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For N 2 1 an integer and N’ = 1 a divisor of N, let X,(N) and X,(N') be the
classical modular curves over Q, and let Jy(N) and Jy(N') denote their Jacobian
varieties, also defined over Q. If D 2 1 is an integer such that DN’ divides N,
then one can define the degeneracy map vy, @ Xy(N) — X(N') (cf. [13] and {11,
Sect. 6.1]). Recall that v, is defined as the map deduced from the transformation
7 +— D7t of the compactified Poincaré upper half plane. The Riemann surface
Y (N) = Xy(N) — {cusps} parametrises the isomorphism classes [E,C] of pairs
(F, C), where E is an elliptic curve and C' is a cyclic subgroup of F of order N. On
Y, (&V), the action of v, is given by

vp([E,CY) = [E/Cp,Crnip/Cpl,

where Cp, and Cy/p, denote the unique subgroups of C' of orders D and N'D
respectively.

The map vy, induces, via Pic functoriality, a map v}g t Jo(N') — Jy(N) of abelian
varieties.

Given an integer M = 1, let p = 5 be a prime not dividing M. Let N = p" M and
N’ = pM in the notation above. Then we obtain r degeneracy maps v,, . .. s Upr—1-
Let v be the map

*

Y=U X e X ’U:rq : J()(PM)T - Jo(prM)-
Let T'(pM) and T(p" M) denote the tori in the reduction modulo p of Jy(pM) and
Jo(p" M) respectively. In Sect. 1 of this article, we prove
Theorem 1. The map ~ : Jy(pM) — Jyp"M) induces an isomorphism
(T(pM))" = T(p™M).

* Present address: Department of Mathematics, National University of Singapore,
Singapore 0511
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To prove Theorem 1, we first summarize in Sect. 1 a method to calculate the torus
in a Jacobian as outlined in SGA 71, Exposé IX [8], and then apply the method to
the minimal resolutions of X,(p" M) as constructed by Edixhoven [7].

As a consequence of Theorem 1, we obtain in Sect. 2 (by setting M = 1)

Theorem 2. The kernel K of the map vy : Jy(p)" — Jo(p") is the group

T, ”
z; € X(p) foralli,inzo ,
i=1

Ly

where 3(p) denotes the Shimura subgroup of Jy(p).

Theorem 2 should be regarded as a counterpart to Theorem 4.3 of [19],
which says that: if p is a prime not dividing a given positive integer NV, then
the kernel K’ of the map v x v} : Jy(N) x Jy(N) — Jy(Np) is the group

p
{ (Zj) z,y € YIN),z+y = 0}, where Y (N) denotes the Shimura subgroup

of Jy(V).

The proof of Theorem 2 here and that of Theorem 4.3 in [19] are completely
different. The proof in [19] is cohomological in nature, while the proof of Theorem 2
we give in this article is done by passing to the reduction modulo p of the Jacobians
Jo(p) and Jy(p").

Theorem 2 has several applications, of which we discuss two in Sects. 3 and 4
of this article. The first application concerns the problem of establishing congruence
relations between weight-2 cusp forms of level p and p? (p a prime), and the second
determines the degree of an isogeny from the old subvariety of Jy(p*) to the old
quotient of Jy,(p?).

Let S = S,(Iy(p*)) be the space of weight-2 cusp forms of level p? and trivial
character. Let X be the subspace (of S) of oldforms associated to I,(p). Let Y be
the orthogonal complement to X under the Petersson inner product on S. Hence,
S = X &Y. There are Hecke operators acting on .S (cf. [11]). For a prime n £ p, we
denote the n™ Hecke operator acting on S by T,,; for n = p, we use U, for the p™

Hecke operator. We use the same notations for the Hecke operators acting on J,(p?).
Let T be the subring of End(S) generated by these Hecke operators. The space Y
is T2 -stable by Theorem 3 of [1]. It is easy to see that X is also T ,-stable. We may
therefore define Ty (resp. T, ) to be the subring of End(X) (resp. End(Y)) generated
by the Hecke operators. The rings Ty and T, are quotients of T », and T, is a
subring of T @ Ty. A prime ideal p of T is a prime of fusion 1if it contains the
conductor of the ring extension T,2 <= Ty @ T,. The image of p in Ty (resp. Ty)
is a prime ideal py (resp. py-). (By abuse of language, we shall call them primes of
fusion as well.) Moreover, we have isomorphisms

Tx/px 2Tp/p=Ty/py. (1

The Hecke operators T, also act on S,(I;,(p)) (resp. Jy(p)). Let Tp denote the p®

Hecke operator on S,(I,(p)) (resp. Jy(p)). Let T be the Hecke algebra generated by

T, and the T ’s. There is a well-defined map ¢ : Ty — T (see Sect. 3.6) that sends
o 0T, and U, to 0.
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We construct in Sect. 3 a Ty-module {2 whose support contains only
primes of fusion, as well as another T -module A which turns out to be

-T
{ ( f?g) \y e Jyplp* - 1]}' The ring T also acts on {2 and 4. The sup-

port of A (in both Ty and T) contains the support of 2. Then we prove in Sect. 3
the following theorems about the primes of fusion:

Theorem 3. Let X be in Suppy A.
(1) If X is non-Eisenstein, then A € Suppy (2.
(ii) If A is the Eisenstein prime (J,1), where J is the Eisenstein ideal in T, and

-1
[#2,3 is a prime dividing num (%—2——) then A € Supp 2 = T, +£Z,.

—1
Remarks. 1. The notation num (%) refers to the numerator of p

when it is

(p—1,12)

2. From {12], we see that the only instances (for p < 250, p & 2) where T, + Z,
(+2,3arerp=3L,1=5p=103,1=17,p=127,1=7,p= 131,01 =5;
p=181,1=15; and p =211, [ = 5.

expressed in lowest terms. It is equal to

Theorem 3 is then used to obtain

Theorem 4. Let m € Suppy, A. Then there exists a maximal ideal A of T such that
¥~1(A) = mand X € Suppy A.
(i) If there exists one such \ such that X € Suppy §2, then m € Suppr, {2.

(iiy If, for all such X\, we have X\ & Suppy 2, then X is unique, it is an Eisenstein
prime, and m & SuppTY $2.

Let Jy be the annihilator in T of the kernel K of 7 : Jy(p)* — Jo(p?). We also
give in Sect. 3 a direct characterization of the primes of fusion:

Theorem 5. Let (52,3 be a prime dividing num (%) We have the equality

Anngp 2, = Amng, (T /(Anng A, N Ty)),

where (2, and A, denote the l-primary parts of {2 and A respectively.

The task of determining whether a given prime in T y is a prime of fusion is in fact
closely related to the problem of establishing congruence relations between weight-2
cusp forms (and especially newforms) on I},(p) and I O(pz).

Let f =) a,¢” be a normalized Hecke eigenform on I},(p). Then the extension
L of Q generated by the coefficients a,, is a number field; let /' denote its ring of
integers. We have naturally the homomorphism

¢  Tx — &

defined by ¢ (T),) = a,, and ¢X(UP) = 0.
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Suppose A is a maximal ideal in ¢ such that the characteristic of the residue field
k=¢"/Xisnot p,and let py = ¢ (V). Since Ty /py injects into the finite field &,
@ x is also maximal. The injection Ty /py < k is given by T, mod p — a,, mod A.

Theorem 6. Let f, L, , A\ k, ¢x and px be as defined hereabove. If ¢ is a prime
of fusion, then there exist a finite extension L' of L and a newform g = % b q" of
level p* such that g is an eigenform for the Hecke operators T,, and b, = a, mod X'

for all v prime to p, where N is a prime ideal in the ring of integers / "of L’ such
that N N & =\,

Proof. First, we note that the isomorphism (1) gives the injection Ty /gy < k.

If we let S5, denote the subset of S consisting of forms with rational g-expansions,
it is known that § = S, ®, C. We also have S5 = X @ Yy (cf. [26]). These
two facts, together with the fact that forms with rational g-expansions have bounded
denominators, imply that % is a free Z-module of rank d = dim. Y, where .7# is
the subspace of Y consisting of forms with integral coefficients. If g denotes the
dimension of S,(IH(p)), then dime X = 2g. If ¢’ = dim S, then d = g’ — 2¢9. In
Ty, since U, satisfies U2 T,U, =0 (see Lemma 1 in Sect. 3), the rank of Ty as a
Z-module is 2q Since T 2 and Tx @ Ty have the same Z-rank and g’ = rank, T »
is well known, Ty- is a free Z-module of rank d. The g-expansion map .72 — Z[[q]]
has torsion-free cokernel, which implies that the map

K Ry k — kllgl]
is injective. Consider the bilinear pairing
(2@ kY x(Ty ®, k) — k

taking (f,T) to the coefficient of ¢ in the g-expansion of f|T. The argument in [20]
gives an isomorphism

A Gy k— Homg(Ty k).

Considering the map 7, + (a, modA) in Homy(Ty-, k), we find a form h ¢
72 ®y k whose g-expansion coefficients are ¢, = a,, mod A. The form h is clearly an
eigenform for the Hecke operators T, with eigenvalues a,, mod A.

Theorem 6 then follows from Lemme 6.11 of [5]. [

Since any newform is a finite linear combination of normalized Hecke eigenforms,
Theorem 6 enables us to determine, given a newform f = > a,q" on I,(p), when
there exists an extension [ of Q and a newform g = 3" b, ¢ on I,(p®) such that
b. = a, mod X for all r prime to p, where X is a prime ideal in the ring of integers
in L.

Finally, in Sect. 4, we discuss the second application of Theorem 2. If A is the
old subvariety of Jo(pz) and AV is the old quotient, Mazur [13, Sect. 2b, remark]
has asked for information about the degree of the isogeny A: A — AY, obtained by
composing the inclusion A — Jy(p?) with the projection Jy(p?) = Jy(p?)¥ — AY.
Using Theorem 2 and our knowledge of the A defined in Sect. 3, we show that the
(pZ _ 1)2g

n2

, where n = num (p_) and g is the dimension of J,(p).

d fAi
egree of A is B
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1 The tori of Jo(p"M)r, (p /M)
1.1 Calculating the torus

Let C be a curve over a p-adic field F of characteristic 0, with residue field & of
characteristic p. To find the torus in the reduction modp of the Jacobian of C, we
apply the following method.

Let P denote the Néron model of the Jacobian Pic®(C) of C and let P? be the
connected component in the special fibre. Let C' be a regular model of C' over the
ring of integers of E, and let ¥ be the special fibre of C'. Suppose that the greatest
common divisor of the multiplicities of the irreducible components of ¥ is 1. Then
the results of Raynaud (cf. [8, Sect. 12] and [17]) imply that

P = Picy

We can calculate the maximal torus of Pic$ /k» Where 7 is a separable and proper
curve over a field k (which is assumed to be separably closed for simplicity), as
follows (cf. SGA 71, Exposé IX [8)). ~

Let 7 be the set of irreducible components of ¥, the normalization of ¥, and
for each x € 7 that is a singular point (i.e. z belongs to = 2 components), let
Z(x) be the set of ‘branches’ of ¥ passing by x (i.e. points of ¥ lying over ). Let
Rx)= Z7 @) be the set of elements of Z 7™ of degree 0. (This set is denoted R(z),
in [8].) Labelling the components in 7 in some fixed way, we can define a map
g S, R(z) — 7.7 as follows: each R(x) may be regarded as a subgroup of z7 by
the obvious mJectlon (since Z(z) is a subset of 7), and then # is the component-wise
addition. If we let .¥" denote the torus of Pic}, /k» then the character group .2(7")
satisfies

2 Hom( 7, G,,) = ker(®, Ra)-Z7) .

We have implicitly assumed 7 to be reduced. However, even if ¥ is not reduced,
we can still use the recipe. In fact, we have the following

Proposition 1. Let k be a perfect field. Let 7 [k be a non-reduced curve, and ler ¥,
denote the reduced scheme associated to 72 . Then Pic$, . and Pic] ok have the same
maximal torus.

For the proof, see, for example, [17, Sect. 6.2.3].

1.2 Regular models of Xy(p" M) (p /M)

In order to apply the above recipe to calculate the torus of the Jacobian JO(pTM ),
we need a model of X,(p" M) that is regular. It is well-known that X,(p" M) @ F
consists of 7+ 1 irreducible components, each of which is isomorphic to X,(M)®,F,
crossing at every supersingular point and nowhere else. The components are mdexed
by pairs of non-negative integers (a,b), where a + b = r. The (a, b)-component has
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multiplicity p*(p — 1), where ¢ = min(a, b) — 1. We shall use j, to denote the (a, b)-
component. A regular model of X, (p" M), called the minimal resolution and denoted
by X,(p" M), is obtained by blowing up the model of X(p" M) over Spec(Z) at all
the singular points until it is regular (cf. [4] and [7]). Here, we give a summary of
the complete description of X,(p" M) ®, F » In terms of X,(M) ®, F The reader is
referred to [7, Sect. 1] for more details.

Step 1. Take the disjoint union of r + 1 copies of X (M) ®, Fp and let ¢ be the
morphism

&: H Xo(M)®, F, — Xo(M)®, F,

a+b=r

the identity morphism ifaz2b,

defined by { (absolute Frobenius)’™* ®idp  if a < b.

Step 1I. At every supersingular point x of Xy(M) ®, Fp, ¢~ !z is contracted to one
point with local equation

T T a—1 b—1_,
@—y")a? -y [[ @ -y P
a+b=r
a,b>0

Step Il. For z € X((M)(F,) corresponding to j(E) = 1728:

() if x is supersingular (p = —1mod4), we replace by one copy of P!, which
meets the j,’s (a < b) at a point y,, meets the j,’s (a > b) at a point y;, and, if r is
even, meets j, (a = b) at a point y,.

This added irreducible component has self-intersection number —2, and it has

B—l——lp*“i if r is even
multiplicity 2

r—1

p 2 if r is odd.
(ii) if z is ordinary (p = 1 mod4), then replace each z,, (a,b > 0), where z_ ,

is the point on j, lying over z, by a copy of P! which meets j, at w,
Each of these r — 1 copies of P! has self-intersection number —2, and the
-1

p'.

multiplicity of the copy replacing z ; is P

Step IV. For z € Xy(M)(F,) corresponding to j(E) =0
(1) if x is supersingular (p = —1mod 3), then
e if r is even, replace x by a copy of P!, which meets the j_’s (a < b) at a point z,,
meets the j,’s (@ > b) at a point z;, and meets j, (¢ = b) at a point z,.
The self-intersection number of the added component is —3, and its multiplicity is
p+1 -1+
3 p
e if 7 is odd, replace = by a chain of two copies of P!. One copy meets the j,’s
(a < b) at a unique point, while the other meets the j,’s (a > b) at another unique
point. These two copies of P! meet each other at yet another point.
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Each of these two copies of P! has self-intersection number —2, and multiplicity

r—I1

P2
(i) if z is ordinary (p = 1 mod 3), then replace z, , by a copy of P!, for a,b > 0.
Each of these 7 — 1 copies of P! has self-intersection number —3, and the

multiplicity of the copy replacing z,, , is 4 3 pt.

1.3 Relaxing the regularity condition

In this section, we show that if we carry out the calculations of Sect. 1.1, using
Xo@" M) ®, F, instead of the minimal resolution X,(p"M) ®, F,, the character
group thus obtained is isomorphic to that obtained by using the minimal resolution.
The idea of the proof is similar to one used by Ribet in [20]. We shall treat carefully
the case of even r. The proof for the case of odd r is essentially the same.

(i) When r is even
We already know that X (p" M) &4 Fp consists of r + 1 irreducible components,
all intersecting at the supersingular points. Let s,, s, and s, denote the number of
supersingular points « with Card(Aut(z)) = 2,4 and 6 respectively, and let s and s;
denote the corresponding number of ordinary points.

For XO(pTM ) Ry F‘p, using the notation in Sect. 1.1, we see that

ah@) 2ol ~ 2" e q,
where
G — Z(rfl)sg @ Z(r—l)sg & (Zr/z YA Zr/2)54 @ (Zr/z VA Zr/z)%.
Moreover, we have that Z07 ~ Z7T% where
u=(sy+s)Hr—D+s,+s.

The character group . % (T(p” M)) of the torus is the kernel of the map 0: @R —
Z7. (The components added in Steps I and IV of Sect. 1.2 have been labelled from
Jya1 10 J.o,, in some definite way.)

Applying Sect. 1.1 to X,(p"M) @, F‘p, we see that ©R(x) = (Z7)%27%4+% and
ZOZ &~ 77 Let Z denote the kernel of 8 : ®R(x) — Z7 defined analogously to 8.
(Note that R(z) 2 Z¢ since Z(z) = 7.)

We have an injective map ¢ : Z¢ — Z4 defined as follows: for (ay, ..., a,) € Z4,
we have u(ag,...,a,) =(ay,...,a,,0,...,0).

There is another natural injective map 7 : GR(x) — ®R(z), which we shall define
by giving its action on each R(x).

If  corresponds to a supersingular point for which the j-invariant is neither 0 nor
1728, then 7(zy, ..., z,) = (Zg, -, 2, 0,...,0) € R(x) for the same .
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If = corresponds to j = 1728 (the case of Sect. 1.2, Step LI (i), the image
of R(z) lies in R(y,) & Ry, @ R(y:) & ®R(z). For (zy,...,7,) € R(x), its

image in I?(yl) is the element whose entries are: z, in the " coordinate (0 <

r . . .
is 37 1> e P the coordinate corresponding to the added P!, and
2
) . . . rth . ,
0 elsewhere. Its image in R(y,) has as entries: z, in the 3 coordinate, —x, in the
2 2

coordinate corresponding to the added P, and 0 elsewhere. Its image in R(y;) has as

entries: x, in the 1™ coordinate (5 +1£: < r> ,—&, —---—z, in the coordinate

T+l
2
corresponding to the added P!, and 0 elsewhere.
The case where j = 0 is similar, with 2, 2,, z; replacing y;,v,, ¥s.
Now, it is easy to verify that we obtain a commutative diagram

0— z — ®R@), = Z§ —0

0 — 2(TEM) — SR@)y, > 27 —0,

where « is induced by 7 and .. Since 7 and ¢ are injective, so is k. The rank of Z
is (s, + s, + 8¢ — 1) and so is that of .2 '(T(p" M)); hence the cokernel of « is a
torsion abelian group.

A straight-forward argument using the definition of 7 shows that coker 7 is torsion-
free. By the Snake Lemma, coker x injects into cokerT. Since cokerx is a torsion
abelian group while coker7 is torsion-free, we conclude that cokerx = 0. Hence
the groups Z and .2 (T'(p" M)) are isomorphic. In other words, when r is even, we
can use X,(p" M) @, F, rather than X,(p" M) @, F, to calculate its character group
2T (™ M)).

(1) When r is odd

The argument that we use for this case is essentially the same as for the previous
case, except that, when r is odd,

P72 )34 @(Z“z” EBZ@ZT)S".

+1 7+l r+1 r+1
2

G = Z(r~l)s£ @ Z(r—l)sg @ (Z

and
u=(sh+ 8Hr — 1)+ 8, + 254 .

1.4 Proof of Theorem 1

Let 7 (resp..7) denote the set of irreducible components of X,(p" M) ©, F‘p (resp.
Xo(pM) ®, F‘p). Note that 7 has r + 1 elements and .7 has 2 elements. We label
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the elements of 7 as j, as in Sect. 1.2. Similarly, the elements of .7 can be written
as 7y and 4,. From Sect. 1.3, we obtain the two exact sequences

00— 2T M) — (Z()/)sz+54+s6 N Z07 0,
and (setting 7 = 1 in Sect. 1.3)
0— 2 (T(pM)) — (Z'O7)52+S4+56 . Z.O7 0.

On X,(p" M) Ry Fp, an ordinary point on j, can be described by two ordinary elliptic

~

P : FS pp® by VY .
curves Ey, E, (over F,)) and an isogeny E,—>E '-—>EP)—F, , where F), is the
Frobenius for Ey; and V, is the Verschiebung for E_. Using this description, we
determine the action of the maps vy,...,v,~—1on 7 to be the following:

Gy=1h h+1Zasr
=G 0<a<h,

Now we choose the base of Zy to be i, — i, and that of ZJ to be j, — j;,j, —
Jas<+-+Jo = Jp- The map v,n then sends j, — j, to 0if 1 = a = h, and 4j — 4, if
h+ 1 £ a £ r. This extends, by linearity, to a map ZO'/ — Z'07 , which shall also be
called v,n. This gives us r commutative diagrams (one for each h: 0 = h <7 1)

0 — 2 (TE'M) — (ZH2tsstse — 2V — 0

l I

0 — 2(T(PM)) — (Zg)yrtsatss —s Zf — 0,

where the map ZOZ — Z'07 is v,n, and the other two vertical maps are induced by v ..

The map v = (vy,...,v,r1) ¢ Z{ — Z§ @ - ® Zg is then given by the square
r X r matrix (with the same bases as above)

11 ... 1
01 ... 1
00 !

which is clearly invertible.
Hence, the map v is an isomorphism. The induced map

e (Z()i)52+54+s(, N (Z,O7)sz+34+s(, TP (Z.o7)82+34+s(,
is hence also an isomorphism. This implies that
AT M) = 2 (TEM) & - & 2 (T (M) =~ £ (TEM)).

Therefore, we obtain the isomorphism (T (pM))™ = T'(p" M).
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2 The kernel K

2.1 Group of components and degeneracy maps

As representatives of the cusps of X,(/V), we use as in Ogg [16] the vectors

where y|N, y > 0 and (z,y) = 1 with z taken modulo (y, N/y). When N = p a

prime, there are only two cusps P and P, on X(p), which are represented by (?)
1

and < ) respectively.

Let ¢ € Jy(p)(Q) be the class of the cuspidal divisor P, — Pp. Then c is of finite
-1
order n = num (% [16].

The r degeneracy maps from X,(p") to Xy(p) are denoted v,, ..., v, 1. Recall
that these maps induce, via Pic functoriality, the maps v;k& 1 Jo(p) — Jy(p"). They

also induce, via Albanese functoriality, maps (Vps )x Jo(p™) — Jy(p) between the

Jacobians. (The Jacobian Jy(/V), regarded as an Albanese variety, parametrises the

classes, modulo principal divisors, of divisors of degree 0 on X,(V).)
ForOSd<rand 056 r—1,let

prvﬁ—d(pd7p6)2
2
Information on the ramification behaviour of the cusps in the covering v,
Xo(@") — X,(p) may be obtained from the divisor of Ay, where Ag(r) = A(67) and
s .
AT = q [T — g™, g = e¥™7 (cf. [16)), and we deduce easily that

n=1

a{d, 6) =

v¥s(c) = class of 51—1 Z(a(d, 8) —a(d, 8 + 1)) ( ;;) . )
d,x

Consequently, we obtain

Proposition 2. With the above notations, we have (v,)y o v¥s(c) = c.
P

Proof. From (2), it follows that

1
p—1

(V))x 0 V35 (c) = class of (a(0,6) — a(0,6 + V)P, — P,)

1 o
— (pr‘fé _pT‘—é—])C
p—1
— pr—b“lc =c. J
Let @ denote the group of components of the special fibre of the Néron model of
Jo(p). It 1s known that @, is generated by the cuspidal divisor ¢ (see [12, Appendix]).
Therefore, we obtain from Proposition 2

Corollary. The endomorphism (v,) o v;} of Jo(p) induces the identity map on &,
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2.2 Proof of Theorem 2

Let
Ly

K& z;€ D(p) forall i, Y x;, =0
i=1

Ty

Since the degeneracy maps from Jy(p) to Jy(p") coincide on the Shimura subgroup
(p) [11, Theorem 4], we have the inclusion K; & K.

Considering J,(p)" and Jy(p") as abelian varieties over Qp, [8, Sect. 5] and [2]
show that the tori T(p)” and T'(p") in their reductions mod p have liftings T(p)” and
T(p™) to Jy(p)" and Jy(p") respectively.

Since the map v : Jy(p)" — Jy(®»") induces an injection T'(p)” — T(p"), it also
induces an injection T'(p)" — ZT(p"). In particular, K N T(p)" = 0. Consequently,
the Galois action on K is trivial. Hence, K extends to a constant (finite, flat) group
scheme K over Zp, and K embeds in the Néron model of Jy(p)". Furthermore, K
has trivial intersection with T'(p)". Since Jy(p), and hence J,(p)”, has purely toric
reduction, the special fibre K injects into the group of components &, of Jy(p)").

()%

Let v : Jy(p") — Jy(p)" be the map defined by ~'(z) = . Then the
(v rfl)*z
P
composition v o v : Jy(p)" — Jy(p)" can be represented by the matrix

* * *
(V)5 (Vv o (vl)*UpT_l

* * *
(Upr_l)*v1 (Upr—l)*Up (vpr‘l)*vprw,

Clearly, K € ker(y' o). Passing to the Néron model, we see that, since K is fiat, the
fact that v/ o~y annihilates the generic fibre (of K) implies that it annihilates the special
z|

fibre as well. Let < : > € K, € &;. Then we have (v)), v}z, + W)svpy + - +

Ty

(Ul)*U;‘T,l z, = 0. By the corollary to Proposition 2, it follows that z, +---+z, = 0.

T
Therefore, K, & P = { () €,
ZTr

-1
hence card(K)) is at most (num <PT
K, & K, we conclude that K = K,.

T

>, = O}. This shows that card(K,) (and

i=]

r—1
)) = card(X'(p))"~! = card(K,). Since

3 Congruence relations between cusp forms of level p and p?

In this section, we shall apply a special case of Theorem 2 to the problem of
establishing congruence relations between weight-2 cusp forms of levels p and p?.
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More precisely, in view of Theorem 6 in the introduction, we shall prove Theorems
3,4 and 5.

The problem of finding congruence relations between cusp forms of different levels
has been extensively studied. For example, let p, p’ be distinct primes, and let M be
prime to pp’. Consider a weight-2 Hecke eigenform f = 3 a,¢™ of level dividing
p'M and divisible by p’. Let (7 be the ring of integers in some (sufficiently large)
finite extension of Q(...,a,,...), and let A & ¥ be a prime ideal such that the
characteristic [ of F = ¢ /X is prime to pp’ M. Assume that the Galois representation
associated to f

0, : Gal(Q/Q) — GL,(F)

is irreducible. Ribet (cf. [19, 20]) showed that, if one of the congruences
Tr(o,(Frob,)) = £(p + 1) mod ! 3)

holds, then one can find a weight-2 newform g = > b_q¢" of level N', where N’
divides pp’ M and is divisible by pp’, such that a,. = b, mod X for almost all primes
r. Generalizations to forms of higher weights have been obtained by Diamond [6],
Jordan and Livné [9].

A particular case of Ribet’s result, with M = 1, implies that, if one starts with a
weight-2 newform f of level p/, and (3) holds, then one can find a weight-2 newform
g of level pp’ such that a, = b.mod A for almost all primes r. Here, p and p’ are
distinct. In this section, we study the complementary problem of what happens when

p=p.

Problem. Given a weight-2 newform f = > a,q" on I'\(p) (p a prime), let Abe a
prime ideal in the ring of integers ¢ of a sufficiently large extension of Q in Q such
that the characteristic of the residue field ¢ /X is not p. When is there a weight-2
newform g = 3 b, q" of level p* such that a, = b, mod X\ for all primes v $p ?!

As explained in the introduction, due to Theorem 6, this above problem becomes
one of determining whether a given prime in Ty is a prime of fusion. To achieve this,
we borrow ideas from Ribet’s proof in [19] and make use of Theorem 2 with M =1
and r = 2 (cf. [19, Theorem 4.3]). After some preliminary definitions and notations
in Sect. 3.1, we construct in Sect. 3.2 a Ty -module {2 whose support contains only
primes of fusion. Then in Sects. 3.3 and 3.4, we study a T y-module A which has a
filiration (of T 5 -submodules) of the form

A=My2M 2M,2M=0, (4)

where M, /M, is isomorphic to 2 and M, = K. We also show that M, M, M, and
{2 are all T-stable.

The proof of Theorem 3 is given in Sect. 3.5, by making use of the fact
Suppy A = Suppy X(p) U Suppy 2 and Proposition 19.2 of [12]. Theorem 3, together
with the map ¢ : Ty — T alluded to in the introduction, is subsequently used in
Sect. 3.6 to deduce Theorem 4. Finally in Sect. 3.7, we give a direct characterization
of the primes of fusion, without having to go via the support of {2 in T.

! Ribet has informed me that this problem may also be answered using results of Carayol [3]
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3.1 Definitions and notations

For the rest of this paper, we let M = 1 and » = 2 as in the introduction.

Consider the map v : Jy(p)? — Jo(@?). Let A denote its image, and let
v A — Jy(®) be the natural inclusion. Let © be the canonical divisor on J,(p?)
and let ¢4 be the canonical polarization of J()(p2). Then @ and ¢ induce an invertible
sheaf % on A. Let ¢, : A — A" denote the isogeny defined by ¥, where A is
the abelian variety dual to A. Let K, denote the kernel of ¢, .

The map 7 induces an isogeny & : Jy(p)> — A, which in turn gives rise to a
pullback 6* % of ¥ on Jo(p)z. Since ¢gx, =86Y o ¢, o8, where 8 is the dual of
8, we have deg(¢s+ ) = deg(6)? deg(¢, ). Therefore, the kernel

def
A:K6* %3

is finite.
Let v : Jy(p*) — JO(P)2 be the map defined in Sect. 2.2. Its kernel is an extension
of a finite group by an abelian subvariety B of Jo(pz). In fact, B is the kernel of the
\%
map Jo(p2)(E§Jo(p2)L—>AV.
We also define b : Jy(p) — Jo(p) X Jo() to be the map given by h(y) = (wzp Y )

where w,, is the Atkin-Lehner involution on Jy(p). Then noting that w, py = —y for

y € X(p), we deduce from Theorem 2
Theorem 2'. The kernel K of v is isomorphic to X(p) via h, i.e., K = h(X(p)).
Corollary. The kernel K is a T-module.

This follows from the fact that 3(p) is a T-module.
Finally, we fix the following notations:
J: the Jacobian Jy(p),
27: the Shimura subgroup X'(p) of J,
C: the cuspidal subgroup of J,

-1
n = num (p—lz——> the cardinality of X' and C,

l: a prime other than 2 and 3 that divides 7, and I/ the exact power of [ dividing 7,
2, Cy, ... the [-primary parts of X, C,. ...

3.2 The T x-module (2

Let {2 be the intersection
N=ANBKB.

\2
It is the kernel of the map A—L»Jo(pz)é—edo(pz)L—éAv, so K, = f2. The intersection
2 = AN B is therefore a finite subgroup of Jo(pz).
To understand the action of sz on {2, we first describe the action of sz onJxJ.

For primes r # p, the Hecke operator 7. € T, is simply the Hecke operator T, on
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J, acting diagonally on the product J x .J. To show that U, stabilizes .J x J, we need
the following lemma.

Lemma 1. We have the identities v,U,, = T, v, and v,U,, = pv,, where each side of
both formulae is regarded as a correspondence from Xy(p?) to X(p).

The lemma follows easily from the definitions of degeneracy maps and Hecke
operators.

. . . T,
Lemma 1 shows, in particular, that Up € sz acts as the matrix ( (;) p) on

0
J x J, so we have U; -T,U,=0.

Corollary. The Hecke operator U, annihilates Hdéfh(J) = { <wzpy> ’ Y€ J}.

Proof. This follows readily from Lemma 1 and the fact that T, = —w,onJ. U

Lemma 1 also shows that A is stable under the action of T, we just described.

Since A corresponds to the old subspace X, the action of T,, on A factors through
Ty.

Using Lemma 1 again, we see that kery’ is stabilized by T .. Since B is the
connected component of ker+y’, it is also T,-stable. This action factors through T
since B corresponds to Y.

We conclude therefore that the action of T > on {2 factors through both Ty and
T.. Hence, any prime in the support of {2 is automaticaily a prime of fusion.

3.3 The Ty -module A

From the definition of A, we see readily that A contains keré = K, and there is a
canonical skew-symmetric G, -valued pairing €5 # on Ky, x Ky, that is trivial
on K x K. Let K+ be the orthogonal complement to K under this pairing. Then
KC K+ and K1/K = K, = §2 (see [15, Sect. 23]).

Proposition 3. We have the equality h(J[p* — 1]) = A.

Proof. Sincey = 106 and +' is the dual of v, it follows that v oy = §Y o1¥ oy 0106 =
8Y 0, 08 = g« . In particular, we have the equality A = ker(y' o ).

T
The map +' o+, in matrix form, is (1{) ”) (cf. Sect. 2.2). If (i) € A, then
D
p

py = —T,x = w,z and pr = w,y, where w, is the Atkin-Lehner involution. In
particular, = w,py and (> — 1)y = 0. Conversely, if y € Jo@)[p? — 11, then clearly

(r 5)("Y) -0 o

T, p Y

Corollary 1. The group A is a T-module.

Proof. Since J[p? — 1] is T-stable, so is A = h(J[p* — 1]). O

Corollary 2. The Hecke operator U, annihilates A, and hence annihilates K and
Kt
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Proof. This follows immediately from Proposition 3 and the corollary to
Lemma 1. O

Corollary 3. The groups A and K are T 5-modules.

Proof. Since J[p? — 1] and X are stable under 7). (r =& p prime), we see that A and
K are stable under such 7T'.. Since Up annihilates A and K (Corollary 2), we see that
Aand K are T y-stable. [

We shall next analyse K+ in the filtration

A2K*2K20. 5

In particular, we shall prove

Proposition 4. The orthogonal complement K+ of K in A under the pairing €®
is (X1), where 2+ is the orthogonal complement of X in J(p> — 1] under the Weil
pairing épz_l.

3.4 The orthogonal complement K=+

21 0 p—1
, where n = num | ——
12

Recall the Weil pairing €,, (see [15, p. 183] for the definition) on J[n]:

In this section, we let m be b

e, JinlxJn] - u,

_ (6)
(,y) — e, (xy).
Since €,, is a perfect pairing, we obtain the isomorphism
J[n]> Hom(J[n], 1,,)
)

Yy (i x— 8,(x, ).

The cuspidal group C is the subgroup of J(Q) generated by ¢, the class of the divisor
Py — P, (cf. Sect. 2.1), and 1s cyclic of order n. Restricting cf to X, we obtain a

homomorphism ¢t € £ = Hom(X, it,,). Proposition 19.2 of [12] says that, for [ & 2,
c* projects onto a generator of X7", the {-primary part of £, if and only if Z; = T,.
Next, consider the pairing

Ernm = B2y ! Jip* - 11 x Jip - 1] — fp2 1
(@, y) = épn_(z,y).

As in the previous pairing €,, the generator ¢ of C determines a homomorphism
¢ exp = Hom(X}, p;¢).
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For any o € J/, we have the following relation:
(Cb(U))m =¢, (0,0)" = e,(mo, mc) = (mo)t(mo).

Using this relation and the fact [ ¥ m, we verify readily that ¢! projects onto a

generator of X/ if and only if so does .

Proposition 5. For x,y € J{p* — 1], we have the identity

¢ (h(x), hy) = & (@, py).

Proof. We identify J with its dual, and we also identify J x J with its dual. Then

the dual of h is the map hY : J x J — J, defined by h" ; = w,pr + Y.
T

Since ¢gr, = <7]3 p) on J x J with kernel 4, its pullback h*&* % on J
p

via the homomorphfsm h gives rise to the isogeny ¢p.+s+, @ J — J defined by
y = p(p? — Dy, i.e., ¢pugs+ is the multiplication-by-p(p? — 1) map on .J.
For x,y € J[p* - 1],

ko * ¢ 2 * ok 2
e (h@), h(y) = (7 (h(@), )" = "7 (x, )
2
= Epp2_ (@Y = (€, pY))’ = &,,(x, py) . 0
The multiplication-by-p map acts as an involution on .J [p*> — 1]. It also acts as the

identity map on the Shimura subgroup X'. Hence if we let y run through the elements
of X, we obtain Proposition 4 stated in Sect. 3.3.

Corollary. The orthogonal complement K* is a T-module, hence so is 2.

Proof. We show that K- is T-stable by demonstrating that X1 is T-stable. First, we
have the identity

€21z, y) = €y _zn’y), (8)

where x,y € J[p* — 11, n € End(J) and ¥ denotes the dual of r. Next, we observe
that wy = w, = =T, and T,Y = T, for all primes 7 + p. We also know that
End(.J) = T. Combining all these observations, and letting x run through the elements
of 5 in (8), we see that X+, hence K, is T-stable.

Since 2 = K+ /K, it follows that §2 is also T-stable. O

3.5 Proof of Theorem 3

Let A be in Suppy A.

3.5.1 Non-Eisenstein primes

The Eisenstein ideal J € T is the ideal generated by w,+1and T, — (1 +71)
for all primes r £ p. It is well-known that Ann; X = J [12, II, Proposition 11.7].
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Hence, the support of X' in T consists exactly of the Eisenstein primes. Suppose that
A € Suppy A is non-Eisenstein. In particular, A is not in Suppy X.

The groups X and X" are dual to each other, and the annihilator of X” in T is
in fact the image of the Eisenstein ideal J under the Rosati involution on End®(J)
with respect to the line bundle defined by the @-divisor. However, in this case, this
involution turns out to be the identity. Therefore, we have Anny X" = J = Anng X,
and Suppy X" = Supp, X. Consequently, we have Suppy A = Suppy X' U Suppy £2.
When A € Suppy 4 is non-Eisenstein, we have A ¢ Suppy X, so we conclude that
A € Suppy £2 and these are the only non-Eisenstein primes in Suppy {2. This proves
(i) of Theorem 3.

3.5.2 Eisenstein primes

There is a one-to-one correspondence between the Eisenstein primes in T and the
prime numbers dividing n [12, II, Sect. 9]. In fact, for [ a prime dividing n, the
Eisenstein prime A that corresponds to [ is the ideal (J,1).

In this section, we identify A with J[p? — 1].

(I) We assume that T, & Z,.

By Proposition 19.2 of [12], we see that in this case ¢, and hence ¢, does not
project onto a generator of X}. Hence, we see from the exact sequence

OAAEL%A‘%EA—*O ()]

that C; N X+ 5 0. In particular, C[I] € X
Therefore we have that 2}t [J] 2 X, C'[l] which implies that 0 & X7-[J] /E]

C 2173). Consequently, £2[A] = 2(7,1] :{: 0, which clearly implies that §2, :*: 0, i.e.
Ae Suppy §2.

(I) Next, we treat the case where T, = Z,.

First, note that A; = J[I/]. Hence, card(4,) = (I7)* and card(X}") = (/)1
where g = dim J.

Proposition 19.2 of [12] and (9) imply that C; N XX = 0. Hence C, & Xi- € A,
By considering cardinalities, we have the equality C, & Xj* = A,.

Lemma 2. As ideals in T, Anng 2, = Ann(3/(7) N F).
Proof. Assume first that T € T satisfies 73 € (If). Then, T induces a map

T :A; — AJ3]. Since J,[3] = C, @ X, we have also A,[J] = C, & X,. Composing
T with the surjection A,[J] — 4,[J1/X, = C;, we obtain a map

oA — A3/ X,

We want to show that X+ is in kera. By duahty, this means that we want to show
that the image of a” is contamed in X, where o” is the map

NLALTE = A,
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Since T acts on A,[J] via the quotient T/J, the image of o” is in A,[J1=C, ¢ X,.
However, when we consider the action of Galois on (4,[J]/X))", we see that it is a
u-type group (see [12]), so the image of o must lie in Y.

Now assume that 75/~ C ¥,. We want to show that 7’3 C (I/). This is equivalent
to showing that T'J annihilates A, = J [1{] because T = End(J). For i € J, we have
a map

Ti: A — A4;.

By considering the é,,-pairing (6), it follows that the image of T% lies in X, and T%
kills Z‘ll. Hence, we deduce a map

Ti:ElAHEl.

As Galois modules, X\ is Z/IfZ and X, is ;. Since | + 2, Ti is trivial, i.e.
Tie (). O

Now we return to the proof of Theorem 3. To check if A € Suppq {2, it suffices
to check if A 2 Anng 2, = Anng(J/(F) N J).

To complete the proof of the theorem, we only need to show now that A does not
contain Annp(3/(1) N J).

Since T, = Z,, from T/J ~ Z/nZ, we have JT, = [/Z,. In particular, JT, =
@NENT,. If Anng(T/(HNT) € A, then Z, = T, = Anng, (JT, /(F)NHT,) €
AT, =1Z,.

This is clearly a contradiction. Hence, Anny(3/(17)n7J) € \.
This completes the proof of Theorem 3.

3.6 Primes of fusion

In Sect. 3.2, we observed that any prime in the support of {2 is a prime of fusion. Since
Suppy, {2 is contained in Suppy A, we shall start with a prime m in Suppy A and
decide when m is in Suppy, {2.

Recall that (corollary to Lemma 1) U, annihilates H = h(J), and, for every prime
r=p, T, € Ty acts diagonally on H. Therefore, the ring Ty acts on H. Since I{
is isomorphic to J, we obtain a map (cf. introduction) ¢ : Ty, — End(J) = T that
sends 7T, to T, (r & p prime) and sends Up to0. If welet R=12Z[...,T,,...] be the
ring generated by the 7,’s, then ¢ induces a surjective map v : Tx /(U,) — R.

Proposition 6. The map ' : Ty /(U,) = R is an isomorphism.

Proof. Let ¢ : R — Ty /(U,) be the map that sends T, to 7. Then ¢ is clearly
surjective. The composition of maps ¥’ o g is the identity map on R. Consequently,
1 is injective and is therefore an isomorphism. [

Let m € Suppy, A. Then, since A is finite, m is maximal. Since U, € Anny A

(Corollary 2 of Proposition 3), Up € m and, thus, the image m of min Ty /(Up)
is also a maximal ideal. By Proposition 6, m can be regarded as a maximal ideal in
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R. Since T = R[Tp] and Tj — 1 = 0, we have that T is integral over R. By the
going-up theorem of Cohen-Seidenberg, there exists a maximal ideal A of T such
that AN R = m. In particular, %~ '(A) = m. Since p* — | € AnnTX A € m, such
a A automatically contains p? — 1 and is therefore in Suppy A. This proves the first
statement of Theorem 4.

Let A be such that A € Suppy (2.

For z € Ty, we see that

rw=Y@E).w Ywe . (10)

If z € Anng, {2, then ¢(z) € Anng £2 & X. Hence, Anng 2 € WA =m, ie,
m € Suppr {2. This proves (i) of Theorem 4.

"[l“o prove (ii) of Theorem 4, suppose that A ¢ Suppy {2 for all A such that
PTH{Ay=m.

For any such A, since A € Supp; A but A & Suppy {2, the argument in Sect. 3.5.1
shows that A € Suppy X and is hence Eisenstein.

Next suppose m = 1~ !(\;) = ¥~!(),), where A, and ), are distinct Eisenstein
primes. Let A; be (J,{;) and let A\, be (J,l,), where [, and [/, are distinct primes.
Then m contains [, and /,, and hence m contains 1, which contradicts the choice of
m as a prime ideal. Hence, X is unique.

Now assume further that m € Suppy X £2. Then {2, + 0, and so, in particular,
£2[m] % 0. Suppose that 0 + w, € 2[m]. Let m’ be the ideal in T generated by
i(m). In view of (10), we see that w, € £2[m’]. Pick a € Anng (2 such that a & A,
then w, € 2[m’' +(a)].

However, m’ 4-(a) is the entire ring T. Otherwise, we have that ¥/(m) € ¥(m) +
(a} & m’' +(a) & N for some maximal ideal A" & X (since a & A). However, ) is the
unique ideal containing (m) in this case, so A = ), which gives a contradiction.
Hence, m’ +(a) = T. But then, £2[m’ +(a)] = 0. This is a contradiction since w, F 0

is in 2[m’ +(a)]. Therefore, m ¢ Suppy, £2. This completes the proof of Theorem
4.

3.7 Suppy, §2: a direct determination

Let L(®) be the line bundle on J associated with the canonical ©-divisor (cf. Sect.
3.5.1). For ¢ € End(J x J), an easy calculation shows that the Rosati involution
b .
on End®(J x J) with respect to L = p] L(0) ® pj L(O) sends { = (i d) {with
al
bt
J, and ' denotes the image of = under the Rosati involution on J with respect to
L(©).
For 7 % p a prime, let

t
a,b,e,d € End(J)) to ¢’ = ( ZT ), where p, and p, denote the projections onto

N =T, ~U+r).

Then the 7n,’s act diagonally on J x J. After identification of J with JY via the
canonical @-divisor, it follows that 1. = 7,. € End(J x J).
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Let A" be Hom(A, G,,)). We let Ty act on A" in the following way: if t € T,
¢ € A" and d € A, then (t¢)(d) = ¢(td). This makes A" into a Ty -module.

Proposition 7. There is an isomorphism of Ty -modules A = A,

Proof. From the pairing e T AX A — p2 1, we deduce a map

A - AN
d — [d e 7 (dd).

Since the pairing is non-degenerate, A 22 A" as groups. To see that it is compatible
with the action of T, it suffices to show that for 7 € T, we have that ¢* * (nd, d’) =
et (d,nd"). Since U,, annihilates A, this identity is trivial for p = U,,. Therefore, it
suffices to check this equality for 5 = T,. (r & p). From Proposition 5, we have, for
z,y € JIp* — 1],

e (h(@), h(y)) = & (x,0Y) = Eyr_ (@ ).

Let L be a line bundle on an abelian variety V and let ¢, : V — V"V be the
isogeny associated to L. For ¢ € End°(V), the Rosati involution on End’(V) with
respect to L is given by ¢ +— ¢f = ¢, 0 ¢V o ¢, . There is a Riemann form E¥ of
L defined by

EF T, (V) x T, (V) —  limptm
Ef@,y) = (@ S W),

where = = (z,,), ¥ = (y,,) belong to T (V) and ¢ is a prime distinct from
the characteristic of the base field of V. A well-known property of E” is that
EX(¢z,y) = EL(x,¢ty) for any ¢ € End’(V).

When we take V = J and ¢ = 7, let ¢ be a prime dividing p> — 1 and write
p(p? — 1) = ¢°s, where (¢, 5) = 1, we see that for z,y € J[p? — 1],

o= 1y (1T, Y)° = e (18T, 8Y) = € (5T, 1,.8Y) = Epn (2, 1,4)° .
This implies that e®” “(n,.d,d') = %" (d,n,d') for d,d’ € A. Hence, A = A" as
Ty-modules. [

Let Jy be the annihilator (in T ) of the kernel K.

Lemma 3. The ideal 3 is generated by the elements: n, Up andn, =T, —(1+71)
for all primes r % p.

Proof. By Theorem 2 and the definition of J, we have that

Tx/Jx = End(K) ~ End(%) = Z/nZ.
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Let [ = (n, U,,n,. (vr =+ p)). Since n and 5, (regarded as elements of T) annihilate
X, they annihilate K as well. Since U, annihilates A, and K C A, it follows that
U, € Jx. Hence, I € J. We therefore have the following commutative diagram

Z/nZ — Ty /1

I l

where the maps Z/nZ — Ty /I and T /I — Ty /T are surjective.
The lemma follows immediately from this diagram. U
Remark. Observe that J,, = P 1),

Lemma 4. The kernel of T in A, ie., ATy, is equal to the antidiagonal in
J (31 = J,{J1.

Proof. We first note that if an element x of .J, is annihilated by 7, for all primes
r & p, then z is also annihilated by w, + 1 (cf. [12, p. 114]). In other words,
Sl 1= J3)

If (wzpy) € AJx1, then n,y = O for all primes » =+ p, ie, y € J;[J]. In

particular, w,py = —y and 4,[J ] & { (_?> ly € J[[j]}.
)
Conversely, y € J;[J] implies that 5, (for all primes r % p) and n annihilate

<—y>. Moreover, since n|p? — 1, we have that (hy) = (qupy) € A,. Since
Yy Y Y

U,, annihilates A, it follows from the previous lemma that (—y) € AlTx]. O
Y

We are now ready to prove Theorem 5.

Assume first that T € Ty is such that 7Ty & Anng  A;. Then T induces a map

o= ()

previous lemma that we have the equality A,[Jy] = K, ® D,. The map 8 : A, —
A3x1/ K, ~ D, composed of 1" and the canonical map A,[J] — 4,[I1/K,
induces, by taking duals, a map

T:A — AlTx].

T € C}. Since J,[J] = X, @ C, for [ & 2, it follows from the

BhID) - AP A,

We want to prove that K [L is contained in the kernel of 3, which, by duality, means
that #"(D}") is contained in K.

Since D, is annihilated by 7, for all primes % p, so is 3"(D;}"). Moreover, A,
is annihilated by n and Up. Hence,

MDY EABx]I=K ®D;.
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Since C” is a p-type group (see[12]), so is D;*. This means that 5"(D}") must lie in
K,. Hence we obtain Anny_(Jx/(Annp, A, NTx)) € Anng 02,

Conversely, assume that TK;- C K.

We have nd, =0 C K" and U,A; =0 < K.

Foralld € A and 0 € K,

& (n,d,0) = ¢/ (d,n,0) = 1

since 17,0 = 0. Therefore, for d € A,;, we have n,d € Kj*, ie, 0.4, € K;*. Now
for i € Jy, T induces a map

Ti:Al—>Kl

whose kernel contains K;-. This gives a map A,/Kj" — K, ie. K> — K,. The
action of Galois on K" is trivial while that on K, is given by the cyclotomic character
(see [12]), so (since | & 2) this last map is trivial, which in turn implies that T A, = 0.
This completes the proof of Theorem 5.

4 The old subvariety and the old quotient of Jo(p?)

In this final section, we apply Theorem 2, as well as Proposition 3, to a question raised
by Mazur {13, Sect. 2b, Remark]. Note that our abelian variety A is by construction
the old subvariety of Jo(pz), and its dual AV is the old quotient of Jo(pz) (cf. [22]).
The question that Mazur raised is to obtain information about the degree of the map

¢, A~ AY

defined in Sect. 3.1.
Since deg(¢s+ ) = deg(6)* deg(¢ ., ), we have card(A) = card(K)? deg(¢., ). By
Proposition 3, card(A) = (p*—1)?9, where g is the dimension of J(p). By Theorem 2/,

card(K) = n = num <p_12__> Therefore, we obtain

(pZ . 1)2g

Theorem 7. The isogeny ¢, is of degree 5
n

p—1

, Where g is the dimension of

Jo(p) and n is the numerator of when the latter is expressed in lowest terms.
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