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Abstract

Constituting of chemically cross-linked polymers, hydrogels are an
interesting class of materials that are able to undergo significantly large
deformation through the imbibement of solvent. These large deformations can
also be triggered by external stimuli through appropriate change of constituents.
In this thesis, the mechanical, thermodynamic and kinetic properties of various
environmentally sensitive hydrogels were modeled and analyzed to study the
different interesting phenomena exhibited, namely the phase transition and

instability during swelling.

The thesis begins the study with investigation of the kinetics of neutral,
temperature-sensitive, as well as pH-sensitive hydrogels. The swelling kinetics
of these hydrogels were shown to closely resemble heat transfer laws, and finite
element procedures on Abaqus were thus developed to simulate transient
swelling behavior exploiting the close similarity in differential form between
swelling Kkinetics and heat transfer laws. The finite element procedure was
verified by comparisons with both analytical solutions and available
experimental data. Several numerical examples of transient swelling behavior
of hydrogels, including inhomogeneous free swelling of a cube, constrained
swelling of a gel blanket, three-dimensional swelling of a gel block, and

interactions with hard and soft surfaces, were subsequently investigated.

Next, the phenomena of phase transition and large deformation of
temperature-sensitive, photo-thermo-sensitive and magneto-thermo-sensitive
hydrogels were investigated. This was done by considering the chemical
thermodynamics of the gels in equildibrium with external loads and
environmental stimuli. Constitutive equations were derived and the material
models were implemented on Abaqus using both UHYPER and UMAT
subroutines. It was shown that the phase transition temperature of a temperature
sensitive hydrogel could be altered by the addition of foreign particles, and also

through the variation of strength of external stimuli. Several numerical



examples highlighting interesting phenomena, such as phase transition and
phase co-existence, and potential applications in microfluidic devices were

subsequently studied.

Lastly, this thesis examines the instabilities induced when a gel swells.
Various cases of buckling, including buckling of a thin annulus, bifurcation of a
gel layer with periodic hole array, transient surface wrinkling during swelling
were studied. The analysis was carried out using finite element models
developed in the earlier studies and also through linear perturbation analysis for

the case of surface wrinkling.
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1. Introduction

1.1. Literature review

1.1.1. Introduction

Being biocompatible, hydrogels have been a popular material of choice for
many applications. Driven by humans’ vanity, one of the earliest applications of
hydrogels is the contact lens, which Wichterle and Lim (1960) proposed as a
superior alternative to plastics. Consisting of sparse crosslinks in the
hydrophilic polymer network, gels are able to imbibe and retain water up to 99%
of their volume, causing them to swell to many times their initial volume
(Deligkaris et al., 2010; Huglin, 1989; Kishida and lkada, 2001; Oguz, 2007;
Silva Nykanen et al., 2011), as seen in Figure 1-1.

Figure 1-1: A piece of hydrogel swollen to 871 times its dry volume.
Reproduced from Silva Nykanen et al. (2011)

Other than the absorption of solvent, as in the case of a neutral hydrogel,
the deformation of hydrogels can also be triggered by different environmental
stimuli through the incorporation of different monomers or constituent particles.
The types of environmental stimuli that can trigger deformation in hydrogels
are extensive, some examples of the stimuli include, but not limited to, pH
value, temperature, electric, light, pressure, specific-ion, bio-chemical, chemical
(Aguilar et al., 2007; Chatterjee et al., 2003; Deligkaris et al., 2010; Jeong and



Gutowska, 2002; Li and Kong, 2007; Meng and Hu, 2010; Qiu and Park, 2001).
The large deformation triggered by these external stimuli proves to be a useful
tool for implementation of smart devices. These environmentally sensitive gels
are also termed ‘smart hydrogels’. With more research into smart hydrogels, the
potential applications involving hydrogels have grown phenomenally to include
areas such as contact lens, sensors (Bashir et al., 2002; Sheppard Jr et al., 1995;
Zhang et al., 2004), flow control devices (Baldi et al., 2002; Harmon et al.,
2003b; Johnson et al., 2004; Lai et al., 2007; Satarkar et al., 2009; Sugiura et al.,
2007), controlled drug release (Chu, 2003; Elvira et al., 2004; Gupta et al., 2002;
Jeong et al., 2006; Liu et al., 2006; Siepmann et al., 1999), artificial muscles
(Bassil et al., 2008; Bassil et al., 2011; Mirfakhrai et al., 2007), micro total
analysis systems (van der Linden et al., 2003) and actuators (Bassik et al., 2010;
Hoffmann et al., 1999; Kim et al., 2011; Kwon et al., 2010; Wang et al., 2013a)

Due to the vast diversity in applications, researchers have been spurred to
develop theories to describe and understand the swelling behavior of hydrogels.
In this thesis, we review some of the recent works aligned with the direction of
providing a better understanding of gel behaviors. The chapter is organized as
follows: Section 1.1.2 provides some theories on the equilibrium swelling of a
gel; Section 1.1.3 covers the kinetics of swelling; Section 1.1.4 talks about the
efforts in developing modeling and simulation tools; Section 1.1.5 investigates

the intriguing phenomenon of swelling induced instabilities.

1.1.2. Equilibrium swelling theories

1.1.2.1. Free energy functions

In the thermodynamic treatment of hydrogels, Flory and Rehner (1943)
first suggested that the Helmholtz free energy of a polymer network in an
aqueous solution can be written as the additive decomposition of the free
energy of elastic stretch of the polymer network and the free energy of mixing

when the polymer network interacts with a solution.



The free energy of elastic network stretch considers solely the stretch of the
polymer network and is akin to the stretch of a rubber. Anand (1996), Arruda
and Boyce (1993), Flory and Rehner Flory and Rehner (1943), Lopez-Pamies
(2010), Marckmann and Verron (2006), Mooney (1940), Rivlin and Saunders
(1951), Valanis and Landel (1967) have suggested various forms of free energy
function describing large deformation in solids.

The form derived by Flory and Rehner (1943) is based on Gaussian
statistics and is one of the most commonly used form in the modeling of
hydrogels (Bouklas and Huang, 2012; Cai and Suo, 2011; Hong et al., 2009a;
Hong et al., 2010; Kang and Huang, 2010c; Marcombe et al., 2010; Zhang et al.,
2009). However, the derivation of this model based on Gaussian statistical
methods has been commented to show lack of consideration for the limited
extensibility in polymer networks. As such, non-Gaussian statistical models
such as those derived by Anand (1996) and Arruda and Boyce (1993) have been
used alternatively (Chester, 2012; Chester and Anand, 2010, 2011; Chester et
al., 2014).

In contrast with the free energy of stretch, the free energy of mixing does
not involve as much controversy, as most hydrogel models are associated with
the model developed by Flory (1942) and Huggins (1941). A parameter in the
free energy of mixing is X which is commonly referred to as the Flory

interaction parameter. y is a dimensionless measure of the enthalpy of mixing

in the range of 0< ¥y <1.2. A lower y is associated with higher swelling ratios.

It has been shown that under mechanical constrains, the concentration of
solvent within a swollen gel is inhomogeneous in equilibrium (Hong et al.,
2009a; Pritchard and Terentjev, 2013; Zhao et al., 2008). Baek and Pence (2011)
studied the effects of loss of saturation on the deformation of a gel in

equilibrium.



In temperature sensitive hydrogels, Huggins (1964) decomposed the
interaction parameter into enthalpic and entropic components, which are
dependent on temperature and polymer concentration. Various experimental
fittings on temperature sensitive hydrogels have been performed to obtain
parameters specific to different monomers (Afroze et al., 2000; Caykara et al.,
2006; Erman and Flory, 1986; Hassan and Durning, 1999; Kojima et al., 2013;
Oliveira et al., 2004; Shimizu et al., 2003; Shirota et al., 1998), which have
been adopted in various thermodynamic theories for temperature sensitive
hydrogel models (Birgersson et al., 2008; Cai and Suo, 2011; Ding et al., 2013;
Hino and Prausnitz, 1998; Li et al., 2005b; Li et al., 2005c).

In polyelectrolyte gels, Ricka and Tanaka (1984), Brannon-Peppas and
Peppas (1991), Hong et al. (2010), Marcombe et al. (2010) and Yan et al. (2014)
have created equilibrium models by assuming that in addition to the free energy
of network stretch and mixing, the free energy of polyelectrolyte gels also

consists of the free energy of ionization and free energy of dissociation.

1.1.3. Kinetic theory for gel swelling

Whilst the use of Flory-Rehner model has been widely adopted for the
study of gel swelling, there lies a less than unified theory for the study of gel
swelling kinetics, as some theories consider the polymer network and fluid to
be distinct phases for the robustness. Some theories treat the polymer-fluid
interaction as a single phase by coupling the diffusion of solvent with the large
deformation of the network, simplifying the development process of numerical

simulation methods used to predict the response of hydrogels.

The deformation gradient is often based on a multiplicative decomposition
of elastic and swelling parts (Boyce and Arruda, 2001; Chester and Anand,
2010; Duda et al., 2010). However, Hong et al. (2008) noted that in the long

time scale, the elastic part of deformation may be taken to be an instantaneous



process and taken to be unity in the modeling of migration of solvent molecules

into the gel.

1.1.3.1. Neutral gel

The earliest theories of gel swelling were based on considering the polymer
network and solvent as two separate phases, deriving equations of motions
based on Newton’s second law (Tanaka et al., 1973) by including the effects of
friction, relative velocity and viscosity between the different phases. Tanaka
and Fillmore (1979) later developed a kinetic model based on the longitudinal

bulk modulus and friction coefficient between the two phases.

With assumption of negligible shear modulus, the Tanaka-Fillmore model
was able to come up with accurate predictions for spherical gels. However,
Peters and Candau (1986) showed that the Tanaka-Fillmore model could only
satisfactorily describe gel swelling kinetics and could not be generalized for
non-spherical gels. By including effects of shear modulus, Peters and Candau
(1988) was able to describe kinetics for cylindrical gels.

For a generalization to gels of arbitrary shapes, Li and Tanaka (1990)
proposed a separation of the swelling process into a two-step process,
consisting of an initial diffusion, followed by a shear relaxation which
minimizes shear energy built up during the diffusion process. With this
approach, the authors were able to provide analytical solutions for two limiting

cases, a long cylindrical gel and a large disc gel.

Doi and Onuki (1992) proposed a coupling relation between stress and gel
composition by using phenomenological hydrodynamic relations, treating the
gel as a two-fluid model. Using the stress-diffusion coupling model, Yamaue
and Doi developed analytical solutions for the one-dimensional swelling
dynamics of polymer gels under various external constraints (Yamaue and Doi,
2004a; Yamaue and Doi, 2004b; Yamaue and Doi, 2005). Using the theory of



mixtures, Calderer et al. (2008) developed a model for the dynamics of polymer

gels to compare the derivation method, assumptions and resulting equations.

Later, Doi (2009) described the swelling dynamics of a polymer gel by
treating the equilibrium swelling of the gel to be similar to the swelling of the
polymer network, and derived the dynamic equations based on Lagrangian
mechanics, where time evolution is based on velocities of the polymer network

and solvent molecules.

A thermodynamic continuum treatment of the material allows for
consideration of the gel and solvent as a single entity, as opposed to the multi-

phase approach.

Durning and Morman (1993) proposed a continuum approach to overcome
the shortcomings of the hydrodynamic models proposed in the multi-phase
approach by treating the gel as a single phase. Thereafter, Baek and Srinivasa
(2004), Hong et al. (2008), Duda et al. (2010) and Chester and Anand (2010)
have developed mono-phase theories which couple diffusion and large
deformation, paving the way for future works in the continuum mechanics

studies of hydrogel swelling.

The method of Lagrange multiplier is commonly used to impose constrains
on the constitutive theories. For the case of polymeric gels, the Lagrange
multiplier is analogous to osmotic pressure of the solvent. Cai and Suo (2012)
and Li et al. (2012b) has investigated this osmotic pressure as equations of state

of a gel.

Making use of the coupled diffusion-deformation theory, Yoon et al. (2010)
developed a linearized poro-elastic swelling kinetic theory to characterize
material properties such as the modulus, Poisson’s ratio and permeability of a

gel swelling within the regime of linear poro-elasticity. Bouklas and Huang



(2012) compared the linear and non-linear theories and showed the linear theory

to be consistent within the linear portion of swelling.

1.1.3.2. Temperature sensitive gel

As compared with neutral gels, there is much less literature focusing on the
swelling kinetics of temperature sensitive hydrogels. This might be due to the
overshadowing study on the effects on temperature on the equilibrium state
phase transition phenomenon.

Colombo et al. (1996) and Grassi et al. (1999) modeled the kinetics of a
temperature sensitive as a combination of Fickian and relaxation mechanisms.
Comparing several experimental results, Okajima et al. (2002) observed that the

swelling of a temperature sensitive gel fits an exponential trend.

Birgersson et al. (2008) developed a multi-phase theory for the transient
response of a temperature sensitive hydrogel by considering conservation laws
for the polymer and fluid phase separately using the mixture theory. Analysis
took place in a non-dimensional framework to elucidate important

characteristics as well as simplify governing equations.

By considering entropy imbalance, Chester and Anand (2011) extended the
coupled theory for fluid permeation in elastomeric materials (Chester and
Anand, 2010) to account for thermal response in temperature-sensitive

hydrogels.

1.1.3.3. Polyelectrolyte gel

Kinetic theory of polyelectrolyte gels (pH gels) are mostly assumed to
follow the Nernst-Planck equation of ion diffusion kinetics (Helfferich and
Plesset, 1958). Other than kinetic laws, the distribution of ions within the gel is
also dependent on ionic interactions, following the Poisson-Nernst-Planck

equation.



Chu et al. (1995) incorporated diffusion-mechanical relaxation into
swelling kinetics of pH-sensitive gels. De et al. developed several kinetic
models for pH-sensitive gels, with assumptions of Donnan Theory (De et al.,
2002) and a chemo-electro-mechanical model restricting the Donnan Theory to
within the Debye length (De and Aluru, 2004).

1.1.4. Simulation of hydrogel behaviors

1.1.4.1. Finite element method

With development of the mono-phase theories, finite element simulation of
hydrogel swelling has been expedited, in particular with the use of finite
element software Abaqus for its versatility in defining material models through

user-defined subroutines.

Subroutines used for equilibrium swelling include UHYPER and UMAT.
UHYPER models the equilibrium swelling of a gel through definition of the
free energy function and its derivatives whereas UMAT defines material
properties through the tangent modulus tensor and Cauchy stress. Requiring
only the free energy function, UHYPER is a popular choice due to the ease of
implementation. On the other hand, UMAT requires a more thorough derivation
and is more robust in the sense that it is able to model materials with

anisotropic initial conditions.

(Hong et al., 2009a), Marcombe et al. (2010) and Ding et al. (2013) have
developed UHYPER subroutines for temperature sensitive, neutral and pH-
sensitive hydrogels respectively while Kang and Huang (2010c) has developed

UMAT subroutine for neutral gels.

The finite element model for swelling kinetics of gels requires the use of
the UEL subroutine, which requires a lengthy derivation for the tangent

modulus, Cauchy stress and discretization. Zhang et al. (2009), (Chester and



Anand, 2011), Chester (2012) and Chester et al. (2014) have developed the
UEL subroutines for neutral and temperature sensitive hydrogels.

Owing to the powerful multiphysics coupling mechanism present,
COMSOL is a popular software of choice for simulation of heavily coupled
physical material models. With COMSOL, Lucantonio et al. (2013) simulated
transient swelling kinetics of polymeric gels, Wang and Hong (2012) and Li et
al. (2013b) studied visco-elastic polymer gels and Birgersson et al. (2008)

studied temperature sensitive gels.

Wallmersperger et al. (2011a, b) developed a chemo-electro-mechanical
finite element model to solve for the equilibrium swelling of pH-sensitive gels,
taking into account effects of various ions and their interactions.

1.1.4.2. Meshless methods

Other than the finite element method, meshless methods are frequently
used in the simulation of hydrogels. Much work on the multiphysical modeling
and meshless Hermite-Cloud simulation of polyelectrolyte gels had been done
by Li and Lam et al., including multi-effect-coupling electric stimulus (MECe)
models to simulate the response of electric-sensitive hydrogels (Chen et al.,
2005; Lam et al., 2006; Li, 2009; Li et al., 2003, 2006, 2007a; Li et al., 2007c, d;
Li et al., 2004b; Luo et al., 2007); multi-effect-coupling pH-stimulus (MECpH)
model for the swelling behavior of pH-sensitive hydrogels (Li et al., 2005a; Li
and Yew, 2009; Li et al., 2004a; Li et al., 2009; Li et al., 2005d; Ng et al.,
2010); multi-effect-coupling pH-electric-stimuli (MECpHe) model, simulating
response of a dual electric-pH-sensitive hydrogel (Li et al., 2007b; Luo et al.,
2008); and a multi-effect-coupling ionic-strength-stimulus (MECis) model for
ionic strength sensitive hydrogels (Lai and Li, 2010, 2011; Li and Lai, 2011). In
addition to the Hermite-Cloud meshless method, a strong-form meshless
random differential quadrature (RDQ) method was developed for the simulation



of two dimensional deformation of pH-sensitive hydrogels (Li and Mulay,
2011).

1.1.4.3. Other simulation methods

Molecular dynamics simulations have also been used for the equilibrium
state swelling properties of hydrogels. (Tamai et al., 1996) performed molecular
dynamics simulations to study the distributions and dynamics of hydrogen-
bonds, diffusion of water, and the orientational relaxation of water. Kenkare et
al. (2000) studied the equilibrium swelling of neutral hydrogels using a
combined discontinuous molecular dynamics and Monte Carlo technique,
considering each monomer and solvent molecule as hard spheres. Quesada-
Perez et al. (2012) applied coarse grained molecular dynamics, using a
truncated Leonard-Jones potential for interaction between particles and a
hydrophobic interaction potential, simulating the steady state swelling behavior

of gels due to temperature and pH changes.

1.1.5. Mechanical instabilities
Mechanical instabilities, such as wrinkling, creasing, buckling and

bifurcation are commonly observed phenomenon in hydrogels.
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Figure 1-2: Surface instability in transient swelling. Wrinkle size increase with

time as gel becomes increasingly swollen. Reproduced from Peixinho and
Mukhopadhyay (2013)
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Tanaka et al. (1987), Tanaka et al. (1992), Ji and Ding (2002), Guvendiren
et al. (2010a), Barros et al. (2012) and Peixinho and Mukhopadhyay (2013)
reported the formation and transient growth of surface wrinkles that form when

a dry hydrogel was hydrated. Figure 1-2 shows an example of this instability.

Matsuo and Tanaka (1992), Tokita et al. (2000) and Ji and Ding (2001)
discussed the formation of bubbled patterns when a gel shrinks. It was observed
that under different shrinking ratios, gel rods evolve into various bubbled or

bamboo patterns, as seen in Figure 1-3.
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Figure 1-3: Patterns in a shrinking gel. reproduced from Matsuo and Tanaka
(1992)

Guvendiren et al. (2010b; 2009) studied the surface pattern formation of
gels with depth-wise gradient crosslinking. It was found that by varying the
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depth-wise crosslink density, the surface patterns that appear can be varied, as

seen in Figure 1-4.
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Figure 1-4: Surface patterns that appear when crosslink density is varied.
Reproduced from Guvendiren et al. (2009)

DuPont Jr et al. (2010) investigated the transient evolution of wrinkles in
gel strips, with experimental results showing that local surface wrinkles will
first appear, before subsequently transiting into bulk buckling of the entire gel,
as shown in Figure 1-5. Mora and Boudaoud (2006) and Lee et al. (2012)
investigated the relationship between geometry and bulk buckling modes of
swelling gels. It was shown that the wrinkle mode shapes are largely dependent

on the initial geometry of the gel rather than material properties.

Figure 1-5: Evolution of surface wrinkles into bulk wrinkles. Reproduced from
DuPont Jr et al. (2010)
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Sultan and Boudaoud (2008) and Cao and Hutchinson (2012) studied the
instability present in bilayer structures, shown in Figure 1-6. Ohzono and
Shimomura (2004) and Breid and Crosby (2011) further investigated the
dependence of wrinkle morphology on strain and stress respectively. The
bilayer structure is very popular with theoretical analyses due to its availability
of analytical solutions as an approximation to various structures (e.g. (Wu et al.,
2013)).

Figure 1-6: Buckling of a gel film attached to a compliant substrate.
Reproduced from Sultan and Boudaoud (2008)

Mullin et al. (2007) and Zhang et al. (2008) reported that in a polymeric
film with regular perforations, it is possible to obtain ordered two-dimensional
patterns through the gel’s instability mechanism. The pattern transformation for

a square lattice of perforations is shown in Figure 1-7.

20 um

Figure 1-7: Pattern transformation in a square array of periodic holes in a gel
film. Reproduced from Zhang et al. (2008)
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These mechanical instabilities, initially deemed to be undesirable, have
recently become subjects of interest to utilize the instability into useful
applications, such as tunable adhesion, micro-patterning, particle sorting,
microfluidics, micro-fabrication and actuation (Chen and Yang, 2012; Chen and
Yin, 2010; Hu et al., 1998; Kim et al., 2010; Kwon et al., 2010; Yang et al.,
2010; Yin et al., 2009).

These exciting potential applications have spurred many theoretical
analyses of instability in gels in several broad areas, including bilayer structures
consisting of gel films and/ or substrates (Cai et al., 2011; Huang and Suo,
2002a, b; Huang et al., 2004; Jia and Ben Amar, 2013; Kang and Huang, 2010a;
Kang and Huang, 2010b; Liu et al., 2010; Liu et al., 2011; Wu et al., 2013);
wrinkling of thick gel layers with uniform material properties (Ben Amar and
Ciarletta, 2010; Hong et al., 2009b; Trujillo et al., 2008; Weiss et al., 2013;
Xiao et al., 2012); surface wrinkling of thick gel layers with non-uniform depth-
wise crosslink densities (Wu et al., 2013), bulk buckling of geometrically
constrained thin gels (Lee et al., 2012; Li et al., 2013a; Liu et al., 2010; Zhang
et al., 2014); buckling of spherical structures (Fogle et al., 2013; Komura et al.,
2005; Li et al., 2011b; Yin et al., 2008); and pattern formation in gel films with
periodic hole arrays (Okumura et al., 2015; Okumura et al., 2014).

The two main modes of instabilities are wrinkling and creasing, and it can
be seen for different geometries, one mode takes precedence over the other
although both modes are possible. Wong et al. (2010), Jin et al. (2011) and Jin
et al. (2014); Wong et al. (2010) investigated the critical conditions for the
onset of each type of instability.

With the development of Abaqus finite element subroutines, the instability
of gels has been used to explain phenomena commonly seen in nature, such as
biological growth, which is analogous to swelling of hydrogels. Liu et al. (2013)
studied the growth in plants, Li et al. (2011a) studied the formation of mucosa,
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Cao et al. (2012) studied the wrinkling in skins and Dervaux and Ben Amar

(2011) studied the formation of tumors.

1.2. Research objectives

This thesis aims to address several issues which is found to be lacking in
current literature. Firstly, this thesis sets out to develop suitable tools using
finite element method to simulate and predict the transient swelling process of a
gel. Making use of coupled temperature-displacement elements used for
thermo-mechanical analysis, we aim to develop finite element models for the
swelling kinetics of neutral, temperature sensitive and pH-sensitive hydrogels.
It is hoped that through this work, the rigorous work of developing lengthy
special-purposed elements subroutines can be simplified. These finite element
models will be compared with experimental data, and then utilized to simulate

various common cases which may be experienced by hydrogels.

Secondly, this thesis aims to develop a more thorough understanding of the
phase transition phenomenon that most hydrogels experience. This will be done
viz a variational approach, by considering the work done by various mechanical
and chemical loads on a responsive hydrogel. The effects of various types of
environmental stimuli, in particular to changes in temperature, light irradiation
and exposure to an external magnetic field, and how they affect the phase
transition of a gel will be studied in depth. In addition, the material properties
will be implemented using finite element method to predict the behavior of
responsive gels in reaction to external stimuli. The finite element
implementation will be done using two different subroutines, UMAT and
UHYPER due to the pros and cons that are inherent each subroutine.

Thirdly, the instability of a gel during swelling will also be studied in depth,
using linear perturbation analysis and the finite element models developed in
the earlier chapters. Several cases of swelling induced instabilities will be

studied to provide a better understanding of the seemingly complex
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phenomenon. It is hoped that these studies will aid in better harnessing of

instabilities for potential applications rather than as undesirable traits.

1.3. Main contributions of present study

This PhD work has made contributions in several areas. Firstly, this thesis
proposed and developed a novel method to create finite element models for the
simulation of transient swelling kinetics of neutral, temperature-sensitive and
pH-sensitive hydrogels. This method greatly reduces the amount of rigor
required in developing a UEL subroutine in Abaqus, and also increases the

flexibility in using various element types for simulation.

Secondly, the thesis proposed equilibrium swelling theories for the large
inhomogeneous deformation of stimuli responsive hydrogels, which includes
temperature-sensitive, photo-thermo-sensitive and magneto-thermo-sensitive
hydrogels. In accordance with the proposed theories, finite element models
were also developed and implemented to facilitate the study of large
deformation of hydrogels in various potential applications. The finite element
models were implemented using both UHYPER and UMAT subroutines.

Thirdly, based on the finite element models developed, this thesis
investigated various types of deformation induced instabilities in gels, including
surface wrinkling, bulk buckling and pattern transformation, using the finite
element models developed in earlier Chapters. In addition, a state-space method
was developed to provide semi-analytical solutions to the growth of surface

wrinkles in transient swelling of neutral hydrogels.

1.4. Thesis Outline

The structure of this thesis is arranged as follows: Chapter 2 discusses and
develops simulation models to describe the transient swelling behaviors of
neutral hydrogels, temperature sensitive hydrogels and pH-sensitive hydrogels.

Chapter 3 studies the mechanics and thermodynamics of inhomogeneous
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deformation of hydrogels in equilibrium. The model developed was used to
study potential applications of temperature and photo-thermal sensitive
hydrogels, and also the phase transition phenomenon that a gel experiences in
the course of swelling. Chapter 4 studies swelling induced instabilities using
linear perturbation analysis for the case of one-dimensional swelling, and finite
element simulation for three-dimensional cases of swell-induced instabilities.
Chapter 5 concludes the thesis by giving a summary of the work presented
herein. Chapter 6 presents an outlook on the future work that may be explored
in the area of mechanics of hydrogels. Finally, a list of publications that arose

from the research work related to this thesis is given after the list of references.
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2. Deformation kinetics of hydrogels

When a cross-linked polymer network imbibes a large amount of solvent,
the entropy that is associated from the mixing of the polymer and solvent will
result in a swollen state, more commonly known as a gel. The cross-linking of
polymers can allow for reversible deformation. Depending on its constituents, a
gel is able to deform under the influence of various external stimuli, such as
temperature, pH-value and light. This unique property of polymeric gels
provides tremendous potential for applications in diverse areas, such as
biomimetic devices, drug delivery, flow control and sensors (Bashir et al., 2002;
Deligkaris et al., 2010; Elvira et al., 2004; Huglin, 1989; Jeong et al., 2005;
Kishida and Ikada, 2001; Li and Kong, 2007; Richter et al., 2008).

The mechanics of the gel deformation is dependent on the elastic
deformation of strong chemical cross-links and the viscous deformation due to
the diffusion of solvents across the material boundary. Early studies on the
mechanics of gel swelling (Li and Tanaka, 1990; Peters and Candau, 1988)
involved decomposing the material into the two individual phases for
independent analyses, which limits the analysis of such materials to simple
geometries, such as spheres (Tanaka and Fillmore, 1979), long cylinders (Li
and Tanaka, 1990; Peters and Candau, 1988) and large disks (Li and Tanaka,
1990; Peters and Candau, 1988).

In the past, the theory of such multi-phasic gel materials was not favorable
for mainstream numerical methods such as the finite element method (FEM),
although early works exist for multi-phasic models. As such, finite element
analysis of large deformation in these gel materials was limited to rubber
hyperelasticity, such as the Arruda-Boyce, Ogden and Mooney-Rivlin models
(Marckmann and Verron, 2006). The introduction of continuum theories,
treating the different phases of deformation as a single phase, (Chester and
Anand, 2010; Duda et al., 2010; Hong et al., 2008) improved the feasibility of
FEM implementation for polymeric gels materials. Following the philosophy of
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this approach, Hong et al. (Hong et al., 2009a) developed a hyperelastic model
for the large deformation of polymeric gels via the UHYPER subroutine in the
Abaqus solver. Subsequently, the coupled theory was extended to
environmentally sensitive hydrogels, such as pH-sensitive gels (Marcombe et
al., 2010) and temperature-sensitive gels (Cai and Suo, 2011; Chester and
Anand, 2011). While material models for these models exist, they are limited to
the equilibrium state whereby the chemical potential is homogenous throughout
the gel. Despite the formulation of a user-defined element for the simulation of
gel kinetics (Zhang et al., 2009), it is to the author’s best knowledge that the

transient swelling kinetics was not implemented in a robust manner.

In this Chapter, we attempt to utilize FEM to simulate the swelling kinetics
of hydrogels by drawing an analogy between the diffusion of solvent molecules
and conduction heat transfer within solids. Although this is similar to another
recent work, which also uses the diffusion-heat transfer analogy, we present a
method which directly defines thermal properties, as opposed to the definition
of the governing equation and its derivatives. This analogy greatly simplifies
the procedure for developing full material models by making use of the coupled
temperature-displacement elements which can be found in the Abaqus element

library.

In addition to this work providing a valuable tool to researchers for the
study of gel kinetic deformation in the various applications of soft matter, we
also hope to inspire works to adopt this simplified approach, and in particular,

works on kinetic studies of diffusion driven mechanisms.
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2.1. Neutral hydrogels

The work in this section examines the dynamics of non-linear large
deformation of neutral polymeric gels. The kinetics of gel deformation was
carried out by combining the knowledge from existing hyperelastic theory for
gels and kinetic laws for diffusion of small molecules. As finite element models
for the transient swelling process is not available in commercial finite element
software, we developed a customized finite element model/methodology which
can be used to simulate the transient swelling process of hydrogels. The method
was developed based on the similarities between diffusion and heat transfer
laws, and by determining the equivalent thermal properties for gel kinetics.
Several numerical examples were investigated to explore the capabilities of the
present finite element model. Some of the simulation results were compared
with available experimental data, and these comparisons show good degrees of

similarities.
2.1.1. Theory of neutral hydrogels

2.1.1.1. Kinematics of deformation

In the presence of external forces and/or solvent with a different chemical
potential, a polymer network will undergo deformation. We define the
undeformed state as the reference state and the deformed state as the current

state, as shown in Figure 2-1.

Solvent
Reference state, X, Current state, x,

Figure 2-1: A dry polymeric gel in the reference state is placed in contact with a
solvent of constant chemical potential and deforms into the current state
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From the theory of continuum mechanics, the state of deformation is
characterized by the deformation gradient, which is defined as
o (X,t)

Fe (X )= iax
K

(2.1)

The deformation gradient F, describes the state of deformation by finding
the partial derivative of the current state X; with respect to the reference state

X, atany timet.

2.1.1.2. Thermodynamics of deformation

Adopting the outline of thermodynamics of deformation of gel by Hong et
al. (2009a), we will derive the framework for the hyperelastic theory for large
deformation of gels in equilibrium under a mechanical load and in contact with

a solvent.

N N N N N NN N N NN

SN Solvent at
chemical
potential ®

ol

Figure 2-2: A hydrogel domain subjected to external weight P and exposed to
an external solvent of fixed chemical potential z° .

21



Referring to Figure 2-2, when a gel is deformed, there is work done due to
external forces and solvent action. In the equilibrium state, the total work done
must be equal to the change in free energy present in the gel. For the elemental

volume, defining the deformation as &x(X), defining the concentration of
solvent within the elemental volume as C*(X), chemical potential as 4°, body
force as B;(X) and traction as T,(X), the work done on the gel equals to the

sum of °6C°6V |, Box.6V and T.OxSA.

In this equilibrium state, the free energy in the unit element is defined by
éW(F,CS). Integrating over the entire volume of gel, we arrive at the integral

equation

Jowdv = [BoxdV + [ToxdA+u[oCedV . 2.2)

In addition, the dependence of free energy on F and C° means that a

small change in W is defined as

SW :W§F +M5Cs. (2.3)

iK “ oc®

From the principle of virtual work for elastic bodies (Kelly, 2008), where

change in virtual potential energy equals external virtual work done, we write

oU =W, . (2.4)

Defining S, as nominal stress, which is related to the true stress o;; by
oy =Sk Fy /detF, the virtual potential energy change and external virtual

works can be written as
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0
SU = —5W,, :{_ [ S 5 (9% )dv} = [ OFaV . (2.5)

K
W, = [ToxdA+ [BoxdV . (2.6)

Substituting equations (2.5) and (2.6) into equation (2.4), we obtain
[skoFaV = [ToxdA+ [BoxaV. 2.7)

Substituting equations (2.3) and (2.7) into equation (2.2) and re-arranging,

we obtain the conservative form as

I(GW(aEK’CS)_SiKJ5EKdV+I{%_ﬁ}6‘csdvO' (2:8)

iK

Since integration is carried out for arbitrary changes oF, and 6C°, the

bracketed terms in the integrands must be equal to zero, therefore the nominal

stress and chemical potential are defined as

_aw(.c)
L W(RC) o
oC

2.1.1.3. Flory Free energy function

The swelling of a polymeric gel depends on two factors: the deformation of

the polymer network and the mixing of solvent molecules into the network.

Flory and Rehner (1943) assumed the free energy functionW(F,Cs)of a
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polymeric gel to be an additive decomposition of the free energy function of

network stretch, W, (F), and mixing W, (C*).

W(F’CS):Wnet(F)-I_Wmix(CS)' (211)

2.1.1.4. Specialization of free energy density function

Works by Flory (1942; 1953) and Huggins (1941) have developed explicit
forms of the free energy functions, which are widely adopted by recent works in
the modeling of hydrogels. However, the expressions for the mixing free energy
adopted by Hong et al. (2009a; 2008) exhibited a slight difference with the
expression adopted by Cai and Suo (2011) and Kang and Huang (2010c). Kang
and Huang (2010c) also noted that this difference in expressions of the mixing
free energy function has no significant effect on swelling deformation. In this
thesis, the expression adopted by Cai and Suo (2011) is employed. Writing in

principal stretches such that F = diag(ﬂl,/g,ﬂg), the free energy functions are

defined as
1
Wnet(F)zaNkBT(ﬂf + 25 + 23 =3-2In(44,4))
S S S S (212)
wmix(cs)=—kB—T{ch5|n[l+VC )+ zv < }
1% veC? 1+v°C*®

where 4, , 4, , A, denote the stretch in the principal directions; N is the
number of polymer chains per unit dry polymer volume; k, the Boltzmann

constant; T the temperature; v the volume of a solvent molecule; C° the

concentration of solvent and ¥ a dimensionless measure of mixing enthalpy,

known as the Flory-interaction parameter.

2.1.1.5. Molecular incompressibility constraint
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One essential assumption is that of molecular incompressibility, which
requires that both polymer network and solvent molecules do not undergo any
volumetric change during the swelling process. This assumption is expressed as

1+v°C® =det(F) = 44,4 (2.13)

Equations (2.9) and (2.10) were derived without the incompressibility

constraint. By imposing equation (2.13) as a constraint through a Lagrangian

multiplier IT(X,t) in the free energy function, equations (2.9) and (2.10) are

transformed into

AW (Fy,CS
S =M—HHiK det F (2.14)
a iK
ow (F,.,C*
u=(—'K)+Hv (2.15)
oc*

Where H, is the transpose of the inverse of deformation gradient.

In hydrogels, an important parameter is the chemical potential, which
measures the change in entropy when the concentration of solvent molecules
changes. The explicit expression for chemical potential is required for the finite

element implementation, and this section provides a derivation of the

expression for °.

Using the Flory-Rehner free energy function, the principal nominal stresses

S,,S,, Sy and chemical potential z° are specialized to

5, = Nk T (4 = 4 )~T1A4,
s, = NKyT (4, = 4,") ~ 1A (2.16)
53 = NK,T (4, = 4,1) - T144,
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vC? 1 X
*=kgT|In + + +ITv 2.17
#=T (1+ch} LoC (1e?) (217)

respectively. Equations (2.15) to (2.17) are derived by Hong et al. (2008).

Using the relations Jo;; = s, F;c and J =det(F) , we obtain

o, = NK,T (47 -1)-T1J
o, = Nk, T (47 -1)-T1 (2.18)
oy = Nk, T (4 —1) -1

J-1) 1
IUS = kT|:|n(T)+3+%:'+HV (219)

Combining equations (2.18) and (2.19) to eliminate IT, we arrive at

_ 1,128 _ 5+ +0
ﬁs:{ln(—‘]Jlj+%+%}+Nv(m 3]—(01 %+%) (2.20)

3J 3

where o, , o, and o are the principal true stresses, I_lz(/if + A2 +A32)J’2/3
the deviatoric invariant. The overbars represent non-dimensionalized quantities,

ie. i’ =1 /k,T and &, =, /(KT /v).

2.1.1.6. Equivalence to a hyperelastic solid

In this section, we show that the boundary value problem of a deforming
polymeric gel can be reduced into the form of a hyperelastic solid, which may

be implemented into Abaqus via the use of the user-subroutine UHYPER.

Introducing another free energy function through a Legendre

transformation,
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W (F,u*) =W (F,C*)-pC’ (2.21)

We convert the equations (2.2), (2.9) and (2.10) into the following

respective equations

[oWdv = [BoxadV + [ToxdA (2.22)
S, = W (2.23)

iK
CS:—aW(F‘K’”S) (2.24)

oy’

The transformed equilibrium integral equation (2.22) now takes the form of
the equilibrium equation of a hyperelastic solid. Combining equations (2.11),
(2.13), (2.14) and (2.21), we arrive at the free energy function.

W(F,ys):%NkBT(Il—3—2In(J))

_ks_T{(J _1)|n( 3 ]J(J -1)}_ﬂ_s(\] " (2.25)

1% J 1%

Equation (2.25) defines the free energy of the polymeric gel as a
hyperelastic material which defines the state of deformation through the

independent variables 1,, J and z° .

2.1.1.7. Transient swelling kinetics

The swelling kinetics of a polymeric gel is due to the migration of solvent
molecules within and across the material boundary. The chemical potential

form of Fick’s first law is used to represent the chemical potential driven flow
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of solvent molecules (Feynman et al., 1963; Hong et al., 2008; Zhang et al.,

2009). Writing in the current frame, the diffusion flux is given by

Ji—_c Dai:_cDaL
kT Ox, OX;

(2.26)

where the coefficients, ¢® =C*®/J represents current solvent concentration and

D represents diffusion coefficient.

Equation (2.26) describes the state of steady state diffusion. For transient
diffusion, the governing equation for diffusion is obtained by the assumption of
conservation of solvent molecules, i.e. no chemical reaction takes place so that
there is neither creation nor destruction of molecules. In the reference state, the

governing equation is written as

oC* (Xt) | A3 (Xt)

=0 2.27
ot X (2.27)

Converting it into the current state, invoking the incompressibility

constraint and integrating throughout, we obtain the weak form as

ON .
L det(F)EdVJrLVJinidS:O (2.28)

Applying the chain rule on equation (2.20) through the assumption of

J=f(m,1,,5), we write the material time rate of J as

ot op* ot ol ot 05 ot

o_9 6ﬁs+8_J8_Tl+8_Ja_5 (2.29)

where ¢ =0, + 0, + 05, and the partial derivatives of J are defined as

28



aJ
— =4
ou

a
GIR
a _1

& 3°

Nv
= —Hﬁ (2.30)

9J°(J-1)
9] -18x(J -1)-Nv(9-13%°)(3%-J)’

where & =

Combining equations (2.28) and (2.29), the governing equation can be

expressed as

1 &) on . 1 (8o, &) o
SAalty nds=-— Ly
oy e s fvinas=[ A 0By s

2.1.2. Numerical procedure for neutral hydrogel kinetics

We assume local equilibrium at all material points within the volume, and
subsequently describe the equilibrium condition by applying the hyperelastic
gel theory developed in Section 2.1.1. The use of this hyperelastic gel theory
allows for the study of large deformations in polymeric gels subjected to

inhomogeneous swelling caused by external mechanical loads.

2.1.2.1. Heat conduction-diffusion analogy

In heat transfer within solids, the temperature gradient forms a driving
potential which transfers energy around the body through heat conduction.
Fourier’s Law of heat conduction states that the heat flux is proportional to the
temperature gradient (Bergman et al., 2011; Kakac and Yener, 1985), and can

be expressed as

O =—Kx—— (2.32)
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The transient heat conduction process is described by the heat conduction
equation. In the formulation for the heat transfer elements, the integral form of
the heat conduction equation used takes the following form (Simulia, 2010),

_[po(lj—lidv+_|‘qinids:j'rdv (2.33)

Where p is the density, dU/dt the material time rate of internal thermal energy,

q the heat flux and r the internal heat generation.

By representing chemical potential using temperature, we can see a
similarity between the governing equations of diffusion and heat transfer. This
implies that the transient swelling Kinetics takes the same form as transient heat
conduction and that thermal conduction elements can be used to describe the
transient swelling kinetics of polymeric gels.

For the kinetics of solvent migration, we make use of the similarity
between heat conduction and mass diffusion. Therefore, instead of
reformulating an entirely new user-defined element for this purpose, we are
able to make use of the inbuilt coupled temperature-displacement analysis in
Abaqus. This analogy greatly reduces the amount of time taken for the finite
element formulation of gel swelling Kinetics. We rewrite equations (2.26),
(2.31), (2.32) and (2.33) in Table 2-1 for the reader’s convenience.

Table 2-1: Governing equations of gel swelling kinetics and heat transfer

Flux Governing equation
[t PO gyt fvjds

_ og°  Cdet(F)ou ot
Gel Diffusion j;=—°D H (F) ou _
X, | 1 (a3, &) o
=- S T i [\Y
det(F)l al, ot oG ot
_ T du dT B
Heat transfer G =~ 2 Ipd_TEdV“LIqinids_Irdv
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For a fully coupled temperature-displacement analysis, the thermal
properties required are density, conductivity and specific heat. Using the
subroutine USDFLD, we can directly define these properties as functions of the
stretch invariants, as shown from equations (2.34) to (2.37). In addition, a
change in I, means a change in volume of the network, thus resulting in a
change in the number solvent molecules present in the network. Similarly, a
change in the stresses present would facilitate the migration of solvent
molecules into the network. Therefore, the effects of I, and& can be likened to
a source of solvent molecules, analogous to a heat source present in internal
heat generation in heat transfer. This internal heat generation is introduced
through subroutine HETVAL, through the definition of equation (2.38).

Thereafter, the use of thermally-coupled elements will account for mass
diffusion within the material.

Comparing the equations presented in Table 1, we set the equivalent

thermal properties to be

1 1
PEdet(m) 3 (234)
-
T=u (2.36)
V|
Kk=vc’D = (T] D (237)
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1 [acs a  oc aEJ
r=-v —+

det(F)| oI, ot oo ot
1_[aC’ Al oC* Ac
det(F)| oI, At oo At

(2.38)

x -V

where the partial derivatives of J are found in equation (2.30). In the
quantification of the term in equation (2.38), we approximate the time

derivatives of 1, and & the terms through finite differencing of each term.
The terms Al, and AG are obtained from the difference of results between the

current and previous increments, and At is the time increment in the current

increment.

Although stemming from the same heat transfer analogy, the finite element
implementation differs greatly with that of Duan et al. (2013), where the
governing equation (2.28) was directly implemented. Instead, we transform
equation (2.28) into equation (2.31) before implementation. This transformation
has resulted in two additional terms, which arose due to the incompressibility
constraint. Therefore the effects of incompressibility on swelling kinetics can

also be investigated.

It should be noted that the main function of this heat transfer analogy is
simply a numerical means for obtaining the chemical potential distribution
within the gel. This chemical potential distribution, together with the
hyperelastic gel theory, would then determine the stress, displacement and

solvent concentration within the gel.

In the imposition of chemical potential boundary condition, numerical
errors will arise when there is an instantaneous increase in chemical potential
due to excessive distortion in surface elements. To circumvent this problem,
instead of imposing the boundary condition as an instantaneous increase, the

chemical potential is imposed as a linear ramp over a very short duration, which

32



is an insignificant percentage of the characteristic time of diffusion LZ/ D .

Through this manner of boundary condition imposition, we will be able to
obtain virtually-instantaneous increases in chemical potential with no

computational errors.

To show the dependence of swelling kinetics on the diffusion coefficient,

we normalize time with the Fourier number ¢ =L1*/D and lengths with

characteristic length L.

2.1.3. Numerical examples for neutral hydrogel Kinetics

In the examples that ensue, the material properties of D =8.0x10"° m?s™,
7=0.1 and Nv =0.001 are used. These values are representative of most
polymeric gels (Hong et al., 2008) but do not correspond to any specific

polymer. To generalize the trends which are exhibited, non-dimensionalization

is carried out. For a length scale of L, time is represented by t =t/ and

lengths are represented by X = x/L.

2.1.3.1. One-dimensional constrained swelling - verification of

numerical model

Here, the accuracy of the present kinetic model is evaluated through the
case of a one-dimensional swelling of a hydrogel. This case is an idealization of
the swelling of a thin gel bounded to a rigid substrate, as shown in Figure 2-3.
The present simulation results are then compared against the experimental data
reported by Yoon et al. (2010).
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Solvent

*
(a) (b)

Figure 2-3: (a) Thin gel bounded to rigid substrate exposed to solvent; (b) 1D
idealization which assumes solvent only contact gel from the top.

Prior to using the finite element model, we first performed a mesh
convergence test for verification of the numerical model. Using one-
dimensional constrained swelling, we simulated the process using 1, 5, 20, 100,
200, 500 and 1000 C3D8T elements, some of which are shown in Figure 2-4.
Simulation times were in the range of a few minutes to an hour, depending on

the size of the mesh.

(@) (b) (©) (d) (€)

Figure 2-4: Meshes of model used in the one-dimensional constrained swelling
for convergence test, consisting of (a) 1 element, (b) 5 elements, (c) 20
elements, (d) 100 elements and (e) 200 elements.
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The boundary conditions included fixed bottom surface, symmetric

boundary conditions on the lateral faces and a temperature boundary condition

of z2° =0 at the top surface.

We compared the swelling ratio of the top surface at non-dimensionalized
times of t =5, 50 and 200 . Figure 2-5 shows the results for the mesh
convergence test. We observe that as the number of elements increase to 200 or
more, the values of the swelling ratio at the top surface of the gel will reach a

constant value. This verifies that there is mesh convergence in the finite element

model.
(0]
3]
£ 8 — _
@
Qo
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(@]
Re)
§ 4 —a—t=5
jou —eo— {=50
% 5 —a— =200
=
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0 200 400 600 800 1000

Number of elements

Figure 2-5: Mesh convergence test results for one-dimensional constrained
swelling using 1, 5, 20, 100, 200, 500 and 1000 elements.

After the convergence tests, the finite element results were then verified
with analytical solutions for correctness of the coding, as well as for theoretical

soundness of the formulation.

Analytical solutions for the case of one-dimensional constrained swelling

can be obtained by solving the non-linear diffusion equation

20k _n 0 |04
G _Daxz(éaxzj (2.39)
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1 2(KAR-Y) | (B -L)(E +Y)
ody Aok A5 2 '

where &(4,)

Equation (2.39) has been solved by Bouklas and Huang (2012) using finite
difference method. In solving this equation, we had adopted the finite difference
scheme outlined in the reference. The interested reader may refer to the original
reference for the detailed solution steps. Figure 2-6 show solutions generated by
both the finite difference method and finite element method for comparison.
1000 elements were used in the finite element simulation, which took about 1
hour of simulation time. We observed that there is excellent agreement between
both methods.

=5 —5
81 | e 50 ---50 /
A 100---- 100 o
v 150--—-150 200
& 200-----200 7Ty
" A‘

X, /H

2

Figure 2-6: Comparison of FEM results (line) with finite difference results (dot)
for the swelling ratio of a gel with the parameters Nv =0.001, »=0.1 and

I, =—1 for various normalized times.

We had adopted similar conditions outlined in Yoon et al. (2010) for our

simulation. The gel, with material properties Nv =0.01 and y =0.46, initially
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at a chemical potential of z; =—10, was exposed to a chemical potential of
7° =0 at the top of the layer. From the boundary conditions, the isotropic
stress-free pre-stretch of the gel, calculated using equation (2.20), is
/4, =1.0000035. The final stretch ratio of the gel was calculated by solving the

equation

A, -1 1 z Nv( 1)
'”( i, jU;zw*(ﬂgﬁw)”zs(ﬂw zJ‘O’ (240

giving a final stretch ratio of 4, =1.804056 and a net stretch of about 1.8 times

the initial thickness. The transient response of the thickness was then reported.
With different thicknesses for the specimens used in the experiment, non-
dimensionalization was performed to show the trends that were present in the

swelling of the gels.

Noting that there is a difference in definition of the diffusion flux, the
diffusion coefficient D,,, =1.5x10™ m”s™ has to be adjusted to fit the non-
linear theory used in the finite element model. Bouklas and Huang (2012)
compared the linear poro-elastic theory and non-linear theory, and determined

that the adjustment of D is to be through a scale of &(4;), i.e.

D= Dexp
“ ) (2.41)
) 27(222 -1 227 1)(A2 41
WheI‘E%ZZO;Aw ’ 5(2'0)2202:;0*4_ Z(jofgs )+ V(%%izigzl i ) .

Equation (2.41) gives a value of D=6.87x10" m’™, which is used in the
normalization of experimental data presented by Yoon et al. (2010).

Normalized simulation and experimental results were plotted and presented in
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Figure 2-7. The simulation results were in good agreement with the
experimental results in the initial swelling phase, although the simulation
results showed a slower swelling rate in the subsequent times. This observation
is due to the non-linearity of the Kkinetic theory, as opposed to the linear poro-
elastic theory, which the experimental results might be fortuitously fitted to, as

commented by Bouklas and Huang (2012).

Normalized change in thickness (A/H)

0‘0 = T T T T T T T
0 5 10 15 20
Normalized time (Dt/L?)

Figure 2-7: Comparison of simulation results with experimental results of Yoon
et al. (2010). Solid line represents simulation results, while discrete points
represent experimental data with different gel thicknesses.

2.1.3.2. Free swelling of a cubic gel

It is easy but erroneous to comprehend and visualize that a cube under
swelling will swell homogenously in all directions during the transition from
initial to equilibrium states, i.e. the cube will remain cubic during the swelling
process. However, this is not the case as the corners of the cube possess higher
solvent concentration as compared to the faces of the cube. This would translate
into the scenario whereby swelling is more prominent at the corners of the cube
as compared to the faces of the cube during the transition process. As time
progresses, the cube will eventually reach a state of homogenous chemical

potential, thus giving rise to a perfect cube at the end of the swelling process.
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This example describes a cube initially in equilibrium at z; =-1, but

immersed in a solvent of z°=0 at t =0. The transient process of the cube

swelling at various normalized times is shown in Figure 2-8.

I, Magnitude

3.71
3.40
3.09

)
{
N
b

t =3000 t 5>

Figure 2-8: Displacement contour plot for the non-dimensionalized free
swelling cubic gel at various times. The plots follow the same scale to show the
large deformation present.
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In this model, 10x10x10 C3D8T elements and 1331 nodes were used.
The total computation took about 3 hours. Due to symmetry, only one eighth of
the cube was simulated. The node, which represents the centre of the cube, was
fixed and the cut faces perpendicular to x,y,z-axes had XSYM, YSYM and?
ZSYM boundary conditions. The other 3 faces were subjected to a temperature

boundary condition of z° =0 .

Figure 2-9 shows the variation of A, at three points (illustrated in inset) on

the y-z surface of two geometrically similar cubes with different characteristic

lengths and diffusion coefficients.
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Figure 2-9: Time variation of swelling ratio. Discrete points are for a cube with

L=0.25m, D=8.0x10" m?s* and L=8m, D=5.0x10°% m?™. Lines

are for the normalized dimensions of L=1m, D =1.0 m%™. Inset shows the

three selected points for the non-dimensional study. These points possess the
same equilibrium stretch ratio in the x-direction but different swelling rates
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It was evident that while the initial rates of swelling of the points were
different, the eventual uniform distribution of chemical potential within the
cube would lead to uniform swelling at all points. The long term equilibrium
swelling ratio computed was also coherent with analytical solutions for
equilibrium swelling conditions presented by Hong et al. (2009a). This verified
that the end state of this transient analysis approaches theoretical equilibrium

conditions.

In addition, from the overlapping of the two sets of data, we could see the
dependence on diffusion coefficient and the square of the characteristic length.
This observation shows the usefulness of non-dimensionalization when
modeling at a very small scale, as it allows the user to work at a larger length
scale. It also facilitates the comparison of specimens of different dimensions as

will be seen in the succeeding section.

2.1.3.3. Three dimensional constrained swelling

In practical applications of polymeric gels, the gel will be restricted at
some points in order to secure it in place. The bondage of parts of the gel
structure results in inhomogeneous swelling subjected to external forces. This
section demonstrates the capability of this finite element model to simulate the

kinetics of inhomogeneous swelling of gels in various cases.

In this example, we attempt to qualitatively compare the present simulation
results with the experimental observations of Achilleos et al. (2000). The base
of a rectangular block of gel of dimensions 0.44cmx1cmxlcm is rigidly fixed
and the remaining sides exposed to a constant chemical potential.

The experimental data of Achilleos et al. (2000) and corresponding present
simulation results are presented in Figure 2-10 and Figure 2-11 respectively.

We take the characteristic length to be the ratio of volume to wetted surface

area, which gives L =1.13x10° m.
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It could be observed that while the edge profiles were not exactly the same,
there was a similarity in the shapes and polymer concentration distribution and
the discrepancies may be attributed to imperfections in the experimental setup.
The polymer concentration distribution contour plots showed similar
distribution patterns and gel shapes. The study of kinetics of constrained
swelling is useful for diverse applications of gels. For example, in the modeling
of fluid-structure interaction present in microfluidic valves (Zhang et al., 2012).
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Figure 2-10: (a)-(f) shapes of cross-section of gel at t=0, 1.25h, 2.25h, 6h, 8.5h
and 24h. (b-1) and (c-1) show the polymer concentrations at t=1.25h and 2.25h.
Reprinted with permission (Achilleos et al., 2000).

Due to symmetry, a half model was used. The mid-plane was assigned
symmetrical boundary condition and the bottom of the gel was fixed. In this
simulation, the model consisted of 1980 C3D8T elements, corresponding to

5488 nodes. Simulation time was about 2 hours.
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Figure 2-11: Simulation results at various times. The contour plots show
polymer concentration of the gel at the mid-plane.

2.1.3.4. Bending of a free swelling gel sheet

When a gel sheet is exposed to solvent from one side and allowed to swell
freely, there will be large amounts of curling present in the transverse direction
of the beam. This phenomena was experimentally explored by Holmes et al.
(2011). This curling action of the gel beam is similar to the curling of a piece of
paper immersed in water, which was investigated by Reyssat and Mahadevan
(2011).
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The finite element model was created to simulate a gel sheet of length 20
and thickness 1. Plane strain condition was assumed as we were interested in
the lateral deformation of the sheet. Due to symmetry, we modelled half the
length of the sheet together with symmetrical boundary conditions. The model
contained 1000 C3D8T elements and 2222 nodes. Simulation time was about 1

hour. The bottom part of the line of symmetry was fixed. The gel was given an

initial isotropic stretch of A, =3 at chemical potential zz; =-0.00026982 .At

time t =0, a uniform surface chemical potential of z° =0 was applied on the

top surface. Figure 2-12 shows the initial and boundary conditions for the

simulation.

7 =0
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A

Figure 2-12: Boundary conditions for simulation of bending of a gel beam

The large amount of deformation present in this phenomenon provided a
good demonstration of the finite element model’s capability to simulate the
highly non-linear nature of gel swelling. Figure 2-13 shows the deformation of

the gel during various times of the swelling process.
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Figure 2-13: Contour plot of swelling ratio of the bending gel beam at various
normalized times.
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2.2, Temperature sensitive hydrogels

Extending our work in Section 2.1, we develop a finite element model for
the swelling kinetics of temperature sensitive hydrogels. The simulation of
temperature sensitive hydrogels is not as straightforward as in neutral gels due
to the additional loading parameter required: temperature. Therefore, as a
simplification, we make a reasonable assumption that the heat transfer process
is much faster than the diffusion process when the gel is exposed to a solvent
with different temperature. We will prove the appropriateness of this

assumption through numerical simulations.
2.2.1. Theory of temperature sensitive hydrogels

2.2.1.1. Free energy function

Following the inhomogeneous theory for a temperature sensitive hydrogel
by Ding et al. (2013), we write the free energy function of a temperature

sensitive hydrogel as

W (F,C°T) =W, (F)+W,,(C".T) (2.42)

where W._, =%NkBT[FiKFiK —3-2In(detF)] is the free energy of network

C® c .
stretch and W_, =k,T|C’In Y +-Z the free energy of mixing
1+vC® 1+vC®

between polymer and solvent. The free energy functions of a temperature
sensitive hydrogel is the same as that of a neutral gel, with the exception that

the Flory interaction parameter, y, is no longer a constant. The interaction

parameter is given by

Z((é’T):Zo + 09 (2.43)
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where y, and y, are temperature dependent parameters which are specific to

the monomer type. Afroze et al. (2000) performed experimental fittings for
poly(N-isopropylamide) and obtained that

Zo=At BOT} (2.44)

Hn=A+BT
with the values of A, B,, A and B, given in Table 2-2.

Table 2-2: Flory-interaction parameters for PNIPAM

Parameter Value
A -12.947
A 17.92
B, 0.04496 K™
B, —0.0569 K™

As with the neutral hydrogel, we invoke the molecular incompressibility
constraint discussed in Section 2.1.1.4. With the molecular incompressibility
constraint, the stress in the gel is given by

vo;  Nv (\] _1) 1 o= 20 &
—=—(FRF, -0)+|In| — |+—+ +G - o .
kBT J ( ik’ ik Ij) |: J J J 2 J 3 kBT 1 (2 45)

Equation (2.45) relates the true stress to the deformation gradient.
Rewriting it, a general expression for the chemical potential for water
molecules within the gel is obtained as

NkgTv J-1\ 1 yo—xn 27| (o,+0,+0,)V
= L =-3)+kT|In| — |+ =+ &2 AL AL )L 2 3
w=—gy =3k [ ( j RN EENE 3
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(2.46)

where |, = F, F, is the first invariant of the deformation gradient.

2.2.1.2. Swelling kinetics of a temperature sensitive hydrogel

The swelling kinetics of a temperature consists of two processes, namely
heat transfer within the gel as the exterior is exposed to a different temperature,
and diffusion of solvent molecules within the gel as the gel is being hydrated or
dehydrated.

In practical considerations, it is a reasonable assumption to treat the heat
transfer process as an instantaneous one in the presence of the diffusion process,
as the heat transfer is usually much faster as compared to the mass diffusion
process (Chester, 2011). In this case, the swelling kinetic of gel structure may
be regarded as the migration of solvent molecules within and across the
material boundary isothermally. Figure 2-14 gives an illustration of this
approximation. The dynamic deformation process (1) generally refers to a
process from state A to state C, where both the temperature and chemical
potential of the solution changes. As heat transfer is a much faster process as
compared to mass diffusion, we can approximate the above process by two
steps: process (2) is the heat transfer process, which is assumed to be
instantaneous when compared with process (3), which is the mass diffusion
process. A virtual intermediate state B is defined to be the state where process
(2) has finished while process (3) has not started. In this state, the temperature
in the gel is homogenous and equal to the temperature of the surroundings. The
chemical potential is also homogenous but different from the surrounding
solutions. The exact value of chemical potential may be calculated by equation
(2.45). As mentioned earlier, since process (2) is much faster and the gel
material does not undergo much deformation, we only model process (3) as an

approximation to process (1).
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During the mass diffusion process, the flux relates to the gradient of
chemical potential by the following equation (Hong et al., 2008)

j=———=L =—cD (2.47)

where ¢ =C°/J is the current density, D is the diffusion coefficient and

I° = 1° [k;T is the non-dimensional representation of the chemical potential.

Figure 2-14: The swelling of a temperature sensitive hydrogel (1) is taken to be
a two step process consisting of heat transfer (2), followed by mass diffusion

@).
The conservation of the mass may be written as:

1dce
3 dt

dv + j jnds=0 (2.48)
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By using the incompressibility condition given by equation (2.13), the

above equation may be rewritten as:

jldJ dv-+ [ jnds =0 (2.49)

An expression for ?j—‘z is needed to implement equation (2.49). To obtain an

expression for it, we rewrite equation (2.46) in a non-dimensional form as

s Ny .2 J-1\ 1 y,—xn 2x c,+6,+0
s (1.J3 =3 In 0 1 1] %1 2 3
@ =2, )+[ [ : j R g (2.50)

2
where 1° = 1°[K;T , & =0, /(K,T/v), T, = 1,3 2 is the deviatoric invariant.

Using the chain rule, and assume J = f (I,,&, zz°) in equation (2.50), a

is written as:

d_ o) di* a3 dl, 2 d5
gt 0@ dt ol dt 5 dt

(2.51)

where 6 =0, +0, + 05 .

By combining equations (2.48) and (2.51), the governing equation may be

rewritten as:

183 d 81 dT, 81 do
———qv ndS ——1+———|dv .
I3 a & Jvinds=[35 ( dt 8adt} (2.52)

2.2.2. Numerical procedure for temperature sensitive

hydrogel kinetics
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Making use of the heat transfer-diffusion analogy elaborated in Section

2.1.2.1, we implement the finite element model of the temperature sensitive gel

using the following equivalent terms,

(S

J

K

o Lfoadi, @ do
~ o J\al, dt 65 dt

where the partial derivatives given in Equation (2.57) are derived to be

oJ
P
7
1
DLy
o, 3
o) 1
FEREN

where & is used as a short-hand for the long expression given by

4 —_
‘e 8 9J4(J -1)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

NVI (1—J)J3 +9NVI® +9[(1— NV) + 2(x, — 2,)19° +18(x, —41,)d +54 1,

Now, every term is expressed in terms of the quantities that are accessible

as field variables in Abaqus. To implement the method in Abaqus, we have
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adopted the UHYPER for temperature-sensitive gel to govern the mechanical
behavior, and we can easily define the heat capacity, conductivity and density
as functions of stretch invariants using subroutine USDFLD. The heat source
term given by equation (2.57) is defined through subroutine HETVAL. With
the concurrent use of the three subroutines, the kinetics of gel deformation can

be studied in Abaqus using a fully coupled temperature-displacement analysis.

2.2.3. Numerical examples for temperature sensitive

hydrogel Kinetics
Prior to the numerical simulations to be performed in the subsequent
Sections, mesh convergence tests were carried out. The convergence tests made
use of the same setup as the convergence test used in Section 2.1.3.1, i.e. one-
dimensional constrained swelling with number of elements ranging from 1 to
1000.

2.2.3.1. Swelling of a gel disk - comparison with experimental

results

To verify the correctness of our model, we compared the simulation results
with the available experiment measurements reported by Zhuang et al. (2000).
In the experiments, the gel was cut into disks with thickness of 2 mm and
diameter 1 cm. The results were reported using mass swelling ratio. Using
physical parameter reported in the literature (Bae et al., 1989; Bird et al., 2007,
Prokop et al.; Schwaiger and Kohler, 2013; Wagner and Pruf3, 2002), we
converted the mass swelling ratio to volume swelling ratio. The physical
properties for the polymer and solvent phases are summarized in Table 2-3.
Since the values for Nv and D were not given in the references, we perform
fitting to obtain these values. Table 2-4 summarizes the parameter values for
gels with different composition. We had chosen the isotropic state with initial
stretch 1.0001 as the dry state to avoid singularity of the free energy function

when J =1 . It could be observed that different Sodium Acrylate contents could
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result in different polymer chains density (Nv) and diffusion coefficient (D).
Figure 2-15 shows good agreement between experimental results and

simulation results.

Table 2-3: Physical properties of gel materials

Density  Heat Capacity Thermal conductivity
(kgm?®)  (kg*K™) (Wm™'K™)
Network 1 2x10° 2x10* 2
Solvent 1,107 42x10°  —1.05x10°T?+7.98x107°T -8.38x10™

Table 2-4: Physical parameters for gel with different composite. NIPA and SA
stands for N-isopropylacrylamide and sodium acrylate respectively

No. NIPA:SA Nv D (m%s™)
BO7 90:10 0.003 7x10°®
BO3 98:2 0.01 1.2x10°®

13 4
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F 5 ]
o . Experiment w n  Experiment
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Figure 2-15: Comparison of simulation results with experimental results
(Zhuang et al., 2000). (a) Swelling ratio as a function of time for sample No.
B0O7, Nv=0.003, D=7x10°m’s™ (b) Swelling ratio as a function of time for
sample No. B03, Nv=0.01, D=12x10° m’™. The simulation model is a cylinder
with a diameter of 1cm and thickness 2mm and dry gels are put into water at
297K.
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2.2.3.2. Free swelling cube - verification of assumption

In Section 2.3.1.1, we have assumed that heat transfer is a much faster
process than mass diffusion. We will now verify this assumption. The total time
for heat transfer can be obtained by treating mass diffusion as an instantaneous
process. We assume that the transfer of heat energy is due to conduction of heat
in both the polymer network as well as solvent molecules. We assume
deformation to be temperature driven as the gel is pre-swollen to a state of
homogenous chemical potential. Heat conduction equation is given by
equations (2.32) and (2.33).

We assume the conductivity to be a mixture of conductivities of both
components. The thermal conductivities of the polymer network and solvent are
assumed to be isotropic, with conductivity of solvent taken to be dependent on
temperature as shown in Table 2-3. The density and heat capacity of the
mixture can be derived from conservation of mass and incompressibility

constraint. The conductivity, density and specific heat capacity are expressed as

k=g’ +(1-¢)x° (2.59)

P S _
o _ L “)J(J Y (2.60)

yo,

ch+ci(J-1
="t 7 (3 (2.61)
P J
where the superscripts p and s represent polymer network and solvent

molecules respectively, and their values are given in Table 2-1.

The deformation process was simulated as a heat transfer process with the
concurrent use of UHYPER and USDFLD. The simulation used the same
process as the above two methods. We considered the process where a cubic gel

of unit length was immersed in water which was undergoing a temperature drop
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from 303K to 283K. Using the method proposed in section 2.2.1.2, this process
was equivalent to a process where the normalized chemical potential increased
from -0.17 to 0, which corresponded to a swell from initial stretch 2.200 to a
final stretch of 3.137. The isotropic stress-free stretches were calculated using

equation (2.62), given by

4 2 _H _p

+ 2 2 3
Ao (Hh) (W) |V
(2.62)

%(ﬂf—lﬂkg" In(ﬂlzﬂf_l) 1  Hh
Ay v A

Similar to the model in Section 2.1.3.2, 10x10x10 C3D8T elements and
1331 nodes were used and the total computation time taken was about 3 hours.
Due to symmetry, only one eighth of the cube was simulated, with the node
representing the centre of the cube fixed, the cut faces perpendicular to x,y,z-
axes having XSYM, YSYM AND ZSYM boundary conditions. The other 3

faces were subjected to a temperature boundary condition of z° =0 .

Static analysis assumes that the gel will remain homogenous during the
swelling process, which is not the case. To see how exactly the gel was
deforming, several representative states had been selected as shown in Figure
2-16 and Figure 2-17. It was observed that the corner part of the gel materials

would be the first to deform because of its relatively larger contact surface with
the solution. We had chosen a non-dimensional time T =t/¢, where ¢ = L?/D

is the characteristic time, D the diffusion coefficient given in Table 2-4 and L
the length of the cube for method 1. A non-dimensional time

T =0.144xtD, /L* =t/¢ was chosen for method 2, where D, =k®/(c?p"). This

equality can be easily verified with the physical properties provided in Table
2-3 and Table 2-4.
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Figure 2-16: Displacement contour plots for non-dimensioned free swelling
cubic under method 1 gel at various times. The plots follow the same scale so as
to show the large deformation process. In this method, heat transfer is treated as
an instantaneous process.
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Figure 2-17: Displacement contour plots for non-dimensioned free swelling
cubic gel at various times. The plots follow the same scale so as to show the
large deformation process. In this method, mass diffusion is treated as an
instantaneous process
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To have a better idea of the fact that different parts of the gel deform at
various rates, four points were chosen for further studies. Consider an eighth of
a cube, as highlighted in red, with points A, B, C and D as shown in Figure 2-18.

Figure 2-18: Schematic illustrations of the four chosen points

The change of stretches at points A, B, C, D with respect to time are plotted

in Figure 2-19.
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Figure 2-19: Stretches at the four chosen points as a function of time. ()
Method 1: treating heat transfer as an instantaneous process. (b) Method (2):
treating diffusion as an instantaneous process

For both methods, it was evident that while the initial rates of swelling
were different, the eventual uniform distribution of chemical potential and
temperature would lead to homogenous swelling at all points. And the long
term equilibrium stretch was consistent with the analytical solution calculated
by equation (2.62). This verified that the final state of the transient analysis
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would approach the theoretical equilibrium state. At the center of the cube, the
time it would take to reach the long equilibrium stretch was expected to be the
total time taken for the swelling process. It was observed that the total swelling
time using method 1 (assuming heat transfer was instantaneous) was about 100
and 0.06 for method 2(assuming diffusion was instantaneous). The total
diffusion time was about three orders slower than that of the heat transfer
process. This showed that mass diffusion process is a much slower process as

compared to heat transfer, thus verifying our assumption.
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2.3. pH-sensitive hydrogels

Polymeric gels can undergo large deformation when subjected to an
external solution of varying pH-values. It is imperative to understand the
deformation process of pH-sensitive hydrogels for the effective application of
this attractive material in the biomedical and microfluidic fields. In the
modeling process of this multi-phase material, the finite element modeling is a
useful tool for the development of future applications. It allows developers to
test a wide variety of material responses in a cost-effective and efficient manner
and reduces the need to conduct extensive laboratory experiments. Although a
finite element user-defined material model is available for the equilibrium state,
the transient response of the pH-sensitive gel has not been effectively modeled.
Based on the work in Sections 2.1and 2.2, the transient swelling process of pH-
sensitive hydrogel is being studied and a finite element model is further
developed to simulate the transient phenomena. Some benchmark examples will
be investigated to demonstrate the model’s capabilities to simulate non-linear

deformation Kinetics present in several applications of pH-sensitive hydrogels.

In this section, we will study the transient swelling mechanism of a pH-
sensitive hydrogel and extend the diffusion-heat transfer analogy developed in
Section 2.1 to present a simulation model for predicting the dynamic response

of a pH-sensitive hydrogel over time.
2.3.1. Theory of pH-sensitive gel

2.3.1.1. Free energy function of a pH-sensitive gel

Following the theory of constrained swelling of a pH-sensitive hydrogel
developed by Marcombe et al. (2010), the total free energy of the pH-sensitive

gel is assumed to be the sum of four free energies

W :Wnet +Wmix +\Nion +Wdis (263)
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where the individual free energies are: the free energy due to mechanical

stretching of polymer network, W, ; the free energy due to mixing of solvent
and polymer network, W, ; the free energy due to mixing of ions with polymer
network, W,,,; and the free energy due to dissociation of acidic groups within

the polymer network, W, .

As with the formulation of neutral and temperature sensitive hydrogels, we
assume molecular incompressibility. For a pH-sensitive hydrogel, the

assumption of molecular incompressibility consists of the volumes from the
hydrogen ions (H*), co-ions (—) and counter-ions, in addition to the volume of
solvent molecules within neutral and temperature sensitive hydrogels. However,
we assume that the volumes of the ions are insignificant compared to the

solvent molecules and thus have no contribution towards the volume of the gel.
This assumption is represented by the familiar equation

1+vC’® =detF (2.64)

For implementation of the equilibrium swelling theory within Abaqus, a
Legendre transformation was performed to reduce the thermodynamic

equilibrium equation of the gel into the form as assumed by a hyperelastic solid.

The nominal stress S, that is present in the gel is the partial derivative of
the Legendre transformed free energy function with respect to the deformation
gradient, and is expressed explicitly as a function of crosslink density, N ;

temperature in the unit of energy, k;T ; internal and external ion concentrations,

C” and C” respectively, where « represents the hydrogen ions H* | co-ions

(-) and counter-ions(+); and the Flory interaction parameter, ¥ . Using the

61



relationship between Cauchy stress and nominal stress, o; =s, F /detF , we

obtain the Cauchy stress as

o) - NkBT(

FiKFi _é‘ij)_( soI+Hion)§ij (2-65)

: J J

KT J-1) 1
where 7 :kT(c”* +ct+c —¢ch ¢t —6*) g, =—V—{In(—j+3+%} and o

represents the Kronecker delta function.

2.3.1.2. Swelling kinetics of a pH-sensitive hydrogel

The swelling kinetics of a polymeric gel is due to the migration of the ions
and solvent molecules within and across the material boundary. Assuming the
ion concentration to be significantly lower than the solvent concentration, the
swelling of the gel can be taken to be purely driven by the migration of solvent

molecules, i.e.
ji = jis + jiH+ + ji+ + ji7 ~ jis (2.66)

where j; denotes total diffusion flux; j the diffusion flux of H™ ions; j;" the

diffusion flux of counter-ions; j; the diffusion flux of co-ions; and j; the

diffusion flux of solvent molecules. We assume that the migration of solvent
molecules follows the chemical potential form of Fick’s Law, which may be

written in the form

D ou
T 0oX

CS S
kB
. (J—ljDaﬁ 20
3 )7 00 |ox

where c° :CS/ J represents the current solvent concentration; D represents

(2.67)

the diffusion coefficient and @ represents pH of the gel.
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The chemical potential of the solvent molecules, x°, is equivalent to an

osmotic pressure which is expressed in the form
0 =_kBTvS(cH* + et +c-) (2.68)

Combining equations (2.65) to (2.68) and making the flux to be

proportional to the pH-gradient, the diffusion flux is then written in the form

. _2(3 —1jDa(vc—;“+) 00 2.69)

. J 00 |ox

Equation (2.69) describes the state of steady state diffusion. The time
dependent governing equation for diffusion is obtained by the assumption of
conservation of ions and solvent molecules. In the current state, without any

internal ion/solvent source, the governing equation is written as

1 a(st _
.[ET)dv+Iinds=0 (2.70)

where vC' is the sum of volume of all particles in the gel.

2.3.2. Numerical procedure for pH-sensitive hydrogel
Kinetics

Using the heat transfer-diffusion analogy elaborated in Section 2.1.2, we

implemented the finite element model in a similar fashion, the equivalent

material properties are derived as shown.

(2.71)

(g
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¢, = 6.J_+ 0J 6VC_H 1- oJ avCIH 2.72)
ovc, Ove, dvey, ove, 0J

8 do aJ dI aJ éc,
r=| =S 1 T
oo dt  al dt ac, oJ

_ (2.73)
(@so an) /(e a,
0o At 0Ol At oc, od'
k=D 2vc+ Ly Co | OO (2.74)
oc, oc, OcC,
where the partial derivatives are defined in equations (2.75) to (2.84).
a_t 2.75
oo 3 (2.75)
J Ny J7°
—=—— 2.7
ol 3 & (2.76)
a1 _vc_ic,; ve, +ve, , 277
ove, &\ (ve,) Ve
ol _1ves Ve (2.78)
ove, & l\ve, Ve,
0J :1 14 VC_+ B VCJ/Cg (2.79)
ove, & Ve, (vcH)

oo _|__ 1L 2+%+%+6—{+NV£_—§+171J_4/3J A (280)
ove, (J-1° J° I J J° 27 ove,
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ove, NKvf /]
=-— 2.81

ove, 1|ve.(ve,)

H - S+ 2vc_+va vc, + NKv (2.82)
T v (2vei +ve.)(ve, + NKv)

ovec, 0vC, vC,  VC,VC,

+

ﬁva = aa Va (V(:)z (2.83)
ove. ove,, vava 2V(¥ + VC_+
—=——2H =+ (2.84)
ave,  ovey, (vey) Ve,

where the terms &, and &, aregi:{i—i—i—z_}@r Nv[_g\]LJriJ

, ={3(vcH )2£1+ VCLJ+2VCH NKV[1+ VC;J—(NK” +(vey) +v§v§j .

Ve, Ve,

2.3.3. Numerical examples for pH-sensitive hydrogel Kinetics

With recent developments in utilizing pH-sensitive hydrogels, there exists a
need to simulate and predict how the gel would respond in actual operations.
The following two examples attempt to simulate transient gel swelling behavior
in two typical applications of pH-sensitive gels, which include a microfluidic
device and a bi-layer cantilever beam.

2.3.3.1. Gel pillar in flow control

One application of hydrogels is in the area of microfluidics (Moore et al.,
2000), where fluid flow is controlled by the volumetric change of the gel, as

swelling in the gel would cause restriction in the fluid passage. At a certain
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point, the swelling gel will come into contact with the wall of the valve, thus

stopping flow through the valve completely.

Current studies on simulating pH-sensitive gel microfluidic valves are
focused on the equilibrium state of inhomogeneous swelling of the gel (He et al.,
2012; Zhang et al., 2012), and thus do not consider how the gel changes with

the evolution of time during the entire process of swelling.

Using the material model developed in this work, we were able to simulate
this transient swelling process and observe how the gel deforms as well as

visualize the stress distribution upon contact with a hard surface.

Figure 2-20: Reduced 2d plane strain model

The simulation considered a cylindrical gel pillar in close proximity with a
pair of flat parallel valve walls. To reduce the simulation time, several
geometrical simplifications were made to the model. Firstly, we assumed a

large aspect ratio (L/D) and reduced the 3D model into a 2D plane strain

model (Figure 2-20). Secondly, due to mirror symmetry in the cross sectional
view of the model, a quarter model was sufficient to represent the entire
structure. Parameters used were an outer radius of 0.3 mm, inner radius of 0.1
mm, and a diffusion coefficient of D=8x10"m’™ . 640 4-node bilinear
displacement and temperature plane strain elements (CPE4T) were used to

mesh the cylindrical portion while 50 4-node bilinear plane strain elements
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(CPE4) were used to mesh the rigid valve wall. The gel, initially at pH=3, was
fixed at the inner surface and exposed to a pH value of 6 on the outer surface.

S, Mises
(Avg: 75%)
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+5.75e-04
+5.22e-04
+4.70e-04
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+3.66e-04
+3.13e-04
+2.61e-04
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+5.22e-05
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Figure 2-21: Mises stress distribution of the gel at various non-dimensionalized
times

With the kinetics model, we were able to predict stress distributions of the
gel at various stages of the swelling and thus prevent gel material failure. Figure

2-21 shows the stress distribution of the gel at various non-dimensionalized



times T, where L is the characteristic length of the gel, which is essentially

the outer diameter.

2.3.3.2. Bi-layer cantilever beam

In applications for sensing, a hydrogel is often bounded to a substrate
which does not swell in the presence of an external solvent. When exposed to
the external stimuli, the hydrogel will undergo deformation and the mismatch in
swelling ratios of the gel and substrate will result in differential swelling. This
differential swelling is useful in sensor applications by measuring the extent of
bending in the structure (Bashir et al., 2002; Kwon et al., 2010).

In this example, we explored a pH-sensor with a simple geometry of two
equally sized strips, one made of pH-sensitive gel and the other an elastic
substrate, both fixed at one end of the structure. 1000 4-node bilinear
displacement and temperature plane strain CPE4T elements were used to mesh
the gel while 1000 4-node bilinear plane strain elements (CPE4) were used to

mesh the elastic substrate. The initial condition of the gel was set to be at pH =5
as this allowed both swelling and deswelling of the gel. When exposed to an
acidic solvent of pH =2, the gel would deswell and the structure would bend
towards the direction of the side of the gel. Conversely, when exposed to an
alkaline solvent of pH =8, the gel would swell and the structure would bend
towards the direction of the side of the substrate. It is this ability to bend in both
directions and to different extents that makes the structure useful for actuation
and sensing. Figure 2-22 shows the deformation of the bi-layer cantilever beam.
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(a) (b) (c)

Figure 2-22: (a) beam originally in equilibrium at pH=5, (b) beam exposed to
solvent of pH=8, (c) beam exposed to solvent of pH=2

The graphs in Figure 2-23 show the change in lateral displacement of the
corner nodes in which deflection occurs. It is interesting to note that the
swelling process takes a much longer time than the deswelling process. Thus,

the swelling process will take a much longer time to reach equilibrium position.
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Figure 2-23: Lateral displacement of top right node for changes in pH from (a)
5t08, (b)5to 2.
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2.4. Concluding remarks

The transient swelling kinetics of hydrogels was investigated in this chapter.
A novel method of simulating swelling kinetics through finite element software
Abaqus was introduced. Implementation of this method exploited the similarity
between governing equations of heat transfer and diffusion kinetics and made
use of readily available coupled temperature-displacement elements offered by
Abaqus. Non-linear hyperelastic gel theory was used together with coupled
temperature-displacement analysis to study the transient swelling response of
polymeric gels by representing chemical potential as a temperature field.
Equivalent terms for making the thermal-diffusion analogy were derived by
comparison of the governing equations. This analogy is useful not just for
polymeric gels, but can also be applied to other diffusion driven mechanical
processes. The model had been implemented for simulation of neutral,
temperature-sensitive and pH-sensitive hydrogels.

In neutral gels, we had studied the inhomogeneous nature of the swelling
process through several numerical examples, including a free swelling cube,
one-dimensional constrained swelling and rectangular block attached to a rigid
substrate. Non-dimensionalization had allowed for the upscaling or

downscaling of the modeling subject, thus reducing possible numerical errors.

The deformation kinetics of temperature-sensitive hydrogel was more
complicated compared with normal polymeric gels as it involved heat transfer
process in addition to chains stretching and diffusion of solvent molecules.
This had restricted us from directly simulating the transient behavior by
utilizing the analogy between heat transfer and diffusion. However, the
assumption that heat transfer is a much faster process as compared to diffusion,
such that heat transfer could be treated as an instantaneous process, had greatly
simplified the problem. Using the available physical parameters, we had

validated this assumption. Several numerical examples including surface
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creasing, bifurcation and buckling of swelling gels were presented to illustrate

the applications of our methods in explaining experimental observations.

The heat transfer-diffusion analogy method was further extended to study
the transient swelling response of pH-sensitive hydrogels by representing pH-
value as a temperature field. The kinetics of pH-sensitive gel swelling was
investigated with numerical examples of a gel cylinder in contact with a hard
surface and a bi-layer cantilever beam.

Using this method of implementation, we had greatly reduced the efforts
required for development of finite element models, eliminating the need for
discretization of constitutive equations into forms required for various element
types. In fact, this method offers much more versatility as compared to
simulation models developed using user-defined elements. This is as the
subroutine developed using this method can be readily adapted for any element
types, such as 2D or 3D elements, without any need to perform additional
discretizations for different element types. With this analogical finite element
model, we hope to provide more insight on the transient swelling phenomena

using earlier established models in an easy-to-implement model.

Lastly, it is to be noted that the method proposed in this Section was to
allow for the reduction of time and effort required to develop a fully working
material model for the simulation of gel swelling kinetics. Therefore, although
the finite element method was used, there is no need for a formal finite element
formulation, which is a necessary component if the UEL subroutine were to be
employed instead. However, a formulation for the finite element procedure has
been included in the Appendix for completeness. Interested readers may also
refer to literature works involving UEL subroutine, as mentioned in Section
1.1.4.1.
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3. Inhomogeneous deformation of responsive hydrogels

In this chapter, we will investigate the mechanics of large deformation of
temperature-sensitive hydrogels, photo-thermal sensitive hydrogels and
magneto-thermal sensitive hydrogels. The phase transition and their dependence
on environmental factors will be investigated through the development of
continuum thermodynamic equilibrium theories. Finite element models using
subroutines UHYPER and UMAT of Abaqus will be developed based on
governing equations and specialized free energy functions to simulate behavior

of these gels.

The governing equations and equilibrium conditions of an isothermal
process under arbitrary mechanical and chemical conditions will be derived via
a variational approach. After adopting an explicit free energy density function,
we will derive and discuss the constitutive equations and chemical potential of
solvent molecular within the gel. Based on the theory, numerical procedures for
the finite element simulation of several types of hydrogels will also be
developed. Numerical examples will then be presented to exhibit the capability

of the numerical procedures.
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3.1. Temperature sensitive hydrogel

The temperature sensitive hydrogel is a very common gel material and it
has been widely studied in literature. In this section, we formulate a field theory

for the inhomogeneous large deformation of temperature sensitive hydrogels.

3.1.1. Equilibrium swelling theory of temperature sensitive
hydrogels

We adopt a variational approach in deriving the governing equations and

equilibrium conditions when a gel undergoes isothermal inhomogeneous large

deformation. A similar variational approach was proposed by Kang and Huang

(Kang and Huang, 2010c) for neutral hydrogels.

Consider a hydrogel body (reference state) of volume V, enclosed by a

surface S, as shown in Figure 3-1. When the hydrogel is immersed in a solvent

of chemical potential £°, solvent molecules can enter or leave the polymeric

gel across the surface S . In the system, the gel is subject to a body force b; and

surface traction t;. In addition, the surface S may be mechanically constrained
or chemically isolated from the solvent. As with earlier sections, we defined
the state of deformation using the deformation gradient F .

To

F

Figure 3-1: A dry polymeric gel in reference state is placed in contact with a
solvent and deforms into the current state.

Solvent

To obtain the equilibrium condition, consider an infinitesimal process. In a

short time ot | the displacement field in the reference coordinate is denoted by
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ox(X) and the work done oW, by the environment in the reference

coordinates is expressed as:

W, = [BoxdV + [T.oxdS + [ uosCodV (3.1)

where C°® is the nominal concentration of the solvent molecular, dV , dS are

the differential volume and area in the reference coordinate.

Assume a general form of the nominal free energy density function
W (F,C?®) at a certain temperature. The variation of energy of the hydrogel, oU
IS

oW oW .
sU = [swdv =Iﬁ5FinV +Iacs S5Cdv (3.2)

Using integrating by parts to evaluate the first term, we get

oW

o oW 0 oW
U = [=Z— (L s5x)dv — [—2— sxdv + [ £ scCdv
IaxK (8FiK ) IaxK (aFiK) ' jac (33)

Applying divergence theorem to the first term of equation (3.3), we get

ow

oW
5U=Ia|:

0 oW
N, 5x,dS — IW(GEK )ox.dV +[¥5Cdv (3.4)

iK
The principle of virtual work requires that

oU = é\Next (3.5)

Substituting equations (3.1) and (3.4) into equation (3.5) yields

| WN, T oxds — | 0_W . |sxav +j(M—/fj5c5dv =0
oF, X OF, oC

(3.6)
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Equation (3.6) holds for arbitrary changes ox. and 6C° and so the

quantity in each pair of parentheses vanishes. Thus we get the following

equilibrium conditions

o oW :
B.=0 inV,
ox. oF, TB=0 (3.7)
ow .
W
~—— N_.-T = on S
oF, "k TTi=0 ° (3.9)

The nominal stress S;x may be defined as the work conjugate of the

deformation gradient, i.e.

S =W 3.10
3 (310)

In such case, equations (3.7) and (3.9) can be interpreted as the conditions

for mechanical equilibrium. It can be observed from equation (3.8) that the

chemical potential of solvent molecular inside gel £° can be defined as the

work conjugate of the solvent concentration, i.e.

oW
SNPCT

(3.11)

Equation (3.11) stipulates that the chemical potential of solvent with the gel
is homogenous and equal to the chemical potential of the external solvent

during the equilibrium state.
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3.1.1.1. Free Energy Model

Based on the work of Cai and Suo (2011), the field theory of temperature-
sensitive hydrogels has been formulated further. Since the crosslink density is
typically very low, we assumed that the crosslink density negligibly affects the
interaction between the monomers and the solvent molecules. Hence the
Helmholtz Free energy of the hydrogel was considered to be contributed from
the stretching of the network and the mixing of the polymer and the solvent

independently. Tthe free energy density of gel could thus be written as:

W =W_ (F)+W,_. (C*,T) (3.12)

where W, is the energy due to the stretching of network and W, is the energy

due to the mixing of the polymers and the solvent.

We imposed the molecular incompressibility constraint (Section 2.1.1.4) in
the gel and enforced this constraint by adding a Lagrange multiplier term
H[1+ vC® —det(F)] to the free energy density function. Thus the free energy

density W has the form:

W =W, (F) +W,, (C°,T) +IT[ 1+ vC® - det(F) | (3.13)

ix

A general expression for IT can be obtained by substituting equation (3.13)
into equation (3.11), giving

oW .
== _ mix )
\ (u oc® ) (3.14)

The expression obtained here is consistent with the work of Hong et al.
(2009a), Cai and Suo (2012) and Li et al. (2012b).
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3.1.1.2. Specialization of free energy function

As with Section 2.2.1.1, we take the free energy due to the stretching of a

network of polymer

W, (F) =3 NkT [, ~3-2In(cet )] (315

and free energy of mixing of the long polymer with the solvent to be

vC* 2C?
W (C5,T)=k,T|Cln + ,
i (C5T) =Kg { [l+vCS] 1+vCS} (3.16)

with the parameter y given by

X(T.8)= 1o+ 180 (3.17)

where y,=A+B,T , ,=A+BT and ¢=]/(1+VCS), ¢ is the volume

fraction of the polymer in the hydrogel. The values of A,, B,, A and B, vary

for different monomers.

For a temperature-sensitive gel, the exact form of IT can be obtained by

substituting equation (3.16) into equation (3.14) to give

= Kel | _# —In( vC’ J 1 Xo (1_VCS)Zl

v [kT  (1+vC® _1+vcs_(1+vcs)2_(1+vcs)3 (3.18)

Invoking the incompressibility constraint, given in equation (2.13), to

eliminate C* equation (3.18) is converted to

v | kgT
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where J =det(F) is the swelling ratio of the gel.

The nominal stress is obtained by substituting equation (3.13) into (3.10) to

give

oW,
Sik :a—net_HJHik = NkgT (F, — H; ) —TIIH; (3.20)

ik

Note that we have used the mathematical relation 6J/dF, = JH, in order to

derive equation (3.20), where H is the transpose of F .

The true stress can be obtained through the relation
Joy =5, Fy (3.21)

By substituting equation (3.20) into equation (3.21), we obtain

Nk, T
Ojj :TB(Fiijk =)~ 115 (3.22)

By substituting equation (3.19) into equation (3.22), the true stress is

expressed as,

Nk, T kT J-1\ 1 y,—-x 2y W
Oy = JB (Fiijk_é‘ij)+BT|:|n(Tj+j+%+\]_31_7 o (3.23)

Equation (3.23) relates the true stress to the deformation gradient.
Rewriting equation (3.23), a general expression for the chemical potential for

water molecules inside gel is obtained as

s - NkgTv J-1\ 1 xv—xn . 2n| (o+o,+0)Vv
= L =3)+k.TlInl =— |4 =440 A1, 241 ™1 2 3

where |, = F, F, is the invariant of the deformation gradient.
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3.1.2. Numerical procedure for equilibrium swelling of
temperature sensitive hydrogels
It can be seen from equation (3.15) that when J =1, the free energy
density is singular. This singularity could be remedied by choosing any
reference state with J >1 (Hong et al., 2009a). In our previous study on
temperature-sensitive hydrogels (Ding et al., 2013), an isotropic swelling state
is chosen as the initial state. As a result, it cannot be used to study the
deformation with an anisotropic initial state. In the present study, we chose an

initial state with a deformation gradient in the form of:

Jo: 0 0O
FR=|0 4, O (3.25)
0 0 A

Let F’" be the deformation gradient relative to the chosen reference state,

then the deformation gradient F is given as follows:
F=F'F, (3.26)

In present study, we used commercial software Abaqus subroutines to
implement our derivation. There are two options offered by Abaqus to specify
the nonlinear constitutive behavior of a hydrogel as user-defined materials, i.e.
subroutines UHYPER and UMAT. The former (UHYPER) has been
successfully implemented (Ding et al., 2013). However, UHYPER has a

restriction - the initial state has to be isotropic, i.e. the initial stretch of the gel in

all 3 directions must be equal, 4, ,=4,,=4,,=4,. This is because UHYPER

calculations are based on the invariants of the deformation gradient (i.e. 1, I,

and J ) rather than actual components of the deformation gradient. This may
pose problems in specific cases where the gel is not initially isotropic, such as
the case when the gel is given a pre-stretch in 1 of the directions. To circumvent

this limitation, we implemented our current FEM using UMAT. Since the true
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stress had been derived explicitly in equation (3.23),we only need to derive the
fourth order tangent modulus tensor C. The tangent modulus can be defined
through the variation in the Kirchhoff stress

6(Joy;) =JC, 0D + I (0yOW,, — 03 OW,) (3.27)

where the tensor 0D and W are the virtual rate of deformation and virtual

spin tensor respectively, defined as:

oD =sym(SFeF ™) (3.28)

SW =asym(oF e F ™) (3.29)

By using equation (3.23), the variation of the Kirchhoff stress is calculated

as follows
S 2 1 2
§(Jo-ij):NkBT{NJV§+3~] 35 +J358“} (330)
where § = fiz+ <[ 23] AT (AR BB
kT J-1 J J ]

It can be shown mathematically that

51 =16D, (3.31)
~ o) ~ ~
5Bij = Tijkl (5Dkl - %5Dkk) + Bkjévvik - BikéVij (3-32)

where the fourth order tensor T is defined as,

1
Tiju :_(B Oy +By S + By, + Bi|5j|) (3.33)
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By substituting equations (3.31) and (3.32) into equation (3.30), an explicit
expression for the tangent modulus tensor at the current state is obtained as:

1
Cys = NKgT {] T, +%5”5k,} (3.34)

Using Equation (3.23) and Equation (3.34) for the true stress and tangent
modulus respectively, a user subroutine was coded in the format of the UMAT

in Abaqus.

The free energy density function introduces five material parameters

namely, A,,A,B,,B, and NV, where NV is a dimensionless measure of the

polymer crosslink density in the dry network. The values of A,, A, B, and B,

depend on the type of monomer. The values of these parameters for poly(N-
isopropyl acrylamide) (PNIPAM) are readily provided by Afroze et al. (2000)
in Table 2-2.

We had adopted the above properties of PNIPAM gels and set Nv=0.01 in

the examples presented herein. To fully define the material in the subroutine,

we would also need to provide the initial temperature T, the initial chemical
potential of the external solution z, and the corresponding swelling ratios A, ,

A, , A, in x,y,z directions respectively. As an equilibrium state, these values

need to satisfy Equation (3.23).

3.1.3. Numerical Examples for equilibrium swelling of
temperature sensitive hydrogels

To verify the correctness of the developed finite element method and

highlight the advantage of UMAT over UHYPER, several numerical examples

are provided in this section. It has to be noted that for the numerical examples

presented henceforth, it is possible to use a single element to simulate the
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swelling of the gel due to homogeneity, as noted by Hong et al. (2009a).

Therefore no mesh convergence tests were conducted.

3.1.3.1. Free Swelling

The analytical solution may be obtained by searching the value of J at
which the free energy functions is minimized at a certain temperature T. It can
also be derived analytically. In the free swelling process, the chemical potential
for water molecules given by equation (3.24) may be simplified as

Nk Tv g I-N. 1 w2
= -1 +k;T|In o4 LAy AL 3.35
= (D) { ( 5 } TS| (339)
By using the equilibrium conditions given by equation (3.23) and the fact

that the chemical potential of water #° =0, the analytical solution may be

written as:

NKT v g -1\ 1 -, 2
~3)+kT|In Ao A1, ZA_( .
3J (5 =3+ [ (J ) R (3:36)

The numerical solutions obtained using UHYPER and UMAT are also

plotted as shown in Figure 3-2. In this problem we had chosen a value

Nv =0.01. For verification purpose, the experimental data collected by (Oh et
al., 1998) is also plotted. As shown in the figure, the numerical results using
UMAT were in good agreement with the analytical solutions, the numerical
results using UHYPER and the experimental data. It should be noted that for a
discontinuous phase transition, FEM is unable to overcome the turning points.
To obtain both parts of the phase transition curve, we employed the method
proposed by Ding et al. (2013), which is to start simulation from both ends,

which terminate at points A and B.
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Figure 3-2: Volume of free-swelling hydrogel as a function of temperature. The
triangles represent experimental results presented in (Oh et al., 1998)

3.1.3.2. Uniaxial Constraint

Deformation under a uniaxial constraint means that the swelling gel is
fixed vertically and free to swell in the other two directions. In this case, the

lateral stretches are the same, while the longitudinal stretch in the third direction

isconstant. i.e. 4 =4,=4, 4,=4,. Thus J =44, and |1 =2J/4,+ 4.

To illustrate the constraints of UHYPER, we considered two cases i.e.
A =1 and 4,=2 . Uniaxial constrained swelling induces stress in the
longitudinal direction, while lateral stresses are zero. Using equation (3.24), and
the condition o,= 0,=0, the parameter to define the initial state needs to
satisfy the following equation.
PGy ey o
(3.37)
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2
where §:In(ﬂl/12°_1]+ 21 TV I 22 <.
MW ) A (42) (KA
The analytical solution may also be derived by using the fact that the

chemical potential of water #° =0,

Nv

S A4 -D+&=0 (3.38)

Alternatively, the analytical solution could also be obtained by searching
the value of J at which the global minimum of the free energy functions is
achieved at a certain temperature T . The numerical calculations obtained using
UHYPER and UMAT are also plotted in Figure 3-3 together with the analytical
solution. As seen from Figure 3-3(a), UHYPER is only applicable to the

process below the phase transition temperature in the case A4, =2 and is not
applicable at all for the case 4, =1. As mentioned previously, this is due to the

fact that the reference state for UHYPER has to be isotropic swelling. When

4, =1 is fixed, the corresponding isotropic swelling state is the dry state and

J =1, which would encounter singularity in the calculation of free energy

density. When A, =2, there is no isotropic state at a temperature higher than

the phase transition temperature. Thus UHYPER is not applicable.

25
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Figure 3-3: Volume of the uniaxial constrained swelling hydrogel as a function
of temperature. (a) Fixed stretch in longitudinal direction =1 (b) Fixed

stretch in longitudinal direction 4 =2 UHYPER is only applicable in the case
4 =2 and is not applicable at all for the case b =1,

It is obvious that the only non-zero true stress during the uniaxial
deformation process is the normal stress in the third direction o, . In the

uniaxial deformation process, Eq. (26) may be written as:

0,= 0,= '2:;; (A°-1)-11 (3.39)
Nk, T
,=— (A -D)-1I _
o. ™ (4, -1 (3.40)

Using condition o, =0, =0 to eliminate IT , we obtain

Nk, T
Jo!

0y= (A = 4°) (3.41)
which gives the true stress as a function of temperature T and stretch A, .

Equation (3.41) could be used to verify the correctness of the stress obtained
using our method. Either by using the analytical solution given by equation
(3.38), or directly using the numerical obtained from the output of Abaqus, we

would be able to get the value for A, at any temperature T, and to substitute

these values into equation (3.41) to evaluate stress. Also, we could read the
stress at any temperature from the numerical simulation. The stress during the
uniaxial swelling process calculated by using equation (3.41) and obtained via
our subroutine has been plotted in Figure 3-4. As one can see, they are in good

agreement. For convenience, we had normalized the stress by k;T,/v, with

T,=300K.
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Figure 3-4: Normalized longitudinal stress during uniaxial swelling process.
Discrete points represent UMAT results while the solid line represents
analytical solution.
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3.2. Photo-thermal sensitive hydrogels

In this section, we will investigate the photo-thermal mechanics of
deformation of temperature sensitive hydrogels impregnated with light-
absorbing nano-particles. The field theory of photo-thermal sensitive gels is
developed by incorporating effects of photochemical heating into the
thermodynamic theory of neutral and temperature sensitive hydrogels. This is
achieved by considering the equilibrium thermodynamics of a swelling gel
through a variational approach. The phase transition phenomenon of these gels,
and the factors affecting their deformations, will be studied. To facilitate the
simulation of large inhomogeneous deformations subjected to geometrical
constraints, a finite element model will be developed using a user-defined
subroutine in Abaqus, and by modeling the gel as a hyperelastic material. This
numerical approach is validated through case studies involving gels undergoing
phase coexistence and buckling when exposed to irradiation of varying

intensities, and as a micro-valve in microfluidic application.

In this section, we will develop a theory to model the deformation of
hydrogels due to photo-thermal effects by building on earlier works on neutral
gels (Hong et al., 2009a) and temperature-sensitive gels (Ding et al., 2013).
This type of deformation mechanism is made possible through the incorporation

of light absorbing NPs into the temperature sensitive polymers.

In what follows, the thermodynamic framework by expressing the stress
and chemical potential in terms of the free energy function will be described.
We will discuss the phenomenon of phase transition and the effects of adding
nano-particles on the material parameters and explore some analytical solutions
predicted by the theory. Furthermore, the numerical procedure for simulating
the gel will be described. Finally we will investigate some potential applications
of the present theory and finite element model, which include phenomena such
as coexistent phases within the gel, its buckling during the deswelling process,

and its contact with a membrane in microfluidic applications.
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3.2.1. Equilibrium swelling theory of photo-thermal sensitive
hydrogels

Here we shall describe the mechanism of a hydrogel by considering the

change in temperature due to light irradiation, as well as the inhomogeneous

large deformation theory for thermally-sensitive hydrogels.

3.2.1.1. Light irradiation induced temperature change

Due to the addition of light-absorbing NPs in the gel network, light energy
is converted into heat energy and transferred to the polymer through local heat
conduction. The use of different NPs will result in different wavelengths
required for absorption of irradiation, with copper chlorophyllin absorbing best
at 488 nm (Suzuki and Tanaka, 1990), gold-gold sulfide at 1064 nm (Sershen et
al., 2000), gold nano-rods at 810 nm (Gorelikov et al., 2004), graphene oxide at
808 nm (Zhu et al., 2012) and iron oxide at 470 nm (Yoon et al., 2012).

Under irradiation, the temperature rise AT is proportional to the intensity
I, and polymer volume fraction @ , as shown in the phenomenological

equation (3.42) (Richardson et al., 2009; Suzuki and Tanaka, 1990),

AT =al g (3.42)
where ¢ is the proportionality constant related to the heat capacity of the gel.

3.2.1.2. Inhomogeneous large deformation of a photo-thermal
sensitive gel
With reference to Figure 3-5, consider a gel subjected to geometrical
constraints, with an external weight of P hanging on the gel and kept
immersed in a solvent of chemical potential #° . Concurrently, a mono-

chromatic light is being irradiated onto the gel. Using a thermodynamic

approach on the irradiation, the light possesses a non-zero chemical potential
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4", produced by photochemical reactions (Haught, 1984; Herrmann and

Wourfel, 2005; Kelly, 1981; Ries and McEvoy, 1991; Wurfel, 1982).

NOAONNNANNANANNNDN

Solvent at
chemical
potential W,

SN,

irradiation

P st

Figure 3-5: A hydrogel domain subjected to external weight P , exposed to an

S

external solvent of fixed chemical potential 4 , and irradiated with
monochromatic light of frequency f.

In equilibrium, the weight is displaced by a distance o1, the chemical
potential is maintained by pumping SN° solvent molecules into the gel and the
irradiation causes SN® photochemical reactions at chemical potential #”. The
work done on the gel will be equal to the sum of the work done by the external

weight Pol, the chemical potential pump £°6N° and the irradiation ©#"SN°.

Thermodynamically, the change in free energy density of the gel, W, is

balanced by the work done on the gel

Jowdv = [BoxdV + [T.oxds + 4 [5CAV + uP[6CPAV  (3.43)
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where C* and C° represent the concentration of solvent and photochemical

reactions in the reference state respectively.

Assuming that the free energy density in the current state is dependent on
the state of deformation, concentration of solvent and photochemical reactions

within the gel, i.e. W =W(EK,CS,CP), a small change in the free energy

density can be written as

W 5F, + W sce 4 W

oW = +—
OF, oc® oc”?

oC* (3.44)

where F, is the deformation gradient.

Combining equations (3.43) and (3.44), and applying the divergence

theorem, the equilibrium equation is re-written as equation (3.45),
oW oW oW
—s. |6F. + — 1’ |6C*+| ——u” |6CP dV =0 (3.45
‘[|:(8F |KJ iK (aCs ‘Ll j (5Cp :u j :| ( )

where S, is the nominal stress. This equation holds for arbitrary values of

SF,, 0C® and 6C", which reduces the conservative form into the differential

form

(3.46)
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3.2.1.3. Free energy function

From the approach of earlier works (Cai and Suo, 2011; Ding et al., 2013;
Hong et al., 2009a; Hong et al., 2008), we assume that the free energy density
of the gel is the sum of the individual free energies of network stretch and
mixing. For a photo-thermal sensitive gel, there is entropic change as photons
are absorbed and emitted by the nano-particles. Therefore, although there is
dissipation of heat energy, the entropic change will cause a change in the free
energy of the gel. With this, we introduce an additional free energy density term

due to photochemical reactions W, into the free energy density function of a

temperature sensitive hydrogel.

W (F,C*,CP.T) =W, (F)+ W,y (C°.T)+W,, (CP) (3.47)

3.2.1.3.1. Free energies of network stretch and mixing
The free energy of network stretch W, and mixing W,;, take the same

form as the free energies of a temperature sensitive hydrogel, as given in
Section 3.1.1.2.

The temperature used in the calculation of the Flory-Huggins interaction
parameters is the real temperature of the gel consisting of two parts, given by
the equation T =T, , +al @, where T, is the ambient temperature and al,¢
is the temperature increment given in equation (3.42). In subsequent analyses,
all Flory-Huggins interaction parameters will be calculated based on the real
temperature, thus implicitly containing the temperature increment due to

irradiation.

3.2.1.3.2. Free energy of photochemical reaction
As the nano-particles absorb UV irradiation, molecular excitation occurs,

promoting an electron to the next lowest unoccupied orbital, with an energy
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jump corresponding to the product of the Planck’s constant and the frequency
of the UV. The excited particle will decay back into the ground state
immediately, releasing the energy harvested during photon absorption.

For gold NPs (and other NP used for the purpose of photo-heating), it has

been shown that the quantum vyield is of the order of 10° (Dulkeith et al.,
2004), resulting in a near unity conversion of light energy into heat energy
(Richardson et al., 2009).

E=hf
Excitation
Ground state, X Excited state, ¥
E=#f
Decay
Excited state, ¥ Ground state, X

Figure 3-6: Excitation and decay of an atom absorbing a photon

This electronic transition can be represented as a series of two consecutive

chemical reactions, with the reactants being the ground-state nano-particle (X)
and a photon of relevant frequency (#f ), the intermediate product being the
excited particle (Y), and the product being the ground-state nano-particle and

heat energy. This series of chemical reactions is illustrated in Figure 3-6 and
written as equation (3.48).

X +nf ->Y

(3.48)
Y — X +heat
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Under steady state irradiation, X and Y will have concentrations [X] and [Y]
respectively. The affinity (free energy) associated with one such chemical
reaction, A, is given by (Parson, 1978)

A=if +kT In(%} (3.49)

where Af corresponds to energy transition of the electron into the excited state

and the logarithmic term corresponds to the entropy change associated with the

transition.

The free energy density of the entire gel W resulting from

pho

photochemical reactions is thus expressed as
C p
tho = Cp hf + kT In W (350)

where C? =[Y], C®°=[X] is taken to be a nominal reference value given

that the concentration of excited particles is low (C"/Cg ~10’1°) (Lavergne

and Joliot, 2000).

3.2.1.4. Transformation to a hyperelastic solid

As discussed in Section 2.1.1.6, the equilibrium equation of a gel can be
transformed to assume a hyperelastic form by introducing a new free energy

function W through a Legendre transformation. For the photo-thermal

sensitive hydrogel, we perform the following transformation

W =W — 1°C® — u°C" (3.51)
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where a small change in this free energy density function will yield the

following relation

A

oW =s,0F, —C°6u’ —CP ou’ (3.52)
Equation (3.52) transforms the equilibrium equation (3.43) into

[owav = [Boxdv + [Toxds (3.53)

Equation (3.53) is the equilibrium equation assumed by a hyperelastic solid.

3.2.1.5. Quantum energy conservation constraint

As with the neutral and temperature sensitive hydrogels, we assume a

molecular incompressibility constraint, given in Section 2.1.1.4.

Whilst the constituents of a temperature sensitive hydrogel undergo
temperature changes and experience volumetric changes due to thermal
expansion/contraction, we note from the order of magnitude of the coefficients
of thermal expansion (see Table 3-1) that the volumetric expansion of
individual particles is very small as compared to the volumetric change
experienced during phase transition. Therefore, we assume that the effects from
thermal expansion are negligible. This practice is also seen in analyses of

temperature sensitive gels (Birgersson et al., 2008; Chester and Anand, 2011).

In photochemical reactions, the number of photons and chemical reactions
is conserved, as dictated by the Stark-Einstein Equation, or second law of
photochemistry (Rohatgi, 2006). The light intensity is proportional to the
amount of light energy absorbed. In the irradiation of a material, the spatial
distribution of photons within a material follows the radiative transfer equation
(Long et al., 2013). However, we assume that at sub-millimeter dimensions, the
spatial distribution of photochemical reactions taking place within the gel is

evenly distributed. This assumption can be inferred from equation (3.42), as
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proportionality to ¢ imply that the gel is not optically thin, and the gel
undergoing uniform temperature change implies that there is no spatial

distribution of photochemical reactions for gels of sub-millimeter dimensions.

The concentration of photochemical reactions is obtained by considering
conservation of energy, where all light energy is transformed into the rise in

temperature of the system (Walker, 2009).

The amount of photonic energy released is the sum of energies of all
photons undergoing photo-excitation. For a monochromatic light source of
uniform frequency, this energy is equal to the product of the energy of a single

photon with the number of photo-excited photons

E,=nf-C? (3.54)

where E, is a measure of the energy absorbed per unit reference volume, 7

the Planck constant and f the frequency of irradiation. The product hf

measures the amount of energy possessed by a single photon. The amount of
thermal energy per unit reference volume generated by the temperature rise is

the product of mass, specific heat and temperature change of the system, i.e.

E, = pTc AT (3.55)

Substituting the relations m* =p*J  and AT =al,/J into equation

(3.55), the thermal energy can be re-written as

al,

E, =" = (3.56)

where ¢ = p®'c* is the volumetric heat capacity, and J the determinant of

the deformation gradient, J = detF .
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The volumetric heat capacity of the gel is taken to be the volume weighted

average of the constituents, i.e.

C\?el :|: CUC\?U +(1_ fCu)Cvpolymer]¢+C\\IN (1_¢)
‘ (3.57)

network
C

v

where ¢, ¢”™ and c!' are the volumetric heat capacities of copper,

polymer and water, respectively. The volumetric heat capacity of the dry

network, c/***™* is calculated using the rule of mixtures consisting polymer

molecules and copper chlorophyllin molecules with volume fractions (1— )

and T respectively.

Combining the two equations above, we obtain an expression for C " in

terms of swelling ratio and light intensity

CW Cnetwork _ Cw 0{|
C p_| v 4 v 0

Substituting free energy functions into equation (3.51), we arrive at

W :%NKBT[Jirl_s—mn(J)}'ﬂ(J —1)[|n(JT‘1]+(@+AH

1% J J?
0(' CW Cnetwork _ CW J _1
_k T_O P T A— N S| 2 —
o Tt [J R } ”( v j

where 1, is the first deviatoric invariant of the deformation gradient. With the

(3.59)

free energy density function, we are able to obtain an explicit form of the

nominal stress
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KgT J-1\ 1 yo—nm 21
SIK:NkBT(FiK—HiK)+BT{In[Tj+J + 0‘]2 1+J—31 JH,

+k_|_a(|0 2((..:\;1etwork_C\\/N)-i_i - _#_SJH (360)
" hf J3 Ty T

where H, is the transpose of the inverse of the deformation gradient,
HiFi =9; . To convert the nominal stress into Cauchy stress, we use the

following relation o =s, F; /detF

The Cauchy stress is thus given by

NK, T kT[ (3-1) 1 z-z 22
% ==y (PP @')+B_{In(—]+_+%+75 3,

1% J J

» ) . y (3.61)
network w w
kTW|:( ! _CV )?"_Cv (?]:|5U__5”

3.2.2. Phase transition phenomenon

The phase transition of temperature-sensitive hydrogels is a commonly
observed phenomenon, and has been widely studied (Ding et al., 2013; Kondo
et al., 1993; Suzuki and Ishii, 1999; Suzuki and Kojima, 1994; Suzuki and
Tanaka, 1990; Tanaka, 1978; Wang, 2007). The phase transition temperature is
dependent on several factors, including the crosslink density of the polymer
network (Harmon et al., 2003a), the chemical potential of the solvent (Pastoor
and Rice, 2012), and the intensity of light irradiation. In the present study, we
investigate the effects of varying light intensity on the free swelling state of
poly(N-isopropylacrylamide) (PNIPAm) using the parameters listed in Table
3-1.

Experimental results have shown that for the same monomer, the addition

of chromophores will alter the swelling properties of the gel (Suzuki, 1993).
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This implies a change in the Flory-Huggins interaction parameter (Caykara et
al., 2006).

We define a new Flory-Huggins interaction parameter by introducing a
factor = to the experimental values obtained for a polymer network without

chromophores. Under this definition, we have

lo,new =THo = T(Ab + BOT)’

(3.62)
Tivew =Tl = z‘(A1 + BlT).

Performing a curve fitting process on the experimental results reported, the

Flory-Huggins interaction parameters of the gel containing 5% and 8% copper
chlorophyllin weere obtained by multiplying the values A,, B,, A and B, by

a factor 7 =0.78 and 0.85, respectively, and the crosslink density corresponds
to Nv =0.004. The change in transition profile is shown in Figure 3-7, which

shows a comparison of experimental results with analytical results.

314
| « 1BISOCH
+ 1BISBCH
312 = 1BIS10CH
1 Nv=0.011,7=1
310 Nv=0.004,r=0.85
| Nv=0.004,r=0.78
<308
o
=
@© 306 ~
@
3
£ 304 -
}_
302 |
300
298 T

T T T T T

— T T T T T
1.0 1.2 1.4 1.6 1.8 2.0 22 24 2.6
Normalized diameter

Figure 3-7: Comparison of experimental (Suzuki, 1993) and analytical
normalized diameters of a free swelling gel. Naming of experimental data set
follows results presented by the reference.
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Without any chromophores, the gel undergoes a discontinuous phase
transition as temperature is varied; and this is indicated by the two turning
points in the curve. The discontinuous phase transition exhibits hysteresis
phenomena which will be elaborated subsequently. Upon chromophore addition,
it is evident that the two stationary points are not present, indicating that the gel
undergoes a continuous phase transition. In addition to stabilizing the phase
transition process, the addition of chromophores also increases the phase
transition temperature,. This is corroborated by the higher curves Figure 3-7 for

higher chromophore concentration.

3.2.3. Some analytical solutions

In the present study, we will investigate the effects of varying light
intensity on the free swelling state of poly(N-isopropylacrylamide) (PNIPAmM)
using the parameters listed in Table 3-1.

Table 3-1: List of material parameters used in analysis

Parameter Value Reference
A, —12.947 (Afroze et al., 2000)
B, 0.04496 K™ (Afroze et al., 2000)
A 17.92 (Afroze et al., 2000)
B, ~0.0569 K* (Afroze et al., 2000)
a 0.6 Km*W™ (Suzuki and Tanaka, 1990)
f 488 nm (Suzuki and Tanaka, 1990)
C 2.998x10% ms™ (Serway and Jewett, 2013)
h 6.626x10** m*kgs™ (Barrow, 2002)
1% 10°8™ (Hong et al., 2008)
cpovmer 4.18x10° Jm K™ (Birgersson et al., 2008)
c, 2.4x10" Jm=K™ (Birgersson et al., 2008)
¢ 3.443x10° JIm°K™  (Serway and Jewett, 2013)
a'P) 77x10° K™ (Chester and Anand, 2011)
a™ 67x10° K™ (Chester and Anand, 2011)
'™ 17x10° K™ (Serway and Jewett, 2013)
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() (Cu)

where ', o’ and « "’ are the coefficients of thermal coefficient for the

polymer network, water and copper respectively.

3.2.3.1. Homogeneous free swelling of a cubic gel

We considered a dry cubic gel without any solvent imbibed in the polymer
network, the volume ratio of the gel is unity, J=1. This gave rise to a
singularity in the free energy function. Therefore, a second reference state of a
freely swelling gel with vC*® >0 was required, see Figure 3-8. In the free
swelling state, there is no stress present (o; =0) and the gel experiences stress
free isotropic stretches with 4, =4, = 4,. Taking this free swelling state as the
reference, we denote the isotropic stretches as A,, occurring at the reference

solvent chemical potential yz, and temperature T, and exposed to light at

intensity 1, . In this configuration, equation (3.60) becomes

N5 -1)+ m(l_i] RENO TR N7

kT, FEl A ERP LT
networi w : 3-63
val, Z(CVM k—Cv) c, (3.63)
+ +-L
hf h 78
A=4,>1
(a) (b)

Figure 3-8: Gel in (a) dry state; and (b) reference state.
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This homogeneous state of equilibrium serves as an initial condition during

the finite element analysis to circumvent the singularity in the dry state. The
variables in equation (3.63) are 4, , T,, I, and g, . Given any three

variables, we can find the fourth using this equation, thus providing the initial

condition.

In photo-thermal gels, the primary function of irradiation is to create a
temperature change in the temperature sensitive hydrogel. It might not appear
obvious that light intensity plays a direct role in the phase transition process but
it does, in fact, affect the transition. Experiments by Suzuki and Tanaka (1990)
have shown that increasing the light intensity lowers the transition temperature
and increases the tendency for the gel to undergo a discontinuous phase
transition. Here we first studied the effects of light intensity on the free swelling.

Figure 3-9(a) shows that increasing intensity decreases the phase transition
temperature of the gel. In addition, the change in light intensity may trigger a
change in the mechanism of the phase transition from a continuous transition
into a discontinuous one. When held at a constant temperature, phase transition
took place as we varied the intensity of irradiation onto the gel. In Figure 3-9(b),
we held temperature constant and varied the light intensity from 0 mwW cm™ to
300 mW cm™. The curves obtained show that an increase in light intensity
decreases the transition temperature and also increases the tendency for the gel
to undergo a discontinuous phase transition. These computed result showed
similar trends with experimental observations (Suzuki, 1993; Suzuki et al.,
1996; Suzuki and Tanaka, 1990).
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Figure 3-9: Volumetric phase transition of a gel under (a) constant light
intensity but variable temperature, (b) constant temperature but varying light
intensity.

3.2.3.2. Effects of Varying Light Intensity

In photo-thermal gels, the primary function of irradiation is to create a
temperature change in the temperature sensitive hydrogel. It may not appear
obvious, but light intensity does, in fact, play a direct role in the phase
transition process. Suzuki and Tanaka (1990) have reported experimental
observations which show that increasing the light intensity lowers the transition
temperature and increases the tendency for the gel to undergo a discontinuous
phase transition. Here, we will first study the effects of light intensity on free
swelling. To verify that the finite element subroutine developed is numerically
correct, we will compare the simulation results with analytical results of free

swelling by solving equation (3.63).

The change in transition temperature and the existence of transition
intensity suggests that in this photo-thermal deformation process, irradiation
does not simply act as a heating agent to initiate temperature sensitive
deformation, but also has a second function to alter the phase transition

pathway.

3.2.3.3. Hysteresis
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Depending on values of the various factors discussed in the preceding
sections, the swelling-deswelling process of a hydrogel may undergo hysteresis
(Suzuki et al., 1996). From the plots presented in Figure 3-10, we see two
different types of curves, one that is monotonic, as shown in Figure 3-10(a), and
one that possesses stationary points, as shown in Figure 3-10(b). The former
monotonic curve represents a smooth transition between the different phases,
whereas the latter curve suggests signs of hysteresis during the swelling-

deswelling process.

]:j*

eswel

, or

*

deswell

Intensity or temperature Intensity or temperature
(a) (b)

Figure 3-10: (a) Continuous phase transition; (b) Discontinuous phase transition
exhibiting hysteresis. The arrows above the curve represent the direction of
deswelling and arrows below the curve represent the direction of swelling.

It was demonstrated that deformation caused by one stimulus (light or heat)
can be reversed by application of the other stimulus (Suzuki et al., 1996). This
property provides useful applications in the area of optical switching where one
stimulus can be used to activate the switch, and the other to deactivate the

switch.

3.2.3.4. Internal stress in a constrained gel

We now consider a gel, initially at a stress-free state of A, , which is

constrained on both lateral sides and allowed to deform only in the longitudinal

direction. Deformation is triggered by varying light intensity at an isothermal
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condition. In the deformed state, the stretches are 4, =4, =A,, whereas A, is a

variable. The in-plane stresses are o, =0, =0 while o,=0 as the gel is

allowed to swell freely in the 3-direction. With these definitions, equation (3.63)

becomes

0= (B -1)+e (3.64)
Nv 2
o=k -1+¢ (3.65)

where & represents the shorthand for the long expression given by

1 1 _ 2 | 2 Cnetwork_cw CW s
§=In[1 j Yo"l h +vﬂ[ (V V)+ V)2 -

_/122 +/12 + 24 \2 0 \3 I 5 \3 )
k) Ak (4) (44) (434,) (24,

Equation (3.64) gives the longitudinal stretch while equation (3.65) gives

the in-plane stress present in the gel at various light intensities.

0.03

1
o vo, /ké

.01

0.00 4=

T T
0 200 400 0 200 400
Intensity (mW) Intensity (mW)

(@) (b)
Figure 3-11: A gel in contact with solvent with chemical potential x5 = 0 and
maintained at To=300K, 302K, 304K, 306K and 308K undergoing uni-axial

deformation at various light intensities. The gel experiences (a) an in-plane
stress and (b) a longitudinal stretch.
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From Figure 3-11, we can see that a photo-thermal gel at fixed deformation
experiences a tensile internal stress when exposed to irradiation. As compared
to the case of free swelling, the gel deswells more in the case of constrained

swelling.

3.2.4. Numerical procedure for equilibrium swelling of

photo-thermal sensitive hydrogels

To facilitate the modeling and simulation of gel deformation when
subjected to light and temperature changes and constraints, we utilized
commercial finite element numerical solver Abaqus. Based on earlier works
which implement hydrogel properties as hyperelastic materials (Ding et al.,
2013; Hong et al., 2009a; Marcombe et al., 2010), we developed the user-
defined subroutine UHYPER to carry out finite element analysis on the gel
deformation. The definition of material properties was based on the free energy
function derived earlier in equation (3.59) and its respective derivatives with
respect to the invariants of the deformation gradient. In this section, we will

derive all required expressions for the formulation.

Due to singularity in the dry state, we assumed an initial free swelling

condition of
0
0

o

(3.66)

o o g
o o

Relative to the initial free swelling state, the current deformation of the gel
is, as measured by Abaqus, F'. To obtain the actual deformation gradient of

the gel, we write F =F'F;.
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Therefore, in all subsequent implementation in Abaqus, we write J = 433",

where J denotes actual swelling ratio and J* denotes swelling ratio used in

Abaqus. The non-dimensionalized free energy density is thus re-written as

\/ 2 network _ w w
W {le{ﬂg\]'?’ll32In(/103\]‘)}va|°[cv S CV}

kT, |2 | (250 BRI
(3.67)
391 ﬂg‘] -1 ZO X1 _ 738 l
N Gy I

The first, second and third derivatives were given from equations (3.68) to
(3.82).

oW /keTy) (1, 2\T
a—l_l:{ENvﬂoJ jT_o (3.68)
a(wélz kT, ) 0 (3.69)
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For the initial condition of 4, , we solve the equation (3.63) at initial

temperature T, , initial light intensity 1, and chemical potential z; .

KTy A A A
Valo network w 2 w 1
+h—f[(cv o) 2L

Due to limitations of the UHYPER subroutine, only one loading parameter

0

1”0 :&(j’;_l)+|n[l_%}+i+u+%
(3.83)

can be applied in the form of a temperature field. Therefore simulations were
made by varying one field (temperature, light intensity or chemical potential)

and keeping the other two fixed.

The required loading parameter was thus represented by temperature in
Abaqus. For example, to simulate effects of change in chemical potential at
fixed temperature and intensity, we represent chemical potential as a
temperature field, with the fixed values of temperature and intensity as material

inputs, together with the crosslink density.

3.2.5. Numerical examples for equilibrium swelling of photo-
thermal sensitive hydrogels

Using the finite element model developed in Section 3.2.4, we will

investigate some interesting phenomenon and applications of the photo-thermal

sensitive hydrogel.
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3.2.5.1. Free swelling of a cube - verification with analytical results

In this section, we will verify the finite element model through comparison
with analytical results developed in Section 3.2.3 before proceeding to conduct

simulation for gels of more complex geometries.

To verify that the finite element subroutine developed was numerically
correct, we compared the simulation results with analytical results of free
swelling by solving equation (3.63). As explained in 3.1.3, it is possible to use a
single element to simulate the swelling of the gel due to homogeneity.
Therefore no mesh convergence tests were conducted. Figure 3-12 shows a
comparison of analytical solutions obtained in Figure 3-9 with FEM results

from a cube of 2x2x2 C3D8 elements.

For continuous phase transitions, the finite element analysis is able to fully
simulate the entire transition process. In the case of discontinuous phase
transition, the simulations conclude when the turning points are reached as the
Newton method is not adapted to capture the full resolution of the turning
feature. Although Abaqus offers alternatives to overcome stationary points
through options such as *RIKS and *BUCKLE, we note that these options are

not applicable to gels in the inhomogeneous field theory.

To obtain both portions of the curve shown in Figure 3-12, separate
simulations have to be run, with one simulating the shrinking process of low
temperature or light intensity to high temperature or light intensity, and
anothersimulating from high temperature or light intensity to low temperature

or light intensity.
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Figure 3-12: Parametric study of effects of changing light intensity on the phase
transition path. The gels of crosslink density Nv =0.01 are irradiated with light
of wavelength 488nm. (a) Light intensity is kept constant while temperature is
varied from 293K to 313K; and (b) Temperature of gel is kept constant while
light intensity is varied from 0 mW cm™ t0300 mW cm™.

3.2.5.2. Coexistent phases of gel deformation

During the deformation process of a gel under external constraints, a part
of the gel may undergo phase transition while other parts remain in the original
phase. This is known as the coexistent phase where the collapsed gel is able to
exist with the uncollapsed gel. Although an analytical approach is possible by
solving the governing equations (Eshelby, 1956) for temperature sensitive
hydrogels (Cai and Suo, 2011), the phenomenon of coexistence within a gel is a
complex one and often requires numerical methods to predict the overall self-

consistent behavior.

Here we will employ the developed finite element formulation to study this
phenomenon. Consider a hydrogel rod immersed in water (ﬁg =0), fixed at

both ends and originally unexposed to irradiation. As light is being irradiated on
the middle portion of the rod, the exposed portion starts to undergo phase
transition. The process takes place under an isothermal condition of 308 K. Due

to symmetry, a quarter-model was used. 3125 axisymmetric four-node CAX4
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elements were used for the mesh. There were a total of 3276 nodes. Each

simulation took about a few minutes to run on 8 cores.

—
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Figure 3-13: Cross-section view of a gel (Nv=0.005,r=0.78) subjected to
irradiation of different intensities at 308 K. The contour plots show the

deformation in the radial direction.
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Figure 3-13 shows the simulation results which successfully captured the
state of deformation when the gel was subjected to light with different
intensities. Under increasing intensities, the extent of deswelling of the exposed
rod increased. As the middle portion shrank, the interface between the two
phases experienced tension, which changed the proportion of the radial

dimensions of the two phases.

It should be noted, however, that the parameters used in this simulation
causes continuous phase transition, thus allowing the simulation to be
completed. Certain combinations of parameters will cause discontinuous phase
transition and will not allow finite element analysis beyond the instability
points.

3.2.5.3. Application in micro-valves

The large deformation present during irradiation of light to a photo-thermal
gel makes it a useful material as a remotely controlled flow regulator. Without
irradiation exposure, the flow passage is blocked by the gel. Upon irradiation,
the gel shrinks thus allowing the liquid to flow across the channel. We study the
deformation process of such an application using the finite element model
presently developed. In this example, we will investigate a hybrid hydrogel-
membrane microfluidic valve (He et al., 2012; Moore et al., 2000), where a
membrane in contact with a hydrogel is used to control flow across an orifice

located directly below center of the gel, see Figure 3-14.

Restricted flow
at orifice

(a) (b)

Figure 3-14: (a) Configuration of valve when gel is not being irradiated, gel is
swollen and blocks the orifice, restricting flow; (b) Configuration of valve when
gel is irradiated, gel deswells and thus allowing flow across orifice.
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In this application of the photo-thermal gel, the gel is initially not exposed
to irradiation, and the gel is in a swollen state which prevents fluid flow across
the orifice. However, as the gel is being exposed to irradiation, the gel shrinks
and removes the blockage in the orifice which allows flow. This action of
shrinking and swelling is reversible and thus would be a suitable material as a
flow control valve. In the valve, a gel originally in the dry state is placed in

contact with the membrane. There are no deformations in the membrane. Next,
the gel is being exposed to solvent of chemical potential of z° =0 to reach the

swollen state. This swollen state inhibits flow in the channel. As the gel is being
irradiated, shrinkage occurs and unblocks the orifice, thus allowing for flow

across the channel.

In the model, axisymmetric CAX4 elements were used. Due to symmetry,
only half of the geometry was modeled. Mesh convergence tests were
performed and it was determined that 900 elements (961 nodes) and 500

elements (606 nodes) were sufficient. Simulation time was about 3 minutes on

8 cores.
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Figure 3-15: Contour plot of the normal displacement of gel with parameters
Nv =0.005 and T, =308 K .

113



Figure 3-15 illustrates the simulation results of the deformation of the gel
as it was being irradiated. The capability of presently developed finite element
model to capture the gel deformations across various light intensities is clearly

evident. Figure 3-15(a) shows the valve being prepared by first setting a dry

(ﬁg :—0.5) cylindrical gel in contact with the membrane, while Figure 3-15(b)

shows the swollen gel at equilibrium with the solvent of chemical potential
2° =0 The swollen gel causes the membrane to block the opening of the
orifice, thus restricting flow. In Figure 3-15(c), the gel deswelled under
15 mWem™ irradiation, and in Figure 3-15(d), it deswelled further under
60 mwem™ irradiation, and was restored to a strain-free state. Although
similar mechanisms have been applied using pH-sensitive hydrogels, the slow
response mechanism of pH-sensitive hydrogels limits their application. Photo-
thermal gels would, on the other hand, be a more viable option as a microfluidic
valve. In addition, the viability of remotely controlling the valve places photo-

thermal gels in greater advantages.
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3.3. Magneto-thermal sensitive hydrogels

Although light-sensitive hydrogels satisfy all the checklist of a good gel
material, its use is physically limited by the condition of requiring exposure to
light, which might not be possible in some applications, such as controllable
drug release agents due to the opacity of the human body. Alternatively,
hydrogels containing magnetic particles offer a viable solution to this problem

as magnetic fields are able to penetrate the human body more strongly than light.

Hyperthermia, or the Kkilling of cancerous tumours using elevated
temperatures, has caught the attention of researchers in the biomedical industry.
Magnetic hyperthermia refers to the use of heat generated by magnetic
nanoparticles (MNPs) exposed to an alternating magnetic field (AMF) to

perform hyperthermia (Jordan et al., 1993) is one area with vast potential.

Other than magnetic hyperthermia, the temperature increase in MNPs may
be utilized to induce large volumetric changes in temperature sensitive
hydrogels, providing possibilities in remotely controlled microfluidics,
controlled delivery and hyperthermia (Brazel, 2009; Lai et al., 2007; Satarkar
and Hilt, 2008). However, there is a lack of literature describing the theory and
mechanics of a magnetically sensitive hydrogel.

Continuing previous works on thermodynamic theories for temperature
sensitive and photo-thermal sensitive hydrogels, we will develop a
thermodynamic theory to describe the relationship between gel response with
temperature and alternating magnetic field.

In what follows, we will build the theoretical framework in terms of
thermodynamics of deformation, and subsequently specialize the material to a
hydrogel made of poly-n-isopropylacrylamide (PNIPAM) infused with SPIONS.
Using the theory developed, we will further discuss some analytical solutions,
which include phase transition of gels under free swelling and constrained

swelling. In addition, a numerical procedure using finite element as a tool to
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predict deformation behaviour of a gel under magnetic and temperature loads
will be developed. Finally, we will explore a potential application of magneto-
thermal sensitive hydrogels in microfluidic valves with the finite element model.

3.3.1. Equilibrium swelling theory of magneto-thermal

sensitive hydrogels

Referring to Figure 3-16, a gel, subjected to geometrical constraints and

attached to a body force of B; and traction of T, , is maintained at chemical

potential £°. A wire of alternating current is placed nearby, inducing a

magnetic field of B, in the gel. The work done on the gel by the mechanical

g

load, solvent and magnetic field are P&, #°6N° and B, ,,6M respectively.

Solvent

AC AL 3

Figure 3-16: External loads on a magnetic gel

These works done on the gel cause a change in the free energy density of

the system,

Jowdv = [BoxdV + [Toxds +x°[oCdV + B, [oMdV  (3.84)
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Using the deformation gradient (F,, =0x, /dX, ) as a measure of amount

of deformation and invoking the divergence theorem, equation (3.84) is written

as

Jowav =[5, 5FdV + u[SCAV + B, [ SMdV (3.85)

Writing the change in free energy density using the chain rule of partial

derivatives, we obtain

j SMdV

mag

I MW W AW
OF oC

OFy +—0C + oM ]dv =[5 0FdV + [ 5CaV +B

(3.86)
under the assumption that the free energy density is a variable dependent on the

state of deformation, solvent concentration and magnetization.

For arbitrary values of the integrand, equation (3.86) reduces to the set of
three differential equations

oW oW oW
Sk = g M= 5ge B =

iK

(3.87)

3.3.1.1. Free energy function

Following the works from previous sections, we assume that the total free
energy function can be decomposed into a linear sum of the three component

densities, we write

W =W (F,,C,M)

:Wnet(FiK)+Wmix (C)+Wmag (M ) (388)
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The free energy of network stretch W, and mixing W,;, take the same

form as the free energies of a temperature sensitive hydrogel, as given in
Section 3.1.1.2.

As the magnetic particles are magnetized, there will be a contribution to the

free energy of the gel due to the entropic change in the system. We will assume

the simplest case of a paramagnetic system with spin % ground state and no

orbital angular momentum for this free energy function of. Under this

assumption, the free energy of magnetization is written as

m /uBBmag
W og =—C"KgT 11In| 2cosh (3.89)
kgT

m . . . .
where C" is the number of magnetic particles per unit reference volume.

3.3.1.2. Energy conservation constraint

As with the hydrogels discussed earlier, we assume a molecular
incompressibility constraint, given in Section 2.1.1.4.

In addition, we consider conservation of energy during a magnetic
hyperthermia process. In a gel with SPIONs, the magnetization is proportional
to the magnetic particle concentration and takes the form of a hyperbolic

tangent function (Stéhr and Siegmann, 2006), i.e.

°B
M=¢C"u® tanh(%} (3.90)

B

Given that the concentration of magnetic particles within the polymer

network does not change with swelling, we can write f_+ 1“p =1, where f_ is
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the volume fraction of magnetic particles with the polymer network and can be

regarded as a material parameter.

Combining with equation (3.90), we obtain that magnetization is inversely

proportional to the volume swelling ratio, J.

f Cm/lB (ﬂBB }
M=-= tanh — (3.91)
J koT

We obtain values of C" by equating temperature rise during magnetic
hyperthermia to the total energy of all magnetic dipoles during the

magnetization process,

B

m B ,Lt Bmag
C"u"B,,, tanh T = pCAO (3.92)

B

Using experimental results from Skumiel et al. (2007), with magnetic field
intensity ranging from H =500Am™ to H =1.75kAm™ | temperature rise
ranging from A0 =3K to A@=37K | p=1480kgm™ | c=~2230Jkg~'K™,

we obtain an approximate value of C™v ~3x10" for iron (Ill) oxide (Fe,O,)

nanoparticles with volume fraction of f, =0.03.

3.3.1.3. Transformation into a hyperelastic solid
To transform a magneto-thermal sensitive hydrogel into a hyperelastic

solid, we introduce a new free energy function W by performing the following
Legendre transformation
W (Fy, 1, B)=W(F,,C*M)-x°C*~B M (3.93)

The non-dimensionalized free energy function of the gel is thus
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Wy _Invl(1-3-2m3)+ L vcm( Ve )+ A (3o
kT, 2 T, T, 1+vC ) 1+vC KT,

—valln 2cosh(E_5T—°j — vaB_tanh(I§T—°j f /1
T, T T

where B = ,uBBmag/kBT is the non-dimensionalized magnetic field.

(3.94)

The nominal stress is thus derived to be

SiLV:NVl(FiK_HiK)+l|:In(J_1J 1 ZO ZZl+2_}gl:|‘JHiK
kT, T, LU )T 095

—s N.vi, s =T
A IHy + = Btanh(B?"jJHiK

3.3.2. Some analytical solutions

3.3.2.1. Homogeneous free swelling

When undergoing free swelling, there is no stress present in the gel and

equation (3.95) reduces to

_||—|
~
Il

Nvl(ﬂo——j ﬂo aj LA+ ﬂometanhE 0 (3.96)

Ll 4

where &= In(l—%j % + Zoﬂ(?% +%.
We take the gel to be in chemical equilibrium with water as the solvent,
thus z° =0 . Figure 3-17(a) shows plots of A, with temperature at various

magnitudes of magnetic field. It is evident that exposure to magnetic field
causes a decrease in phase transition temperature of the gel. This causes the

phase transition to shift from a continuous transition into a discontinuous one.
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—B=0
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€) (b)

Figure 3-17: (a) Phase transition of gel held various magnetic fields of regular

intervals of AB =6x10"°, with the top curve being B =0. (b) Phase transition
of gel held at constant temperatures at 4K intervals ranging from 290K (top
curve) to 306K.

When held isothermal under varying magnetic field, we obtain Figure
3-17(b), which suggests that a change in magnetic field alone is sufficient to
cause a phase transition in the gel, This allows the gel to be dually controlled:

via temperature and magnetic field.

3.3.2.2. Swelling of a gel constrained laterally

Figure 3-18: An initially isotropic gel cube subjected to constraints on the sides
and only swells in 1 direction.

As the gel is constrained in the longitudinal directions, swelling will take place
in the longitudinal direction. There will be in-plane stresses while

longitudinally it will be stress-free.
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T 1 T N vf — _T
Ny—| 1-= 2 & A +—" _mBtanh| B-2 |=0
To( /J %Toéi H Ay PR ( Tj (3.97)

Nut I§tanh(|§ Oj (3.98)
Ady

LA VHILE P N PRI
o vTo[ﬂo %onnél Ak +

— |

1 1 yv,—-x 2y
where & =In(l— }+ 20 Ay 1
T I )
The initial state of swelling is determined from equation (3.96) for A4, . The
values of stretch and in-plane stress are then obtained using equations (3.97)

and (3.98). Figure 3-19 shows the longitudinal stretch and in-plane stress of the
gel with temperature respectively.

—B=0 —B=0 .
---B=6x10" ---B=6x10" ) -
2 -—B=12x10" = B=12x10"° JAY

o
=3
b

Lateral stretch

0.024

Non-dimensionalized stress

o T T T T T 0.00 T T T T T
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Temperature (K) Temperature

(a) (b)

Figure 3-19: (a) longitudinal stretch and (b) in-plane stress of a laterally
constrained hydrogel.
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3.3.2.3. Swelling of a gel constrained longitudinally

Figure 3-20: An initially isotropic gel cube subjected to constraints on 1 pair of
parallel sides and swells in the lateral direction.

Constrained on opposing faces, the gel is free to swell in the lateral

directions. Laterally, it will be stress free while there will be stresses induced in

the longitudinal direction.

Nle(z__] /101 G- Mfmstanh( T?j=o (3.99)

0

S_V=Nvl,10 1 12—52 A7+ Nmzvzml§tanh( T—J (3.100)
kTO TO /10 0 ﬂ’O/1 T

l} 1 +Zo_11+ 21

;= 1-——: 2 2 3 -
where ¢ ”( W) () ()
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Figure 3-21: (a) in-plane stretch and (b) longitudinal stress of a longitudinally
constrained hydrogel.

3.3.3. Numerical procedure for equilibrium swelling of
magneto-thermal sensitive hydrogels

In finite element implementation of user-defined materials, commercial

finite element software Abaqus is a popular software of choice due to its vast

library of subroutines offering wide customizability. For implementation of

material properties, Abaqus offers two options: UHYPER and UMAT. The

subroutine UHYPER is largely popular with users for the easy implementation.

As a common approach, we implement the material as a hyperelastic model
by the definition of the free energy function and its derivatives through the
UHYPER subroutine offered by finite element software Abaqus. As the
procedure has been documented widely for various types of hydrogels (Ding et
al., 2013; Hong et al., 2009a; Marcombe et al., 2010), we did not go through the
procedure here, but instead presented all equations required.

The definition of material properties is based on the free energy function
derived earlier in equation (3.94) and its respective derivatives with respect to

the invariants of the deformation gradient.

Due to singularity in the dry state, we assume an initial free swelling

condition of
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0
0

o

(3.101)

o o s>
o o

Relative to the initial free swelling state, the current deformation of the gel
is, as measured by Abaqus, F'. To obtain the actual deformation gradient of

the gel, we write F =F'F;.

Therefore, in all subsequent implementation in Abaqus, we write J = 433",

where J denotes actual swelling ratio and J’ denotes swelling ratio used in

Abaqus. The non-dimensionalized free energy density is thus re-written as

1 A aan | T
=§Nv[loJ I, —3-2In(45J )}T—

0

W
k BTO

3 '_
ke SR
BTTRYT (20)

—valln Zcosh(E_BT—Oj —Nms—Vfr“B_tanh(l§T—°j
T, | T J' T

(3.102)

—~—

+(453-1

The derivatives of the free energy function are derived to be

7
NvAZJ 'SJT— (3.103)

0

6(1/\/\7/kBT0) 1
e

oW /k,T,)
al,

~0 (3.104)
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For the initial condition of A, , we solve equation (3.96) at initial

temperature T, , initial light intensity 1, and chemical potential z; .

As with the subroutine developed for the photo-thermal sensitive hydrogel
(Section 3.2), this subroutine is limited to one loading parameter at any one
time. Therefore simulations were made by varying one field (temperature,

magnetic field strength or chemical potential) and keeping the other two fixed.
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The required loading parameter was then represented by temperature in
Abaqus. For example, to simulate effects of change in chemical potential at
fixed temperature and magnetic field strength, we represent chemical potential
as a temperature field, with the fixed values of temperature and magnetic field
strength as material inputs, together with the crosslink density and initial stretch

ratio.

3.3.4.Numerical examples for equilibrium swelling of

magneto-thermal sensitive hydrogels

3.3.4.1. Verification of FE model

We had verified the numerical results with analytical solutions using the
longitudinally constrained cube (presented in Figure 3-21(b)). Figure 3-22
shows the comparison between both sets of results. We can see from the results
that FEM is able to correctly predict the swelling ratio of the gel according to
theoretical results. As mentioned in Sections 3.1.3 and 3.2.5.1, it is possible to

use a single element to simulate the swelling of the gel due to homogeneity.
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Figure 3-22: Comparison of FEM results (Discrete points) with analytical
solution (Solid line)
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3.3.4.2. Applications in microfluidics

The dependence of the swelling profile on the magnetic field strength
proves to be an excellent property for applications in devices which require
precise actuation of mechanisms, which may be controlled by the volumetric
change of the gel.

We explore a microfluidic valve using a channel consisting of 3 gel pillars.
This configuration has been studied extensively (He et al., 2012; Moore et al.,
2000). However, contrary to what most studies propose, where the valve is
commonly unblocked and swelling of the gel causes flow to be impeded in the
valve, we propose the opposite mechanism, which utilizes the magnetic field

dependence properties of the gel.

A dry piece of gel (Figure 3-23(a)) was first hydrated, which resulted in a
swelling large enough to cause a blockage in the channel (Figure 3-23(c)) This
is the operational “OFF” state. In the simulation, 710 CPE4 elements consisting
of 803 nodes were used to model the gel, and 80 CPE4 elements consisting of
162 nodes were used to model the wall.
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(a) (b) (c)
Figure 3-23: Swelling process of the hydrogel at (a) z =-1, (b) x° =-0.089
and (c) #°=0.
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To switch to the “ON” state, we deswelled the gel by applying a
temperature change and magnetic field simultaneously. The temperature change
caused large deswelling in the gel and the transition temperature at which the
unblocking occurs is controlled by the magnetic field. We measured the size of

: : . o
the opening relative to the hole size in the dry state, i.e. T where | and |, are
0

illustrated in Figure 3-24

Figure 3-24: Measurement of relative channel opening, dotted line represents
initial geometry in the dry state.

As shown in Figure 3-25(b), as the strength of magnetic field is increased,

the critical temperature at which the channel starts to occur decreases.
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Figure 3-25: Relative size of channel opening during (a) initial hydration
process, (b) switching from “OFF” state to “ON” state.
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Using a simple mechanism as proposed, it is possible to decide precisely
when the valve opens or closes simply based on the temperature and magnetic
field applied.
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3.4. Concluding remarks

In this chapter, we have developed equilibrium swelling theories for
temperature sensitive, photo-thermal-sensitive and magneto-thermal-sensitive
hydrogels. These studies were largely motivated by the phase transition
phenomenon that is commonly observed in hydrogels. We had shown that the
phase transition of these hydrogels is highly dependent on the material

properties and environmental conditions.

The equilibrium theories were developed first in temperature-sensitive
hydrogels, and later extended to the dually-sensitive hydrogels based on the
same thermodynamic framework. Material parameters used in the analyses
were obtained from experimental fittings performed by other researchers. A
finite element model for simulating the temperature sensitive hydrogel was
developed using UMAT subroutine, by defining the Cauchy stress and the
tangent modulus tensor. Numerical examples were presented to compare the
difference between implementation using UMAT and UHYPER, and to
highlight the advantages of UMAT over UHYPER.

In the thermodynamic theory for photo-thermal sensitive gels, we
incorporated effects of photochemical heating into the theory of temperature
sensitive hydrogels developed in Section 0. The phase transition of the gel and
its dependence on light intensity were studied. The field theory was
implemented through the development of a user-defined subroutine UHYPER
in a finite element solver by modeling the material as a hyperelastic material.
Verification of the finite element formulation and source code was performed
by comparison with analytical results for the case of free swelling of a cubic gel.
Furthermore, through several examples, we were able to demonstrate that the
developed field theory and the finite element formulation can accurately and
efficiently predict the deformation of photo-thermal sensitive gels with complex

geometries. This was shown through the analyses of deformation of a gel in
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coexistent phases, buckling due to the deswelling action and a hybrid hydrogel-

membrane light actuated microfluidic valve.

In the theory of magneto-sensitive hydrogels, we incorporated effects of
paramagnetic heating into the theory for temperature sensitive hydrogels. The
effect of varying magnetic field strength on the phase transition pathway was
investigated. In addition, the material properties of the magneto-thermal
sensitive hydrogel were implemented in Abaqus using UHYPER. Using this
finite element model and utilizing the dependence on magnetic field strength,
we proposed a mechanism for microfluidic devices where the opening and

closing of the channel may be controlled precisely.

In the numerical simulations performed, we noted that the finite element
analysis cannot be completed for cases with discontinuous phase transitions as

the solution method was unable to overcome the turning point of the instability.
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4. Swelling induced instabilities in hydrogels

When a dry polymer network comes into contact with a solvent, it imbibes the
solvent and swells, forming an aggregate known as a hydrogel. Hydrogels may swell to
many times their initial volumes, with reports showing a volume change of up to 1,000
times the dry volume. Due to this complex large deformation process, swelling induced
instability is a commonly observed phenomenon. The instability of gel deformation
causes wrinkling or buckling, which has traditionally been deemed as an undesirable
trait in structures. However, there has been significant recent interest in harnessing the
instabilities for potential applications, such as gear formation, soft electronics, actuators
and tunable adhesion (Kwon et al., 2010; Li et al., 2012a; Rogers et al., 2010; Yang et
al., 2010).

The buckling of gels can be broadly classified into two types: bulk buckling and
localized surface buckling (DuPont Jr et al., 2010). Many studies had been carried out
on the instability mechanisms that a hydrogel experiences during the swelling process.
Tanaka et al. (Tanaka et al., 1987) reported that even in the absence of external
constraints, a gel may still experience wrinkling during the transient process of swelling.
This is due to the differential swelling that occurs between the surface of the gel and the
inner layers. The wrinkles that appear are reported to grow with time as solvent
molecules diffuse within the gel (Guvendiren et al., 2010a; Peixinho and
Mukhopadhyay, 2013). Although abundant literature on the analysis of swelling
induced instabilities of gels are available, we note that most of these works involve
static analyses, such as that of bi-layer structures (Liu et al., 2011), thin gel structures
(Liu et al., 2010; Mora and Boudaoud, 2006; Zhang et al., 2014), functionally graded
materials (Wu et al., 2013) and creasing (Hong et al., 2009Db).

In this chapter, we investigate this interesting phenomenon of transient wrinkle
mode evolution using the finite element and state-space methods. From our simulations
and prediction, we find that there is an inverse relation between critical wave number

and time, which has earlier been observed in experiments.
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4.1. Surface wrinkling in transient swelling

When exposed to an external solvent, a dry polymeric network imbibes the solvent
and undergoes large deformation. The resulting aggregate is known as a hydrogel. This
swelling process is diffusion driven and thus results in differential swelling during
transient swelling. When subjected to external geometrical constraints, such as being
rigidly fixed or attached to a compliant substrate, wrinkles have been shown to appear
due to mechanical instabilities. In the case of free swelling, there are no external
constraints to induce the instabilities accounting for wrinkling patterns. However,
during the transient swelling process, the swelling differential between the gel on the
exterior and the interior causes compressive stresses and gives rise to mechanical
instabilities. It is also observed that the time dependence of the swelling profile causes

the wrinkles to evolve with time.

4.1.1. Transient one-dimensional swelling

As a benchmark example, the one-dimensional swelling of a gel blanket attached to
a rigid substrate on one side has been investigated extensively (Bouklas and Huang,
2012; Duan et al., 2013). However, in these analyses, there was a common assumption
of the non-existence of instabilities. This assumption might not be valid across all cases
as the compressive stress induced during swelling will result in the onset of instabilities,

as shown in Figure 4-1.
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Figure 4-1: Schematics of a gel exposed to solvent of chemical potential ug during (a)
initial state of homogeneous swelling at chemical potential of u, , (b) onset of wrinkling
at the surface at time t.

During the transient state of swelling, the surface of the gel swells faster than the
interior of the gel. When this happens, there is a differential in swelling ratios between

the surface layer and the layer of gel immediately below the gel surface, resulting in a
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compressive stress differential throughout the height of the gel, similar to a functionally

graded hydrogel in equilibrium (Wu et al., 2013).

As diffusion progresses, the vertical stress and swelling ratio profiles continually
change with time, as shown in Figure 4-2. With an initial homogeneous stretch of

F =diag[4, 4, 4,] , the deformation gradient of the gel at any time is given by
F =diag[4,, 44,4, ], with 4 representing stretch with respect to initial swelling ratio
A, . This evolution of the profiles implies that the wavelength of the surface wrinkles

will also evolve with time.
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Figure 4-2: (a) Compressive stresses experienced by a gel with parameters
Nv =0.001,  =0.1, z; =—1 swelling under lateral constrains in kinetic analysis, (b)

stretch ratio at various times.

Various methods have been developed to solve for the critical conditions of surface
wrinkling, such as the finite element method (Lee et al., 2008) and state-space method

(Wu et al., 2014). However, these methods were developed for elastic materials rather

than gel materials.

4.1.1.1. Finite element method

We utilized the subroutine developed in Section 2.1.2 for the simulation of this
example. By introducing a perturbation to the mesh, we were able to initiate the onset of
surface instabilities in the finite element model. However, it was noted that due to the

highly nonlinear feature of the analysis, which resulted in excessive distortion of
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elements in the top layer, the finite element model was unable to capture the entire post-
buckling analysis. This restricted the simulation of the entire transient evolution of the

wrinkles.

To circumvent this problem, we controlled the wavelengths that appeared by using
8 columns elements for each wavelength of the surface wrinkle (Figure 4-3(a)) and
imposing periodic multipoint constraints (MPCs) on the surface nodes. Referring to
Figure 4-3(b), the MPC were defined as such by setting all vertical displacements of

points A (u,) to be equal, all vertical displacements of points B (ug) to be equal, all
vertical displacements of points C (u. ) to be equal, all vertical displacements of points
D having amplitudes equal to the negative of Uy, i.e. Uy —uU, =u, —U, and all vertical
displacements of points E having amplitudes equal to the negative of U. , i.e.

U —U, =U, —Ug.

@ * (b)
Figure 4-3: (a) Discretization of a single waveform into 8 elements. (b) Imposition of
MPC at surface nodes

Through this MPC imposition, we were able to obtain characteristic times of onset
of instability for different wavelengths. The simulation was mesh-independent as the
characteristic times showed a trend of convergence for meshes of different refinement.
For computational efficiency, graded meshing was used for all simulations, with
thickness of the top layer mesh ranging from 0.1% to 5% of gel thickness H, and
thickness of bottom-most layer mesh fixed at 20% of H. Figure 4-4 shows three graded

meshes of different sizes with top layer mesh thickness of 1%, 0.5% and 0.1%.
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a)

(
(b) (©) (d)
Figure 4-4: (a) Full finite element model of the gel, with thickness 1 and width of 10.
(b), (c) and (d) shows different meshes with top layer mesh thickness of 0.01H, 0.005H
and 0.001H respectively. Note that meshes (b) to (d) are shortened with width to
illustrate the graded mesh used in simulations.

Figure 4-5 shows the time of onset of instability for the case of 10 and 15 waves,
with meshes of varying refinement. It can be seen that the predicted times of onset of
instability converges as the mesh was gradually refined. Therefore, for all subsequent
simulations, we assigned a top layer mesh thickness of 0.001H. Depending on the
wavelength, the number of elements in the simulation range from 600 to 20000. The gel
was given a fixed boundary condition at the bottom surface and no lateral displacements
on the side surfaces. At the top surface, the gel was exposed to a chemical potential of 0

together with MPC discussed earlier.
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Figure 4-5: Time of onset of wrinkling with increasing refinement of mesh for models
with 10 and 15 waves within the width of the gel.

Arranging the wrinkled states according to the size of the wrinkles, we obtained the
profiles shown in Figure 4-6. The wave number follows an inverse relationship with
square root of time (Figure 4-7(a)). Plotting the wavelengths against the corresponding
time of onset of the instabilities, we obtained a linear relationship (Figure 4-7(b)), which
had also been observed experimentally (Guvendiren et al., 2010a).

In the limiting case where wavelength is reduced to zero, we predict that the onset
of buckling will occur immediately on exposure to solvent. Experimentally, this is
observed as a very large number of surface wrinkles appearing during the initial phase
of swelling, which coalesces with time to form larger wrinkles, i.e. the number of
wrinkles decrease with time (Peixinho and Mukhopadhyay, 2013; Tanaka et al., 1987).

It is predicted that the wrinkles of a gel with lower crosslink density grows faster than a
highly crosslinked gel.
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Figure 4-6: Evolution of surface wrinkles of a hydrogel layer. Note that only half of the
full length is represented. Number of waves for the full length of the gel decreases from
(a) 100, (b) 50, (c) 30, (d) 25, (e) 20 to (f) 10.
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Figure 4-7: (a) wave number vs time, (b) wavelength vs time for gels of crosslink
densities at Nv=0.001 and Nv =0.01; Flory-interaction parameter ¥ =0.1: and initial
chemical potential of 7, =—1.

4.1.1.2. Linear perturbation analysis and state-space solution

Following the approach of Wu et al. (Wu et al., 2013; Wu et al., 2014), we
formulated an eigenvalue problem by performing linear perturbation analysis to the
swelling gel. This eigenvalue problem was then solved for the critical wave number
using state-space formulation, which was used to solve for the critical conditions for the

onset of surface instability of a functionally graded elastic material (Wu et al., 2014).

In what follows, we derive the state equation for the gel at any time t. The
interested reader may refer to the original reference for the full derivation of the state-

space method. First, we divide the gel layer into n homogeneous sublayers with equal

thickness but different swell states. The deformation gradient of the i sublayer is

F = diag[ 4, 44, 4 ).

For each sublayer, we consider incremental displacements Au, such that the

increment in deformation gradient, AR, = Au, F, , where

Au, Au, O
AU, =| AU,, Au,, O (4.1)
0 0 O

The deformation gradient after linear perturbation is thus
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A(l+Au,)  AlAu,

0
F=F+AF=| 2Au,;,  AA(l+Au,,) O
0 0 X

(4.2)

Retaining the linear terms of increments, the volumetric ratio is approximated by

J=detF ~ AZA(1+¢)
where ¢ =Au,; +Au,, .

The nominal stress of a hydrogel is given by

VSik =Nv(F,—Hy )+ Jln(‘]—_1]+1+1— £ Hi
kg T J J kT

where H is the transpose of the inverse of F .
For convenience, we rewrite the nominal stress as

VSik
KT

= NV(FiK +§1MiK)

1 1 J-1 1 s
where § =——+— In(—j+—+lz— al and M, = JH
J Nv J J I kT

iJ ipg ™~ Ikl pk
2

For the state-space method, we consider the stress increment

ASy = NV(AFiK +AEM, + élAMiK)

where A&, = &6 and fzz{ 12 [ L —l—i—z—lﬂﬂsl.

—_ + —_—
J? Nv
The components of incremental stress are derived to be

AS), = NV|:(/10 +/1021g82)AU1,1 +ﬂvozﬂ(§1 + Szz)Auz,z]
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AS, = Nv| 20U, - ZFEAU,, | (4.8)

AS, = Nv[ - AEAU, , + AU, | (4.9)

A, = Nv[ 23 (& + &) Auy, +(Ad + &40 )Auy, | (4.10)

Re-arranging equations (4.8) and (4.10), we obtain expressions for Au,, and Au,,,

1 _ A
Aul,Z = WASQ + 70§1Au2,1 (411)

_ 1 < (G+&)4
AuZ,Z - NV%(/l'Fé:ZAO)ASZZ /1+§210 Aul,l (412)

Taking the derivatives of equations (4.7) and (4.10) with respect to X; and

substituting equations (4.11) and (4.12) gives

ﬂsﬁ(é:l‘f‘é:z)z ]}AU +{ﬂoﬁ(§1+§2)}A— (4.13)

AS, ={Nvl:ﬂo(l+§2ﬂoﬁ) A+ EN (14_5/%) 22,1

A§21,1 = { N V/in (1 - 1026812 )} Au2,11 + {_ﬂoglAng,l} (4-14)

Substituting into the mechanical equilibrium equation As; ; =0, equations (4.13)

and (4.14) become

B} waa+&) . wA(g+é)| o
AS12,2 = {NV{Q —4 (1+ ":gzﬂ'o/l)]}Auln - {ﬁ} Aszz,l (4.15)

AS,,, = { Nv, (/102512 - 1)} AU, + {/1051} AS,, (4.16)
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Next, we assume that the incremental displacements and stresses take sinusoidal

forms, we express

Au, =U, (x,)sinwx,

Au, =U_ (X, )cosw
2 2( 2)- X1 (4.17)
As, =T, (X, )sin wx,

As,, =T,(x,)coswx,

Substituting equation (4.17) into equations (4.11), (4.12), (4.15) and (4.16) and
simplifying,

U =-%hy 1 g

A2 2,ANv (4.18)
T, =—'Nviy (4 & ~1)U, + EA0T, (4.19)
: + 1
U, =—Mwul+ T, (4.20)
A+ &4 NVAo(i"'gzﬂ“o)
. g+ &) (a+&)AA
T, =@’ ANv| (1+ &) —————— U +o| —225 0T, (4.21)
A+ A+&h
Writing the above equations (4.18) to (4.21) in state-space format gives
Ul Ul
d TZ T2
el =A .
dx, | U, u, (422)
Tl Tl

where A is a 4x4 square matrix as shown below
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_ 0 0 _5i04 _1
A NvA,A
0 0 o*Nvay(1-58)  &Aw
A= _(§1+§2)Aow 1 0 0 !
A+ &4, NV, (4 +&,4,)
£, m(—(mé)’%’l} 0 0
i A+S4 ]
& = w* ANy (1+§/1/1)—M
3 R 2

The state equation (4.22) is solved by the exponential matrix operation,

Ul(xz,n) Ul(xz,n—l) Ul(xz,n—l)
TZ (Xz,n) _ eAh T2 (Xz,n—l) -D T2 (XZ,n—l) (423)
UZ(XZ,n) UZ(XZ,n—l) UZ(XZ,n—l)
_Tl(XZ,n)_ _Tl(XZn—l)_ _Tl(XZ n—l)_

With n sublayers, each sublayer possesses a distinct A matrix, A, , which is

dependent on the swelling ratio of the layer, A, , taken to be the average value of the

two end values of the sublayer. Thus, the state equation for each sublayer can be written

as Q(xzyi)zDi(hi)Q(xzyi_l). Observing continuity between sublayers, the state

equation for the entire gel layer is written as Q(len) = KQ(XM) , Where K = H D, .
i=1

Applying boundary conditions of fixed displacement at the bottom,
Ul(XZ,n) =U2(X2,n):0, and traction free condition Tl(XM) =T2(X2,1) =0 at the top, the

state equation for the entire gel becomes
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0] _Ul(XZ,l)_
Tz(xz,n) 3 0

S e T (424
_Tl(XZ,n) | 0 |

which reduces to
R w29
Ka K U, (Xz,l)

The critical condition for onset of surface instability is determined when the

equation (4.25) gives non-trivial solutions, i.e.

K, K
de{K11 13}:0 (4.26)

31 K33

Solution of equation (4.26) yields the critical wave number « at each time step.
Using the swelling ratio profile (Figure 4-2(b)) for each time step, we treat each time
step as a quasi-static step and are able to obtain the time dependence of critical wave
numbers. In this calculation, it is assumed that the surface wrinkles are of magnitudes
small enough to not cause any instability in the diffusion flux such that the stress and

swelling profile from 1D calculations are valid.

Unlike the finite element simulations, the results of state-space analysis does not
depend on the discretization, i.e. top layer thickness. This is as the state-space method
considers all the layers as an entire gel, whereas finite element simulation resembles a
bilayer structure. Figure 4-8 shows state-space predictions for gels which are discretized
into 50 layers and 1000 equal layers. These predictions do not differ significantly from

that obtained from finite element simulations.
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Figure 4-8: Comparison between state-space predictions for different discretization of

gel layers.

4.1.2. Comparison between FEM and linear perturbation

Figure 4-9 shows the results obtained from both the finite element and state-space

methods. It shows that the state-space method underestimates the critical wave number

at all times. This may be due to the strong dependence of linear perturbation analysis on

the choice of base state when large deformation is present during the swelling of a gel.

Deviations of the state-space model have also been observed in the analysis of elastic

materials possessing large strains of more than a few percent (Wu et al., 2014).

w D
[=] o
1 1

B
o
1

Normalized wave number (oH)
N w
o o
1 1

-
o
1

0

+—FEM
—— State space

0.0

05

T
10
Normalized time (Dt/L?)

Figure 4-9: Normalized wave number vs time for FEM and state-space methods for

Nv =001 y=.1 7z =-1.

While underestimating the critical wave number, the state-space method is proven

to be more computationally efficient. This semi-analytical method can provide an
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informed estimate for predicting the transient wave evolution with time of a swelling

gel.

As a side note, the methods proposed in this work were developed for surface
wrinkling of gels. However, they might be extended to the analysis of creasing
instability, for example, through the introduction of small defects to initiate the creasing
process, as seen from the similar works involving static analysis of creasing (Cao and
Hutchinson, 2011; Hohlfeld and Mahadevan, 2011, 2012; Weiss et al., 2013; Wong et
al., 2010).

During finite element simulation, the time taken for the onset of surface wrinkles
on a swelling gel was characteristic of the wrinkle size. Simulation terminated quickly
after reaching the wrinkled state. Although a full post-buckling simulation is not
possible, we had shown that through the imposition of periodic multipoint constraints,
onset of wrinkling at different times could be initiated. Through this wavelength method,
a post-buckling analysis of the evolution of wrinkles could be obtained. For the
constrained swelling of a gel blanket, the wavelength of the wrinkles was predicted to
follow a linear relation with square root of time, similar to experimental observations. In
addition, the state-space method for surface instability was adopted and modified to
develop semi-analytical solutions for the critical wave number for surface instabilities
of a swelling gel. The trend of decaying critical wave number with time was similar
with results obtained from the finite element method. However, the state-space method

underestimated the critical wave number as compared with finite element results.

148



4.2. Buckling of an annular gel ring

The onset of instabilities during the swelling process is an interesting phenomena,
and is being studied for possible applications, such as microfluidics, wetting and tunable
adhesion (Yang et al., 2010).

Through studies on the buckling behavior of gels (Liu et al., 2010; Liu et al., 2011,
Liu et al., 2013; Mora and Boudaoud, 2006), we know that buckling occurs for some
geometries, such as a thin film bounded on a substrate and an annulus fixed at the inner
wall, see Figure 4-10. These studies assume that chemical potential is homogenous for
all stages of swelling This is, however, not reflective of the entire transient swelling
process, as it takes time for the solvent molecules to diffuse into the gel. Furthermore,
buckling sets in during the transient swelling stage and not the equilibrium homogenous

stage.

In this section, we will utilize the kinetic models developed in Chapter 2 to study

the transient process of buckling in thin annular gels.

4.2.1. Neutral gel

Upon the onset of buckling, there will be an initial transition between different
mode shapes before the gel settles in the equilibrium mode shape and continues to swell
in the buckled mode until chemical potential reaches the equilibrium state. This
phenomena can be seen in earlier experiments conducted by (Mora and Boudaoud,

2006), where similar gel annuli were immersed in a solution until equilibrium.

In the model shown, 4356 C3D8T elements and 5940 nodes were used. The
annulus was fixed at the inner surface and exposed to solvent of chemical potential

u° =0 on the other surfaces.
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Figure 4-10: Contour plot of y-displacement of an annulus with height 5Smm, inner
radius 35mm and outer radius 75mm. The inner core of the annulus is fixed and the
remaining sides are exposed to external solvent.

Figure 4-11 shows the Mises stress-time curves of one of the peaks (illustrated in
inset of Figure 4-11) in the equilibrium mode shape for two simulations performed with
different time steps. We can see that the stress at the node experiences a sudden change
in magnitude until a minimum, before increasing again. The start of this sudden change
indicated the first sign of wrinkling and the minimum point represented the point when
the final mode shape was obtained. In the transition between these two points, the
variation of stress differed for simulations of different time steps.
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Figure 4-11: Mises stress at the peak of wrinkle for 2 different time steps.

The instability in wrinkle formation of the gel could be observed during the initial
phase of wrinkle formation, from the onset of wrinkles to the point when the final mode
shape was first obtained. The transitions varied for simulations of different time steps,
which reflected the irregularity of wrinkle formation. However, once the final mode

shape was obtained, the gel continued to swell in the same mode shape till equilibrium.

4.2.2. Temperature sensitive hydrogel

The patterns arising from the differential swelling of the gels were investigated
experimentally and theoretically as a model for the differential growth of living tissues
(Liu et al., 2013; Wu et al., 2013). Here we focus on the study of swelling of the
annulus gel fixed at the inner wall as an example. It has been generally accepted that
buckling pattern depends on the ratio between inner radius and outer radius of the
annulus gel (Mora and Boudaoud, 2006). However, transient analysis indicated that
there will be transitions between different mode shapes before the gel settle in the
equilibrium mode shape. In addition, the buckling patterns will twist after reaching the
equilibrium mode shape, as shown in Figure 4-12. To have a better understanding about
the swelling process, we plotted the stress and vertical displacement of selected points

as shown in Figure 4-13.
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Figure 4-12: Contour

plot of y-displacement showing the evolution of wrinkles of an annulus with height
5mm, inner radius 50mm and outer radius 75mm. The transition of buckling
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wavelengths from one mode to another can be observed here. The formation of unstable
buckling modes causes a travelling wave to propagate around the annulus

It can be observed from Figure 4-13 that mode transitions often happen within the
first 50 units of time. In accordance, there are much fluctuations in stress curves and
displacement curves as shown in Figure 4-13. After that the annulus will swell under the

third mode for about 500 units of time. At about t =700 the annulus will turn to the
fourth mode and start to rotate at about t =1500 This mode transition phenomenon

has been observed in earlier simulations conducted using polymeric gels in Section
4.2.1. Though there are mode transitions, the equilibrium mode shape is consistent with
the experimental observations (Mora and Boudaoud, 2006) and static simulations (Liu
et al., 2013). To our best knowledge, there is no experimental report for the rotational
instability of the swelling annulus, but such instability has been predicted numerically
(Freund, 2000) and observed experimentally (Holmes et al., 2011) for a swelling disk.
Due to the axial symmetry, there are numerous energy favorable orientations for the
equilibrium mode shape. Perturbation can lead to re-orientations into other minimum
energy states. In our simulations, the dynamics of diffusion and swelling may cause

perturbation significant enough to cause a travelling buckle wave to propagate around

the annulus.
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Figure 4-13: Von-Mises stress (a) and vertical displacement (b) as a function of time of
the selected point during the swelling process. Mode transitions happen often within the
first 50 unit time at about t =700 the annulus turns to the fourth mode and buckle starts
to rotate at aboutt =1500.
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4.2.3. pH-sensitive hydrogel

The onset of instabilities during the swelling of gels is a well-known phenomenon.

A better understanding of this phenomenon will allow for more potential applications

such as microfluidics, wetting, tunable adhesion and surface topography (Chen and

Yang, 2012; Yang et al., 2010). There are many works studying the wrinkling of

swelling gels, but these works focus on the equilibrium swelling state and do not take
into account the diffusion kinetics within the gel (Liu et al., 2010; Liu et al., 2011).

Similar to the kinetics of a neutral hydrogel, the finite element model developed for

pH-sensitive gels is also able to simulate cases of swelling induced instabilities, such as

wrinkling of thin gel sheets attached to a rigid surface. To demonstrate this instability,

we investigated the formation of wrinkles in a thin annular gel, fixed at the inner core.

t =1.00 t >
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Figure 4-14: Contour plot of normal direction displacement of an annulus, initially in
equilibrium at pH=3 and height 5mm, inner radius 35mm and outer radius 75mm. The
inner core of the annulus is fixed and the remaining sides are exposed to of pH=8.
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In the simulation, 4356 eight-node brick temperature-displacement elements
(C3D8T) were used to mesh the annulus. During the swelling of the annulus, wrinkling
does not occur immediately upon exposure to a solvent of higher pH-value. Instead, it
swells symmetrically and radially until a critical point, where the stress reaches the
critical level, before wrinkling to reduce the stress present. The swelling and wrinkling

process of the gel is shown in Figure 4-14.
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4.3. Buckling control of a gel strip

In the swelling of thin gel structures confined partially, compressive stresses will
build up and subsequently cause buckling of gel structures with certain geometries into
waves. Examples of such geometries include a thin rectangular strip, a flat annulus and
a thin walled ring (Lee et al., 2012; Mora and Boudaoud, 2006). The size of the waves
is hugely dependent on the geometry of the gel (Liu et al., 2010; Liu et al., 2011). For
circular wavy structures, potential applications such as soft gears have been proposed
(Yinetal., 2009; Zhang et al., 2010).

In this section, we explore the buckling and unbuckling of a thin rectangular gel
strip confined on one side laterally. It has been shown that the size of the buckled waves
is related to the geometry. With a photo-thermal sensitive hydrogel, we note that the
dependence on geometry remains, and it is not possible to alter the wave sizes through
other forms of stimuli. However, it is possible to switch between the buckled state and
the flat strip with application of light. As with the phase transition of a photo-thermal

gel, the critical temperature of transition can be altered by changing light intensity.

In this example, we investigated the effects of light intensity on the buckling and
unbuckling of a gel strip of dimensions in the ratiot:B:L =1:2.5:100 (Figure 4-15a).
A total of 6006 C3D8 elements and 9184 nodes were used. Simulation time was about 5
minutes. Boundary conditions included a fixed surface along the long edge and zero
normal displacements on the 2 end surfaces. The simulation was divided into three steps,
the first being a hydration process where chemical potential of the gel was increased

from z° =-0.2 to z° =0 ,the second an imposition of light intensity, and the third an

increase in temperature of 20K. Although UHYPER only allows one quantity to be
changed at any one time, the steps which required different quantities to be changed was
still possible by making use of if-else conditions in the subroutine to switch the material
properties between the different variables.

Upon reaching equilibrium with the external solvent, the gel buckled into a wavy
pattern (Figure 4-15b), defined as the OFF state. Upon irradiation, the increase in
temperature resulted in deswelling. Upon reaching the critical temperature, the waves

disappeared, returning the gel into a flat geometry (Figure 4-15c).
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Figure 4-15: (a) Initial geometry of gel in dry state, (b) gel in hydrated OFF state, (c) gel
in irradiated ON state.

From the OFF state, it is possible to toggle to the ON state (flat geometry) and back
with application of irradiation. Figure 4-16a shows the maximum longitudinal stress
present in the gel as it is hydrated from z=-0.2 to £z=0. Figure 4-16b shows the
maximum longitudinal stress in the gel as it is being irradiated from the OFF state with

different light intensities.
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Figure 4-16: Maximum longitudinal stress in gel as (a) dry gel is hydrated from
1 =-0.2 to u=0, (b) buckled gel is irradiated with varying light intensities across a
temperature range.
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Due to the difference in light intensity, we can see that for the same temperature
rise in the gel, the critical transition where the buckled structure returns to a flat
geometry is affected. This observation may be useful for active controlling purposes, as

the buckled states can be toggled on and off by simply varying the light intensity.
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4.4. Pattern transformation in a periodic array

In an extensive gel film fixed at the bottom and having periodic array of holes, as
shown in Figure 4-17, swelling of the gel causes instabilities in the form of rotation of
unit cells to form slits with periodic patterns, such as alternating slits which are
perpendicular to each other.
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Figure 4-17: (a) Top view of the gel layer with periodic square array of holes, (b) cross
section view of section A-A

Owing to the several attractive mechanical (Hu et al.,, 2014) and acoustic
applications (Wang et al., 2014; Wang et al., 2013b), many researchers have tried to
explain the behavior using the thermodynamic model of gel (Ding et al., 2013; Hong et
al., 2009a; Okumura et al., 2014).

4.4.1. Equilibrium study in a photo-thermal sensitive hydrogel
In the finite element model, the simplest repeating unit consists of a square with a
circle in the middle. However, this repeating unit does not allow for appearance of

alternating slits. Thus,we make use of mxn repeating units to form the unit cell for
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simulation, upon which we apply periodic boundary conditions, where displacements of
opposite sides are equal. Imposition of periodic boundary condition is done by using the
*EQUATION option. For computational efficiency, we will make use of plane stress
elements (CPS4) to perform two-dimensional analysis on the pattern formation in the

gel structure.

4.4.1.1. Effects of light intensity on bifurcation process

In studying the effects of light intensity, we turn our focus to a square repeating
unit. As reported by (Okumura et al., 2015; Okumura et al., 2014), for a gel with a
square array of holes, a minimum of 2x 2 repeating units are required to form the unit
cell, as shown in Figure 4-18. The four corners of the unit cell were fixed and the sides
of the unit cell were subjected to periodic boundary conditions. A total of 3040 CPS4
elements and 3265 nodes were used in the model. Simulation time was about 10

minutes on 8 cores.
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Figure 4-18: Mesh of unit cell of 2x 2 repeating units of length L=1.5 and diameter
D=0.75.

We first subjected a gel of initial chemical potential of zz =-0.2 in the stress free
state to a final chemical potential of zz=0. As swelling occurred, the holes remained

circular in the initial period. However, across a critical chemical potential, bifurcation
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set in and we were able to observe rotation in the middle of the four holes, as indicated
in the diagram. Due to this rotation, the holes transit into alternating slits, as shown in
Figure 4-19.
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Figure 4-19: Transition of holes into slits at chemical potentials at (a) zz=-0.1, (b)
u=-0.053, (c) u=-0.052 and (d) z=0. The red arrows indicate direction of

rotation of the middle of the unit cell. Contours show the non-dimensionalized Mises
stress.

To quantify the amount of deviation from the original circular geometry, we
calculated the eccentricity of the slit, given by e = 1—(a/b)2 , with a and b being the

semi-minor and semi-major axes. Under this definition, € =0 when the hole is a perfect

circle, and becomes € =1 as the elongation of this hole propagates.
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Figure 4-20: Change in eccentricity of the gel structure as chemical potential is changed
from u#=-0.2 to =0 . The four discrete points correspond to swelling states

illustrated in Figure 4-19.

In this example, we propose an optical switch which utilizes the ON-OFF geometry
of the slits. We first hydrated a dry gel which was in a square array (Figure 4-21a). This
hydration resulted in swelling, and eventually bifurcation into the arrangement with
alternating slits (Figure 4-21b), which we set as the normal OFF state. When we applied
an irradiation, the gel gained temperature and underwent deswelling. This deswelling

action allowed the gel to return to circular arrangement (Figure 4-21c) (OFF state).

(a) Initial dry state

a=-02
I=300K
I, =0mW¥
Hydration of
dry gl
—_— Irradiation
I'=300K =300
I, =0mi¥ I, > Omi¥
(k) OFF state after hydration (c) ON ztateafter irradiation

Figure 4-21: Geometry of (a) initial dry state, (b) swollen state with no irradiation, (c)
gel returns to circular geometry under irradiation.
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In this swollen state, we subjected the gel to irradiation of different intensities. This
resulted in a temperature change in the gel, causing the gel to deswell and undo the
effects of bifurcation, returning the geometry of the slits into circles. Figure 4-22 shows
the eccentricities of gels which were exposed to different levels of light intensity. There

is a clear distinction of the critical transition temperatures as light intensity is increased.

Plotting this relationship between light intensity and the critical temperature (Figure
4-23), we obtained a linear relationship between critical temperature and light intensity.
The clear distinction of critical temperatures of bifurcation indicates potential
applications in areas of optical switching or microfluidics, as the opening and closing of
the holes can be precisely controlled with different light intensities.
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Figure 4-22: Dependence of eccentricity with temperature at various light intensities.
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Figure 4-23: Dependence of critical temperature of bifurcation on light intensity.

163



4.4.1.3. Bifurcation of gel layer with staggered array of holes

In a square array of holes, bifurcation causes spontaneous transition into mutually
perpendicular ellipses, which eventually close up into slits upon eventual swelling. This
mutually perpendicular arrangement of slits, however, is dependent on the obliquity of
the repeating unit. In addition to the square repeating unit, we will now consider

rhombic repeating units slanted at 60° and 45° to the horizontal, as shown in Figure 7.

(a) (b)
Figure 4-24: Rhombic repeating unit slanted at (a) 60°, and (b) 45°.

In initial simulations, unit cells of different configurations of repeating units (mxn)
were used and unfavorable results were obtained. This was due to the incorrect
configuration of repeating units, thus rendering the simulations unable to obtain the
periodic patterns. These configurations were obtained by studying the pattern formation
in finite sized unit cells of 10x10 repeating units, without any periodic boundary
conditions applied. Eventually, 4x4 and 2x1 repeating units were required to form
the unit cells for the cases of 60° and 45°obliquity respectively. The 60° model
consisted of 4984 elements and 5429 nodes while the 45° model consisted of 742
elements and 836 nodes. Figure 4-25 shows the mesh of both models. The time taken

for simulation of both models were less than an hour.
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(b)

Figure 4-25: Mesh of unit cell consisting of 4x 4 and 2 x1repeating units for repeating
units slanted at (a) 60° and (b). The lengths of each side of the repeating unit are 1.5 and
diameters are 0.75.

Figure 4-26 shows the deformed geometries for the unit cell at 290K for both
obliquities. It is clearly seen that for different arrangements of the holes, we obtained
different bifurcation patterns, and the size of openings after bifurcation were also
different. For a clearer picture of the extended gel structure, we repeated the unit cells in
Figure 4-27. This may be used as a design parameter for the control of end state sizes of

pores required for different applications.

(@) )
Figure 4-26: Deformed unit cell at the end of simulation for (a) 60°, and (b) 45°. Dotted
lines denote the original geometry of the unit cell.
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Figure 4-27: Bifurcation pattern of gel layers with 12x12 repeating units for (a) square
array, (b) rhombic array slanted at 60°, and (c) rhombic array slanted at 45°.
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4.5. Concluding remarks

In this chapter, we had explored the interesting phenomenon of swelling induced
instabilities using finite element simulation, including surface wrinkling in transient
swelling, buckling of thin annular structures, pattern transformation in periodic arrays
and creasing of gel structures controllable by appropriate position of protrusions in the

substrate.

In the study of transient surface wrinkling, due to the continual evolution of
stress profile in the vertical direction, the wavelength of surface wrinkles constantly
evolve with time. It was observed from the FE analysis that the wavelength of surface
wrinkles that appear is proportional to the square root of the time it takes for the gel to
swell and buckle to that particular state. In addition to finite element simulation, we
have proposed a state-space method to predict the wave number of the surface wrinkles
at different times of swelling. Both finite element method and state-space method
predict a decaying trend of wave numbers with increasing time, similar to experimental
observations.

In the simulation of the buckling of thin annular rings, we had shown that during
the initial phase of swelling, the gel transitions in between different mode shapes before
settling into the equilibrium mode shape, determined by initial geometry rather than the
rate of swelling. The buckling of thin annular rings is due to compressive stresses being
generated in the tangential direction of the ring, causing buckled waves to appear
circumferentially. In addition, the phenomenon of wave rotation when the gel settles in

the equilibrium mode shape was also observed.

In gel films with periodic holes arranged orderly, our simulation results showed that
there would be pattern transformation into different types of slit arrangements,
depending on the lattice of the holes. A square lattice would give rise to alternating
perpendicular slits. A lattice slanted at 60° would give rise to a structure that does not
close up completely as six slits surround a hole. A lattice slanted at 45° would give rise

to rows of slits alternated at slants of 45° and -45°.

Making use of the dependence on geometry rather than material properties, we had

shown that it is possible to come up with actuating devices which can be precisely
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controlled by the irradiation of light. This concept has been shown for the cases of a flat
gel strip which buckles into wavy patterns, and for a gel film with periodic hole array.
For both cases, it is clearly seen that a change in light intensity affects the critical
temperature where the instabilities disappear. Thus it is possible to have devices which

can be actuated at different temperatures based on light intensity.
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5. Conclusion

This thesis had investigated several aspects of the mechanical behavior of
hydrogels. Through a thorough literature review of many works related to hydrogels, the
scope of the thesis was sculpted to study the swelling Kinetics, response to
environmental stimuli and the instabilities that are associated with the deformation of
hydrogels under various conditions. Several finite element simulation models, created
using commercial finite element software Abaqus, had been developed for the various

materials studied in this thesis.

Firstly, in the study of swelling kinetics, the work covered in this thesis had led to
development of finite element models to simulate the transient swelling response of
three types of hydrogels, namely the neutral hydrogel, temperature-sensitive hydrogel
and pH-sensitive hydrogel. The models developed were based on a central idea of
utilizing the similarities between governing equations of kinetic laws and heat transfer
laws. Due to this similarity, when the chemical potential of the gel was represented as
temperature in Abaqus, simulation of swelling kinetics could be easily performed by
using coupled temperature-displacement elements, which was readily available in the
Abaqus element library. Material properties were defined with three subroutines used
concurrently, namely UHYPER, USDFLD and HETVAL. This procedure significantly
reduced the effort required to define the entire constitutive model via more lengthy
subroutines, such as the user-defined elements (UEL), as the need to discretize
constitutive equations had been eliminated. In addition, the subroutine allowed for more
flexibility in the choice of element types, for example 2D or 3D elements, without

additional effort in customizing the subroutine for the different element types.

Secondly, the mechanics and behaviors of environmentally sensitive hydrogels
were investigated. Constitutive models, based on continuum thermodynamics, were
developed for temperature-sensitive, photo-thermal-sensitive and magneto-thermal-
sensitive hydrogels to study various phenomena associated with these materials.
Primarily, the models studied the phase transition phenomenon and the factors affecting
it. Finite element models were developed and implemented using two different
subroutines, UMAT and UHYPER, each with its own advantages and disadvantages

over the other.
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Thirdly, this thesis studied various instabilities associated with the deformation of
hydrogels. The finite element models developed in Chapters 2 and 3 were utilized in
this study for surface wrinkling in transient swelling, buckling of thin gel structures,
pattern transformation and creasing commonly observed in gels. In addition, a state-
space method was developed as a semi-analytical approach to predict the wave numbers

at different times of a transient swelling.
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6. Future work

Many issues related to the mechanics of hydrogel behaviors remain open and is
worthy of investment of more time for in-depth investigation. We list below, some

plausible future directions in the research of the mechanical behaviors of hydrogels.

Firstly, the kinetic models developed in this thesis studied the long time range
diffusion mechanism of solvent molecules and ions. One possible extension will be the

addition of short time range effects, such as visco-elastic effects.

Secondly, the finite element models developed are only capable of handling one
loading parameter at any one time. Therefore, in order to better simulate the actual
behaviors of gels, more robust subroutines which can handle multiple loading

parameters simultaneously will be useful to study the effects of various stimuli on the

gel.

Thirdly, a unified formulation to incorporate the effects of various stimuli may
provide researchers with the tools required to study multi-stimuli-responsive hydrogels
rather than singly or dually responsive gels. This, together with the previous point, may

be implemented hand-in-hand as multi-stimuli-responsive gels are investigated.

Fourthly, the study of mechanics and phase transition phenomenon in this thesis is
limited to the equilibrium swelling state with homogenous dispersion of stimuli-induced
chemical reactions within the gel, such as photo-chemical reactions. In reality, the
distribution of such chemical reactions in gels are never homogeneous, therefore,

models can be developed to incorporate this inhomogeneity.

Finally, it was noted that the finite element models are unable to overcome turning
points and unstable points. In the simulation of discontinuous phase transition, the
methods were unable to simulate full transition of the gel. In the simulation of
instabilities, the methods were unable to overcome unstable points to obtain post-
buckling behavior of the gels. Therefore, much work lie in the area of developing
sufficiently robust models to overcome these points for the exhibition of the full range

of mechanical behaviors of gels.
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Appendix

In the following finite element formulation for swelling kinetics of a gel, we adopt
the formulation procedure developed by Zhang et al. (2009).

In the gel, local equilibrium is satisfied. The state of mechanical equilibrium is

represented by the equation

ssiK 4B =0 (A1)

K

in the volume of the gel, and
SN =T; (A2)
on the surface of the gel.

In addition, the number of solvent molecules within the gel is conserved, and this

follows the equation

LA _, (A.3)
ot oX,

We multiply equations (A.1) and (A.2) with weight (or test) functions w® (or w”

in tensor form) and w'® respectively, then integrate over the volume and apply the

divergence theorem to obtain

v ow? (A.4)
[N v~ [Bufav + [Tl dA
OF, X,
COOE. ARG ) (A.5)
[ oW R +8V\2’5—” w(z)dV—J.MKLa—ﬂaW dv =0
QuoF, ot o ot X, X,

where M, is the mobility tensor of the solvent molecules within the gel.
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Next, we discretize the equations using the shape function ¢, (for the a" node in

element) and writing displacement and chemical potential of the gel using the shape

function, i.e.

X — Xi = @,U, (AG)

H =P, H, (A7)

Substituting equations (A.6), equation (A.4) is transformed into

oW 0o, (A8)
dV = |Bg.dV + | T.o,dA
IGEK X, [Bopdv + [T,
Differentiating with respect to time, we obtain
o|ubjj W dg, dg, dv+d,ubJ- oW g, (pdejﬁ¢dV+ﬂ(p A (A9)
dt 7 oF,oF, OX, X, dt 4 oF, ou X, " dat *® dt "*
Applying the same procedures to equation (A.5), we obtain
du, - 6W & du, oW dp, O (A.10)
dbjj- - adv"'ﬂj 2 (Db(”adv_ﬂbIMKL B 2P dv =0
t 7 ouoF, OX, dt Y du OX | OX
Equations (A.9) and (A.10) may be written in matrix form as
A.ll
R z—? +Kg=P ( )

where

oW 9¢, Op, dv oW o,
OF (OF, 0X, OX, OF, op X

oW g,
ouoF, ox,

Dy

o'W
J.a—yz%%dv
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OX, X
dB, dr,
—Lp,dV +—Lp,dA

P{ at at ¥ J

0

We discretize the equation in time using an implicit method, where the increment in

the generalized nodal variable aAq at current time t+ At is obtained by solving

At+AtAq — ytrat (A 12)
tAt t

here AL R AL, A _ pteat ot di_ Ktqt .
At dt

In solving equation (A.12), several methods have been proposed. These methods
include using a direct solver which requires A to be positive definite; and an iterative
solver, which does not require A to be positive definite. In using both methods, the
equation

A" =A+al (A.13)

may be employed to overcome convergence or instability issues which may arise.
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