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For N _>_ 1 an integer and Art => 1 a divisor of Ar, let X o ( N )  and X o ( N  ~) be the 
classical modular curves over Q, and let Jo(N) and Jo(N ~) denote their Jacobian 
varieties, also defined over Q. If  D __> 1 is an integer such that D N  ~ divides N ,  
then one can define the degeneracy map v n : X o ( N  ) -+ Xo(Ar' ) (cf. [13] and [11, 
Sect. 6.1]). Recall that v n is defined as the map deduced from the transformation 
r ~ DT of  the compactified Poincar6 upper half plane. The Riemann surface 
Yo(Ar) = X o ( N )  - {cusps} parametrises the isomorphism classes [ E , C ]  of pairs 
(E,  C), where E is an elliptic curve and C is a cyclic subgroup of E of order N.  On 
Y0(Ar), the action of v D is given by 

Vu([E,  C]) = [ E / C  D, C N , o / C o ] ,  

where C n and CN, n denote the unique subgroups of C of orders D and N ' D  
respectively. 

The map v n induces, via Pic functoriality, a map v~ : Jo(N  ~) ~ Jo(N) of  abelian 
varieties. 

Given an integer M ~> 1, let p >= 5 be a prime not dividing hi.  Let N = p ~ M  and 
N '  = p M  in the notation above. Then we obtain r degeneracy maps v l , . . . ,  vp,. ~. 
Let "7 be the map 

�9 jo(pM)~ Jo(p~M) ~ = V t  X ' ' '  X Vpr 1 ; - - - *  �9 

Let T ( p M )  and T ( S M )  denote the tori in the reduction modulo p of Jo(PM) and 
Jo(PTM) respectively. In Sect. 1 of this article, we prove 

Theorem 1. The map 7 : Jo(PM) ~ --+ Jo(P'rM) induces an isomorphism 

( T O M ) ) "  ~ T(p~M).  

* Present address: Department of Mathematics, National University of Singapore, 
Singapore 0511 
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To prove Theorem 1, we first summarize in Sect. 1 a method to calculate the toms 
in a Jacobian as outlined in SGA 7I, Expos6 IX [8], and then apply the method to 
the minimal resolutions of  X0(P"M) as constructed by Edixhoven [7]. 

As a consequence of  Theorem 1, we obtain in Sect. 2 (by setting M = 1) 

Theorem 2. The kernel K of the map ~ : do(P)" -+ .Jo(p '~) is the group 

x i S ~ ( p )  for a l l i ,  x i = O  , 
i = l  

r 

where ~(p) denotes the Shimura subgroup of Jo(P)" 

Theorem 2 should be regarded as a counterpart to Theorem 4.3 of [19], 
which says that: if p is a prime not dividing a given positive integer N,  then 
the kernel K '  of the map v~ x v* : Jo(N) x Jo(N) ~ Jo(Np) is the group 

E S ( N ) ,  x + y = 0 , where ~ ( N )  denotes the Shimura subgroup 
Y 

of Jo(N). 
The proof of  Theorem 2 here and that of Theorem 4.3 in [19] are completely 

different. The proof in [19] is cohomological in nature, while the proof of Theorem 2 
we give in this article is done by passing to the reduction modulo p of the Jacobians 
J0(P) and J0(p~'). 

Theorem 2 has several applications, of which we discuss two in Sects. 3 and 4 
of this article. The first application concerns the problem of establishing congruence 
relations between weight-2 cusp forms of level p and p2 (p a prime), and the second 
determines the degree of  an isogeny from the old subvariety of  J0qo 2) to the old 
quotient of J0(p2). 

Let S = S2(Fo(P2)) be the space of  weight-2 cusp forms of level p2 and trivial 
character. Let X be the subspace (of S) of oldforms associated to /7o(;o). Let Y be 
the orthogonal complement to X under the Petersson inner product on S. Hence, 
S = X | Y. There are Hecke operators acting on S (cf. [1]). For a prime n ~: p, we 
denote the n th Hecke operator acting on S by Tn; for n = p, we use Up for the pth 

Hecke operator. We use the same notations for the Hecke operators acting on J0(p2). 
Let Tp2 be the subring of  End(S) generated by these Hecke operators. The space Y 
is Tp2-stable by Theorem 3 of [1]. It is easy to see that X is also Tp2-stable. We may 
therefore define T x (resp. T z )  to be the subring of End(X) (resp. End(Y)) generated 
by the Hecke operators. The rings T x and T z are quotients of Tp2, and Tp2 is a 
subring of T x | Ty .  A prime ideal fa of Tp2 is a prime of fusion if it contains the 
conductor of the ring extension Tp2 ~-+ T X G T y .  The image of ~ in T x (resp. T y )  
is a prime ideal go x (resp. 9y) .  (By abuse of language, we shall call them primes of  
fusion as well.) Moreover, we have isomorphisms 

T x / ~J x -~ Tp2/~J ~ T z  /~) Y . (1) 

The Hecke operators T,~ also act on S2(F0(p)) (resp. J0(P))' Let T v denote the ffh 
Hecke operator on S2(F0(p)) (resp. J0(P)). Let T be the Hecke algebra generated by 
T and the Tn's .  There is a well-defined map ~ : T x --~ T (see Sect. 3.6) that sends 

to T,,, and Up to 0. 
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We construct in Sect. 3 a Tx-module  D whose support contains only 
primes of fusion, as well as another Tx-module  A which turns out to be 

t ( - T ; P Y )  I y  E Jo(p)[p2 - 1 ] } . T h e  ring T also acts on $2 and z3. The sup - 

port of A (in both T x and T) contains the support of  X?. Then we prove in Sect. 3 
the following theorems about the primes of fusion: 

Theorem 3. Let/~ be in Supp T A 
(i) I f  A is non-Eisenstein, then A E Supp T X?. 

(ii) I f  A is the Eisenstein prime ('3, l), where 3 is the Eisenstein ideal in T, and 

l =~ 2, 3 is a prime dividing num ~ , then )~ E Supp T S? r Tx ~= Z~. 

Remarks. l. The notation num - ~ -  refers to the numerator of  p 12 - when it is 

p - 1  
expressed in lowest terms. It is equal to 

(p - 1,12) '  
2. From [12], we see that the only instances (for p < 250, p + 2) where Tx + Zt 

(1 4- 2, 3) a r e : p =  31, l = 5 ; p  = 103, l = 1 7 ; p =  127, l = 7 ; p  = 131, l = 5; 
p =  1 8 1 , 1 = 5 ;  a n d p = 2 1 1 , 1 = 5 .  

Theorem 3 is then used to obtain 

Theorem 4. Let m E SuppTx A. Then there exists a maximal ideal A of  T such that 

~3--1(,~ ) ~_ m and A E Supp T A. 
(i) I f  there exists one such ~ such that ~ E Supp T g2, then m E SuppTx F2. 

(ii) lJ; for all such A, we have A q Supp T f2, then ~ is unique, it is an Eisenstein 
prime, and m ~ SuppTx FL 

Let 3 x be the annihilator in T x of the kernel K of 7 : J0(P) 2 -~ Jo(P2) �9 We also 
give in Sect. 3 a direct characterization of  the primes of fusion: 

Theorem 5. Let I=~2, 3 be a prime dividing num ~ . We have the equality 

AnnTx f2t = AnnT x ( 3 x / ( AnnT x A t VI 3 x ) ) , 

where f)t and A l denote the l-primary parts of  O and A respectively. 

The task of determining wllether a given prime in T x is a prime of fusion is in fact 
closely related to the problem of eslablishing congruence relations between weight-2 
cusp forms (and especially newforms) on F0(p) and F0(p2). 

Let f = ~ a,zq "~ be a normalized Hecke eigenform on F0(P). Then the extension 
L of Q generated by the coefficients a, a is a number field; let ~<' denote its ring of  
integers. We have naturally the homomorphism 

Ox : T x  ~ ~ 

defined by 4~x(T,,) = %, and Ox(Up) = O. 
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Suppose A is a maximal ideal in & such that the characteristic of  the residue field 
k = U~/A is not p, and let fo x = qsxt(A). Since T x / f 3  x injects into the finite field k, 
g3 X is also maximal. The injection Tx/gO x ~ k is given by T,~ rood g')x ~ a~ rood ~. 

Theorem 6. Let f ,  L, #~, ~, k, 4 x  and P x  be as defined hereabove. I f  P x  is a prime 
of  fusion, then there exist a finite extension L ~ of  L and a newform 9 = ~ b~q" of  
level p2 such that 9 is an eigenform.[or the Hecke operators T,~, and b~. =- a~ rood %~ 
for  all r prime to p, where ~ is a prime ideal in the ring of  integers & ~ of  L' such 
that A~ N d = A. 

Proof. First, we note that the isomorphism (1) gives the injection T y / g ) g  ~-~ k. 
If we let SQ denote the subset of S consisting of forms with rational q-expansions, 

it is known that S = SQ | C. We also have SQ = XQ �9 Y-~ (cf. [26]). These 
two facts, together with the fact that forms with rational q-expansions have bounded 
denominators, imply that .N is a free Z-module of rank d = dim c Y, where .N is 
the subspace of  Y consisting of  forms with integral coefficients. If 9 denotes the 
dimension of S'2(F0(p) ), then dim c X = 29. If 9 ~ = dim c S, then d = 9 ~ - 29. In 
T x ,  since Up satisfies U 2 - TpUp = 0 (see Lemma 1 in Sect. 3), the rank of  T x as a 
Z-module is 29. Since Tp2 and T x | T y  have the same Z-rank and 9 ~ = rank z Tp2 
is well known, T y  is a free Z-module of  rank d. The q-expansion map . ~  --4 Z[[q]] 
has torsion-free cokernel, which implies that the map 

�9 d | k - - ~  k[[ql] 

is injective. Consider the bilinear pairing 

( ' ~ |  k) x (Ty  |  k) ~ k 

taking (f ,  T) to the coefficient of  q in the q-expansion of  f i T .  The argument in [20] 
gives an isomorphism 

. ~ z  k ~  H o m z ( T y , k ) .  

Considering the map T,~ ~-~ (G~modA) in H o m z ( T y , k ) ,  we find a form h C 
�9 ~ |  k whose q-expansion coefficients are t,~ = a.r~ mod A. The form h is clearly an 
eigenform for the Hecke operators T,~ with eigenvalues a.,~ mod )~. 

Theorem 6 then follows from Lemme 6.11 of  [5]. [] 

Since any newform is a finite linear combination of normalized Hecke eigenforms, 
Theorem 6 enables us to determine, given a newforn~ f = ~ a~@ on _N0(p), when 
there exists an extension L of Q and a newform 9 = ~ b~q ~" on F0(p 2) such that 
b,. - a~ mod A for all r prime to p, where A is a prime ideal in the ring of  integers 

in L. 
Finally, in Sect. 4, we discuss the second application of Theorem 2. If  A is the 

old subvariety of  J0(p 2) and A v is the old quotient, Mazur [13, Sect. 2b, remark] 
has asked for information about the degree of the isogeny A : A --+ A v, obtained by 
composing the inclusion A ~ J0(p 2) with the projection Jo(p 2) ~ J0(p2) v --~ A v. 
Using Theorem 2 and our knowledge of  the A defined in Sect. 3, we show that the 

(/'o2-1)29 ( p - l )  
degree of  A is n2 , where z~ = n u m  - - i T -  and 9 is the dimension of J0(p). 
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1 The tori of do(p"M)/vp (p XM) 

t.1 Calculating the torus 

Let C be a curve over a p-adic field E of characteristic 0, with residue field k of  
characteristic p. To find the toms in the reduction modp  of the Jacobian of  C, we 
apply the following method. 

Let P denote the N6ron model of the Jacobian Pic~ of C and let P~ be the 
connected component in the special fibre. Let C ~ be a regular model of C over the 
ring of integers of E,  and let ~ be the special fibre of C'. Suppose that the greatest 
common divisor of the multiplicities of the irreducible components of ~ is 1. Then 
the results of Raynaud (cf. [8, Sect. 12] and [17]) imply that 

P~ ~ Pic~/k 

We can calculate the maximal torus of Pic,~/k, where Z is a separable and proper 
curve over a field k (which is assumed to be separably closed for simplicity), as 
follows (cf. SGA 7I, Expos6 IX [8]). 

Let , ~  be the set of irreducible components of  ~ ,  the normalization of  ~ ,  and 
for each x C ~ that is a singular point (i.e. x belongs to > 2 components), let 
~ (x )  be the set of 'branches'  of ~ passing by x (i.e. points of ~ lying over x). Let 

/~(x) = Z(~ (:':) be the set of elements of Z ?(,x.) of degree 0. (This set is denoted R(x) o 
in [8].) Labelling the components in ~ in some fixed way, we can define a map 

0 : OxR(X) ~ Z ? as follows: each /?(z) may be regarded as a subgroup of Z ? by 
the obvious injection (since ff(~:) is a subset of  ~) ,  and then 0 is the component-wise 
addition. If we let :~- denote the torus of  Pic~/k, then the character group .~ ' ( .7 )  
satisfies 

~ 
~ ,  ~ -  def 

. ~ ( . - ) =  Horn(.7,  Gin) ~ ker(@~,~(z)~Z?).  

We have implicitly assumed ~ to be reduced. However, even if g is not reduced, 
we can still use the recipe. In fact, we have the following 

Proposit ion 1. Let k be a perfect field. Let ~ /k  be a non-reduced curve, and let Ured 
denote the reduced scheme associated to ~.  Then Pic~/k and Pic~ "k have the same 

red / 
maximal torus. 

For the proof, see, for example, [17, Sect. 6.2.3]. 

1.2 Regular models of Xo(P"Al) (p XM) 

In order to apply the above recipe to calculate the toms of the Jacobian Jo(p"M), 
we need a model of  Xo(P"M) that is regular. It is well-known that Xo(f 'M) | Fp 
consists of  r +  1 irreducible components, each of which is isomorphic to Xo(M)@zF p, 
crossing at every supersingular point and nowhere else. The components are indexed 
by pairs of non-negative integers (a, b), where a + b = r. The (a, b)-component has 
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multiplicity pt(p _ 1), where t = min(a, b) - 1. We shall use Ja to denote the (a, b)- 
component. A regular model  of Xo(P"M), called the minimal resolution and denoted 

by )(0(P"M),  is obtained by blowing up the model of Xo(PrM) over Spec(Z) at all 
the singular points until it is regular (cf. [4] and [7]). Here, we give a summary of  
the complete description of X0(P"M) |  ~'p in terms of Xo(M) | F'p. The reader is 
referred to [7, Sect. 1] for more details. 

Step I. Take the disjoint union of  r + 1 copies of Xo(M) | Fp and let O be the 
morphism 

o: I I  Xo(m) Oz F~ -~ Xo(M) Oz ~ 
a+b=r 

the identity morphism if a > b, 

defined by (absolute Frobenius) b-a Q id~p if a < b. 

Step H. At every supersingular point x of  Xo(M) | Fp, O- i x  is contracted to one 
point with local equation 

(X -- yP~')(X p~" -- y) 
I pb--I p 

1-I ( x<-  - y ) _1 
a+b=r 
a,b>O 

Step Ill. For x C Xo(M)(F p) corresponding to j (E)  = 1728: 

(i) if  x is supersingular (p = - 1  mod4) ,  we replace x by one copy of  p1, which 
meets the j a 'S  (a < b) at a point Yl, meets the ja'S (a > b) at a point Y3, and, if r is 
even, meets Ja (a = b) at a point 92. 

This added irreducible component has self-intersection number - 2 ,  and it has 

p + 1 - l +  2 
multiplicity - - ~ P  if  r is even 

r 1 

p ~ -  if r is odd.  
(ii) if x is ordinary (p -= 1 mod4) ,  then replace each x~, b (a, b > 0), where x~, b 

is the point on j~ lying over x, by a copy of p1 which meets j~ at w~. 
Each of these r - 1 copies of p1 has self-intersection number - 2 ,  and the 

multiplicity of the copy replacing x~, b is ~p_~_pt, 

Step IV. For x E Xo(M)(F p) corresponding to j (E)  = 0: 
(i) if x is supersingular (p _= - 1 rood 3), then 

�9 if r is even, replace x by a copy of p1, which meets the j~ ' s  (a < b) at a point z l, 
meets the ja's (a > b) at a point  z 3, and meets j~ (a = b) at a point z 2. 
The self-intersection number of  the added component is - 3 ,  and its multiplicity is 
p + 1 -l+-~ - - p  

3 
�9 if r is odd, replace x by a chain of two copies of p1. One copy meets the ja'S 

(a < b) at a unique point, while the other meets the ja'S (a > b) at another unique 
point. These two copies of p l  meet each other at yet another point. 
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Each of  these two copies of  p1 has self-intersection number - 2 ,  and multiplicity 
7"--1 

p T .  

(ii) if X is ordinary (p -- 1 rood 3), then replace x~, b by a copy of  pl ,  for a, b > 0. 

Each of  these r - 1 copies of p1 has self-intersection number - 3 ,  and the 

multiplicity of the copy replacing x~, b is ~ _ _ p t .  

1.3 Relaxing the regularity condition 

In this section, we show that if we carry out the calculations of  Sect. 1.1, using 
Xo(P ~'M) |  Fp instead of the minimal resolution )(0(PrM) | ~'p, the character 
group thus obtained is isomorphic to that obtained by using the minimal resolution. 
The idea of  the proof is similar to one used by Ribet in [20]. We shall treat carefully 
the case of even r. The proof for the case of odd r is essentially the same. 

(i) When r is even 
We already know that Xo(P"M) |  l)p consists of r + 1 irreducible components, 
all intersecting at the supersingular points. Let s 2, s 4 and 86 denote the number of 

i a n d  t supersingular points x with Card(Aut(x)) = 2, 4 and 6 respectively, and let 84 86 
denote the corresponding number of ordinary points. 

For X 0 ( S M )  |  Fp, using the notation in Sect. 1.1, we see that 

@~(35') ~ @Zo ~'(x) ~ ( Z r )  s2 @ G ,  

where 

G = Z u" 1)4 | Z(r-l>g | (Z~/2 | Z | Z"/2) ~4 | (Z "/2 | Z | Z'Y2) *~. 

Moreover, we have that Z0 ~ -~ Z "+**, where 

U = (8 i q- ,S~)(r  -- 1) 2i- 8 4 -~- 8 6 . 

The character group .~'(T(p~M)) of the toms is the kernel of  the map 0 : | ---+ 
Z ?.  (The components added in Steps III and IV of  Sect. 1.2 have been labelled from 
J,-+l to j~+,~ in some definite way.) 

Applying Sect. 1.1 to Xo(PrM) |  ~'p, we see that @R(x) ~ (Z*') ~2+s4+s6 and 

Zo 7 ~ Z ~. Let Z denote the kernel of 0 : @R(x) --+ Z 7 defined analogously to 0. 
(Note that R(x) ~ Zd r since ~ (x )  = 7 . )  

We have an injective map t : Z07 --, Zo~ defined as follows: for ( a0 , . . . ,  %)  E Z~,  
we have L(a 0 . . . .  , %) = ( % , . . . ,  %, 0 , . . . ,  0). 

There is another natural injective map 7 : @R(x) --+ | which we shall define 
by giving its action on each R(x). 

If x corresponds to a supersingular point for which the j-invariant is neither 0 nor 
1728, then r ( x 0 , . . . , x ~ )  = ( x 0 , . . . , x ~ , 0 , . . . , 0 )  c /~ (x )  for the same x. 
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If z corresponds to j = 1728 (the case of Sect. 1.2, Step III (i)), the image 
of R(x) lies in /~(Yl) | R(Y2) O /~(93) _C_ ~)/~(x). For (zo,. . .  ,xr) E R(z), its 

in /~(91) is the element whose entries are: z~ in the ith coordinate ( 0  < 

/ 

image 
\ 

i _-< ~ - 1 , - x  0 . . . . .  :c~_ 1 in the coordinate corresponding to the added pl,  and 
2 

r th 
0 elsewhere. Its image in /~(Y2) has as entries: x,. in the coordinate, - x , .  in the 

coordinate corresponding to the added p1, and 0 elsewhere. Its image in/~(Y3) has as 

entries: x i in the ith coordinate + l <_ i <- r , -z~+l . . . . .  x,, in the coordinate 

corresponding to the added p1, and 0 elsewhere. 
The case where j = 0 is similar, with zl ,  z2, z 3 replacing Yl, Y2, Y3. 
Now, it is easy to verify that we obtain a commutative diagram 

0 , z ~ e R ( ~ ) 0  o zd~ 

o , . Z ' ( T ( p " M ) )  ----, e~(~)0 o Zo 7 o, 

where t~ is induced by r and ~. Since r and c are injective, so ,s ~c. The rank of Z 
is r(s 2 + s 4 + s 6 - 1) and so is that of .Z ' (T(p~M)) ;  hence the cokernel of ~ is a 
torsion abelian group. 

A straight-forward argument using the definition of  r shows that coker T is torsion- 
free. By the Snake Lemma, coker~  injects into coke r r .  Since coker~  is a torsion 
abelian group while cokerT is torsion-free, we conclude that cokert~ = 0. Hence 
the groups Z and .Z'(T(p~M)) are isomorphic. In other words, when r is even, we 
can use Xo(P"M) | Fp rather than f(o(p~M) ~z  Fp to calculate its character group 
.Z'(T(pT M)). 

(ii) When r is odd 
The argument that we use for this case is essentially the same as for the previous 
case, except that, when r is odd, 

r+[ 7"+1 r+l r+l 
G = Z (r-I)8~ (~ Z ( r - l ) 8 ;  (~ (Z  ~ -  @ Z ~ )  84 (~ (Z  -5 -  (~ Z (~ Z ~ )  86 . 

and 

~t=(8~-[-8;)(r-- 1) - [ -84+286  . 

1.4 Proof of Theorem 1 

Let ,;r ( r e sp . .7 )  denote the set of irreducible components of  Xo(P"M) | Fp (resp. 

Xo(PM) | Fp). Note that f f  has r + 1 elements and J has 2 elements. We label 
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the e lements  of  .)g as j~. as in Sect. 1.2. S imi lar ly ,  the e lements  of  . 7  can be writ ten 
as i 0 and i 1. F rom Sect. 1.3, we obtain the two exact  sequences 

o . ,  (yqo M)) (ZOO) s~+~+% Z~ 0, 

and (setting r = 1 in Sect.  1.3) 

0 , . Z ' ( T ( p M ) )  ---+ ( Z ~ )  ~2+~4+s6 ) Z ~  ~ 0 .  

On Xo(P"M)|  ~'p, an ordinary point  on j~ can be descr ibed  by two ordinary el l ipt ic  
F a a ~ �9 ~ b  

curves Eo, E,, (over  I~p) and an i sogeny Eo-~E~i p )~E~?~ where  F o is the 
Frobenius  for E 0 and V r is the Verschiebung for  E,,. Using this descript ion,  we 
determine the action of the maps  v l , . . .  , vp,~ ~on 27 to be the fol lowing:  

{ i  1 h + l  <_a<_r 
v p ~ ( J a ) =  i o 0 _ < a < - h .  

Now we choose  the base  of  Zo 7 to be i 0 - i I and that of  Z0s to be J0 - J l , J o  - 
J 2 , " "  ,J0 -- J,r" The map  vvh then sends J0 - J~ to 0 if 1 _< a _< h, and i 0 - i I if  

h + 1 _< a _< r.  This extends,  by  l inearity,  to a map  Z6 e --~ Z~ ,  which  shall also be 
cal led vvh. This gives us r commuta t ive  d iagrams  (one for  each h: 0 -< h <- r - 1) 

o ~ .Z ' (T(SA~t ) )  - - ~  (Z07)~:+~+.% , z ( (  - - ~  o 

where the map  Z0 ~ ---+ Z() 7 is vph, and the other two vertical  maps  are induced by Vph. 
The map  u = (v l , . , .  ,vp,. ~): Z ~  --~ Zi) 7 |  @ Z ~  is then given by the square 

r x r matr ix  (with the same bases  as above)  

1 . . . 

�9 o . .  

0 �9 �9 �9 

which is c lear ly  invertible.  
Hence,  the map  u is an i somorphism.  The induced map  

. :  (z~)s2+~4+s6 __~ (z~7)~2+s4+s6 ~ . . .  ~ (z~)~2+~+.~6 

is hence also an i somorphism.  This  implies  that 

. s  ~_ .Z'(T(p M) ) |  | .Z'(T(p M) ) ~_ ,Z'( (T(p M) )") . 

Therefore,  we obtain the i somorphism (T(pM))" ~ T(prM).  
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2 The kernel K 

2.1 Group of components and degeneracy maps 

(x) As representatives of the cusps of X0(N), we use as in Ogg [16] the vectors 
Y 

where yIN,  y > 0 and (x, y) = 1 with x taken modulo (y, N/y ) .  When N = p a 

prime, t h e r e a r e o n l y t w o c u s p s P l a n d P p o n X o ( P ) , w h i c h a r e r e p r e s e n t e d b y ( O 1 )  

and ( ~ )  respectively. 

Let c E Jo(P)(Q) be the class of the cuspidal divisor Pl - Pp. Then c is of finite 
p - 1  

order n = n u m  ( ~ - ) [ 1 6 ] .  

The r degeneracy maps from Xo(P ~) to Xo(P) are denoted v l , . . . ,  vp,--L. Recall 

* : Jo(P) ~ do(P")" They that these maps induce, via Pic functoriality, the maps vp~ 

also induce, via Albanese functoriality, maps (vpe). : J0(p ~) --+ J0(P) between the 
Jacobians. (The Jacobian Jo(N),  regarded as an Albanese variety, parametrises the 
classes, modulo principal divisors, of divisors of degree 0 on Xo(N) . )  

For 0 -< d <_ r and 0 _< ~5 _< r -  1, let 

a( d, (5) = 
pr-~5-d(pd, p5)2 

(pd, p,--d) 

Information on the ramification behaviour of the cusps in the covering vp6 : 
X0(P ~) --~ X0(P) may be obtained from the divisor of A6, where A6(7-) = A(&r) and 

A(7-) = q f i  (1 - qn)24, q = e27rir (cf. [16]), and we deduce easily that 
rz=l 

v;6(c) = class of 1 ( ) p - 1 ~-2(a(d'd,:~ ~) -- a(d, (5 + 1)) pdX . (2) 

Consequently, we obtain 

Proposition 2. With the above notations, we have (vl) , o v;6(c ) = c. 

Proof. From (2), it follows that 

1 
(vD,  o v;6(c) = class of 1 (a(O, (5) - a(O, 5 + 1))(P 1 - Pp) p -  

_ 1 (pr-6 _ pr -6-1)c  
p - - 1  

= p V - 5 - 1 C  = C .  [] 

Let ,Pp denote the group of components of the special fibre of the Nfron model of 
J0(P)- It is known that Cp is generated by the cuspidal divisor c (see [12, Appendix]). 
Therefore, we obtain from Proposition 2 

Corollary.  The endomorphism (Vl) , o vp6* of Jo(p) induces the identity map on ~p. 
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2.2 Proof of Theorem 2 

Let 

= x i E  Z'(p) for all i, x i = 0  ~ . 
i=1 T 

Since the degeneracy maps from J0(P) to Jo(p") coincide on the Shimura subgroup 
~F(p) [11, Theorem 4], we have the inclusion K o ~ K .  

Considering J0(P)" and J0(p ~') as abelian varieties over Qp, [8, Sect. 51 and [2] 
show that the tori T(p) ~ and T(p  ~) in their reductions m o d p  have liftings T(p)"  and 
T(p  ~') to J0(p) ~ and Jo(P") respectively. 

Since the map 7 : Jo(P)" -+ Jo(P") induces an injection T(p) ~ ~ T(p~), it also 
induces an injection T_(p) ~ ~ _T(p"). In particular, K A _T_(p) r = 0. Consequently, 
the Galois action on K is trivial. Hence, K extends to a constant (finite, flat) group 
scheme K over Zp, and K embeds in the N6ron model of J0(p) ~. Furthermore, K 
has trivial intersection with T(p) ~. Since J0(P), and hence J0(p) ~, has purely toric 
reduction, the special fibre K s injects into the group of components ~ of J0(PY). 

Let ~ '  : J0(p ~) ~ J0(p) ~ be the map defined by 7 ' (x)  = " . Then the 
\(~.p,, l ) , x }  

composition 7 ~ o 7 : J0(P) ~ -* Jo(P) r can be represented by the matrix 

( (Vl)~V ~ ('U1)~V; ... (Vl)~V;r-I) 

(vp, l ) , V ;  . . .  

Clearly, K C ker(7 '  o 7). Passing to the N6ron model, we see that, since K is flat, the 
fact that 7 '  ~  annihilates the generic fibre (of K) implies that it annihilates the special 

fibre as well. Let  E K~ ~ ~p. Then we have ( v l ) , v~x  I + (Vl),V*X 2 + . . .  + 
T" 

(Vl),V;,. l:C~ = 0. By the corollary to Proposition 2, it follows that x I + .  �9 - + x ~  = 0. 

{(i') / Therefore, K s C= p = C ~ x~ = 0 . This shows that card(K~) (and 
r i=l 

( (P-- l~W-l 
hence card(K))  is at most n u m \  12 J J  = card(E(p))  "-1 = card(K0). Since 

K0 _C_ K ,  we conclude that K = K 0. 

3 Congruence relations between cusp forms of level p and p2 

In this section, we shall apply a special case of Theorem 2 to the problem of  
establishing congruence relations between weight-2 cusp forms of  levels p and p2. 
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More precisely, in view of  Theorem 6 in the introduction, we shall prove Theorems 
3, 4 and 5. 

The problem of finding congruence relations between cusp forms of  different levels 
has been extensively studied. For example, let p, p~ be distinct primes, and let M be 
prime to pp~. Consider a weight-2 Hecke eigenform f : ~ anq "~ of level dividing 
p~M and divisible by pr. Let (~ be the ring of integers in some (sufficiently large) 
finite extension of Q( . . . , a ,~ , . . . ) ,  and let A c #~, be a prime ideal such that the 
characteristic l of  F = ~ / A  is prime to pp~M. Assume that the Galois representation 
associated to f 

0~, : Gal(Q/Q)  ~ GL2(F ) 

is irreducible. Ribet (cf. [19, 20]) showed that, if one of the congruences 

Tr(ox(Frobp)) ~-~ •  + 1)rood/ (3) 

holds, then one can find a weight-2 newform 9 = ~ b,~q ~ of level N r, where N r 
divides pptM and is divisible by pp~, such that a,. = b,. mod A for almost all primes 
r. Generalizations to forms of higher weights have been obtained by Diamond [6], 
Jordan and Livn6 [9]. 

A particular case of Ribet's result, with M = 1, implies that, if one starts with a 
weight-2 newform f of  level p~, and (3) holds, then one can find a weight-2 newform 
9 of level pp~ such that a~ - b~. mod A for almost all primes r. Here, p and pr are 
distinct. In this section, we study the complementary problem of what happens when 
p = p t .  

Problem. Given a weight-2 new)brm f : ~ a~q n on ~ ( p )  (p a prime), let A be a 
prime ideal in the ring of integers ~ of a sufficiently large extension of Q in Q such 
that the characteristic of the residue field ~ /A is not p. When is there a weight-2 
newform 9 = ~ b,,~q ~ of level p2 such that a,, = b~ mod A for all primes r =~ p ? 1 

As explained in the introduction, due to Theorem 6, this above problem becomes 
one of  determining whether a given prime in T x is a prime of fusion. To achieve this, 
we borrow ideas from Ribet 's proof in [19] and make use of  Theorem 2 with M = 1 
and r = 2 (cf. [19, Theorem 4.3]). After some preliminary definitions and notations 
in Sect. 3.1, we construct in Sect. 3.2 a Tx-module  (2 whose support contains only 
primes of fusion. Then in Sects. 3.3 and 3.4, we study a Tx-module  A which has a 
filtration (of T x-submodules) of the form 

A:M0~MI= =~M2~M3=0,= (4) 

where M l / M  2 is isomorphic to ~Q and _M 2 = K. We also show that M 0, M 1 , M 2 and 
f2 are all T-stable. 

The proof of  Theorem 3 is given in Sect. 3.5, by making use of  the fact 
Supp T A = Supp T S(p)tA Supp T ~2 and Proposition 19.2 of  [12]. Theorem 3, together 
with the map ~) : T X ~ T alluded to in the introduction, is subsequently used in 
Sect. 3.6 to deduce Theorem 4. Finally in Sect. 3.7, we give a direct characterization 
of the primes of  fusion, without having to go via the support of $2 in T. 

t Ribet has informed me that this problem may also be answered using results of Carayol [3] 
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3.1 Definitions and notations 

For the rest of this paper, we let M = 1 and r = 2 as in the introduction. 
Consider the map 2/ : Jo(p) 2 -~ J0(p2). Let A denote its image, and let 

: A -~ J0(P 2) be the natural inclusion. Let O be the canonical divisor on J0(p 2) 
and let 4~0 be the canonical polarization of  Jo(p2). Then O and t induce an invertible 
sheaf %' on A. Let r : A --* A v denote the isogeny defined by Z ,  where A v is 
the abelian variety dual to A. Let K z denote the kernel of  0 ~ .  

The map 7 induces an isogeny (5 : J0(p) 2 ~ A, which in turn gives rise to a 
pullback 6" ~ of  Z on J0(p) 2. Since 06. y = 6v o ~ y o (5, where 6 v is the dual of  
(5, we have deg(0e. ~) = deg(6) 2 deg(4~y). Therefore, the kernel 

A~fK~. ~/ 

is finite. 
Let 2/1 : do(p2) ___+ jo(p)2 be the map defined in Sect. 2.2. Its kernel is an extension 

of a finite group by an abelian subvariety B of Jo(p2). In fact, /3 is the kernel of the 

map Jo(p2)~,lo(p2)~ A v. 

We also define h : Jo(p) ---~ Jo(p) X Jo(P) to be the map given by h(y) = ( w~)~'l ) ,  

where wp is the Atkin-Lehner involution on do(P). Then noting that Wppy = --y for 
9 E Z(p), we deduce from Theorem 2 

Theorem 2/. The kernel K of 7 is isomorphic to Z(P) via h, i.e., K = h(~(p)). 

Corollary.  The kernel t (  is a T-module. 

This follows from the fact that X(p) is a T-module. 
Finally, we fix the following notations: 
J :  the Jacobian J0(P), 
Z:  the Shimura subgroup ~(P) of  J ,  
C: the cuspidal subgroup of J ,  

r~ = n u m  ( ~ 2 1 ) :  the cardinality of  ~ and C, 

l: a prime other than 2 and 3 that divides ~,, and l f the exact power of l dividing ~z, 
~ ,  C l , . . . :  the /-primary parts of  Z,  C , . . . .  

3.2 The T X-module ~2 

Let ~ be the intersection 

~ = A N B .  

~ J o  v It is the kernel of  the map A " ~Jo(p 2) (p2) ~A v, so K ~  = Y2. The intersection 
Y2 = A • B is therefore a finite subgroup of Jo(p2). 

To understand the action o f  Tp2 o n  ~(2, we first describe the action o f  Tp2 on J x J .  
For primes r : f  p, the Hecke operator 77 r E T~2 is simply the Hecke operator T~ on 
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J ,  acting diagonally on the product J x J .  To show that Up stabilizes J • J ,  we need 
the following lemma. 

L e m m a  1. We have the identities vlU p = Tpv I and VpUp = pv 1, where each side of 
both formulae is regarded as a correspondence from X0(P 2) to Xo(P). 

The lemma follows easily from the definitions of degeneracy maps and Hecke 
operators. 

L e m m a l  shows, inparticular, that Up ETp2 ac tsas thematr ix  ( Tp P )  0 0 on 

J • J ,  so we have U 2 - TpUp = O. 

Corollary. T h e H e c k e o p e r a t o r U p a n n i h i l a t e s H ~ f h ( J ) = { ( w ~  py ) y E J } .  

Proof. This follows readily from Lemma 1 and the fact that Tp = - w p  on J.  [] 

Lemma 1 also shows that A is stable under the action of Tp2 we just described. 
Since A corresponds to the old subspace X,  the action of Tp2 on A factors through 
T X �9 

Using Lemma 1 again, we see that ker 7 '  is stabilized by Tp2. Since /3 is the 
connected component of  ker7 ' ,  it is also Tp2-stable. This action factors through T v 
s ince/3 corresponds to Y. 

We conclude therefore that the action of Wp2 on f2 factors through both T X and 
T v. Hence, any prime in the support of  X? is automatically a prime of fusion. 

3.3 The Tx-module A 

From the definition of A, we see readily that A contains ker 5 = K,  and there is a 

canonical skew-symmetric Gin-valued pairing e 6. ~ on Ke.  ~ x Ke .  g that is trivial 
on K x K.  Let K • be the orthogonal complement to K under this pairing. Then 
K =C K •  and K •  TM K z  = $2 (see [15, Sect. 23]). 

Proposit ion 3. We have the equality h( J[p 2 - 1]) = A. 

Proof. Since "I' = ~o6 and "y' is the dual of  7, it follows that 7~ oy = 6 v oc v of 5 o oco~5 = 
6 v o C z  o 5 = r ~. In particular, we have the equality A = ker(7' o 7). 

( P  T P )  (cf. Sect. 2 . 2 ) . I f ( ~ )  E ~ , t h e n  The map 7 ~ o %  in matrix form, is Tp p 

py = -TpX = wpz and px = wpy, where Wp is the Atkin-Lehner involution. In 

particular, x = Wppy and (p2 _ 1)y = 0. Conversely, if y E Jo(p)[p 2 - 1], then clearly 

Corol lary  1. The group A is a T-module. 

Proof. Since j [p2  _ 1] is T-stable, so is A = h(J[p 2 - 1]). [] 

Corol lary  2. The Hecke operator Up annihilates A, and hence annihilates I f  and 
K • 
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Proof. This follows immediately from Proposition 3 and the corollary to 
Lemma 1. [] 

Corol lary  3. The groups A and K are Tx-modules .  

Proof. Since d[p 2 - 1] and X are stable under T~ (r + p prime), we see that A and 
K are stable under such T,.. Since Up annihilates A and K (Corollary 2), we see that 
A and K are T x-stable. [] 

We shall next analyse K • in the filtration 

m__> K ~ >_ K 2 o. (5) 

In particular, we shall prove 

Proposit ion 4. The orthogonal complement K • o f  K in A under the pairing e ~* ~ 
is h (Z •  where ~ •  is the orthogonal complement of  Z in j[p2 _ 1] under the Weil 
pairing Cp2_ 1. 

3.4 The orthogonal complement K • 

p 2 - - 1  p - - 1  
I .  w e  ,et  be  _ _ ,  w h e r e  n u m  

Recall the Weil pairing ~ (see [15, p. 183] for the definition) on J [n] :  

~,~ : J [ n ]  x J [ n ]  ~ #,~ (6) 
(x,y) ~ o,~(x,y). 

Since ~n is a perfect pairing, we obtain the isomorphism 

J [ n ] : ~  Hom(J[n] ,  Izn) 

y ~ (y~ : x ~ ~n(x, y)). 
(7) 

The cuspidal group C is the subgroup of J (Q)  generated by c, the class of the divisor 
P1 - Pp (cf. Sect. 2.1), and is cyclic of  order n. Restricting c ~ to ~ ,  we obtain a 

homomorphism c ~ c ~A = Hom(X, #~). Proposition 19.2 of [12] says that, for 1 ~ 2, 
c ~ projects onto a generator of s the/-primary part of 22 A, if and only if Z t ----- T;~. 

Next, consider the pairing 

~mn = ep2-1 : j [p2  _ 1] • J[io 2 - 1] --~ pp2_l  

(x, y) ~-4 ~p2_l(x, y).  

As in the previous pairing ~n, the generator c of C determines a homomorphism 

c ~ c ~ = Hom(~>  #zf). 
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For any cr ~ ~', we have the following relation: 

(e~(cr)) "~ = ~,~,~(cr, e) "~ = ~,~('m~r, me) = (rnc)~(mcr).  

Using this relation and the fact 1 ~" m,  we verify readily that c ~ projects onto a 
generator of ~ '{  if and only if so does c ~. 

Propos i t ion  5. For x ,  y E j[p2 _ 1], we have the identity 

e ~* 7 (h(x), h(y) )  = ~p2_, (x,  p y ) .  

Proof. We identify J with its dual, and we also identify J • J with its dual. Then 
/ \ 

the dual of h is the map h v : J • J ~ J ,  defined by h v ( x ]  = W p p X  + y. 
\ Y 

Since r  = ( p T p ~  on J • J with kernel A,  its pullback h * 6 * ~  on J 
/ 

via the homomorphlsm h gives rise to the isogeny Oh*e*7 : J J defined by 
y ~ p(392 - -  1 ) y ,  i.e., Ch*e*'/ is the multiplication-by-P(p z - 1) map on J .  

F o r x ,  y E  J [ p Z -  1], 

, 9 " * "* 7 p2 
e ~* Y (h(x), h(y))  = (e e ~ (h(x ) ,  h(y)))  p- = (e . . . . .  (a:, y)) 

(~p(p2 l)(x, y))p2 _ = = ( e ( p 2  i ) ( p x , p y ) ) P  : ~ , ,~ (x ,  p y ) .  [] 

The mult ipl icat ion-by-p map acts as an involution on j [p2  _ 1]. It also acts as the 
identity map on the Shimura subgroup E.  Hence if we let y run through the elements 
of  S ,  we obtain Proposition 4 stated in Sect. 3.3. 

Coro l la ry .  The orthogonal  complement  K • is a T-module ,  hence so is $2. 

P r o o f  We show t h a t / s 1 7 7  is T-stable by demonstrating that S •  is T-stable. First, we 
have the identity 

C p 2 _  1 ('rlX, y )  = C p 2 _  1 ( X ,  TI V ~]) , (8 )  

where x ,  y 6 j [p2  _ 1], 7] 6 End(,/)  and r/V denotes the dual of rl. Next, we observe 
v = wp = -77,,, and T, v = T,. for all primes r =~ p. We also know that that w p 

End(J)  = T. Combining all these observations, and letting x run through the elements 
of  S in (8), we see that 5 ' •  hence K •  is T-stable. 

Since $2 ~ K •  it follows tha t /2  is also T-stable. [] 

3.5 Proo f  o f  Theorem 3 

Let )~ be in Supp T A. 

3.5.1 Non-Eisenstein primes 

The Eisenstein ideal 3 C T is the ideal generated by wp + 1 and T,. - (1 + r)  

for all primes r q= p. It is well-known that Ann x S = 3 [12, II, Proposition 11.7]. 
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Hence, the support of Z in T consists exactly of the Eisenstein primes. Suppose that 
A c SuppT A is non-Eisenstein. In particular, A is not in Supp x Z .  

The groups Z and ZA are dual to each other, and the annihilator of  z A  in T is 
in fact the image of the Eisenstein ideal 3 under the Rosati involution on End~ 
with respect to the line bundle defined by the O-divisor.  However,  in this case, this 
involution turns out to be the identity. Therefore, we have Ann T Z A = 3 = Ann x L', 
and Supp T ZA = Supp t Z .  Consequently, we have Supp T A = Supp x Z U Supp T f2. 
When A E Supp x A is non-Eisenstein, we have A ~' Supp x Z ,  so we conclude that 
A E SuppT Y) and these are the only non-Eisenstein primes in Supp x ~2. This proves 
(i) of Theorem 3. 

3.5.2 Eisenstein primes 

There is a one-to-one correspondence between the Eisenstein primes in T and the 
prime numbers dividing ~z [12, II, Sect. 9]. In fact, for l a prime dividing ~z, the 
Eisenstein prime A that corresponds to l is the ideal (3,1). 

In this section, we identify A with j[p2 _ 1]. 

(I) We assume that TA ~= Z~. 

By Proposition 19.2 of  [12], we see that in this case c~, and hence c ~, does not 
project onto a generator of EtA. Hence, we see from the exact sequence 

0 - - ~  ~ •  ---~ A - - - ~  ~A ----+0 (9) 

that Cz r] ~ + 0. In particular, C[l] c= ~ .  
Therefore, we have that Z ~ [ 3 ]  ~ E l �9 C[l], which implies that 0 ~ E ~ [ 3 ] / Z  l 
Y/l[3]. Consequently, Y2[A] = Y/[3, l] ~ 0, which clearly implies that Y2A + 0, i.e. 

A 6 Supp T ~ .  

(II) Next, we treat the case where T>, = Z I. 
First, note that A t = J[lf]. Hence, card(z~z) = (lZ)29 and c a r d ( ~ )  = (/f)2g-1, 

where g = dim J .  
Proposition 19.2 of [12] and (9) imply that C1. N ~ = 0. Hence C t O ~ '~  ~ A t. 

By considering cardinalities, we have the equality C l �9 ~ •  A I. / = 

L e m m a  2. As" ideals in T, Ann T Y2 Z = AnnT(3 / ( / f )  r~ ~l). 

Proof. Assume first that T E T satisfies T3 C (lf). Then, T induces a map 
T : A t -+ Az[~ ]. Since Jz[3] - C z O ~ l ,  we have also At[3  ] = C l �9 ~ l .  Composing 
T with the surjection At[,~] ~ z~t[~]/YJ z TM C z, we obtain a map 

c ~ : A  l ~ A ; [ 3 I / Z  z. 

We want to show that ~ {  is in ker c~. By duality, this means that we want to show 
that the image of  c~ A is contained in E l, where c~ A is the map 

o~ A : ( A z l 3 ] / Z ' p  A - - ,  A z . 



128 S. Ling 

Since T acts on At[3] via the quotient T /3 ,  the image of cd ~ is in At[3] = C I | S t. 
However, when we consider the action of Galois on (At[3] /Zt) / \ ,  we see that it is a 
/z-type group (see [12]), so the image of cd ~ must lie in S t. 

Now assume that T S {  c St. We want to show that T 3  c (I$). This is equivalent 
to showing that T3  annihilates A t = j [ /S]  because T = End(J).  For i E 3, we have 
a map 

Ti  : A t --+ A t . 

By considering the ~-pai r ing  (6), it follows that the image of  Ti  ties in S t and Ti  
kills S ~ .  Hence, we deduce a map 

Ti  : S {  --+ S t . 

As Galois modules, S/x is z / I f z  and S z is Plf" Since l ~ 2, Ti  is trivial, i.e. 
Ti  c (15). [] 

Now we return to the proof of Theorem 3. To check if A E Supp T s it suffices 
to check if A = Ann T ~t = AnnT(3/ ( l f )  n 3). 

To complete the proof of  the theorem, we only need to show now that A does not 
contain AnnT(3/ ( l f  ) • 3). 

Since T), = Z l, from T / 3  -~ Z / n Z ,  we have 3Ta = l f Z  t. In particular, 3T:~ = 
(3 N (/f))T;v If Annx(3/ ( lY)  N 2) =C A, then Z t = T~, = AnnTA(3TA/((/Y) N 3)T.,) _C_ 
AT;~ = IZ t. 

This is clearly a contradiction. Hence, Annx(3/ ( lY)  N 3) ~ A. 
This completes the proof of Theorem 3. 

3.6 Primes of  fusion 

In Sect. 3.2, we observed that any prime in the support of g2 is a prime of fusion. Since 
Suppxx Y2 is contained in Suppxx ,6, we shall start with a prime m in Suppxx A and 
decide when m is in Suppxx Y2. 

Recall that (corollary to Lemma 1) Up annihilates H = h(J) ,  and, for every prime 
r ~: p, T~ C T x acts diagonally on H. Therefore, the ring T x acts on H. Since H 
is isomorphic to J ,  we obtain a map (cf. introduction) ~ : T x ~ End(J)  = T that 
sends T~ to T,. (r ~ p prime) and sends Up to 0. If we let R = Z [ . . . ,  T r , . . . ]  be the 
ring generated by the T,.'s, then ~/J induces a surjective map ~ '  : T x / ( U  p) --~ R. 

Proposition 6. The map ~'  : T x  / ( Up) -% JR is an isomorphism. 

Proof. Let 0 : R --~ T x / ( U  p) be the map that sends T,. to T,.. Then 0 is clearly 
surjective. The composition of maps ~)t o Q is the identity map on /L Consequently, 
~ is injective and is therefore an isomorphism. [] 

Let m C Suppxx A. Then, since A is finite, m is maximal. Since Up C Annxx A 

(Corollary 2 of  Proposition 3), Up E m and, thus, the image r~ of  m in T x / ( U p )  
is also a maximal ideal. By Proposition 6, r~ can be regarded as a maximal ideal in 
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R. Since T = R[Tp] and T 2 - 1 = 0, we have that T is integral over R. By the 
going-up theorem of  Cohen-Seidenberg, there exists a maximal ideal A of T such 
that A N / 2  = ~ .  In particular, ~ - t ( A )  = m. Since p2 _ 1 E Annxx A ~ m, such 

a A automatically contains p2 _ 1 and is therefore in Supp T A. This proves the first 
statement of  Theorem 4. 

Let A be such that A E Supp T ~2. 
For x E T X, we see that 

x .~  = r  Vco E [2. (10) 

I f  x C Annxx f2, then ~(x)  E Ann T s C_ A. Hence, AnnTx Y) C ~b-l(A) = m, i.e., 
m E Suppxx s This proves (i) of  Theorem 4. = 

To prove (ii) of  Theorem 4, suppose that A r Supp T ~'2 for all A such that 
r  = m.  

For any such A, since A E Supp T A but A ~ Supp T Y), the argument in Sect. 3.5,1 
shows that A C Supp T Z and is hence Eisenstein. 

Next suppose m ----- ~ - l ( A s )  = ~-a(A2),  where A s and A 2 are distinct Eisenstein 
primes. Let A s be (3 , / I )  and let A 2 be (3,/2), where l s and 12 are distinct primes. 
Then m contains l s and/2 ,  and hence m contains 1, which contradicts the choice of 
m as a prime ideal. Hence, A is unique. 

Now assume further that m C Suppx x s Then f2 m :~ 0, and so, in particular, 

Y2[m] :~ 0. Suppose that 0 ~ ~o E s Let rn t be the ideal in T generated by 
~h(m). In view of (10), we see that w o E Y)[mt]. Pick a E Ann T F2 such that a ~ A, 
then co o E s t +(a) ] .  

However, m ~ + ( a )  is the entire ring T. Otherwise, we have that ~ (m)  C= ~,(m) + 
(~z) C m t + ( a )  C= A' for some maximal ideal A' :~ A (since a ~ A). However,  A is the 
unique ideal containing ~(m)  in this case, so A = A t, which gives a contradiction. 
Hence, rn t + (a )  = T. But then, ~[rn  r +(a ) ]  = 0. This is a contradiction since ~o :~ 0 
is in f2[m t +(a)] .  Therefore, m ~' Supp,rx f2. This completes the proof  of Theorem 
4. 

3.7 Suppxx $2: a direct determination 

Let L(O) be the line bundle on J associated with the canonical B-divisor  (cf. Sect. 
3.5.1). For ~ E E n d ( J  x J) ,  an easy calculation shows that the Rosati involution 

on End~  x J )  with respect to L =p~L(O)@p~L(O) sends ~ = d 

a,b,c, dcEnd(J) ) to~ '= ( a~ ( : ' )  bY d t , where Pl and P2 denote the projections onto 

J ,  and x r denotes the image of x under the Rosati involution on J with respect to 
L(O).  

For r + p a prime, let 

~l,, = T,,,. - ( 1  + r ) .  

Then the ~l,.'s act diagonally on J x J .  After identification of J with j v  via the 
canonical B-divisor ,  it follows that ~/.r r = %. E E n d ( J  x J) .  
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Let A A be Horn(A,  G ~ ) .  We let T x act on A A in the fol lowing way: if  t E T x ,  
r ~ A A and d E z3, then ( tr  = r This makes A A into a T x - m o d u l e .  

P ropos i t ion  7. There is an isomorphism of  Tx-modules  A ~ A A. 

Proof. From the pairing e ~* 7 : A x A ~ pp2_ 1' we deduce a map 

/~, --~ A A 

d ~ [d' ~ e ~* y ( d , d ' ) ] .  

Since the pair ing is non-degenerate ,  A ~ A A as groups. To see that it is compatible  

with the action o f t  x ,  it suffices to show that for ~l C T x ,  we have that e ~* '/(~]d, d') = 

e ~* ~ (d, T/d'). Since Up annihilates A,  this identity is trivial for zl = U F Therefore, it 

suffices to check this equali ty for z] = Tr (r  :~ p). From Proposit ion 5, we have, for 
x , y  C dip2 _ 1], 

e ~* ~ (h(x),  h(y)) = ~v2 l(x,  py) = ~v(p2_ 1)(x, y ) .  

Let L be a line bundle  on an abelian variety V and let eL : V ---+ V v be the 
isogeny associated to L. For ~ C End~ the Rosati involut ion on End~  with 
respect to L is given by r ~-~ 0 t = ~L 1 o (flY o (~L" There is a R iemann  form E L of 
L defined by 

E L :  Tq(V) x T~,(V) -~ ~,q.. 

EL(x , y )  = (G-~(x.~,Oc(Ym))), 

where x = ( G , ) ,  Y = (Y,~) belong to Tq(V) and q is a pr ime distinct from 

the characteristic of the base field of V. A wel l -known property of E L is that 
EL(~ x ,  y) = EL(x ,  O*y) for any r E End~ 

W h e n  we take V = d and r = ~],., let q be a prime dividing p2 _ 1 and write 
p(p2 _ 1) = qr where (q,.s) = 1, we see that for x , y  E j[p2 _ 1], 

e p ( p 2 _  l)(T]r.X, y)~ = Oq~(~,.sx, sy) = ~qr 'G.sy) = Cp(p2 l ) ( x ,  T l v y )  8 �9 

This implies that e ~*~/" (Tied , d')  = e ~*~/(d, Gd' )  for d, d '  E A. Hence,  ,5 --- A A as 
T x -modules.  [] 

Let  3 x be the annihilator  (in T x )  of the kernel K .  

L e m m a  3. The ideal 3 x is generated by the elements: n, Up and %. = T r - (1 + r)  

for  all primes r ~- p. 

PJvof. By Theorem 2 and the definit ion of 3 X, we have that 

T x / 3  x -~ E n d ( K )  -~ End(ZT) ~ Z / n Z .  
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Let I = (n, Up, r h. (gr  + p)). Since n and r h, (regarded as elements of T) annihilate 
~', they annihilate K as well. Since Up annihilates A, and K C A, it follows that 
~ E 3 x .  Hence, [ ~ 3 x .  We therefore have the following commutative diagram 

Z / n Z  ~ T x / I  

II + 
Z / n Z  ~- T x / 3 x  , 

where the maps Z / n Z  -+ T x / I  and T x / I  ~ T x / 3  x are surjective. 
The lemma follows immediately from this diagram. [] 

Remark. Observe that 3 x = ~ 1(3). 

L e m m a  4. The kernel of  3 x in A t, i,e., At [3x] ,  is equal to the antidiagonal in 

Proof We first note that if an element x of Jt is annihilated by r/r for all primes 
r + p, then x is also annihilated by wp 4- 1 (cf. [12, p. 114]). In other words, 
J t  [ . . . .  ~ / , . , . . . ]  = ,]z [3] .  

If (Wpy p y )  E A t [ 3 x , ,  then rlry = O for all primes r @ p, i.e., y C Jt[3l. In 

particular, w , s ) y =  - y  and A~[3x] C { ( Y y c J ~ [ 3 ] } .  

Conversely, y E Jl[3] implies that r/~. (for all primes r ~= p) and n annihilate 

(:) (;) ( ; )  �9 Moreover, since nip 2 - 1, we have that := w )7 E A t. Since 

(;) Up annihilates A, it follows from the previous lemma that C At[3x] .  [] 

We are now ready to prove Theorem 5. 

Assume first that T E T x is such that T 3  X C= AnnT x At. Then T induces a map 

T : A t -~ A t [ 3 x ] .  

L e t D  { ( x )  } = x E  C . Since Jl[3] = Z  t O C  t f o r l @ 2 ,  i t fol lows from the 

previous lemma that we have the equality At[3 x]  = K t 0 D t. The map/3  : A t --+ 
A t [ 3 x ] / K  l ~_ D t composed of T and the canonical map Az[3x]  --~ A t [ 3 x ] / K  t 
induces, by taking duals, a map 

/ 3 A : D ~  ~ A ~ A  t . 

We want to prove that K {  is contained in the kernel of/3, which, by duality, means 
that/3/\(D/\)  is contained in K t. 

Since D t is annihilated by % for all primes r A F p, so is /3A(D~). Moreover, A t 
is annihilated by n and Up. Hence, 

/3A(D~) C= A~[3xl  = Kz �9 D~. 
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Since C A is a p- type group (see[12]), so is D~.  This means that /4A(D{)  must lie in 
K I. Hence we obtain A n n x x ( 3 x / ( A n n x x  A z A 3 x ) )  _C_ Annx x g?l. 

Conversely, assume that TK~-  C_ Kz" 
We have n A  t • 0 C= / f ?  and UpA l = 0 C= Is  
For a l l d E  A andcr C K ,  

* c  6 e 0l.~d, or) = e 6. z (d, %or) = 1 

since r/,.a = 0. Therefore, for d E A l, we have %.d E / f ~ ,  i.e., ~l~Az C= K ~ .  Now 
for i E 3 x ,  T i  induces a map 

Ti  : A 1 ---, K l 

whose kernel contains K ? .  This gives a map A t / K  ~ ~ K z, i.e. K {  --+ /f t-  The 
action of  Galois on K {  is trivial while that on / f z  is given by the cyclotomic character 
(see [121), so (since 1 ~= 2) this last map is trivial, which in turn implies that T i A  l = 0. 
This completes the proof of Theorem 5. 

4 The old subvariety and the old quotient of do(p2) 

In this final section, we apply Theorem U, as well as Proposition 3, to a question raised 
by Mazur [13, Sect. 2b, Remark]. Note that our abelian variety A is by construction 
the old subvariety of J0(p2), and its dual A v is the old quotient of J0(p 2) (cf. [22]). 
The question that Mazur raised is to obtain information about the degree of the map 

r  : A ~ A  v 

defined in Sect. 3.1. 
Since deg(r  ~) = deg(~) 2 deg(r  ~),  we have card(A) ----- card(K)  2 deg ( r  By 

Proposition 3, card(A) = (p2_ 1)2g, where 9 is the dimension of J0(P). By Theorem 2', 
p - 1  

card( / f )  = n = n u m  ( - ~ - ) .  Therefore, we obtain 

(l.o2 _ 1)29 
Theorem 7. The isogeny O~ is of degree n2 , where 9 is the dimension of  

p - 1  
Jo(P) and n is the numerator of  - ~  when the latter is expressed in lowest terms. 
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