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A B S T R A C T

In this work, we present a data-driven solution for the attitude control of DoubleBee on slopes. DoubleBee is a
novel hybrid aerial-ground robot with two rotors and two active wheels. Inspired by the physics modeling of the
system, we add a channel-separated attention head to a deep ReLU neural network to predict disturbances from
ground effects, motor torques and rotation axis shift. The proposed neural network is Lipschitz continuous,
has fewer parameters and performs better for disturbance estimation than the baseline deep ReLU neural
network. Then, we design a sliding mode controller using these predictions and establish its input-to-state
stability and error bounds. Experiments show improvements of the proposed neural network in training speed
and robustness over a baseline ReLU network, and a 40% reduction in tracking error compared to a baseline
PID controller.
1. Introduction

Hybrid aerial-ground robots have gained significant attention in
recent years in fields such as routine inspection [1], autonomous ex-
ploration [2], and construction operations [3] due to their ability to
overcome obstacles that are difficult for traditional ground robots and
their longer endurance compared to aerial robots. In our previous
work [4], we proposed a new hybrid aerial-ground configuration called
DoubleBee, leveraging the similarities and efficiencies of a bicopter
and a balancebot. For its ground locomotion, we designed a decoupled
mode, where the robot attitude is controlled by the propeller thrust,
independent of the robot position controlled by the wheel rotation.
This improves flexibility during ground locomotion, allowing it to pass
under low obstacles like Fig. 1. DoubleBee achieved the highest en-
ergy efficiency on the ground among the existing hybrid aerial-ground
robots [4,5]. However, the ground effect induced by the near-ground
rotating propellers, the torque output to the wheels, and the influence
of gravity pose challenges for precise attitude control.

In our previous work [6], to reduce the impacts of the ground effect,
we performed system identification for DoubleBee on flat surfaces,
established an explicit model of the ground effect, and designed a con-
troller for decoupled mode attitude control. We ignored the influence
of wheel motor torque on attitude control, as translational motion on
a flat surface requires a small torque output. However, this results
in unsatisfactory performance on the slope. Therefore, in this paper,
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to enhance DoubleBee’s general applicability, we study the attitude
control of DoubleBee when ascending or descending slopes.

Several factors complicate the control problem of DoubleBee on a
slope. First, a larger torque is needed to counteract the effect of gravity
on a slope, which acts as a disturbance torque for attitude control. Ad-
ditionally, the ground effect changes during dynamic motion on a slope
and becomes more difficult to model explicitly. Furthermore, the pitch
rotation axis of DoubleBee shifts when the wheels are locked, adding
further complexity. These factors can be considered as disturbances to
the system.

Controller design for systems under disturbances and uncertainties
has been extensively studied. Some early works use 𝐻∞ control [7],
extended state observer [8], robust Kalman filter [9], generalized pro-
portional integral observer [10] and many other effective methods to
handle the disturbance or uncertainty and improve system robustness.
While the aforementioned methods have achieved success, they also
have some issues. For example, Kalman-filter-based methods require
manually tuning several difficult-to-identify noise covariance matrices.
The tuning process can be obscure and difficult to understand, requiring
extensive experimental work and knowledge of specialized hardware
and software systems.

Recent works have focused on data-driven methods [11–13], using
the representation power of neural networks to estimate highly non-
linear disturbances, achieving satisfactory accuracy. However, these
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Fig. 1. DoubleBee passes under a low obstacle.

orks primarily face the challenge of balancing neural network in-
erence speed and prediction accuracy, and the difficulty in training
onvergence.

Furthermore, during the motion of DoubleBee along the slope, the
isturbances and uncertainties, as well as the rotation axis shift and
round effect (detailed in Section 2.1.2), are closely coupled with
he control signal, the thrusts of propellers. Conventional estimator-
ontroller structures are not well-suited for this task due to the inter-
ependence between the control signal and the disturbances. Among
xisting works, Neural Lander [12] is the most closely related research
ith real-world experiments and open-source implementation. Neural
ander primarily focuses on near-ground trajectory tracking for un-
anned aerial vehicles (UAVs), utilizing a deep ReLU neural network

o estimate the ground effect and integrates it into UAV dynamics for
ccurate trajectory tracking. The Neural Lander employs a cascade
ontrol system, wherein a high-level position controller generates a
esired signal to a high-frequency, low-level thrust controller. In our
ase, we need to design the high-frequency low-level attitude controller
irectly to reduce the effect of disturbance on the rotational dynamics,
o Neural Lander is not applicable. Additionally, in maintaining a
eep enough neural network to ensure the robustness of the estimator,
eural Lander’s position control frequency is limited to 10 Hz, which

s relatively low for the attitude control of DoubleBee.
In this work, we design a controller tailored to DoubleBee. Con-

idering that disturbances and uncertainties are essentially governed
y physics, we get the inspiration from depthwise separable convolu-
ions [14,15] and attention [16], utilizing dynamics analysis to design
physics-inspired neural network to learn these disturbances more ef-

ectively and quickly. Additionally, we design a sliding mode controller
or the proposed network with proven input-state stability to control
he attitude of DoubleBee on slopes.

The main contributions of the paper are summarized as follows:

• We analyze the dynamics of DoubleBee on slopes and provide a
detailed description of the disturbance components.

• We design a neural network that combines the concepts of depth-
wise separable convolutions [14,15] and attention [16] with prior
knowledge of dynamics model. This network is Lipschitz contin-
uous, has fewer parameters and performs better for disturbance
estimation than the deep ReLU neural network proposed in [12].

• We design a sliding mode controller with a neural disturbance
estimator, prove its input-state stability, and establish an error
bound.

• Experimental results verify the performance of the proposed
physics-inspired neural network and controller performance, re-
ducing the tracking error from 0.125 rad to 0.076 rad on a 30 deg
wooden slope.
 s
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The rest of the paper is organized as follows: Section 2 provides
a detailed dynamics analysis of DoubleBee on slopes and states the
problem. Section 3 introduces our proposed physics-inspired network,
analyzes its Lipschitz continuity, and states its advantages over ReLU
deep neural networks. Section 4 discusses using neural networks for dis-
turbance estimation in a nonlinear sliding mode controller with linear
feedback and provides a theoretical analysis of the controller’s stability
and error bound. In Section 5, we describe the data collection method
and preprocessing method used for training the neural network and
experimentally validate the network’s inference speed, training speed,
robustness, and the role of the attention head. Finally, we compare the
proposed controller with a PID controller in a real-world experiment,
demonstrating that the proposed controller can better mitigate the
effects of disturbances. Section 6 concludes the paper.

2. Dynamics and problem statement

2.1. Dynamics

DoubleBee’s locomotion on the slope can be described using three
right-hand coordinate systems: the global coordinate system 𝙶 =
{𝑂𝙶, 𝑥⃗𝙶, 𝑦𝙶, 𝑧𝙶}, the slope coordinate system 𝚂 = {𝑂𝚂, 𝑥⃗𝚂, 𝑦𝚂, 𝑧𝚂} and the
ody coordinate system 𝙱 = {𝑂𝙱, 𝑥⃗𝙱, 𝑦𝙱, 𝑧𝙱}, where 𝑂, 𝑥, 𝑦, 𝑧 represent
he origin and the basis vectors and the subscripts (⋅)𝙶, (⋅)𝙱, (⋅)𝚂 indicate
he coordinate frame.

We model the slope as a planar surface as shown in Fig. 2. Select a
oint 𝑂𝙶 at the bottom of the slope as the origin of 𝙶, and the projection
f the gradient of the slope onto the global horizontal plane as the
𝑥⃗𝙶, the global coordinate system 𝙶 can be established with the vertical
irection opposite to the gravity taken as 𝑧𝙶.

The 𝚂 shares the origin and the 𝑌 -axis with 𝙶, while 𝑥⃗𝚂 is aligned
ith the gradient of the slope. For body coordinate system 𝙱, we select

he midpoint between the rotation center of the two wheels as its origin
𝙱, as shown in Fig. 2. To establish 𝙱, we choose the direction along

he longitudinal body of DoubleBee as 𝑧𝙱, and choose the direction from
he origin to the center of the left wheel as the 𝑦𝙱.

Denote the rotation matrices of the slope and the body frames in
he global frame as 𝙶

𝚂
𝑅, 𝙶

𝙱
𝑅 ∈ 𝑆𝑂(3), which can be decomposed into

𝑅 = 𝑅𝑦(𝜃𝑆 ) and 𝙶
𝙱
𝑅 = 𝑅𝑧(𝜓)𝑅𝑦(𝜃)𝑅𝑥(𝜙), where 𝜃𝑆 ∈ R is the slope

ngle and the scalars 𝜓 , 𝜃, 𝜙 represent the yaw, pitch, roll angles of 𝙱,
espectively. 𝑅𝑥(⋅), 𝑅𝑦(⋅) and 𝑅𝑧(⋅) represent the rotation matrix along
he 𝑥⃗, 𝑦, 𝑧 axes, which are detailed as:

𝑧(𝜓) =
⎡

⎢

⎢

⎣

cos𝜓 − sin𝜓 0
sin𝜓 cos𝜓 0
0 0 1

⎤

⎥

⎥

⎦

,

𝑅𝑦(𝜃) =
⎡

⎢

⎢

⎣

cos 𝜃 0 sin 𝜃
0 1 0

− sin 𝜃 0 cos 𝜃

⎤

⎥

⎥

⎦

,

𝑅𝑥(𝜙) =
⎡

⎢

⎢

⎣

1 0 0
0 cos𝜙 − sin𝜙
0 sin𝜙 cos𝜙

⎤

⎥

⎥

⎦

.

(1)

hen DoubleBee moves on the slope, the roll angle 𝜙 depends on 𝜓
nd the slope angle. And if the projection of 𝑥⃗𝙱 onto the slope (i.e., the
obot moving direction) is not aligned with the gradient of the slope,
≠ 0, resulting in the coupling between robots’ angular velocity and

cceleration 𝜔𝜃 , 𝛼𝜃 , and the robot’s attitude 𝜙 and 𝜓 . In this work,
e focus on designing a controller for robot pitch angle 𝜃, and we
ssume that the robot’s yaw 𝜓 is maintained in {0,±π} (such that the
obot always moves along the gradient of the slope) by controlling the
heels. Hence, we give the following assumption:

ssumption 1. The DoubleBee is always commanded to move along
he gradient by a high-level planner, which means 𝜙 = 0 is always

atisfied. Additionally, no lateral slipping occurs.
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Fig. 2. Diagram of DoubleBee moving on a slope and its side view.
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2.1.1. Dynamics of translational states
Denote DoubleBee’s global position and global velocity as 𝒑, 𝒗 ∈ R3,

we consider the dynamics as:

𝒑̇ = 𝒗, 𝒗̇ = 𝑅𝑧(𝜓)𝑅𝑦(𝜃𝑆 )
⎡

⎢

⎢

⎣

𝑟
2

𝑟
2

0 0
0 0

⎤

⎥

⎥

⎦

[

𝑤𝛼𝑙
𝑤𝛼𝑟

]

, (2)

here 𝑟 is the wheel radius and 𝑤𝛼𝑙 ,𝑤𝛼𝑟 represent the angular acceler-
tion of the left and right wheels satisfying the following equation:

𝑤𝛼𝑟
𝑤𝛼𝑙

]

= 1
𝐽𝑤

[

𝜏𝑟 − 𝑓𝑟(𝐹⟂, 𝜁 , 𝜔𝑟)𝑟 + 𝐹∥𝑟
𝜏𝑙 − 𝑓𝑙(𝐹⟂, 𝜁 , 𝜔𝑙)𝑟 + 𝐹∥𝑟

]

, (3)

here the 𝜏𝑟, 𝜏𝑙 ∈ R represent the output torques of the right and left
otors driving the wheels, 𝐽𝑤 ∈ R is the moment of inertia of the

eft or right wheel about its axis of rotation. The function 𝑓 ∈ R [17]
ith subscript 𝑟, 𝑙 represents the relationship between the friction and

he contact force 𝐹⟂ ∈ R, the wheel angular velocity 𝜔𝑟, 𝜔𝑙 and the
riction-related parameter 𝜁 ∈ R.
𝐹∥ and 𝐹⟂ are the parallel and perpendicular components of the sum

f gravity and lift forces. The force due to gravity 𝑾 ∈ R3 is computed
s 𝑾 = [0, 0, −𝑚𝑔]𝑇 with 𝑚, 𝑔 ∈ R being the mass of DoubleBee and
he magnitude of gravitational acceleration. The lift due to propellers
𝑇 ∈ R3 is computed as:

𝑇 = (𝑇𝑟𝑅𝑦(𝜃 + 𝛽𝑟) + 𝑇𝑙𝑅𝑦(𝜃 + 𝛽𝑙))
⎡

⎢

⎢

⎣

0
0
1

⎤

⎥

⎥

⎦

, (4)

here 𝑇𝑟, 𝑇𝑙 ∈ R represent the thrust on the right and left sides provided
y the rotating propellers, and 𝛽𝑟, 𝛽𝑙 represent the tilt angle of the right
nd left servo.

.1.2. Dynamics of angular states
Based on Assumption 1, we can define the angular velocity vector in

he body frame as 𝝎 = [0, 𝜔𝜃 , 0]𝑇 . Similarly, the angular acceleration
ector in the body frame is defined as 𝜶 = [0, 𝛼𝜃 , 0]𝑇 , where

𝜃 = 𝜃̇, 𝛼𝜃 = 𝜃̈ = 𝜔̇𝜃 . (5)

By Newton’s second law for rotation, we can derive the following
quation:

𝜃 =
1
𝐽𝐵

{
∑

𝑖∈{𝑟,𝑙}
[(𝑇𝑖 + 𝑓𝑔𝑖) sin(𝛽𝑖)𝑙2 + 𝜏𝑖]

+ 𝑚𝑔 sin(𝜃)𝑙1 + 𝜏𝐽 },
(6)

here the 𝐽𝐵 ∈ R is the moment of inertia of DoubleBee body about its
xis of rotation. 𝑙 , 𝑙 ∈ R denote the distance from the center of gravity
1 2
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o the wheelbase and the perpendicular distance from the motor to the
heelbase. 𝑓𝑔𝑖 = 𝑓𝑔(𝑇𝑖, 𝜃, 𝛽𝑖, 𝜁) ∈ R is a function that computes the extra

hrust caused by the ground effect. 𝜏𝐽 = 𝜏𝐽 (𝑇𝑟, 𝑇𝑙 , 𝜃, 𝛽𝑟, 𝛽𝑙 , 𝜏𝑟, 𝜏𝑙 , 𝜁) ∈ R
computes the torque disturbance caused by the rotation axis shift from
the ground contact point to the wheel’s center, which occurs when
the wheels are locked and 𝜃 changes. To ensure that the rotation of
the propellers on the slope does not affect 𝜙 and 𝜓 , we enforce a
ymmetrical output in the control design, i.e., the thrusts of propellers
nd servo angles of both servos are the same, 𝑇 = 𝑇𝑟 = 𝑇𝑙 and
= 𝛽𝑟 = 𝛽𝑙. Therefore, Eq. (6) can be simplified as:

𝜃 =
2𝑇 𝑙2 sin(𝛽)

𝐽𝐵
+
𝑚𝑔 sin(𝜃)𝑙1

𝐽𝐵
+ 𝛼𝑑

= 𝛼𝑇 + 𝛼𝑾 + 𝛼𝑑 ,
(7)

here 𝛼𝑇 = 2𝑇 𝑙2 sin(𝛽)
𝐽𝐵

and 𝛼𝑾 = 𝑚𝑔 sin(𝜃)𝑙1
𝐽𝐵

represent the angular
acceleration caused by the thrust 𝑇 and gravity 𝑾 , respectively; 𝛼𝑑 is
the angular acceleration caused by other factors, including the output
torque 𝜏𝑟, 𝜏𝑙, the disturbance torque 𝜏𝐽 , and the ground effect 𝑓𝑔 as
follows:

𝛼𝑑 =
2𝑓𝑔 sin(𝛽)𝑙2 + 𝜏 + 𝜏𝐽

𝐽𝐵
, (8)

where 𝜏 = 𝜏𝑟 + 𝜏𝑙 denotes the sum of output torque.

2.2. Problem statement

Different from conventional wheeled robots, where attitude control
is trivial, DoubleBee exhibits a more sophisticated dynamics. Specifi-
cally the pitch angle 𝜃 can be manipulated for more complex motion
profile, which demands a formal investigation to ensure robust and
accurate control performance. To this end, the objective of our research
is twofold.

First, we seek to predict the unknown angular acceleration 𝛼𝑑 via a
physics-inspired neural network with Lipschitz continuity. Second, we
integrate the learning model in a closed-loop attitude control system for
the pitch 𝜃 angle of Doublebee when it moves on the slope. As shown
in Fig. 3, a cascade square root (Sqrt) controller is used to provide
the reference angular acceleration to a thrust calculator (𝑇 Calculator),
where the fix-point iteration is applied to compute the desired thrust
based on the neural network prediction. The details will be presented
in Section 4. We show that the controller is input-to-state stable via
both theoretical analysis and real world experiments.
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. Physics-inspired neural network design

The neural network is composed of the physics-inspired attention
ead and a multi-layer perceptron (MLP) with spectral normalization.
n this section, we will first introduce the structure of each part of the
roposed neural network and analyze its Lipschitz continuity. Then, we
ill expand the Lipschitz continuity to the proposed neural network.

.1. Fully connected layer and activation function

In this work, we mainly use a fully connected layer, which uses
he Sigmoid function or ReLU function [18] as the activation function.
iven an input 𝑿 ∈ R𝑁 and the weight matrix 𝛷 ∈ R𝑀×𝑁 , the output
f the full connected layer 𝒀 ∈ R𝑀 is given as 𝒀 = 𝛷𝑿. Since the
utput 𝒀 is always considered as the input of the activation function,
he output of Sigmoid function 𝛹𝑠(𝒀 ) is given as

𝑠(𝒀 ) = 𝛹𝑠(𝛷𝑿) = 1
1 + 𝑒−𝛷𝑿

, (9)

nd output of ReLU function 𝛹𝑅(𝒀 ) is given as

𝑅(𝒀 ) = 𝛹𝑅(𝛷𝑿) = max (0, 𝛷𝑿). (10)

.2. Lipschitz continuity&spectral normalization

.2.1. Lipschitz continuity

efinition 1 (Lipschitz Continuity and Lipschitz Constant). A function
(𝑎) is Lipschitz continuous on the domain 𝐴 if ∃𝐿𝑎 ∈ R+, so-called the
ipschitz constant, such that ‖ℎ

(

𝑎1
)

−ℎ
(

𝑎2
)

‖2 ≤ 𝐿𝑎‖𝑎1−𝑎2‖2,∀𝑎1, 𝑎2 ∈
𝐴.

Denote the operator ‖ ⋅‖𝐿 that finds the minimal Lipschitz constant,
e.g., ‖ℎ(𝑎)‖𝐿 = 𝐿𝑎, we can get the following lemma.

Lemma 3.1. If ℎ1(𝑎) and ℎ2(𝑎) are Lipschitz continuous on domain 𝐴,
he inequality ‖ℎ1◦ℎ2‖𝐿 ≤ ‖ℎ1‖𝐿‖ℎ2‖𝐿 always holds.

roof . ∀𝑎1, 𝑎2 ∈ 𝐴, based on Definition 1, the following inequality
olds:
‖

‖

‖

ℎ1
(

ℎ2
(

𝑎1
))

− ℎ1
(

ℎ2
(

𝑎2
))

‖

‖

‖2

≤ ‖

‖

ℎ1‖‖𝐿
‖

‖

‖

ℎ2
(

𝑎1
)

− ℎ2
(

𝑎2
)

‖

‖

‖2

≤ ‖

‖

ℎ1‖‖𝐿 ‖

‖

ℎ2‖‖𝐿 ‖

‖

𝑎1 − 𝑎2‖‖2

□ (11)

3.2.2. Spectral normalization
Spectral normalization is a method for modifying the maximum

singular value of the weight matrix 𝛷 to make the neural network more
stable [19,20]. Denote 𝑆𝑁

𝜆𝛷 = 𝑆𝑁 (𝛷, 𝜆) as the desired weight matrix
with 𝜆 as the maximum singular value of the fully connected layer:

𝑆𝑁𝛷 = 𝑆𝑁 (𝛷, 𝜆) = 𝜆 𝛷 , (12)
𝜆 𝜎(𝛷)
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where 𝜎(𝛷) represents the maximum signature value of weight matrix
.

.3. The physics inspired neural network

Building on the success of depthwise separable convolutions in
nhancing neural network performance and efficiency [14] and ac-
elerating deployment on edge computing devices [15], we combine
he similar structure with the attention [16] to design our neural
etwork from the perspective of physical modeling. The neural network
tructure is shown in Fig. 4.

The proposed physics-inspired neural network uses the sample
𝜏, 𝜃, 𝛽, 𝑇 } as input to predict 𝛼𝑑 , which consists of an attention head
layer 1) and an information processing network (layers 2 to I+1).

.3.1. Attention head
For attention head, we combine human intuition and physics mod-

ling: different physical quantities have varying degrees of influence
n the model. Drawing on the idea of depthwise separable convolu-
ions, we utilize four separate fully connected layers to encode in-
ormation of the input physical quantities. Then, different weights
𝜃 , 𝜆𝛽 , 𝜆𝜏 , 𝜆𝑇 ∈ R+ are applied to the extracted feature of 𝜃, 𝛽, 𝜏, 𝑇 to

guide the network focus on more important features. The allocation law
of 𝜆 will be discussed later in inequality (14). Finally, the information
of each physical quantities is fused using fully connected layers to
determine the output. Spectral normalization is applied to each weight
𝑆𝑁

1𝛷
2
𝜃 ,
𝑆𝑁

1
𝛷2
𝛽 ,
𝑆𝑁

1𝛷
2
𝜏 ,
𝑆𝑁

1𝛷
2
𝑇 ∈ R𝐷×4𝐷 of the fully connected layer, ensur-

ing that the maximum singular value is 1, resulting in the superimposed
sample 𝑋ℎ(𝜏, 𝜃, 𝛽, 𝑇 ).

𝑋ℎ = 𝑆𝑁
1𝛷

2
𝜃𝛹𝑆

(𝑆𝑁
𝜆𝜃
𝛷1𝜃

)

+ 𝑆𝑁
1
𝛷2
𝛽𝛹𝑅

(𝑆𝑁
𝜆𝛽
𝛷1𝛽

)

+ 𝑆𝑁
1𝛷

2
𝜏𝛹𝑆

(𝑆𝑁
𝜆𝜏
𝛷1𝜏

)

+ 𝑆𝑁
1𝛷

2
𝑇𝛹𝑅

(𝑆𝑁
𝜆𝑇
𝛷1𝑇

) (13)

We use different activation functions for different channels of the
attention head. Based on the fitting ability of ReLU function as Eq. (10),
which essentially performs local linear approximation of high-
dimensional data, and the continuous nonlinearity of the Sigmoid
function as Eq. (9), which bounds the output but may lead to gradient
vanishing [21], we use the ReLU function on 𝛽, 𝑇 and Sigmoid function
on 𝜃, 𝜏. The reasons are as follows.

Considering Eq. (8), the main components of our estimated tar-
get are 𝑓𝑔 and 𝜏𝐽 . Referring to the ground effect given in previous
work [22], the ground effect 𝑓𝑔 is mainly related to the distance
from the rotor plane to the ground. From Fig. 2, it is clear that this
distance has a nonlinear relationship with the 𝜃, approximately a cosine
function. Therefore, it is intuitive to use the Sigmoid function on the 𝜃
channel to increase its nonlinearity and achieve better fitting in local
regions compared to the linear approximation of the ReLU function.

For 𝜏𝐽 , due to the highly nonlinear nature of the torque disturbance
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Fig. 4. The structure of physics-inspired neural network.
caused by the rotation axis shift, we also use the Sigmoid function for
the 𝜏 channel.

For 𝛽, we can see from Eq. (23) in controller design in Section 4.2
that it has a linear relationship with 𝜃. Since we already use the Sigmoid
unction to increase the nonlinearity of 𝜃 channel, we apply the concept
f Taylor expansion, using ReLU function as the activation function
o learn its lower-order expansion, while the higher-order expansion
s learned through 𝜃 channel. Additionally, since the Sigmoid function
nvolves exponential operations, which are slightly more computation-
lly expensive than the ReLU function, we aim to use fewer Sigmoid
unctions to improve the inference speed of the network. Therefore, we
se the ReLU on the 𝛽 channel. Similar to the 𝛽 channel, 𝑇 is essentially
roportional to 𝑓𝑔 . Hence we use the ReLU function on the 𝑇 channel.

Additionally, as shown in Eq. (7), 𝑇 contributes significantly to
ounter the disturbance, and also, due to the need for the controller to
olve 𝑇 , we require the neural network to focus more on 𝑇 . Considering
he aforementioned design, we have:

𝑇 ≫ 𝜆𝜃 = 𝜆𝛽 = 𝜆𝜏 (14)

.3.2. Information processing network
For the information processing network (layer 2 to I+1 in Fig. 4),

e use a multilayer ReLU neural network (⋅) which normalizes each
eight matrix so that its singular value is equal to 1, specifically:

(𝑋ℎ) =
𝑆𝑁

1𝛷
𝐼+1(𝛷𝑅(...

𝑆𝑁
1𝛷

4(𝛹𝑅(
𝑆𝑁

1𝛷
3(𝛹𝑅(𝑋ℎ)))))), (15)

here the superscript of 𝛷 denotes the layer index. This design avoids
radient vanishing caused by the Sigmoid function introduced in the
ttention head.

.4. Lipschitz continuity analysis

emma 3.2. The proposed neural network 𝛹 (𝜃, 𝛽, 𝜏, 𝑇 ) is Lipschitz con-
inuous and its Lipschitz constant satisfies ‖𝛹‖𝐿 ≤ 0.25𝜆𝜃 + 0.25𝜆𝜏 + 𝜆𝛽 +
𝑇 .

roof . From Eq. (9) and Eq. (10), we can get ‖𝛹𝑆 (⋅)‖𝐿 = 0.25,

‖𝛹𝑅(⋅)‖𝐿 = 1. Applying Lemma 3.1 to each element of 𝑋ℎ, we can get
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following inequalities:
‖

‖

‖

‖

𝑆𝑁
1𝛷

2
𝜃𝛹𝑆

(𝑆𝑁
𝜆𝜃
𝛷1𝜃

)

‖

‖

‖

‖𝐿
≤ 𝜆𝜃‖𝛹𝑆 (⋅)‖𝐿 = 0.25𝜆𝜃

‖

‖

‖

‖

𝑆𝑁
1
𝛷2
𝛽𝛹𝑅

(𝑆𝑁
𝜆𝛽
𝛷1𝛽

)

‖

‖

‖

‖𝐿
≤ 𝜆𝛽‖𝛹𝑅(⋅)‖𝐿 = 𝜆𝛽

‖

‖

‖

‖

𝑆𝑁
1𝛷

2
𝜏𝛹𝑆

(𝑆𝑁
𝜆𝜏
𝛷1𝜏

)

‖

‖

‖

‖𝐿
≤ 𝜆𝜏‖𝛹𝑆 (⋅)‖𝐿 = 0.25𝜆𝜏

‖

‖

‖

‖

𝑆𝑁
1𝛷

2
𝑇𝛹𝑅

(𝑆𝑁
𝜆𝑇
𝛷1𝑇

)

‖

‖

‖

‖𝐿
≤ 𝜆𝑇 ‖𝛹𝑅(⋅)‖𝐿 = 𝜆𝑇

(16)

Denote 𝑋1 = [𝜃1, 𝛽1, 𝜏1, 𝑇1]T, 𝑋2 = [𝜃2, 𝛽2, 𝜏2, 𝑇2]T in the feasible region.
So the following inequality holds:

‖𝑋ℎ(𝑋1) −𝑋ℎ(𝑋2)‖2

≤
‖

‖

‖

‖

𝑆𝑁
1𝛷

2
𝜃𝛹𝑆

(𝑆𝑁
𝜆𝜃
𝛷1𝜃1

)

− 𝑆𝑁
1𝛷

2
𝜃𝛹𝑆

(𝑆𝑁
𝜆𝜃
𝛷1𝜃2

)

‖

‖

‖

‖2

+
‖

‖

‖

‖

𝑆𝑁
1
𝛷2
𝛽𝛹𝑅

(𝑆𝑁
𝜆𝛽
𝛷1𝛽1

)

− 𝑆𝑁
1
𝛷2
𝛽𝛹𝑅

(𝑆𝑁
𝜆𝛽
𝛷1𝛽2

)

‖

‖

‖

‖2

+
‖

‖

‖

‖

𝑆𝑁
1𝛷

2
𝜏𝛹𝑆

(𝑆𝑁
𝜆𝜏
𝛷1𝜏1

)

− 𝑆𝑁
1𝛷

2
𝜏𝛹𝑆

(𝑆𝑁
𝜆𝜏
𝛷1𝜏2

)

‖

‖

‖

‖2

+
‖

‖

‖

‖

𝑆𝑁
1𝛷

2
𝑇𝛹𝑅

(𝑆𝑁
𝜆𝑇
𝛷1𝑇1

)

− 𝑆𝑁
1𝛷

2
𝑇𝛹𝑅

(𝑆𝑁
𝜆𝑇
𝛷1𝑇2

)

‖

‖

‖

‖2

(17)

Base on Definition 1 and inequality (17), ‖𝑋ℎ(𝑋1) − 𝑋ℎ(𝑋2)‖2 ≤ 𝑃 ,
where
𝑃 =0.25𝜆𝜃‖𝜃1 − 𝜃2‖2 + 𝜆𝛽‖𝛽1 − 𝛽2‖2

+ 0.25𝜆𝜏‖𝜏1 − 𝜏2‖2 + 𝜆𝑇 ‖𝑇1 − 𝑇2‖2.
(18)

And the following inequalities always hold:

‖𝜃1 − 𝜃2‖2 ≤ ‖𝑋1 −𝑋2‖2; ‖𝜏1 − 𝜏2‖2 ≤ ‖𝑋1 −𝑋2‖2

‖𝛽1 − 𝛽2‖2 ≤ ‖𝑋1 −𝑋2‖2; ‖𝑇1 − 𝑇2‖2 ≤ ‖𝑋1 −𝑋2‖2.
(19)

Since ‖𝑋ℎ(𝑋1) −𝑋ℎ(𝑋2)‖2 ≤ 𝑃 , we can get the following inequality by
applying inequality (19) to Eq. (18):

‖𝑋ℎ(𝑋1) −𝑋ℎ(𝑋2)‖2 ≤ 𝑃

≤ (0.25𝜆𝜃 + 0.25𝜆𝜏 + 𝜆𝛽 + 𝜆𝑇 )‖𝑋1 −𝑋2‖2.
(20)

Therefore, we can get the Lipschitz constant of the attention head
as ‖𝑋ℎ‖𝐿 ≤ 0.25𝜆𝜃 + 0.25𝜆𝜏 + 𝜆𝛽 + 𝜆𝑇 . Since ‖𝛹𝑅‖𝐿 = 1, we can

get ‖‖𝐿 = 1 by applying Lemma 3.1 to Eq. (15). According to the
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𝜃

structure of the proposed neural network, the output of the network
can be written as 𝛹 (𝑋) = (𝑋ℎ(𝑋)). Applying Lemma 3.1, we can get
‖𝛹‖𝐿 ≤ ‖𝑋ℎ‖𝐿‖‖𝐿 ≤ 0.25𝜆𝜃 + 0.25𝜆𝜏 + 𝜆𝛽 + 𝜆𝑇 . □

Lemma 3.3. The inequality

‖𝛹 (𝑋1) − 𝛹 (𝑋2)‖2 ≤0.25(𝜆𝜃‖𝜃1 − 𝜃2‖2 + 𝜆𝜏‖𝜏1 − 𝜏2‖2)

+ 𝜆𝛽‖𝛽1 − 𝛽2‖2 + 𝜆𝑇 ‖𝑇1 − 𝑇2‖2

holds when 𝑋1 = [𝜃1, 𝛽1, 𝜏1, 𝑇1]T, 𝑋2 = [𝜃2, 𝛽2, 𝜏2, 𝑇2]T are in the feasible
region.

Proof . With ‖(⋅)‖𝐿 = 1, based on the definition of Lipschitz constant,
we can get:

‖𝛹 (𝑋1) − 𝛹 (𝑋2)‖2 = ‖(𝑋ℎ(𝑋1)) − (𝑋ℎ(𝑋2))‖2
≤ ‖𝑋ℎ(𝑋1) −𝑋ℎ(𝑋2)‖2

(21)

Combined with Eq. (18), we complete the proof. □

3.5. Performance analysis

Compared to the ReLU deep learning network commonly used for
similar tasks [12,13], the proposed network has the following advan-
tages: fewer parameters, a faster training process, and more robust
performance. In this subsection, we will analyze these advantages. The
faster training process and more robust performance will be further
verified through the experiment in Section 5.2.

3.5.1. Fewer parameters
This is mainly achieved by drawing on the idea of depthwise separa-

ble convolutions, replacing the fully connected layer with channel-wise
processing of the input data. Suppose we have two structures as shown
in Fig. 5, each with the same number of neurons, 4𝐷. The parameter
count of our weight matrix is 4𝐷, while that of B is 16𝐷. Our parameter
count is only a quarter of the ReLU deep neural network.

3.5.2. Faster training process and more robust performance
This advantage arises from our targeted processing and weighting

of the signals in each channel as described in Section 3.3.1, meaning
that the network structure has a certain physical basis. This allows
the network to identify the relationship between inputs and outputs
more effectively. The performance will be discussed later through

experiments in Section 5.2.

224
4. Controller design and stability analysis

The controller is similar to neural-lander [12], a deep neural net-
work based unmanned aerial vehicle landing controller, and the con-
troller with nonlinear feedback linearization [6]. The proposed control
system is shown in Fig. 3. A cascade square root controller (SQRT
controller) is used to generate the desired angular acceleration com-
mand. The thrust calculator (𝑇 Calculator) computes the desired thrust
for the propellers using an iterative fixed point algorithm, using the
disturbance estimation from the proposed neural network. Leveraging
Lipschitz continuity of the proposed neural network, a contraction
mapping is constructed to guarantee the unique solution of the thrust
calculator.

4.1. Square root controller (SQRT controller)

The square root controller is an adaptive gain controller [6]. It limits
the second-order derivative of the error signal, setting a small gain for
large errors to avoid overshooting and a large gain to reduce the steady-
state error. Given an error signal 𝑒 ∈ R, the second order derivative
limit 𝑒𝑙 ∈ R+, and the largest gain 𝐾, the square root gain 𝑠𝑞𝑟𝑡

𝐾𝐾
𝑒𝑙
𝑒 ∈ R

is computed as following:

𝑠𝑞𝑟𝑡
𝐾𝐾

𝑒𝑙
𝑒 = 𝑠𝑞𝑟𝑡

𝐾𝐾(𝑒, 𝑒𝑙) =

⎧

⎪

⎨

⎪

⎩

√

2𝐾2
‖𝑒‖2−𝑒𝑙

𝐾‖𝑒‖2
, ‖𝑒‖2 >

𝑒𝑙
𝐾2 ,

𝐾, otherwise.
(22)

4.2. Controller design

The controller is similar to the sliding mode controller [23]. Given
the desired body pitch angle 𝜃𝑑 , the tracking error is computed as
̃ = 𝜃𝑑 − 𝜃. Since we always desire the lift 𝐓 to be perpendicular to
the ground to minimize its impact on motion control [6], the tilting
angle 𝛽 is computed using a PID controller:

𝛽(𝑘) = −𝜃(𝑘) +𝐾𝑝𝜃(𝑘) +𝐾𝐼
∑

𝜃(𝑘)

+𝐾𝐷(𝜃(𝑘) − 𝜃(𝑘 − 1)),
(23)

where 𝐾𝑝, 𝐾𝐼 , 𝐾𝐷 are the parameters of a PID controller. The output of
the PID controller is limited to [−0.1, 0.1] rads.

In our previous works [4,6], we mainly focused on the ground

locomotion of DoubleBee on a horizontal plane. The torque required
Fig. 5. The comparison between the proposed attention head and fully connected layer in Deep ReLU neural network.
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for moving on a level ground is significantly lower than that for moving
on a slope, as extra torque is needed to drive the robot against its
weight. As a result, the previously ignored influence of 𝜏 on the angular
acceleration of the robot (Eq. (8)) should be considered when the robot
moves on a slope. Based on Eq. (7) and (23), it is clear that at larger
𝜃, a larger 𝑇 is required to realize the same angular acceleration. To
ensure sufficient thrust capability to counteract the influence of 𝛼𝑑 , we

ake the following assumption.

ssumption 2. When moving on a slope, the desired body pitch angle
lways satisfies 𝜃𝑑 ∈ [−1.57,−0.52] ∪ [0.52, 1.57] radians.

To design the controller, we first design a composite variable 𝑠 = 0
s a manifold on which the pitch tracking error 𝜃 → 0. Based on Eq. (5),
is denoted as:

= ̇̃𝜃 +𝐾𝜃𝜃 = 𝜔𝜃 − 𝜔𝑟, (24)

here 𝜔𝑟 = 𝜔𝑑 −𝐾𝜃𝜃 is a reference angular velocity obtained from the
esired pitch rate 𝜔𝑑 = 𝜃̇𝑑 , and 𝐾𝜃 = 𝑠𝑞𝑟𝑡

𝐾1
𝐾𝛼𝑙
𝜃

is the gain obtained from
he square-root controller. Using the neural network we introduced in
ection 3.3, we can obtain the estimated disturbance 𝛼̂𝑑 = 𝛹 (𝜏, 𝜃, 𝛽, 𝑇 ) =
(𝜉, 𝑇 ), where 𝜉 = {𝜏, 𝜃, 𝛽} for notation simplification. We design the
esired angular acceleration contributed by the thrust 𝛼𝑇 as:

𝑇 = 𝛼̄𝑇 − 𝛼̂𝑑 with 𝛼̄𝑇 = 𝜔̇𝑟 − 𝛼𝐖 −𝐾𝜔𝑠, (25)

here 𝐾𝜔 = 𝑠𝑞𝑟𝑡
𝐾2
𝐾𝛼𝜔
𝑠 , 𝛼̄𝑇 represents the angular acceleration needed to

rack 𝜃𝑑 when 𝛼𝑑 = 0. Combining Eq. (25) with Eq. (7), we can get the
losed-loop system dynamics:

̇ +𝐾𝜔𝑠 = 𝛼𝑑 − 𝛼̂𝑑 = 𝜖. (26)

e will derive that 𝜃 is bounded as long as the estimation error 𝜖 =
𝑑 − 𝛼̂𝑑 is bounded. The stability analysis will be detailed in Section 4.4
ater.

.3. Thrust calculator

This section details the approach to obtain the motor thrust input
. Using Eq. (7) and (25), we can get:

= (𝑇 ) =
𝐽𝐵

2𝑙2 sin(𝛽)
(𝛼̄𝑇 − 𝛼̂𝑑 )

=
𝐽𝐵

2𝑙2 sin(𝛽)
(𝛼̄𝑇 − 𝛹 (𝜉, 𝑇 )).

(27)

q. (27) cannot be solved to obtain an analytical solution. Below, we
escribe an iterative approach to find 𝑇 ∗ such that 𝑇 ∗ = (𝑇 ∗).

emma 4.1. With 𝜉, 𝛼̄𝑇 fixed, (𝑇 ) is a contraction mapping if
𝐽𝐵

2𝑙2 sin(𝛽)
‖2‖𝛹 (𝜉, 𝑇 )‖𝐿 < 1.

roof . Denote 𝑇1, 𝑇2 ∈ T, where T is a set of feasible thrusts. If 𝜉, 𝛼̄𝑇
are fixed, the following inequality holds:

‖(𝑇1) −(𝑇2)‖2 ≤
‖

‖

‖

‖

𝐽𝐵
2𝑙2 sin(𝛽)

‖

‖

‖

‖2
‖𝛹 (𝜉, 𝑇1) − 𝛹 (𝜉, 𝑇2)‖2

≤
‖

‖

‖

‖

𝐽𝐵
2𝑙2 sin(𝛽)

‖

‖

‖

‖2
‖𝛹 (𝜉, 𝑇 )‖𝐿‖𝑇1 − 𝑇2‖2

(28)

With ‖

𝐽𝐵
2𝑙2 sin(𝛽)

‖2‖𝛹 (𝜉, 𝑇 )‖𝐿 < 1, we can get ‖(𝑇 )‖𝐿 < 1, so  (𝑇 ) is a
contraction mapping. □

To ensure the condition in the above lemma holds, we set the
hyperparameter 𝜆𝜃 , 𝜆𝜏 , 𝜆𝛽 , 𝜆𝑇 of the neural network (Section 3.3) such
that
‖

‖

‖

‖

𝐽𝐵
2𝑙2 sin(𝛽)

‖

‖

‖

‖2
(0.25𝜆𝜃 + 0.25𝜆𝜏 + 𝜆𝛽 + 𝜆𝑇 ) < 1. (29)

s a result, (𝑇 ) is a contraction mapping, and there always exists a
nique solution 𝑇 ∗ for 𝑇 ∗ = (𝑇 ∗). Hence, we can use the fix-point
teration method to solve 𝑇 ∗, as described in the following pseudocode.

After obtaining 𝑇 ∗, we can use the predetermined thrust-to-PWM
urve (Fig. 6) to get the electrical signal for controlling the motors.
 𝑡
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Algorithm 1 Find Fixed Point of Contraction Mapping
1: Input: (⋅), 𝑇0, tolerance, maxIterations
2: Output: Fixed point 𝑇 ∗

3: 𝑇current ← 𝑇0
4: 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 ← 0
5: while 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 < maxIterations do
6: 𝑇next ← (𝑇current)
7: if |𝑇next − 𝑇current| < tolerance then
8: return 𝑇next ⊳ Fixed point found
9: end if
0: 𝑇current ← 𝑇next
1: 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 ← 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 + 1
2: end while
3: return 𝑇current ⊳ Return current point if max iterations reached

Fig. 6. The relationship between the thrust and PWM [6].

4.4. Stability analysis

In this subsection, we discuss the stability of the proposed con-
troller. To prove the stability, we first give some assumptions with
practical reasons.

Assumption 3. 𝜃𝑑 , 𝜔𝑑 , 𝜔̇𝑑 are bounded.

𝜃𝑑 , 𝜔𝑑 , 𝜔̇𝑑 are desired states set by the pilot or a high-level planner
hose bounds can be imposed and determined beforehand. In the pro-
osed controller, we use the sliding model method to convert the angle
racking problem to an angular velocity tracking problem (Eq. (24)). If
ssumption 3 is not satisfied, there will be an unlimited 𝜔𝑟, in practice,

his 𝜔𝑟 will be larger than the angular velocity limitation which is set
or safety. So the controller will rewrite the 𝜔𝑟 to the limitation that
atisfies Assumption 3. So for ease of analysis, we will assume that the
esired state is bounded.

ssumption 4. 𝜏𝑟, 𝜏𝑙 , 𝜏̇𝑟, 𝜏̇𝑙 are bounded.

𝜏𝑟, 𝜏𝑙 are generated by a position controller to control the wheel
peed. Most wheel speed controllers produce continuous outputs, and
he motor generates torque continuously. Therefore, it is unlikely that
he motor torques and their change rates become unbounded.

ssumption 5. ‖𝛼𝑑 (𝑘) − 𝛼̂𝑑 (𝑘)‖2 ≤ 𝜖𝑚𝑎𝑥 where 𝜖𝑚𝑎𝑥 is a positive
onstant.

The proposed network shows good robustness on unseen data, as
ill be shown in Section 5.2. In practice, if the input during op-
ration remain within the normal bounds of the training data, the
stimation error is unlikely go out of the norm. Hence, we can assume
hat Assumption 5 holds.

emma 4.2. If Assumptions 3, 4 and 5 hold, 𝜃 will exponentially converge
o error ball:

lim ‖𝜃(𝑡)‖2 ≤
𝜖max (30)
→∞ 𝐾𝜃𝐾𝜔
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Proof . Denote the Lyapunov function as  = 0.5𝑠2, by applying
q. (26), we can get its time-derivative ̇ :
̇ = 𝑠𝑠̇

= 𝑠(−𝐾𝜔𝑠 + 𝜖)

≤ ‖𝑠‖2‖ −𝐾𝜔𝑠 + 𝜖‖2
≤ −𝐾𝜔𝑠2 + 𝜖𝑚𝑎𝑥‖𝑠‖2

≤ −2𝐾𝜔 + 𝜖𝑚𝑎𝑥
√

2

(31)

Denote  =
√

 =
√

0.5‖𝑠‖2, so ̇ = ̇
2
√


. We can rewrite

nequality (31) as:

̇ ≤ −𝐾𝜔 + 𝜖𝑚𝑎𝑥
√

0.5 (32)

Solving the Inequality (32), we can obtain:

(𝑡) ≤(𝑡0)𝑒−𝐾𝜔(𝑡−𝑡0)

+ ∫

𝑡

𝑡0
𝑒−𝐾𝜔(𝑡−𝛾)

√

0.5𝜖𝑚𝑎𝑥d𝛾.
(33)

By applying 𝑢 = 𝑡 − 𝛾 to Inequality (33):

(𝑡) ≤ (𝑡0)𝑒−𝐾𝜔(𝑡−𝑡0) +
√

0.5𝜖max ∫

𝑡−𝑡0

0
𝑒−𝐾𝜔𝑢d𝑢

≤ (𝑡0)𝑒−𝐾𝜔(𝑡−𝑡0) +

√

0.5𝜖max
𝐾𝜔

(

𝑒−𝐾𝜔(𝑡−𝑡0) − 1
)

≤ (𝑡0)𝑒(−𝐾𝜔)(𝑡−𝑡0) +

√

0.5𝜖max
𝐾𝜔

.

(34)

Applying  =
√

0.5‖𝑠‖2 to Inequality (34), we can get:

𝑠(𝑡)‖2 ≤ ‖𝑠(𝑡0)‖2𝑒−𝐾𝜔(𝑡−𝑡0) +
𝜖max
𝐾𝜔

. (35)

rom Inequality (35), it is easy to find that ‖𝑠(𝑡)‖2 converges exponen-
ially, and the convergence rate 𝐾𝜔 and the static error is
im𝑡→∞ ‖𝑠(𝑡)‖2 ≤ 𝜖max

𝐾𝜔
. So, the proposed controller is input-to-state

stable. Based on Eq. (24), we have:

lim
𝑡→∞

‖𝜃(𝑡)‖2 = lim
𝑡→∞

‖𝑠(𝑡)‖2
𝐾𝜃

≤
𝜖max
𝐾𝜃𝐾𝜔

. □ (36)

. Experiment

This section first introduces the hardware used and the data col-
ection and preprocessing methods for network training. Then, exper-
mental evaluations of the proposed neural network and controller
erformance are presented.

.1. Data collection and processing

As shown in Fig. 7, we set up a slope for the experiment, connecting
oubleBee to a ground computer with an AMD 5950XT CPU via a
SB 3.0 cable. DoubleBee’s onboard controller updates at 400 Hz
nd logs the PWM outputs to the rotors for providing lift 𝑇𝑝𝑤𝑚, the
ervo angles 𝛽, the torque control commands to the wheels motor 𝜏,

Fig. 7. Diagram of DoubleBee moving on a slope in an experiment in its side view.
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the angular velocity 𝜔𝜙, 𝜔𝜃 , 𝜔𝜓 , and the attitude 𝜙, 𝜃, 𝜓 . The onboard
controller sends the most recent data string to the ground computer via
MAVROS at 100 Hz for recording. We use manual remote control and
predetermined control command sequences to generate high-level com-
mands and employ the low-level tracking controller from our previous
work [4] to collect data. We collect a total of 12 sets of robot movement
data at different target angles, ranging from 30 to 80 degrees in 5-
degree increments. These datasets are used for the offline training and
testing of the learning model. Within each dataset, DoubleBee executes
a single ascent and descent along the slope under the control of a PID
controller.

After data collection, we obtain thrust 𝑇 by the PWM-to-thrust
mapping shown in Fig. 6. Based on Eq. (7), we can use angular
acceleration 𝛼𝜃 to directly calculate 𝛼̂𝑑 as the ground truth for training.
However, to the best of our knowledge, no existing sensors can directly
measure angular acceleration 𝛼𝜃 with good accuracy. Therefore, we
estimate 𝛼𝜃 using available measurements including angular velocity 𝜔𝜃
and angle 𝜃. Because the measurement of angular velocity 𝜔𝜃 obtained
rom the onboard low-cost gyroscope sensor is very noisy, estimating
he angular acceleration 𝛼𝜃 by taking the difference of two consecutive
ngular velocity samples would amplify the noise and result in a very
ow signal-to-noise ratio, causing the neural network to only learn the
oise distribution instead of the relationship between input and output.
herefore, based on the system update Eq. (5), we used a Kalman filter
KF) with angle and angular velocity measurements to estimate the
ngular acceleration.

The comparison between KF-based and difference-based angular
cceleration estimation is shown in Fig. 8. We observe that the KF-
ased estimate contains much less noise but inevitably introduces a
ag in the estimation. In practice, we offset this delay by aligning the
irst thrust peak observed when DoubleBee transitions from an idle
tate to an operating state with the corresponding peak in the angular
cceleration estimate.

Fig. 8. The angular velocity and angular acceleration estimated by the differentiation
method and Kalman filter.

5.2. Neural network performance

To validate the effectiveness of the proposed method, we conduct
comparative studies on the training and inference performance, the
robustness of the network, and the effectiveness of the attention head.
Lipschitz continuous deep ReLU network [12,13], which is commonly
used in similar disturbance estimation problems is selected as the
baseline for comparison.

In the experiments, the attention head of the proposed network
is set to 20 neurons, followed by an information processing network
consisting of three layers, each with 64 neurons. The baseline network
is set to a similar configuration, consisting of four layers in total. The
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first layer comprises 80 neurons, while the subsequent layers are set
to 64 neurons. We employ an Adam optimizer with 64 batch size for
model training, with each model trained for 50 epochs.

5.2.1. Training and inference performance
In this experiment, we select the initial 70% data in each of the 12

data sequence as the training set, while the remaining data is used for
model testing. To ensure that the performance of the baseline is not
limited by the number of neurons, we also include a comparison with
a deep ReLU neural network with four layers, each with 512 neurons.
The experimental results are shown in Fig. 9.

Fig. 9. The result of randomly selected data training and validation.

It is clearly shown that our proposed network converges faster, and
he performance of the baseline with a single layer of 512 neurons
s similar to that with a single layer of 64 neurons, indicating that
he optimal performance has been reached. In terms of convergence
peed, our proposed network shows a clear advantage. The experi-
ental results demonstrate that incorporating prior knowledge into

he network through the application of attention heads allows the
etwork to achieve better initialization, consequently resulting in faster
onvergence.

Furthermore, in terms of the inference time, the inference speed for
single input sample of the proposed network is 0.15 ms on a CPU

nd 0.34 ms on a GPU, respectively. Our network has a sufficiently
mall and simple parameter size, resulting in similar time consumed
o upload the input sample to a GPU as the time for direct inference
n a CPU; thus, the performance on a GPU is worse than that on a
PU. The fast inference speed ensures the feasibility of the iterative
ethod for solving 𝑇 (Section 4.3), ensuring the speed and accuracy of

ur controller.
Our proposed neural network leverages prior knowledge by incor-

orating attention heads, leading to better initialization and achieving
good balance between model complexity and performance. While

ncreasing the number of neurons can enhance model capacity to
ome extent, the experiments indicate that such improvements are
imited and may increase computational costs. Thus, the proposed
hysics-inspired attention head is effective in achieving fast conver-
ence without sacrificing performance.

.2.2. Robustness
The robustness and generalization capability of the network are

rucial for ensuring reliable control across diverse conditions. In this
egard, we conducted further experiments to assess the proposed net-
ork’s ability to adapt to varying settings. We redivided the datasets,
227
randomly selecting seven whole data sequences for model training and
the remaining sequences for data testing. Due to the data sequences
were collected under different parameter settings, the disparity be-
tween the training and test sets is significant. This presents a challenge
for the networks’ generalization, as they may tend to overfit to the
training domain.

Fig. 10 shows the comparison results on the robustness test. Even
trained on a more challenging setting, the performance of the proposed
method still performs well and converges fast. In contrast, the baseline
method experiences more challenges in this experimental setting, ex-
hibiting a relatively significant performance degradation. Specifically,
at the final epoch, the baseline method achieves a MAE loss of 0.70,
while the loss for the proposed method is only 0.49, indicating a no-
table improvement of 0.21 over the baseline. The experimental results
prove that our method exhibits strong robustness. We believe this is
mainly attributed to the contribution of the attention head, which
enables the network to learn the physical model more effectively and
quickly, thereby enhancing robustness.

Fig. 10. The result of robustness test.

The ability to effectively generalize across diverse conditions, as
demonstrated by the significant improvement in MAE loss, underscores
the network’s capacity to avoid overfitting and maintain performance
even when faced with varying data distributions. This robustness is
particularly valuable in real-world applications where the network
must operate under unpredictable and dynamic conditions. The re-
sults provide strong evidence that our physics-inspired attention-based
architecture contributes to its superior adaptability and resilience, mak-
ing it a promising approach for learning-based control in complex
environments.

5.2.3. Verification on attention head
The incorporation of the attention head aims to assist the network

in discovering the underlying physics principles and focusing more on
physical quantity 𝑇 with the prior knowledge. In this experiment, the
importance of each physical quantity used for inference in both the
proposed network and the baseline is explored.

We utilized the absolute gradients obtained via backpropagation to
represent the relative importance of each physical quantity towards
the final results. The trained model was evaluated on 1000 randomly
selected samples. Within each sample, the relative importance of each
parameter was normalized to a range of 0 to 1, with a cumulative
sum equal to 1. Fig. 11 presents the average importance of each
physical quantity. It can be seen that the network using the attention
head focuses more on the influence of 𝑇 and 𝜏. This is intuitive and
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Fig. 11. The weights of focus of variables.

aligns with the dynamics discussed in Section 2, which proves the
effectiveness of the attention head module. The findings underscore
the value of the attention head in guiding the network’s focus towards
significant physical variables, thereby enhancing both interpretability
and robustness. By prioritizing critical physical factors, the attention
mechanism facilitates a more accurate and insightful understanding of
the system’s dynamics, leading to improved performance and reliability
in prediction tasks. This demonstrates the practical benefits of incorpo-
rating attention mechanisms in neural networks for complex physical
modeling.

5.3. Trajactory tracking performance

In this subsection, we tested the trajectory tracking performance
of the proposed controller on a 30 deg slope. The controller used for
comparison was the cascade PID controller from our previous work [4],
which tracks the desired angular velocity 𝜔𝑟. To ensure fairness, we
sed the same torque 𝜏 sequence and target states and started at the
ame location for the tests. The results are shown in Fig. 12. The track-
ng accuracy of our controller improved significantly compared to the
aseline controller, as observed in the 40% reduction in RMSE. Notably,
ithin the 0–6 s, when torque 𝜏 is present, our controller tracks the

reference with a significantly smaller error than the baseline, showing
the ability of the proposed neural network to accurately estimate the
unknown disturbances and effectiveness of the proposed controller in
compensating the estimated the disturbances.

Fig. 12. Trajctory tracking performance of proposed controller and baseline controller.

However, after 6 s, when the torque was set to zero, our controller
exhibited overshoot and noticeable tracking errors, while the baseline
controller achieved accurate tracking. The main reason for this issue
is the insufficient training data in low-torque scenarios. We focus
on studying the effect of wheel movements on the robot’s attitude,
and more than 90% of the collected data contains wheel movement.
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Nonetheless, the angular error remains small throughout the operation
(< 0.15 radian), consistent with our proven result of theoretically
guaranteed stability.

While the proposed controller demonstrates strong performance in
scenarios with significant disturbances, further refinement is necessary
to handle low-torque situations effectively. This insight highlights the
importance of comprehensive training data coverage for achieving
robust performance across various operational conditions.

6. Conclusion and future works

In this work, we present a data-driven solution for attitude con-
trol of DoubleBee on slopes. Inspired by physics modeling, we add a
channel-separated attention head to a multi-layer fully connected neu-
ral network using ReLU functions to predict the combined disturbance
caused by ground effects, motor torque, axis shifts, and other factors
during motion, thereby improving the neural network’s training speed
and robustness. Then, we design a sliding mode controller utilizing the
predicted results and prove its stability and error bound. In practical
experiments, the tracking error is reduced by nearly 40% compared to
the baseline.

Also, in practical implementation, we face some challenges like
limited control capability, data ground-truth acquisition, and real-time
communication of high-frequency data. To address these, we assume
specific body pitch angles in the decoupled mode to ensure sufficient
control capability. For data ground-truth acquisition, we design trajec-
tories that meet specific assumptions, use a Kalman filter, and apply
peak alignment for accurate angular acceleration estimates. Lastly,
we rely on USB cables and signal amplifier chips for stable data
transmission.

In this work, we make a strong assumption on the moving direction
of the robot (Assumption 1). Future work will consider arbitrary move-
ment on slopes and focus on achieving full-state control of DoubleBee
to expand its application prospects. Furthermore, considering various
real-world constraints [24], the trajectory planning of DoubleBee will
be considered in future work.
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