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Summary

Despite all the appealing features of Evolutionary Algorithms (EAs), thousands of calls

to the analysis or simulation codes are often required to locate a near optimal solution.

Two major solutions for this issue are: 1) to use computationally less expensive surrogate

models, and 2) to use parallel and distributed computers.

In this thesis, model management frameworks utilizing a diverse set of surrogate mod-

els are proposed. The proposed Generalized Surrogate Memetic (GSM) framework aims

to unify diverse set of data-fitting models synergistically in the evolutionary search. In

particular, the GSM framework exploits both the positive and negative impacts of ap-

proximation errors in the surrogate models used. An extended management framework

is also proposed for EAs using multi-scale models and demonstrated on two real-world

examples. Experimental study performed using data-fitting and multi-scale models in-

dicates that the proposed frameworks are capable of attaining reliable, high quality, and

efficient performance under a limited computational budget.

In what follows, possibilities for further acceleration of the evolutionary optimiza-

tion life cycle through parallelization are also considered. When applied to small-scale,

dedicated, and homogeneous computing nodes, this seems to be a formidable solution.

However, in a large-scale computing farm such as the Grid, reality proves otherwise. In

a Grid computing environment, which emphasizes on the seamless sharing of computing

resources across institutions, heterogeneity of resources is inevitable. In such situation,

conventional parallelization without considering the heterogeneity of computing resources

is likely to produce inefficient optimization. The latter part of this thesis summarizes

our works on parallelizing evolutionary optimization in a heterogeneous Grid computing

environment.
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Chapter 1

Introduction

In science and engineering, the design optimization life cycle has been revolutionized by

the introduction of massive computing power as well as advances in computational sci-

ences and artificial intelligence. The advancement in hardware technology has brought

about affordable and powerful computing platforms. Nevertheless, it is evident that

the increasing complexity of arising problems in many real-world scenarios has led to

the inevitable demand for even greater computational power. In design analysis and

optimization processes where high-fidelity analysis codes are used, each function evalua-

tion requiring the simulation of the high-fidelity analysis codes, such as Computational

Structural Mechanics (CSM), Computational Fluid Dynamics (CFD) or Computational

Electro Magnetics (CEM), costs minutes to hours of supercomputer time. Computa-

tional sciences and artificial intelligence, hence, are challenged to drive the engineering

design optimization to both shortened design-cycle time and identification of creative

new designs that are not only feasible, but also increasingly optimal with respect to some

pre-defined criteria.

Conventional numerical optimization techniques are commonly used in engineering de-

sign process, instead of exhaustively enumerating the whole solution search space which

is often computationally intractable. Typical conventional numerical optimization in-

clude steepest-descent, quadratic programming, pattern search, and linear approxima-

1
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tion methods. One possible reason behind their wide adoption is the strong theoretical

convergence assurance, at least to a local optimum. In addition, they perform extremely

well in problems with convex landscapes. However, they are also subject to limitations.

Most of these conventional optimization methods are deterministic, where a relatively

good starting point must be carefully selected to obtain the global optimum, otherwise

they only reach the local optimum. Moreover, the unavailability of accurate gradient

information, noisy and multimodal landscapes may reduce their effectiveness in many

real-world problems.

Fortunately, the last few decades have also been marked with many prominent ad-

vancements in the optimization study. Among those are a group of stochastic optimiza-

tion algorithms inspired by Darwin’s theory of evolution, collectively known as Evolu-

tionary Algorithms (EAs). EAs have shown considerable success in locating the global

optimum solution of optimization problems that may often be characterized by high di-

mensional, non-separable, multi-modal, constrained, and discontinuous/indifferentiable

fitness landscape. However, thousands of calls to the analysis or simulation codes are

often required to locate a near optimal solution in most conventional EAs, hence pro-

hibiting their application on problems with time-consuming evaluations. The reasons for

the high cost of evaluation and their effect on how many evaluations/generations can be

afforded differ widely from one problem to another, as the following three examples from

[139] may illustrate: 1) When evolving controllers for a simulated robots, the fidelity of

the physics simulator, the stochasticity in the system, and the desire to obtain robots

that are robust to rare events may all play a part in making simulation times very long.

2) When evolving a novel protein for a specific binding target by synthesis of proteins in

vitro and their subsequent screening, thousands of proteins may be synthesized in par-

allel but each generation may take many hours to process, thus bringing about financial

implications. 3) When evolving a basic conceptual design for a new building, an architect

2
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evaluating the designs would suffer from fatigue after several hours and eventually forced

to stop.

To circumvent the aforementioned problems, approximation or surrogate models can

be used to replace calls to the computationally expensive codes in the evolutionary search.

Using surrogate models, the computational burden can be greatly reduced since the ef-

forts involved in building the models and optimization using them are much lower than

the standard approach of directly coupling the simulation codes with the optimizer. Nev-

ertheless, this approach might not perform effectively and efficiently when the surrogate

models are not properly managed. Some of the identified issues are:

• Inaccuracy of the surrogate models. It is one of many problems faced by most

engineers and scientists due to lack of data or curse of dimensionality.

• Search improvement through the use of imprecise surrogate models. While focusing

on improving accuracy, one might be ignorant of the more important aspect, i.e.,

the fitness improvement which is possibly offered even by the imprecise surrogate

models.

• Suitability of the response surface approximation method to the problem in hand.

Depending on the complexity of a design problem, a single surrogate model that

may have proven to be suitable on an instance might not work so well, or at all, on

others.

• Management of multi-scale computational models. So far, majority of works con-

cerning surrogate models in evolutionary computation have focused more on the use

of data-fitting models. However, variable-fidelity multi-scale computational mod-

els often exist in many application domains which can also be utilized as cheaper

fitness evaluator for more efficient evolutionary optimization.

3
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• Use of surrogate models in multi-objective evolutionary optimization. While many

real-world problems are naturally multi-objective, there is still little awareness on

developing surrogate-assisted evolutionary frameworks which can be effortlessly

scaled towards solving multi-objective problems.

As a result, there is an urgent need for the development of novel methodologies that effi-

ciently and effectively manage the use of surrogate models in evolutionary optimization.

Meanwhile, EAs are also well-known for their ability to partition the population of

individuals among multiple compute nodes seamlessly. Since the design optimization cy-

cle time is directly proportional to the number of calls to the high-cost analysis codes, an

intuitive way to reduce the total search time of evolutionary optimization algorithms is to

parallelize the analysis of the design points. The benefits of combining the emerging Grid

computing technology in the context of evolutionary design optimization are numerous.

In particular, Grid provides the infrastructure to facilitate distributed computing and

parallelism by tapping on vast compute power and a secure means of solving large-scale

optimization problems. However, a very common problem in EA parallelization is that

heterogeneity in the computing environment often exists, e.g., CPU speed, network la-

tency, memory capacity, and software platform. As such, any proposed parallelization

frameworks must be designed to address the issue of variable simulation time due to the

existing heterogeneity.

1.1 Research Objective

This thesis aims to address the different design issues arising from the management

of surrogate models and parallel technologies for evolutionary optimization of compu-

tationally expensive problems. In particular, the research introduces and presents the

methodologies and architectures for effective and efficient use of surrogate models and

4
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parallel technologies in evolutionary optimization. Novel surrogate-assisted evolutionary

schemes are subsequently proposed and developed for dealing with realistic optimization

problems plagued with computationally expensive objective functions.

1.2 Core Contributions

Our contribution in the thesis begins with providing a comprehensive survey on existing

state-of-the-art Surrogate-Assisted Evolutionary Algorithm (SAEA) optimization frame-

works. From the survey, a taxonomy for SAEA is derived. Further, the effect of surrogate

models on EA search convergence is analyzed mathematically.

In the research topic of SAEA using data-fitting models, a novel Generalized Sur-

rogate Memetic (GSM) framework is proposed for both single and multi-objective opti-

mization. Recent surrogate-assisted evolutionary frameworks have relied on the use of a

variety of different modeling approaches to approximate the complex problem landscape.

From these recent studies, one main research issue is with the choice of modeling scheme

used, which has been found to affect the performance of evolutionary search significantly.

Given that theoretical knowledge available for making a decision on an approximation

model a priori is very much limited, a generalization of surrogate-assisted evolutionary

frameworks for optimization of problems with objective(s) that are computationally ex-

pensive to evaluate, is proposed. The generalized evolutionary framework unifies diverse

surrogate models synergistically in the evolutionary search. In particular, it focuses on

attaining reliable search performance in the surrogate-assisted evolutionary framework

by working on two major issues: 1 ) to mitigate the ‘curse of uncertainty’ robustly and,

2 ) to benefit from the ‘bless of uncertainty’. The backbone of the generalized framework

is a surrogate-assisted memetic algorithm that conducts simultaneous local searches us-

ing ensemble and smoothing surrogate models, with the aim of generating reliable fitness

prediction and search improvements simultaneously. Empirical study on commonly used

5
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single/multi-objective optimization benchmark problems and an aerodynamic airfoil de-

sign problem indicates that the generalized framework is capable of attaining reliable,

high quality, and efficient performance under a limited computational budget.

In this thesis, evolutionary frameworks that leverage from the availability of multi-

scale models are also proposed and studied on two real-world applications, particularly

the water cluster structural optimization and the aerodynamic airfoil design. On the wa-

ter problem, we demonstrate the management of two low-fidelity computational models

in place of the high-fidelity first principle analysis code within the context of a Molecular

Memetic Algorithm (MMA) for locating the global minimum energy structure. In MMA,

it is shown that local optimization on the low-fidelity landscape brings the individual be-

ing optimized closer to the local optimum, hence benefitting the expensive high-fidelity

evaluation conducted afterwards. Next, the airfoil problem demonstrates a classical ex-

ample where data-centric multi-scale models can be created from a single computational

model by using different residual tolerance. On such problems, we show that it is possible

to enhance the evolutionary search using a Memetic Algorithm with Dynamic Fidelity

Models (MA-DFM) framework. In particular, it decides at runtime, the appropriate

fidelity level of the computational model, which is deemed to be computationally less

expensive, to be used in place of the exact analysis code as the search progresses. Empir-

ical study on both real-world problems reveals that evolutionary optimization utilizing

multi-scale models serves as an efficient alternative approach for solving computationally

expensive problems.

Last but not least, this thesis also presents the research work on parallelizing evolu-

tionary optimization under a heterogeneous Grid computing environment to mitigate the

issues relating to the intractable design life cycle of computationally expensive problems.

In particular, a Grid-Enabled Parallel EA (GE-PEA) framework is proposed. The frame-

work is developed using standard Grid technologies and has two distinctive features, 1 )

6
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an extended Grid Remote Procedure Call (GridRPC) Application Programming Inter-

face (API) to conceal the high complexity of Grid environment, and 2 ) a metascheduler

for seamless resource discovery and selection. To assess the practicality of the frame-

work, theoretical analysis on the possible speed-up offered is presented. Empirical study

on GE-PEA using a benchmark problem and a realistic aerodynamic airfoil optimiza-

tion problem for diverse Grid environments having different communication protocols,

cluster sizes, processing nodes, at geographically disparate locations also indicates that

the proposed GE-PEA using Grid computing offers a credible framework for providing

significant speed-up to evolutionary design optimization in science and engineering.

1.3 Organization of the Thesis

The remainder of this thesis is organized as follows:

• In Chapter 2, the fundamental notions in optimization, EAs, and relevant topics to

this thesis, i.e., Memetic Algorithms and Multi-Objective Evolutionary Algorithms

are briefly described. Throughout this chapter, readers can grasp the background

knowledge required for understanding further advanced topics in chapters 3-6.

• Chapter 3 presents a survey on major topics of this thesis, i.e., Surrogate-assisted

and parallel evolutionary computation. From a survey on SAEAs, a comprehensive

taxonomy of the field with an accompanying analysis of the algorithms is proposed.

In the rest of this chapter, a thorough review on parallel EAs and Grid computing

technologies is also presented.

• Chapters 4-6 form the core of this thesis. Particularly, Chapter 4 presents the

proposed optimization framework, labeled here as Generalized Surrogate Memetic

framework, for solving both single and multi-objective problems. The empirical

study on a set of benchmark problems and a real-world problem is also reported.

7
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Chapter 5 presents the work on evolutionary optimization using multi-scale com-

putational models, with application to two real-world applications. Particularly,

a Molecular Memetic Algorithm for the water cluster structural optimization and

Memetic Algorithm with Dynamic Fidelity Models framework for the aerodynamic

airfoil design, are presented. Our work on parallel evolutionary optimization under

a heterogeneous Grid computing environment is then presented in Chapter 6. This

includes the theoretical analysis and empirical study on the proposed Grid-enabled

Parallel EA.

• Finally, Chapter 7 concludes this thesis and outlines possible future research di-

rections in the area of evolutionary optimization for computationally expensive

problems.

8
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Chapter 2

Background

This chapter begins by defining the notion of optimization, followed by a brief intro-

duction to Evolutionary Algorithms (EAs). Subsequently, a brief overview of Memetic

Algorithms (MAs) and Multi-Objective Evolutionary Algorithms (MOEAs) are also pre-

sented. This serves to equip the reader with some fundamental background information

necessary for better understanding of the advanced topics in Chapters 3-6.

2.1 Optimization

Searching for optimality has been one of the most fundamental principles of life. Take

for example, engineers working in aerospace industry strive to obtain a set of optimal

decision variables resulting in aerodynamic designs while economists make every effort

to maximize the profit with minimum cost. Having dealt with it in our everyday life,

it is no surprise that optimization study is one of the oldest and still uprising sciences

in this world. The term ‘optimization’ can be literally defined as the process of finding

the best solution (also termed as global optimum) for a given problem. Mathematically,

optimization, for instance minimization of a d-dimensional problem, can be formulated

as finding the decision variable, x∗ which gives the minimum output for a given objective

function f(x) : Rd → R, i.e.:

∀x : f(x∗) ≤ f(x) (Eq. 2.1)

9
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2.1.1 Fundamentals

In practice, optimization could be a complicated process due to the fact that most real-

world optimization problems are composed of many components to be considered, as

follows:

• Decision variables. The decision variables (or design vector/variables) refer

to the values to be chosen in an optimization problem. They are often multi-

dimensional, could be in continuous/real number and/or discrete domains, and

bounded and/or unbounded in the search space. A vector of decision variables x,

is often represented by: x = [x1, x2, . . . , xd]
T , where d is the problem dimensional-

ity. In optimization studies, the term ‘continuous/real-parameter optimization’ and

‘combinatorial optimization’ are often used referring to the optimization involving

real number and discrete search spaces, respectively.

• Objective functions. This is necessary to measure the quality of every candidate

solution, which is represented by a set of decision variables. Mathematically, it is

often simply represented by f(x). In many real-world problems, difficulty could

arise due to fact that there might be more than one objective, conflicting each

other. This, however, is no longer of much concern due to recent developments in

Multi-Objective Optimization (MOO) studies [123][33]. There also exist many real-

world problems (e.g., Travelling Salesman Problem), which could be categorized as

‘NP-complete’, where ‘NP’ stands for non-deterministic polynomial, i.e., there is

currently no deterministic algorithm known to solve the problem in polynomial

time. Further, when dynamic and uncertain environment is concerned, the objec-

tive functions could vary with time, embedded with approximation errors, or even

require many extra evaluations for robustness purpose [25][144]. From practical

point of view, a great concern also lies in the fact that most real-world problems

10
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are plagued with computationally expensive objective functions, taking minutes

to hours of supercomputing power to compute [142]. Hence, this raises a great

challenge to design an effective and yet efficient optimization algorithm.

• Constraints. This refers to any restrictions imposed by the optimization prob-

lem and must be satisfied by a candidate solution to be acceptable. Generally,

these constraints can be formulated as mathematical inequalities and equalities:

gi(x) ≥ 0, i = 1, . . . , k and hj(x) = 0, j = 1, . . . , l where k and l denote the number

of inequality and equality constraints, respectively [122]. In other words, one might

also interpret constraints as objective functions which only need to be satisfied

rather than to be optimized. For instance, one of the most common constraints

often applies in many optimization problems is the bound constraints on the deci-

sion variables, i.e., xl
i ≤ xi ≤ xu

i where xl
i and xu

i are the lower and upper bound of

xi, respectively. Note that the computational budget allowed, such as the number

of maximum function evaluations, CPU time, or wall-clock time, is also a form of

optimization constraint though often not explicitly expressed.

Throughout this thesis, unless otherwise specified, computationally expensive1 non-

linear programming problems under limited computational budget with bound con-

straints of the following form, is considered:

minimize: f(x)

subject to: xl
i ≤ xi ≤ xu

i , (Eq. 2.2)

1Note that throughout this thesis, the notion of ‘computationally expensive’ problems refers to those
problems which require many minutes to hours of supercomputer time to compute a single evaluation.
Nevertheless, whenever necessary, computationally cheap benchmark problems (Appendix B.1) with
various characteristics might be used, besides the computationally expensive real-world problems, for
empirical study purpose.
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or in multi-objective optimization:

minimize: f1(x), f2(x), . . . , fr(x)

subject to: xl
i ≤ xi ≤ xu

i , (Eq. 2.3)

where i = 1, 2, . . . , d, d is the dimensionality of the search problem, r is the number of

objective functions, and xl
i, xu

i are the lower and upper bounds of the ith dimension of

vector x, respectively.

2.1.2 General Approaches

In the past decades, a plethora of optimization/search methods have been introduced in

the literature, see for example [48][33][188][204]. Generally, most taxonomies found in the

literature have classified the different methods based on 1 ) whether stochastic/random

elements subsist, i.e., deterministic and stochastic(probabilistic), or 2 ) whether derivative

information is required, i.e., direct and indirect search.

In deterministic optimization, no random elements are involved [188]. For instance,

those under this category are deterministic hill-climbing, branch and bound, and steepest

descent methods. On the other hand, stochastic optimization incorporates probabilistic

(random) elements, besides the available information. Examples of stochastic optimiza-

tion methods are Random Walk, Tabu Search, and Simulated Annealing. The main

purpose of introducing randomness is due to the fact that deterministic methods are

often flawed by the multimodal and noisy landscapes, and hence often can only arrive at

local optima.

Direct and indirect searches classification, on the other hand, concentrates on the issue

of whether derivatives of the objective functions are required. Direct search methods,

also often known as the zeroth order methods, are often useful when derivatives, such as

gradients or Hessians of the objective functions, are unavailable or unreliable [99]. Hence,
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the main feature of direct search lies in the need for only the objective function values or

even just the relative ranks. Some examples of methods under this category are Pattern

Search, Lagrange Interpolation, and Simplex search. Indirect searches can be further

divided into those using gradient information (first order methods) or hessian information

(second order methods). In first order indirect search, only function values and first

derivative vector are utilized [131]. It includes Steepest Descent, Conjugate Gradients,

and Quasi-Newton methods. Second order indirect search methods, on the other hand,

require the function values, its first derivative vector, and the second derivative matrix.

Newton-Raphson method [100] is an example of this kind.

2.2 Evolutionary Algorithms

Inspired by the Darwinian’s survival of the fittest principle from 1800s, the basic idea

of EAs is to evolve a population of individuals, where each of the population members

represents a candidate solution to a given problem. Descendants of the current population

are generated by randomized processes to imitate the natural process of mutation and

crossover (also often termed as recombination). A measure of quality or fitness value is

then assigned to each of these individuals by means of a fitness function. Subsequently, a

selection process is applied favoring better individuals to reproduce and proceed to next

generation. The different artificial operators, i.e., crossover, mutation, and selection,

are generally termed as evolutionary operators. Basically, any algorithms with similar

pattern to that depicted in Fig. 2.1, can be categorized under the umbrella of EAs.

According to the aforementioned discussions, it is obvious that EAs which depend

heavily on stochastic evolutionary operators, belong to the stochastic optimization group.

It is also worth noting that while EAs are often considered as direct search methods, since

only the objective function values are required, [172] suggests an interesting proposition

that EAs do have resemblance to gradient-based methods to certain extent. This is so
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Figure 2.1: Workflow of Evolutionary Algorithms.

since EAs can be considered as approximating the gradient of an individual based on the

fitness of generated offspring via evolutionary operators. Based on this proposition, an

algorithm called Evolutionary Gradient Search (EGS) has also been reported in [172].

Since its emergence in 1960s, there have been different mainstreams of EAs founded

by different groups of researchers. The first few dialects of EAs, are namely 1 ) Genetic

Algorithm (GA) [79][63] by Holland in the University of Michigan, Ann Arbor, 2 ) Evo-

lution Strategy (ES) [161][162][184] by Rechenberg and his colleagues in Berlin, and 3)

Evolutionary Programming (EP) [51] by Fogel in San Diego, California. While they are

similar in terms of the basic principle of evolution as explained above and depicted in

Fig. 2.1, the differences are as follows:

• In GA, high emphasis is placed on the use of crossover as the main evolutionary

operator. In the implementation, crossover is applied with high probability while

mutation is only applied occasionally as its probability is set to a low value. As

for the selection operator, typically, proportional selection which is probabilistic

in nature is used. In its early versions, binary encoding is also often used which

is no longer the case in contemporary GAs. A pseudocode of GA is presented in

Algorithm 1.

• ES was originally developed for optimizing real-valued vectors. In the implementa-

tion of ES, recombination and normally distributed mutation operators for both the

14
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Algorithm 1 Genetic Algorithm
1: Initialization: Generate and evaluate a population of design vectors, P (t), for t = 0.
2: while termination condition is not satisfied do
3: Apply crossover and mutation operators on P (t) to create the offspring population, C(t).
4: Evaluate C(t).
5: Apply selection operator on P (t) and C(t) to create a new parental population, P (t+1).
6: t = t + 1
7: end while

design vectors and strategy parameters are employed. The latter is often termed

as self-adaptation. The selection operator used is deterministic, either plus (µ + λ)

or comma (µ, λ) strategy. The plus strategy differs from its comma counterpart as

it includes the parental population into the selection, hence possibly preserves the

top individuals in the population (elitism). More details are described in Algorithm

2.

Algorithm 2 Evolution Strategy
1: Initialization: Generate and evaluate a population of design vectors and their individual

mutation strengths, P (t), for t = 0, and population size µ.
2: while termination condition is not satisfied do
3: Apply crossover and mutation operators on the decision variables and mutation strengths

of P (t) to create the offspring population, C(t) with size of λ.
4: Evaluate C(t).
5: Apply selection operator on C(t) (and P (t) for (µ + λ)) to to create a new parental

population, P (t + 1) of size µ.
6: t = t + 1
7: end while

• EP was originally developed for evolving finite-state machines, but have since been

reported for optimizing real-valued vectors. It emphasizes the use of mutation

without any crossover operators. The original EP is described in Algorithm 3. In

its extended version, EP also uses normally distributed mutation on the design

vectors and strategy parameters, and hence becoming harder to distinguish from

its ES counterpart. One noticeable difference, however, is on the selection operator.

Typically, tournament selection is used where each individual is evaluated against

15
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q others chosen randomly. The µ individuals with the greatest number of wins are

selected to be the parents of the next generation.

Algorithm 3 Evolutionary Programming
1: Initialization: Generate and evaluate a population of design vectors and their individual

mutation strengths, P (t), for t = 0, and population size µ.
2: while termination condition is not satisfied do
3: Apply mutation operator on the decision variables and mutation strengths of P (t) to

create the offspring population, C(t) with size of µ.
4: Evaluate C(t).
5: Apply selection operator on C(t) and P (t) (µ+µ) to to create a new parental population,

P (t + 1) of size µ.
6: t = t + 1
7: end while

As the field continues to expand, a myriad of new paradigms such as Genetic Pro-

gramming (GP) [106] by Koza, Messy GA [64] by Goldberg, Differential Evolution (DE)

by Storn & Price [190], and various considerable hybrid between EAs and other research

fields have emerged [82][137][104][132][133]. More details on the development of EAs

can also be found in [19][50]. Often, the fields of evolutionary computing, neural net-

works, and fuzzy logic, are collectively referred as ‘soft computing’, or more broadly as

‘computational intelligence’.

2.2.1 Fundamentals

The first issue to consider when using EA for optimization is the representation of can-

didate solutions. After solutions are encoded into their representation, evolutionary op-

erators are conducted to obtain varied solutions. Candidate solutions are then evaluated

and put into selection pool for next generation. In this part of the thesis, a brief overview

on the basic elements of an EA, i.e.: representation, crossover, mutation, and selection,

is provided. Note that fitness/objective function represents the other core element of an

EA. Since this has been discussed in Section 2.1.1, it will not be repeated here.
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2.2.1.1 Representation

Besides evolutionary operators, the success of an EA is very much affected also by the

representation or encoding used. A good representation scheme enables an instantiation

of the solution for the underlying problem which could be completely realizable when

put into practice [33]. Different representation schemes have evolved in the EA commu-

nity. For instance, early GAs have mostly used binary string representation, ES and EP

use a string of real-valued decision variables combined with their strategy parameters

for self-adaptation purpose, while GP is commonly implemented using tree structures of

computer programs. Examples of the binary, real, and tree representations of an indi-

1 1 1 0 0 1 0

2.2.a: Binary representa-
tion

4.11 6.23 0.21 9.46 0.74 1.43 9.87

2.2.b: Real representa-
tion

if

if D2 not

D0 not and

D1 D3

D0 D1

2.2.c: Tree repre-
sentation

Figure 2.2: Different representation schemes used in EA.

vidual in EA are depicted in Fig. 2.2.a, 2.2.b, and 2.2.c, respectively. However, most of

the representations used in todays applications have varied significantly to accommodate

the different needs. For instance, many GAs are now implemented in real-valued deci-

sion variables, especially in engineering design problems as real-valued decision variables

are quite common in this area. It is also worth noting that in practice, there are many

problems which require a mix of different representations, e.g., some decision variables

are encoded as real-valued while others use integers.

2.2.1.2 Crossover

Crossover or recombination operator imitates a complex process, which occurs between

pairs of chromosomes in the cell division phase of living beings. This operator randomly

17
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chooses one or more locations (loci) of breakage and exchanges the subsequences before

and after the loci between two individuals to create two new offspring. In GA, crossover

is the main operator which is usually applied with a high probability. In ES, crossover

is also commonly used though it is not the main operator as the method emphasizes

more on the self-adaptation of the mutation strength. Meanwhile, in EP, crossover is

not used. In GA, a random number, rc is generated in the range between 0 and 1, and

the individuals undergo crossover if rc ≤ pc, where pc is the user-defined crossover rate.

Some well-known crossover types are: 1-point crossover, n-point crossover, and uniform

1 1 1 0 0 1 0

0 0 0 1 1 1 1

Crossover Point

Parent 1

Parent 2

1 1 1 1 1 1 1

0 0 0 0 0 1 0

Offspring 1

Offspring 2

2.3.a: 1-point crossover

1 1 1 0 0 1 0

0 0 0 1 1 1 1

Crossover Point 1

Parent 1

Parent 2

1 1 0 1 1 1 0

0 0 1 0 0 1 1

Offspring 1

Offspring 2

Crossover Point 2

2.3.b: 2-point crossover

1 1 1 0 0 1 0

0 0 0 1 1 1 1

Crossover Points

Parent 1

Parent 2

1 0 1 1 0 1 0

0 1 0 0 1 1 1

Offspring 1

Offspring 2

2.3.c: uniform crossover

Figure 2.3: Example of different types of crossover in EA.

crossover. While the first two crossover schemes pre-define the chromosomes’ breakages

(i.e., either 1 or n), uniform crossover permits independent breakage for each allele. An

illustration for each of the crossover operator is also depicted in Fig. 2.3. In uniform

crossover, there is a maximum of L− 1 break points for a string of length L. In further

development, many researchers have come up with different crossover operators for real-

valued design variables, such as geometrical, simplex, fitness-based scan, and diagonal

multi-parent crossover [18].

18
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2.2.1.3 Mutation

The mutation operator mimics nature’s ability to adapt to changes in environmental

conditions so as to improve the chances of survival. In GA, mutation is merely a sec-

ondary operator due to the low rate of occurrence used, but it serves as the core operator

in both ES and EP. The mutation operation of binary-coded GA is illustrated in Fig.

2.4. Random number, rm ∈ [0, 1] is generated for each bit location, which undergoes

mutation if rm ≤ pm, where pm is the user-defined mutation rate. In ES and EP, the

1 1 1 0 0 1 0

1 1 1 1 0 1 0

Mutation Point

Figure 2.4: Example of bit-flip mutation in EA.

mutation rate is also encoded as part of the chromosomes and self-adapts by undergoing

crossover and mutation, like all other decision variables. While the correct setting for pm

is problem-dependent, many researchers have recommendation for pm = 1/L, where L is

the chromosome length [18].

2.2.1.4 Selection

The selection operator chooses individuals in the population for reproduction where fitter

individuals are given more chance to reproduce. Many variants of selection scheme have

been proposed in the last decades. The canonical GA first introduces fitness proportion-

ate selection scheme where the survival chance of an individual is defined by the ratio of

its fitness value over the average fitness of the entire population. A typical implemen-

tation of the fitness proportionate selection scheme is using the ‘Roulette Wheel’ (RW)

method (see Fig. 2.5.a). Nevertheless, the RW method is often criticized for easily losing

diversity since the selection is biased towards the larger portion of the wheel. The other
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commonly used selection operator is ‘Stochastic Universal Sampling’ (SUS), which does

not exposed to the limitation faced by the RW method. In SUS, fitness values of the

population are mapped linearly as depicted in Figure 2.5.b. Equally-spaced samples are

taken in the linear map to form population of the next generation. Besides RW and SUS

method, ranking selection [20] is also a well-known alternative selection operator, whose

purpose is to prevent issues arising from non-scaled fitness values.

S1String Fitness

S1

S2

S3

S4

S5

0.5

0.5

1.0

2.0

2.0

S4

S5

S3

S2

Spin N times to 

select N individuals

2.5.a: Roulette Wheel Selection

S5S1 S2 S3 S4

Starting point 

chosen for 

equally-spaced 

sampling in 

SUS

2.5.b: Stochastic Universal Selection

Figure 2.5: Examples of Roulette Wheel and Stochastic Universal Selection in EA.

2.2.2 Memetic Algorithms

Memetic Algorithms (MAs) are population-based meta-heuristic search methods that

are inspired by Darwin’s principle of natural evolution and Dawkin’s notion of a meme

defined as a unit of cultural evolution capable of local refinements [137]. While EAs

are generally known to be capable of exploring and exploiting promising regions of the

search space, they can take a relatively long time to locate the exact local optimum with

high precision. In [195], it is reported that two competing goals, i.e., ‘exploration’ and

‘exploitation’ govern the design of most global search methods. Exploration is neces-

sary to ensure global reliability by searching through the whole search space and hence

provides a reliable estimate of the global optimum. On the other hand, exploitation is

also important to refine the best solutions found so far to their better quality counter-

parts, possibly located in the immediate neighborhood via local search. The local search

20
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Algorithm 4 Memetic Algorithm (for SOO)
1: Initialization: Generate and evaluate a population of design vectors.
2: while termination condition is not satisfied do
3: Apply crossover and/or mutation operator(s) to create the offspring population.
4:
5: for each individual x in the offspring population do
6: Apply local search to find an improved solution, xopt.
7: Perform replacement using Lamarckian/Baldwinian learning, i.e.,
8: if Lamarckian Learning then
9: if f(xopt) < f(x) then

10: x = xopt, which is inclusive of
11: f(x) = f(xopt)
12: end if
13: else if Baldwinian Learning then
14: if f(xopt) < f(x) then
15: f(x) = f(xopt)
16: end if
17: end if
18: end for
19:
20: Select a new parental population
21: end while

method here includes any other optimization algorithm applied to refine the quality of an

individual/chromosome. It could materialize in the form of deterministic gradient-based,

stochastic, or other methods. The brief outline of a traditional MA for Single Objective

Optimization (SOO) is provided in Algorithm 4.

From the pseudocode, it is noted that improved solution generated by the local search

procedure in line 8, replaces the genotype and/or fitness of the original individual in

the population. There are two basic replacement strategies that are commonly used in

MAs [140]:

• Lamarckian learning forces the genotype to reflect the result of improvement in

local search by placing the locally improved individual back into the population to

compete for reproductive opportunities.

• Baldwinian learning only alters the fitness of the individuals and the improved
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genotype is not encoded back into the population.

In this thesis, the focus of our research is on Lamarckian learning unless otherwise stated.

It is worth noting that in [144], Baldwinian learning has been shown to be more suitable

when considering the search for solutions which are robust to slight deviations in design

variables and/or environmental parameters. Since, searching for such solutions is out of

the scope of this thesis, we choose to apply Lamarckian learning which is rather suitable

for finding global optimum solutions.

2.2.3 Multi-Objective Evolutionary Algorithms

Multi-criteria or Multi-Objective Optimization (MOO) problems arise naturally in many

real-world situations. Take for instance, while automotive engineers might want to pro-

duce a vehicle equipped with many enhanced and expensive technologies, they must also

minimize the production cost. Hence, in decision making, it is inevitable to seek for a

compromise between the various objectives or goals. EAs as a class of population-based

optimization algorithms suit the need for tackling this type of problems. This is so since

in MOO, the goal is not to obtain a single global optimum solution as in its SOO counter-

part, but to obtain a set of Pareto optimal solutions with the trade-off between different

objectives. Using EAs, these solutions can be obtained within a single run.

Algorithm 5 Nondominated Sorting Genetic Algorithm II (NSGA-II)
1: Initialization: Generate and evaluate a population of design vectors, assign rank based

on Pareto dominance.
2: while termination condition is not satisfied do
3: Apply evolutionary operator(s) to create the offspring population.
4: Assign domination rank on both parent and offspring populations.
5: Generate sets of non-dominated fronts.
6: Determine the crowding distance between individuals on each front.
7: Select individuals on the lower fronts (for convergence) and possess better crowding

distance (for diversity), as new parental population.
8: end while
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In MOO, a solution x(1) is said to dominate solution x(2) in the objective space, i.e.,

x(1) ¹ x(2) if the following two conditions hold:

• x(1) is no worse than x(2) on all objectives or fj(x
(1)) ≤ fj(x

(2)) for all j = 1, 2, . . . , r.

• x(1) is strictly better than x(2) on at least one objective, or fj(x
(1)) < fj(x

(2)) for

at least one j ∈ 1, 2, . . . , r

If set P is the entire feasible search space, the non-dominated set P ∗ is labeled as the

Pareto-optimal set. Any two solutions in P ∗ must non-dominate each other, i.e., x(1) ∼
x(2). On the other hand, Pareto front (PF ∗) is the image of the Pareto-optimal set in

objective space.

Among the well-known Multi-Objective EAs (MOEAs) proposed by various research

groups are the Vector Evaluated GA (VEGA)[180] by Schaffer (1985), Multi-Objective

GA (MOGA)[52] by Fonseca and Fleming (1993), Non-dominated Sorting GA (NSGA)[189]

and NSGA-II[36] by Deb et al. (1994, 2000), Niched-Pareto GA (NPGA)[81] by Horn

and Nafpliotis (1993), NPGA-II[46] by Erickson et al. (2001), Strength Pareto EA

(SPEA)[215] and SPEA-II[213] by Zitzler et al. (1999, 2001), and Pareto Archived ES

(PAES)[103] by Knowles and Corne (2000). From the literature of MOEAs, NSGA-II

represents one of the most widely used and hence it is briefly outlined here as Algorithm

5. Note that this algorithm will be revisited in Chapter 4.
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Chapter 3

Surrogate Modeling and
Parallelization

This chapter presents our survey on two main topics related to this thesis, i.e., 1 ) surro-

gate modeling and 2 )parallelization, in the context of evolutionary computation.

3.1 Surrogate Modeling in Evolutionary Computa-

tion

Over the years, while there remains many emerging works on developing new optimiza-

tion algorithms, there are numerous other efforts gearing towards improving the efficiency

of existing algorithms. One of such research direction is on the use of surrogate mod-

els that are less computationally intensive. From the survey of literature, we note the

significant number of studies on using surrogate models to assist optimization in recent

years. Fig. 3.1 quantifies the number of publications on the topic of surrogate-assisted

optimization in multi-disciplinary study, as listed in Scopus, which represents one of the

largest database of research literatures. The data consists of ∼1078 publications from

more than 160 researchers over 25 disciplines of study in the past 10 years, i.e., 1998-2007.

This constantly rising trend indicates the importance of surrogate-assisted optimization

research and highlights its success in practice. In the context of surrogate-assisted evo-

lutionary optimization, a similar trend is observed, where the number of publications
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Figure 3.1: Publications on the topic of Surrogate-assisted optimization in the past 10
years (1998-2007).

specializing on surrogate-assisted evolutionary approaches, encompasses ∼20% from the

total 1078 publications at the time of writing this thesis. In the rest of this chapter,

various related aspects to SAEA (as summarized in Fig. 3.2), such as the motivations for

using surrogate models, types of surrogate models used, surrogate model incorporation

techniques, convergence property, and application/problem domains in which SAEAs

have been reported, are discussed.

3.1.1 Motivations

The use of surrogate models in EA can be motivated by several reasons [86]:

• The computation of the fitness function is time-consuming. Many com-

plex engineering design problems where high-fidelity models are used, each objective

function evaluation requires the simulation of the high-fidelity models, such as Fi-

nite Element Analysis (FEA), Computational Fluid Dynamics (CFD) or Computa-

tional Electro Magnetics (CEM), etc., may cost minutes to hours of supercomputer

time.
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Figure 3.2: Various related topics to SAEA discussed in Section 3.1.
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• There is no explicit model for the fitness function. This often occurs in

evolutionary music and art designs where the fitness of an individual design totally

depends on the human users which are susceptible to fatigue.

• The environment is noisy. In noisy environment, robust optimum solutions

are often more desirable. However, this type of solutions come with a trade-off.

Many extra evaluations are generally required to obtain the effective fitness in noisy

environment, absorbing the possible perturbations experienced in real-life scenario.

• The fitness landscape is highly multimodal. Multimodality can often deceive

optimization algorithms to arrive at local optimum instead of the desired global

optimum. Some approximation models such as Polynomial Regression (PR) can be

constructed to smooth the rugged landscape without much changes to the location

of the global optimum.

3.1.2 Surrogate Models

In this section, a survey of the various approximation models commonly used in the con-

text of SAEA is presented. In particular, they are categorized into three main categories,

i.e., 1 ) fitness inheritance/estimation, and 2 ) multi-scale computational models, and 3 )

data-fitting surrogate models.

3.1.2.1 Fitness Inheritance/Estimation

This type of approximation obtains the fitness of an individual in the EA population

using linear or non-linear combination of previously evaluated individuals, which can be

the ancestors, parents, or even siblings. In [185][206][178], average or weighted fitness

from the two parents are used to estimate the fitness of an offspring individual. Similarly,

the fitness inheritance approach in [171] considers both parents to estimate the offspring’s

fitness via some arithmetic operations on their fitness and reliability measures. In [42],
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representative siblings chosen from clustering are considered to derive the fitness of an

offspring. In the context of EA optimization in noisy environment, [28] uses the fitness

and variance average of parents to decide whether multiple samplings are required for

determining the effective fitness of an individual. Meanwhile still in same context, [25]

uses all previously evaluated individuals, i.e., the ancestors are used for estimating the

abundant fitness evaluations required in finding solutions which are robust to noise. In

the context of Estimation of Distribution Algorithm (EDA), [150] and [179] consider all

previously evaluated individuals to build the probabilistic models used for sampling new

individuals. Similarly, [165] and [166] have also used weighted average fitness and nearest

neighbours’ fitness values, respectively, in Particle Swarm Optimization (PSO).

Previously 

evaluated points

Select points for 

inheritance/

imitation

Point to be 

predicted

Apply arithmetics 

operation on 

selected points 

and design point 

to be predicted

Predicted value

e.g. parents, similar or 

nearest ancestors/

siblings

e.g. direct imitation, 

average, weighted 

average

Figure 3.3: Fitness inheritance.

3.1.2.2 Multi-scale Computational Models

In science and engineering, computational models are commonly created to simulate and

analyze a set of processes or phenomena observed in the physical system which are oth-

erwise deemed to be too costly to construct. For instance, in water cluster optimization,

there are low-fidelity empirical models such as OSS2 [135] or TTM2.1F [30], besides

the first principle quantum mechanical computation such as Density Functional Theory
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(DFT) [167]. The term ‘fidelity’ here refers to the extent to which a model is capable

to mimic the original physical system of interest. A common assumption is that higher

fidelity models are generally more accurate at the expense of a higher computational

cost. The complexity or level of details of a physical system may come in many forms.

Some of those reported in the context of SAEA use lower fidelity models ranging from

variable mathematical models [41], variable parametric formulations [39][160][147][97], to

variable operating conditions [43].

Point to be 

evaluated

Computational 

model 1

Computational 

model 2

...

Evaluated value 2

Computational 

model n
Evaluated value n

Evaluated value 1

Figure 3.4: Multi-scale computational model.

3.1.2.3 Data-fitting Models

Another widely used approximation method in SAEA is the data fitting techniques,

such as Artificial Neural Networks (ANN), Kriging/Gaussian Process (GP), Polynomial

Regression (PR), Radial Basis Function (RBF), and Support Vector Machine (SVM).

Since all these techniques actually model the physical models, they are also often known

as ‘metamodels’. The common idea behind this type of surrogate model is to train or

compute a set of model parameters such that error observed in the training and/or testing

dataset is minimized. A detailed description of three metamodels used in later chapters,

i.e., Kriging/GP, PR, and RBF, is also presented in Appendix A. Reported SAEA works

using the various data fitting techniques in the literature can be listed as follows:

29

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 3. Surrogate Modeling and Parallelization

• ANN: [94][47][92][126][80][88][58][68][37][71];

• Kriging/GP: [158][159][45][197][27][208][210][105][102][44][209][207][187];

• RBF: [142][208][141][144][209][207];

• PR: [110][111][208][210][146][209][207][112];

• SVM: [7][198][115];

• Multiple models: [207];

• Ensemble models: [93][73];

Previously 

evaluated points
Select points for 

data fitting

Point to be 

predicted

Build 

metamodel(s) to fit 

the selected points

Predicted value

e.g. all points, nearest 

neighbors, equally-

spaced points.

e.g. ANN, RBF, GP, PR, 

SVM, ensembles, etc.

Make prediction 

on the point using 

metamodel(s) built

Figure 3.5: Data-fitting model.

3.1.3 Surrogate Models Management Frameworks

The use of surrogate models often brings about approximation errors, which can subse-

quently lead to false convergence in optimization. Hence, the challenge in most SAEA

is to maintain convergence of the underlying EA to near-optimum solution while min-

imizing the computational budget as much as possible. Taking this cue, most SAEAs
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introduced can be categorized based on the mechanisms by which the fitness approxima-

tion is incorporated, into: 1) frequency control strategies , 2) selection control strategies,

and 3) model control strategies. It is worth noting that in [92], the term ‘evolution con-

trol’ is introduced referring to the different model management strategies that adapt the

frequency and/or the selection of individuals to be evaluated based on the exact function

or surrogate model.

3.1.3.1 Frequency Control

To decide on the frequency of performing exact function evaluations, some researchers

have considered a fixed portion of individuals and/or generation count that would undergo

exact function evaluation, such as in [25], [158], [29], and [92]. Meanwhile, [68] considered

the approximation error and correlation measure to determine the quality of the surrogate

model, which in turn is used to define the frequency of approximated individuals in the

next generation. As far as frequency control is concerned, it is also worth noting the

notions of ‘pre-selection’ [197][198][68] and ‘informed operator’ [157][43]. In both schemes,

λ out of θ individuals are identified based on prediction of surrogate models (where λ is

the population size and λ < θ).

3.1.3.2 Selection control

The frequency adaptation in SAEA often comes in tandem with some rules for select-

ing which individuals are to be exact evaluated. The simplest of them is by random

selection [92]. Others choose the most promising individuals in the surrogate model to

be exact-evaluated. However, note that the notion of ‘most promising’ may have di-

verse interpretations. In [127][111][157][45][92][85][197][198][98], individuals having the

best approximated fitness are chosen to be exact-evaluated. Others working along this

line considered the most uncertain individuals as also promising [25][47][197][102][187].

The aim of re-evaluating individuals with the most uncertain approximation values using
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the exact fitness function is to reduce the uncertainty in the respective region. At the

same time, there is also higher probability that this individual is of good quality since

confidence on the current prediction is low. In [101][42][93][68], greater diversity in the

selected individuals is expected by only exact evaluating the cluster centres.

3.1.3.3 Surrogate Model Control

Besides frequency and selection control, many works in this area have also approached

the SAEA efficiency issue through the type of surrogate model used. Note that surrogate

model control may be in the form of using variable-fidelity models and/or different region

of approximation. Most of the schemes which employ multi-scale models in the context

of parallel island GA [39] and [97], use differing surrogate models in the different islands.

Meanwhile, as far as the region of approximation is concerned, many works have also

considered local models. For instance, [138][142][163][97][141][144][207][71] use only local

approximation models instead of the conventional way of using single global approxima-

tion for all the fitness predictions. Others in [126][7][147][208][37][209] considered using a

hierarchical architecture from a global/coarse-grained to local/fine-grained as the search

progresses. Some interesting works in [58] and [186] adopted an inverse modeling ap-

proach where the Pareto front (in the context of multi-objective optimization), instead

of the decision search space is modeled. Note that though most of the techniques grouped

into this category emphasize on a particular surrogate model control, often they are fused

with some other forms of frequency/selection/surrogate model controls.

3.1.4 Application and Problem Domains

From a survey of the literature, it is interesting to note that SAEAs have enjoyed great

successes in many application domains, and found their contributions in new problem

domains including multi-objective, constrained, dynamic environment, and discrete prob-

lems. Some of the applications where SAEAs have been reported range from manu-

32

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 3. Surrogate Modeling and Parallelization

facturing [202], structural engineering [148][149][187], medical [183][182][181], aerospace

[39][152][68][45][60][61][91][92][136][142][144][157], robotic [116], chemistry [42][43], an-

tenna [147], to music and art [23][94][95]. Meanwhile, the diverse problem domains

in which SAEA has been reported include constrained problems [158][85][164][44][71],

multi-objective problems [47][85][98][58][44][96][105][102][126][186][166], discrete param-

eter problems [150], and dynamic & uncertain environment [25][176][144][146].

3.1.5 Convergence Analysis

In this subsection, the convergence property of the SAEAs is discussed. Hitherto, there

are several empirical or experiment-based proofs reported for such SAEAs. In [185], it is

reported that evolutionary search converges well even when only 10% of the population

are evaluated using the exact function evaluations. Similarly, in [92], it is observed that

EA can achieve correct convergence if more than 50% of the function evaluations are

carried out using the exact fitness function. However, to the best of our knowledge,

there has not been any universal framework that theoretically justifies those empirical

findings. To begin, the plethora of existing SAEAs reviewed in the previous section are

generalized into their generic framework as described in Algorithm 6. The main idea

in this framework is to interleave expensive function evaluations and surrogate model

evaluations, with some pre-defined or adaptively controlled proportion, in both global

and local search (memetic) phases. It is obvious that as the proportion of exact function

evaluations approaches 100%, the resultant algorithm is close to the original underlying

EA.

Here, a theoretical analysis on the convergence property of general SAEAs is presented

using the Finite Markov Chain (FMC) theory by extending from previous efforts on

the convergence analysis of genetic algorithms in [40][169][192][137]. In FMC theory,

a random process is represented by the transitions from/to a finite number of states,
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Algorithm 6 A generic SAEA Framework
1: Initialization: Generate a database Γ, containing a population of designs with their exact

fitness values.
2: while computational budget is not exhausted do
3: Generate offspring population using evolutionary operators (selection, crossover, muta-

tion).
4: Build global/local surrogate model(s) using points from database Γ.
5: Evaluate offspring population using surrogate model(s) and/or exact function evaluations.
6: Archive all exact evaluations into database Γ.
7: if Memetic Search then
8: Perform local refinement employing surrogate model(s) and exact function evaluations.
9: Archive all exact evaluations into database Γ.

10: Replace offspring with refined individuals.
11: end if
12: end while

S = {s1, s2, . . . , sn}. The transitions are represented by P , a (n×n)-matrix with elements

Pi,j : i, j = {1, . . . , n}, where Pij denotes the probability of the process moving from state

i to j and n is the number of all possible states. For clarity, some important definitions

are outlined as follows:

Definition 3.1 The random process is said to be time-homogeneous if the transition

probability Pij is independent of time, i.e., P t1
ij = P t2

ij .

Definition 3.2 A square matrix M = {mij}n×n is said to be positive (M > 0) if mij > 0

for all i, j ∈ {1, . . . , n}.

Definition 3.3 A square matrix M = {mij}n×n is said to be stochastic if
∑n

j=1 mij = 1

for all i, j ∈ {1, . . . , n}.

Definition 3.4 The jth column in a square matrix M = {mij}n×n is said to be a positive

column if mij > 0 for all i ∈ {1, . . . , n}.

Definition 3.5 A Markov chain is irreducible if for all si, sj ∈ S, si ←→ sj. In other

words, for any si, sj ∈ S, there is a t such that P t
ij > 0. Otherwise, the chain is said to

be reducible. Finite irreducible chains are always recurrent.
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Definition 3.6 An irreducible chain is said to be aperiodic if for all pairs of states

i, j ∈ S, there exists an integer T < ∞, such that for all t > T , the probability P t
ij > 0.

Without loss of generality, GA is used as an instance of EA throughout the analysis.

First, the states of a Markov chain are defined as S, where each state in S represents

the collection of individuals in an GA population at a certain time t. Take for instance,

S1 = {1001, 0100, 1100, . . . , Os}, where Oj denotes the jth offspring of the population

with size of s. Since the chromosomes are encoded with a finite resolution, there are a

finite number of possible states in S.

The probabilistic changes in an population due to the evolutionary operators in a

typical GA may then be modeled using stochastic matrices Pc, Pm, and Ps denoting

the crossover, mutation, and selection operators, respectively. In Memetic Algorithm

(MA), besides the GA operators, a local refinement procedure is also performed on each

individual. Here, the local refinement procedure is modeled as the transition matrix

Pl. In total, the GA or MA can then be modeled by a single transition matrix P as

PGA = PcPmPs or PMA = PcPmPlPs, respectively. In surrogate-assisted GAs (SAGAs),

the existence of approximated fitness generates additional bias to the selection process,

represented by Ps. Similarly, for surrogate-assisted MAs (SAMAs) which employ local

refinements based on the approximated fitness, this may result in a varying Pl.

Lemma 3.1 The transition matrix Ps and Pl in SAGA and SAMA, respectively can be

time-homogeneous after some period T .

Proof: When different surrogate models are used, their varying accuracies might affect

the search. However, with the availability of proven model management frameworks that

converge to a local optimum, the effect of varying accuracies in the surrogate models used

is minimized. For instance, the trust-region framework [15][194][32] may be employed to
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ensure that local searches will eventually reach their respective local optimum. The trust-

region framework assumes the availability of first order (f ′(x)) and zero order (f(x))

accuracy in the surrogate models to ensure convergence to a local optimum, [32] and

[194] have independently shown that the use of inexact gradient information is sufficient

for such convergence property. As the search progresses, the cardinality of database

archived, | Γ | grows and thus the accuracies of the surrogate models. Hence, at time

τ > T , it happens that:

lim
t→τ

Prob(|f(x)− f̂(x)| ≈ 0 | Γt) = 1 (Eq. 3.1)

A credible model management framework supported by a mild assumption on the model

accuracy hence ensures that the global/local searches starting from a point x will always

reach its respective local optimum xopt in the surrogate landscape at time τ > T , or

mathematically:

lim
t→τ

Prob(arg min f̂(x(i)) = x
(i)
opt | f̂(x) ≈ f(x)) = 1, ∀i = {1, . . . , s} (Eq. 3.2)

where s is the population size. Consequently, this infers the time-homogeneity property

of Ps and Pl in both SAGA and SAMA. ¤

Lemma 3.2 Let Pc, Pm, Pl, and Ps be stochastic matrices, where Pm is positive. Then

PSAGA = PcPmPs in SAGA and PSAMA = PcPmPlPs in SAMA have at least one positive

column.

Proof: Since Pm is positive, it is always true that A = PcPm is also positive. To

proceed, it can be safely assumed that Psii
> 0 for all i ∈ {1, 2, . . . , n} since there is

always a possibility that selection does not alter the population state [169]. Then, it is

ensured that PSAGA = APs is also a positive matrix.
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In SAMA, suppose Sl = {S1, S2, . . . , Sz} ⊂ S, are the states in which all members of the

population are local optima, i.e.:

Sl = {Si | x(j) ∈ Si ∧ f ′(x(j)) = 0}, ∀i = {1, . . . , z}, ∀j = {1, . . . , s} (Eq. 3.3)

where z is the number of states with only local optima, s is the population size, and f ′(x)

is the first derivative of f(x). It is obvious that the global optimum is among the z local

optima. Since all states in Sl will only loop back to itself as the result of local search

as they consist only local optima, Pl will have Plii = 1 for all i ∈ {1, 2, . . . , z}. Having

such conditions in Pl ensures that B = APl contains z positive columns, corresponding

to the states in Sl. Since Psii
is always positive for all i ∈ {1, 2, . . . , n}, it is ensured that

P = BPs will have z positive columns. ¤

Theorem 3.1 SAGA has the global convergence property.

Proof: From Lemma 3.2, PSAGA = PcPmPs is strictly positive. Consequently, the

entire state space is a closed (ergodic) set because the Markov chain is irreducible and

aperiodic. Hence, the Markov chain must be composed of only positive recurrent states.

Suppose Sopt ⊂ S, Sopt being the set of states containing the global optima, xopt. Because

PSAGA is irreducible, aperiodic, and positive recurrent, as t → ∞, the probability that

all possible population states, including Sopt, will be visited at least once, approaches

1. Hence, regardless of the initial distribution, it is apparent that limt→∞ Prob{xopt ∈
St} = 1. Further, since the fittest solution is always tracked in practice, it extends from

[169] that the search converges globally using an elitist selection mechanism. ¤

Theorem 3.2 SAMA has the global convergence property.

Proof: On the other hand, PSAMA = PcPmPlPs is positive in z columns, corresponding

to the states in Sl (Lemma 3.2). Since the global optimum is a subset of all local optima, it
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is always true that the global optimum can be found in some states Sopt, where Sopt ⊂ Sl.

Having a positive column in the transition matrix PSAMA implies that all states in Sopt

will be reachable from any other states as t → ∞. Consequently, this implies that

limt→∞ Prob{xopt ∈ St} = 1. Based on the same rationale on the best solution tracking

(Theorem 3.1), the search converges globally using an elitist selection mechanism. ¤

3.2 Parallel and Distributed Computing

As a population-based method, one well-known strength of EA is the ability to partition

the population of individuals among multiple computing nodes. Doing so allows sublinear

speed-up in computation and even super-linear speed-up [12]. In this section, a brief

overview on two important topics, i.e., parallel EA and Grid computing, is presented to

provide a necessary understanding on our works in latter chapters.

3.2.1 Parallel Evolutionary Algorithms

In the literature, there exist different classifications on Parallel Evolutionary Algorithms

(PEAs). Though most of them consider parallel GA only, the classification can be gener-

alized for other existing EAs. In [10], the different parallelization techniques are divided

into two major groups, i.e., the standard and decomposition approaches. The standard

approach is rather straightforward since its goal is solely to gain computational speed-

up. Hence, it only parallelizes the concurrent computations of the sequential algorithm

resulting in no changes in the algorithmic behavior. On the other hand, the decomposi-

tion approach divides the population and/or problem search space into smaller partitions

hence changes in algorithmic behavior are expected. Similarly, [12] also considers such

classification, using the terms panmictic and structured EAs. In [134], the different par-

allel GAs are classified based on their implementation details into 8 classes, i.e.: 1)

Synchronous and asynchronous master-slave, 2) Static subpopulations with migration, 3)
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Static overlapping subpopulations, 4) Dynamic overlapping subpopulations, 5) Massively

parallel GAs, 6) Parallel steady-state GAs, 7) Parallel messy GAs, and 8) Hybrid of other

methods.

On the other hand, [31] categorizes the different parallelization techniques of PEA

into four different models as depicted in Fig. 3.6-3.7, which are described as follows:

• Master-slave model [49][26][78][8][74]. In this model, it is assumed that there is

only a single panmictic population. However, unlike the canonical EA, evaluations

of individuals are distributed by scheduling fractions of the population among the

processing computing nodes. Such a model has the advantage for ease of imple-

mentation and does not alter the algorithmic behavior of a canonical EA.

• Fine-grained or Cellular model [66][125][118][67][177] [14]. Fine-grained PEA

consists of only a single population, which is spatially structured. For instance, us-

ing a Von Neumann neighbourhood structure, selection and mating are restricted to

the four direct neighbours. Nevertheless, groups overlap such that good individuals

may disseminate across the entire population.

• Multi-population/deme or island model [69][151] [193][34][22][65]. This model

consists of several subpopulations that exchange individuals occasionally. This

exchange of individuals is called migration and is controlled by several parameters,

i.e., the migration interval, frequency, and individual selection criteria for migration

and replacement.

• Hierarchical/hybrid model [70][113][13][14] It is also possible to combine two

of the aforementioned approaches to form a hierarchical or hybrid model of PEA.

The most common hierarchical model involves an island model at the top and

master-slave, cellular, or another island model in each subpopulation.
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3.2.2 Grid Computing

Advancements in technology have brought about the availability of more powerful pro-

cessing power of today’s computer. Moore’s law [124] stated that the number of transis-

tors that can be inexpensively placed on an integrated circuit is increasing exponentially,

doubling approximately every two years. Even so, the problems encountered in real-life,

especially in science and engineering, also have the tendency to become more complex and

hence computationally intensive. The recent development in multi-core hardware plat-

form has been showing great promises to cope with this issue. However, the availability

of many such powerful computers might be still cost-prohibitive for a single organization.

A more viable solution is one of the latest trend in distributed computing community,

i.e., the Grid computing technology [54][21][56][55].

The term Grid computing refers to a group of independent, geographically disparated,

and possibly heterogeneous computer clusters, each consists single or multiple computing

nodes, offering computational power or storage for authorized users. The Grid technology

has made it possible for different project groups to harness computing resources that

span across laboratories or even organizations efficiently, in contrast to the old days

of having inadequate number of dedicated computer resources capable only for solving

small-scale problems. In addition, the sharing of computational resources may also relax

the constraint on limited commercial licenses a project group may access seamlessly for

analyzing the designs at once. This is primarily due to the high costs associated with

the site licenses of commercial analysis packages, for example, Ansys [1], Fluent [2], and

Sysnoise [6].

A typical Grid computing environment with different functional units is depicted in

Fig. 3.8. Generally, most of such functionalities has been incorporated in Grid middle-

wares, such as Globus Toolkit as the de facto middleware in this field. The processes

involved are described as follows:
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Figure 3.8: A typical Grid computing environment.

(i) To access the available Grid resources, a user is required to authenticate him/herself

to the Grid. A common procedure is that only a single sign-on is required for an

authorized user to access all resources living in the Grid. For instance, in the X.509

authentication protocol, before the first access to the Grid, a user must acquire

an X.509 certificate and create a public/private keypair. While the private key

is safeguarded, the public key is then sent to the Certificate Authority (CA) as a

certificate request. Upon approval, a signed certificate will be issued for the user,

which contains the user’s public key and X.509 identity encrypted with the CA’s

private key. Note that every resource in the Grid should have a copy of the CA’s

certificate containing its public key, hence can authenticate the user by decrypting

the user’s certificate.

(ii) Only after authenticated, the user is allowed to use the computing resources. There

42

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 3. Surrogate Modeling and Parallelization

could be different scenarios for job submission depending on the Grid configuration

and user’s needs, as follows:

2.1 User can request the information service for a list of available computing

resources, to which jobs can be submitted. In Figure 3.8, this step is shown

by 2.1.a and 2.1.b. This scenario might be an option for some reasons: 1) the

environment do not specifically have a meta-scheduler or brokerage service, or

2) user purposely wants to bypass the meta-scheduler to reduce overhead or

to use own scheduling algorithm.

2.2 An alternative path is to make use of the meta-scheduling service. De-

pending on the meta-scheduler’s implementation, there could be 2 possible

ways this scenario can be carried out: 1) the meta-scheduler acts as a proxy

to the user to submit jobs, as shown in processes 2.2.a, 2.2.b, and 2.2.c, or 2)

the meta-scheduler only provides the job schedule, and jobs are still submitted

directly by user. These are illustrated by processes 2.2.a, 2.2.b, and 2.1.b.

(iii) Besides the above, it is also important for the information service to maintain the

most up-to-date information. Hence, any changes on the existing resources such as

addition/removal of compute nodes, and new resources to join the Grid should be

updated (refer to 3.1, 3.2, and 3.3). In practice, this functionality might be realized

by Globus Monitoring and Discovery Service (MDS) [5], Ganglia [120], etc.

43

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 4

Evolutionary Computation Using
Data-fitting Approximation Models

In spite of the extensive research efforts on the topic of surrogate-assisted EAs, existing

surrogate-assisted evolutionary frameworks remain open for further improvement. Jin et

al. in [90] have shown that existing surrogate-assisted evolutionary frameworks proposed

are often flawed by the introduction of false optima since the parametric approximation

technique used may not be capable of modeling the problem landscapes accurately, thus

producing unreliable search. Generally, the ‘curse of dimensionality’ creates significant

difficulties in the construction of accurate surrogate models for fitness prediction. On the

other hand, it is worth keeping in mind that approximation error in the surrogate model

does not always harm. A surrogate model capable of smoothing the multi-modal or noisy

landscape of the complex problem may contribute more beneficially to the evolutionary

search than one that models the original fitness function accurately. For instance, the

study in [145] has emphasized the importance of predicting search improvement as op-

posed to the usual practice of improving only the quality of the surrogate in the context

of evolutionary optimization.

Based on these recent works, it is also worth highlighting the influence of the approx-

imation method used on the performance of any surrogate-assisted evolutionary search.

The greatest barrier to further progress is that, with so many approximation techniques
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available in the literature, it is almost impossible to know which is most relevant for mod-

eling the problem landscape or generating reliable fitness predictions when one has only

limited knowledge of its fitness space before the search starts. Moreover, approximation

techniques by themselves may model differently on different problem landscapes. De-

pending on the complexity of a design problem, a single approximation model that may

have proven to be successful on an instance might not work so well, or at all, on others.

In the field of multidisciplinary optimization, such observations have also been reported

[173][205][119][155][175][174][62][9][98]. In those works, this issue is commonly handled

by performing multiple optimization runs, each on different surrogate model or ensemble

model. In [173][205][174], a set of surrogate models consisting Kriging, PR, RBF, and

weighted average ensemble is used to demonstrate that multiple surrogates can improve

robustness of optimization at minimal cost. Similarly, [119] uses PR and RBF surrogate

models in the context of multi-objective optimization and shows that each of the models

perform better at different region of the Pareto front. Others in [155][175][62][9] resolve

this issue by introducing various ensemble model building techniques. It is shown from

these works that ensemble models generally outperform most of the individual surrogates.

Given the restricted theoretical knowledge available, the present chapter introduces a

generalized framework for unifying diverse surrogate models synergistically in the evolu-

tionary search. In contrast to the existing efforts, the focus here is on predicting search

improvement in the context of optimization as opposed to solely on improving the predic-

tion quality of the approximation. In particular, the problem to attain a reliable search

improvement in surrogate-assisted evolutionary framework is generalized into two major

goals: 1) to mitigate the ‘curse of uncertainty’ and, 2) to benefit from the ‘bless of

uncertainty’. The ‘curse of uncertainty’ 1 refers to the negative consequences introduced

by the approximation error of the surrogate models used. On the other hand, ‘bless of

1In the present context, the definition of ’uncertainty’ refers to the approximation errors in the fitness
function due to the use of surrogate models based on the definitions given in [87].
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uncertainty’ refers to the benefits attained by the use of surrogate models. Particularly,

surrogate models that are capable of generating reliable fitness predictions on diverse

problems of different landscapes to mitigate the ‘curse of uncertainty’ on one hand, and

on the other hand surrogate models that are capable of smoothing rugged fitness land-

scapes to prevent the search from getting stuck in local optima [145], are sought. Previous

works by Liang et al. [110][111] have also confirmed that smoothed landscape of rugged

fitness landscape can lead the search to optimum solutions easier than using the exact

fitness landscape.

4.1 Impacts of Approximation Errors

In this section, the effects of uncertainty introduced by inaccurate approximation models

on search performance of SAEAs are briefly discussed. Without loss of generality, here

computationally expensive minimization problems under limited computational budget

with bound constraints as illustrated in Equation Eq. 2.3 are considered.

Note that when approximation is applied on one or more objectives, there are two

commonly adopted strategies, i.e., 1) one approximation model per objective function,

and 2) one approximation model for an aggregated(linear or nonlinear combination)

objective function, faggr(x), which is defined as:

faggr(x) =
r∑

i=1

wifi(x) (Eq. 4.1)

where r is the number of objectives, wi is the weight for the ith objective. In this chapter,

the second strategy is considered. Since in single-objective context, faggr(x) = f(x) =

f1(x), the term f(x) might be used interchangeably to faggr(x) for brevity purpose when

only single-objective context is considered.

If faggr(x) denotes the original fitness function and the approximated function is

f̂aggr(x), the approximation errors at any solution vector x is e(x) , i.e., the uncertainty

46

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 4. Evolutionary Computation Using Data-fitting Approximation Models

introduced by the surrogate at x, may then be defined as:

e(x) = |faggr(x)− f̂aggr(x)| (Eq. 4.2)
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4.1.a: ‘Curse of uncertainty’ in single-
objective SAEA. Approximated function in
the figure is obtained using spline interpola-
tion technique.
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4.1.b: ‘Bless of uncertainty’ in single-
objective SAEA. Approximated function in
the figure is obtained using a low order Poly-
nomial Regression.

Figure 4.1: Curse and bless of uncertainty in single-objective SAEA.

Here, the negative and positive impacts introduced by the approximation inaccuracies

of the surrogates on SAEA search [145] are highlighted. The negative impact or otherwise

known as the ‘curse of uncertainty ’ on SAEA search can be briefly defined as the phe-

nomenon where the inaccuracy of the surrogates used results in the SAEA search to stall

or converge to false optimum. To illustrate the ‘curse’ effect, we refer to Fig. 4.1.a where

the SAEA is likely to converge to the false optimum of the spline interpolation model due

to inaccuracy. On the other hand, the positive impact, i.e., the ‘bless of uncertainty ’ in

SAEA materializes when the use of surrogate brings about greater search improvements

over the use of original exact objective/fitness function. For instance, the surrogate can

help to traverse the search across valleys and hills of local optima by smoothing the

ruggedness/multi-modality of the problem landscape. To illustrate the blessing effect,
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we refer to the example in Fig. 4.1.b, where a low order polynomial regression scheme

is used to approximate the exact objective function. Due to the smoothing effect of the

polynomial surrogate, the search leads to an improved solution that is unlikely to be

attained even if the exact objective function is used. Hence, the ‘bless of uncertainty ’

brings about possible acceleration in the search. Besides a faster convergence, recent

study in [143] revealed that the ‘bless of uncertainty ’ in SAEA also exists in the form of

improving evolutionary search diversity through the use of surrogate models.

Next, to illustrate ‘curse and bless of uncertainty ’ in the context of multi-objective

optimization, we refer to the examples in Figs. 4.2.a and 4.2.b. Fig. 4.2.a depicts the ef-

fect of ‘curse of uncertainty ’ in MOEA search due to the presence of inaccurate surrogate

models. In Fig. 4.2.a, the surrogate-assisted MOEA search is observed to be evolving

towards poor non-dominated solutions in comparison to that based on the exact fitness

functions. Moreover, those labeled as x1 and x2 in Fig. 4.2.a suggest that some solu-

tions might stall, while others fail to converge optimally. On the other hand, Fig. 4.2.b

illustrates the presence of ‘bless of uncertainty ’ where the errors in the surrogate used is

observed to improve the MO evolutionary search in both convergence and diversity mea-

sures. Particularly, some improved solutions of the surrogate-assisted search is shown to

converge faster than a search without using surrogates, while others such as x3 and x4

are newly found non-dominated solutions which improve the search diversity.

4.2 Generalizing Surrogate-Assisted Evolutionary Al-

gorithms

In this section, a generalization of surrogate-assisted evolutionary frameworks for opti-

mization of problems with objectives that are computationally expensive to evaluate, is

presented. The generalized framework illustrated here for unifying diverse approximation
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concept synergistically is a surrogate-assisted memetic algorithm that conducts simulta-

neous local searches on separate ensemble and smoothing surrogate models. Note that

the rationale behind using a memetic framework over a traditional evolutionary frame-

work is multi-fold [137][140]. First, we aim to exploit MAs’ capability of locating the

local and global optima efficiently. Second, a memetic model of adaptation exhibits the

plasticity of individuals that a pure genetic model fails to capture. Further, by limiting

the use of surrogate models within the local search procedures, the global convergence

property of EAs can be ensured.

In the generalized framework, we introduce first the idea of employing online local

ensemble surrogate models constructed from diverse approximation concepts using data

points that lie in the vicinity of an initial guess. The surrogate models are used to replace

the expensive function evaluations performed in the local search phase. The improved

solution generated by the local search procedure then replaces the genotype and/or fitness

of the original individual.
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4.2.1 Ensemble Model

To mitigate the ‘curse of uncertainty’ due to the effect of using imperfect fitness ap-

proximation, surrogate models that are capable of generating reliable fitness predictions

on diverse problems, are sought. In particular, since it is almost impossible to know in

advance which approximation technique best suits the optimization problem in hand,

a synergy of diverse approximation methods is considered through the use of ensemble

models to generate reliable accurate predictions across problems of differing functional

landscapes [93][114][155], as opposed to single surrogate models created by specific ap-

proximation scheme that may not be appropriate for the problem in hand. In what

follows, online local weighted average ensembles are considered. For instance, in the

single-objective context, the predicted ensemble output of f(x) using n surrogate models

is formulated as:

f̂ens(x) =
n∑

i=1

cif̂i(x),

n∑
i=1

ci = 1, (Eq. 4.3)

where f̂ens(x) and f̂i(x) are the fitness prediction made by the ensemble and ith surrogate

model, respectively. The same formulation applies in the multi-objective context where

faggr(x) is considered. ci is the weight coefficient associated with the ith surrogate model.

A model can be assigned a larger weight if it is found or deemed to be more accurate.

Hence, the weighting function becomes:

ci =

∑n
j=1,j 6=i εj

(n− 1)
∑n

j=1 εj

, (Eq. 4.4)

where ε is the error measurement for the jth surrogate model. Here, the root mean square

error (rmse) is used as the error measurement. The rmse of each surrogate model is

then of the form:

rmse =

√∑m
i=1 e2

i (x)

m
, (Eq. 4.5)
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where m is the number of data samples compared, e(x) is the error of prediction for

data point x, as shown in Equation (Eq. 4.2). Some good expositions on other ensemble

model building techniques can also be found in [155][175][62][9][114]. While the use

of ensembles generally results in more accurate models, one obvious shortcoming is on

the extra CPU cost on building multiple models to be aggregated. However, in the

context of computationally expensive problems which might cost many minutes to hours

of supercomputer time, this issue is almost negligible.

4.2.2 Landscape Smoothing Model

Meanwhile, to benefit from the ‘bless of uncertainty’, smoothing techniques including

global convex underestimation, tunneling and filling methods are some appropriate al-

ternatives that may be used [153]. Given a functional landscape, smoothing methods

transform the function into one with noticeably fewer minima, thus speeding up the evo-

lutionary search. In the generalized framework, global convex underestimation is used

for successive smoothing of the problem landscape within the local search phase which is

realized through low-order polynomial regression (PR). Besides the generalization prop-

erty of PR models on rugged landscape, the low computational costs incurred makes

them very efficient as online surrogate models. Note that the PR model may be used in

both ensemble and the smoothing models, hence only a one time model building cost is

involved.

4.2.3 Single-Objective Optimization

In this subsection, the generalized surrogate memetic framework for single-objective op-

timization is described. A brief outline of the generalized surrogate single-objective

memetic algorithm (GS-SOMA) is presented in Algorithm 7. Note that the difference

between the GS-SOMA and a traditional MA is highlighted in Algorithm 4 and lies in

the local search phase.
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Algorithm 7 Generalized Surrogate Single-Objective Memetic Algorithm (GS-SOMA)
1: initialization: Generate and evaluate a database containing a population of designs,

archive all exact evaluations into the database.
2: while computational budget is not exhausted do
3: if generation count < database building phase (Gdb) then
4: Evolve the population using exact fitness function evaluations, archive all exact eval-

uations into the database.
5: else
6: Apply evolutionary operators to create a new population.
7:
8: / ∗ ∗ ∗ ∗ Local Search Phase ∗ ∗ ∗ ∗ /
9:

10: for each individual x in the population do
11: Find m nearest points to x in database as training points for surrogate models.
12: Build model-1: M1, as an ensemble of all M ′

j for j = 1, . . . , n where n is the number
of surrogate models used.

13: Build model-2: M2, which is a low-order PR model.
14: Apply local search in M1 to arrive at x(1)

opt, and M2 to arrive at x(2)
opt.

15: Replace x with the locally improved solution, i.e.,
16: if f(x(1)

opt) < f(x(2)
opt) then

17: x = x(1)
opt

18: else
19: x = x(2)

opt

20: end if
21: Archive all new exact function evaluations into the database.
22: end for
23:
24: / ∗ ∗ End of Local Search Phase ∗ ∗ /
25:
26: end if
27: end while

52

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 4. Evolutionary Computation Using Data-fitting Approximation Models

GS-SOMA begins with the initialization of a population of design points. During the

database building phase, the search operates like a traditional evolutionary algorithm

based on the original exact fitness function for some initial Gdb generations. Up to this

stage, no form of surrogates are used, and all exact fitness function evaluations made are

archived in a central database. If a previously acquired database is already available, the

database building phase can be ignored by setting Gdb = 0. Subsequently, the algorithm

proceeds into the local search phase. For each individual x, n online surrogates that

model the fitness function are created dynamically using m training data points, which

lie in the vicinity of x, extracted from the archived database of previously evaluated

design points. From the n surrogates, an ensemble model is built. From here, two

separate local searches are conducted on 1) M1, the ensemble of n surrogate models, and

2) M2, a low-order PR model. If improved solutions are achieved, GS-SOMA proceeds

with the individual replacement scheme. Since the Lamarckian learning is adopted here,

the genotype/phenotype of the initial individual is then replaced by the higher quality

solutions among the two that are locally improved based on M1 and M2, i.e., x
(1)
opt or

x
(2)
opt. Note that since local searches are meant to obtain improved solutions, it is always

the case that f(x
(1)
opt) ≤ f(x) and f(x

(2)
opt) ≤ f(x). Having such condition, comparison

only needs to be performed between f(x
(1)
opt) and f(x

(2)
opt). It is worth noting that any

exact function evaluations encountered during the search are archived into the database.

The search cycle is then repeated until the allowed maximum computational budget is

exhausted.

4.2.4 Multi-Objective Optimization

Next, we describe the Generalized Surrogate Memetic framework in the context of MOO.

The brief outline of a typical Multi-Objective Memetic Algorithm (MOMA) using weight-

ing (scalarization) technique [83][84][104] is illustrated in Algorithm 8. In contrast, the
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studied GSM framework for multi-objective optimization (GS-MOMA) is outlined in Al-

gorithm 9. Note that the key differences of the two algorithms lie in the local search

phase and selection pool forming highlighted.

Algorithm 8 Multi-Objective Memetic Algorithm
1: initialization: Generate and evaluate a population of design vectors.
2: while computational budget is not exhausted do
3: Apply MO evolutionary operators to create a new population.
4:
5: / ∗ ∗ ∗ ∗ Local Search Phase ∗ ∗ ∗ ∗ /
6:
7: for each individual x in the population do
8: Generate a random weight vector w = (w1, w2, . . . , wr),

∑r
i=1 wi = 1 where r is the

number of objectives.
9: Apply local search in faggr =

∑r
i=1 wifi(x) to find an improved solution, xopt.

10: Perform Lamarckian learning, i.e.,
11: if faggr(xopt) < faggr(x) then
12: x = xopt

13: end if
14: end for
15:
16: / ∗ ∗ End of Local Search Phase ∗ ∗ /
17:
18: end while

GS-MOMA begins with the population initialization phase and evolutionary search

based on the exact fitness function for a number of early generations, Gdb, before entering

the local search phase. Similar to GS-SOMA, if a previously acquired database is already

available, Gdb = 0 can be applied to bypass the database building phase. In the local

search phase, independent local searches are conducted on 1) M1, the ensemble of n

surrogate models, and 2) M2, the smoothing low-order PR model on each individual of

the generated offspring population. It is worth noting that any exact function evaluations

encountered during the search are archived into the database. For the sake of brevity,

the core distinguishing feature of GS-MOMA is highlighted in line 17 of Algorithm 9,

i.e., the existence of the Replace&Archive procedure.
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Algorithm 9 Generalized Surrogate Multi-objective Memetic Algorithm (GS-MOMA)
1: initialization: Generate and evaluate an initial population with Npop individuals, archive

all exact evaluations into a database.
2: while computational budget is not exhausted do
3: if generation count < database building phase (Gdb) then
4: Evolve the population using exact fitness function evaluations, archive all exact eval-

uations into the database.
5: else
6: Generate the offspring population, Po using evolutionary operators from current pop-

ulation, Pc.
7:
8: / ∗ ∗ ∗ ∗ Local Search Phase ∗ ∗ ∗ ∗ /
9:

10: Initialize the learning archive, Al to empty state.
11: for each individual x in the offspring population do
12: Generate a random weight vector w = (w1, w2, . . . , wr),

∑r
i=1 wi = 1 where r is the

number of objectives.
13: Find m nearest points to x in database as training points for surrogate models.
14: Build model-1: M1, as an ensemble of all M ′

j for j = 1, . . . , n where n is the number
of surrogate models used, of faggr =

∑r
i=1 wifi(x)

15: Build model-2: M2, which is a low-order PR model, of faggr =
∑r

i=1 wifi(x)
16: Apply local search in M1 to arrive at x(1)

opt, and M2 to arrive at x(2)
opt

17: Replace&Archive( x, x(1)
opt, x(2)

opt, Al )
18: end for
19:
20: / ∗ ∗ End of Local Search Phase ∗ ∗ /
21:
22:
23: / ∗ ∗ ∗ ∗ Selection pool forming ∗ ∗ ∗ ∗ /
24:
25: Form selection pool, Ps = Pc

⋃
Po

⋃
Al.

26:
27: / ∗ ∗ End of selection pool forming ∗ ∗ /
28:
29: end if
30: end while
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Algorithm 10 Procedure Replace&Archive(x, x
(1)
opt, x

(2)
opt, Al)

1: if x(1)
opt ¹ x then

2: x = x(1)
opt

3: if x(2)
opt ¹ x(1)

opt then

4: x = x(2)
opt

5: else if x(2)
opt ∼ x(1)

opt then

6: Archive x(2)
opt in Al

7: end if
8: else if x(2)

opt ¹ x then

9: x = x(2)
opt

10: if x(2)
opt ∼ x(1)

opt then

11: Archive x(1)
opt in Al

12: end if
13: else if (x(1)

opt ∼ x) ∧ (x(2)
opt == x) then

14: Archive x(1)
opt in Al

15: else if (x(2)
opt ∼ x) ∧ (x(1)

opt == x) then

16: Archive x(2)
opt in Al

17: else if (x(1)
opt ∼ x) ∧ (x(2)

opt ∼ x) then

18: if (x(1)
opt ¹ x(2)

opt) ‖ (x(1)
opt == x(2)

opt) then

19: Archive x(1)
opt in Al

20: else if x(2)
opt ¹ x(1)

opt then

21: Archive x(2)
opt in Al

22: else
23: Archive x(1)

opt and x(2)
opt in Al

24: end if
25: end if
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The Replace&Archive procedure performs replacements based on domination be-

tween the original offspring and the two local optima found. The original offspring will

only be replaced by one dominating optimum found. All other local optima are then

archived into the learning archive, Al. Similar to the one in its single-objective coun-

terpart, the only acceptable result in GS-MOMA’s local searches is either xopt ¹ x or

xopt ∼ x. Otherwise, there is no improvement to the original offspring, and hence we get

xopt == x. The different local search outcomes and corresponding actions taken by the

scheme are summarized in Table 4.1, and can be obtained from the procedure provided

in Algorithm 10. From there, it is noted that there are six different possible actions taken

by GS-MOMA, i.e.,:

• One replacement is performed (e.g., Fig. 4.3a).

• Two subsequent replacements are performed (e.g., Fig. 4.3b).

• One replacement and one archiving are performed (e.g., Fig. 4.3c).

• One archiving is performed (e.g., Fig. 4.3d).

• Two archivings are performed (e.g., Fig. 4.3e).

• Neither replacement nor archiving is performed (e.g., Fig. 4.3f).

At the end of each GS-MOMA generation, Al is combined with the current parent

population, Pc, and the offspring population, Po to form the entire pool of individuals,

Ps that will then undergo the MOEA selection mechanism, i.e., Ps = Pc

⋃
Po

⋃
Al. From

here, the process described repeats until the maximum computational budget of the

GS-MOMA is exhausted.
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4.3.a: An example of the
case where only one re-
placement is performed
by GS-MOMA. (x(1)

opt ¹
x)∧ (x(1)
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f1

f2

Pareto

Front

1
x
opt

2
x
opt

x

4.3.b: An example of
the case where two
subsequent replace-
ments are performed
by GS-MOMA. (x(1)

opt ¹
x) ∧ (x(2)

opt ¹ x(1)
opt). x(1)

opt

replaces x, followed by
x(2)

opt replaces x.
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4.3.c: An example of the
case where one replace-
ment and one archiving
are performed by GS-
MOMA. (x(1)

opt ¹ x) ∧
(x(2)

opt ¹ x) ∧ (x(1)
opt ∼

x(2)
opt). x(1)

opt replaces x,

x(2)
opt is archived in Al.
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4.3.d: An example of
the case where only one
archiving is performed by
GS-MOMA. (x ∼ x(1)

opt) ∧
(x ∼ x(2)

opt)∧ (x(1)
opt ¹ x(2)

opt).

x(1)
opt is archived in Al.
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4.3.e: An example of the
case where two archiv-
ings are performed by GS-
MOMA. (x ∼ x(1)

opt) ∧ (x ∼
x(2)

opt) ∧ (x(1)
opt ∼ x(2)

opt). Both

x(1)
opt and x(2)

opt are archived
in Al.

f1

f2

Pareto

Front

1 2

opt optx x x== ==

4.3.f: An example of the
case where neither re-
placement nor archiving
is performed. No new op-
timum found.

Figure 4.3: Examples of the six different actions taken by the Replace&Archive scheme
in GS-MOMA for corresponding results of local searches.
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Table 4.1: Actions taken by the Replace&Archive scheme in GS-MOMA for correspond-
ing results of local searches. Note that irrelevant cases have been excluded for brevity.

x
(1)
opt vs x x

(2)
opt vs x x

(1)
opt vs x

(2)
opt Actions taken by GS-MOMA

¹ ¹ ¹ x = x
(1)
opt

¹ ¹ Â x = x
(2)
opt

¹ ¹ ∼ x = x
(1)
opt, archive x

(2)
opt

¹ ¹ == x = x
(1)
opt

¹ == ¹ x = x
(1)
opt

¹ ∼ ¹ x = x
(1)
opt

¹ ∼ ∼ x = x
(1)
opt, archive x

(2)
opt

== ¹ Â x = x
(2)
opt

== == == No changes

== ∼ ∼ Archive x
(2)
opt

∼ ¹ Â x = x
(2)
opt

∼ ¹ ∼ x = x
(2)
opt, archive x

(1)
opt

∼ == ∼ Archive x
(1)
opt

∼ ∼ ¹ Archive x
(1)
opt

∼ ∼ Â Archive x
(2)
opt

∼ ∼ ∼ Archive x
(1)
opt and x

(2)
opt

∼ ∼ == Archive x
(1)
opt

4.2.5 Local Search Scheme

In the GSM framework for SO/MOO, a trust-region-regulated search strategy is utilized

to ensure convergence to some local optimum or the global optimum of the exact compu-

tationally expensive fitness function [15][194][32][168], even though surrogate models are

deployed in the local search. Note that the original trust-region framework [15] requires

the first order(gradient) and zero order(function value) accuracy of the surrogate models,

to ensure convergence to the local optima. However, in [32][194], it has also been shown

that the use of inexact gradient information is sufficient for such convergence property.

For each individual in the GS-SO/MOMA population, the local refinement/search

proceeds with a sequence of trust-region subproblems of the form

minimize : f̂ (k)(x
(k)
c + s),

subject to : ‖s‖ ≤ Ψ(k), (Eq. 4.6)

where k = 0, 1, 2, . . . , kmax, f̂(x) is the approximation function corresponding to the

objective function f(x). Meanwhile, x
(k)
c , s, and Ψ(k) represent the initial guess (current
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best solution) at iteration k, an arbitrary step, and the trust-region radius at iteration

k, respectively. In our experiments, the Sequential Quadratic Programming (SQP) [107]

is used to minimize the sequence of subproblems in the approximated landscape.

During the local search, the initial trust-region radius Ψ is initialized based on the

minimum and maximum values of the m design points used to construct the surrogate

model (refer to line 11 of Algorithm 7 and line 13 of Algorithm 9). The trust-region radius

for iteration k, i.e., Ψ(k) is updated based on a measure which indicates the accuracy

of the surrogate model at the kth local optimum, x
(k)
opt. This measure, ρ(k), provides a

measure of the actual versus predicted change in the exact fitness function values at the

kth local optimum and is calculated as:

ρ(k) =
f(x

(k)
c )− f(x

(k)
opt)

f̂(x
(k)
c )− f̂(x

(k)
opt)

. (Eq. 4.7)

The value of ρ(k) is then used to update the trust-region radius as follows [15]:

Ψ(k+1) = C1Ψ
(k), if ρ(k) ≤ C2,

= Ψ(k), if C2 < ρ(k) ≤ C3, (Eq. 4.8)

= C4Ψ
(k), if ρ(k) > C3,

where C1, C2, C3, and C4 are constants. Typically, C1 ∈ (0, 1) and C4 ≥ 1 for the scheme

to work efficiently. From the literatures of trust-region framework [15][142][210][209],

suitable values are C1 = 0.25, C2 = 0.25, C3 = 0.75, and C4 = 2, if ||x(k)
opt−x

(k)
c ||∞ = Ψ(k)

or C4 = 1, if ||x(k)
opt − x

(k)
c ||∞ < Ψ(k).

The trust-region radius for the next iteration, Ψ(k+1), is reduced if the accuracy of the

surrogate, measured by ρ(k) is low. On the other hand, Ψ(k) is doubled if the surrogate

is found to be accurate and the kth local optimum, x
(k)
opt, lies on the trust-region bounds.

Otherwise, the trust-region radius remains unchanged.
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The initial guess of the optimum at iteration k + 1 becomes

x(k+1)
c = x

(k)
opt, if ρ(k) > 0,

= x
(k)
c , if ρ(k) ≤ 0. (Eq. 4.9)

The trust-region expansion and contraction for an individual terminates when the termi-

nation condition is satisfied. For instance, this termination condition could be when the

trust-region radius Ψ approaches ε, where ε represents some small trust-region radius, or

when a maximum number of iteration kterm is reached.

4.3 Empirical Study

In this section, an empirical study on the GSM framework for solving single and multi-

objective optimization problems is presented. All experimental codes are written in C++

language. In the present study, we consider a diverse set of exact interpolating and gen-

eralizing approximation techniques for constructing the local surrogate models, i.e., M1

and M2. These include the interpolating Kriging/Gaussian process (GP), interpolat-

ing linear spline radial basis function (RBF) and 2nd order polynomial regression (PR).

Greater details on GP, PR, and RBF can be found in Appendix A. To begin with, the

user-specified parameters of the GSM framework are discussed as follows. Apart from the

parameters of the underlying SO/MOEA, the generalized framework has three additional

user-specified parameters: m, Gdb and kterm.

Since model accuracy is highly dependent on the sufficiency of the m data points

used for model building, the size of nearest neighboring points used is defined by d +

(d + 1)(d + 2)/2, where d is the dimensionality of the optimization problem. From these

m data points, as many as (d + 1)(d + 2)/2 among them2 are chosen uniformly as the

2This amount corresponds to the minimum number of data points required for building quadratic
regression models.
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training data for building the surrogates, the remaining data points then form the set

for validating the prediction quality of the surrogate. To choose the nearest points from

the database, comparison based on Euclidean distance is used. In our implementation,

the database size is also limited by only keeping the latest 10m points archived since it

is generally the case that latest evaluated design points are more relevant to the current

population. It is worth noting we do not particularly limit any detail implementation

regarding the way to select the m points in this work. Clustering technique might also

be considered for reducing the complexity in the case where database size is large. The

computational cost of model building incurs a maximum of a few seconds for each model

building, on a P-IV 1.6GHz 1GB RAM. For instance, it takes approximately 30 seconds,

< 1 second, and 5 seconds to build a/an GP, PR and RBF model on a 30D problem,

respectively. Thus, the computational cost for model building is regarded as negligible

compared to the computational cost for a fitness evaluation of a real-world complex

problem, which takes many minutes to hours.

Parameter Gdb, on the other hand, defines the period of the database building phase

(refer to line 4-5 in Algorithms 7 and 9) before the core operation of the GSM framework

begins to take effect. Hence Gdb can be adapted for different optimization problems ac-

cording to the fulfillment on the requirement of parameter m. Therefore, the lower bound

of Gdb is defined by the period to acquire a minimum of m data points for construction

of reliable surrogate models.

Theoretically, the trust-region local search scheme generally terminates when the

trust-region radius, Ψ approaches ε, where ε represents some very small value for termi-

nation condition (refer to Section 4.2.5). Nevertheless, for practical reason, under limited

computational budget, it is more appropriate to derive an appropriate value for kterm as

the termination condition in the trust-region local search. In what follows, we present a

theoretical bound for kterm:
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Ψ
(1)
min (C1)

(kmin) ≤ ε (Eq. 4.10)

⇒ (C1)
(kmin) ≤ ε

Ψ
(1)
min

(Eq. 4.11)

⇒ kmin log C1 ≤ log ε

Ψ
(1)
min

(Eq. 4.12)

Since C1 ∈ (0, 1) → log C1 < 0, we arrive at:

⇒ kmin ≥
(

log

(
ε

Ψ
(1)
min

))
/ (log C1) (Eq. 4.13)

⇒ kmin ≥ logC1

(
ε

Ψ
(1)
min

)
. (Eq. 4.14)

Similarly, the maximum number of trust-region iterations in the local search, i.e., kmax,

is estimated by:

kmax < Nmax
succ + Nmax

succ logC1

(
ε

Ψ
(1)
max

)
(Eq. 4.15)

⇒ kmax < Nmax
succ

(
1 + logC1

(
ε

Ψ
(1)
max

))
. (Eq. 4.16)

Note that Nmax
succ is the maximum number of successful iterations, while Ψ

(1)
min and Ψ

(1)
max

are the lower and upper bounds of the initial trust-region radius. In effect, the bounds

for kterm as the termination condition can be derived as:

logC1

(
ε

Ψ
(1)
min

)
≤ kterm < Nmax

succ

(
1 + logC1

(
ε

Ψ
(1)
max

))
. (Eq. 4.17)

In the trust-region-regulated local search, Ψ(1) depends on the local region of interest

where the initial m nearest neighbors are located. Hence it is not possible to define

this term precisely for any new optimization problem. For instance, if Ψ
(1)
min ≈ 10ε and

C1 = 0.25, we arrive at:

kterm ≥ log 0.1
log 0.25

,

kterm ≥ 1.66. (Eq. 4.18)
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As opposed to using kterm = 1 which translates to a single iteration local search, a

minimum value of kterm ≥ 2 is more practical to allow the mechanisms of the trust-

region-regulated local search to take effect.

4.3.1 Single-Objective Optimization

Empirical study on the GS-SOMA is performed using ten benchmark problems (F1-F10)

reported in [38][191] and summarized here in Table B.1. More detailed description of

the problems is also provided in Appendix B.1. They consist of problems with diverse

properties in terms of separability, multi-modality, and continuity.

Table 4.2: The benchmark problems used (F1-F10) for the empirical study of single-
objective optimization.

Benchmark Description Global
Problem Optimum

f(x∗)
F1 Ackley 0.0
F2 Griewank 0.0
F3 Rosenbrock 0.0
F4 Shifted Rotated Rastrigin (F10 in [191]) -330.0
F5 Shifted Rotated Weierstrass (F11 in [191]) 90.0
F6 Shifted Expanded Griewank -130.0

plus Rosenbrock (F13 in [191])
F7 Hybrid Composition Function (F15 in [191]) 120.0
F8 Rotated Hybrid Composition Function (F16 in [191]) 120.0
F9 Rotated Hybrid Composition Function 10.0

with Narrow Basin Global Optimum (F19 in [191])
F10 Non-continuous Rotated Hybrid 360.0

Composition Function (F23 in [191])

Table 4.3: Definition of the Single-Objective MAs (SOMAs) compared.
Algorithms Definition
GA No surrogate is used
SS-SOMA-GP Single surrogate SOMA with M1: GP
SS-SOMA-PR Single surrogate SOMA with M1: PR
SS-SOMA-RBF Single surrogate SOMA with M1: RBF
SS-SOMA-Perfect Single surrogate SOMA with M1: Perfect model
GS-SOMA Generalized surrogate SOMA with

M1: weighted-average ensemble of GP, PR, and RBF
M2: PR

In this chapter, all the benchmark problems are configured with a dimensionality of

d = 30 for SOO. Performance comparisons are then made between the GA, SS-SOMA-
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Table 4.4: Setting of experiments for GA, SS-SOMA, SS-SOMA-Perfect, and GS-SOMA.
Parameters Setting

Population size (Npop) 100
Crossover probability (Pcross) 0.9
Mutation probability (Pmut) 0.1
Maximum number of exact evaluations 8000
Evolutionary operators uniform crossover & mutation,

elitism and ranking selection
Number of trust region iteration(kterm)
for SS-SOMA and GS-SOMA 3
Database building phase (Gdb)
for SS-SOMA and GS-SOMA 20
(in number of generations)
Number of independent runs 20

GP, SS-SOMA-PR, SS-SOMA-RBF, SS-SOMA-Perfect, and GS-SOMA (refer to Ta-

ble 4.3 for the definition of the algorithms investigated here). Note that to facilitate a

fair comparison, the surrogate memetic variants are built on top of the same GA used in

the study. Hence, this ensures that any improvements observed is a direct contribution

of the surrogate framework considered. SS-SOMA-XXX refers to the different surrogate-

assisted single-objective MA variants, each with a unique approximation method used

to generate the surrogate model. For instance, XXX in SS-SOMA-XXX refers to GP,

PR, or RBF. On the other hand, SS-SOMA-Perfect refers to an SS-SOMA that em-

ploys an imaginary approximation technique that generates error-free surrogates3, i.e.,

rmse = 0. Hence the notion of curse or blessing of uncertainty does not exist in the

SS-SOMA-Perfect search. As such, any SS-SOMA-XXX that under/out-performs SS-

SOMA-Perfect is clearly attributed to the effects of curse and blessing of uncertainty,

respectively. Last but not least, GS-SOMA refers to the Generalized Surrogate frame-

work for single-objective optimization. The common parameter settings of the algorithms

used in the present experimental study are summarized in Table 4.4.

3An error-free surrogate model can be realized by using exact fitness function in the portion of SS-
SOMA where a surrogate model should be used, but the incurred fitness evaluation is counted only as
many as in SS-SOMA.
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4.3.1.1 Experimental Results

In Tables 4.5-4.14, the detailed results from 20 independent runs of SS-SOMAs, GS-

SOMA, and GA are presented. The GS-SOMA and best performing SS-SOMA are

highlighted in the tables. Note that none of the SS-SOMAs always dominates in per-

formance on all ten benchmark problems. This makes good sense since the performance

of any surrogate-assisted evolutionary search would depend on the match between the

characteristics of the problem landscape and approximation scheme used. For instance,

in the tables, it is shown that SS-SOMA-PR serves to be best suited for F1, F5, and F9

since it outperforms all other algorithms on these problems. Similarly, this also applies

to SS-SOMA-GP which excels on F3. On the other hand, SS-SOMA-RBF, though not

superior, performs relatively well on F3, F4, F7, and F8. Moreover, it is worth noting

that the SS-SOMAs are observed to have performed significantly poor on several occa-

sions. For instance, SS-SOMA-PR fares badly on F3, F4, F7, and F8. The same is true

for SS-SOMA-GP on F1, F4-F8, and F10, and SS-SOMA-RBF on F1, F2, F5, F6, F9,

and F10.

Table 4.5: Solution quality at the end of 8000 exact function evaluations for F1 using
GA, SS-SOMA-GP, SS-SOMA-PR, SS-SOMA-RBF, and GS-SOMA.

Optimization
Algorithm

Statistical Values
Mean Std. Dev. Median Best Worst

GA 1.24e+01 9.50e-01 1.23e+01 1.12e+01 1.42e+01
SS-SOMA-GP 6.43e+00 9.73e-01 3.98e+00 2.87e+00 1.56e+01
SS-SOMA-PR 1.39e+00 1.93e-01 1.36e+00 1.14e+00 1.75e+00
SS-SOMA-RBF 4.91e+00 7.57e-01 4.86e+00 3.78e+00 6.09e+00
GS-SOMA 3.58e+00 5.09e-01 3.67e+00 2.87e+00 4.28e+00

Table 4.6: Solution quality at the end of 8000 exact function evaluations for F2 using
GA, SS-SOMA-GP, SS-SOMA-PR, SS-SOMA-RBF, and GS-SOMA.

Optimization
Algorithm

Statistical Values
Mean Std. Dev. Median Best Worst

GA 4.58e+01 8.61e+00 4.67e+01 2.15e+01 6.19e+01
SS-SOMA-GP 1.79e+01 8.58e+00 1.07e+01 5.15e-09 3.00e+01
SS-SOMA-PR 1.18e-02 2.78e-02 4.29e-08 7.48E-10 1.19e-01
SS-SOMA-RBF 7.49e-01 8.98e-02 7.51e-01 6.02e-01 8.72e-01
GS-SOMA 2.2e-03 4.60e-03 8.95e-09 1.40E-10 1.54e-02

66

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 4. Evolutionary Computation Using Data-fitting Approximation Models

Table 4.7: Solution quality at the end of 8000 exact function evaluations for F3 using
GA, SS-SOMA-GP, SS-SOMA-PR, SS-SOMA-RBF, and GS-SOMA.

Optimization
Algorithm

Statistical Values
Mean Std. Dev. Median Best Worst

GA 4.10e+02 1.01e+02 3.85e+02 2.33e+02 5.73e+02
SS-SOMA-GP 2.99e+01 7.73e-01 3.00e+01 2.87e+01 3.11e+01
SS-SOMA-PR 6.73e+01 2.55e+01 5.62e+01 3.72e+01 1.04e+02
SS-SOMA-RBF 4.90e+01 2.92e+01 3.97e+01 2.92e+01 1.57e+02
GS-SOMA 4.63e+01 2.92e+01 3.02e+01 2.83e+01 1.26e+02

Table 4.8: Solution quality at the end of 8000 exact function evaluations for F4 using
GA, SS-SOMA-GP, SS-SOMA-PR, SS-SOMA-RBF, and GS-SOMA.

Optimization
Algorithm

Statistical Values
Mean Std. Dev. Median Best Worst

GA -5.46e+01 3.01e+01 -5.48e+01 -1.11e+02 5.19e-01
SS-SOMA-GP -1.19e+02 1.87e+01 -1.17e+02 -1.50e+02 -8.71e+01
SS-SOMA-PR -1.19e+02 1.23e+01 -1.21e+02 -1.43e+02 -9.01e+01
SS-SOMA-RBF -1.65e+02 1.86e+01 -1.66e+02 -1.91e+02 -1.36e+02
GS-SOMA -1.26e+02 1.60e+01 -1.23e+02 -1.64e+02 -9.97e+01

Table 4.9: Solution quality at the end of 8000 exact function evaluations for F5 using
GA, SS-SOMA-GP, SS-SOMA-PR, SS-SOMA-RBF, and GS-SOMA.

Optimization
Algorithm

Statistical Values
Mean Std. Dev. Median Best Worst

GA 1.26e+02 2.85e+00 1.26e+02 1.20e+02 1.32e+02
SS-SOMA-GP 1.19e+02 4.29e+00 1.20e+02 1.12e+02 1.25e+02
SS-SOMA-PR 5.67e+01 3.79e+00 1.16e+02 1.13e+02 1.25e+02
SS-SOMA-RBF 1.21e+02 2.61e+00 1.21e+02 1.18e+02 1.24e+02
GS-SOMA 1.19e+02 3.05e+00 1.19e+02 1.14e+02 1.24e+02

Table 4.10: Solution quality at the end of 8000 exact function evaluations for F6 using
GA, SS-SOMA-GP, SS-SOMA-PR, SS-SOMA-RBF, and GS-SOMA.

Optimization
Algorithm

Statistical Values
Mean Std. Dev. Median Best Worst

GA -9.57e+01 9.43e+00 -9.79e+01 -1.06e+02 -7.28e+01
SS-SOMA-GP -1.02e+02 2.99e+00 -1.03e+02 -1.05e+02 -9.74e+02
SS-SOMA-PR -1.06e+02 2.45e+00 -1.07e+02 -1.09e+02 -1.02e+02
SS-SOMA-RBF -1.03e+02 2.43e+00 -1.03e+02 -1.07e+02 -9.96e+01
GS-SOMA -1.12e+02 1.05e+00 -1.23e+02 -1.13e+02 -1.11e+02

Table 4.11: Solution quality at the end of 8000 exact function evaluations for F7 using
GA, SS-SOMA-GP, SS-SOMA-PR, SS-SOMA-RBF, and GS-SOMA.

Optimization
Algorithm

Statistical Values
Mean Std. Dev. Median Best Worst

GA 7.29e+02 5.92e+01 7.27e+02 6.43e+02 8.21e+02
SS-SOMA-GP 6.81e+02 7.23e+01 6.95e+02 6.02e+02 8.23e+02
SS-SOMA-PR 6.42e+02 5.80e+01 6.34e+02 5.73e+02 7.09e+02
SS-SOMA-RBF 6.27e+02 7.93e+01 5.99e+02 5.95e+02 8.49e+02
GS-SOMA 6.07e+02 3.06e+01 6.00e+02 5.79e+02 6.59e+02
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Table 4.12: Solution quality at the end of 8000 exact function evaluations for F8 using
GA, SS-SOMA-GP, SS-SOMA-PR, SS-SOMA-RBF, and GS-SOMA.

Optimization
Algorithm

Statistical Values
Mean Std. Dev. Median Best Worst

GA 4.83e+02 6.3e+01 4.62e+02 4.19e+02 6.06e+02
SS-SOMA-GP 4.52e+02 9.66e+01 4.35e+02 3.40e+02 5.63e+02
SS-SOMA-PR 3.94e+02 4.41e+01 3.75e+02 3.43e+02 4.52e+02
SS-SOMA-RBF 3.79e+02 3.3e+01 3.69e+02 3.51e+02 4.41e+02
GS-SOMA 3.25e+02 1.17e+02 2.86e+02 2.32e+02 5.54e+02

Table 4.13: Solution quality at the end of 8000 exact function evaluations for F9 using
GA, SS-SOMA-GP, SS-SOMA-PR, SS-SOMA-RBF, and GS-SOMA.

Optimization
Algorithm

Statistical Values
Mean Std. Dev. Median Best Worst

GA 1.02e+03 2.35e+01 1.02e+03 9.86e+02 1.08e+03
SS-SOMA-GP 9.42e+02 1.71e+01 9.37e+02 9.25e+02 9.81e+02
SS-SOMA-PR 9.32e+02 8.26e+00 9.31e+02 9.22e+02 9.48e+02
SS-SOMA-RBF 9.81e+02 1.43e+01 9.80e+02 9.67e+02 1.00e+03
GS-SOMA 9.42e+02 1.75e+01 9.37e+02 9.30e+02 9.86e+02

Table 4.14: Solution quality at the end of 8000 exact function evaluations for F10 using
GA, SS-SOMA-GP, SS-SOMA-PR, SS-SOMA-RBF, and GS-SOMA.

Optimization
Algorithm

Statistical Values
Mean Std. Dev. Median Best Worst

GA 1.51e+03 5.52e+01 1.52e+03 1.40e+03 1.58e+03
SS-SOMA-GP 1.26e+03 1.88e+02 1.22e+03 1.03e+03 1.54e+03
SS-SOMA-PR 1.07e+03 1.07e+02 1.04e+03 9.42e+02 1.29e+03
SS-SOMA-RBF 1.12e+03 1.16e+02 1.15e+03 9.59e+02 1.28e+03
GS-SOMA 1.01e+03 7.85e+01 9.53e+02 9.09e+02 1.51e+03
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4.4.a: Convergence trends of F1 obtained
from GS-SOMA, SS-SOMA-Perfect, and
SS-SOMA-AV.
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4.4.b: Convergence trends of F2 obtained
from GS-SOMA, SS-SOMA-Perfect, and
SS-SOMA-AV.
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4.4.c: Convergence trends of F3 obtained
from GS-SOMA, SS-SOMA-Perfect, and
SS-SOMA-AV.
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4.4.d: Convergence trends of F4 obtained
from GS-SOMA, SS-SOMA-Perfect, and
SS-SOMA-AV.

Figure 4.4: Convergence trends of F1-F4.
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4.5.a: Convergence trends of F5 obtained
from GS-SOMA, SS-SOMA-Perfect, and
SS-SOMA-AV.
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4.5.b: Convergence trends of F6 obtained
from GS-SOMA, SS-SOMA-Perfect, and
SS-SOMA-AV.
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4.5.c: Convergence trends of F7 obtained
from GS-SOMA, SS-SOMA-Perfect, and
SS-SOMA-AV.
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4.5.d: Convergence trends of F8 obtained
from GS-SOMA, SS-SOMA-Perfect, and
SS-SOMA-AV.

Figure 4.5: Convergence trends of F5-F8.
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4.6.a: Convergence trends of F9 obtained
from GS-SOMA, SS-SOMA-Perfect, and
SS-SOMA-AV.
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4.6.b: Convergence trends of F10 obtained
from GS-SOMA, SS-SOMA-Perfect, and
SS-SOMA-AV.

Figure 4.6: Convergence trends of F9-F10.

On the other hand, the results in Tables 4.5-4.14, indicate that GS-SOMA consistently

performs well on all the benchmark problems. The t-test at 95% confidence level for the

different algorithms, as reported in Table 4.15, confirms that GS-SOMA outperforms or

is competitive to the SS-SOMAs on 43/50 cases. On the remaining 7 cases, GS-SOMA

also displays solution qualities close to that of the superior SS-SOMA, see the highlighted

results in Tables 4.5-4.14. Note that this is a significant achievement considering that no

a priori knowledge is available to select an appropriate surrogate modeling scheme for

the problems considered. This highlights the reliability of the generalized framework.

The search convergence trends of GS-SOMA, SS-SOMA-AV, and SS-SOMA-Perfect

are also plotted in Fig. 4.4, 4.5, and 4.6. Note that SS-SOMA-AV represents the estimated

performance one might expect to get when an approximation technique is randomly

chosen for use. Hence, SS-SOMA-AV is generated from the average of the results obtained

by all 3 SS-SOMAs, i.e., SS-SOMA-GP, SS-SOMA-PR, and SS-SOMA-RBF. It is evident

from the search convergence trends that GS-SOMA is superior over SS-SOMA-AV on

the 10 benchmark problems. This indicates that the generalized framework is more
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Table 4.15: p-value of t-test with 95% confidence level comparing statistical values for GS-
SOMA and those of SS-SOMA-GP, SS-SOMA-PR, SS-SOMA-RBF, SS-SOMA-Perfect
on F1-F10 (s+, s−, or ≈ indicates that GS-SOMA is significantly better, significantly
worse, or indifferent, respectively).

GA SS-SOMA-GP SS-SOMA-PR SS-SOMA-RBF SS-SOMA-Perfect
F1 <0.0001(s+) <0.0001(s+) <0.0001(s−) <0.0001(s+) <0.0001(s+)
F2 <0.0001(s+) <0.0001(s+) 0.1348(≈) <0.0001(s+) 0.0203(s−)
F3 <0.0001(s+) 0.0164(s−) 0.0203(s+) 0.7716(≈) <0.0001(s−)
F4 <0.0001(s+) 0.2111(≈) 0.1291(≈) <0.0001(s−) <0.0001(s+)
F5 <0.0001(s+) 1.0000(≈) <0.0001(s−) 0.0319(s+) <0.0001(s+)
F6 <0.0001(s+) <0.0001(s+) <0.0001(s+) <0.0001(s+) <0.0001(s+)
F7 <0.0001(s+) <0.0001(s+) 0.0221(s+) 0.2993(≈) <0.0001(s+)
F8 <0.0001(s+) 0.0006(s+) 0.0182(s+) 0.0542(≈) <0.0001(s+)
F9 <0.0001(s+) 1.0000(≈) 0.0264(s−) <0.0001(s+) <0.0001(s+)
F10 <0.0001(s+) <0.0001(s+) 0.0503(≈) 0.0012(s+) <0.0001(s+)

reliable when one has no knowledge on the suitability of the approximation scheme for

the problem in hand.

4.3.1.2 Analyzing the Generalized Evolutionary Framework in Single-Objective
Optimization

To gain a better understanding of the generalized framework, we further analyze the

reliability and effectiveness of the ensemble (M1) and smoothing (M2) surrogate models

in contributing to the evolutionary search.

To facilitate this, the normalized root mean square errors (N − rmse) of fitness

predictions based on the ensemble surrogate model, i.e., M1 in GS-SOMA search, for the

benchmark problems are presented in Fig. 4.7. The N − rmse of model i is determined

as follows:

Normalized rmsei =
rmsei∑s

j=1 rmsej

, (Eq. 4.19)

where s is the total approximation methods used in shaping the ensemble. From these

figures, the consistently low N − rmse of the ensemble model generated in the GS-

SOMA search across all benchmark problems, demonstrates the high reliability of the

fitness prediction generated by M1 across the different optimization problems over any

single surrogates.
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Figure 4.7: The normalized rmse by GP, PR, RBF, and weighted average ensemble.
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Figure 4.8: The normalized fitness improvement during the runs of GS-SOMA con-
tributed by M1 (ImpM1) and M2 (ImpM2).
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Further, it is worth noting that the use of M2 contributes to the fitness improvement

in GS-SOMA, which confirms the possible benefits of bless of uncertainty in surrogate

model. The normalized average fitness improvement of the local searches contributed via

the use of M1 (ImpM1) and M2 (ImpM2) during the GS-SOMA searches are summarized

in Fig. 4.8 and is defined by:

Normalized ImpM1 = ImpM1

ImpM1+ImpM2
,

Normalized ImpM2 = ImpM2

ImpM1+ImpM2
. (Eq. 4.20)

ImpM1 is the total fitness improvements attained by local refinements, i.e., through

Lamarckian learning, when f(x
(1)
opt) < f(x

(2)
opt), while ImpM2 is the total fitness improve-

ments when f(x
(2)
opt) < f(x

(1)
opt).

From the statistical results given in Fig. 4.8, it is notable that M1 and M2 surrogates

have contributed to the surrogate-assisted memetic search in their unique ways. This

provides a means for explaining the results that were obtained in Fig. 4.4-4.6 and Ta-

bles 4.5-4.14. In particular, the reason for that all surrogate-assisted SOMAs outperform

SS-SOMA-Perfect on F1 (Ackley) suggests the presence of ‘bless of uncertainty’ through

the use of surrogate(s), since the notion of curse or blessing of uncertainty cannot ex-

ist in the latter. Further, SS-SOMA-PR is shown to be most superior on F1 (Ackley)

highlights the strength of the PR model in contributing to the search via smoothing the

rugged landscape of the Ackley function. This hypothesis is clearly supported by the

large portion of fitness improvements that are contributed by M2 (i.e., the PR model)

on F1, see Fig. 4.8. On the other hand, neither SS-SOMAs nor GS-SOMA manage to

outperform the SS-SOMA-Perfect on F3(Rosenbrock), suggesting the presence of ‘curse

of uncertainty’ due to the surrogate(s). Further, the results in F3 of Fig. 4.8 also in-

dicate that M2 (i.e., the smoothing PR model) did not contribute significantly to the

search since the problem landscape of this function is originally smooth. Rather, the
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use of ensemble model in GS-SOMA had contributed to reliable fitness improvement on

F3(Rosenbrock) by generating reliable prediction accuracy. On the other test problems,

both M1 and M2 surrogates were shown to contribute significantly to GS-SOMA in their

own unique ways.

4.3.2 Multi-Objective Optimization

In this subsection, we present the empirical study of the GS-MOMA on six moderate to

high dimensional MO benchmark problems, labeled here as MF1-MF6 [212]. The MO

benchmark problems used in the study are summarized in Appendix B.2.

Table 4.16: Definition of the Multi-Objective MAs (MOMAs) compared
Algorithms Definition
NSGA-II No surrogate is used
GS-MOMA Generalized surrogate MOMA with

M1: weighted-average ensemble of GP, PR, and RBF
M2: PR

SS-MOMA-I Single surrogate MOMA with
M1: Ensemble of GP, PR, and RBF

SS-MOMA-II Single surrogate MOMA with
M1: PR

SS-MOMA-Perfect Single surrogate MOMA with
M1: Perfect model

Performance comparisons are then made between the standard non-dominated sort-

ing genetic algorithm-II (NSGA-II) [36] and variants of MOMA. For fair comparison,

GS-MOMA is compared with several SS-MOMAs and the NSGA-II since the formers

are demonstrated with NSGA-II as the baseline by building on top of it. Hence, all

algorithms compared inherit the same evolutionary operators as the NSGA-II used in

our experiment. In SS-MOMAs, an offspring will be replaced in the spirit of Lamarckian

learning during local search if its aggregated fitness function is found to be better than the

original offspring. Similarly, SS-MOMA-Perfect is introduced here to assess the effects

of approximation error on surrogate-assisted evolutionary search performance. For the

sake of brevity, the notations and definitions of the MO algorithms studied are tabulated
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in Table 4.16 while the common parameter settings of the MO algorithms used in the

experimental study are defined in Table 4.174.

Table 4.17: Setting of experiments for NSGA-II, GS-MOMA, and SS-MOMA.
Parameters Setting

Population size (Npop) 100
Crossover probability (Pcross) 0.9
Mutation probability (Pmut) 0.1
Maximum number of exact evaluations MF1-MF2: 8000

MF3-MF4: 16000
MF5: 30000
MF6: 20000

Evolutionary operators simulated binary crossover,
polynomial mutation,
binary tournament selection,
elitism, non-domination rank,
and crowded distance

Number of trust region iteration(kterm) 2
for SS-MOMA and GS-MOMA
Database building phase (Gdb) MF1-MF2, MF5-MF6: 10
for SS-MOMA and GS-MOMA MF3-MF4: 20
(in number of generations)
Number of independent runs 20

Many performance indicators exist for assessing the performance of MOEAs, such as

those summarized in [216][33]. Here, the following three performance indicators are used,

i.e.,

• Generational Distance (GD) [200][199]: This measurement indicates the gap

between the true Pareto front (PF ∗) and the evolved Pareto front (PF ). Mathe-

matically, it can be formulated as:

GD =
1

nPF

√√√√
nPF∑
i=1

di
2, (Eq. 4.21)

where nPF is the number of members in PF , di is the Euclidean distance (in

objective space) between member i of PF and its nearest member in PF ∗. A low

value of GD is more desirable since it reflects a good convergence to the true Pareto

fronts.

4Since MF3 and MF4 have higher dimensionality, i.e., d = 50, greater initial database size is required.
For these cases, Gdb is set to 20.
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• Maximum Spread (MS) [211]: It is used to measure how well the true Pareto

front (PF ∗) is covered by the evolved Pareto front (PF ). The MS measurement

used in this chapter is formulated as:

MS =

√√√√1
r

r∑

i=1

[
min(fmax

i , Fmax
i )−max(fmin

i , Fmin
i )

Fmax
i − Fmin

i

]2

, (Eq. 4.22)

where r is the number of objectives, fmax
i and fmin

i are the maximum and minimum

of the ith objective in the evolved PF, respectively. Fmax
i and Fmin

i are the maximum

and minimum of the ith objective in PF ∗, respectively. Higher value of MS reflects

a larger area of PF ∗ covered by PF , which is desirable.

• Hypervolume Ratio (HR) [199]: This indicates the ratio between the hyper-

area/hypervolume (H) [214] dominated by the evolved PF and PF ∗, where HR is

defined as:

HR = H(PF )
H(PF ∗) ,

H = volume (
⋃nPF

i=1 vi) . (Eq. 4.23)

Here, vi denotes the hypercube constructed from member i of a particular Pareto

front and the reference point. A HR value close to 1 indicates that the evolved

Pareto front is quite close to the true Pareto front, in both convergence and spread

of solutions.

4.3.2.1 Experimental Results

The obtained Pareto fronts of the benchmark problems for 20 independent runs are

combined and depicted in Figs. 4.11-4.16. The respective performance metrics are then

summarized in Figs. 4.17-4.22. From these results, all surrogate-assisted multi-objective

evolutionary algorithms, i.e., SS-MOMAs and GS-MOMA, are shown to outperform the

77

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 4. Evolutionary Computation Using Data-fitting Approximation Models

standard NSGA-II on MF1, MF2, MF5, and MF6. MF6 (ZDT4) is generally regarded

as a challenging problem and hence commonly used by many in the literature. Here,

our results are validated on ZDT4 against those obtained by Deb et al. in [37]. While

[37] reported to solve ZDT4 with from 21781 to 22730 exact function evaluations with

an achieved spread measure5 of 0.332 to 0.422, GS-MOMA requires only 20000 exact

evaluations at a competitive spread measure of 0.410± 0.046. On MF3 and MF4, some

SS-MOMAs perform competitively or slightly poorer than NSGA-II (see Figs. 4.13.d

and 4.14.d). On the other hand, GS-MOMA searches more efficiently than all the SS-

MOMA variants and NSGA-II on the 6 benchmark problems considered. Note that GS-

MOMA also outperforms the SS-MOMA-Perfect on a majority of the MOO benchmarks

with respect to all three performance metrics, thus suggesting the positive synergy of the

ensemble and smoothing surrogate models in the GSM framework.

4.3.2.2 Analyzing the Generalized Evolutionary Framework in Multi-Objective
Optimization

To arrive at better understanding of the generalized framework in the context of multi-

objective optimization, we analyze next the reliability and effectiveness of the ensemble

(M1) and smoothing (M2) surrogate models in contributing to evolutionary search.

The N − rmse, i.e., see equation Eq. 4.19, of fitness predictions based on GP, PR,

RBF, or ensemble in GS-MOMA is summarized in Fig. 4.9. From the results, the

ensemble model, M1, is shown to arrive at low N − rmse on all the multi-objective

test problems considered, which is consistent with observations obtained in the single-

objective context. M1 generates high reliability predictions in comparison to other single

surrogate model counterparts, i.e., GP, PR or RBF.

5The spread metric [35] considers the distance between two extreme ends of Pareto front as well as
the uniformity of distribution for solutions between the two extremes. This metric may be used for
measuring the diversity of converged Pareto fronts. Note that a lower spread metric is desirable.
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Besides N − rmse, the solution archiving to replacement ratio, labelled here as Γ, of

the GS-MOMA search is also reported in Figure 4.10. Γ indicates the degree of solution

diversity (through archival of new non-dominating solutions) against search convergence

(through the process of Lamarckian learning replacement) in the GS-MOMA search.

While Lamarckian learning helps to speedup convergence towards the desired Pareto

front, the large Γ ratio observed on all benchmark problems implies frequent discovery of

potential non-dominating solutions when using both M1 and M2 with local refinements.

This suggests ‘bless of uncertainty’ may take the form of faster search convergence and

better solution diversity in the context of multi-objective evolutionary search.
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Figure 4.9: The normalized rmse by GP, PR, RBF, and weighted average ensemble on
MF1-MF6.

4.3.3 Computational Complexity

In this subsection, an analytical study on the computational complexity of the GSM

framework is presented. The computational effort, referred here by Tcomp, of GS-SOMA

or GS-MOMA is formulated as follows:

Tcomp = GdbNpopNobj + (Gmax −Gdb)[Npop

(Tens + TPR + 2TfktermNobj + Toverhead)] (Eq. 4.24)
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Figure 4.10: Archiving to Replacement Ratio of GS-MOMA on MF1-MF6.
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4.11.a: NSGA-II
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4.11.b: GS-MOMA
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4.11.c: SS-MOMA-I
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4.11.d: SS-MOMA-II
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4.11.e: SS-MOMA-Perfect

Figure 4.11: Pareto Front evolved for benchmark problem MF1 in NSGA-II, GS-MOMA,
SS-MOMA-I, SS-MOMA-II, and SS-MOMA-Perfect.
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4.12.a: NSGA-II
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4.12.b: GS-MOMA
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4.12.c: SS-MOMA-I
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4.12.d: SS-MOMA-II
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Figure 4.12: Pareto Front evolved for benchmark problem MF2 in NSGA-II, GS-MOMA,
SS-MOMA-I, SS-MOMA-II, and SS-MOMA-Perfect.
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4.13.a: NSGA-II
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4.13.b: GS-MOMA
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4.13.c: SS-MOMA-I
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4.13.d: SS-MOMA-II
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4.13.e: SS-MOMA-Perfect

Figure 4.13: Pareto Front evolved for benchmark problem MF3 in NSGA-II, GS-MOMA,
SS-MOMA-I, SS-MOMA-II, and SS-MOMA-Perfect.
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4.14.a: NSGA-II
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4.14.b: GS-MOMA
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4.14.c: SS-MOMA-I
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4.14.d: SS-MOMA-II
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Figure 4.14: Pareto Front evolved for benchmark problem MF4 in NSGA-II, GS-MOMA,
SS-MOMA-I, SS-MOMA-II, and SS-MOMA-Perfect.
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4.15.a: NSGA-II

0
0.5

1
1.5

2

0

0.5

1

1.5

2
0

0.5

1

1.5

2

2.5

3

f1f2

f3

4.15.b: GS-MOMA
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4.15.c: SS-MOMA-I
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4.15.d: SS-MOMA-II
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4.15.e: SS-MOMA-Perfect

Figure 4.15: Pareto Front evolved for benchmark problem MF5 in NSGA-II, GS-MOMA,
SS-MOMA-I, SS-MOMA-II, and SS-MOMA-Perfect.

84

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 4. Evolutionary Computation Using Data-fitting Approximation Models

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

f1

f2

 

 

4.16.a: NSGA-II
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4.16.b: GS-MOMA
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4.16.c: SS-MOMA-I
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4.16.d: SS-MOMA-II

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

f1

f2

 

 

4.16.e: SS-MOMA-Perfect

Figure 4.16: Pareto Front evolved for benchmark problem MF6 in NSGA-II, GS-MOMA,
SS-MOMA-I, SS-MOMA-II, and SS-MOMA-Perfect.
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Figure 4.17: Generational Distance(GD), Maximum Spread(MS), and Hypervolume Ra-
tio(HR) performance metrics for benchmark problem MF1. (A:NSGA-II, B:GS-MOMA,
C:SS-MOMA-I, D:SS-MOMA-II, E:SS-MOMA-Perfect)
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Figure 4.18: Generational Distance(GD), Maximum Spread(MS), and Hypervolume Ra-
tio(HR) performance metrics for benchmark problem MF2. (A:NSGA-II, B:GS-MOMA,
C:SS-MOMA-I, D:SS-MOMA-II, E:SS-MOMA-Perfect)
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Figure 4.19: Generational Distance(GD), Maximum Spread(MS), and Hypervolume Ra-
tio(HR) performance metrics for benchmark problem MF3. (A:NSGA-II, B:GS-MOMA,
C:SS-MOMA-I, D:SS-MOMA-II, E:SS-MOMA-Perfect)
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Figure 4.20: Generational Distance(GD), Maximum Spread(MS), and Hypervolume Ra-
tio(HR) performance metrics for benchmark problem MF4. (A:NSGA-II, B:GS-MOMA,
C:SS-MOMA-I, D:SS-MOMA-II, E:SS-MOMA-Perfect)
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Figure 4.21: Generational Distance(GD), Maximum Spread(MS), and Hypervolume Ra-
tio(HR) performance metrics for benchmark problem MF5. (A:NSGA-II, B:GS-MOMA,
C:SS-MOMA-I, D:SS-MOMA-II, E:SS-MOMA-Perfect)
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Figure 4.22: Generational Distance(GD), Maximum Spread(MS), and Hypervolume Ra-
tio(HR) performance metrics for benchmark problem MF6. (A:NSGA-II, B:GS-MOMA,
C:SS-MOMA-I, D:SS-MOMA-II, E:SS-MOMA-Perfect)
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where:

• Gdb : number of standard SO/MOEA search generations configured for building the

database of training data points at the initial search phase of the DSM framework,

• Gmax : maximum number of search generations,

• Npop : population size,

• Nobj : number of objectives to optimize,

• kterm : number of iterations made in the trust-region-regulated local searches,

• Tf : Original/exact function evaluation cost,

• Tens : time to build M1 i.e., the ensemble model,

• TPR : time to build M2, i.e., the polynomial regression model, which might be not

applicable if PR is already built when constructing M1,

• Toverhead : other additional cost such as for fitness predictions and finding nearest

points, which might be implementation-dependent.

While at a glance, there seems to be plenty of elements involved in the equation,

it is worth noting that when considering optimization for computationally expensive

problems, the most significant part contributing to the total computational effort required

is Tf . Hence, when Tf is large, in fact Tens, TPR, and Toverhead might become negligible.

On the other hand, the computational cost for SS-SOMA or SS-MOMA variants is:

Tcomp = GdbNpopNobj + (Gmax −Gdb)[Npop

(Tm + TfktermNobj + Toverhead)] (Eq. 4.25)
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where Tm is the time taken to build the particular surrogate model used. While it is true

that greater computational cost are spent per individual in GS-SOMA or GS-MOMA

compared to its single surrogate counterpart in SS-SOMA or SS-MOMA, this extra cost

appears to pay off as shown by the significant improvement achieved by the latter at the

end of the optimization runs, as shown in empirical results in previous subsections.

4.4 Real-world Application: Drag/Lift Ratio of Aero-

dynamic Airfoil Design

Empirical results on benchmark problems in Section 4.3.1 and 4.3.2 have shown statis-

tically that the proposed GSM framework performs more robustly across problems with

different characteristics. In this section, the proposed GS-SOMA and GS-MOMA are

applied to the moderately expensive airfoil problem, as described in Appendix C.1. In

order to experiment with both SOO and MOO, the same problem has been used in both

contexts by setting the objective as minimizing Cd/Cl in SOO; and minimizing Cd while

maximizing Cl in MOO. The parameter settings for both SOO and MOO are detailed in

Table 4.18 and 4.19. For SOO, the performance of GS-SOMA is compared with that of

GA and SS-SOMA-RBF. Meanwhile, for MOO, NSGA-II, SS-MOMA-I, SS-MOMA-II,

and GS-MOMA (refer to Table 4.16 for details) are used for comparison. Note that

SS-SOMA-RBF is chosen as the representative of single surrogate algorithms since its

performance has been shown to be generally acceptable throughout previous experiments.

At the end of the runs for SOO, we obtain the best fitness of 0.014378, 0.012679, and

0.011237 for GA, SS-SOMA-RBF, and GS-SOMA, respectively. In this experiment, it

is shown that both SS-SOMA-RBF and GS-SOMA are superior to their non-surrogate

GA counterpart. This confirms the effectiveness of surrogate-assisted evolutionary op-

timization. Between the two, however, GS-SOMA performs better as indicated by the

final fitness values obtained. The corresponding airfoil shapes are plotted in Fig. 4.23.
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Table 4.18: Setting of experiments for GA, SS-SOMA-RBF, and GS-SOMA.
Parameters Setting

Population size (Npop) 100
Crossover probability (Pcross) 0.9
Mutation probability (Pmut) 0.1
Evolutionary operators uniform crossover & mutation,

elitism and ranking selection
Number of trust region iteration(kterm)
for SS-SOMA and GS-SOMA 3
Database building phase (Gdb)
for SS-SOMA and GS-SOMA 10
(in number of generations)

Table 4.19: Setting of experiments for NSGA-II, SS-MOMA-I, SS-MOMA-II, and GS-
MOMA.

Parameters Setting
Population size (Npop) 100
Crossover probability (Pcross) 0.9
Mutation probability (Pmut) 0.1
Evolutionary operators simulated binary crossover,

polynomial mutation,
binary tournament selection,
elitism, non-domination rank,
and crowded distance

Number of trust region iteration(kterm) 2
for SS-MOMA-I, SS-MOMA-II, and GS-MOMA
Database building phase (Gdb) 5

The same conclusion can be drawn for its MOO counterpart. In Fig. 4.24, it is shown

that GS-MOMA is able to arrive at more converged and diverse solutions compared to

NSGA-II and SS-SOMAs.
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Figure 4.23: Airfoil shapes obtained by GA, SS-SOMA-RBF, and GS-SOMA, respec-
tively.
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MOMA, respectively.
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Chapter 5

Evolutionary Computation Using
Multi-Scale Computational Models

In science and engineering, computational models which are created to simulate and

analyze a set of processes or phenomena observed, often exist in different levels of ac-

curacy and computational cost. For instance, in water cluster optimization, there are

empirical models such as Ojamae-Shavitt-Singer 2 (OSS2) [135] or Thole-Type Model

2.1F (TTM2.1F) [30], besides the first principle quantum mechanical computation such

as Density Functional Theory (DFT) [167]. A common presumption is that more accu-

rate models, also regarded as having higher fidelity, are generally more costly. As has

been discussed previously in Chapter 3, the complexity or level of details of a physical

system can manifest in many forms, ranging from variable mathematical models, vari-

able parametric formulations, variable operating conditions to variable residual tolerance

levels. While the use of data-fitting surrogate models such as Gaussian Process, Poly-

nomial Regression, Radial Basis Functions, is one possible solution to achieve greater

efficiency in evolutionary optimization, the use of multi-scale computational models with

varying computational cost, can serve as another potential alternative towards the same

direction.

The motivation behind the use of multi-scale computational models is to benefit

from the possible close correlation of the multiple models, as illustrated in Fig. 5.1. The
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Figure 5.1: The correlation between low-fidelity (flo(x)) and high-fidelity (fhi(x)) land-
scapes.

figure depicts two differing landscapes, possibly resulted from two computational models.

While the nominal values of the low-fidelity landscape might be highly offset from those

of its high-fidelity counterpart, the search on this low-fidelity landscape is still on track

since the global optimum are retained closely to that of its high-fidelity counterpart,

i.e. xopt
hi ≈ xopt

lo . This implies that the correlation between the predicted fitness values

is of utmost importance [89][68]. For instance, [130] also reported the high correlation

between the energy landscape and the structures of water cluster isomers found on OSS2

and TTM2.1F models to those generated by the first principle quantum computations.

However, we note that some mild assumption on the correlation between the different

fidelity models should exist for any optimization algorithm to take advantage of their

existence, otherwise such models should not be considered at all.

An instantiation of the generic SAEA framework tailored towards using multi-scale

models, is outlined in Algorithm 11. In the pseudocode, l fidelity levels, Fi for i ∈
{1, 2, . . . , l} are assumed to exist, where l > 1 and Fl refers to the highest fidelity model.

Note that similar to the generic SAEA framework described in Algorithm 6, the main idea
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is to interleave the use of the highest fidelity model, Fl, and its lower fidelity counterparts,

F1 − Fl−1, with some pre-defined or adaptively controlled scheme. Two concrete appli-

cations of this type of SAEA are demonstrated in optimizing the water cluster structure

and aerodynamic airfoil design in this chapter.

Algorithm 11 SAEA using multi-scale models
1: Initialization: Generate a database, containing a population of designs with their fitness

values at different fidelity levels, Fi for i ∈ {1, 2, . . . , l}.
2: while computational budget is not exhausted do
3: Generate offspring population using evolutionary operators (selection, crossover, muta-

tion).
4: Evaluate offspring population employing F1 to Fl−1 lower fidelity models and the highest

fidelity model Fl.
5: Archive all evaluations with their respective fidelity levels into database.
6: if Memetic Search then
7: Perform local refinement employing F1 to Fl−1 lower fidelity models and the highest

fidelity model Fl.
8: Archive all evaluations with their respective fidelity levels into database.
9: Replace offspring with refined individuals.

10: end if
11: end while

5.1 Water Cluster Structural Optimization

In this section, research on discovering the globally minimum energy of pure water clus-

ters, ((H2O)n) for the number of molecules, n = 4−8, is presented. In this work, two low

fidelity models, OSS2 and TTM2.1F (see Appendix C.3), are employed in place of the

more computationally expensive DFT model in a memetic optimization framework. Sim-

ilar to most optimization works in science and engineering, the water cluster structural

optimization also involves the use of models that are computationally exorbitant, i.e.,

the DFT model in this case. This often limits their practicality to simulations involving

only a small number of molecules. In what follows, the Molecular Memetic Algorithm

(MMA) as an instantiation of Algorithm 11 is presented to optimize this problem.
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5.1.1 Molecular Memetic Algorithm

Here, we discuss in detail the Molecular Memetic Algorithm used, which is in principle a

steady-state memetic algorithm tailored towards molecular optimization. To begin with,

the representation and evolutionary operators used are described as follows.

• Representation

Search space, Ω of this optimization problem is the set of water clusters, (H2O)n,

where n is the number of water molecules in each cluster. Hence, each member

x ∈ Ω is a vector of 9n real numbers1 representing each cluster’s coordinates in 3D

space measured in Angstroms unit. This representation is illustrated in Fig. 5.2.

• Crossover

Uniform molecular-level crossover is performed by swapping every molecule position

between two clusters. Additional mechanisms are also included to avoid any invalid

structure, see Algorithm 12 for the details.

• Mutation. To mutate an individual cluster, translation, rotation, and reloca-

tion are performed to the selected molecules. Molecular translation is achieved by

adding a vector of three random real numbers, normalized and scaled to a random

distance < 2.0 Angstroms, to the coordinates of each atom in the selected molecule.

Molecular rotation is performed by rotating the entire selected molecule by an arbi-

trary degree around the axis formed by the oxygen atom and a randomly generated

point in 3D space. On the other hand, relocation operator is designed to be highly

disruptive, by relocating randomly selected molecules to random locations on the

surface of water cluster. The three different operators used for mutating an indi-

vidual water cluster are depicted in Fig. 5.3. The sequence of mutation performed

1Note that 9n real numbers are required for each cluster since every H2O molecule has 3 atoms, and
each atom is represented by 3 real numbers coordinates.
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in our optimization is described in Algorithm 13. Note that the validity of the

resultant individual is preserved.

• Local Search

Separate local optimizers are used on the different fidelity computational models.

In particular, Davidon-Fletcher-Powell (DFP) [184] and DFT at B3LYP/6-31+G*

level are deployed for the low and high fidelity computational models, respectively.

Molecule 1:

H: x, y, z

O: x, y, z

O: x, y, z

Molecule 2:

H: x, y, z

O: x, y, z

O: x, y, z

...
Molecule n:

H: x, y, z

O: x, y, z

O: x, y, z

Figure 5.2: Chromosome representation for a single individual water cluster, (H2O)n.

5.3.a: Translation 5.3.b: Rotation 5.3.c: Relocation

Figure 5.3: The mutation operators.

In MMA (refer to Algorithm 14), the search begins with generating and evaluating a

population of molecule clusters. These molecule clusters then undergo the evolutionary

operators to create the child individual, xc. xc is first locally optimized in the low-fidelity

search space to arrive at xopt
lo . The idea is to bring xc to xopt

lo with lower computational

effort than using the high-fidelity DFT, and xopt
lo is near to xopt

hi , where xopt
hi represents the

local optimum of DFT model. In this way, further refinement from xopt
lo to xopt

hi based on

the expensive DFT will be reduced significantly.
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Algorithm 12 Procedure : Molecular Crossover
1: Input: Parent 1 and Parent 2.
2: Output: Child.
3: Child = Parent 1.
4: for each molecule location, li, in the molecule cluster do
5: if RandomNumber ∈ [0, 1.0] < 0.5 then
6: Set lchild

i = lparent 1
i

7: if Child has invalid structure then
8: Revert Child to latest valid structure.
9: Set lchild

i = lparent 2
i

10: if Child has invalid structure then
11: Revert Child to latest valid structure.
12: end if
13: end if
14: else
15: Set lchild

i = lparent 2
i

16: if Child has invalid structure then
17: Revert Child to latest valid structure.
18: Set lchild

i = lparent 1
i

19: if Child has invalid structure then
20: Revert Child to latest valid structure.
21: end if
22: end if
23: end if
24: end for

5.1.2 Empirical Study

In this section, empirical study is performed on the water cluster structural optimiza-

tion problem as described in Appendix C.3. All experimental codes are written in C++

language while the high-fidelity model employs DFT energy computation from the Gaus-

sian software2. Here, numerical comparisons of the MMA-OSS, MMA-TTM, and MMA

without any lower fidelity models (MMA-0), are conducted. In MMA-0, all mutated

individuals are directly optimized using the expensive high-fidelity DFT model. The

common parameter settings of the schemes used in the present experimental study are

summarized in Table 5.1. Our experience with the water problem indicated the impor-

2Gaussian is a commercial software package for computing energies and vibrational frequencies of
molecular systems [4].
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Algorithm 13 Procedure : Molecular Mutation
1: Input: Child.
2: Output: Mutated child.
3: while Number of trials < Maximum trials do
4: Randomly select a molecule location, li to mutate.
5: if RandomNumber ∈ [0, 1.0] < 0.5 then
6: Perform mutation by applying translation and rotation on li.
7: else
8: Perform stronger mutation by applying relocation on li.
9: end if

10:
11: if Child has invalid structure then
12: Revert Child to latest valid structure.
13: end if
14: end while

Algorithm 14 Molecular Memetic Algorithm (MMA)
1: initialization: Generate and evaluate a population, P of molecule clusters.
2: while computational budget is not exhausted do
3: Randomly select two parents, xp and xm from the population.
4: Perform crossover on xp and xm, resulting in the child, xc.
5: Perform mutation on xc.
6: Locally optimize xc using the lower fidelity model, i.e., OSS2 or TTM2.1F, to arrive at

xopt
lo .

7: Locally optimize xopt
lo using expensive DFT model, to arrive at xopt

hi .
8: if xopt

hi /∈ P then
9: Perform Lamarckian replacement on a random individual in P by xopt

hi .
10: end if
11: end while

tance of high diversity in the search. This is the reason for the high mutation rate, i.e.,

Pmut = 1.0 is used.

Table 5.1: Setting of experiments for MMA-OSS, MMA-TTM, and MMA-0
General Parameters

Population size (Npop) 10
Maximum number of exact evaluations 100
Crossover probability (Pcross) 1.0
Mutation probability (Pmut) 1.0

In Table 5.2, the results obtained by the different schemes are summarized and com-

pared with the currently known best water cluster structure obtained in [130]. Since, the
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Table 5.2: Results obtained by MMA-OSS, MMA-TTM, MMA-0, and [130] in optimizing
(H2O)n for n = 4− 8. Note that the bracketed numbers are the amount of high-fidelity
evaluations when the search terminates.

MMA-OSS MMA-TTM MMA-0 [130]
n = 4 -305.744467(51) -305.744461(100) -305.744458(100) -305.744462
n = 5 -382.183785(48) -382.183777(100) -382.183770(100) -382.183783
n = 6 -458.623623(92) -458.623622(100) -458.623622(100) -458.623623
n = 7 -535.067171(100) -535.067183(89) -535.065462(100) -535.067179
n = 8 -611.518540(100) -611.518571(100) -611.507184(100) -611.518813

best structure available for this problem is known in advance, the search is set to termi-

nate whenever the best solution found has reached the energy level of the best structure

known or a maximum of 100 high-fidelity evaluations. From the results in Table 5.2, it is

generally shown that MMA-OSS and MMA-TTM otperforms both MMA-0 and [130] on

the smaller water cluster, i.e., n = 4− 7. Meanwhile in other cases which only terminate

at the end of 100 iterations, it is shown that they have reached lower energy structure

compared to MMA-0, with the precision of 10−4 (n = 4− 7) or 10−3 (n = 8) to the best

known structures. The optimized water clusters for n = 4− 8 are depicted in Fig. 5.4.
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5.4.a: (H2O)4, ob-
tained by MMA-OSS

5.4.b: (H2O)5, obtained
by MMA-OSS

5.4.c: (H2O)6, obtained
by MMA-OSS

5.4.d: (H2O)7, ob-
tained by MMA-TTM

5.4.e: (H2O)8, ob-
tained by MMA-TTM

Figure 5.4: The obtained global minimum water clusters from our experiment on opti-
mizing (H2O)n for n = 4− 8 using MMA-OSS and MMA-TTM.

5.2 Aerodynamic Airfoil Design: An Inverse Pres-

sure Problem

This section describes the investigation performed on multi-level evolutionary optimiza-

tion on the aerodynamic airfoil design, particularly the inverse pressure problem3. The

purpose of the current study is to demonstrate the adoption of a multi-level evolutionary

optimization methodology on problems with only one computational model. In practice,

the evaluation of a single individual design on this problem (see Appendix C.2) is an

iterative process, usually terminated after a certain residual error threshold has been

3In the inverse design problem, the aim is to minimize the difference between the surface pressure P
of a given airfoil with the desired pressure profile Pd of a baseline shape. If W is the flow variables and
S the shape design variables, the inverse pressure design problem can be formulated as a minimization
problem of the form:f (W,S) = 1

2

∫
wall

(P − Pd)
2
dσ. More details are provided in Appendix C.2.
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reached. In the case of limited computational budget, it is also possible to have a max-

imum number of iterations as the effective termination condition. Hence, data-centric

multi-scale models can be obtained from partial results at different levels of residual er-

ror tolerance and/or maximum iterations. Generally, lower residual error tolerance or

greater number of iterations provides higher fidelity outputs.

The correlation factor (r) and root mean square error (rmse) of the models at variable

levels of residual error tolerance (i.e., fidelity) to the original high fidelity airfoil analysis

model are reported in Figs. 5.5.a and 5.5.b, respectively. In this study, a set of design

points, obtained from space-filling Design of Experiment (DOE) sampling, are partitioned

into separate local clusters based on their proximity in the search space of the airfoil

model. The correlation factor, rj
k, and root mean square error, rmsej

k for data cluster j

at fidelity level k, are defined as follows:

rj
k =

n
∑n

i=1 fif̂i −
∑n

i=1 fi

∑n
i=1 f̂i√

[n
∑n

i=1 f 2
i − (

∑n
i=1 fi)2][n

∑n
i=1 f̂i

2 − (
∑n

i=1 f̂i)2]

. (Eq. 5.1)

rmsej
k =

√∑n
i=1 |fi − f̂i|2

n
(Eq. 5.2)

where n is the number of data in cluster k, fi is the output from the original analysis code

for data i, and f̂i is the output from the fidelity level k of data i. The large rmse values in

Fig. 5.5.b highlighted large discrepancies between the low fidelity models and the original

analysis code. On the other hand, Fig. 5.5.a displays good fitness landscape correlation

between the low fidelity localized models and the original model at early stages of the

convergence.

5.2.1 Memetic Algorithm with Dynamic Fidelity Computational
Models

Based on the aforementioned analysis, a multi-level evolutionary memetic framework la-

beled here as Memetic Algorithm with Dynamic Fidelity Models (MA-DFM) is presented.
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5.5.b: Root mean square error (rmse)

Figure 5.5: (a) Correlation factor (r) and (b) root mean square error (rmse) of the 20
clustered localized models for variable levels of residual error tolerances, while taking the
original airfoil analysis code as the reference model (i.e., with a fidelity of 1)

The idea behind the MA-DFM is that the complexity level of the localized computational

model to be used in place of the exact analysis code, is dynamically determined at run

time as the search progresses. In the process, a user specific correlation factor, η, is uti-

lized to determine the minimum level of fidelity that is considered to match well with the

original model. The pseudo codes of the MA-DFM used in the present work is outlined

in 15.

The MA-DFM (refer to Algorithm 15) begins with the initialization of a population of

design points. During the database building phase, the search operates as a traditional

evolutionary algorithm for the initial few generations. In this stage, only the original

analysis code is used as the fitness function while at the same time, all partial results

encountered along the evaluation of the computational model are archived in database, =.

Subsequently, the algorithm proceeds to the memetic search phase. Henceforth, for each

individual x, an appropriate fidelity level, ϕ, of the computational model to use in the

local learning phase may then be determined based on the m nearest points in database

=. For instance, a user-specified confidence based on correlation, η, may be introduced
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to obtain the minimum fidelity model to be used in place of the original model in the

local search. To obtain this minimum fidelity model, we step up the correlation measure

starting from the low to high fidelity data found in database =, till the fidelity level ϕ,

where rϕ ≥ η, is found. Upon local convergence based on the low fidelity model, the

locally optimized solution xopt is then validated using the original model and replaces the

original starting individual if improved solution is attained, in the spirit of Lamarckian

Learning (refer to line 10 of Algorithm 15). The entire search cycle is then repeated until

the maximum allowable computational budget is exhausted.

Algorithm 15 MA with Dynamic Fidelity Models (MA-DFM)
1: Initialization: Generate a database, = containing a population of designs, archive all

evaluations made into the database.
2: while computational budget is not exhausted do
3: if database building phase then
4: Evolve the population using standard EA, archive all evaluations into the database.
5: else
6: for each individual x in the EA population do
7: Find m nearest points to x in database.
8: Based on the m points, find the minimum fidelity level ϕ, at which the correlation

measure between fidelity level of ϕ and the original analysis code, has reached η,
i.e., rϕ ≥ η

9: Apply local search on x using fitness function at fidelity level ϕ, fϕ(.) with proba-
bility of Pls and intensity of Ils to find an improved solution, xopt.

10: Replace x with the locally improved solution, i.e., x = xopt and f (x) = f (xopt).
11: Archive all new function evaluations into database =.
12: end for
13: Apply standard evolutionary operators to create a new population.
14: end if
15: end while

It is worth highlighting on the novel use of dynamic localized computational model

in the proposed framework. Particularly, local models are used in favor of global models

since constructing accurate global models is fundamentally flawed due to the curse of

dimensionality [142]. Further, this allows more precise estimation on the unique char-

acteristics of the problem landscapes, thus leading to the prediction on the appropriate
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level of localized model fidelity over the use of the original computationally expensive

model.

5.2.2 Empirical Study

In this section, an empirical study is presented on optimizing the inverse pressure problem

as described in Appendix C.2. In the study, the efficacy of the proposed MA-DFM

is validated against the standard GA, MA, and a non-adaptive MA that employs a

fixed fidelity model or MA-FFM in short. In contrast to MA-DFM, note that MA-FFM

performs local searches having a pre-defined fixed model of low fidelity (fζ), where ζ < 1.

The common parametric configurations of all 4 schemes used in the present experimental

study are summarized in Table 5.3 and briefly described in what follows.

Table 5.3: Setting of experiments for GA, MA, MA-FFM, and MA-DFM.
General Parameters

Population size (Npop) 100
Crossover probability (Pcross) 0.9
Mutation probability (Pmut) 0.1
Maximum number of exact evaluations 5000

MA, MA-FFM, and MA-DFM - specific Parameters
Local search probability (Pls) 0.2
Local search intensity (Ils) 10 local search iterations

MA-FFM and MA-DFM - specific Parameters
Database building phase 1000 evaluations
Number of nearest neighbours (m) (d+1)(d+2)/2

MA-FFM - specific Parameters
Fixed lower fidelity level used (ζ) 0.5

MA-DFM - specific Parameters
Minimum correlation required (η) 0.75

In the local search procedure, the well-established Feasible Sequential Quadratic Pro-

gramming (FSQP) method is employed. Although Ils defines the maximum computa-

tional budget of each individual in the local learning phase, the actual time incurred do

vary according to the fidelity level used. In the present study, the computation cost per

evaluation is determined by the fidelity level of the model used, i.e., evaluating a compu-

tational model with a fidelity level of 0.7 translates to a compute cost of 0.7 evaluation

count. On the other hand, note that each evaluation of the fixed low fidelity in the local
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search for MA-FFM is performed at a constant cost of ζ, which is here assumed as 0.5 in

our experiment setting, which is half the computational expense of the original model.

Since model accuracy is highly dependent on the sufficiency of the m data points used for

model building, the size of nearest neighboring points used is defined by (d+1)(d+2)/2,

where d is the dimensionality of the optimization problem and is 24 for the airfoil problem

considered here. A maximum computational budget of 5000 function evaluations is used

in the experimental study.
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Figure 5.6: The convergence of fitness value (the pressure difference) obtained by the
four schemes compared, i.e., GA, MA, MA-FFM, and MA-DFM.

The obtained average convergence trends for each of the 4 algorithms, across 10 in-

dependent runs, are summarized in Fig. 5.6. It is also worth noting that in all the

algorithms considered, the first 1000 exact evaluations represent the results of the stan-

dard GA, hence similar initial search trends are shown in the figure. Nevertheless, the

search trends begin to differ after 1000 evaluations where it can be observed that all the

memetic schemes (MA, MA-FFM, and MA-DFM) studied outperform the standard GA

significantly. This demonstrates the ability of the MAs in converging to good quality

solution more efficiently than a standard GA [137, 140].

Next, note that among the two multi-fidelity MA schemes, while both MA-FFM and

MA-DFM employs lower fidelity model as the fitness function, the latter is observed to
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perform better. A t−test with 95% confidence level for significance of the mean differences

on the results based on statistical data from Table 5.4 and Fig. 5.7, is presented in Table

5.5 to confirm the significant difference in performance. Subsequently, the best airfoil

shapes and their respective pressure profiles obtained by 4 schemes compared in the

experiments are plotted in Figs. 5.8 and Figs. 5.9. It is shown from these figures that

the best shape and subsequently the best pressure profile obtained by MA-DFM is closer

to the shape of the NACA0015 baseline airfoil. The results obtained on the real-world

aerodynamic problem thus demonstrate the ability of the MA-DFM in model fidelity

control that decides, at runtime, the appropriate fidelity level of the computational model

to be used in place of the exact analysis code as the search progresses.

Table 5.4: The mean and standard deviation of results obtained by GA, MA, MA-FFM,
and MA-DFM at the end of 5000 function evaluations.

Scheme Mean ± Std. deviation
GA 3.5776e-3 ± 9.5973e-4
MA 2.1232e-3 ± 4.9329e-4
MA-FFM 2.6417e-3 ± 5.0709e-4
MA-DFM 1.5131e-3 ± 4.0862e-4

Table 5.5: Result of t-test at 95% confidence level for GA, MA, MA-FFM, and MA-DFM
search (s+, s−, or ≈ at row i and column j indicates that the results of optimization
scheme at row i are significantly better, significantly worse, or indifferent compared to
those at column j).

Scheme GA MA MA-FFM MA-DFM
GA ≈ s− s− s−
MA s+ ≈ s+ s−

MA-FFM s+ s− ≈ s−
MA-DFM s+ s+ s+ ≈
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Figure 5.7: The boxplot of fitness values obtained by GA, MA, MA-FFM, and MA-DFM
at the end of 5000 function evaluations.
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5.8.c: MA-FFM

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−0.08

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

Normalized Chord

NACA 0015 baseline shape
Best airfoil shape obtained by MA−DFM
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Figure 5.8: Comparison between best airfoil shapes obtained by the four schemes, i.e.,
GA, MA, MA-FFM, and MA-DFM.
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5.9.b: MA
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5.9.c: MA-FFM
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Figure 5.9: Comparison between the pressure profiles at the upper and lower surfaces
of the best airfoil shapes obtained by the four schemes, i.e., GA, MA, MA-FFM, and
MA-DFM.
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Chapter 6

Parallel and Distributed
Evolutionary Computation Using
Grid Computing

While surrogate/approximation techniques have been shown to be beneficial for handling

computationally expensive evolutionary optimization, another intuitive way for coping

with the same issue is parallelization via parallel and distributed computing. Although

various forms of such technology have been exploited for quite a while, they remain to fo-

cus on small-scale dedicated computing resources and are not easily extendable towards

harnessing computing resources that span across laboratories or even organizations at

disparate geographical locations. In a business framework, the sharing of resources at

organizational level regardless of network border can have pertinent impacts on return

of assets and investments. It is for these reasons that Grid computing [54][21][56][55]

has gained widespread attention, as it sets about the notion of establishing a set of open

standards for distributed resources and ubiquitous services, for representation, discov-

ery and control. This chapter presents the research work on parallelizing evolutionary

optimization under a heterogeneous Grid computing environment to mitigate the issues

relating to the intractable design life cycle of computationally expensive problems. In

particular, a grid-enabled Parallel EA (GE-PEA) framework is proposed. Since the ad-

ditional computational cost imposed by surrogate model building in SAEAs is generally
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negligible, the proposed parallelization framework should be relevant for SAEAs. Hence,

we can safely isolate the discussion in this chapter only on the parallelization aspect of

EAs. An interesting demonstration of combining parallelization and surrogate models on

accelerating evolutionary optimization of computationally expensive problems is reported

in a recent publication by Liakopoulus et al. [109].

6.1 Grid Enabled Parallel Evolutionary Algorithms

In this section, a Grid-enabled architecture for Parallel EAs, or GE-PEA in short, is

presented. Various Grid enabling technologies have been considered in developing GE-

PEA and these are discussed in Section 6.1.1. The detailed workflow of GE-PEA is then

discussed in Section 6.1.2.

6.1.1 Grid Enabling Technology

Here, some of the key Grid technologies used in developing the GE-PEA are discussed.

Globus Toolkit1 [53], Commodity Grid Kit (CogKit)2 [3], Ganglia monitoring tool3 [120],

and NetSolve4 [11] are some of the core Grid technologies used in developing the GE-PEA.

From a survey of the literature, it is possible to establish that the existing GridRPC stan-

dard lacks mechanisms for automatic resource discovery and selection of Grid resources.

As a result, users are naturally required to perform manual look-up and select resources

when assigning new tasks onto the Grid computing resources. This is clearly impractical

since a large amount of computing resources exist on the Grid and are often dynamic

1Globus is the de-facto Grid Middleware, which provides the Grid infrastructures for security, data
management, resource management, and information service.

2CogKit is the API for Globus.
3Ganglia is a distributed monitoring system for high-performance computing systems such as clusters

and Grids, which has been in deployed on over 500 clusters in the world.
4NetSolve is a Grid tool, based on the agent-client-server model that enables the clients to access

any services provided by servers registered to an agent.
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in practice. Furthermore, most optimization problems have a large number of evalua-

tion tasks that require many identical computations of different analysis parameter sets

represented in the form of chromosomes. It is therefore extremely inefficient if the inter-

actions between the client (master) and resources (slaves) are repeated many times for

the same remote procedure call. The uniqueness of our GE-PEA framework is therefore

an extended GridRPC API with the inclusion of a meta-scheduler.

The meta-scheduler performs discovery, bundling and load balancing using online

information gathered from the computing clusters and Grid services5 that exist on the

Grid. In our GE-PEA framework, the Globus Monitoring and Discovery Service (MDS)

[5] and Ganglia [120] have been used to provide the online information. The MDS

maintains a database of available resource information and acts as a centralized directory

service keeping track of the resources, their locations on the Grid and how they may be

consumed. Ganglia, on the other hand, monitors and provides workload information

about the available clusters, computing nodes and Grid services.

In any Grid computing setup, it is necessary to first enable the software components

as Grid services so that they can live in a Grid environment. Hence, our GE-PEA is

equipped with an extended GridRPC API [128][77] based on the Commodity Grid Kit

(CoGKit) for ‘gridifying’ new or existing analysis/simulation codes or objective/fitness

function as Grid services. This choice is down to its simplicity in implementations and its

ability to offer high-level abstraction, thus concealing the high-level of complexity of Grid

computing environments from the end users. For the sake of brevity, the implementation

details of our extended GridRPC API is not described here but refer the readers to [77]

for further exposition. Other Grid technologies utilized in the present work include the

Globus Grid Security Infrastructure (GSI) [196] for secure and authenticated access over

5Here, ‘Grid service’ refers to any shared software components that is wrapped to live on the Grid
environment. In the context of optimization in science and engineering, the Grid services are wrapped
forms of analysis/simulation codes or objective/fitness functions.
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the Grid. For data flow, the Globus Grid File Transfer Protocol (GridFTP) [154] is used

for conducting all forms of data transfer.

6.1.2 Workflow

In this subsection, the workflow of the GE-PEA framework is described. In the master

node of each cluster, the ‘subpopulation evaluation’ is enabled as a Grid service for remote

invocation using the Globus job submission protocol. This service, in turn, will direct

the incoming evaluation calls to local cluster scheduler, such as NetSolve [11], Sun Grid

Engine [59], Condor [57] or otherwise. In the GE-PEA, the ‘fitness function evaluator’

is wrapped as a NetSolve service on each compute node, and waiting to be consumed by

the ‘subpopulation evaluation’ service at the respective cluster’s master node.

The detailed workflow of the GE-PEA can be outlined as nine crucial stages and is

depicted in Figure 6.1. These stages are described as follows:
 

‘subpopulation evaluation’ 

service farms jobs across 

nodes in the clusters 

through NetSolve 

 

Client program initiates 

‘subpopulation evaluation’ 

service on the clusters 

6 

Client program 

transfers input files 

to resources 

Cer t i f i cat e Templ at e

GSI Credential 

Client program creates 

the credential 

4 

8 
Completed 

evaluations are sent 

back to the 

‘subpopulation 

evaluation’ service 

at master node 

9 
          Completed 

evaluations are sent 

back to client 

program 

 

Client 

Program 

 

 
Compute 

Nodes 

Services & 

resources info is 

returned to client 

program 

3  1 
Contacts 

metascheduler for 

services & resources 

where they reside 

 
Globus MDS 

 
Compute Nodes +  

NetSolve Service 

(fitness function evaluator) 

 

 

2 

Metascheduler 

Obtains information 

from ganglia and MDS 
Services deployed on 

clusters & registered 

into MDS 

 

7 

Master node + 

Globus Services  

(‘subpopulation 

evaluation’) 

 
5 

Figure 6.1: Workflow of GE-PEA framework.
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(i) Prior to the start of the evolutionary search, the GE-PEA master program con-

tacts the meta-scheduler to request for suitable computing resources that provide

‘subpopulation evaluation’ Grid service.

(ii) The meta-scheduler then obtains a list of available resources together with their

status of availability. Such status information is acquired from the Globus MDS

and Ganglia.

(iii) Grid computing resource and service information maintained by the Globus MDS

and Ganglia are then provided to the GE-PEA master program to proceed with

parallel evolutionary search.

(iv) To access Grid resources, Grid Security Infrastructure (GSI) credentials are subse-

quently generated. This forms the authentication or authority for consuming any

form of resources living in the Grid environment.

(v) Represented in the form of ASCII or XML data files, the GE-PEA individu-

als/subpopulations are then transferred onto the identified remote computing clus-

ters that offer the required ‘subpopulation evaluation’ services.

(vi) Parallel evaluation of the multiple individuals/subpopulations then commences

at the selected remote computing clusters using Globus job submission protocol.

Whenever the cluster receives a request to launch the ‘subpopulation evaluation’

service, an instance of this service gets instantiated.

(vii) The ‘subpopulation evaluation’ requests are subsequently farmed across the field

of processing nodes available in the cluster by invoking ‘fitness function evaluator’

services through NetSolve.

(viii) Once the service request is completed, the obtained fitness of individual/subpopulation

is marshalled back to the calling service at the master node.
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(ix) The obtained fitness values are then delivered back to the GE-PEA master program

to proceed with the evolutionary operations. This process repeats until the search

termination criteria are met.

6.2 Theoretical Speed-up Analysis

One of the major performance issues when running a parallel algorithm is how much

speed-up they can offer compared to a sequential run of the same algorithm [156]. This

speed-up (S) measurement can be defined by:

S =
Ts

Tp

(Eq. 6.1)

where Ts and Tp denote the execution time when the algorithm is executed in serial and

parallel, respectively. The whole computation of a parallelizable algorithm can be divided

into three major parts, i.e., sequential computation (λ), parallelizable computation (γ),

and parallelization overheads (O). In many cases, the communication overhead incurred

represents the most dominating parallelization overheads. For a problem of size n and

number of processors p, it is possible to derive from equation (Eq. 6.1) that

S(n, p) =
λ(n) + γ(n)

λ(n) + γ(n)
p

+ O(n, p)
(Eq. 6.2)

which provides an upper bound for the maximum speed-up achievable by a parallel

computer having p processors when computation is divided equally among the processors.

Further simplification to the upper bound of maximum speed-up may be obtained by

using Amdahl’s Law [16] as shown in equation (Eq. 6.2) becomes:

S(n, p) =
λ(n) + γ(n)

λ(n) + γ(n)
p

+ O(n, p)
≤ Smax(n, p) =

λ(n) + γ(n)

λ(n) + γ(n)
p

(Eq. 6.3)

This provides a theoretical bound on the maximum speed-up that can be achieved by

the parallel algorithm.
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Note that while the developed GE-PEA framework is capable to cope with both syn-

chronous and asynchronous population replacement schemes, the focus is more on the

synchronous version6. The main concern when dealing with synchronous PEA is due

to the fact that the search can proceed to the next generation only when all individu-

als in current generation have been evaluated. Considering computationally expensive

fitness functions, problems arise when some individuals require greater time to evaluate

compared to others, which might happen due to difference in computational power of

resources and/or variable complexity of fitness evaluators. By maintaining the flow of an

algorithm as in its sequential version, it follows naturally that no algorithmic behavior

changes should occur7.

The simplest parallel architecture is to maintain the algorithmic flow at the main pro-

gram and only parallelize the fitness evaluations. Having such architecture, distribution

of fitness evaluations can be performed in different manners. The most naive way would

be to distribute them based on a one-to-one mapping between individuals and proces-

sors. However by doing so, one of the most essential aspects in a Grid environment,

i.e., the heterogeneity in computational power of each resource, has been ignored blindly.

In [129], it is recommended to utilize benchmarking information and/or past historical

computational effort to compute the proper distribution of individuals into each cluster,

i.e.,:

Ri =
Ci∑M

j=1 Cj

or Ri =
t−1
i∑M

j=1 t−1
j

(Eq. 6.4)

6In synchronous replacement, the search can only proceed to the next generation when all individuals
in the current generation have been evaluated and hence can be replaced entirely. Meanwhile in its
asynchronous counterpart, the search is allowed to continuously replace the parental population as
soon as any new evaluated results become available. Due to such appealing property, asynchronous
replacement is often considered as a suitable candidate for EA parallelization in a Grid environment.
However, it is worth noting that [203][170] reported that modifications to the original asynchronous GA
replacement are necessary to ensure consistent performance.

7It was reported in [65] that heterogeneity in the computational power between compute nodes used
to evolve multiple subpopulations of an asynchronous parallel island GA can bring about premature
convergence to the false global optimum. The reason behind such phenomenon is that individuals from
faster nodes will easily overwhelm those at the slower nodes via migration.
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where Ri ∈ [0, 1] is the ratio of individuals to be distributed to cluster i, Ci is the

computational power benchmarked at cluster i, while ti refers to the past historical

computational effort required to compute a population of certain size.

Hence, considering the use of proper distribution ratio, the sequential execution time,

Ts, and parallel execution time, Tp, can be derived as:

Ts =
∑G

i=1

∑N
j=1 Fij (Eq. 6.5)

Tp =
∑G

i=1 (MOinter + maxj=1,...,M [αFij + NijOintra]) (Eq. 6.6)

where:

G : Number of maximum generation count.

N : Population size in Ts or subpopulation size in Tp

C : Number of individuals in a subpopulation.

M : Number of clusters used.

P : Number of processors used.

α : Parallelism factor of a cluster, which is a function of the subpopulation

size and number of processors.

Ointra : Intra-cluster communication overhead to parallelize a chromosome

within a cluster.

Ointer : Inter-cluster communication overhead to parallelize a chromosome

within a cluster.

F : Function cost or time to complete a single fitness evaluation.

For the GE-PEA to provide any speed-up, the following must apply:

Tp < Ts (Eq. 6.7)

⇐⇒ G
(
MOmax

inter + αmaxFmax + Nmax
j Omax

intra

)
< GNFmin (Eq. 6.8)
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To simplify further, it is noted that Ointra is often negligible and hence:

⇐⇒ MOmax
inter + αmaxFmax < NFmin (Eq. 6.9)

From Eq. 6.9, it is obvious that the efficiency of GE-PEA is influenced by several factors,

i.e., total population size, N , the number of clusters involved, M , the function cost, F ,

the parallelism factor, α, and inter cluster communication overhead, Ointer. Note that in

the setting of multi-cluster Grid computing environment, where computing cluster may

be geographically separated across laboratory or even country boundaries, Omax
inter cannot

be simply ignored if it is comparable to F . Otherwise, when F is significantly larger than

Ointer, Eq. 6.9 can be simplified further to:

⇐⇒ Fmax <
NFmin

αmax
(Eq. 6.10)

i.e., the slowest evaluation, Fmax, usually prevails at the slowest processor, is upper-

bounded by NF min

αmax .

6.3 Empirical Study

In this section, an empirical study on GE-PEA for distributed and heterogeneous Grid

computing environments is presented. All experimental codes are produced in C++

codes. In particular, we present empirical results obtained prior and after the final

design of GE-PEA. For readability purpose, we refer to the prior GE-PEA design as

GE-PEA-0, and the final design remains as GE-PEA. Note that our aim is to justify

some design issues on GE-PEA, which materialize in the difference between GE-PEA-0

and GE-PEA, i.e., 1 ) GE-PEA-0 couples evolutionary operators in the service called

‘subpopulation evolution’ at master node of each cluster, and 2 ) GE-PEA-0 equally

assigns the subpopulation size.

We begin the first experiment using only GE-PEA-0 to show how such design may

be unsuitable for a heterogeneous Grid environment. Using 24 design variables and
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the cost function in Appendix C.2, the GE-PEA-0 is applied for the optimization of

the subsonic inverse pressure design problem. The control parameter are configured

as follows: population size for every subpopulation is 80, crossover probability of 0.9,

mutation probability of 0.1, migration period of 10 generations interval, linear fitness

scaling, elitism, and termination upon maximum number of generation 100.

Table 6.1: Summary of the Grid environment considered for optimizing the airfoil design
problem.

Cluster Number of CPU(s) CPU Type Memory
pdpm 8 8 × Xeon 2.6GHz 4GB

cemnet 5 4 × Xeon 2.4GHz 2GB
1 × PIV 2.66GHz

surya 7 7 × PIII 733MHz 3.2GB
ec− pdccm 8 8 × PIII 650MHz 2.2GB

Here, a Grid environment consisting of the four clusters summarized in Table 6.1,

is considered. The average wall-clock time of each computing cluster for evaluating a

subpopulation of 50 GA chromosomes in parallel are given in Table 6.2. Note the sig-

nificant difference in the computational efforts required by these heterogeneous clusters.

The search performances of the n-cluster GE-PEA-0, i.e., 2, 3, or 4 subpopulations GE-

PEA-0, for optimizing the inverse pressure design problem is then reported in Figure 6.2.

To obtain a more conservative result, whenever the single cluster setting is considered,

the fastest cluster will be used. Due to the heterogeneity of the Grid environment con-

sidered, the slowest surya cluster has become the bottleneck of the GE-PEA-0 since it

uses a synchronous migration model which waits for all the ‘subpopulation evolution’ ser-

vices in a generation to complete before the migration operation and subsequent search

generations may proceed. This results in the poorer search efficiency of the multi-cluster

environment, which is significantly shown in the 4-cluster GE-PEA-0.

The results obtained can be easily explained as follows. Consider the 4-subpopulation

GE-PEA-0 run on 4 clusters, it can be estimated from Table 6.2 that the required
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computational effort is significantly higher than in a single cluster GE-PEA-0, i.e.,

852.34 > 4 × 164.13 = 656.52. Note that this calculation is used as a simpler esti-

mation to Eq. 6.9, since some parameter values are not precisely known in order to apply

the equation directly.

Table 6.2: Computational efforts required to evaluate a subpopulation of 50 designs
using the moderate-fidelity airfoil analysis code (inclusive of the communication overhead
incurred).

Cluster Average wall clock time (of 10
independent runs) for evaluating

50 individuals
pdpm 164.13 s

cemnet 366.48 s
surya 465.79 s

ec− pdccm 852.34 s
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Figure 6.2: Average wall clock time of GE-PEA-0 in single and multiple clusters on the
airfoil design problem.

To compromise with the heterogeneity of the computing resources, a simple solution

to maintain the benefit of parallelization is to configure the subpopulation size according

to the computational capabilities of the clusters. Nevertheless, such an approach has the

disadvantage of possibly altering the standard behavior of a synchronous island PEA due

to improper design of coupling the evolutionary operators into the ‘subpopulation evo-

lution’ service at each cluster. Since the search behavior could be unpredictable in such
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approach, it is advisable to be more conservative by maintaining uniform subpopulation

sizes. A preferable solution should still provide the speed-up regardless of the hetero-

geneity in the Grid environment while preserving the standard behavior of the parallel

genetic search. To achieve such a solution, we arrive at the final design of GE-PEA.

The core idea lies in: 1 ) the decoupling of evolutionary operators from the ‘subpopula-

tion evolution’ Grid service as in GE-PEA-0, 2 ) well-balanced execution time obtained by

non-uniform distribution of individuals into each cluster based on computational power.

In this way, the computing clusters are solely meant for fitness evaluation purpose and

all evolutionary operations proceed at the client side. By doing so, the uniformity of the

subpopulation size can be maintained at the client side while the computing clusters are

actually allocated non-uniform ensembles of individuals for fitness evaluations. This is

slightly different from the original GE-PEA-0 where both evolutionary operations and

fitness evaluations are coupled in the ‘subpopulation evolution’ service at each computing

cluster, resulting in inflexibility of the design.
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Figure 6.3: Average wall clock time of GE-PEA-0 and GE-PEA in 2, 3, and 4-
subpopulation runs in optimizing the aerodynamic airfoil design problem.

To minimize the idling time of processing nodes in fast clusters while waiting for

synchronization in the GE-PEA, we hope to obtain a well-balanced execution time in
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Figure 6.4: Optimal airfoil shape obtained after 100 generations of the 4-subpopulation
GE-PEA-0 and GE-PEA.

each cluster and for each search generation. In each n-subpopulation GE-PEA search

generation, each non-uniform ensemble of individuals, Ci, assigned to the i-th cluster for

evaluations is estimated by:

Ci =
t−1
i∑n

j=1 t−1
j

× n× C (Eq. 6.11)

where C is the subpopulation size, n is the number of subpopulations(or clusters), and

ti is the time required by the i-th cluster to evolve a subpopulation in one generation.

Note that, here such distribution strategy has been adopted since the past historical data

on computational effort is available. Otherwise, one could resort to using computational

power benchmarking information such as reported in [129].

The average wall-clock time and optimum shape obtained when using GE-PEA-0

and GE-PEA to search on the subsonic inverse pressure design problem for a maximum

of 100 generations are reported in Figures 6.3 and 6.4, respectively. Note that the n-

subpopulation GE-PEA-0 has a uniform subpopulation size of 50. In contrast, the size of

the ensembles of individuals are defined using equation (Eq. 6.11) in the n-subpopulation
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GE-PEA, i.e., 2 subpopulations (pdpm : cemnet = 69 : 31), 3 subpopulations (pdpm

: cemnet : surya = 83 : 37 : 30), and 4 subpopulations (pdpm : cemnet : surya :

ec− pdccm = 100 : 45 : 35 : 20).

More importantly, the results in Figure 6.3 and 6.4 show that the GE-PEA converges

to the same optimal design airfoil shape as the GE-PEA-0 at significantly lesser amount

of wall-clock time spent. Hence, this validates the efficacy of the proposed framework for

parallel evolutionary optimization under diverse Grid environment.
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Chapter 7

Conclusions & Future Works

7.1 Conclusions

Solving computationally expensive problems using evolutionary frameworks is a research

field that has attracted significant attention among the evolutionary computation com-

munity and practitioners in science and engineering. Two major strategies commonly

adopted in optimizing computationally expensive problems using EA are to use 1 ) com-

putationally less expensive surrogate models, and 2 ) parallel and distributed comput-

ing technology. In this thesis, the different design issues arising from the management

of surrogate models and parallel computing technology in evolutionary optimization of

computationally expensive problems have been addressed. Some of these issues raised

and addressed in this thesis include:

• Inaccuracy of surrogate models.

• Search improvement through the use of imprecise surrogate models.

• Suitability of the response surface approximation method to the problem in hand.

• Management of multi-scale computational models.

• Use of surrogate models in multi-objective evolutionary optimization.
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• Heterogeneity of computing resources due to Grid resources and variable fidelity

fitness functions.

In particular, the thesis has introduced and presented constructive methodologies and

architectures necessary for the use of surrogates and parallel technologies in evolutionary

optimization of computationally expensive problems that lead to good solution quality

under a limited computational budget. In addition, novel surrogate-assisted evolution-

ary schemes have been proposed for dealing with problems plagued with computationally

expensive objective functions. The main contribution of this dissertation work is sum-

marized as follows:

• Chapter 3 provided a comprehensive survey on the major topics of this thesis, i.e.,

Surrogate-assisted and parallel evolutionary computation in heterogeneous Grid

environment. This chapter, which poses as an appetizer to the reader before pro-

ceeding to the main highlights of the thesis in the subsequent chapters, serves to be

a helpful reference for researchers or practitioners on related works and technology.

• Chapter 4 presented the proposed Generalized Surrogate Memetic framework for

solving both single and multi-objective optimization problems, where a detailed

empirical study on commonly used benchmark problems and a real-world problem

on the airfoil design problem is reported.

• Chapter 5 extended the surrogate-assisted memetic frameworks discussed in previ-

ous chapter to multi-level evolutionary optimization of two real-world applications,

i.e., the water cluster structural optimization and aerodynamic airfoil design prob-

lems. From the second optimization problem, it is worth noting that multi-scale

data-centric models can be fabricated through simple statistical measure of the

original computational model.
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• Finally, Chapter 6 described the research work on parallel evolutionary optimization

on heterogeneous Grid computing environment, where a detail analysis on possible

speed-up of the proposed Grid-enabled Parallel EA is presented. This is further

substantiated with an empirical validation on both benchmark test problem and

realistic airfoil design problem.

7.2 Future Works

Despite the extensive works towards the development of evolutionary frameworks for

solving computationally expensive problems, there remains many challenging topics in

the field that deserve further research studies. Some of these include:

• Evolutionary frameworks for solving extremely high-dimensional and/or

numerous objectives computationally expensive problems. In real life sit-

uation, engineers and scientists are often faced with problems which are not only

computationally expensive, but also in extremely high dimensionality and/or nu-

merous objectives, e.g., in the order of hundreds or even thousands of dimensions

and/or objectives. A potentially credible idea is to mine for the crucial design

variables and/or objectives. Subsequently, less meaningful variables may be re-

moved or less emphasized, while less useful objectives are translated to equality or

non-equality constraints.

• Evolutionary frameworks for solving computationally expensive non-

stationary problems. Another relevant real-life scenario is the optimization

of computationally expensive problems with time-variant input dimensions, con-

straints, and/or objectives. The common approach is to reuse information from

previous environments to assist the search after the changes are detected. How-

ever, coupled with the issue of possible irrelevant information and high cost of each
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new function evaluation, this topic remains a huge challenge for the evolutionary

computation community.

• Evolutionary search for robust solutions of computationally expensive

problems. Searching for robust solutions, i.e., those which are resilient against

uncertainties due to manufacturing errors or fluctuation in operating conditions or

others, is generally regarded to be significantly more computationally expensive to

optimize. This is due to many redundant function evaluations required to perform

sensitivity analysis on each candidate design in order to estimate its robustness

measure.

• Greater exploration on the convergence properties of SAEAs. In this

thesis, the basic theoretical proof for SAEAs using Finite Markov Chain analysis,

has been reported. It is worth noting that there may exist a variety of theoreti-

cal underpinnings that can be considered to arrive at the convergence proof. For

instance, it would be interesting to see if stronger conditions for convergence in

Markov chain analysis, such as the detailed balance condition could be applied in

the context of SAEAs.

• SAEAs in Grid computing environment. Perhaps, the most intuitive moti-

vation for combining SAEAs and Grid computing technologies is solely for gaining

further acceleration of the evolutionary search by distributing the remaining expen-

sive fitness evaluations across multiple compute nodes. Likewise, parallelization in

Grid could be useful for accelerating the building of moderately expensive surrogate

models. This is especially true in the case where multiple surrogates are used and

the surrogate models’ building time scales unfavorably with the problem size or

fidelity level. Last but not least, another interesting motivation is to capitalize on
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the possible algorithmic behavior changes due to high diversity generated by the

heterogeneous Grid.
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Appendix A

Approximation/Surrogate Modeling
Techniques

Here, we provide a brief review on three different surrogate modeling techniques used

in this thesis, namely: Kriging/Gaussian Process (GP), Polynomial Regression (PR),

and Radial Basis Function (RBF). Throughout this section, let D = {xi, ti}, i = 1 . . . m

denote the training dataset, where xi ∈ Rd is an input design vector and ti ∈ R is the

corresponding target value.

A.1 Kriging/Gaussian Process

The GP surrogate model [117] assumes the presence of an unknown true modeling func-

tion f(x) and an additive noise term v to account for anomalies in the observed data.

Thus:

t = f(x) + v (Eq. A.1)

The standard analysis requires the specification of prior probabilities on the model-

ing function and the noise model. From a stochastic process viewpoint, the collection

t = {t1, t2, ..., tm} is called a Gaussian process if every subset of t has a joint Gaussian

distribution. More specifically,

P (t|C, {xm}) =
1

Z
exp

(
−1

2
(t− µ)TC−1(t− µ)

)
(Eq. A.2)

where C is a covariance matrix parameterized in terms of hyperparameters θ, i.e., Cij =

k(xi,xj; θ) and µ is the process mean. The Gaussian process is characterized by this
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covariance structure since it incorporates prior beliefs both about the true underlying

function as well as the noise model. In the present study, we use the following exponential

covariance model

k(xi,xj) = e−(xi−xj)
T Θ(xi−xj) + θd+1 (Eq. A.3)

where Θ = diag{θ1, θ2, ..., θd} ∈ Rd×d is a diagonal matrix of undetermined hyperparame-

ters, and θd+1 ∈ R is an additional hyperparameter arising from the assumption that noise

in the dataset is Gaussian (and output dependent). We shall henceforth use the symbol

θ to denote the vector of undetermined hyperparameters, i.e., θ = {θ1, θ2, ..., θd+1}. In

practice, the undetermined hyperparameters are tuned to the data using the evidence

maximization framework. Once the hyperparameters have been estimated from the data,

predictions can be readily made for a new testing point.

A.2 Polynomial Regression

In PR metamodeling technique [108], we define an exponent vector ε containing positive

integers (π1, π2, . . . , πd) and define xε
i as an exponent input vector (xi1

π1 , xi2
π2 , . . . , xid

πd).

Given a set of exponent vectors ε1, ε2, . . . , εo and the set of data (xi, ti), where i =

1, 2, . . . , m, the polynomial model of (o− 1)th order has the form:

t̂i = C1x
ε1
i + C2x

ε2
i + . . . + Cmxεo

i (Eq. A.4)

where C1, C2, . . . , Co are the coefficient vectors to be estimated, and Cj = (cj1 , cj2 , . . . , cjd
),

j = 1, 2, . . . , o.

The least square method is then used to estimate the coefficients of the polynomial

model. By definition, the least square error E to be minimized is:

E =
m∑

i=1

[ti − t̂i]
2 (Eq. A.5)

It may be easily shown that ti = f(xi), and by multiplying both sides of equation

(Eq. A.4) with x
εj

i and taking the sum of m pairs of input-output data, we arrive at

C1

∑
i

x
ε1+εj

i + . . . + Co

∑
i

x
εo+εj

i =
∑

i

tix
εj

i (Eq. A.6)
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For j = 1, 2, . . . , o, the polynomial model for the training dataset can be represented

in the matrix notation as follows

AγT = bT (Eq. A.7)

where

A =




∑
i x

ε1+ε1
i . . .

∑
i x

ε1+εo
i

...
...∑

i x
εo+ε1
i . . .

∑
i x

εo+εo
i


 (Eq. A.8)

b = (
∑

tix
ε1
i , . . . ,

∑
tix

εo
i ) (Eq. A.9)

γ = (C1, C2, . . . , Co) (Eq. A.10)

Then the coefficient matrix of the polynomial is:

γ = (A−1bT )T (Eq. A.11)

Let Bi = (xε1
i , . . . ,xεo

i ), the following equations may be derived:

• A =
∑

i B
T
i Bi

• b =
∑

i tiBi

• t̂i = γ.BT
i

The predicted output for a new input pattern is then given by t̂i = γ.BT
i .

A.3 Radial Basis Function

The surrogate models of RBF used in this thesis are interpolating radial basis function

networks of the form

t̂ = f̂(x) =
m∑

i=1

αiK(||x− xi||) (Eq. A.12)

where K(||x − xi||) : Rd → R is a RBF and α = {α1, α2, . . . , αm} ∈ Rm denotes the

vector of weights. Hence, the number of hidden nodes in the RBF here is as many as the

number of training points.
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Typical choices for the kernel include linear splines, cubic splines, multiquadrics, thin-

plate splines, and Gaussian functions [24]. Recent studies in [163][72], indicate that the

linear, cubic, and thin plate spline RBFs have better theoretical properties than the

multiquadric and Gaussian RBFs. Hence, in this thesis, we opt to use linear spline

kernel function. The structure of some commonly used radial basis kernels and their

parameterization are shown in Table A.1 Given a suitable kernel, the weight vector

can be computed by solving the linear algebraic system of equations Kα = t, where

t = {t1, t2, . . . , tm} ∈ Rm denotes the vector of outputs and K ∈ Rm×m denotes the

Gram matrix formed using the training inputs (i.e., the ijth element of K is computed

as K(||xi − xj||)).

Table A.1: Radial Basis Kernels
Linear Splines ||x− ci||
Thin Plate Splines ||x− ci||kln||x− ci||
Cubic Splines ||x− ci||3

Gaussian e
− ||x−ci||2

βi

Multiquadrics

√
1 +

||x−ci||2
βi

Inverse Multiquadrics (1 +
||x−ci||2

βi
)−

1
2
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Appendix B

Single/Multi-objective Benchmark
Problems

Here, we provide details on the single and multi-objective benchmark problems used

throughout this thesis.

B.1 Single-Objective Benchmark Functions

Single-objective benchmark functions used in this thesis are presented in this section.

The shifted and/or rotated functions are taken from [38] and [191]. From F4-F10, the

following nomenclature applies:

o = [o1, o2, . . . , od]: the shifted global optimum

M: linear transformation matrix, obtained from [191].

Ackley

F (x) = 20 + e− 20e
−0.2

√
1
d

d∑
i=1

x2
i − e

1
d

d∑
i=1

cos(2πxi)
(Eq. B.1)

−32.768 ≤ xi ≤ 32.768, i = 1, 2, . . . , d.

Global optimum x∗i = 0.0 for i = 1, . . . , d, F (x∗) = 0.0
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Figure B.1: Ackley Function

Griewank

F (x) = 1 +
∑d

i=1 x2
i /4000−∏d

i=1 cos(xi/
√

i) (Eq. B.2)

−600 ≤ xi ≤ 600, i = 1, 2, . . . , d.

Global optimum x∗i = 0.0 for i = 1, . . . , d, F (x∗) = 0.0

Figure B.2: Griewank Function

Rosenbrock

F (x) =
∑d−1

i=1 (100× (xi+1 − x2
i )

2 + (1− xi)
2) (Eq. B.3)

−2.048 ≤ xi ≤ 2.048, i = 1, 2, . . . , d.

Global optimum x∗i = 1.0 for i = 1, . . . , d, F (x∗) = 0.0
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Figure B.3: Rosenbrock Function

Shifted Rotated Rastrigin

F (x) =
∑d

i=1(z
2
i − 10cos(2πzi) + 10)− 330 (Eq. B.4)

z = (x− o) ∗M,

−5 ≤ xi ≤ 5, i = 1, 2, . . . , d.

Global optimum x∗ = o, F (x∗) = fbias = −330.

Figure B.4: Shifted Rotated Rastrigin Function
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Shifted Rotated Weierstrass

F (x) =
∑d

i=1(
∑kmax

k=0 [akcos(2πbk(zi + 0.5))]) (Eq. B.5)

−d
∑kmax

k=0 [akcos(2πbk.0.5)] + 90

z = (x− o) ∗M,

−0.5 ≤ xi ≤ 0.5, i = 1, 2, . . . , d.

Global optimum x∗ = o, F (x∗) = fbias = 90. a = 0.5, b = 3, kmax=20.

−0.5
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0.5

−0.5

0

0.5
90

92

94

96

98

Figure B.5: Shifted Rotated Weierstrass Function

Shifted Expanded Griewank plus Rosenbrock

F (x) = F2(F3(z1, z2)) + F2(F3(z2, z3)) + . . . (Eq. B.6)

+F2(Fros(zd−1, zd)) + F2(F3(zd, z1))− 130

z = x− o + 1,

−3 ≤ xi ≤ 1, i = 1, 2, . . . , d.

Global optimum x∗ = o, F (x∗) = fbias = −130
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Figure B.6: Shifted Expanded Griewank plus Rosenbrock Function

Hybrid Composition Function

for i = 1 : 10 do

wi = exp
(
−

∑d
k=1(xk−Oik)2

2dσ2

)

fiti = fi(((x− oi)/λi) ∗Mi)

fmaxi = fi((y/λi) ∗Mi)

fiti = C ∗ fiti/fmaxi

end for

SW =
∑10

i=1 wi

MaxW = max(wi)

for i = 1 : 10 do

wi = {wi if wi = MaxW

wi = wi ∗ (1−MaxW 10) if wi 6= MaxW

wi = wi/SW

end for

F (x) =
∑10

i=1{wi ∗ [fiti + biasi]} (Eq. B.7)

F (x) = F (x) + fbias
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f1−2(x): Rastrigin Function

f3−4(x): Weierstrass Function

f5−6(x): Griewank Function

f7−8(x): Ackley Function

f9−10(x):Sphere Function

Fsphere =
∑d

i=1 x2
i

σi = 1 for i = 1, 2, . . . , d

λ = [1, 1, 10, 10, 5/60, 5/60, 5/32, 5/32, 5/100, 5/100]

bias=[0, 100, 200, 300, 400, 500, 600, 700, 800, 900]

Mi are all identity matrices

C = 2000

Global optimum x∗ = o1, F (x∗) = fbias = 120

−5 ≤ xi ≤ 5, i = 1, 2, . . . , d.

Figure B.7: Hybrid Composition Function

Rotated Hybrid Composition Function of F7

Same as Hybrid Composition Function above, except Mi are different linear transforma-

tion matrices with condition number of 2.

163

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Appendix B. Single/Multi-objective Benchmark Problems

Figure B.8: Rotated Hybrid Composition function of F7

Rotated Hybrid Composition Function with Narrow Basin Global Opti-

mum

f1−2(x): Ackley Function

f3−4(x): Rastrigin Function

f5−6(x): Sphere Function

f7−8(x): Weierstrass Function

f9−10(x):Griewank Function

σi = [0.1, 2, 1.5, 1.5, 1, 1, 1.5, 1.5, 2, 2]

λ = [0.1 ∗ 5/32, 5/32, 5/32, 2 ∗ 1, 1, 2 ∗ 5/100, 5/100, 2 ∗ 10, 10, 2 ∗ 5/60, 5/60]

Mi are all rotation matrices. Condition numbers are [ 2 3 2 3 2 3 20 30 200 300 ]

Global optimum x∗ = o1, F (x∗) = fbias = 10

−5 ≤ xi ≤ 5, i = 1, 2, . . . , d.
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Figure B.9: Rotated Hybrid Composition Function with narrow basin global optimum

Non-continuous Rotated Hybrid Composition Function

f1−2(x): Rotated Expanded Schaffer Function

f(x, y) = 0.5 +
(sin2(

√
(x2+y2))−0.5)

(1+0.001(x2+y2))2

Fschaffer(x) = f(x1, x2) + f(x2, x3) + . . . + f(xd−1, xd) + f(xd, x1)

f3−4(x): Rastrigin Function

f5−6(x): F6 Function

f7−8(x): Weierstrass Function

f9−10(x):Griewank Function

σi = [1, 1, 1, 1, 1, 2, 2, 2, 2, 2]

λ = [5 ∗ 5/100, 5/100, 5 ∗ 1, 1, 5 ∗ 1, 5 ∗ 10, 10, 5 ∗ 5/200, 5/200]

Mi are all orthogonal matrix. Condition numbers are [ 2 3 2 3 2 3 20 30 200 300 ]

Global optimum x∗ = o1, F (x∗) = fbias = 360

−5 ≤ xi ≤ 5, i = 1, 2, . . . , d.

xj =

{
xj if |xj − o1j| < 0.5

round(2xj)/2 if |xj − o1j| ≥ 0.5

round(x) =





a− 1 if x ≤ 0 and b ≥ 0.5

a if b < 0.5

a + 1 if x > 0 and b ≥ 0.5

where a and b are x’s integral and decimal parts, respectively.

165

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Appendix B. Single/Multi-objective Benchmark Problems

Figure B.10: Rotated Hybrid Composition Function with global optimum on the bounds

B.2 Multi-Objective Benchmark Functions

Multi-objective benchmark problems (MF1-MF6) [212] used in the thesis are summarized

in this section. Parametric domain used is [0, 1]d, where d is the problem dimensionality

considered.

Benchmark Formulation Characteristics
Function
MF1 (d = 30) f1(x) = x1 Convex, 2-objective Pareto front

f2(x) = g(x)[1−
√

f1(x)/g(x)]

g(x) = 1 + 9(
∑d

i=2 xi)/(d− 1)
MF2 (d = 30) f1(x) = x1 Non-convex, 2-objective Pareto front

f2(x) = g(x)[1− f1(x)/g(x)2]

g(x) = 1 + 9(
∑d

i=2 xi)/(d− 1)
MF3 (d = 50) f1(x) = x1 Convex, disconnected, 2-objective Pareto front

f2(x) = g(x)[1−
√

f1/g − (f1/g)sin(10πf1)]

g(x) = 1 + 9(
∑d

i=2 xi)/(d− 1)
MF4 (d = 50) f1(x) = 1− exp(−4x1)sin6(6πx1) Non-convex, 2-objective Pareto front

f2(x) = g(x)[1− (f1(x)/g(x))2]

g(x) = 1 + 9[
∑d

i=2 xi/(d− 1)]0.25

MF5 (d = 20) f1(x) = cos(π
2
x1)cos(π

2
x2)(1 + g(x)) Non-convex, 3-objective, Pareto front

f2(x) = cos(π
2
x1)sin(π

2
x2)(1 + g(x))

f3(x) = cos(π
2
x1)(1 + g(x))

g(x) =
∑d

i=3(xi − x1)2

MF6 (d = 10) f1(x) = x1 Convex, 2-objective, multiple local Pareto front

f2(x) = g(x)[1−
√

f1(x)/g(x)]

g(x) = 1 + 10(d− 1) +
∑d

i=2(x
2
i − 10 cos(4πxi))
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Appendix C

Real-world Problems

C.1 Drag/Lift Ratio of Aerodynamic Airfoil Design

The drag D and lift L on an airplane are the components of the total aerodynamic

force parallel and vertical to the direction of flight, respectively, as shown in Fig. C.1.a.

The importance of the ratio D/L in design can be understood, for example, in two

airplane performance considerations [17]. First, the engine thrust required for level and

unaccelerated flight, i.e., cruise, is given by

Tcruise = (weight of aircraft)×D/L (Eq. C.1)

Second, an airplane in a power-off gliding flight will descent at an angle θgliding given by

tan θgliding = D/L (Eq. C.2)

In both cases, it is obvious that the smaller the ratio D/L, the better the performance.

In the first case, a small ratio means less engine power is required for cruising flight,

thus saving fuel. In the second case, low drag over lift entails a safer gliding flight in

the case of engine failure. While the drag and lift forces on an airplane are determined

by various body components, the contribution of the wings is dominant. This motivates

the development of an approach for designing airfoil geometries by minimizing the D/L

ratio.

In an airfoil shape-optimization problem using computation fluid dynamics, the drag

and lift forces can be obtained by calculating the flow field around the airfoil under pre-

scribed operating conditions, defined by the Mach number which represents the incident
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Figure C.1: (Forces acting on: (a) an aircraft, and (b) an airfoil (2D cross-section of the
wing)

 

Figure C.2: Airfoil geometry characterized using 24 design variables with the NACA
0015 as baseline.

flow rate, and the angle of attack (see Fig. C.1.b). Ignoring friction, the flow is governed

by the 2D Euler equations:
∂w

∂t
+

∂f1

∂z1

+
∂f2

∂z2

= 0 (Eq. C.3)

with t as the time variable,

w = [ρ ρu1 ρu2 ρE]T , f1 = [ρu1 ρu2
1 + p ρu1u2 ρu1H]T ,

f2 = [ρu2 ρu1u2 ρu2
2 ρu2H]T (Eq. C.4)

where ρ is the density, u1 and u2 ar the flow velocity components in the Cartesian space

with coordinates z1 and z2, p is the pressure, E is the total specific energy and H is the

total specific enthalpy. Moreover, the pressure is given by p = (γ − 1)ρ(E − 1
2
u2

1 − 1
2
u2

2),

where γ is the specific heat [201].

Thus, the drag D and lift L are simply the components opposite the direction of flight

~u∞, and the direction perpendicular to flight ~τ∞, respectively, of the resultant force due
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to pressure acting along the contour C of the airfoil (see Figure C.1.b). They are given

by the following integrals:

D =
∮

C
p(σ)~n(σ).~(u)∞dσ

L =
∮

C
p(σ)~n(σ).~(τ)∞dσ (Eq. C.5)

Here, a single computation of the drag-to-lift ratio profile for typical airfoil geometry

takes around 20 minutes on a Pentium III processor. The geometry of the airfoil is

represented using 24-parameter Hicks-Henne functions as illustrated in Figure C.2 [75].

The lower and upper bounds on these parameters (x = x1, x2, . . . , x24) are listed in Table

C.1.

Table C.1: Lower and upper bounds of the design parameters in the airfoil problem.
Parameter (xi) Lower Bound (xl

i) Upper Bound (xu
i )

x1 -0.005000 0.007500
x2 -0.007000 0.005000
x3 -0.007000 0.005000
x4 -0.005000 0.005000
x5 -0.005000 0.002500
x6 -0.003000 0.001500
x7 -0.003000 0.001500
x8 -0.003000 0.001500
x9 -0.002500 0.001250
x10 -0.002000 0.001250
x11 -0.002000 0.000625
x12 -0.001000 0.000500
x13 -0.007500 0.005000
x14 -0.005000 0.007000
x15 -0.005000 0.007000
x16 -0.005000 0.005000
x17 -0.002500 0.005000
x18 -0.001500 0.003000
x19 -0.001500 0.003000
x20 -0.001500 0.003000
x21 -0.001250 0.002500
x22 -0.001250 0.002000
x23 -0.000625 0.002000
x24 -0.000500 0.001000

Note that the Hicks-Henne representation describes the upper and lower surfaces of the

airfoil as linear combinations of a finite number of basis functions. The free-stream

condition in this problem are subsonic speed of Mach 0.5 and AOA=2.0 is used for this

problem. An example on optimizing the same problem in the context of evolutionary

robust engineering design can also be obtained from [144].
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C.2 Inverse Pressure of Aerodynamic Airfoil Design

In the inverse design problem, the aim is to minimize the difference between the surface

pressure P of a given airfoil with the desired pressure profile Pd of a baseline shape. If

W is the flow variables and S the shape design variables, the inverse pressure design

problem can be formulated as a minimization problem of the form:

f (W,S) =
1

2

∫

wall

(P − Pd)
2 dσ (Eq. C.6)

The target pressure profile is generated from the NACA 0015 airfoil1 as the baseline

shape. The airfoil geometry used here is characterized using 24-parameter Hicks-Henne

representation as described in Fig. C.2. The lower and upper bounds on these parameters

(x = x1, x2, . . . , x24) listed in Table C.1 are also used for this problem. Since we only

consider compressible non-viscous flow, a finite-volume Euler solver with body-fitted

grid and explicit time-stepping is employed for the purpose of this study. Similar to the

aforementioned ratio airfoil problem, the free-stream conditions in this problem are also

subsonic speed of Mach 0.5, and 2.0 angle of attack (AOA).

C.3 Water Cluster Structure

Here, we provide details on the water cluster structural optimization problem used

throughout this thesis. Neutral water clusters (see Fig. C.3) have been investigated

extensively for a long period because they provide important understanding of proper-

ties of water molecules in aqueous media. In this particular project, our aim is to find

low-energy structures. Several models have been developed for estimating the interaction

energies and to reproduce the ground state structures of first principle calculation. To

date, many researchers have focused on using the global minima to validate and com-

pare the different potential models. Lee et al. applied simulated annealing method with

the potential function of Cieplak, Kollman, and Lybrand to optimize water clusters up

to n=20 [76]. In this study, we experimented with two sophisticated, flexible potential

models, Thole-Type Model 2.1-F (TTM2.1-F) and Ojamae-Shavitt-Singer 2 (OSS2).

1The NACA 0015 is one of the four-digit series airfoils. The first two digits ‘00’ implies the none
existence of camber. The next two digits, i.e., ‘15’ indicates a 15% thickness to chord length ratio.
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Appendix C. Real-world Problems

C.3.a: n=16. C.3.b: n=17. C.3.c: n=18.

C.3.d:
n=19.

Figure C.3: Ground state structures of pure water clusters (for n=16-19).

TTM2-F is a flexible, polarizable, Thole-type interaction potential developed by Burn-

ham and coworkers [30]. Although the model was parameterized using water dimer only,

it was shown to reproduce the binding energies that are in close agreement to MP2 cal-

culations for (H2O)n (n = 2 − 6) and (H2O)20. In this study, we first considered the

TTM2.1-F model, which is a revised version of the original TTM2-F, that reportedly

resolves issues relating to dipole moment of individual water and short intermolecular

interaction.

The second sophisticated model considered in this study is the OSS2 potential [135].

It was developed to describe water as participant in ionic chemistry. Since it is an atomic

and polarizable potential, OSS2 is useful for studying proton-transfer reaction and water

disassociation. While originally designed for H + (H2O)n, it was later demonstrated by

some researchers to model small-sized pure water clusters well [121].
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