¥y} be defined as Y ={y| j #0}. Then

the polarity numbers of the generated spectral coefficient vectors are given by the

decimal number representations of ternary numbers < j,, j,,..., Jy ,0,...,0 >, where the

value of index i varies from 1 to |YI.
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Property 5.2.15. The computational cost of deriving the FPAE spectra in polarity @

by the row polarity matrix algorithm is 4-1Y |-3""" additions/subtractions.

5.2.4 Column polarity matrix algorithm for ternary FPAEs

The column polarity matrix algorithm calculates the required FPAE spectra based on
an optimized recursive definition of the ternary FPAE polarity matrix. The optimized
recursive definition is obtained by examining the relations between the polarity matrix
columns and minimizing the required number of arithmetic additions/subtractions and

multiplications. Similar approach has been presented for FPRMEs over GF(5).

Let us first examine the FPAE transform polarity matrix for one-variable ternary
function with truth vector F = [F,,F,,F, 1" By (5.5) and Definition 5.1.4, the spectral

coefficient vectors for the function are
Cc’=[F,,F,-F 2F —F,-F,]
C'=|F,,F,—F,2F,—F, —F,]
C?=|F,,F,—F,2F,—F, —F,]

and the polarity matrix for the function is

Fo Fz_ 1 2F1_F0_F2
Plf(X)]=|F, F,—-F, 2F,—F,—F,
F F,—F, 2F,—F —F,

It can be seen that the first column of the polarity matrix consists of truth vector
elements and as a result, the elements in the second and third columns can be obtained
from the first column elements. Generalizing this analysis for larger ternary functions,

it can be derived that for any number of input variables the first column of the polarity

matrix ( B”) is simply the truth vector of the input function that has been reordered in a
regular manner. Once the first column elements are obtained, other column elements
can then be recursively calculated from them by utilizing the relations between

different column coefficient vectors. The general recursive definition for the ternary
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FPAE polarity matrix that enables such calculation is given below.

Definition 5.2.15. Let 7" >(g) be a recursive matrix that is defined as
T<p0 ,q0> ( ) T<p0 ,q1> ( ) T<p0 ,q2> ( )

g g g
T;p,q> (g): T<pl ,q0> (g») T<pl ,q1> (g) T<pl ,q2> (g)
T/H<pl2 ,q0> (g) T<p2 ,q1> (g) T<p2 ,q2> (g')

Lo Ly L ) (5.34)

where g is a column vector of size 3", T;7**(g) (d € { B, p-1}) is a square

matrix of size 3“x 3¢, p and ¢ are ternary strings, 1 < £ < n, and the columns are

Loy Lo — Iy Lo 2t20 — Ly — 1y
related such that | #,, |=|t,, =1, | and | ¢, |=| 2ty — 1,0 — s |-
Iy Loo — Lo 25 2t10 — Iy — 1y

Definition 5.2.16. Let F be the truth vector of an n-variable ternary function f(X).

Then ¥;** (f(¥)) is defined as a subvector of F that satisfies (5.35) and (5.36).
Y " (f(H)=F (5.35)
v (F) =1 (F@LY (F@) Y5 (FD)] (5.36)

There are 3 elements inside Y;”>(f()?)), where 1 < B < n and v isan

(n —f +1)-digits ternary number.

Definition 5.2.17. Let  Y;*”(f(¥)) be as in Definition 5.2.16. Then X;”(f (%))

(1 £ B £ n) is defined as a subvector of size 3/ that is recursively built from

Y;" (f(¥)) by (5.37) and (5.38).
X2 (F@) = (FOLY (LY (F3)] (5.37)

X5 (f(3®)= =X (@)L X5Z (@)L X5 (F®)).B> 1) (5.38)
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Property 5.2.16. 7, (g) is the FPAE polarity matrix for an n-variable function

f(¥) whenp=g=0and § = X " (f (%)),

n

P(f(®) =T (x> (r®)). (5.39)

In the recursive definition of T; ra> (g ) given in Definition 5.2.15, the generation

of submatrices inside the second and third columns from the first column submatrices
requires nine matrix subtractions and three matrix scalar multiplications. This
computational cost can be reduced by considering the relations between the second

and third column submatrices such as given in Definition 5.2.18.

—

Definition 5.2.18. The recursive matrix 7;”% (g) in Definition 5.2.15 can also be

written as
t
T;p’q>(§): Lo Ty =Ty By =1y |- (5-40)
t

It can be seen that the new recursive equation in (5.40) requires smaller number of

arithmetic operations than the recursive equation in (5.34).

The column polarity matrix algorithm can be used to calculate all or selected
polarities spectral coefficient vectors. When the complete polarity matrix is to be
generated, the algorithm performs the calculation based on (5.40) as it incurs smaller
computational cost in terms of number of arithmetic operations. On the other hand,
when only selected spectral coefficient vectors are required, the computation is
performed based on (5.34) to reduce the number of intermediate spectra that needs to

be calculated in the process. The steps of the algorithm for both cases are given below.

Steps for generation of complete ternary FPAE polarity matrix by column polarity

matrix algorithm

Step I: Find X (f (%)) from F , the truth vector of the input function f(X), by

(5.35)~(5.38). X" (f(¥)) is B® of f(¥).Set f=n.
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Step 2: Divide the polarity matrix P[f(¥)] into 9"* T;"* matrices. For each
T;"* matrices, identify its ty, #,g, 1y, to» by » tys Loys 1> and
submatrices. Calculate the first column elements of the ¢,,, ,,, t,,, t,,, t;5,
and 7,, submatrices from the known first column elements of ¢, ¢,,, and
t,, submatrices by (5.40). Fig. 5.5 shows the flow diagram of the
calculation inside each T;”"P matrices, where the dashed line ----

indicates that the sign of the signal should be inverted before being added.
Step 3: Decrement S by 1. If S = 0, the complete polarity matrix has been

generated and the algorithm is finished. Otherwise repeat Steps 2 and 3.

Figure 5.5: Flow diagram for each recursion stage

(complete polarity matrix generation).

Steps for generating ternary FPAE spectrum in polarity @ by column polarity matrix

algorithm
Step I: Find < j,, j,,...,j, > , the ternary representation of @

(KO>10=<JisJareeerp >3)

Step 2: Find X = (f (%)) from F , the truth vector of the input function f(¥), by
(5.35)-(5.38). X"(f(¥) is B® of f(¥). SetB=nandp =0.

Step 3: For each T;”" inside the polarity matrix, calculate the first columns of its

t,, and ¢, submatrices from the known first columns of its ¢, #,,, and t,,
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submatrices based on (5.34), where r = j,,, ;. The flow diagram for the

computation inside each 7;”* matrix is shown in Fig. 5.6, where r,
(ie {0,1,2}) represents (r+i) mod 3.

Step 4: Decrement S by 1. If S = 0, the required spectral coefficient vector has
been obtained and the algorithm is finished. Otherwise, set p = pr (append r
at the end of string p) and repeat Steps 3 and 4.

tr] 0 + ? > trol
1
1
|
1
trZO tr02
- |
1
trOO - » trOO

Figure 5.6: Flow diagram for each recursion stage

(spectral coefficient vector generation).

Based on the given steps of the algorithm, the computational costs of the column

polarity matrix algorithm can be derived.

Property 5.2.17. The generation of the complete polarity matrix of an n-variable
ternary function by the algorithm incurs 3" (3” - 1) subtractions and no multiplications.
Proof: From Fig. 5.5, it can be seen that the computational cost of Step 2 for each

T;” > matrix is 6-3”"' subtractions. Since there are 9"# T;” ‘> matrices inside the

polarity matrix, it follows that the total computational cost of Step 2 is
9"#.6.3/" = 6.3 subtractions. Step 2 is performed recursively for B = 1 to n.

Therefore, the total computational cost of the algorithm for generating complete

polarity matrix is

Ay(n)=6) 377
B=1
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:6_3n—2.3(1_3n)
1-3

=3"(3" —1) subtractions.

Property 5.2.18. The computational cost of the algorithm for generating selected

spectral coefficient vector of an n-variable ternary function is n-3" subtractions.

Proof: Tt can be seen from Fig. 5.6 that the computational cost of Step 3 for each

T;” ‘> matrix is three subtractions, where each is of size 3. Due to the limitation on

the value of p imposed in Step 4, when B =i there are only 3" T;"* matrices
processed at Step 3. Thus, the total computational cost of Step 3 when B =i is

3-3".3"7 = 3" subtractions. Step 3 is iterated n times, corresponding to the changing

value of £ from n to 1. Therefore, the total computational cost for the algorithm for

calculating a spectral coefficient vector is simply 7n-3" subtractions.

In Section 5.2, it has been derived that the cost of performing (5.5) by fast
transform is n-3" additions/subtractions and n-3""" multiplications. Since both the
matrix multiplication and row polarity matrix algorithms require the FPAE spectrum
in the starting polarity to be first calculated from the truth vector by (5.5) if it is not
known, the computational cost of generating the FPAE spectra in selected polarity by

those algorithms are always greater than or equal to n-3" additions/subtractions and

n-3"" multiplications. As such, from Property 5.2.18, it can be concluded that the
column polarity matrix algorithm has the smallest computational cost for generating a
spectral coefficient vector. Table 5.9 lists the computational cost of the column
polarity matrix algorithm for n <7 when it is used to generate the complete polarity
matrix. From Tables 5.1, 5.8, and 5.9, it can be seen that among them the column
polarity matrix algorithm also requires the least number of arithmetic operations for

calculating all spectral coefficients.
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Table 5.9: Computational costs of column polarity matrix algorithm

(ternary FPAEsS).
n | Addition/subtraction | Multiplication
1 6 0
2 72 0
3 702 0
4 6480 0
5 58806 0
6 530712 0

5.3 FPAEs for quaternary functions

Let F = [FO,Fl, v F o ]T be the truth vector of a quaternary function f(x), where x
=[x, %,,...x,], Fy=£(00,...,0), F, = £(00,....), and F,  =f(33,....3). Then
C? for f(X) can be calculated from F by

1

2n

21,, -(@Hs;/">J-i . (5.41)
=1

C’=— 8§ .F

Conversely, F can be obtained back from C” by
F — Tn<w> . Cw
=(®HTE”>J-C”’, (5.42)
I=1
where ® denotes Kronecker product and <@ >,,=<j,, j,, ..., J, >, . The basic

transform matrices for FPAE of quaternary functions 7, and S/~ are
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[1000] 1111
o 1111 a 1200
™" =11200 Im=11313
131 3] 1000
[1200] 1313
<2>_1313 <3>_1000
" =11000 L =1111
1111 1200
[ 0 0 O] [0 0 0 l
S<0> _ —1 0 1 0 S<l> _ 0 1 0 —1
1 T|=2 3 0 -1 T3 0 -1-2
|1 —1-1 1 -1-11 1
00 2 0] 0 2 0 0]
S<2>_ 1 O —1 0 S<3>_ O —1 O 1
1710 -1-2 3 1 Tl-1-23 0
-1 1 1 -1 11 —1-1

Similar to the case for ternary FPAE, the relations between any two quaternary
FPAE coefficient vectors for the same function can be derived from (5.41) and (5.42).

Let us consider two coefficient vectors with polarity numbers 0 and @,

(0<w <£4" 1), respectively where < @, > =< @,,®,,,...,®,, >,. Then, it can be

derived that

c® :%_S;ap 'Fzz_ln'S:wI>'TnO’CO

_ 1n'(@IILIS;@PJ’(@IEITF(bj'CO
2 =1 =1
:(®H[ <w” . <0>j} CO
(@Hz“’“ J C'=7z;"-C". (5.43)

The transform matrices Z;*” for j, € {0,1,2,3} are

<0> __
Z77 =

oo~
SOoO—O
OoO—OO
—OoOoO
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1 3 1 3
<> __ O —1 0 —1
Z7m =104 -1-3
02 0 1
1200

<2> _ 0 —1 0 0
Z7=1021 4
00 0-1

11 1 1

<3> 0 1 0 1
Z7 =10 2 —1-1
0-2 -1

Given (5.43), the following equation can now be derived that relates quaternary

FPAE coefficient vectors in any two polarities @, and @, (0< @,,®, <4" -1):

co =z .c' =z .z )" .c*

n

— (@ I_I(Zf“’u> . (ZF‘”ZP )_1 )J .C*.
=1
Since (277 )" = (z=¢#™4%)  the derivation can be continued as follows:

Oy R |
=1

=zove>.cl (5.44)

<j;>

Each basic transform matrix S;”” has ten nonzero elements and three of them

have absolute values greater than one. Due to the property of Kronecker product and

<w>
n

(5.41), it follows that there are 10" nonzero elements inside each S~ , where

10" —=7" of them have absolute values greater than 1. Therefore, the computational

cost of direct application of (5.41) is
A, (n)=10" —4" additions/subtractions (5.45)
and M ,,(n)=10" =7" multiplications. (5.46)

whereas the computational cost of fast transform of (5.41) is

A, (n)=6n-4"" additions/subtractions (5.47)
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and M, (n) =3n-4"" multiplications. (5.48)

In deriving the computational costs above, the division by 2" is assumed to be
performed by bit shifting operation, and therefore it does not involve any

multiplications.

<j;>

On the other hand, the number of nonzero elements inside the matrices Z™~ are
not the same for different value of j,. Let N(y)(ye {0,1,2,3}) be the total number of

y in the quaternary representation of <@, +3®, >. Then the cost of performing the

fast transform of (5.44) are
A,(n)=4""(7-N(1)+3-N(2)+7-N(3)) additions/subtractions (5.49)

and M, (n)=4""(5-N(1)+3- N(2)+2- N(3)) multiplications. (5.50)

The shown relations between the truth vector and quaternary FPAE spectra as well
as their computational costs can be used to develop more efficient algorithms to
generate selected spectral coefficients, selected FPAE spectra, or complete FPAE
polarity matrix. In what follows, the algorithms given in Section 5.2 for ternary FPAE

are extended for quaternary FPAE based on (5.41)—(5.44).

5.3.1 Matrix multiplication algorithms for quaternary FPAEs

In matrix multiplication algorithms, all the 4" quaternary FPAE coefficient vectors are
sorted in a particular order, where the first coefficient vector in the order is calculated
from the truth vector by (5.41), and each of the other vectors are calculated from the
previous coefficient vector in the order by (5.44). Clearly, by (5.49) and (5.50), the
resulting total computational cost of such algorithm is dependent on the ordering used.

When the coefficient vectors are ordered in lexicographical order based on their

polarity numbers, the total numbers of N(I) in all the 4" =1 Z<**“> used in the
computation is (4™ —3n—4)/3 whereas N(2) = N(3)=0. Thus, by (5.47)~(5.50), it

can be derived that the computational cost of the matrix multiplication algorithm with
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fast transform and lexicographical order is
Ay (n)=4""(28-(4" —1)-3n)/3 additions/subtractions (5.51)
and M, (n)=4""(20-(4" —1)- 6n)/3 multiplications. (5.52)
Alternatively, reverse lexicographic order can be used where the polarity numbers
are ordered from 4" —1 down to zero. When such ordering is used, the total number of

N(1) and N(2) are zero whereas the total number of N(3) is (4”+1 —3n —4)/ 3 and so

the computational cost of matrix multiplication algorithm with reverse lexicographic

order is

A, (n)=4""(28-(4" —1)-3n)/3 additions/subtractions (5.53)
and M, (n)=4""(8-(4" =1)+3n)/3 multiplications. (5.54)

On the other hand, when the same ordering shown in the algorithm in Fig. 5.7 is

used, the total numbers of N(1)=0, N(2) = %(4” +2), and N(3) = %(2-4" ~5). So,
the total computational cost for the matrix multiplication algorithm is

A (n)=4"" (17 4" +18n - 29)/ 3 additions/subtractions (5.55)
and M (n)=4""(7-4" +9n—4)/3 multiplications, (5.56)

which are smaller than the computational cost of both the lexicographic and reverse

lexicographic order.

Table 5.10 lists the computational cost values for the three matrix multiplication
algorithms for n < 7. From the table, it can be seen that the algorithm in Fig 5.7. is the

most efficient among them.

5.3.2 Cube polarity adjustment algorithm for quaternary FPAEs

Definition 5.3.1. Let the literal of a quaternary variable in a cube be denoted by X [s, ,
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where S,  {0,1,2,3) is said to be the true set of literal X,. Then a quaternary cube is

simply a product of quaternary literals X ls‘ X ZSZ

l

X%, i<n.

Void gfpae(int truth vector| ])
{ int W[n] =<0,0, ...,

char Dir[n] = ’aaa...a’;

0>, pl I;

Calculate C? from fruth vector by (5.41) and

store the result in p[ ];
For(j =0to 4" - 2)
{ cont = true;
a=n;

while (cont==true)

{a=a—;

cont = false;

if(Dir[al=="a’)

{ switch (W[a])
{ case 0: W[a] = 2; break;
case 1: Wla] = 3; break;

case 2: Wla] = 1, break;

case 3: { cont = true; Dirla

else
{ switch (W[a])
{ case 3: W[a] = 2; break;
case 2: W]a] = 1; break;
case 1: W]a] = 0; break;

case 0: { cont=true; Dir[a] =

Calculate C" from pl1by (5.44); pl ]

1="d}} }

a;}}
=Cc";1}

Figure 5.7: Matrix multiplication algorithm for quaternary FPAEs.
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Table 5.10: Computational cost of matrix multiplication algorithms for quaternary

FPAEs.
Additions/subtractions Multiplications
Reverse Reverse
n (Lexicographic Algorithm in [Lexicographic Algorithm
lexicographic lexicographic
order Fig. 5.7 order in Fig. 5.7
order order

1 27 27 19 18 9 11
2 552 552 372 384 168 168
3 9360 9360 5936 6624 2736 2512
4 152064 152064 93760 108288 43776 38912
5| 2443008 2443008 1490688 1743360 699648 615168
6| 39131136 39131136 | 23794688 27942912 11188224 | 9803776

Similar to the case for ternary functions, the cube polarity adjustment algorithm for
FPAEs of quaternary functions takes an array of disjoint cubes as its input, where the

cubes can be represented as integer coded cube or by its positional notation.

Example 5.3.1. Let Xl{l’Z}X2{0’1’3}X3{3} be a quaternary cube with three input
variables. Then the quaternary minterms covered by the cube are X,"' X, x,",
X,2x," %, xUx,xP x x0T x X, and x P x, P,

or 103, 203, 113, 213, 133, and 233, respectively. Also, the positional notation of the
cube is 0110-1101-0001.

Definition 5.3.2. The canonical FPAE of f(X) in polarity @ for quaternary function

can also be expressed by

f(x)= Ecﬁ’zzﬁ , (5.57)

where each piterm 7z,° is equivalent to the product term { X, b } .
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Property 5.3.1. There are 4" different possible z;” for a particular polarity number

that correspond to the different permutations of k, .

Property 5.3.2. The n-variable quaternary FPAE can be fully described by the set of

all spectral coefficients ¢, where ¢;” € {0,1,2,3}.

Property 5.3.3. The missing literal in a quaternary cube corresponds to the literal

X 1% ag well as ‘11117 in positional notation.

l

Definition 5.3.3. The w-adjustment operator is an operator that takes a polarity digit
and a quaternary cube literal as its inputs. The cube can be represented either
by integer coded cube or positional notation. Tables 5.11 and 5.12 show the
w -adjustment operation when the cube is an integer coded cube and in positional

notation, respectively.

Definition 5.3.4. The 7z -adjustment operator is defined as an operation between a
spectral coefficient index digit and a quaternary cube literal. Similar to
the @ -adjustment operator, the cube input for the 7 -adjustment operation can be in
the form of either integer coded cube or positional notation. Tables 5.13 and 5.14

show the outputs of the 7 -adjustment operation for all possible inputs.

Table 5.11: Cube @ -adjustment operation (quaternary integer coded cube).

w-adj Polarity digit
Cube digit [0 | 1 |2 |3
0 01|23

1 12|30

2 213|011

3 31012
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Table 5.12: Cube @ -adjustment operation (quaternary positional notation).

w-adj Polarity digit
Variable positional notation | 0 1 2 3

0001 0001 | 1000 | 0100 | 0010
0010 0010 | 0001 | 1000 | 0100
0011 0011 | 1001 | 1100 | 0110
0100 0100 | 0010 | 0001 | 1000
0101 0101 | 1010 | 0101 | 1010
0110 0110 | 0011 | 1001 | 1100
0111 0111 | 1011 | 1101 | 1110
1000 1000 | 0100 | 0010 | 0001
1001 1001 | 1100 | 0110 | 0011
1010 1010 | 0101 | 1010 | 0101
1011 1011 | 1101 | 1110 | 0111
1100 1100 | 0110 | 0011 | 1001
1101 1101 | 1110 | 0111 | 1011
1110 1110 | O111 | 1011 | 1101
1111 111 | 1111 | 1111 | 1111

Table 5.13: Cube 7 -adjustment operation (quaternary integer coded cube).

w-adj Spectral coefficient index digit
Cube digit 0 1 2 3
0 2 1 2 1
1 0 0 3 1
2 0 1 0 1
3 0 0 1 1
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Table 5.14: Cube 7 -adjustment operation (quaternary positional notation).

m-adj Spectral coefficient index digit

Variable positional 0
notation

1

2

3

0001

0010

0011

0100

0101

0110

0111

1000

1001

1010

1011

1100

1101

N DN DN DN DN N N O O O O o o ©

1110

O O = O O = = = = O O = = O

—| O = W N W N N W N W~ O

[ OO = O DN = =] N O = O =]

Definition 5.3.5. Let h; denotes the contribution of the ¢g-th ON disjoint cube to the

value of the i-th spectral coefficient ¢,”. Then the final value of ¢” is a summation of

all contributions to it in standard arithmetic algebra. If z is the number of ON disjoint

cubes inside the quaternary input function, then

2z .
o _ i
C; —th .
q=1

(5.58)

Let the g-th ON disjoint cube of an n-variable quaternary function be given by

q=4,4,-...q,. Then the value of h; as described in Definition 5.3.5 can be generated

through the following steps:
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Step I: Generate the n-digit quaternary representation of the spectral coefficient

index i, <k,,k,,...,k, > and polarity number @, < j,, j,,..., j, >.

Step 2: Perform bitwise operation on g and @ :

q': Qw—adjw :

Step 3: Set i'=i . If the degree of the cube ¢' = n, go to Step 4. Otherwise perform

the following:

If the cube is an integer coded cube:

For every digit of the cube ¢', (1 </<n),if ¢',=-'thenset ¢',=i', and
i''=0.

If the cube is represented by its positional notation:

For every literal in the cube ¢', (1</<n), if ¢g',=1111 then set ¢/,

= 1000, 0100, 0010 or 0001 according to whether i', = 0, 1, 2 or 3,

respectively. Subsequently set i', =0.

Step 4: Perform bitwise operation on ¢' and i':

n__ .!
q - q —adj L.

Step 5: Set M = Hq"l .
=1

Step 6: Determine the sign of &, by the following:

If the cube is an integer coded cube:

Perform bitwise modulo 3 addition, femp= ¢'®i' . If the number of
nonzero digit in temp is even, sign=1. Else, sign=—-1.

If the cube is represented by its positional notation:

Set temp = 0. For every nonzero digit in i', i', (1 </ < n): if (i',=1 and
the leftmost digit in the positional notation of the /-th input variable in
q' = 1) or (i',=2 and the second leftmost digit in the positional notation
of the /-th input variable in ¢' = 0) or (i',=3 and both the rightmost and

leftmost digits in the positional notation of the [-th input variable in

q' =0) or (i',=3 and both the middle digits in the positional notation of



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

5.3. FPAEs for quaternary functions 198

the [-th input variable in ¢' = 1) then set temp = temp + 1. If the final

value of temp is even, sign=1. Else, sign=-1.

Step 7: Let f(g) be the output value of the disjoint cube ¢ . Then,

q

h' =2—1n><sign><M><f(q).

5.3.3 Row polarity matrix algorithm for quaternary FPAEs

Definition 5.3.6. Let each coefficient vector C* be decomposed into four equal size

subvectors such that

0 _1.0 1) ® 1)
Cc" = [c[nfl,O] > Crn1.1> Crn-1,21 Crn-1,3] I. (5.59)

Since there are 4" elements in C?, each of the subvectors ¢ (ge {0,1,2,3})

[n-Llq]

contains 4" elements.

Property 5.3.4. The definition above is recursive and each subvector of C“ can be
further decomposed into four smaller subvectors of equal size. Generally

for1 <p<n,

[0
clp,ql

=[c” c’ c” ¢ 1, (5.60)

[p-1,401> €1 p-1.411> €[ p-1,921> €l p-1,43]

where ¢ is the (n—p)-digit quaternary representation of any decimal number from 0O to

4mr -1,

Property 5.3.5. Let <g >, be the decimal number representation of g in ¢ . Then

the elements of the subvector ¢ . correspond to the polarity matrix P[f(X)]

[p.q]

elements with row index numbers @ and column index numbers j, where

(<q>10 -4")Sj<(<q>lO +1)-47.

w
[p,

Property 5.3.6. Each subvector ¢ | has 4” elements. When p=n, ¢ | has 4"

[p.q]
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elements, and therefore c7 , is simply C*

Definition 5.3.7. Let 7, be a 4” x4” matrix that is recursively defined by
Tp (c[a;,qJ )= [TPO (cla[)?,ql ); Tﬁl (clai)J,qJ ); TP2 (cla[)th ); Tp3 (clai)J,qJ )] (5.61)

T (C[a; lqO])

w
where T, (2 )= L +3clp ) * Gl + 360 141)
PO Ip.ql T \c” +2c” ’
p-1\"[p-1,40] [p-L.ql]
w
T, \orgo + €ty + Clomrgn €l 1q31)
w
Tp—l(c[p—l,qu)
w [0
T (c“’ ): T\ F G
p1\"[p.q] -T (Ca) ) ’
p—1\"[p-1,q1]
w w
T, \Gpargn T Cprga
[0
Tp l(c[p—l,qZ])
T (c“’ )_ =T, (4C[p ot ¥ Cpmrg2 + 360, 1q3i
p2\"[p.ql ’
T, 2¢), g+ Cporgn + 4C[p—1,q33
w [0
T, 260 a1~ G2 ~ St
[0
T (C[p lq3])
and T (Cw ): T (2Clp1 11+c[p -1,¢3]
r3\[p.q] -T (C
p-1\"[p- 1q3]

-T, (2c

a)
[p-1 qll lp—l,q3l

Property 5.3.7. By Definition 5.3.7 and Property 5.3.4, the first row of matrix

T (c[ ».q1) 18 simply the vector ¢}, .

Property 5.3.8. By Definition 5.3.7, Tl(c[‘ﬁ 4 only has 4x4 =16 elements. Therefore

(0] (0] (0]
T, (C[O,x]) = Co,s) = Cs

Property 5.3.9. When w=0 and p=n, the matrix Tp(c[(;’q]) yields the FPAE

polarity matrix for quaternary functions, P[f(X)] = T, (c&,oj). Furthermore, by
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Property 5.3.8, ¢ ,, =C° and P[f(X)]=T,(C").
[n,0] n

Property 5.3.10. Due to the linear property of the T, (c[‘f,,q]) matrices, the recursive

definition of 7, (c[‘;, 1) 1n Definition 5.3.7 can be rewritten as follows:

—Tp—l (too) Tp—l (tm) Tp—l (toz) Tp—l (t03)
T (Cw ): Tp—l (tlo) Tp—l (tu) Tp—l (tu) Tp—1 (t13)
ptpdl Tp—l (tzo) Tp—l(t21) Tp—l (tzz) Tp—l (t23)
_Tp—l (t3o) Tp—l (t31) Tp—l(t32) Tp—l (t33)
i Tp—l (t00 ) Tp—l (t01 )
— Tp—l (t30 )+ Tp—l Lo )+ Tp—l (t13 ) - Tp—l (tm )_ Tp—l (t03 )
Tp—l (too )+ 2Tp—l (tm ) - Tp—l (tm )
_Tp—l (too )+ Tp—l (tm )+ Tp—l (toz )+ Tp—l (t03 ) - Tp—l (tn )
Tp—l (t 02 ) Tp—l (toz )
Tp—l (too )_ Tp—l (tu) )_ Tp—l (t01 ) 2Tp—l (t(n )+ Tp—l (t03 ) (5.62)
Tp—l (t03 )+ 2Tp—l (tm )_ Tp—l (tlz ) - Tp—l (t03 ) )
2Tp—l (t01 )_ Tp—l (toz )_ Tp—l (toa ) - Tp—l (t13 )
Definition 5.3.8. Let R, ;, R,[, ;j, and Ry, be three vectors of length 4" ! that are

defined as R, =T, (tm)+Tp_1 (t03) s Ry, =T, (t00)+ T,, (toz) , and

Ry, =2T,, (ty) - T,, (t,5), respectively. Then (5.62) can be further simplified into

Tp—l (too ) Tp—l (t01 )
T (Cw ): Tp—l (t30 )+ Tp—l (t03 )+ Tp—l (t13 ) - Rl[p_l]
ptral Tp—l (too )+ 2Tp—l (tm ) - Tp—l (t01 )
Ry + Roppy =T, ()
T, () T, (t)
Tp—1 (too - Tp—l Lo )_ Tp—l (tm ) 2Tp—l (tm )+ Tp—l (t03 ) (5-63)
i (tlz )_ R3[p_1] - Tp—l (to3 ) '
R3[p—1] - Tp—l (toz ) - Tp—l (t13 )

In order to generate the complete polarity matrix, the row polarity matrix
algorithm requires C°, the coefficient vector of the input function in polarity zero, to

be known. Therefore, if the input function is given in the form of truth vector, the C 0
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need to be first generated from the truth vector by (5.41). Once the C° is obtained, the
algorithm then generates the remaining elements of the polarity matrix by performing

the following steps:

Step 1: Let P[f(X)] be T, (c[on’o]) with C° as the first row of the matrix. Setp = n.

Step 2: Divide T, (c[on’o]) into 4" x4"™" T matrices. For each of the T

p
matrices, identify its T, ,(7,) submatrices (0 <g,h < 3) according to
(5.62).

Step 3: For each T, matrices whose 7, ), fy, , and 7, are known, calculate the
unknown first row elements of its 7, , matrices, ie., 7, (1 <g<3,
0 < h < 3) except t,,, t,,, t,;, and t,; from ¢,,, t,,, ¢, , and ¢, according

to the flow diagram shown in Fig. 5.8. In the figure, the dashed line ----
indicates that the sign of the signal should be inverted. The flow diagram is
developed based on (5.63) as it requires smaller number of arithmetic
operations compared to (5.61).

Step 4: Decrement p by 1. If p = 0, go to Step 5. Otherwise go back to Step 2.

Step 5: Complete the polarity matrix by copying all 7, (¢5,), T, (¢,,), T, (¢y;), and

T,(t,;) matrices to corresponding T,(,,), T,(t5,), T,(t5), and T, (z5;)

matrices with the signs reversed, where p changes from O to n—1.

Alternatively, the algorithm can also be used to generate the elements of a selected
coefficient vector only. When this is the case, the algorithm calculates the required
spectral coefficients based on the recursive definition given in (5.61) rather than (5.63)
so that they can be obtained without first deriving the complete polarity matrix. The

steps of the algorithm for generating coefficient vector in polarity @ (recall that

<W>,=<j,,jps-eusj, >,) from C° are as follows:
Step 1: Let P[f(X)] be T, (c[on’o]) with C° as the first row of the matrix. Setp = 1.

matrices. For each of the T

n+l-p

Step 2: Divide T, (c[on’o]) into 477" x4 T

n+l-p
matrices whose first row elements are known, identify its 7,,(7,,)

submatrices (0 < g, h < 3) according to (5.62).
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Step 3:Let r=j,. If r=0, go to Step 4. Otherwise, for each of the

Step 4:

n+l-p

matrices whose first row elements are generated in the previous recursion

stage, calculate its ¢, t,,

t,,, and ¢ by the flow diagrams in Figs.

5.9-5.11, according to whether r = 1, 2, or 3, respectively. As in Fig. 5.8,

the dashed line ---- in the figures indicates that the sign of the signal

should be inverted.

Increment p by 1. If p = n + 1, the required spectral coefficient vector has

been obtained and the algorithm is finished. Otherwise go back to Step 2.

Figure 5.8: Flow diagram for each recursion stage

(complete polarity matrix generation).

\ 4
L
B

Figure 5.9: Flow diagram in a recursion stage of coefficient vector generation when

r=1.
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when r = 2.

Figure 5.11: Flow diagram in a recursion stage of coefficient vector generation when

r=3.

Based on the steps of the algorithm given above, the following properties on the

computational cost of the row polarity matrix algorithm can be derived.

Property 5.3.11. For an n-variable quaternary function, the computational cost of

generating the complete quaternary FPAE polarity matrix from the coefficient vector

in polarity zero using the algorithm is 13- (12” —4" )/ 8 additions/subtractions.

Property 5.3.12. The computational cost of generating coefficient vector in polarity

@ of an n-variable quaternary function by the new algorithm is (5ar+48)-4""

additions/subtractions and (a+ f)-4"" multiplications, where « is the number of 1s
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and 3s in the quaternary number representation of @ while f is the number of 2s in

the quaternary number representation of @ .

Property 5.3.13. In the process of generating coefficient vector in polarity @ for an
n-variable quaternary function, the new algorithm also derives j—1 (0 <j < n—1) other

coefficient vectors for the function (excluding C”), where j is the total number of

nonzero digits in the quaternary representation of @ .

The computational costs of deriving the complete polarity matrix by the row
polarity matrix algorithm and by fast transform of (5.41) from truth vector when n
< 7 are listed in Table 5.15, where the cost of obtaining C° from truth vector by fast
transform of (5.41) has been added to the cost of the algorithm given in Property
5.3.11. From Tables 5.10 and 5.15, it can be seen that the row polarity matrix

algorithm is more efficient than the matrix multiplication algorithms.

Table 5.15: Computational costs of row polarity matrix algorithm

(quaternary FPAEs).
n | Additions/subtractions Multiplications
1 19 3
2 256 24
3 2992 144
4 34816 768
5 410368 3840
6 4882432 18432

5.3.4 Column polarity matrix algorithm for quaternary FPAEs

Definition 5.3.9. Let T;"" (2) be a recursive matrix defined by (5.64), where g is a
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column vector of size 4", T;7*(g) (d € {B., B—1}) is a square matrix of

size 4Yx 4%, p and g are quaternary numbers, and 1 < S <n.

T30 (g) T4 (8) T;000 (8) T;0 (8)
1,g0> (= Lgl> (= Lg2> (= Lg3> (=
rree ()= T;54(g) T;0 (g) 1,57 (8) 1,5 (8)
- 2,q0> ( = 2.q1> (= 2,925 (= 2,g3> (=
g T;021(g) T,072(g) 5007 (8) 7,577 ()
3,q0> ( = 3.ql> (= 3.q2> (= 3.q3> (=
7524 (g) 7,77 (8) T,;7% (8) T;50(3)
Loo Loy Ton Los
— Lo Ly L 15 (5.64)
Ly Iy Iy Iy
Ly I3 I3 I3
Loi Loy T1y Lo _2t00 —ly +3t30
where Iy — 1 o +13 Iy :l 3too _2t10 —Iy and
Ly 2| Ty — Iy Iy 2| 3t =2, 1y
I3 Ly — 15 Iy —Iy +3t20 _2t30

Los Loo Tl —Ty —1I3
I3 :1 —ly 1o Ty ~ 1y )
Iy 2|~y — 1ty iyt
1t

33 Log =1 —Iy T3

Definition 5.3.10. Let F be the truth vector of an n-variable quaternary function
f(X). Then Y ;” (f(%)) is defined as a subvector of F with 4P elements that satisfies

(5.65) and (5.66).
Y (f(®)=F (5.65)
Yy (F0) =[rs = (r@) v (F®) Y (F®) v (F®)), (5.66)

where 1 £ f<n and v is an (n —f +1)-digits quaternary number.

Definition 5.3.11. Let Y;"(f(¥)) be as in Definition 5.3.10. Then X~ (f(¥)) is

defined as a subvector that is recursively built from Y;" (f(®) b

X5 () {[ S U@L (FeM @l (Fo) it =1 567

[<‘°>(f< WX (FO)LXSP(FEL XS (F3)] if2<p<n
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Therefore, X = (f(%)) is simply F that has been reordered recursively.

Property 5.3.14. The FPAE polarity matrix of an n-variable quaternary function f(X)

is simply 7% (g) when g =X (f (%)),

n

P(f(0) =T (X (£ (). (5.68)

—

Definition 5.3.12. The recursive matrix 7, (g) in Definition 5.3.9 can be rewritten

into

_ | _

Too E (tzo _too) —lo T+t —1, — 1,
_ 1
<p.q> _
Tﬁ (g) =t 5 (t30 _tlo) foo —bo—tor Loy —hy |- (5-69)

Ly —ly Lo =4~ Iy — Iy

_t30 -1 oyt — 1y — 1

The complete polarity matrix for a given input function can be generated by (5.69).

<0>
n

The computation starts by generation of X (f (X)) (first column elements of

P[ f(X)]) from the truth vector and continues with the recursive generation of the rest

of the P[f(x)] elements in n recursion stages, where at the i-th recursion (1 < i < n),

P[f(%)] is decomposed into 7" (g) matrices. At the i-th recursion stage, the first

n+l-i

column elements of each 7" (g) matrix are already known and therefore the first

n+l-i

column elements of all 7 7% (g) matrices are derived at the stage based on (5.69).

Fig. 5.12 shows the flow diagram for the generation. Note that in the figure, the
dashed line ---- indicates that the sign of the signal should be inverted before being
added. In summary, the steps to construct the complete polarity matrix for an n-
variable quaternary function f(X) from its truth vector by this algorithm are:

<0>
n

Step 1: Obtain the first column of the polarity matrix X (£ (%)) from truth vector
according to Definitions 5.3.10 and 5.3.11.

Step 2: Recursively calculate ¢, #,,, ¢y, t,,, 15, t3,, 1o, and ¢, by (5.69).
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Step 3: Complete the whole polarity matrix by recursively copying ¢, t.;, ?,,, and

t,; to t,,, t,y, t;, and t,,, respectively with their signs reversed.

Besides generating the complete polarity matrix, the given recursive equations can
also be used to generate selected coefficient vectors without first deriving the complete
polarity matrix. The computation process for this case is similar to the one described

above for generating the complete polarity matrix. However, now in each recursion
stage only those 7%"(g) submatrices that contain the spectral coefficients to be
generated need to be derived. Fig. 5.13 shows the flow diagram to calculate row r
(re{0,1,2,3}) matrices in a recursion stage. In the figure, r, (i € {0,1,2,3}) represents

(r+i)mod4.

Figure 5.12: Flow diagram for each recursion stage (complete polarity matrix

generation).

Figure 5.13: Flow diagram for each recursion stage (coefficient vector generation).
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Due to the recursive nature of the computation, the computational cost for
generating both complete and partial polarity matrix by the column polarity matrix
algorithm can be easily deduced. They are given in Properties 5.3.15 and 5.3.16. Note
that similar to the case for ternary function, the column polarity matrix algorithm has
smaller computational cost than both matrix multiplication and row polarity matrix

algorithms for generating selected FPAE spectrum.

Property 5.3.15. The total number of additions/subtractions and multiplications

performed by the algorithm in order to generate the complete polarity matrix of size

4" x4" is %(12” —4") and i(IZ" —4”), respectively.

Property 5.3.16. The computational cost of the algorithm for generating one selected
spectral coefficient vector of an n-variable quaternary function is 5n-4""

addition/subtractions and 2n-4"" multiplications.

The computational cost values of deriving the complete polarity matrix by the
column polarity matrix algorithm when n < 7 are listed in Table 5.16. Comparing the
numbers in the table with those in Table 5.15, it can be observed that the row polarity
matrix algorithm has smaller number of multiplications whereas the column polarity

matrix algorithm has smaller number of additions.

Table 5.16: Computational costs of column polarity matrix algorithm

(quaternary FPAEs).
n | Additions/subtractions Multiplications
1 12 2
2 192 32
3 2496 416
4 30720 5120
5 371712 61952
6 4472832 745472
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5.3.5 Experimental results for quaternary FPAEs

The computations of all FPAEs for quaternary functions have been implemented as
C++ programs and run for several quaternary test files. The quaternary test files are
the MCNC binary benchmarks that had been modified to represent quaternary
functions instead of the original binary benchmark functions. The translation from
binary to quaternary cases has been done by changing every two input (output) bits in
binary files to an input (output) symbol in multiple-valued files. If the number of input
and/or output variables is odd, then a zero bit is added behind the binary cubes to
make it even. For both input and output, — is taken as —, 00 is taken as 0, 01 is taken
as 1, 10 is taken as 2, and 11 is taken as 3. With these conversions, the binary

benchmark files become an array of quaternary cubes.

The number of nonzero spectral coefficients inside the optimal FPAE has been
recorded for each of the test files and they are listed in Tables 5.17. For comparison
purpose, the number of nonzero spectral coefficients inside the optimal FPRME over
GF(4) are also given in the tables. It can be seen that the number of nonzero spectral
coefficients inside the optimal FPAE are smaller than that inside the optimal FPRME

over GF(4) for many of the test files.

Table 5.17: Number of nonzero terms in optimal FPRME over GF(4) and quaternary

FPAE .

Input file | FPRME over GF(4) | Quaternary FPAE
9sym 302 370
ex1010 1017 1016

ex5 200 187
inc 129 71
rd84 112 202
squar5 42 27
xor5 11 18
z5xpl 143 60
z9sym 302 370
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Chapter 6

New  Fastest Linearly Independent

Transforms for Ternary Functions

In this chapter the fastest LI transforms for binary functions presented in Chapter 4 are
extended for ternary functions. Similar to the binary fastest LI transforms, the fastest
LI transforms for ternary functions are also classified into two transforms: fastest
ternary LI (TLI) transforms, which operate over GF(3), and fastest linearly
independent ternary arithmetic (LITA) transforms that operate in normal standard
arithmetic algebra. These transforms have lower computational costs than FPRME
over GF(3) and FPAE for ternary functions, respectively, in terms of the number of
required additions/subtractions. The existing fastest TLI and LITA transforms are
discussed. Basic definitions for the new transforms are then given. Several properties

for the transforms are also listed and their experimental results shown.

6.1 Basic definitions and operators for fastest LI transforms of

ternary functions

Definition 6.1.1. Let M, be an N x N (N = 3") matrix with rows corresponding to

minterms and columns corresponding to some ternary switching functions of n
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variables. If the sets of columns are linearly independent over GF(3), then M, has

only one inverse in GF(3) and is said to be linearly independent.

Definition 6.1.2. The operator R, on a column vector is defined as reversing the order

of the elements in the vector. If b represents a column vector with ¢ elements

b=[b.b_,,....b,,b, ], then R (b)=[b,.b,,...b_.b]" .

Definition 6.1.3. The operator R, on an N X N matrix M, is defined as performing

—r—1 . . . . . —r— .
9" counterclockwise rotations twice involving 8-9"7' submatrices each of

order 3" (0<r<n-1).

Example 6.1.1. Let M, be a transform matrix of size 9 X 9, where

100000000
010000000
101000000
000100000
M,=/000010000]|.
000001000
000000100
000000010
100000101
Then by Definition 6.1.3,
01011/01010]0;0,0
0/10(0!010[0'0'0
11011[01010/01010
01010[01011]01010
(R, (M,)) = | 01070]0170[010]0
’ 0/0'0/1'0!0[0/0'0
01010/01010[0/011
01010/01070[01110
010/1]01070[11071
000/000[100
000000010
000/000[101
000[100[000
and (r,(,)=]000/010[000
000/001/000
100[000[000
010000000
101000100
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Definition 6.1.4. The operator R, on an N X N matrix M, is defined as recursively

applying operator R, on M, forr=n—1,n-2, ..., 1, 0. The square of operator R,

is specified as R,’ (Mn ) =R, (R2 (Mn ))

Definition 6.1.5. Let X = <x,,x,,,....,x; > be an n-digit ternary number with x  as

the most significant bit (MSB). Then L,(X) is defined as the subscript value of the

rightmost bit in X whose value is equal to 1.

Definition 6.1.6. Let X be an n-digit ternary number as in Definition 6.1.5. Then L;(X)

is defined as the number of digit in X whose value is equal to 1.

Definition 6.1.7. Let X = <x ,x .,X; > be an n-digit ternary number. Then M;(X)

n—1s**

is defined as the subscript value of the leftmost digit in X whose value is equal to 1.

Definition 6.1.8. L;,(X) is defined as the subscript value of the rightmost digit in X

whose value is not equal to 0, where X = <x,,x,_,,....x, > is an n-digit ternary

number.

Example 6.1.2. Let X; and X, be two five-digit ternary numbers, where
X;1=<0,1,2,1,0>and X, =<0, 0, 2, 0, 2>. Then according to Definitions 6.1.5-6.1.8,
Ly(X1) =2, Ly(X2) = 6, Li(X1) = 2, Li(X2) = 0, Mi(X1) = 4, Mi(X2) = 6, Lin(Xy) = 2, and
Lpn(X2) = 1.

Permutation matrices are matrices that contain exactly one ‘1’ in each row and
column. As such there are six possible permutation matrices of size 3x3 and 6"

permutation matrices of size 3" x3" that can be derived from the Kronecker product of

the 3x3 permutation matrices.

Definition 6.1.9. Let the six 3x3 permutation matrices be referred to as elementary
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permutation matrices and be denoted by p,, p,, p,, P;, P,, and ps. Then P/ is
defined as the permutation matrix of size 3" x3" with permutation number p

(0 <Sp<6" - 1) that is calculated by

1
pr=®p,, (6.1)
j=n_
100
where <p, ,p,,,....p, > is the n-digit six-valued representation of p, p, =0 1 0|,
001
100 010 010 001 001
p,=1001(, p,={100|, p,=1001}, p,=/100(, p,={010]|, and ®
010 001 100 010 100

denotes Kronecker product.

Clearly, the inverse of P”, denoted by (Pn” )_1 , 1s simply

() =elp, ). (62)

where p,, p,, p,,and p; are self inverse and p, and p, are inverses of each other.

Property 6.1.1. From Definition 6.1.9, it can be derived that

(Pr)' =ery. 6.3)

6.2 Fastest TLI transforms

In this section, new fastest TLI transforms that are generated from the existing fastest
TLI transforms [FFO5c] are introduced. The existing fastest TLI transforms are
reviewed and their extensions to obtain new fastest TLI transforms by permutation are
shown. Properties on the conversion between different fastest TLI transforms and

structure of the transforms as well as their experimental results are also established.
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6.2.1 Basic definitions for fastest TLI transforms

Definition 6.2.1. Let M be an LI matrix of order N = 3" as specified in Definition
6.1.1 and F = [ fos s fva |' be the truth column vector of an n-variable ternary

switching function f (;c) in a natural ternary ordering. Then,
A=M_'F (6.4)
and F=M A, (6.5)

where A = [ao,al,...,a]\,_1 | is the spectrum of f(;c) based on M,, M ' is the inverse
of M, over GF(3), T denotes transpose operator, and all the additions and

multiplications are performed over GF(3).

Definition 6.2.2. Let f (;c) be an n-variable ternary switching function. Then the LI

expansion of f (;c) based on a ternary LI transform M, is
Ly 3l
7= a,. (6.6)
J=0

where g; (O <j<3" - 1) denotes the ternary switching function whose truth vector is

given by column j of M, a; denotes the j-th spectral coefficient in the spectrum of

n

f (;c) obtained by M, A, and all operations are performed over GF(3).

Groups of ternary LI transforms with lower computational cost than FPRME
transform over GF(3) have been presented in [FF05c] and are classified into classes
Y1, Y2, Z1, and Z2. There are six TLI transforms in each class, where four of them
have the same computational cost, which is lower than the computational cost of the
other two transforms in the class. Here, those fastest TLI transforms with the lowest

computational cost are referred as existing ternary fastest LI transforms.
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Definition 6.2.3. All the existing ternary fastest LI transforms presented in [FF0O5c]

have the following general form:

M) O, M
M,=|0,, M 0O |, (6.7)

n n—1
M 0, M
where each submatrix M), j={1,2,3,4,5), has a dimension of 3""x3"" and

contains one recursive equation which is either O,_, X, .Y , or M

n—12 n—=1°"n—

where O, _, is

n—12

a 3" x3"" submatrix with all its elements being zero, X, , = I, , or J,_,and Y, is
a 3" x3"" submatrix with all its elements being zero except for one element located
at one corner of each matrix, depending on the location of ¥, ,. I, , is a 3" x3""
identity submatrix whereas J, , is a reverse identity matrix of dimension 3"~ x3"™".

Table 6.1 lists the recursive equations for the existing fastest TLI transforms that

belong to class Y1 and Y2.

Definition 6.2.4. The rotation operator Rot on the square recursive matrix M, is

recursively defined as clockwise rotation on all 3"~ x3"”' submatrices of the matrix.

Definition 6.2.5. The inverse rotation operator Rot™' on the square recursive matrix
M, is recursively defined as counterclockwise rotation on all 3" x3"™ submatrices

of the matrix.

Definition 6.2.6. The class Z1 and Z2 matrices are derived from class Y1 and Y2

matrices by the following equations:

M, 0= ROt(M(Yl.x)n) (6.8)
M 5.0, = Rot™ (M(YZ.x)n) (6.9)
M(_le.x)n = ROt_l (M(_Yll.x)n ) (6 10)

M7, =RolM, ). 6.11)
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Table 6.1: Class Y1 and Y2 matrices.

6.2. Fastest TLI transforms

O N N N N O
= = = = s = s =
OO0 Y |OQ0 Y |JO0oY |y QX O |00 |00
T e T T T T 7T T T T T T 7T T T T T T 7T T T 7 T T 7 T
= o R = = = = = = = = = = = = = = o R = = =
OQ~0Q |O~Q |O~Q |[O~Q |O~0Q |O~0Q |O~Q |O~0O
71 va 71 va TI T T 7T T T T ITI| T 171 "% 171 "w 171
Q Q QO QQ [O0OQ S Q Q
=0 q [=2Cq |= = _ = S |80 = |8° =
[ 1T 1 1T 1T 1 1T 1T 1
O PO R O N O R PO O o
QO |[OQ |WOX |~NQOX |SCQ |[SQQ |SOox |[SoN
= T 7T T T T T 7 T T T T T 7 7 T T T T 7 7 T T T
M = o = = = = = o = = = = = o = = = = = o = | o R
O~ |O0~Q |[O~Q |O0~Q |[O~Q |[O~Q |O~Q |O~DO
PRI IR S IR IR S I ST I S DN PR

Matrix name

YI.1

Y1.2

Y14

Y15

Y2.1

Y2.2

Y24

Y25

Example 6.2.1. Let us derive the fastest TLI transform matrices My, ,,and M ,, ), as

well as their inverses using Table 6.1 and Definition 6.2.6. Then, we can obtain that
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100000000 100000000
010000000 010000000
101000000 201000000
000100000 000100000

My ,,=1000010000(, M(_Yll_m:OOOOlOOOO,
000001000 000001000
000000100 000000100
000000010 000000010
100000101 200000201
101000000 001000000
010000000 010000000
100000000 102000000
000001000 000001000

M, ,,=1000010000(, and M(_le_m:OOOOIOOOO.
000100000 000100000
100000101 000000001
000000010 000000010
000000100 002000102

Property 6.2.1. The existing fastest TLI matrices are related such that they provide

only four unique fastest TLI polynomial expansions for the given input function. For

n °

example, polynomial expansions based on My, ,),, M y,4),> M), and M, ,), .

Definition 6.2.7. Let K/ ; and (K ¢ i )_1 denote the j-th factorized transform matrix of
the forward and inverse transforms of the fastest TLI transform My, ,),, respectively
(I<j<n,0e{1,2,45}). Then, M, ,, and (M(Yl_g)n )_l can be represented in the

factorized form

1
M0, = X7 (6.12)
j=n
1
and (M(y1.0)n )_l = H (K,f,j )_1 ) (6.13)
j=n

e 6 _l . .
where the general formulae for K, ; and (Kn’ j) are given in Property 6.2.2.

Property 6.2.2. The factorized transform matrices of M, ), and (M (¥1.6)n )_1

(6€<{1,2,4,5}) can be derived by using (6.14)—(6.21) as follows:
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K:l—l,j On—l On—l
K,,=| 0. I, O, (6.14)
On—l On—l Krlt—l,j

k.)'=| o) 1, o, (6.15)
0,., 0,, (K :l—l ;)_1
K 5—1,]' 0,, O,
Kj,j =10, X,, O, (6.16)
0,, 0, an—l,j
» (K 3—1, j) 1 0, 0,
&2,)'=| o. Xx. o, (6.17)
On—l On—l (K ;12—1 j )_1
4 _p 2
K, =R, (Kn,‘,') (6.18)
(k! ) =r(x",)") (6.19)
K3, =R’(K2,) (6.20)
(k3,)" =R (x2,)"). (6.21)

where K7 is identity matrix of size 3/ x3’ with bottom left element replaced by 1,

(K g )_l is identity matrix of size 3/x3’ with bottom left element replaced by 2

J, ,ifn =j+1

(6e{l2}),and X, = {[ otherwise.

n-1°
By Definition 6.2.7 and Property 6.2.2, the butterfly diagrams for M, ,, can be
easily constructed. The forward and inverse butterfly diagrams for M, ), are shown

in Fig 6.1. In Fig 6.2 the forward and inverse butterfly diagrams for M, ,), are given.

In both figures, the solid and dashed line represents the values 1 and 2, respectively.
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Figure 6.1: Butterfly diagrams of My, ), :

(a) Forward transform; (b) Inverse transform.
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Figure 6.2: Butterfly diagrams of M, ,),:

(a) Forward transform; (b) Inverse transform.

Property 6.2.3. [FFO5c] The number of additions required to compute the spectra of

fastest TLI transforms is 2" —1.

6.2.2 Fastest TLI transforms with permutation

The recursive definitions for existing fastest TLI transforms have been given in
Section 6.2.1. In this chapter we are concerned with identifying new fastest TLI
transforms that have the same computational cost as the existing fastest TLI

transforms and can also be calculated efficiently by fast transforms while offering the
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possibility of more compact polynomial representations, i.e., have the smaller number
of nonzero terms. One of the simplest ways to do that is by permuting the existing
fastest TLI transforms. Such class of fastest TLI transforms is defined in this section.
Due to the relations between the existing fastest TLI transforms, the LI expansions
based on all the fastest TLI transforms with permutation cover the LI expansions
based on all the existing fastest TLI transforms. As such, the minimum number of
nonzero spectral coefficients in the spectra of fastest TLI transforms with permutation
is always smaller than or equal to the minimum nonzero spectral coefficient number in

the spectra of existing fastest TLI transforms.

Definition 6.2.8. Let M (p) denote the fastest TLI transform matrix of size 3" x3"
with permutation number p (OS p<6" —1). Then M, (p) and its inverse transform

matrix (M L p))”" are defined as

M,(p)=F' HK (6.22)

Jj=n

J=n

and (M, (p))" (H( )‘J( o (6.23)

respectively.

Property 6.2.4. There are 3" +2" —1 nonzero elements inside both M, (p) and

(M L p))"". All the nonzero elements in M ,(p) are 1s whereas inside (M L »)"

of the nonzero elements are 1s and the rest are 2s.

Property 6.2.5. From Definitions 6.2.6 and 6.2.8, the existing fastest TLI transforms

and fastest TLI transforms with permutation are related as follows:

My, =M, (0) (6.24)
My 4y, =M, (6" —1)- Pn6n_l (6.25)

M, =M, ()] (6.26)
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M, =M, (5-6"")- Pnﬁn_l- (6.27)

Property 6.2.6. Let f (;c) be an n-variable ternary switching function with the truth

vector F . Then there are 3" — 2" spectral coefficients in the spectrum of f (;c) based
on any fastest TLI transform with permutation M, (p) whose values are equal to the
values of the truth vector elements, i.e., their values can be directly obtained from F
without any additions or multiplications. Furthermore, if fl is defined as the subset of
the truth vector elements whose values affect the values of the 2" spectral

coefficients that need to be calculated, E has 2" elements.

Property 6.2.7. All possible fastest TLI matrix with permutation can be divided into
3" groups of size 2" such that if S(p) is defined as the set of truth vector elements
that are directly forwarded to the spectral coefficients of M, (p), then all M, (p) in
the same group have identical set S(p). Therefore, the number of elements inside
S(p) that have nonzero values give the minimum number of nonzero elements for the

corresponding group of M, (p).

Let the matrix R be defined as R , where the row and column index

=N~ OO
[l \S XN al SR
SO~

numbers start from zero and R, ; denotes the element that is located at row i and
column j of R. Then any two fastest TLI matrices with permutation M,k (p,) and

M (p,) belong to the same group if

R =R . for [=23,...,n

Pay -l P

and R, »=R, , for I =1, (6.28)

where < p, >,,=< Pa>Pa s+ Pa 6 and < p, >,=< Py, s Py s-+s Py 6
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Example 6.2.2. In Example 6.2.1, the transform matrix (M (ria)2 )_l has been derived.
From the matrix, it can be obtained that the set S(p) for M wiap = M,(0) is § (p) =

{fo: fis f3s fus fss fo» /71 - By Property 6.2.7, the TLI matrices that have the same S(p)
as M,(0)are M,(<0,2>), M,(<50>), and M,(<52>) = M,(2), M,(30), and

M, (32), respectively.

The calculation of the spectra for ternary functions based on all M, (p) have been
implemented in MATLAB and run for several binary benchmark functions that have
been modified to represent ternary functions. The translation from binary to ternary
cases has been done by changing every two input (output) bits in binary files to an
input (output) symbol in ternary files. If the number of input and/or output variables is
odd, then a zero bit is first added behind the binary cubes to make it even. For input
(output), — 1is converted to —, 00 is converted to 0, Ol is converted to 1, 10 is
converted to 2, and 11 is ignored (converted to 0). The resulting numbers of nonzero

spectral coefficients inside the spectra of each ternary input function based on M, (0),

M, (6" 1), M, (6" —1), and M, (5-6"") are listed in Table 6.2. Recall that those

fastest TLI transforms with permutation correspond to the existing fastest TLI
transforms. In addition, the number of nonzero spectral coefficients for each input

function based on all M, (p) are compared and the minimum number is shown in the

rightmost column of Table 6.2. Based on the numbers in Table 6.2, it can be seen that

for some ternary functions M, (p) reduces the number of terms required to represent

them, which leads to faster calculation of the output value, for example for conl, rd84,

9sym, and alu4 in Table 6.2.

6.2.3 Generalized fastest TLI transforms

The fastest TLI transforms with permutation defined in Section 6.2.2 can be further
extended into a wider set of fastest TLI transforms by allowing the permutation to be

located either in one side of the butterfly diagrams or between the butterfly diagram
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stages and by allowing the butterfly diagram stages to be reordered such as it has been
done for binary fastest LI transforms in Chapter 4. The resulting TLI transforms are
called generalized fastest TLI transforms. As reordering and permutation do not incur
any additional cost, the computational cost of the generalized ternary fastest LI

transforms are the same as the existing fastest TLI transforms.

Table 6.2: Number of nonzero spectral coefficients for M (p).

Number of nonzero spectral coefficients
Input filename M () VS 1) | M6 ) | M6 Optimal
M, (p)
xor5 10 10 10 10 9
conl 45 46 45 47 42
squar5 16 17 17 16 16
z5xpl 53 53 53 53 53
inc 52 51 51 52 51
rd84 49 50 49 50 43
misex 1 52 53 53 52 51
ex5 81 81 81 81 77
9sym 116 123 125 116 107
clip 153 157 156 153 150
apex4 162 161 161 162 157
ex1010 178 179 179 178 174
alu4 2179 2179 2179 2179 2153
misex3 2156 2161 2161 2156 2150

Definition 6.2.9. Let M’(p,0,p) denote a generalized fastest TLI transform of
dimension 3" x3" with ordering @ , permutation position ¢ (1<o<n+1), and

permutation number p (0 <p<6" - 1). Then M? (p,0, p) is defined as
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o 1
1 6 :
; (IlKn,%J.an.(I IIK,L%} ifo#n+1
M, (p,0,p)=\"" s

1 (6.29)
P’ -HK g 05 otherwise,
Jj=n

where fe {1,2,4,5} and KZ i and P’ have been defined in Property 6.2.2 and

Definition 6.1.9, respectively.

Property 6.2.8. The ordering ¢ is an n-digit string in which every digit takes values

from 1 to n and no two different digits in it are allowed to have the same values,
P=<@..P 5., 0, >, (6.30)

where ¢, € {1,2, ...,n}and =9, iff i=j(1<i,j<n).

Property 6.2.9. Clearly, the inverse of M/ (p,0, p) is simply

(ﬁ(Kriwj ylj'(Pnp)_l '(ﬁ(K,iwj )_lj, ifo#n+l1
(Mr? (o, O',P))_l =7 j=c

(ﬁ(Kf,w, FJ : (Pnp )_1 > otherwise.

J=1

(6.31)

Property 6.2.10. Any two generalized fastest TLI matrices M ((/’1’0'1’191) and
M?%(p,,0,,p,) are identical when 6,=6, , o,=0, , p,=p, » and

S, ={p,l1<I<0,~-1} = S, ={g, |1<I<0,~1}.

Example 6.2.3. According to Property 6.2.10, the fastest TLI matrix M, (3201,3,3) =

M}(2301,3,3) = M}(3210,3,3) = M}(2301,3,3).

Property 6.2.11. By Definitions 6.1.9 and 6.2.9 and Property 6.2.2, it can be derived
that

M:(p.0,p)=R, (M (p.0,p)) (6.32)

and M:(p.0,p)=R, (M2 (p.0,p)), (6.33)
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where < p>,,=<p,sPis-Di 6> p'j =0,2,1,4,3,and 5 if p; =0,1,2, 3,4, and

'

5, respectively, and < p'>,=<p' ,p'. ... P >¢-

Property 6.2.12. Let the matrix Z = and the matrix R be as given in Property

NN=—=OO
— OO~
OO~

6.2.7. Then the column index numbers of nonzero elements in row index
(0 <index <3"—1) of Mf(q), O',p) and (Mf(q), O',p))_1 (@€ {1,2}) can be calculated
by Procedurel shown in Fig. 6.3. Conversely, the row index numbers of nonzero
elements in column index (0 < index <3"—1) of M f (¢, o, p) and (M f (p,0, p))_l can

be calculated by Procedure3 shown in Fig. 6.4. The two procedures call Procedure?2

and Procedure4 that are given in Fig. 6.5. The value of the argument inv for the

procedures is equal to zero for M f ((p, o, p) and one for (M f (p,0, p))_1 . At the end of

the procedures, if inv = 1 then the sets E; and E, contain the n-digit ternary

representation of the appropriate indexes of Is and 2s inside (M (g, 0, p))_l. On the
other hand, if inv = 0 then the union of the sets E; and E; gives the calculated indexes
of 1s inside M ’(p, 0, p).

Note that due to Property 6.2.11, the locations of the nonzero elements inside row
(column) index of M f ((p, o, p) and (M f (p,0, p))_1 for e {4,5} can also be

calculated using the procedures in Figs. 6.3—6.5 with appropriate adjustment.

Property 6.2.13. Let ;\1 and le be the spectra of an n-variable ternary function f(X)

with truth vector F based on M : ((p, o, p) and M j(q),d, p). Then, it follows from
Property 6.2.11 that

Ry(A)=(M(p,0.p))" - Ry(F) (6.34)

and Ry(A)=M2(p.o.p))"  R,(F). (6.35)
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{

Procedurel(index, 6, @, p, o, inv, n)

set E; = {<index>3} and E; = { };
if (inv = 0)

{varl = o ; var2 = n;}
else

{varl = 1;var2 = o —1;}
e; = element of E;;
if (Li(e;) #0)

{if(e =2)

{for (loop_var = varl to var2)

{UC( ¢/aap_var # n)
{lf((dlglt (¢loop_var +1) 0f€1 = ]) and (Ml(el) = ¢loop_var +1))

{for (k=110 @, o)
{Replace digit e by (2 —ey);
break; }}}}1}
else
{for (loop_var = varl to var2)
Procedure2(loop_var);}
for every element h of E; and E,
{if (inv = 0)
Replace each digit hy by Z

o
else
Replace each digit hy by R, , ;}
if (inv = 0)
{varl = 1; var2 = o —1;}
else
{varl = o ; var2 = n;}
if(6 =2)
{for every element e; of E,
{if (Li(e;) #0)
{for (loop_var = varl to var2)

{UC( ¢Iaap_var # n)
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{if (digit ( @y, o +1) Of €1 = 1) and (Mife1) = @y 0 +1))
I/for (k =1to ¢loop_var)

{Replace digit e;; by (2 —ey);
break;}}}}1}}

for every element e; of E,

{if (Li(e2) #0)

{for (loop_var = varl to var2)
(I (Proop_var £1)
{if ((digit (@, o +1) Of €2=1) and (M(e2) = @,,,, .., +1))
{for (k=110 @, ., )

{Replace digit ey by (2 —ey);
break;}}}}1}}}

for (loop_var = varl to var2)

Procedure2(loop_var);}

Figure 6.3: Procedurel(index, 6, ¢, p, ©, inv, n).

{

Procedure3(index, 6, @, p, o, inv, n)
set E; = {<index>3} and E; = { };
if (inv = 0)
{varl = 1; var2 = ¢ —1;}
else
{varl = o ; var2 = n;}
e; = element of E;;
if (Li(e;) #0)
{if(6 =2)
{for (loop_var = varl to var2)

{ZJC( ¢/aap_var * n)
{lf((dlglt (¢loop_var +1) 0f€1 = ]) and (Ml(el) = ¢loop_var +1))
{fOl" (k = ] fo ¢Zoop7var)

{Replace digit e by (2 —ey);
break; }}}}}}

else
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{for (loop_var = varl to var2)
Procedured(loop_var);}
for every element h of E; and E,
{if (inv = 0)
Replace each digit hy by R, ,
else
Replace each digit hyby Z, , ;}
if (inv = 0)
{varl = o ; var2 =n;}
else
[varl = 1;var2 = o —1;}
if(e =2)
{for every element e; of E,
{if (Li(e;) #0)

{for (loop_var = varl to var2)

{lf( ¢loop_var i n)
{lf ((dlglt (¢loop7var + 1) 0f€1 = I) and (Ml(el) = ¢loop7var + 1))
I/for (k =1to ¢loop_var )

{Replace digit e by (2 —ey);
break;}}}}}}

for every element e; of E,
{if (Li(ez) #0)
{for (loop_var = varl to var2)

{lf( ¢loop7var # I’l)
{if (digit (P, vor +1) Of €2 = 1) and (My(e2) = @, o +1))
I/for (k =1to ¢loop_var)

{Replace digit ey by (2 —ey);
break; }}1}}}}
for (loop_var = varl to var2)

Procedured(loop_var);}

Figure 6.4: Procedure3(index, 6, ¢, p, T, inv, n).
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Procedure2(loop_var)
{ setE;={}andE;=1{};
for every element e; of E;
{if (Ly(e; + 1) > @, ., )and (Li(e;) = 0))
{es = e; with bits 1 to @, ,,, replaced by 0;
add e; to E3; })}
for every element e; of E>
{if (Lo(e2 + 1) > @, .., )and (Li(e2) = 0))
{e4 = e with digits I to ¢, ., replaced by O;

add ey to Ey})
add all elements of E; to E»;
add all elements of E4 to E;;}

Procedure4(loop_var)
{ setE;={}andE;=1{};
for every element e; of E;
{ if (Lp2(€1) > @y o ) and (Li(er) = 0))
{e; = e; with bits 1 to @, ,,, replaced by 2;
add ez to E3; })}
for every element e; of E>
{ if (L2(€2) > @y, .. ) and (Li(e2) = 0))
{es = ez with digits I to @, ., replaced by 2;

add esto Ey )}
add all elements of E; to E»;
add all elements of E4 to E;;}

Figure 6.5: Procedure2(loop_var) and Procedure4(loop_var).
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Example 6.2.4. By Definition 6.2.9,

M,(12216)=K,,-P,°-K,,

|
1
I
1
I

100000000||1000001000]{100000000
010000000{1000100000({010000000O0
101000000{]000010000({001T000000O0
000100000{1001000000({000100000O0
=1000010000(j100000000|-1000010000
000001000{1010000000(|000001000O0
000000100{|IOO00O000000T1}|00O000OO0O0T1O00O0
000000010{|IOO00O0000100({00O000OO0O0O0TO0
000000101{|0OO0O0000010(|100000001
000001000
000100000
000011000
001000000
=10000000O0].
010000000
100000001
000000100
100000011
By Property 6.2.11, M; (12,2,9) = R22 (M; (12,2,16))
110000001
001000000
100000001
000000010
=00000000T1]{.
000000100
000110000
000001000
000100000

Also, by Property 6.2.12, the steps for calculating the set of the column index numbers
of 1s in row eight of M (12,2,16) are

index =8, <index>3=22,n=2,inv=0, E, = {22}, E, ={ }.
loop_var =2 — E; = {22}, E, = {20}.
— E; ={21}, E; = {22}.

- Replace each digit h; by Z P

- loop_var=1— E;={21,00}, E, = {22}.

Hence, the 1s in row eight of M ;(12,2,16) are located at columns 0, 7, and 8.

The calculation of the spectra based on all generalized fastest TLI transforms
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M? (p,0,p) has also been implemented in MATLAB and run for the ternary

functions that are obtained from binary benchmark functions in the manner described

in Section 6.2.2. The resulting minimum number of nonzero spectral coefficients that

can be obtained by each type of M’ (p,0, p) are shown in Table 6.3. Comparing the

numbers in Tables 6.2 and 6.3, it can be observed that for some ternary functions,

M? ((p, o, p) can give more compact representations that those based on M, (p) in

terms of smaller number of nonzero spectral coefficients. Since M (p) is a special

case of M/ (p,0, p), the minimum number of spectral coefficients based on all

M? (¢,0, p) is never larger than that based on M (D).

Table 6.3: Minimum number of nonzero spectral coefficients for M’ (¢@,0, p).

Input filename | M)(¢,0,p) | M:(p,0,p) M, (p,0,p) M;(9,0,p)
xor5 8 8 8 8
conl 41 41 38 39

squar5 15 15 16 15
z5xpl 52 52 51 51
inc 47 47 45 46
rd84 42 43 41 43
misex 1 47 46 47 45
exs 76 77 75 75
9sym 103 103 107 107
clip 144 144 145 145
apex4 155 155 153 153
ex1010 174 174 174 174
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6.3 Fastest LITA transforms

New fastest LITA transforms are presented in this section. Similar to the case for
fastest TLI transforms, the new transforms are built from the factorized transform
matrices of the existing fastest LITA transforms [FF03, FF06] and their definitions
cover those existing fastest LITA transforms. Basic definitions for the fastest LITA
transforms and the existing fastest LITA transforms are first given. The new fastest
LITA transforms are then defined. Relations between the new and existing fastest
LITA transforms as well as several other properties and experimental results for the

new fastest LITA transforms are then derived.

6.3.1 Basic definitions for fastest LITA transforms

Definition 6.3.1. Any n-variable ternary function f(¥) can be represented by its LITA

polynomial expansion as follows:
31
fE®=>cs;. (6.36)
J=0

where g, (0 < j < 3" — 1) is a ternary switching function whose truth vector
corresponds to the j-th column of a particular TLI transform M, and c¢; is the j-th

LITA spectral coefficient for f(x) based on T, . The addition is performed over

standard arithmetic algebra.

Definition 6.3.2. Let Fz[fo, Sisees f3,,_l ]T be a column truth vector of a ternary

function f(¥) in natural ternary ordering and C = [co,cl,...,c3n_1 ]T be the coefficient

column vector (spectrum) of f(x) for T,. Then,
F=T, C, (6.37)

and C=T"'-F, (6.38)
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where Tn_l denotes the inverse of 7, over standard arithmetic algebra, T represents

matrix transpose operator, and c; is as given in Definition 6.3.1.

In [FFO3], sixteen fastest LITA transforms have been identified. They are
classified into class Z1 and Z2. Each class has eight transforms, where four of them
have only Os and 1s whereas the other four contain 2s as well. Here we are concerned
with only those fastest LITA transforms without 2 elements as their spectral
coefficients can be calculated without any multiplications and therefore are simpler.

The recursive definitions for the forward and inverse transforms of such fastest LITA

transforms are listed in Table 6.4, where O, , is a 3""'x3"" matrix with all its
elements equal to zero, I, , is an identity matrix of size 3""' x3"™", J  is a reverse

identity matrix of size 3""' x3"", Y | is a 3" %3"" matrix with all its elements

n

equal to zero except one element at the corner that is equal to 1, and Z | is a

3" x 3" matrix with all its elements equal to zero except one element at the corner

that is equal to —1.

Other fastest LITA transforms have also been introduced in [FFO6] where the new

transforms are obtained by applying Rot and Rot™' operators (see Definitions 6.2.4

and 6.2.5) on some of the class Z1 and Z2 matrices.

Definition 6.3.3. [FF06] The class 71 and Z"2 matrices are derived from class Z1 and

72 matrices by the following equations, where x,ye {1,2}.

Zym Rot(T ;. ,,0) (6.39)
ren =R (T ) (6.40)
T\, =Rot” ) (6.41)
Ty = RotlT3). ). (6.42)

Property 6.3.1. From Tables 6.1 and 6.4 and Definitions 6.2.6 and 6.3.3, the forward
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transforms of the class Z1, 72, Z 1, and Z 2 fastest LITA transforms coincide with the
forward transforms of the class Y1, Y2, Z1, and Z2 fastest TLI transforms,

6.3. Fastest LITA transforms

respectively.
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Property 6.3.2. It follows from Properties 6.2.1 and 6.3.1 that only four unique fastest
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LITA polynomial expansions can be obtained from the set of all class Z1, Z2, Z*l, and

Z'2 fastest LITA transforms for a ternary input function.

Due to Property 6.3.1, the fastest TLI transforms and fastest LITA transforms are
closely related and so for compatibility with the fastest TLI transforms, from here

onwards the fastest LITA transform matrices T, ., T;151,> Tiz112, @04 T4 55,

will also be referred as T, T,”, T.', and T, , respectively.

Definition 6.3.4. Let K f’ ; and (K ,‘Z i )_1 denote the j-th factorized transform matrix of

the forward and inverse transforms of the fastest LITA transforms T, respectively

(1£j<n,0€{1,2,4,5}). Then, Tng and (T‘g)_1 can be represented in the factorized

n

form
T? = fIK,j ; (6.43)
j=n
and o) =T1k?,)" (6.4
j=n

where the general formulae for (K j j)_l are given in Property 6.3.3 and the formulae

for Kzl. follows (6.14), (6.16), (6.18) and (6.20) for 8 =1, 2, 4, and 5, respectively.

Property 6.3.3. The factorized transform matrices of (Tn19 )_1 (0€{1,2,4,5}) can be

derived by using (6.45)—(6.48) as follows:

(K;—l,j )_1 On—l On—l
-1
(K:l]) = 0, I, 0, (6.45)
On—l On—l (K;—l,j )_1
(Kj—l,j)l 0,, 0,,
1
&2,)'=| o. x. o, (6.46)
0, 0, (K nz—l, j )_l
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(k) =r2(&:,)") (6.47)
(k:)'=r2(&2)"). (6.48)

where (K z i )_1 is identity matrix of size 3’/ x3’ with bottom left element replaced by

-1 (0e{l,2}),and X, ={

J
1

n-12

n-12

ifn =j+1
otherwise.

The butterfly diagrams for the inverse fastest LITA transforms (TB )_1 are shown in

n

Fig. 6.6 for n = 2, where the solid and dashed lines represent the values 1 and —1,

respectively.

Example 6.3.1. Let f(¥) be a two-variable ternary function
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Figure 6.6: Butterfly diagrams of (Tf )_1.

with truth vector
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F =[1,1,1,2,1,2,2,1,2]" . Then by Definitions 6.3.2 and 6.3.4 and Property 6.3.3, the

coefficient column vector for f(X) based on T} is

C=@)" F

= (Kzzz )_l (Kzzl )_1 ﬁ

1 00000000][1 00000 0 0O0]/[1]
010000000/|/0 10000 0O00/|]|1
001000000/|-101000 0 00/|]1
000100000/|]0 00001 0O00]]|2
=l000010000/-|]0 000100 O0O0]-|1
000001000/|/000100000|]2
000000100/|0000001O00|]2
000000010//000000 0 10/]|1
-100000001][000000-101][2]
=fl1o21221-1].

Thus, the LITA polynomial expansion for f (fc) based on T, is
f()?):go +g,+2g,+8,+28,+28,+8,— 8-
where g;(0< j<8) denotes the ternary switching function whose truth vector is given

by column j of T, .

6.3.2 Fastest LITA transforms with permutation

In this section, the existing fastest LITA transforms given in Section 6.3.1 is extended
to a larger group of LITA transforms with the same computational cost by means of
permutation matrix. Definitions and properties for the new fastest LITA transforms are
presented and the number of nonzero terms for the new fastest LITA transforms are
shown and compared with that of the existing fastest LITA transforms for several

ternary test files.

Definition 6.3.5. Let 7, (p) denote a 3" x 3" fastest LITA transform matrix with

permutation number p (0 < p < 3" — 1). Then, T,(p) and its inverse transform

(Tn (p))”" are defined as
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T,(p)=P/ -T]K., (6.49)

J=1

and (T,(p)" :[Ill(Ki,j )_IJ'(PJ’ ) (6.50)

J=1

where K ,ll ; and (K ; i )_1 (1 <j <n) are the j-th factorized transform matrix of 7 and

—1 . . . -1 . .
(Tnl) , respectively and the permutation matrices P,” and (P,f’ ) have been given in

Definition 6.1.9.

Property 6.3.4. Due to the Definition 6.3.5 and Properties 6.2.5 and 6.3.1, the
following relations between the existing fastest LITA transforms and fastest LITA

transforms with permutation hold.

(r,0)" =) (6.51)

T, -n) =p" ()" (6.52)
e -v)' =, )" (6.53)
-6 =, . )" (6.54)

In what follows, several properties on the number and location of nonzero
elements in (Tn (p))_l are presented. These properties can be applied to speed up

computation when only selected LITA spectral coefficients need to be computed.
Furthermore, they are also needed for analyzing various properties of the fastest LITA

spectra that are useful for testing and fault detection application.

Property 6.3.5. There are 3" +2" —1 nonzero elements inside (Tn (p))"', where 3" of

them are 1s and the rest are —1s.

For the following properties, let the matrices R and Z be as defined in Properties
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6.2.7 and 6.2.12, respectively, where R, (Z,,) (0 <5 <5; 0 << 2) represents the

element that is located at row s and column ¢ of matrix R (Z2).

Property 6.3.6. The column index numbers of the nonzero elements in row i
0<i<3"-1)of (Tn (p))”" can be determined by the following steps:
Step I: Let<p,,p,s...p, > and <i>;=<i ,i ,,..,i, > be the n-digit ternary
representations of p and i, respectively. Set/=0and <h >, = <i>,.
Step 2: Set E; = {<i>,} and E,= { }. If the number of 1s in <i >, is not equal

to zero: go to Step 5. Else: go to Step 3.

Step 3: Increment [ by 1. If / >n: go to Step 5. Else go to Step 4.

Step 4:1f i, =2 : add <h >, to E,, where <h'>, = <h>, with h, set to 0; set
<h>, = <h'>,; go back to Step 3. Else: go to Step 5.

Step 5: For each n-digit ternary number < h >, in E; and E,: Replace each digit
h, (1s1<n) in <h>; with R, , .

After Step 5, the decimal number representations of the E, ( E,) elements are the

column index numbers of 1s (—1s) in row i.

Property 6.3.7. The row index numbers of the nonzero elements in column i
0<i<3"—1)of (Tn (p))”' can be determined by the following steps:
Step I: Let <p,.p, ..., > and <i>=<i i _,,..,i; > be the n-digit ternary
representations of p and i, respectively.
Step 2: Replace each digit i, (IS/<n) in <i>; with Z, .. Set /=0 and
<h> =<i>,.
Step 3: Set E, = {<i>,} and E;={ }. If the number of Is in <i>, is not equal

to zero: exit. Else: go to Step 4.

Step 4: Increment [/ by 1. If [ > n: exit. Else: go to Step 5.
Step 5: 1f i, = 0: add <h >, to E,, where <h'>, = <h >, with &, set to 2; set

<h>; = <h'>;; go back to Step 4. Else: exit.
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At the end of the steps above, the decimal number representations of the E, (Ey)

elements are the row index numbers of 1s (—1s) in column i of (Tn ( p))_l .

Property 6.3.8. The crossing lines in the butterfly diagrams of (Tn (p))”" coincide

with the crossing lines in the butterfly diagrams of (M L, p))_l when their permutation

numbers p are the same. Thus, Properties 6.2.6 and 6.2.7 apply to T, (p) as well.

The resulting numbers of nonzero spectral coefficients for 7 and T, for several

ternary test files are shown in Table 6.5 together with the smallest number of nonzero

spectral coefficients based on all 7, (p) . It can be seen that for most of the ternary test

files, the fastest LITA transforms with permutation are able to provide smaller number
of nonzero spectral coefficients than the existing fastest LITA transforms, which

corresponds to smaller and simpler hardware implementation.

Table 6.5: Minimum number of nonzero spectral coefficients for 7, (p) .

. | . Min. nonzero number
Input files T, T, forall T (p)
xor5 10 10 9
conl 47 46 44
squar5 16 17 16
z5xpl 53 53 53
inc 52 51 51
rd84 51 50 44
misex | 52 53 51
ex5 81 81 77
9sym 116 126 108
clip 153 157 152
apex4 162 161 158
ex1010 178 179 176
alu4 2179 2179 2155
misex3 2159 2162 2155




ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

6.3. Fastest LITA transforms 241

6.3.3 Generalized fastest LITA transforms

By not restricting the position of factorized transform matrices in the factorized
representation of the fastest LITA transforms and allowing the permutation matrix to
be located between them, in this section the fastest LITA transforms with permutation
presented in previous section is extended to an even wider set of fastest LITA

transforms. Such transforms are called generalized fastest LITA transforms.

Definition 6.3.6. Let Tf((o,O',p) denote a generalized fastest LITA transform of
dimension 3" x3" with ordering @ , permutation position 6 (1<So<n+1), and

permutation number p (O <p<L6" - 1). Then T’ ((p, o, p) is defined as

o 1
(HKZ%J-P"”-[ KZ%} if c#n+l1
T)(p.0.p) =4\ ot (6.55)
P’ H K f, 0 otherwise,
j=n

where fe{1,2,4,5} and K,ﬁ i and P’ have been defined in Property 6.2.2 and

Definition 6.1.9, respectively.

Property 6.3.9. The ordering ¢ is an n-digit string in which every digit takes values

from 1 to n and no two different digits in it are allowed to have the same values,
P=<P,s Py 1s--P > (6.56)

where ¢, € {12, ...nfand ¢, =@, iff i = j(1<i, j<n).

Property 6.3.10. By Definitions 6.1.9 and 6.3.6 and Property 6.3.3, the inverse of

T’ (p,0, p) is simply

o) — FHTI(KZ’% )_IJ-(PH" ) (H(K9¢ )1j if o#n+l

H(K f,% )_IJ . (Pnp )_1, otherwise.

(6.57)
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5
2

T.

_000000101_
SOOOoOOoOoO—O
SOOOoOOoOo—O O
SOO—OOOOO
SO0 O—-HOOOO
OO OO —OO O
—O—OOoOoOOoOO
OO OO OOOO
_100000000_

_000010000_
SOO—OOoOOoOOO
SOOOO—OOO
OO OOoOoOo—O
OO OOoO—=OO
OO OOO —
OSC—O OO OoOO O
imieleleleleio)ei)
_001000000_

(21,2.9)) " is

5
2

T

—cocococococo—~"
coococococo—~o
coocococo—~oo
coococo—~ocoo
cooco—~ocooo
coo—~ococooo
co—ocoocooo
oc—ococococooo
—coocooooco

SCOOO—=—O OO
OO —-OOOOO
SOOOoOO—=OO O
— OO OoOOoOOoOoOO
SOOOoOOoOo—O O
OO OOoOoOO—O
OC—— OO OO O
imielelelaleio)ei)
SO —HOOOOoOOO

J' (&)

9

(k3"

(21,2,9))"

5
2

Furthermore, by Property 6.3.10, the inverse matrix (

(

T.

I 1
Toocococooco—~

OO OoOoO—O
OO OoOO—=O O
SOOOoOO—OOO
SCOOO—-HOOOO
SOO—OOOOO
SCO—OOOOoOOO
SO OO OOoOOO
_100000000_

_000100000_
SO0 OoOO—OOO
SO0 O—-HOOOO
SCOOOOoOo—O O
COOOOoOoOoOO
SOOOoOOoOoO—O
—_OoOOoOOoOOoOOoOOoOoOO
SO —HOOOOoOOO
_OIOOOOOOO_

I 1
coocococo o~
coococococo—~o
coocococo—~oco
coo—~ococococo
cooco—~ocococo
coococo—~ocoo

—
| @ OO0 OoOoOoO0O

OSC—O OO OoOO O
_100000000

(21,29)) .

5
2

T

(21,2,9) and (

5
2

T

T
clooco~ocoo

SOO—OOOOO
SOOOO—-HOOOO
SOOOoOOoOo—O O

cocococoTo—

SOOOOoOoOO—O
imielelelaleio)ei)

To—ocoococoo
o—ococoocooo

Fig. 6.7 shows the butterfly diagrams for
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(a) (b)

Figure 6.7: Butterfly diagrams for T, (21,2,9):

(a) Forward transform; (b) Inverse transform.

Property 6.3.11. Any two generalized fastest LITA matrices T’ (q)l,O'I, pl) and
7% (p,,0,,p,) are identical when 6,=60, , o,=0, , p,=p, ., and
S, ={g,11<i<o -1} = §,={@, |1<I<0,—1}. Thus, only one of them needs to

be computed to obtain a unique LITA polynomial expansion for the input function.

Property 6.3.12. The generalized fastest LITA transforms of different types are

related as follows

(i (p.0.p) =R (T (@.0.p))" (6.58)

and [t (p.0.p)) = R (90 p) (6.59)
where <p>,=<p,.p,..»p, > p';=0,2,1,4,3,and51if p, =0,1,2,3,4, and

5, respectively, and < p'>,=<p' ,p' . ... P >¢-

Also,
T (p,0,p)=T!(¢,0", p") (6.60)
and X (p,0,p)=T (9,0, p") , (6.61)

where ¢=<@ .Q0 .....0,> , O=<@,Q5,....,0, > , <p"> =<p" PP >¢>
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c'=n+2-0,and p"j =0,1,2,4, 3, and 5 if p;= 0, 1,2, 3,4, and 35, respectively.

Property 6.3.13. Similarly, it can be found that

/(9,0 p") |, (6.62)

T!(p,0,p)=

where ¢',0', and p" have been defined in Property 6.3.12.

Property 6.3.14. As the forward fastest LITA transforms T’ ((p, o, p) are simply the

forward fastest TLI transforms M f ((p, o, p), the location of nonzero elements inside

the matrices can be obtained by Procedurel and Procedure3 as specified in Property

6.2.12. In addition, the location of the nonzero elements inside the inverse fastest

LITA transforms (Tng(q),d,p))_l can also be obtained by the same procedure for

(M (.0, p))_l. However, for (Tf (0,0, p))_1 the elements of sets E; and E, should be

taken as the n-digit ternary representation of the appropriate indexes of 1s and —1s,

respectively.

Property 6.3.15. The computational cost of obtaining one fastest LITA transform

spectrum from the truth vector is 2" —1 additions/subtractions.

Property 6.3.16. Let A={¢,,0.,...0 }-{n} , B={¢,0,,...,0,.,} , and

A'={A" A, ,...,A"A‘ } be A that is reordered such that A, < A; if i < j. Also, let él,

—

C,., C,, and C, be the spectra of T'(p,0.,p). T (p.0.p), T (p.0.p), and
T’ (p,0,p), respectively for the same input function. Then 6‘1 (6'3) are simply

C 5 (é , ) that are reordered if either one of the conditions in (6.63)—(6.66) is satisfied.

o=n+l (6.63)
o=nand ¢ =n (6.64)
=1Vj1< j<|A (6.65)

[’A‘j+l’1
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Jrsuchthat (Z, | #IVjl<j<nand(Z, , =1Vj1<j<|A])
; " (6.66)
and(A', <min(B))and(Z, , =Z, | =---=2Z

P2 Pa,+17°

Property 6.3.17. For fe{l1,2} there are (2" —-1) —1s and (3" +h) 1s inside

(Tn19 ((/’, o, P))_l , where

M SES prma(ene Pl g R, =29k 1<k <min(g.¢)and eG. ) =1 (4 oy
i o |0, otherwise,
it (¢, > @) and (R, , # 1k, @, <k < @,))or
eGN=1"" (¢ <p)and(R, , #2Vk,p, <k <p))) (6.68)
0, otherwise,
and D={kIR, , #1,max(¢,@,) <k<n}. (6.69)

When =1 or(n+1),h=0and so Tng ((p, o, p) has 3" +2" —1 nonzero elements.

This property can be easily adjusted for €€ {4,5} by Property 6.3.12.

The calculation of the spectra based on all generalized fastest LITA transforms
T’ (p,0, p) have also been implemented in MATLAB and run for the ternary test
files. The resulting minimum numbers of nonzero spectral coefficients that can be

obtained by each type of T’ (p,0, p) are shown in Table 6.6. Since T’ (p,0, p) covers
both the existing fastest LITA transforms and 7, (p), the minimum number of spectral

coefficients based on all Tf(¢,0',p) is never larger than that based on T, (p) .

Comparing the numbers in Table 6.6 with the number of nonzero spectral coefficients
of the optimal FPRME over GF(3) for the same set of ternary test files, it was found
that the former are smaller than the latter for some of the ternary test files. Examples
of such cases are clip and ex1010, for which the best number of nonzero FPRME

spectral coefficients is 153 and 236, respectively.
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Table 6.6: Minimum number of nonzero spectral coefficients for Tng (p,0,p).

Input filename | T)(¢,0,p) | TX(p.0,p) T, (9,0,p) T, (¢,0,p)
Xor5 8 8 8 8
conl 42 41 38 39

squar5 15 15 16 16
z5xpl 53 53 52 53
inc 47 47 45 46
rd84 43 44 41 43
misex 1 47 46 47 45
ex5 76 77 75 75
9sym 103 103 108 108
clip 144 144 145 145
apex4 155 155 153 153
ex1010 175 174 176 174
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Chapter 7

Hardware Implementations

Hardware calculation and implementation of the polynomial expansions based on the
transforms introduced in Chapters 4 and 6 are presented in this chapter. First, the
conversion between the truth vector and spectral coefficients of the respective
transforms are shown using linear systolic array processors. The linear systolic array
processor structures are derived from the butterfly diagrams of the respective
transforms. As example, the steps of deriving the linear systolic array processors for
fastest LIA transforms are described. The multi level tree implementations of the
resulting fastest LI polynomial expansions are then shown for both binary and ternary
cases. Afterward, the use of the linear systolic array structures for obtaining the spectra
of the FPRMEs and FPAEs using the recursive polarity matrix algorithms are

discussed.

7.1 Linear systolic array structure for fastest LI transforms

The calculation of fastest LIA transform spectra as well as the spectra of the fastest LI
transforms over GF(2), fastest LITA transforms, and fastest TLI transforms can be
efficiently performed using a linear systolic array processor [KSY91, KSZ90, Yan94,

Yan98]. A linear systolic array processor is constructed from a number of uniform
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processors that are interconnected linearly such that the output of a processor is
connected to the input of the next processor. Each of the processors has two basic
elements, namely computing cell and storage cell. Generally, the computing cell has
several computational modules for performing data manipulation whereas the storage
cells are composed of first-in first-out (FIFO) registers. The number and type of the
computational modules vary depending on the characteristic of the transform being
implemented on the systolic array processor. At each iteration, a computing cell
performs the specified operations on the data and the result is sent to the computing

cell of the next processor as well as to the corresponding storage cell.

The linear systolic array processor structure for calculating the spectral coefficients
of a particular LI transform can be obtained from the butterfly diagrams of the
transform itself. In the following text, the derivation of the linear systolic array
processor structure for fastest LIA transforms from their butterfly diagrams is
described. The linear systolic array processor structure for the fastest LI transforms
over GF(2), fastest LITA transforms, and fastest TLI transforms can be derived from

their respective butterfly diagrams using very similar derivation steps.

In general, the complete spectrum for a particular fastest LIA transform is obtained
by the systolic array processor after 2" iterations, where one truth vector element is
inputted and one spectral coefficient is produced at each iteration. The basic steps for
the generation of the linear systolic array processor structure from the butterfly
diagram are given below, followed by explanation for each of the steps and several

examples. The steps are:

Step 1: Obtain the (n + 1)-stage butterfly diagrams of the corresponding fastest
LIA transform based on the factorized representation for the LIA transform given in
Definitions 4.3.3 and 4.3.4.

Step 2: Transform the (n + 1)-stage butterfly diagram into an equivalent n-stage
butterfly diagram by eliminating the stage that corresponds to the permutation matrix.

Step 3: Combine some stages of the butterfly diagrams in Step 2, if it is possible.

Step 4: Generate the systolic array processor structure based on the butterfly

diagram obtained in Step 3.
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Step 1 is quite straightforward. From the factorized representation of the fastest LIA
transform given in Definition 4.3.4, an (n + 1)-stage butterfly diagram for the fastest

LIA transform can be directly obtained. One stage in the butterfly diagram represents

the permutation matrix P” whereas the remaining stages represent the fast factorized
transform matrices K 51 From Fig. 4.11, it can be observed that for 8 {a,b} all the

solid lines in the butterfly diagrams of K f/ are horizontal whereas for 8¢ {c,d} none

of them are horizontal. The former case is desirable as it leads to simpler mapping to

the systolic array processor. Therefore, for @€ {a,b} the (n + 1)-stage butterfly
diagram can be directly used as input to Step 2 whereas for @€ {c,d}the butterfly

diagram need to be first modified before continuing to Step 2. The modification

involves reordering the input and output such that all the solid lines in the butterfly

. . 7] .
diagram stages representing K, ; are horizontal.

In Step 2, the (n + 1)-stage butterfly diagram produced in Step 1 is transformed into
an equivalent n-stage butterfly diagram by removing the stage that corresponds to P

and adjusting the other stages such that the input-output relation is preserved. There
maybe more than one possible equivalent n-stage butterfly diagrams for the input
butterfly diagram. The chosen butterfly diagram should fulfill the following two
requirements. First, all the dotted lines in the butterfly diagram must have the same
direction, i.e., all dotted lines are from bottom left to top right or from top left to
bottom right. Second, all dotted lines in the same stage must have the same length, i.e.,
the number of lines separating the edges of all the dotted lines in a stage must be

exactly the same.

The n-stage butterfly diagram obtained in Step 2 is examined in Step 3 to check
whether some of the stages can be combined. That is, whether the number of stages in
the butterfly diagram can be reduced. Two consecutive stages can be combined if the
lengths of the dotted lines in the stages are the same and there is no precedence
constraints between them (the stages can be exchanged without affecting the output

vector).

Finally, in Step 4 the systolic array processor structure is generated based on the
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butterfly diagram produced in Step 3. All the information required for the systolic
array processor can be found from the butterfly diagram. The number of required
processors in systolic array is equal to the number of the butterfly diagram stages. The
register length in the storage cell is one more than the number of lines separating the
edges of dotted lines in the corresponding stage. The location of subtraction operations
in the systolic array corresponds to the location of subtractions in the butterfly
diagram. Also, the ordering of the inputs (truth vector elements) and outputs (spectral
coefficients) fed to and produced by the systolic array are either the same as in the
final butterfly diagram (when the direction of the dotted lines are from top left to

bottom right) or in the reverse ordering.

The general steps above apply for any fastest LIA transform T’ ((0, o, p). However,

for some fastest LIA transforms several of the steps may be skipped due to their
inherent structure. Below the generation process for several different cases of fastest
LIA transforms are discussed. Their resulting systolic array processor structures are

also analyzed.

First, let us examine the case when the permutation number is equal to zero. Clearly,

as P’ is simply the identity matrix, the permutation matrix inside the factorized

n

representation of T?(¢,0.,0) can be ignored without affecting the fastest LIA

transform. As a result, when p = 0 Step 2 can be performed by simply removing the

stage that corresponds to the permutation matrix. No further adjustment or changes is
needed to offset the effect of removing it. For further analysis of T (¢,5.,0), in the
following T’ (@,0.,0) is differentiated into two cases: when @€ {a,b} and when

e {c,d}. Each case is discussed separately.

Let us start with the case when @€ {a,b}. According to the given steps above, the
systolic array derivation process for T/ (p,0,0) and T’ (p,0,0) starts with the

generation of the (n + 1)-stage butterfly diagram which would be passed on to Step 2.
In Step 2, the (n + 1)-stage butterfly diagram is transformed into an n-stage butterfly
diagram by simply removing the stage that corresponds to the permutation matrix. It

can be obtained from (4.5.7) and (4.5.8) that the resulting n-stage butterfly diagram
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satisfies the two requirements stated in Step 2. In addition, it can also be found that the
lengths of the dotted lines in different stages of the butterfly diagrams are not the
same. As a result, none of the stages in the butterfly diagram can be combined in Step

3. That is, the output of the Step 3 is equal to the output of Step 2, which in turns is
simply the butterfly diagram of T (@ =aorb) with same or different ordering. As
Property 4.3.4 states that the reordering of the stages inside T, does not affect the
output, it can be concluded from these that for p = 0 and @€ {a,b} we can derive the
systolic array processor for T\ (¢,0,0) directly from the butterfly diagram of T, ie.,
Steps 1 to 3 can be skipped. The resulting systolic array contains n processors and has
a total register length of 2" —n—2. As an example, the butterfly diagram and

systolic array processor structure for 7,'(210,1,0) is shown in Fig. 7.1.

In Figs. 7.1(a) and 7.1(b), the three-stage butterfly diagram for 7,'(210,1,0) and the
corresponding linear systolic array processor structure as well as its corresponding
storage cells contents for calculating the coefficient vector of 7;'(210,1,0) are shown.

As it can be seen from the figure, the resulting systolic array processor consists of
three stages, where the truth vector elements are fed to the first stage computing cell
and the spectral coefficients are obtained from the output of the third stage computing
cell. At the first iteration, the first element of the truth vector f, is supplied to the
input of the first stage computing cell and the resulting contents of the storage cells are
as shown in the top row of Fig. 7.1(b). The output of the third computing cell is the

first spectral coefficient, c¢,. In the subsequent iterations, the other elements of the
truth vector are supplied one by one in the sequence of f,, f,, ..., f; and the spectral
coefficients are obtained in the sequence of ¢,, c,, ..., and ¢, as shown in the lower

rows of Fig. 7.1(b). It can be seen that the length of the registers in the first, second,
and third stages of the systolic array processor are 1, 3, and 7, respectively with total

register length of 143+7 =2*-3-2=11.

Unlike for @€ {a,b}, when @€ {c,d} the systolic array structures for Tf ((0, G,O)

are dependent on the ordering (@) used. Different orderings may lead to different
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numbers of required processors and register lengths. Generally, the numbers are
smaller than or equal to the corresponding numbers for 7 (p,0,0) and T "’ (p,0,0). As
Step 2 is performed by simply removing the permutation stage, care must be taken so
that the butterfly diagram produced in Step 1 satisfy the two requirements given in

Step 2. An example of that is presented in Fig. 7.2 for 7,"(012,1,0). In Fig. 7.2(a) the

original three-stage butterfly diagram for 7.’ (012,1,0) is shown which is then modified
into more regular equivalent butterfly diagram given in Fig. 7.2(b) and compressed
into two-stage butterfly diagram in Fig. 7.2(c). The butterfly diagram is then mapped
into the systolic array processor structure shown in Fig. 7.2(d). Note that the linear
systolic array processor has only two stages and it requires only two registers. Fewer
numbers of required processors and storage cells contribute to lower cost of hardware

implementation by systolic array processor.

Next, let us consider the more general case when the permutation number is not
equal to zero. When p # 0, the permutation matrix is no longer equal to the identity
matrix. Therefore, Step 2 can no longer be executed by simply removing the butterfly
diagram stage that corresponds to the permutation matrix. Modification in the other
butterfly diagram stages and/or reordering of input or output vectors need to be further

performed to offset the effect of removing the permutation stage. In general,

generating the systolic array processor structure for T, (p,0, p) when 8¢ {a,b)} is still
simpler then for fe {c,d}. This is mainly due to Step 1, where T’ (p,0,p) and
T?(p,0, p) need an extra processing step compared to T*(p,0, p) and T (¢,0, p).
However, unlike for the case when p = 0, the length of the required storage in the
systolic array processor for 7' (p,0,p) and T’ (p,0, p) is no longer fixed. An
example of this is shown in Fig. 7.3, where the initial four-stage butterfly diagram for
the forward transform of 7;°(012,2,2) is shown in Fig. 7.3(a). In Fig. 7.3(b), the
equivalent three-stage butterfly diagram for 7;°(012,2,2) chosen in Step 2 is given.

Note that the permutation stage inside the butterfly diagram shown in Fig. 7.3(a) (the
second leftmost stage) has been removed. Also, the leftmost stage of the butterfly

diagram as well as the ordering of the input vector have been rearranged in order to
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preserve the input-output relationship. As the first and second leftmost stages of Fig.
7.3(b) have no input-output precedence and all the dotted lines inside them have the
same length and direction, they can be compressed in Step 3. Figs. 7.3(c) and 7.3(d)
show the compressed butterfly diagram and the corresponding linear systolic array
structure for 7;°(012,2,2) . It can be seen that the final systolic array requires only two
processors and four registers. These numbers are fewer than three processors and 11

registers required for 7,'(210,1,0) .

If the spectra of more than one fastest LIA transforms need to be generated, it is
very useful to investigate whether the fastest LIA transforms are related such that they
can be implemented with fewer number of systolic array processors. That is, whether
the same systolic array processor can be reused for different fastest LIA transforms so
that the implementation cost is reduced. Properties 4.3.2, 4.3.4, 4.3.5, and 4.3.7 have
identified groups of fastest LIA transforms that have such relations. As a result, the
total number of systolic array processors required for generating spectra of all fastest

LIA transforms is much less than the number of all fastest LIA transforms. For

example, Property 4.3.2 states that the four fastest LIA transforms T (p,0,0),
T"(p,6.0) , T:(¢°,0,0), and T*(p*,0,0) can be derived from each other by

rearrangement of rows and/or columns. This implies that the spectra calculations of
those four fastest LIA transforms can all be performed on the same systolic array

processor structure. Suppose that the systolic array processor structure for obtaining

the spectrum of 7 (p,0,0) has been derived. Then, the spectrum of T’ ((0:,0',0) is

obtained when the input to the systolic processor is applied in reverse ordering.

Interpreting the output of the systolic processor in reverse ordering produces the
spectrum of 7, ((03,6,0). Finally, doing both of them will produce the spectrum of
T’ (¢,0,0). Thus, only one systolic array processor structure is needed to obtain the
four spectra instead of four. In addition, Property 4.3.5 implies that the systolic array
structure derived for T (p,0,n) (T, (p,0,n)) can also be used to perform spectrum
generation for T”(p,0,n) (T (p,0,n)) by simply replacing every f, and ¢, in the

derived systolic processor by f, . and ¢ respectively (0<i<2" —1).

2)1 —1—i 9
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Figure 7.1: Calculation of 7,'(210,1,0) spectrum:

(a) Butterfly diagram; (b) Systolic array processor structure.
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Figure 7.2: Calculation of Ty (012,1,0) spectrum:

(a) Butterly diagram (initial); (b) Butterly diagram (three-stage equivalent);

(c) Butterly diagram (two-stage equivalent); (d) Systolic array processor structure.
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Figure 7.3: Calculation of 7;*(012,2,2) spectrum: (a) Initial four-stage butterfly
diagram; (b) Equivalent three-stage butterfly diagram; (c) Equivalent two-stage

butterfly diagram; (d) Systolic array processor structure.
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One possible linear systolic array processor structure for calculation of fastest LIA
transform spectra is shown in Fig. 7.4. Fig. 7.4(a) shows the configuration of the
computing cell (CC) and storage cell (SC) for each stage in the linear systolic array.
The computing cell contains an input register, adder, sign inverter and multiplexer.
Each computing cell has two inputs: either the input vector (for the first stage) or the
output of the previous CC and the oldest content of the SC. The former input is stored
into an internal register Reg_f whereas the latter input is fed into the sign inverter. The
multiplexer passes either the output of the sign inverter or zero based on the control
signal. The adder sums up the output of the multiplexer and the content of Reg_f. The
result of the adder is both passed to the next CC and stored into the corresponding SC.
The connection between the stages of the linear systolic array processor is shown in

Fig. 7.4(b).
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Figure 7.4: Linear systolic array processor structure:

(a) CC and SC in a stage; (b) Inter stage connections.

Besides the relations between the different fastest LIA transforms, the relation
between the forward and inverse fast transforms for any fastest LIA transforms has

been presented in Property 4.3.6. It follows from this property that the butterfly
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diagram for an inverse fastest LIA transform can be obtained by performing the
following operations to the butterfly diagram of the corresponding forward transform.
In order to ensure that the resulting butterfly diagram directly corresponds to the
systolic array processor implementation of the inverse transform, these operations
should be performed on the final forward butterfly diagram (the one that was obtained
after Step 3):

- Flip the butterfly diagram structure both horizontally and vertically.

- Exchange the input and output vectors while maintaining their respective

sequences.

- Replaced all dotted lines with solid lines.

Clearly, a special case occurs when each stage in the final butterfly diagram for a
forward fastest LIA transform remains the same when it is rotated 180°. In such cases,
the resulting inverse butterfly diagram is simply the forward butterfly diagram with
input and output vectors exchanged, all dotted lines replaced with solid lines and the
ordering of the stages reversed. Thus, the systolic array processor structure for
implementing the inverse fastest LIA transform is simply the one for the forward
fastest LIA transform with the ordering of its stages reversed. It should be noted that if
there is no input-output precedence between the different stages in the butterfly

diagram, then the systolic processor structure for both forward and inverse transforms

are exactly the same. An example of such case is given in Fig. 7.5 for 7;°(012,2,2).

Fig. 7.5(a) shows the butterfly diagram for the inverse transform of 7;*(012,2,2) . Note

that the figure is obtained by flipping the butterfly diagram in Fig. 7.3(c) both
horizontally and vertically. The linear systolic array processor structure for the inverse
of 7,(012,2,2) is shown in Fig. 7.5(b). shows the corresponding linear systolic array
processor structure. It can be seen that the linear systolic array processor structures in
Fig. 7.3(d) for the forward transform and Fig. 7.5(b) for the inverse transform are the

same. So, both the forward and inverse transformations of 7,°(012,2,2) can be

implemented on the same systolic array processor.
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Figure 7.5: Calculation of truth vector from7;*(012,2,2) spectrum:

(a) Fast inverse butterfly diagram; (b) Systolic array processor structure.

It should also be noticed that due to the close relation between fastest LI

transforms over GF(2) and fastest LIA transforms given by Definitions 4.2.1, 4.2.6,
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4.2.17,4.3.1, and 4.3.4, it follows that for @€ {a,b} the linear systolic array structure

for a particular fastest LI transform over GF(2) M ? (p,0, p) is exactly the same as the

linear systolic array structure for fastest LIA transform Tng* (¢*,0'*, p) except that now

all the additions/subtractions are performed over GF(2), where 6 =6

O'* :n+2—0‘,and ¢* =< ¢13¢23""¢n >

7.2 Multi level tree structure implementation

In [GE78], a synthesis procedure for FPRME over a finite field has been proposed
which starts from the FPRME coefficients to produce the most economical multi level
tree for the expansion. The tree is composed of only two-input gates to avoid the
necessity of providing a wide range of fan-in versions for each member of the circuit
element family. The synthesis procedure makes use of the general modular tree
structures for FPRME that are presented in the paper. Given the FPRME coefficients,
circuit realization for the corresponding input function can be obtained directly,
although it may not be minimized. The circuit for an n-variable function is synthesized
from the circuit realization of the (n—1)-variable functions. In this section, similar
multi level tree structure implementations for the polynomial expansions based on the

binary and ternary fastest LI transforms are given.

7.2.1 Binary polynomial expansions based on fastest LIA transforms and

fastest LI transforms over GF(2)

Due to the recursive structure of the fastest LIA transforms and fastest LI transforms
over GF(2) with permutation number zero, the multi level tree structure for the circuit

realization of their polynomial expansions can be easily derived. The modules for the
fastest LI transform M ! ((p, 0',0) with one, two, and three variables are shown in Fig.
7.6. In the figure, the symbols @,@, and © denote XOR, AND, and OR operations,

respectively. It can be observed that the n-variable module for M ! (¢,0,0) can be built
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from two n — 1 variable modules with one of them being slightly modified. Let
f(x_)(%_ =[x,,.X, 5.....x,]1) be the n—1 variable function realized by the n—1
variable module, f,(X,_,) be the term that corresponds to a, in f(¥,_,),and f"(¥,_)

be the function similar to f(X,_,) but with different set of coefficients. Then for n > 3,
f(fn ) = f* ('i;n—l )xn @ (f(in—l )_ aOfO (}n—l ))xn @ aO (fO (in—l )xn Vv xn—lxn—Z "’xl ) . (7 1)

Similar to the case for systolic processor, the multi level tree shown in Fig. 7.6 can

also be used for other fastest LI transforms over GF(2) M ,f (q), 0',0) , M? ((p;’ ,G,O), and
M ((p;’ ,0',0) by simply reversing the order of the coefficients and/or complimenting
the variables as appropriate, where ¢ has been defined in Property 4.3.1. In Fig. 7.7

the two-variable module for M : ((p, G,O) is shown, which is derived from the two-

variable module in Fig. 7.6 by changing the polarities of the input variables and

reversing the order of the coefficients. Furthermore, due to Definitions 4.2.2 and 4.2.6,
the circuit realization for fastest LI transforms M ?(p,0.,0) can also be easily adjusted
to realize the polynomial expansion of M/ (p,n+1,p) (1< p<2"—1) by simply
changing the polarities of the input variables according to the polarity numbers. Let
<p,, P, P > be the n-bit binary representation of the polarity number p. Then in
order to obtain the circuit realization for M f (¢,n+1, p) from that of M f ((p, 0',0),
simply change the polarities of the input variables x; , where 1<i<n and p; = 1. For
example, in Fig. 7.8, the module for M” (@,n+1,2) is shown. Comparing the Figs. 7.7

and 7.8, it can be seen that the two figures are identical except for the polarities of the

input variable x,. It should be noted that due to Property 4.2.14, for &< {a,b} the
described relation between the modules for M/ (p,0,0) and M g (p,n+1,p) always

applies as long as their types are of the same, whereas for @€ {c,d} the ordering ¢ of

the two transforms also have to be the same.

The multi level tree implementations for fastest LIA transforms Tf (@,0, p) can be

derived in the same manner. As in the case for the linear systolic array processor
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structure, for &€ {a,b} the circuit realization for the fastest LIA transform

Tf* ((p*,O'*, p) is simply the module for fastest LI transform over GF(2) M ?(p,0, p)

with all XOR operations replaced by arithmetic additions, where the definitions for

6, o ,and ¢)* follow Section 7.1.
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Figure 7.6: Multi level tree for fastest LI transform M (p,0.0).
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Figure 7.8: Multi level tree for two-variable fastest LI transform M’ (¢, n +1,2).

7.2.2 Ternary polynomial expansions based on fastest LITA transforms

and fastest TLI transforms

In a similar manner as for the binary functions, the modular multi level tree structures
that directly correspond to the hardware implementation of polynomial expansion
based on the fastest LITA transforms and fastest TLI transforms can be derived. In
Fig. 7.9, the modules for implementation of LITA polynomial expansion based on

T,(0) is shown for n = 1 and 2, where @ and ® represent two-input arithmetic adder
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and multiplier, respectively and X is‘ is a ternary literal as given in Definition 5.2.1.

n=1:

Figure 7.9: Multi level tree for fastest LITA transform 7', (0).
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It can be seen from Fig. 7.9 that the two-variable module for 7, (0) can be built
from two one-variable modules for 7, (0) with one of them being slightly modified and

another additional module that corresponds to the spectral coefficients C i 1O Clogri)y -
This relation between the one-variable and two-variable modules for 7, (0) also
applies for higher number of input variables. Let f ()?n) and f ()?n_l) denote
the n-variable and (n—1)-variable modules for 7, (0) , respectively (n > 2) while
fo ()? n_l) denotes the term that corresponds to ¢, in f ()?n_l). Then, the circuit

realization for f ()? n) is synthesized by the following principle:

£(%,)= ro(x, )+ glx, )+ (%, )%, (7.2)

where :

—

- 1(%,) = ()= ey (R, %, e (8,0, x, P, P x, ),
- f? ()Z n—l) is simply f ()Z n—l) with all spectral coefficients ¢, (0<i< 3o
replaced with C.,

-1

- g()f n) is a multi level submodule that is built from smaller submodules g()z - ) by
ol )=x,M(e (%, )+ ¢'(%,. )+ £2(%,..). (7.3)

In (7.3), g“()zn_l), ue {0,1,2} represents g()fn_l) with X, "' replaced by

X " and spectral coefficients ¢, (3"?<i<2-3"?-1) replaced with c

n i+(2+u)3"72 "

From Fig. 7.9, it can be seen that g()zl): xW.

The modular multilevel tree structure for 7, (0) given above can also be used to

implement LITA polynomial expansion based on any other fastest LITA transform

T (p) with only rearrangement of the input variables. Let matrix R be as defined in

Property 6.2.7. Then the n-variable module for 7, (p) can be obtained from the
n-variable module for 7,(0) by replacing every X ,.S" (1<i<n)inthe T,6(0) module

with X.*, where S.' is S, with each element s inside it replaced with R ».s+ Recall
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that <p,.p,,,....p, > and R, _denote the n-digit ternary representation of p and the
element that is located at row p, (0 < p,<5) and column s (0 < s< 2) of matrix R,
respectively. Fig. 7.10 shows the two-variable module for 7, (p) when p =9 =<1, 3>¢

which is derived from the module in Fig. 7.9 for n = 2.

As the fastest LITA transforms 7, (p) and fastest TLI transforms M (p) have the

same forward transforms, and therefore basis functions, the multi level tree

implementation for M,k (p) has the same structure as the multi level tree
implementation for 7, (p). The difference is only that for M, (p) the additions and

multiplications are performed over GF(3).

Figure 7.10: Multi level tree for fastest LITA transform 7,(9).
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7.3 Linear systolic array structure for row and column polarity

matrix algorithms

In Chapters 3 and 5, the recursive polarity matrix algorithms called row and column
polarity matrix have been presented for the computation of FPRMEs over GF(5) as
well as FPAEs for ternary and quaternary functions. All the algorithms generate the
complete polarity matrix or selected spectral coefficient vector in n recursion stages,
where in each recursion stage the same arithmetic operations (additions/subtractions
and multiplications) are performed for different submatrices of the polarity matrix of
the input functions. Flow graphs for the computations inside each recursion stages of
the different algorithms have been given. Alternatively, the operations inside each
recursion stage can also be performed by linear systolic array similar to that presented
in [Yan94]. Here the linear systolic array structure for the calculation of selected
FPRME spectral coefficient vector over GF(5) by column polarity matrix algorithm is
shown as an example. The linear systolic array for other algorithms will be based on
the same principle. Only the number of stages, input and output connections, and

stored coefficients need to be adjusted accordingly.

The linear systolic array processor structure for obtaining the selected FPRME
over GF(5) spectrum by column polarity matrix algorithm consists of four stages,
where each stage has one computing location (CL) and two storage locations (SL1 and
SL2). The first storage location (SL1) is used to store the appropriate multiplication
coefficients whereas the second storage location (SL2) is a FIFO register that stores
the intermediate and final computation results. In each recursion stage of the
algorithm, the inputs that are fed to the first stage of the linear systolic array processor

structure are the first column elements of the currently processed H P matrix, i.e., first
column elements of A, h,, h,,, hy,,and h,, (refer to (3.54)) whereas the SL2 of the
first, second, third, and fourth stage stores the intermediate and final results for & jol?

h,,, h;;, and h; ,, respectively, where j, is the row index number of the required

Je2? "Tje3?
submatrices. Figs. 7.11 and 7.12 show the structure of the linear systolic array

processor and the CL, respectively [Yan94]. It can be seen from Figs. 7.11 and 7.12
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that every h;, input fed to a CL is both copied to internal register (Reg_h) inside of CL
and passed to the CL of the next stage. The copied value of the input is then multiplied
by a multiplication coefficient fed from SL1 and added to the content of the Reg_2,
which is obtained from SL2. The result is then stored back into SL2.

Due to the structure of the polarity matrix, the stored multiplier coefficients inside

SL1 can be the same for any value of j,. Only the ordering of the inputs need to be
adjusted such that the inputs are fed in the order of h, ., h,, h,,, h,,, and h,,
(recall that r, = j,+y over GF(5)). Since the size of first column elements of £,
O<y, z<4) of H 5 matrix is 577, based on the given steps to calculate FPRME

spectral coefficients in polarity @by the column polarity matrix algorithm, the SL2s of
the systolic processor should have 5" registers in the recursion stage where g=i.

Furthermore, the multiplication coefficient values from SL1 applied for hroo , hr,O ,h

07
hr30 , and hr40 elements should be 0, 1, 3, 2, and 4, respectively for the first stage and 0,

4, 1, 1, 4, respectively for the second stage. For the third and fourth stages the
corresponding multiplication coefficient values should be 0, 1, 2, 3, 4 and 4, 4, 4, 4, 4,

respectively

| 1 | 1 |
| I | I |
1 1 | | 1 1 1
—1>|SL1 —®SLI[m—»|SL1— SL1|-'—>

1 1 ! ! 1 1 1 1
1 1 ! ! 1 1 1 1

hr40 hr30 hrZO hrIO hr(,O E v i i v i E v i E A 4 i
Ll ! ! 1 Ll ! Ll !
> CL | CL P CL L | Rjgr g2 gz Bjga
1 ‘k 1 1 A 1 1 A |‘ 1 A 1
: = — — : >
I AR SR N A A
|SL2|E | sL2|! |SL2|E |SL2|E
R A Do S :

1" stage 2" stage 3" stage 4™ stage

Figure 7.11: Systolic array structure for the calculation of row j, matrices.
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Figure 7.12: CL structure.
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Chapter 8

Conclusion and Recommendations

8.1 Conclusion

This thesis is concerned with novel spectral representations for discrete functions as
well as their useful properties and efficient computation. The focus has been on the
spectral transforms for binary, ternary, quaternary, and five-valued functions, which
form the smallest fields of multiple-valued discrete functions and also the most
common. In particular, the work done concentrated on the transforms derived based on
the concept of fast linearly independent transforms as well as the generalization of
arithmetic and RM transforms through Galois field and standard arithmetic operators.
It has been shown that the proposed transforms provide compact representations for
discrete functions and the presented properties and algorithms contribute to their fast

and efficient computation.

Several algorithms for the generation of FPRMEs over GF(5) have been proposed.
Computational costs for these algorithms in terms of the number of necessary
additions and multiplications over GF(5) have also been derived. It should be noted
that it is important to find the computational cost of a given method since such a cost
is one of the indicators of the method efficiency. All the algorithms utilize the derived
relations between the truth vector representation of a five-valued function and its

FPRME representation in different polarities. As a result, other than the
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disjoint cube polarity algorithm, they are all generating the complete polarity matrix
by first calculating certain elements of the polarity matrix from the input and then
deriving the rest of the elements in a certain order from the known elements. Among
the algorithms that take the truth vector or arbitrary FPRME spectrum as an input, the
matrix multiplication algorithm is the simplest. However, at every steps of the
calculation it needs to store two full FPRME vectors. In comparison, the extended dual
polarity algorithm has similar operating principle as the matrix multiplication
algorithms, but by only storing the information about the nonzero terms, it may require
smaller amount of storage space. On the other hand, it has been found that from the
computational cost and time viewpoints, the row and column polarity matrix
algorithms are the most efficient for deriving both the complete polarity matrix and the
FPRME spectrum in selected polarity. Due to the recursive nature of the polarity
matrix algorithms, their execution time can be further improved by implementing them

using parallel programming.

Unlike the rest of the algorithms, the cube polarity adjustment algorithm takes
disjoint array of cubes representation of the input function and it does not involve
calculation of spectral coefficients from other spectral coefficients. Instead it obtains
the spectral coefficients by determining the contributions of each input minterms or
cubes to the spectral coefficients values and adding them up. Hence, this algorithm can
also be run using parallel programming as the value of each spectral coefficient can be
calculated independently of other spectral coefficients. This together with the fact that
for most cases the number of disjoint cubes is less than number of minterms gives rise
to smaller memory requirement for this algorithm which implies that this algorithm
can be used to calculate spectral coefficients of functions with larger number of input
variables than what the other algorithms can handle. Since the execution time of the
algorithm depends heavily on the number of disjoint cubes and rises rapidly with the
increase in the disjoint cubes number, the algorithm is especially useful when only
selected spectral coefficients are required, as is the case for testing and decomposition
[Hei91] and when the input function is represented by only few disjoint cubes. In
short, the algorithms differ in their computational costs, storage requirements, and

possibility of parallel implementation. Hence the final choice of the most suitable
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algorithm to use depends on the function, the available resources, and the required

execution time.

New polynomial expansions over GF(2) that have the fastest and most efficient
logic transformations have been introduced and identified. The new LI transforms are
generated by reordering the butterfly diagram stages of the existing fastest LI
transforms and inserting a permutation matrix in front of, behind or inside the butterfly
diagrams. Due to their way of generation, the newly introduced fastest LI transforms
have the same numbers of computational cost as the existing ones and possess regular
structure. The given experimental results show that the fastest LI transforms are able
to give polynomial expansions with less number of nonzero spectral coefficients than
those based on the existing ones for the majority of binary benchmark functions.
Relations between different fastest LI transform matrices have also been examined and
formulae for determining the number and location of 1s in a fastest LI transform
matrix have been given. Due to the presence of these properties, only some of the
fastest LI transform matrices need to be actually derived by matrix multiplications.
The rest can be generated from those matrices by simple rotation or permutation.
Groups of fastest LI matrices that are identical to each other have also been identified,
which further reduces the computational cost involved in generating all unique
representations of a binary function based on them. The polynomial expansions over
GF(2) based on the fastest LI matrices combined with other techniques described in
[PFC*02, SSC*94] may be efficiently used in mapping to fine grain and cellular
automata types of FPGAs. They can also be easily implemented in terms of reversible
logic gates [Al-04]. The design of the next generation of fine grain architectures
should also be influenced by the efficient bases of LI logic transformations introduced
here, as the required hardware implementation can be calculated efficiently by fast
transforms and with the combination of methods proposed in [PFC*02, SSC*94], it can
use minimal number of basic cells with a compact routing. As a result, it also has the
advantages of high speed and area minimization. The choice of a particular transform
matrix and expansion is determined by the properties of the particular problem and
functions. This eventually reduces to a problem of selecting an optimal transform basis

that will give a polynomial expansion that has minimal number of nonzero
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coefficients. With the introduction of the classes of fastest transforms, it would open
more choices in the design of logical circuits while taking into consideration the
tradeoff between computational efficiency, final implementation, and minimal number
of nonzero coefficients. The advantage in terms of fastest computation can be also
used in other applications of introduced LI transforms such as image processing of
standard and biomedical images and nonlinear digital filtering where RM transform

has already been used [AAE95, Fal04].

Fastest LIA transforms for binary functions, which are the extension of fastest LI
transforms to arithmetic domain, have also been dealt with. New fastest LIA
transforms are introduced that can be created efficiently and their matrix can be
extended further to higher dimensions. Relations and properties between different
matrices are also discussed and the possibility of generating the spectrum of a fastest
LIA transform directly from the known spectrum of some other fastest LIA transforms
has been indicated. As there exist a huge number of different LIA expansions, there is
a great interest in finding such LIA expansions that have fast transforms and
equations. Thus, the discussion in this thesis has been restricted only to those fastest
LIA transforms that possess fast forward and inverse fastest LIA transforms. The fast
transforms formulae are provided, allowing the transform matrices to be extended to
higher dimensions, giving the best sets of basis functions for such cases as well.
Besides the relations between fastest LIA transforms, other properties on the number
and location of nonzero elements in the fastest LIA transforms have also been
investigated, which have then been applied to obtain several bounds of the fastest LIA
transform spectra. The derived bounds can be used to consider the suitability of the
fastest LIA transforms for various fault detection and function verification applications
as well as for development of decision diagrams in a similar manner as arithmetic
transform has already been used [Che92, Hei91, KB81, KSZ90, KSY91, Mal97,
PM75, RZ04, SA03, SF96, YSFO1]. Due to the importance of arithmetic transform
for functional verification of circuits under the error modeling of their spectra, the
presented transform properties and advantages of spectra for fastest LIA transforms

can be very useful in these applications.

Manipulations and calculations of discrete functions, for example, analysis of
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satisfiability, tautology, equivalence, classification, is a fundamental task in Computer
Aided Design. They range from synthesis, verification, testing, library matching and
they can be efficiently performed when original logic domain is converted to standard
arithmetic operations. FPAE is one such representation that operates in standard
arithmetic algebra. In this thesis, algorithms that can be used to efficiently calculate
the FPAEs have been presented for ternary and quaternary functions. The algorithms
are classified into matrix multiplication, cube polarity adjustment, and row and
column polarity matrix algorithms. The matrix multiplication algorithms need to be
performed sequentially whereas the cube polarity adjustment and polarity matrix
algorithms can be implemented by parallel programming. The computational costs for
the algorithms have been derived and it has been found that the polarity matrix
algorithms, which can be used to generate the spectra of either selected or all FPAEs,
have the smallest computational costs. For ternary FPAE, the column polarity matrix
algorithm is the most efficient for finding both partial and complete polarity matrix
whereas for quaternary FPAE, the column polarity matrix is more efficient for
generating selected spectral coefficient vector but it requires more multiplication
operations than row polarity matrix algorithm for obtaining the full polarity matrix. As
the algorithms operate in similar manner to the corresponding algorithms for FPRME,
the advantages mentioned for the FPRME algorithms also apply for FPAE. The
resulting FPAEs can be used as the mathematical apparatus to analyze the stability of
finite automata giving more flexibility than the known results for binary dynamic
systems as well as the bases of new ternary and quaternary word decision diagrams in

a manner similar to the ones developed in [SA03].

The concept of generalized fastest LI transforms through operations on the existing
fastest LI transforms has been extended for ternary functions. Thus, new fastest TLI
and LITA transforms are introduced. Similar to the binary case, the transforms have
regular structure. As a result, properties relating to the relations that exist between
them as well as the number and location of nonzero elements inside the matrices can
be derived. Such properties simplify the computation of the optimal expansion based
on them using software in addition to be helpful in analyzing the correlation between

their spectra and the properties of the underlying circuit realization. The transforms
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can also be easily calculated by fast transform and the calculation have been shown to
incur smaller number of arithmetic operations than FPRME over GF(3) and ternary
FPAE, respectively. Similar to other polynomial expansions based on binary and
multiple-valued logic, the new transforms can have applications in spectral
representations of ternary logic functions, computation of the stochastic behavior, and

as bases of new ternary spectral decision diagrams.

The applicability of a transform depends not only on the property of the transform,
but also on the availability of efficient methods for computation and manipulation of
their spectra. Thus, hardware calculation of the introduced binary and ternary LI
transforms spectra have been shown using linear systolic array processor, which is a
modern hardware structure with high degree of efficiency and computational speed.
The systolic processor structure follows closely the butterfly diagram of the respective
transform and therefore the relations between the transforms presented in the
preceding chapters can be easily applied to map the spectra calculation of a set of
different fastest transforms to the same systolic structures. It is also shown that in
some cases the reordering and permutation in the fastest LI matrices reduce the
amount of storage cells required to calculate their spectra by systolic processor, which
results in hardware cost saving. The realizations of their resulting polynomial
expansions using a multi level tree modular implementation have also been discussed
and the presented relations between the different transforms have also been proved
useful to allow a circuit realization to be shared between related transforms with only

reordering of inputs/outputs.

8.2 Recommendations for further research

A number of new open research problem arise from the developments presented in this

thesis. Some of the possible future research directions are listed below.

1. Exploring the possibility of applying the same concept employed by the row and

column polarity matrix algorithm for other spectral transforms and analyzing their
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effectiveness for different transforms.

2. Application of the proposed fastest LIA and LITA transforms for function

verification, testing, and fault detection.

3. Generation of decision diagrams based on the transforms discussed in this thesis

and analysis of their efficiency.

4. Development of new fastest LI transforms for quaternary functions and their

properties in a similar manner as the binary and ternary fastest LI transforms.

5. Analysis of the testability property of the FPAE transforms and their applications

in the areas where arithmetic transforms have been used.
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