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Abstract 

This thesis presents the development of the revolving vane (RV) compressor into a 

lubricant-free variant. The concept of such a compressor is attractive as it would be 

unconstrained by orientation and be applicable for portable small-scale cooling and heating 

applications. However, there are challenges of high friction losses, material wear and also 

significant internal leakage due to the absence of lubricants. With inherently low friction losses, 

the RV mechanism is a mechanically efficient, positive-displacement rotary compressor design 

which has the potential for development into a lubricant-free variant. 

This project starts with the design of a lubricant-free RV compressor. In order to reduce 

the number of moving components in the compressor, a new vane and vane slot design is 

proposed. The suitability of self-lubricating materials polytetrafluoroethylene (PTFE) and 

polyetheretherketone (PEEK) were reviewed and tested for use in the fabrication of RV 

prototype components that would be subjected to dry rubbing. These components include the 

bearing liners, rotor, rotor shaft and vane. Between PTFE and PEEK, the latter was chosen for 

its excellent wear properties and low coefficients of friction at high loading forces and speeds. 

Next, theoretical models for the RV compressor prototype were formulated, namely the 

geometric, thermodynamics, dynamics and thermal models.  

With the introduction of the new vane and vane slot design, new geometric relations were 

formulated. These relations form the basis for describing the rate of volume changes in the 

working chambers for the thermodynamics model and were also used to determine the 

kinematics and dynamics of the compressor assembly.  

For the thermodynamics model, heat transfer between the working fluid and chamber 

walls was also considered for a more comprehensive analysis. Three-dimensional 

computational fluid dynamics simulations for internal leakage were carried out and used in 

conjunction with the Fanno flow model to develop a method for quantifying the internal 

leakage.  

The dynamics model utilises Lagrangian mechanics to formulate a comprehensive 

equation of motion for the entire RV cylinder-rotor assembly and this equation can be applied 

to other RV design variants. This enabled the rotational vibration characteristics of the RV 
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mechanism to be studied, which had not been done since the RV was first developed. Individual 

expressions for each of the friction loss in the compressor were also formulated. Equations for 

describing the dynamics of reed valves with non-uniform cross-sections were also derived. The 

analysis showed that there were significant friction losses due to the weight of the components 

– it constituted 38% of the total friction loss for a suction and discharge pressure of 1 and 2 bar 

(abs), respectively; and is 18% for a suction and discharge pressure of 1 and 5 bar (abs), 

respectively. 

The thermal model was used to simulate heat transfer between the compressor 

components during operation to predict the steady-state component temperatures of the RV 

prototype compressor. Assuming no internal leakage, at an operating condition of 2000 rev 

min-1 with a pressure difference of 4 bar between suction and discharge, the average steady-

state operating temperatures of the housing shell, cylinder and rotor are found to be 110.1°C, 

107.2°C and 43.4°C, respectively. 

Instrumentation and measurement of the prototype were also carried out. Due to poor 

machining accuracy, the lower cylinder bearing liner was slightly warped and large endface 

clearance gaps of 0.13 – 0.18 mm were present in the prototype. The resulting prototype was 

unable to attain compression ratios beyond 1.6 at running speeds of 1000 rev min-1 with low 

volumetric efficiencies between 17% and 45%. Measured mass flow rates were used to validate 

the thermodynamics and internal leakage model, with prediction errors at ±15%. Additional 

analysis showed that the output mass flow rate can be increased by 120% – 460% if the 

clearance gaps were at their intended values of 10 μm. 

Lastly, the dynamics model for the RV mechanism was validated with measurements 

from a previous work carried out on an RV air expander. The predicted variations in 

fluctuations in output torque due to rotational vibration were found to be in good agreement. 

The measured output torque showed that the vibration of the RV mechanism was bimodal due 

to the presence of the clearance gap between the vane and vane slot. This effect became less 

pronounced at higher operating speeds. 

With the above-mentioned work that was done, this research project has laid out the 

groundwork for future development of the lubricant-free RV compressor.  
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1 Introduction 

1.1 Background 

Cooling and heating applications are necessities in any part of the world where people 

inhabit; refrigeration is imperative for food storage and preservation whereas heaters are 

necessary for survival in cold temperate regions and air-conditioning provides comfort in the 

tropical climate. Vapour compression systems are extremely popular due to their high 

coefficient of performance (COP) values and hence, are ubiquitously used for such cooling and 

heating applications. At its core is the compressor; it is the key component that drives the entire 

system.  Positive displacement compressors are mostly used in such systems especially for 

applications in medium and small cooling capacities. 

Current positive displacement compressor designs require the extensive use of lubricants 

to ensure reliable operation and improved efficiency.  The lubricants serve to lubricate, to seal 

and to cool. 

Furthermore, the use of liquid lubricants also restricts the orientation of the compressor, 

as it has to be fixed in a way to ensure that the oil sump is always at the lowest position to allow 

the lubricant to flow back to it by gravity. This is to maintain a functional lubrication system 

for reliable operation. This necessitates a fixed orientation and thus limits the applications of 

conventional compressors since the orientation of the compressor is fixed.  

Commercially available lubricant-free compressor designs include the axial centrifugal 

compressors and screw compressors, operating at speeds between 20,000 and 80,000 rev  

min-1 [1, 2]. In addition, these systems often require multi-stage compression in order to 

achieve pressure ratios comparable to those of conventional positive-displacement 

compressors. Such compressors are therefore power-intensive, noisy and bulky. 

On the other hand, successful development of a lubricant-free positive displacement 

compressor would allow operation under any orientation and open up the use of vapour 

compression systems to venues where the orientation may not be fixed, such as those in small-

scale portable cooling and heating applications.  



 

 

2 

Current small-scale portable cooling/heating systems mostly utilise thermoelectric 

systems with coefficients of performance ranging from 0.3 to 0.6 [3–5] which are inefficient 

and typically possess low capacities. Examples include the cooling or heating of beverages in 

mini-fridges for personal consumption.  

Transparency Market Research [6] reported that the market for thermoelectric 

cooling/heating modules was US$364.1 million in 2014 and a projection of US$829.5 million 

by the end of 2023. The development of a lubricant-free compressor would allow vapour 

compression systems to supplant such thermoelectric systems and extend the practicability of 

the applications with higher efficiencies. Apart from replacing thermoelectric systems, new 

potential applications include highly efficient cooling systems for portable computing 

applications or even used in personal protection equipment to protect the wearer under harsh 

environmental conditions.   

There are many designs pertaining to positive-displacement compressors, ranging from 

the age-old reciprocating compressors [7, 8] to well-established rotary compressors such as the 

rolling piston compressor [9, 10], rotary vane compressor [11], screw compressor [12, 13] and 

scroll compressor [14]. The above-mentioned compressors are rather mature in terms of design 

development and hence, only incremental advancements are achieved with further research 

[15, 16]. 

Hence, a new energy efficient compressor mechanism has been designed by Teh and Ooi 

[17–19], known as the revolving vane (RV) compressor.  

The initial design iteration of the RV compressor has proved that its mechanism is more 

efficient than other compressor designs [17]. Design refinements have also been conducted by 

Tan and Ooi in terms of the fixed vane design [20] and journal bearings [21] to further improve 

the compressor efficiency. 

The main reason for the better mechanical efficiency of the RV compressor would be 

due to the low relative velocities between its rubbing parts [17] and to this end, the RV 

mechanism has been identified as the design which has the greatest potential for designing a 

compressor that requires no liquid lubrication.  
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1.2 Objectives and Scope  

The main objective of this project is to develop a revolving vane compressor that requires 

no liquid lubricant. This includes the mathematical model, design, fabrication and testing of a 

working prototype. To achieve this, the scope of work is as follows: 

1. Development of a comprehensive mathematical model for a lubricant free RV 

compressor with the following considerations: 

a. Heat transfer model in working chamber 

b. Internal leakage between working chambers 

c. Vibration modelling 

d. Component temperature modelling 

2. Design, fabrication and instrumentation of a lubricant free RV compressor 

prototype 

3. Measurement and evaluation of RV compressor prototype 

4. Verification of thermodynamics and dynamics model with measured data 

1.3 Thesis Organisation 

This thesis consists of 10 chapters and appendices. Chapter 1 opens with the background 

information, motivation, scope and objective for the project. This is followed by Chapter 2 with 

relevant literature review of current revolving vane technology, oil free compressors, vibration 

of different compressor designs, dry sliding friction and self-lubricating materials.  

Chapter 3 discusses the design challenges of a lubricant free compressor and then 

proceeds with the elaboration on the design features of the RV compressor prototype – new 

vane design, selection and use of self-lubricating materials for various components such as 

bearing liners. 

The theoretical models are presented in Chapters 4 to 7. Chapter 4 first presents the 

geometric model with the working volumes and their rate of change which are required for use 

in thermodynamics modelling of the working chamber processes. These geometric relations 

are also used for component kinematics in dynamics modelling. 
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This is followed by Chapter 5 which covers the full thermodynamics model of the RV 

compressor with heat transfer in the working chambers and internal leakage between the 

chambers. As internal leakage is expected to be severe in the prototype due to the lack of 

lubricants to fill the clearance gaps, computational fluid dynamics simulations of the internal 

leakage paths are presented and the data applied to the thermodynamics model. 

Chapter 6 goes on to evaluate the dynamics of the compressor. Lagrangian mechanics is 

used to formulate a comprehensive equation of motion for the moving assembly that allows 

evaluation of the vibrational characteristics of the compressor as well. Each source of friction 

in the compressor is formulated and presented individually in Chapter 6 as well. 

Last but not least, as heat generated in the compressor rubbing components due to dry 

friction would be significant, Chapter 7 presents a thermal model for prediction of the steady-

state operating temperatures of the components to ensure that these temperatures are safe for 

the compressor to operate reliably. 

Following the presentation of the theoretical models, Chapter 8 will first proceed to 

validate the thermodynamics and leakage model of the RV compressor prototype. Details of 

the experimental investigation are first presented before comparing the predicted mass flow 

values from the model against that of the measured values.  

Chapter 9 will then validate the dynamics model albeit using an RV air expander. At the 

same time, this can evaluate the robustness of the proposed Lagrangian mechanics model in 

Chapter 6 as proof that it can be adapted for most RV mechanisms. The chapter will first give 

a preamble on air expanders before comparing the predicted output torque from the model 

against that of measurements from the experimental investigation of an RV air expander. 

Finally, with the validation of both the thermodynamics and dynamics model, Chapter 

10 would conclude the thesis along with recommendations for future works. 
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2 Literature Review 

This chapter will discuss literature relevant to the revolving vane (RV) compressor, 

current state of the art on the development of oil-free positive-displacement compressors and 

aspects pertaining to the challenges of lubricant-free compressors such as mechanical losses 

and material selection. As the design of the RV compressor was derived from the rolling piston 

compressor, a preamble to the rolling piston compressor will first be presented, followed by 

the design and development of the RV compressor. Subsequently, current development on 

lubricant-free compressors will be discussed, followed by the vibration studies of various 

compressors. Last but not least, there is a review on dry sliding friction and material selection 

which are crucial aspects in designing a lubricant-free compressor. 

2.1 Rolling Piston Compressor Preamble 

The rolling piston compressor was developed in the 1980s and is now a very mature and 

popular compressor design. The operating principles, design and engineering aspects of the 

compressor such as leakage analysis [22, 23], thermodynamics [24], tribological [25, 26] and 

vibration [27] are well understood. Its usage is ubiquitous in air-conditioning applications 

today. The compressor has high volumetric efficiency, and due to the simplicity of its design, 

it can be very compact as well. However, it is not without its shortcomings such as high vane 

contact friction which causes wear and tear at the interface [28–30]. A schematic of the rolling 

piston compressor is provided by Yanagisawa et al. [10] in Figure 2.1. 

 

Figure 2.1: Rolling Piston Compressor [10] 
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The rolling piston mechanism, as its name suggests, consists of a piston mounted onto 

the eccentric of a driving shaft in a cylinder. The vane is an integral component since it forms 

the partition separating the suction chamber from the compressor chamber. The action of the 

piston scrolling around the inner cylinder would cause the suction and subsequently, the 

compression of the fluid every two revolutions. 

The vane is actually attached to a spring that provides a downward force onto the rotor 

to reduce leakage across the chambers. However, this vane spring force is a source of 

contention in the rolling piston design as there are various studies on this design aspect. Notable 

examples include a study done by Ooi et al. [28] on the magnitude of the spring force and 

compressor performance, another by Liu and Kosco [29] studying the effect of using a tilted 

vane as opposed to the conventional vertically straight vane and even one by Sung [30] to study 

the different coatings that can reduce material wear induced by this large contact force. The 

general consensus from the literature was that the vane spring force is indeed a critical 

component and the resultant contact force generates a huge loss in terms of mechanical 

efficiency. This phenomenon was demonstrated by Liu and Kosco [29] to be inevitable in their 

study, in which a tilted vane only mitigates the material wear but not the friction loss. 

In general, the rolling piston compressor boasts high levels of volumetric efficiencies 

coupled with a compact and simple design. However, it is also not without any flaws as well, 

evident from its vane design which causes high friction losses and material wear. With these 

undesirable characteristics in mind, the RV compressor design was conceived in a bid to 

remove these traits. The next Section 2.2 will detail the development of the RV compressor. 

2.2 Revolving Vane Compressor Development 

2.2.1 Revolving Vane Compressor Working Principle 

The RV compressor design was first presented by Teh and Ooi [17–19] as a more 

mechanically efficient compressor alternative to the rolling piston compressor. A schematic of 

the very first RV compressor design is shown in Figure 2.2. 
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Figure 2.2: Original Revolving Vane Compressor Design [17] 

The RV compressor design appears to be similar to that of the rolling piston with the 

eccentric arrangement of the rotor and cylinder but the operating principles of both compressors 

are actually very much different. In the case of the RV mechanism, the roller and eccentric 

shaft of the rolling piston are merged into a single rotor and shaft component with a vane port 

and suction port cut into it. This reduces the friction loss between the roller and eccentric 

component. In addition, in order to circumvent the high contact force caused by the vane spring 

on the roller, the vane in the RV has been replaced with that of a swiveling one that is affixed 

to the cylinder and slides within the rotor slot during compressor operation. Hence, the rotor 

and cylinder now rotate about their own axis during operation which largely differs from the 

rolling piston in which only the roller orbits the inside of the stationary cylinder. For this RV 

design variant, it was found that there is a 19.7% reduction in frictional losses over the rolling 

piston design [17]. A diagram illustrating the working principle of the RV compressor is 

presented by Teh and Ooi [17] in Figure 2.3. 
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Figure 2.3: Revolving Vane Working Principle [17] 

In the original design, the motor powers the rotor component similar to that of the rolling 

piston. With the vane connecting the rotor and cylinder, the cylinder turns as well. This 

rotational motion causes the volumes in the suction and compression chamber to increase and 

decrease respectively. This draws in the working fluid into the suction chamber and at the same 

time, the decreasing volume in the compression chamber would compress the fluid. The 

complete cycle requires two revolutions of the RV; the first to draw the fluid into the suction 

chamber and the second revolution to compress the fluid. 

2.2.2 Fixed Vane Design 

In the original RV design with the swivelling vane, the compressor was driven by the 

rotor and as noted by Teh and Ooi [17], this is a source of lowered mechanical efficiency since 

the heavier cylinder would require a higher driving torque and increases the vane side friction 

loss as well. To this end, Tan and Ooi [20] proposed a rigid fixed vane design for the RV 

mechanism and studied the benefits of a cylinder-driven compressor instead of the original 

rotor-driven compressor. 

The fixed vane design proved to be much better than the original; the vane tip friction 

component is eliminated, the vane is no longer subjected to a gas differential pressure force 

and due to the pure rotation of the fixed vane, there is no longer any Coriolis force [20] acting 

on the vane which also results in a lower vane side friction loss.  
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The required inertial torques for the cylinder-driven variant versus the rotor-driven 

design is presented by Tan and Ooi [20] in Figure 2.4. The original swivel vane design has 

been included for comparison. 

 

Figure 2.4: Revolving Vane Inertial Torque Comparison [20] 

The fixed vane variant is clearly advantageous compared to that of the swivelling vane. 

In fact, the best design variant was found to be that of the fixed vane cylinder-drive compressor 

in which the inertia torque was found to be much lower than that of the rotor-drive. This is 

simply due to the fact the heavier cylinder is being used to turn the lighter rotor component, 

resulting in a lesser torque requirement. The overall improvement in mechanical efficiency was 

noted to be at 2.8% [20]. This is an important design feature that would help to improve the 

mechanical efficiencies of future RV compressors. 

2.2.3 Revolving Vane Journal Bearing Design 

As noted by Tan and Ooi [20], a cylinder driven compressor would be more mechanically 

efficient. However, this would require a redesign of the journal bearing system to support the 

rotational motion of the cylinder and rotor components. 

Tan and Ooi [21] then proceeded to work on the journal bearing design and calculated 

the minimum oil film thickness and pressure variation in the bearings during compressor 

operation. It was found that the minimum oil film thickness increases as the length or radius of 

the bearings increase but the trade-off would be that the friction loss would also increase due 
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to the larger surface area. However, the increase in friction loss due to the increase in bearing 

radius is much more severe compared to the increase in bearing length. 

Tan and Ooi [21] also investigated the different configurations of bearing support for the 

rotor and cylinder. It was concluded that having a cantilever support [21] for both components 

yielded poorer performance compared to when the cylinder supports are at both ends and 

cantilever support for the rotor. This is due to the higher loads that a single bearing will have 

to take in a cantilever configuration which also leads to higher friction losses. Figure 2.5 shows 

the best configuration for the journal bearing redesign in which the cylinder is supported at 

both ends while the rotor has a cantilever support. 

 

Figure 2.5: Improved Revolving Vane Journal Bearing Design [21] 

2.2.4 Heat Transfer in Working Chambers 

In addition to implementing design improvements to the RV mechanism, Tan and Ooi 

also investigated the effect of heat transfer in the working chamber [16]. In their initial 

mathematical modelling of the compressor with no heat transfer mechanism, it was found that 

the model always under predict the fluid pressure variation in the chamber.  To this end, they 

attributed the discrepancy to the absence of a heat transfer model within the working chamber. 

Tan and Ooi [16] proceeded to explore different convective heat transfer correlations in 

their RV model, namely those by Adair et al. [31], Benson et al. [32], Liu and Zhou [33]. As 

these correlations were intended for use in reciprocating compressors, Tan and Ooi had to adapt 

the heat transfer parameters of the RV mechanism for use in these correlations. The flow 

prediction of the fluid in the working chamber by Tan and Ooi [16] is depicted in Figure 2.6. 
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With this flow prediction, they then proceeded to define the hydraulic diameter, average flow 

velocity for calculating the Reynolds number and subsequently the heat transfer coefficient. 

 

Figure 2.6: Predicted Fluid Flow in Revolving Vane Working Chamber [16] 

Amongst the three different heat transfer correlations tested, it was concluded that the 

correlation by Liu and Zhou [16] is most suitable for modelling the heat transfer effect in the 

RV compressor as it offers the most accurate prediction for the experimental results. This 

correlation would be useful for modelling the heat transfer effects in the working chamber for 

the lubricant-free RV compressor. To this end, the current state of the art on RV compressors 

has been presented. The next Section 2.3 would delve into the work and progress of oil-free 

compressor development for other compressor designs. 

2.3 Oil Free Compressors 

There are other works carried out which are similar to the aim of this thesis. The works 

reviewed in this section include scroll compressors [34–36] and reciprocating compressors 

[37]. 
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2.3.1 Scroll Compressor 

Ni and Cai [35] studied the loads imposed on the moving interfaces during compressor 

operation and subsequently proposed a “floating-scroll” design that reduces the friction and 

hence the wear of the components by balancing the forces and moments affecting these 

components during compressor operation. 

On the other hand, Zhao et al. [34] proposed an oil-free scroll compressor that uses water 

as the lubricant to avoid contamination of the fuel cell system that the air compressor was 

deployed in. It was concluded that the compressor performance was still up to par and that the 

water was useful for lubrication and heat dissipation. However, it was also noted that a Teflon 

coating should be applied to the friction surfaces to reduce the impact of the loads during 

starting operation. 

In addition, Li et al. [36] also designed and built a dry scroll vacuum pump in order to 

model its performance characteristics more accurately with heat transfer and leakage effects. 

In their investigation, it was noted that increasing the pump speed increases the suction pressure 

in general, but this trend would taper off at high speeds. 

2.3.2 Reciprocating Compressor 

For the case of the reciprocating compressor, Grzyll and Cole [37] implemented self-

lubricating polyimide coating to the compressor as an alternative to oil lubrication. In addition, 

they also utilised sealed bearings that were permanently lubricated for supporting the 

crankshaft and rod. Certain aspects of the compressor were changed and machined to 

accommodate these modifications. Initial testing results revealed that there was more leakage 

in the compressor due to the increase in the component clearances brought by the modifications 

and further material wear during compressor operation. It was also noted that the temperature 

of the discharged fluid was higher due to the increase in friction and subsequent heat 

generation. 

2.4 Compressor Vibrations 

Vibration is an often undesirable aspect of mechanical devices as energy is consumed 

and noise is generated as well. Furthermore, they can cause fatigue stress in the components 
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which may result in premature failure. Compressors are no exception to this and their vibrations 

are further aggravated due to the high speeds at which they operate. Due to the eccentricity of 

the crank and shaft in reciprocating compressors during operation, rotary compressors such as 

the scroll [34, 36] and rolling piston [38] have better vibration characteristics. Nevertheless, 

there is a need to characterise the vibration profiles of the compressors so as to implement 

design changes to further reduce vibration.  

2.4.1 Reciprocating Compressor Vibration 

The reciprocating compressor is one of the earliest compressor designs and there are 

various publications in the literature [7, 39–45] pertaining to its vibration analysis. 

Hiller and Glickman [7] show a working schematic of a typical reciprocating compressor 

in Figure 2.7. The abbreviations TDC and BDC represents ‘top dead centre’ and ‘bottom dead 

centre’ respectively, which indicates the extent of the piston movement during operation. 

 

Figure 2.7: Reciprocating Compressor Schematic [7] 

The reciprocating compressor is a four step process as shown in Figure 2.7. To mitigate 

excessive vibration, numerous springs and counterweights can be employed to reduce the 

transmission of vibrations from the moving components to the outer compressor shell [45, 46]. 
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Furthermore, a multi-balancing approach has also been shown to reduce the vibration of the 

reciprocating compressor [39]. 

2.4.2 Rolling Piston Compressor Vibration 

For the rolling piston compressor, the outer compressor shell may be subjected to more 

severe vibrations due to the orbiting motion of the eccentric roller on the inner surface [46]. 

To this end, Yanagisawa et al. [27] set out to analyse the vibration characteristics of the 

rolling piston compressor. In their analysis, they divided the compressor into two main 

components, namely the rotor shaft and eccentric as the moving component and the cylinder 

shell as the stationary component, and studied their respective vibrations during steady state 

operation, starting and stopping operation. 

It was eventually concluded that the vibrations of the two components were 

approximately 180o out of phase from each other, with the rotating components adopting a sine 

profile whereas the stationary cylinder shell displaying a cosine profile [27] during steady-state 

operation. In addition, it was found that the moment of inertia of the compressor tends to reduce 

the vibration amplitudes during steady state operation but had little influence on the starting 

and stopping operation of the compressor. On the other hand, the spring constant for the vane 

contact had little influence on the vibration amplitude during steady state operation but would 

greatly affect the vibration during starting and stopping operation instead. 

2.4.3 Scroll Compressor Vibration 

The second type of rotary compressor included in this review is the scroll compressor. 

Padmanabhan [47] studied the rigid body vibration of the entire scroll compressor body and 

also the effect of utilising counterweights to reduce overall vibrations of the compressor. It is 

noted that the angular alignment of these counterweights would produce a greater effect on the 

vibration of the scroll compressor than mass effects of the weights.  

Bukac [48] went on to study the internal vibrations of the scroll compressor mechanism. 

He utilised a series of springs and masses to model the mating vanes in the scroll compressor 

in which the centripetal force was used as the excitation force in the model. He concluded that 

there is amplitude modulation due to the modal coupling of the spring masses in orthogonal 
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directions and also found out that there are multiple resonance peaks in the frequency response 

of the scroll compressor vibration. 

2.5 Dry Sliding Friction 

Due to absence of lubricant, an oil-free compressor would undergo dry sliding friction 

between the moving parts such as the shaft bearings and vane contact. The modelling of the 

magnitude of the friction force is simply the product of the normal force at the interface and 

the coefficient of friction; independent of the contact area. Dry friction creates heat buildup in 

the components which in most cases are undesirable due to thermal fatigue due to operation 

cycles or even premature failure when the temperature gets critical. However, friction heating 

might also be useful in cases when employed for friction stir welding [49–52]. It would 

therefore be of interest to understand the mechanism of dry friction so as to model the heat 

dissipation and heat transfer effects for better prediction of compressor performance. 

2.5.1 Aspects of Dry Sliding Friction 

The resistance force experienced during dry sliding friction can be attributed to the 

adhesive bonds between the atoms at the rubbing surfaces and force required for the 

deformation of the asperities at the rubbing interface as they plough into each other [53]. 

However, it was found that only a small part of the work expended during dry sliding is 

associated with the plastic deformation of the material; majority of the frictional work is in fact 

dissipated as heat at the interface [54]. Figure 2.8 shows the transformation of frictional energy 

into other forms. The ratio of the energy dissipated as heat increases with the strain in the 

material or with increasing temperatures [55]. Therefore, dry sliding friction is essentially a 

thermomechanical phenomenon – with both mechanical aspects and thermal aspects. 
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Figure 2.8: Transformation of Frictional Energy [54] 

For the mechanical aspects, factors that affect the strength of the friction force at the 

sliding interface depends on the type of interfacial bonds between the surfaces, material 

strength which affects the deformation energy and the area of actual contact due to surface 

asperities [53]. Furthermore, the asperities would deform due to increasing contact forces, thus 

increasing the actual contact area and consequentially, the friction force as well. In addition, 

due to the effect of strong interfacial bonds between similar materials, dry sliding friction 

between metals results in large frictional forces with severe wear. This can be mitigated through 

the application of surface films which would weaken the interfacial bonds [53]. 

Furthermore, during dry sliding, high temperatures at the contacting asperities can occur, 

albeit for only a very short duration [56]. Known as flash temperatures, these occurrences cause 

multiple hot spots on the contact surfaces which in turn causes asperities to deform and change 

the contact pressure distribution at the interface – the resulting uneven pressure causes further 

heating and thermal expansion at the contact spots [55]. This process is known as thermoelastic 

instability which occurs above a critical velocity during the wear-in phase of dry friction sliding 

and would stabilise with wear as the area and number of contact spots increase due to thermal 

expansion to reach a steady state eventually [55].  
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The combination of both thermal loading due to frictional heating and mechanical 

loading due to compressive stress at the interface would cause thermomechanical stress in the 

rubbing components. Furthermore, there is also tensile stress beneath the surface on the trailing 

edge of the contacting solid which when coupled with the compressive stress at the contact, 

resulting in plastic flow of the material [55].  

Such temperature changes may damage the material due to structural changes, oxidation 

or melting [57]; this would change the friction and wear behaviour of the components and result 

in premature failure. Abdel-Aal [58] investigated the efficiency of heat dissipation in materials 

for mitigating such effects and found that materials with high heat dissipation can prevent 

excessive build-ups in temperature  and that there occurs a definite temperature in which the 

rate of heat dissipation is at its maximum and that this property is inherent to different 

combinations of sliding material pairs. It is therefore of great interest to model and predict the 

temperature changes due to frictional heating in dry friction sliding. 

2.5.2  Modelling of Frictional Heating 

Kennedy [55, 57] wrote that the basic method of modelling the frictional heat would be 

that of a heat source method. From this, more complex variations have been developed [55] 

such as thermal network analogies with considerations for incorporation of flash temperatures, 

considerations for the variation of thermal conductivity of the materials with temperature [56], 

inclusion of a stochastic distribution for asperities [59], heat partitioning methods whereby the 

heat generated is split between the two sliding solids [60, 61], integral transform methods [62], 

third-body techniques [63] in which a third body is included between the sliding contacts, and 

last but not least, finite element methods [64–66]. It is also noted that analytical solutions are 

available, albeit applicable only to semi-infinite solids [67]. 

Amongst the different methods, the most commonly used methods are those that employ 

heat partitioning. Much of the literature is focused on determining the ratio of the partition. 

Such methods are first developed from the microscopic model [68] in which sliding contact 

resistance and heat generation coefficient are first determined, before they are extended to the 

macroscopic scale of the sliding interface [66]. In addition, there are also other methods that 

go one step further to include the calculation of the thermal constriction resistance [64, 65, 67, 
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69, 70] in which the heat is only conducted through the contacting asperities with no 

convection/radiation through the interstitial gaps. 

Such heat partition methods are commonly used in conjunction with finite element 

methods but due to the convective-diffusion term in the differential equations, the stability of 

the solution depends on the Peclet number, and numerical stability is only be achieved at low 

sliding velocities [55, 57]. However, correlation methods have been developed for calculating 

the constriction resistance [70] and predicting temperature changes that are applicable for a 

wide range of Peclet numbers [71] of which the latter can actually be used for coated sliding 

solids as well. 

2.6 Self-Lubricating Materials 

For an oil-free compressor, special materials or coatings may have to be employed to 

reduce the friction and wear between the components. This section will review such materials 

that have good tribological properties. 

2.6.1 Diamond-Like Carbon (DLC) 

Diamond-like carbon (DLC) is a self-lubricating material with low coefficients of 

friction which further decrease with increasing load and sliding speeds, superb wear resistance 

and a wide range of operating temperatures [72–78]. By careful selection and optimization of 

a sliding surface for DLC, coefficients of friction lower than 0.1 and wear rates of less than 10-

7 mm3 N-1 m-1 can be achieved [73].  

Furthermore, Liu et al. [75] discovered that when pairing the material with titanium or 

steel, the coefficient of friction can go as low as 0.05 – 0.07 after the wearing-in phase. They 

discovered that the material at the surface has been transformed into graphite in which the 

continuous transfer and exchange of the graphite layers between the two sliding bodies account 

for the low coefficients of friction and wear rate. 

DLC has good mechanical properties; it is highly wear resistant and maintains this 

property even under cryogenic conditions [72] when most materials would have undergone 

brittle failure. Due to its high mechanical strength, a DLC coating is able protect the 

components from operational wear [74] while maintaining low coefficients of friction. 
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In addition, DLC works best under inert conditions since the carbon content in the 

material may be absorbed into steel bodies at high temperatures [73]. However, when the DLC 

is combined with tungsten as a composite, it becomes operable at high temperatures up to 

500°C with low coefficients of friction less than 0.1 [77]. 

Despite its excellent properties, the applications of DLC as a dry lubricant are still rather 

limited due to high residual stresses and poor adhesion of DLC [78] to other surfaces, especially 

with aluminum and magnesium alloys [77], resulting in coatings with limited thickness. 

Recommended coating techniques include microwave plasma chemical vapour deposition for 

diamond films [76] and cathodic arc plasma methods be used for composite DLCs such as 

those containing titanium carbide [78] and tungsten [77]. 

2.6.2 Molybdenum Disulfide (MoS2) 

The usage of molybdenum disulfide (MoS2) for its tribological properties goes back a 

few centuries [79] with an appearance that is very similar to graphite. It possesses low 

coefficients of friction with good adhesion to metallic surfaces [79–84]. It adheres easily 

through the burnishing of MoS2 against metallic surfaces [79, 80], epoxy bonding [82], sputter 

coating [83] or by sulphurizing a molybdenum surface [81]. 

Like graphite, MoS2 also has a layered lattice structure in which the layers slide over 

each other to achieve low coefficients of friction; albeit with anisotropic sliding properties due 

to the polarisation of the molybdenum atoms [79, 80]. Figure 2.9 shows the polarised, layered 

structure of MoS2.  
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Figure 2.9: Layered Structure of MoS2 [80] 

MoS2 has excellent tribological properties; coefficients of friction were found to decrease 

with increasing loads and sliding speeds [79, 80], and performs well under fretting conditions 

with reduced wear rates [82, 84]. The formation of a lubricating MoS2 transfer film onto the 

counter-body after the wear-in phase helps to reduce wear at the contacting surface [80]. 

Winer [79] states that material undergoes oxidation at a temperature of only 85°C, but 

the oxide layer formed would protect the material underneath from further oxidation and its 

lubricating properties remain effective as long as it is not completely oxidized. He then goes 

on to explain that because of the oxide layer protection, the oxidation rate of MoS2 remains 

stable until 560°C whereby the rate would start to increase beyond that temperature. In 

addition, is also suitable for cryogenic conditions and that the coefficient of friction remains 

low (0.05) at temperatures as low as 240 K after which it will increase linearly upon further 

decrease of temperature to reach a value of 0.125 at 4 K [83]. 

However, MoS2 is susceptible to humidity in which the absorption of moisture would 

reduce the performance of the lubricant; frictional heating would reverse this effect since the 

moisture would evaporate from the film [79].  
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2.6.3 Polytetrafluoroethylene (PTFE) 

Polytetrafluoroethylene (PTFE) is a self-lubricating polymer with low coefficients of 

friction when paired with metals [85–92]. The long and smooth nature of the PTFE polymer 

chains allows them to slide over each other easily [87] and the transfer of material between the 

sliding bodies help to fill up the interstitials between asperities and reduce the friction [92]. 

PTFE has low coefficients of friction, which decreases with increasing loads but with 

increasing speeds, the coefficient of friction would increase accordingly up to a maximum 

before decreasing again [87]. Furthermore, the coefficients of friction for PTFE are very 

dependent on temperature in which it increases with temperature [87] and with little resistance 

to heat [90]. 

In its pure form, PTFE experiences severe wear rate due to the poor adhesion of the 

material to the counter-body resulting in continuous wear of PTFE [85], which is further 

aggravated by the increasing roughness of the counter-body [91]. To mitigate this, the wear 

resistance of PTFE can be improved by introducing filler materials into the polymer but care 

has to be taken such that the filler materials do not act as abrasives for the counter-body [86]. 

There is much research interest in evaluating the effect that different filler materials have 

on PTFE, such as those with good thermal conductivity to increase the thermal resistance of 

PTFE [90]. Other types of filler materials include aluminium oxides [89], zinc oxides which 

can further improve its tribological properties by lowering the coefficient of friction even 

further but discourages the usage of liquid lubricants [88], and even MoS2 which was postulated 

to catalyse the morphology of PTFE to have better wear resistance [91]. 

2.6.4 Polyetheretherketone (PEEK) 

Polyetheretherketone (PEEK) is another self-lubricating material which has good 

thermal stability with a high melting point, high strength and toughness on top of its appealing 

friction properties and wear resistance [93–98]. In addition, its tensile and toughness strength 

which can be further enhanced by the addition of filler materials such as fibres. It is also 

lightweight and can be relatively inexpensive. In view of these attractive properties, extensive 

research has been carried out evaluating the properties of PEEK and its different variations of 

filler materials and orientations [94, 96, 99].  
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In one of the earlier research papers on the properties of PEEK in 1987, Voss and 

Friedrich [93] noted the advantages of the material and carried out a study on its wear properties 

for with and without filler materials. It was found that the addition of filler material would 

improve the wear resistance of the polymer and that carbon fibre fillers prove to be stronger 

than silicon dioxide (SiO2) fillers. Since then, extensive research has gone into the PEEK 

polymer as a tribological material. 

Recently, Zhang et al. [99] investigated the effects of having nano-SiO2 particles in 

carbon fibre reinforced PEEK and found that the nano particles actually help to further reduce 

the friction coefficient by acting as mini rollers at the interface albeit at the cost of material 

wear. However, it was further discovered that under high pressures, the wear resistance 

improves due to the crushing of these nano-particles into even smaller particles that help reduce 

the wear of the material. 

Zhang et al. [96] also further investigated the effect of fibre orientation on the wear rate 

and lubricating properties of PEEK and found that fibres orientated anti-parallel to the sliding 

direction produced the best effect for lower friction coefficients and wear rate under high 

pressures.  

To this end, PEEK composites do show promise as a suitable dry lubricant but such 

characteristics may be circumstantial as discovered by Greco et al. [97] and Koike et al. [98]. 

Both studies point to a certain operating point for PEEK whereby it would have optimum 

lubricating characteristics. Greco et al. discovered that the trait of decreasing friction 

coefficient with increasing load is due to thermal effects in which the polymer softens, resulting 

in lower shear stresses at the surface [97]. In addition, due to the softening, there is a transfer 

of polymer material at the interface but this phenomenon can be mitigated with fibre 

reinforcement. These effects are verified by Koike et al. [98] in their investigation of PEEK 

polymer bearing wear in radial loads in which the bearings tend to fail due to the adhesion of 

the softened polymer material on both surfaces at low speeds or the oxidation and subsequent 

material breakdown of the polymer at high speeds. As such, this points to an optimum mid-

point in which the bearings function that prevents the softened film from building up while at 

the same time, avoiding high temperatures that can cause oxidation in the material [98]. 
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2.6.5 Concluding Remarks 

This literature review chapter has covered the following points in general:  

 The key advantage of the RV mechanism over that of the ubiquitous rolling piston 

mechanisms is that mechanically, the RV is more efficient than that of the rolling 

piston due to a simpler geometry, less rubbing interfaces, and lower relative 

velocities between the rotor and cylinder.  

 This positions the RV mechanism as a suitable design for further development 

into that of a lubricant-free compressor. 

 The aspects and modelling of dry sliding friction are also covered as it is relevant 

to that of lubricant-free systems.  

 A selection of low-friction materials that can be potentially used to mitigate large 

friction losses has also been reviewed. 
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3 Lubricant-free Revolving Vane Compressor Design 

Following the development and design variants of the revolving vane mechanism in 

Chapter 2, this chapter will first delve into the design challenges of a lubricant-free compressor. 

The vane and bush design of the RV mechanism is reviewed before the new triangle-tip vane 

design is proposed and discussed. In addition, rubbing components which will be made from 

self-lubricating materials are identified and such materials are then tested to select the best one 

for use in the RV prototype. Lastly, the design of prototype is discussed.  

3.1 Lubricant-free Compressor Design Challenges 

An important parameter for defining the performance of an RV compressor would be the 

eccentricity of the assembly which is the offset distance between the cylinder and rotor centres. 

The eccentricity greatly affects the working volume and mechanical efficiencies in which there 

is a trade-off between the two; a greater eccentricity increases the working volume of the 

compressor but reduces the mechanical efficiency and vice versa, a smaller eccentricity would 

improve the mechanical efficiency at the cost of a smaller working volume. 

A lubricant-free compressor must be able to function in the absence of oil lubrication. 

The rubbing components will then undergo dry friction, leading to material wear and excess 

heat generated in the compressor. As a consequence, the compressor would suffer from higher 

mechanical losses due to the increase in friction and higher volumetric losses due to leakage 

from material wear and excessive heat in the working chambers. 

Therefore, it would be advantageous to reduce the number of rubbing components so as 

to mitigate excessive friction losses and material wear. Secondly, the use of low friction, high 

wear resistance materials in the prototype would further alleviate these problems as well. 

For the purposes of measurement, the compressor prototype will be designed with a large 

working volume; in the event of severe leakage, the mass flow rate out of the compressor can 

still be effectively measured. Hence, the prototype shall have a working volume of 50 cm3. 

Furthermore, as the leakage flow area at the radial clearance increases with chamber length, 

the compressor prototype shall also have a shorter chamber length so as to mitigate such 

leakage losses. The end design will have a cylinder with a short length so as to reduce the 
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chamber length but with a large diameter to accommodate the large working volume in the 

chambers. The preliminary design dimensions of the prototype are presented in Table 3.1 with 

a working volume of 50 cm3. 

Table 3.1: Preliminary Design Dimensions 

Dimension Value 

Working Volume, cm3 50.0 

Cylinder Radius, mm 50.0 

Rotor Radius, mm 42.5 

Chamber Length, mm 23.0 

Vane Length, mm 18.0 

The rest of this chapter would go on to propose a new vane design which reduces the 

number of rubbing components by two, design features in the prototype to implement low 

friction rubbing materials into the components and to select a suitable self-lubricating material 

for use in such components.  

3.2 Vane Design 

3.2.1 Vane and Bush Component 

In the design variant for the fixed vane RV compressor, a bush component is added to 

accommodate the movement of the vane within the rotor slot. Figure 3.1 shows a cross-section 

of the fixed vane RV compressor with the bush component. 
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Figure 3.1: Revolving Vane Compressor with Bush Component 

The bush component is a simple and effective design that is able to accommodate the 

vane movement in the rotor slot while preventing leakage between the chambers. However, it 

is not without its disadvantages. The bush component presents an additional source of frictional 

loss and material wear while rotating in its slot and in addition, it imposes an additional 

constraint regarding the length of the vane; the length of vane in the slot must always extend 

past the centre of the bush at all times so as to hold the bush component in place – failure to do 

so would cause the bush to dislodge from its slot and jam the mechanism. Hence, it would best 

to redesign the vane slot such that no bush component is required.  

3.2.2 Triangle-Tip Vane Design 

Adahan [100] proposed a bulbous rounded end for the vane with a straight  vane slot for 

a single-vane rotary pump patent. Application of this vane design to the RV mechanism is 

shown in Figure 3.2. The illustrated vane design allows proper operation of the compressor 

while eliminating the bush component. However, this introduces volumetric losses into the 

compressor due to the presence of dead volume highlighted in Figure 3.2. The amount of dead 

volume as a consequence of this design is shown in Figure 3.3 as a percentage of the total 

working volume. It is noted that at maximum, the amount of dead volume is approximately 2% 

of the total working volume. 
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Figure 3.2: Bulbous Vane Design 

 

Figure 3.3: Dead Volume Characteristics 

Further improvements are made to the bulbous vane to mitigate the amount of dead 

volume in the design – a fillet is added to the sides of the vane to reduce the dead volume. In 

addition, as the angle of the vane swivel is fixed during compressor operation, the entire 

rounded edge of the bulbous end will not be fully utilised and can be removed as well. This 

reduces the required depth of the vane slot which in turn reduces the potential amount of fluid 

that leaks into the space as dead volume. Figure 3.4 shows the design process in which the 

bulbous vane is modified into a triangle-tip vane with the addition of fillets and partial removal 

of the bulbous end. 
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Figure 3.4: Triangle-tip Vane 

In order to minimise the dead volume in the working chambers, the vane tip radius has 

to be kept to a minimum and the fillet height has to be maximised. The technical dimensions 

of the triangle-tip vane are depicted in Figure 3.5 and construction lines have been added for 

clarity. The comparison between the dead volume in the compressor for the normal bulb vane 

and new vane design is presented in Figure 3.6. 

 

Figure 3.5: Vane Technical Dimensions 

With the new vane design, the RV mechanism now requires one less component and 

improved surface finishing is only needed for the rounded edges compared to the configuration 

with the bush component which required all the edges for all the components to be polished. 

In addition, the fillet also reduces the amount of dead volume in the compressor (as a ratio of 

total working volume) as shown in Figure 3.6. The fillet reduces the dead volume in the 

compressor by an average of approximately 20%. 
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Figure 3.6: Comparison of Dead Volume Variation 

Furthermore, the new vane and slot design has changed the geometric relationship 

between the cylinder and rotor. With the bush component, the centerline of the vane coincides 

at the edge of the rotor with the angle of swivel depicted by γ as shown in Figure 3.1 but for 

the new design, the tip of the vane now coincides with the slot centreline with the swivel angle 

represented by θv in Figure 3.5. The next section will go into the optimisation of these 

dimensions in order to minimise the amount of dead volume. 

3.2.3 Vane Design Dimensions 

First of all, the length of the vane has to be determined, which in turn dictates the depth 

of the slot. As the vane is required to be in contact at all times with the vane slot wall, the length 

of the vane has to be at least double the eccentricity of the cylinder and rotor and the slot length 

has to be even longer than the vane as it has to be able to accommodate the entire vane itself. 

These length restrictions are shown in Equations (3.1) and (3.2) respectively.  

 𝑙𝑣 > 2𝜀 (3.1) 

 𝑙𝑣𝑠 > 𝑙𝑣 (3.2) 

 The next step would be to determine the thickness of the vane required. The vane must 

be robust enough to withstand the pressure differential between the chambers and drive the 

rotor component without yielding. For calculation of the bending moment stresses that the vane 
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would experience during operation, it can be safe to assume that the vane has a uniform 

rectangular cross-section area since the actual vane design would have a much thicker cross-

section due to the addition of fillets. Figure 3.7 shows the cross-section and free body diagram 

of the vane subject to gas pressure forces between the chamber and the reaction force from the 

rotor. It is assumed that these forces are at their maximum; the reaction force is acting at the 

tip of the vane with the maximum magnitude in which the moment arm for the rotor is its 

shortest at maximum acceleration and the pressure differential across the vane is at its 

maximum. Based on the diagram, the bending moment exerted on the vane can be summarised 

as shown in Equation (3.3). 

 

Figure 3.7: Vane Free Body Diagram 

 
𝑀𝑣 = 𝑁𝑟,𝑚𝑎𝑥𝑙𝑣 + 𝐹𝑔,𝑒𝑓

𝑙𝑣
2

 (3.3) 

where   

 
𝑁𝑟,𝑚𝑎𝑥 =

𝐼𝑟𝛼𝑟,𝑚𝑎𝑥

𝑟𝑟 − 𝑙𝑣
 (3.4) 

 𝐹𝑔,𝑒𝑓 = (𝑝𝑑𝑖𝑠 − 𝑝𝑠𝑢𝑐)𝑙𝑐𝑙𝑣 (3.5) 

As the vane undergoes pure bending, the bending moment stress can then be calculated 

as shown in Equation (3.6) [101]. For practical application, the yield strength of the material 

σyield has to be higher than the calculated stress for the vane. From this criterion, the minimum 

vane thickness can then be calculated as shown in Equation (3.7) with the desired safety factor. 

In addition, the calculation assumes that the vane is of a uniform rectangular shape – with the 

additional fillet at the sides, the actual vane would actually be able to withstand higher bending 

moment stresses.  
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𝜎𝑣 =

𝑀𝑣𝑤𝑣

2𝐼𝑣
< 𝜎𝑦𝑖𝑒𝑙𝑑 (3.6) 

 

𝑤𝑣 > √
6𝑛𝑀𝑣

𝑙𝑐𝜎𝑦𝑖𝑒𝑙𝑑
 (3.7) 

where   

 
𝐼𝑣 =

1

12
(𝑙𝑐𝑤𝑣

3) (3.8) 

Based on the preliminary design dimensions in Table 3.1, the calculation for the 

minimum vane width is presented in Table 3.2 along with its assumed parameters. 

Table 3.2: Vane Width Design 

Parameter Value 

Pressure Difference (pdis – psuc ) 20 bar 

Material; Yield Strength (σyield) AISI 4140 Steel; 417.1 MPa [102] 

Safety Factor (n) 3 

Calculated Vane Width (wv) 4.92 ≈ 5.00 mm 

With the basic dimensions of the vane established, the dimensions of the vane slot can 

now be determined. The construction lines for the vane slot are drawn as shown in Figure 3.8 

in which some of the dimensions have been exaggerated for clarity.  
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Figure 3.8: Vane Slot Construction Lines 

To this end, the geometric relations for the vane with respect to the rotor can be derived 

as shown in Equations (3.9)–(3.13).  

 𝑟𝑣𝑟 = √𝑟𝑣𝑐
2 + 𝜀2 − 2𝜀𝑟𝑣𝑐 cos 𝜃𝑐 (3.9) 

 sin 𝜃𝑣 =
𝜀

𝑟𝑣𝑟
sin 𝜃𝑐 (3.10) 

 𝑟𝑟 sin 𝛾 = 𝜀 sin 𝜃𝑣 −
𝑤𝑣

2
 (3.11) 

 𝑏𝑃 = 𝑟𝑟 sin(𝜃𝑣 − 𝛾) (3.12) 

 𝑙𝑓𝑡 = 𝑙𝑣 + 𝜀 cos 𝜃𝑐 + 𝑟𝑟 cos 𝛾 − 𝑟𝑐 (3.13) 

The derivative of Equation (3.10) is presented in Equation (3.14). At the maximum 

swivel angle θv, the perpendicular distance bP of the vane edge at the rotor circumference to 

the slot centreline would dictate the vane slot width and also the maximum allowable fillet 

height lft. Hence, Equation (3.14) is equated to zero and solved for the cylinder rotation angle 

at which maximum swivel occurs as shown in Equation (3.17). To this end, the vane swivel 

angle, minimum slot width and maximum fillet height can be calculated by substitution of the 
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cylinder rotation angle value from Equation (3.17) into Equations (3.10), (3.12) and (3.13) 

respectively. 

 𝑑𝜃𝑣

𝑑𝜃𝑐
=

1

𝑟𝑣𝑟 cos 𝜃𝑣
(𝜀 cos 𝜃𝑐 −

𝑑𝑟𝑣𝑟

𝑑𝜃𝑐
sin 𝜃𝑣) (3.14) 

where   

 
cos 𝜃𝑣 =

𝑟𝑣𝑐
2 + 𝑟𝑣𝑟

2 − 𝜀2

2𝑟𝑣𝑐𝑟𝑣𝑟
 (3.15) 

 𝑑𝑟𝑣𝑟

𝑑𝜃𝑐
=

𝜀𝑟𝑣𝑐

𝑟𝑣𝑟
sin 𝜃𝑐 (3.16) 

when 
𝑑𝜃𝑣

𝑑𝜃𝑐
= 0, 𝜃𝑐 = cos−1

𝜀

𝑟𝑣𝑐
 (3.17) 

Based on the designed vane width of 5.00 mm and the respective radii of the cylinder 

and rotor at 50.0 mm and 42.5 mm, the calculated vane swivel angle, minimum slot width and 

fillet height are calculated and presented in Table 3.3 along with the final design dimensions. 

Table 3.3: Vane Design Dimensions 

Dimension Calculated Value Design Value 

Vane Swivel Angle, ° 13.5 15.0 

Vane Tip Radius, mm 5.6 6.0 

Fillet Height, mm 14.7 14.0 

With the critical vane dimensions accounted for, Section 3.3 will first go on to identify 

the key components that undergo dry friction rubbing in the compressor before proposing a 

suitable replacement self-lubricating material for these components. Section 3.4 shall then 

proceed to discuss the bearing design features of the oil-free RV compressor. 

3.3 Material Selection for Dry Friction Rubbing in Prototype 

In the absence of oil, it is important to ensure that dissimilar materials form rubbing pairs 

at the friction interface so as to reduce material wear and avoid excessive friction heating which 

may lead to failure in the components due to bonds forming between the similar materials under 

heat and pressure [103]. This section will look into the selection of the material for the rubbing 
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interfaces in the compressor. The material has to be strong enough to withstand the dynamic 

forces during operation especially at the bearings with a low coefficient of friction to reduce 

heat buildup at the interface. This section will first discuss the components affected followed 

by the selection of the self-lubricating material that would be used in the prototype. 

3.3.1 Identification of Components that Undergo Dry Friction 

Figure 3.9 shows a cross-section of a conventional RV compressor in which each 

individual component has its own colour. Apart from the grey shell housing and green shell 

housing cover, all the other components would be moving and turning during operation. As the 

majority of the prototype would be made from steel, components subjected to dry friction 

rubbing at the moving interfaces are to be made of a self-lubricating material so as to prevent 

metal-on-metal rubbing which will lead to eventual failure of the prototype. These components 

are hence identified as follows: 

 Rotor (including shaft) 

 Vane 

 Cylinder bearings 

 

Figure 3.9: Cross-section of Conventional RV Compressor 
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These components would have to be made from a self-lubricating material to form a 

rubbing pair with a steel counterpart. For the cylinder bearings, a bearing liner made from the 

self-lubricating material shall be employed between the steel shafts and bearings. The next 

Section 3.3.2 shall proceed with the description of an experiment for evaluation of different 

self-lubricating materials. 

3.3.2 Experimental Evaluation of Self Lubricating Materials 

a) Test Rig Set Up 

A test rig was set up to simulate the rubbing of a metal shaft with various materials so as 

to evaluate the coefficient of friction and wear rate of the different materials. The experiment 

setup would emulate the friction interface of the rubbing pairs in the compressor during 

operation. A torque transducer Torquemaster TM107 was used to measure the counter torque 

due to friction for calculation of the friction coefficient. Specifications for the torque transducer 

can be found in Appendix A-8. The test piece was held against a 100 mm metal shaft of 8 mm 

diameter using a pivoted cantilever beam in which the load can be adjusted by moving a weight 

along the cantilever. For the shaft material, two types of metals are tested; steel and aluminium. 

The induction motor has a frequency controller to regulate and control its output speed. A 

schematic of the experiment is shown in Figure 3.10(a) and the loading of the shaft via the 

cantilever is shown in Figure 3.10(b). 
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(a) Plan View 

 

(b) Axial View 

 

(c) Overview without Cantilever 

 

(d) Cantilever with Spirit Level 

Figure 3.10: Material Evaluation Experiment Set Up 
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The test pieces are made from polytetrafluoroethylene (PTFE), bearing grade polyether-

etherketone (PEEK) and chrome steel with an internal diameter of 10 mm and a depth of 15 

mm. The hole size is larger than that of the shaft so that the same piece can be used for multiple 

runs (up to four) involving different conditions, each on a different surface. These test pieces 

are shown in Figure 3.11. Note that there are four grooves on each test piece for mounting the 

test piece onto the cantilever. 

 

 

(a) Test Piece Schematic (b) PTFE 

  

(c) PEEK (d) Chrome Steel 

Figure 3.11: Test Material Pieces 

For the testing and evaluation for each of the materials, the various operating conditions 

for the experiment are presented in Table 3.4. The sliding speeds of the test pieces against the 

shafts that correspond to the rotation speeds of 250 rev min-1 and 500 rev min-1 would be at 

0.105 m s-1 and 0.209 m s-1, respectively. Each run lasted for two hours to ensure that the 

material had sufficient time to run-in and obtain the steady state coefficient of friction. 
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Table 3.4: Experiment Runs 

Run 
Shaft Material Bearing Material Speed, rev min-1 Load, N 

Steel Aluminium PTFE PEEK 250 500 20 25 

1 x  x  x  x  

2 x  x  x   x 

3 x  x   x x  

4 x  x   x  x 

5 x   x x  x  

6 x   x x   x 

7 x   x  x x  

8 x   x  x  x 

9  x x  x  x  

10  x x  x   x 

11  x x   x x  

12  x x   x  x 

13  x  x x  x  

14  x  x x   x 

15  x  x  x x  

16  x  x  x  x 

b) Procedure 

The test shaft was simply supported on both ends by a ball bearing and coupling to the 

torque transducer. For evaluating the different material test pieces against the shaft, the 

experimental procedures for the test are listed below: 

1. Before any experiment run with the test piece, it was weighed to ascertain the 

original mass. 

2. The shaft would have to be detached from the coupling each time the test piece 

or test shaft is to be changed. A 3 mm diameter hex key was used to loosen and 

detach the shaft coupling followed by threading the test material through the 

shaft. The shaft was then reconnected back to the coupling and the cantilever 

beam is then mounted onto the test piece.  
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3. A 1 kg mass was hung onto the cantilever to simulate the effect of bearing load 

onto the shaft. The position of the mass was adjusted to achieve the desired load. 

4. A spirit level was then used to ensure that the cantilever beam was levelled. This 

is important for accurate calculation of the load.  

5. The desired speed for the motor was set on the frequency controller and then the 

motor is switched on to record the torque caused by the friction at the rubbing 

interface.  

6. The motor is kept on for a period of two hours for the material to run-in and 

achieve a steady state reading for the friction torque. This concluded a set of 

reading for one experiment run. 

7. The test piece was then removed using step 2 and weighed to determine the final 

mass after the experiment. The change in mass would indicate the wear of the 

material. 

8. Steps 1 – 7 were repeated for each condition of the experiment runs listed in Table 

3.4. 

3.3.3 Chrome Steel Test Piece 

A chrome steel test piece was first used to observe the detrimental effects of metal-on-

metal rubbing. In the absence of lubricant, severe wear marks were observed on both the 

interior of the bearing and the shaft as shown in Figure 3.12 and highlighted by the red circles. 

The coefficient of friction was recorded to be 0.52 for steel and 0.44 for aluminium at a rotation 

speed of 250 rev min-1 with a load of 20 N. This result highlights the importance of ensuring 

that only dissimilar materials should form rubbing pairs and that metal-to-metal rubbing should 

always be avoided. 
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(a) Steel Shaft 

 

(b) Aluminium Shaft 

Figure 3.12: Wear of Metal Shafts with Chrome Steel Test Piece 

3.3.4 Polytetrafluoroethylene (PTFE) Test Piece 

The results for the runs with PTFE test piece are shown in Figure 3.13. The coefficient 

of friction ranges between 0.35 and 0.51 for the steel shaft and 0.23 and 0.50 for the aluminium 

shaft. The values for the coefficient of friction in this investigation are inconsistent and much 

higher than that found in literature. The typical coefficients of friction for PTFE sliding on steel 

were reported to be between 0.200 and 0.127 for loads between 20 – 30 N and sliding speeds 

between 0.32 – 1.28 m s-1 [104]. This may be attributed to the high wear rate of the material 

and thermal decomposition of PTFE at the rubbing interface as seen in Figure 3.14. 

  
(a): PTFE Test Piece Rubbing with Silversteel 

Shaft 

(b): PTFE Test Piece Rubbing with Aluminium 

Shaft 

Figure 3.13: PTFE Test Piece Performance 
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Figure 3.14: PTFE Wear Flakes and Thermal Decomposition of PTFE on Rubbing Surface 

3.3.5 Polyetheretherketone (PEEK) Test Piece 

The results for the runs with PEEK test piece are shown in Figure 3.15. It is observed 

that the coefficient of friction for PEEK decreases with increasing load and increasing rotation 

speed when paired with steel, which is consistent with the literature. On the other hand, the 

coefficient of friction remains largely unchanged when paired with aluminium regardless of 

load or rotation speed. In addition, it was found that the wear rate of PEEK is very low; 

weighing of samples before and after the test runs yielded no measureable change in mass.  

  

(a): PEEK Test Piece Rubbing with Steel Shaft (b): PEEK Test Piece Rubbing with Aluminium 

Shaft 

Figure 3.15: PEEK Test Piece Performance  
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3.3.6 Comparison and Selection of Materials for Prototype Fabrication 

From the experiment, bearing grade PEEK exhibits better performance at high rotation 

speeds and load conditions with lower coefficient of friction compared to that of PTFE. In 

addition, the severe wear characteristic of PTFE as seen in Figure 3.14 shows that it is 

unsuitable for such application. In conclusion, PEEK shall be chosen as the material of choice 

for the fabrication of the components that undergo dry friction. 

3.4 Prototype Design 

With the proposal of the new vane design and selection of PEEK as the self-lubricating 

material for the compressor prototype, this section will now go into the design of the prototype. 

The exposed cylinder-rotor assembly can be found in Figure 3.16 to show the implementation 

of the proposed vane design. The thermodynamics of the chambers shall be discussed in detail 

in Chapter 5. 

 

Figure 3.16: New Vane Design in Cylinder-Rotor Assembly 

Due to the unique characteristic of the eccentric rotor rotation in a rotating cylinder, the 

bearing layout for the revolving vane mechanism would be similar to that as proposed by Teh 

and Ooi [21] in which the cylinder is supported on both ends with the rotor supported on one 

end as shown by the cross-section layout in Figure 3.9. There is a cylinder cover that acts as 

the second bearing support for the cylinder. However, with the additional cylinder cover, 
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alignment issues may result in the prototype during assembly in which the top cylinder shaft 

and cover may not be properly aligned with the bearings in the housing shell. Hence, to mitigate 

the complexity of aligning an additional component during prototype assembly, the housing 

shell cover that serves as the cylinder bearing shall be enlarged to serve as a cover for the 

cylinder as well. This is illustrated in Figure 3.17. 

In addition, metal-to-metal contact at the bearings during operation for a lubricant-free 

compressor will result in failure and as a result, PEEK has been chosen as a rubbing surface 

for the metal shaft/bearing at these interfaces. The implementation of PEEK as the interface 

material shall be achieved through the use of a bearing liner with a flange at the bearings so 

that the metal shafts and bearing surfaces can rub against the PEEK liner instead of each other. 

In addition, the flange helps to hold the liner in place and furthermore, helps to prevent leakage 

of fluid through the bearings by adding additional path constriction where the bearing meets 

the flange as shown in Figure 3.17.  

 

Figure 3.17: Prototype Cross-section 

The bearing liners are not adhered to any surface and thus free to rotate about either the 

inner shaft or outer bearing. During compressor operation, the liners would follow the path of 

least resistance and rotate accordingly; rubbing against whichever surface that has the lowest 

friction. 



 

 

44 

3.5 Concluding Remarks 

The operating challenges of lubricant-free RV compressor have been discussed and the 

design of the RV compressor prototype has been proposed in this chapter. A brief summary of 

the chapter is as follows: 

 For the purpose of measurement data during testing of the prototype, it will be 

designed to have a large working volume of 50 cm3. 

 In order to reduce the number of rubbing components in the compressor, a new 

vane design is proposed to cut down the number of components by two, namely 

the split bush. 

 The addition of fillets for the new vane design would help to reduce the amount 

of dead volume in the vane slot chamber by approximately 20%. 

 Rubbing components in the prototype for the vane, rotor and bearings would be 

made from a self-lubricating material to reduce material wear. 

 Design dimensions of the prototype are presented in Table 3.5. 

 A separate experiment has been set up to determine a suitable self-lubricating 

material for use in the prototype as metal-to-metal rubbing without lubricant will 

have disastrous consequences. 

 Between PEEK and PTFE, PEEK was found to be more suitable for rubbing with 

steel surfaces as it has high wear-resistance and the coefficient of friction 

decreases with increasing load and rubbing speeds. It is thus selected for use in 

the prototype. 

 Bearing liners made of PEEK will be introduced into the bearings to prevent 

metal-to-metal contact between the shafts and journal bearings. 
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Table 3.5: Prototype Design Dimensions 

Dimension Value 

Working Volume, cm3 50.0 

Cylinder Radius, mm 50.0 

Rotor Radius, mm 42.5 

Chamber Length, mm 23.0 

Vane Length, mm 18.0 

Vane Swivel Angle, ° 15.0 

Slot Width, mm 6.0 

Fillet Height, mm 14.0 
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4 Geometric Model 

After discussing the prototype design, the next step would be to go into modelling the 

performance of the RV compressor. This chapter will start by delving into the geometric model 

of the prototype that will be required for use in the thermodynamics and dynamics modelling. 

Perfect dimensions are assumed for deriving the geometric relations. Note that there would be 

some deviations in the actual compressor due to manufacturing tolerances in the actual 

prototype. 

4.1 Vane Geometric Relations for Compressor Modelling 

With the new vane design presented in Chapter 3, the locus of the vane movement has 

changed since the tip of the vane is now constrained and its centre now slides along the 

centreline of the slot.  

The vane geometric relations form the basis for computing the working chamber volume 

variations and vane kinematics. These are required in the thermodynamics model and heat 

transfer relations that will be presented in Chapter 5. In addition, these relations will also be 

used for modelling the dynamics of the compressor components in Chapter 6. These new 

geometric dimensions are presented in Figure 4.1 with exaggerated dimensions for clarity. Note 

that some of the relations have been presented in Chapter 3 and are repeated here for 

comprehensiveness. 
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Figure 4.1: Cylinder-Rotor Geometry 

Based on the new vane design, the expressions for the geometric relations in Figure 4.1 

are presented in Equations (4.1)–(4.5). The first order derivatives and second order derivatives 

of these relations with respect to the cylinder rotation angle can be found in Equations (4.6)–

(4.10) and are used for the kinematics and dynamics modelling in Chapter 6.  

 𝑟𝑣𝑟 = √𝜀2 + 𝑟𝑣𝑐
2 − 2𝜀𝑟𝑣𝑐 cos 𝜃𝑐 (4.1) 

 𝑟𝑟
2 = 𝑟𝑟𝑐

2 + 𝜀2 − 2𝑟𝑟𝑐𝜀 cos 𝜃𝑐 

𝑟𝑟𝑐 = 𝜀 cos 𝜃𝑐 + √𝑟𝑟2 − (𝜀 sin 𝜃𝑐)2 (4.2) 

 
sin 𝜃𝑣 =

𝜀

𝑟𝑣𝑟
sin 𝜃𝑐 (4.3) 

 
cos 𝜃𝑣 =

𝑟𝑣𝑐
2 + 𝑟𝑣𝑟

2 − 𝜀2

2𝑟𝑣𝑐𝑟𝑣𝑟
 (4.4) 

 𝜃𝑟 = 𝜃𝑐 + 𝜃𝑣 (4.5) 

First order derivatives:  

 𝑑𝑟𝑣𝑟

𝑑𝜃𝑐
=

𝜀𝑟𝑣𝑐

𝑟𝑣𝑟
sin 𝜃𝑐 (4.6) 
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 𝑑𝜃𝑣

𝑑𝜃𝑐
=

1

𝑟𝑣𝑟 cos 𝜃𝑣
(𝜀 cos 𝜃𝑐 −

𝑑𝑟𝑣𝑟

𝑑𝜃𝑐
sin 𝜃𝑣) (4.7) 

 𝑑𝜃𝑟

𝑑𝜃𝑐
= 1 +

𝑑𝜃𝑣

𝑑𝜃𝑐
 (4.8) 

Second order derivatives:  

 𝑑2𝑟𝑣𝑟

𝑑𝜃𝑐
2

=
1

𝑟𝑣𝑟
[𝜀𝑟𝑣𝑐 cos 𝜃𝑐 − (

𝑑𝑟𝑣𝑟

𝑑𝜃𝑐
)
2

] (4.9) 

 𝑑2𝜃𝑟

𝑑𝜃𝑐
2

=
𝑑2𝜃𝑣

𝑑𝜃𝑐
2

=
sin 𝜃𝑣

cos 𝜃𝑣
(
𝑑𝜃𝑣

𝑑𝜃𝑐
)
2

−
2

𝑟𝑣𝑟

𝑑𝑟𝑣𝑟

𝑑𝜃𝑐

𝑑𝜃𝑣

𝑑𝜃𝑐
−

𝜀 sin 𝜃𝑐

𝑟𝑣𝑟 cos 𝜃𝑣

−
sin 𝜃𝑣

𝑟𝑣𝑟 cos 𝜃𝑣

𝑑2𝑟𝑣𝑟

𝑑𝜃𝑐
2

 

(4.10) 

where   

 𝑟𝑣𝑐 = 𝑟𝑐 − 𝑙𝑣 (4.11) 

4.2 Working Chamber Volumes 

With the vane geometric relations determined, this section will then go into the details of 

the actual working chamber volume in the RV prototype. As the RV prototype is a positive 

displacement compressor, the working chamber volume and volume variation are important 

for the thermodynamics modelling of the working fluid such as determining the rate of volume 

change and fluid density during operation. 

Due to the design of the vane, it is important to account for the volume of the vane and 

dead volume produced in the slot during operation. This would be useful for future design work 

when miniaturisation of the RV mechanism would cause the thickness of the vane to be 

significant when compared to the radius of the rotor and cylinder. It is first assumed that the 

vane is infinitesimally thin [15] and the resulting working chamber volume and dead volume 

from the vane slot is computed before subtracting the volume of the vane for the exact working 

volume. Figure 4.2 shows an enlarged section of the vane tip and slot with the geometric 

features highlighted for the breakdown in volume calculation. 
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Figure 4.2: Vane Tip and Vane Slot Geometry 

4.2.1 Working Chamber with Infinitesimally Thin Vane 

From Figure 4.1, the volumes of the working chambers with negligible vane volume are 

expressed as shown in Equations (4.12) and (4.13) while the variations of the working 

chambers with respect to the cylinder rotation angle are expressed in Equations (4.14) and 

(4.15). 

  
𝑉𝑡ℎ𝑖𝑛,𝑠𝑢𝑐 =

𝑙𝑐
2

∫ (𝑟𝑐
2 − 𝑟𝑟𝑐

2 ) 𝑑𝜃𝑐

𝜃𝑐

0

 

=
𝑙𝑐
2

[(𝑟𝑐
2 − 𝑟𝑟

2)𝜃𝑐 −
1

2
𝜀2 sin 2𝜃𝑐 − 𝑟𝑟

2𝛾 − 𝜀 sin 𝜃𝑐 √𝑟𝑟2 − 𝜀2 sin2 𝜃𝑐] 

(4.12) 

 
𝑉𝑡ℎ𝑖𝑛,𝑐𝑜𝑚 =

𝑙𝑐
2

∫ (𝑟𝑐
2 − 𝑟𝑟𝑐

2 ) 𝑑𝜃𝑐

2𝜋

𝜃𝑐

 

= 𝜋𝑙𝑐(𝑟𝑐
2 − 𝑟𝑟

2) − 𝑉𝑡ℎ𝑖𝑛,𝑠𝑢𝑐 

(4.13) 

Derivatives:  

 𝑑𝑉𝑡ℎ𝑖𝑛,𝑠𝑢𝑐

𝑑𝜃𝑐
=

𝑙𝑐
2

(𝑟𝑐
2 − 𝑟𝑟𝑐

2 ) (4.14) 

 𝑑𝑉𝑡ℎ𝑖𝑛,𝑐𝑜𝑚

𝑑𝜃𝑐
= −

𝑙𝑐
2

(𝑟𝑐
2 − 𝑟𝑟𝑐

2 ) (4.15) 
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4.2.2 Vane Slot Volumes 

The total dead volume in the vane slot can be expressed as Equation (4.16). Due to the 

swivel of the vane in the slot, the amounts of dead volume in the suction and compression 

chambers are not the same and can be calculated from Equations (4.18) and (4.19), respectively. 

 𝑉𝑑𝑒𝑎𝑑 = 𝑙𝑐 [𝑟𝑟
2𝜑𝑠𝑙𝑜𝑡 +

𝑤𝑠𝑙𝑜𝑡

2
(𝑟𝑟 cos𝜑𝑠𝑙𝑜𝑡 − 2𝑟𝑣𝑟)] (4.16) 

 
𝑉𝑠𝑤𝑙 =

𝑙𝑐
2

(𝑟𝑟
2𝜑𝑣𝑟 − 𝑟𝑟𝑟𝑣𝑟 sin𝜑𝑣𝑟) (4.17) 

 
𝑉𝑑𝑒𝑎𝑑,𝑠𝑢𝑐 =

1

2
𝑉𝑠𝑙𝑜𝑡 − 𝑉𝑠𝑤𝑙 (4.18) 

 
𝑉𝑑𝑒𝑎𝑑,𝑐𝑜𝑚 =

1

2
𝑉𝑠𝑙𝑜𝑡 + 𝑉𝑠𝑤𝑙 (4.19) 

where   

 𝜑𝑠𝑙𝑜𝑡 = sin−1
𝑤𝑠𝑙𝑜𝑡

2𝑟𝑟
 (4.20) 

 𝜑𝑣𝑟 = 𝜃𝑣 − 𝛾 (4.21) 

On the other hand, the volume left in the vane slot can be expressed as Equation (4.22). 

Note that it is unaffected by the angle of the vane swivel. 

 𝑉𝑠𝑙𝑜𝑡 = 𝑙𝑐𝑤𝑠𝑙𝑜𝑡(𝑙𝑠𝑙𝑜𝑡 + 𝑟𝑣𝑟 − 𝑟𝑟) (4.22) 

The derivatives of the dead volume and vane slot volume with respect to the cylinder 

rotation angle can then be expressed as Equations (4.23)–(4.25). These rate of volume change 

expressions are important since they affect the thermodynamic processes in the working 

chamber. 

 𝑑𝑉𝑑𝑒𝑎𝑑,𝑠𝑢𝑐

𝑑𝜃𝑐
= −𝑙𝑐𝑤𝑠𝑙𝑜𝑡

𝑑𝑟𝑣𝑟

𝑑𝜃𝑐
−

𝑙𝑐𝑟𝑟
2

(𝑟𝑟
𝑑𝜑𝑣

𝑑𝜃𝑐
− 𝑟𝑣𝑟 cos𝜑𝑣

𝑑𝜑𝑣

𝑑𝜃𝑐
− 𝑟𝑟 sin𝜑𝑣

𝑑𝑟𝑣𝑟

𝑑𝜃𝑐
) (4.23) 

 𝑑𝑉𝑑𝑒𝑎𝑑,𝑐𝑜𝑚

𝑑𝜃𝑐
= −𝑙𝑐𝑤𝑠𝑙𝑜𝑡

𝑑𝑟𝑣𝑟

𝑑𝜃𝑐
+

𝑙𝑐𝑟𝑟
2

(𝑟𝑟
𝑑𝜑𝑣

𝑑𝜃𝑐
− 𝑟𝑣𝑟 cos𝜑𝑣

𝑑𝜑𝑣

𝑑𝜃𝑐
− 𝑟𝑟 sin𝜑𝑣

𝑑𝑟𝑣𝑟

𝑑𝜃𝑐
) (4.24) 

 𝑑𝑉𝑠𝑙𝑜𝑡

𝑑𝜃𝑐
= 𝑙𝑐𝑤𝑠𝑙𝑜𝑡

𝑑𝑟𝑣𝑟

𝑑𝜃𝑐
 (4.25) 

where  
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 𝑑𝜑𝑣

𝑑𝜃𝑐
=

𝑑𝜃𝑣

𝑑𝜃𝑐
−

𝑑𝛾

𝑑𝜃𝑐
 (4.26) 

4.2.3 Vane Volume 

The volume of the vane can be computed by breaking down the vane into simpler 

geometric shapes and then adding up each of the components Av1, Av2, Av3 and Av4 which would 

give the volume for half of the vane by symmetry as shown in Figure 4.3.  

 

Figure 4.3: Vane Volume Calculation 

Equations (4.27)–(4.30) show the area breakdown for each of the shape shown in Figure 

4.3 and the volume of the vane can be calculated using Equation (4.31). 

 
𝐴𝑣,1 =

1

2
(𝑟𝑐

2𝜑𝑣 −
1

2
𝑟𝑐𝑤𝑣 cos𝜑𝑣) +

𝑤𝑣

2
(𝑙𝑣 − 𝑟𝑐 + 𝑟𝑐 cos𝜑𝑣 −

𝑤𝑠𝑙𝑜𝑡

2
sin𝜑𝑠𝑤𝑙) (4.27) 

 
𝐴𝑣,2 =

1

8
𝑤𝑠𝑙𝑜𝑡

2 𝜑𝑠𝑤𝑙 (4.28) 

 
𝐴𝑣,3 =

1

8
𝑤𝑠𝑙𝑜𝑡

2 sin𝜑𝑠𝑤𝑙 cos𝜑𝑠𝑤𝑙 (4.29) 

 
𝐴𝑣,4 =

1

2
(
𝑤𝑠𝑙𝑜𝑡

2
cos𝜑𝑠𝑤𝑙 −

𝑤𝑣

2
) (𝑙𝑓𝑡 −

𝑤𝑠𝑙𝑜𝑡

2
sin𝜑𝑠𝑤𝑙) (4.30) 

 

𝑉𝑣,𝑡𝑜𝑡𝑎𝑙 = 2𝑙𝑐(𝐴𝑣,1 + 2𝐴𝑣,2 + 2𝐴𝑣,3 + 𝐴𝑣,4) (4.31) 

where  
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  𝜑𝑣 = sin−1
𝑤𝑣

2𝑟𝑐
 (4.32) 

Similar to the calculation of dead volume in the vane slot, the exact vane volume in each 

chamber is calculated by taking into account the angle of swivel for the vane. The obstructions 

in the working volumes for each chamber due to the vane are summarised in Equations (4.33)–

(4.35). 

 
𝑉𝑣,𝑠𝑢𝑐 = 𝑙𝑐 (𝐴𝑣,1 + 𝐴𝑣,2 + 𝐴𝑣,3 + 𝐴𝑣,4 −

1

8
𝑤𝑠𝑙𝑜𝑡

2 𝜃𝑣) (4.33) 

 
𝑉𝑣,𝑐𝑜𝑚 = 𝑙𝑐 (𝐴𝑣,1 + 𝐴𝑣,2 + 𝐴𝑣,3 + 𝐴𝑣,4 +

1

8
𝑤𝑠𝑙𝑜𝑡

2 𝜃𝑣) (4.34) 

 𝑉𝑣,𝑠𝑙𝑜𝑡 = 2𝑙𝑐(𝐴𝑣,2 + 𝐴𝑣,3) (4.35) 

As the vane volume is constant, the derivative of the vane volume with respect to the 

cylinder rotation angle is only affected by the swivel of the vane. This is shown in Equations 

(4.36) and (4.37) for the suction and compression chambers, respectively. Note that the 

variation of volume for the vane slot chamber is unaffected by the vane volume. 

 𝑑𝑉𝑣,𝑠𝑢𝑐

𝑑𝜃𝑐
= −

𝑙𝑐
8

𝑤𝑠𝑙𝑜𝑡
2

𝑑𝜃𝑣

𝑑𝜃𝑐
 (4.36) 

 𝑑𝑉𝑣,𝑐𝑜𝑚

𝑑𝜃𝑐
=

𝑙𝑐
8

𝑤𝑠𝑙𝑜𝑡
2

𝑑𝜃𝑣

𝑑𝜃𝑐
 (4.37) 

4.2.4 Actual Working Chamber Volumes 

With each aspect of the vane and vane slot feature accounted for in Equations (4.12) – 

(4.37), the actual suction, compression and vane slot chamber volumes can be tabulated as 

shown in Equations (4.38)–(4.40) respectively. 

 𝑉𝑠𝑢𝑐 = 𝑉𝑡ℎ𝑖𝑛,𝑠𝑢𝑐 + 𝑉𝑑𝑒𝑎𝑑,𝑠𝑢𝑐 − 𝑉𝑣,𝑠𝑢𝑐 (4.38) 

 𝑉𝑐𝑜𝑚 = 𝑉𝑡ℎ𝑖𝑛,𝑐𝑜𝑚 + 𝑉𝑑𝑒𝑎𝑑,𝑐𝑜𝑚 − 𝑉𝑣,𝑐𝑜𝑚 (4.39) 

 𝑉𝑣𝑠 = 𝑉𝑠𝑙𝑜𝑡 − 𝑉𝑣,𝑠𝑙𝑜𝑡 (4.40) 
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The variations of working volumes in the RV compressor prototype are presented in 

Figure 4.4. The volume of the vane slot chamber was noted to be significant – at maximum 

variation, the volume of the vane slot chamber occupies 8.3% of the total working volume. 

 

Figure 4.4: Variation of Chamber Volumes 

In a similar fashion, the derivatives for the working chambers with respect to the cylinder 

rotation angle are shown in Equations (4.41) and (4.42), the derivative for the vane slot chamber 

has already been presented in Equation (4.25). These relations are used in thermodynamics 

modelling in Chapter 5 to evaluate the rate of density change of the fluid in the working 

chambers. 

 𝑑𝑉𝑠𝑢𝑐

𝑑𝜃𝑐
=

𝑑𝑉𝑡ℎ𝑖𝑛,𝑠𝑢𝑐

𝑑𝜃𝑐
+

𝑑𝑉𝑑𝑒𝑎𝑑,𝑠𝑢𝑐

𝑑𝜃𝑐
−

𝑑𝑉𝑣,𝑠𝑢𝑐

𝑑𝜃𝑐
 (4.41) 

 𝑑𝑉𝑐𝑜𝑚

𝑑𝜃𝑐
=

𝑑𝑉𝑡ℎ𝑖𝑛,𝑐𝑜𝑚

𝑑𝜃𝑐
+

𝑑𝑉𝑑𝑒𝑎𝑑,𝑐𝑜𝑚

𝑑𝜃𝑐
−

𝑑𝑉𝑣,𝑐𝑜𝑚

𝑑𝜃𝑐
 (4.42) 

4.3 Concluding Remarks 

With the new change in the vane design for the RV mechanism, new geometric relations 

have to be developed in order to obtain the volume variations of the working chambers and rate 

of volume change which are required for thermodynamics modelling of the fluid in the working 
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chamber, namely density calculations and density rate of change variations. In addition, these 

geometric relations are also important for describing the kinematics of the components required 

for dynamics modelling of the compressor. 

In this section, detailed working chamber volume calculations were discussed for 

accurate modelling purposes. The following factors have been considered for the working 

chamber volume and derivative relations: 

 infinitesimal thin vane for volume calculation during generic working processes 

 finite vane slot volume for dead volume calculation  

 finite vane volume for working chamber volume adjustment for small working 

chambers since vane volume can become significant in such cases 

 vane slot chamber volume variations as the volume of the vane slot chamber can 

be significant at 8.3% of total working volume at maximum variation 
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5 Thermodynamics Model 

Following the geometric model of the revolving vane compressor presented in Chapter 

4, the working fluid processes of the compressor will now be presented. In this chapter, the 

thermodynamics model describing the suction, compression and discharge processes would be 

formulated and discussed. This includes the heat transfer model, and the various mass flow rate 

models for suction, discharge and internal leakages. 

5.1 Thermodynamics Model 

The various chambers of the RV compressor are shown in Figure 5.1. The compressor 

has two working chambers; the suction and compression chambers. These chambers are 

bounded by the inner wall of the cylinder, outer wall of the rotor, the sides of the vane and the 

radial contact between the cylinder inner wall and rotor. 

 

Figure 5.1: Revolving Vane Compressor Chambers 

During operation, the suction chamber would transit to become a compression chamber 

and vice versa when the vane passes through the radial contact. In reality, there are actually 

three chambers, the third being the vane slot chamber. Due to manufacturing tolerances, the 

vane tip would not be in contact with both sides of the vane wall at the same time and thus, the 

working fluid would leak into the vane slot, creating the third chamber.  
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During operation, the volumes of the chambers would vary; the suction chamber would 

expand in volume and the compression chamber would decrease in volume while the vane slot 

chamber varies as the vane moves in and out. The thermodynamic properties of the fluid in the 

chamber will vary as the volumes change and can be modelled with the first law of 

thermodynamics [105] by setting up a control volume for each of the chambers. This is shown 

in Equation (5.1) which can be applied to each chamber. In addition, the conservation of mass 

in Equation (5.2) holds true for each chamber as well. The control volume diagram is shown 

in Figure 5.2 and note that the subscripts i and o denote all possible inlet and outlet flows for 

the control volume including leakages. 

 

Figure 5.2: Generic Control Volume 

 𝑑

𝑑𝑡
[𝑚𝑐𝑣 (𝑢𝑐𝑣 +

𝑣𝑐𝑣
2

2
+ 𝑔𝑧𝑐𝑣)] 

= 𝑄̇ − 𝑊̇ + ∑(ℎ𝑖 +
𝑣𝑖

2

2
+ 𝑔𝑧𝑖) 𝑚̇𝑖

𝑖

− ∑(ℎ𝑜 +
𝑣𝑜

2

2
+ 𝑔𝑧𝑜) 𝑚̇𝑜

𝑜

 

 

(5.1) 

 𝑑𝑚𝑐𝑣

𝑑𝑡
= ∑𝑚̇𝑖

𝑖

− ∑𝑚̇𝑜

𝑜

 (5.2) 

As the changes in the heights of the control volume and its inlets and outlets are small; 

the potential energy terms can be neglected. Similarly, the kinetic energy terms can be 

considered to be negligible as well since the values are small compared to the enthalpy; even 

with a speed of 50 m s-1 at room temperature, the kinetic energy of air is still less than 1% of 

its enthalpy. To this end, the kinetic and potential energy terms in Equation (5.1) are also 

ignored and the new equation is rewritten as Equation (5.3).  
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 𝑑

𝑑𝑡
(𝑚𝑐𝑣𝑢𝑐𝑣) = 𝑄̇ − 𝑊̇ + ∑𝑚̇𝑖ℎ𝑖

𝑖

− ∑𝑚̇𝑜ℎ𝑜

𝑜

 (5.3) 

The expression for specific enthalpy is given in Equation (5.4) and its time derivative is 

shown in Equation (5.5). Additionally, according to the state postulate [105], the specific 

enthalpy can also be expressed as either a function of pressure and density in Equation (5.6) or 

as a function of temperature and density in Equation (5.7). 

 ℎ𝑐𝑣 = 𝑢𝑐𝑣 +
𝑝𝑐𝑣

𝜌𝑐𝑣
 (5.4) 

 𝑑ℎ𝑐𝑣

𝑑𝑡
 =

𝑑𝑢𝑐𝑣

𝑑𝑡
+

1

𝜌𝑐𝑣

𝑑𝑝𝑐𝑣

𝑑𝑡
−

𝑝𝑐𝑣

𝜌𝑐𝑣
2

𝑑𝜌𝑐𝑣

𝑑𝑡
 (5.5) 

 
for ℎ𝑐𝑣(𝑝𝑐𝑣, 𝜌𝑐𝑣), 

𝑑ℎ𝑐𝑣

𝑑𝑡
=

𝜕ℎ𝑐𝑣

𝜕𝑝𝑐𝑣
|
𝜌

𝑑𝑝𝑐𝑣

𝑑𝑡
+

𝜕ℎ𝑐𝑣

𝜕𝜌𝑐𝑣
|
𝑝

𝑑𝜌𝑐𝑣

𝑑𝑡
 (5.6) 

 
for ℎ𝑐𝑣(𝛵𝑐𝑣, 𝜌𝑐𝑣), 

𝑑ℎ𝑐𝑣

𝑑𝑡
=

𝜕ℎ𝑐𝑣

𝜕𝑇𝑐𝑣
|
𝜌

𝑑𝑇𝑐𝑣

𝑑𝑡
+

𝜕ℎ𝑐𝑣

𝜕𝜌𝑐𝑣
|
𝑇

𝑑𝜌𝑐𝑣

𝑑𝑡
 (5.7) 

Substituting Equation (5.6) into Equation (5.5) would yield the expression for the time 

derivative of internal energy as shown in Equation (5.8). 

 𝑑𝑢𝑐𝑣

𝑑𝑡
= (

𝜕ℎ𝑐𝑣

𝜕𝑝𝑐𝑣
|
𝜌

−
1

𝜌𝑐𝑣
)

𝑑𝑝𝑐𝑣

𝑑𝑡
+ (

𝜕ℎ𝑐𝑣

𝜕𝜌𝑐𝑣
|
𝑝

+
𝑝𝑐𝑣

𝜌𝑐𝑣
2

)
𝑑𝜌𝑐𝑣

𝑑𝑡
 (5.8) 

Furthermore, the work done on a control volume and the time derivative of density are 

shown in Equations (5.9) and (5.10) respectively. 

 
𝑊̇ = 𝑝𝑐𝑣

𝑑𝑉𝑐𝑣
𝑑𝑡

 (5.9) 

 𝑑𝜌𝑐𝑣

𝑑𝑡
=

1

𝑉𝑐𝑣

𝑑𝑚𝑐𝑣

𝑑𝑡
−

𝑚𝑐𝑣

𝑉𝑐𝑣2
𝑑𝑉𝑐𝑣
𝑑𝑡

 (5.10) 

Upon manipulation of Equation (5.3) based on the relations given in Equations (5.4) – 

(5.10), the time derivatives of the pressure and temperature in terms of volume, mass and 

density are shown in Equations (5.11) and (5.12), respectively. 
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𝑑𝑝𝑐𝑣

𝑑𝑡
=

[

𝑄̇ + ∑ 𝑚̇𝑖ℎ𝑖 − ∑𝑚̇𝑜ℎ𝑜

−(ℎ𝑐𝑣 + 𝜌𝑐𝑣
𝜕ℎ𝑐𝑣

𝜕𝜌𝑐𝑣
|
𝑝
)
𝑑𝑚𝑐𝑣

𝑑𝑡
+ 𝜌𝑐𝑣

2 𝜕ℎ𝑐𝑣

𝜕𝜌𝑐𝑣
|
𝑝

𝑑𝑉𝑐𝑣
𝑑𝑡

]

(𝑚𝑐𝑣
𝜕ℎ𝑐𝑣

𝜕𝑝𝑐𝑣
|
𝜌

− 𝑉𝑐𝑣)

 (5.11) 

 

𝑑𝛵𝑐𝑣

𝑑𝑡
=

[
𝑄̇ + ∑ 𝑚̇𝑖ℎ𝑖 − ∑𝑚̇𝑜ℎ𝑜

−(ℎ𝑐𝑣 + 𝜌𝑐𝑣
𝜕ℎ𝑐𝑣

𝜕𝜌𝑐𝑣
|
𝛵
)
𝑑𝑚𝑐𝑣

𝑑𝑡
+ 𝜌𝑐𝑣

2 𝜕ℎ𝑐𝑣

𝜕𝜌𝑐𝑣
|
𝛵

𝑑𝑉𝑐𝑣
𝑑𝑡

+ 𝑉𝑐𝑣
𝑑𝑝𝑐𝑣

𝑑𝑡
]

𝑚𝑐𝑣
𝜕ℎ𝑐𝑣

𝜕𝑇𝑐𝑣
|
𝜌

 
(5.12) 

By applying the appropriate mass flow, volume-time derivative and heat transfer terms 

for each of the control volumes, Equations (5.2), (5.5), (5.8), (5.10), (5.11) and (5.12) can be 

solved to obtain the respective mass, enthalpy, internal energy, density, pressure and 

temperature with six unknown variables for each of the suction, compression and vane slot 

chambers. 

Alternatively, with two independent, intensive properties and the use of real gas 

equations, the calculation of the other working thermodynamic properties can be greatly 

simplified according to the state postulate [105]. This can be achieved by solving only 

Equations (5.2) and (5.11) to obtain the mass and pressure properties of the chambers. 

Furthermore, based on the known volume variation of the chambers from the geometric model 

in Chapter 4, the fluid densities can then be calculated. Thereafter, with the help of real gas 

equation programme such as REFPROP [106], the desired thermodynamic properties such as 

temperature, internal energy, enthalpy can then be computed with just the density and pressure 

inputs. 

Equations (5.2) and (5.11) are initial value, first-order ordinary differential equations 

which are solved using the 4th order Runge Kutta method in MATLAB which supports 

REFPROP for calculating the thermodynamic properties of the working fluid. Details on the 

full simulation procedure for the compressor prototype that encompasses the other models 

covered in Chapters 4, 6 and 7 can be found in Appendix A-1. 
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5.2 Heat Transfer Model 

5.2.1 Heat Transfer Correlation 

As the RV mechanism is a relatively new design and hence, the internal flow aspect of 

the fluid in the working chambers for heat transfer is not fully understood. Pioneering work by 

Tan and Ooi [16] on the heat transfer model for the RV compressor has helped to gain valuable 

insight on the heat transfer model for the RV mechanism. Heat transfer between the working 

fluid and the walls of the compressor chamber must be taken into consideration for more 

accurate modelling of the fluid working processes.  

The heat transfer model can be approximated according to Newton’s law of cooling in 

Equation (5.13) in which the heat transfer coefficient h is calculated from the Nusselt number 

correlation by Liu and Zhou [33] in Equation (5.14). As the correlation was originally 

developed for use with the reciprocating compressor, Tan and Ooi [16] adapted new 

expressions for the characteristic velocity and hydraulic diameter for the Reynolds and Nusselt 

numbers with respect to the geometry of the RV compressor. 

The adapted correlation proved to be very useful in modelling heat transfer in the RV 

compressor working chambers as it greatly improved the accuracy of chamber pressure 

prediction [16]. 

The temperature of the surface walls for each of the chamber will be approximated from 

the thermal model presented in Chapter 7. It is assumed that the temperatures of the components 

remain constant for the heat transfer since the thermal mass of the components Σ(mcp)solid are 

much greater than that of the working fluid (mcp)fluid. 

 𝑄̇ = ℎ∑𝐴𝑤(𝑇𝑤 − 𝑇𝑐𝑣)

𝑤

 
(5.13) 

 
Nu = 0.75Re0.8Pr0.6 =

ℎ𝐷𝑐𝑣

𝑘𝑐𝑣
   (5.14) 

where   

 
Re =

𝜌𝑐𝑣𝑣𝑐𝑣𝐷𝑐𝑣

𝜇𝑐𝑣
 (5.15) 
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Pr =

𝑐𝑝𝑐𝑣
𝜇𝑐𝑣

𝑘𝑐𝑣
 (5.16) 

When applying the heat transfer correlation by Liu and Zhou [33] to the revolving vane 

compressor, Tan and Ooi [16] defined the characteristic velocity of the fluid flow as the 

velocity of the vane rotation since the vane pushes the fluid in the direction of the rotation of 

the cylinder-rotor assembly. The corresponding hydraulic diameter would be the length of vane 

that is exposed and pushing the working fluid.  

The RV compressor used by Tan and Ooi [16] for their investigation was driven by the 

rotor component but for the current prototype, the cylinder is the driving component. These 

expressions for the characteristic velocity vcv and hydraulic diameters Dcv of the fluid for the 

suction and compression chambers are then adapted accordingly. The new expressions for the 

characteristic velocity and the hydraulic diameter for the suction and compression chambers 

are shown in Equations (5.17) and (5.18), respectively.  

 
𝑣𝑐𝑣 =

1

𝑟𝑐 − 𝑟𝑟𝑐
∫ 𝜃𝑐̇𝑟 𝑑𝑟

𝑟𝑐

𝑟𝑟𝑐

=
𝜃𝑐̇

2
(𝑟𝑐 + 𝑟𝑟𝑐) (5.17) 

 
𝐷𝑐𝑣 =

2𝑙𝑐(𝑟𝑐 − 𝑟𝑟𝑐)

𝑟𝑐 − 𝑟𝑟𝑐 + 𝑙𝑐
 (5.18) 

On the other hand for the vane slot chamber, since the vane movement in the vane slot 

chamber resembles that of a reciprocating compressor as shown in Figure 5.3, the characteristic 

velocity and hydraulic diameter are approximated to that of the reciprocating compressor given 

in various heat transfer correlations in the literature [31, 107–109]; the characteristic velocity 

for the vane slot chamber would be the speed of the vane akin to piston speed and the hydraulic 

diameter would be the vane slot width. The respective expressions are shown in Equations 

(5.19) and (5.20).  
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Figure 5.3: Vane Movement Relative to Vane Slot 

 
𝑣𝑣𝑎𝑛𝑒,𝑐𝑣 =

𝑑𝑟𝑣𝑟

𝑑𝑡
 (5.19) 

 𝐷𝑣𝑎𝑛𝑒,𝑐𝑣 = 2𝑟𝑣,𝑡𝑖𝑝 (5.20) 

5.2.2 Heat Transfer Surface Areas 

With the heat transfer correlations presented in Section 5.2.1, this section will proceed 

with the computation of the surface areas in the working chambers for heat transfer. 

As the cylinder and rotor are made of dissimilar materials, the temperature gradients at 

the respective surfaces will differ and thus, the area of the chamber walls would be computed 

separately for both the cylinder and rotor. The RV working chambers are presented in Figure 

5.4 with the respective chamber walls highlighted and the surface areas computed in Equations 

(5.21)–(5.26) and the expressions for the endface areas are presented in Equations (5.27) and 

(5.28). 
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Figure 5.4: Working Chamber Surface Areas 

𝐴𝑐,𝑠𝑢𝑐 = 𝑙𝑐𝑟𝑐(𝜃𝑐 − 𝜑𝑣) (5.21) 

𝐴𝑐,𝑐𝑜𝑚 = 𝑙𝑐𝑟𝑐(2𝜋 − 𝜃𝑐 + 𝜑𝑣) (5.22) 

𝐴𝑣 = 𝑙𝑐 (
𝑤𝑠𝑙𝑜𝑡

2
𝜑𝑠𝑤𝑙 + √(

𝑤𝑠𝑙𝑜𝑡

2
cos𝜑𝑠𝑤𝑙 −

𝑤𝑣

2
)
2

+ (𝑙𝑓𝑡 −
𝑤𝑠𝑙𝑜𝑡

2
sin 𝜑𝑠𝑤𝑙)

2

+ 𝑙𝑣

− 𝑙𝑓𝑡 − 𝑟𝑐 + 𝑟𝑐 cos𝜑𝑣) 

(5.23) 

𝐴𝑟,𝑠𝑢𝑐 = 𝑙𝑐𝑟𝑟(𝜃𝑟 − 𝜑𝑠𝑙𝑜𝑡) (5.24) 

𝐴𝑟,𝑐𝑜𝑚 = 𝑙𝑐𝑟𝑟(2𝜋 − 𝜃𝑟 + 𝜑𝑠𝑙𝑜𝑡) (5.25) 

𝐴𝑟,𝑠𝑙𝑜𝑡 = 𝑙𝑐(𝑙𝑠𝑙𝑜𝑡 − 𝑟𝑟 − 𝑟𝑣𝑟) (5.26) 

𝐴𝑒𝑓,𝑠𝑢𝑐 =
𝑉𝑠𝑢𝑐

𝑙𝑐
 (5.27) 

𝐴𝑒𝑓,𝑐𝑜𝑚 =
𝑉𝑐𝑜𝑚

𝑙𝑐
 (5.28) 
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To this end, the total surface area for both the cylinder and rotor can be summed up as 

shown in Equations (5.29) – (5.32). Note that due to the effect of the vane swivel, corrections 

have been made to the expressions for the cylinder wall and that the endface area Aef values 

make up part of the expression as well. 

 
𝐴𝑤,𝑐,𝑠𝑢𝑐 = 𝐴𝑐,𝑠𝑢𝑐 + 𝐴𝑣 −

𝑙𝑐𝑤𝑠𝑙𝑜𝑡𝜃𝑣

2
+ 2𝐴𝑒𝑓,𝑠𝑢𝑐 (5.29) 

 
𝐴𝑤,𝑐,𝑐𝑜𝑚 = 𝐴𝑐,𝑐𝑜𝑚 + 𝐴𝑣 +

𝑙𝑐𝑤𝑠𝑙𝑜𝑡𝜃𝑣

2
+ 2𝐴𝑒𝑓,𝑐𝑜𝑚 (5.30) 

 𝐴𝑤,𝑟,𝑠𝑢𝑐 = 𝐴𝑟,𝑠𝑢𝑐 + 𝐴𝑟,𝑠𝑙𝑜𝑡 (5.31) 

 𝐴𝑤,𝑟,𝑐𝑜𝑚 = 𝐴𝑟,𝑐𝑜𝑚 + 𝐴𝑟,𝑠𝑙𝑜𝑡 (5.32) 

5.3 Suction and Discharge Flow Models 

The mass flow rates through the suction and discharge ports can be modelled as a flow 

through an orifice [110] as shown in Figure 5.5. Assuming that the upstream fluid is stagnant 

and steady isentropic flow with negligible change in potential energy, and no addition of heat 

and work through the orifice, the energy equation describing the flow can be reduced to that 

shown in Equation (5.33). The mass flow rate can then be estimated as shown in Equation 

(5.34). 

 

Figure 5.5: Orifice Flow Model 

 
𝑣𝑑𝑜𝑤𝑛 = √2(ℎ𝑢𝑝 − ℎ𝑑𝑜𝑤𝑛,𝑖𝑠𝑒𝑛) (5.33) 

 𝑑𝑚𝑜𝑟𝑓

𝑑𝑡
= 𝜌𝑢𝑝𝐴𝑜𝑟𝑓𝑣𝑑𝑜𝑤𝑛 (5.34) 
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Due to the assumption that the flow is isentropic, the mass flow rate is only applicable 

for an ideal case. To this end, a discharge coefficient Cd should be introduced into Equation 

(5.34) to account for the real phenomena with reduced flow due to the presence of vena 

contracta and viscous dissipation as shown in Equation (5.35). For simplicity, a constant 

discharge coefficient is assumed for different operating conditions.  

 𝑑𝑚𝑝𝑡

𝑑𝑡
= 𝐶𝑑𝜌𝑢𝑝𝐴𝑜𝑟𝑓𝑣𝑑𝑜𝑤𝑛 (5.35) 

For the case of the compressor prototype, the ports are that of a sharp-edged orifice flow. 

The flow coefficients are in the range of 0.58 – 0.65 provided by Munson et al. [111] and the 

value depends on the ratio of the orifice diameter to the pipe diameter. It decreases with smaller 

diameter ratios and with higher Reynolds numbers.  

However, the actual suction/discharge port flow in the compressor prototype is not the 

same as pipe flow. Hence, an exact diameter ratio cannot be computed for determining the 

orifice flow coefficient. Instead, it shall be determined from measurements during testing of 

the prototype. A discharge coefficient shall be selected from the range 0.58 – 0.65 such that 

the theoretical predictions with the specific chosen value would fit all aspects of the operating 

conditions tested. 

The orifice area for the suction port is not constant due to the location of the suction port 

at a distance from the vane centerline and varies during its transition through the radial contact 

between the rotor and cylinder. Figure 5.6 shows an illustration of the suction port transition. 

Similarly, the orifice area for the discharge port is not constant and is dependent on the 

deflection angle of the discharge reed valve which can be calculated from the valve dynamics 

model. 
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Figure 5.6: Suction Port Transition 

5.4 Flow Orifice Areas 

5.4.1 Suction 

At the start of the suction cycle, the suction port is still on the other side of the radial 

contact and thus it is considered covered. As the rotor turns and the suction port passes through 

the radial contact, there is partial opening of the port which transitions into a full opening once 

the port passes through the radial contact completely.  

Figure 5.7 depicts the suction port geometry with respect to the radial contact line. Based 

on the geometry, the partial opening of the suction port with respect to the cylinder rotation 

angle can be written as shown in Equation (5.37). The variation of orifice area for the suction 

chamber with respected to the rotor rotation angle for the compressor prototype can then be 

plotted as shown in Figure 5.8. 
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Figure 5.7: Suction Port Geometry 

 𝐴𝑜𝑟𝑓,𝑠𝑢𝑐 = 0, 0 ≤ 𝜃𝑟 < 𝜃𝑠𝑢𝑐,𝑠𝑡𝑎𝑟𝑡 (5.36) 

 
𝐴𝑜𝑟𝑓,𝑠𝑢𝑐 = 𝑟𝑝𝑡,𝑠𝑢𝑐

2 [𝜃𝑝𝑡,𝑠𝑢𝑐 −
1

2
sin(2𝜃𝑝𝑡,𝑠𝑢𝑐)], 𝜃𝑠𝑢𝑐,𝑠𝑡𝑎𝑟𝑡 ≤ 𝜃𝑟 < 𝜃𝑠𝑢𝑐,𝑒𝑛𝑑 (5.37) 

 𝐴𝑜𝑟𝑓,𝑠𝑢𝑐 = 𝜋𝑟𝑝𝑡,𝑠𝑢𝑐
2 , 𝜃𝑟 ≥ 𝜃𝑠𝑢𝑐,𝑒𝑛𝑑 (5.38) 

where   

 
𝜃𝑝𝑡,𝑠𝑢𝑐 = cos−1 (

𝑟𝑟 sin 𝜃𝑟

𝑟𝑝𝑡,𝑠𝑢𝑐
) (5.39) 

 

Figure 5.8: Suction Orifice Area 
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5.4.2 Discharge 

The effective cross-section area of discharge port is also affected by the radial contact 

line similar to that of the suction port. Other than determining the flow area, the effective cross-

section area of the discharge port that is exposed to the fluid in the working chamber is an 

important parameter for determining the valve dynamics since it affects the pressure force on 

the valve plate. Chapter 6 will go into detail the valve dynamics model for determining the 

valve deflection height. For this section, only the effective exposed area for the discharge port 

and orifice area based on the valve deflection would be covered.  

Figure 5.9 shows the discharge port geometry with respect to the radial contact line. The 

expressions for the effective exposed area for the discharge port are presented in Equations 

(5.40)–(5.42) and the variation of the effective exposed discharge port area with respect to the 

cylinder rotation angle is plotted in Figure 5.10. 

 

Figure 5.9: Discharge Port Geometry 

 𝐴𝑒𝑓,𝑑 = 𝜋𝑟𝑝𝑡,𝑑
2 , 0 ≤ 𝜃𝑐 < 𝜃𝑑,𝑠𝑡𝑎𝑟𝑡 (5.40) 

 
𝐴𝑒𝑓,𝑑 = 𝑟𝑝𝑡,𝑑

2 [𝜃𝑝𝑡,𝑑 +
1

2
sin(2𝜃𝑝𝑡,𝑑)], 𝜃𝑑,𝑠𝑡𝑎𝑟𝑡 ≤ 𝜃𝑐 < 𝜃𝑑,𝑒𝑛𝑑 (5.41) 

 𝐴𝑒𝑓,𝑑 = 0, 𝜃𝑐 ≥ 𝜃𝑑,𝑒𝑛𝑑 (5.42) 

where   

 
𝜃𝑝𝑡,𝑑 = cos−1 (

𝑟𝑐 sin 𝜃𝑐

𝑟𝑝𝑡,𝑑
) (5.43) 
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Figure 5.10: Discharge Port Area 

When the valve is deflected due to fluid pressure in the working chamber, an opening is 

created. At this point in time, there are two possible flow areas occurring simultaneously; the 

first of which is the discharge port area as shown in Figure 5.9 and the second would be the 

circumferential space between the deflected valve and port depicted in Figure 5.11. Assuming 

negligible curvature of the valve at the discharge port, an approximation for the flow area 

around the valve is shown in Equation (5.44). 

 

Figure 5.11: Flow Area around Deflected Valve 

 𝐴𝑓𝑙𝑜𝑤,𝑣𝑎𝑙𝑣𝑒 = 𝜋𝑟𝑝𝑡,𝑑(𝑦𝑑,𝑠𝑡𝑎𝑟𝑡 + 𝑦𝑑,𝑒𝑛𝑑) (5.44) 

The effective flow area around the valve is then compared to the effective discharge port 

area and the orifice flow area for the discharge flow model would be the smaller of the two 

values as shown in Equation (5.45). 

 
𝐴𝑜𝑟𝑓,𝑑 = min(𝐴𝑓𝑙𝑜𝑤,𝑣𝑎𝑙𝑣𝑒 , 𝐴𝑒𝑓𝑓,𝑑) (5.45) 
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5.5 Leakage Flow Models 

Based on the prototype design, four internal leakage channels have been identified and 

are illustrated in Figure 5.12. These leakage channels are listed as follows: 

1. Radial clearance leakage at the radial contact between the rotor and the cylinder 

2. Leakage around the vane tip 

3. Vane endface leakage (both endfaces) 

4. Rotor endface leakage (both endfaces) 

 

Figure 5.12: RV Compressor Leakage Channels 

5.5.1 Radial Clearance Leakage 

Since the revolving vane mechanism shares a similar rotor and cylinder configuration to 

that of the rolling piston, the leakage through the radial clearance gap is modelled using the 

same method as that of a rolling piston proposed by Yanagisawa and Shimizu [112]. Figure 

5.13 shows the clearance gap at the radial contact and Figure 5.14 shows the leakage path 

model used for the rolling piston [112], which is modelled as a Fanno flow. 
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Figure 5.13: Radial Clearance Geometry 

 

(a): Simplified Geometric Model 

 

(b): Fanno Flow Model 

Figure 5.14: Radial Leakage Flow Model 

According to Yanagisawa and Shimizu [112], the flow is first assumed to be choked at 

the channel exit. When the channel exit is choked, Equations (5.46)–(5.52) apply to the flow 

describing the equivalent channel length, pressure and temperature ratios, and the leakage flow 

rate, respectively [112]. 

 
𝜆

𝑙𝑓

2𝛿𝑟𝑎𝑑
=

1 − 𝑀𝑡
2

𝜅𝑀𝑡
2 +

𝜅 + 1

2𝜅
ln

𝑀𝑡
2(𝜅 + 1)

2 + 𝑀𝑡
2(𝜅 − 1)

 (5.46) 

 𝑝𝑡

𝑝𝑒
=

1

𝑀𝑡
√

𝜅 + 1

2 + 𝑀𝑡
2(𝜅 − 1)

 (5.47) 
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 𝑝𝑑

𝑝𝑡
= (1 +

𝜅 − 1

2
𝑀𝑡

2)

𝜅
𝜅−1

 (5.48) 

 𝑝𝑑

𝑝𝑒
=

𝑝𝑑

𝑝𝑡
∙
𝑝𝑡

𝑝𝑒
 (5.49) 

 
𝑇𝑒 = 𝑇𝑑 ÷ [1 +

𝑀𝑒
2(𝜅 − 1)

2
] (5.50) 

 𝑣𝑒 = 𝑀𝑒√𝜅𝑅𝑇𝑒 (5.51) 

 𝑑𝑚𝑙𝑒𝑎𝑘

𝑑𝑡
= 𝛿𝑟𝑎𝑑𝑙𝑐𝑣𝑒 (

𝑝𝑒

𝑅𝑇𝑒
) (5.52) 

where   

 
𝑙𝑓 =

2𝜋𝛿𝑟𝑎𝑑𝑟𝑐

𝜀√1 − (1 −
𝛿
𝜀)

2
 

(5.53) 

 

𝜆 =

{
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𝑅𝑒
(𝑅𝑒 ≤ 3560)

0.3164

𝑅𝑒0.25
(𝑅𝑒 > 3560)

 (5.54) 

 
𝑅𝑒 =

2

𝜇𝑙𝑐
∙
𝑑𝑀𝑙𝑒𝑎𝑘

𝑑𝑡
 (5.55) 

Following the assumption that the channel exit flow is choked, the calculated pressure 

ratio in Equation (5.49) is checked against the actual operating pressure ratio between the 

compression and suction chamber. If the calculated pressure ratio is lower than the actual 

operating pressure ratio, the leakage channel is indeed choked and the assumption is thus valid.  

However, if the calculated pressure ratio is lower than that of the operating pressure ratio, 

the exit velocity of the fluid is not sonic and to this end, the Mach number at the throat would 

have to be iterated. A longer friction channel length for the Fanno flow in which the flow would 

be choked is assumed and illustrated in Figure 5.15. 
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Figure 5.15: Assumed Friction Channel Length 

Based on the assumed Mach number at the throat (𝑀𝑡
∗), the new relations describing the 

flow and equivalent friction channel length are expressed in Equations (5.56)–(5.61). Similarly, 

the calculated pressure ratio in Equation (5.61) is then compared to that of the actual operating 

pressure ratio.  

 
𝜆

𝑙𝑓
∗

2𝛿𝑟𝑎𝑑
=

1 − 𝑀𝑡
∗2

𝜅𝑀𝑡
∗2

+
𝜅 + 1

2𝜅
ln

𝑀𝑡
∗2(𝜅 + 1)

2 + 𝑀𝑡
∗2(𝜅 − 1)

 (5.56) 

 
𝜆
𝑙𝑓
∗ − 𝑙𝑓

2𝛿𝑟𝑎𝑑
=

1 − 𝑀𝑒
2

𝜅𝑀𝑒
2

+
𝜅 + 1

2𝜅
ln

𝑀𝑒
2(𝜅 + 1)

2 + 𝑀𝑒
2(𝜅 − 1)

 (5.57) 

 𝑝𝑡

𝑝∗
=

1

𝑀𝑡
∗ √

𝜅 + 1

2 + 𝑀𝑡
∗2(𝜅 − 1)

 (5.58) 

 𝑝𝑑

𝑝𝑡
= (1 +

𝜅 − 1

2
𝑀𝑡

∗2)

𝜅
𝜅−1

 (5.59) 

 
𝑝𝑒

𝑝∗
=

1

𝑀𝑒

√
𝜅 + 1

2 + 𝑀𝑒
2(𝜅 − 1)

 (5.60) 

 𝑝𝑑

𝑝𝑒
=

𝑝𝑑

𝑝𝑡
∙
𝑝𝑡

𝑝∗
÷

𝑝𝑒

𝑝∗
 (5.61) 

The iteration continues each time for assumed Mach numbers at the throat and would 

stop only when the calculated pressure ratio in Equation (5.61) matches that of the operating 

pressure ratio after which the leakage flow rate can then be calculated using Equations (5.50)–

(5.52).  
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The iteration process of estimating the equivalent friction channel length to match the 

prescribed pressure ratio may result in inaccuracy during leakage calculation. The accuracy 

depends on the convergence criterion for the root-search iteration. The convergence criterion 

for estimating the equivalent friction channel length is set at ±1% difference between the final 

calculated pressure ratio and the given pressure ratio. 

5.5.2 Vane Tip Leakage 

For the vane slot chamber, fluid can enter and exit the control volume when it leaks 

around the vane tip. Figure 5.16 shows a close up of the leakage path at the vane tip. 

 

Figure 5.16: Vane Tip Leakage 

The shape of the flow channel may be approximated as that of a flow through an orifice 

and thus, the thick orifice flow model is employed for calculation of the vane tip leakage with 

the clearance gap as the orifice area. The leakage flow rate for the vane tip is calculated with 

Equation (5.35) with the orifice area represented by the product of the vane tip clearance δslot 

and the chamber length lc (Aorf  = δslot lc). 

5.5.3 Vane Endface Leakage 

A close up of the vane endface leakage path is depicted in Figure 5.17. It is similar to 

that of the radial leakage flow model, albeit without the convergent section. Therefore, it can 

be modelled as a Fanno flow as well.  
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Figure 5.17: Vane Endface Leakage 

The method and Equations (5.56) to (5.61) for the radial leakage are thus adapted for 

application to calculation for the vane endface leakage; the friction channel length for the flow 

would be none other than the width of the vane and the isentropic relations for convergent 

section would be neglected. The equivalent Fanno flow path is illustrated in Figure 5.18. 

 

Figure 5.18: Equivalent Fanno Flow Path 

The flow is first assumed to be choked at the channel exit and Equations (5.62) to (5.68) 

would apply. The pressure ratio calculated in Equation (5.63) would have to be lower or equal 

to the operating pressure ratio in order for the assumption to be valid. 

 
𝜆

𝑤𝑣

2𝛿𝑒𝑛𝑓,𝑣
=

1 − 𝑀𝑡
2

𝜅𝑀𝑡
2 +

𝜅 + 1

2𝜅
ln

𝑀𝑡
2(𝜅 + 1)

2 + 𝑀𝑡
2(𝜅 − 1)

 (5.62) 

 𝑝𝑡

𝑝𝑒
=

1

𝑀𝑡
√

𝜅 + 1

2 + 𝑀𝑡
2(𝜅 − 1)

 (5.63) 

 
𝑇𝑒 = 𝑇𝑑 ÷ [1 +

𝑀𝑒
2(𝜅 − 1)

2
] (5.64) 



 

 

75 

 𝑣𝑒 = 𝑀𝑒√𝜅𝑅𝑇𝑒 (5.65) 

 𝑑𝑀𝑙𝑒𝑎𝑘

𝑑𝑡
= 𝛿𝑟𝑎𝑑𝑙𝑣𝑣𝑒 (

𝑝𝑒

𝑅𝑇𝑒
) (5.66) 

where   

 

𝜆 =

{
 
 

 
 

96

𝑅𝑒
(𝑅𝑒 ≤ 3560)

0.3164

𝑅𝑒0.25
(𝑅𝑒 > 3560)

 (5.67) 

 
𝑅𝑒 =

2

𝜇𝑙𝑐
∙
𝑑𝑀𝑙𝑒𝑎𝑘

𝑑𝑡
 (5.68) 

However, if the calculated pressure ratio is too high, the Mach number at the channel exit 

would have to be iterated in a similar fashion to that of the radial clearance leakage in Section 

5.5.1. The adapted equations are presented in Equations (5.69) to (5.73). 

 
𝜆

𝑙𝑓
∗

2𝛿𝑒𝑛𝑓,𝑣
=

1 − 𝑀𝑡
∗2

𝜅𝑀𝑡
∗2

+
𝜅 + 1

2𝜅
ln

𝑀𝑡
∗2(𝜅 + 1)

2 + 𝑀𝑡
∗2(𝜅 − 1)

 (5.69) 

 
𝜆
𝑙𝑓
∗ − 𝑤𝑣

2𝛿𝑒𝑛𝑓,𝑣
=

1 − 𝑀𝑒
2

𝜅𝑀𝑒
2

+
𝜅 + 1

2𝜅
ln

𝑀𝑒
2(𝜅 + 1)

2 + 𝑀𝑒
2(𝜅 − 1)

 (5.70) 

 𝑝𝑡

𝑝∗
=

1

𝑀𝑡
∗ √

𝜅 + 1

2 + 𝑀𝑡
∗2(𝜅 − 1)

 (5.71) 

 
𝑝𝑒

𝑝∗
=

1

𝑀𝑒

√
𝜅 + 1

2 + 𝑀𝑒
2(𝜅 − 1)

 (5.72) 

 𝑝𝑡

𝑝𝑒
=

𝑝𝑡

𝑝∗
÷

𝑝𝑒

𝑝∗
 (5.73) 

The iteration continues each time for assumed Mach numbers at the throat and would 

stop only when the calculated pressure ratio in Equation (5.73) matches that of the operating 

pressure ratio after which the leakage flow rate can then be calculated using Equations (5.64)–

(5.66). 



 

 

76 

To this end, it is noted that due to the varying width of the vane, the analytical solution 

for the vane endface leakage would not be as accurate because the majority of the leakage flow 

would occur at sections of the vane where the width is the shortest with lowest flow resistance. 

Furthermore, there is also leakage from the compression chamber into the slot chamber as well. 

Hence, a computational fluid dynamics (CFD) model shall be used to calculate the leakage 

flow through the actual vane endface gap for comparison. This is to ascertain an equivalent 

length lv,ef for a uniform cross-section vane to be used in the analytical solution and to determine 

the ratio of leakage flow that goes into the vane slot chamber.  

Figure 5.19 shows the illustration of a rectangular vane with uniform width and the 

bulbous vane. The next section will proceed onto the CFD model for leakage flow calculation. 

 

(a): Varying Leakage Due to Bulbous Shape (b): Equivalent Uniform Leakage Through 

Rectangular Vane 

Figure 5.19: Uniform Rectangular Vane Leakage 

5.5.4 CFD Simulation Model and Validation 

Yanagisawa and Shimizu [112] provided the validated analytical solution for the leakage 

through the radial clearance of the rolling piston compressor. As this leakage path is similar to 

that of the RV, the CFD model used to calculate the RV leakage will first be checked against 

the analytical model to ascertain its applicability and accuracy for leakage modelling. The 

assumptions used for the study are similar to that of the analytical model presented by 

Yanagisawa and Shimizu [112]: 
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 Pressure, temperature, density remains constant in the respective suction and 

compression chambers 

 There is no heat transfer during the leakage process and the temperatures of the 

fluid in both chambers are similar 

 The walls are stationary 

 Steady-state flow 

The dimensions of the prototype will be used for the CFD case study except for the 

clearance gap which is adjusted to 0.1 mm to get an achievable aspect ratio for the mesh. The 

CFD simulation was done using the ANSYS Workbench 16.0 software with ICEM meshing 

and Fluent subcomponents. The realizable k-ε turbulence flow model was used for the CFD 

solver and the details on the governing equations can be found with reference to Shih, et al. 

[113]. These equations are reproduced in Appendix A-2 for ease of reference. 

The revised dimensions and operating conditions for the simulation study are presented 

in Table 5.1. The geometry used in the simulation is found in Figure 5.20. 

Table 5.1: CFD Validation Study Parameters 

Component  Value 

Cylinder radius, mm 50.0 

Rotor radius, mm 42.5 

Cylinder length, mm 23.0 

Radial clearance gap, mm 0.1 

Operating Conditions  

Working fluid Air 

Suction chamber pressure, bar (abs) 1.0 

Compression chamber pressure, bar (abs) 2.0 

Temperature, °C 27.0 
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Figure 5.20: Radial Clearance Leakage Fluid Domain and Boundary Conditions 

Based on the dimensions and operating conditions in Table 5.1, the analytical solution 

for the leakage is calculated using the method discussed in Section 5.5.1 and compared to the 

solution obtained from the CFD simulation. The comparison in Table 5.2 shows that the CFD 

simulation is accurate with an error of 2.3%. With this result, it can be concluded that the CFD 

model used is appropriate for modelling the leakage flow within the RV compressor and will 

be extended for use in the other leakage paths, namely the vane endface and rotor endface 

leakages. 

Table 5.2: CFD Simulation Comparison 

Theoretical Leakage Mass Flow, kg s-1 Simulated Leakage Mass Flow, kg s-1 Error, % 

5.55 x 10-4 5.68 x 10-4 2.3 
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5.5.5 Vane Endface Leakage CFD Study 

To evaluate the leakage mass flow through the vane endface, the vane endface geometry 

is modelled as shown in Figure 5.21. Similar to that of the radial clearance leakage, the endface 

clearance gap is set at 0.10 mm. Note that there are actually two leakage modes – the first from 

the compression chamber to the suction chamber, and the second from the compression 

chamber to the vane slot chamber. 

 

Figure 5.21: Vane Endface Leakage Fluid Domain and Boundary Conditions 

The leakage flow is calculated with CFD for a variety of different pressure ratios while 

keeping the suction chamber pressure constant at 1 bar (abs). The slot chamber pressure is kept 
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constant and assumed to be the average of the suction and compression chamber pressures for 

each instance. All other assumptions remain unchanged with the temperature in each chamber 

kept constant at 27°C. The change in mass flow leakages across the vane endface gap with 

respect to the pressure ratio is presented in Figure 5.22. 

 

Figure 5.22: Vane Endface Leakage Mass Flow Rate 

The total leakage flow rate for each pressure ratio evaluated by CFD simulation (3D 

leakage flow rate) is divided by the respective Fanno flow model solution (2D leakage flow 

rate) to produce the equivalent channel width (or vane length) as illustrated in Figure 5.19. 

These values are shown in Figure 5.23.  
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Figure 5.23: Equivalent Vane Length for Total Vane Endface Leakage 

The equivalent vane length (leakage flow channel width) was found to vary with the 

power of the pressure ratio of the compression to suction chamber. To this end, the calculated 

equivalent lengths can be curve fitted with the relation as expressed in Equation (5.74). 

 
𝑙𝑒𝑓,𝑣𝑎𝑛𝑒 = 0.0110 (

𝑃𝑐𝑜𝑚

𝑃𝑠𝑢𝑐
− 1)

0.2

 (5.74) 

The proportion of leakage mass flow into the vane slot as compared to the leakage mass 

flow into the suction chamber is presented in Figure 5.24. It was found that approximately 90% 

of the leakage from the compression chamber goes into the suction chamber and the remaining 

10% into the vane slot chamber. This ratio applies when the vane slot chamber is at the mean 

of the two pressures in the compression and suction chambers. 
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Figure 5.24: Ratio of Vane Endface Leakages 

5.5.6 Rotor Endface Leakage CFD Study 

Similarly, an analytical solution for the leakage through the rotor endface is not available 

due to the geometry of the flow path and this is further complicated by the constant rotation of 

the vane. To this end, a CFD study is also carried out for the rotor endface utilising the same 

leakage model and assumptions as Section 5.5.4. The operating conditions are the same as 

those presented in Table 5.1 with the vane slot chamber set at the mean of the suction and 

compression chamber. The geometry of the rotor endface used for the model is shown in Figure 

5.25 with an endface gap of 0.10 mm. 
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Figure 5.25: Rotor Endface Leakage Fluid Domain and Boundary Conditions 

The variation of the rotor endface leakage is more complex compared to that of the vane 

endface leakage – the leakage flow rate not only varies with pressure ratio, but also with the 

angle of the vane which separates the compression and suction chambers and affects the 

leakage flow path geometry. The first part of this study shall deal with the variation of leakage 

flow rate with respect to the vane rotation. 

Due to the constant variation of the geometry due to vane rotation, several instances of 

the flow are emulated for different vane rotation angles at intervals of 30°. The pressure ratio 

between the compression and suction chambers is kept constant at 2 for all instances while the 
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pressure in the vane slot chamber is maintained at the average pressure between the 

compression and suction chambers.  

The change in leakage flow due to vane rotation is shown in Figure 5.26. Generally, 

maximum leakage occurs at 180° vane angle and decreases during the compression process as 

the vane angle decreases. Interestingly, the leakage into the vane slot chamber would decrease 

until there is net flow out of the vane slot chamber and into the suction chamber instead.  

 

Figure 5.26: Rotor Endface Leakage Mass Flow Rate with Pressure Ratio of Two 

The equivalent flow path for theoretical modelling of the rotor endface leakage shall be 

similar to that of the vane endface leakage presented in Section 5.5.5 – the leakage through the 

rotor endface shall be evaluated as if it was leaking through a rectangular shaped endface as 

presented in Figure 5.19(b). The channel length shall be assumed to be similar to that of the 

vane (5 mm) since it is considered the shortest separation distance between the suction and 

compression chambers. An equivalent channel width shall then be determined from the CFD 

data for use in the calculation of the leakage flow rate. 

The leakage flow rates at the compression chamber evaluated by CFD simulation are 

divided by the Fanno flow model solution to obtain the equivalent channel width (or vane 

length) at different vane angles. The variation of the equivalent vane length with respect to 
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vane angle for the leakage path can be approximated using a 2nd order polynomial fit with vane 

angle as the variable shown in Figure 5.27.  

 

Figure 5.27: Rotor Endface Leakage Curve Fit 

Equation (5.75) shows the polynomial function used for the curve fit for the compression 

chamber leakage. Note that the expression would result in maximum leakage flow rate at a 

vane angle of 180° consistent with that of CFD results and zero leakage flow at a vane angle 

of 0°. 

 
𝑙𝑒𝑓,𝑐𝑜𝑚 = 0.0205 [

𝜃𝑟

𝜋
(2 −

𝜃𝑟

𝜋
)] (5.75) 

 The expression for the equivalent channel width with respect to vane angle in Equation 

(5.75) is only valid for a pressure ratio of 2. Hence, the next step of this study would be to chart 

the variation of the leakage flow rates with respect to different pressure ratios between the 

compression and suction chambers.  

Since maximum leakage flow rate occurs at a vane angle of 180°, this flow geometry 

shall be utilised for all the CFD simulation cases while varying the pressure ratios between the 

compression and suction chambers. Similar to the other CFD cases, the pressure in vane slot 

chamber is kept at the mean of the compression and suction chamber. The change in leakage 
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flow rates through the rotor endface with respect to different pressure ratios is plotted in Figure 

5.28. 

 

Figure 5.28: Rotor Endface Leakage Mass Flow Rate with Different Pressure Ratios 

The variation of the leakage mass flow with respect to different pressure ratios for the 

rotor endface leakage was found to be very similar to that of the vane endface leakage. In a 

similar fashion, the total leakage from the compression chamber for each pressure ratio 

evaluated by CFD is divided by the Fanno flow model solution to produce the equivalent 

channel length and these points are plotted in Figure 5.29. 



 

 

87 

 

Figure 5.29: Equivalent Channel Width for Rotor Endface Leakage 

Similarly, the equivalent channel width (leakage flow channel width) was found to vary 

with the power of the pressure ratio of the compression to suction chamber. To this end, the 

calculated equivalent lengths can be curve fitted with the relation as expressed in Equation 

(5.76). 

 
𝑙𝑒𝑓,𝑒𝑛𝑓 = 0.0190 (

𝑃𝑐𝑜𝑚

𝑃𝑠𝑢𝑐
− 1)

0.35

 (5.76) 

Last but not least, with the variation of the equivalent leakage channel width with respect 

to the different vane angles and pressure ratios known, the findings from both studies can be 

combined into a single expression as shown in Equation (5.77). 

 
𝑙𝑒𝑓,𝑒𝑛𝑓,𝑐𝑜𝑚 = 0.0190 (

𝑃𝑐𝑜𝑚

𝑃𝑠𝑢𝑐
− 1)

0.35

[
𝜃𝑟

𝜋
(2 −

𝜃𝑟

𝜋
)] (5.77) 

Understandably, the effect of vane angle variation in Equation (5.77) is based on the CFD 

study for a pressure ratio of 2 and may not be applicable for other pressure ratios. However, it 

would be computationally intensive to model all the different pressure ratios with different 

vane angle geometries. Furthermore, strictly speaking, the pressure in the vane slot chamber 

was kept at a mean value between the compression and suction chamber pressures which is not 
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truly representative of the characteristics in the working chambers during actual compression 

operation. Hence, the CFD studies carried out in this section and Section 5.5.5 can only serve 

to model the trend of leakage variation in the RV compressor. This will be further elaborated 

in Section 5.5.7. 

5.5.7 Equivalent Leakage Flow Channel Width for Practical Operation 

As the CFD studies carried out in Sections 5.5.5 and 5.5.6 are only for instances in which 

the vane slot chamber pressure is of the average value between the compression and suction 

chamber pressures, the correlations for calculation of the equivalent channel width in Equations 

(5.74) and (5.77) would not be truly representative of leakage modelling in the actual RV 

compressor prototype during operation.  

The amount of leakage from the compression chamber into the suction and vane slot 

chamber would depend on the vane slot chamber pressure as well. Figure 5.30 shows the 

leakage flow rate across the vane endface when the vane slot chamber is set at the same pressure 

as the suction chamber. 

 

Figure 5.30: Vane Endface Leakage Mass Flow Rate with Pslot = Psuc 

The total amount of leakage is now higher than that shown in Figure 5.22 and the ratio 

of the total leakage that flows into the vane slot chamber has also increased to approximately 
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30%. Hence, the ratio of the total leakage from the compression chamber into the vane slot 

chamber is not constant and decreases as the pressure difference gets smaller.  

For convenience, it is assumed that the ratio of leakage for the vane slot chamber through 

the vane endface would be constant at 10% regardless of the pressure difference. This is the 

same ratio as if the vane slot chamber pressure is at the mean of the pressures between the 

compression and suction chamber presented in Section 5.5.5. 

A curve fit of the equivalent leakage flow channel width for the total leakage across the 

vane endface would yield a similar expression as that presented in Equation (5.74) albeit with 

different coefficients. 

For the rotor endface leakage, another CFD simulation was carried out. This time, the 

vane angle was set at 120° and the pressure ratio between the compression and suction 

chambers was varied. The pressure in the vane slot chamber was still kept at the average of the 

compression and suction chambers. The change in leakage flow rate with pressure ratio for the 

rotor endface leakage this time round is plotted in Figure 5.31. 

 

Figure 5.31: Rotor Endface Leakage with Different Pressure Ratios at 120° Vane Angle 

For the rotor endface leakage this time round at 120° vane angle with different pressure 

ratios, the flows to and from the vane slot chamber is approximately zero. A curve fit for 
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equivalent channel width of the total leakage flow at this instance of 120° vane angle for the 

different pressure ratios would result in a similar expression as that of Equation (5.76) but with 

different coefficients. 

On the other hand, if the effects of vane angle and pressure ratio were taken into account, 

the variation of the equivalent leakage flow channel length for the compression chamber 

through the rotor endface with the pressure ratio would be in a form similar to that shown in 

Equation (5.77).  

For the amount of leakage flow into the vane slot chamber through the rotor endface, it 

varies according to the different pressure ratios between all three chambers and also the vane 

angle, which change rapidly during practical operation. Hence, for convenience, it will be 

assumed that the leakage flow into the vane slot chamber through the rotor endface is also a 

proportion of the main leakage flow between the compression and suction chamber. Similar to 

that of the vane endface leakage, the proportion of leakage for the vane slot chamber through 

the rotor endface would be assumed to be constant at 10%. 

In reality, the walls of the leakage channels are moving and the leakage flow rates are 

not steady-state in nature and therefore vary during practical operation. To this end, the CFD 

study can only be used to determine the trend of leakage variation for the individual flow paths 

with different pressure ratios, and also with rotation angle in the case for the rotor endface 

leakage. The exact leakage flow rates during practical operation would be different from those 

obtained from the CFD study. 

To this end, the variation of the equivalent flow channel width for modelling the vane 

and rotor endface leakage paths between the compression and suction chambers would be of 

the forms expressed as shown in Equations (5.78) and (5.79), respectively. In addition, 10% of 

the leakage flow computed for each path is assumed to flow into the vane slot chamber as long 

as there is a pressure difference for flow to occur. 

 𝑙𝑒𝑓,𝑒𝑛𝑓 = 𝐶1 (
𝑃𝑐𝑜𝑚

𝑃𝑠𝑢𝑐
− 1)

𝐶2

  , 0 < 𝐶2 < 1 (5.78) 

 𝑙𝑒𝑓,𝑒𝑛𝑓,𝑟𝑜𝑡 = 𝐶3 (
𝑃𝑐𝑜𝑚

𝑃𝑠𝑢𝑐
− 1)

𝐶4

[
𝜃𝑟

𝜋
(2 −

𝜃𝑟

𝜋
)]  , 0 < 𝐶4 < 1 (5.79) 
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Note that the set of coefficients C1 to C5 would be determined with data obtained from 

prototype measurement that will be presented in Chapter 8. A fixed set of values for the 

coefficients in Equations (5.78) and (5.79) are adapted from the curve fit coefficients in 

Equations (5.74) and (5.77) such that the same set of values is able to model the internal leakage 

flow in the RV compressor prototype for different operating conditions.  

5.6 Concluding Remarks 

The thermodynamics model has been presented in this chapter with special 

considerations for heat transfer mechanisms and internal leakages. A summary of this chapter 

is as follows: 

 The full thermodynamics model for the working chambers have been formulated 

by treating each working chamber as a separate control volume. 

 The heat transfer correlation by Tan and Ooi [16] is used for modelling the heat 

transfer between the working fluid and chamber walls. New expressions for the 

hydraulic diameters and characteristic velocities for the suction and compression 

chamber have been adapted from the new geometry of the vane and vane slot 

design. 

 The hydraulic diameter and characteristic velocity for the vane slot chamber are 

similar to that of the reciprocating compressor as the motion of the vane in the 

vane slot chamber is similar to that of a reciprocating piston. 

 The surface areas of the working chamber walls are presented with a separate 

distinction for the rotor and cylinder walls since they will be of different materials 

and will not share the same wall temperature. 

 The suction and discharge flow models are also presented with care taken to 

formulate exactly the flow areas for the suction and discharge ports for accurate 

modelling. 

 Due to the absence of lubricants that can help to plug the clearances between the 

working chambers, internal leakage is expected to be significant for the 

compressor prototype. 

 Orifice flow model is used for modelling the internal leakage through the vane 

tip. 
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 Radial clearance leakage is modelled as that of a Fanno flow through a convergent 

duct. 

 Similarly, vane endface clearance leakage is modelled as that of a Fanno flow, 

but without a convergent duct. 

 As the leakage flow geometries at the vane and rotor endfaces are not of a uniform 

shape, CFD simulation was carried out to quantify these leakage flow rates. 

 Based on the CFD data, equivalent flow channel paths with uniform length and 

width are assumed and used with the Fanno flow model to match the leakage flow 

rates.  

 The equivalent flow channel lengths for both the vane endface and rotor endface 

are fixed at 5 mm, the narrowest part of the vane that separates the compression 

and suction chambers. The width will be computed based on the leakage flow rate 

obtained from the CFD data and Fanno flow model solution. 

 The proportion of leakage into the vane slot chamber through the vane endface 

was found to be not more than 30% of the total leakage flow rate from the 

compression chamber. 

 The proportion of mass that enters the vane slot chamber during internal leakage 

between the compression and suction chamber is assumed to be 10% as long as 

there is a pressure difference that enables flow into or out of the vane slot 

chamber. 

 The leakage flow rate through the endface is maximum at a vane angle of 180° 

and would decrease during the compression process as the vane angle gets 

smaller. 

 Based on the fixed channel length, the width of the leakage flow channel varies 

with the power of the pressure ratio between the compression and suction 

chambers in the forms according to Equations (5.78) and (5.79) for the vane 

endface and rotor endface leakage, respectively. 
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6 Kinematics and Dynamics Models 

After presenting the thermodynamics model for the working fluid processes in the 

compressor, this chapter will go into the kinematics and dynamics model of the compressor. 

This chapter will first present the kinematics model of the various components in the RV 

prototype for use in the dynamics model before proceeding to further discussion with the 

dynamics model. The model can then be used to characterise the rotational vibration for most 

generic RV mechanisms which has not been investigated before and will be useful for future 

design evaluations. 

The relations derived from the geometric model in Chapter 3 will be used and the same 

assumption will apply – the components have perfect geometric dimensions with no tolerances. 

Lagrangian mechanics is used for the modelling of the RV mechanism, as it is a very flexible 

and comprehensive approach with considerations for additional components. The fixed vane 

RV mechanism with the bush component will be used for the modelling as it contains the most 

components and the derived system of equations can be reduced to model the other design 

variants by simply removing the bush component terms. 

6.1 Kinematics Model 

For the RV prototype, the cylinder is connected to the motor and is the main driving 

component for the compressor. Therefore, the rotor motion is dependent on that of the cylinder. 

The rotational speed of the rotor and vane sliding speed in the slot can hence be expressed in 

terms of the cylinder rotation speed as shown in Equations (6.1) and (6.2), respectively.  

 
𝜃̇𝑟 =

𝑑𝜃𝑟

𝑑𝑡
=

𝑑𝜃𝑟

𝑑𝜃𝑐
∙
𝑑𝜃𝑐

𝑑𝑡
 (6.1) 

 𝑑𝑟𝑣𝑟

𝑑𝑡
=

𝑑𝑟𝑣𝑟

𝑑𝜃𝑐
∙
𝑑𝜃𝑐

𝑑𝑡
 (6.2) 

The acceleration of the rotor and vane can then be expressed as shown in Equations (6.3) 

and (6.4), respectively.  
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𝜃̈𝑟 = 𝜃̈𝑐

𝑑𝜃𝑟

𝑑𝜃𝑐
+ 𝜃̇𝑐

2
𝑑2𝜃𝑟

𝑑𝜃𝑐
2

 (6.3) 

 𝑑2𝑟𝑣𝑟

𝑑𝑡2
= 𝜃̈𝑐

𝑑𝑟𝑣𝑟

𝑑𝜃𝑐
+ 𝜃̇𝑐

2
𝑑2𝑟𝑣𝑟

𝑑𝜃𝑐
2

 (6.4) 

Note that these expressions for the speed and rotation of the rotor and vane are similar in 

form and can also be extended to that of the bush component if desired. Furthermore, for design 

variants in which the rotor is the main driving component and the cylinder is the dependent, 

the same principles apply by simply changing the respective subscripts and adapting the new 

derivatives from the geometric model. This concludes the kinematics model for the RV 

mechanism and the dynamics model shall be presented next. 

6.2 Lagrangian Mechanics 

Due to the multitude of parts for the RV mechanism with bush components, the 

conventional Newtonian approach might be too complex involving a free-body diagram for 

each of the individual components. In order to simplify the analysis, Lagrangian mechanics is 

used instead. 

Lagrangian mechanics is a form of analytical mechanics which focuses on the dynamics 

of the entire system instead of separating the system into individual components [114]. The 

general form of Lagrange’s equations [115] is presented in Equation (6.5). 

 𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝑞̇𝑗
) −

𝜕𝐿

𝜕𝑞𝑗
= 𝐹𝑗 + ∑𝜆𝑘(𝑡)

𝑛

𝑘

𝜕𝑓𝑘
𝜕𝑞𝑗

     {
𝑗 = 1,2, … ,𝑚
𝑘 = 1,2, … , 𝑛

 (6.5) 

L is defined as the Lagrangian of the system which is the total energy of the system and 

q represents the generalised coordinates of the system. Note that there are no fixed units for the 

Lagrange multiplier λ or holonomic constraint f since their units are interdependent. F 

represents the non-conservative forces acting on the system such as friction or power input. 

Assuming that the RV components undergo purely rotational motion with no 

translational motion within the bearings, the Lagrange equation in Equation (6.5) can be 

adapted for a rotational system as shown in Equation (6.6) by replacing the non-conservative 
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force term with that of a torque term. For the RV compressor, these non-conservative torques 

arise from the work done to the fluid, friction losses and motor work input. 

 𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝑞̇𝑗
) −

𝜕𝐿

𝜕𝑞𝑗
= 𝑇𝑗 + ∑𝜆𝑘(𝑡)

𝑛

𝑘

𝜕𝑓𝑘
𝜕𝑞𝑗

     {
𝑗 = 1,2, … ,𝑚
𝑘 = 1,2, … , 𝑛

 (6.6) 

6.3 RV Mechanism Dynamics 

6.3.1 Vane Attached to Cylinder 

Figure 6.1 illustrates the geometric relations between the cylinder, rotor and bush 

components for the generic RV mechanism in which the vane is attached to the cylinder. The 

rotation angles of each of the components and the displacement angle of the bush component 

due to rotational translation are designated as the generalised coordinates for the RV 

mechanism. They are represented by θc, θr, θb, ϕb for the cylinder, rotor, bush and displacement 

angle respectively. 

 

 

(a): Cross-section (b): Geometric Relations 

Figure 6.1: Vane Attached to Cylinder Geometric Relations 

The Lagrangian of the system is expressed as shown in Equation (6.7) with no potential 

energy as the bush component undergoes rotational translation in the horizontal plane. 

 
𝐿 =

1

2
(𝐼𝑐𝜃̇𝑐

2 + 𝐼𝑟𝜃̇𝑟
2 + 𝐼𝑏𝜃̇𝑏

2 + 𝑚𝑏𝑑𝑏𝜙̇
2) (6.7) 
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The non-conservative torques acting on each component are summarised as shown in 

Equation (6.8). Note that there is a set of separate friction torques for each generalised 

coordinate rather than for each component. The fluid torque and motor torque acts on the 

cylinder since the cylinder is the main driving component. 

 𝑇𝑛,𝜃𝑐
= 𝑇𝑚 + 𝑇𝑔 − 𝑇𝑓,𝜃𝑐

𝑇𝑛,𝜃𝑟
= −𝑇𝑓,𝜃𝑟

𝑇𝑛,𝜃𝑏
= −𝑇𝑓,𝜃𝑏

𝑇𝑛,𝜙 = −𝑇𝑓,𝜙 }
 
 

 
 

 (6.8) 

Based on the geometric relations in Figure 6.1, the set of holonomic constraints for the 

system in Equation (6.9) are obtained. 

 sin 𝜃𝑐

𝑟𝑟
=

sin 𝜃𝑟

𝑟𝑟𝑐
, → 𝑓1 =

sin 𝜃𝑐

𝑟𝑟
−

sin 𝜃𝑟

𝑟𝑟𝑐
= 0

sin 𝜃𝑐

𝑟𝑏
=

sin𝜙

𝑟𝑏𝑐
, → 𝑓2 =

sin 𝜃𝑐

𝑟𝑏
−

sin𝜙

𝑟𝑏𝑐
= 0

sin 𝜃𝑐

𝑟𝑏
=

sin 𝜃𝑏

𝜀
, → 𝑓3 =

sin 𝜃𝑐

𝑟𝑏
−

sin 𝜃𝑏

𝜀
= 0

}
  
 

  
 

 (6.9) 

The set of Lagrange equations for the vane on cylinder RV mechanism can then be 

formulated as shown in Equation (6.10) which describe the motion for each of the generalised 

coordinate. 

 
𝐼𝑐𝜃̈𝑐 = 𝑇𝑚 + 𝑇𝑔 − 𝑇𝑓,𝑐 + 𝜆1

𝜕𝑓1
𝜕𝜃𝑐

+ 𝜆2

𝜕𝑓2
𝜕𝜃𝑐

+ 𝜆3

𝜕𝑓3
𝜕𝜃𝑐

𝐼𝑟𝜃̈𝑟 = −𝑇𝑓,𝑟 + 𝜆1

𝜕𝑓1
𝜕𝜃𝑟

𝐼𝑏𝜃̈𝑏 = −𝑇𝑓,𝜃𝑏
+ 𝜆3

𝜕𝑓3
𝜕𝜃𝑏

𝑚𝑏𝑑𝑏𝜙̈ = −𝑇𝑓,𝜙 + 𝜆2

𝜕𝑓2
𝜕𝜙 }

 
 
 
 

 
 
 
 

 (6.10) 

Equations (6.9) and (6.10) form a set of seven simultaneous equations that should be 

solved for each of the generalised coordinate and Lagrange multiplier. However, by 

substitution, the Lagrange multipliers can be eliminated and the set of dynamics equations in 

Equation (6.10) can be reduced to a single equation describing the entire cylinder-rotor 

assembly for the RV mechanism as shown in Equation (6.11) with the cylinder rotation angle 
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being the main parameter of interest. The friction torques for each generalised coordinate has 

been combined into a single term Tf which represents the total friction torque for the assembly.  

 
𝐼𝑐𝜃̈𝑐 = 𝑇𝑚 + 𝑇𝑔 −

𝑑𝜃𝑟

𝑑𝜃𝑐
(𝐼𝑟𝜃̈𝑟) −

𝑑𝜙

𝑑𝜃𝑐
(𝑚𝑏𝑑𝑏𝜙̈) −

𝑑𝜃𝑏

𝑑𝜃𝑐
(𝐼𝑏𝜃̈𝑏) − 𝑇𝑓 (6.11) 

6.3.2 Vane Attached to Rotor 

As there are variants of the RV mechanism in which the vane may be attached to the 

rotor [20], the dynamics of this design variant will be covered in this section for 

comprehensiveness. Figure 6.2 shows the geometric relations for the components in the RV 

mechanism in which the vane is attached to the rotor. 

 

 

(a): Cross-section (b): Geometric Relations 

Figure 6.2: Vane Attached to Rotor Geometric Relations 

The Lagrangian of the system is the same as that of the vane attached to the cylinder as 

shown in Equation (6.12). For the non-conservative torques, the gas torque and motor torque 

now act on the rotor as it is the main driving component. These non-conservative torques are 

expressed in Equation (6.13). 

 
𝐿 =

1

2
(𝐼𝑟𝜃̇𝑟

2 + 𝐼𝑐𝜃̇𝑐
2 + 𝐼𝑏𝜃̇𝑏

2 + 𝑚𝑏𝑟𝑏𝑟𝜙̇
2) (6.12) 
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 𝑇𝑛,𝜃𝑟
= 𝑇𝑚 + 𝑇𝑔 − 𝑇𝑓,𝜃𝑟

𝑇𝑛,𝜃𝑐
= −𝑇𝑓,𝜃𝑐

𝑇𝑛,𝜃𝑏
= −𝑇𝑓,𝜃𝑏

𝑇𝑛,𝜙 = −𝑇𝑓,𝜙 }
 
 

 
 

 (6.13) 

The set of holonomic constraints for the vane on rotor RV mechanism derived from 

Figure 6.2 are shown in Equation (6.14). 

 sin 𝜃𝑟

𝑟𝑐
=

sin 𝜃𝑐

𝑟𝑐𝑟
, → 𝑓1 =

sin 𝜃𝑟

𝑟𝑐
−

sin 𝜃𝑐

𝑟𝑐𝑟
= 0

sin 𝜃𝑟

𝑟𝑏
=

sin𝜙

𝑟𝑏𝑟
, → 𝑓2 =

sin 𝜃𝑟

𝑟𝑏
−

sin𝜙

𝑟𝑏𝑟
= 0

sin 𝜃𝑟

𝑟𝑏
=

sin 𝜃𝑏

𝜀
, → 𝑓3 =

sin 𝜃𝑟

𝑟𝑏
−

sin 𝜃𝑏

𝜀
= 0

}
  
 

  
 

 (6.14) 

The set of Lagrange equations for the RV mechanism can then be written as shown in 

Equation (6.15). Apart from the generalised coordinates for the cylinder and rotor, the bush 

component stays the same. 

 
𝐼𝑟𝜃̈𝑟 = 𝑇𝑚 + 𝑇𝑔 − 𝑇𝑓,𝜃𝑟

+ 𝜆1

𝜕𝑓1
𝜕𝜃𝑟

+ 𝜆2

𝜕𝑓2
𝜕𝜃𝑟

+ 𝜆3

𝜕𝑓3
𝜕𝜃𝑟

𝐼𝑐𝜃̈𝑐 = −𝑇𝑓,𝜃𝑐
+ 𝜆1

𝜕𝑓1
𝜕𝜃𝑐

𝐼𝑏𝜃̈𝑏 = −𝑇𝑓,𝜃𝑏
+ 𝜆3

𝜕𝑓3
𝜕𝜃𝑏

𝑚𝑏𝑟𝑏𝑟𝜙̈ = −𝑇𝑓,𝜙 + 𝜆2

𝜕𝑓2
𝜕𝜙 }

 
 
 
 

 
 
 
 

 (6.15) 

The dynamics equation for the entire RV assembly can be written as shown in Equation 

(6.16) with the rotor rotation angle as the main parameter instead. 

 
𝐼𝑟𝜃̈𝑟 = 𝑇𝑚 + 𝑇𝑔 −

𝑑𝜃𝑐

𝑑𝜃𝑟
(𝐼𝑐𝜃̈𝑐) −

𝑑𝜙

𝑑𝜃𝑟
(𝑚𝑏𝑑𝑏𝜙̈) −

𝑑𝜃𝑏

𝑑𝜃𝑟
(𝐼𝑏𝜃̈𝑏) − 𝑇𝑓 (6.16) 

Equations (6.11) and (6.16) describe the two main design variants of the RV mechanism. 

These equations can be easily adapted for the other design variants by removing the bush terms 

when necessary and substituting the appropriate geometrical relations and derivatives. The next 
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Section 6.3.3 will discuss the dynamics equation for the RV compressor prototype and Chapter 

9 validates the dynamics equation for that of an RV expander with experimental measurements. 

6.3.3 Compressor Shell Housing 

The compressor shell housing is only a single component and to this end, Newtonian 

mechanics would be suited for formulating the dynamics equation for modelling the angle of 

twist of the housing. Figure 6.3 shows the cross-section of the housing shell and the torques 

acting on it. Note that these torques are friction counter torques at the bearings and that the 

discharge fluid exerts a drag force on the housing shell as well. 

 

Figure 6.3: Compressor Housing Cross-section and Friction Losses 

Apart from the external torques, fixtures on the housing shell hold the compressor in 

place during operation. Similar to the analysis by Yanagisawa et al. [27] for the rolling piston, 

these mounts are represented by a damping torque and support torque and assumed to be 

proportional to the twist rate and angle of twist respectively. The equation of motion for the 

compressor shell housing is formulated as shown in Equation (6.17). 



 

 

100 

 𝐼ℎ𝜃̈ℎ = 𝑇𝑗𝑏𝑟,𝑟 + 𝑇𝑗𝑏𝑟,𝑐 + 𝑇𝑑 − 𝑇𝑠𝑢𝑝𝑝 − 𝑇𝑑𝑎𝑚𝑝 (6.17) 

where   

 𝑇𝑠𝑢𝑝𝑝 = 𝐶𝑠𝑢𝑝𝑝𝜃ℎ (6.18) 

 𝑇𝑑𝑎𝑚𝑝 = 𝐶𝑑𝑎𝑚𝑝𝜃̇ℎ (6.19) 

6.3.4 RV Compressor Prototype Dynamics 

For the RV compressor prototype discussed in Chapter 3, the vane is attached to the 

cylinder as shown in Figure 6.4 and thus, Equation (6.11) shall be adapted for use in this 

section. 

 

Figure 6.4: RV Prototype Cyliner-Rotor Assembly Cross-Section 

Due to the absence of the bush component, the generalised coordinates for the bush θb 

can be omitted from the dynamics equation. The equation of motion describing the cylinder-

rotor assembly is presented in Equation (6.20). 

 
𝐼𝑐𝜃̈𝑐 = 𝑇𝑚 + 𝑇𝑔 −

𝑑𝜃𝑟

𝑑𝜃𝑐
(𝐼𝑟𝜃̈𝑟) − 𝑇𝑓 (6.20) 

As the cylinder is the main driving component, the rotation angle of the rotor θr is 

expressed in terms of the cylinder rotation angle as shown in Equation (6.21) and after 

rearrangement, the new equation of motion is depicted in Equation (6.22).  
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𝜃̈𝑟 = 𝜃̇𝑐

2
𝑑2𝜃𝑟

𝑑𝜃𝑐
2

+ 𝜃̈𝑐

𝑑𝜃𝑟

𝑑𝜃𝑐
 (6.21) 

 
[𝐼𝑐 + 𝐼𝑟 (

𝑑𝜃𝑟

𝑑𝜃𝑐
)
2

] 𝜃̈𝑐 = 𝑇𝑚 + 𝑇𝑔 − 𝐼𝑟𝜃̇𝑐
2
𝑑𝜃𝑟

𝑑𝜃𝑐

𝑑2𝜃𝑟

𝑑𝜃𝑐
2

− 𝑇𝑓 (6.22) 

6.3.5 Gas Torque 

The gas torque Tg is the torque required to do work on the working fluid to compress it. 

This is expressed in Equation (6.23). 

 
𝑇𝑔 =

𝑊̇𝑠 + 𝑊̇𝑐𝑜𝑚

𝜃𝑐̇

= 𝑃𝑠

𝑑𝑉𝑠
𝑑𝜃𝑐

+ 𝑃𝑐𝑜𝑚

𝑑𝑉𝑐𝑜𝑚

𝑑𝜃𝑐
 (6.23) 

6.3.6 Motor Torque 

A squirrel-cage induction motor would be used to power the compressor. The output 

torque from the motor Tm is dependent on the frequency of the alternating current (AC) input 

and the rotation speed of the motor shaft. The synchronous speed of the motor is defined as the 

speed at which the output torque is zero and this is dependent on the input AC frequency [116]. 

For such a motor, its synchronous speed is defined as shown in Equation (6.24) where 𝜒 is the 

input frequency and 𝜓 is the number of stator poles in the motor [116]. 

 
𝜃̇𝑠𝑦𝑛𝑐 =

120𝜒

𝜓
∙
2𝜋

60
=

4𝜋𝜒

𝜓
 (6.24) 

The speed-torque characteristic curve of an induction motor is shown in Figure 6.5. As 

the alternating current input frequency to the motor changes, the synchronous speed changes 

accordingly and the entire curve translates along the x-axis. 
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Figure 6.5: Motor Load Curve 

To this end, the speed-torque characteristic curve is fitted to a sixth order polynomial 

function in which the output torque of the motor is expressed as a function of the instantaneous 

operating speed and synchronous speed as shown in Equation (6.25). This enables the 

simulation model to emulate the motor torque based on the input frequency and operating 

speed. 

𝑇𝑚 = 𝑎0 + 𝑎1(𝜃̇𝑠ℎ𝑎𝑓𝑡 − 𝜃̇𝑠𝑦𝑛𝑐) + 𝑎2(𝜃̇𝑠ℎ𝑎𝑓𝑡 − 𝜃̇𝑠𝑦𝑛𝑐)
2
+ ⋯+ 𝑎6(𝜃̇𝑠ℎ𝑎𝑓𝑡 − 𝜃̇𝑠𝑦𝑛𝑐)

6
 (6.25) 

Following the evaluation of the motor torque, Section 6.4 will detail the calculation of 

the various friction torques present in the oil-free RV compressor. As higher frictional losses 

are expected in the absence of lubricants, it would be impractical to model the total friction 

torque as a proportion of the average gas torque which was utilised in the study of the rolling 

piston compressor by Yanagisawa et al. [27]. 

6.4 Evaluation of Friction Torques 

For the RV mechanism, four sources of friction losses have been identified, namely 

bearing friction and drag from the discharged fluid in the housing shell as shown in Figure 6.3, 

together with rotor endface friction and vane sliding friction as illustrated in Figure 6.6 
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Figure 6.6: Rotor Endface Friction and Vane Sliding Friction 

Each of these losses will be looked at in detail as friction losses are expected to be 

extremely significant for that of an oil-free RV compressor. It is noted that other than the fluid 

drag, the friction losses arise from dry friction due to the absence of lubricants. The Coulomb 

friction model given in Equation (6.26) shall be used for calculation of these friction torques. 

In these cases, μ represents the coefficient of friction and N is the normal reaction force at the 

rubbing surface. 

 𝐹𝑓 = 𝜇𝑁 (6.26) 

6.4.1 Endface and Bearing Flange Friction 

An orientation-free compressor would not have any fixed orientation; it may be required 

to operate under different orientations depending on the conditions. Hence, the orientation of 

the compressor may cause the weight of the components to weigh down on the component 

endfaces and bearing flanges resulting in friction at these interfaces. This presents an additional 

source of friction in the compressor. Figure 6.7 shows the layout of the components in the 

compressor in the upright position and the orientation of the compressor. The cylinder is 



 

 

104 

supported on both ends by two bearings and the rotor is resting on the endface with the shaft 

pointing downwards.  

 

Figure 6.7: Compressor Rotation Orientation 

From Figure 6.7, the friction force per unit area acting on each of the bearing flanges due 

to the weight of the component can be written as shown in Equation (6.27). Note that the 

friction force due to the weight of the components can only occur on at most one of the flanges 

depending on the orientation. For the endface, the magnitude friction force per unit area due to 

the weight of the rotor component and chamber pressure forces can be expressed as shown in 

Equation (6.28). Note that the forces at the endface might be negative for certain orientations 

or operating conditions in which the pressure forces at the endfaces are able to support the 

weight of the rotor; such forces are neglected as the endface force is now acting on the other 

surface and the alternate expression in Equation (6.29) is used instead. 
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𝑓𝑏𝑓,1 =

𝜇𝑚𝑐𝑔 cos𝜑𝑜𝑟𝑡

𝜋(𝑟𝑏𝑓,2
2 − 𝑟𝑏𝑓,1

2 )
  , 𝜑𝑜𝑟𝑡 ≤

𝜋

2

𝑓𝑏𝑓,2 = −
𝜇(𝑚𝑐 + 𝑚𝑟)𝑔 cos 𝜑𝑜𝑟𝑡

𝜋(𝑟𝑏𝑓,2
2 − 𝑟𝑏𝑓,1

2 )
  , 𝜑𝑜𝑟𝑡 >

𝜋

2}
 
 

 
 

 (6.27) 

 |𝒇𝑒𝑛𝑓| =
𝜇

𝜋(𝑟𝑟2 − 𝑟𝑠ℎ𝑎𝑓𝑡,𝑟
2 )

[𝑚𝑟𝑔 cos𝜑𝑜𝑟𝑡 + 𝜋𝑟𝑠ℎ𝑎𝑓𝑡,𝑟
2 (𝑝𝑎𝑣𝑔 − 𝑝𝑠𝑢𝑐)] (6.28) 

for 𝜑𝑜𝑟𝑡 ≤ cos−1 (
𝜋𝑟𝑠ℎ𝑎𝑓𝑡,𝑟

2 (𝑝𝑎𝑣𝑔 − 𝑝𝑠𝑢𝑐)

𝑚𝑟𝑔
),  

 |𝒇𝑒𝑛𝑓| =
𝜇

𝜋𝑟𝑟2
[−𝑚𝑟𝑔 cos𝜑𝑜𝑟𝑡 − 𝜋𝑟𝑠ℎ𝑎𝑓𝑡,𝑟

2 (𝑝𝑎𝑣𝑔 − 𝑝𝑠𝑢𝑐)] (6.29) 

where   

 
𝑝𝑎𝑣𝑔 ≅

𝑝𝑠𝜃𝑟 + 𝑝𝑐𝑜𝑚(2𝜋 − 𝜃𝑟)

2𝜋
 (6.30) 

For the bearing flange friction, the torque can be calculated by integrating the unit friction 

force for the entire flange area. This is achieved as shown in Equation (6.31). Note that the 

right expression from Equation (6.27) must be used depending on the orientation and affected 

flange with the appropriate flange dimensions. 

 

𝑇𝑓,𝑏𝑓 = ∫ ∫ (𝑓𝑏𝑓𝑟) ∙ 𝑟𝑑𝜃𝑑𝑟
2𝜋

0

𝑟𝑏𝑓,2

𝑟𝑏𝑓,1

=
2𝜋

3
𝑓𝑏𝑓(𝑟𝑏𝑓,2

3 − 𝑟𝑏𝑓,3
3 ) (6.31) 

Due to the plane rotation of the rubbing surface at the endfaces, the method of analysis 

for the endface friction would be similar to that employed by Subiantoro and Ooi [117]. Instead 

of fluid shear force from the lubricant acting on the rotor and cylinder, the RV compressor 

prototype is affected by Coulomb friction instead. Figure 6.8 shows the different endface 

configurations for the RV mechanism in which the shaded regions show the overlapping 

endface areas affected by friction. 
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(a): Plain Endface (b): Endface with Shaft 

Figure 6.8: RV Endface Configurations 

For an arbitrary point in the shaded regions for any configuration, the velocity of the 

cylinder and rotor endfaces are expressed as shown in Equations (6.32) and (6.33) respectively. 

The relative velocity is then calculated as shown in Equation (6.34). 

 𝒗𝑐 = 𝝎𝑐×𝒓𝑑,𝑐 

= (
0
0

−𝜔𝑐

)×(
−𝑏𝑐 sin 𝜃𝑐

−𝑏𝑐 cos 𝜃𝑐

0

) 

= −𝜔𝑐𝑏𝑐 cos 𝜃𝑐 𝒙⃑⃑ + 𝜔𝑐𝑏𝑐 sin 𝜃𝑐 𝒚⃑⃑  

 

(6.32) 

 𝒗𝑟 = 𝝎𝑟×𝒓𝑑,𝑟 

= −𝜔𝑟𝑏𝑟 cos 𝜃𝑟 𝒙⃑⃑ + 𝜔𝑟𝑏𝑟 sin 𝜃𝑟 𝒚⃑⃑  (6.33) 

 ∆𝒗 = 𝒗𝑐 − 𝒗𝑟 = [−𝜔𝑐𝜀 − (𝜔𝑐 − 𝜔𝑟)𝑏𝑟 cos 𝜃𝑟]𝒙⃑⃑ + (𝜔𝑐 − 𝜔𝑟)𝑏𝑟 sin 𝜃𝑟 𝒚⃑⃑  (6.34) 

For these arbitrary points, the direction of the friction force is the opposite as that of the 

relative velocity vector and thus the friction force is simply the product of the magnitude and 

the negative unit vector for the relative velocity as shown in Equation (6.35). Note that the 

friction force at the endface is orientation dependent and must be appropriately selected from 

either Equations (6.28) or (6.29). 
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𝒇𝑒𝑛𝑓 = −|𝒇𝑒𝑛𝑓|

∆𝒗

|∆𝒗|
 (6.35) 

where   

 |∆𝒗| = √[−𝜔𝑐𝜀 − (𝜔𝑐 − 𝜔𝑟)𝑏𝑟 cos 𝜃𝑟]2 + [(𝜔𝑐 − 𝜔𝑟)𝑏𝑟 sin 𝜃𝑟]2 

= √𝜔𝑐
2𝜀2 + (𝜔𝑐 − 𝜔𝑟)2𝑏𝑟

2 + 2𝜔𝑐𝜀(𝜔𝑐 − 𝜔𝑟)𝑏𝑟 cos 𝜃𝑟 

 

(6.36) 

The friction torque produced at the endfaces can then be found by summing up all the 

points in the shaded regions as shown in Equations (6.37) and (6.38) for the losses with 

reference to the rotor centre and cylinder centre respectively. Note that analytical solutions 

from the double integrations for the evaluation of the endface friction torques are not possible 

due to the complexity of the denominator |∆𝒗| and thus, these friction torques would have to 

be numerically calculated. 

𝑻𝑓,𝑟 𝑒𝑛𝑓 = ∫ ∫ (𝒓𝑏,𝑟×𝒇𝑒𝑛𝑓) ∙ 𝑏𝑟 𝑑𝜃𝑟 𝑑𝑏𝑟

2𝜋

0

𝑟𝑟

0

 

= −∫ ∫ (
−𝑏𝑟 sin 𝜃𝑟

−𝑏𝑟 cos 𝜃𝑟

0

)×(
−𝜔𝑐𝜀 − (𝜔𝑐 − 𝜔𝑟)𝑏𝑟 cos 𝜃𝑟

(𝜔𝑐 − 𝜔𝑟)𝑏𝑟 sin 𝜃𝑟

0

) ∙
|𝒇𝑒𝑛𝑓|

|∆𝒗|
∙ 𝑏𝑟𝑑𝜃𝑟𝑑𝑏𝑟

2𝜋

0

𝑟𝑟

0

 

= ∫ ∫
(𝜔𝑐 − 𝜔𝑟)𝑏𝑟

3 + 𝜔𝑐𝜀𝑏𝑟
2 cos 𝜃𝑟

√𝜔𝑐
2𝜀2 + (𝜔𝑐 − 𝜔𝑟)2𝑏𝑟

2 + 2𝜔𝑐𝜀(𝜔𝑐 − 𝜔𝑟)𝑏𝑟 cos 𝜃𝑟

𝒛⃑ ∙ |𝒇𝑒𝑛𝑓|𝑑𝜃𝑟𝑑𝑏𝑟

2𝜋

0

𝑟𝑟

0

 

 

(6.37) 

𝑻𝑓,𝑐 𝑒𝑛𝑓 = ∫ ∫ (𝒓𝑏,𝑐×𝒇𝑒𝑛𝑓) ∙ 𝑏𝑟 𝑑𝜃𝑟  𝑑𝑑𝑟

2𝜋

0

𝑟𝑟

0

 

= ∫ ∫
(𝜔𝑐 − 𝜔𝑟)𝑏𝑟

3 + (2𝜔𝑐 − 𝜔𝑟)𝜀𝑏𝑟
2 cos 𝜃𝑟 + 𝜔𝑐𝜀

2𝑏𝑟

√𝜔𝑐
2𝜀2 + (𝜔𝑐 − 𝜔𝑟)2𝑏𝑟

2 + 2𝜔𝑐𝜀(𝜔𝑐 − 𝜔𝑟)𝑏𝑟 cos 𝜃𝑟

𝒛⃑ ∙ |𝒇𝑒𝑛𝑓|𝑑𝜃𝑟𝑑𝑏𝑟

2𝜋

0

𝑟𝑟

0

 

 

(6.38) 

Equations (6.37) and (6.38) are applicable for plain endface configurations without the 

shaft and applicable only for when Equation (6.29) is valid. For the other side of the endface 

with the shaft, extra steps are needed – the integrations in Equations (6.37) and (6.38) are 

carried out twice; the first for the plain endface friction loss and for the second time, the limits 

of the integration are changed to that of the shaft diameter as shown in Equations (6.39) and 

(6.40) for the apparent friction loss at the shaft hole. The respective results are then subtracted 
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from the original plain endface friction torque calculated by Equations (6.37) and (6.38) to 

obtain the actual endface friction losses for the rotor and cylinder. Note that the second term in 

Equation (6.39) represents the friction loss at the endface of the rotor that is in contact with the 

stationary bearing surface, in which the method of evaluation is similar to that for the bearing 

flange friction in Equation (6.31). 

𝑻𝑓,𝑟 𝑠ℎ𝑎𝑓𝑡 = ∫ ∫ (𝒓𝑏,𝑟×𝒇𝑒𝑛𝑓) ∙ 𝑏𝑟 𝑑𝜃𝑟 𝑑𝑏𝑟

2𝜋

0

𝑟𝑠ℎ𝑎𝑓𝑡,𝑐

0

−
2𝜋

3
|𝒇𝑒𝑛𝑓|(𝑟𝑠ℎ𝑎𝑓𝑡,𝑐

3 − 𝑟𝑠ℎ𝑎𝑓𝑡,𝑟
3 ) (6.39) 

𝑻𝑓,𝑐 𝑠ℎ𝑎𝑓𝑡 = ∫ ∫ (𝒓𝑏,𝑐×𝒇𝑒𝑛𝑓) ∙ 𝑏𝑟 𝑑𝜃𝑟 𝑑𝑏𝑟

2𝜋

0

𝑟𝑠ℎ𝑎𝑓𝑡,𝑐

0

 (6.40) 

6.4.2 Vane Sliding Friction 

Friction losses occur at the vane slot as the vane slides in and out of the slot, and these 

losses affect both the rotor and the cylinder. Figure 6.9 shows the free body diagram of the 

rotor, depicting the normal force to the vane slot and its resultant friction force. 

 

Figure 6.9: Rotor Free Body Diagram 

Based on the free body diagram, the equation of motion for the rotor can be written as 

Equation (6.41) and the normal reaction force at the vane slot is given in Equation (6.42). 

 𝐼𝑟𝜃̈𝑟 = 𝑁𝑣,𝑟𝑟𝑣𝑟 − 𝑇𝑓,𝑟 (6.41) 
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𝑁𝑣,𝑟 =

1

𝑟𝑣𝑟
(𝐼𝑟𝜃̈𝑟 + 𝑇𝑓,𝑟) (6.42) 

The friction in the vane slot can then be calculated from Equation (6.43) and the 

corresponding friction torque vane component is then expressed as Equation (6.44). As the 

direction of friction is opposite to that of the vane sliding direction, the negative unit vector of 

the vane velocity is included. 

 

𝐹𝑓,𝑣 𝑟 = −𝜇𝑁𝑣,𝑟 ∙

𝑑𝑟𝑣𝑟

𝑑𝑡

|
𝑑𝑟𝑣𝑟

𝑑𝑡
|
 (6.43) 

 𝑇𝑓,𝑣 𝑟 =
𝑤𝑠𝑙𝑜𝑡

2
∙ 𝐹𝑓,𝑣 𝑟 (6.44) 

To this end, the friction force on the vane acting on the cylinder is equal and opposite to 

that of the vane slot. The friction torque at the vane slot acting on the cylinder can then be 

expressed as shown in Equation (6.45). 

 𝑇𝑓,𝑣 𝑐 = −𝐹𝑓,𝑣 𝑟 (𝜀 sin 𝜃𝑣 −
𝑤𝑠𝑙𝑜𝑡

2
) (6.45) 

6.4.3 Bearing Friction 

The normal forces on the bearings for the cylinder and rotor are affected by both the 

pressure forces in the chambers and the vane sliding forces. These forces will be evaluated in 

the plane of rotation and resolved in Cartesian coordinates for ease of calculation. Beginning 

with the gas pressure forces in the chambers, Figure 6.10 shows the gas pressure forces acting 

on the cylinder and rotor. The resolved forces due to the suction and compression pressures are 

then tabulated in Equations (6.46)–(6.53). 
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Figure 6.10: Gas Pressure Forces in Working Chambers 

Suction:  

Cylinder:  

 𝐹𝑥,𝑠 𝑐 = −𝑝𝑠𝑙𝑐𝑟𝑐(1 − cos 𝜃𝑐) (6.46) 

 𝐹𝑦,𝑠 𝑐 = −𝑝𝑠𝑙𝑐𝑟𝑐 sin 𝜃𝑐 (6.47) 

Rotor:  

 𝐹𝑥,𝑠 𝑟 = 𝑝𝑠𝑙𝑐𝑟𝑟(1 − cos 𝜃𝑟) (6.48) 

 𝐹𝑦,𝑠 𝑟 = 𝑝𝑠𝑙𝑐𝑟𝑟 sin 𝜃𝑟 (6.49) 

Compression:  

Cylinder:  

 𝐹𝑥,𝑐𝑜𝑚 𝑐 = 𝑝𝑐𝑜𝑚𝑙𝑐𝑟𝑐(1 − cos 𝜃𝑐) (6.50) 

 𝐹𝑦,𝑐𝑜𝑚 𝑐 = 𝑝𝑐𝑜𝑚𝑙𝑐𝑟𝑐 sin 𝜃𝑐 (6.51) 

Rotor:  

 𝐹𝑥,𝑐𝑜𝑚 𝑟 = 𝑝𝑐𝑜𝑚𝑙𝑐𝑟𝑟(1 − cos 𝜃𝑟) (6.52) 

 𝐹𝑦,𝑐𝑜𝑚 𝑟 = 𝑝𝑐𝑜𝑚𝑙𝑐𝑟𝑟 sin 𝜃𝑟 (6.53) 

For clarity of presentation, the resolved gas pressure forces are summed as shown in 

Equations (6.54)–(6.57). 
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Cylinder:  

 𝐹𝑥,𝑔 𝑐 = (𝑝𝑐𝑜𝑚 − 𝑝𝑠)𝑙𝑐𝑟𝑐(1 − cos 𝜃𝑐) (6.54) 

 𝐹𝑦,𝑔 𝑐 = (𝑝𝑐𝑜𝑚 − 𝑝𝑠)𝑙𝑐𝑟𝑐 sin 𝜃𝑐 (6.55) 

Rotor:  

 𝐹𝑥,𝑔 𝑟 = (𝑝𝑠 − 𝑝𝑐𝑜𝑚)𝑙𝑐𝑟𝑟(1 − cos 𝜃𝑟) (6.56) 

 𝐹𝑦,𝑔 𝑟 = (𝑝𝑠 − 𝑝𝑐𝑜𝑚)𝑙𝑐𝑟𝑟 sin 𝜃𝑟 (6.57) 

Based on Figure 6.9, the resolved forces at the vane slot due to the vane normal force and 

sliding friction can be expressed in Equations (6.58) and (6.59). 

 𝐹𝑥,𝑣 𝑟 = −(𝑁𝑣,𝑟 cos 𝜃𝑟 + 𝐹𝑓,𝑣 𝑟 sin 𝜃𝑟) (6.58) 

 𝐹𝑦,𝑣 𝑟 = 𝑁𝑣,𝑟 sin 𝜃𝑟 − 𝐹𝑓,𝑣 𝑟 cos 𝜃𝑟 (6.59) 

On the other hand, the resolved forces at the vane tip acting on the cylinder are just equal 

and opposite to that of the vane slot as shown in Equations (6.60) and (6.61). 

 𝐹𝑥,𝑣 𝑐 = 𝑁𝑣,𝑟 cos 𝜃𝑟 + 𝐹𝑓,𝑣 𝑟 sin 𝜃𝑟 (6.60) 

 𝐹𝑦,𝑣 𝑐 = −𝑁𝑣,𝑟 sin 𝜃𝑟 + 𝐹𝑓,𝑣 𝑟 cos 𝜃𝑟 (6.61) 

The resolved forces can then be summed up and the resultant forces acting on the cylinder 

and rotor are expressed as shown in Equations (6.62) and (6.63), respectively. Note that these 

include the weight of the components due to compressor orientation as well and would change 

according to the orientation angle φort. The friction torques as a result of these forces at the 

bearings can be calculated as shown in Equations (6.64) and (6.65). 

𝐹𝑐 = √(𝐹𝑥,𝑔 𝑐 + 𝐹𝑥,𝑣 𝑐)
2
+ (𝐹𝑦,𝑔 𝑐 + 𝐹𝑦,𝑣 𝑐)

2
+ (𝑚𝑐𝑔 sin𝜑𝑜𝑟𝑡)2   , 𝜑𝑜𝑟𝑡 ≤

𝜋

2

𝐹𝑐 = √(𝐹𝑥,𝑔 𝑐 + 𝐹𝑥,𝑣 𝑐)
2
+ (𝐹𝑦,𝑔 𝑐 + 𝐹𝑦,𝑣 𝑐)

2
+ [(𝑚𝑐 + 𝑚𝑟)𝑔 sin𝜑𝑜𝑟𝑡]2 , 𝜑𝑜𝑟𝑡 ≥

𝜋

2}
 

 

 (6.62) 

𝐹𝑟 = √(𝐹𝑥,𝑔 𝑟 + 𝐹𝑥,𝑣 𝑟)
2
+ (𝐹𝑦,𝑔 𝑟 + 𝐹𝑦,𝑣 𝑟)

2
+ (𝑚𝑟𝑔 sin𝜑𝑜𝑟𝑡)2   , 𝜑𝑜𝑟𝑡 ≤

𝜋

2

𝐹𝑟 = √(𝐹𝑥,𝑔 𝑟 + 𝐹𝑥,𝑣 𝑟)
2
+ (𝐹𝑦,𝑔 𝑟 + 𝐹𝑦,𝑣 𝑟)

2
  , 𝜑𝑜𝑟𝑡 ≥

𝜋

2 }
 

 

 (6.63) 
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𝑇𝑓,𝑗𝑏𝑟 𝑐 =
1

2
𝜇𝐹𝑐(𝑟𝑠ℎ𝑎𝑓𝑡,𝑙𝑜𝑤𝑒𝑟 + 𝑟𝑠ℎ𝑎𝑓𝑡,𝑢𝑝𝑝𝑒𝑟) (6.64) 

𝑇𝑓,𝑗𝑏𝑟 𝑟 = 𝜇𝐹𝑟𝑟𝑠ℎ𝑎𝑓𝑡,𝑟 (6.65) 

6.4.4 Fluid Shear Friction 

The design of the RV mechanism results in the cylinder-rotor assembly rotating in the 

housing shell in which the compressed fluid is discharged to. This creates a drag force on the 

cylinder assembly caused by the shearing of the gas between the cylinder and the housing, 

resulting in an excitation force on the housing shell. Due to the high speed rotation of the 

cylinder in the housing shell, the flow profile of the discharged fluid in the housing shell can 

be characterised as that of a Taylor-Couette flow [118, 119]. An illustration of this flow is 

shown in Figure 6.11. 

 

Figure 6.11: Taylor-Couette Flow [118] 

Dou, et al. [118, 119] have provided the analytical solution for the calculation of the fluid 

shear but this solution is not applicable in the case of the RV compressor prototype as the ratio 

of the cylinder length to the gap between the cylinder-rotor assembly and housing shell is small. 

In the assumptions used to formulate the analytical solution, the lengths of the cylinders are 

considered to be infinite compared to the dimension of the concentric gap between them.  

Therefore, a more comprehensive two-dimensional computational fluid dynamics (CFD) 

analysis using the commercially available computational code ANSYS Fluent is used to 

estimate the fluid shear in the compressor. A two-dimensional axis-symmetric fluid domain for 
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the discharged fluid is modelled in ANSYS Workbench 14.0 and this is illustrated in Figure 

6.12. 

  

(a): Fluid Domain (b): Mesh 

Figure 6.12: Modelled Fluid Domain and CFD Mesh 

In the simulation, the rotating cylinder assembly is set at a constant rotational speed of 

105 rad s-1 (1000 rev min-1) with air at room temperature and pressure as the working fluid. 

The results of the wall shear computed from the simulation for the cylinder assembly and shell 

housing are illustrated in Figure 6.13. 

  
(a): Cylinder Wall Shear (b): Housing Wall Shear 

Figure 6.13: CFD Wall Shear Results 
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Distinct bands were noted on both the walls of the cylinder and housing shell albeit in 

opposing magnitudes. This is evident of eddies present in the discharged fluid of the housing 

shell. This is observed to be that of the Taylor-Couette flow as demonstrated by Dou, et al. 

[118]. A better visualisation of the fluid flow in a cross-section diagram is shown in Figure 

6.14. 

 

Figure 6.14: Flow Visualisation in Housing Shell 

Furthermore, the protruding valve stop on the side of the cylinder also experiences form 

drag as it rotates in the discharged fluid. An illustration of the valve and valve stop assembly 

on the cylinder surface is shown in Figure 6.15. 
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Figure 6.15: Isometric View of Valve and Valve Stop Assembly on Cylinder 

With reference to Bertin and Cummings  [120], the drag force can be estimated using 

Equation (6.66) with the expression for the drag coefficient for an incompressible flow over a 

flat plate in the absence of a pressure gradient shown in Equation (6.67). The length scale used 

in the equation would be with reference to the width of the valve plate. 

 
𝐹𝑑𝑟𝑎𝑔 =

1

2
𝜌𝐶𝑓̅𝐴𝑝𝑙𝑎𝑡𝑒𝑣

2 (6.66) 

where   

 

𝐶𝑓̅ =

{
 
 

 
 

1.328

√𝑅𝑒𝑙

𝑅𝑒𝑙 < 500,000

1

𝑙
(∫

0.664

√𝑅𝑒𝑥

𝑑𝑥
𝑐𝑟𝑖𝑡

0

+ ∫
0.0583

𝑅𝑒𝑥
0.2 𝑑𝑥

𝑙

𝑐𝑟𝑖𝑡

) 𝑅𝑒𝑙 ≥ 500,000

 (6.67) 

 𝑅𝑒𝑥 =
𝜌𝑣𝑥

𝜇
 (6.68) 

 
critical length =

500,000𝜇

𝜌𝑣
 (6.69) 

Table 6.1 shows the fluid shear torque for the housing shell and cylinder computed with 

the wall shear values from the CFD simulation and form drag equation for the valve stop.  
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Table 6.1: Fluid Shear Torque 

Surface 
Mean Shear 

Stress, Pa 

Mean Drag 

Force, N 

Mean Torque, 

N·m 

Total Fluid Shear 

Torque, N·m 

Top housing wall 0.139 3.88 x 10-4 1.30 x 10-5 

Housing Shell: 

3.87 x 10-4 
Bottom housing wall 0.139 3.88 x 10-4 1.30 x 10-5 

Housing wall 0.183 5.39 x 10-3 3.61 x 10-4 

Cylinder wall 0.242 6.02 x 10-3 3.61 x 10-4 
Cylinder:  

3.67 x 10-4 
Valve stop - 1.08 x 10-4 6.43 x 10-6 

6.4.5 Comparison of Friction Torques 

Following the evaluation of all friction torques, this section will proceed with a 

preliminary analysis of these torques. The operating conditions for this study are shown in 

Table 6.2 with the assumption that there is no internal leakage and heat transfer in the working 

chambers. This will emulate the ideal operating characteristics of the RV compressor 

prototype. 

Table 6.2: Operating Parameters 

Operating Speed, rev min-1 1,000 / 2,000 

Working Fluid Air 

Suction Pressure, bar (abs) 1.0 

Suction Temperature, °C 27.0 

Discharge Pressure, bar (abs) 2.0 / 5.0 

Coefficient of Friction 0.4 

The torques resulting from the mechanical losses for the case of 1000 rev min-1 with 

suction and discharge pressures at 1 and 2 bar (abs) are plotted in Figure 6.16 as shown. The 

gas compression torque has been included for comparison as well. The fluid shear torque in the 

housing shell is not shown as it is four orders of magnitude lower than that of the other torques. 
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(a): Gas Compression and Bearing Friction Torques 

 

(b): Minor Friction Torques 

Figure 6.16: Comparison of Friction Torques at 1000 rev min-1 and 1 bar Pressure Difference 

The bearing friction torques are significant compared to that of the gas compression 

torque. Of which, the lower cylinder bearing friction was the highest amongst all the friction 

torques. This is due to the effect of the assembly weight acting on the lower bearing flanges, 

thus increasing the friction torque by 1.21 N·m which constitutes 38% of the total friction loss. 

Furthermore, due to the large bearing radius of 50 mm, the variation of the friction torque at 
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the lower cylinder bearing is even higher than that of the gas compression torque. The resulting 

mechanical efficiency for this case is only 16.5%. 

On the other hand, if operating at higher pressure ratios, the friction arising from the 

weight of the assembly becomes less significant. Figure 6.17 shows the comparisons of friction 

torques at 2000 rev min-1 with suction and discharge pressures of 1 and 5 bar (abs). The 

mechanical efficiency increases slightly to 19.6% this time round. 
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(a): Gas Compression and Bearing Friction Torques 

 

(b): Minor Friction Torques 

Figure 6.17: Comparison of Friction Torques at 2000 rev min-1 4 bar Pressure Difference 

With a higher pressure difference in this case, friction from the weight of the assembly 

is now at 18% of the total friction loss. Therefore, at high pressure differences, the effect of the 

assembly weight becomes less pronounced as it becomes dwarfed by the increase in bearing 

friction. 
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It is also observed that the effects of minor friction torques are small compared to the 

bearing friction torques as seen in both cases of this study. These minor friction torques were 

about 20 times smaller than that of the bearing friction and gas compression torques. Hence, 

their effects can be ignored in future studies for convenience. Additionally, the fluid shear 

torque computed in Section 6.4.4 can be neglected all together since it is of three orders lower 

than even the minor friction torques. 

6.5 Valve Dynamics 

Last but not least, the dynamics of the valve shall be discussed in this section with 

reference to the analysis conducted by Teh et al. [18]. Valve dynamics is a crucial aspect of the 

discharge process as it affects the flow area for fluid discharge. Due to the unique design of the 

RV mechanism, the valve is not stationary. Instead, it rotates along with the cylinder and the 

centripetal force would affect the dynamics of the valve. The free body diagram of a valve 

element is presented in Figure 6.18 and can be modelled as a cantilever beam. 

 

Figure 6.18: Valve Element Free Body Diagram 
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An analysis of the forces and moments balance on the element of the valve is shown in 

Equations (6.70) and (6.71) respectively. The expression for the mass per unit length of the 

valve can be written as shown in Equation (6.72). In addition, the relation between the bending 

moment and the bending displacement is given in Equation (6.73) [114]. 

 
(𝜏 +

𝜕𝜏

𝜕𝑥
𝑑𝑥) − 𝜏 + 𝑓(𝑥, 𝑡)𝑑𝑥 + 𝜔2(𝑟 + 𝑦)𝑑𝑚 − 𝐶

𝜕𝑦

𝜕𝑡
𝑑𝑥 =

𝜕2𝑦

𝜕𝑡2
𝑑𝑚 (6.70) 

 
𝜏
𝑑𝑥

2
+ (𝜏 +

𝜕𝜏

𝜕𝑥
 𝑑𝑥)

𝑑𝑥

2
+ (𝑀 +

𝜕𝑀

𝜕𝑥
𝑑𝑥) − 𝑀 = 0 (6.71) 

 𝑑𝑚 = 𝜌𝐴(𝑥)𝑑𝑥 (6.72) 

 
𝑀 = 𝐸𝐼(𝑥)

𝜕2𝑦

𝜕𝑥2
 (6.73) 

Ignoring second order dx terms and combining Equations (6.70), (6.71), (6.72) and (6.73) 

together would yield the dynamics equation for the valve in Equation (6.74).  

 𝜕2

𝜕𝑥2
[𝐸𝐼(𝑥)

𝜕2𝑦

𝜕𝑥2
] + 𝜌𝐴(𝑥)

𝜕2𝑦

𝜕𝑡2
+ 𝐶

𝜕𝑦

𝜕𝑡
− 𝜌𝐴(𝑥)𝜔2𝑦 = 𝜌𝐴(𝑥)𝜔2𝑟 + 𝑓(𝑥, 𝑡) (6.74) 

6.5.1 Free Vibration Mode Shape  

In Equation (6.74), the external forces acting on the valve consists of the centripetal force 

and gas pressure force. The solution would yield the response of the valve to these forces. 

However, the dynamics of the valve under free vibration would have to be included as well in 

order to model the behaviour of the valve after excitation. To this end, the free vibration 

dynamics equation of the valve is written as Equation (6.75) with the external forces on the 

right hand side of Equation (6.74) removed.  

 𝜕2

𝜕𝑥2
[𝐸𝐼(𝑥)

𝜕2𝑦

𝜕𝑥
] + 𝜌𝐴(𝑥)

𝜕2𝑦

𝜕𝑡2
+ 𝐶

𝜕𝑦

𝜕𝑡
− 𝜌𝐴(𝑥)𝜔2𝑦 = 0 (6.75) 

Equation (6.75) is actually the same as that of a damped vibration of a beam. The solution 

is in fact variable separable as shown in Equation (6.76) and the dynamics equation is rewritten 

as Equation (6.77). 
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 𝑦(𝑥, 𝑡) = 𝑈(𝑥)𝐺(𝑡) (6.76) 

 1

𝜌𝐴(𝑥)𝑈

𝑑2

𝑑𝑥2
[𝐸𝐼(𝑥)

𝑑2𝑈

𝑑𝑥2
] = 𝜔2 −

1

𝐺

𝑑2𝐺

𝑑𝑡2
−

𝐶

𝜌𝐴(𝑥)

1

𝐺

𝑑𝐺

𝑑𝑡
= 𝜒2 (6.77) 

Assuming a uniform cross-section area, Equation (6.77) reduces to a set of homogenous 

fourth-order (function of x) and second-order (function of t) differential equations which can 

then be solved analytically. The solutions are presented as shown in Equations (6.78)–(6.85) 

with reference to Meirovitch [114]. The boundary conditions of the reed valve are similar to 

that of the cantilever beam in which it is clamped at one end and free at the other end.  

 
𝑈(𝑥) = 𝐴𝑖 [(sin𝛽𝑥 − sinh 𝛽𝑥) −

sin 𝛽𝑙 + sinh 𝛽𝑙

cos 𝛽𝑙 + cosh𝛽𝑙
(cos 𝛽𝑥 − cosh𝛽𝑥)] (6.78) 

 
𝐺(𝑡) = 𝑒−𝜁Ω𝑡 [

𝐺′(0) + 𝜁Ω𝐺(0)

Ω√1 − 𝜁2
sin (Ω𝑡√1 − 𝜁2)

+ 𝐺(0) cos (Ω𝑡√1 − 𝜁2)] 

(6.79) 

where   

 cos 𝛽𝑙 cosh𝛽𝑙 = −1 (6.80) 

 

𝜒𝑖 = (𝛽𝑙)𝑖
2√

𝐸𝐼

𝜌𝐴𝑙4
   , 𝑖 = 1,2,3, … 

for   𝑖 = 1, 𝛽𝑙 = 1.8751 

(6.81) 

 
Ω𝑖 = √𝜒𝑖

2 − 𝜔2 (6.82) 

 
𝜁 =

𝐶

2𝜌𝐴Ω
 (6.83) 

with initial conditions,  

 𝐺(0) = 𝐺(𝑡 = 0) (6.84) 

 
𝐺′(0) =

𝑑𝐺

𝑑𝑡
|
𝑡=0

 (6.85) 

The solution of the free vibration for the valve shows that the valve can have up to an 

infinite number of vibration modes denoted by i, each with its own respective vibrational 
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frequency derived from the solution of (6.80). The first three vibration modes are plotted in 

Figure 6.19. However, due to the nature of the valve, it can only experience the first vibration 

mode (i = 1). 

  

(a): i = 1 (b): i = 2 

 

(c): i = 3 

Figure 6.19: Cantilever Beam Mode Shapes 

6.5.2 Mode shape for a Valve of Non-uniform Cross-Section 

The solution given in Equations (6.78)–(6.85) only applies to that of a valve with constant 

cross-section area which might not be applicable in designs where the valve has a non-uniform 

cross-section for its entire length. For comprehensiveness, the solution for a valve with non-

uniform cross-section shall be included in this section.  

The free vibration mode shape of a cantilever beam with non-uniform cross-section area 

can be approximated with that of the enhanced Rayleigh-Ritz method in which the mode shape 

is assumed to be a linear combination of functions [114] which can satisfy the boundary 

conditions of the problem. For the case of the cantilever valve, its mode shape can be 
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approximated in the form of a polynomial with reference to Ooi, et al. [121] and this is 

expressed in Equation (6.86). Note that the mode shape only applies for the fundamental 

frequency (i = 1). 

 
𝑈1(𝑥) = (

𝑥

𝑙𝑣
)
4

− 4(
𝑥

𝑙𝑣
)
3

+ 3 (6.86) 

The estimate of the frequency for the first mode of vibration can then be estimated by 

Rayleigh’s quotient [114] as shown in Equation (6.87). For a reed valve with constant thickness 

𝜄 and varying width 𝑤𝑣(𝑥), the Rayleigh’s quotient can be rewritten as Equation (6.88). 

 

𝑅(𝑈1(𝑥)) = 𝜒1
2 =

−∫ 𝑈(𝑥)
𝑑2

𝑑𝑥2 [𝐸𝐼(𝑥)
𝑑2𝑈(𝑥)

𝑑𝑥2 ] 𝑑𝑥
𝑙𝑣
0

∫ 𝜌𝐴(𝑥)𝑈2(𝑥)𝑑𝑥
𝑙𝑣

0

 (6.87) 

 

𝑅(𝑈1(𝑥)) = 𝜒1
2 =

−𝐸𝜄2

12𝜌
∙
∫ 𝑈(𝑥)

𝑑2

𝑑𝑥2 [𝑤𝑣(𝑥)
𝑑2𝑈(𝑥)

𝑑𝑥2 ] 𝑑𝑥
𝑙𝑣
0

∫ 𝑤𝑣(𝑥)𝑈2(𝑥)𝑑𝑥
𝑙𝑣

0

 (6.88) 

With the given valve width, Equation (6.88) is used to calculate the fundamental 

frequency of the cantilever valve which is in turn required for the solution for the forced 

vibration response that will be covered in Section 6.5.3. 

6.5.3 Forced Vibration 

The mode shape for a valve of varying cross-sectional area has been covered and this 

section will proceed with evaluating the response of the valve to external forces stemming from 

that of the centripetal acceleration of the rotating assembly and the gas pressure in the working 

chamber. For the solution of force vibration, it is assumed that it is also variable separable with 

all the vibration modes combined with the principle of superposition as shown in Equation 

(6.89). 𝑈𝑖(𝑥) represents all the different mode shapes that the cantilever beam can take, each 

corresponding to a different natural frequency 𝜒𝑖. 

 
𝑦(𝑥, 𝑡) = ∑𝑈𝑖(𝑥)𝐺𝑖(𝑡)

∞

𝑖=1

 (6.89) 
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Meirovitch states that the natural vibration modes are orthogonal and provides the 

orthonormal relations [114] as shown in Equations (6.90) and (6.91) which are used in solving 

for the valve response. 

 
∫ 𝜌𝐴(𝑥)𝑈𝑖𝑈𝑗

𝑙

0

𝑑𝑥 = 𝛿𝑖𝑗 (6.90) 

 
∫ 𝑈𝑖

𝑑2

𝑑𝑥2
[𝐸𝐼(𝑥)

𝑑2𝑈𝑗

𝑑𝑥
] 𝑑𝑥

𝑙

0

= ∫ 𝐸𝐼(𝑥)
𝑑2𝑈𝑖

𝑑𝑥2

𝑑2𝑈𝑗

𝑑𝑥2
𝑑𝑥

𝑙

0

= 𝜒𝑖
2𝛿𝑖𝑗 (6.91) 

To this end, the normalisation constant Ai in Equation (6.78) can be computed by solving 

the orthonormal Equation (6.90) as shown in Equation (6.92) which can be integrated 

numerically. 

𝐴𝑖
2 =

1

∫ 𝜌𝐴(𝑥) [(sin 𝛽𝑥 − sinh𝛽𝑥) −
sin 𝛽𝑙 + sinh𝛽𝑙
cos 𝛽𝑙 + cosh𝛽𝑙

(cos 𝛽𝑥 − cosh𝛽𝑥)]
2

𝑑𝑥
𝑙

0

 
(6.92) 

For the time response Gi, Equation (6.89) is substituted into Equation (6.74), multiplied 

by Ui and integrated over the entire length of the valve as shown in Equation (6.93) which is 

then reduced to Equation (6.94)  with the orthonormal relations. 

𝐺𝑖 ∫ 𝑈𝑖

𝑑2

𝑑𝑥2
[𝐸𝐼(𝑥)

𝑑2𝑈𝑖

𝑑𝑥
] 𝑑𝑥

𝑙

0

+
𝑑2𝐺𝑖

𝑑𝑡2
∫ 𝜌𝐴(𝑥)𝑈𝑖

2𝑑𝑥
𝑙

0

+ 𝐶
𝑑𝐺𝑖

𝑑𝑡
∫ 𝑈𝑖

2𝑑𝑥
𝑙

0

− 𝜔2𝐺𝑖 ∫ 𝜌𝐴(𝑥)𝑈𝑖
2𝑑𝑥

𝑙

0

= ∫ 𝜌𝐴(𝑥)𝜔2𝑟𝑈𝑖 + 𝑈𝑖𝑓(𝑥, 𝑡)𝑑𝑥
𝑙

0

 

 

(6.93) 

𝑑2𝐺𝑖

𝑑𝑡2
+ 𝐶

𝑑𝐺𝑖

𝑑𝑡
∫ 𝑈𝑖

2𝑑𝑥
𝑙

0

+ 𝜒𝑖
2𝐺𝑖 − 𝜔2𝐺𝑖 = ∫ 𝜌𝐴(𝑥)𝜔2𝑟𝑈𝑖 + 𝑈𝑖𝑓(𝑥, 𝑡)𝑑𝑥

𝑙

0

 (6.94) 

For a beam with uniform cross-section, Equation (6.94) can be further reduced to the 

expression shown in Equation (6.95). 
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 𝑑2𝐺𝑖

𝑑𝑡2
+

𝐶

𝜌𝐴

𝑑𝐺𝑖

𝑑𝑡
∫ 𝜌𝐴𝑈𝑖

2𝑑𝑥
𝑙

0

+ Ω2𝐺𝑖 = ∫ 𝜌𝐴𝜔2𝑟𝑈𝑖 + 𝑈𝑖𝑓(𝑥, 𝑡)𝑑𝑥
𝑙

0

 

→
𝑑2𝐺𝑖

𝑑𝑡2
+ 2𝜁Ω

𝑑𝐺𝑖

𝑑𝑡
+ Ω2𝐺𝑖 = 𝜌𝐴𝜔2𝑟 ∫ 𝑈𝑖𝑑𝑥

𝑙

0

+ ∫ 𝑈𝑖𝑓(𝑥, 𝑡)𝑑𝑥
𝑙

0

 

 

(6.95) 

In the case of the valve, Equation (6.95) can be solved numerically by substituting the 

force term on the right hand side with the appropriate fluid pressure from the compression 

chamber. Figure 6.20 shows the illustration of the fluid pressure acting on the valve plate. The 

force term in Equation (6.95) can then be reduced to the expression shown in Equation (6.96). 

However, when the valve is deflected, the force term will decrease due to flow of the fluid 

around the side of the valve. A coefficient Cdeflect is thus added to the expression to modify the 

force during valve deflection. For simplicity, it is assumed constant regardless of valve 

deflection. 

 

Figure 6.20: Fluid Pressure on Valve 

 
∫ 𝑈𝑖𝑓(𝑥, 𝑡)𝑑𝑥

𝑙

0

= 𝐶𝑑𝑒𝑓𝑙𝑒𝑐𝑡 ∙ (𝑝𝑐𝑜𝑚 − 𝑝𝑑𝑖𝑠)∫ 𝑈𝑖𝐴𝑝𝑡,𝑑𝑑𝑥
𝑥𝑣𝑙+𝑟𝑝𝑡

𝑥𝑣𝑙−𝑟𝑝𝑡

 (6.96) 

where   

 
𝐴𝑝𝑡,𝑑 =

𝑟𝑝𝑡
2

2
(2𝜃𝑝𝑡 − sin 2𝜃𝑝𝑡) (6.97) 

 
𝜃𝑝𝑡 = cos−1 (

𝑥𝑣 − 𝑥

𝑟𝑝𝑡
) (6.98) 

For the full dynamics of the valve, the solution of Equation (6.95) is to be combined with 

the mode shape Ui from Equation (6.78) as a product according to Equation (6.89). However, 

as the valve can only vibrate in its fundamental mode, the analysis is simplified by solving the 

case for only when i = 1. 
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6.6 Concluding Remarks 

This chapter has covered all the aspects of kinematics and dynamics for the RV 

compressor prototype. This includes the following: 

 Kinematics of assembly components with respect to main driving component. 

 Dynamics model for generic RV assemblies using Lagrangian mechanics; the 

model can be employed for most RV design variants. 

 Evaluation of individual friction torques for the RV compressor prototype, 

namely bearing flange endface friction, rotor endface friction, vane sliding 

friction and fluid shear friction. 

 Considerations for orientation have also been taken into account for the 

computation of the friction torques since the weight of the components acting on 

the bearings would vary with compressor orientation. 

 Valve dynamics for modelling the discharge valve have also been covered, with 

considerations for valves with non-uniform cross-section as well. 

In addition, a preliminary analysis was carried out and the friction torques were 

individually computed and compared. A summary of the findings from the study is listed as 

follows: 

 Bearing friction torques are significant in the lubricant-free RV compressor 

system – in fact, the lower cylinder bearing torque is already higher than that of 

the gas compression torque. 

 The weight of the assembly resting on the lower cylinder bearing flanges increase 

the friction torque by 1.21 N·m. 

 The friction loss due to the weight of the assembly contributes to a significant 

portion of the total friction loss. For a lower pressure difference of 1 bar, this 

friction loss constitutes about 38% of the total friction losses. At higher pressure 

differences, the friction loss arising from the weight of the assembly decreases:  

18% of the total friction losses at a pressure difference of 4 bar. 

 The large friction loss at the lower cylinder bearing is attributed to the large 

bearing radius which increases the torque loss. 
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 Vane tip, vane slot, rotor endface and cylinder endface friction are small 

compared to that of the bearing friction – it is about 20 times smaller than that of 

the bearing friction torques and hence may be ignored in future studies for 

convenience. 

 Fluid shear torque can also be neglected since it is of four orders of magnitude 

lower than that of the bearing friction torques. 
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7 Thermal Model 

Following the kinematics and dynamics model, this chapter proceeds to present the 

thermal model for estimating the steady-state operating temperatures of the RV compressor 

components. The temperature values are important for the modelling of heat transfer in the 

working chambers in order to accurately determine compressor performance. Furthermore, as 

the compressor has no liquid lubricant, dry sliding friction between the moving components 

would generate excessive heat in the compressor which may compromise the reliability of the 

compressor. With the model prediction for the component temperatures, precautions may be 

taken before the compressor fails prematurely due to excessive heat build-up. 

The lumped thermal conductance method was employed to model the steady-state heat 

transfer and component temperatures in a rolling piston compressor [122]. In the heat transfer 

study, the model was validated with measurements and the majority of the prediction errors 

were found to be less than ±10% with a maximum error of ±20% for the elements at low 

temperatures [122]. As the RV compressor shares many similarities with that of the rolling 

piston, this same method would be used for modelling the heat transfer between the 

components in the compressor prototype. 

7.1 General Model Assumptions and Sub-division of Components 

In the lumped thermal conductance method, the components in the compressor are sub-

divided into smaller elements with each element having its own bulk temperature and that any 

heat generation is uniform throughout the element.  

Apart from the PEEK components, all other components in the compressor prototype 

were fabricated from AISI 4140 steel with a thermal conductivity of 42.7 W m-1 K-1 and 

specific heat of 473 J kg-1 K-1 [102]. Under steady-state conditions, spatial temperature 

variation in the subdivided elements of each steel component can be considered insignificant. 

As PEEK has low thermal conductivity of 0.27 – 0.82 W m-1 K-1, spatial temperature 

variation in PEEK components might be significant even during steady-state operation. The 

sliding thermal contact resistance of PEEK is investigated in Section 7.2.2 and the heat transfer 

for the PEEK rotor component is discussed in Section 7.3. 



 

 

130 

There are six components in the compressor which are subdivided into a total of 14 

elements with simple geometric shapes. In addition, these elements are concentrically aligned 

with each other. As the bearing sleeves are thin, each of them is considered as a single element. 

Figure 7.1 shows the sub-division of the compressor components that will be used for the 

model. The rotor elements r2, r3 and r4 are concentric as elaborated in Figure 7.1(c). 

 

 

(a): Prototype Cross-section (b): Cross-section with Simplified Geometry 

 
(c): Subdivision of Rotor Component 

Figure 7.1: Subdivision of RV Components 

The following assumptions are made for the thermal model: 

 Steady-state condition 

 Isothermal elements 
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 Rotor component is assumed to be concentric with the entire compressor 

prototype since the eccentricity is small (7.5 mm) compared to the housing 

diameter (160.0 mm) 

 Similarly, the rotor shaft hole in element h4 is also assumed to be concentric 

 One-dimensional heat transfer between adjacent elements in either the radial or 

axial directions as they are concentrically aligned  

 One-dimensional heat transfer between the surroundings and the compressor as 

the overall prototype is axisymmetric  

 The temperatures of the fluid in the housing shell and working chamber are 

assumed to remain constant during heat transfer 

 Thermal contact resistance between steel components are negligible 

 Volume changes in element due to thermal expansion/contraction are negligible 

 Radiation heat transfer between compressor components is negligible 

Existing convection correlations found in the literature will be used for heat transfer at 

the solid-fluid interfaces [16, 33, 123–126]. Thermal contact and dry sliding friction models 

from literature [68, 127] will be employed for modelling heat generation and transfer at rubbing 

interfaces.  

7.2 Heat Transfer Model 

7.2.1 Heat Transfer Equations 

For an element, the First Law of Thermodynamics [105] is applied to the element as 

shown in Equation (7.1). As the analysis is for the steady-state condition, the time dependent 

variables on the left-hand side can be ignored and this is shown as Equation (7.2).  

𝑑

𝑑𝑡
[𝑚𝑐𝑣 (𝑢𝑐𝑣 +

𝑣𝑐𝑣
2

2
+ 𝑔𝑧𝑐𝑣)] 

= 𝑄̇𝑐𝑣 − 𝑊̇𝑐𝑣 + ∑(ℎ𝑖 +
𝑣𝑖

2

2
+ 𝑔𝑧𝑖) 𝑚̇𝑖

𝑖

− ∑(ℎ𝑜 +
𝑣𝑜

2

2
+ 𝑔𝑧𝑜) 𝑚̇𝑜

𝑜

 

 

(7.1) 

𝑄̇𝑐𝑣 − 𝑊̇𝑐𝑣 + ∑(ℎ𝑖 +
𝑣𝑖

2

2
+ 𝑔𝑧𝑖) 𝑚̇𝑖

𝑖

− ∑(ℎ𝑜 +
𝑣𝑜

2

2
+ 𝑔𝑧𝑜) 𝑚̇𝑜

𝑜

= 0 (7.2) 
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As the elements are made up of a single solid, there is no mass flow in or out of the 

element. To this end, the enthalpy change due to mass flow can be neglected. Furthermore, it 

is also assumed that the volume change of the elements due to contraction or expansion is 

negligible; this signifies that the work is zero (𝑊̇𝑐𝑣) which further simplifies the equation to 

that shown in Equation (7.3).  

 𝑄̇𝑐𝑣 = 0 (7.3) 

Equation (7.3) shows that the net heat flow for each element is essentially zero at steady-

state condition; any heat transfer into the element is balanced by heat transfer out of the material 

and that any heat generation within the element would be dissipated by heat transfer out of the 

material as well. To this end, Equation (7.3) can be rewritten as shown in Equation (7.4). A 

schematic representation of the control volume for a typical element i in the thermal model is 

therefore illustrated in Figure 7.2. 

 ∑𝐻𝑖∆𝑇𝑖

𝑖

+ 𝑄̇𝑔𝑒𝑛 = ∑𝐻𝑜∆𝑇𝑜

𝑜

 (7.4) 

 

Figure 7.2: Control Volume for Steady-state Heat Transfer 

Equation (7.4) is the governing equation that will be used for each element in the 

compressor for the analysis. The main modes of heat transfer in the compressor are conduction 
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and convection whereas the main modes of heat transfer between the compressor and its 

surroundings are convection and radiation.  

For conduction heat transfer, it is assumed that there is negligible thermal contact 

resistance between the stationary components, the thermal properties are constant and uniform 

throughout the element. For radiation heat transfer, it is assumed that the surfaces are grey and 

diffuse. 

As the elements are axisymmetric and concentrically aligned, the one-dimensional heat 

transfer equations [123] are written as Equations (7.5) – (7.7) for conduction, convection and 

radiation respectively. 

 𝑄̇𝑐𝑜𝑛𝑑 = ℎ𝑐𝑜𝑛𝑑𝐴𝑐𝑜𝑛𝑑Δ𝑇 (7.5) 

 𝑄̇𝑐𝑜𝑛𝑣 = ℎ𝑐𝑜𝑛𝑣𝐴𝑐𝑜𝑛𝑣∆𝑇 (7.6) 

 𝑄̇𝑟𝑎𝑑𝑛 = ℎ𝑟𝑎𝑑𝑛𝐴𝑟𝑎𝑑𝑛Δ𝑇 (7.7) 

where   

 
ℎ𝑐𝑜𝑛𝑑 =

𝑘

Δ𝑥
 or 

𝑘

𝑟1 ln(
𝑟2

𝑟1⁄ )
 (7.8) 

 
ℎ𝑐𝑜𝑛𝑣 =

𝑘

𝑙
Nu (7.9) 

 ℎ𝑟𝑎𝑑𝑛 = 𝜀𝜎𝐹𝑖𝑗(𝑇𝑤 + 𝑇𝑠𝑢𝑟𝑟)(𝑇𝑤
2 + 𝑇𝑠𝑢𝑟𝑟

2 ) (7.10) 

7.2.2 Thermal Contact Model for Dry Sliding Interfaces 

Due to the lack of lubricants, dry sliding friction at the sliding interfaces is expected to 

generate great amounts of heat. However, due to the dissimilar rubbing surfaces, the amount 

of heat that is generated on each surface will be different. This section will delve into 

quantifying the amount of heat that is generated at each surface for the thermal model.  

Equation (7.11) shows the expression for the total heat generated at the interface due to 

friction. Assuming that frictional heat is generated only at the interface, the heat generation 

coefficient ξ that governs the ratio of heat being produced on each surface is dependent on the 

sliding thermal contact resistance Rsl as shown in Equation (7.12) [66, 127]. The heat 
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generation coefficient would split the total frictional heat as generated by surfaces 1 and 2 as 

shown in Equation (7.13). 

 𝑄̇𝑓 = 𝐹𝑓𝑣𝑠𝑙 = 𝐹𝑓𝜔𝑠ℎ𝑎𝑓𝑡𝑟𝑠ℎ𝑎𝑓𝑡 (7.11) 

 
𝜉 =

𝑅𝑠𝑙,2

𝑅𝑠𝑙,1 + 𝑅𝑠𝑙,2
 (7.12) 

 𝑄̇𝑓,1 = 𝜉𝑄̇𝑓

𝑄̇𝑓,2 = (1 − 𝜉)𝑄̇𝑓

𝑄̇𝑓 = 𝑄̇𝑓,1 + 𝑄̇𝑓,2

} (7.13) 

Chantrenne and Raynaud [66] go on to develop a correlation for determining the 

dimensionless sliding thermal contact resistance for two rough surfaces in dry sliding contact 

as shown in Equation (7.14). The dimensionless sliding thermal contact resistance can then be 

converted into the corresponding thermal contact resistance value as shown in Equation (7.15). 

The correlation is based on the material characteristics, sliding velocity, and profile of the 

surface asperities.  

Chantrenne and Raynaud [66] also investigated the asperity profile of a typical surface 

from the turning process and this is shown in Figure 7.3. For the model, the surface asperities 

are assumed to be uniformly periodic with each asperity having the same height and width, 

separated at a constant distance as illustrated in Figure 7.4. 

 

Figure 7.3: Aspertiy Profile of a Turned Surface [66] 
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Figure 7.4: Assumed Asperity Profile at Interface 

 
𝑅𝑠𝑙,𝑖

∗ = 0.93 (
1

𝑏𝑖
∗ − 1) ∙ 𝐻𝑖

∗ + 0.4 (
1

𝑣𝑖
∗)

0.24

∙ (
1

𝑏𝑖
∗ − 1)

1.45

  , 𝑖 = 1,2 (7.14) 

 
𝑅𝑠𝑙,𝑖 =

2𝐵𝑖𝑅𝑠𝑙,𝑖
∗

𝑘𝑖
 (7.15) 

where   

 
𝑣𝑖

∗ =
2𝑣𝑠𝑙𝐵𝑖𝜌𝑖𝑐𝑝𝑖

𝑘𝑖
 (7.16) 

 
𝐻𝑖

∗ =
𝐻𝑖

2𝐵𝑖
 (7.17) 

 
𝑏𝑖

∗ =
𝑏𝑖

𝐵𝑖
 (7.18) 

Two different types of PEEK materials are used in the compressor prototype, namely 

PEEK in its pure form and bearing grade PEEK, which is a composite of PEEK with carbon 

fibres, PTFE and graphite fillers. A comparison between the sliding thermal contact resistances 

of the PEEK materials and AISI 4140 steel is computed for a range of velocities is shown in 

Figure 7.5. There are two rubbing pairs which are those between steel and the two different 

PEEK materials used. 

It is assumed that both the rubbing surfaces have the same roughness of 0.6 µm Ra; with 

equal values of height, width and separation distance. The asperity dimensions used for this 

study are arbitrarily determined with reference from the asperity profile in Figure 7.3 and the 

values are shown in Table 7.1. The material properties are listed in Table 7.2. The material 

properties of PEEK are obtained from the manufacturer’s specifications which can be found in 

Appendix A-7. 
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Table 7.1: Asperity Properties 

Property Value, µm 

Height, H 0.6 

Width, 2b 0.5 

Periodic Separation, 2B 1.0 

Table 7.2: Material Properties 

Pure PEEK Value 

Thermal Conductivity, W m-1 K-1 0.27 

Density, kg m-3 1310 

Specific Heat Capacity, J kg-1 K-1 1100 

Bearing Grade PEEK  

Thermal Conductivity, W m-1 K-1 0.82 

Density, kg m-3 1440 

Specific Heat Capacity, J kg-1 K-1 1100 

AISI 4140 Steel [102]  

Thermal Conductivity, W m-1 K-1 42.7 

Density, kg m-3 7700 

Specific Heat Capacity, J kg-1 K-1 473 
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Figure 7.5: Comparison of Thermal Contact Resistance Between PEEK Materials & Steel 

It is noted that the difference between the sliding thermal contact resistances of both 

PEEK materials and AISI 4140 steel decreases with increasing sliding velocity. However, these 

resistances of both PEEK materials are approximately two orders higher than that of steel.  

With respect to the chosen asperity dimensions, an increase in surface roughness would 

increase the sliding thermal contact resistance for steel. However, with reference to Appendix 

A-5, only an unrealistic surface roughness profile whereby the periodicity of the asperities is 

several times its width would give rise to a large increase in sliding thermal contact resistance. 

Hence, realistic deviations from the assumed asperity dimensions would not cause the sliding 

thermal contact resistance of steel to have drastic changes. 

The heat generation coefficient for the steel surface for the range of sliding velocities for 

both rubbing pairs can be found in Figure 7.6.  The heat generation coefficient for steel can 

therefore be approximated to 0.99 and 0.975 when rubbing with pure PEEK and bearing grade 

PEEK, respectively.  
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Figure 7.6: Heat Generation Coefficient for AISI 4140 Steel 

Therefore, for the friction heat generated between the rotor shaft and bearing, as the shaft 

is made of bearing grade PEEK, 97.5% of the heat generated shall be absorbed by the steel 

bearing surface. On the other hand, for rubbing with pure PEEK, the steel surface shall absorb 

99% of the heat generated. The remainders of the heat for both cases are absorbed by the PEEK 

materials.  

Hence, PEEK can be assumed to absorb negligible friction heat during dry sliding with 

steel; all friction heat at the bearings would be absorbed by the steel shaft and/or steel bearing 

surface. Furthermore, since the PEEK bearing liners can rotate freely with either the shaft or 

remain stationary with the journal bearing during operation, it shall be assumed that it would 

remain stationary half of the time while rotating with the shaft for the other half of the time. 

Thus, there is sliding contact for both the shaft and journal bearing surface. Hence, the friction 

heat is assumed to be evenly distributed between the shaft and bearing surface. 

The PEEK bearing liner is just a thin layer between the steel shaft and steel journal 

bearing. Since there is negligible heat conduction between the steel shaft/bearing and PEEK 

bearing liner, the steady-state temperature of the PEEK bearing liner can be assumed to be the 

average of the steel shaft and bearing temperatures. 
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To this end, here are the additional assumptions for the PEEK components: 

 The absorption of friction heat by the PEEK elements are negligible; all friction 

heat is absorbed by steel instead 

 Friction heat at the bearings is assumed to be split evenly between the steel shaft 

and bearing surfaces due to free rotation of the PEEK bearing liner. 

 The steady-state temperatures of the PEEK bearing liners would be the average 

of the steel shaft and bearing temperatures. 

7.2.3 Other Assumptions and Heat Transfer Correlations 

The breakdown of the components presented in Figure 7.1 results in most of the element 

having standard geometric shapes mostly in the form of cylinders. For element H1 with a 

slightly more complicated geometry, it is simplified to that of an annular cylinder for the study. 

The relevant heat transfer correlations for horizontal surfaces, vertical surfaces and cylindrical 

surfaces of the elements are presented: 

i. Free convection heat transfer correlations for housing shell and base cover elements – the 

Nusselt number correlation for free convection [128] on the upper surface of the housing 

shell and lower surface of the base cover is given by Equations (7.19) and (7.20), 

respectively. In addition, as the diameter of the housing shell is large, its outer vertical 

surface can be treated as that of a vertical plate in which its Nusselt number [129] is given 

by Equation (7.21). 

 

Nu = {

0.54Ra𝑙𝑐ℎ

1/4
  , 104 ≤ Ra𝑙𝑐ℎ < 107

0.15Ra𝑙𝑐ℎ

1/3
  , 107 ≤ Ra𝑙𝑐ℎ < 1011

 (7.19) 

 Nu = 0.27Ra𝑙𝑐ℎ

1/4
  , 105 ≤ Ra𝑙𝑐ℎ ≤ 1010 (7.20) 
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Nu =

{
 
 
 
 
 

 
 
 
 
 0.68 +

0.67Ra𝑙𝑐ℎ

1/4

[1 + (
0.492
Pr )

9/16

 ]

4/9
  , 0 < Ra𝑙𝑐ℎ ≤ 109

[
 
 
 
 

0.825 +
0.387Ra𝑙𝑐ℎ

1/6

(1 + [
0.492
Pr ]

9/16

)

8/27

]
 
 
 
 
2

  , Ra𝑙𝑐ℎ > 109

 (7.21) 

where   

 
Ra𝑙𝑐ℎ =

𝑔𝜌𝛽|𝑇𝑤 − 𝑇∞|𝑙𝑐ℎ
3

𝜇𝛼
 (7.22) 

 Pr =
𝜇𝑐𝑝

𝑘
 (7.23) 

 
𝑙𝑐ℎ =

Heat transfer area

Perimeter
 (7.24) 

ii. Convective heat transfer coefficient in the working chamber – a number of different heat 

transfer correlations were tested by Tan and Ooi [16] and it was found that the correlation 

by Liu and Zhou [33] provided the most accurate prediction of working chamber pressure 

in the RV compressor. Hence, the same correlation shall be employed here for modelling 

the convective heat transfer in the working chambers. The correlation presented in 

Section 5.2 is reproduced here in Equation (7.25). As the current study is for that of 

steady-state heat transfer, the mean Reynolds number and Prandtl number of the fluid in 

the working chamber shall be used for this study as shown in Equations (7.26) and (7.27) 

with the approximation when the angle steps are discretised. In addition, for the 

calculation of heat transfer, the temperature of the working fluid is assumed to be mean 

of the suction and discharge temperatures. 

 Nu = 0.75Re̅̅̅̅ 0.8Pr̅̅ ̅0.6 (7.25) 

where   

 
Re̅̅̅̅ =

1

2𝜋
∫

𝜌𝑣𝐷

𝜇
 𝑑𝜃

2𝜋

0

≈
1

𝑛
∑

𝜌𝑗𝑣𝑗𝐷𝑗

𝜇𝑗

𝑛

𝑗=1

 (7.26) 
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Pr̅̅ ̅ =

1

2𝜋
∫

𝑐𝑝𝜇

𝑘
 𝑑𝜃

2𝜋

0

≈
1

𝑛
∑

𝑐𝑝𝑗
𝜇𝑗

𝑘𝑗
 

𝑛

𝑗=1

 (7.27) 

iii. Convective heat transfer coefficient in the housing chamber – the working fluid is 

discharged into the housing shell from the cylinder and this is another medium of 

convective heat transfer within the compressor. As investigated in Section 6.4.4, the high 

speed rotation of the cylinder within the housing shell results in Taylor-Couette flow for 

the discharged fluid. Therefore, heat transfer correlations for Taylor-Couette flow shall 

be adopted for modelling the convective heat transfer in the discharge chamber between 

the cylinder and housing walls as shown in Equation (7.28) [124]. On the other hand, for 

flow in the annular gap at the endfaces, it is turbulent as demonstrated by the CFD results 

in Section 6.4.4 and therefore, the turbulent convective heat transfer of a flow over a flat 

plate can be expressed as shown in Equation (7.29) [123]. The speed of the flow is 

assumed to be the mean of the cylinder and housing wall speeds and the length would be 

circumferential length of the gap. 

 
Nu = 0.409(

Ta

𝐶𝑔𝑒𝑜
)

0.241

  , 1700 ≤ (
Ta

𝐶𝑔𝑒𝑜
) ≤ 107 (7.28) 

 Nu𝑔𝑎𝑝 = 0.037Re𝑔𝑎𝑝
4 5⁄ Pr1 3⁄  

(7.29) 

where   

 
Ta =

𝜔𝑐𝑟𝑖𝑡
2 𝜌2𝑟𝑎𝑣𝑔𝛿𝑔𝑎𝑝

3

𝜇2
 (7.30) 

 
𝜔𝑐𝑟𝑖𝑡 =

𝜋4𝜇2𝑟𝑎𝑣𝑔

𝑠𝛿𝑔𝑎𝑝
3 𝑟𝑖

2  (7.31) 

 
𝐶𝑔𝑒𝑜 =

1

𝑠
(

𝜋4

1697
)(1 −

𝛿𝑔𝑎𝑝

2𝑟𝑎𝑣𝑔
)

−2

 (7.32) 

 
𝑠 = 0.0572 (1 −

0.652𝛿𝑔𝑎𝑝

𝑟𝑖
) + 0.00056 (1 −

0.652𝛿𝑔𝑎𝑝

𝑟𝑜
)

−1

 (7.33) 

 𝑑𝑔𝑎𝑝 = 𝑟𝑜 − 𝑟𝑖 (7.34) 
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𝑟𝑎𝑣𝑔 =

𝑟𝑜 + 𝑟𝑖
2

 (7.35) 

 
Re𝑔𝑎𝑝 =

𝜌𝜔𝑎𝑣𝑔𝑟𝑎𝑣𝑔𝑙𝑔𝑎𝑝

𝜇
 (7.36) 

 𝑙𝑔𝑎𝑝 = 𝜋(𝑟𝑜 + 𝑟𝑖) (7.37) 

iv. Convective heat transfer on rotating cylinder shaft – for a high speed rotating cylinder in 

quiescent air, it can be assumed that the convective heat transfer coefficient depends on 

only the Reynolds number [125, 126]. To this end, the orientation of the rotating cylinder 

shaft does not affect the convective heat transfer and the correlation by Becker [125] can 

be used. The average Nusselt number is expressed as shown in Equation (7.38) [125] and 

is valid for the case of the rotating cylinder shaft at speeds between 250 and 31,300 rev 

min-1 which is well within the operating conditions of the compressor. 

 
Nu = 0.119Re𝑟

2 3⁄    , 800 ≤ Re𝑟 =
2𝜌𝜔𝑠ℎ𝑎𝑓𝑡𝑟𝑠ℎ𝑎𝑓𝑡

2

𝜇
≤ 105 (7.38) 

v. Radiation heat transfer to surroundings – the emissivity for polished metal surfaces ranges 

between 0.10 and 0.40 depending on the grade of finishing [123], in which the emissivity 

increases for duller surfaces. For the polished steel surface of the housing shell, its 

emissivity shall be estimated to be the average of the given range (0.25). In addition, as 

the temperature of the compressor is expected to exceed that of the surroundings, there 

will be net radiation heat transfer to the surroundings and the view factor for the heat 

transfer in this case would be at unity [123]. Therefore, the heat transfer coefficient for 

radiation heat transfer can be expressed as shown in Equation (7.39) with the emissivity 

value of 0.25 and view factor of 1.0. 

 ℎ𝑟𝑎𝑑𝑛 = 0.25𝜎(𝑇𝑤 + 𝑇∞)(𝑇𝑤
2 + 𝑇∞

2) (7.39) 

7.3 Heat Transfer in the Rotor 

The rotor component is made from PEEK material which has very high sliding thermal 

contact resistance compared to steel. Even though it can be assumed to absorb negligible heat 
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from friction generated at the rubbing surfaces, the temperature of the PEEK components 

during steady-state operation will no doubt be higher than ambient in reality.  

The working fluid is drawn into the working chambers through the suction line in the 

rotor. Hence, the friction heat that is absorbed by the rotor has to be dissipated in the suction 

line or working chambers. In addition, since the heat absorption from friction is almost 

negligible, heat dissipation into the suction fluid will also be almost negligible and to this end, 

it can be assumed that the temperature of the suction fluid stays constant. For steady-state 

analysis, it is assumed that the flow in the suction line is fully developed. 

7.3.1 Convective Heat Transfer at Rotor Shaft Tip 

One end of the rotor shaft is exposed to ambient and the exposed geometry can be 

considered as a rotating disc. The Reynolds number for a rotating disc is given in Equation 

(7.40). 

 
Re𝑑𝑖𝑠𝑐 =

𝑟𝑑𝑖𝑠𝑐
2 𝜔𝑑𝑖𝑠𝑐𝜌

𝜇
 (7.40) 

As the diameter of the shaft is small (Ø23.0 mm), the rotational Reynolds number at 3000 

rev min-1 is only 2600 as computed from Equation (7.40). Hence, the flow regime at the shaft 

tip is laminar. An experimental investigation by Cobb and Saunders [130] found that the heat 

transfer coefficient in the laminar range is best modelled by the correlation given by Wagner 

[131] as shown in Equation (7.41). 

 Nu = 0.335Re𝑑𝑖𝑠𝑐
0.5   , Re𝑑𝑖𝑠𝑐 < 2.4×105 (7.41) 

7.3.2 Mass Flow Rate in Rotor 

The mass flow rate into the suction chamber through the rotor is used to calculate the 

average flow velocity of the intake fluid in the rotor. This is expressed in Equation (7.42) 

whereby the flow area of the fluid through the rotor is constant and dictated by the suction port 

area Asuc. The Reynolds number for the axial flow of the fluid inside the rotor can thus be 

calculated as shown in Equation (7.43) and varies up to a value of 16,000 for a rotation speed 

of 3000 rev min-1 with volumetric efficiency at unity. 
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𝑣𝑠𝑢𝑐 =

𝑚̇𝑑

𝜌𝐴𝑠𝑢𝑐
 (7.42) 

 
Re𝑠𝑢𝑐 =

2𝜌𝑣𝑠𝑢𝑐𝑟𝑝𝑡,𝑠𝑢𝑐

𝜇
=

2𝑚̇𝑑

𝜋𝑟𝑝𝑡,𝑠𝑢𝑐𝜇
 (7.43) 

where   

 𝐴𝑠𝑢𝑐 = 𝜋𝑟𝑝𝑡,𝑠𝑢𝑐
2  (7.44) 

7.3.3 Convective Heat Transfer in Shaft 

The intake of fluid through the rotor first goes through the rotating shaft and is classified as 

an axial flow through a rotating duct. The rotation of the shaft affects the flow of the fluid; the 

rotating walls help reduce turbulence in the flow at the vicinity of the wall and thus heat transfer 

decreases with higher rotation speeds [132–134].  

The heat flux is uniform as the shaft is subjected to the same magnitude of friction heating 

along its entire length. To this end, it is noted that there is linear spatial temperature variation 

in the rotor shaft along its length due to the constant heat flux but the rotor shaft element shall 

still be assumed to be of a constant temperature as the linear spatial temperature variation along 

the shaft is expected to be small. 

Seghir-Ouali et al. [134] provide the heat transfer correlations for axial flow inside a rotating 

cylinder duct with a constant heat flux in Equations (7.45) and (7.46). At low rotation speeds, 

heat transfer is affected by both the rotation speed of the wall and axial velocity of the flow. 

However, at high rotation speeds, heat transfer due to the rotation speed of the wall is dominant 

and the influence of the axial velocity is negligible. 

 Nu = 0.01963Re𝑠𝑢𝑐
0.9285 + 8.5101×10−6Re𝜔

1.4513 , 

for  0 < Re𝑠𝑢𝑐 < 3×104 , 1600 < Re𝜔 ≤ 2.77×105 
(7.45) 

 Nu = 2.85×10−4Re𝜔
1.19 , Re𝜔 > 2.77×105 (7.46) 

where Reω is the rotational Reynolds number given as follows:  

 
Re𝜔 =

2𝑟𝑝𝑡
2 𝜔𝑠ℎ𝑎𝑓𝑡𝜌

𝜇
 (7.47) 
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7.3.4 Convective Heat Transfer in Rotor 

From the rotor shaft, the fluid in the suction line continues inside the rotor. Based on the 

Reynold’s number, it is an internal laminar flow with uniform wall temperature. The heat 

transfer coefficient is thus given in Equation (7.48). 

 
Nu = 3.66 ,   Re𝑠𝑢𝑐 < 104 (7.48) 

7.4 Linear Algebra Equations for Component Elements 

With 12 elements, there will be 12 simultaneous equations that must be solved to obtain 

the steady state operating temperatures of these elements. The equations can be arranged into 

a matrix and solved as a linear algebra equation.  

As an example, for the cylinder element c1 shown in Figure 7.1, it is affected by free 

convection and heat transfer from element c2. Hence, the heat transfer to and from the element 

can be written as shown in Equation (7.49) which is rearranged into Equation (7.50). 

𝐻𝑐1,𝑐2(𝑇𝑐1 − 𝑇𝑐2) + 𝐻𝑐1,∞(𝑇𝑐1 − 𝑇∞) = 0 (7.49) 

(𝐻𝑐1,𝑐2 + 𝐻𝑐1∞)𝑇𝑐1 + 𝐻𝑐1,𝑐2𝑇𝑐2 = 𝐻𝑐1,∞𝑇∞ (7.50) 

where   

 
𝐻𝑐1,𝑐2 = 𝐻𝑐2,𝑐1 =

𝑘𝑠𝑡𝑒𝑒𝑙𝐴𝑐1,𝑐2

𝑙𝑐1,𝑐2
=

2𝑘𝜋𝑟𝑠ℎ𝑎𝑓𝑡
2

𝑙𝑐1 + 𝑙𝑐2
 (7.51) 

 
𝐻𝑐1,∞ =

𝑘𝑎𝑖𝑟𝐴𝑐1,∞

𝑙𝑐1,∞
(0.119Re𝑟

2 3⁄ ) + 0.25𝐴𝑐1,∞𝜎(𝑇𝑐1 + 𝑇∞)(𝑇𝑐1
2 + 𝑇∞

2)

=
2𝑘𝑎𝑖𝑟𝜋𝑟𝑠ℎ𝑎𝑓𝑡𝑙𝑐1

𝑙𝑐1
[0.119 (

2𝜌𝜔𝑠ℎ𝑎𝑓𝑡𝑟𝑠ℎ𝑎𝑓𝑡
2

𝜇
)

2 3⁄

]

+ 0.25𝜎(𝑇𝑐1 + 𝑇∞)(𝑇𝑐1
2 + 𝑇∞

2)(2𝜋𝑟𝑠ℎ𝑎𝑓𝑡𝑙𝑐1) 

(7.52) 

The process is repeated for each element in the prototype and their corresponding 

equations are then assembled into a matrix. Due to the insulating PEEK bearing liners 

separating the cylinder from the housing shell, there is no coupling of temperatures between 

these two components. Furthermore, the rotor is also considered to be a separate system due to 

the insulating property of PEEK for heat conduction. Hence, each of the components will have 
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their own separate matrices as shown in Equations (7.53) – (7.55). T represents the component 

element temperatures, X represents the heat transfer relations and Y represents the loss to 

surroundings and heat source terms. Details of the heat transfer relations and full matrices can 

be found in Appendix A-4.  

𝑿𝑐𝑻𝑐 = 𝒀𝑐 (7.53) 

𝑿𝑟𝑻𝑟 = 𝒀𝑟 (7.54) 

𝑿ℎ𝑻ℎ = 𝒀ℎ (7.55) 

Equations (7.53) and (7.55) are then solved for their respective T matrices which contains 

all the elements’ temperature values for each component with Matlab’s native linear algebra 

solver [135]. The solution would give the steady-state operating temperatures of the 

components for the RV compressor prototype. 

7.5 Preliminary Analysis 

This section will proceed with a preliminary analysis of the thermal model so as to gain 

some insight on the steady-state operating component temperatures. The operating conditions 

used for this analysis would be the same as those used in the first analysis presented in Chapter 

6. These conditions are reproduced here in Table 7.3. It is assumed that there is no internal 

leakage occurring between the working chambers.  

Table 7.3: Operating Conditions and Ambient Temperature 

Operating Speed, rev min-1 1,000 / 2,000 

Working Fluid Air 

Suction Pressure, bar (abs) 1.0 

Suction Temperature, °C 27.0 

Discharge Pressure, bar (abs) 2.0 / 5.0 

Coefficient of Friction 0.4 

Ambient Temperature, °C 27.0 
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The steady-state operating temperatures of the elements in the cylinder, rotor and housing 

shell components at a discharge pressure of 2 bar (abs) are presented in Figure 7.7. The 

temperature of the upper PEEK bearing liner sleeve s1 can then be taken as the mean 

temperature of elements c2 and h1 which is 58.5°C. Similarly, the temperature of the lower 

PEEK bearing liner sleeve s2 is taken to be the mean temperature of elements c4 and h4 which 

is 72.4°C. 

 

Figure 7.7: Predicted Steady-state Component Temperatures for 1 bar Pressure Difference 

For a discharge pressure of 5 bar (abs), the steady-state operating temperatures of the 

components are presented in. The temperatures of the PEEK bearing sleeves s1 and s2 are then 

determined to be 120.5°C and 149.5°C, respectively. 
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Figure 7.8: Predicted Steady-state Component Temperatures for 4 bar Pressure Difference 

From the analysis, it is noted that the steady-state operating temperature of the rotor 

component (elements r2, r3, r4) would always be approximately the same as the average 

chamber temperature. This is because the rotor has a thermal conductivity of 0.82 W m-1 K-1 

and is thus unable to dissipate heat effectively, so the temperature of the rotor would always be 

the about same as that of the chamber temperature. On the other hand, there is enhanced 

convective heat transfer between the rotor shaft and suction air due to the nature of the shaft 

rotation. This increases heat dissipation at the rotor shaft and results in lower temperatures 

(element r1) when compared to the rotor. 

For the cylinder, it is noted that the steady-state operating temperatures have a wide 

variation between the different elements. The cylinder elements c1 and c3 have lower 

temperatures compared to their adjacent elements c2 and c4. This is because elements c2 and 

c4 constitute the upper and lower cylinder shafts, respectively, and friction heating at these 

rubbing surfaces would increase the steady-state operating temperatures of these elements. 

Furthermore, as the lower cylinder shaft has a much larger diameter, friction heating is more 

severe in its case, thus resulting in very high steady-state operating temperatures. Element c3 

would have the lowest temperature for the cylinder component as there is enhanced in-chamber 

convective heat transfer whereby the working fluid is cooling the cylinder chamber 

continuously. 
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For the housing shell, as it is cooled by free convection from the surrounding air, its 

temperature variations are not as significant as compared to the cylinder. Element h1 for the 

upper cylinder bearing was noted to have a higher temperature than element h4 for the lower 

cylinder bearing despite having a lower friction loss owing to its smaller bearing diameter. This 

is due to the exposure of the lower cylinder bearing to the air in the working chamber whereby 

the enhanced in-chamber convective heat transfer has enabled element h4 to dissipate more 

heat compared to element h1 in which heat is dissipated via free convection only. 

Bearing in mind that the analysis was done under ideal conditions with no internal 

leakage, the circulation of hot leakage fluid between the suction and compression chambers 

during actual operation would result in higher steady-state operating temperatures than those 

presented in Figure 7.7 and Figure 7.8. In addition, practical operation would see the 

compressor operating under more severe conditions such as higher speeds and larger pressure 

differences which would result in even higher steady-state operating temperatures.  

To this end, the design and use of PEEK bearing liners might not be feasible for practical 

operation due to severe friction heat in the components. Alternatively, the use of sealed 

bearings with coefficients of friction in the range of 0.001 – 0.005 [136] is proposed instead 

which would mitigate the problem of excessive friction heating. 

7.6 Concluding Remarks 

As friction heating would be significant in that of a lubricant-free compressor, this 

chapter sets out to model the steady-state operating temperatures of the compressor 

components. The lumped thermal conductance method was proven to be accurate as validated 

with measurements in the case of a hermetic rolling piston compressor [122]. As the RV 

mechanism shares many similarities with the rolling piston, this method is therefore suitable 

for modelling the heat transfer between the RV compressor components as well. A summary 

of this chapter is as follows: 

 The compressor components are sub-divided into simpler geometry for use with 

the lumped thermal conductance method. 

 The elements are assumed to be isothermal and the temperatures of the working 

fluid in the chambers are also assumed to be at constant. 
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 One-dimensional heat transfer is assumed for the model due to the concentric 

alignment of the components. 

 A thermal sliding contact model is used for determining the amount of friction 

heat absorbed by each surface during sliding contact. Analysis shows that 97.5% 

and 99% of the friction heat is absorbed by the steel surface for rubbing with 

bearing grade PEEK and pure PEEK respectively. 

 It is assumed that the PEEK components absorb negligible friction heat during 

sliding contact and thus do not partake in heat transfer in the system since the 

components are always in sliding contact.  

 Conventional heat transfer correlations were presented and used for modelling 

the heat transfer between the elements. 

 Heat transfer equations are then formulated for each component and these 

equations are combined into a single linear algebra matrix problem to be solved 

 Preliminary analysis shows that the steady-state operating temperature of the 

rotor will be approximately the same as that of the mean chamber temperature. 

On the other hand, the walls of the suction line in the rotor shaft are rotating, 

resulting in enhanced heat dissipation and thus, lower temperature values for the 

rotor shaft. 

 The lower cylinder bearing will have the highest steady-state operating 

temperature due to high friction loss because of having a large bearing diameter. 

On the other end, the continuous flow of working fluid into and out of the cylinder 

chamber helps to cool the overall component.  

 As ideal, conservative operating conditions were used for the preliminary 

analysis, even higher operating component temperatures would be expected with 

internal leakage, faster operating speeds and higher pressure ratios. An alternative 

would be the use of sealed bearings which has a much lower coefficient of friction 

in the range of 0.001 – 0.005 [136]. 
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8 Experiment 

The prototype designed with the concepts introduced in Chapter 3 was evaluated through 

experimental investigations. The measurements are then used to validate the accuracy of the 

theoretical models developed in Chapters 4 to 6 by comparing the values. 

8.1 Prototype Physical Dimensions 

The AISI-4140 steel components of the compressor prototype were fabricated by the 

vendor, Swift Precision Engineering Pte Ltd and the PEEK components were machined by the 

laboratory workshops in Nanyang Technological University. After receiving the components, 

the dimensions were checked for conformity to the tolerances specified and to determine the 

exact clearance gaps between the components. The measurements were made with a 

micrometer screw gauge and digital vernier caliper with accuracies of ±0.001 mm and ±0.01 

mm, respectively. Multiple measurements were made for each dimension and the arithmetic 

mean was computed and recorded. The key dimensions with their specified tolerances and 

corresponding measurements from the prototype are shown in Table 8.1. The asterisk indicates 

that the PEEK component has been refabricated/reworked in order to reduce the clearance or 

correct the erroneous dimension. 

Table 8.1: Prototype Dimensions 

Component/Dimension Specification, mm Measurement, mm 

Rotor (Bearing-grade PEEK)   

Diameter 85.00 ± 0.01 84.98 

Length 23.00 – 0.01 22.966 

Vane Slot Width 12.00 + 0.01 12.15 

Shaft Diameter 23.00 – 0.01 22.997 

Shaft Length 40.0 ± 0.1 40.08 

   

Cylinder (Steel)   

Inner Diameter 100.00 ± 0.01 100.01 

Chamber Length 23.00 + 0.01 23.03 

Upper Shaft Diameter 31.75 – 0.01 31.75 
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Lower Shaft Diameter 106.50 + 0.01 106.43 

Lower Shaft Length 35.00 + 0.01 34.95 

   

Component/Dimension Specification, mm Measurement, mm 

Vane* (PEEK)   

Neck Width 5.00 - 0.01 5.01 

Tip Diameter 12.00 – 0.01 12.13 

Length 23.00 ± 0.01 23.02 

   

Upper Bearing Sleeve (PEEK)   

Inner Diameter* 31.75 + 0.05 31.74 

Outer Diameter 35.00 – 0.05 35.00 

Flange Thickness* 2.00 – 0.05 1.482 

Length 35.00 – 0.05 35.03 

   

Lower Bearing Sleeve (PEEK)   

Inner Diameter 100.00 + 0.05 99.95 

Outer Diameter 106.50 – 0.05 106.40 

Flange Thickness* 2.00 + 0.05 1.958 

Length 35.00 – 0.05 35.02 

   

Housing Shell (Steel)   

Upper Journal Bearing Diameter 35.00 + 0.01 35.00 

Rotor Shaft Journal Bearing Diameter 23.00 + 0.01 23.01 

Lower Journal Bearing Diameter 100.00 – 0.01 100.05 

Lower Journal Bearing Length 37.00 – 0.01 36.86 

In addition, the bearing surfaces were measured by a profilometer to determine the 

surface roughness. The surface roughness measurements were also done multiple times and the 

average values were recorded. Based on the measured dimensions, the clearance at each of the 

bearings and surface roughness at each bearing surface are tabulated in Table 8.2. For the 

bearing clearances, it is the sum of two clearances; the first between the shaft and bearing 

sleeve, and the second between the bearing sleeve and journal bearing. Note that due to 

manufacturing defects, some of the bearings have a poor fit, namely that of the upper and lower 
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cylinder bearings. For the lower cylinder bearing, due to the limited thickness and large 

diameter of the bearing sleeve, the bearing sleeve was found to be warped – the bearing liner 

was not entirely circular, resulting in an interference fit in certain areas despite the clearance 

indicated from measurements. This was identified as the main cause of seizure in the 

compressor that will be elaborated in Section 8.4. 

Table 8.2: Bearing Clearance and Surface Roughness 

Bearing Clearance, μm Surface Roughness, μm Ra 

Upper Cylinder – 10  2.67 

Lower Cylinder 15 1.20 

Rotor 13 1.60 

Lastly, the endface and radial clearances for calculation of leakage are tabulated in Table 

8.3. Note that the default radial clearance is small compared to that of the endface clearances; 

accounting for the average total clearance at both endfaces (155 μm), the gap was found to be 

approximately ten times that of the radial clearance (15 μm). To this end, the dominant leakage 

paths can be considered to be that of the endface leakages. 

Table 8.3: Leakage Path Clearance 

Leakage Path Clearance, μm 

Radial 15 

Slot (Vane Tip) 20 

Vane Endface (one end) 64 

Rotor Endface (one end) 91 

In all, the prototype was found to be less than satisfactory in terms of the accuracy of the 

fabrication. However, due to the limited resources allocated for this project, only certain 

components were able to be reworked and the rest were left as it was.  

8.2 Experimental Setup 

The experimental setup is designed to measure the performance of the compressor, 

namely the discharge pressure and input torque. For simplicity, the compressor is employed in 

an open loop air cycle. Atmospheric air is drawn into the prototype directly and the compressed 
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air is discharged into a Swagelok 304L-HDF4-300-PD receiver tank in which the discharge 

pressure is measured by a Kulite XT-375 pressure transducer with a measurement capability 

up to 35 bar (gauge). A needle valve controls the outflow of the compressed air from the 

receiver tank and the discharge flow rate is then measured by a Gilmont GF-1400 glass float 

rotameter with a range of 1000 – 36,000 ml min-1. The combination of the receiver tank and 

needle valve reduces the pulsation of the compressor discharge which allows steady 

measurement readings from the rotameter. The compressor is powered by an ABB 2.2kW two-

pole induction motor with a frequency controller to regulate the output rotation speed. A Futek 

TRS605 torque transducer with a ±50 N·m measurement range is connected between the motor 

and compressor shafts to measure the torque input to the prototype. Type T (bare-wire, AWG 

24) thermocouples were connected to the receiver tank and at the discharge from the rotameter 

to measure the discharge temperature and also the flow temperature at the rotameter for density 

corrections in the mass flow calculation. In addition, four other thermocouples were connected 

to the compressor shell housing at various locations to determine the component temperatures, 

namely the upper cylinder bearing, lower bearing, compressor base mount and compressor 

shell housing. The ambient air conditions for the compressor inlet were measured by a weather 

station in the lab as shown in Figure 8.1. The maximum measurement uncertainties associated 

with these devices are tabulated in Table 8.4. A schematic of the experiment setup is shown in 

Figure 8.2 and the actual setup is shown in Figure 8.3. 

Table 8.4: Measurement Uncertainties 

Pressure transducer ±0.1 bar 

Rotameter ±360 ml min-1 

Torque transducer ±0.1 N·m 

Type-T Thermocouple  ±1.0 K [137, 138] 
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Figure 8.1: Weather Station 

 

Figure 8.2: Experiment Setup Schematic 
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Figure 8.3: Actual Experiment Layout 

The measurement devices are hooked up to the Yokogawa MX 100 data acquisition unit 

and readings are taken at the maximum rate of 100 Hz. The calibration details and data of the 

devices can be found in Appendix A-8. 

Ideally, a data logger with a high sampling rate would be more suitable for determining 

the instantaneous torque to the compressor but it was unavailable due to the lack of resources 

allocated for the project. Equation (8.1) shows the expected number of data points per 

revolution (ndata) based on the sampling rate of the data logger (χdata) and rotation speed (ω) 

 
𝑛𝑑𝑎𝑡𝑎 =

2𝜋𝜒𝑑𝑎𝑡𝑎

𝜔
 (8.1) 

In spite of the sampling rate limitation, the motor torque readings from the data logger 

can still be used to determine the average operating speed with the relations presented in 

Section 6.3.6. Therefore, the data logger is still useful in determining the average operating 

speed of the compressor. Together with the discharge pressure and temperature readings, the 
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performance characteristics of the prototype can be ascertained albeit without useful 

instantaneous torque readings.  

8.3 Experimental Procedure 

It was observed that the prototype was very prone to seizure and would stop after about 

less than a minute of operation at operating speeds above 800 rev min-1. Hence, the experiment 

to evaluate the compressor had involved varying the mass flow rate instead of varying the 

discharge pressure. Details on this problem would be discussed in Section 8.4. The 

experimental procedures for measurement of prototype performance were hence tailored for 

short operating time windows as follows: 

1. The pipes and fittings were firstly ensured to be securely connected to prevent 

possible leakage. 

2. The motor frequency controller was adjusted to the desired operating motor 

synchronous speed. The relation between the synchronous speed and input 

frequency can be found in Equation (6.24). 

3. The motor was turned on and the needle valve was then adjusted to attain the 

desired flowmeter reading. 

4. Once the desired flowmeter reading was obtained, the motor was then switched 

off to vent the pressurised air in the receiver tank. 

5. Measurements were then taken – upon switching on the motor, 20 s of 

measurements were then recorded for the stipulated flow rate before switching 

off the motor. 

6. A time period of about 15 min was allocated between each measurement run to 

allow the compressor components to cool down so as to avoid seizure. 

7. Steps 3–5 were repeated for obtaining measurements based on different flow rates 

for a constant operating speed. 

8. When the motor operating speed was changed, the experimental procedure was 

restarted from step 2. 
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8.4 General Observations 

As expected, the prototype performance had two main problems. Due to the absence of 

lubricants, its performance was severely affected by frequent seizures during operation and 

internal leakage. The prototype was prone to seizure and would stop after only one to two 

minutes of operation. In addition, severe leakage was observed in the prototype, as only small 

increments in pressure were detected in the receiver tank during operation.  

Due to the short operating timespan of the compressor, there was insufficient time for 

the effects of frictional heating at the bearing surfaces to propagate into the working chambers. 

Hence, it will be assumed that the chamber walls remained at room temperature in the 

theoretical model during validation of the model. 

8.4.1 Seizure 

It is absolutely necessary that the rubbing surfaces of such a lubricant-free compressor 

be clean and free from any contaminants such as oil or dirt. Oil was used to prevent rusting of 

the prototype. For the lubricant-free RV prototype, the accidental presence of residual lubricant 

can cause the compressor to seize up as well. Residual oil was present during the initial test run 

of the compressor causing seizure at the journal bearings – due to the high friction heat at the 

rubbing surface with no lubricant network to circulate the oil, the trapped oil decomposed into 

hard carbon particles which then caused the compressor to seize up. Figure 8.4 shows the 

decomposed carbon particles on the rotor shaft, rotor shaft journal bearing surface, lower 

cylinder shaft, lower cylinder shaft and cylinder bearing sleeves of the RV prototype – the 

discolouration on the surfaces are the remnants of the burnt/decomposed oil residue.  
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(a): Rotor Shaft (b): Rotor Journal Bearing 

 
 

(c): Lower Cylinder Shaft (d): Lower Cylinder Journal Bearing Sleeve 

 

(e): Upper Journal Bearing Sleeve 

Figure 8.4: Decomposed Oil Particles on Bearing Surfaces 

After cleaning up and ensuring that the bearing surfaces were free from contaminants, 

the compressor was tested again in order to evaluate its performance. However, it was still 
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prone to seizure which can be attributed to the buildup of friction heat at the lower cylinder 

bearing. Figure 8.5 shows the variation of the compressor component temperatures while 

operating at an average speed of 800 rev min-1. Compressor operation was started with all the 

components at room temperature. Notice the rapid buildup of temperature at the lower bearing 

consisting of both the lower cylinder shaft and the rotor shaft. Interestingly, the buildup of 

friction heat at the upper cylinder bearing is negligible compared to the rest of the components. 

 

Figure 8.5: Compressor Component Temperature Variation 

Due to the orientation of the compressor, the entire weight of the cylinder and rotor is 

resting on the lower bearing, thus greatly increasing the contact force and the subsequent 

friction force at that bearing. This increases the friction heat buildup at the bearing which causes 

the shaft to expand and since the bearing liner has been warped, it jams easily. The significant 

increase in the temperature of the base mount that is connected to the lower bearing is further 

proof of the friction heat produced at the lower bearing. Therefore, the compressor can only be 

operated for short periods before seizure at high operating speeds above 800 rev min-1. Figure 

8.6 shows the motor torque and discharge pressure measured for the average operating speed 

of 981 rev min-1. Seizure occurred in this example as insufficient time was given for the 

bearings to cool and the measurements were taken while the bearings were at elevated 

temperatures.  
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Figure 8.6: Discharge Pressure and Motor Torque Measurement until Prototype Seizure 

Note that the compressor was able to reach peak discharge pressure quickly within about 

three seconds of starting up while on the other hand, the motor torque steadily increases until 

intermittent seizure at about the 20 second mark before stopping completely at 25 s.  

Henceforth, the torque measurements from the prototype would not be useful for 

validating the dynamics model due to the effects of having a warped bottom bearing liner. The 

contact points and magnitude of the force at the bearings would vary with compressor operation 

and bearing temperature. This irregularity is difficult to model deterministically. Hence, an 

alternative RV mechanism shall be used to validate the dynamics model instead – the validation 

of the dynamics model shall be carried out in Chapter 9 using measurement data from the 

experimental investigation of an RV air expander [139]. 

8.4.2 Leakage 

The cause of severe leakage in the prototype is due to the large leakage path clearances 

measured in Table 8.3 compared to that of the designed clearances of 10 μm. Severe internal 

leakage was observed; air in the compression chamber would leak through the large endface 

and vane clearances into the suction chamber, resulting in poor volumetric efficiencies. Notice 

the lacklustre discharge pressure of the compressor prototype of 0.3 bar (gauge) at best as 



 

 

162 

shown in Figure 8.6. Attempts to achieve higher pressure ratios by increasing the operating 

speeds were hampered by the fact that the compressor prototype was prone to seizure at high 

rotational speeds. 

8.5 Results 

Due to frequent seizure in the prototype, steady state measurement of the experiment was 

difficult and measurement was carried out during for about the first 20 s of starting up the 

compressor according to the experimental procedures in Section 8.3.  

In the first few revolutions of compressor operation, the high mass flow output causes 

the pressure in the receiver tank to rise rapidly since the mass flow rate out of the tank is 

regulated by the needle valve. Consequently, the discharge pressure increases and this increases 

the amount of internal leakage in the compressor as well. Internal leakage would increase until 

the mass flow from the compressor matches the mass flow rate stipulated by the needle valve 

resulting in steady discharge pressure. 

Due to the nature of the small receiver tank, steady-state pressure can be built up quickly 

for measurement purposes but steady-state component temperature measurement is not 

possible as the compressor would have seized up before that.  With a short operating period 

and given sufficient time for the bearings to cool, “pseudo-steady-state” measurements can be 

observed. Figure 8.7 shows the typical measurement readout of a run at 800 rev min-1. In this 

example, data between the 10 – 15 s period would be used for evaluating the prototype 

performance.  
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Figure 8.7: Typical Measurement Readout for Short Operating Periods 

  Generally, the discharge pressure is at its highest upon starting up the compressor but 

as the compressor operates, the increase in friction heat would lead to a further increase in 

friction at the bearings, thus increasing the input motor torque while slowing down the 

compressor operating speed and as a consequence, the discharge pressure decreases since the 

mass flow rate from the compressor decreases as well. 

To this end, useful measurement data can still be obtained although the compressor is 

only operated for short periods without giving time for the heat produced at the bearing surfaces 

to propagate to the working chamber. In this fashion, the variation of discharge pressure and 

compressor operating speeds with respect to stipulated mass flow rates according to the 

experimental procedure in Section 8.3 are plotted as shown in Figure 8.8. 
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(a): 0.167 g s-1 (b): 0.205 g s-1 

  

(c): 0.243 g s-1 (d): 0.281 g s-1 

Figure 8.8: Measured Discharge Pressure based on Stipulated Mass Flow Rates 

It is observed that higher discharge pressures can be achieved at higher operating speeds 

albeit at lower flow rates. As discharge pressure decreases at constant operating speeds, the 

flow rate would increase. This results in better volumetric efficiencies at high mass flow rates 

and low discharge pressures. 

8.6 Validation of Thermodynamics and Leakage Model 

In order to validate the theoretical thermodynamics and leakage model presented in 

Chapters 4 – 5, the measured data from the experiment in Section 8.5 are compared to that of 

the predicted data and presented in this section.  
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As the theoretical model requires discharge pressure as one of the inputs, the predicted 

discharge mass flow rate shall be compared against that of the measured values. As explained 

in Section 5.3, the orifice flow coefficients were chosen from a range of 0.58 – 0.65 as provided 

by Munson et al. [111] such that the same set of values would fit all operating conditions. With 

reference to Section 5.5.7, the set of leakage coefficients were adapted from the values of the 

curve fit coefficients obtained in the leakage CFD study such that the theoretical predictions 

with the same set of selected values would agree with those of the measured values regardless 

of operating conditions. The coefficients used for the modelling are presented in Table 8.5 and 

the values are applicable for all operating conditions. 

Table 8.5: Thermodynamics and Leakage Channel Width Coefficients 

Orifice Flow Coefficient Value 

Suction/discharge ports 0.60 

Internal leakage 0.65 

Equivalent Leakage Channel 

Width Coefficients 

 

C1 0.0125 

C2 0.400 

C3 0.0300 

C4 0.650 

For the comparison of mass flow rates, the data are grouped according to average 

operating speeds and displayed in Figure 8.9.  
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(a): 618 rev min-1 (b): 743 rev min-1 

  

(c): 855 rev min-1 (d): 993 rev min-1 

Figure 8.9: Comparison of Predicted Mass Flow rates against Measured Data 

The predicted mass flow rates are found to be in good agreement with the measured data 

with an error of ±15%. Note that the average operating speeds according to the title of the 

graphs are approximate and the exact average operating speed can be found in Appendix A-6 

along with the prediction errors. 

8.7 Prototype Compressor Volumetric Efficiency 

The volumetric efficiency of a compressor is defined by the ratio of the actual output 

mass flow rate to the theoretical mass flow rate with no internal leakage. Based on the measured 

average operating speed and mass flow rate from the RV prototype compressor, the volumetric 

efficiency of the compressor can be calculated as shown in Equation (8.2).  
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𝜂 =

𝜌𝑜𝑉̇̇𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑

𝜌𝑠𝑢𝑐𝑉𝑐ℎ𝑎𝑚𝜔𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑
 (8.2) 

The volumetric efficiencies of the prototype for the different operating conditions are 

computed and plotted in Figure 8.10. The uncertainty analysis for the error bars can be found 

in Appendix A-6. 

  

(a): 618 rev min-1 (b): 743 rev min-1 

  

(c): 855 rev min-1 (d): 993 rev min-1 

Figure 8.10: Compressor Volumetric Efficiencies Computed from Measurements 

The volumetric efficiency of the prototype compressor ranges between 17% and 45% 

from measurements. The poor efficiency is due to the large clearance gaps at the vane and rotor 

endfaces as seen in Table 8.3 through which internal leakage occurs. Poor tolerance control 

during the fabrication process has resulted in these large clearance gaps.  

On the other hand, if the specified values for the clearance gaps presented in Table 8.1 

were attained during fabrication, the volumetric efficiency of the prototype can be greatly 
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improved. Figure 8.11 shows the predicted volumetric efficiencies for the prototype if the 

clearance gaps at the vane and rotor endface were at the specified value of 10 μm on each sides 

of the endfaces (20 μm in total). The average operating speeds and discharge pressure were 

kept the same as those measured from the experiment while the volumetric efficiency is 

calculated with the expected clearance gap values. 

  

(a): 618 rev min-1 (b): 743 rev min-1 

  

(c): 855 rev min-1 (d): 993 rev min-1 

Figure 8.11: Predicted Volumetric Efficiencies with Smaller Leakage Clearance Gaps 

From Figure 8.11, a compressor with better manufacturing tolerances and hence smaller 

clearance gaps would have an operating volumetric efficiency between 93.6% and 96.7%, 

which is an increase of 110% – 390% in mass flow rate. Hence, with better tolerance control, 

the lubricant-free RV compressor would no doubt still be feasible in terms of volumetric 

efficiency. 
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8.8 Concluding Remarks 

Due to friction heating at the lower bearing, the shaft expands and would cause the 

bearing liner to wedge the bearing clearance gap, causing the compressor to seize. Furthermore, 

this problem is aggravated at higher operating speeds in which the friction heat buildup would 

be at higher rates leading to seizure in less than a minute of operation. Hence, measurement of 

steady-state operating values proved to be difficult and can only be carried out when the bearing 

is around room temperature instead of elevated temperatures and even so, the compressor can 

be operated for only a short period.  

In addition, the vane and rotor endface clearance gaps in the prototype were measured to 

be 64 μm and 91 μm respectively, which is six to nine times higher than specified. As a result, 

the prototype was only able to achieve low discharge pressures of 0.16 – 0.59 bar (gauge) and 

furthermore at low volumetric efficiencies between 17% – 45%. 

The modelling for the compressor performance has been adapted for such circumstances 

by assuming that the component temperatures are at room temperature for the modelling of 

heat transfer in the working chamber. Based on the measured average operating speed and 

discharge pressure, the theoretical model was able to predict the mass flow rate to within ±15% 

of the measured flow rate. 

With better tolerance control during fabrication, the volumetric efficiency of the 

compressor can be improved. If the endface clearance gaps were at 10 μm instead, the mass 

flow rate would potentially increase by 110% – 390% as compared to the current prototype, 

thus resulting in volumetric efficiencies between 93.6% and 96.7% for the same operating 

speeds and discharge pressures measured from the experiment. 

Suggestions for improvement in future development of the lubricant-free RV compressor 

based on experiment results and observations are as follows: 

 For mechanical machine design, tolerance control is very important and even 

more so for lubricant-free mechanisms. Any discrepancy can cause parts to 

wedge together, resulting in seizure. 

 Tolerance control is important for mitigating internal leakage losses. 
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 Care must be taken during assembly to ensure rubbing surfaces such as the 

bearings have to be clean of any contaminants such as oil and dust. 

 Avoid the use of bearings with large radii as there will be severe friction heating 

due to the high friction losses. 
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9 Validation of Dynamics Model – RV Air Expander 

Following the presentation of the dynamics model for a generic RV mechanism, this 

chapter shall proceed to validate the model with measurements from the experiment on an RV 

air expander. This will allow evaluation of the robustness of the proposed dynamics model. 

The model shall be used to predict the output torque from the RV air expander and comparison 

shall be made with that from experiment measurements. Section 9.1 shall cover a preamble on 

the background and current technology for that of pneumatic engines, otherwise known as air 

expanders. 

9.1 Air Expander Preamble 

Compressed air energy systems (CAES) have been proposed as an alternative energy 

resource to that of conventional fossil fuels. In CAES, compressed air is used to power air 

expanders from which energy is extracted. It requires no electrical power input and has been 

proposed as an alternative power source for hybrid vehicles [140–142] in which it is employed 

in conjunction with an internal combustion engine, replacing the electric motor in conventional 

hybrid vehicles. Such hybrid power systems for road vehicles can improve thermal efficiency 

by utilising waste heat from the engine and extending the operating range of such vehicles 

when compared to electrical hybrids [142]. In addition, there are also initiatives into developing 

road vehicles that are solely air-powered [143–145] and a study has been carried out to compare 

the type of storage for such vehicles [146]. Other than its potential uses as alternative clean 

energy for automotive vehicles, it is suitable for robotic automation [147] due to its inexpensive 

and favourable power to weight ratio characteristics. 

Pneumatic power systems have also been proposed to be incorporated into novel 

applications [148] which can further boost efficiency. With increasing potential in the 

applications for such power systems, accurate modelling of such systems have been developed 

[143, 149, 150], along with its respective precision controls [151–153]. 

Many different air expanders have been developed, consisting of both conventional 

piston designs [144, 154] and rotary designs [145, 147, 155]. The RV mechanism was initially 

designed for compressor but has been adapted for air expansion operation and a study on the 
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overall performance of the RV expander variant for low to medium pressure conditions has 

been carried out [156].  

Prior work was concerned with the overall performance of the RV mechanism, such as 

the mechanical and volumetric efficiencies, and average power output [139]. As the output 

torque of an air expander varies during each aspect of operation and is further affected by 

vibration, it would be advantageous to characterise and analyse the output of the RV air 

expander during steady-state operation for efficient design and better control for integration 

into CAES or hybrid power source systems. This method of analysis for the vibration can be 

derived from the dynamics model presented in Chapter 6 and the measurements from the 

experiment would be used to validate the dynamics model. 

9.2 Revolving Vane Air Expander 

Following the preamble on air expanders, this section will proceed to detail the 

mechanism of the RV air expander and explain the adaptation of the dynamics model for use 

in modelling the air expander. 

9.2.1 Air Expander Mechanism 

The RV mechanism for use in an air expander remains largely unchanged, except that 

the suction chamber now draws in pressurised air and expands it while the discharge chamber 

would discharge the expanded air; a reverse of the typical compression cycle. A cross-section 

of the RV expander cylinder-rotor assembly can be found in Figure 9.1 and more detailed 

explanations on the working principle of the expander can be found in the article by Subiantoro 

et al. [139]. 
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Figure 9.1: Revolving Vane Expander Schematic 

9.2.2 Adapted Dynamics Model 

The dynamics model for the RV mechanism variant in which the vane attached to the 

rotor was covered in Section 6.3.2. As the RV mechanism for the expander is similar, the model 

can be easily and readily adapted. For the expander, the motor torque term (Tm) in Equation 

(6.16) has been changed to that of the output torque term (Tload) as shown in Equation (9.1). 

 
𝐼𝑟𝜃̈𝑟 = 𝑇𝑔 − 𝑇𝑙𝑜𝑎𝑑 −

𝑑𝜃𝑐

𝑑𝜃𝑟
(𝐼𝑐𝜃̈𝑐) −

𝑑𝜙

𝑑𝜃𝑟
(𝑚𝑏𝑑𝑏𝜙̈) −

𝑑𝜃𝑏

𝑑𝜃𝑟
(𝐼𝑏𝜃̈𝑏) − 𝑇𝑓 (9.1) 

Furthermore, the expander has a conventional lubrication system. To this end, the friction 

torque can be simply estimated as a ratio of the gas torque similar to that of the rolling piston 

[27]. In addition, as the friction loss increases with operating speed, this can be modelled by 

the addition of a loss term that is proportional to that of the operating speed and this acts as a 

damping term. The friction torque term can thus be expressed as shown in Equation (9.2). 

 𝑇𝑓 = 𝐶1𝑇𝑔 + 𝐶2𝜃̇𝑟 (9.2) 

The values of the coefficients C1 and C2 have been arbitrarily chosen such that the 

estimated friction torque is able to provide a good prediction for the output torque across 

different operating conditions of the experiment. These values are displayed in Table 9.1. 
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Table 9.1: Friction Loss Coefficients 

Coefficient Value 

C1 0.3 

C2 0.005 

9.3 Air Expander Experiment 

9.3.1 Experiment Setup 

The measurement data were extracted from the experiment conducted by Subiantoro et 

al. [139] and the experiment schematic is reproduced in Figure 9.2. Air was used as the working 

fluid and supplied by a compressor. It was an open loop system in which the expanded air was 

discharged to the ambient. A Torquemaster TM107 transducer was used to measure the output 

torque and the average rotational velocity was measured by a magnetic pickup sensor.  

 

Figure 9.2: Air Expander Experimennt Schematic [139] 

An ABB 2.2kW two-pole induction motor with a frequency controller was connected to 

the air expander to serve as the load for the expander. As explained in Section 6.3.6, the motor 

torque is dependent on the instantaneous speed and input frequency. The curve fit for 

evaluating the motor torque output is used for validating the model. Based on the dynamics 

model, predicted instantaneous operating speed shall be used to determine the corresponding 

output torque. The equation for determining the motor output torque is reproduced here as 

Equation (9.3) for ease of reference. 
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𝑇𝑚 = 𝑎0 + 𝑎1(𝜃̇𝑠ℎ𝑎𝑓𝑡 − 𝜃̇𝑠𝑦𝑛𝑐) + 𝑎2(𝜃̇𝑠ℎ𝑎𝑓𝑡 − 𝜃̇𝑠𝑦𝑛𝑐)
2
+ ⋯+ 𝑎6(𝜃̇𝑠ℎ𝑎𝑓𝑡 − 𝜃̇𝑠𝑦𝑛𝑐)

6
 (9.3) 

Measurements were carried out while the prototype was operated under different 

conditions. The air compressor was used to supply inlet pressures of 2 bar (gauge) and 3 bar 

(gauge), and the prototype was operated at average rotational speeds between 120 rev min-1 

and 360 rev min-1 at intervals of 120 rev min-1 for both inlet pressures. 

The dimensions of the RV prototype are given in Table 9.2. Note that there is no bush 

component in the prototype. 

Table 9.2: RV Air Expander Dimensions 

Component Dimension 

Rotor radius, mm 29.0 

Cylinder radius, mm 35.0 

Cylinder thickness, mm 5.0 

Chamber length, mm 25.0 

Vane length, mm 16.0 

Vane width, mm 4.0 

Working volume, cm3 12.0 

9.3.2 Results 

As the prototype lacked a bush component, the equation of motion for the cylinder-rotor 

assembly in Equation (6.16) can be further simplified to that as shown in Equation (9.4) with 

substitutions for the friction and load torque terms. 

  
𝐼𝑟𝜃̈𝑟 = (1 − 𝐶1)𝑇𝑔 + 𝑇𝑚 −

𝑑𝜃𝑐

𝑑𝜃𝑟
(𝐼𝑐𝜃̈𝑐) − 𝐶2𝜃̇𝑟 (9.4) 

The comparisons between the predicted torque and measured torque for the six different 

operating conditions are shown in Figure 9.3.  
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 9.3: Comparison between Theoretical Model and Measurements 

Large discrepancies for the peak torque were noted in Figure 9.3(a) and Figure 9.3(e) 

when the pressure ratio of the suction pressure to discharge pressure was 2. At a higher inlet 

pressure of 3 bar (gauge), the errors in peak torques were found to be within the range of ±10%. 
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The main source of these discrepancies is due to the bimodal nature of the assembly vibration 

as displayed in the measured data. 

9.3.3 Secondary Vibration Mode 

The presence of a secondary waveform in the measurements indicates that the vibration 

of the RV prototype is bimodal; arising from the presence of a clearance gap between the vane 

and the vane slot due to manufacturing tolerances. This phenomenon is termed as ‘vane 

knocking’ [157]. The eccentricity between the rotor and cylinder centres of rotation causes 

their rotation speeds to vary during operation as shown in Figure 9.4. 

 

Figure 9.4: Secondary Vibration Mode in RV Air Expander 

Due to the presence of the clearance gap and differences in rotation speeds, there will be 

instances when the vane will lose contact momentarily with the vane slot wall on the cylinder 

resulting in the oscillation of the vane slot wall about the vane. 

In the RV air expander, the driven cylinder component has a larger moment of inertia 

compared to the rotor, the resulting impacts would distort the output torque of the pneumatic 

engine as observed in the measurements. In Figure 9.3(a), Figure 9.3(e) and Figure 9.3(f), the 

impacts coincide with the peak torque which caused the large discrepancies between the 
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measured and predicted value. In Figure 9.3(f), these impacts have caused the peak torque to 

be higher than predicted and with a phase shift as well. 

It is also noted that the secondary vibration tends to be less significant at higher rotation 

speeds and this is due to the reduction in oscillation times at high operating speeds; the time 

period in which the vane loses contact with the slot wall gets shorter at higher speeds and 

consequently, the change in angular momentum of the cylinder is less pronounced upon impact. 

Hence, the model was noted to be more accurate at higher operating speeds. 

This provides an insight into the performance of that of the RV compressor prototype as 

well since the proposed vane design is also lacking a bush component and therefore, there will 

be a clearance gap between the vane and vane slot as well. 

9.4 Concluding Remarks 

Overall, the results show that the predicted output torque values are in good agreement 

with that of the measured values. It is also noted to have a consistent accuracy of ±10% for 

peak torque calculations at a higher operating pressure ratio of 3.  

Hence, the proposed dynamics model for the RV mechanism presented in Chapter 6 is 

indeed suitable for modelling the vibration and dynamics of RV machines. For the RV 

expander, the dynamics model is able to predict the characteristic of the output torque albeit 

with discrepancies for the value and phase angle of the peak torque. These discrepancies are 

mainly attributed to the vane knocking effect arising from manufacturing tolerences which 

were ignored as a necessary assumption in developing the model. 

A summary of this chapter is as follows: 

 The dynamics model for generic RV mechanism was adapted for that of an RV 

air expander. 

 Measurement data from the experimental investigation of an RV air expander 

prototype would be used to validate the accuracy of the dynamics model by 

comparing the predicted output torque characteristic of the model against the 

measured data. 
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 Comparison shows that the predicted output torque characteristics are in good 

agreement with that of the measured data albeit with some discrepancies. 

 The discrepancies can be attributed to the ‘vane knocking’ effect which causes 

the vibration of the RV air expander to be bimodal in nature. 

 The rotor and cylinder rotate at different speeds due to eccentricity and the 

presence of a clearance gap between the vane and vane slot wall cause oscillations 

of the cylinder about the rotor, termed as ‘vane knocking’. 

 The resulting impacts between the vane and vane slot wall affect the output torque 

especially since the cylinder possesses higher rotational inertia. 

 These impacts can affect the magnitude of the peak output torque if the instances 

of impacts coincide with maximum torque output. 

 However, this phenomenon is less significant at high operating speeds since the 

oscillation time is reduced. 

 This also gives an insight into the vibration characteristic of the RV compressor 

since the new vane design would result in the same ‘vane knocking’ effect as 

there will exist a clearance gap between the vane tip and vane slot wall. 

 The vibration of the RV compressor prototype would be bimodal as well, but the 

effects would be less pronounced at high operating speeds. 
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10 Conclusion and Recommendations for Future Work 

In this thesis project, developmental work has been carried out on a lubricant-free 

revolving vane (RV) compressor. In this chapter, a summary of the developmental work carried 

out for the compressor and the respective key findings and observations will be presented.  Last 

but not least, a list of recommendations for future work is also included. 

10.1 Developmental Work 

Developmental work has been carried out in this project on the lubricant-free RV 

compressor. This includes conceptual designs for improvements in RV mechanism and a 

comprehensive mathematical model for the compressor. These are summarised as follows: 

10.1.1 Design 

 A new triangular-tipped vane and straight vane slot design were proposed to reduce 

the number of components in the assembly by two. The new design negates the 

requirement of the two split bush components. 

 Rubbing components in the compressor for the vane, rotor and bearings were 

proposed to be made from self-lubricating materials to reduce friction losses and 

material wear. Bearing liners made from such materials were employed at the journal 

bearings to prevent metal-to-metal contact at these bearings 

 A separate, purpose-built experiment has been carried out to select a suitable self-

lubricating material for use in the rubbing components of the prototype. Between 

polytetrafluoroethylene (PTFE) and polyether-etherketone (PEEK), the latter was 

chosen for its wear-resistant properties and low coefficient of frictions at higher 

loads and increased rubbing speeds.  

10.1.2 Mathematical Modelling 

 New geometric relations and working chamber volume variations were formulated 

for the new vane and vane slot design.  
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 A comprehensive thermodynamics model for the RV compressor prototype was 

developed which includes heat transfer in the working chamber and the modelling 

of each internal leakage flow path.  

 New expressions for the hydraulic diameters and characteristic velocities for the 

suction, compression and vane slot chambers are presented for use with existing heat 

transfer relations [16].  

 Computational fluid dynamics (CFD) was used to model internal leakage flow paths 

with non-uniform cross-section flow channels. For comparison of the CFD data with 

the Fanno flow model, an equivalent leakage flow channel of uniform cross-section 

is assumed.  

 For the internal leakage flow model, correlations for the variations of channel widths 

with the pressure ratios were derived from the CFD data together with the Fanno 

flow solutions. The channel lengths were assumed to be constant. 

 Lagrangian mechanics was used for dynamics modelling of the RV mechanism and 

the resulting equation of motion can be modified for use with other RV design 

variants. This allowed for the study of the rotational vibration characteristics of the 

RV mechanism. 

 Individual friction losses for each part of the compressor prototype were formulated 

and presented. 

 CFD simulation was carried out to quantify the fluid shear torque of the discharged 

fluid in the housing shell acting on the cylinder-rotor assembly. 

 The lumped thermal conductance method was used to model heat transfer among the 

components in the compressor prototype during steady-state operation and predict 

their temperatures. 

10.2 Key Findings and Observations 

Key findings from analysis and observations obtained during the measurement and 

evaluation of the lubricant-free RV compressor prototype are presented as follows: 
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 The addition of a fillet to the new vane design reduced the amount of dead volume 

in the vane slot chamber by approximately 20% for the current prototype 

dimensions. 

 The maximum vane slot chamber volume would constitute 8.3% of the total working 

volume for the compressor prototype. 

 For the modelling of the internal leakage flow, the equivalent leakage flow channel 

widths for the internal endface leakages were discovered to vary with the pressure 

ratios raised to a power between zero and unity. 

 Friction losses at the rotor endface, cylinder endface, vane slot and vane tip were 

approximately 20 times smaller than that of bearing losses for the current prototype. 

 The fluid shear torque of the discharged fluid in the shell housing was found to be 

four orders smaller than that of the bearing friction torques. 

 The proportion of friction loss at the bearings arising from the weight of the 

compressor components to the total friction loss decreases with increasing pressure 

differential between suction and discharge: 38% at 1000 rev min-1 with a pressure 

difference of 1 bar and on the other hand, 18% at 2000 rev min-1 with a pressure 

difference of 4 bar. 

 An analysis for dry sliding contact between AISI 4140 steel and PEEK materials was 

conducted. It showed that 99% of the friction heat produced is absorbed by the steel 

surface and the remaining 1% is absorbed by the pure PEEK material for rubbing 

between steel and pure PEEK. For rubbing between AISI 4140 steel and bearing 

grade PEEK, 97.5% of the heat produced is absorbed by steel and the remaining 

2.5% by the bearing grade PEEK material. 

 The steady-state operating temperature of the rotor will be approximately the same 

as that of the mean chamber temperature whereas the cylinder and housing shell 

component temperatures will be at much higher temperatures due to friction heating 

depending on the operating condition. 
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 In a preliminary analysis that assumes an ideal case whereby there is no internal 

leakage between the working chambers, a conservative operating condition of 2000 

rev min-1 with a pressure difference of 4 bar between suction and discharge, the 

average steady-state operating temperatures of the housing shell, cylinder and rotor 

are found to be 110.1°C, 107.2°C and 43.4°C, respectively. Friction heating at the 

bearings and enhanced heat dissipation in the working chamber results in a large 

temperature variation for the cylinder component – the temperature at the lower 

cylinder bearing was found to be 197.2°C while the temperature of the cylinder walls 

in the working chamber was found to be 51.7°C. 

 As ideal, conservative operating conditions were used for the preliminary analysis 

of component steady-state operating temperatures, the compressor would no doubt 

experience even higher temperatures than those calculated in the analysis during 

practical operation. For practical operation, the compressor may operate at higher 

speeds up to 3000 rev min-1 and higher compression ratios when working with 

refrigerants. Furthermore, internal leakage between the working chambers would 

circulate hot fluid between the chambers which will increase the average chamber 

temperature. 

 It was unintentionally found that the accidental presence of residual oil in the 

lubricant-free prototype would cause seizure due to the formation of hard carbon 

particles at the bearings when the oil decomposed under high friction heat. 

 The prototype was affected by severe internal leakage due to the presence of large 

endface gaps arising from poor machining accuracies: 0.13 mm for the vane endface 

and 0.18 mm for the rotor endface. This resulted in poor volumetric efficiencies of 

17% – 45% for compression ratios between 1.2 – 1.6 when running between 610 – 

1000 rev min-1. 

 Additionally, the prototype was also prone to seizures due to overheating at the 

journal bearings. Overheating at the bearings compounded the problem of the 

warped PEEK bearing liners wedging the bearings, leading to premature seizure after 

approximately 90s of operation.  
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 Due to the problem of severe internal leakage and frequent seizure, the prototype has 

unfortunately, failed to match the operating requirements of conventional positive 

displacement compressors. 

 Theoretically predicted output mass flow rates from the thermodynamics and 

leakage model were found to be in good agreement with the measured values, with 

±15% prediction errors. 

 Theoretical prediction shows that the mass flow rate from the compressor prototype 

would increase by 110% – 390% if the endface clearance gaps were at the design 

values of 10 μm instead. This shows that with the proper manufacturing tolerances, 

a lubricant-free RV compressor would be feasible in terms of volumetric efficiency. 

 Output torque measurements from the experimental investigation of an RV air 

expander conducted by Subiantoro et al. [139] were used to validate the dynamics 

model. The predicted variations in fluctuations in output torque due to rotational 

vibration were found to be in good agreement with measurements as shown in Figure 

8.3. 

 The rotational vibration of the RV mechanism is bimodal in nature, arising from the 

presence of a clearance gap between the vane and vane slot wall. However, this effect 

becomes less pronounced as running speed increases. 

10.3 Recommendations for Future Work 

As presented in Chapter 8 which discusses the findings of the experimental investigation 

of the lubricant-free RV prototype, its performance was poor and far from being operational 

since it was prone to seizures and had significant internal leakage. Hence, there are still many 

areas of improvement for the development of the lubricant-free compressor. The list of 

recommendations for continuing the work presented in this thesis is as follows: 

1. Re-fabrication of RV compressor prototype with better tolerance control such that the 

finished components remains true to the intended design tolerances of ±10 μm and the 

bearing liners must be free from distortion. This will ensure proper operation without 

interruptions and attain higher compression pressures with lesser internal leakage. The 



 

 

185 

prototype should also be redesigned with bearings with smaller diameters to reduce 

friction loss. Additionally, it is also recommended that sealed bearings should be used 

to further reduce friction losses as proposed in Chapter 7. This will address the issue of 

severe overheating due to friction. 

2. The intermittent operating behaviour of the current compressor prototype made 

obtaining steady-state operating temperature values from the components difficult. 

With an improved prototype with better machining accuracy and component tolerances, 

it is believed that steady-state temperature measurements can then be successfully 

obtained to validate and improve the current thermal model presented in Chapter 7 

3. The performance of the lubricant-free compressor after prolonged effects of material 

wear can also be investigated. Wear at the rubbing surfaces would increase the 

clearance gaps which can lead to translational vibration at the bearings and at the same 

time, increases the amount of internal leakage. This proposed study can help to 

determine the operating lifespan of the lubricant-free RV compressor and predict the 

changes in compressor performance with varying amounts of wear. 

4. Acoustic effects of fluid pulsation at the discharge port can be studied for the case of 

the RV compressor. The propagation of acoustic effects can cause vibration in the 

connecting pipes which will affect the integrity of the pipe walls. As the discharge valve 

is always rotating with the cylinder-rotor assembly, this might cause interesting flow-

induced acoustic effects. This proposed study can include fluid structure interaction 

(FSI) modelling between the valve reed and working fluid. 

5. Design improvements via geometric optimisation of the compressor should be carried 

out as well. Parametric studies on the compressor performance should first be carried 

out to identify design variables which have significant effects on the performance of 

the compressor. These design parameters would then be used as free variables in the 

optimisation study. Algorithms such as the genetic algorithm or numerical multi-

variable direct search techniques such as “Complex” can be employed.  

6. Additional design improvements can be further made for the lubricant-free RV 

compressor in the aspect of material selection. A lubricant-free compressor would be 

susceptible to overheating during operation due to friction. Thus, materials with lower 
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coefficients of friction and/or those able to withstand high temperatures would be 

required. This includes the testing and use of other self-lubricating materials as 

presented in the Literature Review in Chapter 2. It is not limited to only one type of 

material as was used for the current prototype but rather different components can be 

made from different materials to achieve the best sliding properties. Such work would 

include optimisation of the different materials for the different components. 

7. Last but not least, in the case of refrigeration, injecting the condensed refrigerants into 

the working chambers for scroll [158, 159] and spool [160] compressors during 

operation had shown to improve compressor performance as this helped to cool the 

working chamber. This method may be applied to the RV compressor when used for 

refrigeration to mitigate the heat build-up from dry sliding friction. Other than injection 

into the working chamber, the liquid refrigerant may also be injected into the housing 

shell to cool the bearings.  

10.4 Final Remarks 

The revolving vane mechanism has shown great promise and potential for development 

into a lubricant-free compressor. The scope of developmental work for such a compressor is 

indeed very vast due to the many practical challenges and problems that it faces as mentioned 

in this project, namely overheating, high friction losses and increased internal leakage. 

However, the author is hopeful that the insights gained and groundwork covered in this thesis 

should help in future developmental work and bring the lubricant-free compressor to fruition 

and with it, perhaps other operating variants such as an expander or even a hybrid compressor-

expander unit. With this final remark, this thesis has reached the end. 
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I 

A-1 Compressor Simulation Model 

All aspects of the RV compressor model have been covered in Chapters 4 to 7. This 

appendix section will go into detail, the simulation procedure for the RV compressor using the 

models. 

Simulation Blocks 

The mathematical models are coded with MATLAB, with the incorporation of 

REFPROP [106] for the calculation of the thermophysical properties of the working fluid. The 

mathematical models are divided into five distinct blocks as follows: 

1. Geometric 

2. Initialization 

3. Dynamics 

4. Thermal 

5. Full thermodynamics 

The geometric block calculates the geometric properties of the RV compressor based on 

the compressor dimensions such as the volume variations along with the port opening areas. 

The initialization block calculates the initial thermodynamics properties of the fluid in the 

suction and compression chambers with the assumption that the processes are adiabatic and 

without any internal leakage. The dynamics block evaluates the frictional forces, vibration 

characteristics and clearances in the compressor with the given thermodynamics data. The 

thermal block calculates the steady state operating temperature of the components. The full 

thermodynamics block calculates the thermodynamics properties of the working fluid in both 

the suction and compression chambers with internal leakage and heat transfer taken into 

consideration. 

Simulation Algorithm 

With the compressor dimensions, the geometric block evaluates the geometric properties 

of the RV compressor covered in Chapter 4, Section 5.4 (flow orifice areas), which are 

independent of the operating conditions. Following this, the operating conditions and 

calculated geometric properties are then utilized in the initialization block to obtain the 
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estimates of the thermodynamics properties of the working fluid in the chambers. The 

thermodynamics model from Chapter 5 is adapted for use in the initialization block albeit 

without the leakage and heat transfer equations. The initial thermodynamics properties are then 

used in the dynamics block to calculate the rotational vibration, bearing forces, friction forces 

and radial clearance in the compressor as presented in Chapter 6. This is then followed by the 

thermal block that utilizes the frictional losses from the dynamics block to solve for the 

component temperatures of the compressor with the model discussed in Chapter 7. 

To this end, the full initialization of the RV compressor has been completed from which 

iterations will be carried out with the combination of the full thermodynamics, dynamics and 

thermal blocks. The full thermodynamics block first recalculates the thermodynamic properties 

of the working fluid in the chambers with the leakage and heat transfer equations. In this block, 

iterations are repeated until the mass and pressure values in each chamber coincide with each 

other during the start and end of each cycle – the suction pressure and mass values at the end 

of the suction cycle should coincide with the starting compression pressure and mass values 

and vice versa. The resultant thermodynamic properties are then passed into the respective 

dynamics and thermal blocks to reevaluate the rotational vibration and component 

temperatures. In the dynamics block, iterations are carried out until the rotation speed at the 

end of the cycle coincides with the initial speed at the start of the cycle. After the thermal block, 

it marks the end of a full iteration for the RV compressor. This entire process is then repeated 

until the final values of the mass flow rates, rotation speeds and component temperatures 

coincide with each other between two full iterations.  

Within the blocks where necessary, differential equations with initial value problems 

such as those in Chapter 5 and 6 are solved with the 4th-order Runge Kutta method. The time 

dependent differential equations are transformed to that of angle-step dependent differential 

equations and a step size of 0.02° is used.   

The bisection interval search method with a convergence criterion of 1.0% difference 

between the iterated roots was employed for solving the roots of equations numerically or to 

iterate the equivalent flow channel lengths for determining internal leakage.  

Numerical integration is achieved with the trapezoidal method. In cases where numerical 

double integration is required, an in-built MATLAB function [161] is used instead. Matrix 
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inversion for solution of simultaneous equations is achieved with Gaussian elimination using 

MATLAB’s native matrix operators [135].  

The algorithm of the MATLAB code is presented in a flow chart shown in Figure A1-1. 

The convergence criterion used in the final check of the algorithm before ending the 

programme is set at 1.0%. 

 

Figure A1-1: MATLAB Simulation Algorithm 
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A-2 Realizable k-ε Turbulence Flow Model 

The realizable k-ε turbulence flow  model [113] was used for modelling the CFD simulation in 

ANSYS Fluent for the different leakage paths in the RV compressor prototype. This model was 

developed as more robust alternative to the standard k-ε turbulence flow model. The model 

consists of three equations: a turbulent kinetic energy (k) equation, the turbulent kinetic energy 

dissipation rate (ε) equation and the turbulent viscosity (υt) equation, reproduced in this 

appendix section for ease of reference. The equations are written in tensor notation, with u 

corresponding to the velocity and subscripts i, j, k referring to coordinate directions. 

𝑘,𝑡 + 𝑢𝑗𝑘,𝑗 = (𝜐𝑡𝑘,𝑗 )
,𝑗

− 𝑢𝑖,𝑗 [𝜐𝑡(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖) −
2

3
𝑘𝛿𝑖𝑗] − 𝜀 (A1) 

𝜀,𝑡 + 𝑢𝑗𝜀,𝑗 = (
𝜐𝑡

1.2
𝑘,𝑗 )

,𝑗
+ 𝐶𝑠𝜀 − 1.9

𝜀2

𝑘 + √
𝜇𝜀
𝜌

 
(A2) 

𝜐𝑡 = 𝐶𝜇

𝑘2

𝜀
 (A3) 

where  

𝐶 = max(0.43,
𝜂

𝜂 + 5
) (A4) 

𝜂 =
𝑠𝑘

𝜀
 (A5) 

𝑠 = √2𝑠𝑖𝑗𝑠𝑖𝑗 (A6) 

𝑠𝑖𝑗 =
1

2
(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖) (A7) 

𝐶𝜇 =
1

4.04 + √6 (𝑈
𝑘
𝜀) cos𝜙

 (A8) 

𝜙 =
1

3
cos−1 √6𝑊 (A9) 

𝑊 =
√8𝑠𝑖𝑗𝑠𝑗𝑘𝑠𝑖𝑘

𝑠3
 (A10) 

𝑈 = √𝑠𝑖𝑗𝑠𝑖𝑗 + Ω̃𝑖𝑗Ω̃𝑖𝑗 (A11) 

Ω̃𝑖𝑗 = Ω𝑖𝑗 − 2𝜀𝑖𝑗𝑘𝜔𝑘 (A12) 

Ω𝑖𝑗 = Ω̅𝑖𝑗 − 𝜀𝑖𝑗𝑘 (A13) 
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where Ω̅𝑖𝑗 is the average rotation rate in the rotating reference frame corresponding to the angular 

velocity ωk. 
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A-3 Dynamics Equations and Calculations 

The time derivatives of the rotation angles for the compressor components can be 

converted into a form in terms of only the time derivatives of the rotation angle of the main 

driving component. For the case presented below, the time derivatives of the rotor angle are 

converted into that of the cylinder angle which is the main driving component for the case of 

the compressor prototype. Note that the final forms in Equations (A14) and (A15) are 

applicable to other components by simply the subscripts. 

𝜃̇𝑟 =
𝑑𝜃𝑟

𝑑𝑡
=

𝑑𝜃𝑟

𝑑𝜃𝑐

∙
𝑑𝜃𝑐

𝑑𝑡
 

= 𝜃̇𝑐

𝑑𝜃𝑟

𝑑𝜃𝑐

 

(A14) 

𝜃̈𝑟 =
𝑑

𝑑𝑡
(
𝑑𝜃𝑟

𝑑𝜃𝑐

∙
𝑑𝜃𝑐

𝑑𝑡
) =

𝑑

𝑑𝜃𝑐

(
𝑑𝜃𝑟

𝑑𝜃𝑐

∙
𝑑𝜃𝑐

𝑑𝑡
)
𝑑𝜃𝑐

𝑑𝑡
 

=
𝑑2𝜃𝑅

𝑑𝜃𝑐
2

∙
𝑑𝜃𝑐

𝑑𝑡
∙
𝑑𝜃𝑐

𝑑𝑡
+

𝑑𝜃𝑟

𝑑𝜃𝑐

∙
𝑑

𝑑𝜃𝑐

(
𝑑𝜃𝑐

𝑑𝑡
)
𝑑𝜃𝑐

𝑑𝑡
 

=
𝑑2𝜃𝑟

𝑑𝜃𝑐
2

(
𝑑𝜃𝑐

𝑑𝑡
)
2

+
𝑑𝜃𝑟

𝑑𝜃𝑐

∙
𝑑

𝑑𝑡
(
𝑑𝜃𝑐

𝑑𝑡
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= 𝜃̇𝑐
2
𝑑2𝜃𝑟

𝑑𝜃𝑐
2

+ 𝜃̈𝑐

𝑑𝜃𝑟

𝑑𝜃𝑐

 

(A15) 

 

Detailed values from the calculations of the fluid shear torque on the cylinder and the 

form drag on the valve stop during operation are presented below. 

Cylinder wall fluid shear torque calculations: 

Area: 

Cylinder length: 66 x 10-3 m 

Cylinder outer radius: 60 x 10-3 m 

Calculated cylinder wall area = 1.24 x 10-2 m2 

Housing wall height: 70 x 10-3 m 

Housing wall inner radius: 67 x 10-3 m 

Calculated housing wall area = 1.47 x 10-2 m2 

Calculated for the top or bottom housing endfaces = π(672 – 602) x 10-6 = 2.79 x 10-3 m2 
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Drag forces: 

Calculated drag force on cylinder wall = 6.02 x 10-3 N 

Calculated drag force on housing wall = 5.39 x 10-3 N 

Calculated drag force on housing endface wall = 3.88 x 10-4 N 

Form drag calculation for valve stop: 

Valve stop width: 10 x 10-3 m 

Valve stop length: 22.53 x 10-3 m 

Calculated valve stop area = 2.25 x 10-4 m2 

Radial displacement of valve stop from cylinder centre: 59.5 x 10-3 m 

Calculated radial speed at 1000 rev min-1 = 6.25 m s-1 

Fluid properties of air at room temperature, pressure: 

Density = 1.16 kg m-3 

Viscosity = 1.858 x 10-5 Pa s 

Calculated Reynolds No. for valve stop = 3902 < 500,000 

Calculated drag coefficient = 0.0212 

Calculated drag force = 1.08 x 10-4 N 

Calculated torque = 6.43 x 10-6 N·m 
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A-4 Heat Transfer Equations 

The heat transfer equations for each of the elements in the compressor prototype are 

presented in Equations (A16) to (A27) and the expressions for the heat transfer coefficients in 

Equations (A28) to  

(A53). 

𝐻𝑐1,𝑐2(𝑇𝑐1 − 𝑇𝑐2) + 𝐻𝑐1,∞(𝑇𝑐1 − 𝑇∞) = 0  

→ (𝐻𝑐1,𝑐2 + 𝐻𝑐1∞)𝑇𝑐1 − 𝐻𝑐1,𝑐2𝑇𝑐2 = 𝐻𝑐1,∞𝑇∞ (A16) 

𝐻𝑐2,𝑐1(𝑇𝑐2 − 𝑇𝑐1) + 𝐻𝑐2,𝑐3(𝑇𝑐2 − 𝑇𝑐3) = 0.99 (
1

2
𝑄̇𝑓,𝑠1)  

→ −𝐻𝑐2,𝑐1𝑇𝑐1 + (𝐻𝑐2,𝑐1 + 𝐻𝑐2,𝑐3)𝑇𝑐2 − 𝐻𝑐2,𝑐3𝑇𝑐3 = 0.99 (
1

2
𝑄̇𝑓,𝑠1) (A17) 

𝐻𝑐3,𝑐2(𝑇𝑐3 − 𝑇𝑐2) + 𝐻𝑐3,𝑐4(𝑇𝑐3 − 𝑇𝑐4) + 𝐻𝑐3,𝑓𝑙𝑢𝑖𝑑(𝑇𝑐3 − 𝑇𝑓𝑙𝑢𝑖𝑑) + 𝐻𝑐3,𝑑𝑖𝑠(𝑇𝑐3 − 𝑇𝑑𝑖𝑠) = 0  

→ −𝐻𝑐3,𝑐2𝑇𝑐2 + (𝐻𝑐3,𝑐2 + 𝐻𝑐3,𝑐4 + 𝐻𝑐3,𝑓𝑙𝑢𝑖𝑑 + 𝐻𝑐3,𝑑𝑖𝑠)𝑇𝑐3 − 𝐻𝑐3,𝑐4𝑇𝑐4 = 𝐻𝑐3,𝑓𝑙𝑢𝑖𝑑𝑇𝑓𝑙𝑢𝑖𝑑 + 𝐻𝑐3,𝑑𝑖𝑠𝑇𝑑𝑖𝑠 (A18) 

𝐻𝑐4,𝑐3(𝑇𝑐4 − 𝑇𝑐3) + 𝐻𝑐4,𝑑𝑖𝑠(𝑇𝑐4 − 𝑇𝑑𝑖𝑠) = 0.99 (
1

2
𝑄̇𝑓,𝑠2 + 𝑄̇𝑓,𝑣)  

→ −𝐻𝑐4,𝑐3𝑇𝑐3 + (𝐻𝑐4,𝑐3 + 𝐻𝑐4,𝑑𝑖𝑠)𝑇𝑐4 = 0.99 (
1

2
𝑄̇𝑓,𝑠2 + 𝑄̇𝑓,𝑣) + 𝐻𝑐4,𝑑𝑖𝑠𝑇𝑑𝑖𝑠  (A19) 

𝐻𝑟1,𝑟2(𝑇𝑟1 − 𝑇𝑟2) + 𝐻𝑟1,∞(𝑇𝑟1 − 𝑇∞) + 𝐻𝑟1,𝑠𝑢𝑐(𝑇𝑟1 − 𝑇𝑠𝑢𝑐) = 0.025𝑄̇𝑓,𝑟  

→ (𝐻𝑟1,𝑟2 + 𝐻𝑟1,∞ + 𝐻𝑟1,𝑠𝑢𝑐)𝑇𝑟1 − 𝐻𝑟1,𝑟2𝑇𝑟2 = 0.025𝑄̇𝑓,𝑟 + 𝐻𝑟1,∞𝑇∞ + 𝐻𝑟1,𝑠𝑢𝑐𝑇𝑠𝑢𝑐 (A20) 

𝐻𝑟2,𝑟1(𝑇𝑟2 − 𝑇𝑟1) + 𝐻𝑟2,𝑟3(𝑇𝑟2 − 𝑇𝑟3) + 𝐻𝑟2,𝑠𝑢𝑐(𝑇𝑟2 − 𝑇𝑠𝑢𝑐) = 0  

→ −𝐻𝑟2,𝑟1𝑇𝑟1 + (𝐻𝑟2,𝑟1 + 𝐻𝑟2,𝑟3 + 𝐻𝑟2,𝑠𝑢𝑐)𝑇𝑟2 − 𝐻𝑟2,𝑟3𝑇𝑟3 = 𝐻𝑟2,𝑠𝑢𝑐𝑇𝑠𝑢𝑐 (A21) 

𝐻𝑟3,𝑟2(𝑇𝑟3 − 𝑇𝑟2) + 𝐻𝑟3,𝑟4(𝑇𝑟3 − 𝑇𝑟4) + 𝐻𝑟3,𝑠𝑢𝑐(𝑇𝑟3 − 𝑇𝑠𝑢𝑐) = 0  

→ −𝐻𝑟3,𝑟2𝑇𝑟2 + (𝐻𝑟3,𝑟2 + 𝐻𝑟3,𝑟4 + 𝐻𝑟3,𝑠𝑢𝑐)𝑇𝑟3 − 𝐻𝑟3,𝑟4𝑇𝑟4 = 𝐻𝑟3,𝑠𝑢𝑐𝑇𝑠𝑢𝑐 (A22) 

𝐻𝑟4,𝑟3(𝑇𝑟4 − 𝑇𝑟3) + 𝐻𝑟4,𝑠𝑢𝑐(𝑇𝑟4 − 𝑇𝑠𝑢𝑐) + 𝐻𝑟4,𝑓𝑙𝑢𝑖𝑑(𝑇𝑟4 − 𝑇𝑓𝑙𝑢𝑖𝑑) = 0  

→ −𝐻𝑟4,𝑟3𝑇𝑟3 + (𝐻𝑟4,𝑟3 + 𝐻𝑟4,𝑠𝑢𝑐 + 𝐻𝑟4,𝑓𝑙𝑢𝑖𝑑)𝑇𝑟4 = 𝐻𝑟4,𝑠𝑢𝑐𝑇𝑠𝑢𝑐 + 𝐻𝑟4,𝑓𝑙𝑢𝑖𝑑𝑇𝑓𝑙𝑢𝑖𝑑  (A23) 

𝐻ℎ1,ℎ2(𝑇ℎ1 − 𝑇ℎ2) + 𝐻ℎ1,∞(𝑇ℎ1 − 𝑇∞) = 0.99 (
1

2
𝑄̇𝑓,𝑠1)  

→ (𝐻ℎ1,ℎ2 + 𝐻ℎ1,∞)𝑇ℎ1 − 𝐻ℎ1,ℎ2𝑇ℎ2 = 0.99 (
1

2
𝑄̇𝑓,𝑠1) + 𝐻ℎ1,∞𝑇∞ (A24) 

𝐻ℎ2,ℎ1(𝑇ℎ2 − 𝑇ℎ1) + 𝐻ℎ2,ℎ3(𝑇ℎ2 − 𝑇ℎ3) + 𝐻ℎ2,∞(𝑇ℎ2 − 𝑇∞) + 𝐻ℎ2,𝑑𝑖𝑠(𝑇ℎ2 − 𝑇𝑑𝑖𝑠) = 0  

→ −𝐻ℎ2,ℎ1𝑇ℎ1 + (𝐻ℎ2,ℎ1 + 𝐻ℎ2,ℎ3 + 𝐻ℎ2,∞ + 𝐻ℎ2,𝑑𝑖𝑠)𝑇ℎ2 − 𝐻ℎ2,ℎ3𝑇ℎ3 = 𝐻ℎ2,∞𝑇∞ + 𝐻ℎ2,𝑑𝑖𝑠𝑇𝑑𝑖𝑠  (A25) 

𝐻ℎ3,ℎ2(𝑇ℎ3 − 𝑇ℎ2) + 𝐻ℎ3,ℎ4(𝑇ℎ3 − 𝑇ℎ4) + 𝐻ℎ3,∞(𝑇ℎ3 − 𝑇∞) + 𝐻ℎ3,𝑑𝑖𝑠(𝑇ℎ3 − 𝑇𝑑𝑖𝑠) = 0  

→ −𝐻ℎ3,ℎ2𝑇ℎ2 + (𝐻ℎ3,ℎ2 + 𝐻ℎ3,ℎ4 + 𝐻ℎ3,∞ + 𝐻ℎ3,𝑑𝑖𝑠)𝑇ℎ3 − 𝐻ℎ3,ℎ4𝑇ℎ4 = 𝐻ℎ3,∞𝑇∞ + 𝐻ℎ3,𝑑𝑖𝑠𝑇𝑑𝑖𝑠  (A26) 

𝐻ℎ4,ℎ3(𝑇ℎ4 − 𝑇ℎ3) + 𝐻ℎ4,∞(𝑇ℎ4 − 𝑇∞) + 𝐻ℎ4,𝑓𝑙𝑢𝑖𝑑(𝑇ℎ4 − 𝑇𝑓𝑙𝑢𝑖𝑑) = 0.99 (
1

2
𝑄̇𝑓,𝑠2) + 0.975𝑄̇𝑓,𝑟  



 

 

IX 

→ −𝐻ℎ4,ℎ3𝑇ℎ3 + (𝐻ℎ4,ℎ3 + 𝐻ℎ4,∞ + 𝐻ℎ4.𝑓𝑙𝑢𝑖𝑑)𝑇ℎ4

= 0.99 (
1

2
𝑄̇𝑓,𝑠2) + 0.975𝑄̇𝑓,𝑟 + 𝐻ℎ4,∞𝑇∞ + 𝐻ℎ4,𝑓𝑙𝑢𝑖𝑑𝑇𝑓𝑙𝑢𝑖𝑑  

(A27) 

where 

𝐻𝑐2,𝑐1 = 𝐻𝑐1,𝑐2 =
𝑘𝑠𝑡𝑒𝑒𝑙𝐴𝑐1,𝑐2

𝑙𝑐1,𝑐2

=
2𝑘𝑠𝑡𝑒𝑒𝑙𝜋𝑟𝑠ℎ𝑎𝑓𝑡

2

𝑙𝑐1 + 𝑙𝑐2
 (A28) 

𝐻𝑐1,∞ =
𝑘𝑎𝑖𝑟𝐴𝑐1,∞

𝐷𝑐1,∞

(0.119Re𝑟
2 3⁄ ) + 0.25𝐴𝑐1,∞𝜎(𝑇𝑐1 + 𝑇∞)(𝑇𝑐1

2 + 𝑇∞
2) 

= 0.119𝑘𝑎𝑖𝑟𝑙𝑐1Re𝑟
2 3⁄ + 0.5𝜋𝑟𝑠ℎ𝑎𝑓𝑡𝑙𝑐1𝜎(𝑇𝑐1 + 𝑇∞)(𝑇𝑐1

2 + 𝑇∞
2) 

 

(A29) 

𝐻𝑐2,𝑐3 = 𝐻𝑐3,𝑐2 =
𝑘𝑠𝑡𝑒𝑒𝑙𝐴𝑐2,𝑐3

𝑙𝑐2,𝑐3

=
2𝑘𝑠𝑡𝑒𝑒𝑙𝜋𝑟𝑠ℎ𝑎𝑓𝑡

2

𝑙𝑐2 + 𝑙𝑐3
 (A30) 

𝐻𝑐3,𝑐4 = 𝐻𝑐4,𝑐3 =
𝑘𝑠𝑡𝑒𝑒𝑙𝐴𝑐3,𝑐4

𝑙𝑐3,𝑐4

=
2𝑘𝑠𝑡𝑒𝑒𝑙𝜋(𝑟𝑐4𝑜

2 − 𝑟𝑐4𝑖
2 )

𝑙𝑐3 + 𝑙𝑐4
 (A31) 

𝐻𝑐3,𝑓𝑙𝑢𝑖𝑑 =
𝑘̅̅𝑓𝑙𝑢𝑖𝑑𝐴𝑐3,𝑓𝑙𝑢𝑖𝑑

𝐷̅𝑐3,𝑓𝑙𝑢𝑖𝑑

(0.75Re̅̅̅̅ 0.8Pr̅̅̅0.6) =
0.75𝑘̅𝑓𝑙𝑢𝑖𝑑Re̅̅̅̅ 0.8Pr̅̅ ̅0.6(𝐴𝑐,𝑐𝑜𝑚 + 𝐴𝑐,𝑠𝑢𝑐 + 𝐴𝑒𝑓,𝑠𝑢𝑐 + 𝐴𝑒𝑓,𝑐𝑜𝑚)

𝐷̅𝑐3,𝑓𝑙𝑢𝑖𝑑

 (A32) 

𝐻𝑐3,𝑑𝑖𝑠 =
𝑘𝑓𝑙𝑢𝑖𝑑𝐴𝑐3,𝑑𝑖𝑠

𝐷𝑐3

[0.409 (
Ta

𝐶𝑔𝑒𝑜

)
𝑐3

0.241

] = 0.409𝑘𝑓𝑙𝑢𝑖𝑑𝑙𝑐3 (
Ta

𝐶𝑔𝑒𝑜

)
𝑐3

0.241

 (A33) 

𝐻𝑐4,𝑑𝑖𝑠 =
𝑘𝑓𝑙𝑢𝑖𝑑𝐴𝑐4,𝑑𝑖𝑠

𝐷𝑐4

[0.409 (
Ta

𝐶𝑔𝑒𝑜

)
𝑐4

0.241

] = 0.409𝑘𝑓𝑙𝑢𝑖𝑑𝑙𝑐4 (
Ta

𝐶𝑔𝑒𝑜

)
𝑐4

0.241

 (A34) 

𝐻𝑟1,𝑟2 = 𝐻𝑟2,𝑟1 =
𝑘𝑃𝐸𝐸𝐾𝐴𝑟1,𝑟2

𝑙𝑟1,𝑟2

=
2𝑘𝑃𝐸𝐸𝐾𝜋𝑟𝑠ℎ𝑎𝑓𝑡

2

𝑙𝑟1 + 𝑙𝑟2
 (A35) 

𝐻𝑟1,∞ =
𝑘𝑎𝑖𝑟𝐴𝑟1,∞

𝐷𝑐1,∞

(0.335Re𝑑𝑖𝑠𝑐
0.5 ) = 𝑘𝑎𝑖𝑟𝜋(𝑟𝑠ℎ𝑎𝑓𝑡 + 𝑟𝑝𝑡,𝑠𝑢𝑐)(0.335Re𝑑𝑖𝑠𝑐

0.5 ) (A36) 

𝐻𝑟1,𝑠𝑢𝑐 =
𝑘𝑎𝑖𝑟𝐴𝑟1,𝑠𝑢𝑐

𝐷𝑟1,𝑠𝑢𝑐

(0.01963Re𝑠𝑢𝑐
0.9285 + 8.5101×10−6Re𝜔

1.4513)

= 𝑘𝑎𝑖𝑟𝑙𝑟1(0.01963Re𝑠𝑢𝑐
0.9285 + 8.5101×10−6Re𝜔

1.4513) 

 

(A37) 

𝐻𝑟2,𝑟3 = 𝐻𝑟3,𝑟2 =
𝑘𝑃𝐸𝐸𝐾𝐴𝑟2,𝑟3

1
2
(𝑟𝑟2 + 𝑟𝑝𝑡,𝑠𝑢𝑐) ln [

0.5(𝑟𝑟3 + 𝑟𝑟2)

0.5(𝑟𝑟2 + 𝑟𝑝𝑡,𝑠𝑢𝑐)
]

 =
4𝑘𝑃𝐸𝐸𝐾𝜋𝑟𝑟2𝑙𝑟2

(𝑟𝑟2 + 𝑟𝑝𝑡,𝑠𝑢𝑐) ln (
𝑟𝑟3 + 𝑟𝑟2

𝑟𝑟2 + 𝑟𝑝𝑡,𝑠𝑢𝑐
)
 

(A38) 

𝐻𝑟2,𝑠𝑢𝑐 =
3.66𝑘𝑎𝑖𝑟𝐴𝑟2,𝑠𝑢𝑐

𝐷𝑟2,𝑠𝑢𝑐

= 3.66𝑘𝑎𝑖𝑟𝑟𝑟2 (A39) 

𝐻𝑟3,𝑟4 = 𝐻𝑟4,𝑟3 =
𝑘𝑃𝐸𝐸𝐾𝐴𝑟3,𝑟4

1
2
(𝑟𝑟3 + 𝑟𝑟2) ln [

0.5(𝑟𝑟4 + 𝑟𝑟3)
0.5(𝑟𝑟3 + 𝑟𝑟2)

]
=

4𝑘𝑃𝐸𝐸𝐾𝜋𝑟𝑟3𝑙𝑟3

(𝑟𝑟3 + 𝑟𝑟2) ln (
𝑟𝑟4 + 𝑟𝑟3
𝑟𝑟3 + 𝑟𝑟2

)
 

(A40) 

𝐻𝑟3,𝑠𝑢𝑐 =
3.66𝑘𝑎𝑖𝑟𝐴𝑟3,𝑠𝑢𝑐

𝐷𝑟3,𝑠𝑢𝑐

= 3.66𝑘𝑎𝑖𝑟(𝑟𝑟3 − 𝑟𝑟2) (A41) 

𝐻𝑟4,𝑓𝑙𝑢𝑖𝑑 =
𝑘̅𝑓𝑙𝑢𝑖𝑑𝐴𝑟4,𝑓𝑙𝑢𝑖𝑑

𝐷̅𝑟4,𝑓𝑙𝑢𝑖𝑑

(0.75Re̅̅̅̅ 0.8Pr̅̅ ̅0.6) =
0.75𝑘̅𝑓𝑙𝑢𝑖𝑑Re̅̅̅̅ 0.8Pr̅̅ ̅0.6(𝐴𝑟,𝑐𝑜𝑚 + 𝐴𝑟,𝑠𝑢𝑐 + 𝐴𝑟,𝑠𝑙𝑜𝑡)

𝐷̅𝑟4,𝑓𝑙𝑢𝑖𝑑

 (A42) 



 

 

X 

𝐻𝑟4,𝑠𝑢𝑐 =
3.66𝑘𝑎𝑖𝑟𝐴𝑟4,𝑠𝑢𝑐

𝐷𝑟4,𝑠𝑢𝑐

= 3.66𝑘𝑎𝑖𝑟(𝑟𝑟4 − 𝑟𝑟3) (A43) 

𝐻ℎ1,ℎ2 = 𝐻ℎ2,ℎ1 =
𝑘𝑠𝑡𝑒𝑒𝑙𝐴ℎ1,ℎ2

0.5(𝑟ℎ1𝑜
+ 𝑟ℎ1𝑖

) ln [
0.5(𝑟ℎ2𝑜

+ 𝑟ℎ1𝑜
)

0.5(𝑟ℎ1𝑜
+ 𝑟ℎ1𝑖

)
]

=
4𝑘𝑠𝑡𝑒𝑒𝑙𝜋𝑟ℎ1𝑜

𝑡ℎ2

(𝑟ℎ1𝑜
+ 𝑟ℎ1𝑖

) ln (
𝑟ℎ2𝑜

+ 𝑟ℎ1𝑜

𝑟ℎ10
+ 𝑟ℎ1𝑖

)
 

(A44) 

𝐻ℎ1,∞ = 𝑘𝑎𝑖𝑟

[
 
 
 
 
 
 

𝐴ℎ1,∞,𝑡𝑜𝑝

𝑙ℎ1,𝑡𝑜𝑝
(0.54Ra𝑙ℎ1,𝑡𝑜𝑝

1
4 ) +

𝐴ℎ1,∞,𝑤𝑎𝑙𝑙

𝑙ℎ1,𝑤𝑎𝑙𝑙

(

 
 
 
 

0.68 +
0.67Ra𝑙ℎ1,𝑤𝑎𝑙𝑙

1
4

[1 + (
0.492
Pr

)

9
16

 ]

4
9

)

 
 
 
 

]
 
 
 
 
 
 

 

+0.25𝐴ℎ1,∞ 𝜎(𝑇ℎ1 + 𝑇∞)(𝑇ℎ1
2 + 𝑇∞

2) 

= 𝑘𝑎𝑖𝑟

[
 
 
 
 
 
 

(𝑟ℎ1𝑜
− 𝑟ℎ1𝑖

)

2
(0.54Ra

𝑙ℎ1,𝑡𝑜𝑝

1
4 ) + 2𝜋𝑟ℎ1𝑜

(

 
 
 
 

0.68 +
0.67Ra𝑙ℎ1,𝑤𝑎𝑙𝑙

1
4

[1 + (
0.492
Pr

)

9
16

 ]

4
9

)

 
 
 
 

]
 
 
 
 
 
 

 

+0.25𝜋𝜎(𝑇ℎ1 + 𝑇∞)(𝑇ℎ1
2 + 𝑇∞

2)[𝑟ℎ1𝑜

2 − 𝑟ℎ1𝑖

2 + 2𝑟ℎ1𝑜
(𝑙ℎ1 − 𝑡ℎ2)] 

 

 

 

(A45) 

𝐻ℎ2,ℎ3 = 𝐻ℎ3,ℎ2 =
𝑘𝑠𝑡𝑒𝑒𝑙𝐴ℎ2,ℎ3

𝑙ℎ2,ℎ3

=
2𝑘𝑠𝑡𝑒𝑒𝑙𝜋(𝑟ℎ2𝑜

2 − 𝑟ℎ2𝑖

2 )

𝑙ℎ2 + 𝑡ℎ3

 (A46) 

𝐻ℎ2,∞ = 𝑘𝑎𝑖𝑟

{
 
 

 
 
𝐴ℎ2,∞,𝑡𝑜𝑝

𝑙ℎ2,𝑡𝑜𝑝

(0.54Ra𝑙ℎ2,𝑡𝑜𝑝

1/4
) +

𝐴ℎ2,∞,𝑤𝑎𝑙𝑙

𝑙ℎ2,𝑤𝑎𝑙𝑙

(

 
 

0.68 +
0.67Ra𝑙ℎ2,𝑤𝑎𝑙𝑙

1/4

[1 + (
0.492
Pr

)
9/16

 ]

4/9

)

 
 

}
 
 

 
 

+ 0.25𝐴ℎ2,∞𝜎(𝑇ℎ2 + 𝑇∞)(𝑇ℎ2
2 + 𝑇∞

2) 

= 𝑘𝑎𝑖𝑟

{
 
 

 
 
(𝑟ℎ2𝑜

− 𝑟ℎ1𝑜
)

2
(0.54Ra𝑙ℎ2,𝑡𝑜𝑝

1/4
) + 2𝜋𝑟ℎ2𝑜

(

 
 

0.68 +
0.67Ra𝑙ℎ2,𝑤𝑎𝑙𝑙

1/4

[1 + (
0.492
Pr

)
9/16

 ]

4/9

)

 
 

}
 
 

 
 

+ 0.25𝜋𝜎(𝑇ℎ2 + 𝑇∞)(𝑇ℎ2
2 + 𝑇∞

2)(𝑟ℎ2𝑜

2 − 𝑟ℎ1𝑜

2 + 2𝑟ℎ2𝑜
𝑙ℎ2) 

 

 

(A47) 

𝐻ℎ2,𝑑𝑖𝑠 = 𝑘𝑓𝑙𝑢𝑖𝑑 {
𝐴ℎ2,𝑑𝑖𝑠

𝐷ℎ2

[0.409 (
Ta

𝐶𝑔𝑒𝑜

)
ℎ2

0.241

] +
𝐴ℎ2,𝑔𝑎𝑝

𝑙𝑔𝑎𝑝

(0.037Re𝑔𝑎𝑝
4 5⁄ Pr1 3⁄ )} 

= 𝑘𝑓𝑙𝑢𝑖𝑑 {0.409𝑙ℎ2𝑖
(

Ta

𝐶𝑔𝑒𝑜

)
ℎ2

0.241

+
(𝑟ℎ2𝑖

− 𝑟𝑐3𝑜
)

2
(0.037Re𝑔𝑎𝑝

4 5⁄ Pr1 3⁄ )} 

 

(A48) 

𝐻ℎ3,ℎ4 = 𝐻ℎ4,ℎ3 =
𝑘𝑃𝐸𝐸𝐾𝐴ℎ3,ℎ4

1
2
(𝑟ℎ4𝑜

+ 𝑟ℎ4𝑖
) ln [

0.5(𝑟ℎ3𝑜
+ 𝑟ℎ3𝑖

)

0.5(𝑟ℎ4𝑜
+ 𝑟ℎ4𝑖

)
]

=
4𝑘𝑠𝑡𝑒𝑒𝑙𝜋𝑟ℎ3𝑖

𝑡ℎ3

(𝑟ℎ4𝑜
+ 𝑟ℎ4𝑖

) ln (
𝑟ℎ3𝑜

+ 𝑟ℎ3𝑖

𝑟ℎ4𝑜
+ 𝑟ℎ4𝑖

)
 

(A49) 
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𝐻ℎ3,∞ = 𝑘𝑎𝑖𝑟

{
 
 

 
 
𝐴ℎ3,∞,𝑡𝑜𝑝

𝑙ℎ3,𝑡𝑜𝑝

(0.54Ra𝑙ℎ3,𝑡𝑜𝑝

1/4
) +

𝐴ℎ3,∞,𝑏𝑜𝑡

𝑙ℎ3,𝑏𝑜𝑡

(0.27Ra𝑙ℎ3,𝑏𝑜𝑡

1/4
)

+
𝐴ℎ3,∞,𝑠𝑖𝑑𝑒

𝑙ℎ3,𝑠𝑖𝑑𝑒

(

 
 

0.68 +
0.67Ra𝑙ℎ3,𝑠𝑖𝑑𝑒

1/4

[1 + (
0.492
Pr

)
9/16

 ]

4/9

)

 
 

}
 
 

 
 

+ 0.25𝐴ℎ3,∞𝜎(𝑇ℎ3 + 𝑇∞)(𝑇ℎ3
2 + 𝑇∞

2) 

= 𝑘𝑎𝑖𝑟

{
 
 

 
 
(𝑟ℎ3𝑜

− 𝑟ℎ2𝑜
)

2
(0.54Ra𝑙ℎ3,𝑡𝑜𝑝

1
4 ) +

(𝑟ℎ3𝑜
− 𝑟ℎ4𝑜

)

2
(0.27Ra𝑙ℎ3,𝑏𝑜𝑡

1
4 )

+ 2𝜋𝑟ℎ3𝑜

(

 
 

0.68 +
0.67Ra𝑙ℎ3,𝑠𝑖𝑑𝑒

1/4

[1 + (
0.492
Pr

)
9/16

 ]

4/9

)

 
 

}
 
 

 
 

+ 0.25𝜋𝜎(𝑇ℎ3 + 𝑇∞)(𝑇ℎ3
2 + 𝑇∞

2)[(𝑟ℎ3𝑜

2 − 𝑟ℎ2𝑜

2 ) + (𝑟ℎ3𝑜

2 − 𝑟ℎ4𝑜

2 ) + 2𝑟ℎ3𝑜
𝑡ℎ3] 

 

 

 

 

(A50) 

𝐻ℎ3,𝑑𝑖𝑠 =
𝑘𝑓𝑙𝑢𝑖𝑑𝐴ℎ3,𝑔𝑎𝑝

𝑙𝑔𝑎𝑝

(0.037Re𝑔𝑎𝑝
4 5⁄ Pr1 3⁄ ) =

𝑘𝑓𝑙𝑢𝑖𝑑(𝑟ℎ2𝑖
− 𝑟𝑐4𝑜

)

2
(0.037Re𝑔𝑎𝑝

4 5⁄ Pr1 3⁄ ) (A51) 

𝐻ℎ4,𝑓𝑙𝑢𝑖𝑑 =
𝑘̅𝑓𝑙𝑢𝑖𝑑𝐴ℎ4,𝑓𝑙𝑢𝑖𝑑

𝐷̅ℎ4,𝑓𝑙𝑢𝑖𝑑

(0.75Re̅̅̅̅ 0.8Pr̅̅ ̅0.6) =
0.75𝑘̅𝑓𝑙𝑢𝑖𝑑Re̅̅̅̅ 0.8Pr̅̅ ̅0.6(𝐴𝑒𝑓,𝑠𝑢𝑐 + 𝐴𝑒𝑓,𝑐𝑜𝑚)

𝐷̅ℎ4,𝑓𝑙𝑢𝑖𝑑

 (A52) 

𝐻ℎ4,∞ =
𝑘𝑎𝑖𝑟𝐴ℎ4,∞

𝑙ℎ4

(0.27Ra𝑙ℎ4

1/4
) + 0.25𝐴ℎ4,∞𝜎(𝑇ℎ4 + 𝑇∞)(𝑇ℎ4

2 + 𝑇∞
2)

=
𝑘𝑎𝑖𝑟(𝑟ℎ4𝑜

− 𝑟ℎ4𝑖
)

2
(0.27Ra𝑙ℎ4

1/4
) + 0.25𝜋𝜎(𝑇ℎ4 + 𝑇∞)(𝑇ℎ4

2 + 𝑇∞
2)(𝑟ℎ4𝑜

2 − 𝑟ℎ4𝑖

2 ) 

 

(A53) 

With the equations for each element established, they can be rearranged to form two 

separate matrices which are then solved to obtain the steady state operating temperatures of the 

components. Equations (A54) – (A56) present the matrix for the cylinder, rotor and housing 

shell elements, respectively. Note that initial estimates for the element temperatures must be 

provided for the radiation heat transfer coefficient on the right hand side of the Equations (A54) 

and (A56). The solution component temperatures are then substituted back into the equations 

for subsequent iterations until the solution temperatures converges. 



 

 

XII 

(

 

𝐻𝑐1,𝑐2 + 𝐻𝑐1∞ −𝐻𝑐1,𝑐2 0 0

−𝐻𝑐2,𝑐1 𝐻𝑐2,𝑐1 + 𝐻𝑐2,𝑐3 −𝐻𝑐2,𝑐3 0

0 −𝐻𝑐3,𝑐2 𝐻𝑐3,𝑐2 + 𝐻𝑐3,𝑐4 + 𝐻𝑐3,𝑓𝑙𝑢𝑖𝑑 + 𝐻𝑐3,𝑑𝑖𝑠 −𝐻𝑐3,𝑐4

0 0 −𝐻𝑐4,𝑐3 𝐻𝑐4,𝑐3 + 𝐻𝑐4,𝑑𝑖𝑠)

 (

𝑇𝑐1

𝑇𝑐2

𝑇𝑐3

𝑇𝑐4

)

=

(

 
 
 

𝐻𝑐1,∞𝑇∞

1

2
(0.99𝑄̇𝑓,𝑠1)

𝐻𝑐3,𝑓𝑙𝑢𝑖𝑑𝑇𝑓𝑙𝑢𝑖𝑑 + 𝐻𝑐3,𝑑𝑖𝑠𝑇𝑑𝑖𝑠

1

2
(0.99𝑄̇𝑓,𝑠2) + 𝐻𝑐4,𝑑𝑖𝑠𝑇𝑑𝑖𝑠 )

 
 
 

 

(A54) 

(

 

𝐻𝑟1,𝑟2 + 𝐻𝑟1∞ + 𝐻𝑟1,𝑠𝑢𝑐 −𝐻𝑟1,𝑟2 0 0

−𝐻𝑟2,𝑟1 𝐻𝑟2,𝑟1 + 𝐻𝑟2,𝑟3 + 𝐻𝑟2,𝑠𝑢𝑐 −𝐻𝑟2,𝑟3 0

0 −𝐻𝑟3,𝑟2 𝐻𝑟3,𝑟2 + 𝐻𝑟3,𝑟4 + 𝐻𝑟3,𝑠𝑢𝑐 −𝐻𝑟3,𝑟4

0 0 −𝐻𝑟4,𝑟3 𝐻𝑟4,𝑟3 + 𝐻𝑟4,𝑠𝑢𝑐 + 𝐻𝑟4,𝑓𝑙𝑢𝑖𝑑)

 

×(

𝑇𝑟1

𝑇𝑟2

𝑇𝑟3

𝑇𝑟4

) =

(

 
 

0.025𝑄̇𝑓,𝑟 + 𝐻𝑟1,∞𝑇∞ + 𝐻𝑟1,𝑠𝑢𝑐𝑇𝑠𝑢𝑐

𝐻𝑟2,𝑠𝑢𝑐𝑇𝑠𝑢𝑐 

𝐻𝑟3,𝑠𝑢𝑐𝑇𝑠𝑢𝑐

𝐻𝑟4,𝑓𝑙𝑢𝑖𝑑𝑇𝑓𝑙𝑢𝑖𝑑 + 𝐻𝑟4,𝑠𝑢𝑐𝑇𝑠𝑢𝑐 )

 
 

 

(A55) 

(

 

𝐻ℎ1,ℎ2 + 𝐻ℎ1,∞ −𝐻ℎ1,ℎ2 0 0

−𝐻ℎ2,ℎ1 𝐻ℎ2,ℎ1 + 𝐻ℎ2,ℎ3 + 𝐻ℎ2,∞ + 𝐻ℎ2,𝑑𝑖𝑠 −𝐻ℎ2,ℎ3 0

0 −𝐻ℎ3,ℎ2 𝐻ℎ3,ℎ2 + 𝐻ℎ3,ℎ4 + 𝐻ℎ3,∞ + 𝐻ℎ3,𝑑𝑖𝑠 −𝐻ℎ3,ℎ4

0 0 −𝐻ℎ4,ℎ3 𝐻ℎ4,ℎ3 + 𝐻ℎ4,∞)

 (

𝑇ℎ1

𝑇ℎ2

𝑇ℎ3

𝑇ℎ4

) 

=

(

 
 
 

1

2
(0.99𝑄̇𝑓,𝑠1) + 𝐻ℎ1,∞𝑇∞

𝐻ℎ2,∞𝑇∞ + 𝐻ℎ2,𝑑𝑖𝑠𝑇𝑑𝑖𝑠

𝐻ℎ3,∞𝑇∞ + 𝐻ℎ3,𝑑𝑖𝑠𝑇𝑑𝑖𝑠

1

2
(0.99𝑄̇𝑓,𝑠2) + 0.975𝑄̇𝑓,𝑟 + 𝐻ℎ4,∞𝑇∞)

 
 
 

 

(A56) 
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A-5 Effect of Surface Roughness on Sliding Thermal Contact 

Resistance 

It is known that surface roughness affects the sliding thermal contact resistance. Taller 

asperity heights, smaller asperity widths and larger periodicity of asperities contribute to an 

increase in surface roughness which in turn increases the sliding thermal contact resistance. 

This appendix section will present the effect of surface roughness on the sliding thermal contact 

resistance of AISI 4140 steel using the model developed by Chantrenne and Raynaud [66].  

For the study, the sliding velocity is kept constant while varying the surface roughness. 

A sliding velocity of 5.0 m s-1 is chosen as it corresponds to the sliding speed of the cylinder 

shaft (Ø31.75 mm) in the bearing at an operating speed of 3000 rev min-1. 

Effect of Periodicity 

The asperity width is kept constant at 0.5 μm while varying the asperity periodicity and 

asperity height. The variation of sliding thermal contact resistance with respect to asperity 

periodicity and asperity height is shown in Figure A5-1. For a constant asperity width, it is 

noted that the sliding thermal contact resistance experiences a polynomial growth when 

periodicity increases. Effect of asperity height is small compared to the effect of periodicity. 

 

Figure A5-1: Effect of Periodicity 



 

 

XIV 

Effect of Asperity Width 

The asperity periodicity is kept constant at 1.0 μm while varying the asperity width and 

height. The variation of sliding thermal contact resistance with respect to asperity width and 

height is shown in Figure A5-2. For a constant asperity periodicity, it is noted that smaller 

asperity widths would result in an exponential increase for the sliding thermal contact 

resistance. Similarly, the effect of asperity height is small compared to the effect of asperity 

width. 

 

Figure A5-2: Effect of Asperity Width 

Effect of Asperity Height 

As seen in Figures A5-1 and A5-2, the effect of asperity height on sliding thermal contact 

resistance is small compared to the effects of asperity periodicity and width. To determine the 

exact influence of asperity height on sliding thermal contact resistance, the asperity periodicity 

and width is kept constant at 1.2 μm and 0.4 μm, respectively while varying the asperity height. 

The variation of sliding thermal contact resistance with respect to asperity height is shown in 

Figure A5-3. It is noted that the relationship between sliding thermal contact resistance and 

asperity height is approximately linear. 
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Figure A5-3: Effect of Asperity Height 

Overall Effect of Surface Roughness 

The effects of asperity width and periodicity influence the sliding thermal contact 

resistance to a great extent. In the model by Chantrenne and Raynaud [66], a parameter bi
* is 

used to represent the ratio of the asperity width to the asperity periodicity. 

In Chapter 7, it is noted that the sliding thermal contact resistance of AISI 4140 steel is 

of two orders smaller than those of the PEEK materials, based on arbitrary chosen asperity 

width and periodicity values for an asperity height of 0.6 μm (0.6 Ra). Evident in Figures A5-

1 and A5-2, a small bi
* value would increase the sliding thermal contact resistance of AISI 

4140 steel greatly so much so that it becomes significant when compared to those of the PEEK 

materials.  

However, bear in mind that a small bi
* value would also mean that physically, the 

periodicity would be several times of the asperity width and such asperities would be relatively 

far apart from each other. Such a surface profile for steel is therefore unrealistic especially for 

those fabricated by conventional machining processes such as turning and polishing. Hence, 

the arbitrary chosen asperity dimensions would still be a valid estimate for the steel surface and 

any realistic deviations from the chosen values will not greatly affect the calculated sliding 

thermal resistance of AISI 4140 steel. 
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A-6 Measurement Data, Theoretical Prediction and Uncertainty 

Analysis 

The values of the measured mean operating speeds, discharge pressures, mass flow rates, 

and volumetric efficiencies are presented in Table A6-1 and compared to the predicted mass 

flow rates from the theoretical model. The last column provides the prediction errors for each 

of the operating condition. 

Table A6-1: Measurement Values and Predicted Values 

Mean 

operating 

speed, rev 

min-1 

Discharge 

Pressure, bar 

(gauge) 

Measured Mass 

flow rate, g s-1 

Volumetric 

Efficiency, 

% 

Predicted mass 

flow rate, g s-1 

Prediction 

Error, % 

610 0.229 0.167 28.1 0.180 8.03 

607 0.213 0.205 34.6 0.191 -6.82 

621 0.208 0.243 40.1 0.208 -14.22 

634 0.162 0.280 45.4 0.284 1.30 

742 0.375 0.167 23.1 0.173 3.53 

728 0.344 0.205 28.9 0.187 -8.57 

750 0.309 0.243 33.2 0.227 -6.32 

753 0.254 0.280 38.2 0.285 1.50 

847 0.510 0.167 20.2 0.144 -13.73 

843.5 0.462 0.205 24.9 0.178 -13.23 

860 0.417 0.243 28.9 0.227 -6.39 

869.5 0.382 0.280 33.1 0.265 -5.50 

991 0.594 0.167 17.3 0.185 11.06 

997 0.554 0.205 21.1 0.219 7.09 

988 0.539 0.243 25.2 0.224 -7.52 

996.5 0.524 0.280 28.9 0.243 -13.51 
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Table A6-2 shows the comparison between the measured mass flow rates and predicted 

mass flow rates in the prototype if the endface gaps in the compressor were at the intended 

value of 10 μm. The last column shows the improvements in flowrates. 

Table A6-2: Predicted Mass Flow Rates with Smaller Endface Clearances 

Mean 

operating 

speed, rev 

min-1 

Discharge 

Pressure, bar 

(gauge) 

Measured mass 

flow rate, g s-1 

Predicted flow 

rate, g s-1 

Volumetric 

efficiency, 

% 

Increase in flow 

rate, % 

610 0.229 0.167 0.567 95.3 214 

607 0.213 0.205 0.566 95.6 196 

621 0.208 0.243 0.580 95.8 179 

634 0.162 0.281 0.598 96.7 110 

742 0.375 0.167 0.683 94.4 295 

728 0.344 0.205 0.672 94.6 259 

750 0.309 0.243 0.697 95.3 207 

753 0.254 0.281 0.705 96.0 148 

847 0.510 0.167 0.773 93.6 437 

843.5 0.462 0.205 0.774 94.1 336 

860 0.417 0.243 0.794 94.7 250 

869.5 0.382 0.281 0.807 95.1 204 

991 0.594 0.167 0.905 93.7 388 

997 0.554 0.205 0.915 94.1 317 

988 0.539 0.243 0.907 94.2 304 

996.5 0.524 0.281 0.917 94.4 278 

Uncertainty Analysis 

With reference to the expression for volumetric efficiency presented in Equation (8.2), 

this section will calculate the uncertainty associated with the volumetric efficiency based on 

the measurement uncertainties for the volumetric flow rate and average rotation speed. The 

measurement uncertainties for the volumetric flow rate and average rotation speed are shown 

in Table A6-3. Note that the uncertainty for the average rotation speed is based on the read off 

error of the motor torque curve in Appendix A-8.  
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Table A6-3: Measurement Uncertainties 

Measurement Uncertainty 

Rotameter ±360 ml/min 

Motor Speed ±25 rev min-1 

The first order approximated total differential for the volumetric efficiency is presented 

in Equation (A42) and the calculated volumetric efficiency uncertainties for the each of the 

operating conditions are shown in Table A6-4. 

Δ𝜂 ≈
𝜕𝜂

𝜕𝑉̇
Δ𝑉̇ +

𝜕𝜂

𝜕𝜔
Δ𝜔 

=
𝜌𝑜

𝜌𝑠𝑢𝑐𝑉𝑐ℎ𝑎𝑚𝜔
Δ𝑉̇ −

𝜌𝑜𝑉̇

𝜌𝑠𝑢𝑐𝑉𝑐ℎ𝑎𝑚𝜔2
Δ𝜔 

 

(A57) 

Table A6-4: Calculated Volumetric Efficiency Uncertainties 

Mean 

operating 

speed, rev 

min-1 

Discharge 

Pressure, bar 

(gauge) 

Measured 

volumetric 

flow rate, ml 

min-1 

Volumetric 

Efficiency, % 

Volumetric 

Efficiency 

Uncertainty (Δη), 

% 

610 0.229 8560 28.1 0.0301 

607 0.213 10500 34.6 -0.239 

621 0.208 12440 40.1 -0.454 

634 0.162 14380 45.4 -0.653 

742 0.375 8560 23.1 0.193 

728 0.344 10500 28.9 -0.00158 

750 0.309 12440 33.2 -0.146 

753 0.254 14380 38.2 -0.312 

847 0.510 8560 20.2 0.253 

843.5 0.462 10500 24.9 0.116 

860 0.417 12440 28.9 -0.00379 

869.5 0.382 14380 33.1 -0.123 

991 0.594 8560 17.3 0.291 

997 0.554 10500 21.1 0.194 

988 0.539 12440 25.2 0.0915 

996.5 0.524 14380 28.9 -0.00153 
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A-7 Material Specifications for PEEK 

Natural PEEK (pure PEEK) was used to fabricate the bearing liners and vane whereas 

bearing grade PEEK (composite PEEK with carbon fibres, PTFE and graphite) was used to 

fabricate the rotor and rotor shaft. The specifications for these PEEK materials used to fabricate 

the rubbing components of the compressor prototype are shown as follows: 

  



 

 

XX 

Natural PEEK: 

 



 

 

XXI 

Bearing-grade PEEK: 
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A-8 Specifications for Measurement Instruments & Induction Motor 

The specifications for the instruments used for measurements in the experiments that are 

directly carried out for the research project are listed in this section of the appendix. The 

Torquemaster TM107 was used to measure the friction torques of self-lubricating materials in 

dry rubbing with metal shafts in Chapter 3.  

Torquemaster TM107: 

 

In Chapter 8, the Gilmont GF1500 correlated rotameter was used to measure the 

volumetric flow rate from the receiver tank during the testing of the compressor prototype and 

the Kulite XTL375 pressure transducer was used to measure the discharge pressure. The input 

torque to the prototype was measured by the Futek TR605 torque transducer  



 

 

XXIII 

Gilmont flowmeter: 
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Kulite XTL-375 (M) pressure transducer: 

 

  



 

 

XXV 

Futek TRS 605 torque transducer 

 

 



 

 

XXVI 

Type T Thermocouple 

 

  



 

 

XXVII 

ABB Induction Motor – Torque Curve 
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