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Abstract This paper investigates the distributed finite-time consensus tracking problem for higher-
order nonlinear multi-agent systems (MAS;). The distributed finite-time consensus protocol is based on
full order sliding surface and super twisting algorithm. The nominal consensus control for the MAS; is
designed based on the geometric homogeneous finite time control technique. The chattering is avoided
by designing a full order sliding surface. The switching control is constructed by integrating super
twisting algorithm, hence a chattering alleviation protocol is obtained to maintain a smooth control
input. The finite time convergence analysis for the leader follower network is presented by using strict
Lyapunov function. Finally, the numerical simulations validate the proposed homogeneous full-order
sliding mode control for higher-order MAS;.

Keywords Finite time control, full order sliding mode, multi agent systems.

1 Introduction

In recent years, consensus problem of multi-agent systems (MAS;) has received significant
attention from various scientific and research communities and emerged as a challenging new
research area. It is due to the fact that many complex systems inherently represented by a
network of interacting subsystems or agents. The consensus control is achieved by sharing the
information between the group of agents in a connected network, which leads to its wide ap-
plications in many areas such as satellite formation flying!™» 2, air traffic controll®!, cooperative
control of unmanned air vehicles* ®! autonomous underwater vehicles!%, congestion control of
communication networks!”, mobile robotic systems!®!, robot synchronized control®, and so on.

Among many wide spread formation control, the leader-following consensus technique for
MAS; is widely studied due to its variety of applications ranging from engineering'%13 to
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biology , ecology and social sciences. In the leader follower formation, the leader is generally
independent from its followers, whereas it can easily influence the followers behaviour. The

01419 The main

leaders characteristic can easily be controlled to obtain the desired formatio
advantage of leader follower technique is, its simplicity in implementation, system design. It is
also cost effective and requires less control energy[2.

In the past decade asymptotic consensus problem for various MASg and graph topologies

(13,21, 22] ' The main drawback of asymptotic consensus is that the con-

has been widely studied
vergence rate is rather slow, but the convergence rate is an important performance indicator
for many consensus control. In case of asymptotic convergence the tracking errors exponen-
tially converge to the origin. The convergence rate can be improved by increasing the control
gain which also increases the control energy of the the system. Also in many cases, it is often
required that the consensus be reached in finite time. Compared with the asymptotic con-
trol method, finite-time control approach posses faster convergence rate, higher accuracy and
stronger robustness!'® 17> 23] Therefore, several researchers invoke the concept of finite-time
control schemes to guarantee the faster convergence and high robustness!'* 191,

Among many other control schemes, the sliding mode control is an effective robust control
strategy for systems affected by uncertainties and external disturbances. The main drawback
of the sliding mode control technique is the chattering, which makes it extremely difficult to
implement in real time applications as it can damage the actuator.

Finite-time consensus problem with sliding mode control method has been widely studied
in many cases!!* 9. For finite time convergence terminal sliding mode control is discussed in

(14,16, 18] * A5 mentioned these methods also suffer significantly with

network formation control
chattering, as the control input is directly influenced by the switching function. Thus, it can
easily damage the actuator.

Among many chattering mitigation techniques, the well-known high-order sliding mode
(HOSM) control is developed with higher robustness and accuracy!?* 2°). As compared to
traditional sliding mode technique which is mainly asymptotic HOSM provides the finite time
convergence. However, several recent interesting results using the finite time and sliding mode
approach for MAS, have been reported in the literature [14-19]. In [26], an off-line fixed
time convergence technique for a second-order MAS; is developed for a group of interacting
agents. For finite time convergence, an integral sliding mode control that employs super-
twisting algorithm to neglect the effect of the uncertainties is recently reported for a double
integrator MAS['9]. All these new finite-time consensus protocol is designed for only second
order agent dynamics, i.e., double integrators only. This assumption is very restrictive, as in
many practical cases, the agent dynamics can be of any order and can have input dynamics
also[?2. Therefore, designing a finite time controller for a higher order nonlinear agent dynamics
is still a considerable challenge.

The main contribution is to develop a finite-time control technique for higher order nonlinear
agent dynamics. A new full order sliding surface based on HOSM is designed to guarantee the
finite time convergence and chattering mitigation. As compared to the conventional sliding-
mode control, where the sliding-mode motion is of reduced order, but in case of full order sliding
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1188 MONDAL SANJOY - GHOMMAM JAWHAR - SAAD MAAROUF

mode (FOSM) during the ideal sliding condition, the system behaves as a full order dynamics
rather than a desirable reduced-order. In full order sliding mode, the switching control is
obtained by integrating the signum function, hence the control is smooth. The use of FOSM
guarantees the higher accuracy and robustness to uncertainties and external disturbances.
The main contributions are listed as follows:
1) In finite time consensus control, the agent dynamics are mostly considered as double inte-

grators, i.e., only second order simple linear dynamics® 14> 15, 18, 19, 26]

. The proposed technique
can be used easily for a much more complex higher order nonlinear agent dynamics.

2) The consensus protocol is proposed for nonlinear agent dynamics with relative degree
r=n.

3) The consensus sliding surface is designed using the higher-order sliding mode technique,
once it is in the sliding motion, finite time convergence is guaranteed.

4) Full-order sliding surface with super twisting algorithm is proposed for the consensus
protocol.

5) The control protocol is more suitable to alleviate the chattering problem. Hence, it is
more effective for electromechanical applications.

6) The finite-time consensus issue is analyzed with the strict Lyapunov functions.

The reminder of this paper is organized as follows. Sections 2 and 3 include the mathematical
preliminaries and problem formulation. The finite time consensus control are explained in
Sections 4 and 5. Section 6 presents the simulation examples. The conclusions are drawn in
Section 7.

2 Mathematical Preliminaries

In this section, we state the following definition, the two lemmas from the literature and
some preliminary notations on graph theory which will be used in the subsequent analysis.
Definition 11271 Consider the system

z=f(z), [f(0)=0, zeR", (1)
where f : Uy — R is continuous in an open neighborhood Uy of the origin. Let (r1,72,- -+ ,7,) €
R withr; >0,i=1,2,--- ,nand f(z) = [f1(z), f2(z), -+, fu(2)]T be a continuous vector field.
Vector function f(z) is said to be homegeneous of degree k € R with respect to (11,72, ,7y) if
foragivene > 0, fi(e™ w1, e xg, - e xy,) = " fi(x),i = 1,2, -+ ,n, Vo = [x1, 72, , 20T

€ R™. System (1) is said to be homogeneous if f(x) is homogeneous.

Lemma 1 Consider a system described with & = f(x) with f(0) = 0 and there exists a
continuous differential positive-definite function V(z): D - R, and 3 >0,0<n<1,p,n€R
such that

V(z)+ BV (z) <0, YoeD. (2)

Then the origin of the system is a locally finite-time stable, with the settling time depending on
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the initial state (0) = xg, satisfies?’)
< V()
AL =)

Lemma 228 Suppose & = f(x) is homogeneous of degree k. The origin of the system

T (xo) : 3)

is finite-time stable if the origin is asymptotically stable and the system is with a negative
homogeneity, i.e., kK < 0.

Graph Theory A directed graph G = (V, E) consists of a non empty node set V =
{0,1,---, N}, and the edge set E C V x V{(4,4)|i € V} represents the set of directed edges
without any self-loops. Without loss of generality, assume node 0 is the leader, and (i,j) € F
denotes that agent j can send message to agent i. Let A € RVHTDUX(N+1) he the adjacent
matrix, where (i,j) € E = p;; = 1 and (4,j) ¢ E = p;; = 0. The pinning gain from the
leader is denoted by B = [01,09, - ,on]T € RV with the adjacency element o; > 0 if agent
i is a neighbor of the leader, i.e., (i,0) € E, otherwise 0; = 0. The absolute in degree matrix
D is defined as D = diag{Zjvzl pij}. The Laplacian is defined as £ = D — A. The followers

[9, 14, 18]

can receive information from the leader, but cannot send information to the leader ,i.e.,

(0,1) ¢ E for each follower i.
Assumption 1 For the leader-follower multi agent system, the communication topology

of the directed graph G contains at least one spanning tree.

3 Problem Formulation
For the leader following MASg, the dynamics of the ith follower is given by
& = Fi(xi,t) + Gi(zs, t)uy 1=1,2,---,N,
yi = hi(x:), (4)
where x; € R" is the state vector, u; € R is the control input, and Fj;(z;,t) and G;(z;,t) # 0
are uncertain smooth functions. It is n dimensional vector fields available for feedback.

The Lie derivative of the output function h;(x;) with respect to the vector field F;(x;,t) can
be obtained as follows:

oh
Lphi(x;) = _ Fi(x;,t). 5
Rhi(es) = o Fi(en, ) 6
Also the Lie derivative of Lg,h;(x;) with respect to the vector field G;(z;,t) can be defined as
0
Le.Lphi(wi) = 5 (Lrhi(z:))Gi(zi, ). (6)

Since the follower (4) has a relative degree, r = n, therefore, one can easily obtain:
Le, Ly thi(z) =0, Vk=1,2,--+ ,n—1,
Le, Lip " hi(zi) # 0. (7)
Using above, the nth derivative of the output can be obtained as

i = L hi(z:) + L, L hi()u,. (8)
@ Springer
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So the ith follower (4) can be transformed as:
Tin = Ti2,

Tig = T3,

Ein = fi(zi) + gi(xi)us, i=1,2,---,N,
= fio(x:) + gio(x:)u; +\Afi(xi) + Agi(xi)uia

0;
Yi = T4, (9)

where f; = fio+Afi = L h; and g; = gio +Agi = LGinglhi are the Lie derivatives. Af; and
Ag; are modeling uncertainties. It is also assumed that, fio(z;,t) and g;o(x;,t) # 0 are smooth
nonlinear functions available for feedback. g;o(z;,t) is invertible.

Now x;; € R is the output of the ith agent, x; = [z1,%i2, - ,Tin]T € R™ are the state
variables, u; € R is the control input for the ith agent. §; is the bounded unknown disturbances
and uncertainties of the ith agent.

Assumption 2 In the followers-dynamics (9), there exists a constant k;q > 0, such that
116:]] > Kia.

The leader dynamics can be modeled as

To1 = o2,

Loz = 03,

jjOn = Uo, (10)
where 7o = [z01,%02, -+ ,Ton|T € R™ is the state vector of the leader, yo = x¢1 € R is the

output. ugp € R is the control input. Here the leader dynamics is considered as a chain of
integrators only, as the leader will act as a signal generators for the followers.
The homogenous MAS; (9) is said to reach consensus in finite time, if for any initial condition,
there exists a finite-time such that lim; .7, (2,1 — zo1) = 0.

In this section, the finite-time consensus algorithm for nth order MAS; with one leader

under directed network topology is considered. The dynamics of the followers and the single

leader are given by (9) and (10). Let x1 = [el,ed, -+ ,eX]T, x2 = [e3,€3,--- ,e%]T and x, =
e, el -+, en]T. Here for each follower, define the consensus tracking errors
N
6% = Z pij(xin — x51) + 0i(2i1 — wo1),
J=1,j#
N
e = Z pij(Ti2 — xj2) + 0i(Ti2 — T02),
J=1,j#1
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N
e = Z pij(Tin — Tjn) + 0i(Tin — Ton). (11)
J=1,5#i

The error dynamics can be written as

X1 = X2,

XQ = X3,

Xn=(L+B)f(x)+ (L+B)g(x)u+ (L+ B)d —Bluy, (12)
do

where f(x) = [fio(z1), fao(@2), -, fnvo(zn)]™, g(x) = diaglgio(a1), g20(22), -+, gno(zn)],
u = [ug,ug, - ,un]t, 1= [1,1,---,1]T € RY and § = [61,62,---,dn]T and d, is the over
all uncertainty. Now assume that the uncertainty d, is bounded and known such that the
condition ||d,|| < kg satisfies!"® 291

Consider the leader-follower system given by (9) and (10) where the directed graph G has a
directed spanning tree and y; = 0, x2 = 0 and x,, = 0, then

[z11721 - 2n1]" = 1201, (13)

[xln'xQn e an]T = 133071- (14)

Now e} = Z;V:1 i pij(zi1 — 1) + oi(xs1 — 2o1), when x1 = 0 it is easy to see that

T11
T21
IN1
Since £1 = 0, we have
T11
T21
(£+B) ) = (£1 +Bl)1‘01 = (£+B)1$01 (16)
TN1

We know the matrix (£ + B) is invertiblel® 14 18] Hence, one can easily obtain

T11
T21
= 1.1301. (17)

ITN1
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Remark 1 Sometime fixed distances are expected to be maintained between the leader

and the followers. Then the consensus error can be defined by following way:

N
e} = Z pij(xﬂ + A; — Tj1 — Aj) + Ui(ﬂfil +A; — w01 — AO)a (18)
J=1,37#1

where A; represents the distance between the agent i and the leader in different directions,
i=1,2,--- NI 1

4 Homogeneous Finite-Time Consensus Control with Integral Sliding
Mode (ISM)

The ISM design procedure can be divided into two phases u = u™°™ + u*": The nominal
control (u"°™) for the nominal system, i.e., without disturbances, generates the desired trajec-
tory, and then the switching control action (u*") keeps the system on the trajectory all the
time in spite of uncertainties and disturbances!?9.

To converge the error dynamics (12) in finite-time, the integral sliding surface can be con-

sidered as
t
$=Xn+ / {kn|xn|*"sign(xn) + kn—1lxn-1|"""'sign(xn—1) + -+ + ka[xa|*'sign(x1) }dr, (19)
0
where k; and oy (I =1,2,---,n) are constants. k; can be found such ¢ € R the polynomial
Y+ k" koY + (20)
is Hurwitz, a; can be obtained satisfying the following conditions

ar=a, n=1,
Q41

, 1=2,---n, VYn>2, 21
20041 — oy 1)

Q-1 =

where a1 =1, a, = a,a € (1 —¢,1),e € (0,1)28],

Theorem 1 The error dynamics (12) will converge to equilibrium in finite-time along s = 0,

if the sliding surface s is selected as (19) and the control is designed as follows:
u = [g00) (L + B)] 7 u"™ + u],
u™ = Blug — (£ + B) f(X) = knlxn|*"sign(xn) — kn—1|xn—1]""""sign(xn-1)
— = kafxa|*sign(x1),
u® = —Gsign(s), (22)

where G is a positive constant and [g(x)(L + B)]~! is nonsingular.
Proof Let us consider a Lyapunov function V = ésTs. Taking the derivative and using the
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ISM control law (22), we have:

V ST[Xn + kn'Xn|anSign(Xn) + kn71|Xn71|anilsign(anl)
+ o+ kx| sign(x1)]
sTI(L+B)f(x) + (L + B)g(x)u + (£ 4 B)d —Blug + kn|xa|*"sign(xs)
- ;: -~
+hn—1|xn—1|"""sign(xn—1) + - - + k1|x1|**sign(x1)]

V< —(G = ||do|)lls|

ka
V< VY2, (23)

where ¢ = G — kg is a positive constant. Hence, on the basis of Theorem 1, the ISM(19) for
the MAS; with the protocol (22) is finite-time stable.

Remark 2 From (23), of the ISM (22), s = § = 0 for ¢ > 0 means the disturbance is
compensated by the equivalent value Gsign(s) of discontinuous control action, larger the value

of G more switching in the control signal.

5 Homogeneous Finite-Time Consensus Control with Full Order Slid-
ing Mode (FOSM) Control

With the notations above, the control objectives can be summarized as: To develop a
higher-order sliding mode control approach for nth order MAS; (9) with corresponding stability
analysis, and to make the leader-follower system finite-time consensus, that is, x; = 0 VI =
1,2,--- ,n in finite-time. The choice of FOSM is to reduce the chattering developed by ISM.
Now to converge the error dynamics (12) in finite-time, consider a full order sliding surfacel3%
for the ith agent as:

8 = Xn + kn|Xn|""sign(xn) + kn—1[xn-1]/"""'sign(xn-1)

4+ kx| sign(xa), (24)
where k; and oy (I =1,2,---,n) are constants. k; can be found such ¢ € R the polynomial
P+ k" 4 R+ F (25)

is Hurwitz, o; can be obtained satisfying the following conditions

ar=a, n=1,
Q41 I

, 1=2,3,---,n, VYn>2, 26
20041 — oy (26)

Q1 =

where a1 =1, a, = a,a € (1 —¢,1),e € (0,1)B,

When the ideal sliding-mode s = 0 is reached, it is easy to obtain

sign(Xn) + Kn—1|xn—1]"""'sign(xn—1) + -+ k1[x1|*'sign(x1) = 0,

|*"

|*"

Xn + kn|Xn

sign(xn) = kn—1lxn—1|"""'sign(xn-1) — - = kafxa|*'sign(x1). ~ (27)
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Hence, the error dynamics (12) can be expressed as

Xl - X27
X2 = X3,
Xn = —kn|xn|*"sign(xn) = kn—1|Xn—1|*""*sign(xn—1) — - -~ — k1|x1|*'sign(x1),  (28)

which represents the establishment of the ideal sliding-mode s = 0, for System (12). It will
converge to the equilibrium point from any initial condition in finite-time[28],
Theorem 2 For the error network (12), the finite-time convergence can be obtained, if the

sliding variable s is chosen as (24) and the formation control is developed as:

u=[g(x)(L+ B)] [u"" + ut],
u"" = Blug — (L + B) f(x) = knlXxn|"sign(xn) = kn—1|Xn—1]|""""sign(xn-1)
— - = k1 |xa|**sign(x1),
t
4 = —A[s[Y2sign(s) — 0 / sign(s)dr, (29)
0

where A and 6 are positive constants and the inverse of g(x)(L + B) exists.

Distributed format of the control law The main advantage of distributed control is
its simplicity to use, fast in computing and easy for operation. Now for the leader following
network, the ith sliding variable can be expressed as

si = €' + kinle}!|*msign(e]) + ki(n_1lef [ -Dsign(el )
+ -+ Kirlej | ¥ sign(e; ), (30)
where k;; and oy (Vi = 1,2,--- ;N and [ = 1,2,--- ,n) are constants. k; can be found such

1 € R the polynomial
P+ k" -t Rt + K (31)
is Hurwitz, oy V1 =1,2,---n can be obtained satisfying the following conditions(?"]

Q5] = «, T'Lzl, i:172a"'7N7

Q10 y
PR 93 ... n, Wn>2, i=1,2,---,N, (32)

Qi(1—1) = 205(141) — it

where a;(,41) =1, ay =, € (1 —¢,1),e € (0,1).
When the ideal sliding-mode s; = 0 is reached, one can easily get

nfl)

i + kinlei|“msign(ef’) + kin—_1) |er @it sign(e]

4o+ ki lep |sign(e)) = 0. (33)
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Hence the error dynamics (12) can be expressed as

ér = el
ot
& = —kinle}|*msign(e]) — kin-1lef M Usign(e; ™)
— o = kalej|*sign(e}), (34)

which represents the establishment of the ideal sliding-mode s; = 0, for System (12). It can
converge to its equilibrium point from any initial condition in finite-time. Matrix £ 4 B has
been proved invertiblel® 4. Note that £ + B =D + B — A, therefore, control law (22) can be
written as

Xl = X2,

XQ = X3,

Xn = (D+B)f(x) = Af(x) + (D + B)g(x)u — Ag(x)u + (D + B — A)d — Blug.  (35)

The error dynamics (12) of ith agent will converge to equilibrium in finite-time along s; = 0

within, if the sliding-mode surface s; is selected as (24) and the control is designed as follows:

u=[g(x)(D+ B)] " [u"" + u],
u""™ = Blug + Ag(x)u + Af(x) — (D + B) f(x) — knlXn|*"sign(xn)
—kn—1|Xn-1]"""tsign(xn-1) — -+ — k1|x1|“*sign(x1),

t
™ = —\|s|'/?sign(s) — 0/ sign(s)dr, (36)
0

where the inverse of [g(x)(D + B)] exists.
So in distributed format the control law can be written as

N —1
w= (3 pore) W,

j=L#i
N N
upm = oo+ Y pi(fis) + g5 (a5)ug) — ( > opi+ Ui) fi(@i) — kin|ei' | sign(e}’)
J=1,j7#i j=1,j7i
—kitn—nlep | Dsign(er ™) — - - = kale} | sign(e;),
t
sy = —)\i|si|1/2sign(si) — Qi/ sign(s;)dr, (37)
0

where \; and 6; are positive constants and (Zjvzl i Pii ;) is invertible. u; is the control

information of the jth agent.
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Proof For the error system (12) the sliding surface can be written as

5= Xn+ kn|Xn

%"

sign(Xn) + kn—1|xn—1|"""'sign(Xn—1) + - - + k1|x1|**sign(x1)

= (L+B)f(X) + (£ +B)g(x)u+ (£ + B)J =Blug + kn|xn|""sign(xn)

N~
dO

+hn_1]xXn—1|"" " sign(xn—1) + - - - + k1|x1|**sign(x1)-

Using (29) one can easily obtain

s=u’"+d,.

Taking the derivative of (39) and using (29) we obtain

§ =" +d,

¢
= —\|s|"/?sign(s) — 9/ sign(s)dr + d,.
0

Thus, (40) can be simplified as

§ = —\|s|"/2sign(s) + p + do,
p = —0Osign(s).

Let z = p + d,, then (41) can be re written as

$ = —\|s|*/2sign(s) + z,
i=p+d,.

(40)

(42)

To analyze finite time stability of the system (42), the non smooth Lyapunov candidate is

taken as, V = T Py, where v = [|s|'/2sign(s) s]T, where P is a positive definite matrix. The

Lyapunov function is absolutely continuous but not Lipschitz on the set s,z € R?|s = 0 due to

the terms including |s|!/2sign(s). Thus, the Lyapunov function is not continuously differentiable

nor locally Lispchitz. The work shown in [19, 32] states, with certain initial conditions, the

only requirement of a Lyapunov function is to be absolutely continuous for a stability analysis.

The derivative of ~

@ Springer
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1 1
_2)\

where A = L o| - Now assume that |d,| < L. Then with the condition § —

dosign(s) < 6 — L > 0. The matrix A becomes Hurwitz. Then the first time derivative of
V =~TPy

V =|s|"Y24T(ATP 4+ PA)y, (44)

since A matrix is Hurwitz as A > 0,0 > 0 and P is positive definite. Thus, it can be simplified
as

V=—s|7*TQy <0, (45)
where P and @ are related by
ATP+PA=—-Q. (46)

Now for every @Q > 0, there exists a unique solution P > 0. Since V is absolutely continuous
and V is negative definite. Now if |s|'/2 = ||s|'/2sign(s)| < ||7]l2 < 51/2]3V1/2 then the

inequality (45) -
V . 1/.2 P V71/2 fmin(Q) 174
S gmm( ) gmax(P)
< -V, (47)

Y2 (P)min(Q)

where 3 = min{ tmu(P)  + > 0. Based on the equality (47) we have,

V< —pvi2 (48)

It follows that V(t,s(0), 2(0)) < —8V/2(t,5(0), 2(0)). Thus, an accurate tracking of s and z
is achieved in finite time in spite of uncertainties and disturbances. The proof of this can be
followed from [32].

Another advantage is that, since the time derivative of discontinuous function, i.e., the super
twisting algorithm is hidden by the integral operation, the control law can be much smooth as
it attenuates considerable amount of chattering from the control signal.

Remark 3 The convergence of distributed control law (37) can be found easily by similar
way, where the dynamics of the distributed sliding surface (s;) can be obtained by using the
control law u;, which will be similar to (39). Now it is very easy to follow the finite time stability
proof in case of distributed system.

Remark 4 The higher derivatives of do(x,t) (39) is bounded: |d,| < L where L > 0 is a
constant. Note that this assumption is realistic in practical applications. For example, when a
cutting tool or an end mill of a CNC machine tool cuts a work-piece, the load torque may change
as the cutting thickness changes, but the change rate of the load torque is always limited. For

design purpose one can choose a sufficiently high value of L for convergence.
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6 Results

Example 1: Second order MAS; In this section, we give different examples to show the
effectiveness of the proposed algorithm in the consensus framework.

Consider a leader-follower system composed of five agents!® 14 where the leader is indexed
by 0, and the four followers are indexed by 1, 2, 3 and 4, respectively. The communication

graph is shown in Figure 1.

Figure 1 The communication graph

We consider the a dynamics of the agents are of second order. As compared to [9, 14],
where agents dynamics were considered to be simple double integrators only, here we added
some input dynamics for the followers as

i1 = Tig,
Zio = i1 + cos(wiz) + u; + 0.01 sin(x;1), (49)

where ¢ = 1,2,3,4. The term d; = 0.01sin(x;;) represents the unmodelled dynamics and ex-

ternal disturbances. The initial conditions are chosen as [z9; 29,]T = [1 0]T, [29, 29,]T =

[1.2 O]Tv [Igl $g2]T =[2 O]Tv [3321 xgl]T =[-12 O]T-

Assume the followers are required to track the leader, is given byl 14

To1 = To2,

{tog = — sin(xm)/(l + eit). (50)

The initial conditions for the leader is [z3; 23,]T = [7/2 0]T.
Case 1 In this part, ISM controller (22) is used for tracking. The sliding surface is chosen
as,

t
5= xat / {halxa|*sign(x2) + k1xa | sign(xa)dr, (51)
0

where ag = 2/3, 01 = 1/2, k1 = diag(]0.3, 0.3, 0.3, 0.3]), k2 = diag([0.45,0.45,0.45,0.45]). The
followers track the leader’s trajectory in finite-time. The evolution of output trajectory and
the control signal using the ISM control law (22) with G = diag([4.5,4.5,4.5,4.5]) are shown
in Figures 2 and 3. It is evident that, although the tracking is satisfactory the control signal is

not smooth, it suffers with undesirable chattering.
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Case 2 To overcome the chattering problem, we design a full order sliding surface using

super twisting algorithm. The sliding surface for the followers, can be written as

5 = Xz + kalxz|*?sign(x2) + k1|x1]"*sign(x1),

(52)

ay = 2/3,a1 = 1/2, ky = diag([0.3, 0.3, 0.3, 0.3]), ks = diag([0.45,0.45,0.45,0.45]). The
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control law for each agent can be obtained from (29), where A

diag([4.5,4.5,4.5,4.5)).

MONDAL SANJOY - GHOMMAM JAWHAR - SAAD MAAROUF

= diag([1,1,1,1]) and § =

Position

——Agent, - - =Agent ) - - Agent, - - -Agent, .. Leader )

5 10

15

20
Time(sec)

30 35 40

ol —Agent1 ---Agent2 -‘-‘Agent3 "'Agent4"““‘Leader ]
1 T T T T
0 5 10 15 30 35 40
Time(sec)
Figure 4 Consensus tracking
4 4
2
2 2 :
0 0
-2 -2
-
=}
= 4 4
- 0 10 20 30 40 0 10 20 30 40
IS Time(sec) Time(sec)
g 4 4
o s U s U
3 4
2 2
0 0
-2 -2
—4 —4
0 10 20 30 40 0 10 20 30 40
Time(sec) Time(sec)

Figure 5 Control signal

The output and the control signal using the proposed method (29) are shown in Figures 4
and 5. It is clear that, the output of the followers track accurately that of the leader. The
control input of each follower is provided in Figure 5. Since the switching control is obtained
by integrating the super twisting algorithm, hence the control signal is much more smooth and
it is more superior in eliminating chattering.
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Example 2: Third order MAS; To show the effectiveness of the proposed control tech-
nique for higher-order MAS;, the following directed topologies Figure 6, with five followers and
one leader are considered for simulation.

Figure 6 The communication graph

Now we consider the agent dynamics are of third order

i1 = Ti2,

Tig = X;3,

. 2 .

i3 = Tjg + Tioxiz +us +di, i=1,2,---,n, (53)

where d; # 0 are the uncertainties, chosen as d; = 1.15sin(0.3t + 7/3), do = 1.6sin(0.1¢ + 7/6),
ds = 1.25sin(0.4t +7/3), d4 = sin(0.5t + 7/2), d5 = 1.5sin(0.6t + 7/2). The design objective is
to develop a consensus algorithm in such a way that the leader following formation control is
achieved in finite time. The output of the leader is taken as yg = t. The initial conditions are
chosen as [29) 95 95" = [~2 0 0", [28; 28, 23] = [6 3 — 3]", [28; a8, 285]" = [3 0 3]",
(29, 295 2%5]T = [-5 =5 0]T, [29; 225 225]T =[5 0 0]7. The sliding surface chosen from (24)

for the agents are taken as

s = X3 + k3|x3|"sign(xs) + ka|x2|**sign(x2) + k1lx1]|**sign(xi1), (54)

where az = 3/4,a2 = 3/5,1 = 1/2, k1 = 1 x diag([2,2,2,2,2]), k2 = 1 x diag([3,3,3,3,3)]),
ks = 1 x diag([4,4,4,4,4]). The control law for each agent can be obtained from (29) where
A = 2.2 x diag([2,2,2,2,2]) and 6 = 2.2 x diag([3, 3, 3, 3, 3]).
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Figure 9 Consensus tracking using the topology II1

Simulation results are shown in the Figures 7-9. The output tracking performance of the
MAS; using the proposed consensus protocol with different topologies are shown in Figures 7-9,
from which it can be observed that the leader is accurately followed by the followers. In all the
simulations, the curves in blue, black and red denote the position and velocity and acceleration
states of the leader and followers, respectively. From the above two examples, it can be observed
that the proposed method can realize the globally finite-time stability of the nth-order MAS,
using a higher-order sliding surface. In addition, the control signals are smooth, as shown in
Figure 5, which means that the chattering problem in sliding mode control has been further
attenuated.

7 Conclusion

A full order sliding surface is designed for higher-order multi-agent systems (MASy) using
higher-order sliding mode. The proposed method shows the finite-time tracking of the agents.
The consensus control law generalize the results for the higher order nonlinear systems. The
switching control is obtained by integrating the super twisting algorithm, thus it alleviates the
chattering heavily. The finite-time convergence analysis of higher-order MAS; is developed by
using strict Lyapunov function. Finally, numerical simulations has been presented to demon-
strate the effectiveness of the proposed consensus control scheme for higher order nonlinear
multi-agent system.
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