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Abstract 10 

Tuned mass damper (TMD) is a common strategy to reduce structural vibration in a passive 11 

manner without the need for active power. The basic parameters of a TMD include its mass 12 

ratio, natural frequency and damping ratio. While these parameters are factory-calibrated 13 

before installation, it would be desirable to assess the in-situ properties of the TMD and the 14 

‘primary’ structure under operational state, e.g., to validate/assess performance and detect 15 

detuning over the service life. In this work, a Bayesian approach is developed for identifying 16 

the modal parameters of the TMD and primary structure using only the ambient vibration data 17 

measured on the primary structure, i.e., ‘operational modal analysis’. The likelihood function 18 

and theoretical PSD matrix of ambient data are formulated, accounting for primary-secondary 19 

structure dynamics with non-classical damping that is not treated in existing Bayesian 20 

formulations. An Expectation-Maximisation (EM) algorithm is developed for efficient 21 

computation of the most probable value of modal parameters. Analytical expressions are 22 

derived so that the ‘posterior’ (i.e., given data) covariance matrix can be determined accurately 23 

and efficiently. The proposed method is verified using synthetic data and applied to field data 24 

of a chimney with close modes response attenuated by a TMD.  25 
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1 Introduction 1 

Tuned mass damper (TMD) is a passive control device commonly used for reducing the 2 

vibration response of structures, e.g., to improve structural safety and human comfort under 3 

various dynamic loadings such as wind, earthquake and traffic [1,2]. It has been widely applied 4 

in civil engineering structures such as high-rise buildings [3–7], long-span bridges [8–10], 5 

slender towers [11] and industrial chimneys [12,13]. The design of a TMD involves 6 

specification of its basic properties, i.e., mass ratio, natural frequency and damping ratio. One 7 

classical approach [14] determines the parameters of TMD in some optimal senses under 8 

harmonic excitation, neglecting damping of the primary structure, which is often much smaller 9 

than that of the TMD. Methods have been developed for designing TMD under different types 10 

of loadings and based on different objectives [15,16]. Recent works can be found in [17–20]. 11 

To be effective, a TMD needs to be ‘tuned’, involving a proper choice of its natural frequency 12 

and damping for given TMD mass (a constraint) and modal properties of the target structure. 13 

The latter is better informed by the in-situ modal properties of the primary structure, which can 14 

differ significantly from predictions based on design blueprints. Before installation, the modal 15 

properties of a TMD are calibrated against design specifications in the factory. The validation 16 

of TMD properties/performance after installation is less trivial and its method/resolution 17 

depends on the particular application. Despite the difficulty, the need for in-situ validation is 18 

well-substantiated, e.g., from a performance-based perspective of service/product, there can be 19 

potential detuning over time arising from changes in TMD or primary structure properties. 20 

‘Operational modal analysis’ (OMA) aims at identifying the structural modal parameters using 21 

‘output-only’ ambient vibration data without artificial loadings, which offers an attractive 22 

means for determining the in-situ properties of TMD and the primary structure. In the past few 23 

decades, OMA has attracted considerable attention for its high implementation economy and 24 

feasibility. In OMA, the input excitation is unknown and not measured. It is often assumed to 25 

be broadband random. In the context of system identification, or ‘inverse’ problem, OMA can 26 

be approached in a Bayesian or non-Bayesian manner. Non-Bayesian methods [21,22] 27 

construct an estimator for modal properties in terms of data, which is often mathematically 28 

explicit without the need of numerical optimisation. Among these methods, stochastic subspace 29 

identification (SSI) [23–25] and frequency domain decomposition [26] are two popular 30 

techniques. The statistical properties such as ensemble mean (related to bias) and ensemble 31 

variance (related to identification uncertainty) have been studied, e.g., [27,28] on the 32 

uncertainty quantification in SSI methods, [29] on the distribution of Modal Assurance 33 
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Criterion (MAC) and [30] on the variance estimation from output-only and input/output 1 

subspace-based system identification. Bayesian methods [31–33] view the modal identification 2 

as an inference problem where probability is used to assess the plausibility of outcomes given 3 

data and model. Bayesian OMA method based on Fast Fourier Transform has been found to be 4 

promising because it strictly follows the modelling assumptions and probability logic without 5 

the need of artificial averaging or selecting artificial parameters. Working in the frequency 6 

domain, it models the unknown input within the resonance band of interest by a stochastic 7 

process with constant spectral properties (so only band-limited white) while ignoring other 8 

bands with irrelevant information, hence avoiding the modelling error due to potential coloured 9 

activities in other bands. For ‘globally identifiable’ problems [34] such as OMA with typical 10 

data length, the distribution of parameters given data and model can be approximated by a 11 

Gaussian distribution (see, e.g., Section 8.5 of [33]). The latter is completely characterised by 12 

its most probable value and covariance matrix, informing the ‘best estimate’ and identification 13 

uncertainty, respectively. 14 

OMA has been applied to structures with TMD. For example, Weber and Feltrin applied the 15 

SSI method to two pedestrian bridges with TMD and observed a significant change of 16 

identified damping with seasonal temperature variation [35]. Brownjohn et al. investigated the 17 

performance of an aged chimney with TMD based on one-year health-monitoring data, using 18 

the SSI method to identify the first two frequencies and damping ratios to assess the vibration 19 

reduction efficiency of the TMD [36]. In most existing applications, the properties of TMD are 20 

indirectly inferred from the modal properties of the combined primary structure-TMD 21 

identified by the OMA method used. Physically ‘locking’ the TMD (i.e., inhibiting the motion 22 

of the TMD relative to the primary structure) may allow one to determine the modal properties 23 

of the primary structure [3,37], but not the TMD. Wang and Lin proposed a method to extract 24 

the modal frequencies and damping ratios of TMD and primary structure from the combined 25 

structure, although the effective TMD modal mass was not identified [38]. Save for exceptions 26 

(e.g., [38]), the above applications are based on vibration measurement on the primary structure 27 

(not TMD) only, which is an economical option when considering the logistics/interruption 28 

required to obtain data from the TMD. Other similar works can be found in, e.g., [39–42]. 29 

With the motivation to identify TMD and structural modal parameters explicitly, and to treat 30 

the uncertainties in OMA properly, a Bayesian OMA approach is proposed in this work, using 31 

ambient vibration data measured at the primary structure only. This necessitates the 32 
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formulation of the likelihood function and power spectral density (PSD) matrix of data to 1 

account for non-classically damped modal dynamics resulting from the combined structure-2 

TMD system, which is not considered in existing methods. A review of existing structure-TMD 3 

dynamics reveals different characteristic behaviours of the frequency response function that 4 

depends on TMD parameters (Section 2). This in turn affects the PSD matrix of ambient 5 

vibration data (Section 3.2), which dictates the sensitivity of parameters in the modal 6 

identification problem and whether they can be uniquely identified. These issues will be 7 

investigated analytically (Section 3.3) and the findings will be incorporated into the algorithm 8 

for determining the most probable value (MPV), e.g., in the assignment of initial guess. While 9 

existing Bayesian OMA theory provides the basic framework for efficient computation, the 10 

addition of TMD parameters with different behaviour of PSD matrix necessitates the 11 

development of a separate set of algorithms for efficient computation of the MPV (Section 4.1) 12 

and ‘posterior’ (i.e., given data) covariance matrix (Section 4.2). The proposed methodology 13 

will be verified using synthetic data of a multi-storey building under various TMD 14 

configurations (Section 5). It will also be applied to field data from a chimney with close modes 15 

response attenuated by TMD (Section 6). 16 

2 Single-degree-of-freedom structure with TMD 17 

The dynamics of a single-degree-of-freedom (SDOF) primary structure equipped with a TMD 18 

is reviewed in this section; further details may be referred to [14–16]. The presentation here 19 

provides the background to the basic behaviour of dynamic amplification of acceleration 20 

response and hence the power spectrum of measured vibration data, which reveals the nature 21 

of the OMA problem and identifiability. The general case of a multi-degree-of-freedom 22 

(MDOF) primary structure equipped with TMD is considered later in Section 3, where the PSD 23 

x matrix of data and likelihood function will be derived. When there is no confusion, for 24 

conciseness, the primary structure is simply referred as ‘structure’. 25 

Consider a SDOF structure with displacement x , mass m , stiffness k  and damping c  26 

subjected to force (per unit structural mass) w ; see Figure 1. It is installed with a TMD with 27 

displacement υ  (relative to the primary structure), mass dm , stiffness dk  and damping dc .  28 
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 1 

Figure 1 Schematic diagram of a SDOF structure with a TMD. 2 

The equations of motion of the structure and the TMD are respectively given by (omitting 3 

dependence on time t ) 4 

 ( )d dmx cx kx c k mwυ υ+ + − + =   (1) 5 

 d d d dm c k m xυ υ υ+ + = −    (2) 6 

In terms of natural frequencies and damping ratios, these can be written as  7 

 2 2
1 1 12 (2 )d d dx x x wζ ω ω µ ζ ω υ ω υ+ + − + =   (3) 8 

 22 d d d xυ ζ ω υ ω υ+ + = −    (4) 9 

where 1 /k mω =  (rad/sec) is the natural frequency and 1ζ  is the damping ratio of the primary 10 

structure; /d d dk mω =  (rad/sec) and dζ  are respectively the natural frequency and damping 11 

ratio of the TMD; /dm mµ =  is the mass ratio. The frequency response function (FRF) 12 

between the excitation w  and acceleration response x  can be derived by considering the 13 

Fourier Transform (FT) of the governing equations and eliminating the FT of υ  (and its 14 

derivatives). Specifically, let ( )υ ωF  denote the FT of υ  at frequency ω ; a similar notation 15 

applies to other quantities. Taking the FT of (4), using 1( )υ υω −= i F F , 2
υ υω−= − F F , and 16 

rearranging gives ( 2 1= −i ) 17 

 d xhυ = − F F  (5) 18 

where 19 

 2 1[1 2 ] d
d d d d dh ωβ ζ β β

ω
−= − − =i  (6) 20 

is the FRF (except for a sign) between the acceleration response of the primary structure and 21 

that of TMD. From (4) again, 2(2 )d d d xζ ω υ ω υ υ− + = +  . Substituting into (3) and taking FT, 22 

using d xhυ = − F F  in (5), collecting terms and rearranging gives x wg=F F , where 23 
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 2 1 1
1[1 (1 ) 2 ]dg h ωβ µ ζ β β

ω
−= − + − − =i  (7) 1 

is the FRF between the input force and acceleration of the primary structure. As expected, g  2 

reduces to the FRF in the nominal case (i.e., without TMD) when 0µ = . Substituting dh  in (6) 3 

into (7) and simplifying gives an expression explicitly in terms of all parameters: 4 

 
2 2

2 2 2 2 2 2 2
1 1

1 2
[(1 )(1 ) 4 ] [2 (1 ) 2 (1 )]

d

d d

g α β ζ αβ
µ β α β µ ζ ζ αβ ζ β α β ζ αβ µ β

− −
=

+ − − − − − − + + −
i

i
 (8) 5 

where 1dα ω ω=  is the ‘TMD frequency ratio’. The dynamic amplification factor between the 6 

excitation and acceleration response of the primary structure is given by  7 

 

2

2 2 2 2

2 2 2 2 2 2 2 2 2
1 1

| |
(1 ) (2 )

[(1 )(1 ) 4 ] [2 (1 ) 2 (1 )]
d

d d

D g
α β ζ αβ

µ β α β µ ζ ζ αβ ζ β α β ζ αβ µ β

=

− +
=

+ − − − − + − + + −

 (9)8 

   9 

As a check, D  reduces to the dynamic amplification factor in the nominal case (i.e., without 10 

TMD) when 0µ =  (zero TMD mass) or 0α = (zero TMD stiffness); or when α = ∞  or 11 

dζ = ∞  (in either case, TMD ‘sticking’ to the primary structure, hence losing its DOF), except 12 

that the term 21 β−  becomes 21 µ β+ −  reflecting an additional mass due to the TMD.  13 

2.1 Frequency response characteristics 14 

Vibration data collected from a structure tuned by TMD can have frequency characteristics that 15 

look abnormal compared to that from a lightly damped structure without TMD. Figure 2 shows 16 

the dynamic amplification D  in (9) for different values of dζ , covering three cases of different 17 

nature. For illustration purpose, we have assumed 1 1 2 1f ω π= =  Hz, 1 1%ζ = , 2%µ =  and 18 

0.96α = . In this case, the optimal value of dζ  based on the classical approach is about 8%; 19 

see (31) in Section 5 later and also Chapter 3 of [14]. Several features are worth noting. When 20 

dζ  is smaller than the optimal value, there are two peaks near the natural frequencies of the 21 

combined structure-TMD system, i.e., about 0.9 Hz and 1.05 Hz in this case. The trough is near 22 

the TMD frequency 1df f α= , i.e., about 0.96 Hz in this case. As dζ  increases, the two peaks 23 

become closer and their values decrease, while the value of trough increases. When dζ  24 

increases roughly beyond the optimal value, the two peaks degenerate into a single peak whose 25 
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value tends to increase with dζ . These observations are intuitively related to the action of the 1 

TMD. When dζ  is too small, the TMD (being an additional DOF) adds one sharp peak to the 2 

amplification factor, but it is not effective in reducing response. At the other extreme, when 3 

dζ  is too large, the TMD ‘sticks’ to the structure without effectively dissipating energy by 4 

resonance, and so the dynamic amplification behaves like the ordinary one (i.e., without TMD) 5 

with a slightly increased structural mass due to TMD. When dζ  is near the optimal value, the 6 

two peaks tend to even out in values, which in fact offers a simple criterion to reduce response 7 

in a robust manner for a range of neighbouring frequencies. To supplement, when 0dζ = , the 8 

two peaks tend to infinity and they are located exactly at the natural frequencies of the 9 

combined structure; the trough is located exactly at 1df f α= . See Appendix A for a further 10 

discussion on the dynamic characteristics of the undamped structure (i.e., 1 0ζ = ) with a TMD, 11 

which also forms the basis of the choice of initial guess in modal identification (See later in 12 

Section 4.1). 13 

 14 

Figure 2 Dynamic amplification D  in (9) for different values of TMD damping ratio dζ ; 15 

1 1f =  Hz, 1 1%ζ = , 2%µ = , 0.96α = ; the classical optimal design is near 0.98α =  and 16 

8%dζ = . 17 

Figure 2 and the associated behaviours described above have implications on the modal 18 

information that can be inferred from vibration data and how the results should be interpreted. 19 

In particular, for cases such as 16%dζ =  and 35% in Figure 2, the dynamic amplification has 20 
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only a single peak and its variation is similar to that in the ordinary case (i.e., without TMD). 1 

Assuming broadband excitation, the same applies to the power spectrum of data. For these 2 

cases, TMD actions may become unnoticed and one is likely to identify the modal properties 3 

as in the ordinary case without TMD in mind. In fact, for sufficiently large dζ , modal 4 

parameters such as mass ratio and TMD damping ratio could be challenging to identify since 5 

the data may not carry enough information to distinguish the characteristics of the TMD from 6 

the combined system.  7 

3 Bayesian OMA formulation for MDOF structure with TMD 8 

In this section, a Bayesian formulation is proposed for identifying the modal properties of a 9 

(primary) structure equipped with a TMD. The (primary) structure is assumed to be classically 10 

damped, although the combined structure-TMD system is non-classically damped. The TMD 11 

is modelled by a SDOF viscously damped spring-mass-damper attached to a particular DOF 12 

with a (fix-base) frequency near a particular mode of the structure. Modal identification is 13 

based on ambient vibration data collected from the primary structure only, which is a typical 14 

scenario in applications that does not involve logistics/interruption of TMD operations. 15 

Applying Bayesian concepts/assumptions (Section 3.1) to the problem leads to the same form 16 

of the likelihood function in (11) as in conventional Bayesian OMA (BAYOMA) formulations 17 

[33]. The differences lie in the PSD matrix of data (see (18)) and the set of modal parameters 18 

to be identified. The key in deriving the analytical expression for the PSD matrix lies in the 19 

FRF between the modal excitations and response data. Existing techniques of TMD dynamics 20 

(which can be seen as an extension of Section 2) are applied to derive the FRF (Section 3.2). 21 

Special attention should be made to the mathematical structure of the FRF, however, because 22 

it generally comprises too many parameters (e.g., related to the orientation of TMD) that cannot 23 

be identified from measured data collected only at the primary structure. In view of this, a 24 

parameter scheme is proposed so that the parameters can be uniquely identified, i.e., the 25 

Bayesian inference problem is globally identifiable [34]. Identifiability issues are discussed in 26 

Section 3.3. 27 

3.1 Bayesian inference  28 

Let 1
0

ˆ{ }N
j j

−
=x  ( 1)n×  be the time-domain acceleration data measured at n  DOFs of the primary 29 

structure at time interval t∆  (sec); N  is the number of samples per data channel. Its (one-sided) 30 
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scaled Fast Fourier Transform (FFT) at frequency f /k k N t= ∆  (Hz) is defined as1 

1
2 /

0

ˆ2
N

jk N
k j

j
t N e π

−
−

=

= ∆ ∑ ixF , where 2 1= −i . Following a Bayesian approach, the identification 2 

result for modal parameters is encapsulated in the ‘posterior’ probability density function 3 

(PDF). Assuming a uniform prior distribution for the modal parameters, the posterior PDF is 4 

proportional to the ‘likelihood function’. Let θ  denote the set of parameters to be identified 5 

and { }kF  be the scaled FFT within a selected frequency band covering the modes of interest. 6 

Then the posterior PDF is given by 7 

 ( )( |{ }) ({ } | ) L
k kp p e−∝ = θθ θF F  (10) 8 

where      9 

 * 1( ) ln ln | ( ) | ( )f k k k kL nN π −= + Σ +Σθ E θ E θF F  (11) 10 

is the ‘negative log-likelihood function’ (NLLF) that is often used for analysis and computation; 11 

the sum is over kf  in the selected band with fN  FFT points; and *[ ]k k kE=E F F  is the 12 

theoretical PSD matrix of measured vibration data that depends on modal parameters θ . From 13 

(10) and (11), it is clear that kE  is the only channel through which θ  is inferred from data.  14 

The expression of kE  will be derived in Section 3.2, following conventional techniques of 15 

TMD dynamics. A parameter scheme is proposed so that the set of parameters can be uniquely 16 

identified, i.e., ‘globally identifiable’ in a Bayesian context [34]. In this case, the posterior PDF 17 

has a centralised distribution with a unique maximum in the admissible domain of θ . Using a 18 

second-order Taylor approximation of the NLLF, the posterior PDF can be approximated by a 19 

Gaussian PDF centred at the most probable value (MPV) and with a (posterior) covariance 20 

matrix. The MPV is analogous to the ‘best’ estimate in non-Bayesian methods. The posterior 21 

covariance matrix measures the identification uncertainty of parameters that remains despite 22 

the availability of data. Mathematically, the MPV maximises the likelihood function, or 23 

equivalently, minimises the NLLF. An Expectation-Maximisation (EM) algorithm is proposed 24 

in Section 4.1 for efficient determination of the MPV, which is otherwise computationally 25 

prohibitive because of the potentially large number of parameters and their implicit nonlinear 26 

influence on the NLLF. On the other hand, the posterior covariance matrix is mathematically 27 

equal to the inverse of Hessian of the NLLF at the MPV, whose efficient computation based 28 

on analytical expressions of derivatives will be discussed in Section 4.2. 29 
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3.2 Theoretical PSD matrix of response data with TMD 1 

Consider a classically damped MDOF structure with mass matrix pM , stiffness matrix pK , 2 

damping matrix pC  and displacement vector x , subjected to force vector F ; dependence of x  3 

and F  on time t  has been omitted for simplicity. The structure is installed with a TMD with 4 

mass dm , stiffness dk  and damping dc . The dynamics of the TMD is modelled by a single 5 

displacement DOF υ  relative to a generalised coordinate Ty = L x  of the primary structure so 6 

that the kinetic, strain and dissipated energy of the TMD are given by 2( ) / 2dm y υ+  , 2 / 2dk υ  7 

and 2 / 2dc υ , respectively. Here, L  is a vector involved in the generalised definition of TMD 8 

action, which need not be equal to a conventional location matrix. When the TMD is aligned 9 

with a particular DOF of the structure, L  is simply a column vector with the only non-zero 10 

entry being 1 at that DOF. This particular case is depicted in Figure 3. In the general case (as 11 

will be seen shortly), with a proper parameter scheme, it is not necessary to know L , which 12 

may not be available in precise form in field applications. In this sense, the dynamics and 13 

properties of the TMD have been modelled/defined in a general manner without specific 14 

reference to how the TMD is connected to the structure so that the proposed methodology can 15 

be applied in a robust way without such information. 16 

 17 

Figure 3 Schematic diagram of a structure-TMD system, illustrated for the special case of 18 

masses connected in series and a TMD is aligned with the L-th DOF. In this case, Ly x=  and 19 

L  is a column vector with the only non-zero entry equal to 1 at the L-th entry. 20 

Analogous to (1) and (2), the equations of motion of the structure and the TMD are respectively 21 

given by 22 

 ( )T
p p p dm υ+ + + + =M x C x K x L L x F    (12) 23 

 T
d d d dm c k mυ υ υ+ + = − L x    (13) 24 
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To understand these equations, first note that (13) is the familiar equation of SDOF (relative) 1 

motion subjected to base acceleration TL x . For (12), the term ( )T
dm υ+L L x   is the interactive 2 

force from TMD on the primary structure. It results directly when the equation is derived via 3 

Lagrangian dynamics, or otherwise can be understood from (13) as resulting from the damping 4 

and stiffness force of the TMD, i.e., ( )T
d d dc k mυ υ υ+ = − +L x  . The vector L  can be viewed 5 

as projecting the damping and stiffness force of the TMD to the primary structure DOFs. The 6 

detail of L  is not important as it does not need to be identified directly (see later). It can be 7 

shown that (12) and (13) reduce to (1) and (2) when the primary structure has only one DOF 8 

because then 1=L . 9 

Following a similar approach in arriving at (5), the FT of υ can be expressed in terms of the 10 

FT of x  as T
dhυ = − xL F F , where dh  (except for a sign) is the FRF between the generalised 11 

acceleration Ty = L x   and υ, i.e., (6) as in the SDOF case. Substituting this expression into the 12 

FT of (12) and using 1( )ω −=x xi F F  and 2ω−= −x xF F  gives 13 

 1 2[ ( ) (1 ) ]T
p p p d dm hω ω− −+ − + − =x FM i C K LL F F  (14) 14 

where FF  denotes the FT of F  and ω  is the FT frequency variable. Rearranging terms gives 15 

an expression of xF  involving pM , pC  and pK . We will next make use of mode shape 16 

orthogonality of the classical damped primary structure to obtain expressions directly in terms 17 

of modal properties. 18 

Consider a selected resonance band dominated by the subject modes of interest. The FT of 19 

acceleration response in the band can then be approximated (by ignoring other modes) as 20 

=x ηψ F F , where 1[ ,..., ]m=ψ ψ ψ  contains the subject mode shapes in its columns, i.e., 21 

( )2(2 ) 1,...,p i i p if i mπ= =K ψ M ψ  with if  (Hz) being the corresponding natural frequency 22 

and m being the number of modes dominating the resonance band; 1[ ,..., ]T
mη η=η    is a vector 23 

of modal acceleration responses. Assuming that the primary structure is classically damped, 24 

the mode shapes are orthogonal with respect to the stiffness, damping and mass matrix, i.e., 25 

0T T T
i p j i p j i p j= = =ψ K ψ ψ C ψ ψ M ψ  whenever i j≠  and each ( )1,...,i i mη =  satisfies its own 26 

SDOF equation of motion uncoupled from other modes. 27 
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Substituting =x ηψ F F  into (14), pre-multiplying by 1[ ]T T
p

−ψ M ψ ψ  and rearranging gives the 1 

FT of modal acceleration response as 2 

 1 1[ (1 ) ]T
dh− −= + −η wh rbbF F  (15) 3 

where wF  denotes the FT of the modal force vector (per unit modal mass) w  4 

 1[ ]T T
p

−=w ψ M ψ ψ F  (16) 5 

 T=b ψ L  (17) 6 

and h  is a diagonal matrix of modal FRFs ih , where 2 1[1 2 ]i i i ih β ζ β −= − − i  and / fi i kfβ =  is 7 

a frequency ratio; if  (Hz) and iζ  are respectively the natural frequency and damping ratio of 8 

mode i ; r  is a diagonal matrix of (modal) TMD mass ratio ir  where T
i d i p ir m= ψ M ψ . 9 

The final step in the derivation is to relate the FT of modal response to that of the measured 10 

data. Let iφ  be the i-th mode shape confined to the measured DOFs only. The FT of measured 11 

acceleration data in the selected band is then modelled as ˆ = +ηx Φ ε
F F  where 1[ ,..., ]m=Φ φ φ  12 

comprises the mode shapes (confined to measured DOFs) in its columns and ε  is the FT of 13 

measurement noise, assumed to be independent and identically distributed (i.i.d.) among 14 

different channels with a common PSD eS  and independent from the modal force (per unit 15 

modal mass) w . The PSD matrix of acceleration data measured from structure (with TMD) is 16 

then given by  17 

 * 1 1 1 *
ˆ ˆ[ ] [ (1 ) ] [ (1 ) ]T T T

d d e nE h h S− − − −= = + − + − +x xE Φ h rbb S h rbb Φ I
 

F F  (18) 18 

where *[ ]E= w wS F F  is the modal force PSD; the superscript ‘-*’ denotes the conjugate 19 

transpose of the inverse of the subject matrix. The dependence of E , h  and dh  on the FT 20 

frequency fk  has been omitted for simplicity in notation. Note that the PSD matrix now 21 

accounts for non-classically damped modal dynamics resulting from the combined structure-22 

TMD system, where 1 (1 ) T
dh− + −h rbb  in the PSD matrix E  may not be a diagonal matrix and 23 

the frequency response characteristics in a narrow band will be the same as Figure 2 in Section 24 

2.1. The term E  reduces to the PSD matrix in the nominal case (i.e., without TMD) only when 25 

all the elements in (1 ) T
dh− rbb  are zero. 26 
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3.3 Identifiability and proposed parameter scheme 1 

The parameters to be identified in the OMA problem of the structure-TMD system are those 2 

that affect the data PSD matrix E in (18). As in the nominal case (i.e., without TMD), they 3 

include the natural frequencies 1{ }m
i if = , damping ratios 1{ }m

i iζ = , modal force PSD matrix S , and 4 

noise PSD eS . With the introduction of TMD, there are additional parameters arising from the 5 

properties of TMD { , }d df ζ , the ( )m m× diagonal matrix r  (related to TMD/modal masses) 6 

and b  (related to the orientation/installation of TMD). 7 

Ideally, modal parameters should be identified based on (18) since it strictly follows the model. 8 

However, an initial investigation on (18) revealed that the presence of r  and b  can potentially 9 

render the problem unidentifiable. In order to make the problem globally identifiable, attempts 10 

have been made to come up with a reduced set of parameters. An important finding is that when 11 
Tbb  is a diagonal matrix, r  and Tbb  can be combined into a diagonal matrix, for which it can 12 

be reasoned (and verified numerically) that the problem is globally identifiable. Under this 13 

condition, it can be seen from (15) that the FT of the i-th modal response is only related to the 14 

FT of the i-th modal force. For this reason, we refer the condition as ‘independent tuning’. By 15 

noting from (17) that T T T=bb ψ LL ψ , the condition requires that TLL  is diagonalisable by the 16 

mode shapes. The mathematical condition for this assumption is the same as that for the 17 

classical damping matrix pC  [43,44], i.e., 1 1T T
p p p p

− −=K M LL LL M K . Nevertheless, such 18 

mathematical condition is of little substance or out of context because it is difficult (if possible) 19 

to check; the physical basis for this condition is also questionable. This condition will be 20 

applied as an empirical approximation so that the problem is globally identifiable. The issue of 21 

relevance then lies in whether this approximation will significantly bias the identification 22 

results, which will be investigated numerically in Section 5. 23 

Assuming that Tbb  is a diagonal matrix (independent tuning), it can be combined with r  (also 24 

a diagonal matrix) to form the diagonal matrix Trbb  with diagonal elements 1{ }m
i iµ =  where 25 

 
2( )T

i
i dT

i p i

mµ =
ψ L

ψ M ψ
 (19) 26 

This is referred to as the (generalised) ‘modal TMD mass ratio’, which depends on the ratio of 27 

TMD to modal mass as well as how the TMD is oriented/installed. It is seen that L is just one 28 

of the unknown terms in (19), so even knowing the information about L may not increase the 29 
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identification precision since other terms (e.g., md) are still unknown. Clearly, if a mode i  is 1 

not affected by the TMD then 0iµ = . Substituting (19) into (15) and noting that =x ηψ F F , one 2 

obtains 1 i

m
i i i wg== Σx ψF F , where 

iwF  is the FT of the i-th modal force; ig  is modal FRF 3 

reflecting the aggregate effect of TMD and primary structure: 4 

 2 1[1 (1 ) 2 ] / fi i i d i i i i kg h fβ µ ζ β β−= − + − − =i  (20) 5 

Correspondingly, the PSD matrix of data in (18) at fk  can be written in its final form as 6 

 *
ˆ ˆ[ ] T

k k e nE S= = +x xE ΦH Φ I
 

F F  (21) 7 

where *
k k k=H g Sg ; kg  is a diagonal matrix containing the FRFs ig . In summary, the set of 8 

modal parameters to be identified includes    9 

 1 1 1{ } ,{ } ,{ } , , , , ,m m m
i i i i i i d d ef f Sζ µ ζ= = = Φ S  (22) 10 

where df  (Hz) and dζ  are respectively the natural frequency and damping ratio of TMD.  11 

Although the theoretical PSD matrix of measured data in (21) has the same mathematical form 12 

as the one in the ordinary case (i.e., without TMD), the modal FRFs ig  now account for the 13 

effect of TMD. In the next section, an Expectation-Maximisation (EM) algorithm will be 14 

presented for efficiently computing the MPV of parameters in (22). 15 

4 Algorithms 16 

In this section, Expectation-Maximisation (EM) algorithm is employed to develop an efficient 17 

algorithm for computing the MPV of modal parameters (Section 4.1), which has been used 18 

before to develop algorithms for ordinary case (i.e., without TMD) [45,46]. The application of 19 

EM in other OMA methods can be found in, e.g., [47–49]. In Section 4.2, analytical expressions 20 

for Hessian matrix are derived, allowing the posterior uncertainty to be determined in an 21 

accurate and efficient manner. 22 

4.1 EM algorithm for determining most probable value 23 

This section presents an EM algorithm for efficient computation of the MPV of parameters that 24 

minimises the NLLF function in (11). It is applicable for the general case of multiple (possibly 25 

close) modes in the selected band. The algorithm presented here can be viewed as an extension 26 

of [45] to account for TMD dynamics (through the new FRF), with additional parameters 27 
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1{ , , }d d mf ζ µ µ  in the parameter set θ . For completeness, the EM algorithm extended to 1 

incorporate TMD parameters is briefly outlined here, focusing on the key questions required 2 

in the theory/implementation. Further details can be referred to [45].  3 

EM algorithm [50] comprises two steps, i.e., the E-step (expectation) and M-step 4 

(maximisation). The E-step involves evaluating the expectation of the complete-data log-5 

likelihood, i.e., ( t ),
( t )( ) E [L( { , }]Q

θ
=

XZ
θ θ θ X Z , where Z  is a (suitably chosen; see shortly) 6 

‘latent variable’; t (= 0, 1, 2,…) denotes the iteration number; and [ ]( t ),
E

θ
⋅

XZ
 denotes an 7 

expectation taking over Z  following its distribution conditional on observed data X  and the 8 

estimate (t )θ  of θ  in the current iteration. In the M-step, Q  is maximised with respect to θ  to 9 

yield an update estimate (t 1)+θ  for the next iteration, i.e., symbolically, 10 
(t 1) (t )arg max ( )Q

θ

+ =θ θ θ . Efficient implementation of the EM algorithm hinges on a proper 11 

choice (if possible) of the latent variable Z  in the problem so that the expectation Q  in the E-12 

step can be efficiently calculated (ideally, analytically) for arbitrary values of θ  so that it can 13 

be optimised efficiently to yield the next estimate (t 1)+θ  in the M-step. In the proposed EM 14 

algorithm (same as [45]), the latent variable is chosen as the FT of modal acceleration vector 15 

kη . The complete-data log-likelihood is given by 16 

 
*1 1 * 1ˆ

L

ˆ

( { , }) log ( )

2 log log log

ˆ ˆ ,k k

f f e e k k k k k k

k k

k k

p

nN nN S Sπ − − −

=

   = − − − + −  −−

∑

∑ ∑ ∑

θ η η θ

Φη Φη H η H η

 

   

F F

F F

  17 

  (23) 18 

Taking expectation over kη  conditional on the (t )θ  and { ˆ }kF  , and using standard formulae of 19 

conditional mean and variance of Gaussian variates gives the function Q  20 

 (t ) 1 (t ) ( t )
1 2( ) 2 log log ( ) ( )f f e eQ nN nN S S Q Qπ −= − − − +θ θ θ θ θ θ   (24) 21 

where 22 

 { }*(
1

*t )
1 2

ˆ ˆ ˆ( ) Re( ) (2 Re ) T
kk k k kQ tt rr=  −    + ∑θ θ Φ w Φ w ΦF F F   (25) 23 
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 (t ) 1 1
2 2( ) log k k kQ tr− − = −   

∑ ∑θ θ H H w   (26) 1 

where [ ]( t )1 ,k̂k
k kE=

η θ
w η




F
 and ( t )ˆ

*
2 ,kk

k k kE  =  η θ
w η η


 

F
 are respectively the first and second 2 

conditional moments of kη  given k̂F  and (t )θ , which are computed by  3 

 1 1 * 1
1 2

*ˆ ˆ ˆT T
k k k k k e kk k k S− − − −= = +w J Φ w J Φ ΦJ JF F F  (27) 4 

where 1 T
k e kS −= +J H Φ Φ . The terms 1kw  and 2kw  are constant in the M-step since they are 5 

evaluated at parameter values obtained in the previous iteration. 6 

Following the similar procedure in [45], it can be shown that Φ , eS  and S  can be respectively 7 

updated by (28)-(30): 8 

 
1

*
1 2Re( ) Re(ˆ )k kk

−
 =   

∑ ∑Φ w wF   (28) 9 

 
(t )

1( )
e

f

Q
S

nN
=

θ θ
  (29) 10 

 1 *
2

1 ( )k k k
fN

− −= ∑S g w g   (30) 11 

As a remark, in the M-step the mode shape matrix Φ , modal force PSD matrix S  and noise 12 

PSD eS  can be optimised analytically in terms of the remaining parameters{ , , , , }i i i d df fζ µ ζ . 13 

The remaining parameters are updated by optimising (26) numerically using black-box 14 

algorithms (e.g., simplex search [45]).  15 

The iterative algorithm developed requires a proper initial guess of the parameters to start. 16 

Generally, the initial guess can be obtained as rough estimates of parameters from empirical 17 

quantities obtained in the initial phase of data analysis, such as the singular value (SV) 18 

spectrum of the measured data [51,52]. The excitation is assumed to be broadband near the 19 

resonance band of the modes so that the frequency characteristics of the SV spectrum give a 20 

direct reflection of dynamic amplification. An analytical investigation has been performed in 21 

Appendix A, which leads to the recommended initial guess method below:  22 

1. Locate the peaks of the SV spectrum as the initial guess for the natural frequencies 2
1{ }i if =

  23 

of the combined structure-TMD system; locate the trough as the TMD frequency df . 24 
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2. Calculate the initial guess for natural frequency of the mode tuned by TMD as 1 1 2 / df f f f≈   .  1 

3. Calculate the initial guess for the TMD mass ratio as 2 2 2
1 2 1( ) ( )d df f f f fµ  ≈ − − − 
  .  2 

4. Take the initial guess for 1ζ  as 1% (as in BAYOMA). 3 

5. Calculate the initial guess for dζ  based on the trough/peak ratio, as shown in (46) in 4 

Appendix A.2. If the calculated value of dζ  is unreasonable (e.g., greater than 1), one may 5 

take 2%dζ = , which is slightly larger than the initial guess of 1ζ . 6 

6. Set the initial guess for mode shape as the eigenvector (corresponding to the largest 7 

eigenvalue) of the real part of sample PSD matrix of data at the initial guess of natural 8 

frequency. 9 

7. Calculate the initial guess of noise PSD using (29) based on high signal-to-noise 10 

asymptotics, together with the initial guess of modal properties calculated above. When the 11 

signal-to-noise ratio is high, 1 T T
k e kS −= +J H Φ Φ Φ Φ～ ˜, for which the second moment 12 

2kw  in (27) can be obtained directly. The initial guess of modal force PSD is then 13 

calculated using (30). 14 

Some comments are in order regarding the above recommendation. The natural frequencies 15 
2

1{ }i if =
  of the combined structure-TMD system and the natural frequency of the TMD df  are 16 

estimated respectively from the peaks and trough of the SV spectrum during initial data 17 

analysis. Since 2
1{ }i if =

  and df  are located from the SV spectrum as the peaks and trough 18 

locations, 1 2df f f≤ ≤   and so the formula 1 1 2 / df f f f≈    guarantees that the initial guess of 1f  19 

will always lie between the two peaks. This formula suggests that the initial guess of 1f  should 20 

be close to the first peak ( 1f ) if the trough ( df ) is closer to the second peak ( 2f ); and vice 21 

versa. The above procedure is derived based on the case with a single mode tuned by a TMD. 22 

When there are close modes tuned by a TMD, one may simply repeat Steps 1-4 to set the initial 23 

guess of if , iζ and iµ  for other modes. 24 

It should be noted that the above strategy for setting initial guess is not applicable for the case 25 

with large TMD damping ratio (e.g., a single peak with 16%dζ =  in Figure 2) because 26 

characteristic features in the SV spectrum, such as the trough, are absent. In such cases, one 27 
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may set the initial guess as the design value if such information is available. Otherwise, they 1 

can be roughly set from the SV spectrum as follows. 2 

1. Set the peak of the SV spectrum as the initial guess for the primary structure 1f , and 3 

the TMD frequency df  as 10.98 f . 4 

2. Set the initial guess for both 1ζ  and µ  as 0.1%, and the initial guess for dζ  as 1%. 5 

3. Calculate the initial guess for other parameters (e.g., eS ) in the same way as Steps 6-7 6 

in the case with small value of TMD damping ratio. 7 

4.2 Identification uncertainty 8 

This section investigates the identification uncertainty of the modal parameters in terms of their 9 

posterior covariance matrix. In a Bayesian context, the posterior covariance matrix is 10 

mathematically approximated by the inverse of the Hessian of the NLLF evaluated at the MPV 11 

of modal parameters. As mentioned in Section 3, the NLLF for the structure-TMD system in 12 

(11) has a similar form as that for the structure without TMD (see Equation (13.2) in [33]), 13 

except that the FRF g now accounts for the effect of TMD and contains additional TMD-related 14 

parameters 1{ , , }d d mf ζ µ µ . As a result, the framework for systematically determining the 15 

posterior covariance matrix in the ordinary case (i.e., without TMD) developed in Section 13.7 16 

of [33] can still serve for the current case. See Figure 13.3 in [33] for the information flow of 17 

derivative calculations. The difference mainly lies in the derivatives of kH , which depend on 18 

the derivatives of the modal FRF g. Their derivatives are respectively summarised in Tables 4 19 

and 5 of Appendix C. 20 

5 Verification with synthetic data 21 

In this section, examples based on synthetic data are presented to verify the proposed method 22 

and investigate the effect of modelling errors. Consider the horizontal vibration measured on a 23 

ten-storey shear building, which is equipped with a TMD installed on the top floor. The shear 24 

building (primary structure) has a uniform mass of 100 tonnes per floor, interstory stiffness of 25 

177xk =  kN/mm along x-direction and 195yk =  kN/mm along y-direction, and damping ratio 26 

of 1% in all modes. The structural response is simulated based on Newmark scheme. The first 27 

two modes of the shear building have natural frequencies of 1 Hz and 1.05 Hz, corresponding 28 

to the fundamental translational modes along x- and y-directions, respectively. The primary 29 
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structure is subjected to independent and identically distributed (i.i.d.) Gaussian excitations at 1 

all floor levels, with one-sided root PSD of 11.77 N Hz  and 7.85N Hz  along x- and y-2 

directions, respectively. The ambient acceleration data is measured at all 10 2 20× =  DOFs and 3 

sampled at 100 Hz. It is contaminated by i.i.d. Gaussian white noise with a root PSD of 1 4 

g zµ / Η . The TMD has a physical mass ratio of 2% (i.e., 20dm =  tonnes), which is designed 5 

to tune the first mode of the primary structure. The modal mass ratio µ , the optimal frequency 6 

ratio optα  and the optimal damping ratio 
optdζ  are respectively calculated to be 3.79%, 0.964 7 

and 11.27% from (31) [14].  8 

 
2

1
3

1 1

( ) 1 3
1 8(1 )opt

T

d opt dT m µµ α ζ
µ µ

= = =
+ +

ψ L
ψ Mψ

 (31) 9 

According to the investigation in Section 2.1, depending on the modal properties of both 10 

primary structure and the TMD, there are different tuning types often visually indicated from 11 

the SV spectrum. To verify the accuracy of the proposed method to different tuning types, 12 

several cases are considered with different natural frequencies df  and damping ratios dζ  of 13 

the TMD. Specifically, we define two parameters fλ  and ζλ  as the ‘tuning index’ to vary the 14 

TMD natural frequency df  and damping ratio dζ  so that they are given by 15 

 1 optd f opt d df f ζλ α ζ λ ζ= =  (32) 16 

The parameter fλ  is respectively set to be 0.95, 1 and 1.05 to reflect the various frequencies 17 

of the TMD. In each value of fλ , ζλ is taken as 0.5, 1 and 1.5 to cover the three typical tuning 18 

scenarios. First, consider the TMD is installed along the x-direction with fλ  equal to 1. In this 19 

case, the term Tbb  mentioned in Section 3.2 is a diagonal matrix and there is no modelling 20 

error with respect to the installation of TMD. Three values of ζλ  equal to 0.5, 1 and 1.5 are 21 

respectively used to generated ambient data. Figure 4 shows their SV spectra, which are plotted 22 

by taking the eigenvalues of the averaged sample PSD matrices at different frequencies. Note 23 

that the averaging concept is used here merely for producing smooth spectra for better 24 

visualisation. It is not involved in the Bayesian methodology. When 0.5ζλ =  (i.e., 
optd dζ ζ< ), 25 

an additional peak due to the action of TMD can be clearly observed in the SV spectrum. When 26 

1.5ζλ =  (i.e., 
optd dζ ζ> ), the SV spectrum has a similar shape as the ordinary one (i.e., without 27 
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TMD). The spectrum indicates that the noise level of the data is around 1 g Hzµ , which 1 

checks with the value assumed. As the resonance bands of the first two modes overlap, they 2 

are identified in the same frequency band picked as [ ]0.7, 1.3  Hz. The band is selected so that 3 

the resonant hump visually drops to the background noise level beyond the range. The initial 4 

guess of the modal parameters is determined based on the procedure in Section 4.1. Note that 5 

the proposed method operates in the frequency domain where the contributions of different 6 

modes are naturally separated. The effect of TMD on higher modes that are not designed to be 7 

tuned is marginal and so they can be identified by conventional methods based on classical 8 

damping assumption. Their identification results are omitted here. 9 

 10 

Figure 4 SV spectra of the three tuning types; dashed red line: theoretical SV at MPVs. 11 

Table 1 summarises the identification results based on 20-min data durations, where the 12 

posterior c.o.v.s are shown in parenthesis. As can be seen, the identified MPVs are close to the 13 

exact values. In each case, the identified damping ratios and mass ratio have higher 14 

uncertainties compared with the identified natural frequencies. The uncertainties of the modal 15 

parameters for Mode 1 (which is tuned by TMD) are higher than their counterparts of Mode 2 16 

(without the effect from TMD). For the modal parameters related to TMD (i.e., 1f , 1ζ , 1µ , df  17 

and dζ ), their c.o.v.s generally increase with ζλ  (hence the damping ratio of TMD). Modal 18 

parameters 1µ , 1ζ  and dζ  have typically high c.o.v.s (> 50%) when the effect of TMD cannot 19 

be detected in the SV spectrum (i.e., 1.5ζλ = ). For large dζ , the SV spectrum is similar to the 20 

ordinary one (i.e., without TMD) and so it may not carry enough information to distinguish the 21 

TMD characteristics from those of the primary structure. The last two rows of Table 1 give the 22 

modal assurance criterion (MAC) between the most probable and exact mode shapes. All the 23 

values of MAC are close to unity, indicating that the mode shapes are identified with high 24 
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quality. The modal shape c.o.v.s of the two modes are of the same order of magnitude. The 1 

theoretical SV spectra calculated using the identified modal properties are shown in Figure 4 2 

as dashed red lines, which generally fit the SV spectra calculated based on ambient data. The 3 

identification results of 0.95fλ =  and 1.05fλ =  are qualitatively similar as those of 1fλ = , 4 

and details omitted here. For all the cases, the convergence tolerance in the iteration was set to 5 

be 510−  on a fractional basis for all parameters. The calculation was performed using MATLAB 6 

R2019a on an HP EliteDesk 800G2 Desktop (Intel Core i5, 3.2 GHz and 8 GB of RAM). The 7 

computational time for determining MPV in the three cases shown in Figure 4 are 20.1, 19.7 8 

and 23.8 seconds, respectively.  9 

Table 1 Modal identification results, synthetic data. 10 

Parameter 0.5ζλ =  1.0ζλ =  1.5ζλ =  

MPV Exact MPV Exact MPV Exact 

1f  [ ]Hz  1.001 

(0.24%) 

1.000 1.004 

(0.34%) 

1.000 0.998 

(0.89%) 

1.000 

2f  [ ]Hz  1.050 

(0.09%) 

1.050 1.051 

(0.09%) 

1.050 1.050 

(0.09%) 

1.050 

df  [ ]Hz  0.964 

(0.25%) 

0.964 0.964 

(0.63%) 

0.964 0.957 

(2.33%) 

0.964 

1ζ  [%]  0.97 (65%) 1.00 2.10 (60%) 1.00 2.12 (149%) 1.00 

2ζ  [%]  0.96 (10%) 1.00 1.01 (10%) 1.00 0.90 (10%) 1.00 

dζ  [%]  5.59 (10%) 5.64 9.84 (19%) 11.27 15.01 (52%) 16.91 

1µ  [%]  3.75 (8%) 3.79 3.18 (27%) 3.79 2.84 (105%) 3.79 

11S g Hzµ 
   11.96 (5%) 12.00 12.33 (8%) 12.00 12.25 (14%) 12.00 

22S g Hzµ 
   7.90 (3%) 8.00 8.09 (3%) 8.00 7.95 (3%) 8.00 

eS  g Hzµ 
   1.19 (0.7%) 1.00 1.18 (0.7%) 1.00 1.16 (0.7%) 1.00 

Mode 1 MAC 1.000 

(1.62%) 

1.000 1.000 

(1.97%) 

1.000 1.000 

(2.07%) 

1.000 

Mode 2 MAC 1.000 

(2.17%) 

1.000 1.000 

(2.19%) 

1.000 1.000 

(2.18%) 

1.000 

 11 
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We next investigate the uncertainty calculated by the proposed method from a statistical sense. 1 

For this purpose, 1000 i.i.d. data sets (20-min each) are generated in each case and 1000 results 2 

can be obtained in terms of MPV and posterior c.o.v.s accordingly. Table 2 compares the 3 

Bayesian and frequentist statistics of the identified frequencies, mass ratio and damping ratio 4 

of TMD. The column ‘Freq.’ (short for frequentist) shows the sample c.o.v.s of the MPVs 5 

among the 1000 i.i.d. data sets, which is calculated as the ratio of the sample standard deviation 6 

to the sample mean of the MPV. The column ‘Bay.’ (short for Bayesian) shows the sample root 7 

mean square (RMS) value of the posterior standard deviation divided by the sample mean of 8 

the MPV. It is seen that the Bayesian posterior c.o.v.s are in the same order of magnitude as 9 

their sample counterparts, but they are not exactly equal; they need not be. Based on the theory 10 

in [53], if there is no modelling error, up to a second-order approximation of the log-likelihood 11 

function, the ensemble average of posterior variance is approximately equal to the ensemble 12 

variance of MPV in a weighted sense. It should be noted that the identified damping ratio 1ζ  13 

of the primary structure (not shown here) is occasionally quite small (say, in the order of 1e-14 

13) in some data sets, especially in the cases with large dζ  (i.e., 1.5ζλ = ). This could be due 15 

to the low sensitivity of 1ζ  to the NLLF when the damping ratio of TMD is large. However, 16 

the inaccuracy of 1ζ  does not affect the precision of other parameters (as shown in Table 2 and 17 

Figure 5 later) and it is hence less important because one is more concerned with the modal 18 

properties of TMD in practice. 19 

Table 2 Sample and Bayesian statistics, synthetic data.  20 

Parameter 0.5ζλ =  1.0ζλ =  1.5ζλ =  

Freq. % 

(C) 

Bay. % 

(D) 

Freq. % 

(C) 

Bay. % 

(D) 

Freq. % 

(C) 

Bay. % 

(D) 

1f  [ ]Hz  0.47 0.42 0.55 0.55 0.58 0.50 

2f  [ ]Hz  0.15 0.16 0.18 0.17 0.22 0.19 

df  [ ]Hz  0.46 0.44 1.88 1.72 5.19 4.84 

dζ  [%]  19 17 51 43 91 76 

1µ  [%]  15 13 63 53 100 81 

 21 
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The posterior uncertainty can also be assessed quantitatively from the recently developed 1 

‘uncertainty laws’ [33]. For the present case, the natural frequency is around 1 Hz, and so the 2 

data contains 20 × 60 = 1200 natural periods. Using the uncertainty law formulae for close 3 

modes [54] (ignoring the presence of TMD) with the assumed bandwidth factor 4 

( ) 1 1bandwidth  Hz / 2 6fκ ζ= =  and ‘exact’ value of modal parameters, one can obtain that the 5 

posterior c.o.v. of natural frequency is around 0.1% and the posterior c.o.v. of damping ratio is 6 

around 13%. This is consistent with the results of the second mode of the primary structure in 7 

Tables 1 and 2. For the modal parameters of the first mode and TMD, in addition to the common 8 

effects (e.g., data length, modal s/n ratio), their uncertainties also depend on whether the data 9 

contains enough information to distinguish TMD characteristics from those of primary 10 

structure. This is the reason why their uncertainties increase with the TMD damping ratio. 11 

To further illustrate the consistency of the proposed method, Figure 5 shows the identified 12 

results of some parameters versus data length corresponding to the three typical scenarios. The 13 

dashed red lines denote the exact value. The identified results for each data duration are 14 

reported with a dot at the MPV and an error bar covering 2±  posterior standard deviations. As 15 

the data duration increases, the error bar generally narrows. There is no evidence of bias since 16 

the error bar generally covers the exact values regardless of the data durations.  17 

The proposed algorithm in this work assumes that the orientation/installation of the TMD 18 

satisfies the condition that Tbb  is a diagonal matrix. However, this need not be true in practice. 19 

For example, when the orientation of the TMD has an angle offset with the x-direction, 20 

modelling error exists in the model since Tbb  is no longer a diagonal matrix. Potential bias in 21 

the MPVs and posterior c.o.v.s is next investigated through a parametric study with synthetic 22 

data. Three values of ζλ  are considered when TMD has optimal frequency (i.e., 1fλ = ). For 23 

each value of ζλ , four scenarios with increasing installation angles with respect to the x-24 

direction are considered, i.e., 0 , 15 , 30  and 45 . Similar to the above investigation, 1000 25 

i.i.d data sets (20-min each) are generated in each case and 1000 results are obtained in terms 26 

of the MPV and the posterior c.o.v.. The sample c.o.v. results are also obtained based on the 27 

1000 results. In each data set, the frequency band is selected as [ ]0.7,1.3  Hz (same as before), 28 

and the initial guess of properties is determined based on the same procedure mentioned in 29 

Section 4.1. 30 
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 1 

Figure 5 Identified modal properties vs cN , synthetic data with 1fλ = . cN = data 2 

duration/natural period; dot: MPV; error bar: 2±  standard deviations; red dashed line: exact 3 

value. 4 
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 1 

Figure 6 Identified modal properties vs TMD installation angle, synthetic data with 1fλ =  and 2 

0.5ζλ = . Asterisk: sample mean value of the MPVs among 1000 i.i.d. data sets; blue error bar: 3 

2±  posterior standard deviations; black error bar: 2±  sample standard deviations; red dashed 4 

line: exact value. 5 

Figure 6 shows the results of identified natural frequencies and damping ratio of TMD for 6 

different installation angles. The identified results for each installation angle are reported with 7 

an asterisk at the sample mean of MPVs, a blue error bar covering 2±  posterior standard 8 

deviations and a black error bar covering 2±  sample standard deviations. The identified results 9 

of mass ratios are not presented since the exact values of mass ratios are absent in this case. 10 

Figure 6 shows that the sample c.o.v.s are generally higher than the posterior c.o.v.s, indicating 11 

the existence of modelling error in the identified results. There is no clear evidence that the 12 

identified TMD natural frequency df  and damping ratio dζ  have bias because the error bars 13 

generally cover the exact values. Bias can be observed in the results of the natural frequencies 14 

of the primary structure 1f  and 2f , although it is considered practically insignificant. Even in 15 

the extreme case of 45⁰ in the angle offset, the bias is less than 2%. This indicates that the 16 

diagonal approximation of Tbb  does not significantly bias the identification results. 17 
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6 Application with field data 1 

The proposed algorithm is next applied to the ambient vibration data of a chimney installed 2 

with a TMD system. The instrumented structure is a 183 m reinforced concrete chimney at the 3 

Rugeley Power Station, England, UK. The Rugeley chimney was constructed in 1968, which 4 

consisted of a tapered windshield with an external diameter of 15.7 m at the base and narrowing 5 

to 9.4 m at the top. In 2006, a replacement flue gas desulphurisation chimney was built with 6 

the same height in the vicinity of the old Rugeley chimney. The two chimneys (see Figure 2 in 7 

[12]) had coexisted for approximately two years before the old one was demolished. An 8 

investigation of cross-wind interference effects anticipated increased levels of wind-induced 9 

response to the old chimney. Following the recommendations of the study, a vibration 10 

monitoring system was installed [55,56]. A TMD was installed at 16 m from the top to improve 11 

the structural resistance of the old Rugeley chimney to the interference effects. Configuration 12 

is shown in Figure 7 in [12]. The TMD comprises 42,000 kg of a pendular moving mass (i.e., 13 

a hollow steel ring filled with concrete) hung by cables to tune the lowest harmonic vibration 14 

around 0.33 Hz. The moving mass is connected to the stack via five viscous damper units and 15 

allows a maximum relative displacement of 450 mm. Other parameters for the TMD are listed 16 

as follows: damping coefficient of 18 kNs/m, equivalent stiffness of 180 kN/m, and modal 17 

mass at TMD location of 61.28 10× kg. 18 

The investigation on TMD performance found that the TMD was not apparently engaged 19 

substantially during weak wind periods [12]. Hence, the analysis here will be based on a 20 

potential high wind period during 29-30 Mar 2008 (near two days period). The 46 hour data 21 

was divided into non-overlapping 20-min windows, within which modal properties are 22 

assumed to be time-invariant, and the data is assumed to be statistically stationary. Figure 7 23 

shows the root PSD and the root SV spectrum of a typical 20-min data set. There is one 24 

resonance band shown around 0.3 Hz. Due to the symmetrical nature of the structure, the two 25 

modes are at quite close frequencies. A hump appears on the left side of the resonant peak due 26 

to the action of the TMD. The (hand-picked) frequency band is indicated by a horizontal bar 27 

‘[-]’. The initial guess of natural frequencies, mass ratio and damping ratio are determined by 28 

the procedure in Section 4.1. Table 3 summarises the identification results based on a typical 29 

20-min data segment. It can be seen that the natural frequencies 1f  and 2f  of the primary 30 

structure are quite close. The identified damping ratios of the primary structure are quite small 31 

(in the order of 1e-11) with significantly high uncertainties, as also encountered in the synthetic 32 
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example. The last row of Table 3 gives the equivalent damping ratios of the first two modes, 1 

which are calculated by (54) in Appendix B. The equivalent damping ratio is used as a proxy 2 

to reflect the energy dissipation capability of the TMD; see Appendix B for details. Figure 8 3 

shows the identified most probable mode shapes projected onto the horizontal (XY) plane for 4 

the first two modes plotted with arrows pointing from the origin. It can be seen that Modes 1 5 

and 2 appear to be perpendicular. To visualise the identification uncertainty, the dominant 6 

uncertainty of each mode is plotted in Figure 8 with a red line stemming from the tip of the 7 

most probable mode shape. This is obtained from the eigenvector (with the maximum 8 

eigenvalue) of the posterior covariance matrix of mode shape multiplied by the square root of 9 

the eigenvalue.  10 

It should be noted that the identified results can differ from one data set to another due to the 11 

variability of modal parameters and identification uncertainty. Applying the same procedure to 12 

each 20-min data segment, we can track how the identified modal properties vary with time. 13 

Figure 9 shows the identified natural frequencies, damping ratios and mass ratios over different 14 

time windows. For the identified modal properties, the result in each time window is plotted 15 

with a dot at the MPV and an error bar covering 1±  posterior standard deviation. Note that the 16 

damping ratios of Modes 1 and 2 are equivalent damping ratios, reflecting the damping level 17 

of the combined structure. The natural frequencies and modal mass ratios for the first two 18 

modes are close and exhibit similar trends. The equivalent damping ratios of Mode 1 stay above 19 

2%, typically considered high. The natural frequency of TMD is lower than that of Mode 1 and 20 

Mode 2. Based on Figure 9 (a) and (b), it can be observed that some coincidence of low values 21 

in the natural frequencies, and high values in damping ratios, suggesting opposite trends. Figure 22 

9 (b) and (c) show that the TMD damping ratio follows a similar trend as the modal mass ratio. 23 

Efforts have been made to investigate whether this is because of the amplitude-dependent 24 

properties of the parameters, but no systematic trend has been found between the amplitude 25 

and these parameters.  26 
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 1 

Figure 7 Root PSD and root SV spectra for a typical 20-min data; in PSD, blue line: x-direction, 2 

and red line: y-direction; in SV, horizontal bar ‘ ’ indicates the selected band for modal 3 

identification. 4 

Table 3 Identified results MPV with c.o.v in parenthesis. 5 

Parameter Mode 1 Mode 2 

Frequency f [ ]Hz  0.290 (0.53%) 0.310 (0.25%) 

Damping ratio ζ [%]  2.03e-11(3.4e7%) 1.84e-11(1.4e7%) 

Mass ratio µ [%]  6.14 (5%) 4.01 (8%) 

TMD frequency df [ ]Hz  0.268 (0.94%) 

TMD damping ratio dζ [%]  5.94 (5%) 

Modal force PSD iiS 2 /g Hz  8.301e-6 (5%) 1.132e-6 (4%) 

Prediction error PSD eS 2 /g Hz  5.002e-8 (3.3%) 

Equivalent damping ratio eζ [%]  4.56 2.28 
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 1 

Figure 8 Identified most probable mode shapes (black lines) and their uncertainty along the 2 

dominant direction (red lines); the solid line for the first mode and the dashed line for the 3 

second mode. 4 

 5 

Figure 9 Tracking results of (a) natural frequencies, (b) damping ratios and (c) mass ratios. Red 6 

for Mode 1, blue for Mode 2 and green for TMD.  7 
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7 Conclusions 1 

This work has proposed a Bayesian approach to identify the modal parameters of TMD and 2 

primary structure using ambient vibration data measured on the primary structure only. To 3 

highlight the contributions, the likelihood function and PSD matrix of data have been 4 

formulated (Sections 3.1 and 3.2). These have accounted for the inevitable non-classically 5 

damped modal dynamics in the combined structure-TMD system, although the primary 6 

structure is still assumed to be classically damped. Theoretical considerations have been made 7 

to come up with a consolidated set of parameters so that the Bayesian inference problem is 8 

globally identifiable (Section 3.3). Niche computational methodologies have also been 9 

developed for efficient calculation of Bayesian statistics, i.e., the posterior MPV by EM 10 

algorithm (Section 4.1) and analytical formulae for covariance matrix (Section 4.2). The 11 

proposed theory and computational algorithms have been verified using synthetic data (Section 12 

5) and applied to field data (Section 6). 13 

The frequency response function of the structure-TMD system has different characteristic 14 

behaviours, which depend on modal parameters (Section 2). This in turn affects the precision 15 

of the identification results. For example, the identification uncertainty (in terms of c.o.v.) 16 

generally increases with TMD damping ratio. When TMD damping ratio is large, the singular 17 

value spectrum of data is similar to the one without TMD. Such data may not carry enough 18 

information for distinguishing the TMD characteristics from those of the primary structure, 19 

lowering the sensitivity of parameters in the likelihood function and making parameter 20 

identification more challenging. The proposed theory does not require detailed information 21 

about the installation/orientation of TMD; related parameters are identified in the method. 22 

Simplification in the problem parameterisation, referred as ‘independent tuning’, has been 23 

made to improve identifiability (Section 3.3). In reality, the ‘independent tuning’ assumption 24 

need not hold, and it is often not amendable/relevant for mathematical verification. Potential 25 

bias (when the assumption is violated) in the identification results has been investigated 26 

numerically, and is found to be acceptable. Thus, the assumption is believed to play a balance 27 

between tractability of the problem and approximation of reality. This is especially so when 28 

one considers other sources of uncertainty in field tests. 29 

The proposed method is applicable whenever there is only one TMD taking action in the 30 

selected frequency band of the mode(s) of interest. E.g., it is applicable to a structure with two 31 

TMDs, each tuning a different mode on two different bands. This is because the method 32 
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operates in the frequency domain and it uses the FFT in the selected band only, and so modes 1 

or TMD action in other excluded bands do not appear in the likelihood function and hence need 2 

not be considered. This case is typical in applications. For the more general (though less 3 

common) case where there are multiple TMDs actions on the same mode(s) in the same band, 4 

extending the formulation or algorithm may not be easy. In particular, having multiple TMDs 5 

in the same band means there will be more parameters of similar nature, and they may not be 6 

identifiable, i.e., data may not contain adequate information to distinguish them. 7 
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Appendix A. Initial guess for TMD parameters 16 

This section presents some analytical results relating the TMD parameters to some simple 17 

features of the PSD of an undamped SDOF structure ( 1 0ζ = ). This forms the basis for the 18 

choice of initial guess in Section 4.1. We first present a discussion that leads to an initial guess 19 

for dω , 1ω  (and hence df , 1f ), and µ . The initial guess for dζ  requires more works and is 20 

presented in Appendix A.2 later. 21 

A.1 Initial guess for dω , 1ω  and µ  22 

In this section, we develop the initial guess for dω , 1ω  and µ  by using the information related 23 

to the peaks and trough in the SV spectrum. Consider the structure-TMD system in Figure 1 24 

but the primary structure is now assumed to be undamped. Substituting 1 0ζ =  into (9), the 25 

dynamic amplification reduces to  26 

 ( )
2 2 2 2

12 2 2 2 2 2 2

(1 ) (2 ) 0
[(1 )(1 ) ] (2 ) (1 )

d

d

D α β ζ αβ ζ
µ β α β µ ζ αβ µ β

− +
= =

+ − − − + + −
  (33) 27 
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When 0dζ = , it is clear that D  has a minimum of 0 when 2 21/β α= , i.e., when dω ω= . Also, 1 

D  tends to infinity at the natural frequencies 2
1{ }i iω =  of the combined structure-TMD system 2 

because they zero the bracketed term in the denominator in (33); see (41) later. For non-zero 3 

but small dζ , D  has a minimum near dω ω=  and two maxima near 2
1{ }i iω = . This suggests 4 

taking the trough location as an estimate for dω  and the peak locations for 2
1{ }i iω = . 5 

Note that 2
1{ }i iω =  and dω  can be estimated from the SV spectrum. We next obtain an expression 6 

for 1ω  in terms of them to obtain an initial guess. Recall that the stiffness and mass matrices of 7 

the combined system are given by 8 

 
2 2 2

1 1
2 2

1d d d d

d d dd d

k k k m
m m

k k m
ω µω µω

µµω µω
+ −  + −     

= = = =      − −      
K M  (34) 9 

The characteristic equation | | 0λ− =K M  for 2λ ω=  gives (after cancelling out m  and dm ) a 10 

quadratic equation  11 

 2 2 2 2 2
1 10 [ (1 ) ]d dB C B Cλ λ ω µ ω ω ω+ + = = − + + =  (35) 12 

From the elementary property of the roots of quadratic equation, 1 2 Bλ λ+ = −  and 1 2 Cλ λ = , 13 

i.e., 14 

 2 2 2 2
1 2 1 (1 ) dω ω ω µ ω+ = + +   (36) 15 

 2 2 2 2
1 2 1 dω ω ω ω=   (37) 16 

The initial guess for 1ω  can be obtained by rearranging (37)   17 

 1 2
1

d

ωωω
ω

=
 

 (38) 18 

Replacing 2
1{ }i iω =  by peak locations and dω  by trough location picked from SV spectrum and 19 

1ω  from (38), rearranging (36) gives 20 

 
2 2 2 2 22
1 2 1 11 2

2 2 2

( ) ( )( )d d

d d d

ω ω ω ω ω ωω ωµ
ω ω ω

+ − + −−
= = −
   

 (39) 21 

Since 1 2 1| | | |dω ω ω ω− ≥ −  , the initial guess of 2 2 2
1 2 1[( ) ( ) ] /d dµ ω ω ω ω ω≈ − − −   is guaranteed 22 

to be non-negative.  23 
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Note that in terms of frequency ratio 1 /β ω ω=  the characteristic equation in (35) reads  1 

 2 4 2 21 0 [1 (1 ) ]B C B Cβ β µ α α+ + = = − + + =  (40) 2 

Substituting B  and C  gives 2 4 2 2[1 (1 ) ] 1 0α β µ α β− + + + = , which can be rewritten as 3 

 2 2 2(1 )(1 ) 0µ β α β µ+ − − − =  (41) 4 

A.2 Initial guess for dζ  5 

In this section, we develop an initial guess for dζ  based on the trough/peak ratio of the SV 6 

spectrum. It is based on 1 0ζ =  and takes the trough and peaks as proxies for the points at 7 

dω ω=  (i.e., 1/β α= ) and iω , respectively.  8 

Substituting 1/β α=  (proxy for trough location) into (33) gives 9 

 
2

12 2 2 2

(2 ) 10,
(2 ) (1 1/ )

d

d

D ζ ζ β
µ ζ µ α α

 = = = + + −  
 (42) 10 

Substituting 1 / iβ ω ω=   (proxy for peak locations) into (33) gives 11 

 ( )
2 2 2 2

1 12 2 2

(1 ) (2 ) 0, /
(2 ) (1 )

d
i

d

D α β ζ αβ ζ β ω ω
ζ αβ µ β
− +

= = =
+ −

 
 

 
 (43) 12 

Although the unknown modal force PSD appears as a multiplier in the SV spectrum, when the 13 

signal-to-noise (s/n) ratio is high, it is cancelled out in the ratio of the trough to peaks. Let such 14 

ratio be r . Then 15 

 
2 2 2 2

2 2 2 2 2 2 2 2

(2 ) (2 ) (1 )trough ( 1/ )
peak (2 ) (1 1/ )( ) (1 ) (2 )

d d

d d

D
D

ζ ζ αβ µ ββ α
µ ζ µ αβ β α β ζ αβ

+ −=
≈ = ×

+ + −= − +

 

  
 (44) 16 

Setting this ratio to r  and rearranging gives a quadratic equation 2 0Ax Bx C+ + =  for the 17 

variable 2(2 )dx ζ=  where 18 

 

2 2 2 2 2 2

2 2 2 2 2 2 2 2

2 2 2 2

[(1 ) (1 1/ ) ]

[(1 ) (1 1/ ) ]

(1 )

A r

B r

C r

α β µ β µ α

α β µ α µ α β

µ α β

= + − − + −

= − − + − +

= − −

 

 



 (45) 19 

The initial guess for dζ  is obtained from the larger root of the quadratic equation:  20 
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 21 4
2 2d

B B AC
A

ζ − + ∆
≈ ∆ = −  (46) 1 

The following analysis suggests that (46) gives a proper initial guess for dζ  when 0µ >  and2 

0 1r< < . First note that 0∆ ≥  because, substituting A , B  and C  from (45) and simplifying, 3 

 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2[(1 ) (1 1/ ) ] 4 (1 ) (1 )r rα β µ α µ α β µ α β α β µ β∆ = − + − − + − + −      (47) 4 

which is always positive for 0r >  and 0µ > . Thus, there are always two real roots of x . From 5 

(45), it is clear that 0B <  and 0C ≤ . By noting that the sum of roots is /B A−  and the product 6 

of roots is /C A  (or, more directly, using Routh-Hurwitz criterion), it can be shown that there 7 

is exactly one positive root of x  (hence the legitimate value of dζ ) if and only if 0A > . To 8 

investigate the latter possibility, note that 1 2dω ω ω< <  . Dividing by 1ω  and taking reciprocals, 9 

this implies 1 21/β α β> >   and hence  10 

 . 2 2
1 22

11 1 1µ β µ µ β
α

+ − < + − < + −  . (48) 11 

There is then at least one iβ  such that 2 2 2 2(1 ) (1 1/ )iµ β µ α+ − > + − , making 0A >  for 12 

0 1r< <  and hence returning a proper value for dζ  from (46).  13 

In (48), if the lower and upper bounds are of the same sign then 0A >  at only one iβ , i.e., 2β  14 

when both bounds are positive and 1β  when negative. The following shows that the bounds 15 

are of opposite sign and hence it is possible for 0A >  at either 1β  or 2β , or both: 16 

 2 2 2 2 2 2 2
1 2 1 2 1 2 2(1 )(1 ) (1 ) (1 )( ) 0µµ β µ β µ β β µ β β

α
+ − + − = + + − + + = − <       (49) 17 

after substituting 2 2 2
1 2 1 1/β β µ α+ = + +   and 2 2 2

1 2 1/β β α=   using the sum and product of the 18 

characteristic equation in (41).  19 

As a remark, at the iβ  point where A 0> , one has 0∆ =  if and only if 0r = ; and so we always 20 

have 0∆ >  if 0r > . To see this, substituting 0r =  gives 0B C= =  and hence 0∆ = . 21 

Conversely, using (47) with 0∆ =  implies 2 21 0α β− =  (since 21 0µ β+ − ≠  when 0A > ) 22 

and hence C 0=  and consequently 2 4 0B AC= =  as well. From (45) this implies 0r =  23 
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because 0µ ≠ . Since 0B C= =  when 0r =  (or equivalently 0∆ = ), we have coincidentally1 

0dζ = . 2 

The above analysis assumes that 1 0ζ = . In implementation, the trough location is taken as a 3 

proxy for 1/β α=  , and the peak locations are taken as proxy for iβ . The quality of this 4 

approximation tends to deteriorate for non-zero 1ζ  or large dζ , where the peaks and troughs 5 

are less distinctive and r  is closer to 1. For this reason, it is recommended to take iβ  as the 6 

point with smaller r .  7 

Appendix B. Response RMS and equivalent damping 8 

This section provides a method for evaluating the equivalent damping ratio based on TMD 9 

dynamics for SDOF structure. Assuming that the excitation w  is stochastic stationary with 10 

PSD wS  (one-sided in 2( / ) /N kg Hz ), the displacement variance is given by [18] 11 

 2
3
18

w
x

S P
Q

σ
ω

=  (50) 12 

where 13 

 2 2 2
1 1 1( ) [1 (1 ) ] 4 [ (1 ) ]( )d d d d dP µα αζ ζ µ α ζ αζ ζ µ αζ αζ ζ= + + − + + + + +  (51) 14 

 [ ]2 2 2
1 1 1 1 1( ) [1 (1 ) ] 4 (1 ) ( )d d d d dQ µα αζ ζ µ α ζ ζ αζ ζ ζ µ αζ αζ ζ= + + − + + + + +  (52) 15 

Check that when 0µ = , 1/ 1/P Q ζ=  and so (50) reduces to the familiar SDOF variance 16 

formula.  17 

In practice, the damping of a mode tuned by TMD may be empirically quantified by an 18 

equivalent damping ratio, which is defined so that the classical formula 3
1/ 8w eS ω ζ  returns the 19 

response variance with TMD. This gives        20 

 3 2
18

w
e

x

S Q
P

ζ
ω σ

= =  (53) 21 

When the parameters α , µ , 1ζ  and dζ  are known (e.g., identified values), they can be 22 

substituted into P  and Q  to obtain eζ . Alternatively, with less specific reference to the 23 

structure-TMD modelling, one can assess eζ  more directly from the knowledge of 1ω , wS  and 24 
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response variance. It is noted that vibration is often measured in terms of acceleration rather 1 

than displacement in the field setting. In this case, a simple approximation for the contribution 2 

due to a narrow resonance band is to take 2 2 4
1/x xσ σ ω=  , which gives 3 

 2
1 / 8e w xSζ ω σ≈    (54) 4 

Appendix C. Derivative calculations 5 

This section provides the derivatives of kH  and modal FRF g, which are used to calculate the 6 

identification uncertainty. Their derivatives are respectively summarised in Tables 4 and 5, 7 

where the superscripted symbol ‘(x)’ and ‘xy’ denote the derivatives with respect to the 8 

corresponding variables.9 
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  Table 4 Derivatives of 2 1
1[1 (1 ) 2 ]dg hβ µ ζ β −= − + − − i  for acceleration data. 

( )xyg  y =  

β  1ζ  µ  ,d dβ ζ  

x =  β  2 2 3
1 12(3 1 4 6 (1 ))dh gβ ζ ζ β µ+ − + + −i  2 3

12 (3 1 2 (1 ))dh gβ ζ β µ+ + + −i i   3
14( 1)( )dh gβ ζ− + i   3 ( )

14 ( ) y
dg hµ β ζ+ i   

1ζ   2 38 gβ−   34 ( 1)dh gβ −i  3 ( )4 y
dg hβµi   

µ    2 32( 1)dh g−   2 3 ( )
1(1 (1 ) 2 y

d dh g hβ µ ζ β− − − − i)  

dβ  Sym.   ( ) 2 2 3 ( ) ( )2xy x y
d d dh g g h hµ µ+   

dζ  

( )yg  2
12( )gβ ζ+ i   22 gβi   2( 1)dh g−  2 ( )y

dg hµ   

See Table 13.4 in [33] for the derivatives of dh ; replace β  by dβ ; replace ζ  by dζ . 
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Table 5 Derivatives of *
k k k=H g Sg . 

( )xy
kH  y =     

, ,j j jf ζ µ   ,d df ζ  jjS    , rrs sU V   

x =  i

i

i

f
ζ
µ

 

( ) ( )* ( )*

*( )

x y xy
ij ik jk ij ij ik k iiS g g gδ + 

+ ⋅

e g S e
  

( ) * ( ) ( )

*( )

xy x y
ik ii k ik k iig g + 

+ ⋅

e S g g Se  
 

( ) *

*(.)

x
ij ik ik iig gδ

+

e
 

( ) * *

( )* *

( )
( )

x
ik sk rs
x

ik rk rs

i rc g g
i sc g g

 =+ ⋅
 =+ ⋅

e
e

 

1c =  for ;  

c = i  for   rsV  

d

d

f
ζ

 
 ( ) * ( ) ( )*

*( )

xy y x
k k k k + 

+ ⋅

g S g g S g
 

( ) *

(.)

x
jk jk jjg g

+

e
 

( ) * ( )* *( ) ( )x x
rk sk rk sk rsc g g g g + ⋅+ e  

1c =  for rsU ;  

c = i  for   rsV  

iiS    0   0  

i

ij

j

U
V

 
Sym.   0  

( )y
kH  ( )* *( )y

jk k jjg + ⋅g S e  ( ) * *( )y
k k + ⋅g S g  *

jk jk jjg g e  * *( )rk sk rscg g + ⋅e  

1c =  for rsU ;  

c = i  for   rsV  

See Table 4 for the derivatives of g ; *( )⋅  denotes a term equal to the complex conjugate of the previous one. 
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