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Abstract—Robust fuzzy model predictive control of discrete
nonlinear systems is investigated in this work. A recently devel-
oped Takagi-Sugeno (T-S) fuzzy approach which uses nonlinear
local models is adopted to approximate nonlinear systems. A crit-
ical issue that restricts the practical application of classical model
predictive control is the online computational cost. For model
predictive control of T-S fuzzy systems, the online computational
burden is even worse. Especially for complex systems with
severe nonlinearities, parametric uncertainties, and disturbances,
existing model predictive control of T-S fuzzy systems usually
leads to a very conservative solution or even no solution in some
occasions. However, more relaxed results can be achieved by the
proposed fuzzy model predictive control approach which adopts
T-S systems with nonlinear local models. Another advantage
is that, online computational cost of the optimization problem
through solving matrix inequalities can be significantly reduced
at the same time. Simulations on a numerical example and a
two-tank system are presented to verify the effectiveness and
advantages of the proposed method. Comparisons among several
T-S fuzzy approaches are illustrated and show that the best
settling time is achieved via the proposed method.

Index Terms—T-S fuzzy systems, model predictive control,
robust control, input-to-state stability.

I. INTRODUCTION

Model predictive control (MPC) has attracted many research
interests from academic community, and has been widely used
in industrial process control for decades. Usually, at each
sampling instant, an optimal control sequence are computed
via minimization of a finite horizon cost function under some
constraints, and stability and recursive feasibility are guaran-
teed [1]. Then the first control law is merely implemented,
and the optimization is repeated at the next instant with the
newly obtained system information. On the other hand, the T-
S fuzzy model is firstly proposed in [2] and has been widely
investigated for control of nonlinear systems [3]-[10].

The industrial processes are mostly nonlinear systems. Con-
sidering MPC of such systems, one approach is to deal with
nonlinearities directly. However, when the nonlinearities are
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very complex, nonlinear model predictive control (NMPC)
may not able to execute effectively [11]. In addition, the
combination of MPC and T-S fuzzy systems has become a
very good alternative. Several T-S fuzzy control techniques
have been investigated for fuzzy model predictive control
(FMPC) such as, common and piecewise Lyapunov functions
[12], parallel distributed compensation (PDC) and non-PDC
techniques [13], [14]. Especially, complex nonlinear systems
with both structural uncertainties and persistent disturbances
are considered in [15] that, both online and off-line robust
FMPC (RFMPC) approaches are provided. In [16], FMPC
of nonlinear systems modeled as stochastic T-S fuzzy models
subjected to data package loss in a network scenario is inves-
tigated. Output feedback predictive control of T-S systems has
been considered in [17], [18], in case that the state information
cannot be measured. In [19], the cooperative fuzzy model
predictive control (CFMPC) is investigated for input-coupled
multi-agent systems. RFMPC of systems with multiple delays
and time-varying delay are considered, respectively, in [20]
and [21]. In addition, MPC of a hybrid T-S fuzzy model is
investigated in [22], [23], and the results show its advantages
over the approach which adopts a hybrid linear model. The
motivations of FMPC are that, compared with traditional fuzzy
control algorithms, the implementation of MPC to T-S fuzzy
systems provides a systematic method to handle constraints,
and optimal control inputs are calculated at each sampling
instant by minimizing the cost function.

Many contributions have been achieved to reduce the con-
servativeness of traditional T-S fuzzy controllers. As it is men-
tioned above that, which has already been utilized in FMPC,
the piecewise Lyapunov functions are developed in replace of
common Lyapunov functions to obtain less conservative results
[24]. Compared with the PDC technique for T-S fuzzy systems
[25], the control performance can be improved by adopting
non-PDC control laws and nonquadratic Lyapunov functions
[26]. T-S fuzzy systems with imperfect premise matching
are investigated in [27], the computational cost induced by
the complexity of fuzzy controller under the PDC technique
is alleviated. In addition, nonlinear systems are modeled as
polynomial fuzzy systems other than the T-S method [28], and
the sum-of-squares (SOS) techniques are utilized, which shows
that stability analysis and control design in terms of SOS are
more general and relaxed than those of T-S approaches using
matrix inequalities. Moreover, in contrast to the conventional
fuzzy control methods which adopt T-S fuzzy systems with
linear local models (LLMs), a new T-S fuzzy modeling and



control approach using nonlinear local models (NLMs) and
nonlinear local controllers is developed in [29] for continuous-
time nonlinear systems and extended to the discrete case in
[30]. Compared with the LLM-based T-S fuzzy approach, the
number of fuzzy rules is reduced via the NLM-based fuzzy
approach, as a consequence, a less conservative result can
be obtained and the computational cost can be significantly
reduced simultaneously. It is noted that the NLM-based fuzzy
systems has been adopted for fault estimation and detection
[31], [32].

Intrinsically, the control method provided in [29] for T-S
fuzzy systems with NLMs belongs to the robust control, in
which the details of the nonlinearity at each instant are ignored
in the controller design. Instead, it is regarded as uncertainties
within a convex hull and the robust control technique is
adopted to deal with it. Therefore, such a kind of controller is
more robust than the one acquired from traditional T-S fuzzy
systems with LLMs.

For the context of FMPC, although some techniques have
been discussed to reduce conservatism, such as the utilization
of piecewise Lyapunov functions and non-PDC techniques for
FMPC in [12] and [13], respectively, there still are some
drawbacks for existing FMPC approaches that restrict their
implementations in practical applications. It is noted that the
aforementioned FMPC methods only adopt LLM-based T-S
fuzzy systems. One problem is the conservatism induced by
the LLM-based T-S fuzzy models especially if the systems
contain severe nonlinearities. Moreover, it usually result in a
heavy computational cost due to the structural complexity of
the fuzzy controller by solving the matrix inequalities problem.
In particular, if RFMPC of systems with disturbances and
uncertainties are considered [15], the whole computational
burden of the online optimization problem may become even
worse. As a result, it may not be appropriate for practical
implementation considering the sampling restrictions.

Inspired by the NLM-based fuzzy approach [29], [30],
RFMPC of nonlinear systems modeled as NLM-based T-S
fuzzy systems is investigated in this work. An optimal control
law is obtained at each sampling instant by solving an online
optimization problem. The main contributions of this work
can be summarized as follows: (1) It is noted that Only H,
and Hs control problems are investigated in [29] and [30],
which require merely off-line computation to obtain the control
law. Thus the lower computational cost advantage of NLM-
based T-S systems is not fully utilized in these works. (2)
Especially for complex systems with severe nonlinearities,
parametric uncertainties, and disturbances, model predictive
control of T-S fuzzy systems with LLMs usually leads to a very
conservative solution or even no solution in some occasions.
However, more relaxed and robust results can be achieved by
the proposed method. (3) Compared with an existing RFMPC
approach with LLMs, the computational cost which is an
critical issue for the practical implementation of MPC, can
be significantly reduced. (4) In addition, we show that a good
control performance can be achieved by the proposed method
among several typical fuzzy control and FMPC algorithms in
stabilization control.

It is noted that an early version of this work which consid-

ers merely disturbances has been published in [33]. In this
publication, both disturbances and parametric uncertainties
are investigated. In addition, the detailed algorithm is not
provided in the early version, however, it is summarized in
this work to make the proposed method more readable and
more reasonable. Moreover, a multi-input numerical system
and a practical application are illustrated in the simulation.
Furthermore, comparisons among different approaches are
provided in more details.

The rest of the paper is structured as follows. In Section
II, some preliminary knowledge about NLM-based T-S fuzzy
systems and the control scheme of MPC are introduced. In
Section III, based on the concept of robust positive invariance
(RPI), the computation of terminal constraint set for NLM-
based T-S fuzzy systems is provided, and the control algorithm
is presented in sequence. In Section IV, the results are extended
to systems with both disturbances and structural uncertainties.
In Section V, simulations on a numerical example and a two-
tank system are illustrated to verify the effectiveness of the
proposed method. Finally, some conclusions are drawn in
Section VI.

Notations: R, Ry, Z, Z, and Z[mm] denote the set of real
numbers, the set of non-negative reals, the set of integers,
the set of non-negative integers, and the set of integers in
the interval [m,n], respectively. ||z|| denotes the Euclidean
norm of a vector x € R". djcy 9] 1= {d(l)}lez[cl,cz]’ with
cl,c2 € Z, denotes a sequence that is ordered monotonically
with respect to the index [ € Z,, , . A function o : Ry — Ry
is said to belong to class IC, i.e., a € K, if it is continuous,
strictly increasing and «(0) = 0. @ € K if @ € K and
lim a(s) = co. The function 8 : Ry x Ry — Ry is said to
ls)glf)cng to class KL, i.e.,, B € KL, if for each fixed s € R,
B(-,s) € K and for each fixed » € Ry, B(r,) is strictly
deceasing and lim 3(r,s) = 0. The symbol * represents
a symmetric stsra)cofure in matrix inequalities. An element
belonging to co{-} means that it is a convex combination of the
elements in {-}, and the combination coefficient is nonnegative
and their sum is equal to 1.

II. PRELIMINARIES

A. Useful Definitions and Lemmas

Definition 1 (Input-to-state Stability (ISS) [34]): Consider
x(k+1) € F(x(k),d(k)), it is called ISS if there exist § €
KL and § € K, such that for all £ € Z it holds that

[z(R)[| < B(z(0), k) + o([|d]]), (1)

where x(0) is the initial state, d = {d(0),d(1),...,d(k—1)}
is the disturbance sequence.

Definition 2 (ISS Lyapunov Function [34]): Suppose that
there exists a positive definite function V(z(k)) such that
satisfies the following conditions:

(i) There exist o, as € K satisfying,
a1 ([lz(k)) < V(2(k)) < az(f|z(k)I]) 2)
for all (z(k),d(k),z(1)) € R™ x R® x F(x(0),d(0));



(i1) For any initial condition, there exists as € Ko and
o € K satisfying

Vi(e(k+1)) = V(e(k) < —azllz(F)| + o lld®)]  G)

then V(xz(k)) is called an ISS Lyapunov Function for
xz(k+1) € F(x(k),d(k)).

Lemma 1 ( [30]): Let x(k) =
[xl(k) 2o (k) Zn (k) ], 1 < p < n. For
A1 = diag[ p1  p2 Pq ]71, where  pp,
1 < m < gq, are arbitrary positive scalars, if there exist
w = [WlT WQT WqT }T, where W,, =

0 -+ 0 Wy 0 -+ 0 N

—_——— , Wpmp are positive

p—1 n—p

scalars, and ¢(k) = [ ¢1(k) ¢a(k) bq(k) ]T,
where ¢, (k) = F,,(zp(k)) with F,,,(0) = 0, such that
dm (k) € co{0, W,,x(k)}, then

PTAT W — ¢TAT 9 >0 @)

Lemma 2 ( [35]): Let N, F, S be real matrices of appro-
priate dimensions with F'(k) being a matrix function. For any
o>0and FT(k)F(k) <1,

NF(k)S+ STFT(k)NT <LNNT +557S  (5)

1
o

B. NLM-based T-S Fuzzy System

Firstly, to simplify the problem description, the parametric
uncertainties are not involved. Thus we consider the following
discrete nonlinear system with disturbances:

w(k+1) = f(e(k) + g(z(k)u(k) + w(z(k)d(k)  (©6)

where z(k + 1), 2(k) € R™ are the states, u(k) € R™ and
d(k) € R¢ are the control input and external disturbance,
respectively. f(-), g(+), and w(-) are functions of z(k). f(-)
often contains a lot of nonlinear terms especially for systems
with severe nonlinearities. Then the aforementioned system
can be described by the following NLM-based T-S fuzzy
system:

Plant Rule /:

IF: zy is F} and ... z, is F!

THEN:

a(k+1) = Az(k) + Bu(k) + Gio(k) + Eid(k)  (7)

where, z := [21, ..., 2, are premise variables. F}, ... F! are
fuzzy sets. | € Z; 1), and L is the number of fuzzy rules.
(k) € co{0, Wx(k)} is a nonlinear term which is separated
from f(z(k)),

L

f(x(k)) = > m(z) [Aiz(k) + Gip(k)] ®

=1

where (;(z) is a normalized membership function. The fol-
lowing notations are introduced,

L

A, = ZNZ(Z)AZ
=1
L

G, = ZM(Z)GZ
=1
L

B# = ZMZ(Z)BI
=1

L
E, = ZM(Z)EI
=1

Then the system can be rewritten as follows,
zt =A,x+ Bu+ Gué+ E,d 9

where ™ denotes the system state in the next instant for
simplicity purpose.

The nonlinear local controller corresponding to each NLM
is given as follows [30]:

Control Rule /:

IF: 2, is F} and ... 2, is F!

THEN: v, (k) = Kqya(k) + Ky o(k)

By using the fuzzy inference method with a singleton
fuzzifier, product inference and center average defuzzifiers, the

final control output can be obtained as follows,
u(k) = Kopa(k) + Kppo(k) (10)

where

L
Ka,u - ZHlKal
=1
L
Ky =Y Ky
=1

C. Robust Fuzzy Model Predictive Control
The prediction model for the above T-S fuzzy system is
z(k+i+1|k) = A z(k +ilk) + Byu(k + ilk)
+G o(k +ilk) + E d(k +i|k)
A finite horizon cost function is adopted and minimized in
this work,

Y

N-1
J(k)= > Uk +ilk) + Vi(z(k + N|k)) (12)
i=0
where ¢(k+i|k) and Vi(z(k+ N|k)) are called the stage cost
and the terminal cost, respectively. The stage cost is chosen
as
Uk +ilk) = 2T (k +ilk)Qz(k + i|k)
+ul (k +i|k)Ru(k + ilk) — 7dT (k + i|k)d(k + i|k)
13)
where (), R are positive matrices, 7 is a positive scalar. One
can see that the disturbance is involved in the stage cost.
It is noted that the cost function is inspired by the H.,
control, see Section 4.7 in [36] for the so-called ”H ., model
predictive control”. And similar settings of cost functions



can be found in [15], [36], [37]. However, the cost function
cannot be optimized directly as it contains disturbance. In-
stead, a min-max approach is adopted that the worst-case cost
function is minimized [38]. In addition, in the presence of
persistent disturbance, asymptotic stability to the origin cannot
be reached, instead, asymptotic convergence to an invariant
set can be achieved [39], [40]. As such, a robust positively
invariant set is employed as the terminal constraint set that,
the system state is guaranteed to enter the terminal set at the
end of prediction. The online optimization problem can be
summarized as follows,
min max  J(k),
u(k+ilk)  d(k-+i|k)
u(k +1ilk) € U,
d(k +ilk) € D,
x(k+ Nk) € Q,

where €; is the terminal constraint set. The disturbance and
control input satisfy that

de D:={dld"d <~}

uel:= {U| |U5| < Us,max}

where ~ is a positive scalar, us is the s-th element of the
inputs, s € Zpy | -

IIT. MAIN RESULTS

In this section, the RPI property and terminal constraint set
are introduced firstly, based on which the whole algorithm
of FMPC is summarized. Then Analysis of the recursive
feasibility and the ISS are provided.

A. RPI Set

Denote €2 as an RPI set and h(x) as the corresponding
control law. The RPI property can be described as, Vo € €2,
the control effort will guarantee x+ € € for all allowable
uncertainties and disturbances. Define () as follows:

Q= {z[2" P,z < &} (14)

where P, = Zle i (z)P;. The controller for T-S fuzzy
systems with NLMs is selected as

h(z) == Kopx + Kppup (15)

Lemma 3 ( [15]): The set 2 is an RPI set if there exists a

positive scalar A € Rg 1) such that

%m"’Tij*‘ — %xTPHm — %de <0
with P = Zle w(z )Py, forall at € Ayz+ B,u+G o+
E,d,ucU,and d € D.

Proof: A simple proof is also given here. Move the last two
items in (16) to the right side. As 7P,z < ¢ and d'd < ~,
then %x*TP::EJF <(1-=XA)+ =1, thus 1’+TP#+.I‘+ <&,
which implies z+ € €.

Theorem 1: Consider the T-S fuzzy system (9), if there
exist positive definite matrices X; (or X;, X;), matrices

L;, Yoj, Yoj. Z, A1 = diag[ p1 P2 Pq ]71 with

(16)

P15 P2, -+, pq > 0, and positive scalar A € R g 1), such that
the following matrix inequalities are feasible
(O] * * *
WL; —2A * *
<
0 0 Ay x| SV
AiLj + BiYa]‘ GlA + BZY—b] Ez 7Xl
a7
7 * *
Yo,© ®a * | >0, Zes UL oy S € Lit,m)

VT —WL; 2A

(18)
where (bll = (—1 + )\)(LJ + LjT — X,L), @22 = L] +
LjT — X;. Z,s is the s-th diagonal element of matrix Z,
and 4, j,l € Zp, 1), then the set Q = {x|xTPM;z: < 5}, with
P, = 3¢ ui(x)P; and P, = €X', is an RPI set for
the fuzzy system (9) corresponding to the feedback control
law h(z) = Koz + Ky, with Ko, = S5 Ky =
S i YaiLi ™ Ko = Yoy il = S aYeid L

Proof: Resorting to the dilation lemma [41],

—LTX'Ly < X, - LT - L; (19)
then multiplying diag { L; ", A=*, 1,1} and its transpose from
both sides of (17), respectively, substituting Ym-Lf1 with K;,
and Yy, A~! with Kj;, yields that

(—1+N)X; ! * * *
AW —2A~1 * *
<
0 0 oy o« | SO
(20)
Substituting Xi_1 with P;/¢, then rewrite (20) as follows,
[ (—1+ NP, /¢ * * *
AW —2A71 * *
0 0 o« | S0
| Ay +BuKo, Gu+B.Ky, E, -X
2
Applying schur complement to (21), then
[ (~1+XN)P/¢ * *
AW —2A71 & +9TXx ' <0
0 0 —\/v
i (22)
where ¥ = [ A,+B,K,, G,+B,Ky, E, ] Multi-

plying [ 27 ¢ d ] and its transpose from both sides of
(22), respectively, it holds that

x+TXl_1x+ - %xTPMx - /\(%de - %xTPMx)

+2(pTA W — ¢TA 1) <0 23)

where zt = (A4, + B,K,,)x + (G, + B.Ky,)¢ + E,d.
Substituting X l_l with P,/ into the above inequality, with
2(¢TA" W2z — ¢TA=1¢) > 0 from Lemma 1, then

(zF)TPrat — %.Z‘TPHJ? - /\(%de - %xTPMx) <0
(24)
Thus the RPI property of the set {2 can be established if
(17) holds. Moreover, the input constraint can be satisfied by
(18), and proof is given below.

1
3



From (19), the following inequality can be got if (18) holds,

Z * *
Yo' LTX'L; x| >0 (25)
vy, T -WL;  2A

Multiplying diag {I , Lj_l, Afl} and its transpose from
both sides of (25), respectively, then substituting Y,:L; ! with
K, and Y, A~ with K;, yields that

r Z * *
K" X! x| >0 (26)
Ky T AW 2A!
(26) can be written as
r Z * *
Ko' X1 % >0 Q27
| Kyt AT 2A7T

Applying schur complement to (27), then

—1 T
e | E [ R | 020
(28)
Multiplying [ T ¢t } and its transpose from both sides
of (28), respectively, and substituting X U with P, /¢, yields

that

%(Kaux + Kbu¢)T (Kapz + Kpud) — %xTPw%L
26TA I Wa — 6TA19) <0

Thus it holds that

(29)

L(Kap + Kypyd)" (Ko + Kip) — tT Pz <0

(30)
As u = K,,x+ Ky, ¢, thus the following inequality is got,
+uTu < %xTP“x 31)

Due to %xTPux < 1, thus uTu < Z. Proof is complete.

B. Terminal Constraint Set

The terminal constraint set €2; should satisfy two require-
ments. Firstly, it should be an RPI set. Secondly, there exists
a positive definite function (terminal cost function) V' (z) such
that V. € €,

ag([lz]]) < V(z) < cu(llz]))

V(zT) - V(z) < —(27Qx + h(z)T Rh(z) — 7d¥d)

(32)

(33)
where ag and oy are K, functions, V() is given as
L
V(z) =Y w(z)zt Pz 34)
=1

Theorem 2: Consider the T-S fuzzy system (9), if (17), (18)
and the following matrix inequality is feasible

=11 * * * * *
WL; —2A * * * *

0 0 —7€ * * *
- — <0 @35
=41 =42 fEl _Xl * % ( )
QL; 0 0 0 —£Q *
RY,; RY; 0 0 0 —£R

where 511 = Xi — Lj — LjT, 541 = AiLj + Bl‘Yaj, 542 =
GiA+ B;Yy;. X, (or X, X)), Lj, Y5, Yy are the same as
mentioned in Theorem 1, then (); is a terminal constraint set
corresponding to the terminal cost function V' (z).

Proof: Since (32) can be easily got by resorting to the
eigenvalues. The main concern is focused on the condition
for (33).

Considering (19), substituting Y,; with K,;L;, and Y;; with
Ky A, then multiplying diag{L; ', A=*,I,I,I,1} and its
transpose to both sides of (35), respectively, yields that

—Xfl * * * * *
AW —2AT * * * *
0 0 —7€ * * *
T T4 §E; —X) * * <0
Q 0 0 0 —£Q *
RK,; RKy; 0 0 0 —€R
(36)

where Y41 = A; + BiK,j, T42 = G; + B; Ky;. Substituting
X, with &1P; and X, ! with £~ P}, (36) is equivalent to

?

—PF; * * * * *
AW —2A"t & * * *
0 0 —T * * * 0
Ty Tyo E; —]Dfl * * <
Q 0 0 0 —Q %
| RK.; RKy; 0 0 0 —-R
(37)
(37) can be written as
[ —-P, * * * * ]
AW —2A71 & * *
0 0 -7 * * *
H41 H42 Elf« —Pl_l * * <0
Q 0 0 0 —Q x
| RK.. REy, 0 0 0 -—-R
(33)

where 11y, = A, + B, Kqu, a2 = G, + B, Ky,. Denoting P,
as P:[ , and then applying schur complement, (38) is equivalent
to

-P,+Q * *
AW —2eA7t « | +OTPfe
0 0 —T 39
KonT (39
+ | Kp' | R[ Kapp K 0]<0
0
where © = [ Iy, Iy E, ] Multiplying

[xT T dT] and its transpose to both sides of
(39), respectively, yields that

x*TP:x+ - xTPHx +27Qux
+(Kau$ + Kbu¢)TR(Kau$ + Kbu¢)
—7dTd 4+ 26(¢" AT W — ¢TATI9) < 0

(40)

where 27 = (A, + B,Ku,)x + (G, + By Ky, )¢ + Epd. As
26(pTA"IWa — ¢TA719) <0, h(x) = Kapz + Ky, then
(33) is got. Proof is thus complete.



C. Control Algorithm
Based on the above results, online control algorithm is
discussed in this subsection to complete the FMPC design.
From the aforementioned computation of terminal constraint
set, the terminal cost function V (z(k)), see (34), should satisfy
the following condition,
L
V(e(k) = 3 mla(k)e” (k) Pia(k) <€ (4D
=1
Then the following optimization problem is considered to
minimize V (z(k)),

min &, subjected to V(z(k)) <¢ (42)
Moreover, a sufficient condition for V' (x(k)) < £ is
1 2T (k)
|: (k) X, :| >0 (43)

In addition, consider the condition for terminal constraint
set in (35), 7 also can be optimized. Taking the same idea as
stated in [15], a new variable ¢ is defined as: ¢ = 7&, thus ¢
is minimized instead. Then (35) is rewritten as

= * * * * *
WL; —2A * * *
0 0 —€ * * *
QO o ¢E -X, o« o« |0 @b
QL; 0 0 0 —£Q *
RY,; RY;; O 0 0 —£R

In summary, the MPC algorithm is given as follows. It can
be seen that bilinear matrix inequalities (BMIs) are introduced
in (17) due to the variable A. To reduce the computational
burden, firstly, we try different values of A and find a feasible
one, then it is utilized all the time. Although it may be conser-
vative to set A as a constant value, the optimization problem
is reduced to solving linear matrix inequalities (LMIs).

Algorithm:

Step 1: Obtain the system state z(k);

Step 2: Solve the optimization problem

subject to (17), (18), (43), (44). Go to Step 3;

Step 3: Implement the control input u(k) = Ky,z(k) +
Kpud(k), where Ko, = S0 u(z(k)) Yo LY, and Ky, =
iy (2 (k)) YA~ Move the time instant from k to k+ 1
and go to Step 1.

Theorem 3: For system (9), if the optimization problem has
a solution at time 0, it will always be solvable. Furthermore,
recursive feasibility can be achieved.

Proof: Assume that (45) is satisfied at time k, then x(k) €
Q(k), where Q(k) represents the terminal set {2 obtained at
time k. As Q(k) is an RPI set, thus z(k + 1) € Q(k) is
got. Then it can be concluded that (45) is solvable at time
k + 1. Moreover, the solution obtained at time k is feasible at
time k + 1. Applying the same process, it is observed that the
optimization problem is feasible at all time.

Theorem 4: If the optimization problem is feasible at the
initial time 0O, system (9) is ISS with respect to disturbance d.

Proof: Consider the Lyapunov function V(z(k))
27 (k)P (k)2 (k), where P,"(k) = Y m(z)P"(k),
P*(k) is an optimal value of P;(k) at time k , then it can
be easily got

Prinlle®)® < V(k,2) < pus ()|

(46)
where

Proin = 1000 { prin (P (K))|L € Ziy, 1), k € N}

Prax i= Max {pmaX(Pl*(k))ﬂ € Zp, 1),k € N}

where pmax(+) and pmin(+) represent the maximal and minimal
eigenvalues, respectively.
Moreover, (33) implies that
Vi(z(k+1)) = V(z(k)) < —(2(k)TQx(k) + uT (k) Ru(k)
—rd" (k)d(k))
47)

where Vi (z(k + 1)) = x(k + 1)TP,*(k)z(k + 1). Thus one
has

Vi(z(k+1)) = V(k,2) < —2(k)TQx(k) + rd* (k)d(k)

5,5,X@v,LjIT1A1,I%fQj,YM,Z & (45) (48)
[ (—1+M)(L; + LT - X)) * * * * ]
WL, —2A * * * *
0 0 —A\/? * * *
<
AiLj + BiYaj GzA + Bz}/b] l;‘z _Xl * * <0 (52)
NaiLj + Np;Ya; Ngi\ + NpiYy; 0 0 —nijil *
L 0 0 0 T]ileT 0 *nijll i
X;—L; — LjT * * * * * * x|
WL; —2A * * * * * *
0 0 —€ * * * * *
AZ‘Lj + BiYa]‘ GZA + Binj SEZ _Xl * * * *
QL, 0 o 0 - x o+ o« |0 (53)
RYaj R}/bj 0 0 0 —fR * *
NAiLj +NBiYaj NGiA“‘NBi}/bj 0 0 0 0 —I/ijlf *
L 0 0 0 I/Z‘leT 0 0 0 Vile i




Owing to the optimality of (45) at time &k + 1, it holds

Vi1 (x(k + 1)) < Vi(x(k + 1)) (49)

Then it holds that

Vi1 (x(k + 1)) = V(k,2) < —2(k)T Qx(k) + 7d¥ (k)d(k)
(50)

From Definition 2, (46) and (50) together lead to that
V(z(k)) is an ISS Lyapunov function. Hence the closed-
loop system is ISS with respect to disturbances. The proof

is complete.

IV. EXTENSION TO SYSTEMS WITH PARAMETRIC
UNCERTAINTIES

In the aforementioned algorithm for FMPC of T-S fuzzy
systems with NLMs, to simplify the synthesis, the parametric
uncertainties have not been investigated that only the distur-
bances and input constraints are considered. However, it is
noted that parametric uncertainties can be easily dealt with.
And it is shown in this subsection.

Considering T-S fuzzy systems with structured uncertain-
ties, then the T-S fuzzy system (7) is rewritten as

w(k+1) = (A + AA)z(k) + (B + AB)u(k)

+ (Gl + AGZ)(b(k) + Eld(k) D

where the structural uncertainties are defined as follows:

[ A4, AB; AG, |=MH|[ Ny Np Ng |

where H is an unknown matrix function satisfying H TH<I,
M, N a;, Np;, and Ng; are known real constant matrices that
structure the uncertainty.

Under such circumstances, the control law at each instant
can be computed by solving an optimization problem where
(17) and (44) are replaced by (52) and (53), respectively. In
(52) and (53), 71;j and v;; are positive scalars. Proof can
be easily got via following a similar procedure for (17) and
(44). And Lemma 2 is utilized to deal with the structural
uncertainties. For simplicity, the proof is omitted.

V. ILLUSTRATIVE EXAMPLE

In this section, two examples are introduced to show the
effectiveness of the proposed method. The simulations are
implemented with MATLAB and all LMIs are solved with
MATLAB LMI toolbox. The simulations are executed on HP
desktop (3.40 GHz Intel Core i7, 8GB RAM).

Two typical fuzzy control and FMPC methods, and the
proposed method will be executed:

1. NFC: The NLM-based fuzzy control (NFC) method pro-
posed in [30] considering disturbances and input constraints.

2. LFMPC: The LLM-based fuzzy model predictive control
(LFMPC) method proposed in [15];

3. NFMPC: The proposed NLM-based fuzzy model predic-
tive control (NFMPC) method;

Example 1:

The model is given by
z1(k+1) = (1 —0.2sin?(x
+ u1 (k)
wo(k 4+ 1) = 0421 (k) + (1 — 1.2sin % (21 (k))) sin(z2(k))
+0.622(k) + ua (k) + d(k)
The input constraints are |uj (k)| < 1.5, and |us (k)| < 1.
And the disturbance is a white noise satisfying |d(k)| < 0.01.
It can be seen that nonlinearities are caused by z;(k) =
sin?(xq(k)), 22(k) = sin(z2(k)). To utilize the proposed
FMPC method, the model is rewritten as follows

1(k)))x1 (k) — 0.325(k)

260 ][5 i ][50
+[ (1) ! } { (1]3 ] [ f3(.%‘?(k)) ]¢(k)+ { (1) }d(k)

where f1(.131(k)) =1-0.2sin? ( 1( )) fg(.]?l( )) 0.6 +
2(1 - 1.2sin%(z1(k))), fa(z1(k)) = (1 — 1 2s1n2(x1(k))),
o(k) = sin(za(k)) — 2aa(k), 21(k), e {-%,2}.
From Fig. 1, it can be find that ¢o(k ) = sm(m(k)) €
co{2zy(k), z2(k)}, thus (k) € co{0, (1 — 2)xa(k)}.

151 B
1r ]
0.5 i
s of |
-0.5F B
P
- —09
ak . 0 J
I - - —y,=0.637x
7z
) )
. - — =Y,
-15p 7 ‘ ‘ ‘ R
-1.5 -1 -0.5 0 0.5 1 1.5

Fig. 1. The bound of ¢g.

Then the following T-S fuzzy model is constructed:
Rule 1:

IF 21(k) is O,
THEN z(k + 1)
Rule 2:

IF 21 (k) is 1,
THEN z(k +1) =

= Aiz(k) + Biu(k) + G1¢(k) + E1d(k)

Aox(k) + Bou(k) + Gag(k) + Fad(k)

1 -0.3 0.8 —-0.3
where A; = [0.4 0642 |42 = [0.4 0.6—04}’
1 0 0 0
31_32_{0 1},G1_ 1 ’GQ_[_O.2:|,E1_
0
By=| |

The membership functions are defined as follows,

Fy = cos?(za(k))
Frb=1-F
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Let Q = diag {1,1}, R = diag {1,1}, A = 0.4688.

Simulation results of the aforementioned three methods are
shown in Figs. 2-5. From Figs. 2-5, it can be seen that, among
all approaches, the best control performance is achieved via the
NFMPC. Fig. 4 and Fig. 5 also show that the input constraints
are guaranteed with all methods. On the other hand, Table
1 shows the computational cost of different approaches. The
control law for NLM-based fuzzy approach in [30] is off-line

0.2
i &5 s =
or i— —s
—B— NFC in [30]
02 F LFMPC in [15] B
Proposed NFMPC
57041 4
-0.6 7
-0.8 ]
—
_l } L L L L
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Time (k)
Fig. 4. Trajectories of u1.
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0.4 J
0.2 7
~
=
0r & 0
}:‘H—E‘_" B
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06 | | | |
0 2 4 6 8 10
Time (k)

Fig. 5. Trajectories of usa.

computed, while the other two approaches are based on online
optimization. In addition, compared with the LFMPC in [15],
the cputime in simulation is reduced significantly by adopting
the proposed NFMPC. Moreover, the numerical complexity,
which can reflect the computational cost, represented by the
number of decision variables and the number of lines in LMI,
are also shown.

TABLE I
COMPUTATIONAL COMPLEXITY OF DIFFERENT METHODS

Methods NFC in [30] LFMPC in [15] Proposed NFMPC
The number of fuzzy rules 2 4 2
The number of decision variables (D) 29 44 29
Lines of the LMI (£) 142 870 142
Numerical complexity (C = D3L) 3463238 74110080 3463238
Total cputime off-line 20.3694s 4.3366s
Average cputime - 1.8518s 0.3942s
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Example 2:

Consider the two-tank system shown in Fig. 6, where h
and ho denote the water level of the two tanks, respectively.
The control objective is to keep the water level of the two
tanks in the desired operation point.

u(t)

——

Fig. 6. The two-tank system.

The dynamic equations of the system are given as follows
[42]:

i (t) = % (k) —a1v/29 (i ()~ 12 (1)
ha() = % (01/29 (i (1)~ o (1)) — a2/ 2912 (7)) -

where the horizontal section is A = 100cm?, the section of the
valve connecting the two tanks is a; = 1em?, and the section
of the outlet valve is ap = 0.7cm?. Let g = 981cm/s?. From
the aforementioned dynamic equations, a desired setpoint is
chosen as [1.49; 1], with the reference input being 0.3101.

An incremental model of the dynamic system can be ac-
quired as follows:

i = _a 2g(w1 — x2)
A \2g(x15 — 25 + 31 — 22) + \/29(215 — T2s)
+ %Au
iy = @ 29(z1 — )
A \/29 (715 — Tas + 71 — T2) + 1/29(15 — T25)
299

A V29(x2s + x2) + 1/29T2s

where ©; = [x1; Tas] is the setpoint, Aw is the relative input
corresponding to the reference input. The model is rewritten
as follows:

Ner)

. _a1 a1 29
T A Flzy,e2) A Fw1,22) Ty
To ay \ﬁ _a1_V29 _ az V29 9
A f(z1,22) A f(z1,x2) A t(z2)
k
+ [ 6‘ } Au
where f($17x2) = \/29 xls 3325 + 1z — 1‘2) +

V29(x15 — x2s), = \/29(x2s + x2) + /2gT2s.

It can be seen that the nonlinearities are caused by
Z1 = X1 — X9, 22 = . Suppose z1 € [—0.3,0.3], 22 €
[—0.5,0.5]. To build the NLM-based fuzzy model, denote

o(t) = (@ — m) x5. Fig. 7 shows the bound
of ¢(t), which indicates ¢(t) € co{0,0.1363z2}.

Then the continuous-time T-S fuzzy system can be built.
The discrete-time system model can be got by setting the
sampling time as T, = 5s, and the followm% discretization
method is adopted: A4; = ede’s B, = eie™dr) By,
G, = (f *eMeTdr)Ghe, By = (f : AlCTdT)ElC The discrete
T-S fuzzy system is shown as follows, where disturbance and
structural uncertainties are introduced.

Rule 1:

IF 2 is -0.3,

THEN z(k + 1) =

Rule 2:

IF z; is 0.3,

(Al + MHNAl).’E(k)

+ (B +
+ (G1 + MHNGl)gb(k) + E1d(/€)

THEN z(k + 1) = (A + MHNa2)z(k) + (B2 +
MHNgs)Au(k) + (G2 + MHNg2) (k) + Ea2d(k)
where

A, _ [ 04337 035157 [ 04735 0.3372

"7 103515 03081 |7 | 0.3372 0.3049 |’
2.9936 | [ 3.2474
B = [ 15414 |52 = | 13587 ]
—0.4779 | [ —0.4213
G = [ —0.7574 | G2 = | —0.7963 }
0.1 10
El_E2_|:0:|7M_|:O 1:|a
0.0l 0 0

0
NGIZNG2:|:0:|-

The membership functions are defined as follows,

F1 _ 0.3 — (Ol‘é — .732)

Frb=1-F

Let Q = diag {0.1,0.1}, R =10.1, A = 0.3135, |Au(k)| <
0.05, |d(k)| < 0.1.

Simulation results of aforementioned three methods are
shown in Figs. 8-10. Fig. 8 and Fig. 9 show that the pro-
posed NFMPC achieves best control performance among all
methods. As persistent disturbances are involved, the system
states are converged to a small region near the origin. The
disturbance is eliminated after 60s, then it can be seen that
asymptotical convergence to the origin can be achieved. From
Fig. 10, it can be seen that the input constraint is satisfied
with all methods. And computational cost for all methods are
shown in Table II. Both the numerical complexity and the
cputime cost for simulation are demonstrated. It shows that the
computational cost can be significantly reduced by adopting
the NFMPC when compared to the LFMPC. In addition, the
average cputime of LFMPC for each instant is 4.3233s, which
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Fig. 8. Trajectories of x1.

is very closed to the sampling time. As a result, the LFMPC
may not be used effectively for the stabilization control of the
two-tank system. Moreover, in Example 2, one can see that the
cputime cost increases a lot compared with that of Example
1 due to the structural uncertainties.

In addition, the region of attraction is illustrated in Fig.
11 to further verify the relaxation provided by the NFMPC

1.05
Lpmmmmmmmmmeen H
0.95 [ NFC in [30]
—E—LFMPC in [15]
Proposed NFMPC
0.9 4
E
£ o085 ]
~
<
0.8 7
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0.7¢ ]
0.65
0 10 20 30 40 50 60 70
Time (s)
Fig. 9. Trajectories of x2.
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0.34 7
@
e
3 0.33r[ ]
=}

03 I I I
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Time (s)

Fig. 10. Trajectories of wu.

when compared to the LFMPC. One can see that a larger
region of attraction is achieved via the NFMPC. It is noted
that uncertainties are not involved to simplify the plant model
for comparison.

Moreover, as )\ is determined off-line, to find a best value,
we run simulations with different values of A. The results are
shown in Figs. 12 and 13. It can be seen that the best settling

TABLE I
COMPUTATIONAL COMPLEXITY OF DIFFERENT METHODS

Methods NFC in [30] LFMPC in [15] Proposed NFMPC
The number of fuzzy rules 2 4 2
The number of decision variables (D) 38 163 38
Lines of the LMI (£) 222 1508 222
Numerical complexity (C = D3L) 12181584 6530766476 12181584
Total cputime off-line 64.8501s 14.0058s
Average cputime - 4.3233s 0.9337s
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time is achieved when A\ = 0.1.
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VI. CONCLUSIONS

Fuzzy model predictive control of discrete nonlinear sys-
tems is investigated. The T-S fuzzy systems with NLMs are
adopted to represent nonlinear systems. Compared with the
LLM-based FMPC, especially for systems with complex non-
linearities, parametric uncertainties and disturbances, which
usually result in a very complex optimization problem, less
conservative results and better control performance can be
achieved through the proposed NLM-based FMPC. In particu-
lar, the computational cost of the online optimization problem
by solving LMIs can be significantly reduced at the same
time. Therefore, both control performance and computational
cost are considered in the proposed method. Simulation results
show the effectiveness and advantages of proposed FMPC

1 —— =01
——=0.2
2=0.3
0.95 —— =04
—— =05
2=0.6
0.9 i
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L 085 1
o~
~
0.8 1
0.75 1
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‘ ‘ ‘ ‘ ‘ ‘
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Time (s)

Fig. 13. Trajectories of 2.

approach. However, we find that the tracking control of NLM-
based T-S fuzzy systems without a reference dynamic system
is still a problem which deserves further attention. It can be
regarded as one of our future work.
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