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enables tunable folding in meta-ribbons

Weicheng Huang,' Tian Yu,”* K. Jimmy Hsia,>* Sigrid Adriaenssens,> and Mingchao Liu®%/*

SUMMARY

Foldable structures find diverse applications. Folding of thin struc-
tures into compact shapes involves the interplay of nonlinear me-
chanics and topology. In this study, we employ discrete models,
theoretical analysis, and tabletop experiments to systematically
investigate the geometrically nonlinear folding process of ring-
shape elastic ribbons through in-plane kinks and out-of-plane
creases. We find that kinks initiate continuous folding through su-
percritical bifurcation, while creases trigger abrupt snapping via
subcritical bifurcation. Master curves that summarize energy land-
scapes for ribbons with varying numbers of kinks and creases are ob-
tained. By integrating kinks and creases, a “meta-ribbon” can be
created, which shows the tunable folding behavior, transitioning
from continuous to snapping, or vice versa, by strategically engi-
neering the in-plane and out-of-plane angles guided by the con-
structed energy map. As a product of folding, we demonstrate the
snapping-induced vibration accomplished with dynamic folding, as
well as the multistability of meta-ribbons with saddle-like configura-
tions and their transformation.

INTRODUCTION

Folding of slender structures is an intriguing and transformative phenomenon
occurring at different scales and holding immense scientific and engineering poten-
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tial.' From natural substances found in the biological realm*® to artificial

¢ the folding of slender structures

structures inspired by origami principles,
offers a rich and fertile ground for exploration. This phenomenon encompasses a
diverse range of materials, including biological tissues, polymers, metals, and com-
posites, giving rise to folded configurations with unique characteristics such as
compact shapes, small volumes, and exceptional mechanical and physical perfor-
mances.” '’ The intricate folding patterns and behaviors exhibited by slender struc-
tures have far-reaching implications in both understanding natural phenomena and
inspiring the design of engineering structures. By exploring and harnessing
the principles of folding, experts in the field can unlock new frontiers in
design, manufacturing, and functional materials development, potentially revolu-
tionizing fields as diverse as healthcare, aerospace, robotics, and sustainable

architecture.”'™"®

In nature, slender structures undergo crucial folding processes that are essential
for their functionality, and some examples include DNA/RNA, proteins, and the
brain folding into three-dimensional (3D) conformations, which play critical roles

16-20 35 well as the folding of leaves and

in dictating their biological functions,
wings in response to environmental stimuli, which allows plants and insects to

adapt and thrive.”’** Studying these folding mechanisms, from molecular to
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o

PROGRESS AND POTENTIAL

Exploring how thin structures fold
can lead to innovative
technologies in fields like soft
robotics, flexible electronics, and
space deployable systems. By
studying the mechanics of folding
in elastic ribbons, through
discrete model, theory, and
experiment, we uncovered that
different types of folds, i.e., in-
plane kinks and out-of-plane
creases, initiate folding in distinct
ways and correspond to different
types of bifurcation. We also
found that by combining these
folds strategically, we can create
"meta-ribbons," which can fold
smoothly or abruptly based on
how they are engineered. This
tunability opens doors for
advantages like controllable
dynamic folding and transitions
among different stable states,
offering exciting possibilities for
future technologies.
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macroscopic scales, offers valuable insights into the fundamental principles gov-
erning biological systems. Inspired by nature’s ingenious folding strategies,
origami/kirigami principles, which enable the transformation of two-dimensional
(2D) sheets into intricate 3D shapes, have been adopted to engineer foldable
structures with remarkable properties.”””?® Ring origami, a notable approach
among these foldable structures, involves folding ring-shape rods or ribbons
into deployable/reconfigurable functional structures.””** These origami-inspired
foldable structures exhibit exceptional foldability, scalability, and versatility, mak-
ing them well suited for applications across various scales.

Understanding the mechanical properties of foldable structures is crucial for
achieving precise control and functionality. The folding process significantly impacts
the stiffness, flexibility, and compatibility of folded structures, paving the way for the
creation of resilient yet lightweight designs. Mastering the mechanics of folding and
managing the folding pathways is vital for practical applications of foldable struc-
tures.*~*” For certain foldable structures like reconfigurable origami and kirigami,
rapid folding, especially through snapping folding, is desirable.**° However, the
snap-through process can introduce significant vibrations, especially in under-
damped situations,”’ which can be detrimental in precision instruments and space
engineering. Additionally, achieving specific intermediate configurations along
the unstable branch of the bifurcation diagram can be challenging, limiting certain
applications.** Conversely, continuous folding without snapping, which is usually

4344 is achievable

more suitable for certain applications like space engineering,
through careful origami pattern design.*® However, achieving tunable folding be-
haviors transitioning from snapping to continuous folding, or vice versa, within a sin-

gle structure remains a challenge to date.

In this study, we present a comprehensive investigation on the folding behavior of
slender elastic structures, in particular ring-shape ribbons. As common geometric
manipulation strategies, in-plane kinks (associated with a sudden change in the
in-plane bending angle and akin to the hinged joint found in linkage structures)
and out-of-plane creases (corresponding to a discontinuity in out-of-plane angle
and resembling a hinge—a crucial component in origami structures) are introduced
to achieve a tunable folding process in flexible structures. To investigate the
nonlinear folding behaviors, an efficient and robust discrete model is developed
based on the well-established discrete elastic rod (DER) algorithm with C° continu-
ity.*>*” A theoretical model based on Kirchhoff's rod theory together with the Dirac
delta function®® is adopted for cross-validation. Our analysis reveals that the folding
process of a polygonal ribbon through multiple in-plane kinks is continuous, and it
corresponds to supercritical bifurcation, while the folding of an annular ribbon
through multiple out-of-plane creases is not continuous, accompanied by snapping
and governed by subcritical bifurcation. By integrating both kinks and creases, the
folding process of a ring-shape ribbon can be tuned to achieve either snapping
folding or continuous folding by choosing an appropriate strategy guided by the
energy map of the system. Therefore, this type of foldable structure is referred to
as "meta-ribbon.” Our dynamic analysis demonstrates that the vibration generated
in the folding process can be eliminated by tuning the snapping folding to contin-
uous folding. Moreover, the transformations between multiple stable/unstable con-
figurations of meta-ribbons are also explored. Our primary objective is to uncover
the fundamental principles and mechanics governing foldable structures. By doing
so, we aim to establish a solid groundwork for future advancements in structural
design and manufacturing techniques and the development of foldable structures
with pluripotent functionalities.
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Folding by creases .
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Figure 1. Introduction of kinks and creases for the folding of (ring-shape) meta-ribbons
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(A) Schematic diagram of the folding of a polygonal ribbon by kinks (with the angle of kink, ¥) and a circular ribbon by creases (with the angle of

crease, ¢).
(B) Folding a polygonal ribbon through in-plane kinks (with number of kinks, N¢ = 8).
(C) Folding an annular ribbon through out-of-plane creases (with number of creases, N. = 8).

RESULTS

Here, we present a geometric design strategy aimed at manipulating the nonlinear
mechanics involved in the folding process of ring-shape elastic ribbons. This is
achieved by introducing in-plane kinks and out-of-plane creases, resulting in the for-
mation of polygonal frames and creased annuli, respectively. Ultimately, both the
frames and annuli fold to form polygons with acute angles, as illustrated in Figure 1A.
By leveraging the distinct characteristics of kinks and creases, our design strategy al-
lows us to investigate the folding mechanism of ribbons, with the turning angles
playing a crucial role in this process. A ring-shape ribbon can undergo folding via
two distinct mechanisms: in-plane kinks (Figure 1B) or out-of-plane creases (Fig-
ure 1C). The introduction of kinks and creases to thin ribbons disrupts the rotational
symmetry of the ring shape, resulting in a finite number of stable saddle-shaped con-
figurations rather than a continuous range of states with identical shape and energy.
By combining kinks and creases, we can tailor the folding process to exhibit either a
continuous or snapping behavior. We substantiate our findings with experimental
observations and simulation results obtained from both discrete and continuous
models, showcasing the generic nature of the folding behavior in discontinuous
annuli. The design of kink and crease angles allows for precise tuning of this
behavior. Detailed information regarding the discrete simulations and the tabletop
experiments can be found in the experimental procedures; the continuous model is
briefly described in the experimental procedures and detailed in supplemental
experimental procedures section 1. Furthermore, we provide a comprehensive
cross-validation by systematically comparing the results obtained from both models
in supplemental experimental procedures section 2 (see Figure S1).
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Figure 2. Folding of elastic polygonal ribbon via in-plane kinks

(A=) The total elastic energy, E, as a function of the in-plane angle, ¥, for different number of kinks, N°: N = (A) 3, (B) 4, (C) 5, (D) 6, (E) 7, (F) 8, (G) 9, (H) 10,
and (I) 11.

(J) Combined data for (A)—(l).

(K) The total energy, E, vs. the total folding angle, yN°.

Folding through in-plane kinks

The folding mechanism of ring-shape elastic ribbons through in-plane kinks is similar
to the overcurvature of an annular strip (see supplemental experimental procedures
section 3; Figure $2),27*% with the uniformly distributed geodesic curvature in circles
localized at the vertices of polygonal frames (Figure 2). Figures 2A-2| present the

elastic energy (E) as a function of kink angle (y) for the elastic polygonal ribbons

3010 Matter 7, 3007-3023, September 4, 2024
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with different numbers of kinks (N°), i.e., N¢ varies from 3 to 11. The energy, E, which
is normalized by the torsional rigidity, GJ, is given by the discrete Kirchhoff model as

N-1
E = Z% Iailke; = 71,)? + bilkas — %)’ + cilks; — %) Ak, (Equation 1)
i=o
where lis the ribbon length, «1 j is the discrete in-plane curvature of the i-th node, k2
is the discrete out-of-plane curvature, «3; is the twisting curvature, Al; is its Voronoi
length, and aj, b;, and ¢; are the normalized local stiffnesses (i.e., {ai, bi,ci} = {Eh,,
Ely;,GJi} /GJ, where Ely j, El»;, and GJ; are the two local bending rigidities and the
torsional rigidity, respectively). It is also worth noting that the kink angle y can be
specified by using the discrete in-plane curvature, i.e., if a ¢ is required at the i-th
node, then we will transfer the ¥ into the discrete in-plane curvature,

Kij=2 M, (Equation 2)
' A/,
and then use a relatively large stiffness a; to achieve k1; = k1;. Wheny = 27/ N¢,

elastic polygons remain in plane and have vanishing energy, representing the
ground state, as in the case of y = 120° for N© = 3 (see Figure 2A). With decreasing
or increasing y, the structure buckles into a dome-like or saddle-like shape, respec-
tively.*” On the one hand, when y <2m/N°, the structure buckles into a self-stressed
dome-like shape, and specifically, ¥ = 0 makes a circular cylinder. On the other
hand, with ¥ >27/N¢, the structure buckles into a saddle-like shape, and more inter-
estingly, it further folds into a multilayered polygonal structure with an odd number
of revolutions, Nrey (i.e., Nrey = 3,5,7, etc.), with each revolution representing a full
rotation of 2. If N€ is divisible by Ny, then we obtain a N°/Ne,-side polygon with
Nrey revolutions, which are fully overlapped. For example, a three-revolution (Nrey =
3) triangular shape (N°/Ne, = 3) can be achieved when folding a polygonal ribbon
by (N¢ =) 9 kinks with y = 6m/9 = 120° (see Figure 2G). However, if N¢ is not divis-
ible by Niey, then the folded geometry would be a N¢-side polygon with partial over-
lap. A representative dynamic rendering for the kink-induced folding of a polygonal
ribbon with N¢ = 8 is available in Video S1. It is worth noting that the folding mech-
anism of an elastic polygonal ribbon with Nrey|N(Nrey > 3) is similar to the higher-
order folded state in ring origami.””“*? For example, the higher-order folded state
with N¢/Nie, = 3 is similar to the triply covered folding of circular s*crips,29 i.e., the
folded configuration is with N¢/3 sides.

In the current study, the folding angle ¥ is limited to vary in the range [0°,160°]. It is
clearly seenthat, fory = 2m/N°andy = 6mw/NC, the structures correspond to the flat
polygon (with one revolution) and the folded multilayered polygonal structure (with
three revolutions), respectively, and both are energy free. From Figures 2A-2l, we
can see that the elastic energy of the system E evolves nonmonotonically with the
increase of the kink angle y. In Figure 2J, we combine all cases (with N© = 3-11)
together, and it shows a similar trend for all these cases. By re-scaling the x axis as
¥N°, which measures the total folding angle, we observe the collapse of all the
curves on a single master curve, as depicted in Figure 2K. This collapse indicates
that the energy states of the kink-induced folding process of polygonal ribbons
are generic regardless of the N¢ introduced. For the energy-free flat one-revolution
and three-revolution configurations, the total folding angles are 27(360°) and
6m(1080°) for all cases, respectively. According to the stability analysis, as shown
in Figure S3, the out-of-plane buckling behavior during the folding process is gov-
erned by a supercritical pitchfork bifurcation (see supplemental experimental pro-
cedures section 4 and Figure S3 for a more detailed discussion). This is the essential
cause of the continuous folding.
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Figure 3. Folding of elastic annular ribbon via out-of-plane creases
(A=) The total elastic energy, E, as a function of the out-of-plane angle, ¢, for different number of creases, N.: N. = (A) 3, (B) 4, (C) 5, (D) 6, (E) 7, (F) 8, (G) 9,

) 10, and (1) 11.

(
(J) Combined data for (A)—(l).
(

H
K) The normalized total energy, E/(N. — 2)?, as a function of the folding angle, ¢.

Folding through out-of-plane creases
As demonstrated in Figure 1, the folding of ring-shape ribbons can also be achieved
by introducing out-of-plane creases. In particular, annular ribbons can be folded into
different patterns through the introduction of radial creases.’® Figures 3A-31 present
numerical simulation results of the normalized total elastic energy, E, of the folded
annular ribbons with different numbers of creases, N, from 3 to 11, and crease
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angles, ¢. Similar to the y in previous cases, the ¢ can be also specified by using the
discrete out-of-plane curvature, i.e., if a ¢ is required at the i-th node, then we will
transfer the ¢ into the discrete out-of-plane curvature,

%y = 2 BN6/2) (Equation 3)
Al;
and then use a relatively large stiffness b; to achieve k2; = k. A vanishing ¢ = 0°

corresponds to a flat stress-free annulus, and the ¢ is also limited to vary in the range
[0°,160°]. Note that all the annular ribbons are rotationally symmetric initially. How-
ever, with the increase of the ¢, they may evolve into curved shapes with the symme-
try broken. With N. < 6, we can observe a continuous deformation path with the in-
crease of the ¢. However, for N. > 7, creased annuli fold, via a sudden jump, into a
compacted shape at a certain ¢. Similar to the kink-induced folding, we can also
notice that the folded geometry depends on the N.. For the case with Ne,/ Nc
(Nrev = 3,5,7, etc.), a fully overlapped N./Niey-side polygon with N, revolutions
can be obtained. For example, as shown in Figure 3G, a triangular shape (N¢/
Nrey = 3)with three revolutions (N;ey = 3) can be obtained by folding an annular rib-
bon through (N =) 9 creases with angle ¢ = 67/9 = 120°. Otherwise, the folded
geometry would be an N¢-side polygon with partial overlap, while N is not divisible
by Nrev. A representative dynamic rendering for the crease-induced folding of an
annular ribbon with N. = 8 is available in Video S2.

Again, from Figures 3A-3l, we can find that the relationship between the total en-
ergy E and the crease angle ¢ for all cases with a different crease number N, share
a similar trend. In Figure 3J, we combine all cases together, and a similar trend can
be further confirmed. It is clearly seen that, with the same ¢, the ribbon with more
creases shows larger E. This can be understood as the total energy being the sum
of the energy generated by each crease, and more creases result in more energy.
Quantitatively, N = 2 corresponds to the zero-energy mode, i.e., there is no elastic
energy existing in the annular strip with two symmetric radial creases, as we ignore
the energy at the creases, while N¢ > 3 corresponds to the deformable modes. Inter-
estingly, by normalizing the energy E with (N, — 2)2, as shown in Figure 3K, the en-
ergy vs. folding angle curves for all cases before snapping collapse onto a single
master curve. Also, similar to kink-induced folding, the second energy-free configu-
ration after folding occurs when the creased angle equals ém/N., e.g., the total
deformable energy is zero when ¢ = 120° for the strip with (N. =) 9 creases.
Upon further investigation into the snapping by conducting numerical continuation,
we find that it is caused by a subcritical pitchfork bifurcation (see Figure S4 in supple-
mental experimental procedures section 5), and the resultant folding process in-
volves a sudden configuration change, contrasting with the previous continuous
folding operation induced by kinks.

Folding through both kinks and creases

So far, we understand that the continuous folding of the polygonal elastic ribbons
with kinks is governed by a supercritical bifurcation, while the folding of annular rib-
bons with creases is caused by a subcritical bifurcation that results in a sudden state
change. We further investigate the folding behavior of the ring-shape ribbon
through combined in-plane kinks and out-of-plane creases. Here, a polygonal rib-
bon with 8 folds is considered for demonstration, where both kink and crease are
introduced at each fold position, i.e., N° = N. = 8. By performing systematic nu-
merical simulation, a comprehensive energy map for the folding of the ribbon by
changing both the kink angle ¥ and crease angle ¢ is obtained, as shown in Fig-
ure 4A. Here, both the y and ¢ are specified by using the discrete bending
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Figure 4. Folding of a regular octagon by the integration of both kinks and creases

40 80
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(A) Dependence of the total elastic energy, E, on both the in-plane angle, ¥, and the out-of-plane angle, ¢, with a fixed number of kinks and creases,

N, = N = 8.
(B and C) The E as a function of the y with a specified ¢: ¢ = (B) 60° and (C) 120°.
(D and E) The E as a function of the ¢ with a specified y: y = (D) 60° and (E) 120°.

curvatures in a manner similar to the previous approach. Particularly, we can note
that {y =45°,¢ =0} and {¢ =135°,¢ =0} correspond to the regular octagon
and the fully folded 8-side polygon, respectively, which are two ground states,
and their elastic energies E are both zero.

While most areas of the energy map are continuous, Figure 4A shows that there is a
discontinuous region of the energy distribution within the E(y, ¢) plane, which indi-
cates that the folding process could be discontinuous, i.e., with snapping, once the
folding path passes through this region. In particular, we take several examples for
demonstration. When the crease angle ¢ is fixed as a smallernumber, e.g., ¢ = 60°,
the kink-induced folding is continuous (refer to Figure 4B). However, if the ¢ is
selected as a larger number (such as ¢ = 120°), the energy would show a sudden
decrease as a function of the kink angle y (see Figure 4C). On the other hand, we
show the dependence of total energy E on the crease angle ¢ with a fixed kink angle
¥. When the ¥ is small, the folding caused by the crease is again abrupt (refer to Fig-
ure 4D fory = 60°); nevertheless, when the y is set to be a larger number (e.g., ¥ =

120°), the overall folding process due to the change of ¢ would be continuous (see
Figure 4E for details). In all, the folding process of the ring-shape ribbon is tunable,
and the desired folding process can be achieved if a suitable path is selected based
on the energy map computed by our discrete model. We therefore refer to this type
of foldable ribbon as a meta-ribbon. Notably, while our primary focus is on under-
standing the fundamental folding mechanisms through theory and numerical
modeling, the physical implementation of both kinks and creases is feasible, either
via mechanical mechanisms or by adopting smart materials such as liquid crystal
elastomers.

Dynamic folding behaviors of a meta-ribbon

According to our prior knowledge, it is known that the sharp state transition in multi-
or bistable structures during snapping can normally generate vibrations, particularly
in underdamped situations,”’ due to the sudden release of elastic energy. This snap-
ping-induced vibration is undesirable for particular applications, such as the
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Figure 5. Dynamic folding behaviors of a meta-ribbon through both kinks and creases (N. =
N¢ = 8)

(A) Folding through in-plane kinks with a fixed crease angle, ¢.

(B) Folding through out-of-plane creases with a fixed kink angle, y.

deployment of foldable structures in precision instruments and space engineering.
However, continuous folding is more smooth and stable for given damping but is
also by no means “perfect,” which normally corresponds to the slow process.*'
The results in Figure 4 indicate that we can manipulate the folding process through
different paths to achieve either snapping or continuous folding. Therefore, we can
expect to suppress the vibration by choosing the folding path without snapping but
also have to sacrifice some of the folding speed.

To prove this concept, we investigate the dynamic folding process of meta-
ribbons through both kinks and creases (see supplemental experimental procedures
section 6 for more details about the dynamic analysis). In Figure 5A, we present the
energy evolution for different folding paths with varying kink angle ¢ and fixed
crease angle ¢. Forasmaller¢, e.g., ¢ = 60°, the dynamicfolding process is smooth
(as shown in Video S3). As the ¢ increases, the transition becomes sharper; when
there is a sudden change, e.g., ¢ = 120° (see Video S4), the system would experi-
ence snapping folding accompanied by significant vibrations. Generally, the sharper
jump corresponds to larger vibrations, and the magnitude and duration of the vibra-
tion would increase if the energy gap is relatively large. For the folding process with
varying crease angle ¢ and fixed kink angle y, a similar trend can be observed in Fig-
ure 5B, i.e., a smooth curve can be found if the folding path is continuous, e.g., ¥ =

60° (see Video S5), while vibrations would emerge if the structure sharply jumps from
one equilibrium configuration to another, such as the case with ¢ = 120° (as shown in
Video Sé). Note that the vibration can eventually dissipate as the damping force is
included in the dynamic system. The effect of the folding speed has also been
explored, and the results are summarized in Figure S5 in supplemental experimental
procedures section 6. It has been found that a significant delay appears in the situ-
ation of snapping folding under different folding speeds, while continuous folding is
loading-rate insensitive. The findings here may provide new insight into the optimal
design of a foldable meta-ribbon, for instance, choosing a suitable folding path and
an associated damping coefficient in order to achieve a target energy gap while
minimizing the vibration in the post-folding phase at the same time. These results

¢? CellPress

OPEN ACCESS

Matter 7, 3007-3023, September 4, 2024 3015




¢? CellPress

OPEN ACCESS

confirm that choosing the folding path is essential for controlling the folding behav-
iors of deployable structures.

Itis worth noting that here, we have only briefly touched upon the dynamic behaviors
of the folding process of the meta-ribbon. More detailed analyses are needed to
quantify the folding dynamics, as well as the relationship between the dissipation
of vibration and the damping of the system. Furthermore, although the accuracy
of the discrete numerical framework and the theoretical model for describing the

5051 cross-vali-

static behaviors of elastic ribbons has been verified by experiments,
dation from experiments for the dynamic folding is still missing and will be conduct-

ed using a high-speed camera and a 3D scanner in future studies.

Multistable states

In the previous investigation, we notice that the introduction of kinks and creases
breaks the rotational symmetry of the (ring-shape) meta-ribbon, which leads to a
finite number of stable states in the buckled meta-ribbon with a saddle shape. In
this section, we discuss the existence and transformations of multistable configura-
tions in kink-induced elastic polygonal ribbons and creased annular ribbons in detail.

We first consider an elastic polygonal ribbon with kinks N =8 and ¥ = 80°,
which buckles into a saddle-like configuration, as shown in Figure 6A. We apply
vertical displacement (d) to the midpoints of two sides following the blue arrows.
At the same time, the midpoints (red) of two different sides are constrained to slide
along the dashed line that connects the two points. With the increase of d, the
configuration of the buckled saddle-like polygonal ribbon transforms accordingly.
We record the evolution of the total elastic energy of the system (E) as well as the
reaction force (F) during the loading process and plot them as a function of the din
Figures 6B and 6C, respectively. The representative configurations are presented
in Figure 6A. The first, third, and fifth configurations correspond to a stable equi-
librium, identical in shape except for a rigid body rotation; however, the second
and the fourth shapes have unstable equilibrium and will jump back to the stable
equilibrium once the constraints are released. The overall configuration transfor-
mation can be found in Video S7.

Next, the multistability of an elastic annular ribbon is explored in a manner similar to
the previous polygonal ribbon. Again, an annular ribbon with creases N. = 8 and
¢ = 80° is investigated, and the boundary and loading conditions are identical to
the previous scenario. Figure 6D presents five equilibrium configurations during
the transformation process, and analogously, three of them are stable and the other
two are unstable. The associated E-d relationship and F-d curve are plotted in Fig-
ures 6E and 6F, respectively. The configuration transformation for this case is avail-
able in Video S8. From the above investigation, we can notice that there are abun-
dant multistable behaviors in the foldable structures, although we only discussed
the tri-stable states in the 8-side elastic polygon and creased annulus as basic exam-
ples. It can be expected that more complex multistable structures can be obtained
by choosing the number of folds (kinks and/or creases),**"** and these structures may
play significant roles in a wide range of applications, such as morphing struc-

52,53 14,15

tures and robotic matters.

DISCUSSION

Through discrete modeling, theoretical analysis, and tabletop experiments, we have
uncovered the folding mechanism of meta-ribbons through both in-plane kinks and
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Figure 6. Transformations between multistable states in elastic meta-ribbons

(A-C) Elastic polygonal ribbon with kinks N =8 and y = 80°: (A) representative equilibrium
configurations during the actuating process, (B) the total energy, E, as a function of the actuation
displacement, d, and (C) the force-displacement (F — d) curve.

(D-F) Annular ribbon with creases N. = 8 and ¢ = 80°: (D) representative equilibrium
configurations during the actuating process, (E) the total energy, E, as a function of the actuation
displacement, d, and (F) the force-displacement (F — d) curve.

out-of-plane creases. Folds are widely adopted in deployable/foldable structures,
such as origami and kirigami. The deformation of single or multiple folds can be
modeled as discrete hinges with appropriate boundary conditions or continuous
structures by the regularized Heaviside or Dirac delta function.*®** In the current
study, a discrete numerical model is employed to study the nonlinear mechanics
of ribbons with kinks and creases, which are treated naturally in the discrete frame-
work. We found that the folding of elastic polygonal ribbons with kinks is continuous
and governed by a superecritical bifurcation, while the folding of annular ribbons with
creases results in snapping folding and is controlled by a subcritical bifurcation. The
folding behavior for the polygonal ribbon is governed by the total folding angle,
¥N¢, which is similar to the looping behavior of a circular strip. In addition, the elastic
energy E of a creased annular ribbon is found to be proportional to (N. — 2)2. More-
over, if both in-plane kinks and out-of-plane creases are integrated, then the folding
process of a ring-shape meta-ribbon can be tunable, e.g., an appropriate energy
landscape can be precisely selected to achieve a desired folding behavior. We
further show the multistability and associated transformation in the meta-ribbon
with a saddle-like shape, in which the rotational symmetry of a ring shape breaks,
and the continuous family in a buckled saddle shape becomes a finite number of sta-
ble patterns. Our results illustrate the utility of our methods and findings,
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establishing them as a promising asset in a broad range of applications, from funda-
mental physics analysis to novel meta-material designs, as well as the development
of functional structures in practical engineering.

EXPERIMENTAL PROCEDURES

Resource availability

Lead contact

Further information and requests for resources and materials should be directed to
and will be fulfilled by the lead contact, Mingchao Liu (m.liu.2@bham.ac.uk).

Materials availability
No materials were produced in this work.

Data and code availability
Data and code utilized in this study are available from the lead contact upon request.

Discrete model

We first introduced the discrete numerical framework for the nonlinear mechanical
analysis of C° continuous strips with in-plane kinks and out-of-plane creases. Previ-
ous discrete differential geometry-based numerical frameworks for deployable
structures usually focus on a continuous system, e.g., ribbons,”> umbrella meshes,*®
and gridshells,”” where smooth curvatures are used to describe the deformation.
Here, we develop a general discrete model that can handle a mechanical system
consisting of both continuous curvatures and local discontinuities. This discrete
rod model is suited for the analysis of slender strips with sudden changes in rotation
and curvature, which is the case for the meta-ribbon studied here. The centerline of a
continuous closed-loop strip is first discretized into N nodes, [xg,X1,...,xy—1], and N
edge vectors, [e%,e’,...,eN~"]. To capture the orientation and the rotation of each
edge element, e/, an orthonormal reference frame {dj, d}, d5} and a material frame
{mj, m}, mi} are constructed (see Figures 7A and 7B for details). It should be noted
that both frames share the tangent d;=mj = &'/ ||e’ || as one of the directors, i.e.,
the frames remain adapted to the centerline. Similarly, the first material director,
mi, is the surface normal of the elastic ribbon, and mj, = mj; xm} is along the ribbon
width direction. The reference frame is updated through time parallel transport,***/
and the material frame can be later obtained from the reference frame using a scalar
twist angle ¢'. This implies that the rod centerline can be represented using a
4N-sized (3N for the nodal coordinates and N for twist angles) degree of freedom
vector

q = [x0, 6% %,0", ..., xn_q, 0N . (Equation 4)

The strains of an elastic ribbon are comprised of three parts: stretching, bending,
and twisting. Stretching strain associated with the i-th edge, €', is

_ el
- e ,
el

i

(Equation 5)

and, hereafter, a bar on the top indicates the quantity evaluated in the stress-free
configurations, and || ¢|| refers to the £, norm of a vector. Bending strain is captured
by the curvature binormal, which measures the misalignment between two consec-
utive edges at a node x;,

2T x el
[ e="[l[le']| +e'~"-e'”’

(kb), = (Equation 6)
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Figure 7. Model description

(A) Diagram of an annular ribbon.

(B) A discrete element for the 1D elastic body.

(C) Folding a circular strip through an in-plane kink.

(D) Folding an annular ribbon through an out-of-plane crease.

and the material curvatures are given by the inner products between the curvature
binormal and material frame vectors,

K1j = ! —(miz’1+m§)'(:<b)i and

2 Al
1 (mi~"+m}) - (xb),

Kpj= — 5 ———

2 Al;

(Equation 7)

with Al; = (|| €| + || ™" ||) /2, where k1 is the in-plane curvature, k3, is the out-of-

plane curvature, and Al; is its Voronoi length. The twisting strain at the i-th node, in

the discrete setting of DER, is measured using the discrete twist.*%>"

0 — o Ve
K3 = Tﬂn‘, (Equation 8)

ref
i

dated through a time parallel algorithm.

where m® is the reference twist associated with the reference frame and can be up-

46,47

The discrete energies are the quadratic form of the strains formulated before,

N—1 1 . P
B =Y SEA() 7,
i=0
N—-1 1
E1b = =Eh (ks Em)zA/h
i=0 2 ’
(Equation 9)
N-1 1 )
E; = *EIZJ(KZJ — EZ,[) A/f,and
i=0 2 ’
N-19
E = *GJ,‘(Kgy,' E3,;)2A/;,
i=0 2
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where EA! is the stretching stiffness, Elr ; (and El,;) is the bending stiffness, and GJ; is
the twisting stiffness. For a slender ribbon, EAis usually much larger compared to all
other stiffness parameters, such that the stretching energy performs like a penalty
energy to ensure the inextensibility of the ribbon centerline. Therefore, the total en-
ergy can be calculated from Equation 1.

The discontinuity can be naturally included within the discrete model, as our compu-
tational framework is discrete with C° continuous. As shown in Figure 7C, if a kink
with turning angle y; is introduced into the i-th node, x;, then the equivalent in-plane
curvature is defined by Equation 2, and its bending stiffness El4 ; is set to be a suffi-
ciently large number and performs like a Lagrange multiplier to ensure that «1; =
k1,i. On the other hand, as shown in Figure 7D, the crease is also achieved in a
manner similar to the kink, i.e., the out-of-plane curvature is defined by Equation 3,
and Elp; is increased simultaneously to realize k2; = %z,.

Finally, to get the stable equilibrium configuration of the deformed annulus, the dy-
namic relaxation method is employed to solve the nonlinear governing equations,
i.e., the inertial and damping forces are considered, and the governing equations
are dynamic, i.e., based on the statement of force balance, the implicit Euler method
is used to solve the discrete dynamic equations of motion and update the degree of
freedom (DOF) vector from t = ty to t = ti,q,

Méi(tirt) — F™(tr) — F*M(ter) = O, .
q(tee1) = q(t) + q(tesr) At,and (Equation 10)
Q(te) = Q(te) + Gt At
where M is the diagonal mass matrix, At is the time step size, F*? is the elastic force
vector and can be computed by taking the discrete variation of Equation 9, and F%™

is the damping force vector and can be formulated based on the Rayleigh matrix,
Fem = — (aM + 8K)q, (Equation 11)

where « represents the damping drag during the rigid body motion and g is related
to the viscoelasticity during the structural deformation. This numerical solver can
robustly capture the discontinuities (e.g., fold point or snap point) and get the stable
equilibrium automatically, without checking the eigenvalues/eigenvectors step by
step, which would be extremely time consuming.” The gradient (associated with
the internal elastic force) and the Hession (associated with the tangential stiffness
matrix) are derived analytically based on discrete differential geometry, resulting
in a fully implicit numerical framework for the nonlinear analysis of the meta-ribbon.

For the static analysis, we use the dynamic relaxation method to capture the static
equilibrium, i.e., a suitable damping coefficient is selected to ensure the kinetic en-
ergy can be dissipated quickly; for the dynamic analysis, a physically valid damping
coefficient is adopted for the real dynamic prediction. It should also be noted that
collisions and frictional contact are inevitable during folding. However, these are
ignored in our numerical model, given that the thickness of the ribbon strip is suffi-
ciently small and our main focus is on the most fundamental nonlinear geometric and
mechanical principles of folding. Additionally, we anticipate that the friction effect
can be incorporated into our framework, as it has already been realized in the
one-dimensional (1D) discrete simulation.®>:>¢

Continuous model
We also employ a continuous model for theoretical analysis and cross-validation,*®

which is based on the anisotropic Kirchhoff rod theory.>” Forces and moments are
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decomposed into an orthogonal material frame attached to the centerline of the
strip. Bending and twisting strains of the strip are then associated with the kinematic
motion of the material frame along the centerline. We assume linear constitutive
laws and obtain equilibrium equations regarding the forces and moments as a set
of first-order ordinary differential equations (ODEs). We further employ the contin-
uous description of creases in Yu et al.*® to address the discontinuity of angles in
creases, which use several A functions to describe the rest curvature of the creased
annuli.*® The continuation package AUTO 07P is used to solve the ODEs with asso-
ciated boundary conditions.®’ Details are documented in supplemental experi-
mental procedures section 2. Note that the anisotropic Kirchhoff rod model is accu-
rate enough for prediction as long as the dimensions of the elastic structure satisfy
the slender characteristics, i.e., | w > tand I/w > w/t.°%>" ¢’

Experimental setup

The fabrication process is similar to the one presented in Yu et al.“® Firstly, we laser
cut elastic sheets into strips with different shapes, during which the desired in-plane
kink angle can be directly introduced. To construct ribbons with out-of-plane angle,
we mark the location of each crease and push it onto the edge of a rigid block with a
particular angle to form the crease. We then employ an annealing technique to elim-
inate residual stress in the crease area and induce elastic creases. The annealing pro-
cess involves heating the ribbon with creases above its glass transition temperature
and then cooling it down to room temperature. Finally, we connect the cut and an-
nealed strips with glue to form a closed loop. To achieve precise gluing of the two
ends of annular strips, we utilize tools comprising a series of circular grooves. This
allows the two ends of the elastic strip to securely fit inside the groove. Although
the thickness of the joint area doubles, its impact on the nonlinear mechanical
response of the creased strips is negligible due to its small length compared to
the whole system. The sample size has a width w = 5.0 mm and a thickness t =

0.25 mm. The length is chosen to ensure the ring’s size is suitable, preventing it
from being too large to be affected by gravity or too small to cause visible plastic
deformations in the materials.

SUPPLEMENTAL INFORMATION

Supplemental information can be found online at https://doi.org/10.1016/j.matt.
2024.04.031.
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