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ABSTRACT 

The response of reinforced concrete beams and plates with an attached external 

layer of FRP platekheet on the tension face and subjected to air-blast loading 

are investigated using a simplified analytical model. The model comprises a 

number of distinct elastic phases, of which each phase terminates due to failure 

at a cross-section, and finally the plastic phase, when the reinforced concrete 

structure becomes a free movable mechanism. Campbell’s dynamic yield 

criterion is employed to take account of the strain rate effect of steel 

reinforcement. Closed-form formulae are derived to calculate the time when a 

cross-section yields using approximate numerical technique. With these 

formulae the time when a dynamic response phase terminates can be 

determined. Based on the simplified analytical model, the dynamic response of 

a reinforced concrete beam or plate is traced in accordance with a proposed 

algorithm. Full disclosure of the theoretical development is provided. A number 

of numerical examples are given to illustrate how the formulae and the 

algorithm can be used to analyze structures subjected to air-blast loading. 
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ANALYSIS AND DESIGN OF BLAST-RESISTANT STRUCTURES 

Chapter 1 

INTRODUCTION 

1.1 Background 

The bombings at New York City’s World Trade Center, Oklahoma City’s 

Alfred P. Murrah Federal Office Building, Atlanta’s Centennial Park, and more 

recently, the 11 September 2001 terrorist attack shocked the world. The design 

and construction of public buildings to provide life safety in the face of 

explosions is receiving renewed attention from structural engineers and 

planners. Much research and experiments have been done addressing the 

analysis, design and construction of military buildings and facilities. 

Increasingly, this technology is filtered down to address facilities in the civilian 

and commercial domain. 

The design of civilian or commercial buildings to withstand the effects of air- 

blast is unlike the design of military installations. Military structures are 

typically associated with a specific requirement that must be maintained, and 

they must remain operational despite the attack. The form and function of a 

facility are governed by the mission that it is designed to perform. The blast- 

protection objective of any commercial or public building must be to prevent 

structural collapse, to save lives and to evacuate victims. Military structures 

occupy secure sites with substantial “keep-out” distances surrounding the assets; 

unfortunately, this is not possible for most civilian structures. Civilian real- 

estate owners typically want to attract the public to keep the property profitable 

and can rarely afford the real estate necessary to be a secured site. This “keep- 

out” distance is vital in the design of blast-resistant structures since it is the key 

parameter that determines, for a given charge weight, the blast overpressures 

that load the building and its structural elements. The degree of fenestration is 

another key parameter as it determines the pressure that enters the structure. 

The smaller the door and window openings the better protected the occupants 

are within the structure. Architectural and structural features play a significant 

role in determining how the building will respond to the blast loading. These 
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ANALYSIS AND DESIGN OF BLAST-RESISTANT STRUCTURES 

features can include adjacent or underground parking, atriums, transfer girders, 

slab configurations, and structural-frame systems. 

Designers of civilian structures are caught in a dilemma. Many of the features 

that make the structures desirable working space are the same features that 

make them more vulnerable to attack. Situated on urban sites, civilian structures 

are limited in their ability to restrict terrorist access to a prescribed keep-out 

distance. Windows and atriums enhance the working space by providing 

openness and natural light. Hence, the role of the blast engineer is further 

complicated by architectural criteria that directly contradict blast-mitigation 

objectives. Within these constraints the blast engineer is unable to make a 

building blast resistant. The objectives are therefore more modestly defined to 

permit significant localized damage while preventing catastrophic collapse. The 

casualties that will occur to occupants in the immediate vicinity of the 

explosion may be unavoidable, but by preventing progressive collapse, the 

remaining occupants may be spared injury or death. The means to achieve these 

objectives requires a thorough review of the design, to identify weaknesses that 

may put the occupants at risk. Attention must be given to the behavior of the 

structural elements to improve their redundancy, toughness, and ductility, and 

to provide adequate means to guarantee the keep-out distance available to the 

site. Therefore, the methods and techniques to design and construct military 

facilities should be developed further to make them suitable to the design and 

construction of civilian and commercial buildings. 

Despite the need to construct new buildings to resist terrorism and occasional 

explosions, many existing civilian and commercial buildings should be 

strengthened to increase their blast resistance. Some techniques to strengthen 

concrete structures such as sprayed concrete, concrete jacketing, or externally 

bonded steel plates and composite materials like fiber reinforced plastics (FRP) 

may be used to increase the resistance of concrete structures, but the simple 

methods to analyze and design of the structures composed of externally 

strengthened structural components subjected to blast loads are still lacking. 

Research and experiments should be conducted to develop the effective 

2 
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ANALYSIS AND DESIGN OF BLAST-RESISTANT STRUCTURES 

strengthening techniques to increase the blast resistance of the building, and the 

step should be taken to develop a simple analysis and design method for 

strengthening structures. 

The ability to design and construct blast resistant buildings depends on an 

understanding of how such buildings behave under the severe loads. Many 

analysis methods to predict how a structure will respond to explosion 

overpressures have been developed, and are still being developed further. 

There are basically three kinds of methods, which are widely used in the 

analysis and design of blast-resistant structures: 

Pseudo-dynamic or pseudo-static methods. These are simplest to apply since 

they take the explosion overpressure as a blanket loading, and are usually 

combined with dynamic amplification factors. The methods can assess both 

elastic and inelastic response and can be applied to complex structures 

Single-degree-of-freedom - (SDOF) method. This is a dynamic analysis 

technique, which predicts the response of a structure by reducing the structure 

to a simplified spring/mass system. The method is effective for simple 

structures that behave in a manner analogous to a spring/mass system. The 

method can assess both linear and nonlinear response and, with care, can be 

applied to more complex structures. 

Finite element analysis ( E A ) .  FEA can be used effectively to solve explosion 

response problems, taking account of geometric and material non-linearity . The 

method has to be applied with care, since there is a fine line between a model 

which is detailed enough to predict the response, and coarse enough not to run 

for impracticable lengths of time and no good constitutive material model exists 

to describe brittle materials such as concrete. Many commercial FEA based 

software exist for the analysis of blast-resistant structures. These are EPSA-I1 

(Atkash, et. al., 1994), DYNA3D (Whirley and Engelmann, 1993), etc. 

Among these methods, the SDOF approach is most widely used in design 

practice. This was developed for military applications many years ago, before 
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availability and the common use of computers. 

Explosion materials are designed to release large amounts of energy in a short 

time. The explosion arises through the reaction of solid or liquid chemicals or 

vapor to form more stable products, primarily gasses. A high explosive is one in 

which the speed of reaction (Typically 5,000 - 8,000 m/s) is faster than the 

speed of sound in the explosion. When an explosion occurs, a shock or 

pressure wave propagates outward from the source of explosion, encountering 

structures and components along its path. The shock wave or pressure wave 

includes a short duration of high-amplitude overpressure followed by a longer 

duration of negative pressure or suction. The overpressures can be range up to 

tens of megapascals (MPa), and its duration ranges from a very few 

milliseconds to a hundred milliseconds. The suction phase is typically ignored 

in blast evaluation, except where it is necessary to evaluate the rebound effects 

from overpressure response. 

Blast overpressure is typically a very high amplitude loading but of very short 

duration and generally over one cycle. The response of building to such loads is 

rooted in the dynamic response of their structural elements. Blast-resistant 

design therefore relies on significant levels of allowable inelastic behavior. As a 

result, blast-resistant structures must have the ductile detailing necessary to 

withstand inelastic deformations and still perform acceptably. 

When a particular face of a building is struck with the blast shock wave 

traveling with a velocity greater than the speed of sound, it could move the 

exposed face of the building off its foundation and precipitate collapse or partial 

collapse. This depends on such features as the magnitude of the shock impulse 

of the blast wave, the natural period of the structure and elasticity of the 

structure. 

The relatively low incident blast shock loads on roofs are generally acting 

downward and often sufficient in terrorist attack scenarios to either fail the roof 

slabs or panels or buckle the columns holding up the roof or both. Hardened 

4 
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ANALYSIS AND DESIGN OF BLAST-RESISTANT STRUCTURES 

roof design is then required as part of a blast-resistant design effort. 

The exterior walls of building are subjected to higher reflected blast shock loads. 

When these walls fail, they often compromise the integrity of the structure and 

breach the building envelope allowing the blast wave to enter the building and 

do further internal damage. 

Based on the understanding of the behavior of structures subjected to air blast 

load, the first step for the design of most buildings to resist blast loading is to 

break down the structure into a few simple structural components, which can be 

analyzed using simple dynamic analysis methods. This is where the SDOF 

method can be used. This SDOF method allows the designer to determine the 

maximum deformation of each main structural element or component of the 

building, and hence determine the degree of damage to the building ranging 

from insignificant or light damage to total destruction. 

1.2 Research scope and objective 

If the explosion originated at a sufficiently great scaled range (Le., a small 

charge or a large distance from a structure), then the structure will be loaded in 

a manner that leads to global deformation, meaning that all the elements 

provide some degree of resistance to the loading. The definition of the expected 

loading, and the provision of resisting elements to accommodate the loading are 

the essence of dynamic design, analysis, and construction; these issues are 

addressed in design manuals such as TM 5-1300 (TM5-1300, 1987), DOERIC- 

11268 (DOERIC-11268, 1992), etc. and by computer programs such as 

DYNA3D (Whirley and Engelmann, 1993), BLASTX (Britt and Lumsden, 

1994), etc. When the component of the structure is reinforced with combined 

steel bars and fiber mat or fiber reinforced plastic plates, the dynamic behavior 

of the structure will be essentially different from that of the structure reinforced 

with steel bars only. The dynamic analysis and design methods for such 

structures are still lacking. This thesis outlines and develops a simple analysis 

method for the design of concrete structures reinforced with combined steel 
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bars and FRP platekheet subjected to air blast loading. 

The typical dynamic response of reinforced concrete structures subjected to air 

blast load can be divided into elastic phase, elastic-plastic phases, and finally 

the plastic phase (i.e. the structure becomes a mechanism). Protective structures 

and some commercial and public buildings should have ample reserve of 

strength and stability to resist blast loading. In this respect, two design criteria 

are usually considered. The first is elastic criteria. It considers the possibility of 

the structure subjected to a series of blast loads. However, after each load there 

should be no residual strains in the structure. All the cracks that appear during 

the blast load phase should be closed. Thus, only elastic deformations are 

developed in the structure. To satisfy the elastic design criteria, elastic analysis 

is adequate. The second is plastic criteria. When the designed blast load acts on 

the structure, it should not collapse. However, some plastic deformation of the 

structure may be allowed but there should be stability to guarantee the safety of 

personnel and equipment inside the building. To satisfy the plastic design 

criteria, plastic analysis following a detailed analysis of the elastic phase is 

necessary. 

The traditional approach to design reinforced concrete structural members 

subjected to air-blast loading is to transform the component into a Single- 

Degree-Of-Freedom (SDOF) system. Using simple dynamic analysis, the 

solution of this equivalent SDOF system may be derived. Currently, design 

manuals utilize this principle to outline procedures. To help engineers, a 

significant number of design charts have been produced. However, when such 

structural components are reinforced with an external layer of fiber reinforced 

polymer - perhaps to harden the existing structure or designing walls for a new 

facility - the engineer is unable to analyze the system because no such theory 

exists that would enable him to undertake a thorough dynamic analysis of the 

system. This vacuum has been recognized and is the subject of this research. To 

conduct this research, several progressive approaches have been identified. 

Therefore, the scope of this research includes: 

6 
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(1) A review of analysis and design of blast-resistant structure and the Single- 

Degree-Of-Freedom (SDOF) method. 

(2) The use of SDOF method to analyze concrete structures reinforced with 

both steel bars and external layer of fiber reinforced polymer (FRP). 

(3) The use of rational functions to obtain approximate solution of nonlinear 

problems (or equations). 

The ultimate aim of understanding a problem and conducting detailed analysis 

of systems is to improve existing design methodology and/or develop more 

accurate means of estimating the response of structures (from a complex 

loading system) so that greater economy can be achieved. This forms the basis 

of the objective in this research into the analysis and design of blast-resistant 

structures. Therefore, the objectives are: 

Deriving (analytically) the mathematical model of a “general” beam reinforced 

with both steel bars and external layer of fiber reinforced polymer (FRP) - the 

system is subjected to air-blast loading. 

Develop the mathematical model and to relate the model to real concrete 

structures. 

Deriving the formulae to determine the yielding delay time of steel 

reinforcement of the concrete structure. This is an essential element of the 

research because the FRP system contributes significantly to the strength of the 

system. The difficulty lies in the formulation and solution of the problem. 

(4) Deriving formulae for a plate reinforced with both steel bars and FRP 

platehheet and subjected to air-blast loading. 

1.3 Organization of this thesis 

This thesis consists of eight chapters describing the research conducted in the 

School of Civil & Environmental Engineering, Nanyang Technological 
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University 

Chapter 2 presents a review of existing knowledge on the analysis and design of 

blast-resistant structures. The review focuses on the analysis of blast-resistant 

structures which includes the SDOF method and finite element analysis ( E A )  

based methods, strain rate effect of reinforcing steel and structure strengthening 

with FRP platehheet. 

Original and new formulae and derivations for analysis and design of concrete 

beams with arbitrary support conditions are developed in Chapter 3. The 

formulae for the analysis of a continuous beam loaded by static axial forces are 

also derived. These formulae can be used to analyze concrete buildings when a 

bomb explodes in an adjacent area. 

In Chapter 4, formulae for analysis and design of plate structures reinforced 

with combined steel bars and FRP sheet are derived. 

The formulae to determine the time when a dynamic deformation stage 

terminates are derived in Chapter 5. 

The criteria which may be used for the design of blast-resistant structures are 

summarized in Chapter 6. The formulae can be found from the public literature. 

However it should be noted that these formulae are applicable for static 

problems. One should exercise due care when they are used for dynamic 

problems. 

With these developed methods contained in the thesis, structural members 

reinforced with combined steel bars and FRP platehheet can be easily analyzed. 

A number of numerical examples are given in Chapter 7.  

Finally, summary and recommendations for future study are presented in 

Chapter 8. 
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Chapter 2 

LITERATURE REVIEW 

2.1 Simplified analytical model 

Explosive devices have been used for hundreds of years, yet the comprehensive 

treatment of blast-effects and their mitigation appeared only during and after 

World War 11. World War I1 was the first international conflict that resulted in 

massive destruction of cities, mostly with high explosives, which also inflicted 

enormous casualties. In the later stages of the war, the use of two nuclear 

weapons demonstrated the destructive capacity of such weapons (Glasstone and 

Dolan, 1977). In addressing both the nuclear threat and the threat of 

conventional weapons, a lot of research coupled with test programs has been 

done to develop computational approaches for estimating the response and 

behavior of simple structures subjected to blast loading. In turn, based on 

experimental data, field-test observations and analytical procedures, a number 

of technical design manuals were developed, e.g. Structures to Resist the Effects 

of Accidental Explosions (TM 5-1300, 1987), A Manual for the Prediction of 

Blast and Fragment Loadings on structures (DOE/TIC-11268, 1992), 

Protective Construction Design Manual (ESL-TR-87-57, 1989). The analysis 

and design procedures in all of these design manuals are largely based on the 

synthesis of test data and simplified computational models. This simplified 

computational model is usually a mass-spring system with a single-degree-of- 

freedom (SDOF), which is simplified from the real structure to be analyzed. 

This approximate design method is usually called Biggs’ Method (Biggs, 1964). 

This method can be briefly described as follows: 

It is assumed that the structure - exposed to the dynamic pressure pulse - 

ultimately attains a deformed configuration comparable to the static 

deformation pattern. Using the static deformation pattern as the displacement 

shape function, 

9 
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and the dynamic equations of equilibrium can be transformed (assuming an 

undamped single-degree-of- freedom system) to: 

mi;(t)+ kT(t)  = . f( t)  

where 

W(x) = displacement shape function 

T(t) = dynamic function of the equivalent SDOF system 

f ( f )  = 

m = generalized mass 

f (t ) = generalized force 

k = generalized elastic bending stiffness 

second-order derivative of T( t )  with respect to time t 
- 

- 

Alternatively the equilibrium equation can be expressed as: 

k , , M f ( t ) +  KT(t )= F ( t )  

where 

= load-mass transformation factor 4, = kin l k l  

k ,  = Z / M  = mass transformation factor 

k, = . f ( t ) / F  = load transformation factor 

K = c / k ,  = characteristic stiffness 

M = distributed mass 

Mi - concentrated mass at point 

P ( X , f >  = explosion pressure 

- 

10 
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Fi 
xi 
wi = 

a 

= concentrated load 

= position of concentrated mass/load 
= 

= 

value of shape function at xj 

domain of the structural components 

The natural frequency of vibration for the equivalent system is given by 

The response, T(t), is entirely governed by the total mass, load-mass factor, the 

characteristic stiffness and the load history. 

For a linear system, the load factor and the characteristic stiffness are constant. 

The response is then alternatively governed by the eigenperiod and the 

characteristic stiffness. 

For a nonlinear system, the load-mass factor and the characteristic stiffness 

depend on the response (deformation). Nonlinear systems may often be 

approximated by equivalent bi-linear or tri-linear systems. In such cases, the 

response can be expressed in terms of 

Kl = characteristic stiffness in the initial, linear resistance domain 

Tel = displacement at the end of the initial linear resistance domain 

w = circular frequency in the initial, linear resistance domain 

K3 = normalized characteristic in the third linear resistance domain, if relevant 

For a given explosion load history, the maximum displacement, T,,, is found 

by analytical or numerical integration of Eq. (2.3). 

For standard load histories and standard resistance curves, maximum 

displacements are presented in design charts, which are given in design manuals 

mentioned earlier. For example, the normalized maximum displacement of a 

SDOF system with a bi-(Kj=O) or trilinear ( K p O )  resistance function, exposed 

11 
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to a triangular pressure pulse with zero rise time is shown in Fig. 2.1. When 

ratio of the duration of the pressure pulse to the eigenperiod in the initial and 

linear resistance range is known, the maximum displacement can be determined 

directly from the diagram. 

1 ao 

10 

1 

Fig. 2.1 Maximum response of SDOF system subjected to a triangle pressure 

pulse with zero rise time 

Transformation factors for elastic-plastic deformation of beams and slabs with 

different boundary conditions can be found in design manuals. Diagrams 

showing the maximum displacements for a SDOF system exposed to different 

pressure histories can also be found in design manuals. 

The characteristic response of the system is based upon the resistance in the 

linear range, K=Kl, where the equivalent stiffness is determined from the 

elastic solution to the actual system. 

If the displacement shape function change as a nonlinear structure undergoes 

12 
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deformation, the transformation factors change. An average value of the 

combined load-mass transformation factor can be approximated as 

where p is the ductility ratio ( p = Tmx/Kl ). 

With the formulae of the transformation factors and design charts, one can 

easily analyze and design a simple structure, such as beams, plates, etc., 

subjected to an idealized blast load. 

2.2 Computational techniques 

During the past 25 years, powerful computer programs have been developed for 

predicting blast loads and the resulting structural response (National Research 

Council, 1995). Computer programs for the prediction of blast effects can be 

subdivided in two groups: first-principle and semi-empirical programs, in 

which the mathematical equations describing the basic laws of physics 

governing a particular problem are solved. These principles are conservation of 

matter, momentum, and energy. In addition, mathematical relationships called 

constitutive equations, which describe the physical behavior of materials, are 

needed. If these equations are solved accurately with suitable mathematical 

modes, they should predict the blast loads and structural response. However, 

there are several barriers to accurate prediction of the effects of an explosion 

through the use of the first-principle programs. Among them are the following: 

In the calculation of blast due to explosions in air, the response of the air 

involves complicated phenomena, such as dust-air mixtures, boundary 

effects, and turbulence. Turbulent flow, for example, cannot be 

calculated without the addition of models governed by empirical 

parameters. 

13 
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Calculation of the pressures imparted by a detonating explosive on the 

structure involves multiscale phenomena that are very difficult to deal 

with; such phenomena also occur in the structure during failure. 

In the calculation of structural failure, the behavior of the materials is 

neither well understood nor readily characterized; in other words, 

accurate constitutive equations are not available for the materials, 

particularly in fracture or fragmentation. 

While these deficiencies in first-principle codes are often compensated for by 

the use of engineering judgment, the main objective of first-principle technique 

is to provide predictions in new domains where experience that makes 

engineering judgment possible is not available. 

Semi-empirical computational methods are based on simplified models of 

physical phenomena, which are developed through analysis of test results and 

application of engineering judgment. These methods rely on extensive data and 

case studies. They involve fewer equations and require far less computer time, 

which makes them more practical than first-principle codes for design purposes. 

The computer programs applied in the evaluation of explosive effects cover two 

physical disciplines: 

Computational fluid dynamics (CFD), which is used for the prediction 

of the air blast caused by the explosion and pressures applied to surfaces 

exposed to the propagating air blast; and 

Computational solid mechanics (CSM), which deals with the prediction 

of the response of structures to loads. 

The pressure and the response of the structure are inter-related, and in many 

cases "coupled" analysis of the fluid and structure are needed. Coupled CSM- 

CFD solutions entail the use of much larger computer programs and are more 

costly, but they can provide more accurate predictions. There are difficulties in 

understanding and mathematically modeling the structural behavior in transition 

regions of response from predominately flexural behavior into domains 
14 
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dominated by boundary or punching shear, and ultimately to material 

disintegration. Also, material constitutive relationships are less well understood 

in these transition regions. Nevertheless, computations can give valuable 

information about the magnitude and type of damage. The pressures resulting 

from complex, non-spherical explosive charges (e.g., car bombs) are not well 

understood and carefully controlled experiments are vital for a better 

understanding and validation of computer programs. Despite some success in 

re-creating the observed effects of actual bombings and cited examples where 

numerical codes were applied to specific design problems it is not clear that the 

routine application of these programs to civilian buildings will become 

widespread. However, where these programs could prove very valuable is in 

testing a wide range of building types and structural details over a broad range 

of hypothetical explosion events. The knowledge gained from such testing, 

verified by experimentation, could transfer directly to civilian practice through 

manuals and other design aids, and ultimately into building codes, in much the 

same way as the application of seismic design principles has become routine. 

2.3 Strain rate effect 

For the reinforcement of mild steel, the level of stress at which yield occurs can 

increase by up to 60% for very fast loading rates as shown schematically in Fig. 

2.2 (Smith and Hetherington, 1994). 

The laws of deformation of materials sensitive to the speed of deformation were 

dealt with in the literature (Goldsmith, 1965; Sdobirev, 1968; and Kotlyarevskii, 

1961). Here, only the laws for mild steel are used for the design of reinforced 

concrete structures subjected to explosion loads. In the case of a single-axis 

state of stress, the dynamic yield point 4zj for an arbitrary regime of dynamic 

stress a(t) may be obtained from the expression for the universal criterion for 

dynamic creeping which determines the delay time r o n  the basis of the theory 
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of dislocations, 

where 

z = yielding delay time (i.e. the time interval between the instant of 

loading and the commencement of yielding) 

= a parameter depending on temperature, which is determined from 

test 
to 

a! = non-dimension constant, which is determined from test 

fy = static yield strength of reinforcing steel 

Within the interval Octczor O<o<o(z) mild steel behaves as a linearly elastic 

material. The dynamic modulus of elasticity Ed practically does not differ from 

the static modulus E. Experiments performed by Kotlyarevskii (1961) with mild 

steels have shown that at normal temperature (20' C) to = 0.895s and a=17. 

Campbell(1953) gives the values of a i n  range of 18.5 to 25. 

S k S S  c 

Yield Stress 
Ix -__--.--.---- 

Fig. 2.2 Strain rate effect on yield strength 
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The delay time z may be determined with iterative calculation (Henrych, 1979). 

In determining time z the complex functions o(t) may be linearized in the 

subintervals ti-I<t<ti , (i=1,2,..,n) where t,= z. The function o(t) can then be 

expressed in the following form 

0 I t l t ,  t o ( t )  = o(0) + - [0(tl ) - a(0)l 
t ,  

t, < t l t 2  

so that 

Eq. (2.6) may then be written in the form 

(2.7) 

With Eq. (2.7), an iterative calculation procedure can be derived to calculate the 

yielding delay time z. 

In TM 5-1300, the strain rate effects are taken into account with the calculation 

of the dynamic increase factor (DIF). DIF is equal to the ratio of the dynamic 

strength to the static strength, e.g. 
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f Y  , f u  

where 

f Y  

f dY 

f I C  

.f Idc 

f u  

f du 

f ' c  

static yield stress of reinforcing steel 

dynamic yield stress of reinforcing steel 

static ultimate compressive strength of concrete 

dynamic ultimate compressive strength of concrete 

static ultimate stress of reinforcing steel 

dynamic ultimate stress of reinforcing steel 

The DIF depends upon the rate of strain of the element, increasing as the strain 

rate increases. The design curves and tables of DIF for concrete and steel 

reinforcement are given in the manual. The increase in capacity of flexural 

elements is primarily a function of the rate of strain of the reinforcement, in 

particular, the time to reach yield, z, of the reinforcing steel. The average rate of 

strain for both concrete and steel may be obtained considering the strain in the 

materials at yield and the time to reach yield. The member is first designed 

using the DIF values given in the design table. The time to reach yield, 5 is 

then calculated using the response charts. For the values z, the average strain 

rate in the materials can be obtained. The average strain rate in the concrete 

(based on Idc being reached at E~ = 9,992 in./in.) is 

0.002 
E' ,  = - z 

while the average strain rate in the reinforcement is 

f dY E' ,  = - 
Es z 
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where 

z 
E, = modulus of elasticity for reinforcing steel 

= yielding delay time (time to reach yield of reinforcement) 

For the strain rates obtained from Eq. (2.8) and Eq. (2.9), the actual DIF is 

obtained for the concrete and reinforcement from the design curves in the 

manual. If the differences between the calculated DIF values and the design 

values of the design table are small, then the correct values of DIF are those 

calculated. If the differences are large, the calculated values of DIF are used as 

new estimates and the process is repeated until the differences between the 

“estimated” and “calculated” values of DIF are small. 

For the elastic-plastic or plastic design of concrete elements, an equivalent 

elastic curve is considered rather than the actual elastic-plastic resistance- 

deflection function. The time to reach yield zis computed based on this curve 

using the equivalent elastic deflection and stiffness. Actually, the reinforcement 

along the supports yields in less time than z whereas the reinforcement at mid- 

span yields at a time greater than z: These differences are compensating errors. 

Therefore, the time to reach yields zfor the equivalent curve when used in Eq. 

(2.8) and Eq. (2.9)produces an average DIF for the concrete and reinforcement 

at the critical section throughout a reinforced concrete element. 

2.4 Structure strengthening 

The FRP system, which employs the use of high-strength fibers in an epoxy 

matrix, provides a material with high-tension capacity along with an elasticity 

that is compatible with conventional materials. FRP has gained wide 

recognition as a primary strengthening measure to increase load carrying 

capacity of structural systems. These retrofit measures can be used to improve 

the performance of resisting blast loadings. Some tests done by fiber 

manufactures show that the fiber reinforced plastic sheet reinforcement is able 
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Type of Fiber 

to increase the explosion resistance of masonry by a factor of 5 to 10. (Design 

Guideline for S&P FRP system, 2002). Currently the design of FRP reinforced 

structures is based on test results and static capacity-based design principles to 

increase flexural and shear strength of beams, columns, slabs and walls. Many 

papers addressing the static design of new structures and the retrofit of existing 

structures to resist higher static loading have been published in the past 10 years. 

Tensile strength: MPa Modulus of Elasticity: GPa 

Alsayed, et. al. (2000) gave some reviews of the basic mechanical properties of 

carbon, aramid and glass FRP composites. The major factors affecting the 

physical performance of an FRP composite are fiber orientation, length and 

shape of fibers, composition of the fibers, mechanical properties of the resin 

matrix, and adhesion of the fibers and the matrix. The principal mechanical 

properties are summarized as: 

Tensile strength. The tensile strength of FRP is of the order of twice that of pre- 

stressing steel strands. However, FRP composites reach their ultimate tensile 

strength without exhibiting any yielding of the material. Typical values of 

tensile strength for glass FRP (GFRP), carbon FRP (CFRP) and aramid FRP 

(AFRP) reinforcements are shown in Table 2.1. The tensile strength fluctuation 

coefficient is 2-7%. Typical stress-strain relationships for different types of 

FRP and steel are shown in Fig. 2.3.  

1 GLASS 1 1700-3000 I 65-70 

1 CARBON I 25004000 I 240-640 

1 ARAMID I 30004000 I 124 
I 

I 

I I 210 I 250-550 STEEL 
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Fig. 2.3 Strong but brittle stress-strain relations for carbon, aramid and glass 

fiber reinforced polymer compared to steel 

Specific gravity. FRP composites have a specific gravity ranging from 0.5 to 

2.0, which is nearly four times lighter than steel. Typical values of specific 

gravity for GFRP, CFRP and AFRP are shown in Table 2.1. 

Modulus of elasticity. The modulus of elasticity (E) of GFRP and AFRP is 

generally lower than that of steel, whereas for CFRP it ranges from a quarter to 

twice as much as that of steel. When GFRP and AFRP are used as main 

reinforcement, vertical deflection may control the design. The coefficient of 

variation of E is fairly low. Typical values for GFRP, CFRP and AFRP 

materials are shown in Table 2.1. 

Ductility. In addition to structural strength, ductility is considered to be a major 

safety consideration in the design of plated reinforced concrete elements. It is 

characterized by the ability of the member to undergo excessive deflection or 

rotation while sustaining its strength. 
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Chapter 3 

ANALYSIS OF BEAMS SUBJECTED TO AIR-BLAST LOADING 

3.1 SDOF method for analysis of RC beam subjected to air-blast loading 

The approach adopted here is essentially the Rayleigh-Ritz method of analysis. 

In this approach, it is assumed that both the solution of equilibrium equations 

and the load on the structure are of separation variable type. Further, the 

function in the solution concerned with geometric co-ordinates have the same 

form as that of the corresponding static problem of the same structure subjected 

to the loading of the same geometrical distribution as that of the blast load on 

the structure. Therefore, the procedure used in solving the problem includes two 

steps. The first step is to evaluate the static problem such that the solution 

concerned with the geometric co-ordinates can be obtained and the second step 

is to use the weight residual method to obtain an equation of the equivalent 

SDOF system. 

3.1.1 Single span RC beam strengthened with FRP platekheet 

Consider the beam with elastic supports and subjected to air-blast loading as 

shown in Fig. 3.1. 
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The symbols used in Fig. 3.1 are defined as follows: 

K ,  = vertical stiffness of elastic support at beam’s left end 

K ,  = rotational stiffness of elastic support at beam’s left end 

K ,  = vertical stiffness of elastic support at beam’s right end 

K ,  = rotational stiffness of elastic support at beam’s right end 

qA = amplitude of the overpressure at beam’s left end 

qt? = amplitude of the overpressure at beam’s right end 

L = lengthofthebeam 

The equilibrium differential equation of a beam subjected to air-blast loading 

can be expressed as 

= P(x ,  t )  a4W(X, t )  a 2w(x, t )  
ax4 at2 

EI + m  

where 

EI = bending or flexural stiffness 

m = distributed mass 

w(x, t )  = dynamic beam deformation 

P(x,t) = dynamic loading function 

The bending moment and shear force are calculated respectively from 

a2  w(x, t )  
ax2 M (x, t )  = -EI 

a w (x, t ) 
ax3 V ( x ,  t )  = -EI 
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The loading (on the beam) and the beam deflection can be described respectively 

as 

where 

P = amplitude of air-blast load 

f, ( x )  = distribution of air-blast load on beam 

f ( t )  = time-varying loading 

W (x) = deformation of the beam subjected to static load of f ,  (x) 

~ ( t )  = dynamic function 

In this thesis f , ( x )  is assumed to be a linear function. If the amplitude of the 

air-blast load, p ,  is set with an average value of 0.5(qA + q B )  , the linear 

function f, (x) can be represented in the following form 

f; (x) = 1 - a I- 2 a x p  

The static deformation W (x) satisfies the following equation 

d4W(x) 
dx El  = f h )  

and the supporting boundary conditions. The beam with elastic supports 

subjected to linearly distributed loading together with the definitions of loading 

and support stiffness (load variation q A  and q n ,  the vertical and rotational 

stiffness KyA,KM,KyE,Km) i s  showninFig. 3.1. 
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Substituting Eqs. (3.4) and (3.5) into Eq. (3.1), the residual is obtained in the 

form 

With the condition that p R(x,  t)w(x)dx = 0 ,  one obtains 

(3.10) 

where 

Here, w is the circular frequency of the equivalent SDOF system of the beam. 

The shock wave from an external explosion causes an almost instantaneous 

increase in pressure on nearby objects to a maximum value. This is followed by 

a brief positive phase during which the pressure decays back to its ambient 

value, and a somewhat longer but much less intense negative phase during 

which the pressure reverse direction. For most structures this phenomenon can 

be approximated using a triangular impulse loading with zero rise time and 

linearly decay. The parameters of this equivalent load are calibrated to match 

the maximum reflected pressure ( p ) and total reflected impulse ( i ) of the 

actual load's positive phase, so that the design duration td = 2 i /p  . The negative 

phase is neglected because it usually has little effect to the maximum response. 

As shown in Fig. 3.2 the dynamic loading function can be expressed in the 

following form 

t 1-- O S t S t ,  

t >td 
(3.12) 
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The maximum reflected pressure ( p ) and total reflected impulse ( i ) can be 

estimated for a given combination of the standoff distance ( R ) and explosive 

charge ( W )  using the scaled distance parameter ( Z  = R/* ) and published 

curves. Although the angle of incidence at which a blast wave strikes the 

building surface also influences these parameters, it is usually conservative to 

neglect this adjustment. The approximate value of the peak reflected 

overpressure may be calculated by interpolation from the values given in Table 

3.1. 

Table 3.1 Peak reflected overpressures (MPa) with different W-R 

combinations (TM5- 1300, 1990) 

Substituting Eq. (3.12) into Eq. (3.10), results in 

WZT(t)+i;(t)= w2(1-t/t,) 
wzT( t )+i ' ( t )= 0 t > t, 

o <  t < t, 
(3.13) 
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With initial conditions, T(0)  = 0, f(0) = 0,  and the continuity conditions at time 

td, T(td -O)=T(t, +O), f(t, -O)=f(t ,  +O) ,  the solution of Eq. (3.13) can be 

determined as 

I 1  - 

\ & I -  
;m t> t ,  

O < t < t ,  1 - cosut  --+-sin mt 

-[sin u t  -sin u(t - td)]- cos m t >t ,  

t l  

T(t) = td Wtd (3.14) 

The solution would be applicable until the end of elastic stage when the cross- 

section yields. It is known that the yield strength of mild steel depends on the 

strain rate. Campbell (Campbell, 1953) proposed the following relationship to 

express the dependence of the dynamic yield strength on the strain rate as 

where a,is the dynamic yield strength of steel and z is called the yielding 

delay time which is determined from 

where 

(3.15) 

to = a parameter depending on temperature, which is determined from test 

a = dimensionless constant, which can be determined from test 

f, = static yield strength of reinforcing steel 

The constants aand  to in Eq. (3.15) are used to describe the mild steel property 

of how the yield strength of the reinforcing steel depends on the strain rate. 

They are also dependent on the temperature. Experiments performed by 

Kotlyarevskii( 1961) with mild steels have shown that at normal temperature 

(20°C), to and a take the following values 

to = 0.895, a = 17 (3.16) 
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In the elastic stage, the stress in the steel bar is oft)= opT(t), where op is a 

constant and T(t) is the dynamic function. With the dynamic function T(t) , Eq. 

(3.15) can be written as 

11 
[ [ T ( t ) ]  dt =0.895(f,/0,,)1~ (3.17) 

Using a numerical method, the time z (when the steel bar yields) can be 

calculated. The approximate formula to calculate z is derived in Chapter 5 of 

this thesis. 

During the period of the blast load acting on the beam, the elastic response will 

end at the time 5 when the steel bars yield. If the RC beam is not strengthened 

with FRP plates, then the plastic hinge will appear at the point where the 

bending moment is largest. If the RC beam is strengthened with FRP plates and 

the rupture strain of FRP plates is larger than the yield strain of the steel bar, the 

bending stiffness of the beam in the interval where the steel bar has yielded will 

reduce after the time z. Therefore, the elastic response will continue but with a 

lower vibration frequency. 

In the event of extreme blast load, the structural members exposed directly to 

air overpressure are expected to undergo large inelastic deformation. Key 

parameters that describe the full-range ductile behavior of reinforced concrete 

flexural members are: 1) rotational capacity of the plastic hinge, q,, ; 2) hinge 

length, E ,  ; and 3) softening slope parameter, a. Full-range analysis including 

post-peak behavior for the structural member without FRP reinforcement has 

been recommended in many seismic design guidelines such as FEMA 273/274, 

FEMA 356/357, FEMA 368/369, and FEMA 306/307/308. Since this study 

focuses on the mathematical aspects of the SDOF method, the analysis of 

plastic hinge is not carried out in detail and some assumptions are made to 

simplify the calculation of dynamic response of a structural member subjected 

to air-blast loading. 
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As shown in Fig. 3.3, it is assumed that the beam segment with yielded steel bar 

is considered as a rotational spring, and which joins two beam segments 

together. 

The stiffness, k,, of the rotation spring can be calculated with the residual 

bending stiffness of the cross-section and the length of yield zone in which the 

steel bar has yielded. It is known that FRP plate does not increase the bending 

stiffness of the beam significantly(refer to Sections 7.2 and 7.3 of this thesis). 

Therefore, the length of yield zone can be calculated from the empirical 

formulae of the equivalent length of the plastic hinge which were derived for 

the RC beam without FRP plate strengthening. Baker (Baker, 1956) proposed 

following two empirical formulae: 

For members with unconfined concrete 

1 

For members confined by transverse steel 

I, = 0.8k,k2 (2) c 

(3.18) 

(3.19) 

where 
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kl = 0.7 for mild steel or 0.9 for cold-worked steel 

k,  = l + O S P , / P ,  

P, = axial compressive force in beam 

P, = axial compressive strength of beam without bending moment 

k3 = 0.6 when f IC = 35.2 N/mm2 or 0.9 when f IC = 11.7 N/rnrn2 , 

assuming f IC = 0.85 x (cube strength of concrete) 

z = distance of critical section to the point of contra-flexure 

d = effective depth of the beam’s cross section 

c = neutral axis depth at critical section 

It is to be noted that I, (in Eqs. (3.18) and (3.19)) is the equivalent plastic hinge 

length on the one side of the critical section. Thus a plastic hinge in the span of 

a symmetrically loaded beam will have a total equivalent length of 2 I,. 

Using the equivalent length of yield zone, the stiffness, k,, may be calculated 

approximately from: 

( /21, when the critical section in the span 
when the critical section at the support 

(3.20) 

where (El), is the residual bending stiffness of the beam segment in the yield 

zone. 

For convenience, we re-denote z (the time interval between the instant of 

loading and the commencement of yielding, i.e., the duration of the first elastic 

stage of dynamic response of the beam subjected to air-blast loading) by q. The 

dynamic deformation of the beam after time q can be written as 

(3.21) 
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where 

W, (x) = deformation of the beam subjected to static load of f, (x) 

W2(x) = deformation of the two-segment beam (shown in Fig. 3.3) 

subjected to static load of f, (x) 

T, ( t )  = dynamic function for t < z, 

T2 ( t )  = dynamic function for t > z, 

Substituting Eq. (3.21) into Eq. (3.1), the residual is obtained as 

R (4 t ) = P [ T2 ( t fi (4 + T (TI fl(4 + mf2 ( t )  w2 ( 4 - f ,  ( 4 f ( t  ,] 

With the condition that 6 R(x, t)w, (x&= 0, the following equation is obtained 

with the initial conditions 

T2 (5 1 = 0 

and 

where 

z, = duration of first elastic stage 

(3.22) 

(3 -23) 

(3.24) 

(3.25) 

w2 = vibration frequency of second elastic stage 
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Eq. (3.25) is derived from the condition of conservation of momentum. 

From the deflection function w~(x,t), the dynamic bending moment in the beam 

can be calculated. When the bending moment at a cross-section increases to the 

value at which the steel reinforcement starts yielding or the FRP reinforcement 

ruptures, a new rotation spring or a plastic hinge will appear. The beam will 

then deform with a lower frequency. A similar procedure will continue until the 

beam is changed to a mechanism with three hinges, in which two are at the 

beam’s ends and one is in the span of the beam. 

It should be noted that if the (i-l)rh ( i  2 3 )  phase of the dynamic deformation of 

the beam terminates due to rupture of the FRP reinforcement, the bending 

moment at the position where FRP reinforcement ruptures would be suddenly 

released. For simplicity, it is assumed that the strain energy corresponding to 

the dynamic deformation developed in (i-l)th phase is converted to the kinetic 

energy of the beam immediately at the time when the FRP reinforcement 

rupture. Therefore, with the conservation law of energy, the formula to 

calculate the initial value of the derivative of dynamic function, < ( T ~ . - ~  ) , can be 

derived as 

The deformation of the beam in the irh stage can be expressed as 

(3.26) 

where 

W,(t) = deformation of the beam after the reinforcing steel yield at krh 

cross-sections subjected to static load of f l  (x) , k=1,2,. . . i 

Tk ( t )  = dynamic function of krh phase of the dynamic deformation, 

k= 1,2,. . . i 
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ik = rupture index of kth phase of the dynamic deformation 

In the case that the kih elastic phase of the dynamic deformation terminates due 

to external FRP reinforcement rupture iktakes the value of zero, while in the 

case that the kth elastic stage terminates due to steel reinforcement yielding, 

then ik takes the value of 1, i.e. 

0 , if k" elastic stage terminates due to FRP reinforcemnt rupture 
1 , if kih elastic stage terminates due to steel reinforcemnt yielding 

ik = 

The frequency in the ith stage can be calculated with the following formula 

and T@) is determined from the equation 

r i - 1  1 

(3.27) 

(3.28) 
L k =I 

with the initial conditions 

T(zi-, ) = 0 (3.29) 

(3.30) 

if the ith phase of the dynamic response terminates due to yielding of steel bars, 

or 

if the ith phase of the dynamic response terminates due to rupturing of FRP 

sheet. In Eq. (3.3 1), U P i  is the plastic energy dissipated during ( i  - 1)Lh stage 

which can be calculated from 
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(3.32) 

where 

= total number of plastic hinges appeared in the beam before 

the time zi-l when i“ stage begins 
mi 

hi! yk 
= bending moment on kCh ( k  = 1,2, . mi ) plastic hinge 

- q-l ( t )  - dynamic function of (i - 1)’h stage of the dynamic 

deformation 

xk = location of kth plastic hinge 

The internal force in the beam in irh phase of the dynamic deformation can be 

calculated from 

where 

M p k  ( X )  = -pEZ d2Wk (‘1 , k = 1,2,.*-i 
dx2 

, k =1,2,..*i Vpk ( X )  = -pEZ d3Wk (‘1 
dx3 

(3.33) 

(3.34) 

(3.35) 

(3.36) 

Using the initial conditions of Eqs. (3.29) and (3.30) or (3.31), the solution of 

Eq. (3.28) can be obtained as 
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When three plastic hinges developed in the span of the beam, the beam will be a 

free movable mechanism. In case that the vertical stiffness of the supports at both 

the beam’s end are very large, the vertical displacements of the beam’s ends 

would be very small compared to the plastic deformation of the beam. Thus the 

end displacement could be neglected. The beam in this plastic stage is shown in 

Fig. 3.4. 

The deformation of the beam in the plastic stage can then be expressed as 

(3.38) 

where n is the total number of the elastic deformation stages before the plastic 

deformation stage and 

X O < X < L ,  

L, L, < x <  L (3.39) 

Substituting Eqs. (3.38) and (3.39) into Eq. (3.1), the residual is obtained in the 

form 
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With the condition that f R(x,  t)Wp (x)dx = 0 , the differential equation to 

determine dynamic function T, ( t )  of the plastic stage is obtained as 

where 

(3.40) 

(3.41) 

Similar to Eqs. (3.29) and (3.30) or (3.31), the initial conditions can be expressed 

as 

and 

if last elastic stage terminates due to yielding of steel reinforcement or 

(3.43) 

if last elastic stage terminates due to rupturing of FRP plate. In Eq. (3.44), Up,  

is the plastic energy dissipated during nt* stage which can be calculated from 

(3.45) 

where 
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= total number of plastic hinges appeared in the beam before 

the time rn when plastic stage begins 
m P  

- 
M P k  

- bending moment on k‘* ( k  = 1,2,. m,, ) plastic hinge 

Tn ( t )  = dynamic function of nfh phase of the dynamic deformation 

xk = location of k‘* plastic hinge 

For rn < t < td , substituting Eq. (3.12) into Eq. (3.40) and integrating twice 

with respect to t ,  the following results are obtained 

The time when T,,(t) is a maximum value can be obtained by solving the 

following equation 

That is 

tm=t ,  1-Cik T k ( Z k ) +  1-2;’-Cik T k ( Z k )  + (3.48) 

It is possible that tm obtained from Eq. (3.48) is greater than td . For t > td the 

dynamic function Tp ( t  ) can be determined from 

n 

F p l ( t ) = - ~ i C i k  Tk ( rk) ,  
k=l 

t > td 

Integrating Eq. (3.49) the following equations are obtained 
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(3.50) 

where Tp (td ) and T, ( td  ) are calculated from Eq. (3.46) and (3.47) respectively. 

With the condition f P l  ( t )  = 0 , the time when Tpl ( t )  reaches its maximum 

value can be calculated from Eq. (3.50) as 

(3.52) 

The maximum open angle of the crack at point C (see Fig. 3.4) can then be 

calculated by 

(3.53) 
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3.1.2 Continuous RC beam loaded by static axial force 

The analysis procedure can be generalized to the analysis of a continuous beam. 

As shown in Fig. 3.5, a continuous beam is subjected to combined static axial 

forces and air-blast loading. 

The differential equation of this problem can be written as 

The initial and boundary conditions of this problem are 

(3.54) 

(3.55) 

(3.56) 
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W(X, t ) (x=y ,  = 0 i = 1,2,.-*,M + 1  (3.57) 

a 2W(x ,  t ) 
= O 

[ K, ,  w+ EI(x) ax a x 2  
(3.58) 

(3.59) 

where KIB is the rotational supporting stiffness at joint 1 and M is the total 

number of spans of the continuous beam (See Fig. 3.5). 

The dynamic deformation of this continuous beam can be expressed as 

1 
P = + 4w 1 (3.61) 

Values of qo and qu are the magnitudes of the overpressures of the blast 

loading at the continuous beam's left and right ends respectively. The function 

W ( x )  is the deformation of the continuous beam subjected to the static 

load f ,  (x) , which is assumed to be a linear function and can be expressed as 

(3.62) 

(3.63) 

Substituting Eq. (3.60) into Eq. (3.54), the residual is obtained in the following 

form 

With the condition R(x,  t)W(x)dx = 0, the following equation is obtained 
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W 2 T ( t ) +  F ( t )  = y”(t) (3.64) 

where 

(3.65) 

(3.66) 

M 
Ni = E N k  

k =i 

i 
y i  = E L k  , i =1,2,.-- , M 

k =I 

The initial conditions as shown in Eq. (3.56) is reduced to the following form 

T(0)  = 0 
T(0) = 0 

(3.67) 

Solving Eq. (3.64), the dynamic function T( t )  can be obtained and then the 

dynamic deformation can be calculated from Eq. (3.60). If the loading function 

f ( t )  is given by Eq. (3.12), the solution of Eq. (3.64) is 

Octct, t 1  1 - cos ax --+-sin ut 

--[sinmt-sinw(t-t,)]-coswt t > td 

td md 

where 
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(3.69) 

The coefficient 7 is an amplification factor to take account of the static axial 

force effect. If the dynamic function is still expressed by Eq. (3.14), the 

dynamic response of the continuous beam should be represented as 

As the dynamic deformation increase, the cross-section at some supporting 

joints will yield. Because the continuous beam is loaded with static axial forces, 

Eq. (3.17)should be modified to take account of the effect of these axial forces 

on the yielding delay time. The equation to determine the yielding delay time of 

the steel reinforcement in this problem may be written in the following form 

ry::r [TI7(t)dt  = 0.895 (3.71) 

where oN is the compressive stress in the steel reinforcement caused by the 

axial force, which can be calculated from: 

where 

E, = 

E, = 

N =  

h =  

b =  

Young’ s modulus of concrete 

Young’s modulus of the steel reinforcement 

axial force in the beam 

height of cross-section 

width of cross-section 
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- = the total area of the steel reinforcement 

After the plastic hinges appear at the positions of some supporting joints, the 

continuous beam will be decomposed into several single span beams and a 

continuous beam with fewer spans. The response of these single span beams 

can then be calculated separately, while the continuous beam with fewer spans 

can be calculated with the formulae derived above. As shown in Fig. 3.6, after 

the plastic hinge appears at the supporting joint 2, the first span of the 

continuous beam can be analysed as a single span beam. 

The dynamic deformation of this single span beam can be expressed as 

+4= P77,Wz(X)Tz(t)+PrhW,(x)T,(z,) (3.73) 

The partial deferential equation of this single span beam can be written as 
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With weighted residual method, one can obtain the govening equation of the 

SDOF system of this single span beam of the form 

(3.75) 

where Tl ( t )  is the dynamic function of the first response stage of the continuous 

beam and z, is the time when the plastic hinge appears at the supporting joint 2 

of the continuous beam as shown in Fig. 3.5. The frequency co2 and the 

parameters y2 and cI2 are calculated from 

(3.76) 

(3.77) 

(3.78) 

where 

M 
Fl = E N k  

k =1 

In the elastic stage, the value of cr2 is very small and negligible. 

The initial values of the dynamic function T2(t)  and its derivative can be 

calculated from the following equations 

(3.79) 
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(3.80) 

where W, ( x )  is the static deformation of the continuous beam in the first span. 

With the intial conditions given by Eq. (3.79) and Eq. (3.80), the differential 

equation (3.75) can be solved and the dynamic deformation can be calculated 

from Eq. (3.73). As the dynamic deformation increase, the steel reinforcement 

will yield at the cross-section where the bending moment is largest in the beam. 

The yielding delay time when a cross-section in the span yields can be obtained 

by solving Eq. (3.7 1). 

I 

After the plastic hinge appears in the span the beam is changed to a free 

movable mechanism as shown in Fig. 3.7. 

i 

F The differential equation of this problem can be written in the following form 
1 
$ 
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a4w,(x,t) - a 2 w p ( X , t )  a2wp(x , t )  
+ m  = Pfl (x)f ( t )  ax2 at2 EI + N ,  ax4 

The deformation of the beam in the plastic stage can be expressed as 

(3.81) 

(3.82) 

where n is the total number of the dynamic deformation stages before the plastic 

hinge appears in the span and 

2 

[y ( X ) h  ( x ) d x - N 1  [[%I dx 
2 ui = 

f m  W,'(x)dx 

2 

[y ( X ) h  ( x ) d x - N 1  [[%I dx 
2 ui = 

f m  W,'(x)dx 

= 5 " W , ( x ) J ; ( x ) d x / ~ m W , ' ( n ) d j ,  

x O < X < l ,  
1 - x  
-1, E , < x < l  
1-1, 

(3.83) 

Substituting Eqs. (3.82) and (3.83) into Eq. (3.81), the residual is obtained as: 

With the condition that 8 R(x,  t)Vp (x)dx = 0 , one obtains the differential 

equation to determine dynamic function T p  ( t )  of the plastic stage 
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where 

The initial conditions can be expressed as 

and 

(3.85) 

(3.86) 

(3.87) 

(3.88) 

(3.89) 

The solution of Eq. (3.84) is 

Tp (t)  = Aexp[up (t-ra)]+Bexp[-q (t-Z,)] 

With the initial conditions of Eqs. (3.88) and (3.89) the constants A and B can 

be determined by solving the linear system consisting of 

and 
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The formulae to calculate values of A and B are obtained as 

The time when the plastic deformation reaches its maximum value can be 

obtained by solving 

Tp( t )=  *',{Aexp[up(t - r n ) ] - B e x p [ - u p ( t - z , ) D + ~ = O  r;: 
d p  

i.e. 

1 
t,  = z, +-ln 

0. 

1 
20,A 

(3.93) 

(3.94) 

It is possible that t, , calculated from Eq. (3.94), is greater than t, . It should be 

noticed that Eqs. (3.84) and (3.94) are applicable for t > t, . For t > t, the 

dynamic function Tp ( t )  shall be determined from the following equation 

(3.96) 

where C and D are determined from the following equations 
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C+D=Aexp[w,(t ,  -z,)]+Bexp[-w,(t, - rn) ]  (3.97) 

C-D=Aexp[w,(t, -z,)]-Bexp[-w,(t, - rn)]+$/ td@, (3.98) 

Solving the linear system composed of Eqs. (3.97) and (3.98), the formulae to 

calculate the values of C and D are obtained as 

The time when the plastic deformation reaches its maximum value can be 

obtained by solving 

Cexp[w, ( t - zn) l -Dexp[-w, ( t - rn) l=  0 (3.101) 

i.e. 

1 D  t, =td +-In- 
264 c 

The maximum plastic displacement can then be calculated from 

and 
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3.2 Deformation mode and frequency of the equivalent SDOF system of 

beams subjected to air-blast loading 

As discussed in Section 3.1, the procedure to analyse and to design a blast 

resistant RC beam strengthened by FRP platehheet can be described as follows: 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

provide the initial design parameters for the beam and set i = 1. 

calculate the deformation, Wi (x) , of the beam subjected to static 

load with the same distribution of the air overpressure on the beam. 

calculate the circular frequency, a , of the equivalent SDOF system 

of the beam from Eq. (3.27). 

solve the Eq. (3.28) to obtain the dynamic function, Ti ( t )  of the izh 

elastic stage. 

calculate the deformation and internal force of beam in ith response 

stage. 

with the predefined criteria (see Chapters 5 and 6), calculate the 

time when a cross-section in the beam fails or partially fails. 

if the steel reinforcement yields while the FRP platehheet does not 

rupture in a cross-section, insert a rotational spring at the position of 

the cross-section. If the FRP plate has ruptured, insert a plastic hinge 

at the position of the cross-section. 

determine whether the beam with the plastic hinge is a free movable 

mechanism or not. If it is a free movable mechanism, go to step 9. If 

it is not a free movable mechanism, set i = i +1, go to step 2. 

9. calculate plastic response. 
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10. if the requirements on design of the beam are satisfied, the analysis 

and design are completed, otherwise modify the design parameters, 

set i = 1 and go to step 2. 

This section focuses on the derivations of the formulae to calculate the static 

deformation and the related integrations for beams with different supporting 

conditions. The formulae relating to a continuous beam loaded with axial force 

are also derived in the section. 

3.2.1 Single span RC beams strengthened with FRP platehheet 

The static beam deformation can be obtained by solving the corresponding 

static problem shown in Fig. 3.1. In practice, the beam or one-way slab to be 

designed may have different boundary conditions and continuous supports as in 

multiple spans. In order to simplify the design of the computer routine, it is 

convenient to express the beam deformation in the following form ( Clough, 

1996) 

where 

(b2(s)=-s+2s* -s3 

qj4(s)=s2 -s3 

$5 (s, u )  = s 2  (s - 1)2 (2us + 5 - u )  

s = x / L  
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vp = L4/120EZ 

and 

= vertical displacement of beam’s left end V A 

8, = rotational displacement of beam’s left end 

V B  = vertical displacement of beam’s right end 

8, = rotational displacement of beam’s right end 

The positive directions of the joint displacement VA, OA, VB, and 6 are defined in 

Fig. 3.8. 

Functions $i (s), ( i  = 1,2,3,4 ) in Eq. (3.105) are called shape functions 

corresponding to VA) 8A) V B ,  and 6’’ , respectively, the same as that used in finite 
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element method (Klus-Jurgen Bathe, 1996), while #5(s) is the deflection of the 

beam with both ends fixed as shown in Fig. 3.9. 

The equations to determine the values of VA, $A, VB, and OB can then be written in 

matrix form 

12 + k,, -6 -12 6 

6 
-6 4+k, -6  
-12 -6  12+k,, I 6 2 

where 

- 1 (3.106) 
120EI 12(5 + a) 

and (see Fig. 3.8) 

K ,  = vertical stiffness of elastic support at beam’s left end 
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K ,  

K ,  

K ,  

R A Y  = vertical force acting at beam’s left end 

M A ,  = moment acting at beam’s left end 

RE, = vertical force acting at beam’s left end 

M ,  = moment acting at beam’s right end 

= rotational stiffness of elastic support at beam’s left end 

vertical stiffness of elastic support at beam’s right end 

rotational stiffness of elastic support at beam’s right end 

= 

= 

Solving Eq. (3.106), the displacements of the beam’s ends can be obtained as 

vA =-([5(po - L4 +4so +do +12)-a(2po +7so +20)lkyb +120(pO + s o ) }  (3.107) 
lOEZ D 

- L3 eA =- 60DEI Q(PY +12sy +36dy) -a (py  -60sy)1k,  +2)+20(py  -6s , )}  (3.108) 

V B  =- - L4 {5(po +4so -do  +12)+a(2po +7so +20)]kya +120(po +so)} (3.109) 
1 0 DEI 

- L3 
8, =- 6ODEI & 5 b y  +6sy -36dy ) -a (p ,  -60sy)kk,  +2) -20(py  -6sy ) }  (3.110) 

where 

so = k ,  + k ,  

do  = k ,  - k ,  

Po =k,k, 

s ,  = k,, + k,, 

dy = kya - k y ,  
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I--+ 

Py = k y a k y b  

( e , ~ + e , ~ + 2 ~ ,  4,) 1 1 1  1 -+--- 

D = (Po + 4s0 + 12)py + 12(p0 * so)sy 

Substituting Eq. (3.105) into Eq. (3.27) and calculating the integrations, the 

formula of the frequency w can be obtained as 

(3.1 11) 

where 

D, = 42(5 - 2a)v, - 7(5 - a)LBA + 42(5 + 2a)v, + 7(5 + a)LB, + 2(35 + a2)vp 

D, = (me; - 198e,e, + 1 3 2 e ; ) ~ ~  + [1452VA + 858v, + (495 - 1 la)v, ]LO, 

- [858v, + 1 4 5 2 ~ ~  + (495 + 1 la)v,]LB, + (5148~: + 3564vAv, + 5148~:) 

+[(2310-88a)vA +(2310+88a)v,b, +(2a2 +550)vg 

The bending moment, M ,  and shear force, V ,  in the span of the beam can be 

calculated from the following equations 

{ ~ ~ ( 1 2 s  -6)+ QAL(6s -4)+vB(6-12s)+ 19&(6s - 2) 

+ v p  [40as3 - 60(a - l)s2 +12(2a - 5)s - 2(a - 5)) 
(3.112) 

6EZ V(x)=--[2vA +LO, -2vB +LOB +2vP[lOs(as-a+1)+2a-5]} (3.113) 
L3 

where 

s = x l L  

The maximum bending moment in the beam span is at the position 
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Especially, for a = 0 

(B,L+BBL+2VA -2v,) L L  
xln =--- 2 20v, 

The maximum bending moment in span is 

(3.1 15) 

Using the results obtained in this section the formulae for the beams with 

conventional supports are given as follows: 

(1) Clamped-Clamped: 

The static deformation before the rotational spring appears in the span is: 

w ( x )  = "[ 120EI "( L2 K- L lY( 2a;+ 5 -.,I 
fW(x)dx=--- LS 

720EI 

(3.117) 

(3.118) 

[ W (x)dx = (3.119) 

The internal forces before rotational spring appeared in the span are: 

M A  =M(O)=-(5-a) PL2 
60 

M ,  =M(L)=-(5+a) PL2 
60 

(3.120) 

(3.121) 

(3.122) 
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(3.123) 

(3.124) 
1 

10 
V,  = V(O)  = - (5 - 2a) 

(3.125) 
1 

10 
V, = V ( L )  = -(5 + 2a) 

The frequency of the SDOF system before the rotational spring appears in the 

span is: 

(2) Pinned-Clamped: 

The static deformation before the rotational spring appears in the span is: 

L5 
2880EI 

6' W (x)dx = (9 - a )  

[W2(x)d .x=  

The internal forces before rotational spring appears in the span are: 

M ( x ) =  p h  
2L 40 

PL2 M ,  = M ( L )  = - (15 + a )  
120 
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(3.128) 

(3.129) 

(3.1 30) 

(3.131) 
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V(x)=pL - - -+a  ---+- [; : [z z .ai] 
V, =V(0)=-(15-7a) P L  

40 

PL 
40 

V,  = V(L) = - (15 + 7a) 

The frequency of the SDOF system: 

(3.1 32) 

(3) Pinned-Pinned: 

The static deformation before the rotational spring appears in the span is: 

(3.133) 

(3.134) 

LS 
1 20 EZ 

[W(x)dx  =- 

The internal forces before rotational spring appears in the span are: 

I x 
L' 

V ( x ) = p L  - - -+a ---+- [; ; [; z :,I 

(3.135) 

(3.136) 

(3.1 37) 

(3.138) 

(3.139) 

(3.140) 
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(3.141) PL 
6 

V, = V(0) = - (3 - U )  

(3.142) v, =V(L)=-(3+a) PL 
6 

The frequency of the SDOF system before the rotational spring appears in the 

span is: 

The position of the rotational spring which appears in the span is 

1 A + B  
2 20c 
--- 

(3.143) 

(3.144) 

where 

A = L k  BAkTk (z, ) 
k =I 

k=l  

It should be noticed that the value of ( zi ) and the time 2, are dependent of 

x, . Therefore the approximate value of x,,, can only be calculated from an 

iteration procedure. 
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3.2.2 Single span RC beams strengthened with FRP platehheet after steel 

bars have yielded 

As described in Section 3.1, for the RC beam strengthened with FRP plates, the 

beam segment in which the steel bars have yielded is modeled as a rotational 

spring. The static deformation W (x) of the simply-supported beam composed of 

two beam segments joined by a rotational spring can be obtained by solving the 

corresponding static problem shown in Fig. 3.3. Similar to Eq. (3.105), the 

static deformation of the beam with rotational spring in the span can be 

expressed as 

where 

aY a A  = 
1- a(1- y )  

a ( 1 - y )  a ,  =- 
l + a y  

( I  - a + ay)  - LA 
vpA -E 

The positive orientations of the displacement BA , vA , OCA , vc , BcB , v, and 8, 

are defined in Fig. 3.10. 
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The meaning of the sympols to describe the displacement of the beam's ends 

are defined in Section 3.2.1, while the others are defined as follows 

V C  

'CA 

S C B  

= vertical displacement of the rotational spring in span of the beam 

= rotational displacement of cross-section on the left of rotational spring 

= rotational displacement of cross-section on the right of rotational spring 

= bending moment in cross-section on the left of rotational spring 

= bending moment in cross-section on the right of rotational spring 

CA 

CB 

In an identical manner as the single span beam, we have the equilibrium 

equation to determine the joint displacement BA , v A  , BcA , vc , BcB , v B  and BB , 

K D = F  (3.146) 

where 
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K =El 

F =  

4 K& -+- 
LA EI 

6 

2 

LA 
-6  
L2A 

- 

L2A 
- 

- 

0 

0 

0 

D =  

k c  0 -_ 4 k  -6 
-+L - 
LA EI L2A EI O I  

fixed 

62 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



ANALYSIS AND DESIGN OF BLAST-RESISTANT STRUCTURES 

Solving the problem shown in Fig. 3.11, the components of the force vector 

{ F }  can be obtained as follows 

LA 
A - 60 10 

RA = -[5(1- a)+ 3ay] M - -[5(1-a)+4ay], L2A 

L 
60 10 

M ,  = --[5(1-a)+6ay], L2A R ,  = - [5 + 2 ~ ( 2 y  - l)] 

M ,  =--[5(1+~)-4~(1-  L2B y)] 
60 

Solving Eq. (3.146), the joint displacement SA ,vA yecA ,v, , e,, ,vB and 8, can 

be obtained. Substituting Eq. (3.145) into Eq. (3.27), the formula to calculate 

the frequency of the beam with rotational spring is obtained as 

(3.147) 

where 
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For simply-supported beam composed of two beam segments which are joined 

by a rotational spring as shown in Fig. 3.12, formulae to calculate the 

displacement and rotational angles of ends of the two beam segments can be 

obtained by solving Eq. (3.146). 

Setting y = L, /L  , the stiffness matrix K in Eq. (3.146) can be rewritten in the 

following form 

K = -  G 
L 

2 4 

Y Y 
2 4 Lkc 
- -+- 
Y Y EI 
6 

Y 2  Y’ 

Lkc 

- - 

6 -- -- 

0 -- 
El 

6 -- 
Y’ 

Y 2  

6 -- 

12 12 -+- 
Y3 (1-y)3 

(1-Yr 

6 

0 0 

LkC 0 

(1- Y)’ (1- y)‘ 

-- 
EI 

6 6 

4 Lk, 2 -+- - 
1-y EI 1-y 

G 
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- 
1 0  0 0 0  
0 1  0 0 0  
0 0 l / L  0 0 

0 0  0 0 1  - 

0 0  0 1 0  
G =  

Y’L -. 
-y2L 

( 1 - Y I 2  L 

- L 6 -- 
12 

(-(l- y)’ L 

- ( 5  - 4y) y2L 

( 5  -6Y) Y2L 
>+-< aL 12(2y-1) 

’ 

> 

-( 1 - 6y) (1 - y )’ L 

-(1+4y)(l-y)2 L 

60 

The inverse of the stiffness matrix, K , can be obtained 

where 

Go = 

G, = 

(3.148) 

2 2-6y+3y2 2 y - 3 ~ ~  + y 3  2-6y+3y2 -1 
2-6y+3y2 2-6y+6y2 2 y - 6 ~ ~  +6y3 2-6y+6y2 -1+3y2 

2y-3y2 + y 3  2y-6y2+6y3 2y2(l-y)2 2y-6y2 +6y3 - y + y 3  
2-6y+3y2 2-6y+6y2 2y-6y2 +6y3 2-6y+6y2 -1+3y2 

-1 -1+3y2 - Y + Y 3  -1+3y2 2 

The force vector, F , in Eq. (3.146) can be written in the following form 

L2 F = -  
60 

[ 5 - a ( 5  - 4 Y )] Y ’ 

-[5 + 2a (2y -l)] 

[ 5  - a  (1-6Y )](1- Y)’ 

- [ 5 + a ( 1 + 4 y ) ] ( 1 - y )” 

- [5 - a ( 5  - 6y)] y2 

6 
L 
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, 
1-Y ‘ 

1- Y 
W Y ) Y  > >  

-Y 
-Y , 

Therefore the displacement can be calculated by 

L 
6EI 

D = K-’F = -G-’ 

1 15D,-aD2 y -y ’  
60 EZ Lkc 

+ -----[3+a(2y-1)b3 

where 

D =  

L3 D=- 
24 El  

i.e. 

1 
1-6y2+4y3 

(1-2y2+y3)Ly 

1-6y2+4y3 
-1 

4y3 - l i  6y2 + 1 

1 

1-30y2(1-y)’ 

(1-10y2 +15y3 -6y4)  Lq 

1-30y2 (1-y)’ 
1 

12EI 
L(  Y4 -2Y3 + Y )  

4y3 - 6y2 + 1 

-1 1 

e, =- L3 [l + y(1- y)’ 24EI Lk, 

I 12EI 
4y3 - 6y2 + 1 + - y(1- y)’ 

Lkc 

12EI 

24 EI +y+ l+-y ( l -y ) j  LkC 

(3.149) 

1-Y 
1-  Y 

Y(1-Y) 
-Y 
-Y 

(3.150) 

! 8, =-[4y3 L3 -6y2 +1--y2(l-y) 12EI 
24 EI LkC 
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e,=-- 

The static deformation is calculated from 

Using Eq. (3.151), the following integrations can be 

calculated 

f W ( x ) d x =  L5 {x 5 y2 ( y - 1) ( y2 + 4y - 6) + 12 
1440EI Lk, 

(3.152) 

24y4(1-y)' (35-45y-5y2+16y3) 

(3.153) 

L9 6 W 2  ( x )  dx = 

+3y2(l-y)(84-56y2 -56y3 +4y4 +66y5 -25y6) 

The bending moment at the rotational spring can be 

calculated from 

The shear forces at beam's supports can be calculated from 

6EI v =--&,eA -2vc + L ~ B ~ ~  +2vpA(2aA -5)} 
A L; 
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3.2.3 Continuous RC beam loaded by static axial force 

The static deformation W(x) of the continuous beam, as shown in Fig. 3.13, 

can be obtained from the finite element method. Each span of the continuous 

beam is selected as a element, the displacement vector {W} consists of the 

rotational displacements of the cross-sections at each support of the continuous 

beam. That is 

The displacement vector {W}can be obtained by solving the following linear 

system 

where 
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{ F } = [ F ,  F2 FM]T 

L2-l L2-l 
Fk = -- fl (Yk-2 1- ,,PI (Yk-1)- fl (Yk-2 11 12 

i 

y i  = C L k  , i = 1 , 2 , - . .  , M 
k=l 

[KI = 

4 k , +  KO, 2kl 0 ... 0 0 

2k, 4k, +4k2  2k2 ... 0 0 
0 2k2 4k2 + 4 k ,  . * -  0 0 

0 0 0 4kM-,  +4kM- ,  2kM-2 
0 0 0 ... 2kM -2 4k,-1 4k ,  

The value of f l ( y k ) ,  (k = 1 ,  2 ,  ..., M )  is calculated from Eq. (3.62).  Solving the 

Eq. (3.158) the displacement vector {W} can be obtained and the static 

deformation of the continuous beam can then be calculated from 

where 
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- 
0 
0 
0 

- 3  

Functions 4, (s), 44 (s) and #5 (s, a )  in Eq. (3.159) are the same as that in Eq. 

(3.105). 

- M x M  

For the continuous beam with equal spans ( Lk = E ,  k = 1,2,. . a ,  M ), the 

matrices [K],[G] , [Mland { P }  can then be expressed in the following forms 

2 + k ,  1 0 * . .  0 0- 
1 4 1 ' . . 0 0  I 
0 1 4 . . - 0 0  
. . . . . .  . .  . . .  . . .  . .  [K]=El E 

E 
[GI = - 

30 
0 0 0 
0 0 0 

MXM 

... 0 0 

... 0 0 

... 0 0 

8NM +4N,-, - NM 
- 4 4  4NM ... 

4 -3 0 * - .  0 
-3 8 -3 ... 0 

0 0 0 8 
0 0 0 * . *  -3 

M x M  

where 
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(3.160) 

Solving Eq. (3.158)' the displacement vector {W}can be obtained and static 

deformation of the continuous beam can then be expressed as 

w(x) = 

where 

- E 3 p k  , 
120 El 

k =1, 2, . . a ,  M ' p k  -- 

U p k  =l-a+-(2k- l ) ,  k = l ,  2, *..,A4 
M 

U 
U k  = k = 1, 2, *-*,A4 

(1 - u)M + a(2k - 1) 

Integrations in Eqs. (3.65) and (3.66) can be calculated 

from 

(3.162) 

(3.163) 

M 

2100M'EZ (1 - U )  ( Ok -ek+,) 
25200M EI k=l  

(3.164) 

l2 1 
M 

+840M EZ u c  [ (5k - 3) 0, - ( 5 k  - 2) Ok,,] + 35M3Z3 (1 - u)' 
k=l 

M M 

+70M u Z3(1-~)C(2k-1 )+4  u2 l3X(35k2 -35k+9) 
k=l k = l  
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(42(60EI M)'  (28: +28k+l -8k8k+I)+ 

+ ~ ~ O O M ' E Z  (1 - U )  i3 ( ok -ek+,) + 1 5 0 ~ ~  (1 - a )  (2k -1)P 

+75M2 (l-a)Zl6 +360M EI ul3[(35k-19)8, -(35k-16)Ok+,] 

+4a2 (2k-1)' Z 6  (75k' -75k+19)} 

M 
66 (1 20 EZM )2 c ( 8; + e;+, - 1 .58k8k+1) + 

770 (360MEZ k =1 
c W 2  ( x ) d x  = 

M 
+ 29700( 1 - a ) M  ' E Z 1 3 z  (8, - e,+,) + 275 (1- a)' M3Z6 + 

k =I 

M 
+ 1 3 2 o U ~ ~ 1 i 3 ~  [ (45k - 23) ek - (45k - 22) e,,,] 

k=l 

M M 
+550a (1 - a ) M  'ZhE (2k  -1) + 4a216x  ( 275k2 - 27% + 69) 

k = l  k =1 

(3.165) 

(3.166) 

As the dynamic deformation of the continuous beam increase, either cross- 

sections at the supporting joints 1 or 2 would yield. To calculate the dynamic 

response of the continuous beam after a plastic hinge appears at either the 

supporting joint 1 or 2, the following integrations should be calculated to obtain 

the initial value of the dynamic function of the next dynamic stages, 

~ o W ( x ) d x = ~ [ 8 1 - 8 2  1 +-$-b-a,+$)] 

12 

(3.167) 

(3.168) 

The bending moments and shear forces at joint k and joint k +1 in kth span of 

the continuous beam can be calculated from 

(3.169) 
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El 
I 

(5-a)12  [ 1-a ( 1-- 2:1)] 
60 Mk =- (48k +2ek+l )+ 

v =-- 6EI ( 5 - 2 ~ ) 1 [  1-a ( 1-- 2;-1)] 
lo k 1 2  ('k+'k+l)+ 

EI (5+a)12 [ 1-a ( 1-- 2;-l)] Mk+l =--(28, +48k+l)- 
I 60 

6EI v1 =-- 
l 2  

(5+2a) l [  1-a ( 1-- 2L-l)] 
10 ('k + 'k+l) + 

(3,170) 

(3.171) 

(3.172) 

(3.173) 

For continuous beams with 2, 3,4, 5, and 6 spans, the rotational displacements 

of the cross-section at each joint and the bending moments and shear forces at 

joints 1 and 2 in the first span can be obtained as follows. 

(1) Two-span continuous beam 

a. Rotational displacements of the cross-section at each joint 

20 - 1 6 ~  

b. The bending moments at supporting joints 1 and 2 

M ,  = (5-4& 1 2  

15(7 + 4k,) 

45-8a+20kO , 
M ,  = I 

15(7 + 4k,) 

c The shear forces at supporting joints 1 and 2 

1 
- 8(5 - 4a)k, + 44a - 55 v, = 

20(7 + 4k,) 

1 
8(5 - a)k, - 26a + 85 

20(7 + 4k, ) 
v, = 

(3.174) 

(3.175) 

(3.176) 

(3.177) 

(3.178) 
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(2) Three-span continuous beam 

a. Rotational displacements of the cross-section at each joint 

225 - 189a 
3 ~ 0 ~ ~ ( 2 6 + , , k ~ ) ~ - ~ ~ + ~ ~ ~ + ~ ~ ~ ~ ~ ~  z3 

15 + 29a + 24ak0 

b. The bending moments at supporting joints 1 and 2 

(225 - 189a)k0 
180(26 + 15k0) 

MI = 

O l 2  
495 - 239a + (225 - 87a)k 

180(26 +15k0) 
M ,  = 

c. The shear forces at supporting joints 1 and 2 

O 1  
- 615 + 527a - (450 - 384a)k 

180(26 + 15k0) 
VI = 

945-513a+(450-216a)ko 
30(26 +15k0) 

v, = 

(3). Four-span continuous beam 

a. Rotational displacements of the cross-section at each joint 

280 - 248a 
= l 3  1-75 + 180a + 24ak0] 

120EZ(97 + 56k0) 20 + 10a + 16ak0 
- 5 + 46a + 24ak0 $4 

b. The bending moments at supporting joints 1 and 2 

(1680 - 1488a)k0 
360(97 + 56k,) 

M ,  = 
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3690- 2 2 2 9 ~  + (1680-888a)ko E 2  
M ,  = 

360(97 + 56k0) 

c. The shear forces at supporting joints 1 and 2 

- 4590 + 4107a + (3360 - 3000a)kO I 
360(97 + 56k0)  

v, = 

7050 - 4623a -I- (3360 - 2040a)k0 
360(97 + 56k0) 

v, = 

(4). Five-span continuous beam 

a. Rotational displacements of the cross-section at each joint 

i 5225 - 4 7 4 1 ~  
- 1400 - 1 8 8 0 ~  + 352Uk0 

1 3  I 
t 375 + 37% + 246ak0 i - 100 + 5 4 8 ~  + 246ak0 

C 1 i = 600EZ(362 + 209k0) 

Les J 1 25+587a+352ak0 1 
b. The bending moments at supporting joints 1 and 2 

(5225 - 474 la)ko , 
300(362 + 209k0) 

M ,  = 

11475 - 7 8 5 9 ~  + (5225 - 4741~)k, E 2  
M ,  = 

300(362 + 209k0) 

c. The shear forces at supporting joints 1 and 2 

- 14275 + 1 3 6 0 9 ~  - (10450 - 9548a)k, I v, = 
300(362 + 209k0) 

21925 -15893~ + (10450- 7172U)ko 
300(362 + 209k0 ) v, = 

(3.186) 

(3.187) 

(3.188) 

189) 

(3.190) 

(3.191) 

(3.192) 

(3.193) 
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(5). Six-span continuous beam 

a. Rotational displacements of the cross-section at each joint 

i 3  
r =  

180EI(1351+780k0) 

11700 - 10800~1 
- 3 135 - 4 0 3 7 ~  + 660ak0 

840 + 56u + 480ak0 

60 + 776a + 480ak0 
- 225 + 1 1 4 3 ~ ~  + 540ak0 

- 15 + 1 1 5 7 ~  + 660ak0 

b. The bending moments at supporting joints 1 and 2 

(1 1700 - 10800a)ko , 
M ,  = 

180(1351+780k,,) 

25695 - 18938~  + (1 1700 - 8040a)k0 12 M ,  = 
180(1351+ 780k0) 

c. The shear forces at supporting joints 1 and 2 

1 
-31965+29714~-(23400-21720~)ko v, = 

180(1351+780k,,) 

(3.194) 

(3.195) 

(3.196) 

(3.197) 

1 (3.198) 
49095 - 37836~ + (23400 - 17280a)kO 

180(1351+780k0) 
v, = 

As the dynamic deformation increases, the cross-section at some supporting 

joints will yield. After the plastic hinges appear at the positions of some 

supporting joints the continuous beam will be decomposed into several single 

span beams and a continuous beam with fewer spans. The response of these 

single span beams can then be calculated separately, while the continuous beam 

with fewer spans can be calculated with the formulae given above, 
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Consider the single span beam shown in Fig. 3.14, which may be any span of 

the continuous beam shown in Fig. 3.13 after a plastic hinge appears at right 

ends of the beams in ( k  - l)th and kth spans of the continuous beam, where K ,  

is the rotation stiffness of the rotational spring which is joined up on the left end 

of the beam. The static deformation of this single span beam can be expressed 

in the form 

where 

pk13 15-a, ek =-- 
120EZ 3 + k, 

pkL3 ( 5  + ak ) ( + k o )  + 2o 6 =-- 
240EZ 3+k ,  k + l  

77 
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l K B k  k,  =- 
2EI 

2k -1 
p k  =1-a+- a ,  k =  

M 

(3.202) 

(3.203) 

(3.204) 

U 
(3.205) ak = k =1,2,...,M 

(1 - a)M + a(2k - 1) ' 

From Eq. (3.199) following integration formula can be 

obtained 

i W ( x ) d x =  pk15 [72+ (9+ ak ) k o ]  
2880EZ (3  + k, ) 

The frequency w2and the parameters yz can be calculated 

from 

(3.206) 

(3.207) 

(3.208) 

where 

g ,  (k , ,  ak ) = 135(255 + a i ) +  75(117 + 15.6ak + a i  )k, + (675 + 180a, + 17ai 

g 2 ( k o , a k ) =  45(k, +3)[40(63+a~)+(315+70ak + l l ~ t ) k , ]  

g 3  (k,, ak ) = 300(1023 + a:)+ (78375 + 8910a, + 167a:)k, + (5225 + 1210ak + 81a: )ki 

2 -* I - 
Nk =--N 

EI 
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Chapter 4 

ANALYSIS OF RC PLATES STRENGTHENED WITH FRP SHEET 

SUBJECTED TO AIR-BLAST LOADING 

4.1 SDOF method for analysis of RC plates strengthened with FRP sheet 

subjected to air-blast loading 

The dynamic analysis of a plate subjected to air-blast loading is more complex 

than the analysis of a beam. Even for the static problem, the solution of the 

equilibrium differential equation of an elastic plate can only be expressed by an 

infinite series. In order to simp1iQ the dynamic analysis, the procedure to 

analyse a beam subjected to air-blast loading as described in Chapter 3, is also 

used to analyse a plate subjected to air-blast loading. Consider the flat but 

irregular concrete plate reinforced with both steel bars and FRP sheet subjected 

to air-blast loading shown in Fig. 4.1. 
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The boundaries may be free, simply-supported or fixed. The analysis is similar 

to that of beams reinforced with combined steel bars and FRP sheet. As the 

dynamic deformation of the plate increases, either plastic yield lines (as the 

plate reinforced with steel bars only) or hinge lines with rotational stiffness (as 

the plate reinforced with both steel bars and FRP sheet) will appear on the 

boundaries or in the plate. After sufficient plastic yield lines appear both in the 

plate and on the fixed boundaries, the plate will be transformed to a free 

movable mechanism. In a similar manner as the beam's dynamic deformation 

described in Chapter 3, the dynamic deformation of a plate subjected to 

air-blast loading can be represented approximately as 

where 

P = amplitude of the blast load on plate 
= plate deformation mode in ith stage, which satisfies 

D V 4 q  (x, y )  = f, (x, y )  and supporting conditions 
w, (% Y )  

T, ( t )  = dynamic h c t i o n  in it' stage 

ik = the rupture index 

D = bending stiffness of plate 

In the case when the k'h elastic stage terminates due to rupture of FRP sheet 

ik takes the value of zero, while in the case that the kth elastic stage 

terminates due to yielding of steel reinforcement, ik takes the value of one, i.e. 

ik = 
0 if kth stage terminates due to FRP mat rupturing 
1 if k" stage terminates due to steel reinforcement yielding 

The differential equation of plate subjected to air-blast loading is 

D V ~ W ( X ,  y, t )  + m a2w(x,yJ) = p f, (x, y ) f ( t )  
at2 
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where 

Eh3 D =  
12( 1 - v2) 

E = Young’smodulus 

h = thickness of plate 

v = Poisson’s ratio 

rn = distributed mass of plate 

f ,  Y )  = distribution of air-blast load on plate 

f ( t )  = dynamic h c t i o n  of air-blast load 

(4.3) 

Substituting Eq. (4.1) into (4.2), the residual is obtained as 

where 

zk = time when Ph elastic stage ends 

Using weighted residual method with W, (x, y )  as the weighting function, and 

from the condition IL R (x, y ,  t )  W, (x, y )  dxdy = 0 , the following equation is 

obtained 

r i-1 1 (4.4) 
L k=l  

If the plate is reinforced with steel bars only, yield lines will appear on the lines 

where the bending moment is largest, and if the plate is also reinforced with 

FRP sheet, the bending stiffness of the plate in the vicinity of the yield line will 

reduce after timer, . The elastic response will continue but with a lower 

vibration frequency. For simplicity, the vicinity of the yield line is modeled 

with a distributed rotational spring, which joins two plate segments together. 
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Fig. 4.2 shows a simply-supported rectangular plate after the steel bars in the 

vicinity of “yield lines” have yielded, while the FRP sheet remains elastic. 

The stiffness, k,, of the distributed rotation spring can be calculated with the 

remaining stiffness of the cross-section and the width of the band shaped 

vicinity of the yield line in which the steel reinforcement has yielded. The width 

of the band shaped vicinity of the yield line can be calculated approximately 

from the formulae given by Eq. (3.18) or Eq. (3.19). The stiffness, k, can 

then be calculated fiom 

By /2Zp when the critical section in the plate 
kc = { B y  / Z p  when the critical section at the support (4.5) 

where By is the remaining bending stiffness per unit length of the plate in the 

band shaped region and Z p  is calculated from Eq. (3.18) or Eq. (3.19). 

The frequency of the equivalent SDOF system of plate is calculated from 
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The initial value of the dynamic function, ( t )  is zero, Le. 

The initial value of the derivative of the dynamic function is 

if the irh response stage terminates due to steel reinforcement yields, or 

if the irh response stage terminates due to rupture of the FRP sheet. 

In Eq. (4.9), UPI is the plastic energy dissipated during (i - 1)" stage which 

can be calculated from 

'''-1 

'pi = Pq-1 ( ' ~ - I ) ~ z i - l k M p l - l k 6 ; - l k  
k=l 

(4.10) 

where 

- q-l (1) - 

ml-l = 

dynamic function of ( i  - l)lh stage of the dynamic deformation 

total number of plastic hinges appeared in the plate in 

( i  - 1)"' stage 

length of k'h ( k  = 1,2,. ml-l) plastic hinge line 

bending moment on kfh ( k  = 1, 2,.-.inl-,) plastic hinge line 

relative rotation angle of the two cross sections joined by 

kIh (k = 1,2,. - ml-l) plastic hinge line in ( i  - 1)" stage 

l,-lk = 

= 

= 

M p I - l k  
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If the blast load intensity is low relative to the resistance, then the structure will 

response elastically. With initial conditions, (0) = 0 , and the (0) = 0, 

continuity conditions at 

the solution of Eq. (4.4) 

time td, q( td  -o)=q(t ,  +o), <(td -O)=<(t, +o),  
can be determined as 

sin u t  O<t< t ,  t 1  I1 -cos ut - - + - 
(4.11) 

If the blast load intensity is high, the dynamic deformation increases and some 

cross-section will fail. The dynamic function in the first elastic stage is in the 

form shown by Eq. (4.11). Assuming there are a total of n elastic stages in 

the dynamic response of the structure, the dynamic function in kfh  elastic stage 

can be represented as 

After the dynamic function is obtained, the plate dynamic deformation can be 

calculated from Eq. (4.1). The dynamic internal forces in irh stage can be 

calculated as follows: 
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The elastic response will end when there are sufficient yield lines in the plate 

and the plastic stage will start. In the plastic stage, the plate is divided into 

several rigid parts and joined together with the yield lines. For simplicity, it is 

assumed that the bending moments on the yield lines have the same value. Fig. 

4.3 shows the yield mechanism of a simply-supported rectangular plate 

subjected to uniformly distributed air-blast load. 

The dynamic deformation of simply-supported rectangular plate in plastic stage 

can be expressed in the following form 

(4.18) 

1=1 

Where 

W,(XYY) = 

Tp ( t )  = dynamic function of the plastic stage 

deformation mode of the plate in the plastic stage 
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The deformation mode in plastic stage can be obtained from the collapse 

mechanism of the plate. The collapse mechanism is governed by supporting 

conditions and the load on the plate, which is the mode of yield lines (or hinge 

lines) about which adjacent parts of the plate will experience exclusively a 

relative rotation. Most often, the yield lines will be straight because they will 

divide the slab into rigid parts hinged along the yield lines. It is known that the 

collapse mechanism is completely determined by the axes of rotation of various 

portions of the plate and the ratios of the angle of rotation. The method to 

determine the pattern of the yield lines of a collapse mechanism can be found in 

text books on limit analysis of concrete slabs (Save and Saxve, 1997). In the 

specification of a mechanism, one angle of rotation or one deflection, can be 

assigned an arbitrary value. This arbitrary value can be assigned as the dynamic 

function to form the expression of the dynamic deformation in plastic stage, and 

in general, the dynamic deformation in plastic stage is represented by Eq. (4.18). 

It is easy to find that the deformation mode in plastic stage, Wp (x, y )  , is a linear 

function. Therefore, its derivatives of which the order higher than one are equal 

to zero. 

Substituting Eq. (4.18) into Eq. (4.2) the residual is obtained as 

where 

y1 = total number of elastic stages before the plastic stage 

With the condition Jk Rp (x, y ,  t )  Vp (x, y ) &dy = 0 , the following equation is 

obtained 

where 

(4.19) 
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If the final elastic stage is terminated due to rupturing of the FRP sheet, the 

elastic strain energy generated in the last elastic stage will be released when the 

FRP sheet ruptures. Similar to Eqs. (4.7), (4.8) and (4.9), the initial value of 

the dynamic function in the plastic stage can be calculated from 

The initial value of the derivative of the dynamic function, Tp (z,) can be 

calculated from 

if the nch elastic response stage terminates due to steel reinforcement yields, or 

(4.23) 

if the nth elastic response stage terminates due to rupture of FRP sheet. In Eq. 

(4.9), Up, is the plastic energy dissipated during nih stage which can be 

calculated from 

(4.24) 

where 

Tn ( r )  = 

m, = 

dynamic function of nrh stage of the dynamic deformation 

total number of plastic hinges appeared in the plate in 

nth stage 
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I n k  = 

Mpk - 

e, = 

length of krh ( k  = 1,2,-.-m,) plastic hinge line 

bending moment on kfb ( k  = 1,2,. . . m, ) plastic hinge line 

relative rotation angle of the two cross sections joined by 

kfh ( k  = 1,2, - a  - m,) plastic hinge line in nrh stage 

- 

For z, < t < t ,  , integrating Eq. (4.19) twice with respect to t results in 

(4.26) 

The time, t ,  , when T,(t) reached its maximum value can be obtained by 

solving the following equation 

That is 

It is possible that t, obtained from Eq. (4.27) is greater than t,. For t > t ,  

the dynamic function TpI ( t )  should be determined from 

n 

Tpl ( t )  = -ui ik Tk ( zk ), t > t ,  
k=l 

(4.28) 

Integrating Eq. (4.28), the following equations are obtained 
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(4.29) 

where Tp(td) and T p ( t d )  are calculated from Eqs. (4.25) and (4.26)’ 

respectively. 

With the condition Tpl (t) = 0 the time when Tpl (t) reaches its maximum 

value can be calculated from Eq. (4.29) as 

(4.3 I )  

The maximum plastic rotation angle of the band shape vicinity of yield lines 

can be calculated from the maximum deformation in the plastic stage. For 

example, for the plate shown in Fig. 4.3, the maximum plastic rotation angle 

can be calculated from 

(4.32) 

where a, and a2are the widths of the two joined plate portions (see Fig. 4.3), 

while the formula to calculate the time, zk , when the Ph (k=1,2, ..., n) elastic 

response stage terminates are given in Chapter 5.  

As shown in Fig. 4.3, for a simply-supported rectangular plate the dynamic 

deformation mode of the plastic stage,Wp(x,y), in the shaded region may be 

represented by 

wp(x,Y)= - 2 
a 

a 
2 

x O l x l y  O l y l -  

b a 
Y Y S X S -  2 O l y I -  2 

(4.33) 
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Forf, (x, y )  = 1,  that is the air-blast load is uniformly distributed on the plate, 

calculating the integrations in Eq. (4.20) results in 

The differential equation for this problem is 

(4.35) 

If the final elastic stage terminates due to the rupturing of the FRP sheet, the 

initial value of the derivative of the dynamic function, Tp(rn ) ,  can be 

calculated from Eq. (4.23), Le. 

If the last elastic stage terminates due to yielding of steel reinforcement, the 

initial value of the derivative of the dynamic function, Tp (rn) ,  can be calculate 

from Eq. (4.22), i.e. 

(4.37) 

If this simply-supported rectangular plate is only reinforced with steel bars, 

there will be only one elastic stage. The elastic deformation may be 

approximately represented as 

(4.38) 

and 
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64a5b5 

n 8 D ( a 2  +bZ)’ 
1: %n; (x7v>dXdy = 

Substituting Eq. (4.39) into (4.37) results in 

384a4c (zI) 

nsD(l+ a 2 / b 2  )2(3 - a/b) 
r, (TI 1 = 

(4.39) 

(4.40) 

The dynamic function can be calculated from 

The time, tm , when Tp ( 2 )  reached its maximum value is calculated fiom 

(4.42) 

(i , ;) from Eq. (4.33) and then substituting For a, = a, = - , calculating Wp - - U 

2 

it into Eq. (4.32), the maximum open angle can be obtained as 

(4.43) I,U, = -7‘’ 4P ( tm)  + 64pa3T( T ~ ) / Z ~ D [  1 + (a/b)2 ]2 
U 

The formula to calculate the time,z,, when the steel bar yield, is given in 

Chapter 5. The fkquency corresponding to the elastic deformation represented 

by Eq. (4.38) is calculated from Eq.(4.6), i.e. 

(4.44) 

The maximum bending moments in x - and y -directions in the plate can be 

calculated from (EoAaHcKHii, 1974) 
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n1 

n2 

and 

0.0776 0.0829 0.0874 0.0911 0.0946 

0.0303 0.0252 0.0266 0.0252 0.0236 

M~~ = q a2n2 (4.46) 

where 

Mxln = 

My, = 

4 = amplitude of uniformly distributed load on the plate. 

a = width of the plate 

n, = bending parameter of Mx,  

n2 bending parameter of M,,,,, 

maximum bending moments in x - directions in the plate 

maximum bending moments in y -directions in the plate 

b 
a 

The parameters %and n2 depend on the ratio of -, which can be found in 

Table 4.1. 

Table 4.1 Bending coefficients of simply supported rectangular plate 

I nl I 0.0364 I 0.0433 I 0.0515 I 0.0587 I 0.0656 I 0.072 I 
I y12 I 0.0364 I 0.0363 I 0.0357 I 0.0348 I 0.0336 I 0.032 I 
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4.2 Deformation mode and frequency of the equivalent SDOF system of 

a rectangular RC plate strengthened with FRP sheet after steel bars 

have yielded 

The SDOF method to analyze plates subjected to air-blast loading was 

illustrated in Section 4.1. If the RC plate is not strengthened with FRP sheet, the 

response of the simply-supported rectangular plate can be easily calculated with 

the derived formulae in Section 4.1. If the RC plate is strengthened with FRP 

sheet, the response of the plate will be different. Usually the rupture strain of 

FRP sheet is much larger than the yielding strain of steel. Therefore, after steel 

bars have yielded the FRP sheet will still deform elastically until the FRP sheet 

ruptures. As in the analysis of RC beams strengthened with FRP platehheet, the 

band shaped region in which reinforcing steel bars have yielded is modeled 

with the distributed rotational springs. To calculate the frequency of the 

equivalent SDOF system of such a plate after the steel bars have yielded, one 

needs to calculate the static deformation of the plate composed of several elastic 

plate portions, which may be in the shape of arbitrary triangles or arbitrary 

quadrilaterals, joined with distributed rotational springs. 

It is almost impossible to determine a closed form expression for the 

deformation of the plate, which is composed of several plate portions joined 

with distributed rotational springs. It is assumed that the external FRP sheet 

reinforcement does not increase the bending stiffness of the RC plate before the 

steel bars have yielded. This implies that the band shaped region in which the 

steel bars yield would be the same as that of a plate without external FRP sheet 

reinforcement, provided that the loading on the plate is large enough. Therefore, 

it can be expected that the deformation of the plate be focused on the region 

where the steel bars have yielded. If the plate portions are assumed to be rigid, 

the static deformation of the plate after steel bars have yielded can be easily 

calculated by equating the work done by the loading on the plate and the strain 

energy stored in the rotational spring distributed along the “yield lines”. With 
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this static deformation, one can calculate the frequency of the equivalent SDOF 

system. Following the procedure outlined in Section 4.1 of this thesis the 

dynamic response can then be obtained. However, in this section a typical 

simply-supported rectangular plate, which is composed of four plate portions 

joined with distributed rotational springs, is analyzed. The frequencies and 

other parameters necessary for the analysis with the SDOF method are 

calculated. 

Consider the simply-supported rectangular plate shown in Fig. 4.4. It is 

assumed that the position of the distributed rotational spring is the same as that 

of the yield lines of the plate, which is reinforced with steel bars only. 

After the steel reinforcement has yielded, the deformation of the plate is 

assumed as the same shape of the plastic deformation of the plate, i.e. the 

elastic deformation of the plate is focused on the vicinity of the “yield lines” 

and the deformation of the plate can be expressed in the form 

whereWp(x,y) is the mode of plastic deformation of the plate and S is the 

maximum vertical displacement of the plate portions joined by distributed 

rotational springs subjected to the loading J;  (x, y)  = 1. 
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Equating the work done by the loading f ,  (x, y )  = 1 on the plate and the strain 

energy stored in the distributed rotational springs, the formula to calculate the 

maximum displacement 6 is obtained as 

a(3b-b,-b,) 
3 Ak, 

6 =  (4.48) 

where k, is stiffness of the distributed rotational spring, and 

3 3 3 3 

(a: + b:): (a;  + b;): (a i  + b:)' (a i  + bi)' a2 
A =  + + + +?(b-b1 - b 2 )  (4.49) 

a; b: a; bi ai b: ai bi 4 a2 

Using Eq. (4.47) the integrations in Eq. (4.6) can be calculated as 

and, 

The maximum bending moment in the plate can be calculated from 

M ,  =- + a2 kc6 
ala, 

a 
2 

For a, = b, = - , (i = 1,2), Eq. (4.48) is reduced to 

a3 (3b-a)  a3 (3b - a )  
6 =  

48k, [ b + (A - 1) a ]  48k [b +0.414a] 
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and Eq. (4.52) is reduced to 

2 48kc ( b  + 0.414~)  
w =  

ma3 (2b - a) 

and the bending moment is calculated from 

a* (3b-a)  
12[b+ 0.414aI 

M ,  = 

(4.55) 

(4.56) 

Formulae to calculate the quantities related to the plate reinforced with 

combined steel bars and FRP sheet after the steel bars have yielded have been 

derived in this section. Following with the procedure described in Section 4.1 

the plate reinforced with combined steel bars and FRP sheet can be analyzed. 

Numerical examples using these expressions are given in Chapter 7. 
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Chapter 5 

FORMULAE TO CALCULATE THE TIME WHEN A DYNAMIC 

RESPONSE STAGE TERMINATES 

As mentioned in Section 3.1 of this thesis, the time when a cross-section yields 

can be calculated from Eq. (3.17) on account of the strain rate effect. Eq. (3.17) 

can be solved with a numerical method (Henrych, 1979), but it is not 

convenient for a simplified design procedure. In this chapter, some approximate 

formulae will be derived for the calculation of the time when a cross-section 

yields, For analysis of concrete structures subjected to air-blast load it is 

convenient to replace f y  and oP by bending moments M ,  and M ,  in Eq. (3.17) 

for the analysis of frame and plate structures. 

5.1 Static yielding bending moment of RC beams strengthened with 

FRP platekheet 

The theory of bending of reinforced concrete assumes that the concrete will 

crack in the regions of tensile strains and that, after cracking, all the tension is 

carried by the tensile reinforcement. It is also assumed that plane sections of a 

structural member remain plane after straining, so that across the section there 

must be a linear distributed of strains. Fig. 5.1 shows the cross-section of a 

member subjected to bending, and the resultant strain diagram, together with 

two different types of stress distribution in the cross-section. The triangular 

stress distribution applies when stress vary nearly proportional to the strains, 

which generally occurs at the loading levels encountered under working 

conditions and is therefore used at serviceability limit state. The rectangular 

stress block represents the distribution at failure when the compressive strains 

are within the plastic range and it is associated with the design at ultimate limit 

state. The equivalent rectangular stress block is a simplified alternative to the 

rectangular-parabolic distribution. At the ultimate limit state it is assumed that 

member sections in flexure should be ductile and that failure should occur with 
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the yielding of the tension steel and not by a sudden catastrophic compression 

failure of the concrete. 

If the structure is designed to resist multiple blast loadings, the triangular stress 

distribution should apply. It should be noticed that the compressive strength of 

concrete increases by 20 to 30% of static strength at a very high strain rate 

(EoflaHcKAji, etc., 1974). Thus, it ensures that the triangular stress distribution is 

well developed across the compressive zone of the cross-section. If the structure 

is designed to resist a blast loading once, which just requires that the structure 

should not collapse after the loading is applied on the structure, the rectangular- 

parabolic stress distribution should apply. For simplicity, the equivalent 

rectangular stress block can be used to calculate the static yielding bending 

moment of the cross-section. 

Referring to Fig. 5.1, for beams with mild steel reinforcement, Eq. (3.17) is 

changed into the form 

(5.1) 17 

[ [ M J ( t ) ]  dt=0.895(MS -M,Y7 

where M ,  and M ,  are the static yielding bending moment and initial static 

bending moment at the cross-section respectively, and M is the amplitude of 

the dynamic bending moment, which is calculated from 

M~ = p~~ [a2w/ax2]I x=xm 
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where 

P = amplitude of air-blast load on the beam 

EI = bending stiffness of beam 

X, = the location of the cross-section along the beam in which the 

tension reinforcing steel has yielded, 

In blast analysis the cracked transformed moment of inertia is usually used to 

calculate the beam's bending stiffness. The bending stiffness of a cracked beam 

is 

1 + asAs ( d  -c)' + c@', ( c - d  I)' + afA, ,  ( h -  c)' (5.3) 

where c is the depth to neutral axis and can be calculated from 

$a, (A, + A, ') + a#,] 2 + 2b(a8A,d + a,A, 'd '+afAf  h )  - [a, (A, + A, '1 + a f A f ]  
C= 

b 

(5.4) 

and 

a, = 

a.f = 

h =  

b =  

d =  

d'  = 

c =  

E, = 

E, / E ,  

Ef / E c  

height of cross-section 

width of cross-section 

depth to centroid of tension steel reinforcement 

depth to centroid of compression steel reinforcement 

depth to neutral axis 

Young's modulus of concrete 
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E, = Young's modulus of the steel reinforcement 

Ef = Young's modulus of the fiber material 

f y  = static yield stress of steel 

A, = area of tension steel in the cross-section 

A,, = total area of fiber contained in FRP laminate 

For the triangular stress distribution, the static yielding bending moment is 

calculated from 

M , l = f y  [ A, ( d - -  ;) +A,.-- ;:;; ( h - ; ) + A l , E ( ; - d j ]  (5.5) 

For the equivalent rectangular stress distribution, the static yielding bending 

moment is calculated from 

ac - (a+ 2c)d  '+ 2d 
2 ( d  -c) (5.6) 

where 

- f y  (As + A, '+ a,., A,. ) + 0.854 fcbd 
r =  

2 (5.7) \i[ f y  (As + g ' + a ~ A f ) + 0 . 8 ~ a J ; b d ]  - 3 . 4 P , f c f , b ( A s d + A , ' d ' + ~ ~ ~ A f h )  

f, = compressive strength of concrete 

u = depth of the rectangular compression block 
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if (1.09 - 0.008 f ), < 0.65 
if (1.09-0.008 f,) > 0.85 

1.09-0.008f. if (0 .65~1.09-0.008f~)  <0.85 

in which f, is in unit MPa. ( James, 1997) 

5.2 Dynamic rupture bending moment and residual stiffness of the 

beam segment in which tensile steel bars have yielded 

If, in a doubly reinforced beam, the tensile steel ratio is equal to or less than 

balanced steel ratio (the steel strain is exactly equal to the yielding strain when 

the strain in the concrete simultaneously reaches the crushing strain), the neutral 

axis is sufficiently high that the compression steel stress at failure is less than 

the yield stress, the strength of such a beam will be controlled by tensile 

yielding. It is known that compression failure in flexure, should it occur, gives 

little if any warning of distress, while a tension failure initiated by yielding of 

the steel is typically gradual. More importantly, in blast design, the blast 

overpressure on the beam is typically a very high amplitude loading but of very 

short duration and generally over one cycle. Blast-resistant design therefore 

relies on significant levels of allowable inelastic behavior. As a result, blast- 

resistant structures must have the ductile detailing necessary to withstand 

inelastic deformations and still perform acceptably. This can be done by 

requiring that the tension steel ratio be less than the balanced ratio. After the 

tensile steel bars have yielded, the bending moment corresponding to the 

rupture of FRP platehheet can be calculated as (Refer to Fig. (5.2)) 

where 

a = P,c 
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h A' 
c = - +  {As f& +s f, +A,f, - 

2 1.74 f,b % 

f d y  = f y  

1 =  total number of dynamic stages before the time when the steel 

reinforcement yield at the cross-section where FRP platehheet 

ruptures. 

Mis = static yield bending moment of the cross-section. 

M , ,  = bending moment due to the static load. 

xi = coordinate of the cross-section. 

(5.12) 
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As shown in Fig. 5.3 (c), when the stress in FRP platehheet reaches the 

ultimate strength, only the concrete in the shaded area is remaining elastic. 

Therefore the remaining bending stiffness of the beam segment in which tensile 

steel bars have yielded can be calculated from 

(5.13) 

where c is calculated from Eq. (5.1 l), and 

d ' a s A ' , + h F f A , f  +0.5(c2 - a t ) b  

a S A  Is + af Af + ( c - a, ) b 
c =  .f 

(5.14) 

(5.15) 
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5.3 Formulae to calculate the time when first dynamic response stage 

terminates 

To solve Eq. (5.1), the dynamic function T(t) needs to be specified first. For a 

SDOF elastic system subjected to a blast load idealized as a triangular pulse, it 

is known that the dynamic function T(t), with the initial conditions T(0) = 0 and 

f ( 0 )  = 0,  has three different forms depending on the value of a d  (Smith and 

Hetherington, 1994). 

In the case of md<0.4, the load on the structure can be replace with the initial 

impulse and T(t) can be expressed in the form 

T(t)= Asinwt (5.16) 

where A is calculated from 

td A =  
2m w w (x)dx 

(5.17) 

In the case of md>40, the load on the structure can be considered as a suddenly 

applied constant load and T(t) can be expressed in the following form 

T(t)= 1-coswt O l t l t ,  (5.18) 

In the case of 0.4<ad<40 

t sin T(t) = 1 ---cos m+ - 0 I t l t ,  
td ad 

(5.19) 

For RC beams strengthened with FRP platehheet and assuming that the steel 

bar yields before the FRP platehheet ruptures, the dynamic function T(t) as 

shown in Eqs (5.16), (5.18) and (5.19) can be directly substituted into Eq. (5.1) 

and the yield delay time z can be obtained by solving the resulting equation. 

Substituting Eq. (5.16) into Eq. (5.1), the following equation is obtained 
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I 
1 M ,  - M ,  [ [sin17 ox d (ox)]' = (0.895~)17 

A MP 

(5.20) 

The function T ( t )  and the integration in Eq. (5.20) are illustrated in Fig. 5.4. 

Fig. 5.4 Dynamic function, T(t), for mtd<0.4. 

Integrating the left side of Eq. (5.20) directly and making some rearrangements, 

the following equation is obtained 

8 28 70 56 
COS wz + -cos3 wz - - cos5 wz + 8 cos7 wz - - cos9 wz + -COS' wz 

3 5 9 11 
32768 

15 cosL3 WZ+-COS 
28 
13 15 

-- 

(5.21) 

The time z when the steel reinforcement yields can be obtained by solving Eq. 

(5.21). The function T(t) reaches its maximum value at t, = n/2. It is assumed 

that Tis less than t ,  . In the case of z > t ,  , although there would be little plastic 

deformation developed in the steel reinforcement, the steel reinforcement would 

be considered elastic, because the stress in steel reduce very quickly for t > t, . 
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On the other hand the inequality relation AMpsinur  > M ,  should hold, 

because dynamic strength of steel is larger than static strength. The function on 

the left side of Eq. (5.21) is a monotonic increasing function in the interval 

0 I UT I n/2 and can be accurately approximated in this interval by a rational 

function of which both the denominator and numerator are quadratic 

polynomials in the interval [0 .3 ,~/2] .  Approximating the function on the left 

side of Eq. (5.21) with the rational function results in 

594 + 568,2117 + 3026 ( 
4826 - 2982uz+ 3862 (m)? 

’ M , - M ,  

AMP 
= (0 .895~)E  

The maximum relative error of the approximation is less than 0.3% in the 

interval [0.3,n/2]. Instead of solving Eq. (5.21), UT may be obtained by 

solving Eq. (5.22)as: 

(5.22) 

284 + 149 1 d k J17744392d - 17 16788 - 1641493 Id  
U T  = (5.23) 

3862d - 3026 

where 

I M ,  - M ,  

AMP 
d = (0.895W)17 (5.24) 

and A is calculated from Eq. (5.17). For U T <  0.3 , i.e. d c 0.09 , sinm is 

approximated by CIR and Eq. (5.20) reduces to 

17 

UT = (0.895 x 1 8 ~ ) l S  (5.25) 

Similarly, substituting Eq. (5.18) into Eq. (5.1) , the following equation is 

obtained 
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The function T(t) and the integration in Eq. (5.26) are illustrated in Fig. 5.5. 

--$in r[t] - art 

Fig. 5.5 Dynamic function, T(t), for (r(~d>40. 

Integrating the left side of Eq. (5.26) and making some rearrangements, the 

following equation is obtained 

cos3 wz 193713521 
cos2 m+ 108094328 

32768 7735 16384 
{[-21::!51 + 583368787 COS m- 

cos7 wz 425164883 cos6 m+ 

cod0 m + - 

11697160 
cos5 m- 

183965041 
cos4 OK+ 

79755796 

924894 c0s8 m+ 23038587 

- 
7735 20480 1547 7 1680 

221 8960 1105 896 
510289 wz 1475768 

COS' wt- -~ 

17 
213164 12 11135 776 l7 15 cosL3  COS'^  COS cos m+- -- 

1105 224 85 16 

(5 -27) 

Taking or as the unknown, the function on the left side of Eq. (5.27) is 

approximated with a rational function in the interval of [ O S ,  x] , as 
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-867 8648 + 3 1 0094 1 4wz + 1 0 1 96520 ( wz)' 
124006493 - 5 1437644wz+ 1391 1386 (UT)' 

L M s  - M ,  

M P  

= (0.895~)17 (5.28) 

The maximum relative error of the approximation is less than 0.4% in the 

interval [0.5, E]. Solving Eq. (5.28), wz may be obtained as 

257d + 155 rt 432889 + 194123d - 106365d2 wz = 
139d - 102 

where 

1 

d = (0 .895~)f i  ( M ,  - M , ) / M p  

(5.29) 

(5.30) 

1 
2 

For U T <  0.5 , i.e. d < 0.11 , 1-cosm is approximated by -(a)' and Eq. 

(5.26) reduces to 

I 17 

UT= (0.895X700)35 [ ( M ,  -M,)/Mp]' 
(5.31) 

In the case of the dynamic function in the form of Eq. (5.18), the calculation of 

the integration in Eq. (5.1) would be more complicated than that of the two 

cases described above. Substituting Eq. (5.18) into Eq. (5.1), the following 

equation is obtained 

1 

(5.32) sin d (OX)]' = ( 0 . 8 9 5 ~  )E M s - M ,  
M P  

The function T(t) and the integration in Eq. (5.32) are illustrated in Fig. 5.6. 

The maximum value of dynamic function T(t) is 

1 
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where 

2 
I3 

t, = - arctan md (5.34) 

Fig. 5.6 Dynamic function, T(t), for 0.4cm640 (Assuming a d  =I ). 

Eq. (5.33) is applicable for > 2.33 for the condition cL)r<#td to be satisfied. 

For a d  c 2.33, the dynamic function, T( t )  , should be expressed in the 

following form 

1 - cos #t - t/t, + sin m/md t I td 

sinm-sinw(t-t,)]/md -cosm t >t,  

The maximum value of dynamic function T (t) is 

where 

m,=z-arctan[ 1 -cos . m, 1 
ad - sin a, 

(5.35) 

(5.36) 

(5.37) 

In order to obtain similar approximate formula to calculate the yielding delay 

time 5 the rational function to approximate the integration on the left side of 
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Eq. (5.32) can be obtained by solving the following least square problem 

where a, , bk , ck , d, ( k = 1,2,3 ) and e are constants to be determined, and 

(5.39) 

and the points (ox& wq,) (i= I . .  . M, j =  I . .  . N) may be the arbitrary points density 

distributed in the region of (O< wz< mm , 0.4<u~d < 40 ). Using a numerical 

method, this least square problem is solved with a total number of 720 points in 

the region of (Oc u)z< am, 0.4<(~xd < 40). The grid is set as 

x i, 0.4 + 0.1 165 x j , i = 6, . . ,40; j = 1,. . - ,16 

in the region of ( 0 . 4 ~  wzc mm , 0.4cmd < 2.33 ) where t, is calculated from 

Eq. (5.37) and 

2.33+1.8835~j  , i=6,. . . ,40;j=1,. . . ,20 

in the region of (0% wz< m,,, , 0.4<md e 2.33 ) where t, is calculated from 

Eq. (5.33). 

Replacing the left side of Eq. (5.32) with the obtained rational function, the 

following equation is obtained 

2 8 11 1 11 

-315(wtd)-G +3273(md)Z ( w z ) ~  -3.26(Wtd)% (UT)” 1 M S  - M ,  

MP 
= (0.895~)17 3 13 11 I I1  

7 4 1 8 ( m d ) ~ + 4 1 2 7 ( m d ) - ~ ( c l l z ) ~  + 1 2 7 ( o x d ) - ~ ( w z ) ~  

(5.40) 

The difference between the specified set of data, f ( wzi, (calculated from 
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Eq. (5.39)), and the simulated one, 3 (wzi ,m4),  is assessed by calculating the 

normalized error, 

The maximum relative error of the approximation is less than 5% in the region 

of ( 0 . 6 ~  wzc a m ,  0.4cCrXd c 2.33 ). 

Solving Eq. (5.40) results in 

13 -_ 8 

wz = 1 1 3 2 . 7 3 ~ ~  -41.27d u lo k 
1 

0 . 0 6 5 2 ~ ~  +2.54d u 

6 1 16 -_ 
2 7 0 2 ~  + 9 . 6 7 ~ ' + 1 6 ~  d +1071~' - 0 . 4 1 1 ~ ~ ~  

(5.41) 

where 

and 

1 
d = (0 .895~)f i  (Ms -Mo) /Mp 

(5.42) 

(5.43) 

For w z c  0.6, the dynamic function, T ( t ) ,  can be approximated by a linear 

function, as 

5 m  
3 

T(t)=-T(O.b/w) 
(5.44) 

where the value of T (0.6/0) is calculated from Eq. (5.35) and the equation to 

determine wz is 
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18 I M , - M ,  I 

  UT)^ = ( 0 . 8 9 5 ~  )f 
2 MP 

1 

UT= ( 1 8 ~ 0 . 8 9 5 ~ ) G  
17 

3 ( M s  -M,)/[5MpT(0.6/w)]]'8 
(5.45) 

5.4 Formulae to calculate the time when kth dynamic response stage 

terminates 

5.4.1 Dynamic functions of kth dynamic response stage 

As mentioned in Section 3.1, the beam deforms firstly according to 

w(x,t)  = W, (x)T, ( t )  until the time rl when steel reinforcement at the cross- 

section has yielded and a plastic hinge or an elastic hinge appears. After time 

T, , the beam will deform further in a new elastic stage if there are insufficient 

plastic hinges in the beam to make it a freely movable mechanism. Otherwise 

the beam will deform in the plastic stage. Following with the procedure 

discussed in Section 3.1, the static deformation W,(x) of the new elastic 

system, in which (i - 1) plastic/elastic hinges appeared, can be calculated and 

then the circular frequency of the equivalent SDOF system can be calculated. 

For t < t, , the dynamic function Ti ( t )  would be in the following three possible 

forms: 

In the case of ui (t, - zi-, ) <0.4, the load on the structure can be replaced 

with the initial impulse and T, ( t )  expressed in the form 

( t )  = 4 sin ui (t - ri.-l) (5.46) 

where A, is determined with the condition 
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k 

Le. 

(5.47) 

In the case of w(td - q-1)>40, the load on the structure can be considered as 

a suddenly applied constant load and Ti(t) can be expressed in the following 

form 

where Bi is determined from 

Le. 

(5.49) 

where Ci and Di arecalculated from 

i-1 

Di = 1 - ri-l Itd - C T j  (rj ) 
j=l 

For t > td the dynamic function, 11. ( t )  is in the following form 

(5.52) 

i-2 

II .  ( t )  = -ET, (rj)-q-l (td )+ ci sin mi (t - t, )- D~ cos ui (t - t ,  ) (5.53) 
j=l 

113 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



ANALYSIS AND DESIGN OF BLAST-RESISTANT STRUCTURES 

where Ci and Di are calculated from 

ci = Ti-, (td )/mi (5.54) 

(5.55) 
j=l 

and the time when dynamic function, Ti ( t ) ,  reaches its maximum value can be 

calculated from 

1 C. t, = td --arctan-, t,,, > t, 
clz, Di 

(5.56) 

5.4.2 Formulae to calculate the time when kth dynamic response stage 

terminates due to the bending failure of the critical cross-section 

without strain rate effect 

As the beam deforms further, the external FRP platehheet or the steel 

reinforcement at some cross-section will rupture or yield. The bending moment 

of a cross-section in the beam can be expressed as 

i -1  

M i  ( t ) = Mi, + C ik M,, Tk ( Tk ) + M,,T, ( t ) i = 1,2, . . . (5.57) 
k=l 

where M,, , k =1, 2 , ... , i are the amplitudes of dynamic bending 

moments at the ifh cross-section during krh stage and Mi,is the initial static 

bending moment at the ifh Cross-section. 

If the ith deformation stage is terminated due to rupture of the FRP platehheet 

at irh cross-section, the time zi can be obtained by solving the following 

equation 

1 i-1 

M i r - M i , - C i k M i p k T k ( . k )  
k=l  

(5 .58)  

where Mi, is the bending moment of the i fh cross-section corresponding to the 
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ri = zi-l + - 
q 2  

rupture stress of FRP platekheet, which can be calculated from Eq. (5.9). 

So that 

l n  i - c + ~ , J i +  B; - ( i - C ) *  
- - arctan 

1+B; 

In the case of w ( t d  -2;:.1)<0.4, substituting Eq. (5.46) into Eq. (5.58), the 

equation to calculate the time q can be easily derived as 

i-1 

M i r  -Mi ,  - x M i p k T k  ( z k )  
wi k =I 

(5.59) 

where Ai is calculated from Eq. (5.47). 

In the case of ~ ( t ,  - z ~ - ~ )  > 40, substituting Eq. (5.48) into Eq. (5.58), the 

equation to calculate the time zi is obtained 

r 

L 

where Bj is calculated with Eq. (5.49) and 

i-1 

Mipi j=1 

1 
c = - [ M i r  - M i ,  - ik MipkTk ( zk ) 

(5.60) 

(5.61) 

In the case of 0.4 < w(t,  - zi-l) c 40, substituting Eq. (5.50) into Eq. (5.58), the 

equation to determine the time is obtained as 

I i-1 

= L [ M i r  - M i , - x i k M i p k T k  ( z k )  
M ipi j=1 

where Ci ,Di can be calculated from Eqs. (5.51) and (5.52). 

Eq. (5.62) can be rewritten as 

1 - cos x+  A sin x - x/B = C 

(5.62) 

(5.63) 

where x = cq ( zi - ri-I) is the unknown and 
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A = ci/oi 
B = DiWit, 

(5.64) 
(5.65) 

(5.66) 

Eq. (5.63) can only be solved using an approximate method. To calculate the 

approximate value of x in Eq. (5.63), the function on the left side of Eq. (5.63) 

is replaced with its Pade (Brezinski and Iseghem, 1994) approximation with 

both the numerator and denominator as quadratic polynomials. Thus, the 

approximate value of x is obtained as 

x=- (5.67) 
2a 

where 

(i) for x < 1 

a = B 2  (18 - 3C)(A2 + 1)- A2B2C - 12AB - 6 

b = 6[AB2(4A2 - C + 6)-  B(8A2 + C + 6)+ 4A] 

c = 12BC(2A - 2A2B - 3B) 

a = -360A3B2+36(2(1-C)BZ-~)A2+48(68-7B2+3)A+96(l-C)B2-48~ 

b=360nA3B2 + [72( 10+ n( C -1 ) )  B + 36( n2 - 28)] BA2 

+ 24[ 2 ( 7 n +  3C - 3) B2 + 3( 2C - 2 - 3 n )  B - 3x1 A 

+ 96[ n( C - 1 )  + 61 B2 + 48(n2 - 24)B +576 

c = (864 - 9 0 ~ ’ )  A3B2 + [ (( 864 + 1 8 ~ ~ )  (1 - C )  - 360n) B + 9n(8  - n)] BA2 

+ [ (72n(  1 - C )  + 576 - 84n2) B +72n( 1 - C )  -576 - 3 9 2 1  AB 

+[24n2 -288n+576-( 24n2 +576)C]B2 -[576(1-C)-288n+12n2]B2 
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~~ ~ 

The formula to calculate the approximate value of x determined by Eq. (5.63) 

can also be obtained by expanding x as the power series of C for C <<1 in the 

following form 

(5.68) 
B ~ C  + B3C2 ( A2B - A + 3B)  

~ ( A B - I ) ~  
ui = q (Ti - Ti-l ) = 

The error of Eq. (5.68) is of the same order as C 4 .  After the value of x is 

determined, the time z;, when the FRP platehheet rupture, can be easily 

calculated from 

Ti = + x / q  (5.69) 

If the maximum dynamic bending moment in the structure is not large enough 

to cause FRP platehheet rupture, Eq. (5.63) would have no positive solution. 

The time when the dynamic function q(t) reaches its maximum value can be 

calculated as 

1 

B JKF + JKF (5.70) 

The maximum value of the dynamic function is Ti (t, ) which can be calculated 

from Eq. (5.50) . 

5.4.3 Formulae to calculate the time when kth dynamic response stage 

terminates due to the shear failure of the critical cross-section 

without strain rate effect 

It is also possible that the ith elastic deformation stage terminates with the shear 

failure of a cross-section. Calculation of the time of shear failure of a cross- 

section is similar to the formula for the calculation of the time when a cross- 

section fails caused by the rupture of the external FRP platehheet. The shear 

force of a cross-section in the beam can be expressed as 
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i-1 

v, ( t )  = v,, + CVlpkTk (zk)+yp,q ( t )  i = 1, 2, ... 
k=l 

(5.7 1) 

where VPk , k = 1, 2 , ... , i are the amplitudes of dynamic shear force at the 

ith cross-section during k*h stage and V,, is the initial static shear force. 

If the i" deformation stage is terminated due to shear failure at ith 

section, the time zi can be obtained by solving the following equation 

where ys is the failure shear force of the ith cross-section. 

So that 

In the case of w ( t d  -z;:-1)<0.4, the formula to calculate the time 2;: is 

where Ai is calculated from Eq. (5.47). 

In the case of Grl(td - z;:.1)>40, the formula to calculate the time z;: is 

1 - c + Bi ,,/- 1 
1 +Biz 

where Bi is calculated from Eq. (5.49) and 

i-1 

-yo -ZypjTj  ( T j )  
j=1 

cross- 

(5.72) 

(5.73) 

(5.74) 

(5.75) 

In the case of 0.4<w(td -2;:.1)<40, the equation to determine the time 2;: is 

1 - -- 
Y p i  

zi - Ti.", ci sin q ( zi - zi-l> + D~ [ 1 -cos q ( zi - zi-, )] -- 
td 

i-1 (5.76) 

vis -Yo - E k Y p k T (  (Tk 1 
j=l 
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where Ci and Dj are calculated from Eq. (5.51) and (5.52). 

Eq. (5.76) is in the same form of Eq. (5.63). Therefore zi can be 

calculated from Eq. (5.69) and x in Eq. (5.69) is calculated from Eq. 

(5.67) or Eq. (5.68), in which the value of C is calculated from 

(5.77) 

5.4.4 Formulae to calculate the time when kh dynamic response stage 

terminates due to the yielding of tension steel bars at the critical 

cross-section with strain rate effect 

If the ith ( i  > 1) elastic deformation stage is terminated at the time when the 

steel reinforcement yield at a cross-section, the strain rate effect should be taken 

into account. The yielding delay time, Z, , of the reinforcement at this cross- 

section is obtained by solving Eq. (5.1). 

Substituting Eq. (5.57) into Eq. (5.1) results in 

(5.78) 

For simplicity, the dynamic function, ( Tj ( t  ) , j = 2,3,. . ., i )  , is approximated 

with a linear function. Therefore, the integration on the time interval [r i - l ,r i ]  

can be calculated as 
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r 11’ 

(5.79) 

where 

u j  =w,(.,-.j-l) j = 2 ,  ..., i (5.80) 

Eq. (5.78) can be rewritten as 

3 [ ( 1 + ~ ) 1 ~ - 1  1 = d  
X 

where 
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If ui is very small, it can be approximated by linear function of q ( zi ) as 

Using Eq. (5.83), ui is expressed as a linear function of x , as 

i-1 

q t d x M i p k T k  ( ‘ k )  

I 
X = k=l 

( ciqt, - 1) Mipi 

Substituting Eq. (5.86) into Eq. (5.82), the following equation is obtained 

i-1 

The dynamic function 17. ( zi ) can be calculated from 

and the time z;. when steel bars yield can be calculated from 

(5.85) 

(5.86) 

‘(5.87) 

(5.88) 

(5.89) 

(5.90) 

It should be noticed that it is possible that iCh cross-section does not yield. The 
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time when the dynamic function ( t )  reaches its maximum value is 

1 
B J E  + 

where A and B are calculated from Eqs. (5.64) and (5.65) respectively. 

(5.91) 

The condition to determine whether the solution corresponds to the state of the 

ith cross-section yielding is 

Ti < tm (5.92) 

If Eq. (5.92) is not satisfied, the ithcross-section never yields and the structure 

will vibrate elastically from the time of z;-~. 
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Chapter 6 

FAILURE CRITERIA FOR DESIGN OF REINFORCED CONCRETE 

MEMBERS 

Reinforced concrete, when properly detailed, is generally preferred for blast- 

resistant structures. Usually it is expected that the concrete element is capable 

of undergoing large plastic deformation without suffering unacceptable damage. 

This requires careful detailing of members and connections. To ensure ductile 

behavior of concrete element subjected to blast loading, two changes in 

reinforcement layout when compared with ‘conventional’ design must be made 

(Smith and Hetherington, 1994). Firstly, the element should be reinforced 

symmetrically, which enables the compression reinforcement to carry all the 

compressive stresses once concrete in the compression zone has crushed and 

spalled. Secondly, the main flexural steel and enclosed concrete should be 

‘laced’ together using an arrangement such as that shown in Fig. 6.1. This 

method allows the strain-hardening region of the steel stresshtrain behavior to 

be fully developed and mobilizes the shear strength of the tensile steel and core 

concrete. It also has the effect of restraining the compression reinforcement 

from buckling and helps to spread out any effects of non-uniform loading. 

Failure modes of a reinforced beam subjected to blast loading can be illustrated 

by Fig. 6.2. Since the failure modes of the concrete element corresponding to 
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shear, or FRP platekheet delamination or concrete debonding is relatively 

brittle, it is essential to provide appropriate reinforcement at and near supports 

to prevent shear failure. Some FRP plugs should be provided to prevent FRP 

platehheet delamination and concrete debonding. However, the shear stresses 

corresponding to the failure modes of shear, or FRP platehheet delamination or 

concrete debonding should be calculated and compared to the strengths of these 

failure modes in every dynamic response stage. 

Concrete would fail in the compression zone of the cross-section before large 

plastic strain is developed in the steel reinforcement if the concrete beam is 

over-reinforced. In this case, the initial design should be modified to reduce the 

compressive stress in the cross-section. If the concrete beam is not over- 

reinforced, large cracks may appear in the vicinity of plastic hinges and the 

plastic strain in steel reinforcement in the vicinity of these plastic hinges would 

increase until the concrete in the compression zone fails due to the reduce area 

in the compression zone. 

This thesis focuses on developing the algorithm and formulae to calculate the 

response of structures subjected to air-blast load using the SDOF method. The 

failure criteria of the structural member subjected to air-blast load should be 

specified before the analysis so that design could be carried out efficiently. For 

the convenience of describing the calculation and design procedure of structures 
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subjected to air-blast load, some of the criteria based on the static analysis are 

listed in this chapter. A comprehensive review of loading rate effect on 

reinforcing steel by Malvar (Malver, 1990) indicated that the modulus of 

elasticity and ultimate strain remain nearly constant. Therefore, the criteria 

based on static theory may be used approximately in dynamic analysis and 

design of structures subjected to air-blast load. 

6.1 Criteria for flexure failure 

Fig. 6.3 shows the vicinity of a plastic hinge developed in a concrete beam. As 

mentioned in Section 3.1, the length of the plastic hinge at the yielded zone is 

assumed as 4Od,, where d, is the diameter of the steel bars. The relative 

rotation angle of two cross-sections at the ends of the plastic interval is defined 

as the rotation angle of the plastic hinge. This rotation angle of the plastic 

hinge in the bending concrete beam is usually taken as the control value to 

determine the plastic limit state. The condition to generate n plastic hinges in a 

beam is (5oAaHcmji, 1974) 

where vi is the rotation angle of the ith plastic hinge obtained from the dynamic 

analysis and vdi is the plastic rotation capacity of the ith plastic hinge. 
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The plastic rotation capacity, ydi is determined by the relative height of the 

compression zone of the cross-section. It can be calculated approximately from 

the following empirical equation (EoAaHcKuii, 1974) 

0.003 v, = 0.035 + ~ 

% 

where 

l ~ ,  = 0.035 + 0.003/01, 

f 

p=-  As 
bd 

d = effective depth of beam’s cross-section 

f, = tensile strength of reinforcing steel 

f, = compression strength of concrete 

A, = area of tension steel 

b = width of beam’s cross-section 

6.2 Criteria for shear failure 

The shear failure of a concrete beam subjected to air blast loading usually 

results in instantaneous collapse. Therefore, the structural member in a blast 

resistant structure should be designed to guarantee that there is no plastic 

deformation developed in shear reinforcement during the period when the 

structure is subjected to air-blast loading. The criteria for shear failure may be 

written as: 

v rv, 

where V is the shear force due to blast load and Vu is the ultimate shear 

resistance of the beam. 
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Referring to Fig. 6.4, the formulae to calculate ultimate shear resistance is 

(Mosley and Bungey, 1990) 

V ,  = 0.87fy,As, +1.23f,ASb 

where 

= characteristic strength of the stirrup reinforcement f YV 

A,, = cross-sectional area of the two legs of stirrup 

A,, = Cross-sectional area of the bent-up bar 

6.3 Criteria for FRP plate delamination 

Shear strength of the adhesive or interface between adhesive and concrete is 

critical for the success of the FRP plate strengthening technique. As shown in 

Fig. 6.5, it is assumed that the maximum shear stress occurred at the plate end 

or at the crack due to stress concentration. The criteria for FRP plate 

delamination can be written as: 
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where zo is the maximum shear stress in the adhesive layer and z, is the 

strength of FRP plate-adhesive-concrete surface, which can be determined by 

the double lap test (Sharif, et. al., 1994). 

The maximum shear stress ( zo ) at the end of FRP plate can be calculated from 

(Nguyen, 2001): 

TO =-- 

where 

bp = width of the FRP plate 

1, = length of FRP plate 

(6.9) 

(6.10) 

(6.11) 

(6.12) 

Vo 

M ,  

= 

= 

shear force of the beam at the position at the end of FRP plate. 

bending moment at the position at the end of FRP plate. 
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distance from the center of FRP plate to the neutral axis of the 

reinforced concrete beam. 

distance from concrete tension face to the neutral axis of the 

reinforced concrete beam. 

shear modulus of adhesive. 

second moment of area of equivalent cracked cross-section 

transformed to FRP material. 

effective depth of beam’s cross-section. 

distance from steel bars to FRP plate. 

width of the adhesive layer. 

thickness of the adhesive layer. 

thickness of the FRP plate. 

Young’s modulus of concrete 

equivalent area of reinforced concrete section 

Cracking is one of the major characteristics of concrete members that affect 

analysis and design procedures. Cracks play a significant role in the 

redistribution of interfacial shear stresses. A theoretical study shows that shear 

stresses at cracks are large and it may lead to local failure (Malek, et. al, 1998). 

Considering the interface shear stress between two adjacent cracks (Fig. 6.6), it 

is understandable that shear stress will increase if the tensile stress of FRP plate 

at cracks were to increase. When the interface stresses exceeds the bond 

strength of the specific adhesive, the bond between FRP plate and concrete will 

fail and the debonding of FRP plate will occur. This leads to an instant increase 

of tensile stress of the FRP plate nearby and results in further debonding. This 

bond failure is brittle, and if there are no extra anchorage (FRP plugs) between 

concrete and FRP plate, the FRP plate will delaminate from concrete surface. 

The beam loses load-carrying capacity suddenly. It should be noted that 

debonding of FRP plate usually occurs well before rupture of FRP plate if there 

is no extra anchorage (FRP plugs) besides the adhesive materials. 
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The local tangential stress due to initial cracking of concrete can be calculated 

from (Malek, et. al, 1998) 

where 

b, = width of the FRP plate 

d, = width of FRP plate. 

Vm = 

b = width of the beam reinforced with FRP plate. 

x, = the position where zm is maximum. 

I = second moment of area of concrete cross-section. 

shear force at the position where z, is maximum. 
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Mo 

EPIP 
EI (6.16) 1+- 

m20 = 

T p c  = %Ap 

0 , 2  + Op2 
T p o  = 2 A, 

(6.17) 

(6.18) 

(6.19) 

(6.20) 

= distance between two adjacent cracks 4, 
= stress in FRP plate at left cracking point 

O P l  

= stress in FRP plate at right cracking point 
0 , 2  

A, = cross-sectional area of FRP plate 

Therefore, in the case of including the effect of initial bending cracks in the 

concrete, the criteria for FRP plate delamination can be written as 

z, 5 zu (6.21) 

where 

= maximum shear stress in adhesive layer r m  

2, = shear strength of adhesive material 

6.4 Criteria for concrete ripping-off 

Fig. 6.7 shows the concrete cover layer ripping-off. Ripping of concrete is 

determined by the tensile and shear stresses between the reinforcing steel bars 

and in the FRP plate end region. 
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Nguyen et. a1 (Nguyen et. al, 2002) developed a simple approximated 

formulation to predict the ripping-off failure based on the full composite 

behavior of the strengthened beams and bending of the concrete “tooth”. The 

criteria for ripping-off are 

0,s  f ,  (6.22) 

and 

1 1  
12 8 

where f, is the tensile strength of concrete, which is taken about - to - of 

the concrete cube strength f,, and z, is the shear strength of the concrete-steel 

bar interface. 

Shear stress in the concrete cover (z, in Eq.(6.23)) is calculated form: 

z, = - TP (6.24) 
~ c o n l b  

where T, is the tension force carried by the FRP plate at the full composite 
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behavior position of the beam reinforced with FRP plate ( at the distance of Zdev 

from the end of FRP plate) and I,,, is the bond length (Fig. 6.8). 

Tension stress ( oc in Eq. (6.22)) on the interface of the steel bar and concrete is 

determined by: 

I where cm is the thickness of concrete cover and IC, is the crack spacing. 

The value of Tp in Eq. (6.24) can be calculated from (Nguyen, 2001): 

(6.25) 

(6.26) 

where 
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for lo L V  

for I,, 2 ldev 

bending moment at the position of x . 

length of FRP plate. 

(6.27) 

(6.28) 

(6.29) 

(6.30) 

distance from the center of FRP plate to the neutral axis of the 

reinforced concrete beam. 

distance from concrete tension face to the neutral axis of the 

reinforced concrete beam. 

shear modulus of adhesive. 

second moment of area of equivalent cracked cross-section 

transformed to FRP material. 

effective depth of beam’s cross-section. 

distance from steel bars to FRP plate. 

width of the adhesive layer. 

thickness of the adhesive layer. 

thickness of the FRP plate. 

Young’s modulus of concrete 

equivalent area of reinforced concrete section 

distance from the support to end of FRP plate (Fig. 6.8). 

In the design of a reinforced concrete member, flexure criteria is usually 

considered first, leading to the size of cross-section and arrangement of 

reinforcement to provide necessary moment resistance. Limits are placed on the 

amounts of flexural reinforcement to ensure that failure does not occur other 

than in flexural. Because shear failure, or FRP plate delamination or concrete 

debonding are frequently sudden and brittle, the design for failure modes must 
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ensure that these shear strengths equal or exceed the flexural strength at all 

points in the concrete structure. 

6.5 Design procedure for reinforced concrete structures strengthened with 

FRP strips/sheets subjected to air blast loading 

With the initial size of the cross-section and the initial reinforcement the 

dynamic response of the structural member to the given blast load can be 

calculated from the formulae described in the Chapters 3, 4, and 5. If some of 

the criteria described in this section were not satisfied, the initial design should 

be modified and the calculation procedure as described Chapter 3 and Chapter 4 

should be repeated again, until all the criteria are satisfied. The design 

procedure is described in the following flow chat: 
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Chapter 7 

EXAMPLES 

This Chapter presents a series of worked examples to illustrate the procedures of 

the analysis of different structures using the formulas derived in this thesis. 

Sections 7.1 and 7.2 present examples of simply-supported concrete beams 

subjected to air-blast loading. In the example of Section 7.1, the beam is 

reinforced with steel bars only, while in the example of Section 7.2 the beam is 

reinforced with both steel bars and FRP mat. Section 7.3 presents the example of 

a concrete building subjected to blast loading generated by a vehicle bomb. 

Sections 7.4 and 7.5 present examples of simply-supported square concrete plates 

subjected to air-blast loading. In the example of Section 7.4, the plate is 

reinforced with steel bars only, while in the example of Section 7.5 the plate is 

reinforced with both steel bars and FRP mat. 

7.1 
To validate the formulas derived in this thesis, the example in this section is cited 

from E O X ~ H C K ~ I ~ ~ ’ S  book (I;ogaHcwii, 1974) and the results are compared. Fig. 

7.1 shows a buried concrete shelter structure. 

Simply supported RC beam subjected to air-blast loading 

The roof of this structure is composed of pre-cast concrete slabs of 300mm depth 

by 800mm width and 3000mm span. The blast load generated by a 1 . 0 ~ 1 0 ~  tons 

equivalent TNT nuclear bomb explosion is idealized as a triangular load pulse 
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with amplitude of p = 2 . 2 ~ 1 0 ~  N / m 2  and duration of t ,  = 0.54sec , 

The simply-supported one-way slab and the air-blast loading are shown in Fig. 

7.2. 

A. Initial design parameters 

1. length of beam 

1= 3m 

2. height of the beam's cross-section 

h= 0.3 m 

3. width of the beam's cross-section 

b= 0.8m 

4. effective height of the beam's cross-section 
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d= 0.27 m 

5. distributed mass including the self weight and the attached mass (soil) 

on the beam 

m= 1630kg/m 

6. Young's modulus of concrete 

E,= 3.00E+10 N/m2 

7. Young's modulus of steel bar 

E.*= 2.10E+1 1N/m2 

8. area of reinforcement (tension) 

A,= 2592mm' 

static yield strength of the steel reinforcement (tension) 9. 

fy= 2.70E+08 N/m2 

10. static yield strength of concrete (compression) 

fc= 1.88E+07 N/m2 

1 1, static load including the self-weight of the slab and soil above the slab 

q =  16000N/m 

12. blast load on the beam 

p =  176000N/m 

td= 0.54 sec. 

B. Calculation 

1. calculate bending stiffness of the cross-section 
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calculate depth of neutral axis from Eq. (5.4) ( AIs = 0 and A, = 0)  a. 

c = 0.0903 m 

b. calculate bending stiffness from Eq. (5.3) 

EJ = 3x10'~ [0'8x0'0903' + 2*1x10" x0.002592(0.27 -0.0903)' 
3 3x10" 

= 2.35~10'  Nm' 

2. calculate the frequency of equivalent SDOF system from Eq. (3.143) 

w = 132 rad/sec 

3. ~ t d = 7 1 . 1  > 40 

4. dynamic function (for w td>40, use Eq. 5.18) 

T(t)= 1 - COS 132t 

5. calculate the static yield bending moment M ,  from Eq. (5.6) 

M, =169825Nm (AIs = O  and Af = 0 )  

6. calculate the bending moment MO at mid-span due to self-weight and 

weight of soil above the beam (uniform distributed static load on the 

beam ) 

qZ2 1 6 0 0 0 ~ 3 ~  M ,  =-= 
8 8 

= 18000 Nm 

7. calculate the bending moment Mp at mid-span from Eq. (5.2) 

8. calculate the time when steel bar yield 

a. calculate the value of d from Eq. (5.30) 
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d = (0.895~)17 ’ M s - M o  =1.01513 
MP 

b. calculate wzfrom Eq. (5.29) 

= 1.764 257d +155--432889+194123d -106365d2 wz = 
139d -102 

C. wz 1.764 
w 132 

z=-=-- - 0.0134sec. 

9. calculate the value of T ( z )  from Eq. (5.18) 

T ( Z) = 1 -COS = 1.192 

and the value of T (z) 

f (z) = wsin wz = 129 

10. calculate the dynamic displacement of the beam’s mid-span at time z 

a. calculate the value of deformation mode at the beam’s mid-span from 

Eq. (3.136) 

W (1.5) = 
le5 

24 x 2.35 x lo7 x (1.53 - 2x 3 x 1.52 + 33) 
= 4.494~10-* rn 

b. calculate the dynamic displacement of the beam’s mid-span at time z 

from Eq. (3.5) 

w (1.5,0.0133) = 176000~ 1.192X 4.494 X = 0.00943 m 

11. calculate the integration in Eq. (3.134) 

is f W (x)dx = - = 0.863~10-~m~ 
120EI 
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12. calculate fp(z) from Eq. (3.43) 

f, (z) =- 4f(z) ~ W ( n ) d x = 4 . 9 6 ~ 1 0 "  
L2 

13. calculate LO; from Eq. (3.41) 

1 LOp=--- 2 3  - 
2mLA 1630 

14. calculate the time when relative rotation angle of the plastic hinge reaches 

its maximum value tm from Eq. (3.48) 

15. calculate the value of Tp(tm) from Eq. (3.47) 

= 8 . 4 2 ~ 1 0 - ~  

16. calculate maximum plastic displacement at mid-span from Eq. (3.38) 

w - , t m  = p[T,  (tm)w, (l.S)+T(zJW,(l.S)] =0.0317 m (% 1 
17. maximum open angle of the plastic hinge from Eq. (3.53) 

L 

18. calculate the limit open angle of the plastic hinge from Eq. (6.2) 

yd = 0.035 +0.003f'.E = 0.0498 rad. 
fs 4 

19. qCmm < v d ,  i.e. the slab is capable to resist the design blast load. 
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The maximum open angle of the plastic hinge given by EoaaHcIurii (E;oaaHcmji, 

1974) is 

pcm =0.0473 rad. 

The relative error is 

0.0473 - 0.0422 =11% 
0.0473 

The error is due to GoaaHcIurfi (EoaaHcKmii, 1974) obtaining his result from a 

design chart which was constructed using an approximate method. 

This example can also be calculated by using Biggs’ method. The strain rate 

effect has been calculated in this example and the increase factor of the yielding 

bending moment can be calculated using the result of step 9 in above 

calculations: 

1.192M 
f d  = = 1.5545 

Ms -Mo 

The calculation procedure is as follows: 

Initial data: 

L = 3  m 

m = 1630 kg/m 

EI = 2.354e7 Nmz 

Mt = 4890 kg 

td = 0.54 sec. 

P = 176000 N/m2 

Ft = 528000 N 

:bean length 

:distributed mass 

:bending stiffness 

:total mass of the beam 

:duration of the blast load 

:amplitude of the uniformly distributed blast load 

:amplitude of the total force on the beam 
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Elastic 

Load factor Mass factor 

KeL =0.64 KeM = O S  

Transformation factors for simplv supported beam 

Plastic 

Load factor Mass factor 

KPL = O S  KPM =0.33 

The maximum spring constant ( k ) and maximum resistance ( Rm ) are: 

k=- 384E1 = 6 . 6 9 6 ~ 1 0 ~  N/ 5L3 m 

F, = KLF, = 0.64~528000 = 337920 N , M e  = KeMM,  = 0 . 5 ~ 4 8 9 0  = 1445 kg 

Rem = KerRm = 0.64X629378 = 402802N 

yel = = 0.0094m, 
k, 

te, =-arccos[ 1 1 - 2 1  = 0.0133sec. 
w 

M,, = KpLM,  = 0.333X4890 = 1630kg 

Fpe = KpLF, =0.5~528000=264000N 

Rpm = K,,LRe,,, = 0.5~629378 = 314659 N 

- Fe -0.00789m Y ,  - - - 
‘e 
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y, ( t l )  = -150t: -35.1t, +yy8tusinmel  KeL 
PL 

j l p  ( t l )  ~-149.966t: -35.094t1 +1.31 

The time when the dynamic formation reaches its maximum value is determined 

by solving the following equation: 

j ,  ( t l m )  =-149.966t:, -35.094tl, +1.31= 0 

The solution of this equation is: t , ,  = 0.03278 sec. 

y P  (t ,  ) = -49.99f -17.547t: + 1.3 1 It + yel 

The maximum displacement in plastic stage is then obtained as: 

y ( t l m )  = y, (0.03278) = 0.03177 m 
P 

The result obtained by using Biggs’ method is very close to that obtained by 

using the formulae derived in this thesis. 

145 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



ANALYSIS AND DESIGN OF BLAST-RESISTANT STRUCTURES 

7.2 Simply-supported RC beam strengthened with FRP sheet subjected to 

air-blast loading 

The size and type of steel reinforcement of the slab and blast loading on the slab 

are the same as that of the slab in Section 7.1. This example is designed to show 

the procedure to calculate the dynamic response of a one-way slab subjected to 

blast loading and how the external FRP reinforcement improves the blast resistant 

capability of a steel reinforced concrete one-way slab. 

The simply-supported one-way slab and the air-blast loading are shown in Fig. 

7.3. 

A. initial design parameters 

1. length of beam 

L=3m 

2. height of the beam's cross-section 

h=300mm 
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3. width of the beam's cross-section 

b = 800mm 

4. effective height of the beam's cross-section 

d=270mm 

5. distributed mass including the self weight & the attached mass on the 
beam 
mo= 1600 kg/m 

! 6. Young's modulus of concrete 

Ec=3.00E+10 N/mz 

7. Young's modulus of steel bar 

Es=2.10E+1 1N/m2 

8. area of reinforcement (tension) 

A,=2592 mm2 

9. static yield strength of the steel reinforcement (tension) 

f,=2.70E+08 N/m2 

10. static yield strength of concrete (compression) 

fc=l .88E+07 N/mz 

11. parameters of S&P G-Sheet E 5050 A 

a. modulus of elasticity 

E ~ 7 . 3 ~ 1 0 ~ '  N/m2 

b. tensile strength 

ff=3.4x109 N/m2 
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c. fiber cross-section area per meter in both two orthogonal directions 

Af=6.7x10 -5 m2 

3 2. static load including the self-weight of the slab and soil above the slab 

q =16000 N/m 

13. blast load on the beam 

PO= 176000 N/m 

tdz0.54 S ~ C .  

B . calculation 

1. calculate bending stiffness of the cross-section 

a. calculate the total area of fiber cross-section on the tension face of the 
beam 
Af=0.8x6.7~10-~ = 5 . 3 6 ~ 1 0 - ~  m2 

b. calculate depth of the neutral axis of cross-section from Eq. (5.4) 

c =0.0906m 

c. calculate the bending stiffness of the beam from Eq. (5.3) 

EJ = 2 . 3 7 ~ 1 0 ~  Nm2 

2. calculate vibration frequency from Eq. (3.142) 

q = 132 rad/sec 

3 .  tdz71.4 9 0  

4. dynamic function (for wtd>40, use Eq. 5.15) 

T(t) = 1 - cos132t 
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5. calculate the static yield bending moment M,  from Eq. (5.6) 

a. determine the value of ,GI and calculate afs 

1.09 -0 .008~ f IC = 1.09 - 0.008X18.8 = 0.94 > 0.85 

E 
,GI = 0.85, afs = f = 0.3476 

E, 

b. calculate c fromEq. (5.7) 

c = 0.0649m 

c. calculate a fromEq. (5.8) 

a = 0.0551m 

d. calculate the static yield bending moment M,  from Eq. (5.6) 

M s  = 1 . 7 1 ~ 1 0 ~  Nm 

6. calculate the bending moment Ms at mid-span due to the static load (self- 
weight and the weight of soil above the beam) on the beam 

M ,  = c = 1 8 0 0 0  Nm 
8 

7. calculate the bending moment Mpl at mid-span from Eq. (5.2) 

P l 2  M,,, = = 198000 Nrn 

8. calculate the time when steel bar yield 

a. calculate the value of d from Eq. (5.30) 

b. calculate ~ 1 z j  from Eq. (5.29) 

= 1.775 
257d +155-d32889+194123d -106365d2 

139d -102 qz1 = 
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wlzl = 0.0134 sec z, =- 
Y 

C. 

9. calculate the value of T( z) from Eq. (5.18) 

T , (z )=l -cosqz ,  =1.2 

and the value of T (z) 

< (z) = q sin qz, = 129 

10. calculate the dynamic displacement of the beam’s mid-span at time z 

a. calculate value of deformation mode at the beam’s mid-span from Eq. 
(3.136) 

W (1.5) = la5 ~ ( 1 . 5 ~ - 2 ~ 3 ~ 1 . 5 ~ + 3 ~ ) = 4 . 4 8 8 ~ 1 0 - ~  m 
24 x 2.35 x 1 O7 

b. calculate dynamic displacement of beam’s mid-span at time z from 
Eq. (3.5) 
~ ( 1 . 5 , ~ ~ )  = 0.009443 m 

11. calculate the integration in Eq. (3.138) 

= 0 .857~10-~m’  35 - - l5 
[w(.)I. = ~ 120EI 1 2 0 ~ 2 . 3 7 ~ 1 0 ~  

12. calculate stiffness of the equivalent rotational spring from Eq. (3.20) 

a. calculate fdy form Eq. (5.12) 

b. calculate c from Eq. (5.11) 

c=0.123 m 

C. calculate a, from Eq. (5.15) 
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d. calculate cf from Eq. (5.14) 

a f M f  +0.5(cz -a f )b  
Cf = = 0.134 m 

otfAf + ( c - a , ) b  

e. calculate remaining bending stiffness of the beam segment in which 
steel bars yield from (5.13) 

=1.16x105 Nm2 

f. calculate the length of the yield zone from Eq. (3.18) 

1 

1, = k,k2k3 ( d 

k, = 0.7 k, = 1 k3 = 0.9 z = 1.5 d = 0.27 

1 

1, =0.7x1x0.9x ( - t.:7)1 ~ 0 . 2 7  = 0.26 m 

g. calculate stiffness of the equivalent rotational spring from Eq. (3.20) 

= 2 .21~10~  Nm 
( E c l ) y  - 1.16~10' 

21, 2x0.26 
k, =-- 

13. calculate the frequency of the equivalent SDOF system 

a' calculate [W2 (x)dx from Eq. (3.152) 

[W2 ( x ) d x  = 7 . 2 3 ~ 1 0 ~ ~  m2 

b' calculate [W;(x)dx from Eq. (3.153) 

[W: (x) dx = 1.07 x lo-" m3 
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c. calculate the frequency from Eq. (3.27) 

7.23 x 1 0-6 
% = ~ l 6 0 0 ~ 1 . 0 ’ 7 ~ 1 0 - ~ ~  = 20.32 rad/sec 

14. determine the form of the dynamic function T2 ( t )  

a. ~ , ( t ,  -~,)=20.32~(0.54-0.0132)=10.7 < 40 

For 0.4<w( td -s)<40, dynamic function is in the form given by Eq. 
(5.50), i.e. 

t 
~ , ( t )  = 1 - - - T~ (z,)+ C, sin u, (t -q )- D, cos u, (t - q) 

t d 

b. calculate C, from (5.51) 

c. calculate D, from (5.52) 

ANALYSIS AND DESIGN OF BLAST-RESISTANT STRUCTURES 

1) 

z 

td 

0, = 1 - 2 - ( Z~ ) = -0.228 

therefore the dynamic function is 

T, ( t )  = -0.2--+00.167sin20(t- t 
0.54 )+ 

and the derivative of the dynamic function is 

0 3 228~0s  20( t - 0.01 

1 
0.54 

T, ( t ) = - - - 4.62 sin [ 20 ( t  - 0.01 34)] + 3.4 cos [20 ( t  - 0.0 134)] 

15. calculate the maximum value of the dynamic function of T2(t) 

a. calculate A and B from Eqs. (5.64) and (5.65) respectively 

A = - c2 - - -0.732 , B = D2U,td = -2.5 
D2 

b. calculate the time tm from Eq. (5.70) 
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1 -0.732 + arccos 4 x  t, =0.0134+- -XCCOS 
20.32 [ - 2 . 5 J G 3 7  

=0.0283 sec 

c. calculate the value of T2 ( t ,  ) from the expression obtained in step 14. 

T2 ( t , )  = T, (0.0283) = 0.0117 

16. calculate the bending moment Mp2 at mid-span 

a. calculate the bending moment M ,  at mid-span from Eq. (3.154) 

L2 3, 9 
2 2 8 

M ,  = - y (1- y)  = -x0.5x(1-0.5) = - 

b. calculate M,, = p M ,  

9 M,, = 176000~-  = 198000 Nm 
8 

17. determine whether the external FRP reinforcement ruptures 

a. calculate the maximum bending moment from Eq. (3.33) 

M -, t, = M,,T, ( t ,  ) + M,,q (q) = 2 . 4 ~ 1 0 ~  Nm t I 
b. calculate the rupture bending moment Mr , at which the external FRP 

reinforcement rupture from Eq. (5.9) 
cf = 0.146 m (obtained in step (12) ) 

= 4 . 4 8 ~ 1 0 ~  N / m 2  (obtained in step (12) ) 

a =  A s f d y + A f f f  =0.124m (obtainedinstep (12)) 
0.85 f,b 

= 2 . 6 8 ~ 1 0 ~  Nm 
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, therefore the FRP reinforcement does not rupture. 
C. 

18. maximum displacement at mid-span of the beam 

a. calculate the static displacement W2(1.5) form Eq. (3.149) ( the value 
of V C  1 

W, - =v, =3.87x1OW6 m (3 
b. calculate maximum displacement at mid-span of the beam from Eq. 

(3.33) 

w - , tm = p7; (rl)W, (1.5)+pTZ (tm)vc =0.0174 m (n  1 
The maximum displacement of the mid-span of the beam without FRP 

reinforcement (c.f. Section 7.1) is 

w , ~ ,  =0.0317 m 

Therefore the relative reduction of displacement is 

0.0317 -0.0174 
= 45% 

0.0317 

This result shows that the deflection of the beam strengthened with FRP sheets 

can largely reduce the dynamic deformation of the beam subjected to air-blast 

loads. 
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7.3 Framed RC building subjected to external air-blast loading 

The pressure pulse in air from the detonation of high explosives, while 

extremely intensive, is also of very short duration - typically measured in 

milliseconds. The natural period of vibration of a framed structure in which the 

whole of its mass is constrained to move together is much longer than the 

typical bomb blast duration. As a result of this ‘mismatch’, the blast shock wave 

generally does not last long enough to induce significant overall movement in 

the structure. In other words, the applied blast load is resisted primarily by the 

building’s high inertia rather than by inducing structural deflection. When 

assessing the consequences of the agreed threats it is important to consider 

whether a very close detonation, particularly of a relatively small charge, could 

cause disproportional overall damage due to removal of a few critical members. 

Where appropriate the blast loading from a particular charge in a given location 

on individual structural elements can be assessed and the elements can be 

designed to resist these loads. If a credible bomb explosion could cause the loss 

of a number of such elements, then normal robustness may not be sufficient to 

confine the extent of the resulting damage to reasonable limits and may cause 

progressive collapse. A progressive collapse occurs when a structure has its 

loading pattern or boundary conditions changed such that elements within the 

structure are loaded beyond their capacity and fail. The residual structure is 

forced to seek alternative load paths in order to redistribute the loads applied to 

it. As a result, other elements may fail causing further load redistribution. The 

process will continue until the structure can find equilibrium either by shedding 

load as a by-product of elements failing or by finding stable alternative load 

paths. Fig. 7.4 shows the progressive collapse of a framed structure when a 

column in the first level is removed. 

The first step to simulate the progressive collapse of a framed concrete building 

is to carry out the local damage assessment using the SDOF approach. At the 

instant immediately prior to failure the frame will be reacting equal and 

opposite shears and moments on the member and the progressive collapse can 

then be simulated as a quasi-static approach (Gilmour, 1998). 
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thesis can be used to carry out the local damage assessment of the columns in a 

framed concrete building subjected to air-blast loading. 

As shown in Fig. 7.5, the columns exposed to blast overpressure are selected to 

be analyzed. For simplicity, only the columns in first three stories are 

considered and modeled as a continuous beam loaded with both static axial 

forces and transverse blast load. 

A. initial design parameters 

1. number of spans of the continuous beam 

M= 3 

2. length of each span 

I= 5 m  

3. height of the beam's cross-section 

h= 650mm 

4. width of the beam's cross-section 

b= 550mm 

5. effective height of the beam's cross-section 

d= 625mm 

6. distributed mass including the self weight and the attached mass (such as 

filling walls, windows, et. al.) on the beam 

m= 1716kg/m 

7. static axial loads on the beam 

N1= 500000N 

Nz= 500000N 

N3= 1600000N 
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8. Young's modulus of concrete 

E,= 3 . 0 ~ 1 0 ~ ~  N/m2 

9. Young's modulus of steel bar 

E.g= 2 . 1 ~ 1 0 ~ '  N/m2 

10. area of the tension reinforcement 

A,= 1473 mrn2 

1 1. static yield strength of the steel and concrete 

fy= 2.7~10' N/m2 

fc= 1 . 6 ~  1 O7 N/m2 

12. air-blast load on the columns 

qo= 3 . 0 ~ 1 0 ~  N/m 

q3= 2 . 7 ~ 1 0 ~  N/m 

td= 0.025 sec 

B. Calculation 

1, calculate bending stiffness of the cross-section 

a. calculate the value of a, 

= 7  E 2 . 1 ~ 1 0 "  
E, 3 . 0 ~ 1 0 ' ~  

a, =s= 

b. the depth of neutral axis is calculated from Eq. (5.4) 

c=0.123 m 

c. calculate bending stiffness of the cross-section from Eq. (5.3) 

E,Z =9 .12~  1 O7 Nm2 
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2. calculate the stress in steel reinforcement due to static axial force from 

Eq. (3.72) 

oN =0.473~10'  

1 1 
1 

3. calculate the parameters concerned with blast loading 

a. calculate the loading amplitude from Eq. (3.61) 

p = - ( q O  1 +q3)=-(3x106 1 +2.7x106)=2.85x106 N/m2  
2 2 

1 
4 

4 b. the ratio of the loading amplitudes of the continuous column froin Eq. 

(3.63) 

u = -0.0526 i 
B 

1 
f 

i 

1 c. uk and pk from Eq. (3.162) and (3.163), respectively 

a, = -0.0169 4 

u2 = -0,0175 

a3 = -0.0182 

p1 = 1.0351 

p 2  = 1 .oo 

pJ = 0.965 

4. rotational stiffness of the support at bottom of the column from Eq. 

(3.160) 

KO, = 2 . 1 5 ~ 1 0 ' ~  Nm (assume) 

E 

1 
1 
I 
1 

5. calculate static joint rotational displacements from Eq. (3.179) 

el =i.oi x 10-l~ 
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&=-3.48 X 10-l' rad. 

83=-3.14X lo-'' rad. 

6. calculate the integrations concern with the static deformation from Eqs. 

(3.164), (3.165), (3.166) and (3.167). 

6°F (x) fi (x) dx = 1 .439~10-~  

2 i( %] dx = 3 . 4 2 ~ 1 0 - l ~  

2 r( z) dx = 2.4835~10-l~ 

2 

dx=1.1154~10- '~ 

2 

dx = 1.5893~10-~  

I W :  (x)dx = 1 . 5 5 ~ 1 0 - ' ~  

IW, ( x ) d x  = 1.4537~10-~  

7. calculate the frequency 01 and parameter q 1 of the first dynamic 

response stage from Eq. (3.65). 

4' = 5 . 3 4 ~ 1 0 ~  

y = 231 rad/sec 

8. calculate from Eq. (3.69) 

ql = 1.003 = 1 

9. determine the form of the dynamic function 

q t ,  =471~0.025=11.78 

since 0 . 4 ~  w t d  ~ 4 0 ,  therefore the dynamic function is in the form defined 
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10. 

by Eq. (5.19). i.e. 

t sin wt 

t d  a d  

T,(t)=l---cosm +- 

the dynamic function and its derivative are 

O S t S t ,  

‘ ~ ; ( t ) = 1 - 4 0 ~ - c o s 4 7 1 t + 1 s i n 4 7 1 t  

T; (1) = -40+471sin471 t + S c o s 4 7 1  t 

calculate the bending moment Mpl  from Eqs. (3.180) and (3.181) 

11.78 

11.78 

a. calculate M1l and M21 from Eqs. (3.180) and (3.181) respectively 

M,, = 2.18 M,, = 2.13 

b. calculate MlPl and MzPl 

MI,, = p M , ,  = 2 . 8 5 ~ 1 0 ~ ~ 2 . 1 8  = 6.2x106Nm 

M Z p l  = p M,, = 2 . 8 5 ~ 1 0 ~ ~ 2 . 1 3  = 6.O6x1O6N~ 

c. determine value of Mpl 

M,,, > M,, ,  , therefore the cross-section at joint 1 yields first, i.e. 

M,, = 6.2x1O6”m 

1 1. calculate the static yield bending moment M,I from Eq. (5.5) 

For axial loaded beam, f,, should be replaced with fy + oN (see Eq. 

(3.71)) 

M,, = 2 . 7 3 ~ 1 0 ~  Nm 

12. calculate the time when steel bar yield 

a. calculate u from Eq. (5.42) 

u = ad =5.78 
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b. calculate d from Eq. (5.43) 

d =0.0602 

c. calculate wz, from Eq. (5.41) 

WZ, =0.476 

z, = 3 = 0.00206007 sec 
W 

13. calculate the value of Tl (z, ) and 

in step 8. 

Tl (z, ) = 0.108 

(z, ) form the expression obtained 

q ( 2 , )  = 102 

14. bending moment M I  at time rj 

M,(~ l )=6 .12~106~0 .108=6 .71~105  NRZ 

After the time z, = 0.00206sec. the column will deform further with the 

simply supporting condition at bottom end. 

1s. 

16. 

17. 

rotational stiffness of the support at bottom of the column 

ko=O.OOE+OO Nm (cross-section at bottom of column has yielded) 

static joint rotational displacements from Eq. (3.179) 

el = 8 , 3 ~ 1 0 - ~  rad. 

=-2 .29~10 '~  rad. 

e3 = 4 . 7 7 ~ 1 0 - ~  rad. 

calculate the integrations concern with the static deformation from Eqs. (3.164), 

(3.165), (3.166), (3.167) and (3.169). 

c W 2  ( x ) f i  (x)dx=2.13544~10-~  
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18. 

19. 

20. 

2 [(%) dx=2.1586~10-'~ 

2 

f'( z) dx = 9.918~10-'~ 

2 

dx = (26x 12.6 + 21x 0.578 + 16x 0.91) x lo-'' 

= 3.54~10-'" 

cw, ( x ) d x =  2.121x10-7 

cw; ( x ) d x  = 3.2x10-16 

6 w, (x) dx = 1.41x10-7 

calculate the frequency of the second dynamic response stage from Eq. (3.65) 

0; = 21960 

w, = 148 rad/sec 

calculate 77 of the second dynamic response stage from Eq. (3.69) 

q2 = 1.007 E 1 

determine the form of the dynamic function 

a. w2 ( t ,  -~~)=148~(0.025-0.00206)=3.4 

since 0 . 4 ~ 4  td -q)c40, therefore the dynamic function is in the form as 

shown Eq.(5.50), i.e. 

~~(t)=1---~,(z,)+~~sinw~(t-~,)-~~cosw~(t-~,) t , Z, I t I t ,  

td 

b. calculate C, and D2 from Eqs. (5.46) and (5.47) respectively 

C, = 0.739 
D, = 0.809 
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c. the dynamic function and its derivative are 

T, ( t )  = 0.892 - 40t + 0.739 sin 148 ( t  - 0.00206) 

- 0.809 COS 148 (t - 0.00206) 

T, ( t )  = -40 +120sin148 ( t  - 0.00206017) + 109cos 148 ( t  -0.00206017) 

21. calculate the bending moment Mp from Eqs (3.180) and (3.181) 

a. calculate M12 and M22 from Eqs. (3.1 80) and (3.18 1) respectively 

M,, = 0 , M,, = 2.71 

b. calculate MlP2 and M2p2 

MI,, = p M,, =2.85X106XO=0 NWZ 

M,,, = p M, ,  =2.85x106x2.71=7.73x106Nm 

c. determine value of Mp2 

M,, = M,,, = 7.73xlO6Nm 

22. calculate the static yield bending moment Ms2 from Eq. (5.5) 

For axial loaded beam, f, should be replaced with f, + a, (see Eq. (3.71)) 

M,, = 2.73~10’N .rn 

23. calculate T, (z,) and z, form Eq. (5.88) and Eq. (5.89) respectively 

a. calculate the known values in Eq. (5.83) 

7;(r1)M,,, =6.55xlOSNm 

M,,, = 7 . 7 3 ~ 1 0 ~  Nm 

b. calculate the functions d from Eq. (5.84) 

d = 2 . 6 5 ~ 1 0 - ~  

c. calculate the value of x from Eq. (5.88) 

x = 8.1323~10-’ 

d. calculate T, (2,) from Eq. (5.89) 

T, (z,) = 6 . 9 ~ 1 0 - ~  
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24. 

25. 

After 

e. 

f. 

g 

calculate z2 from Eq. (5.90) 

Z, = 0.00206017 

calculate A and B from Eqs. (5.64) and (5.65) respectively 

A = 0.913 
8 = 3  

check condition defined by Eq. (5.92) 

= 1.6 x 1 O-, 
1 

> 2.06017~10-~ = Z, 

Therefore, Eq. (5.92) is satisfied. 

calculate the value of T, (z, ) from the expression obtained in step 20. 

T2 (2 , )  = 80 

calculate bending moment A42 at time Q from Eq. (3.33) 

M , ( ~ ~ ) = M ( l , ~ , ) = 6 . 5 5 ~ 1 0 ~  Nm 

the time Z, = 2.06017~10-~ sec., the column between first and second 

floor will deform further with the simply supporting conditions at both ends. 

26. calculate the frequency, q , from Eq. (3.207) 

k=l ,  uI= - 0.0169(obtained in step 2), ko=O (obtained in step 15) 

g, (0, -0.0169)=34425 

g, (0, -0.0169) = 340201 

g, (0, -0.0169) = 306900 

-* 1’ - 52x2600000 
Nl = - N N 1 =  = 0.713 

EI 3.78 x 1 O8 

q = 88 rud/sec. 
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27. calculate E from Eq. (3.208) 

=8291 

28. calculate v3 form Eq. (3.69). 

7, = 1.08 

29* calculate the integration [W3 (x)dx from Eq. (3.206) 

k0=0 (obtained in step 15) , p ~ = l  .O4 and aI= -0.0169 (obtained in step 2) 

[W3 (x)dx=2.957~10-~ 

30. determined the form of the dynamic function T3 ( t  ) 

a. q ( t d  -~~)=139x(0.025-0.0010032)=3.34~0.4 

therefore the dynamic function in third stage is in the form defined by 

Eq.(5.50), i.e. 

t T~ ( t )  = 1 --- 1; (q) -T, ( zz) + C, sin q ( t  - z2) - o3 cos y ( t  - r2) 

b. calculate C, and D3 from (5.51) and (5.52), respectively 

td 

C, = 0.86 
D, = 0.809 

c. therefore the dynamic function and its derivative are 

T3 ( t  ) = 0.892 - 40t + 0.86 sin 88 ( t  - 0.00206017) 

- 0 . 8 0 9 ~ 0 ~ 8 8  ( t  -0.00206017) 

and 

T3 ( t )  = -40 +99.3cos 139 ( t  - 0.0010032) + 119 sin 139 ( t  - 0.0010032) 

31. calculate the joint rotational displacements from Eqs. (3.200) and (3.201) 

e, = 5.9207~10-~  

e2 = -5.9073~10-~ 

32. calculate the position where the bending moment is a maximum value in third 
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stage (assume q3T3 ( 5 )  = 0.05) 

a. dynamic deformation of the column at the time z3 can be calculated from 

w (x, 7 3  ) = P [ vlw, (4 7,l (TI + v2w2 (4 T2 (z2 1 + v 3 K  (4 T3 (z3 )] 3 0 5 x 5 1 

Because z3 is unknown, start a “trial & error” iteration by assuming 

i.e. 

where e2 (s), @4 (s), and @5 ( s ,  a )  are shown in Eq. (3.105). 

= 0 the position x, where the bending b. a3w(x,z3) with the condition ax3 
moment is maximum at time z3 is determined as 

x, = 2.4984m 

33. the amplitude of the dynamic bending moment at position x, = 2.4984m in 

first, second and third elastic stages can be calculated as 

4 p l  = -pEI d22!x)I = 3096215 Nm 
x=2.4984 

M 3 p 2  = -pEI d2z!x)l = 5357449 Nm 
x=2.4984 

M,,, = -pEI d2W3 (“1 = 9218779 Nm 
x=2.4984 

dx2 
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34. calculate 

a. calculate the known values in Eq. (5.83) 

(z3) and z3 from Eq. (5.88) and Eq. (5.89), respectively 

( T , ) M ~ ~ ,  = 3.35x105Nm 

T2 ( T ~ ) M , ~ ~  = 3.69~lO'"m 

M,,, = 9.22xlO'Nm 

b. calculate the functions d from Eq. (5.84) 

d = 43.46 

c. calculate the value of x from Eq. (5.88) 

f 

d. calculate T3(z3 )  from Eq. (5.89) 

2 

M3pkTk ('k 

T 3 ( z 3 ) =  k=l x = 0.0151 
M3p3 

e. calculate z3 from Eq. (5.90) 

= 0.00244 sec. 

f. calculate A and B from Eqs. (5.63) and (5.64), respectively 

A = 1.06 
B = 1.77 

g. check condition defined by Eq. (5.92) 
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= 0.0241 > 0.00244 = Z, 1 

therefore, Eq. (5.92) is satisfied. 

35. calculate the new value of 

q3T3 (7,) =1.77~0.0151=0.0163 

q3T3 ( r3 )  using new value of T3 ( r3 )  = 0.0151 

36. replace the assumed value of q3q (2,) = 0.05 with 0.0163 and calculate the 

position x,  where the bending moment is maximum at time t = z3 again. 

a. dynamic deformation and displacement at x, = 2.4984 

T , ( z , )  =0.108, T , ( ~ , ) = 6 . 9 ~ 1 0 - ~ ,  q3T3(~,)=O.0163 

the dynamic deformation of the column at z3 = 0.00244sec is 

= 0 determine the position x, where the b. d 3 W ( X , 7 3 )  with the condition ax3 
bending moment gets its maximum value at time z3 

x ,  = 2.4999m 

37. the amplitude of the dynamic bending moment at position x,,, = 2.4999m in 

first ,second and third elastic stages can be calculated as 
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M3pl = -pE7 "'",iX)~ = 3096223 Nm 
x=2.4999 

M3p2 = -pEI d2W2 ( x ) l  = 5355129 Nm 
x=2.495 

dx2 

M 3 g 3  = -pEI d2W3 ("1 = 9218752 Nm 
dx2 x=2.495 

the bending moments are almost the same as the values calculated in step (33) 

where T3 ( r3) = 0.05 is assumed. If they were not close to each other, a 

further iteration should be carried out, i.e. the calculations in step (36) should 

be repeated with the new values of 

q3T, ( r3 )  = 0.0163, 

M 3 p l  = 3096223, 

M 3 p 2  = 5355129, 

and 

to get more accurate values of x,,, and z3. 

38. calculate the value of T3 (z,) from the results obtained in step 30. 

T3 (2 , )  = 67 

39. bending moment M3 at time rj from Eq. (3.33) 

M 3  ( z3 ) = M ( 2.5, r3 ) 
= M 3 J  
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After the timer, = 2 . 4 4 ~ 1 0 - ~  sec., the column between first and second floor 

will deform further with a plastic hinge in the span and the simply supporting 

conditions at both ends of the single span column. 

40. calculate ui from Eq. (3.85) 

U: = 727 

41. calculate r", from Eq. (3.86) 

6 = 0.000874 

42. calculate P, i = 1,2,3 from Eq. (3.87). 

=5.25x1O-l2, p, = 1.12X10-", p3 = 2.79~10-l1 

43. calculate the initial value of Tp (z,) from Eq. (3.89) 

Tp ( r3 )  = 1.37~10-* 

44. calculate constants A and B from Eqs. (3.91) and (3.92) respectively 

= 6 . 0 1 ~ 1 0 - ~  
2m; 

3 

c q k T k  (zk)=O.124 
k = l  

8, = 500000 + 500000 + 1600000 = 2.6 x 1 O6 N 

3 

@ l C P , T k  (zk) = 2.57X10-6 
k=l 

A = -4 .22~10-~  

B = 1 . 3 6 ~ 1 0 - ~  

45. calculate the time when plastic deformation reaches its maximum value from 

Eq. (3.87) 
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46. 

47. 

48. 

1 t, = z, +-ln 
WP 

tm > td = 0.025 

2wpA 
> = 4 . 5 9 ~ 1 0 - ~  sec. 

calculate the plastic displacement at the mid-span at the time 

t = td = 0.025 sec from Eq. (3.83). 

calculate C and D from Eqs. (3.99) and (3.100) respectively 

C = 1 .1629~10-~  
D = -1.5102~10-~ 

calculate tm from Eq. (3.102) 

For C = 1 .1629~10-~  andD = -1.5102~10-~, the function on the left side 

of Eq. (3.101) is greater than zero. That means the dynamic function Tp ( t )  

is a mono-increased function. Therefore, the dynamic deformation of the 

column increases until the column collapses. 

The column above the second floor can be analyzed with the similar procedure. 

The starting time should be t = z2 = 0.00206017 sec.and the initial condition 

should be 

T ( r2 ) = 0 

and 
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where W (x) is the static deformation of the two-span continuous column 

above second floor for which the bending stiffness of the column below the 

second floor is ignored. Because the calculation procedure is similar to the 

procedure conducted above, it is not given in this thesis. 
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7.4 Simply-supported square RC plate subjected to air-blast loading 

This section gives two examples. The first example in this section is cited from 

EonaHcmiii’s book (GogaHcmiG, 1974) to validate the formulas derived in this 

thesis for the analysis of plate subjected to air-blast load. The reinforced concrete 

plate in the first example is subjected to an air-blast load from nuclear explosion. 

The reinforced concrete plate in the second example is subjected to an air-blast 

load from a conventional explosion. The response of the plate in the second 

example will be compared with the response of the concrete plate reinforced with 

combined steel bars and FRP mat, which will be given in Section 7.5. 

Example 1. 

Fig. 7.6 shows a buried concrete shelter structure. The roof of this structure is a 

square pre-cast concrete slabs with size of 6000~6000~350mm~. The idealized 

triangular blast load has p = 2.2~10’ N / m 2  and t ,  = 2.3sec. 
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The simply-supported concrete plate and the blast loading are shown in Fig. 7.7. 

A. initial design parameters 

1. slab length 

a =6m 

2. slab width 

b=6m 

3. slab thickness (cross-section height) 

h =0.35m 

4. effective cross-section height 

d =0.32m 

5. distributed mass of the slab including the attached mass (soil) 

m =2000kg/m2 
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6. concrete compressive strength 

fc = 1 .88e+07N/m2 

7. steel reinforcement tension strength 

fy = 5.1 e+08N/m2 

8. concrete modulus of elasticity 

E, =3.15e+10N/m2 

9. steel modulus of elasticity 

E., =2.1e+11N/m2 

10. concrete Poisson's ratio 

p =0.16 

1 1. tension reinforcement ratio 

p =0.006 

12. blast loading amplitude 

p = 1 80000N/m2 

13. positive phase duration 

td  =2.27sec 

B. calculation 

1. Calculate bending stiffness of the plate from Eq. (4.2) 

E,h3 3 . 1 5 ~ 1 0 ' ~  ~ 0 . 3 5 ~  = 115503772 Nm 
=-) = 12x (1 -0.162) 

2. Calculate natural frequency of the SDOF system from Fq. (4.44) 
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3. wtd=299> 40 

4. dynamic function (for w td>40, use Eq. 5.18) 

T(t)=l - COS 132 t 

5. calculate the depth of compression zone, a, from Eq. (5.8) 

P, =0.85 
a =0.0612 

6. calculate the static yield bending moment M,  from Eq. (5.6) 

= 0 . 0 0 1 9 2 ~ 5 . 1 ~ 1 0 * ~  

= 2 . 8 3 ~ 1 0 ~  Nm 

7. calculate the bending moment MO at plate center due to self-weight and 

weight of soil above the plate (static load ) 

MO = 0.0364q,a2 = 0 .0364~  2 0 0 0 0 ~  6’ = 2 . 6 2 ~  lo4 Nm 

8. calculate the bending moment MP at center of the plate 

Mp= 0.0364pa2 = 0.0364x180000x62 = 2 . 3 6 ~ 1 0 ~  Nm 

9. calculate the time when the steel bar yield ( strain effect is not considered 

in this example) is calculated from M,T(r)  = M ,  - M , ,  , Le. 

2 M ,  z = - arcsin 
w 

= 0.0126sec 2 d 2 . 8 3 ~ 1 0 ~  - 2 . 6 2 ~ 1 0 ~  

10. calculate the values of T( z) and ?(z) 

arcsin - 
132 2 x 2.36 x 1 O5 
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T( z$= 1.09 

T(T)= 131 

1 1. deformation mode of the plate is 

?T ?T 

b a = 4.67x10-* sin-xsin-y 
16a4 sin-xsin-y 

?T ?T 

6 6 Wx,y)= 2 

12. maximum deformation of the plate at time z 

w(3,3, z)=180000x1.09~4.67~10~~ = 0.00916 m 

13. calculate Tp (z) from Eq. (4.37) 

Tp (z) =7 .47~10”  

14. calculate o$ from Eq. (4.31) 

( rad I sec)2 2 1  cilp =- 
1000 

15. calculate the time when relative rotation angle of the plastic hinge reaches 

its maximum value tm from Eq. (4.42) 

16. calculate the value of T(tm) from Eq. (4.40) 

co; (t ,  - 2)2 
Tp (t,  ) = - [(t, - z) + 3t,T(z) - 3(td - z)] + T, (z)(t,  - z) 

6td 
= 3.25 x 

17. calculate maximum displacement at the center of the plate from Eq. (4.17) 

w (3,3, t, ) = 0.0675 m 
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18. maximum open angle of the plastic hinge from Eq. (4.43) 

T (z) = 0.037 rad. 4 64pa3 
a Winax = P - T ~  (‘ma, )+ 

n 6 D  [ 1 + (a  / b)’ ]2 
19. calculate the limit open angle of the plastic hinge from Eq. (6.2) 

1.6xlxO.32 f bd 
f, 4 

vd = 0.035 + 0.003-5- = 0.035 + 0.003 
5 1 x 1.92 x 

=0.05 rad. 

20. pc < v d  , Le. the slab is capable to resist the design blast load. 

The maximum open angle of the plastic hinge given by EogaHcKnfi (GoflaHcKMff, 

1974) is 

The relative error is 

=0.05 or 5% 0.039 - 0.037 
0.039 

179 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



ANALYSIS AND DESIGN OF BLAST-RESISTANT STRUCTURES 

Example 2. 

As shown in Fig. 7.8, the second example in this section is a simply-supported 

square concrete plate subjected to air-blast load of conventional explosive. 

A. initial design parameters 

1. slab length 

a =2.5 m 

2. slab width 

b =2.5 m 

3. slab thickness (cross-section height) 

h =0.25 rn 

4. effective cross-section height 

d =0.235 rn 
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5. distributed mass of the slab 

m =600 kg/m2 

6. concrete compressive strength 

fc =4.0e+07 N/m2 

7. steel reinforcement tension strength 

f ,  = 2.5e+08 N/m2 

8. concrete modulus of elasticity 

E, =3.3e+10N/m2 

9. steel modulus of elasticity 

E, =2.0e+l 1N/m2 

10. concrete Poisson’s ratio 

p =0.2 

1 1. tension reinforcement ratio 

p =0.005 

12. blast loading amplitude 

p = 1 OOOOOON/nz2 

1 3. positive phase duration 

t d  =0.0095 Sec. 

B. calculation 

1. calculate plate bending stiffness from Eq. (4.3) 

D =  = 447591 14.58 Nm 
12 (1 - p z  ) 

2. The natural frequency can be calculated from Eq. (4.44) 

3. otdz8.195 < 40 
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4. determine the form of dynamic function ( t )  

a. for 0.4<utdc40, use Eq. 5.19 

t sin 863t 
T(t)=l--- cos863t + 

0.0095 8.195 

b. derivative of dynamic function ( t )  is then obtained as 

1 1 
1 1 i6 (z) = -~ + 863 sin 863t + ~ cos 863t 

0.0095 0.0095 

5. calculate the depth to neutral axis, c, from Eq. (5.4) 

c = ,/[ae (A ,  +A' , ) ] '  +2ae  (A$ + A ' ,  d ' )  -ae (A8 + A ' , )  =0.0471 m 

6. calculate the static yield bending moment M,  from Eq. (5.5) 

M s  = A s  fy d -- = 64454 Nmfm ( 3 
7. calculate Mp at the center of the plate from Eq. (4.45) 

M P  = 0.0364pa2 = 0.0364~1000000~2.5~ = 227500Nm 

8. calculate the time z when the steel bar yield 

a. calculate u from Eq. (5.42) 

u = ad= 8.195 

b. calculate d from Eq. (5.43) 

d = (0.895~); !%- = 0.418 

c. calculate wz from Eq. (5.41) 

UT = 1.08 

MP 

wz 
W 

~=-=0.00125 sec. 

9. calculate the values of TI( z j  ) and f, (z, ) from the results of step 4 

T ( 2 )  = 0.504 
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10. calculate deformation mode of the plate from Eq. (4.38) 

11. maximum deformation of the plate at time zfrom Eq. (4.1) 

~(1 .251 .25 ,  z) = W, (1.25,1.25)T (z) = 0.00183 m 

12. calculate Tp (z) from Eq. (4.40) 

384a4T (2) 
T P  (4 = = 3.1 1 3 ~ 1 0 - ~  

n S D  [ 1 + $J (3 - ;) 
13. calculate ug from Eq. (4.34) 

1 3 b - a  1 
rn 2b-a 300 

0 2  -_-___. - ( rad/sec)2 
P -  

14. calculate the time, tm, when relative rotation angle of the plastic hinge 

reaches its maximum value from Eq. (4.42) 

t m = t d [ / m  2rp(2) +1-T(z) 1 =0.01016sec. 

15. calculate the value of Tp(td) from Eq. (4.26) 

u; (td -2)2 
Tp ( t d  1 = - [(td -2)+3t,T(z)-3(t, -2)]+Tp (2) ( td  -2) 

6 t d  

= 3.41~10-* 

16. Calculate Tp ( td ) from Eq. (4.24) 
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17. calculate tm from Eq. (4.31) 

= 0.010205 sec T, (td 1 t, = td + 
U i T i k  Tk ( z k )  

k =1 

18. calculate the value of Tp(tm) from Eq. (4.29) 

T, ( t m )  =Tp,  (t,) = 3 . 5 9 ~ 1 0 - ~  

19. calculate maximum plastic displacement at the center of the plate from 

Eq. (4.17) 

w(l.25J.25, t,,,) = pTp (t,,,) W, (1.251.25) + pT ( z ) W  (1.25J.25) 

= 0.0377 m 

This example can also be calculated by using Biggs’ method. The strain rate 

effect has been calculated in this example and the increase factor of the yielding 

bending moment can be calculated using the result of step 9 in above 

calculations: 

0.5044M 
f d  = =1.78 

Ms 

The calculation procedure is as follows: 

Initial data: 

a 

b 

m 

EIa 

Mt 

td 

P 

Ft 

= 2.5 

= 2.5 

= 600 

= 4.30e7 

= 3750 

= 0.0095 

= 1.0e6 

= 6.25.0e6 

m 

m 

kg/m 

Nm2 

kg 

N/m2 

sec. 

N 

:plate length 

:plate length 

:distributed mass 

:bending stiffness 

:total mass of the beam 

:duration of the blast load 

:amplitude of the uniformly distributed blast load 

:amplitude of the total force on the beam 
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Elastic 

Load factor I Mass factor 

Transformation factors for simply supported beam 

Plastic 

Load factor I Mass factor 

K ,  = 0.46 KrM = 0.31 KpL = 0.333 K ,  = 0.17 

(Notes: the factors are obtained from Table 5.4 in Biggs’ book (Biggs, 1964)) 

The maximum spring constant ( k ) and maximum resistance ( R, ) are 

Rem = K,,R, = 0.46~2754024 = 1266851N 

F, = KeLF, = 0.46~6250000 = 2875000N 

M e  = K e M M ,  =0.5~3750=1162.5kg 

w= E = 858.62, ySt = - F e  - - 0.003355 m 
kr 

The time when elastic stage terminates, ter,  is determined by solving following 

equation: 

‘el +--sin858.62te, 1 =--0.44 Ye1 1 -cos858.62te, -- 
0.0095 8.16 Y Sf 

The solution is: tel = 0.001 165 sec. 

M,,  = K,,M, = 0.17~3750 = 625 kg 

Fpe = K,,F, = 0.33~6250000 = 2083333N 

R,, = K,,R, = 0.33~2754024 = 918000 N 
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y, (tl) = -175438.6t; -1455.674 +-yy,msin KrL a,, 
K P L  

j ,  (tl ) = -175438.6t: -1455.67t1 +1.639127 

The time when the dynamic deformation reaches its maximum value is 

determined by solving following equation: 

j ,  (tlm)=-175438.6tfm -1455.67tlm t1.639127 = 0  

The solution is: t, = 0.0093 sec. 

y, ( t l)  ~-58479.5t: -727.83t; +1.639127t1 + yel 

The maximum displacement in plastic stage is then obtained as: 

y, ( t J m )  = y, (0.0093) = 0.0326 rn 

The result obtained by using Biggs’ method is very close to the value (0.0377m) 

obtained by using the formulae derived in this thesis. 

186 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



ANALYSIS AND DESIGN OF BLAST-RESISTANT STRUCTURES 

7.5 Simply-supported square RC plate strengthened with FRP sheet 

subjected to air-blast loading 

As shown in Fig. 7.9, a square RC plate strengthened with FW sheet is subjected 

to the air-blast loading. 

A. initial design parameters 

1. Slab length 

a =2.5 m 

2. Slab width 

b = 2.5 m 

3. Slab thickness (cross-section height) 

h = 0.2 m 

4. effective cross-section height 
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5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

d =0.185 rn 

distributed mass of the slab 

rn =600 kg/rn2 

concrete compressive strength 

fc =4.ox1o7 ~ / i ~ t ~  

steel reinforcement tension strength 

f ,  = 2. 5x108 N/m2 

concrete modulus of elasticity 

E, = 3.3 ~ l O ' ~ N / r n ~  

steel modulus of elasticity 

E, = 2. Ox10'1N/m2 

concrete Poisson's ratio 

p =0.2 

tension reinforcement ratio 

p = 0.005 

parameters of S&P G-Sheet E 50/50 A 

a. modulus of elasticity 

E f z 7 . 3 ~  10' O N/m2 

b. tensile strength 

ff=3.4x109 N/rn2 

c. fiber cross-section area per meter in both two orthogonal directions 

Af=6.7~10 - rn 5 2  

~~~ ~~ 

13. blast loading amplitude 
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p = 1000000 Nh12 

14. positive phase duration 

td  =0.0095sec 

B. calculation 

1. calculate plate bending stiffness from Eq. (4.3) 

Ech3 =44759115 Nm 
12 (1 - p2) 

2. The natural frequency can be calculated from Eq. (4.44) 

3. q t ,  =8.195 

4. determine the form of dynamic function T, ( t )  

a. for 0.4<wtd<40, use Eq. (5.19) 

sin863t t T(t)=l--- cos863 +- 
0.0095 8.195 

b. the derivative of dynamic function ( t )  can be obtained as 

<(t)=-- + 863sin (863t) + ~ cos(863t) 
0.0095 0.0095 

5. calculate the depth to neutral axis, c, from Eq. (5.4) 

c = d[ ac (As +As  ') + a f A f  ]z + 2a, (A$ + As ' d  I )  + 2 a f A f h  

-[a: <As + 4 '> + af Af] 
= 0.0476 
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6. calculate the static yield bending moment M,  from Eq. (5.3) 

M s  =AsoSy  d -- + A  E -- h-c  fy (h-:) = 64415 Nm/m ( i) f d - c E s  

7. calculate the bending moment MP1 at the center of the plate 

M,, = 0.0364pa2 = 227500 Nm/m 

8. calculate the time when the steel bar yield from Eq. (5.37) 

a. calculate d from Eq. (5.43) 

L M  
d = (0.895~)17 = 0.418 

4 1  

b. calculate u from Eq. (5.42) 

u = ad = 6.559 

c. calculate wq from Eq. (5.41) 

W Z ~  = 1.08 

WZ 

w 
Z, =- =0.00125 

9. calculate the values of (zl) and f, (7,) from the results obtained in step 

4 

( Z, ) = 0.504 

(z~) = 705 

10. deformation mode of the plate in first stage is 

w, (X’ Y = 

;rG ;rG 16 a4sin-x sin-y 
b a 52 ?r 

= 3.63 x lo9 sin - x sin - y 
2.5 2.5 
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calculate the integration [ (x, y)&dy from Eq. (4.39) 

12. calculate maximum deformation of the plate at time 4 from Eq. (4.1) 

w (1.25,1.25,0.00125) = 1 .83x1OW3m 

13. calculate the frequency of the second elastic stage from Eq. (4.81) 

a. calculate the width of the band shaped yielded zone from Eq. (3.19) 

kl = 0.7, k, = 1, z = 1.25, d = 0.235, c = 0.0476 (obtained in 

step 5 )  

I, = 0.0851 rn 

b. calculatef& from Eq. (5.12) 

fdy = 4 . 4 5 ~ 1 0 ~  N/m2 

c. calculate depth of neutral axis of yielded zone, c, from Eq. (5.1 1) 

c=0.0192 m 

d. calculate cf from Eq. (5.14) 

cf =0.0181 m 

e. calculate a1 from Eq. (5.15) 

a, =0.0131 m 

f. calculate bending stiffness of the band shaped yielding zone from Eq. 

(5.13) 

( E c l ) y  = 2.67~10'  Nm/m 

g. calculate stiffness of the distributed rotational spring from Eq. (4.4) 
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k, = 1 .56x106 Nm/m 

h. calculate the maximum displacement of the plate after steel bars have 

yielded from Eq. (4.54) 

6 = 2 . 9 4 ~ 1 0 - ~  

i. calculate the integration in Eq. (4.50) 

~~W2(x , y )dxdy=- (3b-a )=6 .12x10-7  a6 
6 

j. calculate the frequency of the equivalent SDOF system of the plate 

after steel bars have yielded from Eq. (4.50) 

48k, (b+0.141a) g= = 11349 
ma3(2b-a) 

w, = 107 rad / sec 

14. determine the form of the dynamic function of the second elastic 

response stage 

a. a+ ( t ,  - r2 )  = 8.79 > 0.4. T2 ( t )  is in the form given by Eq. (5.50) 

b. calculate C2 and D2 from Eq. (5.51) and Eq. (5.52), respectively 

C, = 1.09, D2 = 0.36488 

c. the dynamic function of the second elastic response stage is 

T2 (t)=l-T,(z,)--+1.9833sina+(t-z,)-0.36488cosw2 t ( t - z , )  
td 

15. calculate the bending moment M ,  at which the FRP sheet ruptures 

a. calculate depth of neutral axis of yielded zone, c, from Eq. (5.1 1) 

c=O.O192 m 

b. calculate a from Eq. (5.10) 
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a = 0.0163 rn (PI = 0.85) 

C. fdy = 4.45~10'  N/m2 (obtained in step 13.b.) 

d. calculate M ,  from Eq. (5.9) 

M ,  = 172351 Nm/m 

16. calculate Mp2, which is the amplitude of the dynamic bending moment 

at center of plate after steel bars have yielded, from Eq. (4.53) 

pa2 (3b - a )  
Mp2 = p M c  = = 736577 N 

12(b + 0 .414~)  

17. calculate tm when the dynamic function reaches its maximum value 

a. calculate A from (5.64) 

b. calculate B from (5.65) 

B = D 2 q t ,  = 0.369 

c. calculate tm from Eq. (5.92) 

= 0.00929 sec " I  1 
B J 3  + asccos 

18. calculate the maximum value of dynamic function T, ( t )  from Eq. (5.50) 

T, ( t, ) = 0,101 

19. calculate the maximum dynamic bending moment from Eq. (5.57) 

M ,  ( t )  = ( 2 )  M P 1  +T2 ( t ,  ) M , ,  = 189095 Nm/m 

which is larger than the rupture bending moment M r2 = 17235 1 Nm/m . 

Therefore the FRP sheet will rupture at a time z2 < t, = 0.00929 sec. 
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20. calculate the value of x = u, ( Z, - rl) from Eq. (5.67) ( assume 1x1 < 1) 

a = 3.916 , b = 1.063 , c = -1.624 

1 ,  

=0.522 2a ) 

z2 = 0.00616 sec. 

21. calculate values of dynamic function T2 ( t  ) and its derivative at time z, 

T2 ( Z, ) = 0.0285 

T2 (z,) = 106.637 

22. calculate co: from ~ q .  (4.34) 

1 3 b - a  - 1 - 
UP=- -  - vz 2b-u 300 

23. calculate initial value of T, ( t  ) 

a. calculate Up,, from Eq. (4.24) 

Up,, = 21 146 

b. calculate Tp (z,) from Eq. (4.33) 

T, ( z ~ )  =3.1345x1OV5 

24. calculate t, when dynamic function T, ( t )  reaches its maximum vale 

from Eq. (4.27) 

t, = 0.0123 sec. 

since t, = 0.0123 > td = 0.0095, the dynamic function TPl ( t )  should be 

calculated 
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25. calculate T, ( td ) from Eq.(4.26) 

T, ( t d )  = 2 . 7 4 ~ 1 0 ~ ~  

26. calculate T, ( td ) from Eq.(4.25) 

T, ( t d )  = 6 . 0 3 ~ 1 0 ~  

27. calculate t, from Eq. (4.31) 

t, = 0.0131 sec 

28. calculate TpI (t,) from Eq.(4.30) 

T,, ( t m )  = 3 . 8 2 ~ 1 0 ~ ~  

29. calculate maximum dynamic deformation from Eq. (4.17) 

~(1.25,1.25, t , )=1.0~10~~3.82~10-~ +1.83~10-~ =0.04003 rn 
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Chapter 8 

SUMMARY AND FUTURE WORK 

8.1 Summary 

With the weighted residual method, a structural component subjected to air-blast 

load is transformed into a single-degree-of-freedom system model, while the laws 

of energy conservation and kinetic momentum conservation are used to set up the 

initial conditions of the mathematical equations of the SDOF system model. 

A new concept of equivalent rotational spring has been proposed to set up the 

dynamic equivalent SDOF system of the structure reinforced with both steel bars 

and external FRP plate/mat, and based on the law of energy conservation and the 

law of kinetic momentum conservation, a stage-tracing method has been 

presented to compute the dynamic response of structures with progressively 

reducing stiffness. 

Simple and accurate formulas have been proposed to calculate the yielding delay 

time of steel reinforcement (strain rate effect). 

A significant number of formulas to set up the SDOF system of different 

structures have been derived, which largely simplify the design procedure of the 

structure subjected to air-blast loading. A number of examples were provided to 

validate the derived approach. 

8.2 Future work 

This study focused mainly on the derivations to set up the mathematical model of 

the SDOF system of a structure. Experiments to determine the properties of the 

materials at high strain rate are also very important for the analysis and design of 

the structures subjected to air-blast loading. The parameters in the equation to 

determine the yielding delay time of mild steel were obtained many years ago. 

Now, metallurgy technique has been largely improved and many new types of 

steel have been used in the construction industry. On the other hand, testing 

techniques have been largely improved. Therefore, tests of different kinds of 
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steels on strain rate effect should be done to satisfy the requirements of analysis 

and design of blast resist structures. 

The design criteria listed in Chapter 6 is obtained from public literature. They are 

all based on the results of static experiments. Although one can use dynamic 

factors to make them “suitable” for the design and analysis of blast resist 

structures, it should be noted that there are many unknowns concerned with 

failure mechanisms when the structure deforms at very high speed. Therefore, 

tests to set up the dynamic criteria for the design of blast-resistant structures 

should be carried out. 

The stiffness of the equivalent rotational spring to model the beam segment (in 

which steel bars have yielded) in RC beam strengthened with FRP platehheet is 

dependent on the length and remaining bending stiffness of the beam segment. 

The length of the yielding zone in the tension steel bars should be determined 

with test result by measuring the plastic strain of the steel bars over the span of 

the tested RC beam strengthened with FRF’ platehheet. 

For a RC beadslab subjected to air blast loads, one likely failure mode is shear 

failure, which occurs before the tension reinforcement yields. The shear failure of 

a RC b e d s l a b  is usually due to the crushing of the concrete. Anyway, by using 

SDOF method, it is difficult to trace the dynamic response of a RC b e d s l a b  

subjected to air blast loads after the concrete crushes, because it is difficult to 

estimate the bending and shearing stiffness of the RC b e d s l a b  after the 

concrete has crushed. FRP strips/mats can also be used to increase the shear 

capacity of a reinforced concrete beam by partial or complete beam wrapping 

(MBrace 2002). Sufficient FRP wrap reinforcement for the strengthening of the 

concrete beam subjected to air blast loads can confine the concrete and prevent 

concrete from crushing. Therefore, the shear resistance of a web-reinforced 

concrete beam may be modeled as a parallel chord truss (truss mechanism) and 

the SDOF method for the analysis of the RC beam, in which the shear failure 

mode is considered, can be developed. Anyway, to develop such a reliable 

SDOF method, more theory and experimental research work should be carried 

out. 

197 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



ANALYSIS AND DESIGN OF BLAST-RESISTANT STRUCTURES 

REFERENCES 

Alsayed S. H., Al-Sallom Y. A., and Almusallam T. H. (2000) “Fiber- 

Reinforced Polymer Repair Materials - some facts,’’ New Civil Engineer 

International, pp. 29-32. U.K. 

Arduini, M. and Nanni, A. (1997), “Behavior of Pre-cracked RC Beams 

Strengthened with Carbon FRP sheets”, Journal of Composites for 

Construction, May pp. 63-70. 

Atkash R. S. ,  Chan K. K., Stultz K. G., Dillworth J. R., and Maranda M. L., 

(1 994), Theoretical Guidebook, Reversion G. Weidlinger Associates, New 

York, USA. 

Baker, A. L. L., (1956), Ultimate Load Theory Applied to the Design of 

Reinforced and Prestressed Concrete Frame, Concrete Publications Ltd, 

London, 1956,91pp. 

Biggs J. M. (1964), Introduction to Structural Dynamics, McGRAW-HILL 

Book Company, New York, USA. 

Brebbia C. A. and Sanchez-Galvez V. (1994), Shock and Impact on Structures, 

Computational Mechanics Publications, Southampton, U. K. and Boston, USA. 

Brezinski C. and Iseghem J. V. (1994), “Pade Approximations”, Handbook of 

Numerical Analysis Vol. I11 , Elsevier Science, North-Holland. 

Britt J. R. and Lumsden M. G. (1994), Internal Blast and Thermal 

Environmental from internal and External Explosions: A User’s Guide for the 

BLAXT Code, Version 3.0, U.S.A.E. Waterways Experiment Station, 

Vicksburg, MS, USA. 

198 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



ANALYSIS AND DESIGN OF BLAST-RESISTANT STRUCTURES 

Campbell, J. D. (1953), “The Dynamic Yielding of mild steel”, Acta 
Metallurgica, Vol. 1, No. 6. pp. 706-710. 

Chajes, M. J. ,  Finch, Jr. W. W., Januszka, T. F. and Thomson, Jr. T. A. (1996), 

“Bond and Force Transfer of Composite Material Plates Bonded to Concrete”, 

ACI Structural Journal, V. 93, No. 2, March-April. 1996, pp. 208-217. 

Design Guide Line for S&P FRP Systems (2002) S&P Product Company, 

Texas, USA. 

DOE/TIC-11268 (1992), A Manual for the Prediction of Blast and FraPment 

Loadings on Structures. U.S. Department of Energy, Washington DC, USA. 

Edward R. F., Duane J. G., and Milligan P. B. (1998), “Composite Systems for 

Seismic Applications”. Concrete International. June 1998, pp. 3 1-33. 

ESL-TR-87-57 (1 989), Protective Construction Design Manual. Air Force 

Engineering Center, Engineering & Services Laboratory, Tyndall Air Force 

Base, Florida, USA. 

FEMA 273/274, (1 997), NEHRP Guidelines for Seismic Rehabilitation of 

Buildings. 1997 Edition. FEMA 356/357.2000: USA. 

FEMA 368/307/308, (1998), NERHRP Evaluation and repair of earthquake 

damaged concrete and masonry buildings. USA. 

FEMA 368/369, (2000), NEHRP Recommended Provisions for Seismic 

Regulations for New Buildings and Other Structures. USA. 

Gilmour, J. R. (1998), Numerical Modeling of the Progressive Collapse of 

Structures Under Dynamic Loading Condition, PhD Thesis, City University, 

London. UK. 

199 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



ANALYSIS AND DESIGN OF BLAST-RESISTANT STRUCTURES 

Glasstone, S., and Dolan P. (1977), The Effects of Nuclear Weapons, 3rd ed. 

Washington D.C., U.S. Department of Defense and U.S. Department of Energy. 

Goldsmith, W. (1965), I’oJImmi-r, B., Ynap (Shock) CH MoKBa. 

Henrych J. (1979), The Dynamics of Explosion and Its Use, Elsevier Scientific 

Publishing Company, New York, USA. 

James G. Macgregor (1997), REINFORCE CONCRETE Mechanics and 

Design (Third Edition), PRENTICE-HALL International, Inc. New Jersey, 

USA. 

Jones, R., Swamy, R. N. and Charif, A. (1988), “Plate Separation and 

Anchorage of Reinforced Concrete Beams Strengthened by Epoxy-bonded 

Steel Plates”, The Structural Engineer, Vol. 66, No. 5. March 1988, pp. 85-94. 

Kotlyarevskii, V. A. (1961), “Mechanical Characteristic of Low-Carbon Steel 

Subjected to An Impulse Load with Regard to Creeping and Viscoplastic 

Properties”, IIMT4, No 6, MoKsa. 

Macgregor J. G. (1988), Reinforced Concrete Mechanics and Design, Prentice- 

Hall International, Inc. New Jersey, USA. 

Malek, A. M. , Saadatmanesh, H. and Ehsani, M. R. (1998), “Prediction of 

failure Load of R/C Beams Strengthened with FRP Plate due to Stress 

Concentration at Plate End”, ACI Structural Journal, V. 95, No. 2, March-April 

1998. pp. 1-11. 

Malvar L. J. (1990), “Review of Static and Dynamic Properties of Steel 

Reinforcing Bars”, ACI Materials Journal, V95,5, pp. 609-616. 

200 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



ANALYSIS AND DESIGN OF BLAST-RESISTANT STRUCTURES 

Mosley W. H. and Bungey J. H. (1990), Reinforced Concrete Design, 

Macmillan Press Ltd, London, UK. 

National Research Counncil. (1995) Protecting Buildings from Bomb Damage: 

Transfer of Blast-Effects Mitigation Technologies from Military to Civilian 

Applications, Washington, D. C. National Academic Press, USA. 

Nguyen, D. M., “Behaviour of Reinforced Concrete Elements Externally 

Strengthened with Fibre Reinforced Plastic Plates”, PhD. Thesis, School of 

Civil and Environmental Engineering, Nanyang Technological University, 

2001. 

Nguyen, D. M., Chan, T. K. and Cheong, H. K. (1999), “Interaction Behaviour 

Between Plate-Adhesive-Concrete and Premature Failures of FRP Strengthened 

Beams”, East Asia-Pacific Conference on Structural Engineering and 

Construction, Kochi, Japan, August, pp. 1289- 1294. 

Park, R. and Paulay, T, (1975), Reinforced Concrete Structures, John Wiley and 

Sons, New York. 

Quantrill, R. J., Hollaway, L. C. and Thorne, A. M. (1996), “Prediction of The 

Maximum Plate End Stresses of FRP Strengthened Beams Response: Part 11”, 

Magazine of Concrete Research, 48, No. 117. Dec. 1996, pp. 331-342. 

Ray W. Clough and Joseph Penzien (1993) “Dynamics of Structures” McGraw- 

Hill, Inc, Singapore. 

Roberts, T. M. (1989), “Approximate Analysis of Shear and Normal Stress 

Concentrations in the Adhesive Layer of Plated RC Beams”, The Structural 

Engineer, Vol. 67, No. 12, June 1989, pp. 229-233. 

Saeed Moaveni, (1999), Finite Element Analysis: Theory and Application with 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



ANALYSIS AND DESIGN OF BLAST-RESISTANT STRUCTURES 

ANSYS, Prentice Hall; 1st Ed. 

Save M. A,, D. C., and de Saxce G. (1997), Plastic Limit Analysis of Plates, 

Shell and Disks, Elsevier Science B. V. 

Sharif, A. M., Al-Sulaimani, G. J., Basunbul, I. A., Baluch, M. H. and Ghaleb, 

B.N. (1994), “Strengthening of Initially Loaded Reinforced Concrete Beams 

using FRP Plates”, ACI Structural Journal, V. 91, No. 2, pp. 160-168. 

Sharif, A. M., Al-Sulaimani, G. J., Basunbul, I. A,, Baluch, M. H. and Ghaleb, 

B. N., (1991), “Strengthening of Initially Bonded Concrete Beams Using FRP 

Plates”, ACI Structural Journal, 91(2), pp. 160-168. 

Smith P. D. and Hetherington J. D. (1994), Blast and Ballistic Loading of 

Structures, Butterworth- Heinemann Ltd, UK. 

Spadea G., Bencarding F., and Swamy N. (1997) “Strengthening and 

Upgrading Structure with Bonded CFRP Sheets: Design Aspects for Structural 

Integrity”, Proceedinfs of 3rd International Svmposium on Non-Metallic (FRP) 

Reinforcement for Concrete Structures, Sapporo, Japan, 1997, I, pp. 629-636. 

TM5-1300 (1987), Design - of Structures to Resist the Effects of Accidental 

Explosion, Dept. of the Army, Navy and Air Force, Washington, USA. 

TM5-855-1, (1986), Fundamentals of Protective Design for Conventional 

Weapons, HQ Department of the Army, Washington, USA. 

Triantafillou, T. C., Plevris, N. (1992), “Strengthening of RC Beams with 

Epoxy-Bonded Fiber-Composite Materials”, Materials and Structures, V. 25, 

1992, pp. 201-211 

Whirley R. G. and Engelmann B. E., (1993), “DYNA3D: A Nonlinear Explicit, 

202 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



ANALYSIS AND DESIGN OF BLAST-RESISTANT STRUCTURES 

Three Dimensional Finite Element Code for Structural Mechanics, User 

Manual, Revision l”, Livermore Software Technology Corporation, LSTC, 

Livermore, California, USA. 

Zienkiewicz, 0. C. and Taylor, R. C., (1989), The Finite Element Method, Vol. 

1 : Basic Formulation and Given Problems, 4* Ed., McGraw-Hill, UK. 

EOAaHCKHfi M. a., rOpLUKOB n. M. MOPO~OP B. H. PacTopveB E. c., (1974), 

Calculations of Shield Structures(Chinese translation), r ~ p o f i m f l a ~ ,  Mocma. 

203 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library


	ABSTRACT
	LIST OF SYMBOLS
	Chapter
	Chapter
	2.1 Simplified analytical model
	2.2 Computational techniques
	2.3 Strain rate effect
	2.4 Structure strengthening

	Chapter
	SDOF method for analysis of RC beam subjected to air-blast loading
	3.1.1 Single span RC beam strengthened with FRP platehheet

	Deformation mode and frequency of the equivalent SDOF system of
	Single span RC beams strengthened with FRP platehheet
	Single span RC beams strengthened with FRP platehheet after
	Continuous RC beam loaded by static axial force


	Chapter
	SDOF method for analysis of RC plates strengthened with FRP sheet
	Deformation mode and frequency of the equivalent SDOF system of a

	Chapter
	Static yielding bending moment of RC beams strengthened with FRP
	Dynamic rupture bending moment and residual stiffness of the beam
	Formulas to calculate the time when first dynamic response stage
	Formulas to calculate the time when kth dynamic response stage
	Dynamic functions of krh dynamic response stage
	Formulae to calculate the time when kh dynamic response
	Formulae to calculate the time when kch dynamic response


	Chapter
	6.1 Criteria for flexure failure
	6.2 Criteria for shear failure
	Criteria for FRP plate delamination
	6.4 Criteria for concrete ripping-off
	Design procedure for reinforced structures strengthened with FRP

	Chapter
	7.1 Simply supported RC beam subjected to air-blast loading
	Simply supported RC beam strengthened with FRP sheet subjected to
	7.3 Framed RC building subjected to external air-blast loading
	Simply supported square RC plate subjected to air-blast loading
	Simply supported square RC plate strengthened with FRP sheet

	Typical mechanical properties of FW and steel reinforcement
	Table 3.1 Peak reflected overpressures (MPa) with different W-R
	Table 4.1 Bending coefficients of simply supported rectangular plate
	Maximum response of SDOF system subjected to a triangular
	Strain rate effect on yield strength
	Strong but brittle stress-strain relations for carbon aramid and
	Beam with elastic supports subjected to air-blast loading
	Idealized air-blast load
	Two beam segments joined with a rotational spring
	Two beam segments joined with a plastic hinge
	Continuous beam loaded by both axial force and air-blast loading
	Single span beam loaded by both axial force and air-blast loading
	Two beam segments joined with a plastic hinge and loaded by
	Displacements and forces at ends of a beam
	Linearly distributed loading on a fixed beam
	Displacements and forces at ends of two beam segments joined
	Linearly distributed loading on two beam segments with their
	Fig 3.13 Continuous beam subjected to static loading
	Simply-supported beam loaded by both axis force and transverse
	Response stages of RC plate strengthened with FRP sheet
	Distributed rotational spring along yield lines of simply supported
	Fig 4.3 Yield lines of simply supported rectangular plate
	Rectangular plate composed of four plate segments joined with
	Fig 5.1 Section with strain diagram and stress blocks
	Section to calculate residual bending stiffness after tensile steel
	Section to calculate remaining bending stiffness after tensile steel
	Fig 5.4 Dynamic function T(t for utdc0.4
	Fig 5.5 Dynamic function T(t for 0tp40
	Dynamic function T(t for 0.4cwk<40 (Assuming ad =1 )
	Fig 6.1 Typical laced reinforcement arrangement
	Failure modes of RC beam strengthened with FRP platehheet
	Cracked cross-section after tensile steel bars have yielded
	Fig 6.5 Shear and normal stresses in adhesive joint
	Local tangential stresses due to initial cracking of concrete
	Ripping of concrete layer between reinforcing steel and FRP plate
	Composite model of RC beam strengthened with FRP plate
	Buried pre-cast concrete structure subjected to blast loading on
	Simply supported RC beam subjected to air-blast loading
	Simply supported RC beam strengthened with FRP sheet
	Fig 7.4 Progressive collapse of a building
	Framed RC building subjected to external air-blast loading
	Buried shelter structure with roof of two-way square pre-cast RC
	Simply supported square RC plate subjected to blast loading
	Simply supported square RC plate subjected to air-blast loading
	Simply supported square RC plate strengthened with FRP sheet

