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Abstract

Reverse mathematics is a program of determining which axioms are required to
prove theorems of mathematics. This thesis is devoted to the study of reverse
mathematics in lattice theory, where several theorems and existence of objects of
countable lattices are established from a reverse mathematics point of view. We
will mainly focus on the following three subsystems: RCAy, WKLy and ACA,.

In Chapter 2, we first introduce three kinds of ideals in lattices: prime ideals,
maximal ideals, relatively maximal ideals, respectively, and then we will investigate
the logical strength of the existence of these ideals.

Theorem (RCAg) Every countable lattice (L, <,V, A,0,1) contains a max-
imal ideal.

Theorem (RCAy) Every countable distributive lattice (L, <,V, A, 0,1) con-
tains a prime ideal.

We also study the relations among these ideals over RCA,.

Theorem (RCAg) For a countable lattice (L, <,V,A,0,1),

(1) Every maximal ideal is relatively maximal, but not conversely.

(2) Every prime ideal, if it exists, is relatively maximal, but not conversely.

Theorem (RCAy) For a countable distributive lattice (L, <,V,A,0,1), an
ideal of L is prime if and only if it is relatively maximal.

It is well-known that a lattice L is distributive if and only if neither M3 nor
N5 can be embedded into L. It is also known that L is distributive if and only if

every relatively maximal ideal in L is prime. We will prove in Chapter 2 that both
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statements can be proved in RCA,.

In mathematics, a representation theorem states that every abstract structure
with certain properties is isomorphic to another structure, which is easy to under-
stand. Because distributivity always holds for the set operations U and N, it gave
a motivation to construct isomorphisms between distributive lattices and certain
spaces of sets. The first such representation theorem is Stone’s Representation
Theorem, which states that every Boolean algebra is isomorphic to a certain field
of sets. For distributive lattices, we have Birkhoft’s Representation Theorem (for
finite distributive lattices) and Priestley’s Representation Theorem (for all bounded

distributive lattices).

In Chapter 2, we will show that Birkhoff’s Representation Theorem can be
proved over RCA,.

In the proof of Stone’s Representation Theorem (also in Priestley’s Representa-

tion Theorem), the following separation property plays a central role.

Lemma Let L be a distributive lattice, and a,b € L with a A b. Then
there exists a prime ideal I such that a ¢ [ and b € I.

In Chapter 3, we will show that the separation property above (for countable
distributive lattices) can be proved within WKLg. Actually, we will prove a strong

version.

Theorem [3.2.1 WKL) For a countable distributive lattice (L, <,V, A,0,1), I an
ideal, F' a filter of L with I N F = (), there exists a prime ideal P containing I but
disjoint from F'.

This strong version is denoted by DPI. For general lattices, DPI is not guar-
anteed, and we can have a similar separation property, denoted by RMI, by using
relatively maximal ideals. We will show in Chapter 4 that RMI can be proved
over ACA,.

Theorem (ACAy) In a countable lattice (L, <,V, A,0,1), for an ideal I and
a filter F' of L, if INF = (), there exists an ideal M which is maximal among those

ideals containing [ but disjoint from F'.
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In the proof of Birkhoft’s Representation Theorem, the most important compo-
nent is J (L), the set of join-irreducible elements. In Chapter 4, we will prove that
for a countable lattice L, the existence of J (L) is equivalent to ACAg over RCA,
(Theorem |4.4.1]).

As a branch of order theory, domain theory studies directed complete partially
ordered sets and domains, which formalize the intuitive ideas of approximation
and convergence in a general way. In this area, Rudin’s Lemma, a pure result of
partially ordered sets, provides many applications in the study of quasi-continuous
domains. In Chapter 5, we study Rudin’s Lemma from a reverse mathematics point
of view.

Theorem The following are equivalent over RCAj:
(1) ACAy;

(2) Rudin’s Lemma: Given a countable poset (X,<), and F = (F; : i € N) a
C-directed family of nonempty finite subsets of X, there exists a <-directed

subset D C UE that meets all F;.
ieN
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Chapter 1

Introduction

1.1 Background

The reverse mathematics in partially ordered sets has been studied in the last few
years, in [14], [22], etc. Frittaion and Marcone studied scattered partial orders and
partial orders satisfying finite antichain condition from a reverse mathematics point
of view, and Lempp and Mummert explored the problem of constructing maximal
filters on countable partially ordered sets. Brodhead, Khan, Kjos-Hanssen, Lampe,
Nguyen and Shore [2] proved that the completeness of computable lattices are IT;-
complete. This thesis is a follow-up of this existing work, and we will focus on
the reverse mathematics of theorems in lattice theory, including the existence of

various ideals, separation properties and some basics of domain theory.

1.2 Reverse Mathematics

Second-order arithmetic, introduced by Hilbert and Bernays in [I§] in the 1920’s, is
a collection of axiomatic systems that formalize the natural numbers and their sub-
sets, allowing quantification over natural numbers and sets of natural numbers as
well. Their purpose was to find a logic for analysis. In his PhD thesis [I1], Fried-
man started to consider subsystems of second-order arithmetic, aiming to prove

the necessary use of strong set-theoretic assumptions for ordinary mathematics.

1



2 CHAPTER 1. INTRODUCTION

Friedman presented his program of reverse mathematics in the ICM talk in 1974
(published in [12]), and this program has been further developed by Friedman,
Simpson and many other mathematicians. Nowadays, reverse mathematics is an
active field of research in logic. Two good references for reverse mathematics are

Simpson’s book [29] and Hirschfeldt’s monograph [19].

The main question of reverse mathematics is: Which set existence axioms are

needed to prove the theorems of ordinary, non-set-theoretic mathematics?

Here, ordinary mathematics means that it is independent of the introduction of
abstract set-theoretic concepts, such as calculus, differential equations, real anal-
ysis, countable algebra, the topology of complete separable metric spaces, math-
ematical logic, and so on. The point is that in ordinary mathematics, sets are
restricted to be countable-based (for example, the real line is uncountable, but it
is a separable metric space), and the reason for this restriction is that set existence
axioms needed for uncountable, set-theoretic mathematics are likely to be much

stronger than those which are needed for ordinary mathematics.

In reverse mathematics, we work with subsystems of second-order arithmetic.
Given a theorem ~, we want to find the weakest system S that suffices to prove ~,
which means that S can prove vy and ~ can also prove all axioms of S over a weaker
system Sy. We will then say that ~ is equivalent to S over Sy, and S is exactly the

weakest system to prove theorem .

Over the past decades, theorems from different topics have been studied in
reverse mathematics, and many of them happen to be equivalent to one of the
five main subsystems, i.e., RCAy, WKLg, ACA,, ATR and II}-CAg, over RCAy,
where each subsystem contains basic axioms, induction axioms and some specific

comprehension scheme. The following definitions are from Simpson’s book [29)].

Definition 1.2.1. The azioms of second-order arithmetic consist of the universal
closures of the following Lo-formulas (L is the language of second-order arith-

metic):
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(1) Basic azioms:
n+1#0,
m+1l=n+1-—=m=n,
m-+0=m,
m+(n+1)=m+n)+1,
m-0=0,
m-(n+1)=(m-n)+m,
—-m < 0,

m<n+l+—(m<nV m=n).

(2) Induction axiom:
0eXAVn (neX =>n+1eX))—=Vn (neX).
(8) Comprehension scheme:
AX Vn (ne X & ¢(n)),

where p(n) is any formula of Ly in which X does not occur freely.
(4) By second-order arithmetic, denoted as Z,, we mean the formal system in the
language Lo which are deducible from those axioms by means of the usual logical

axioms and rules of inference.

By a subsystem of Z,, we mean a formal system in the language Lo, each of
whose axioms is a theorem of Z,. In this thesis, we will be mainly focused on three

subsystems: RCAy, WKLy and ACA,.

Definition 1.2.2. (1) The system RCAy consists of the basic azioms, together with

schemes of X9 induction and AY comprehension, i.e.,
Vn(p(n) < ¥(n)) = IXVn(n € X + ¢(n)),
where ¢(n) is any X formula, ¥ (n) is any 1Y formula.

(2) The system WKLy consists of RCAy and weak Koénig’s lemma: Every infinite

subtree of 2<% has an infinite path.
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(3) The system ACAq consists of the basic axioms and the induction axiom, to-
gether with arithmetic comprehension, i.e., p(n) is an arithmetic formula in

the comprehension scheme.

Proposition 1.2.3. RCAy proves bounded 3V comprehension:
VnaXVi(i € X < i<n & ¢(i)),
where ¢(1) is any XV formula in which X does not occur freely.

The following two theorems provide useful equivalences of ACAy and WKLy,
respectively. When we try to show the reversal parts, we often show that one of

the equivalences can be proved.

Proposition 1.2.4. The following are equivalent over RCAy :
(1) WKLy : Every infinite subtree of 2<% has an infinite path;

(2) If f,g : N — N are one-to-one functions with Vm¥nf(m) # g(n), then there
exists a set X C N such that

Vn(f(n) € X & g(n) ¢ X).

Proposition 1.2.5. The following are equivalent over RCAy :
(1) ACAy;
(2) For every one-to-one function f : N — N, there exists a set X C N such that

Vn(n € X <= dIm(f(m)=n));

(3) Konig lemma: Every infinite, finitely branching tree T C w<“ has an infinite
path.
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1.3 Reverse mathematics in partially ordered sets

In this section, we give a brief review of results of existing work of reverse mathe-
matics related to this thesis.

Definition 1.3.1. A partially ordered set (poset for short) consists of a set P with

a binary relation < such that the system (P, <) satisfies the following axioms:
(1) reflexivity: (Vx € P)(z < ),
(2) anti-symmetricity: (Vz,y € P)((x K y) AN (y 2 ) >z =1y),
(3) transitivity: (Vz,y,z € P)((x 2 y) A (y 2 2) = x < 2).
We denote x <y if xt <y but x # y.
For a poset (P, <), let T A denote the set {x € P : Ja € A (x = a)} and call
it the upward closure of A. A is called an upper set if A =TA. Note that 1A is

the smallest upper set containing A. Lower sets are defined dually. In his thesis,

Mummert proved that the existence of upward closure requires ACAg.
Theorem 1.3.2. (Mummert [25]) The following are equivalent over RCAy:
(1) ACAy;

(2) Every subset of a countable poset has an upward closure.

We call a poset (P, <) scattered if (Q, <), i.e., the set of rational numbers with
the standard order, doesn’t embed into (P, <). The following connection is due to

Bonnet.

Theorem 1.3.3. (Bonnet [1]) If P is an infinite, scattered poset with no infinite

antichains, then the set of lower sets of P has the same cardinality as P.

The converse of above result may not hold in general. Frittaion and Marcone

[14] proved that the converse holds when P is countable.

Theorem 1.3.4. A countable poset is scattered and has no infinite antichain if

and only if it has countably many lower sets.
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Frittaion and Marcone considered individual implications in this theorem and

show that:
Theorem 1.3.5. (Frittaion and Marcone [1])])
(1) (RCAy) Every countable poset with countably many lower sets is scattered.

(2) (WKLy) Every countable poset with countably many lower sets has no infinite

antichains.

(3) The statement in (2) cannot be proved within RCA,.

A question left open from [I4] is whether the statement in (2) is equivalent to

WKLO over RCAO .

Theorem 1.3.6. (Frittaion and Marcone [1])]) The following are equivalent over
ACAO

(]) ATRO;

(2) Every countable scattered poset with no infinite antichain has countably many

lower sets.

Compared with upper sets, filters of posets have more structure. F', a nontrivial
subset of a poset (P, <), is a filter if F' is an upper set, and for every two elements
a,b in F', there exists an element ¢ € F such that ¢ < a,b. Ideals are defined
dually. We call a filter maximal if it is not contained in a strictly larger filter. The
reverse mathematics of the existence of maximal filters in posets was studied by

Lempp and Mummert:

Theorem 1.3.7. (Lempp and Mummert [2Z]) The following are equivalent over
RCAO

(1) ACA,;

(2) Every countable poset has a maximal filter.
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The extension of filters is more complicated than the existence. Mummert shows

that “any filter in a poset can be extended to a maximal filter” is equivalent to

IT}-CAg over RCA:

Theorem 1.3.8. (Mummert [25]) The following are equivalent over RCA:
(1) 11}-CAy;

(2) Every filter of a countable poset extends to a maximal filter.

A subset A C P is an antichain if elements in A are pairwise incomparable. A
subset S C P is a strong antichain if elements in S are pairwise incompatible in
P, i.e., any two elements of S have no common upper bound in P. Antichains and

strong antichains of posets have a close relationship to ideals.

Theorem 1.3.9. (1) (Bonnet [1]) A poset has no infinite antichains if and only

if every lower set is a finite union of ideals.

(2) (Erdés and Tarski [9]) A poset has no infinite strong antichains if and only if

it 18 a finite union of ideals.
Frittaion considered the logical strength of them correspondingly in [14].

Theorem 1.3.10. (RCAy) If a countable poset is a finite union of ideals, then it

has no infinite strong antichains.
Theorem 1.3.11. The following are equivalent over RCAy:
(1) ACA(),'

(2) If a countable poset has no infinite antichain, then every lower set is a finite

union of ideals;

(8) If a countable poset has no infinite strong antichain, then it is a finite union

of ideals.

Frittaion also proved that over WKLy, if every lower set of a countable poset is
a finite union of ideals, then it has no infinite antichains. A question left open is

whether it is equivalent to WKL over RCA,.
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For posets, Frittaion and Marcone [14] considered the reverse mathematics of
the following separation property, an analogue of a property in distributive lattices

in our consideration.
Theorem 1.3.12. The following are equivalent over RCAy:
(1) WKLy;

(2) Let A, B be subsets of a countable poset P such that for any x € A, y € B,
y £ x. Then there exists a lower set I of P such that AC I and BNI =1,

1.4 Ideals in commutative rings

In this section, we will review some well-known results of the existence of various
ideals in countable commutative rings from a reverse mathematics point of view. In
this thesis,we will study the reverse mathematics of the existence of various ideals
in countable lattices. While statements in these two areas are similar to each other,
the reverse mathematics considered is quite different.

Friedman, Simpson and Smith considered in [I3] the reverse mathematics of the

existence of prime ideals and of maximal ideals.

Theorem 1.4.1. The following are equivalent over RCAy:

(1) WKLy;

(2) Every countable commutative ring with identity contains a prime ideal.
Theorem 1.4.2. The following are equivalent over RCAy:

(1) ACAy;

(2) Every countable commutative ring with identity contains a mazximal ideal.

We know that a field is a commutative ring with only two ideals, the zero ideal
and the field itself. Conversely, if a commutative ring R is not a field, then R has
a nontrivial ideal. Downey, Lempp and Mileti proved in [§] that the existence of

nontrivial proper ideals is equivalent to WKLg over RCA,.
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Theorem 1.4.3. (Downey, Lempp and Mileti [§]) The following are equivalent
over RCAy:

(1) WKLy;

2) Every countable commutative ring which isn’t a field contains a nontrivial
Y g

proper ideal.

This theorem says that for some computable commutative rings, it is impossi-
ble to construct a nontrival proper ideal effectively. Now, consider the following
example. Let a be a nonzero and nonunit element, then I = (a) is a principal ideal
which is nontrival and proper, and b € I <= Jr € R (r-a = b). Though this ideal
is very simple, and is generated by one element, we still need X9-comprehension to

obtain the existence.

Theorem 1.4.4. (Downey, Lempp and Mileti [§]) The following are equivalent
over RCAy:

(]) ACA(),'

(2) Every countable commutative ring which isn’t a field contains a nontrivial

proper principal ideal;

(8) Every countable commutative ring which isn’t a field contains a nontrivial

proper finitely generated ideal;

In a commutative ring, there are several ways to define maximal ideals. When

we define a maximal ideal M of R over RCAy, we will use the following definition:
Misanideal & Vr((re R&r¢ M) —3s(se M &r-s—1€ M)).

RCA( can prove the equivalence between this definition and R/M is a field.

1.5 Lattice Theory

Lattice theory has been studied in many mathematical subdisciplines. It is an

outgrowth of the study of Boolean algebras, and provides a framework for unifying
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the study of classes of ordered sets in mathematics. It can be characterized as

partially ordered structure or algebraic structure theory.

From an order theory point of view, a lattice is a partially ordered set (L, <)
such that any two elements of L have a least upper bound and a greatest lower
bound with respect to <. It means that for every two elements a, b in L, there exist
two elements ¢ and d in L such that: (1) ¢ < a,b; (2) a,b < d; (3) Vo € L((a,b =
z)=d=<1x); (4) Yr € L((a,b = z) = ¢ > x). We use a Vb and a A b to denote
the least upper bound and the greatest lower bound of a and b, respectively, and
we call them the join and the meet of a,b correspondingly. A bounded lattice is a

lattice with a greatest element 1 and a least element 0.

From an abstract algebra point of view, a lattice is an algebraic structure
(L,V, ) where V and A are two binary operations satisfying commutative laws, as-
sociative laws and absorption laws, i.e., for all a,bin L, aV(aAb) = a, aA(aVb) = a.
A bounded lattice is a lattice with 0, the identity element for V, and 1, the identity

element for A.

The two definitions above are equivalent. The order-theoretic definition of a
lattice (L, <) gives rise to two binary operations V and A satisfying the three laws
above, which makes (L, V, A) into a lattice in the algebraic sense. Conversely, given
an algebraic structure (L, V,A), we can define a partial order < on L by setting
that for all a,b € L, a b < aVb=b < aAb=a, and the relation <
introduced defines a partial order such that the original operations V and A are

exactly the meet and join w.r.t. <.

In this thesis, we use the order-theoretic definition of lattice (L, =) and we
assume that the join and meet operations are given. Also when we say a count-
able lattice, we always mean a countable bounded lattice (L, =<,V,A,0,1). This

approach is used in Brodhead, Khan, Kjos-Hanssen, Lampe, Nguyen and Shore’s

paper [2].
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1.5.1 Complete Lattices

A lattice (L,=,V,A,0,1) is complete if for each subset S C L, S has a least
upper bound and a greatest lower bound, i.e., there exist two elements ¢,d € L
such that: (1) Vz € S (¢ 2 x 2 d); (2) (Va € L)(Vx € S(x = a) = d =< a);
(3) (Va € L)(Vx € S(x = a) = ¢ = a). We use AS and \/ S to denote the
greatest lower bound and the least upper bound of S, respectively. Complete
lattices must be bounded since \/ L and /\ L are the greatest element and least
element, respectively.

Brodhead, Khan, Kjos-Hanssen, Lampe, Nguyen and Shore proved in [2] that

it is IT}-hard to verify whether a computable lattice is complete or not.

Theorem 1.5.1. (Brodhead, Khan, Kjos-Hanssen, Lampe, Nguyen and Shore [2])

The set of indices of computable lattices that are complete is 11} -complete.

Sato and Yamazaki [27] gives the strength of the statement “every complete

semilattice is a complete lattice”.

Theorem 1.5.2. (Sato and Yamazaki [27]) The following are equivalent over
RCAO

(1) ACAy;

(2) For a countable lattice L, if it is a complete join semilattice, i.e., for any subset

S of L, \| S euxists, then L is a complete lattice;

(8) For a countable lattice L, if it is a complete meet semilattice i.e., for any subset

S of L, \'S exists, then L is a complete lattice;

In the proof of the direction from (1) to (2), we really need that the lattice L is
bounded. For a given subset S C L, we will construct S’ ={z € L:Vy € S (z <
y)} by arithmetical comprehension, and argue that \/ S’ = A S. But here we need
L to contain the least element 0 to ensure that S’ is nonempty.

In their proof, Sato and Yamazaki introduced the technical notion of a-true

stage, which helps to handle the reversal part of a given statement about lattices
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to ACA,. Sato and Yamazaki also obtain the strength of the Knaster-Tarski fixed

point theorem and its converse:

Theorem 1.5.3. (Sato and Yamazaki [27]) (RCAy) Let L be a countable complete
lattice. If F: L — L is order-preserving, then F' has a fixed point. Furthermore,

all fixed points of F' form a countable complete lattice.

Theorem 1.5.4. (Sato and Yamazaki [27]) The following are equivalent over
RCAO

(1) AOA(),'

(2) If L is a countable lattice such that every order-preserving mapping F': L — L
has a fized point, then L is complete.

In Chapter 4, we will consider the connection between complete lattices and the
ascending chain condition (ACC for short).
Theorem (ACAy) If a countable lattice (L, <, V, A, 0, 1) satisfies ACC, then

for every subset S of L, \/ S exists. Furthermore, L is a complete lattice.

1.5.2 Notions in Lattices

Recall that a nontrivial subset F' of a poset (P, <) is a filter if F' is an upper set,
and for every two elements a,b in F, there exists a common lower bound of a,b
in F. If we apply this definition to a lattice (L,=,V,A,0,1), then the existence
of a common lower bound of a,b in F is equivalent to a A b € F because F'is an
upper set. Hence in a lattice (L, <, V,A,0,1), a nontrivial subset F'is a filter if F'
is an upper set and it is closed under meet, i.e., for all a,b in F', a A b is also in
F. Similarly, in a lattice (L, <,V, A,0,1), a nontrivial subset [ is an ideal if [ is a
lower set and it is closed under join, i.e., for all a,bin I, a V b is also in [.

Now, we recall some basic notions of lattices, which will be used in the remainder

of the introduction.

Definition 1.5.5. Let (L, =,V, A,0,1) be a countable lattice and S be a nonempty
subset of L. S is a sublattice of L, if for all a,b in S, aV b and a ANb are also in S.
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Definition 1.5.6. Let (L, =<,V,A,0,1) be a countable lattice and I be a ideal of L.

(1) I is a prime ideal in L, if for all a,b in L, aNb€ [ =a €l orbe I

(2) I is a mazimal ideal in L, if for alla in L,a ¢ I =3Fbel (aVb=1).

Definition 1.5.7. Let (L, <,V,A,0,1) be a countable lattice and S be a sublattice
of L. Call an ideal I relatively mazximal with respect to S, if (i) INS =0 and (ii)
VaeL(a¢l=3bel3ceS (aVbrc)).

Note that if I is a relatively maximal ideal w.r.t. S, then there is no ideal
properly containing / and disjoint from S. We call an ideal I relatively maximal

if there is some sublattice S such that [ is relatively maximal w.r.t. S.

Definition 1.5.8. Let (P, =<p) and (Q,=<q) be countable posets. A mapping ¢ :
P — Q is an order-isomorphism, if
(1) ¢ is an order-embedding: for all z,y in P, x <py <= ¢(z) <0 ¢(v);
(2) ¢ maps P onto Q.

Obviously, an order-isomorphism is one-to-one.
Definition 1.5.9. Let (L, jL, Vi, N\L, OL, 1L) and (K, jK, Vi, \K, OK, 1[() be count-
able lattices. A mapping n: L — K is a lattice embedding if

(1) nis a lattice homomorphism: for allz,y in L, n(xVry) = n(x)Vk n(y) and n(zAr
y) = n(@) Ak n(y);
(2) n is one-to-one: for all x,y in L, x # y = n(x) # n(y).

It is easy to see that if n : L — K is a lattice embedding, then n(L) is a
sublattice of K.

Definition 1.5.10. Let (L, <1,V,Ar,0r, 1) and (K, <k, VK, Ak, 0k, 1) be count-
able lattices. A mapping n: L — K is a lattice isomorphism, if (i) n is a lattice

homomorphism; (ii) n is a bijection.
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Figure 1.1: Mj; Figure 1.2: Nj

The notions of order-isomorphisms and lattice isomorphisms will be used in the

representation theorems.

1.5.3 Distributive Lattices

A lattice (L, =<,V,A,0,1) is distributive if for all a,b,c € L, a AN (bV ) = (a A
b) V (a A ¢). The distributive law above can be replaced by the dual version: for
all a,b,c € L,aV (bAc) = (aVDb)A(aVc). Dedekind [7] and Birkhoff [3] gave a

sufficient and necessary condition for a lattice to be distributive.

Dedekind-Birkhoff Theorem : A lattice L is distributive if and only if neither
Mj; (see Figure nor Nj (see Figure can be embedded into L.

In Chapter 2, we will prove the Dedekind-Birkhoff theorem for countable lattices
within RCA,.

For a lattice L, a € L is join-irreducible if a # 0 and a = bV ¢ implies a = b
or a = c. We use J(L) to denote the set of all join-irreducible elements of L, and
O(J (L)) to denote the set of all lower sets of J (L) with respect to the order C.

Since the intersection and the union of sets satisfy the distributive law, with
regard to the partial order C, we can try to obtain isomorphic copies of distributive

lattices by using sets, which is the main theme of representation theorems.

Birkhoff’s representation theorem. Let L be a finite distributive lattice. Then
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the map

is a lattice isomorphism.

The theorem says that finite distributive lattices mimic finite lower set lattices,
where each lower set consists of join-irreducible elements. So for finite distributive
lattices, J (L) is “big” enough to reflect the structure of L.

In the proof of Birkhoff’s Representation Theorem, the following lemma about

separation properties plays a critical role.

Lemma 1.5.11. Let L be a finite lattice. Suppose that a,b € L with a £ b, then
there exists an x € J (L) such that x < a and x A b.

The lemma says that for any two distinct elements a and b, we can use a join-
irreducible element to separate them to ensure that n(a) # n(b). We call such a
property “separation”. In fact, this separation property is exactly what we need to
guarantee that there are enough join-irreducible elements to make 1 an embedding.

Join-irreducible elements served well as building blocks for finite distributive

lattices. But for an infinite distributive lattice L, J(L) may be empty (see the
following example), and we need an alternative if we are to try the same thing for
infinite distributive lattices.
Example: Let L = 2<¢ U {e}, i.e., the binary strings with a least element e.
Define the order < such that o < g if § C «, then the least element ¢ is the meet
of any two incompatible strings, which guarantees (L, <) to be a lattice. Since
each element (except ¢) is a join of its successors, i.e., « = a~0V a1, it is not
join-irreducible.

For representations for infinite distributive lattices, two natural questions arise:
Question 1: Which alternatives shall we take to replace join-irreducible elements?

Question 2: Is there a similar property of “separation” for these alternatives?
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Note that if x is a join-irreducible element, then I = L\ fx = {y € L : z £ y}
is a prime ideal of L. Thus for a,b € L with a £ b, we can separate a from b by
a prime ideal. It gives the motivation to replace the join-irreducible elements by
prime ideals, leading to Priestley’s Representation Theorem.

For a countable lattice L, let Z,(L) be the set of all prime ideals of L. For an
ordered topological space (X;=,7), we use O7(X) to denote the set of all clopen

lower subsets of (X; =<, 7).

Priestley’s Representation Theorem. Let L be a bounded distributive lattice.
Then the map
n:L— O'(Z,(L))

ar— {IeT(L):a¢l}

is a lattice isomorphism. Here, the order < on Z,(L) is set-inclusion, i.e., I =<
J <= [ C Jforl,J € Z,(L), and the topology 7 on Z,(L) is generated by the
topological subbasis {n(b) : b € L} U{Z,(L)\n(c) : ¢ € L}.

So Question 1 is solved by using prime ideals to replace join-irreducible elements.

Question 2 is solved by the following lemma.

Lemma 1.5.12. For a distributive lattice L, if a,b € L with a £ b, then there
exists a prime ideal I such that a ¢ I and b € I.

Again, this separation property is what we need to ensure that L has enough
prime ideals for 1 to be an embedding.

In Chapter 2, we will show that RCAj is strong enough to prove Lemma [1.5.11
and Birkhoff’s Representation Theorem. In Chapter 3, we will show that WKL,
can prove Lemma for countable lattices.

1.5.4 Boolean Algebras

For representations, we mention here a classic representation theorem, due to Stone,

for Boolean algebras. In a bounded lattice, two elements x and y are complements
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of each other if ztVy = 1 and x Ay = 0. A boolean algebra is a bounded distributive
complemented lattice. Note that distributivity ensures that the complement of each
element is unique.

In 1936, Stone [30] gave a representation theorem for Boolean algebras, providing
a connection between Boolean algebras and topological spaces, now called Stone
spaces. Stone’s Representation Theorem is the first representation theorem which
gave a duality between topological spaces and partially ordered sets.

Let Z,(B) be the space of all prime ideals of B. For a topological space (X;7),
we denote P7(X) as the set of all clopen subsets of (X;7).

Stone’s Representation Theorem. Let B be a Boolean algebra. Then the map
n:B— P (I,(B))
ar—{l€Z,(B):a¢ I}
is a Boolean algebra isomorphism. Here, the topology 7 on Z,(B) is generated by
the topological basis {n(a) : a € B}.

Again, Lemma plays a central role in the proof of Stone’s Representation
Theorem. In Chapter 3, we will study a strong version of Lemma [1.5.12| and show
that WKL can prove it.

Theorem [3.2.1 WKL) For a countable distributive lattice (L, <, V, A,0,1), I an
ideal, I a filter of L with I N F = (), there exists a prime ideal P containing I but
disjoint from F.

This strong version is denoted as DPI, which says that in distributive lattices,
we can always separate an ideal and a filter, if they are disjoint, by a prime ideal.
Such a prime ideal separation property is only true for distributive lattices, since in
general, lattices may not have prime ideals. Instead, we will use relatively maximal
ideals for such a separation, denoted as RMI, and in Chapter 4, we will show that
RMI can be proved over ACA,.

Theorem (ACAy) In a countable lattice (L, <,V, A, 0, 1), for an ideal I and
a filter F of L, if INF = (), then there exists an ideal M which is maximal among

those ideals containing I but disjoint from F'.
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1.5.5 Domain Theory

In this subsection, we introduce some basic notions of decpo and domains, which

will be the main topic in Chapter 5.

Definition 1.5.13. Let (P, <) be a countable poset. A subset D of P is directed if
for any x,y in D, there exists z € D such that x,y X z.

Note that a poset is a directed complete partial order, dcpo for short, if the join
of each directed subset exists.

Sato and Yamazaki [27] studied some fixed point theorems for countable dcpos
from a reverse mathematics point of view. The following theorems about fixed

points can be proved over RCA:

(1) (Tarski-Kantorovitch fixed point theorem) Let P be a countable dcpo and
F : P — P be a continuous mapping on P. Then the set of all fixed points of
I is a dcpo.

(2) (Bourbaki-Witt fixed point theorem) Let P be a countable decpo and F' : P — P

be an inflationary mapping on P. Then F' has a maximal fixed point.

(3) (Abian-Brown fixed point theorem) Let P be a countable dcpo and F': P — P

be an order-preserving mapping on P. Then F' has a maximal fixed point.

Theorem 1.5.14. (Sato and Yamazaki [27]) The following are equivalent over
RCAO

(1) ACAq;

(2) If P is a countable poset such that every order-preserving mapping F : P — P
has a least fized point, then P is a dcpo.

In R, the real space, with the standard Euclidean order <, we can approximate
each real by some elements from Q, which is a countable subset of R. It gives us
an idea of seeking approximations of elements in a poset by using “much simpler”

elements. This leads to the class of continuous posets.
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Definition 1.5.15. Let (P, <) be a countable poset. Say that x is way-below vy,
x Ly, if for all directed subsets D C P for which \| D exists and y = \/ D, there

is an element d € D with x < d.

A poset L is called continuous if every element can be obtained as the join of a
directed set of elements that are way-below this element.

A dcpo which is continuous as a poset will be called a domain. [I5] provides
a good reference for domain theory. The basic idea of domains was proposed
independently by Scott (domains) in paper [28] and Ershov ( fo-spaces) in paper [10]
around the 1970’s. Scott’s domains are used to investigate denotational semantics
of lambda calculus, while the basic idea of Ershov’s fy-spaces is to generalize the
notion of approximation by finite objects. In the development of domain theory,
various topologies on partially ordered sets are studied , such as the Alexandrov
topology, the Scott topology, and the Lawson topology, etc. In search of a suitable
complete lattice on which the Lawson topology is exactly Hausdorft, Gierz, Lawson
and Stralka introduced quasicontinuous domains in [16].

As pointed out in Mummert’s thesis [25], there has been little work to determine
which set existence axioms are required to prove theorems of domain theory. In
this thesis, in Chapter 5, we study Rudin’s Lemma, a crucial lemma in the de-
velopment of quasicontinuous domains, from a reverse mathematics point of view.
Here, quasicontinuous domains generalized domains with many good properties of
domains remaining valid, such like the interpolation property, the soberness of its
Scott topology. We will not introduce these properties here, as our focus will be

on the Rudin’s Lemma.

Definition 1.5.16. Let (X, <) be a countable poset. For A, B C X, define AC B
if 1B C TA. The relation T on the power set of X is called the Smyth preorder.

Theorem The following are equivalent over RCAg:

(1) ACA;
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(2) Rudin’s Lemma: Given a countable poset (X,=), and F = (F; : i € N) a
C-directed family of nonempty finite subsets of X, there exists a <-directed
subset D C UE that meets all F;.

ieN

Rudin’s Lemma is a fundamental tool to prove that the way-below relation is
interpolative, which makes the Scott topology and Lawson topology well defined
on the quasicontinuous domains. We also consider a variant of Rudin’s Lemma,
and prove that it is equivalent to ACA,.
Theorem [5.4.1] The following are equivalent over RCAy:

(1) ACA,;

(2) Given a countable poset (X, =), and F = (F; : i € N) a C-directed family
of disjoint nonempty finite subsets of X, then there exists a <-directed subset

E C UE such that each E'N F; is a singleton.
ieEN



Chapter 2

Basic properties provable within

RCA,

2.1 Introduction

In this chapter, we will consider properties of lattices provable within RCAy. For
posets, Lempp and Mummert proved in [22] that the “existence of maximal filters”
is equivalent to ACA( over RCA(, and Mummert proved in his PhD thesis [25]
that “every filter can be extended to a maximal filter” is equivalent to IT}-CA,
over RCAq. For lattices, we have two additional operations, meet and join, which
help a lot in the constructions of objects wanted. In Section 2.2, we first show that
for a countable lattice, RCA, is strong enough to prove the existence of maximal
ideals. We will also consider the relations among prime ideals, maximal ideals and
relatively maximal ideals in lattices, and show that RCAy can prove that prime
ideals and maximal ideals are both relatively maximal, but the converse is not
necessarily true.

In Section 2.3, we will show that RCA can prove that prime ideals and relatively
maximal ideals coincide for distributive lattices. In fact, “relatively maximal ideals
are prime” is a necessary and sufficient condition for lattices to be distributive, and

we will prove that RCAq can prove this.

21
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In Section 2.3, we also prove that over RCA, every countable distributive lattice
contains a prime ideal.

In Section 2.4, we prove Birkhoff’s Representation Theorem over RCAy. Birkhoff’s
Representation Theorem gives a one-to-one correspondence between the class of fi-
nite distributive lattices and the class of finite posets, providing a powerful tool for

the study of finite distributive lattices.

Birkhoff’s Representation Theorem: (1) For a finite distributive lattice (L, <,
V, A, 0,1), the mapping
n:L— O(J(L))

defined by
na)={xe J(L):z=a}

is a lattice isomorphism.

(2) For a finite poset (P, <), the mapping
v: P — J(O(P))

defined by
v(a)={reP:x<a}

is an order isomorphism.

Recall that O(J (L)) denotes the set of all lower sets of J(L), (O(J(L)),C,
0, T(L),U,N) is a finite distributive lattice.

The two theorems above show that if we start from a finite distributive lattice
L, then O(J(L)) is isomorphic to L, and if we start from a finite poset P, then
J(O(P)) is isomorphic to P.

2.2 Ideals in lattices

We first list some basic properties of lattices which can be proved over RCAj

directly:
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Proposition 2.2.1. (RCAy) Let (L, <,V,A,0,1) be a countable lattice, then for

all a,b,c € L we have:
(1) a=b < aVb=b < aAb=a;
(2) avb=bVaandaNb=>bAa;
(3) (avVb)Ve=aV(bVc);
(4) (aANb)Ne=aA (bAc);
(5) aN(bVe)=(anb)V(aAc);
(6) aVv (bAc)=(aVb)A(aVc);
(7) Va,b,c € L)jan(bVec)=(anb)V (aAc)
<~ (Va,b,ce L)[aV (bAc)=(aVb)A(aVc).
Remark 2.2.2. Combining the proposition (5) and (7), we have that L is nondis-
tributive if and only if there exist a,b,c € L such that a N (bV¢) = (aANb)V (aAc).

The following lemma is about the ideal closure of sets, which will be used in
the remainder of this section. Here, in a countable lattice (L, <,V,A,0,1), for a
nonempty subset A of L, {z € L: Jag,a1, -+ ,a, € A (x XagVa; V---Va,)},is
called the ideal closure of A, denoted as CI1(A).

Lemma 2.2.3. (RCAy) Let A be a nonempty subset of a countable lattice (L, =
,V,A,0,1) and suppose that CI(A) exists. Then CI(A) is the smallest ideal that

contains A.

Proof. First we show that CI(A) is an ideal of L. (1) Suppose = € CI(A) and
y 3 x. Thenz <agVa;V---Va,, for some ag,ay,--- ,a, € A, and hence y < r <
agVayV---Vay, y e Cl(A). (2) Suppose x,y € Cl(A), then x < agVaV---Vay,
for some ag, ai, -+ ,a, € A, and y < byV by V---Vb,, for some by, by, -, b, € A.
Then zVy <ayVarV---Va,VbyVb V- Vb, and zVy € CI(A).

Now we show that CI(A) is the smallest ideal containing A. For x € CI(A),
x = agVaV---Va,, for some ay,a,---,a, € A. So, for any ideal I DO A, as

ag,ai, - ,a, are alsoin I, agVa, V---Va, € I, z € I. Hence Cl(A) C I. O
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Remark 2.2.4. If A= {ag,a1, - ,a,} is a finite subset of L, then
CllA)={xeL:x=2aVarV---Va,}.

So CIl(A) exists by X5-comprehension and hence the existence of Cl(A) can be

proved in RCAq . In this case, CI(A) is a principal ideal, i.e., CI(A) =}(\/ A).

Theorem implies that for a countable poset, the existence of maximal ideals
is equivalent to ACAy over RCAy. We will prove that for a countable lattice, the

existence of maximal ideals only requires RCAy.

Theorem 2.2.5. (RCAq) Every countable lattice (L, <,V,A,0,1) contains a maz-

imal ideal.

Proof. Say that a finite subset X C L is “good” if 1 # \/ X. Since X is finite, say
X ={z1,29, -+ ,2p}, VX =21 V22 V-- -V, which can be computed over RCA,.
Define f : N — N as follows:

f(n) = 1 if {m:m <nand f(m)=1}U{n} is good,

0 otherwise.

Then M = {n € N: f(n) = 1} is a maximal ideal of L. O

Now, we consider relations among maximal ideals, relatively maximal ideals and

prime ideals in lattices, and also the logical strength of implications involved.

Theorem 2.2.6. (RCAy) For a countable lattice (L,=<,V,A,0,1),
(1) Every mazximal ideal is relatively maximal, but not conversely.
(2) Every prime ideal, if it exists, is relatively mazimal, but not conversely.

Proof. 1f I is a maximal ideal of L, then I is a relatively maximal ideal w.r.t. to
{1}. If I is a prime ideal of L, then F' = L\ I is a filter of L (and hence a sublattice)

because

(1) Fora € Fand a < b, b € F, as otherwise, b € L\ ' = I, and hence a € I, a

contradiction.
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1
ay
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1 I
Figure 2.1: {0, a0} is relatively maximal -
ideal w.r.t. {a1,1}, but not maximal Figure 2.2: {0,a0} is relatively maximal

ideal w.r.t. {a1,1}, but not prime

(2) Fora,b € F,aAb¢ F, as otherwise, aAb € L\ F = I. Since [ is prime, either

a € I of b € I, a contradiction.

Thus, [ is a relatively maximal ideal w.r.t. F.

In Figure 2.1] the ideal {0, ao} is relatively maximal (w.r.t. {as,1}), but {0, ao}
is not maximal. Note that the lattice in Figure 2.1]is distributive. In Figure [2.2]
the ideal {0, ap} is relatively maximal (w.r.t. {a;,1}), but {0, a0} is not prime.

]

2.3 Distributive lattices

For distributivity, a classic theorem is the Dedekind-Birkhoff Theorem, which says
that a lattice L is distributive if and only if L contains no copy of M3 or N;s. A
close check of the proof of this theorem shows that it can be proved in RCA,.

Theorem 2.3.1. (RCAq) A countable lattice (L, =<,V,A,0,1) is distributive if and
only if neither M3 nor Ny can be embedded into L.

Proof. The following standard proof can be conducted within RCAy. Suppose that
L contains a copy of Mg, like the one in Figure [2.3] then

vA(uvVe)=vAg=v#p=pVp=(vAu)V(vAe).
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q q
v
U e e
U
p p
Figure 2.3: M3 Figure 2.4: N5

Suppose that L contains a copy of Nj, like the one in Figure [2.4] we have
vA(uVe)=vAqg=vF#u=uVp=(vAu)V(vAe).

Thus, L isn’t distributive in both cases.
For the other direction, suppose that L is nondistributive, we have the following

two cases:

Case 1: L is modular. That is, for all a,b,c € L, if a > ¢, then
aN(bVe)=(anb)Ve.
Since L is nondistributive, by Remark [2.2.2] there are a,b, ¢ € L such that
(@anb)V(aNc)<aNn(bVec).
We construct {p, ¢, u,v,e} from a,b, ¢ by letting

aANb)V(aNc)V(bAc),
A

)
aVbA(aVe)N(Vc),
)

p=(
q=(
u=(aNq)Vp,
v=(bAgq)Vp,
e=(cNq)Vp.

Claim: {p,q,u,v, e} forms a copy of M3 in L as shown in Figure
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In order to prove the claim, we only need to check that this subset has the
correct joins and meets, and p # ¢ (p < ¢ is trivial). We will repeatedly apply the

modular law, and for each application, we underline the two elements involved.

In exactly the same way, we can show that u Ae = p and v A e = p. Similar
calculations give usuVv=uVe=vVe=q.

Again since

anNg=aA (bVec),

aANp=aA((anb)V(aNc)V (DAC))

=((anb)V(aAc)V(an(bAc))

=(aNb)V(aAc),
and by the assumption a A (bV ¢) = (a Ab) V (a Ac), we have a A g > a Ap, and
S0 p # ¢

Case 2: L is nonmodular. Then there exist a,b,c¢ € L such that a > ¢ and

aN(bVc)#(anb) Ve and hence a A (bVe) = (aNb) Ve
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We construct a copy of Ns, {p,q,u,v,e} from a,b,c, as follows:
p=aAlb, qg=>bVec, e =",

u=(aANb)Ve, v=aA(bVec).

By the assumption that © < v, we only need to check v Ve = uVe = ¢ and

vAe=uNe=p. First, v Ve =uVe=q because
g=bVc=uVe=xvVexbVeVb=bVc=q.
Similarly, v Ae =u A e = p since
p=aAb=alhe=(aNe)Ae=uNe=vAe=alNe=aNb=np.
O]

We have seen in Theorem that maximal ideals are all relatively maximal,
and the converse is not true, even for distributive lattices (the lattice in Figure
is distributive). The next theorem says that, for distributive lattices, prime ideals

and relatively maximal ideals coincide.

Theorem 2.3.2. (RCAq) For a countable distributive lattice (L, <,V,A,0,1), an

ideal of L is prime if and only if it is relatively maximal.

Proof. Theorem [2.2.6| already shows that prime ideals are all relatively maximal.
So we only need to show that for distributive lattices, every relatively maximal
ideal is prime.

Let L be a countable distributive lattice, and for a contradiction, suppose that
R C L is a relatively maximal ideal w.r.t. a sublattice S of L and that R is not
prime. Then there exist two elements a,b in L such that a Ab € R but a,b ¢ R.

Since R is relatively maximal w.r.t. S, there exist r1,79 € R, s1, 59 € S such that
s13rmVa=<r;VraVa and 8y <raVb=<1r VryVb.

Thus,
S1ASe X (riVraVa)A(riVraVb) =rVraV(aAb).
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We have the last equality by the distributivity of L. This shows that s; Ass € R
because R is an ideal and both r; Vry and a A b are in R. Note that s; A s; is also
in S because S is a sublattice. This contradicts the assumption that RN .S = (.

Hence R is prime. O

Thus, the following well-known relation between maximal ideals and prime ideals

for distributive lattices can be proved in RCA,.

Corollary 2.3.3. (RCAy) In countable distributive lattices, maximal ideals are

prime, and there are prime ideals which aren’t mazimal.

Proof. From Theorem [2.3.2] the prime ideals and relatively maximal ideals in dis-
tributive lattices are exactly the same. The lattice in the counterexample in The-
orem [2.2.6(1) (Figure is also distributive, hence the prime ideal is not maxi-
mal. O

Now, we can get the existence of prime ideals for distributive lattices over RCA,.

Theorem 2.3.4. (RCAy) Every countable distributive lattice (L, =<,V,A,0,1) con-

tains a prime ideal.

Proof. By Theorem [2.2.5] there exists a maximal ideal M of L. By Corollary [2.3.3]
M is a prime ideal. O

Theorem [2.3.2 says that if L is a distributive lattice, then every relatively max-

imal ideal is prime. In fact, the converse is also true.

Theorem 2.3.5. (RCAg) For a countable lattice (L, <,V, A, 0, 1), if every relatively

maximal ideal s prime, then L is distributive.

Proof. Assume that L is non-distributive, then by Theorem [2.3.1] we have that L
contains a copy of Mz or Nj.

We show how to obtain a contradiction from the assumption that L contains a
copy of Ny (the one in Figure . The argument for the case that L contains a

copy of Mj is the same as the one for Ns.
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Let {xg, 1, %2, -} be an enumeration of the members of L with xq = u. We
will construct a relatively maximal ideal containing u but not v.

Let X() = {.Z‘()}, i.e., X() = {U},

XUz} ifo A V(X U{ze}),

X, otherwise.

Xn+1 -

Let I = J,, Xy, and I exists over RCA( because z,, € I <= x, € X,,. From
the construction, we see that \/ X,, / v for all n.

Claim: [ is a relatively maximal ideal with respect to the sublattice {v}.
e [ is an ideal of L.

Suppose that z, € I, i.e., x, € X,,, and x,, = x,, we will show that z,, € I.

(1) If n < m, then as x,, < @, T, 2V Xn 2V Xno1, VI Xo1 U{zn}) =
VX1 By v 2V X1, v 2 V(Xm1 U{zn}). So Xo = X1 U{an}, zm € 1

(2) If n > m, then by z,, < x, and X,, 1 C X,,, V(Xp_1 U{zn}) =V X,. By
v AV X, v A V(X1 U{zn}), and hence X, = X, U{zn}, 2m € 1.

Suppose that z,,x,, € [ with n <m, ie., z,,z, € X,,. Let x,, = x, V x,,, we
will show that x; € 1.

(1) If & > m, then z = x,, Vx, 2V Xy XV Xio1, and \/(Xp—1 U {x}) =
V Xj-1. By v £/ Xi_1, and hence v A \/(Xy—1 U {ax}), 21 € X, xp € 1.

(2) If k < m, then by z,, z,, € X,,, and 2 = 2., V 2, V(Xp1 U{z1}) <V Xon
Again since v A \/ X, v 2 V(Xp—1 U {zx}), and hence xy, € Xy, zy, € I

e It is obvious that w € I but v ¢ 1.
e [ is relatively maximal respect to {v}.

Otherwise, there exists @y, ¢ I, such that for all z,, € I, 2 V z,, # v. Since I is
an ideal and X1 C I, \/ Xj—1 € I and hence (\/ Xj—1) V @, %/ v, which implies

that x, € X, C I, a contradiction.
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Thus, by our assumption, I is prime. By vAe=p € l,v € loreec . As
v & I, eec I. Therefore, ¢ = uVe € [. This implies that v € [ as v < ¢, a

contradiction. O

Theorem 2.3.6. (RCAy) A countable lattice L is distributive if and only if every

relatively maximal ideal in L is prime.

Proof. Directly from Theorem [2.3.5 and Theorem [2.3.2] O

2.4 Birkhoff’s Representation Theorem

In this section, we will show that Birkhoff’s Representation Theorem can be proved
over RCAy. Say that a poset (P, <) satisfies the ascending chain condition, ACC
for short, if for any ascending chain of elements xy < z; < --- < x, 2 --- in P,
it eventually stabilizes. In other words, there exists an Ny € N such that for all
n > Ny, ©, = xn,- The descending chain condition, DCC' for short, is defined

dually. For ACC', RCAq can prove the following equivalent statement.

Lemma 2.4.1. (RCAq) A countable poset (P, <) satisfies ACC' if and only if every

non-empty subset A of P has a mazximal element.

Proof. We first assume that P satisfies ACC. Given a nonempty subset A of P,
let A= {ap,a1, -+ ,ay,, - }. Here, for i # j, a; and a; can be equal to each other,

so the case “A is finite” is included. Define f : N — N as follows:

f(0) =0,
n + 17 if QA f(n) = An1;

fln+1) =
f(n), otherwise.

Let X = {ay) : ¢ € N}. X exists, by ¥f-comprehension, because
a, € X <= In<i(a, =0a; & (n=f(n))).

Since P satisfies ACC, for the ascending chain afqy = afq) = -+ X app) =X -,

there exists an Ny € N such that for all n > Ny, asm) = afnng). Thus apay) is a

maximal element of A.
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Now for the other direction, we assume that every non-empty subset of P has
a maximal element. Given any ascending sequence of elements zg < z; < --- <
Tp X Tpy1 = --- in P, by assumption, it contains a maximal element xy,. This
gives that for all n > Ny, x,, = xy,.

]

Dually, we can prove that within RCAy, a countable poset (P, =) satisfies DC'C
if and only if every nonempty subset A of P has a minimal element.
Before giving a proof of Birkhoft’s Representation Theorem, we show that RCA,

can prove some properties about join-irreducible elements and join-dense sets.

Lemma 2.4.2. (RCAy) If a countable lattice (L, =<,V,A,0,1) satisfies DCC, then
for any a,b € L with a A b, there exists x € J(L) such that x < a and x A b.

Proof. Let a A b, and let S = {z € L : * < a and = A b}. S exists by X9-
comprehension, and .S is nonempty because a € S. Since L satisfies DCC, by the
dual version of Lemma there exists a minimal element x of S.

We claim that x is join-irreducible. Suppose that z = ¢Vd with ¢ < x and d < .
By the minimality of x, neither ¢ nor disin S. Hencec < band d < b, x = c¢Vd < b,

contradicting the assumption that x € S. Thus z is join-irreducible. O

For a countable lattice L, a subset S of L is join-dense if for every element
x € L, there there exists a subset A of S such that x = \/ A. We will show that
RCAy can prove that J(L) is join-dense for any finite lattice L. Actually, RCAy
can prove that for a countable lattice L satisfying DCC' | if J (L) exists, then it is

join-dense.

Theorem 2.4.3. (RCAy) If a countable lattice (L, =<,V, A\, 0, 1) satisfies DCC" and
J (L) exists, then J (L) is join-dense in L.

Proof. 1t’s sufficient to prove a = \/{z € J(L) : ¢ < a} foralla € L. Fixa € L,
let A={r e J(L): z =< a}. A exists by X)-comprehension, because we have

assumed that J (L) exists. Clearly, a is an upper bound of A.
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Let b be another upper bound of A. We claim that a < b. Otherwise, a £ b,
then, by Lemma [2.4.2] there exists an z € J(L) with # < @ and z A b. Hence
x € A. But b is an upper bound of A, so x < b, a contradiction. Thus we have
a = b. This shows that a is the least upper bound of A.

Thus, RCA, proves that J(L) is join-dense in L. O

If L is finite, then J (L) exists over RCA,. So when we prove Birkhoff’s Repre-
sentation Theorem, finite distributive lattices are considered, and hence over RCA
we can show that J (L) exists and J(L) is join-dense in L.

In Chapter 4, we will prove that if L is a countable lattice, then the existence
of J(L) is equivalent to ACAy over RCA,.

For distributive lattices, there is an equivalent statement to verify whether an

element is join-irreducible or not.

Lemma 2.4.4. (RCAg) Let (L, <,V,A,0,1) be a countable distributive lattice. For
all x € L with x # 0, the following are equivalent:

(1) z is join-irreducible;
(2) if a,b € L and x < aV b, then x < a orx <b.

Proof. We will reason within RCAy. First we show (1) = (2). Let = be join-
irreducible and * < aV b, thenx =x A (aVb) = (xAa)V (zAD). Thusz =z Aa

or x A b, and hence x < a or x < b.
For (2) = (1), suppose that £ = a Vb, then by x <a Vb, z < a or z < b. Since
r=aVb>=ab xr=aorx=0b. O
Now we prove Birkhoft’s Representation Theorem in RCA,.
Theorem 2.4.5. (RCAq) For a finite distributive lattice (L, =,V,A,0,1), the map-

ping
n:L— O(J(L))

defined by
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18 a lattice isomorphism.

Proof. As L is finite, RCA can prove the existence of J (L), O(J (L)) and n. Since

finite unions and finite intersections of lower sets are still lower sets, (O(J (L)), C,

U,N, 0, (L)) is a finite distributive lattice. It is clear that n(a) € O(J(L)). We

will show that 7 is a lattice isomorphism.

(1)

n is lattice homomorphism, i.e., for all a,b € L, n(a VvV b) = n(a)Jn(b) and
n(a A b) = n(a)(n(b). Suppose that x € n(a VvV b), then z is join-irreducible
and z < aVb. So by Lemmaf2.4.4) x < a or x < b, and = € n(a) Jn(b). Thus,
n(a Vv b) C n(a)Jn(b). Conversely, suppose that x € n(a)|Jn(b). Then x is
join-irreducible and < a or x < b, and hence x < a V b. Thus, = € n(a V b).
Therefore, n(a)|Jn(b) € n(a Vv b). This shows that n(a V b) = n(a)Jn(b).
n(a Ab) =n(a) (n(b) can be proved in the same way.

n is one-to-one. Let a,b € L with n(a) = n(b). As L a is finite lattice, RCAq
proves that L satisfies DC'C and J (L) exists. By Theorem [2.4.3] a = \/n(a) =
\/ n(b) = b. So n is one-to-one.

n is onto. First note that ) = n(0). Let § # F € O(J(L)) and suppose that
F ={ap,a1,--- ,ar}. Let a =agVay V---Vag We claim that F' = n(a). As
all elements in F are join-irreducible, F' C n(a), by the definition of n(a). On
the other hand, for z € n(a), as « is join-irreducible and © < agVa, V- --V ay,
by Lemma [2.4.4] x < a; for some 0 < i < k. Because F' is downwards closed,

xz € F. Thus F' = n(a) and 7 is onto.

Thus RCAq proves that 7 is an isomorphism.

Theorem 2.4.6. (RCAy) For a finite poset (P, <), the mapping

v: P — J(O(P))

defined by

Y(a)={reP:x<a}
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is an order isomorphism. Here J(O(P)) = (J(O(P)),C) is a finite poset.

Proof. We first show that v(a) € J(O(P)), i.e., ¥(a) is a join-irreducible element
of O(P). Suppose that y(a) =U UV for U,V € O(P). Since a € y(a),a € UUV.
Without loss of generality, suppose that a € U. As U is a lower set, v(a) C U. By
v(a) =U UV DU, we have y(a) = U. This shows that v(a) € J(O(P)).

For order-embedding, a < b <= ~(a) C (b) is obvious. So it’s sufficient
to show that v is onto. Let U € J(O(P)), since P is finite, U is also finite.
Let U = {agp,a1,--- ,ar}. Then U C 7y(ag) U~v(a;) U---U~vy(ag). Since U is join-
irreducible in O(P) and O(P) = (O(P), C, 0, P,N,U) is a finite distributive lattice,
we have that U C v(a;) for some 0 < i < k, by Lemma . As a; € U and U is
a lower set, v(a;) C U. Therefore, U = 7(a;). This shows that 7 is onto.

This shows that Theorem [2.4.6| can be proved in RCA,. O
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Chapter 3

DPI and WKL

3.1 Introduction

In the proofs of Stone’s Representation Theorem and Priestley’s Representation
Theorem, the separation property (Theorem plays a critical role. This theo-
rem says that we can use a prime ideal to separate two distinct elements, making
the mapping involved to be one-to-one. This theorem has a strong version (The-
orem , saying that given an ideal I and a filter F', if they are disjoint, then
they can be separated by a prime ideal. Davey and Priestley [6] denote it as DPI,
we will prove it over WKL in Section 3.2.

Theorem says that RCAy is strong enough to prove the existence of prime
ideals of distributive lattices. In this chapter, we will also prove that over WKL,

every proper ideal can be extended to a prime ideal of distributive lattices.

3.2 DPI and WKL,

In this section, we show that WKL, can prove a separation property, DPI.

Theorem 3.2.1. (WKLy) For a countable distributive lattice (L, =<,V,A\,0,1),
an ideal, F a filter of L with I N F = (), there ewists a prime ideal P containing I
but disjoint from F.

37
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Proof. Let {ag, a1, as,- -} be an enumeration of L. We assume that ag = 0,a; = 1.

Let T' C 2<% be the set of all strings o € 2<% such that:
e a; € [ implies o(i) = 1;
e q; € F implies o(1) = 0;
e For all i, 7,k < lh(0),
(1)if o(i) = 0(j) =1 and a; V a; = ay, then o(k) = 1;
(2)if o(i) =1 and a; < a;, then o(j) = 1;
(3)if o(i) = o(j) = 0 and a; A a; = ay, then o(k) = 0.

Clearly, T is a tree and T exists by X)-comprehension. In order to show that T

is infinite, we need the following binary subtree S C 2<.
We define a sequence of finite sets X, C L for each s € 2<“  beginning with
Xy = {0}. Suppose that X, has been defined. Let

h(s) =4~ (i, j),m) + k, 0< k<4,
where (-, -) denotes the pairing function.

Case 1: k= 0. If a; N a; € X;, then put X, = X, U {a;}, Xoo1 = X5 U{a;};
otherwise put X, = X, X~ = 0.

Case 2: k=1. Put X, =0. If a; € X, a; € X, then put X,~; = X U{a; Va;};
otherwise, put X ,~; = X;.

Case 3 k = 2. Put X, = 0. If a; € X5, a; < a;, then put X~ = XU {a;};
otherwise, put X ,~; = X;.

Case 4: k=3. Put X, =0. f X,NF #0, i.e., Ja € X, (a € F), which is a 39-
sentence (as X, is finite), then put X,~; = 0; otherwise, put X,~; = Xj.

Let S = {s € 2=¥ : X, # (}. Clearly, S is a tree and S exists by 39-

comprehension. We claim that for each n € N, there exists an s € S with (h(s) = n
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such that CI(X,) N F = (). Since X, is finite and F is a filter, the claim can be

written as: For n € N, ¢(n), where
o(n) :=3s €S (lh(s) =n and \/XS ¢ F).

Here, we prove o(n) by X)-induction on n. ¢(0) is trivial. Suppose that o(n)
is true for n. If n = 1,2, or 3 mod 4, then ¢(n + 1) follows immediately. If
n = 0 mod 4, then there exists s € S such that [h(s) =n and \/ X ¢ F. We only
need to consider the case a; A a; € X, e, X = X U{a;}, Xoo1 = X5 U {a;}.

Claim: \| Xg~g ¢ F or \| X~y ¢ F.

Otherwise, we have (\/ X;)Va; =V Xy € Fand (V X;5)Va; =V X, € F.
By a; Aa; € X and F is filter, \/ X; = (\V X;5) V (a; A aj) € F (by distributivity),
a contradiction.

Hence \/ X, ¢ F or \/ X1 ¢ F, and so ¢(n + 1) is true.

“Vn € N p(n)” implies that S is infinite. By WKLy, S has an infinite path, g
say. Now, coming back to T, we will show that 7' is infinite.

For m € N, let V,, = {i < m : 3In (a; € X,n)}. Y, exists by bounded X{-

comprehension. Define v € 2<“ such that [h(y) = m and for all i < m,

, 1 ifi ey,
v(i) = ,
0 otherwise.

Then v € T. This proves that T is infinite. Hence, by WKLj again, there exists
an infinite path f of T. Let P = {a; : f(i) = 1}. P is the desired prime ideal. [

In DPI, by letting F' = {1}, the proper ideal I can be extended to the prime
ideal P, which implies the prime ideal extension theorem immediately.

Corollary 3.2.2. (WKLy) Every proper ideal on a countable distributive lattice

extends to a prime ideal.

The next theorem, a direct corollary of Theorem [3.2.1} plays a central role in the

proofs of Stone’s Representation Theorem and Priestley’s Representation Theorem.
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Theorem 3.2.3. (WKLy) Let (L,=,V,A,0,1) be a countable distributive lattice.
Suppose a,b € L and a £ b, then there exists a prime ideal P such that a ¢ P and
beP.

Proof. Let I =|b and F =ta. I and F exist by 39 comprehension. Since a £ b,
INF = (. By Theorem we can have a prime ideal P containing I avoiding
F (hence a ¢ P and b € P) and this can be done within WKLj. O

The question of whether DPI implies WKL, over RCA( remains open.



Chapter 4

RMI and ACA,

4.1 Introduction

In this chapter, we study the properties of lattices within ACAy. From the last
chapter, we know that for distributive lattices, we can always separate an ideal and
a filter by a prime ideal, if they are disjoint. In general, prime ideals may not exist
for some lattice, e.g., M3. So, we cannot prove the same result for general lattices.
Instead, we will use relatively maximal ideals, as a substitute for prime ideals, to
establish the separation. This separation is denoted by RMI.

In Section 4.2, we will prove that RMI can be proved within ACA,. Further-
more, we prove that over RCAy, RMI is equivalent to the statement “every proper
ideal on a countable lattice extends to a maximal ideal”.

Recall that in commutative algebra, Noetherian rings have the following equiv-

alent definitions (see Hungerford’s book [20]): for a commutative ring R,

(1) R is Noetherian, i.e., R satisfies the ascending chain condition on ideals.
(2) Every ideal of R is finitely generated.

(3) Every prime ideal of R is finitely generated.

For lattices, there is a similar characterization of the ACC' property, showing

that relatively maximal ideals in lattices behave quite similarly to the prime ideals

41
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in ring theory.

Theorem 4.1.1. (Kinugawa and Hashimoto [21]) Given a lattice L, the following

are equivalent:

(1) L satisfies the ascending chain condition.

(2) Every ideal of L is finitely generated.

(3) Every relatively mazimal ideal of L is finitely generated.

In Section 4.3, we will consider the strength of implications of these three state-
ments above. In particular, we will show that RCAy is strong enough to prove
(1) = (2) and (1) = (3). We will also show that ACA, can prove (2) = (1) and
(3) = (1).

Furthermore, once a lattice satisfies the ascending chain condition, it must be a
complete lattice, which can also be proved within ACA,.

In Section 4.4, we will show that for a countable lattice L, the existence of J (L),

i.e., the set of all join-irreducible elements, is equivalent to ACA, over RCA,.

4.2 RMI and ACA,

Lemma says that C1(A), i.e., the ideal closure of A C L, is the smallest ideal
containing A. If A is finite, then CI(A) exists over RCAy. But if A is countably
infinite, then the existence of Cl(A) requires ACA,.

Theorem 4.2.1. (ACAy) For every nonempty subset A of a countable lattice L,
CIl(A) exists.

Proof. Let (L, =<,V,A,0,1) be a countable lattice, and A be a nonempty subset of
L. Then Cl(A) ={xz € L : Jag,a1,--- ,an, € A (x R agVa; V---Va,)} exists by

arithmetical comprehension. ]

From the proof, we can compute CI(A) from A over ACAy. Now we prove RMI
within ACAy, and the ideal closure will be used during the proof.
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Theorem 4.2.2. (ACAy) In a countable lattice (L, <,V,A,0,1), for an ideal I and
a filter F of L, if INF = 0, there exists an ideal M which is mazximal among those

ideals containing I but disjoint from F.

Proof. Say a subset X C L is “good” if C1(X) N F = (). Theorem says that
ACA, guarantees the existence of C1(A), and hence the concept of goodness can

be defined over ACAy. Define f: N — N as following:

f(n) = 1 if{m<n:f(m)=1}U{n}UI is good,

0 otherwise.

We claim that M = {n € N: f(n) = 1} is the desired ideal.
e )M is an ideal of L.

Let x € M, i.e., f(x) = 1. Suppose that y < z.
If 2 <y, thenz € Cl({m <y : f(m) =1}). Sincey 2z, y € Cl({m <y :
f(m) = 1}), and furthermore
Cl{m <y: f(m)=1}UIl)=Cl({m <y: f(m)=1} U{y}UI).
By the definition of f,
Cl{m<y: f(m)=1}Ul)NF =10,

and hence {m <y : f(m) =1} U{y} UI is good. This implies that f(y) = 1 and
ye M.
If x>y, then {m<y:f(m)=1}C{m<zx: f(m)=1}, and as y < x,
Cl{m <y: fim)=1}U{y}ul) CCl({m < x: f(m)=1}U{z}UI).
By assumption, f(z) = 1, Cl({m < z : f(m) = 1} U{z} UI)NF = (), and so
Cl({m <y: f(m)=1}U{y}Ul)NF = 0. This implies f(y) =1 and y € M.
Now let z,y € M and we will show that x V y is also in M. Let z = 2 V y and

assume that < y as numbers, then z € {m <y : f(m) =1}.
If 2z<y,thenby z=zVy,z€Cl({m<y: f(m)=1}U{y} UI), and hence

Cl{m < z: f(m)=1}U{z}Ul)CCl({m <y: f(m)=1}U{y} UI).
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Since f(y) =1, Cl({m <y : f(m) =1} U{yul)NF =0, Cl{m < z: f(m) =
1} U{z} UI)Nn F =0, implying that f(z) =1 and hence z € M.

If 2z > y, then by z = x V y, and both x,y are in {m < z : f(m) = 1},
z € Cl({m < z: f(m) =1}). Thus we have

Cl{m<z:f(m)=1}Ul)=Cl({m < z: f(m)=1}U{z} UI),

and hence by Cl({m < z: f(m)=1}UNF=0,{m<z: f(m)=1}U{z} Ul
is good, implying that f(z) =1 and z € M.

e /]C Mand MNF =(.

Since INF =0, forallx € I, f(x) =1, and I C M. Also because for all n with
f(n)=1,n¢ Fandso MNF = 0.

e M is relatively maximal with respect to F'.

Otherwise, there exists an @ ¢ M with CI(M U{z})NF = 0. Thus Cl({m :m <
zand f(m)=1}U{z}UI)NF =0, and f(z) =1, z € M, a contradiction.
[

From Theorem [1.3.8, we know that over II;-CAy, every ideal of a countable
poset extends to a maximal ideal. Corollary says that over WKLy, every
proper ideal of a countable distributive lattice extends to a prime ideal. Now we
consider the maximal ideal extension for a given ideal in a countable lattice and

prove that this extension property is equivalent to RIMI.
Theorem 4.2.3. The following are equivalent over RCAy:

1. RMI: In a countable lattice (L, <,V,A,0,1), for an ideal I, and a filter F' of
L, if INF =0, then there exists an ideal M which is maximal among those

ideals containing I but disjoint from F'.

2. Every proper ideal on a countable lattice extends to a maximal ideal.
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Proof. (1 = 2): Let (L,=,V,A,0,1) be a countable lattice, and I be a proper
ideal. Let F = {1}. Obviously, I N F = (). By RMI, there exists an ideal M
which is maximal among those ideals containing I and disjoint from F. This M is

a maximal ideal containing /.

(2 = 1): Let (L,=,V,A,0,1) be a countable lattice, I be an ideal and F' be a
filter of L, with I N F = (). Define a new lattice L' = {1’} U (L \ F') with the order
=<’ defined as follows:

e foralla,bin L\ F,a<X'b <= a =<0
e forallain L\ F,a <"1

The lattice (L', <’,0,1’, V', A") can be defined over RCAq, because for a,b € L\F,

aVb ifavbégF,

aV'bhb= aNb=aAb.

1 otherwise.

Note that I is also a proper ideal in L’. By the assumption, I can be extended
to a maximal ideal M of L'. We claim that M is also an ideal of L, and is maximal
among those ideals containing / and disjoint from F'.

We already know that I C M. As M C L'\ {l'} =L\ F, MNF = .
e M is an ideal of L.

(1) Fora = bin L, if b € M, then a € L\ F and hence a =’ b, implying that
a € M because M is an ideal of L’

(2) For a,be M,aV'be M,soaV'b+# 1. and hence aV'b=aVb,aVbe M.

Now suppose for a contradiction that M is not maximal among ideals containing
I but disjoint from F. Then there is some ¢ ¢ M such that for any m € M,
mV c ¢ F, implying that m V' ¢ # 1’, which contradicts the assumption that M is
maximal ideal in L’. This shows that M is maximal among those ideals containing

I but disjoint from F'. O

A question remaining open is whether RMI implies ACAq over RCA( or not.
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4.3 Ascending chain condition

In classical lattice theory, we have the following equivalent statements [21]:
Theorem 4.3.1. Given a lattice L, the following are equivalent:
(1) L satisfies the ascending chain condition, ACC' for short.

(2) Every ideal of L is finitely generated (we call an ideal I finitely generated if
there exists a finite subset A of I such that I = CIl(A)).

(3) Every relatively mazimal ideal of L is finitely generated.
We study the logical strength of implications involved as follows:

Theorem 4.3.2. (RCAy) If a countable lattice (L, <,V,A,0,1) satisfies the as-
cending chain condition, then every ideal of it is finitely generated. Thus, (1)=
(2) and (1)= (3) in Theorem can be proved in RCAy.

Proof. Let I = {ag,ay,as, -} be an ideal of L. For each n, define
b, =agVairVayV- -V a,.

Then each b, € I and by < b; <X --- < b, = --- is an ascending chain. As L
satisfies the ascending chain condition, there exists Ny such that for all n > N,
b, = by, and hence I = Cl({by,b1, -+ ,bn,}) = Cl({ao,a1,--- ,an,}), I is finitely
generated. O

Theorem 4.3.3. (ACAy) For a countable lattice (L, =<,V,A,0,1), if every rela-
tively mazimal ideal of L is finitely generated, then L satisfies the ascending chain

condition.

Proof. Suppose that ag < a1 < --- < a, = --- is an ascending chain of L. Let

I={xeL:3a,€L(x=<a,)}and F={x €L :Va, € L (x> a,)}, Iand

I exist by arithmetical comprehension, and they are nonempty because 0 € I and

1 € F. It is easy to check that I is an ideal and F' is a filter of L.
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Claim: I N F # (. Otherwise, by RMI, there exists a relatively maximal ideal
M O I wr.t. F. By assumption, M is generated by a finite subset P C M, i.e.,
M = ClU(P) =(V P) (by Remark 2.2.4). Since a, € I C M, a, < \/ P for all
n € N, and hence, \/ P € F, contradicting M N F = ().

So we choose x € I N F, since x € I, then x < ay, for some Ny. Since z is also

in I, x > an,, and hence x = ay,. So for all n > Ny, we have a,, = ay,.

[]

Another well-known fact for lattices is that if a lattice L satisfies ACC', then L

is complete. We will show that this statement can be proved within ACA,.

Theorem 4.3.4. (ACAy) If a countable lattice (L,=,V,A,0,1) satisfies ACC,
then for every nonempty subset S of L, \| S ezists. Furthermore, L is a complete

lattice.

Proof. Assume that S is nonempty, let
D= {\/ F : F is a nonempty finite subset of S}.

D exists by X{-comprehension. As L satisfies ACC, by Lemma [2.4.1, D has a

maximal element, b say.

Claim: b is the least upper bound of S.

As b€ D, b=\/ F, for some finite subset Fj, of S. For each a € S, \/(F, U{a})
exists and b = \/ F, < V/(F,J{a}), which implies that b = \/(F,J{a}), as b is
maximal in D. Hence b = a. Therefore, b is an upper bound of S.

Suppose that c¢ is another upper bound of S, then ¢ is an upper bound of Fj,
and b = \/ F, < ¢. This shows that b is the least upper bound of S. Thus, ACA,

can prove the existence of \/ S.

To prove that L is complete, we need to show that for every nonempty subset

S of L, \'S, the greatest lower bound of S, exists. Let

S'={xelL:(VyeS)(z=yl
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S’ exists by I1%-comprehension, and S’ # ) since 0 € .
The argument above ensures the existence of the least upper bound of ', d say.
We claim that d is the greatest lower bound of S. Note that any x € S is an
upper bound of S’, and hence d < x, which implies that d is a lower bound of S.
Suppose that d’ is another lower bound of S, then d’ € S, and d’ < d, as d is an
upper bound of S’. This proves the claim.

Thus, L is a complete lattice.

4.4 Existence of J(L) and ACA,

In the section on Birkhoff’s Representation Theorem, we have seen that for a finite
lattice L, J(L), the set of join-irreducible elements, exists and is join-dense in
L, which can be proved within RCAy. The following theorem says that if L is
countably infinite, then the existence of J(L) is equivalent to ACAg over RCA,.

Theorem 4.4.1. The following are equivalent over RCAy:
(1) ACAy;
(2) For every countable lattice L, J (L) ezists.
Proof. We first assume ACA,. Then
reJ(L) <= x#0andVa,be L(x =aVb=z=aorxz=D0),

and J (L) exists, by I19-comprehension.

We now prove the other direction. We assume that J (L) exists for every count-
able lattice L, and prove that the range of any one-to-one function f : N — N
exists.

Consider L = {0,1} U{ai,b; : k,i € N} with the order < such that

e a, Xb; < i=jand (Im <k) (f(m)=1);
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i i
0 A2

0 0
Figure 4.1: i ¢ rng(f) Figure 4.2: i € rng(f) and i = f(k)
e a <al < i=jand m=n;

Figure [4.1] and Figure [4.2| give the graph of the i-th block for the lattice L
according to whether 7 is in the range of f or not. L is a lattice which can be

defined over RCA because

b; ifi=jand Im <k (f(m)=1),

CL;€ V bj =
1 otherwise.
. ai if i =7 and Im < k(f(m) =1,
CLZ A\ bj =
0 otherwise.
al, ifi=jm=n,
al Val = b; if i = j,m # n and there exist p < m,q¢ <n (f(p) = f(q) = 1),
1 otherwise.
, . al. ifi=j,m=n,
a, N\al =

m n .
0 otherwise.
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b; ifi=y,

bi vV b]' -
1 otherwise.
b; ifi=y,

bi A b; = /

0 otherwise.

From the graph above, it’s easy to see that
i € rng(f) <= b; is not join-irreducible.

By assumption, J (L) exists. Now let X = {i € N: b, ¢ J(L)} and X exists by
Y0-comprehension. Then Vn(n € X <= 3Im(f(m) = n)), and rng(f) exists.

Therefore, ACA, holds. ]



Chapter 5

Rudin’s Lemma

5.1 Introduction

Domain theory formalizes the intuitive ideas of approximation and convergence in
a very general way. It provides a fundamental tool in the study of computation
theory. The basic idea was proposed independently by Scott in paper [28] and
Ershov in paper [10] around the 1970’s. Domain theory studies various topologies
on partially ordered sets, such as the Alexandrov topology, the Scott topology, and
the Lawson topology, etc. A domain refers to a continuous dcpo, i.e., a continuous

directed complete partial orders.

In their work of generalizing the theory of continuous dcpos to general ordered
structures, and also in the search of complete lattices on which the Lawson topology
is Hausdorff, Gierz, Lawson and Stralka introduced quasicontinuous domains in
[16], where many good properties of domains remain valid. In this theory, one of
the milestone results is Rudin’s Lemma, which enables us to find a “cross-section”
of certain descending family of sets.

Rudin’s Lemma [I5]: Given a poset (P, <), and {F;};c; a C-directed family of
nonempty finite subsets of P, there is a <-directed subset D C | J,.; F; that meets
all F;.

Rudin’s Lemma implies that the Scott topology on a quasicontinuous domain

51
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is locally compact and sober, and that the Lawson topology on a quasicontinuous

domain is regular and Hausdorff.

In this chapter, we study Rudin’s Lemma from a reverse mathematics point of
view and prove that Rudin’s Lemma is equivalent to ACAy over RCAy. We organize
this chapter as follows. In Section 5.2, we will introduce basic definitions about
domain theory. We will show in this section that RCAq can prove the equivalence
between chain completeness and directed completeness. In Section 5.3, we will
prove the equivalence between Rudin’s Lemma and ACAy over RCAy. In Section
5.4, we will study a variant of Rudin’s Lemma, and prove that this variant is also

equivalent to ACAg over RCA,.

5.2 Preliminaries

We recall the following definitions:

Definition 5.2.1. Let (X, <) be a countable poset. For A, B C X, define
AC B < 1B C 1TA.

The relation T on the power set of X 1is called the Smyth pre-order.

It is obvious that AC B <= (Vb€ B) (Ja€ A) [a < ].

Definition 5.2.2. Let (X, <) be a countable poset. A subset D of X is directed if

for any x,y in D, there exists z € D such that x,y =X z.

So, in Rudin’s Lemma , “{F;};c; is a C-directed family’ means that for all F;

and Fj, there exists an Fj, such that F}, F; C Fj.

Definition 5.2.3. For a poset (X, <),

(1) X is directed complete if for any directed subset D C X, the least upper bound
of D exists in X.
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(2) X is chain complete if for any chain {z;}ien C X, the least upper bound of the

chain exists in X.

In [23], Markowsky proved that assuming the well-ordering principle, directed
completeness and chain completeness are equivalent. Here, for countable posets,

we show that this equivalence can be proved in RCA,.

Proposition 5.2.4. (RCAy) For a countable poset (X, =), X is directed complete

if and only if X is chain complete.

Proof. One direction is trivial, since chains are all directed.

For the other direction, let X be chain complete, and D C X be a directed
subset. Let D = {dy,dy,...,d,,...}. Define a chain £ C D as follows: ey = dp
and for n > 1, e, € D with e,,_1,d,, < e,. e, exists because D is directed. The

chain F = {eg,€1,...,€n,...} exists by 39-comprehension since
d, € F < 3Im < nld, = e,)].

It is easy to see that sup D = sup F. Since X is chain-complete, sup F exists, and

hence sup D exists. O]

The main part of this chapter is to prove the equivalence between Rudin’s
Lemma and ACAq. Below is an easy fact about finite directed sets provable within

RCA,.

Proposition 5.2.5. (RCAq) Let (X,=) be a countable poset and A be a finite
subset of X. Then A is directed if and only if A contains a greatest element of A.

Proof. Suppose A = {ag, a1, ,a,}. If A is directed, then let by = ag and for
0<k<n,let by € A with by_1,a, =< by, so b, € A is the greatest element.
For the other direction, if A contains a greatest element b, then certainly any

two elements of A are less than or equal to b, and hence A is directed. O

In Proposition the finiteness of A is necessary for the forward direction.
A simple counterexample is when A is the set of all finite subsets of N with set

inclusion C as its order. Obviously, A is directed but has no greatest element.
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5.3 Rudin’s Lemma and ACA,

In this section, we show the equivalence between Rudin’s Lemma and ACA, over

RCA,.

Theorem 5.3.1. The following are equivalent over RCAy:
(1) ACAy;

(2) Rudin’s Lemma: Given a countable poset (X,=), and F = (F; : i € N) a C-
directed family of nonempty finite subsets of X, there exists a <-directed subset

D C UF’ that meets all Fj.

iEN
Proof. We first prove Rudin’s Lemma from ACAy. Let X C N. We define a

function f : N — N as follows:

f(0) =0,

f is well-defined since F is C-directed. Now, consider a new family B = (B; : ¢ € N)
where By, = Fy) and Ba,11 = Fiy1.

B exists and is C-directed. Obviously, B contains all F; and UBi = UFl So
ieN ieN
it is sufficient to find a <-directed subset D C UBi that meets all B;.
iEN
Define a tree T' C w<“ by letting

ogeT < Vn <lh(o)lo(n) € B,l.

T is an infinite, finitely branching tree, because every B, is a finite set.
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Now, we construct a subtree S of T" such that for any infinite path g of S, the
nodes on g form a =<-directed set, i.e., {g(n) : n € N} is <-directed. S is constructed
as follows: ) € S, and for o € T, if [h(o) = 1, put o on S; If [h(o) = 2n(n > 1),
put o on S if each n C ¢ is on S; if lh(o) = 2n + 1(n > 1), put o on S if each
nCoisonSand o(2n—2),0(2n —1) < o(2n).

Thus, if o € S, then o(2k — 2),0(2k — 1) = 0(2k) for any k with 2k < [h(o). So
0(2k) is the greatest element among {o(n) : n < 2k}, implying that {o(n) : n <
2k} is <-directed by Proposition [5.2.5

S
B A |
CINS AR VININ L P L
X B
Bia 2 piBiy p 2l T8 {9818 1 25
RN D |

Obviously, S is a finitely branching tree. We have the following claims for S:

1. For each x in Bs,, n € N, there exists a ¢ € S with lh(c) = 2n + 1 and

o(2n) = x.
2. S is an infinite tree.

3. For every infinite path g of S, the set {g(n) : n € N} is <-directed.

By Claim 2, using Konig lemma (which is equivalent to ACAy), S contains at

least one infinite path, g say. By Claim 3, using X%-comprehension,
D = {xz: 3nfz = g(n)]}

exists and forms a =<-directed set. As D meets all B;, D is the desired set.
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We prove Claim 1 by induction. Let
¢(n) <= Va [z € By, — Jo € S[lh(c) =2n+ 1 and o(2n) = z]].

It is obvious that ¢(0) is true. Suppose that ¢(k) is true for all & < n. To show
that ¢(n+1) is true, we consider for each x € Bapya = Fyni1), by Bont1 = Frp1 C
Fim+y1) and Ba,, = Fy) E Fynya), there is some y € By,41, and z € By, such that
y =z and z =< z. By the induction hypothesis, ¢(n) holds, and hence there is an
n € S such that [h(n) = 2n+ 1 and n(2n) = z. By the construction of S, n"y € S,
and hence "y~ x € S. So we choose ¢ ="y~ z, and ¢(n + 1) holds.

Claim 2 follows directly from Claim 1. To prove Claim 3, suppose that ¢ is an
infinite path of S. Let

D = {x: 3n[z = g(n)]}.

We will prove that D is <-directed. For any z,y € D, there exists an [ € N
such that z,y € {g(0),9(1),---,g()}. Without loss of generality, assume that [
is even, then g(l) is the greatest element among {¢(0), ¢(1),---,g(l)}, and hence
z,y = g(l). This shows that D is directed.

For the other direction, we assume Rudin’s Lemma, and let f : N — N be a

one-to-one function. Consider (N, <) with the standard order, and define

{2i}, if there is some k < j such that f(k) = i;
Agigy =
{1}, otherwise.

where (-, -) is a standard coding from N? to N. Ay; ;, exists by ¥-comprehension:
€A, < [r=2iand Ik <j(f(k)=1)] or [z=1andVk <j(f(k)#1)].

(A ) A

comparable. By Rudin’s Lemma, there exists a set D C U Az such that D
i,jEN
meets all Ay ;. Let X = {i € N: 2i € D}, and X exists by X§-comprehension.

Then Vn(n € X <= Im(f(m) =n)), so ACAy holds. O

i)+ 4,7 € N) is a C-directed family because any two Ay, jiy, Agi,.jn) are C-



5.4. A VARIANT OF RUDIN’S LEMMA o7

5.4 A variant of Rudin’s Lemma

One may ask the following question: in Rudin’s Lemma, is it possible to find a

directed subset D of UF, which intersects each F; at exactly one point? Heckmann
el

and Keimel pointed out in [I7] that in general, we cannot have a positive solution.

For example, if the family contains the subsets {1}, {2} and {1, 2}, then the directed

set D must intersect {1,2} at two points. However, we can give a positive solution

to this question if {F;};c; is a disjoint family. In the following, we prove that this

variant is equivalent to ACAy over RCA,.

Theorem 5.4.1. The following are equivalent over RCAy:
(1) ACA(),'

(2) Given a countable poset (X, =), and F = (F; : i € N) a C-directed family
of disjoint nonempty finite subsets of X, then there exists a <-directed subset
E C UFl such that each E N F; is a singleton.
ieN
Proof. We first assume ACA. The proof of (2) is quite similar to the one given in
the former theorem. We will construct B,, n € N, and D such that each B, N D
is =<-linearly ordered. We will then select the greatest element in B, N D as the
unique witness.

First, we define functions f, g : N — N simultaneously as follows:

f(n+1) = pk[Fru), Fymy E Fil,

g(n+1) = pklk & {£(0),9(0),---, f(n),g(n), f(n + 1)}].

Now, consider a new family B = (B; : i € N) where B,, = Fimy, Bony1 = Fye)
Obviously, B is also a C-directed family and contains all F;, with UBi = UE, SO
ieN ieN
it is sufficient to find a <-directed subset £ C UBZ' that meets each B; at exactly
ieN
one element, and hence meets each F; also at exactly one element.
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B has the following properties: for any ¢, j, either B; = B; or B; N B; = &, but
for each n, By,y1 # By, B1,- - , Bay.

We now construct a tree 7' C w<* and S C T as in the proof of Theorem m
By the same argument, we can find a directed set D which meets all B;. We then

construct a subset £ C D such that:
t€FE < (zeD)and [ViVy (z,y € BND —y <),

i.e., we choose the greatest element from B;N D as a witness. We have the following

three claims.

1. For all 7, B;N D is =-linearly ordered. So the greatest element of B; N D exists

2. FE intersects each B; at exactly one element.
3. E is directed.

For Claim 1, we let D = {h(n) : n € N}, where h is an infinite path in the tree S.
Fix ¢, we consider B;ND. Assume that B; repeats, i.e., B; = Bj, = Bj, = Bj, = - -~
with ¢ < j1 < jo < j3 < ---, then by the construction, we have all j;, jo,--- are
even number. Hence h(i) =< h(j1) < h(j2) 2 h(js) < ---. So B; N D is =-linearly
ordered. Because B; is finite, the greatest element of B; N D exists.

Claim 2 follows directly from Claim 1 since the greatest element is unique.

For Claim 3, note that for all z,y € F, x,y € D. As D is directed, there exists
some z € D such that z,y < z. Assume that z € B; and w is the greatest element
in B; N D. Then z < w and w € F, and hence w is an upper bound of z and y in

E. Thus, E is directed.

We now prove the other direction. Assume that f : N — N is a one-to-one

function. Consider (N, <) with the standard order, and define
{5} it f() =1,
Agy =
{2¢-37} otherwise.
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Ay jy exists by X-comprehension, and they are disjoint from each other because
f is one-to-one. {A;; : i,j € N} is also a C-directed family because any
two A, 41y, Ais,jo) are E-comparable. By our assumption, the variant of Rudin’s

Lemma, there exists a set F C U Ay gy such that E meets all A jy. In fact,
i,jEN
E = U Ay jy since each Ay ;) has only one element. Let X = {i € N: 5! € E}.
ijeN
X exists by X0-comprehension. Then Vn(n € X <= 3Im(f(m) = n)), so the

range of f exists. Therefore ACAq holds.
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