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Abstract 

With the rapid increases in processing speed and memory of low-cost computers, it is not 

surprising that various advanced computational learning tools such as neural networks have been 

increasingly used for analyzing or modeling highly nonlinear multivariate engineering problems.  

These algorithms are useful for analyzing many geotechnical problems, particularly those that 

lack a precise analytical theory or understanding of the phenomena involved. In situations where 

measured or numerical data are available, neural networks have been shown to offer great 

promise for mapping the nonlinear interactions (dependency) between the system’s inputs and 

outputs. Unlike most computational tools, in neural networks no predefined mathematical 

relationship between the dependent and independent variables is required. However, neural 

networks have been criticized for its long training process since the optimal configuration is not 

known a priori. This paper explores the use of a fairly simple nonparametric regression algorithm 

known as multivariate adaptive regression splines (MARS) which has the ability to approximate 

the relationship between the inputs and outputs, and express the relationship mathematically. The 

main advantages of MARS are its capacity to produce simple, easy-to-interpret models, its 

ability to estimate the contributions of the input variables, and its computational efficiency. First 

the MARS algorithm is described. A number of examples are then presented that explore the 

generalization capabilities and accuracy of this approach in comparison to the back-propagation 

neural network algorithm. 

Keywords:  multivariate adaptive regression splines; geotechnical system; nonlinearity; basis 

function; multivariate problem; neural networks. 

mailto:ctcgoh@ntu.edu.sg


2 
 

1. Introduction 

Many geotechnical engineering problems rely on the use of empirical methods expressed in 

the form of equations or design charts, to determine the response of the system to input variables. 

This is usually because of an inadequate understanding of the physical phenomena involved in 

the multivariate problem, or the system is too complex to be described mathematically.  A 

typical example is the determination of the undrained frictional resistance of piles in clay. Based 

on field load test data, empirical methods have been proposed in which the adhesion is related to 

the undrained shear strength as well as other factors such as the pile length by an empirical 

coefficient.   

For problems involving several design (input) variables and nonlinear responses, particularly 

with statistically dependent input variables, regression methods are usually adopted. However, 

regression models become computationally impractical for problems involving a large number of 

design variables, particularly when mixed or statistically dependent variables are involved. 

Another criticism of regression methods lies in their strong model assumptions.  

An alternative soft computing technique is the use of artificial neural networks (ANN). An 

ANN has a parallel-distributed architecture with a number of interconnected nodes, commonly 

referred to as neurons. The neurons interact with each other via weighted connections. Each 

neuron is connected to all the neurons in the next layer. By far the most commonly used ANN 

model is known as the back-propagation (BP) algorithm [1]. In the BP algorithm, the ANN 

“learns” the complicated model relationship from examples of input and output patterns through 

modifying the connection weights to reduce the errors between the actual output values and the 

target output values. This is carried out by minimizing the defined error function (e.g., sum 

squared error) using the gradient descent approach. Validation of neural network performance is 

carried out by “testing” with a separate set of data that was never used in training process, to 

assess the generalization capability of the trained neural network model to produce the correct 

input-output mapping.  

Generalization is influenced by factors such as the size of the training data, how 

representative the data is of the problem to be considered, and the physical complexity of the 

problem. Finding the optimal BP architecture is also important. The BP algorithm has been 
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criticized for its computational inefficiency i.e. long process to determine the optimal network 

configuration since this is not known a priori. Too few hidden neurons may mean that the 

network is unable to model the nonlinear problem correctly. An excessive number of neurons 

will result in unnecessary arithmetic calculations and high computation cost and may cause a 

phenomenon called “overfitting”, in which the network learns insignificant aspects of the 

training set i.e. the intrinsic noise in the data. Determining the optimal number of hidden neurons 

is commonly carried out by a trial-and-error approach through repeatedly increasing the number 

of hidden neurons till no further improvement in the network performance is obtained. Aside 

from finding the optimal number of hidden neurons and the number of hidden layers, finding the 

optimal BP architecture is a difficult task that also involves determining the optimal transfer 

function and learning rate, as well as the maximum number of training cycles (epochs), all of 

which require considerable computational effort. Various self-pruning NN algorithms have also 

been proposed, for example initially starting with a network that is a purposely overfit model, 

and then trimming it down to the appropriate size. However, neural networks implemented with 

these algorithms are generally just as computationally intensive since retraining is required each 

time a hidden neuron or weighted connection is removed.  

As highlighted by Shahin et al. [2], ANN has been successfully applied to a number of 

geotechnical engineering problems including pile capacity, settlement of foundations, soil 

properties and behavior, liquefaction, site characterization, earth retaining structures, dams, 

blasting and mining, slope stability, geoenvironmental engineering, rock mechanics, tunneling 

and underground caverns. 

This paper explores the use of another promising procedure known as multivariate adaptive 

regression spline (MARS) [3] to model nonlinear and multidimensional relationships. As with 

neural networks, no prior knowledge of the form of the function is required in MARS. The main 

advantages of MARS are its capacity to find the complex data mapping in high-dimensional data 

and produce simple, easy-to-interpret models, and its ability to estimate the contributions of the 

input variables. Previous applications of MARS algorithm in civil engineering include modeling 

doweled pavement performance, predicting shaft resistance of piles in sand, estimating 

deformation of asphalt mixtures, analyzing shaking table tests of reinforced soil wall, and 

determining the undrained shear strength of clay [4-9]. In this paper, a number of examples are 



4 
 

presented to demonstrate the function approximating capacity of MARS and its efficiency in a 

noisy data environment. In addition, comparative performance of the predictions between BP and 

MARS were carried out for six practical examples in geotechnical engineering. 

 

2. Details of MARS 

MARS is a nonlinear and nonparametric regression method that models the nonlinear 

responses between the inputs and the output of a system by a series of piecewise linear segments 

(splines) of differing gradients. No specific assumption about the underlying functional 

relationship between the input variables and the output is required. The end points of the 

segments are called knots. A knot marks the end of one region of data and the beginning of 

another. The resulting piecewise curves (known as basis functions), give greater flexibility to the 

model, allowing for bends, thresholds, and other departures from linear functions.  

MARS generates basis functions by searching in a stepwise manner. An adaptive regression 

algorithm is used for selecting the knot locations. MARS models are constructed in a two-phase 

procedure. The forward phase adds functions and finds potential knots to improve the 

performance, resulting in an overfit model. The backward phase involves pruning the least 

effective terms. An open source code on MARS from Jekabsons [10] is used in carrying out the 

analyses presented in this paper.  

Let y be the target output and X = (X1, , XP) be a matrix of P input variables. Then it is 

assumed that the data are generated from an unknown “true” model. In case of a continuous 

response this would be 

y = f(X1, , XP) + e =  f(X) + e        (1) 

in which e is the distribution of the error. MARS approximates the function f by applying basis 

functions (BFs). BFs are splines (smooth polynomials), including piecewise linear and piecewise 

cubic functions. For simplicity, only the piecewise linear function is expressed. Piecewise linear 

functions are of the form max(0, )x t with a knot occurring at value t. The equation max(.)  

means that only the positive part of (.)  is used otherwise it is given a zero value. Formally, 
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The MARS model f(X), is constructed as a linear combination of BFs and their interactions, 

and is expressed as 
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where each ( )m X is a basis function. It can be a spline function, or the product of two or more 

spline functions already contained in the model (higher orders can be used when the data 

warrants it; for simplicity, at most second-order is assumed in this paper). The coefficients  are 

constants, estimated using the least-squares method. 

Fig. 1 shows a simple example of how MARS would use piecewise linear spline functions to 

attempt to fit data. The MARS mathematical equation is expressed as 

y = 4.4668 + 1.1038*BF1 – 3.997*BF2 + 1.967*BF3            (4) 

where BF1 = max(0, x – 16), BF2 = max(0, 16 – x) and BF3 = max(0, 25 – x). The knots are 

located at x = 16 and 25. They delimit three intervals where different linear relationships are 

identified. 

Fig. 1  

The MARS modeling is a data-driven process. To fit the model in Eq. (3), first a forward 

selection procedure is performed on the training data. A model is constructed with only the 

intercept, 0 , and the basis pair that produces the largest decrease in the training error is added. 

Considering a current model with M basis functions, the next pair is added to the model in the 

form  

^ ^

1 2( )max(0, ) ( )max(0, )M Mm j m jX X t X t X                  (5) 

with each   being estimated by the method of least squares. As a basis function is added to the 

model space, interactions between BFs that are already in the model are also considered. BFs are 
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added until the model reaches some maximum specified number of terms leading to a purposely 

overfit model.  

To reduce the number of terms, a backward deletion sequence follows. The aim of the 

backward deletion procedure is to find a close to optimal model by removing extraneous 

variables. The backward pass prunes the model by removing the basis functions with the lowest 

contribution to the model until it finds the best sub-model. Thus, the basis functions maintained 

in the final optimal model are selected from the set of all candidate basis functions, used in the 

forward selection step. Model subsets are compared using the less computationally expensive 

method of Generalized Cross-Validation (GCV). The GCV equation is a goodness of fit test that 

penalizes large numbers of BFs and serves to reduce the chance of overfitting. For the training 

data with N observations, GCV for a model is calculated as follows [11] 

2
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( 1) / 2
[1 ]

N

i ii
y f x

NGCV
M d M
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
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
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         (6) 

in which M is the number of BFs, d is the penalizing parameter, N is the number of observations, 

and ( )if x denotes the predicted values of the MARS model. The numerator is the mean squared 

error of the evaluated model in the training data, penalized by the denominator. The denominator 

accounts for the increasing variance in the case of increasing model complexity. Note that 

( 1) / 2M   is the number of hinge function knots. The GCV penalizes not only the number of the 

model’s basis functions but also the number of knots. A default value of 3 is assigned to 

penalizing parameter d [3]. At each deletion step a basis function is removed to minimize Eq. (3), 

until an adequately fitted model is found. MARS is an adaptive procedure because the selection 

of BFs and the variable knot locations are data-based and specific to the problem at hand.  

After the optimal MARS model is determined, by grouping together all the BFs that involve 

one variable and another grouping of BFs that involve pairwise interactions (and even higher 

level interactions when applicable), the procedure known as analysis of variance (ANOVA) 

decomposition [3] can be used to assess the contributions from the input variables and the BFs. 
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As mentioned previously, the BP algorithm has been criticized for its computational 

inefficiency i.e. long process to determine the optimal network configuration since this is not 

known a priori but has to be determined through a trial-and-error approach. MARS is 

computationally more efficient at finding the optimal model as it essentially builds flexible 

models by fitting linear regressions and approximates the model by segmenting separate slopes 

in distinct intervals of the input variables. The variables to use and the knot locations of the 

intervals for each variable are determined via a fast but intensive search procedure. The forward 

selection and backward deletion procedure also ensures that an optimal model can be found. 

 

3. LR_MARS 

Linear Regression is commonly used statistical method for predicting values of a dependent 

variable from observed values of a set of predictor variables. Logistic Regression (LR) is a 

variation of linear regression for situations where the dependent variable is not a continuous 

parameter but rather a binary event (e.g., yes / no, good / bad, 0 / 1). The value predicted by LR 

is the probability of an event, ranging from 0 to 1. LR is more appropriate than linear regression 

for assessing classification problems such as the seismic liquefaction potential example 

presented later as it allows for binary outputs where each individual liquefaction record is 

classified as liquefied or non-liquefied (0 for non-liquefied case while 1 for liquefied case). Eq. 

(1) is applicable for the case of a continuous response of a MARS model. For a binary response, 

assuming Pr is the estimated probability that an individual case is liquefied, then the LR_MARS 

model is 

1logit ( 1) ( , , )r PP y f X X                   (7)    

in which the distribution of the error  is an exponential. Further, Eq. (7) can be expressed as  
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The estimated liquefaction probability is  
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in which the  values are estimated using the least-squares method as in Eq. (3). 

 

4. Neural network analysis and performance measures 

In the six geotechnical examples analyzed using MARS in the next section, the same data 

were also analyzed using a Matlab-based back-propagation algorithm BPNN for comparative 

purposes. For simplicity, these BPNN models are assumed to have a single hidden layer. The 

optimal BPNN architecture is obtained through a trial and error procedure, by varying the 

number of hidden neurons and the transfer function type (logsigmoid, tansigmoid, or purelin). 

Table 1 shows the various performance measures used to compare the predictions of the two 

metahueristic methods. In addition the processing speed (CPU time) for both methods are also 

presented. 

Table 1 

For the final example (seismic liquefaction assessment) in which the dependent variable is not 

a continuous parameter but rather a binary event, a common measure of evaluating the 

performance of a pattern-classification model is to determine the success rate SR (the percentage 

of correctly classified cases). 

 

5. Analyses using MARS 

Nine examples are presented to illustrate the application and accuracy of MARS. Firstly, three 

examples consisting of fairly complicated mathematical functions (with single or two variables) 



9 
 

are presented to demonstrate the function approximating capacity of MARS. This is followed by 

an example to evaluate the MARS efficiency in analyzing a hypothetical nonlinear function in 

which noise (error) is introduced. The last six are practical geotechnical examples that highlight 

the capability of MARS in modeling nonlinear multivariate problems.  

5.1 Simple function approximation 

In this example, MARS was used to analyze two complicated nonlinear functions consisting 

of a single variable: 

0.6sin( ) 0.3sin(3 ) 0.1sin(5 )y x x x      ( 1 1)x           (11) 

10 ( 1) sin(12 )x xy e x (0 1)x          (12) 

Fig. 2a and b show the learning results of the above two functions obtained by MARS. The 

high coefficient of determination R
2
 value indicates that MARS is highly accurate in 

approximating these two functions. 

Fig. 2  

 

5.2 Two-dimensional approximation 

Fig. 3 shows a two-variable function (Eq. (13)), which has been widely used for model 

performance validation.  

1 2sin(0.83 )cos(1.25 )y x x 
    1 2( 1 , 1)x x             (13) 

Fig. 3  

To approximate this function, two MARS models with 45 BFs of linear and cubic spline 

functions respectively are used as shown in Fig. 4a and b.  R
2
 values of 0.9976 and 0.9991 show 

that MARS models with sufficient BFs can be used to approximate a two-dimensional function 

accurately.  

Fig. 4  
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5.3 Function approximation with noise 

A polynomial function y=3x
3 

with Gaussian noise  is used to verify the generalization 

capability and accuracy of MARS for the case of a rather large error variance (i.e., noisy data). 

The x is uniformly distributed between -1 and 1and  is normally distributed with mean value of 

0. Two cases were considered, one with a smaller error (variance of 0.25) and one with a larger 

error (variance of 1.0). In addition, two types of spline functions (linear spline functions and 

cubic spline functions with the maximum number of BFs set as 6) were used. Fig. 5 shows the 

scatter plots with the corresponding MARS regression curves of this example. Also displayed in 

the plot is the exact curve of y = 3x
3
. The plots show that the MARS approximation almost 

completely overlays the exact function, yielding a very good fit to the data, even in the case of a 

rather large error variance. 

Fig. 5  

 

5.4 HP-Pile drivability  

This HP-pile drivability example illustrates the use of MARS for analyzing a multivariate 

problem with a large data set. Jeon and Rahman [12] developed a BP model to predict pile 

drivability in terms of Maximum compressive stresses (MCS), Maximum tensile stresses (MTS), 

and Blow per foot (BPF). The database consisted of 4072 HP pile test results from 67 projects. 

Due to the large database and the variety of input variables, Joen and Rahman [12] divided the 

data into five categories based on the ultimate pile capacity Qu (Q1: 133.4-355.9; Q2: 360.0-

707.3; Q3: 707.4-1112.1; Q4: 1112.2-1774.8; Q5: 1774.9-3113.7; Unit: kN). For each group 

70% of the observations were randomly selected for training and the remaining for testing. It 

should be noted that the units for MCS and MTS have been converted to MPa from the original 

ksi units used in [12]. Seventeen variables including hammer, hammer cushion material, pile, 

soil parameters, ultimate pile capacities, and stroke were used as inputs to predict the three target 

outputs. A summary of the input variables and outputs is listed in Table 2. 

Table 2 
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This problem has been reanalyzed using MARS and BPNN (with single hidden layer and 

sigmoid transfer function). For brevity, only analyses for category Q1 type are considered in this 

paper. For the BPNN models, the optimum numbers of hidden neurons are 9, 8, and 7 for MCS, 

MTS and BPF, respectively. Table 3 lists the MARS models to predict MCS, MTS and BPF, 

using 42, 43 and 40 BFs, respectively.  

Table 3  

Fig. 6 through to Fig. 8 show the BPNN and MARS predictions for MCS, MTS and BPF for 

the training and testing data patterns. For both methods, high R
2
 are obtained. 

Fig. 6 

Fig. 7 

Fig. 8 

Comparisons of R
2
, MSE and MAE in Rows 4, 5 and 6 of Table 4 indicate that BPNN gives 

only marginally better predictions than MARS. For testing samples of MTS and BPF, the MARS 

model is more accurate than BPNN. Therefore, both MARS and BPNN can serve as reliable 

tools for the prediction of HP-Pile drivability. Table 5 displays the ANOVA decomposition of 

the developed MARS models for MCS, MTS and BPF respectively. The first column in Table 5 

lists the ANOVA function number. The second column gives an indication of the importance of 

the corresponding ANOVA function, by listing the GCV score for a model with all BFs 

corresponding to that particular ANOVA function removed.  This GCV score can be used to 

evaluate whether the ANOVA function is making an important contribution to the model, or 

whether it just marginally improves the global GCV score. The third column provides the 

standard deviation of this function. The fourth column gives the number of BFs comprising the 

ANOVA function. The last column gives the particular input variables associated with the 

ANOVA function. Fig. 9 gives the plots of the relative importance of the input variables for the 

three MARS models, which is evaluated by the increase in the GCV value caused by removing 

the considered variables from the developed MARS model. It can be observed that variable 17 

(Stroke) is the most important parameter in the MCS model, followed by variable 1(Hammer 

weight). Variable 6 (Helmet weight) and variable 8 (Penetration) are significantly important in 
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determining MTS. Variable 1 (Hammer weight) and variable 2 (Hammer energy) are the two 

most important parameters for estimating BPF. Apart from the ability to estimate the 

contributions of the input variables, another distinct advantage of MARS lies in its convergence 

speed. Rows 2, 3 and 4 of Table 6 list the CPU processing time using BPNN and MARS. The 

advantage of the processing speed of MARS is obvious. 

Table 4  

Table 5  

Fig. 9 

Table 6 

Table 7 lists the BFs of the MARS model for BPF and their corresponding equations. The 

interpretable MARS model to predict BPF is given by 

BPF = 7.469+0.177*BF1+0.059*BF2+0.268*BF3-0.103*BF4-0.554*BF5+1.024*BF6-3.306*BF7+2.165*BF8 

+0.042*BF9-0.032*BF10+0.012*BF11-0.007*BF12+0.376*BF13-0.002*BF14-0.027*BF15+16.685*BF16 

-41.224*BF17+0.376*BF18-1.247*BF19-1.935*BF20-0.0323*BF21+0.065*BF22-0.165*BF23-0.0004*BF24 

+0.001*BF25+0.0004*BF26+0.25*BF27-0.0001*BF28-0.0003*BF29-0.042*BF30+0.139*BF31-42.828*BF32 

+0.002*BF33-10.708*BF34+54.887*BF35+15.119*BF36-0.054*BF37+0.025*BF38+0.019*BF39+0.057*BF40     

(14) 

Table 7 

 

5.5 Prediction of surface settlement associated with tunneling operation 

Ground movements and surface settlements associated with tunnel operations are a major 

concern in the design of tunnels in urban areas as excessive movements can damage nearby 

building and utilities. Using instrumented data and data from the tunnel operational parameters 

and the geological parameters, various procedures including the use of empirical equations, 

simple equations based on the theory of elasticity or the numerical tools such as the finite 

element method are available for prediction of surface settlements. Using a total of 148 

instrumented sections of settlement data obtained from three separate mass rapid transit projects 
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in Singapore, Goh and Hefney [13] developed an ANN model to predict the tunnel settlement. 

This example has been reanalyzed using BPNN and MARS. A total of eight inputs that 

represented the tunnel geometry, geological conditions and the earth pressure balance (EPB) 

operation factors as shown in Table 8 were considered. A total of 115 observations of the 

settlement were randomly selected as the training data and the remaining 33 data samples were 

used for testing the validity of the developed neural network. The optimal BPNN model 

consisted of five hidden neurons.  

Table 8  

For the MARS model, the logarithmic values of parameters EP, E, GP and St were used as it 

was found that this substantially improved the MARS’s training process. The tunnel settlement 

analysis using MARS adopted 16 BFs of linear spline functions with second-order interaction. A 

plot of MARS and BPNN predicted St values versus the measured for the training and testing 

samples is shown in Fig. 10. A comparison between BPNN and MARS in Row 7 of Table 4 

indicates that MARS model is slightly more accurate than BPNN. Row 5 of Table 6 suggests that 

MARS outperforms BPNN in terms of processing speed. 

Fig. 10 

The ANOVA parameter relative importance assessment indicates that the two most important 

variables are MC (Mean moisture content) and EP (Earth pressure). For brevity, the ANOVA 

decomposition data has been omitted. Table 9 lists the BFs and their corresponding equations. It 

is noted from Table 9 that of the 16 BFs, 13 BFs with interaction terms are integrated in this 

model (excluding BF1, BF5 and BF10), indicating that the model is not simply additive and that 

interaction terms play a significantly important role. The interpretable MARS model is given by  

log(St) = 1.4764 – 4.0327*BF1 – 13.466*BF2 + 3.8852*BF3 + 0.7561*BF4 – 0.0619*BF5 – 0.3573*BF6 – 

12.328*BF7 – 2.9412*BF8 + 0.082*BF9 + 0.4218*BF10 – 1.7684*BF11 – 3.8127*BF12 – 88.602*BF13 + 

0.4682*BF14 – 0.0036*BF15 + 0.0256*BF16       (15) 

Table 9 

 

5.6 Prediction of collapse potential for compacted soils 
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Collapse, which is the additional deformation of compacted soils when wetted, is responsible 

for considerable damage to buildings, embankments and earth dams that rest on compacted fills. 

The influence of various parameters on the amount of collapse has been discussed by many 

investigators. Collapse potential is assessed through different methods, including simple 

empirical equations based on statistical regression, experimental procedures such as single and 

double oedometer tests and neural networks. After compiling a more comprehensive database 

consisting of 192 oedemeter tests and 138 similar data sets available in the literature, Habibagahi 

and Taherian [14] employed neural networks to predict the amount of collapse. Table 10 lists the 

ten inputs for neural network model to predict the collapse potential. 

Table 10 

Using the same training and testing datasets, this problem is reanalyzed by means of BPNN 

(three hidden neurons) and MARS. The MARS model adopted 19 BFs of linear spline functions 

with second-order interaction. A plot of the BPNN and MARS predicted collapse potential 

values versus the actual values for the training and testing patterns are shown in Fig. 11. 

Comparison between BPNN and MARS in Row 8 of Table 4 indicates that the MARS model is 

slightly more accurate. Row 6 of Table 6 suggests that MARS also outperforms BPNN in 

processing time. 

Fig. 11 

The ANOVA parameter relative importance assessment indicates that the two most significant 

variables are Pw (Pressure at wetting) and CU (Coefficient of uniformity). For brevity, the 

ANOVA decomposition data has been omitted. Table 11 lists the BFs and their corresponding 

equations. 16 of the total 19 BFs are interaction terms with second-order (excluding BF1, BF2 

and  BF3),  indicating  that  the  model  is  not  simply  additive  and  that  interaction terms  play  

a significantly important role. The interpretable MARS model is given by 

CP (%) = -0.2524 +0.7743*BF1 +0.2376*BF2 +0.2131*BF3 -0.1755*BF4 -0.057*BF5 -0.0184*BF6 +0.01*BF7 

+0.0032*BF8 +0.0206*BF9 +0.0343*BF10 -0.001*BF11 +0.0843*BF12 +0.0645*BF13 -0.4218*BF14 -

0.1665*BF15 +0.0007*BF16 +0.0019*BF17 -0.0026*BF18 -0.7086*BF19     (16) 

Table 11 
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5.7 Estimating the undrained side resistance for drilled shafts 

The determination of the side resistance of drilled shafts is essentially based on the total stress 

or alpha () method developed by Tomlinson [15], in which the side resistance or adhesion is 

related to the undrained shear strength su by an empirical coefficient denoted , the adhesion 

factor. Subsequently, Randolph and Murphy [16], Semple and Rigden [17], Kulhawy and 

Jackson [18], and Chen and Kulhawy [19] demonstrated that  is influenced by the mean 

effective overburden stress 'vm, su, the effective stress friction angle 


, etc. Goh et al. [20] 

analyzed the undrained side resistance database from Chen and Kulhawy [19] using a hybrid 

Bayesian neural network. Using the database of Goh et al [20], this problem has been reanalyzed 

using BPNN and MARS. The database was compiled from 127 field load tests on drilled shafts 

in a variety of cohesive soil profiles. The dataset was separated randomly into a training set of 85 

observations and a testing set of 42 observations. The BPNN structure consisted of two input 

neurons representing 'vm and su, five hidden neurons, and an output neuron representing . The 

MARS model adopted 10 BFs of linear spline functions with second-order interaction. A plot of 

the BPNN and MARS predicted  values versus the measured values for the training and testing 

patterns are shown in Fig. 12. The comparison between BPNN and MARS in Row 9 of Table 4 

indicates that the performance measures for the MARS and BPNN models are similar. Row 7 of 

Table 6 suggests that MARS outperforms BPNN in computational speed. 

Fig. 12  

The ANOVA parameter relative importance assessment indicates that su is more important 

than 'vm in determining . For brevity, the ANOVA decomposition has been omitted. Table 12 

lists the BFs and their corresponding equations. The interpretable MARS model is given by 

 = -0.6512 -14.103*BF1 +16.684*BF2 +14.095*BF3 -1259.6*BF4 -85.959*BF5 +77.076*BF6 +1.7772*BF7 -

31.175*BF8 -40.356*BF9 -3.063*BF10      (17) 

 

Table 12 
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5.8 Prediction of diaphragm wall deflections in soft clays  

For excavations in built-up urban areas with deep deposits of soft clays, it is essential to 

control ground movements to minimize damage to adjacent structures and facilities. Diaphragm 

walls are often used to minimize ground movements and damage to adjacent structures. The 

limiting wall deflection is typically taken to be a percentage of the excavation height. Many 

empirical methods (e.g., Mana and Clough [21]) have been proposed for estimating wall 

movements.  

Xuan [22] carried out extensive plane strain finite element analyses to examine the 

excavation-induced wall deflections for a deep deposit of soft clay supported by diaphragm walls 

and bracing. The cross-sectional soil and wall profile are shown in Fig. 13. The major parameters 

influencing excavation performance and the ranges of these parameters are shown in Table 13. 

Because of symmetry, only half of the cross-section was considered.  

Fig. 13 

Table 13 

Finite element analyses were carried out for a total of 1120 cases to determine the maximum 

diaphragm wall deflection. Of the 1120 cases, 840 observations were randomly chosen as the 

training patterns and the remaining as the testing patterns for the BPNN and MARS analyses. 

The BPNN structure consisted of seven input neurons, three hidden neurons and the output 

neuron representing the maximum wall deflection. The optimal MARS model consisted of 22 

BFs of linear spline functions with second-order interaction. A plot of the MARS and BPNN 

predicted wall deflection values versus the FEM calculated values for the training and testing 

patterns are shown in Fig. 14. The results in in Row 10 of Table 4 indicates that the BPNN gives 

slightly better predictions than MARS. However, Row 8 of Table 6 suggests that MARS 

outperforms BPNN in computational speed.  

The ANOVA parameter relative importance assessment indicates that the two variables which 

contribute most to the diaphragm wall deflection are h (Excavation depth) and B (Excavation 

width). For brevity, the ANOVA decomposition has been omitted. Table 14 lists the BFs and 
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their corresponding equations for the optimal MARS model. The interpretable MARS model is 

given by  

h0 = 165 - 50.889*BF1 + 66.598*BF2 - 0.1914*BF3 + 0.4956*BF4 - 10.324*BF5 + 19.135*BF6 - 326.34*BF7 + 

815.69*BF8 + 4.9881*BF9 - 6.1891*BF10 + 7.4897*BF11 - 7.0073*BF12 -13.712*BF13 + 24.131*BF14 + 

540.93*BF15 - 331.28*BF16 + 2.7716*BF17 - 4.5821*BF18 -1.1808*BF19 + 0.8612*BF20 + 0.5114*BF21 - 

1.5474*BF22     (18) 

Fig. 14 

Table 14 

 

5.9 Evaluating seismic liquefaction potential 

Simplified techniques based on an in-situ testing measurement index are commonly used to 

assess seismic liquefaction potential. Most of these simplified charts or equations rely on the 

analysis of liquefaction case histories. Statistical methods were commonly adopted to assign 

probabilities of liquefaction through various statistical classification and regression analyses [23-

26]. 

Based on the cone penetration test case records, Goh [27] adopted a Probabilistic neural 

network to evaluate seismic liquefaction potential. The case records represent 104 sites that 

liquefied and 66 sites that did not liquefy. These case records are reanalyzed using BPNN (six 

hidden neurons) and MARS based on Logistic Regression (LR_MARS). The inputs consisted of 

six neurons representing the earthquake magnitude M, the peak acceleration at the ground 

surface amax, total vertical stress σv, the effective stress σv, measured cone tip resistance qc, and 

the mean grain size D50. The data sets are divided into two parts: 114 are randomly selected for 

training and the remaining for testing. The training and testing results using BPNN are shown in 

Fig. 15. 

Fig. 15 

LR_MARS model adopted 6 BFs of linear spline functions with second-order interaction. The 

training and testing results are shown in Fig. 16. A comparison between BPNN and MARS in 
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Row 11 of Table 4 indicates that BPNN performs slightly better than MARS. The BPNN model 

has an overall success rate SR of 97.1%. The model accuracy in predicting liquefied cases is as 

high as 98.1%. The MARS model has an overall success rate of 90.6% and an accuracy of 95.2% 

in predicting liquefied cases. However, Row 9 of Table 6 suggests that MARS outperforms 

BPNN in computational speed and provides an easy to interpret model, which is shown in Table 

15. The ANOVA parameter relative importance comparison indicates that qc and M are the two 

most significant parameters in assessing liquefaction potential. For brevity, the ANOVA 

decomposition data has been omitted. 

Fig. 16 

Table 15 

 

6. Conclusions  

This paper demonstrates the viability of MARS to model nonlinear geotechnical engineering 

problems involving a multitude of variables, as an alternative to BPNN. The examples presented 

have demonstrated that in general the MARS and BPNN predictions are similar in terms of 

accuracy and generalization, even in a rather noisy environment. As mentioned previously, the 

BP algorithm has been criticized for its computational inefficiency i.e. long process to determine 

the optimal network configuration such as the number of hidden neurons since this is not known 

a priori but has to be determined through a trial-and-error approach. MARS is computationally 

more efficient at finding the optimal model as it essentially builds flexible models using linear 

regression and approximates the model by segmenting separate slopes in distinct intervals of the 

input variables. The variables to use and the knot locations of the intervals for each variable are 

determined via a fast but intensive search procedure. The forward selection and backward 

deletion procedure also ensures that an optimal model can be found. In addition, the resulting 

MARS model can be easily interpreted. Since MARS explicitly defines the intervals (boundaries) 

for the input variables, the model enables engineers to have an insight and understanding of 

where significant changes in the data may happen. Additionally, MARS is able to assess the 

relative importance of each variable through the ANOVA decomposition process. 
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y is the mean of the target values of ( )iy ; 
( )( )if x is model predictions; n denotes the number of data points in the 

training or testing set. 

Table 1 Calculation of error measures. 
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Table 2 Summary of HP-pile input variables and outputs. 
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Table 3 MARS models to predict MCS, MTS and BPF. 
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Table 4 Modeling accuracy comparison between BPNN and MARS. 
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Table 5 ANOVA decomposition of MARS models. 
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(using a PC with 3.0 GHz Intel Core2Quad Q9650 processor, 4GB RAM) 

Table 6 Processing time comparison between BPNN and MARS (Units: s). 
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Table 7 Basis functions and corresponding equations of MARS model for BPF prediction. 
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Table 8 Summary of tunnel settlement input variables and output.



31 
 

 

 

 

Table 9 Basis functions and corresponding equations of MARS model for settlement prediction. 
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Table 10 Summary of collapse potential input variables and output. 
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Table 11 Basis functions and corresponding equations of MARS model for CP prediction. 
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Table 12 Basis functions and corresponding equations of MARS model for  prediction. 
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Table 13 Summary of parameters influencing diaphragm wall excavation performance. 
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Table 14 Basis functions and corresponding equations of MARS model for diaphragm wall 

deflection prediction. 
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Table 15 Basis functions and corresponding equations of MARS model for seismic liquefaction 

potential assessment 
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Fig. 1. Knots and linear splines for a simple MARS example. 
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Fig. 2. Curve fitting using MARS: (a) sine function; (b) exponential function 
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Fig. 3. A two-variable function for surface fitting. 
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Fig. 4. Surface fitting using MARS: a) using BFs of linear spline; b) using BFs of cubic spline. 
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Fig. 5. MARS approximations: a) large error variance of 2
 = 1; b) small error variance of 2

 = 

0.25. 
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Fig. 6. Comparison of MCS using MARS and BPNN: a) training; b) testing. 
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Fig. 7. Comparison of MTS using MARS and BPNN: a) training; b) testing. 
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Fig. 8. Comparison of BPF using MARS and BPNN: a) training; b) testing. 
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Fig. 9. Relative importance of the input variables selected in the MARS models: a) MCS; b) 

MTS; and c) BPF. 
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Fig. 10. Comparison of measured and predicted St. 
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Fig. 11. Performance of MARS model for CP: a) training; b) testing. 
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Fig. 12. Performance of MARS model for : a) training; b) testing. 
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Fig. 13. Cross-sectional soil and wall profile (figure from Xuan [17]). 
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Fig. 14. Performance of MARS model for diaphragm wall deflection: a) training; b) testing. 
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Fig. 15. Performance of BPNN model for estimating seismic liquefaction potential: a) training; b) 

testing. 
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Fig. 16. Performance of MARS model for estimating seismic liquefaction potential: a) training; b) 

testing. 

 


