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Abstract—This paper presents some recent algorithms devel-
oped by the authors for real-time adaptive active noise (AANC)
control systems. These algorithms address some of the common
challenges faced by AANC systems, such as speaker saturation,
system divergence, and disturbance rejection. Speaker saturation
can introduce nonlinearity into the adaptive system and degrade
the noise reduction performance. System divergence can occur
when the secondary speaker units are over-amplified or when
there is a disturbance other than the noise to be controlled.
Disturbance rejection is important to prevent the adaptive system
from adapting to unwanted signals. The paper provides guidelines
for implementing and operating real-time AANC systems based
on these algorithms.
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I. INTRODUCTION

Active noise control (ANC) system produces anti-noise to
cancel out unwanted noise [1], [2], [3], [4], [5], [6], [7],
[8], [9], [10]. However, adaptive ANC (AANC) in real-time
[9], [11], [12], [13], [14] may fail if the audio amplifier is
overdriven to saturation, causing the adaptive algorithm to
diverge. Saturation distortion affects both the amplitude and
phase of the secondary path in ANC [15], [16]. Some nonlinear
algorithms based on neural networks or Volterra filters [17] can
handle saturation distortion, but they are costly and complex
to implement, and the vanishing gradient issue is a problem
for real-world scenarios. Moreover, they do not solve the
problem of insufficient power when the control signal exceeds
the amplifier threshold. Thus, these nonlinear solutions are not
practical for real applications and may only be used for par-
tially overdriven actuators. Furthermore, the nonlinear adaptive
algorithm without constraints is not a desired solution. A better
approach is to limit the amplifier’s output power and keep it
within a certain power budget. Some of the common algorithms
for this approach are (i) clipping or rescaling algorithms [18],
which either truncate the output signal above the threshold or
adjust the weight of the control filter; (ii) leaky-type filtered-
reference Least Mean Square (FxLMS) algorithm [19], which
adds a leak term or penalty factor to stabilize the algorithm, but
requires trial and error to choose the optimal factor; (iii) A two-
gradient FxLMS (2GD-FxLMS) [20] algorithm, which imposes
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Fig. 1. Block diagram of the ANC with the saturation effect.

a specific output constraint with no extra computation compared
to the conventional FxLMS algorithm. Recent research has
revealed new insights into constraint-FxLMS algorithms. This
paper highlights the key differences and evaluates their merits
and drawbacks. A typical block diagram of the ANC with
saturation effect can be viewed in Fig. 1 and will be used
throughout the discussion of different constraint FxLMS.

Before we move into the definition, explanation, and imple-
mentation of the various types of constraint FxLMS algorithms,
we have defined a table of variables and their descriptions for
ease of reading.

w(n): weight vector of the control filter e(n): error signal
x(n): reference signal vector x′(n): filtered reference

signal vector
µ: step size of the adaptive algorithm γ: leaky factor
ρ2: output power constraints s: impulse response of

secondary path
L: length of the control filter d(n): disturbance
λ: Lagrangian factor σ2:variance of disturbance
yo: optimal output σx: variance of reference
wo: optimal weight vector η: degree of nonlinearity
Rx′ : autocorrelation matrix of x′(n) Ry: autocorrelation matrix

of y(n)
I: identity matrix Pdx′ : cross-correlation vector

of d(n) and x′(n)
λo: optimal Lagrangian factor γo: optimal leaky factor
Gs: power gain of the secondary path S(ejω): transfer function

of the secondary path

II. CLIPPING FXLMS
The clipping algorithm mainly truncates the parts of the

output signal that exceeds a certain voltage level. However,



this output amplitude constraint approach has a drawback of
stability, distorts the attenuated noise, and may converge slowly.
Therefore, in this paper, we will not consider this approach.
A similar type of clipping algorithm is the nonlinear FxLMS
algorithm [21], which consists of an exponential term that clips
off the output signal when the control signal exceeds the output
constraints.

Even though the clipping FxLMS algorithms can deal with an
amplitude that exceeds the constraint, these simple approaches
may not be ideal as these algorithms distort the attenuated
noise, require an accurate model of the output-saturation model,
and have significant residual distortion.

III. OUTPUT CONSTRAINT: LEAKY-TYPE FXLMS
ALGORITHMS

The leaky FxLMS (LFxLMS) algorithm [22], [23] introduces
a leak term (or penalty coefficient) that constrains the control
effort and stabilizes the algorithm. The general LFxLMS algo-
rithm is given as

w(n+ 1) = (1− µγ)w(n) + µe(n)x′(n), (1)

e(n) = d(n)− f

[
L−1∑
l=0

slw
T(n− l)x(n− l)

]
. (2)

In the LFxLMS algorithm, the selection of the leak factor
plays a crucial role in balancing noise control and constraint
satisfaction. However, due to the ad-hoc selection of the leak
factor, the output signal may not always adhere to the imposed
constraint. The time-domain version of the LFxLMS algorithm
results in noise reduction errors and slower convergence. To ad-
dress this issue, recent versions of the algorithm use frequency-
domain constraints that only penalize frequency bins exceeding
the constraint. Despite these improvements, the performance of
the algorithm is still greatly influenced by the empirical choice
of the leak factor.

Recently, an optimal leak factor selection method for output-
constrained LFxLMS algorithm [23], [24] has been proposed.
This latter technique ensures that the LFxLMS reaches optimal
control within its specific output power constraint. A leak factor
can be derived on-the-fly based on the application’s measured
primary and secondary acoustic paths. The cost function with
a specific output constraint [25]

min
w

J(w) = E

∣∣∣∣∣d(n)−
L−1∑
l=0

slw
T(n− l)x(n− l)

∣∣∣∣∣
2


s.t. g(w) = E
[∣∣wT(n)x(n)

∣∣2] ≤ ρ2,

(3)

where E(·) denotes the expectation of the argument. The
Lagrangian function [26] based on (3) is defined as

L(w, λ, θ) = J(w) + λ
[
g(w) + θ2 − ρ2

]
. (4)

The Lagrangian factor λ is used in the above cost function
to introduce constraints into the optimization problem, and the

optimal Lagrangian factor, λo is derived as:

λo =
E {y′o(n)d(n)} − E

{
y′o(n)

2
}

ρ2
. (5)

The optimal Lagrangian factor, which includes the variance
of the output signal from the control filter and the output
filtered that passes through the secondary path (includes DAC,
amplifier, secondary speaker, and the acoustic transfer path
from speaker to error microphone), is shown below:

λo =
σ2
yo

∑L−1
l=0 s2l
ρ2

(√
σ2
d∑L−1

l=0 s2l σ
2
yo

− 1

)
. (6)

To further simplify the above expression, we can introduce
a new term, known as the degree of nonlinearity of the system,
η2:

η2 = max

(
σ2
d∑L−1

l=0 s2l ρ
2
, 1

)
, (7)

which leads to

λo =

L−1∑
l=0

s2l (η − 1). (8)

The optimal control filter with output constraint is given as:

wo =
(
λoσ

2
xI+Rx′

)−1
Pdx′ . (9)

The optimal control filter using LFxLMS is given as:

wo = (γI+Rx′)
−1

Pdx′ . (10)

Therefore, comparing these two optimal control filters, we have
a sufficient condition (under white noise):

γ = λoσ
2
x. (11)

In practical cases, we have to replace the sufficient condition
as:

γ = λoRx. (12)

Substituting the optimal Lagrangian factor into the above yields
the optimal leak factor as shown:

γo = Gs(η − 1)Rx, (13)

where Gs = σ2
y′
o
/ρ2 is the power gain of the secondary path

and can be written as the energy of the secondary path if the
control signal is narrowband over [ω1, ω2] and the degree of
nonlinearity of the system are:

Gs =
1

2π

∫ ω2

ω1

∣∣S (ejω)∣∣2 dω, (14)

η2 = max

(
σ2
d

Gsρ2
, 1

)
. (15)

All the above statistic terms can be measured from the ANC
system before its normal control operation. It is important
to note that the LFxLMS algorithm with optimal leak factor
is useful in ensuring that the solution does not violate the
constraint, and at the same time, obtains a satisfying noise
reduction performance. Since the optimal LFxLMS does not
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allow the control filter to operate beyond the constraint, there
is no need to include any system saturation model in the
derivation. Furthermore, unlike other algorithms, no primary
path is required in the implementation of the optimal LFxLMS
algorithm.

As mentioned, there is still a drawback of the above op-
timal LFxLMS algorithm as several parameters can only be
obtained from the control signal’s statistical observation before
its normal control operation. As the autocorrelation matrix of
reference input, secondary path, disturbance power, and the
secondary path may change during real-time control, the pre-
derived leaky term may not be suitable during its real-time
control process.

A more practical solution, which is based on inverse adaptive
modeling [27], [28], can estimate the optimal LFxLMS for
different types of noise distribution in practice. This latter
method also does not require the assumption of the type of
noise signal. The power gain of the secondary path, Gs can be
approximated as the ratio of the variance of disturbance and its
corresponding control signal.

Gs =
σ2
d

σ2
ŷd

. (16)

But to predict the control signal from the disturbance, we
need to estimate the inverse model c(n) of the secondary path,
as shown in Fig. 2, and the predicted control signal (or anti-
noise) is ŷd = cTo d(n). From these equations, we can estimate
the power gain across a frame of K samples

Gs =

∑K
k=0 d

2(n− k)∑K
k=0 ŷ

2
d(n− k)

, (17)

and the optimal leak term is given as

γo =

∑K
k=0 d

2(n− k)∑K
k=0 ŷ

2
d(n− k)

(η − 1)Rx. (18)

Our proposed algorithm OLFxLMS [27] can be applied to
different ANC applications and handling different types of
noise, with only a slight increase in computational complexity
compared to other algorithms.

A recent paper [29] introduces the modified FxLMS algo-
rithm to continuously estimate the disturbance power and the
power of the secondary path, and thus, a time variable penalty
factor can be derived iteratively. This latter approach expands
the ability of the constraint-based leaky FxLMS algorithm to
handle dynamic noise sources in real-time, and still be able to
constraint within its maximum power output.

IV. OUTPUT CONSTRAINT: GRADIENT PROJECT BASED
FXLMS ALGORITHMS

In this class of output constraint FxLMS algorithm, mod-
ifying the direction of the error gradient, or gradient projec-
tion, does not alter the cost function. The search is usually
taken along or below the constraint contour. For example, the
rescaling FxLMS algorithm [30], which rescales the weight
and output signal of the control filter, is a form of gradient

Fig. 2. Block diagram of adaptive inverse modeling for the secondary path.

TABLE I
PSEUDOCODE OF 2GD-FXLMS ALGORITHM

Two gradient FxLMS algorithm(2GD-FxLMS)

Input: Reference signal x(n) and error signal e(n)
Output: Clipped output signal yout(n)

Step 1: y(n) = wT(n)x(n);
x′(n) = ŝT(n)x(n).

Step 2: If |y(n)| ≤ ρ
w(n+ 1) = w(n) + µ1e(n)x′(n);

else
w(n+ 1) = w(n)− µ2y(n)x(n).

Step 3: If y(n) > ρ, yout = ρ;
else if y(n) < −ρ, yout = −ρ;
else yout = y(n).

projection algorithm. However, this algorithm increases compu-
tational load and can lead to a reduction in sampling frequency
for practical implementation. To combine the modification of
search direction and imposing a constraint, we can derive an
optimal solution, which is referred to as the output constraint
two-gradient descent (2GD) FxLMS algorithm [20], [31]. Sev-
eral variants of the 2GD FxLMS take into account faster
convergence, minimum mean square error, and extension to
multiple channels. A pseudocode of the baseline 2GD-FxLMS
algorithm is listed in Table I.

When the average output power of the control filter is within
the constraint ( E

[
y2(n)

]
≤ ρ2 ), the weight update is given

by

w(n+ 1) = w(n)− 1

2
µ

∇J(w)

∥∇J(w)∥
. (19)

In contrast, when the average output power exceeds the con-
straint ( g(w) > ρ2), the weight update changes to

w(n+ 1) = w(n)− 1

2
µ

∇g(w)

∥∇g(w)∥
. (20)

By replacing the normalized gradient and average power con-
straint with the instantaneous gradient and amplitude constraint,
the update equation can now be expressed as{

w(n+ 1) = w(n) + µ1e(n)x
′(n), E

{
y(n)2

}
≤ ρ2

w(n+ 1) = w(n)− µ2y(n)x(n), E
{
y(n)2

}
> ρ2

(21)

The main advantage of the 2GD-FxLMS algorithm is its abil-
ity to continuously update even when the output of the control
filter exceeds the amplifier threshold; therefore, it possesses
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TABLE II
COMPARATIVE EVALUATION OF THE DIFFERENT TYPES OF CONSTRAINT-BASED FXLMS ALGORITHMS

Algorithms: 2GD-FxLMS Optimal Leaky FxLMS

Advantages · Light computational load
· A simple operator to switch between modes
· Smaller residual error
· Perform better in broadband noise
· Enhance system stability and quality of anti-noise.
· Able to implement a light-weight multi-channel 2GD-
FxLMS.

· An optimal leaky FxLMS can avoid output saturation
distortion and provides good noise reduction.
· Online estimation of optimal leak factor that can handle different
types of noise.

Disadvantages · Noise reduction performance is usually inferior to other
constraint-based algorithms.
· May result in slower convergence, but can be solved using
momentum and variable step size.

· Higher computational cost may not be desired for MCANC. Can use
MOV-FxLMS [29] to reduce complexity.
· More steps in determining the optimal leak term, but can be done
online.

Usages In practical real-time implementation of MCANC for open aperture and spatial ANC for controlling high-amplitude acoustic noise
sources.

the switching mechanism, and its computational complexity is
the same as the iterative FxLMS algorithm. To put it simply,
the 2GD-FxLMS forces the amplifier and speaker to operate
in their linear region. Several real-time implementations of the
2GD FxLMS algorithms have been tested in air ducts.

There are several recent improvements in the 2GD FxLMS
algorithm, namely:

(i) Momentum 2GD-FxLMS algorithm [32] with variable
step size. We introduce a momentum factor to improve
the convergence speed of the baseline 2GD-FxLMS al-
gorithm and added a computation-effective variable step
size approach to further reduce the steady-state error due
to the switching nature of the 2GD-FxLMS.

(ii) Multi-channel 2GD-FxLMS (or 2GD-MCFxLMS) [33]
is an extension of the single-channel 2GD-FxLMS al-
gorithm. However, with the increase in the number of
multiple output amplifiers, the output saturation nonlin-
earity also increases in the multiple-channel compared to
the single-channel 2GD-FxLMS algorithm. Additionally,
having multiple channel ANC (MCANC) applications
means more effort is required to maintain the system
components. Constantly subjecting the system to high-
amplitude anti-noise reproduction can shorten the lifes-
pan of the amplifiers/speakers and increase maintenance
costs.

V. CONCLUSIONS

Table II provides a comprehensive comparison of various
constraint-based FxLMS algorithms. These algorithms effec-
tively address the issues of actuator overdriving and nonlinear-
ity caused by saturation. Both the 2GD-FxLMS and optimal
Leaky FxLMS algorithms employ a similar constraint-based
approach to derive the adaptive FxLMS algorithm.

Typically, imposing a strong constraint on the FxLMS algo-
rithm directs more effort towards achieving the desired output
power. However, this approach compromises the level of noise
reduction. In other words, constraint-based FxLMS algorithms
are tailored to specific requirements and struggle to perform
optimally in meeting both objectives simultaneously. There-
fore, this paper proposes deriving an optimal leak factor that

strikes a balance between noise reduction and satisfying power
constraints. We provide a summary of two existing approaches,
namely the 2GD-FxLMS and optimal leaky FxLMS algorithms,
highlighting their unique properties, advantages, disadvantages,
and practical applications.

The focus on real-time implementation in this study is of
great value to practitioners, as it enables them to incorporate the
optimal leak factor and 2GD into their adaptive ANC (FxLMS)
systems. This applied research approach effectively bridges the
gap between academic studies and practical implementations,
facilitating more efficient noise control in real-world applica-
tions.
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