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Abstract

In this paper, we investigate the output consensus problem of tracking a desired trajectory for a class of systems consisting
of multiple nonlinear subsystems with intrinsic mismatched unknown parameters. The subsystems are allowed to have
non-identical dynamics, whereas with similar structures and the same yet arbitrary system order. Suppose that the
communications among the subsystems can be represented by a directed graph. Different from the traditional centralized
tracking control problem, only a subset of the subsystems can obtain the desired trajectory information directly. A
distributed adaptive control approach based on backstepping technique is proposed. By introducing the estimates to
account for the parametric uncertainties of the desired trajectory and its neighbors’ dynamics into the local controller of
each subsystem, the information exchanges of online parameter estimates and local synchronization errors among linked
subsystems can be avoided. It is proved that the boundedness of all closed-loop signals and the asymptotically consensus
tracking for all the subsystems’ outputs are ensured. In simulation studies, a numerical example is illustrated to show the
effectiveness of the proposed control scheme. Moreover, the design strategy is successfully applied to solve a formation

control problem for multiple nonholonomic mobile robots.
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1 Introduction

Because of its widespread potential applications in
various fields such as mobile robot networks, intelligent
transportation management, surveillance and moni-
toring, distributed coordination of multiple dynamic
subsystems (also known as multi-agent systems) has
achieved rapid development during the past decades.
Consensus is one of the most popular topics in this area,
which has received significant attention by numerous re-
searchers. It is often aimed to achieve an agreement for
certain variables of the subsystems in a group. A large
number of effective control approaches have been pro-
posed to solve the consensus problems (see Jadbabaie,
Lin & Morse, 2003; Ren and Beard, 2005; Moreau, 2005;
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Hong, Hu & Gao, 2006; Ren, 2007; Arcak, 2007; Bai,
Arcak & Wen, 2008, 2009, for instance). According to
whether the desired consensus values are determined
by exogenous inputs, which are sometimes regarded
as virtual leaders, these approaches are often classified
as leaderless consensus and leader-following consensus
solutions (see Song, Cao & Yu, 2010; Kaizuka & T-
sumura, 2011; Ni and Cheng, 2010, and the references
therein). Besides, many of the early works were estab-
lished for systems with first-order dynamics, whereas
more results have been reported in recent years such as
Ren, Moore & Chen (2007); Seo, Shim & Back (2009);
Ni and Cheng (2010); Yu, Chen, Ren, Kurths & Zheng
(2011) for systems with second or higher-order dynam-
ics. A comprehensive overview of the state of the art in
consensus control can be found in Ren & Cao (2010),
in which the results on some other interesting topics in-
cluding finite-time consensus and consensus under lim-
ited communication conditions including time delays,



asynchronization and quantization are also discussed.
It is worth mentioning that except for Kaizuka &
Tsumura (2011), all the aforementioned results are de-
veloped based on the assumptions that the considered
model precisely represents the actual system and is
exactly known. However, such assumptions are rather
restrictive since model uncertainties, regardless of their
forms, inevitably exist in almost all the control problem-
s. Motivated by this fact, the intrinsic model uncertainty
has become a new hot-spot issue in the area of consensus
control. In Liu and Jia (2011); Hu (2011); Yang et al.
(2011), robust control techniques are adopted in consen-
sus protocols to address the intrinsic uncertainties in-
cluding unknown parameters, unmodeled dynamics and
exogenous disturbances. In addition, adaptive control
has also been proved as a promising tool in dealing with
such an issue. In Kaizuka & Tsumura (2011), a group of
linear subsystems with unknown parameters are consid-
ered and a distributed model reference adaptive control
(MRAC) strategy is proposed. Different from Liu and
Jia (2011) where H, control is investigated, the bounds
of the unknown parameters are not required a priori
by using adaptive control. However, the result is only
applicable to the case that the control coefficient vec-
tors of all the subsystems are the same and known. In
Nuiio, Ortega, Basanez & Hill (2011), adaptive consen-
sus tracking controllers are designed for Euler-Lagrange
swarm systems with non-identical dynamics, unknown
parameters and communication delays. However, it is
assumed that the exact knowledge of the desired trajec-
tory is accessible for all the subsystems. In Das & Lewis
(2010), a distributed neural adaptive control protocol is
proposed for multiple first-order nonlinear subsystems
with unknown nonlinear dynamics and disturbances.
The state of the reference system is only available to a
subset of the subsystems. Based on the condition that
the basis neural network (NN) activation functions and
the reference system dynamics are bounded, the conver-
gence of the consensus errors to a bound can be ensured
if the local control gains are chosen to be sufficiently
large. The results are extended to more general class of
systems with second and higher-order dynamics in Das
& Lewis (2011) and Zhang & Lewis (2012). In Yu &
Xia (2012), distributed adaptive control on first-order
systems with similar structures to those in Das & Lewis
(2010) is investigated. By introducing extra information
exchange of local consensus errors among the linked
agents, the assumptions on boundedness of inherent
nonlinear functions can be relaxed. Apart from these,
there are also some other results on distributed adap-
tive control of multi-agent systems, for instance Hou,
Cheng & Tan (2009); Su, Chen, Wang & Lin (2011);
Mei, Ren & Ma (2011); Zhao, Zhou, Li & Zhu (2011).
Nevertheless, to the best of our knowledge, results on
distributed adaptive consensus control of more general
multiple high-order nonlinear systems are still limited.
In Wang, Zhang & Guo (2011), output consensus track-
ing problem for nonlinear subsystems in the presence
of mismatched unknown parameters is investigated. By

designing an estimator whose dynamics is governed by a
chain of n integrators for the desired trajectory in each
subsystem, a bounded output consensus tracking for
the overall system can be achieved. However, it is not
easy to check whether the derived sufficient condition
in the form of LMI is satisfied by choosing the design
parameters properly. Moreover, transmissions of online
parameter estimates among the neighbors are required,
which may increase communication burden and also
cause some other potential problems such as those re-
lated to network security.

In this paper, we shall present a backstepping based
distributed adaptive consensus tracking control scheme
for a class of nonlinear systems with mismatched un-
certainties as similar to Wang et al. (2011). Suppose
that only part of subsystems can acquire the exact in-
formation of the desired trajectory. Inspired by Bai et
al. (2008, 2009); Yu and Xia (2012), the time-varying
reference is assumed to be linearly parameterized. The
main differences between our proposed scheme and the
existing representative approaches can be summarized
as follows. (i) We consider the case with directed graph
representing the communication status among subsys-
tems, thus the control protocols in Bai et al. (2008, 2009)
by employing the graph symmetry property is not appli-
cable to solve our problem. More discussions about this
issue are given in later parts of the paper. (ii) The non-
linearities accompanied with unknown parameters in
each subsystem’s dynamics cannot be assumed bound-
ed beforehand as those activation functions in Das and
Lewis (2010, 2011); Zhang and Lewis (2012). To bypass
this difficulty, an error variable by introducing local es-
timates of the reference’ uncertainties is defined in each
subsystem. Based on this, an alternative form of Lya-
punov function is constructed. Then the coupling terms
related to local consensus errors and the neighbors’
parameter estimation errors can be eliminated in com-
puting the derivative of the Lyapunov function. More-
over, the parameter update laws can be designed locally
without information exchange of synchronization errors
among subsystems as required in Yu and Xia (2012).
(iii) By introducing additional estimates to account for
the uncertainties involved in its neighbors’ dynamics,
the extra transmissions of online parameter estimates
required in Wang et al. (2011) among linked subsystems
can be avoided. It is shown that with the proposed dis-
tributed control scheme, not only the boundedness of all
closed-loop signals is ensured, but also asymptotically
consensus tracking of all the subsystems’ outputs can
be achieved with the proposed control scheme.

Apart from these, the proposed design strategy is
successfully applied to solve a formation control prob-
lem for multiple nonholonomic mobile robots. Such a
challenging problem can be regarded as a generalized
problem of one-dimensional output consensus tracking
by considering demanding distances on 2-D plane. Note
that the considered robots are uncertain underactuated
mechanical systems with both dynamic and kinemat-
ic models, which brings new difficulties in designing



distributed adaptive controllers. Therefore, only a few
results have been reported in this area so far. In Do and
Pan (2007), formation control of multiple unicycle-type
mobile robots at the dynamic model level is investigat-
ed. A path-following approach by combining the virtual
structure technique is presented to derive the formation
architecture. In Do (2008), a formation control scheme
is proposed for multiple mobile robots and no colli-
sion between any two robots is guaranteed. In the two
schemes, all the robots require the exact information of
the reference trajectory. In Dong (2011), the flocking
control of a collection of nonholonomic mobile robots
is proposed, where only part of the robots can obtain
the exact knowledge of the reference directly. However,
the system model considered is limited at the kinematic
level. Motivated by these, we investigate the forma-
tion control problem for multiple nonholonomic mobile
robots at dynamic model level with unknown parame-
ters under the assumption that only part of the robots
can access the exact information of the reference direct-
ly. It is proved that the formation errors of the overall
system can be made as small as desired by adjusting
the design parameters properly with the combination
of our proposed distributed control strategy and the
transverse function technique Morin & Samson (2003).

2 Problem Formulation

Similar to Wang et al. (2011), we consider a group
of N nonlinear subsystems which can be modeled as
follows.

- T
Tiq =Tigq+1 + Qig(Tits-- Tig) 0i, ¢=1,...,n—1

Fin = i Bi (i) u; + pin(z:)70;
Yi = Ti1, fOI“i:l,Q,...,N (1)

where z; = [z;1,...,7;n)T € R", u; € R, y; € R are
the state, control input and output of the ith subsystem,
respectively. 8; € RPi is a vector of unknown constants
and the high frequency gain b; € R is an unknown non-
zero constant. ¢; ; @ RS — RPi for j = 1,...,n and
Bi : R* — R are known smooth nonlinear functions.

The desired trajectory for the outputs of the overall
system can be expressed by a linear combination of g,
basis functions, that is

qr
= Z fr,k(t)wr,l +c = fr(t)Twr + ¢ (2)

=1

where £,(t) = [fr1(t), Fra(t), .-, frg (D] € Rr is the
vector of basis functions which is available to all the
N subsystems. However, w, = [wy 1, Wy 2, ... ,wwr]T S
R and ¢, € R are constant parameters which are known
only to part of N subsystems.

Remark 1 It is worth mentioning that the trajectory
given in (2) is a commonly employed expression which

has appeared in many relevant literature such as Bai et
al. (2008, 2009); Yu and Xia (2012). As we know, a
function can be represented or approrimated as a lin-
ear combination of a set of prescribed basis functions
in a function space. For example, if a desired trajectory
yr(t) is periodic with pem’od T, then y.(t) can be writ-

ten as y,-(t) = ag + Z (ak cos 2L 2”“ + by, sin 2”“) This

is known as trzgonometmc form of the Fourier series, in
which ag, ap and by are constants called Fourier coef
ficients (Keryszig, 2006). If there are only finite domi-
nant frequency components in y,(t), in other words, the
contributions of ay, cos 2ZEL and by, sin Q”Tkt are negligi-

ble for k > K then y,.( tjs can be approzimated well by
Ur(t) = ao + Z (ak cos 22K + by, sin 27K) which has a

stmilar form as ( 2).

Remark 2 In contrast to the traditional centralized tra-
jectory tracking control problem, not all subsystems in
the group can obtain the exact knowledge of the trajectory
yr directly. However, the consensus tracking to y, for all
the N subsystems’ outputs can still be expected if the sub-
systems are able to share information with some others
in their neighboring areas via communication networks.

Suppose that the communications among the IV subsys-
tems can be represented by a directed graph G = (V, )
where V = {1,..., N} denotes the set of indexes (or
vertices) corresponding to each subsystem, &€ C V x V
is the set of edges between two distinct subsystems. An
edge (i,7) € & indicates that subsystem j can obtain
information from subsystem ¢, but not necessarily vice
versa (Ren and Cao, 2010). In this case, subsystem 1
is called a neighbor of subsystem j. We denote the set
of neighbors for subsystem i as A;. Self edges (i,1) is
not allowed in this paper, thus (i,i) ¢ £ and i ¢ N;.
The connectivity matrix A = [a;;] € RV*V is defined
such that a;; = 1if (j,4) € € and a;; = 01if (j,¢) ¢ £.
Clearly, the diagonal elements a;; = 0. We introduce an
in-degree matrix A such that A = diag(A;) € RVXN
with A; = 3~ a;; being the ith row sum of A. Then,
JEN;
the Laplacian matrix of G is defined as £L = A — A.

We now use p; = 1 to indicate the case that y, is
accessible directly to subsystem ¢; otherwise, p; is set as
wu; = 0. Based on this, the control objective is to design
distributed adaptive controllers u; for each subsystem
by utilizing only locally available information obtained
from the intrinsic subsystem and its neighbors such that:

(7) all the signals in the closed-loop system are glob-
ally uniformly bounded;

(7i) the outputs of all the overall system can still
track the desired trajectory y,.(t) asymptotically, i.e.
tlirglo[yZ (t) —y-(t)] = 0, Vi, though p; = 1 only for some

i€{1,2,...,N}.



To achieve the objective, the following assumptions
are imposed.

Assumption 1 The first nth-order derivatives of f.(t)
are bounded, piecewise continuous and known to all sub-
systems in the group.

Assumption 2 The sign of b; is available in construct-
ing u; for subsystem i and B;(x;) # 0.

Remark 3 Observing (1), the system model considered
in this paper is similar to that in Wang et al. (2011).
Such a model is more general than those in most of the
currently available results on distributed consensus con-
trol including Hong et al. (2006); Arcak (2007); Bai et al.
(2008, 2009); Ren (2007); Ren et al. (2007); Seo et al.
(2009); Ni and Cheng (2010); Yu et al. (2011) by com-
bining the following features: i) the subsystems are non-
linear and allowed to have non-identical dynamics; ii)
intrinsic mismatched unknown parameters are involved.
Moreover, (1) is in the parametric strict feedback form,
which can be commonly encountered in many nonlinear
control problems. In Krstic, Kanellakopoulos and Koko-
tovic (1995), the conditions that a class of general non-

linear systems X = fo(x) ﬂi 0ufi(2) + 90w, y = h(x)
=1

are transformable into such form have been provided. It
should be noted that Assumptions 1 and 2 are also re-
quired for standard backstepping tracking control of sin-
gle input systems.

3 Controller Design and Stability Analysis
3.1 Design of Distributed Adaptive Controllers

In this part, a distributed adaptive control scheme is
proposed to achieve the control objective presented in
Section 2. An additional assumption is needed.

Assumption 3 The directed graph G contains a span-
ning tree and the root node i; has direct access to y,, i.e.

piy = 1.

The following lemma brought from Zhang & Lewis
(2012); Qu (2009) is then introduced, which will be use-
ful in our design and analysis of the distributed adaptive
controllers.

Lemma 1 Based on Assumption 3, the matriz (L + B)
is nonsingular where B = diag{p1,...,un}. Define

a=[q,..,av)" = (L+B)7M1,..., 17
P =diag{Py,...,PN} = diag{_l,...,_l}

q1 gN
Q=P(L+B)+(L+B)T"P, (3)

then @; > 0 fori=1,..., N and Q is positive definite.

To achieve the output consensus tracking objective for
multiple subsystems with arbitrary relative degrees,
backstepping technique (Krstic et al., 1995) is adopted.
Thus our design follows a step-by-step procedure. Due
to page limits, only the first two steps are elaborated in
details.

e Step 1. For subsystem i with u; = 0, we introduce
Wy = [WL, ¢.5]T to estimate the unknown parameters

w; and ¢,.. Then the following error variables are defined

ein = Yi — ity — (1 — ;) fl e (4)

i = Ti2 — Qi1 (5)
N

zi= Y ai(yi —v;) + mayi — ur) (6)
j=1

where f. = [fI,1]T. Note that ;1 is a virtual control
to be chosen.

The actual tracking errors between each subsystems’
outputs and y, are defined as d; = y; — y,., for i =
1,..., N. Clearly, the control objective is to ensure that
tlgrolo 0;(t) = 0 for all subsystems in the group.

Eqn. (6) is a standard definition of the local neigh-
borhood consensus error for the ith subsystem (Das and

Lewis, 2010). By defining z = [21, ..., 2zn]7, we have
z=(L+B)d (7)
where § = [d1,... ,(5N]T.

From (2) and (4), there is

ein=vi —Yr+ (1= i) (yr — W)
=0; + (1 — ;) f g (8)

where w,; denotes the -estimation error for subsystems
with p; = 0 such that w,; = [wl, ¢, ]T — Wys.

From (1) and (4), the derivative of e; ; is computed
as

. T ‘T
€1 =041+ €2+ ﬁPM@i — Wi fy Wei

- (1 - ,Ui) <f?wm - f_rTﬁJM) . (9)
We design «; 1 as
a1 = — ki1 Pz — 803719Ai + i f wri

where k; is a positive constant, P; is defined in (3) and

0, is the parameter estimate of 6;. Substituting (10) into
(9) yields



éi1=—ki1Pizi+e;jo+ @Z19~z‘~ (11)

We define a Lyapunov function candidate at this step as

N
Z(I_MZ)P wrsz ’LU”

i=1

(12)

where €1 = [6171, ey (31\/’71]T7 0, = 91 — é7 F7 and Fm' are

positive definite matrices with appropriate dimensions.

From (5, )(7) and (11), the derivative of V; is computed
as

1 1 k
_ - T - nTr—1p. 1
Vi= 261 €1+2 i_é 1 91 Fi 9l+72

N
Vi=—ki0"P(L+B) o+ [esaein+ 07T
; =1 v
X (FiSDi,16i,1 - 91)} + kq Z(l — pg)piog Lt
i=1
X (7Frif_lr2:i — 1f)m) . (13)

We then choose the parameter update law for ui)ﬁ if u; =
0as Tvifozi. (14)

Defining 7;1 = ¢; 1€;,1 and substituting (14) into (13),
we have

Wyj = —

Vi = ,%ﬂ [P(L+B)+
. .
+ ; {ei’lei,z +0/ T (Fm’l - Hi)}

=1

(L+B)TP]s

(15)
where @ is defined in Lemma 1.

o Step 2. We now clarify the arguments of a; ;. By ex-
amining (10) along with (6) and (14), it can be seen that

;1 is a function of y;, éi, I f}, yj (if a;; = 1) and W,
(if u; = 0). Introduce a new error variable as

i3 =Tiz— Qo (16)

where «; 2 is chosen as

Oa 1 O 1
—kiseio+ ——Ti2+ Té’rﬂi,z

(‘33@)1
8ai T ~
- (%‘,2 ~ 9 v’l 3 ) 0;
+Z zya (x],Q +<P] 191]) : fr
80@ Oo; 1 =
= oA (1= ) == (17)

ofr
8fr 8’(1)”‘

;2= —€;1

with k; 2 a positive constant. 7; o is the tuning function
defined as follows for generating 6, that
804;1
Ti2 = Ti1 + <<Pz',2 - 8%11%1) €2 (18)
éij is an estimator introduced in subsystem ¢ to account
for the unknown parameter vector contained in its neigh-
bors’ dynamics (i.e. 8; if a;; = 1).
From (5), (16)-(18), the derivative of e; o is comput-

ed as
O 1 T
. L 0.
3331‘,1 ©i,1 i

6a1 A N 8&1
o8, (Puria = 9)_;”81 el (19)

€io=—6€1—k;ze;2+e; 3+ <<Pz',2 -

Define a Lyapunov function candidate V5 at this step as

=V + Z eiat+ 5 Z Za” i ”19” (20)

7,1]1

where 0;; = 0; —0;; and T';; is a positive definite matrix.
From (15) and (19), we obtain that

2
— kieio+eize;s

k N
o T
Vo= —gttQit )

(=8 +0 (1)

7

+Zau ijt ij (FUTUl é]) (21)

where 7;; 1 is defined as

Ooy;,
Tij1 = _832 14,0] 182, if a;; =1 (22)
3,1

e Step q (¢ = 3,...,n). For easier reading, the design
details of the remaining steps are summarized in Table
1. Note that k; ; and +; are positive constants. g; is the
estimate of o = 1/b;,.

Remark 4 In Table 1, the fact that a; 4 forqg=3,...,n
is a function of x;1,..., % q, éi, fr f,(-l), ceey T(qfl) and
Oijs Tj1s- - %jq (if aij = 1), Wy (if pi = 0) has been
used.

3.2 Stability Analysis

The main results of our distributed adaptive control
design scheme can be formally stated in the following
theorem.



Table 1: The design of distributed adaptive controllers for
Step ¢ (¢ =3,...,n).
Introduce error variables:

€iq+1 = Tigq+l — Qig (23)

Control Laws:

with

— kiq€iq

Czqe +

Qg = —€ig—-1
i

1 da 1 da
i,q—1 il—1
+ ; zid Tii+1 + ( E Y, ) TG q€i,

1=2 g

al O
1,q—1 =T O
+D ai | Oy Tt + Gijig—10i
=1 =1

75

q—1
Oty q— Oy — =
g—1 il—1
+ 2% LijTija—1 — § ~—1"i5Cij,q—1€i0

ij 1=3 00

. da lole% ;
+3 g ) T (29

o i-1) i
Jday;
Cina = Pia Z TR (26)
804“1 1
; = . 27
qu 1 Z 81’]1 ( )
Ti,q = Tiq—1+ C@qez,q (28)

Gij.g—1€i,q (29)

Tij,q—1 = Tij,q—2 —

Parameter Estimators:

@1 = _’Yisgn(bi)ai,nei,n (30)
0; =TiTim (31)
éij =ITin-1 (32)

Theorem 1 Consider the closed-loop adaptive system
consisting of N uncertain nonlinear subsystems (1) sat-
isfying Assumptions 1-3, the local controllers (24) and
the parameter estimators (14), (30)-(32). All the signals
in the closed-loop system are globally uniformly bounded
and asymptotic consensus tracking of all the subsystems’
outputs to y,(t) is achieved, i.e. tl'ggo[yi(t) -y ()] =0

fori=1,...,N.

Proof: We define the Lyapunov function for the overall
system as

j : z ~2

i=1 \¢g=3

where 9; = 9; — 0;. From (21)-(29), the derivative of V,,

is computed as

n

=D kel + 0 T (Timiy
=2

—91) + (2”: 61‘,580;5._1> (Fm,n - éz)
+Z“w igtij (F%J“J" 1 eﬂ)

n

Oaj i1 _ ;
+jz::laij (; €l 2. ) (Fz’jTij,nq _aij)

ij
+\ i

%

k N
V., = T E:

i=1

0i <—@z - %’Sgn(bi)ai,n> 1 (34)

Based on Assumption 3 and Lemma 1, @ is positive
definite. Thus by choosing the parameter update laws as

(30)-(32), V}, can be rendered negative definite such that

N n
Vim—o0TQI -3 hae (3)

i=1 k=2

From the definition of V,, in (33) along with (12) and
(20), we establish that e;; for I = 1,...,n, 0;, éz-j, 0i
and 10,; are bounded for all subsystem 4. From (4) and
the boundedness of f,, we obtain that y;, i.e. ;1 for
i=1,...,N are bounded. From (7) and § = y — Y.,z
is also bounded. From (10) and the smoothness of ¢;,
oy for ¢ = 1,..., N are bounded. From the definition
of e; 2 in (5), it follows that e; 2 is bounded. By follow-
ing similar procedure, the boundedness of «; , and z; 4
for ¢ = 3,...,n is ensured. From (24), we can conclude
that the control signal u; is bounded. Thus the bound-
edness of all the signals in the closed-loop adaptive sys-
tems is guaranteed. By applying the LaSalle-Yoshizawa
theorem, it further follows that lim; . 0;(t) = 0 for
i=1,...,Nand qg=1,...,n. This implies that asymp-
totic consensus tracking of all the N subsystems’ out-
puts to a desired trajectory y,.(t) is also achieved, i.e.
limy oo [yi(t) —yr(t)] =0fori=1,...,N. O

Remark 5 The distributed adaptive control scheme p-
resented in this section is also applicable to the following
two cases if there is at least one subsystem in G has direct
access to y,. 1) The graph G is undirected and connected;
i1) The graph G is directed, balanced and strongly connect-
ed. This is because under these two cases, matrices (L+1B)
and (L + LT + 2B) are symmetric positive definite, re-
spectively (Ren and Cao, 2010; Zhang and Lewis, 2012).



Thus by modifying o; 1 in (10) with P; chosen as P; =1,
it can be shown that the control objective is achieved by
following similar analysis in the proof of Theorem 1.

Remark 6 Similar to Wang et al. (2011), in construct-
ing the local controller u; with our proposed method as
presented in Steps 1, 2 and Table 1, p;; involving the
structural knowledge of its neighbors’ intrinsic dynamic-
s needs to be collected if a;; = 1. However, in contrast

to Wang et al. (2011), by introducing él-j in subsystem i
to estimate the uncertain parameters (i.e. 0;) contained
in its neighbors’s dynamics, the information exchange
of local parameter estimates among linked subsystems is
avotided and the communication burden can thus be re-
duced. Moreover, no other conditions such as LMI are
required to achieve the main results than Assumptions
1-3 which are checkable.

Remark 7 The idea of introducing local estimators for
unknown trajectory parameters is analogous to Bai et al.
(2009), in which the adaptive controllers are designed
based on passivity framework Arcak (2007). Similar to
Bai et al. (2009), the consensus tracking is achieved di-
rectly no matter whether w,; will converge to [wl,c,.]T.
Nevertheless, the coordination method presented in Bai
et al. (2009) is not applicable to directed graph as in our
paper. This can be observed from (40) in Bai et al. (2009).
Since the symmetry property of undirected graphs cannot
hold for directed graphs even when the graphs are balanced
and strongly connected, the first term in the local control
law u; in Bai et al. (2009) actually involves information
from the subsystems j & N.

3.3  An Illustrative Example

We now consider an example to illustrate the pro-
posed design schemes and verify the established theoret-
ical results. Suppose that there are a group of 4 nonlin-
ear subsystems with the following dynamics

i1 =2+ i1(xi1)0;

Ei0 =biu; + 0i2(Ti1, ®i2)b, t=1,...,4 (36)
Qi1 = sin(z1), 12 = 295, Va2 = T34, P32 = T3,
P42 = T41T42. 01 = 1,05 = 0.5, 03 = =2, 04 = —3.
by =1, b = —2, b3 = 0.5, by = 3. The communica-
tion topology for these 4 subsystems is given in Fig. 1.
The desired trajectory is given by y,.(t) = sin(¢). In

Yr

Fig. 1. Communication topology for a group of 4 nonlinear
subsystems.

simulation, all the state initials are set as zero excep-
t that .131,1(0) = 1, $271(0) = 0.57 ],‘471(0) = —0.9 and
x5.1(0) = —1.2. Besides, the design parameters are cho-
senask; =2, kio=1,y,=0=1;=1for1 <i<4.
The adaptive gains F21 = Fgg = Fgg = F41 = 1. The
tracking errors (0;) and control inputs (u;) for all the
subsystems are shown in Fig. 2 and Fig. 3, respectively.
It can be seen that asymptotically consensus tracking is
achieved and all the input signals are bounded with the
proposed distributed adaptive control scheme.

1.5

Tracking Errors

o} 20 40 60 80
t(sec)

Fig. 2. Tracking errors 6; = y; — y, for 1 <i < 4.

Input signals u‘(t)

20 40 60 80
t(sec)

Fig. 3. Input signals u;(t) for 1 < < 4.

4 Application to Formation Control of Non-
holonomic Mobile Robots

In this section, we shall apply the distributed adap-
tive tracking control strategy in Section 3 to solve a for-
mation control problem for multiple nonholonomic mo-
bile robots at dynamic model level with unknown pa-
rameters.

4.1 Robot Dynamics

We consider a group of N two-wheeled mobile robots
as shown in Fig. 4. For the ith robot, point P;. represents
the center of the mass, P;, is the middle point located
on the straight line connecting the left and right wheels
and ¢; denotes the distance between P;. and P;,. b; is
the half width of the robot, r; is the radius of the wheel.
OXY is the earth-fixed coordinate system. (Z;, %;, ¢;)
denotes the position and orientation of the ith robot.



actuateg wheels
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-

Fig. 4. A schematic diagram of the ith mobile robot.

According to Do and Pan (2007), the ith mobile robot
can be described by the following dynamic model

1 = J(ni)ws (37)
lelJrC’l(m)werDzwl:Tl, for i = ].,...,N (38)

where 7; = [Z;, Ui, ¢i)7, wi = [wi,wi2]” denotes
the angular velocities of the left and right wheels,
7 = |11, TiQ]T represents the control torques applied to
the wheels. M; is a symmetric, positive definite inertia
matrix, C;(7);) is the centripetal and coriolis matrix, D,
denotes the surface friction. These matrices have the
same form as those in Do and Pan (2007), which are
given below for completeness.

cosqgi cosqgi
f _ _ m;1 my;
1= s | =[]
b1yl Miz M1

. 0 cz(zz dil 0
Ci(i) = - , Di=
() l —ci¢pi 0 ] [ 0 diz ]

mi = Zb;2rf(mib? + 1) + Ly

—_

—_

m;o = Zb;%‘?(m,b? — Il>
I = meit] + 2muib; + Lo + 21

1
c; = §bi Yrmeiti, My = Mei + 2 (39)

In (39), mei, Mais Leis Twi, Imi and d;i are unknown
system parameters of which the physical meanings can
be found in Do and Pan (2007).

Remark 8 Observing (37) with J(n;) in (39), it can
be seen that the number of inputs (i.e. wi1 and wia) is
less than the number of configurations (i.e. Z;, §; and
@i ). Thus the considered mobile robot is an underactuat-
ed mechanical system. To achieve the tracking objectives
of T;, ¥; and ¢; separately, transverse function approach
(Morin and Samson, 2003) will be employed. An auwil-
iary manipulated variable will be introduced with which
the underactuated problem can be transformed to a fully-
actuated one.

4.1.1 Change of Coordinates

We change the original coordinates of the ith robot
as follows:

T z; fri(&i)
= R(o; 40
|JUi ] Ui A f2i(£i)] “0)
¢i = b — f3i(&) (41)
where (8:) —sin(6y)
)= cos(¢;) —sin(o; 19
7 Lin(%) cos(¢:) ] ()

and fi;(&) for I = 1,2, 3 are functions of &; designed as

Sul&) = en Sm(&)sm;@
31
foi (fz) = €15 Sin(gi)l_c;)w?’i)
31
il &) = e2i cos(&) (43)

where £1; and e9; are positive constants and e5; satisfies
0 < €9; < 5. The following properties can be shown.

| f1i] < €14y |foil < eniy | fail < e (44)

Computing the derivatives of z;, y; and ¢; yields that

[xll _ o, [Tiuil OR(¢;) fli(fi)]
Ui & 9%i | fi(&)
X (ribi_luig - 8]“;5(51)&) (45)
. 0f3i(&) -
¢i = rib; tuip — fgg(f )Ei (46)

where U1 = 0.5(&)1'1 + wig) and U0 = 0.5(601‘1 — wig).

@) 0f1i(&)
Qi = ( f) R | 9%, (47)
sin(¢;) T

is ensured to be invertible (Morin and Samson, 2003).
Different from (Z;, g;, ¢;), the transformed coordinates
(x4, y; and ¢;) can be controlled separately by tuning u;y,
u;9 and &; which is deemed as an auxiliary manipulated
variable.

4.1.2  Formation Control Objective

The components of the desired trajectory in X and
Y directions can be expressed as

Ir(t) = wrfrx(t) + Crg yr(t) = wrfry(t) + Cry- (48)

Similar to Section 3, it is assumed that f,,(t) and f,,(¢)
are known by all the robots, whereas the parameters w,.,



¢re and ¢,y are only available to part of the robots. Be-
sides, ¢,(t) £ arctan (g—r) denotes the reference trajec-

tory for the orientation of each robot.

The control objective in this section is to design dis-
tributed adaptive formation controllers such that all the
robots can follow a desired trajectory in X-Y plane
by maintaining certain prescribed demanding distances
from the desired trajectory, i.e.

Jm z;(t) — 2 (t) = —pia (49)
Jim yi(t) = e (t) = —piy (50)
Hm ¢4 (t) — () = 0. (51)

Similar to Section 2, we suppose that the communica-
tion status among the N robots can be represented by
a directed graph G and Assumption 3 holds. To achieve
the formation control objective, the following assump-
tions are also needed.

Assumption 4 f,., fry, fras fry and  frq, fry are
bounded, piece-wise continuous bounded and known to
all the robots.

Assumption 5 The parameters r; and b; fall in known
compact sets, i.e. there exist some known positive con-
stants 7;, r;, by and b; such that r;, < r; < 7; and
b, < b; <b;.

Assumption 6 The demanding distances p;, and pgy
for robot i are available to its neighbors.

Remark 9
1) It can be seen that the consensus tracking objective
(44) stated in Section 2, i.e. tlim [y:(t) —yr(t)] = 0, is ac-
— 00

tually a special case of the formation objectives in (49)
or (50) with p;z = 0 or p;y = 0. In contrast to the fact
that ezact information about x,.(t) and y,-(t) are only ac-
cessible to a subset of the robots, the desired orientation

or(t) = arctan (%) is available to all the robots since

fra(t) and fry (t) are available to all the robots.
2) Note that (45), (46) and (38) constitute the new

system to be controlled. In (45)-(46), w1, & and us act
as the control inputs while z;, y; and ¢; are the outputs.
Thus different from the traditional underactuated kine-
matic model for mobile robots, the new MIMO kinemat-
ic model can be treated as three separate SISO systems
with the aid of transverse function technique. Moreover,
since ;1 and Tio in (38) are the actual control input-
s of each robot system, the relative degree of the entire
model at dynamic level is two. This indicates that the
backstepping based adaptive control scheme proposed for
one-dimensional output consensus tracking problem in
Section 3 can be extended to solve the formation control
problem in this section.

3) From (40), (41) and the properties of fi; in (44),

it is clear that the transformation errors x; — Z;, y; — i,
¢; — ¢; are bounded by €1; and e9;. It will be shown that
the designed distributed adaptive controllers can guaran-
tee the convergence of the formation control errors with
respect to x;, y; and ¢;. Therefore, the formation control
errors with respect to the true position and orientation,
i.e. Ti, Y; and ¢;, can be made as small as desired by ad-
justing €1; and €9; properly.

4.2 Control Design

As discussed in Remark 9, the control design pro-
cedure in this part involves two steps by adopting the
backstepping technique. In the first step, the virtual con-
trols for u;1, u;2 and the auxiliary manipulated variable
&; will be chosen. In the second step, the actual control
inputs 7; will be derived.

e Step 1: Define local error variables as

N
Ziz,1 = Z aij (i + piz — T — pjz) + pi(Ti + piz — xr)
=1
N
Ziy,1 = Z aij (Vi + piy — Yj — Piy) + 1i(Yi + piy — Yr)
=1
iz = Ti — iZr — (1 — 13) (freWra,i — Creyi) + Pia
iyl = Yi — iy — (1 — p13) (fryWry,i — Cry,i) + Piy
dip = Pi — O

€ig,2 = Uil — (41, Cjp 2 = Uiz — Q2 (52)

where W4 ; (ﬁ)ry,i), Crz,i and &,y ; are the estimates in-
troduced in the ith robot for the unknown trajectory pa-
rameters if u; = 0. We choose the virtual controls (a1,

ay2) and € in transverse function technique as

[Q“] = léil 0] Q' (53)

& 0 1
0f3i(&)

Qo = éiél (—k25i¢ + 2%,

ét qsr) (54)

where 0;; and 0;2 are the estimates of r; and r;b; L re-

spectively.
e L OR(¢i) | f1i(&i) (_ Fabio
Ziy,1 dpi fi(&)
Piy frywry

fr:cwra;,i + f7'z7~b7'w,i + érw,i
+(1 — i) [

frywry,i + frywry,i + Cry,i

where ki, ko being positive constants. P; is defined in
(3). The above design delivers the following results.



lém,l]klpi Zix,1 +0R(¢i) fh:(&‘)] <§i2ui2
€iy,1 Ziy,1 99| foil&)
Oiruin + Oirein,
+926¢¢>2)+Q, e 21

Sip = —kabip + Oiouin + fineig2 (55)
The parameter estimators at this step are designed as

—Vri fryeiy, 1

—Vri€iy,1
y

Wrg,i = *’Yrifrmeim,la Wry 3 =

Crei = —Yri€ix,1, Cry,i =

fi1 = Proj (éilm’eﬂﬂﬂuﬂ)

fi2 = Proj (éi2779i17ri2ui2) (56)
with
Ti1 = €z COS(P;) + €441 SIn(B;)
OR(¢:) | fri(&)
Ti2 = [€ix,1, €iy,1] + 8- (57)
Y 3@ f2z( )

Note Proj(-, -) denotes a Lipschitz continuous projection
operator about which the design details and properties
can be found in Krstic et al. (1995). It is adopted here
to ensure that 6, ;1 > 0 and 0, ;2 > 0. Thus 0: 11 and 6, 2 in
(53) and (54) are well defined.

We choose a Lyapunov function candidate at this
step as

1 N 1 - 1 -
‘/1:52 < ucl +6zy1 +5Z¢+ ,)/0“91'21 + 79&92—22)
k N
1 5 R -
+? Z 1 - /’Ll 39:71' + wgy;i + C%‘T’i + ng,i)
=1 ri

(58)

From (55) and (56), the derivative of V; in (58) can be
computed as

k1

Vi=— o (07 Qb +0,Qd,) —

koG i + Z

Oz (—ém + V6:2 7Ti2“i2)1

Y6;2

Y61

X (_éil + '79i17rilui1) +

N P,
+ k1 Z(l - Mz)f

|:wrx,i (_wrr,i - ’ymeiz,lfrz)
; 7
i=1
+ Wry,i (*wry,i - ’Yrieiy,lfry) + Cra,i
X <_CT'I,i - ’Ym'eia:,l) + Cry,i (_Cry,i - VT'ieiy,l):|

N
+ Z (7Ti19i1€z‘a:,2 + 7Ti26‘i2ei¢,2)
i1

10

= (57Q0, + 67 Q8,) — ka0L5is

+ (59)

‘Mzwv

(7%'19@'161':5,2 + 7Ti20i26i¢,2)

=1

[01 - -
5Ny] With §ly =Y; —

where §, = Onz] with 0;2 = x; — 2, + pip and
5y = [01y, - - Yr + piy. Q is defined

in (3). The property of projection such that bProj (b a) >
ba for b = b — b (Krstic et al., 1995) has been used.

e Step 2: We now at the position to derive the actual
control torque 7;. Define wj1q = a1 + aya, Wing = a1 —

Q2. 241 = Wil — Wild, 24,2 = Wi2 — Wi24- From (52) and

the fact that w;1 = u;1 + uie and wio = u;1 — 49, there
is Cix,2 = 0.5(21‘,1 + Zi72) and €ip,2 = 0.5(21‘,1 — Zi72). Let
2z = 211, 2i2]T. Thus we have
s
Zi = Wi — id (60)
Wi2d

Multiplying the derivatives of both sides of (60) by M;
and combining it with (53) and (54), we obtain that

M2, = —D;z; + ‘I)ZT@, + 7 (61)
where matrix ®; and O; are defined as
Qi = [Xis Xijrs Xisjas -+ Xirin, )* (62)
©; =[], 97,97, - 193}71 I (63)

Note j, for p = 1,...,n; are the indexes of robot ’s
neighboring robots (i.e. j, € N;) of which the total num-
ber is n;. The elements in ®; and ©; are given in (64).

Remark 10 O, in (63) is a vector of unknown parame-
ters involved in the ith robot dynamic subsystem, in which
¥; is the local unknown parameters, while 9; ;, is the cou-
pled uncertainties related to the unknown parameters in
robot j,’s dynamics if a;;, = 1. Thus online estimates of
Vi j,, e ﬁi’jp, will be introduced in designing the torques
for robot i.

Introduce the estimate ©; for unknown parameter vector
©;. Then the local control torque and adaptive law are
designed as

7= Kz — 870, — 0.5 (65)
where Z; = [Z; 1, Z; 2] with

i1 = Filéil + 7Ti2éi2

Ei72 = Wiléil — ﬂigéig. (67)

Choose the Lyapunov function for the overall system as



O; = [eiriby b din din mu1 mus mar; muar; maaribyt magrid; )T
’197;’]-"7; = [m“rj m;aTr; m“’l"jb;l mig’f’jb;l]T
i = l—wmum —wita 0 —Au —Ajig A1 =D —Ayzr —Ayso
Wi1Ui2 0 —wind —Ai12 —Aii1 —Aioa —Njo1 —Ayza —Aysn
i = —Ajji1r — Ayjiz — Ayjor — Ayjao
iy =
—ANjjiz —Ayin —Agjoe — Ayjo
Owikd . Owikd . OWikd Owigd Owikd Owikd ;
A' — 1 . K3 K3 . 3 ’ K3 K3
ilk apm Pix + 6pm pm + apzy 1Yy + 8p2y Yy + af.mc fmn + 8ny f
8wl OWikd * OWikd OWikd = OWikd =
kd(br Akdan + Akd9¢2 + = hd Wrg i+ 7 hd Ty,
¢r 8921 ({9922 Ow Wrg i awry i
Ow; Ow; Ow;
IAVEYRES ax]:d (COS(¢z)uz1) + 8y]:d (Sln(¢z)uzl) IAVEYRES Widum
Owira Owira Owira
Nijir = o5, (cos(q’) Juji) + Tyj(sm(d)])uﬂ) Aijor = qujuﬂ’ for k=1,2 (64)
Vo=V, + > (z M,z + éiTrfléi) (68) It then follows that
where I'; is a symmetric and positive definite matrix and |§3f + pia — @] < ‘?Z = il + i + pix —
0, = ©; — 6,. From (59) and (65), (66), we obtain that 19i + Piy vrl < “7{1 = Yil + [vi + piy — r|
|pi — dr| < |Ps — bi| + i — Dr. (74)
Vi(t) <— = (6TQ6 +0, Q0y) — k207400 , :
Since T; + piz — Tr, Yi + piy — Yr and ¢; — ¢, will converge

-z (KMLDi) Zi (69)
The main results in this section are formally presented
in the following theorem.

Theorem 2 Consider the closed-loop adaptive system
consisting of N nonholonomic mobile robots (37)-(38),
the control torques (65) and parameter estimators (56)
and (66) under Assumptions 3-6. The formation errors
for each robot are ensured to satisfy that

Jim Zi(t) + pic — 2, (t) < V201 (70)
Jim i) + piy =y () < V2en (71)
tlgglo Gi(t) — or(t) < 4. (72)

Proof: By following similar analysis in the proof of Theo-

rem 1 and from (69), it can be shown that 6,5, d;,y and d;4

will converge to zero asymptotically. This indicates that
Jim i (1) — 2 ()] = —pia, lim [yi(t) = 4 (1)) = —piy
and Jim [6;(t) — 6,(1)] = 0.

From (40), (41) and (43), we obtain that

(@i — @i,y —0:)l </ 2¢%, |¢i — il <eip. (73)

11

to zero asymptotically, (70)-(72) hold. As discussed in
Remark 9, by properly adjusting €;; and &;2, the forma-
tion errors of the overall system can be made as small as
desired. O

4.8 Simulation Results

We now use 4 mobile robots to demonstrate the effec-
tiveness of the controllers. The communication topology
is given in Fig. 5. The reference trajectory is given as
follows. x,(t) = t, y,(t) = 10sin(0.1¢). p1, = 3, P2z = 3,
P3z = 6, Pz = 6, Ply = 0, P2y = 3, P3y = 0, Ply = 3.
The parameters of the robots are chosen as: b; = 0.75,
di = 03, r, = 025, Mei = 10, Map; — ]., Ici = 56, Iwi =
0.005, I,,; = 0.0025, d;; = d;2 = 5. The control param-
eters are chosen as: ;1 = 0.1, g,0 = 0.1, ky = 2, ko = 2,
Vo1 = V02 = O, Vr; = 4, K; = 21, T'; = 41, parameter
€ for projection is chosen as € = 0.1. 6;; and ;5 are as-
sumed to be in [0.15,0.4] and [0.1, 0.3] respectively. The
initial values are chosen as: éil(O) =0.16, 0;2 (0) =0.12,
191(0) =[0.05,3,3,0.1,0,0.1,0.01,0.1,0.01] 7, 4,;(0) =
0.8, &5 = 0.5, Wyy,;(0) = 1.2 and é,, = 0.5. The robot
position is shown in Fig. 6 and the orientation error d;4
are shown in Fig. 7. Clearly, these results are consistent
with those stated in Theorem 2 and therefore illustrate
our theoretical findings.
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Fig. 6. The positions of the 4 mobile robots in X-Y plane.
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Fig. 7. Orientation errors d;¢

5 Conclusion

In this paper, we have investigated the output con-
sensus tracking problem for a collection of nonlinear sub-
systems with intrinsic mismatched unknown parameter-
s. We assume that only part of the subsystems can ob-
tain the exact information of the desired trajectory di-
rectly. By adopting backstepping technique, distributed
adaptive control laws are designed based on the informa-
tion collected within neighboring areas. It is shown that
all signals in the closed-loop system are bounded and
the asymptotically consensus tracking for all the sub-
systems’ outputs can be ensured. The simulation results
show the effectiveness of the proposed control approach.
Moreover, in contrast to currently available scheme in
which the information exchange of online parameter es-
timates among linked subsystems is required, the condi-
tion can be relaxed by introducing additional estimates
to account for the uncertainties in the neighbors’ dy-
namics. Thus the desired results are achieved with less
transmission burden. We also apply the distributed con-
trol strategy to successfully solve the formation control
problem for multiple nonhonolomic mobile robots.
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