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Abstract—Transfer regression is a practical and challenging problem with important applications in various domains, such as
engineering design and localization. Capturing the relatedness of different domains is the key of adaptive knowledge transfer. In this
paper, we investigate an effective way of explicitly modelling domain relatedness through transfer kernel, a transfer-specified kernel
that considers domain information in the covariance calculation. Specifically, we first give the formal definition of transfer kernel, and
introduce three basic general forms that well cover existing related works. To cope with the limitations of the basic forms in handling
complex real-world data, we further propose two advanced forms. Corresponding instantiations of the two forms are developed, namely
Trkαβ and Trkω based on multiple kernel learning and neural networks, respectively. For each instantiation, we present a condition with
which the positive semi-definiteness is guaranteed and a semantic meaning is interpreted to the learned domain relatedness.
Moreover, the condition can be easily used in the learning of TrGPαβ and TrGPω that are the Gaussian process models with the
transfer kernels Trkαβ and Trkω respectively. Extensive empirical studies show the effectiveness of TrGPαβ and TrGPω on domain
relatedness modelling and transfer adaptiveness.

Index Terms—Transfer regression, domain relatedness, transfer kernel.
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1 INTRODUCTION

T RANSFER learning is a learning strategy leveraging
knowledge across domains. It attracts increasing re-

search attention in the last decade, and has achieved a great
success in various real-world tasks [1], including sentiment
analysis, digital classification, object recognition, etc. With
research efforts largely confined to classification problems,
the problem of transfer regression has been less studied
despite its popularity in practical applications such as local-
ization [2], time-series extrapolation [3], engineering design
[4], motion detection [5], to name just a few.

The major difference between transfer regression and
transfer classification lies in the predictive function where
the former predicts continuous values while the latter out-
puts discrete ones. This makes some assumptions widely
adopted in transfer classification invalid in transfer regres-
sion. For instance, the covariate shift assumption [6], which
assumes that the discrepancy of two domains only lies in
marginal distributions but not in conditional ones, is widely
adopted in transfer classification. However, this assumption
does not hold in transfer regression as the continuous pre-
dictive functions are unlikely to be equal across domains.
This necessitates the consideration of the prediction function
discrepancy in transfer regression.

The scarcity of the target data in transfer regression prob-
lems, even for the unlabeled one, brings further challenges.
This is due to either expensive generation or uninformative
collection of unlabelled data. For instance, in engine design
[4], designs with arbitrary parameters are meaningless while
collecting feasible parameters needs to run extremely time-
consuming and expensive physical simulations. In this pa-
per, we focus on this challenging transfer regression setting

where the target domain only has limited labelled data.
Similar to transfer classification, a brute-force transfer

that assumes all domains are mutually relevant is inad-
visable in transfer regression due to negative transfer. The
crucial step in achieving adaptive transfer regression is
to precisely capture the relatedness of domains, based on
which to adaptively transfer useful source knowledge to the
target task. Clearly, the notion of relatedness is the key. De-
spite that numerous transfer methods have been proposed,
there is no unified definition on this notion.

Existing studies represent relatedness either implicitly or
explicitly. Implicit representation of relatedness is through
the domain shared structure, e.g., latent feature embedding
[7], corresponding instance [8], or the shared hypothesis
space [9]. The notion of relatedness involved is qualitatively
expressed by specifying a form of shared structure. This
naturally poses a challenge: it is difficult to interpret how
a specified shared structure quantitatively associates with
domain relatedness. Another representation of relatedness is
to model domain relatedness parametrically. In this case, re-
latedness is quantitatively modelled based on the data from
domains. Compared with the implicit representation, such
an explicit representation of relatedness is much easier to
interpret (as it is quantitatively measurable) and employ (as
it is data-dependent). One effective explicit representation is
through learnable similarity coefficients [2], [10]–[12].

In this paper, we aim to develop novel transfer re-
gression methods that are capable of explicitly modeling
domain relatedness. We use Gaussian process (GP) as the
base regression model. It is well known that GP is capable
of handling prior beliefs on the characteristics of underlying
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functions [13]. We specially take advantage of such a ca-
pability to handle the discrepancy of the source and target
predictive functions by modeling their joint distribution in
a transfer-specified manner. As GP is also a kernel-based
model, it can be achieved by developing transfer-specified
kernel. Instead of treating instance pairs equally as standard
kernels do, a transfer kernel calculates the covariance of two
instances considering the domain(s) where they come from.

A natural way of differentiating covariance calculation
with respect to domains is to exploit distinct functions for
the intra-domain and inter-domain instance pairs. For in-
stance, existing works [10], [14]–[17] study a transfer kernel,
called Trkλ, by using a standard kernel k for intra-domain
instance pairs and using λk for inter-domain ones where λ
is a learnable coefficient. This Trkλ is parametrically concise
and enables computationally cheap GP modelling. How-
ever, the conciseness of Trkλ also leads to deficiencies on the
expressiveness and adaptiveness. The single coefficient λ in
Trkλ only captures a compromised relationship of domains
on a specific data characteristic given by k. Considering real-
world data are complex (diversified data characteristics) and
heterogenous (coexistence of consistency and divergence
across domains), Trkλ has difficulty in precisely modelling
rich data characteristics and accurately capturing heteroge-
nous domain relatedness.

Another critical requirement of designing a transfer ker-
nel is to ensure that it satisfies the Mercer’s Theorem [18],
i.e., a transfer kernel must be positive semi-definite (PSD).
For Trkλ, different works exploit different ways to guarantee
its positive semi-definiteness. For instance, in [14] and [15],
the authors employ the Cholesky decomposition or an EM
strategy to enforce a PSD but “free-form” relatedness Gram
matrix. In contrast, the authors in [10] propose a sufficient
condition regularizing the value range of λ to handle the
PSD issue. With this condition, Trkλ is semantically inter-
preted by different transfer schemes. Following works [16],
[17] also adopt this succinct but effective condition.

In this paper, we aim to design flexible and powerful
transfer kernels. Considering the lack of a clear and unified
definition on transfer kernel in the literature, we give a
formal definition of transfer kernel that takes into account
domain information in covariance calculation. We then pro-
pose three basic general forms of transfer kernel, namely
concatenation form transfer kernel TrkC, summation form trans-
fer kernel TrkS and product form transfer kernel TrkP, using
three basic operations to handle instance-domain tuples.
The widely studied Trkλ is one of the instantiations of TrkP.
To cope with complex real-world data, we further propose
two advanced general forms of transfer kernel, namely linear
product form transfer kernel TrkLP and polynomial product form
transfer kernel TrkPP. Transfer kernels Trkαβ and Trkω are
then instantiated for TrkLP and TrkPP, respectively. Each
of Trkαβ and Trkω is with a succinct theorem to ensure
its positive semi-definiteness. The theorem also encodes
semantic interpretations of the transfer kernel, and can be
readily incorporated to the learning of the corresponding
transfer GP model, which simplifies the optimization.

The rest of the paper is organized as follows. Section 2
summarizes related works. Section 3 presents the problem
setting and gives the formal definition of transfer ker-
nel with three basic forms. Section 4 and 5 elaborate the

proposed Trkαβ and Trkω , respectively. Section 6 discusses
empirical evaluations. Finally, section 7 concludes the paper.

2 RELATED WORK AND PRELIMINARIES

Herein, we conduct a comprehensive review on transfer
kernel, and then introduce some preliminaries.
Transfer Kernel. One popular form of transfer kernel is
Trkλ and its variants, which have been widely used in a
variety of practical fields, such as geostatistics [19], com-
puting engineering [20], industrial dynamics [15], human
physiology [21], sensor networks [22] and natural language
processing [23]. To be complete, we try to review related
works from different fields as much as possible, but utilize
the unified name “transfer kernel” instead of the specific
name in different fields. This form of transfer kernel defines
function covariance as the product of two terms, one for
domains and given by a parametric similarity coefficient,
and another for input data and represented by a standard
kernel. Works [2], [10], [14]–[16], [21]–[23] fall within the
scope of this form. More specifically, in [14], [15], [21]–
[23], the authors focus on multi-task problems, and propose
a free-form similarity matrix where each element encodes
the relatedness of two tasks. Cao et al. [10] directly uses
a single parametric coefficient to model the relatedness of
two domains in the typical two-domains transfer problem.
In [16], Wagle et al. follow [10] but improve by further dis-
tinguishing the source-to-source covariance from the target-
to-target covariance. Wei et al. [2] extend the transfer kernel
of [10] to a multiple source transfer problem by assigning
each source-target domain pair a similarity coefficient.

Another form of transfer kernel is based on the linear
model of coregionalization (LMC) that is widely used in
geostatistics [24], multi-output learning [25], and multi-class
learning [26]. It exploits multiple similarity coefficients to
enable a more flexible relatedness modeling. For instance,
in [27], the authors exploit a similar transfer kernel for soil
properties using simulated annealing. Moreover, in [28],
an LMC-based transfer kernel is proposed to model the
relatedness of multiple time sequence data. A compositional
kernel structure is used to model the data covariance, and
a non-parametric indicator matrix is used to model the
task covariance. However, the indicator matrix only allows
binary values, which highly constrains the modeling of
domain relatedness. Our Trkαβ also falls within the scope
of this form of transfer kernel.
Positive Semi-definiteness. A major challenge in the design
of a transfer kernel is to ensure its positive semi-definiteness.
In some cases, the PSD issue can be easily solved by ex-
ploiting available problem information [22] or confining the
value of relatedness [23], [28]. For instance, in [22], a transfer
kernel similar to Trkλ is used for a setting with multiple
environmental domains, and a spherical parameterization
is allotted to the modeling of relatedness. By using binary
values for the similarity matrix, the transfer kernel in [28]
is naturally PSD. Herein, we cover scenarios where no
assumptions can be made a-priori, nor enough domain
information is available to determine a PSD transfer kernel.

Another way of ensuring PSD transfer kernel is to follow
a constraint handling strategy explicitly applied during the
optimization. For instance, the authors in [27] formulate a
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constrained optimization problem which is addressed with
a meta-heuristic algorithm. It conducts PSD test on the can-
didate solution in each iteration of the optimization, which
is cumbersome and time-consuming. Moreover, works [14],
[15], [21] exploit Cholesky decomposition [29] to decompose
the relatedness matrix as the product of two low-triangular
matrices, and then utilize this decomposition in the search
by means of an Expectation Maximization algorithm. It
ensures PSD kernel matrices, but it lacks of a clear-cut
relationship between a given low-triangular matrix and the
elements in the original relatedness matrix.

To overcome the above limitations, recent studies explore
a more holistic way to ensure the positive semi-definiteness.
Cao et al. [10] propose a sufficient condition that constrains
the value range of the similarity coefficient between -1
to 1. Such a condition not only guarantees the positive
semi-definiteness of the transfer kernel, but also enables a
semantic interpretation on the learned similarity coefficient.
Following [10], the work [2] further provides a sufficient and
necessary condition for the positive semi-definiteness of the
transfer kernel used in the multiple-source transfer scenario,
and demonstrates a pathology. Wagle et al. [16] directly use
the conclusion of [10] and [30] to construct a PSD transfer
kernel. In a recent work [17], the authors simply adopts [10]
for positive semi-definiteness.
Other Related Methods. Instance-based transfer methods
provide another way for domain relatedness modelling. The
well-known TrAdaBoost [31] iteratively reweights the con-
tribution of each data by a fine-grained relatedness model-
ing. However, it suffers from the weight convergence issues
[32]. In [11], this was addressed with an error adjustment
rule based on experimental approximation. Chu et al. [8]
propose a selective SVM (STM) based on sample reweight-
ing for facial expression analysis, a transfer classification
problem. Recent methods also employ deep learning for
S-T similarity modeling [33], [34]. They exploit adversarial
learning to aggregate domains.

There are some other methods that can be applied to
transfer regression problems although they do not explicitly
model the domain relatedness. In [35], the authors present
a doubly stochastic variational inference algorithm for deep
GP. The method can handle transfer regression setting by
training with the combination of the source and target
labelled data. Deep kernel learning [36] combines kernel
methods with deep learning architectures. A set of deep
features are learned before the kernel calculation. Based on
[36], Patacchiola et al. [37] propose a deep kernel transfer
method for few-shot learning, which can be applied to both
classification and regression tasks. Recently, a modula GP
[38] is proposed for multi-output learning, which ensembles
a dictionary of GPs without revisiting any data.
Unsupervised Domain Adaptation. Unsupervised domain
adaptation (UDA) is a popular transfer problem setting
where the source domain has sufficient labelled data and the
target domain has only unlablled data. Although different
from the transfer regression setting studied in this paper,
we present a review of UDA methods as they also provide
insights in achieving successful knowledge transfer. Gen-
erally, UDA methods can be divided into subspace based
ones and deep learning based ones. An early subspace-
based UDA method is transfer component analysis (TCA)

[39] that aims to learn the shared features in a reproducing
kernel Hilbert space. Gong et al. [40] propose to generate
intermediate subspaces along the geodesic path between
source and target subspaces on the Grassmann manifold.
Fernando et al. [41] propose to align the source and target
subspaces directly. Other methods also consider important
data properties in transfer, e.g., second-order statistics [42]
and geometric discriminative structure [43]. A recent work,
MEDA [44], combines marginal and conditional distribution
alignments with geometric structure learning, and yields
comparable results with deep learning based methods.

Recently, deep learning based methods have dominated
the UDA studies. Long et al. [45] develop a deep adaptation
network (DAN) to learn transferable features. In the follow-
ing work [46], a joint adaptation network (JDN) is proposed
to minimize the joint distribution of full-layers features.
Instead of explicitly aligning domain distributions, Ganin
et al. [47] propose an adversarial-based training network
for UDA. In [48], Saito et al. attempt to align the source
and target distributions using the task-specific decision
boundaries. Xu et al. [49] present an innovative discovery
for UDA, that is, task-specific features with larger norms
are more transferable. To dynamically weight the learning
losses of alignment and discriminability, Xiao et al. [50]
propose a Dynamic Weighted Learning (DWL) framework.
More recently, the authors in [51] develop a Cross-domain
Contrastive Learning (CDCL) that exploits the contrastive
self-supervised learning to align features. In contrast, Shen
et al. [52] use contrastive learning only for pre-training, and
obtains competitive results with strong UDA methods. Note
that all these UDA methods are mainly tested on the transfer
classification problems. It is not trivial to calibrate these
methods to the transfer regression setting.
Unsupervised Domain Adaptation Regression. Unsuper-
vised domain adaptation regression is a subproblem of
UDA. This setting is still different from our transfer re-
gression setting, mainly on the availability of the target
unlabeled data, although it is for regression tasks. Related
works [8], [33], [34] discussed above are proposed for this
unsupervised setting. Moreover, in [53], the authors in-
troduce a domain-invariant partial-least-squares regression
model to align the source and target distributions in the
latent-variable space. The model allows the integration of
(partially) labeled data from the source and target domains
as well as entirely unlabeled data from the latter, which
makes it suitable for both the unsupervised setting and
our transfer regression setting. Chen et al. [54] observe that
classification is robust to feature scaling but regression is
not. They then propose to close the domain gap through
orthogonal bases of the representation spaces, which are
free from feature scaling, for domain adaptation regression.
Recently, Mathelin et al. [55] present a novel adversarial
reweighting approach to handle unsupervised regression
tasks under the covariate shift assumption.
Primitive Kernels. Kernels encode all assumptions about
the form of functions that GP is modelling. Some primitive
kernels are widely used in GP models including:
• constant kernel: C(x,x′) = σ2,
• linear kernel: LIN(x,x′) = σ2xTx,
• polynomial kernel: POLY (x,x′) = σ2(c+ xTx)d,
• radial basis function: RBF (x,x′) = σ2exp(− ||x−x′||2

2l2
),
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Table 1
Notations

Notation Description
XS , XT The source and target data matrix.
yS , yT The source and target label vector.
nS , nT The number of source and target data.

TrkC The concatenation form transfer kernel shown in Eq. (1).
TrkS The summation form transfer kernel shown in Eq. (2).
TrkP The product form transfer kernel shown in Eq. (3).

TrkLP The linear product form transfer kernel shown in Eq. (9).
TrkPP The polynomial product form transfer kernel shown in Eq. (11).
Trkλ The transfer kernel using a single similarity coefficient.

Trkαβ The transfer kernel using multiple kernels.
Trkω The transfer kernel using neural kernel network.

• rational quadratic: RQ(x,x′) = σ2(1 + ||x−x′||2
2αl2

)
1
α ,

• periodic: PER(x,x′) = σ2exp(− 2sin2(π||x−x′||/p)
l2

).

Neural Kernel Network. A neural kernel network (NKN)
[56] is a neural net computing compositional kernel struc-
tures. It is based on the well-known composition rules for
kernels [57]: for any two kernels k1 and k2, (1) λ1k1 + λ2k2
with the compositional weights λ1, λ2 ≥ 0 is a kernel, and
(2) the product k1k2 is a kernel. A NKN consists of several
linear and product layers. By setting all the compositional
weights non-negative, every unit of the network is a valid
kernel. As proved by [57], NKN has very powerful expres-
siveness to approximate arbitrary stationary kernels.

3 PROBLEM SETTING AND DEFINITION

In this section, we introduce the problem setting, and then
propose a formal definition of transfer kernel.

3.1 Problem Setting
We work on the transfer regression scenario with one source
domain S and one target domain T . Traditionally, S equips
with sufficient labelled data for training. However, instead
of accessing sufficient unlabelled data of T , we deal with
a challenging setting where only scarce target labelled data
is available for training. Specifically, we denote the source
input matrix as XS ∈ RnS×dim and its function value vector
as yS ∈ RnS . Likewise, we define XT ∈ RnT ×dim and yT ∈
RnT for T . Note that no prior domain knowledge is known,
and nT � nS . Our goal is to utilize [XS ,yS ] and [XT ,yT ]
to train a regression model that generalizes good predictive
performance on the new coming unlabeled data of T . The
notations are summarized in Table 1.

Based on standard GP, we propose the transfer-specified
GP, denoted as TrGP, that defines a joint Gaussian distribu-
tion over the function space of S and T . With the zero-mean
assumption, a TrGP is completely determined by the kernel
used for the modelling of function covariance. To handle
the discrepancy of predictive functions across domains, we
propose to develop transfer-specified kernels to explicitly
capture the relatedness of domains so as to control the
knowledge transfer strength.

3.2 Transfer Kernel Definition
Although many studies [10], [14]–[17] have worked with
some specific transfer kernels, e.g., Trkλ, there is no clear

definition for transfer kernel. In this paper, we give a general
formal definition for transfer kernel. Let D be an arbitrary
set containing domain indicators with di ∈ D as the domain
indicator for domain Di. Different measures can be used
to define di, e.g., simply using one-hot vector or using the
representative domain feature embedding. For D = {S, T }
with no extra prior domain knowledge, it can be simply
defined by scalars, i.e., dS = 0 and dT = 1. Let X be an ar-
bitrary set of input samples with x as an individual sample.
For each x, we construct a tuple (x,d) indicating x belongs
to the domain whose domain indicator is d. Formally, we
have the following definition for transfer kernel.
Definition 1. A transfer kernel Trk calculates the covariance

of an instance pair (x,x′) with its domain information
(d,d′) into account, Trk : (X ×D)× (X ×D)→ R. LetH
denote an arbitrary real Hilbert space with inner product
〈·, ·〉. For φ : X ×D → H,

Trk
(
(x,d), (x′,d′)

)
=
〈
(x,d), (x′,d′)

〉
defines a transfer kernel.

Definition 1 gives a general description, but does not
elaborate how to compute the inner product. Specifically,
we present three ways of handling the pairwise instance-
domain input covariance calculation:

TrkC
(
(x,d), (x′,d′)

)
= kF

(
[x,d], [x′,d′]

)
, (1)

TrkS
(
(x,d), (x′,d′)

)
= kX (x,x′)+kD(d,d′), (2)

TrkP
(
(x,d), (x′,d′)

)
= kD(d,d′)kX (x,x′), (3)

where [·, ·] is the feature concatenation operator. We call
Eqs (1-3) concatenation form transfer kernel, summation form
transfer kernel and product form transfer kernel respectively.
These are three general forms of transfer kernel motivated
from three basic mathematical operations. Note that TrkC,
TrkS, and TrkP must be PSD as Mercer kernels. For TrkC, it
is PSD using any standard kernel as kF . For TrkS and TrkP,
according to the composition rules of kernel [57], they are
PSD as long as kD and kX are PSD.

It can be seen that TrkC computes the covariance by
reconstructing a new feature space concatenating the orig-
inal feature embedding with the domain embedding. This
form highly depends on a good domain embedding. For
the two-domains scenario where dS and dT are scalars,
this is not a wise choice. For TrkS and TrkP, both of them
decouple the calculation of instance covariance and domain
covariance. One significant advantage of doing so is that
we can explicitly utilize domain covariance as the learnable
domain relatedness. Precisely, TrkS takes domain covariance
as an offset of instance covariance, while TrkP uses domain
covariance to reweight instance covariance. The widely
studied transfer kernel Trkλ is an instantiation of TrkP.

3.3 Transfer Kernel Trkλ
To be complete, we briefly show how Trkλ falls within the
scope of TrkP. As shown in [10], Trkλ is defined as:

Trkλ(x,x′) =
{
λk(x,x′), δ(x,x′) = 0,
k(x,x′), δ(x,x′) = 1,
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where δ(x,x′) = 1 if x and x′ are from the same domain,
otherwise δ(x,x′) = 0, λ is a learnable coefficient measuring
domain relatedness, and k(·, ·) is a standard kernel. It can be
seen that Trkλ defines kD in Eq. (3) as follows:

kD(d,d′) =

{
λ, δ(x,x′) = 0,
1, δ(x,x′) = 1.

To further ensure kD PSD, λ is set to be within -1 to 1. Such
a value range exposes more rationales on Trkλ. For the case
|λ| = 1, Trkλ models the extreme transfer scenario where the
two domains are consistently related, and so all the source
data is fully used in transfer. For the case |λ| = 0, Trkλ
models another extreme transfer scenario in which the two
domains are completely unrelated, and thus only target data
is used to avoid negative transfer. For the case |λ| < 1, Trkλ
fine-tunes the impact S has on T , and the learned λ reflects
the corresponding relatedness.

3.4 Learning and Inference with Transfer Kernel

A TrGP defines a joint Gaussian distribution over the func-
tion space of S and T . Herein, we show how to learn a TrGP.
Specifically, we use the TrGP with Trkλ as an example. As the
objective is to boost the target task, we propose to optimize
the target conditional distribution given the labelled source
and target data, i.e., p(yT |XT ,XS ,yS). By denoting δ2S and
δ2T as the noise variance for S and T respectively, we have
the joint distribution:

p(yT ,yS |XT ,XS) ∼ N (0,Cλ),

where

Cλ =

[
KSS λKST
λKT S KT T

]
is the covariance matrix calculated by Trkλ on XS and XT .
Then we can obtain the target conditional distribution:

p(yT |XT ,XS ,yS) ∼ N (µ∗,C∗),

where

µ∗ =λKT S(KSS + δ2SI)
−1yS ,

C∗ =(KT T + δ2T I)− λ2KT S(KSS + δ2SI)
−1KST .

The log-likelihood is defined as:

L(θ) = −1

2
log|C∗|−

1

2
(yT −µ∗)

TC−1∗ (yT −µ∗)−
n

2
log2π

(4)
where θ includes all the learnable variables. The optimiza-
tion can be done by the conjugate gradient descent or any
other advanced optimization algorithms. Once we obtain
the (sub)optimal θ, we can use them to predict the output
value for a new test target point. The inference process is
the same as in standard GPs. Given a new target point xTte,
the prediction can be obtained by

yTte = [koptxS ,k
opt
xT ]C

opt
∗
−1

[yS ;yT ],

where koptxS (koptxT ) is the kernel vector calculated using xTte
and XS (XT ) with the optimal θ.

4 LINEAR PRODUCT TRANSFER KERNEL

A major limitation of Trkλ is on its expressiveness and
adaptiveness. As Trkλ uses a single coefficient λ to model
the domain relatedness, it can only capture a compromised
relationship across domains on a specific data characteristic
given by k. Herein, we introduce a more advanced transfer
kernel that alleviates the limitation of Trkλ in some extents.

4.1 Transfer Kernel Trkαβ
To enhance the expressive power, we use multiple kernel
learning strategy [58]. Specifically, we assume that a transfer
kernel lies in a kernel function space expanded by a set of
independent primitive kernels ki, i = 1, ..., N . To enable
adaptiveness, we assign different coefficients to different
primitive kernels. We then investigate the transfer kernel:

Trkαβ(x,x′) =
{ ∑

i βiki(x,x
′), δ(x,x′) = 0,∑

i αiki(x,x
′), δ(x,x′) = 1,

where βi, i = 1, ..., N (αi ≥ 0, i = 1, ..., N ) are the combina-
tion coefficients of primitive kernels. Note that we use the
conical combination coefficients for αis (αis ≥ 0). We set αis
to be non-negative as they are the similarity coefficients for
the case where two domains are the same. Regarding βis,
we derive the condition that they should satisfy later.

The intuition behind Trkαβ is that the two sets of co-
efficient variables, αis and βis, allow diverse similarities
on primitive kernels, and thus represent the heterogeneous
fine-grained relatedness of S and T . Specifically, if βi is close
to αi, S is closely related to T on ki. On the contrary, if βi is
very dissimilar to αi, it means that the two domains differ
considerably on ki. The similarity of βi and αi indicates how
much knowledge can be transferred across domains on ki.

4.2 Positive Semi-definiteness of Trkαβ
We now consider to obtain a PSD Trkαβ . To make Trkαβ PSD,
it is equivalent to guaranteeing that the corresponding Gram
matrix is PSD. Next, we provide a necessary and sufficient
condition on αis and βis to guarantee that the Gram matrix
constructed from Trkαβ is PSD for any data.

Theorem 1. A Gram matrix

K∗ =

[ ∑N
i=1 αiK

i
SS

∑N
i=1 βiK

i
ST∑N

i=1βiK
i
T S

∑N
i=1 αiK

i
T T

]
with αi > 0, i = 1, 2, ..., N is PSD for any covariance
matrices Ki, i = 1, 2, ..., N , in the form

Ki =

[
Ki
SS Ki

ST
Ki
T S Ki

T T

]
,

if and only if |βi| ≤ αi for i = 1, 2, ..., N .

Proof 1. Necessary condition: We first rewrite K∗ as:

K∗ =
N∑
i=1

αiK
i
∗, (5)

with

Ki
∗ =

[
Ki
SS βi/αiK

i
ST

βi/αiK
i
T S Ki

T T

]
. (6)
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Since K∗ is PSD for any covariance matrices Ki, i =
1, 2, ..., N and αis > 0, we can derive

Ki
∗ � 0, i = 1, 2, ..., N.

Based on the Schur complement theorem [59], we derive:

Ki
T T − (βi/αi)

2(Ki
ST )

T(Ki
SS)
−1Ki

ST � 0. (7)

Since Ki � 0, i = 1, 2, ..., N , we have:

Ki
T T − (Ki

ST )
T(Ki

SS)
−1Ki

ST � 0.

We then rewrite Eq. (7):

Ki
T T − (βi/αi)

2Ki
T T + (βi/αi)

2Ki
T T

− (βi/αi)
2(Ki

ST )
T(Ki

SS)
−1Ki

ST � 0.

By setting M = Ki
T T − (Ki

ST )
T(Ki

SS)
−1Ki

ST , we have:

M � 0,

(1− (βi/αi)
2)Ki

T T + (βi/αi)
2M � 0, (8)

As Ki
T T � 0 and Eq. (8) must hold for all Ki, we induce:

(1− (βi/αi)
2) ≥ 0, i = 1, 2, ..., N,

and thus we have: |βi| ≤ αi for i = 1, 2, ..., N .
Sufficient condition: Similarly, we rewrite K∗ as Eq. (5)
with Eq. (6). We then consider:

N = Ki
T T − (βi/αi)

2(Ki
ST )

T(Ki
SS)
−1Ki

ST

= Ki
T T − (Ki

ST )
T(Ki

SS)
−1Ki

ST

+ (1− (βi/αi)
2)(Ki

ST )
T(Ki

SS)
−1Ki

ST

Since M � 0 and |βi| ≤ αi for i = 1, 2, ..., N , we obtain
N � 0. Considering Ki

SS � 0, we obtain K∗i � 0 based
on the Schur complement theorem. As the conical sum
of PSD matrices is also PSD, we obtain that K∗ is PSD.
To sum up, we conclude that, for i = 1, 2, ..., N , if K∗ is
PSD with αi > 0 for any Ki, the coefficients βis should
satisfy |βi| ≤ αi.

Note that, when αi = 0, the corresponding primitive kernel
ki does not contribute, and thus no knowledge on ki can
be transferred across domains. In this case, βi must be 0 too.
With Theorem 1, the PSD issue of Trkαβ is properly handled.

We further explore the semantic significance of Trkαβ
following Theorem 1. We start with βi and αi for each
primitive kernel ki. Theorem 1 states that |βi| never goes
beyond αi. It is reasonable as αi alludes to inter-domain
case, and thus implies the maximum transfer capacity. The
extreme case |βi| = αi indicates a full knowledge transfer
on the primitive kernel ki, while the opposite case βi = 0
implies no knowledge is transferred. When considering all
primitive kernels, we can see that Trkαβ enables rich fine-
grained relatedness between two domains.

4.3 General Form of Trkαβ
Different from Trkλ that seamlessly fits in TrkP, Trkαβ is an
instantiation of an extended Eq. (3). Herein, we propose
another general form of transfer kernel, called linear product
form transfer kernel, as follows:

TrkLP

(
(x,d), (x′,d′)

)
=
∑

i
kDi (d,d

′)kXi (x,x
′), (9)

where kDi and kXi with i = 1, ..., N are primitive kernels
for the domain covariance term and the instance covariance
term, respectively. Specifically, Trkαβ is an instantiation of
TrkLP using standard kernels as kXi and

kDi (d,d
′) =

{
βi, δ(x,x

′) = 0,
αi, δ(x,x

′) = 1.

Compared Eq. (9) with Eq. (3), we can see that TrkLP is a
linear combination of multiple TrkPs, in which each TrkP
plays a role in capturing the domain relatedness on one
data characteristic. Thus, TrkLP is superior to TrkP on both
expressiveness and adaptiveness, and such a superiority
also applies to their instantiations. Correspondingly, Trkαβ
is a more general and powerful transfer kernel than Trkλ,
and Trkλ is a special case of Trkαβ with N = 1.

4.4 Transfer GP Learning with Trkαβ
In this section, we present the learning of TrGP with Trkαβ ,
called TrGPαβ . We also show how Theorem 1 is easily
exploited in the learning of TrGPαβ . Following Section 3.4,
we have p(yT |XT ,XS ,yS) ∼ N (µ∗,C∗) where

µ∗ =(
∑N

i=1
βiK

i
T S)(

∑N

i=1
αiK

i
SS + δ2SI)

−1yS ,

C∗ =(
∑N

i=1
αiK

i
T T + δ2T I)− (

∑N

i=1
βiK

i
T S)

× (
∑N

i=1
αiK

i
SS + δ2SI)

−1(
∑N

i=1
βiK

i
ST ).

The log-likelihood is defined as Eq. (4), where θ includes all
αis and βis, the parameters in ki and the noise variance.

Note that we also need to take the relationship of αis
and βis into account in the learning. That is, we use αi ≥
0, i = 1, ..., N and |βi| ≤ αi, i = 1, ..., N as constraints
in the optimization. Specifically, for each αi and βi, in the
l-th iteration during learning, we calculate the updated αli
and use max(0, αli) to avoid negative values of αli. Next
we calculate the updated βli . If the updated βli violates the
constraint |βi| ≤ αi, we project βli to be a value near the
closer boundary:

βli =

{
αli − εli, if βli > αli,
−αli + εli, if β

l
i < −αli,

where εli is a variable with very small random value guaran-
teed to be within [0, 2αli]. We use εli to explore more diverse
values of βli in the search.

5 POLYNOMIAL PRODUCT TRANSFER KERNEL

While Trkαβ enhances the expressiveness and adaptiveness
compared with Trkλ, it is still imperfect. One obvious short-
coming of Trkαβ is that it only captures the linear relation-
ship across primitive kernels and ignores the nonlinearity. In
this section, we introduce a transfer neural kernel network,
called Trkω , a more flexible and powerful transfer kernel that
can model arbitrary stationary kernels and capture domain
relatedness in a hierarchical manner.
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Figure 1. The architecture of a Trkω . This Trkω contains 3 primitive
kernels, 3 linear layers and 2 product layers. The red dash line arrow
denotes the weights of the linear layer for kdcks, and the blue solid line
arrow denotes the weights of the linear layer for kscks. The black solid
line are connections shared by kdcks and kscks.

5.1 Overview of Trkω
Basically, the proposed Trkω consists of two compositional
kernel structures represented by two neural networks, one
for the covariance of intra-domain instance pairs and an-
other for that of inter-domain ones. It is defined as:

Trkω(x,x′) =
{
kdcks(x,x

′), δ(x,x′) = 0,
kscks(x,x

′), δ(x,x′) = 1,

For Trkω , we have the following remarks. Firstly, each in-
dividual kdcks or kscks is a compositional kernel structure.
However, either of them is not necessarily to be a NKN
[56] since we do not specially constrain the compositional
weights to be non-negative. Secondly, kdcks and kscks are
coupled to one single network by sharing the same compo-
sitional structure but with different compositional weights.
The data covariance is given by kdcks if two instances are
from different domains, otherwise it is given by kscks. The
domain relatedness is modeled by the difference of the
compositional weights of kdcks and kscks. Thirdly, the positive
semi-definiteness of Trkω is not guaranteed yet. To obtain a
PSD Trkω , we need to carefully design the way of coupling
kdcks and kscks, specifically their compositional weights.

5.2 Architecture of Trkω
Trkω starts with a set of primitive kernels. Afterwards, linear
layer and product layer stack alternately. The kdcks and kscks
share all the product layers, but differ on the linear layers.
Figure 1 gives an example of Trkω architecture.

The first layer of Trkω consists of several primitive ker-
nels. Every primitive kernel is characterized by some learn-
able hyper-parameters. Note that we utilize multiple copies
of every primitive kernel to enable diverse parametrization.
The linear layer of Trkω is a fully-connected layer with two
sets of compositional weights, one for kscks and another
for kdcks. This is different from NKN that only has one set
of compositional weights in every linear layer. Moreover,
different from NKN that simply uses non-negative weights
to ensure the positive semi-definiteness, Trkω needs a more
complex relationship of the weights between kscks and kdcks
to do so. Simply using non-negative weights for kscks and
kdcks cannot give a PSD Trkω . The product layer introduces
multiplications to Trkω . The connectivity pattern is fixed

and there is no trainable parameters in the product layers.
Finally, we also include a nonlinear activation function for
every layer. Following [56], we use the exponential function
on the output of the linear or product layers.

5.3 Positive Semi-definiteness of Trkω
To ensure Trkω PSD, we propose a sufficient condition given
by Theorem 2.
Theorem 2. A transfer neural kernel network Trkω consists

of nk primitive kernels (k1, ..., knk ), nl linear layers, and
np product layers. The l-th (l = 1, 2, ..., nl) linear layer
includes a non-negative weight matrix Wsl ∈ Rn

l
I×n

l
O

for kscks, and a weight matrix Wdl ∈ Rn
l
I×n

l
O for kdcks,

where nlI and nlO are the number of input and output
units for the l-th linear layer, respectively. Such a Trkω is
PSD if for l = 1, 2, ..., nl, |wdlij | ≤ w

sl
ij with i = 1, 2, ..., nlI

and j = 1, 2, ..., nlO where wdlij (wslij ) is the element of
Wdl (Wsl ) in the i-th row and j-th column.

Proof 2. To prove Trkω is a PSD kernel under the above
condition, we first prove every unit of the network is a
PSD kernel. Then the entire network is PSD according
to the composition rules of kernel. We start from the
first linear layer, which is a linear combination of the
primitive kernels. The number of input units is equal to
that of the primitive kernels, i.e., n1I = nk. For every
output unit k1j , j = 1, ..., n1

O , it has the following form:

k1j (x,x
′) =


∑n1

I
i=1 w

d1
ij ki(x,x

′), δ(x,x′) = 0,∑n1
I
i=1 w

s1
ij ki(x,x

′), δ(x,x′) = 1.
(10)

The Gram matrix of eq. (10) is:

K1
j =

[ ∑n1
I
i=1 w

s1
ij Ki

SS
∑n1

I
i=1 w

d1
ij Ki

ST∑n1
I
i=1 w

d1
ij Ki

T S
∑n1

I
i=1 w

s1
ij Ki

T T

]
,

with

Ki =

[
Ki
SS Ki

ST
Ki
T S Ki

T T

]
is the kernel matrix calculated by the primitive kernel ki
over the input source and target data. Since when ws1ij =

0, wd1ij must be 0 (|wdlij | ≤ w
sl
ij ), we can rewrite:

K1
j =

∑n1
I

i=1
wslij

[
Ki
ST wdlij /w

sl
ijK

i
ST

wdlij /w
sl
ijK

i
T S Ki

T T

]
.

We now consider:

N = Ki
T T − (wdlij /w

sl
ij )

2(Ki
ST )

T(Ki
SS)
−1Ki

ST

= [1− (wdlij /w
sl
ij )

2]Ki
T T

+ (wdlij /w
sl
ij )

2[Ki
T T − (Ki

ST )
T(Ki

SS)
−1Ki

ST ].

Since Ki is PSD, according to Schur complement theo-
rem [59] we have:

Ki
T T � 0 and Ki

T T − (Ki
ST )

T(Ki
SS)
−1Ki

ST � 0.

Furthermore, [1− (wdlij /w
sl
ij )

2] ≥ 0 since |wdlij | ≤ w
sl
ij . We

then derive: N � 0. Considering Ki
SS � 0 and wslij ≥ 0,

based on Schur complement theorem [59], we can derive:
K1
j � 0. Equivalently, k1j is a valid kernel.
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Since the above proof is applicable for every k1j , j =
1, ..., n1

O, we obtain that all the output units of the first
linear layer are PSD. These output units are the input
units for the next product layer. According to the compo-
sition rules of kernel, we induce that all the output units
of the product layer are also PSD. Then these outputs
are taken as the inputs for the next linear layer. The
similar proof can be applied to the following alternate
linear and product layers. To conclude, we can prove
that all the units of Trkω are PSD when |wdlij | ≤ wslij for
l = 1, 2, ..., nl, i = 1, 2, ..., nlI and j = 1, 2, ..., nlO, and
thus Trkω is PSD under this condition.

Note that we omit the exponential operation for every unit
in the proof since it does not change the positive semi-
definiteness of a unit. The proof of PSD k1j is the same as
that of sufficient condition in Theorem 1. To be complete,
we still present the full proof in Theorem 2.

We now look into the semantic interpretation of Theorem
2. Given a linear layer, an output unit is a linear combination
of several input kernels, which is exactly a Trkαβ . The
conclusion of Theorem 2 on each node of linear layers also
conforms to that of Theorem 1, and thus similar interpre-
tation on Theorem 1 can be applied here. More specifically,
the weight represents the contribution of an input kernel
to the output unit, and thus implies how much knowledge
is exploited from this input kernel. Theorem 2 shows that
when the weights of kdcks do not go beyond that of kscks,
Trkω is PSD. This is reasonable as kscks is used to calculate
the covariance of two instances from the same domain, and
thus its weights imply the maximum transfer capacity.

5.4 General Form of Trkω and Discussions

The above discussion briefly shows the relationship be-
tween Trkαβ and Trkω . Herein, we investigate the more gen-
eral connection between the two transfer kernels. Similar as
Section 4.3, we are interested in the general form from which
Trkω is instantiated. To do so, we propose the following
general form of transfer kernel, called polynomial product
form transfer kernel:

TrkPP

(
(x,d), (x′,d′)

)
=
∑

t
kDt (d,d

′)
∏

j
kXj (x,x

′)ptj .

(11)

We now compare Eqs. (9) and (11). It can be seen that, TrkLP

is the linear combination of primitive kernels while TrkPP

is the linear combination of the polynomial of primitive
kernels. TrkPP can be degenerated to TrkLP if we set ptj = 1
if and only if j = t otherwise ptj = 0. Different from TrkLP

that only models linear relationship of primitive kernels,
TrkPP takes the nonlinearity into account.

However, TrkPP can be reformulated as similar as TrkLP

if we use another intermediate kernel as follows:

k̂Xt (x,x
′) =

∏nk

j=1
kXj (x,x

′)ptj .

In terms of functionality, kDt plays the exactly same role in
both TrkPP and TrkLP, that is, it models the relatedness of
domains on either k̂Xt or kXt . The major difference between
TrkPP and TrkLP is on the expressive power, where the
former is much more powerful and flexible than the latter.

We now look into Trkω . It is an instantiation of TrkPT. To
be clear, we can rewrite Trkω as follows:

Trkω(x,x′) =

{ ∑T
t=1 ω

d
t

∏nk
j=1 kj(x,x

′)ptj , δ(x,x′) = 0,∑T
t=1 ω

s
t

∏nk
j=1 kj(x,x

′)ptj , δ(x,x′) = 1,

(12)

where each of kscks and kdcks is represented as a weighted
polynomial of primitive kernels. The number of polynomi-
als T and the degree ptj are determined by the architecture
of Trkω . The coefficients {ωst , ωdt }Tt=1 can be inferred from
the weight matrices of the linear layers. This reformulation
shows that kscks and kdcks lie in the same kernel function
space expanded by the polynomials of the primitive kernels,
but they perform differently on these base kernels. The
coefficients {ωst }Tt=1 and {ωdt }Tt=1 fully characterize kscks and
kdcks, and their element-wise distance indicates the domain
relatedness on the corresponding polynomial of kernels.

We further elaborate the relationship of Trkω with NKN.
Clearly, the intra-domain compositional kernel structure
kscks is a NKN with {ωst ≥ 0}Tt=1. Based on the Theorem
3 in [56], kscks can approximate arbitrary stationary kernels,
which again verifies the expressive power of Trkω . Theorem
2 also shows us ωdt can take negative values. In this case, the
individual inter-domain compositional kernel structure kdcks
is not a NKN and not PSD. However, by coupling with kscks,
the whole Trkω becomes a PSD transfer kernel. This shows
that Trkω is not a simple combination of two NKNs, but a
specialized design for the transfer purpose.

Finally, we discuss more on the PSD issue of Trkω . With
Theorem 2, we only obtain a sufficient condition for PSD
Trkω . A complete (sufficient and necessary) condition makes
Trkω more theoretically solid. Fortunately, with Eq. (12) and
Theorem 1, we can readily obtain such a complete condition,
that is, |ωdt | ≤ ωst and ωst ≥ 0 with t = 1, ..., T . However,
as both ωdt and ωst involve the complex neural network
calculations, it is not friendly to be used in the following GP
learning. In contrast, although Theorem 2 is only a sufficient
condition, it still gives a PSD Trkω , and it can be readily
incorporated in the following GP optimization.

5.5 Transfer GP Learning with Trkω
As the overall architecture of Trkω is differentiable, the TrGP
using Trkω , i.e., TrGPω , is trainable using gradient-based
optimization. All the parameters include three categories:
(1) parameters in the primitive kernels, (2) weights matrices
of the linear layers, and (3) the noise variances of S and
T . We group all the parameters together, denoted as Θ,
and learn them jointly. The learning procedure of TrGPω is
similar as discussed in Section 3.4. Note that we also need
to consider Theorem 2 in the learning. Regarding the non-
negative weights of ksnkn, we use f(x) = log(1 + exp(x))
to enforce the nonnegativity constraint. Regarding the in-
equality constraints on the weights of ksnkn and kdnkn, we can
check the fulfilment of these constraints in each epoch, and
map the violated wdlij to a value that is close to the feasible
boundary, as TrGPαβ does. Alternatively, we can further
constrain wdlij as non-negative to enforce kdnkn also a NKN.
Then, we satisfy |wdlij | ≤ wslij by setting wslij = wdlij + εlij

2
. In

this case, wdlij and εlij are the optimization variables.
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Table 2
Comparison results of TrGPmk with TrGPλ.

Problem
(sim1,sim2)

Learned Relatedness RMSE Problem
(sim1,sim2)

Learned Relatedness RMSE Problem
(sim1,sim2)

Learned Relatedness RMSE
TrGPαβ TrGPλ TrGPαβ TrGPλ TrGPαβ TrGPλ TrGPαβ TrGPλ TrGPαβ TrGPλ TrGPαβ TrGPλ

(0,0) (0.057,0.008) 0.042 0.279 0.280 (0.4,0) (0.375,0.039) 0.261 0.235 0.267 (0.8,0) (0.793,0.032) 0.468 0.191 0.208
(0,0.2) (0.087,0.174) 0.114 0.264 0.266 (0.4,0.2) (0.438,0.172) 0.301 0.220 0.236 (0.8,0.2) (0.807,0.254) 0.543 0.152 0.206
(0,0.4) (0.015,0.443) 0.080 0.254 0.280 (0.4,0.4) (0.420,0.446) 0.433 0.175 0.176 (0.8,0.4) (0.757,0.426) 0.556 0.125 0.156
(0,0.6) (0.080,0.623) 0.155 0.216 0.300 (0.4,0.6) (0.383,0.644) 0.539 0.124 0.146 (0.8,0.6) (0.792,0.611) 0.678 0.093 0.105
(0,0.8) (0.079,0.805) 0.227 0.171 0.293 (0.4,0.8) (0.410,0.763) 0.515 0.117 0.151 (0.8,0.8) (0.798,0.800) 0.806 0.060 0.061
(0,1) (0.015,1) 0.838 0.122 0.152 (0.4,1) (0.686,1) 0.907 0.108 0.137 (0.8,1) (0.768,1) 0.951 0.037 0.083

(0.2,0) (0.247,0.056) 0.136 0.247 0.271 (0.6,0) (0.644,0.078) 0.498 0.212 0.247 (1,0) (0.999,0.062) 0.826 0.074 0.120
(0.2,0.2) (0.190,0.231) 0.198 0.237 0.237 (0.6,0.2) (0.611,0.173) 0.488 0.199 0.230 (1,0.2) (1,0.094) 0.801 0.076 0.153
(0.2,0.4) (0.195,0.364) 0.210 0.221 0.225 (0.6,0.4) (0.580,0.413) 0.537 0.164 0.173 (1,0.4) (0.999,0.364) 0.984 0.066 0.081
(0.2,0.6) (0.214,0.616) 0.280 0.181 0.222 (0.6,0.6) (0.578,0.565) 0.580 0.111 0.110 (1,0.6) (1,0.457) 0.937 0.068 0.075
(0.2,0.8) (0.2,0.763) 0.516 0.162 0.202 (0.6,0.8) (0.583,0.760) 0.849 0.109 0.153 (1,0.8) (1.0.812) 0.981 0.041 0.048
(0.2,1) (0.184,1) 0.875 0.112 0.188 (0.6,1) (0.741,1) 0.969 0.025 0.039 (1,1) (0.995,0.999) 1.000 0.001 0.001

GPTar RMSE 0.296

(a) (b)

Figure 2. (a) Data points generated from GPs with distinct exponential
kernels; red ‘◦’s from k1 = 0.1 ∗ exp(− x2

2∗12 ); black ‘4’s from k2 =

0.01 ∗ exp(− x2

2∗0.12 ); blue ‘�’s from k = k1 + k2. (b) Source points from
four special cases (βgt1 , β

gt
2 ) ∈ {(1, 1), (1, 0), (0, 1), (0, 0)}. Notice that

for (1,1) the points precisely follow the target function values in (a).

We also discuss the learning complexity of TrGPω . The
usage of Trkω actually does not bring extra computation
cost to the model learning. Considering a Trkω with m
connections, the computational cost of the forward pass is
O(n2m). Note that the computational cost of the kernel
matrix inversions is O(n3). By adequately designing the
architecture of Trkω (as what we have done in the exper-
iments), the number of parameters, m, is usually much
smaller than that of training data, n (in our experimental
studies, Trkω has only tens of parameters, but the training
points are in hundreds and thousands). In this case, the
computational cost of TrGPω is still dominated by the kernel
matrix inversions, which is the same as the standard GP.

6 EXPERIMENTAL STUDIES

In this section, we aim to empirically assess the capability
of TrGPαβ and TrGPω on domain relatedness capturing and
evaluate their predictive effectiveness. Root mean squared
error (RMSE) is used as the evaluation metric. We use one
synthetic dataset and four real-world datasets.

6.1 Domain Relatedness Capture

We use a set of synthetic datasets to verify the explicit
domain relateness modelling. Considering that the domain
covariance kDt plays the exactly same role in both Trkαβ and
Trkω , we focus on Trkαβ to avoid neural network calculation.
The synthetic dataset is constructed as follows.

• Synthetic data. We build on a Trkαβ with predefined
primitive kernels kis, and ground-truth combination coef-
ficients αgti s and βgti s. For a set of inputs X, we obtain
target function values ftar from a GP with zero mean
and covariance matrix given by

∑
i α

gt
i ki. We then sample

source function values fsrc from p(fsrc|ftar,X). By varying
αgti s and βgti s, we can control the ground-truth domain
relatedness simi = βgti /α

gt
i on each primitive kernel ki.

We construct a broad spectrum of transfer problems
upon the synthetic data in order to analyze the distance
between the learned relatedness βopti /αopti and the ground-
truth relatedness simi for all the primitive kernels. Specif-
ically, we generate 500 inputs X ∈ R500×1 and predefine
two primitive kernels (k1 and k2) using two exponential
covariance functions with different amplitudes and length
scales. As shown in Fig. 2(a), k1 draws ‘big trends’ while
k2 depicts ‘small perturbations’. Next, we generate tar-
get and source function values based on Trkαβ . We fix
αgt1 = 1 and αgt2 = 1, but vary βgt1 and βgt2 in a range
set V = {0, 0.2, 0.4, 0.6, 0.8, 1}. Thus, the corresponding
simis also vary in V . We then generate ftar from a GP
using αgt1 k1+α

gt
2 k2. Fig. 2(a) shows that the sampled target

points possess the characteristics of both kernels. Given
ftar, for each combination (βgt1 , β

gt
2 ) we generate source

points using p(fsrc|ftar,X). Fig. 2(b) shows four special
cases (βgt1 , β

gt
2 ) ∈ {(1, 1), (1, 0), (0, 1), (0, 0)}. In total, we

can generate C1
6 × C1

6 = 36 different source functions. For
each of them, we use 380 points as the source train data,
20 as the target train data, and the rest 100 as the target
test data. Note that the function values of source train data
vary across the 36 problems function, while the values of
the target train and test stay the same.
• Relatedness analysis. Table 2 shows the learned re-
latedness tuple (βopt1 /αopt1 , βopt2 /αopt2 ) and the transfer
performance. The results of two other GP models are
also included: GPTar, which uses target train data only,
and TrGPλ which adopts transfer kernel Trkλ. Columns
1, 6, and 11 show the 36 problems with the ground-
truth relatedness (sim1, sim2). Columns 2, 7, and 12 show
(βopt1 /αopt1 ,βopt2 /αopt2 ) learned by TrGPmk, and columns 3,
8, and 13 list out the single relatedness (i.e., λ) learned
by TrGPλ. The rest columns show the transfer perfor-
mance (RMSE) of TrGPmk and TrGPλ. Paying attention
to the domain relatedness capture, Table 2 reveals that,
overall, TrGPmk successfully recovers the simis on differ-
ent problems, compared with (βopt1 /αopt1 , βopt2 /αopt2 ) and
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(a) The source and target data with similar patterns.

(sim1, sim2). This outcome indicates the effectiveness of
TrGPmk in capturing heterogeneous domain relatedness. On
the other side, the single coefficient λ learned by TrGPλ
can accurately reflect the similarity value for the problems
where sim1 = sim2 (in bold in Table 2). For the problems
sim1 6= sim2, however, the λ is usually between sim1 and
sim2, and so can only describe a compromised relatedness.
• Transfer performance. We now turn to the transfer perfor-
mance. Firstly, from Table 2 we observe that both TrGPmk
and TrGPλ can achieve adaptive transfer as they are not
worse than GPTar. Furthermore, we notice that the RMSE
of both models tends to decrease as the relatedness of
two domains increases, which is aligned with the cases
where the models are transferring more knowledge. This
further supports the adaptiveness of both methods. Also,
we find that both models perform similar in problems
where sim1 = sim2. However, for the other cases TrGPmk
consistently outperforms TrGPλ, suggesting that the former
can better deal with more complex tasks than the latter.

6.2 Time Series Extrapolation
Time series data extrapolation is a popular regression task.
In this section, we conduct experiment on a time series
dataset [57] to compare the transfer capacity of TrGPαβ and
TrGPω on data extrapolation. The dataset includes the airline
passenger volume data, and we construct two sets of data
with different patterns. The task is to predict the future
data patterns. As shown in Figure 3(a), both the source and
target data include the periodic and increasing waves. Note
that a wave is a curve with the approximate contour ‘∧’.
Specifically, the wave appears periodically along a slope.
The amplitude of the wave is also growing with the period.
However, it is worth noting that the pattern characteristics
of the waves are significantly different between the two
domains. The source data has longer period, flatter slope,
and slower amplitude growth than the the target data. Our
objective is to utilize sufficient source data and limited target
data to extrapolate the subsequent unseen patterns for the
target. In the experiment, we take the first 30 target points
and 288 source points as the training data. The rest target
data (from 31 to 144) are used as the test points.
• Configuration. We design a Trkω with three linear layers
and two product layers for this problem. We use two LIN
kernels, two RBF kernels, two PER kernels, and two RQ
kernels as primitive kernels. For this Trkω , the maximum
degree of the polynomials of primitive kernels is 4, and the
number of the polynomials of degree 4 is 330 (C8−1

8+4−1). Such

a Trkω can model complex data characteristics by diverse
polynomials of primitive kernels, e.g., LIN4 models the
long-term smooth trend, PER4 models the periodicity, and
LIN×PER×RBF×RQ models the periodic variation.

For optimization matters of TrGPω , we use ‘Adamopti-
mizer’ with the learning rate as 0.001, and set the epoch
number as 20000. We compare with several baselines includ-
ing GPtar that only uses 30 target data to train a GP model,
GPall that just simply combines the 30 target training data
and 288 source training data, and TrGPαβ . For GPtar and
GPall, we exploit a NKN with the same network structure
as TrGPω but only 1 set of weights as the kernel. For TrGPαβ ,
we use the same set of primitive kernels with TrGPω .
• Transfer performance. We plot the predictions of each
method in Figure 3. As can be seen from 3(b), GPtar can well
fit target training points, but it fails to fit the subsequent
target test ones. Since no information is available except
for the 30 target training points, the predictions proceed
with the target training pattern. However, the amplitude
growth pattern is completely lost. Regarding GPall in Figure
3(c), it also fails to do accurate extrapolation on the target
test data, and even worse, it fails to fit the target training
data. Interestingly, we observe that GPall generates a new
pattern. That is, from the first wave, every three waves
form a period. In such a period, the amplitude of the wave
slowly grows larger, and achieves the largest at the third
wave. Afterwards, a new period starts, but the amplitude
of the first wave in the new period decreases compared
with that of the last wave in the former period. Such a
new pattern is a negative result of the brute-force data
integration that completely ignores the divergence between
different domains. For TrGPαβ , Figure 3(d) shows that it
yields almost the same results as GPtar. This implies that
TrGPαβ does not transfer any knowledge from the source to
the target task. The bad performance is mainly due to the
deficiency of TrGPαβ on the expressive power. TrGPαβ uses
a linear summation of the primitive kernels, and thus fails to
capture and transfer the knowledge that are represented by
the product of primitive kernels. Moreover, TrGPαβ obtains
much larger standard deviation than GPtar since the source
data pull down the prediction confidence. Finally, from
Figure 3(e), we can see that TrGPω not only fits the target
training data well, but also generates sensible extrapolation.
The predictions capture all the patterns including the peri-
odicity, linear increase, and amplitude growth. Meanwhile,
the standard deviations are also small, which implies the
source data indeed provide help for the target. These results
clearly show the superiority of TrGPω to TrGPαβ .
• Weights analysis. We further analyze the similarity of
the weights directly learned from TrGPω . There are three
linear layers in this Trkω , and we focus on the weights of the
first linear layer, i.e., the combination weights of primitive
kernels. For each node, we calculate the ratio of the weights
of kdcks over the corresponding ones of kscks as the related-
ness of the primitive kernels to construct this node. Figure
4 shows the heat map of the learned relatedness on each
primitive kernel for the 8 nodes of the first linear layer. The
y-axis denotes node index, and the x-axis denotes primitive
kernel. Thus, each row represents the learned combination
weights of the 8 primitive kernels for one node. In a hor-
izontal view, it can be observed that different nodes have
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(b) The results of GPtar . (c) The results of GPall.

(d) The results of TrGPαβ . (e) The results of TrGPω .

Figure 3. The black squares are the target training data. The yellow circles are the source training data. The blue ‘x’s are the ground-truth of the
target test points. The red line is the prediction mean and the green region represents the standard deviation.

Figure 4. The heat map of the similarity for the first linear layer.

different combinations of primitive kernels. This shows the
rich expressive power of Trkω from a side. In a vertical view,
we further find that the two domains are more similar on
the linear kernel, but less similar on the periodic kernel.
This well corresponds to the source and target patterns as
shown in Figure 3(a). Moreover, the relatedness of the same
type of primitive kernel can be dramatically different due to
different parametrizations, e.g., PER1 vs. PER2.

Except for the analyses on the learned weights of the
first layer, we also investigate the weights of the poly-
nomial of primitive kernels, i.e., ωs and ωd, which can
be inferred from the learned weights of Trkω . Recall that
this Trkω can express 330 polynomials with degree 4, and
we only investigate some representative ones. Specifically,
we calculate ωst and ωdt for LIN1

4, PER1
4, RBF1

4, RQ1
4,

and LIN1×PER1×RBF1×RQ1. We use the ratio ωdt /ω
s
t to

represent the relatedness on the polynomial. Table 3 shows
the results. The high similarity on LIN1

4 and RQ1
4 corre-

spond to the similar long-term smooth trend and small-scale
variations of the source and target functions in Figure 3(a).
In contrast, the low similarity on PER1

4 and RBF1
4 reflects

Table 3
Similarity of some polynomial of primitive kernels.

Polynomials LIN1
4 PER1

4 RBF1
4 RQ1

4 LIN1×PER1×RBF1×RQ1

Relatedness 0.9130 0.4354 0.4056 0.9453 0.6385

the dissimilar periodicity and variation speed. Regarding
the LIN1×PER1×RBF1×RQ1 that models both the long-
time trend and the short-time derivation, the relatedness is
an intermediate value. All these results show the capability
of Trkω on capturing the fine-grained domain relatedness.

6.3 Real-world Regression Problems
Finally, we verify the effectiveness of TrGPαβ and TrGPω on
four real-world regression applications.
Wine Quality. The wine quality dataset includes red and
white wine samples [60]. Physicochemical variables, e.g.
volatile acidity, are used as features and the sensory variable
is used as label. We use the quality prediction on white
wine (W) as the source task and the quality prediction on
red wine (R) as the target one. Specifically, W includes 500
training data points, and R includes 10 training data points
and 500 test data points.
Appliance Energy Prediction. This dataset is used to predict
the appliance energy use in different months [61]. The house
conditions data, e.g. humidity, monitored by the sensors are
used as features, and the amount of appliance energy use is
used as label. The data of May (500 for training) is used as
the source task, and the data of January (5 for training and
500 for test) is used as the target task.
Air Quality. The air quality dataset [62] contains responses
of gas multisensor devices from different seasons. The av-
eraged responses from the metal oxide chemical sensors are
features, and the ground-truth provided by a co-located ref-
erence certified analyzer is used as label. Data from Summer
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and Winter are used for source and target, respectively. The
data configuration follows that of wine quality dataset.
UJIIndoorLoc. This dataset covers signals from different
buildings of Universitat Jaume I [63]. The signal strength
intensity from 520 wireless access points is used as features,
and the location is used as label. We use building 1 including
1000 training data as the source, and we use building 2
including 25 training data and 1000 test data as the target.

We design a Trkω with two linear layers and one product
layer for the regression problems. Two RBF kernels and
one linear kernel are used as primitive kernels. We use
‘Adamoptimizer’ with the learning rate as 0.001 for the
training, and set the epoch number as 5000. We run five
restarts with different initializations, and take the average
root mean squared error (RMSE) as the final result. We com-
pare TrGPαβ and TrGPω with several baselines including
GPtar , GPall, TrGPλ [10], TrGPλvar [16], DKL [36], DGP [35],
DI-PLS [53], DKT [37], WANN [55], and MGP [38].

The comparison results are shown in Table 4. The best
result is highlighted using bold, and the runner-up is high-
lighted using the bold and italic. From Table 4, we can
see that our TrGPω achieves the best on 3 datasets and the
second best on 1 dataset, while TrGPαβ is the runner-up on
two datasets. Overall, TrGPω is the clear winner among all
the baselines, which shows that TrGPω is a very promising
method for transfer regression problems.

We specifically pay attention to the four methods us-
ing transfer kernels, that is, TrGPλ, TrGPλvar , TrGPαβ and
TrGPω . All the four baselines generally achieve better results
than the two naive methods. Among these 4 methods,
TrGPω is the best, followed by TrGPαβ , and lastly TrGPλvar
and TrGPλ. The deviation of the transfer performance across
these methods is due to the difference of their expressive
power and capacity in modeling domain relatedness. TrGPλ
uses a single similarity coefficient and a single primitive
kernel, which highly constrains its expressive power and
transfer capacity. TrGPλvar is a variant of TrGPλ, and it
is only applicable for RBF kernel to ensure the positive
semi-definiteness. TrGPαβ uses a single linear layer, and
thus can not express the data characteristics represented
by the product of primitive kernels. In contrast, our TrGPω
establishes a deep kernel neural network approximating
arbitrary stationary kernels.

7 CONCLUSIONS AND FUTURE WORKS

In this paper, we work on the challenging transfer regression
problems where target domain only has limited labelled
data. Our aim is to explicitly model the domain relatedness,
based on which adaptively control the knowledge transfer
strength across domains. To do so, we focus on the transfer-
specified kernels that take domain information into account
in covariance calculation. A formal definition of transfer
kernel is given, and two advanced general forms of transfer
kernel, i.e., TrkLP and TrkPP, are proposed. We further
instantiated two transfer kernels Trkαβ and Trkω based on
TrkLP and TrkPP, respectively. Specifically, Trkαβ exploits
multiple kernel learning strategy to capture the fine-grained
domain relatedness on primitive kernels with a linear com-
bination relation. Trkω further considers nonlinearity, and

is represented by a neural network modelling domain re-
latedness in a layer-to-layer manner. For each of them, we
also propose a condition that not only validates the positive
semi-definiteness but also assigns semantic interpretations
on the learned domain relatedness. Such conditions can be
further used as computationally cheap constraints in the
corresponding TrGP learning. Empirical evaluations show
their effectiveness.

We also remark that all GP models studied in this paper
need to calculate the inverse of the covariance matrix, which
is computationally expensive if the number of input data is
extremely large. Although this issue can be alleviated with
powerful computing resources, we realize that there are
some studies, e.g., [64], [65], working on this issue through
computationally cheap approximations of the covariance
matrix. However, directly applying these methods to TrGP
is infeasible as approximations may eliminate the transfer
capacity. How to effectively incorporate these works into the
transfer framework is one of our future research directions.
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T. J. Arnau, M. Benedito-Bordonau, and J. Huerta, “UJIIndoor-
loc: A new multi-building and multi-floor database for WLAN
fingerprint-based indoor localization problems.” in 2014 Interna-
tional Conference on Indoor Positioning and Indoor Navigation (IPIN).
IEEE, 2014, pp. 261–270.

[64] E. Snelson and Z. Ghahramani, “Local and global sparse gaussian
process approximations,” in Artificial Intelligence and Statistics,
2007, pp. 524–531.

[65] A. Naish-Guzman and S. Holden, “The generalized fitc approxi-
mation,” in Advances in Neural Information Processing Systems, 2008,
pp. 1057–1064.

Pengfei Wei received the Ph.D. degree in 2019,
School of Computer Science and Engineering,
Nanyang Technological University, Singapore.
He is currently a research scientist in Byten-
dance AI lab in Singapore. His research interests
include data analysis, transfer learning, domain
adaptation, and reinforcement learning.

Yiping Ke is an associate professor at the
School of Computer Science and Engineering,
Nanyang Technological University (NTU), Singa-
pore. She obtained her Ph.D. degree in Com-
puter Science from the Hong Kong University
of Science and Technology in 2008 and B.Sc.
degree in Computer Science from Fudan Uni-
versity in 2003. Her research lies in Data Mining
and Artificial Intelligence, with a focus on Graph
Learning, Graph Analytics, and Graph Mining.
She has successfully rolled out technologies that

advance the best practice in a variety of domains including engineering
design, neuroscience, biology, etc.

Yew-Soon Ong (M’99-SM’12-F’18) received the
Ph.D. degree in artificial intelligence in com-
plex engineering design from the University of
Southampton, U.K., in 2003. He is a Presi-
dent Chair Professor in Computer Science at
the Nanyang Technological University (NTU) and
concurrently the Chief Artificial Intelligence Sci-
entist of the Agency for Science, Technology
and Research (A*Star) Singapore. At NTU, he
serves as co-Director of the Singtel-NTU Cog-
nitive & Artificial Intelligence Joint Lab. His core

research interest is in artificial and computational intelligence where he
has received four IEEE outstanding paper awards. He was listed as a
Thomson Reuters highly cited researcher and among the World’s Most
Influential Scientific Minds. He is the inaugural Editor-in-Chief of the
IEEE Transactions on Emerging Topics in Computational Intelligence
and associate editor of the IEEE on Transactions on Evolutionary Com-
putation, IEEE Transactions on Neural Networks & Learning Systems,
IEEE on Transactions on Cybernetics, IEEE Transactions on Artificial
Intelligence.

Zejun Ma received his bachelor degree from
Shanghai Jiaotong University, Shanghai in 2007.
He received both his Master degree and PhD
degree from Institue of automation, Chinese
academy of Science, Beijing in 2009 and 2012,
respectively. Currently he serves as a Director
at Bytedance AI Lab. His recent research in-
terests include speech and language topics in
diverse machine learning areas, such as speech
recognition, speech synthesis, music information
retrieval, and natural language understanding.

He has many publications on top-tier conferences and journals, such
as SIGKDD, Interspeech, ICASSP, ASRU, etc.

This article has been accepted for publication in IEEE Transactions on Pattern Analysis and Machine Intelligence. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TPAMI.2022.3219121

© 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: Nanyang Technological University Library. Downloaded on February 22,2023 at 06:39:49 UTC from IEEE Xplore.  Restrictions apply. 


