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Abstract

The stated SLn-skein module Sn(M,N , v) of a (marked) 3-manifold (M,N ) is

a quantization of the regular function ring of the SLn-representation variety of

π1(M,N ). It is a module over a commutative domain R with an invertible pa-

rameter v. This framework extends the Kauffman bracket skein theory (the SL2

case) to a more general SLn setting, and it is closely related to the quantum higher

Teichmüller space, quantum cluster algebras, and quantum moduli algebras.

In chapter 2, we show that the classical limit of the stated skein module of a marked

3-manifoldM corresponds to the ring of functions on the SLn-representation variety

of π1(M). Chapter 3 introduces a C-linear map, called the Frobenius map, from

Sn(M,N , 1) to Sn(M,N , v), where R = C and v is a root of unity. This map is

pivotal in the representation theory of the stated SLn-skein algebra, as its image

lies within the center of the stated SLn-skein algebra. In chapter 4, we explore the

implications of the stated SLn-TQFT theory.

Chapters 5 and 6 concentrate on the SL2 case of stated skein theory. We prove

that for compact marked 3-manifolds, the stated skein module at roots of unity is

finitely generated over the image of the Frobenius map. Additionally, we define the

representation-reduced stated skein module by scaling the action of the Frobenius

image on the stated skein module. For closed 3-manifolds over C, we establish that

the dimension of the representation-reduced stated skein module is 1.

In chapter 7, we examine the Bonahon-Wong-Yang volume conjecture. This con-

jecture is formulated based on intertwiners between two isomorphic irreducible

representations of the skein algebra. We compute these intertwiners for the closed

torus and the once-punctured torus, showing that the trace of these intertwiners

approaches zero in the limit for Seifert manifolds.
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Chapter 1

Introduction and overview

In this chapter, we provide the background for this thesis and briefly introduce

chapters 2-7.

1.1 Introduction

We begin with an introduction of framed links inside oriented 3-manifolds [KRT97;

CF12], which will be used to introduce the skein modules and algebras. A link in

an oriented 3-manifoldM is a finite collection of disjoint circles smoothly embedded

in M . We need to consider normal vector fields on links in M . A link L ⊂ M

provided with a non-singular normal vector field is said to be framed. Two vector

fields on L homotopic in the class of non-singular vector fields determine the same

framing. Two framed links in M are said to be isotopic if one can be obtained

from the other by the smooth deformation.

We use link diagrams, see Figure 1.1, to represent (framed) links. We consider

the blackboard framing, which means that the vector field is orthogonal to the

paper/blackboard where the part of links is drawn. When we draw (framed) links

inM , we normally draw local pictures. Let D×[0, 1] be a smoothly embedded cube

in M such that it intersects a (framed) link L in M , where D is the 2-dimensional

square. We can isotope L such that the projection of L∩(D×[0, 1]) on D is generic,

i.e., consists of immersed loops or lines with only double transversal crossings and

the framing is given by the positive direction of [0, 1]. Over each such crossing, lie

1



2 1.1. Introduction

exactly two points of L. One of these two points lies higher than the other one

which allows to provide the crossing with an additional information: one of the

two intersecting branches is “higher” and the other one is “lower”, see Figure 1.1

and pictures in (1.2), (1.3).

Figure 1.1: The trefoil knot.

Here we introduce the SLn character variety whose quantization is the SLn-skein

algebra (section 2.1). For any topological space T such that π1(T ) is a finitely

generated group, we use

Hom(π1(T ), SLn(C))

to denote the set of group homomorphisms from π1(T ) to SLn(C) (one might

want to choose a basepoint of T ; this choice will not matter later). We define an

equivalence relation ≃ on Hom(π1(T ), SLn(C)). Let ρ, ρ′ ∈ Hom(π1(T ), SLn(C)).
Define ρ ≃ ρ′ if and only if tr(ρ(x)) = tr(ρ′(x)) for all x ∈ π1(T ). Define

XSLn(C)(T ) = Hom(π1(T ), SLn(C))/ ≃, (1.1)

called the SLn character variety. Then XSLn(C)(T ) is an algebraic set over the

complex field [Sik01].

The Kauffman bracket skein module of an oriented 3-manifold M was introduced

by Przytycki [Prz98] and Turaev [Tur91], which is a quantization of the regular

function ring of XSL2(C)(M) whenM is the thickening of an oriented surface [Bul97;

BFK99; PS00]. Let R be a commutative domain with an invertible element q. The

(Kauffman bracket) skein module Sq(M) of M , as an R-module, is generated

by all isotopy classes of framed links in M , subject to the following relations:

= q + q−1 (1.2)

= −(q2 + q−2) , (1.3)



Chapter 1. Introduction and overview 3

where each gray square represents a projection of an embedded cube in M and in

each equation the parts of framed links outside the gray squares are identical.

Definition 1.1.1. By a surface we mean a surface obtained from an oriented

compact surface S possibly with boundary by removing a finite set P of points.

The members of P are called punctures of S. If P has a non-empty intersection

with each boundary component of S, then S is called a pb surface. If S has empty

boundary and if P has a non-empty intersection with each connected component of

S, we say that S is a punctured surface, which is of primary interest in this

thesis. If P = ∅, we say that S is a closed surface.

A pb surface S is called an essentially bordered pb surface if every component

of S has non-empty boundary.

Figure 1.2: An example of the pb surface, where the red points are punctures.

When M = S × [−1, 1], where S is a surface, we use Sq(S) to denote Sq(M).

Then Sq(S) has an algebra structure given by stacking framed links. For any

two framed links L1, L2 ∈ M , define L1 ·L2 to the framed link in M obtained by

stacking L1 above L2. We call Sq(S) the skein algebra of S. It is well-known

that the skein algebra is a domain and is finitely generated as an algebra [AF17;

BW11; PS19].

Bonahon and Wong constructed an algebra embedding from the skein algebra to

the balanced quantization of the Teichmüller space [BW11], called the quantum

trace map. This algebra embedding relates the skein theory and the quantization

of the Teichmüller theory [FG09] (or quantum cluster algebra [BZ05; Mul16]). This

algebra embedding is helpful to study the center and the representation theory of

the skein algebra [BW16a; BW17; BW19; FKL19].

Suppose that the ground ring R is the complex field C and q2 is a root of unity of

order N . Set η = qN
2
. For an oriented surface S, Bonahon and Wong defined an



4 1.1. Introduction

algebra embedding

F : Sη(S)→ Sq(S), (1.4)

called the Chebyshev-Frobenius map (or Frobenius map) [BW16a]. It has

been shown that ImF or a subalgebra thereof is contained in the center of Sq(S)

[BW16a], highlighting the significance of the algebra embedding F . Moreover,

F plays a crucial role in understanding the center of Sq(S) and in establishing

the Unicity Theorem for the skein algebra [FKL19], which classifies its irreducible

representations.

The stated skein algebra was introduced by Bonahon and Wong [BW11] to con-

struct the quantum trace map. Lê refined their definition and provided a clearer

and easier way to understand the quantum trace map [Lê18]. The definition of the

stated skein module involves marked 3-manifolds and stated tangles.

+
−

Figure 1.3: An example of stated tangles

Definition 1.1.2. A marked 3-manifold is a pair (M,N ), where M is an ori-

ented 3-manifold, and N is a one dimensional submanifold of ∂M consisting of

finitely many oriented open intervals such that there is no intersection between the

closure of any two open intervals. Each component of N is called the marking of

(M,N ).

A properly embedded one dimensional submanifold α of M is called an (M,N )-

tangle if ∂α ⊂ N and α is equipped with a framing such that framings at ∂α

respect to velocity vectors of N . If there is a map s : ∂α→ {−,+}, then we call α

a stated (M,N )-tangle.

Let R be a commutative domain with an invertible element q
1
2 . For a marked

3-manifold (M,N ), we use Tangle(M,N ) to denote the free R-module with all

isotopy classes of stated (M,N )-tangles as a basis. Then the stated skein module

Sq1/2(M,N ) of (M,N ) is Tangle(M,N ) quotiented by relations (1.2)-(1.3) and
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the following relations:

−+
= q−

1
2 ,

++

=
−−

= 0 (1.5)

+−
= q2

−+
+ q−

1
2 (1.6)

where each black dot represents an oriented interval in N with the orientation

pointing towards readers, each gray square represents a projection of an embedded

cube inM , the black lines are parts of stated (M,N )-tangles, and in each equation

the parts of (M,N )-tangles outside the gray squares are identical.

Let S be a pb surface. For each component e of ∂S, we select a point xe ∈ e. Set

M = S× [−1, 1], N = ∪e({xe} × (−1, 1))

where the union takes over all components of ∂S. Then (M,N ) is a marked 3-

manifold, and we say (M,N ) is the thickening of S. We define Sq1/2(S) to be

Sq1/2(M,N ). For any two stated (M,N )-tangles α, β, the product αβ is obtained

by stacking α above β. This makes Sq1/2(S) into an algebra, called the stated

skein algebra of S.

The stated skein algebra has more interesting properties than the skein algebra,

such as the splitting map, the comodule structure over Oq(SL2), and the gluing

ideal triangle map [CL22a]. Costantino and Lê [CL22a] defined a quotient algebra

of the stated skein algebra, called the reduced stated skein algebra. Lê and Yu

proved that the reduced stated skein algebra is isomorphic to the quantum cluster

algebra [BZ05; Mul16] when the corresponding pb surface has no interior punctures

[LY22].

The (stated) SLn-skein module or algebra was introduced in [LS21; Sik05], which

is related to the quantum higher Teichmüller space [FG06; LY23], the quantum

cluster algebra [LY22; Mul16; Kim24; KW24b; IY23], and the quantum moduli

algebra [Fai20; BFR23]. The above stated skein theory is a special case for stated

SLn-skein when n = 2 [LS21]. The classical limit of the stated SLn-skein module

was discussed in [Wan24]; the Frobenius map of the stated SLn-skein module was

discussed in [Wan23c]; the center and the Unicity Theorem for the stated SLn-skein
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algebra were discussed in [KW24a; KW24c; Wan23c]; the quantum trace map for

the stated SLn-skein algebra is discussed in [LY23].

1.2 Overview

In chapters 2–4, we focus on general stated SLn-skein theory [LS21]. The definition

of the stated SLn-skein module of a marked 3-manifold (M,N ) involves stated n-

webs (see Definition 2.1.1). Let R be a commutative domain with an invertible

element v = q
1
2n . The stated SLn-skein module of a marked 3-manifold (M,N ),

denoted as Sn(M,N , v), is generated by isotopy classes of stated n-webs in (M,N ),

subject to relations (2.4)–(2.11).

It is well known that S2(M,N , v) is isomorphic to Sq1/2(M,N ) asR-modules [LS21].

Thus, the stated SLn-skein module can be regarded as a generalization of the stated

skein module (the SL2 case) to all SLn.

We investigate the classical limit of the stated SLn-skein module in chapter 2,

drawing on the author’s original work [Wan24]. In chapter 3, we focus on the

Frobenius map of the stated SLn-skein module, based on the author’s earlier re-

sults [Wan23c]. We explore the SLn-TQFT theory in chapter 4, building on the

author’s recent work [Wan25c].

In chapters 5–7, we explore aspects of the stated skein theory (the SL2 case). In

chapter 5, we investigate the finiteness property and the dimension of the stated

skein module at roots of unity over the image of the Frobenius map (see (5.2)),

based on the author’s previous work [Wan23b]. Chapter 6 demonstrates that the

representation-reduced stated skein module of closed 3-manifolds is isomorphic to

C (section 6.2), based on the author’s recent work [Wan25b]. Finally, in chapter 7,

we examine the volume conjecture in the context of the skein algebra, building on

the author’s work [Wan25a].

For the convenience of the reader, we include below a more detailed chapter-

wise description of the contents of this thesis. All the theorems presented in

sections 1.2.1–1.2.6 are the author’s original contributions, derived from the fol-

lowing works: [Wan24] (chapter 2), [Wan23c] (chapter 3), [Wan25c] (chapter 4),

[Wan23a] (chapter 5), [Wan25b] (chapter 6), and [Wan25a] (chapter 7).
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1.2.1 Chapter 2

In this chapter, we concentrate on examining the classical limit of the stated SLn-

skein module. Understanding the classical limit is crucial for constructing the

significant Frobenius map for the stated SLn-skein module, which in turn plays a

role in studying the representation theory of stated SLn-skein algebras. We present

a clear exposition of the algebraic generators and their relations in the classical

limit, as detailed in Theorem 2.4.15. Using these generators and relations, we then

proceed to construct the Frobenius map for stated SLn-skein modules in chapter

3.

For the SL2-skein theory, Bullock established a surjective algebra homomorphism

from S2(M, ∅, v2 = −1), which is isomorphic to S2(M, ∅, 1) [Bar99], to the co-

ordinate ring of some algebraic set, and showed the kernel of this map consists

of all nilpotents [Bul97]. This is an important development since it showed the

connection between the skein theory and the character variety. Moreover it offers

a way to interpret S2(M, ∅, 1). It is also useful to understand the representation

theory for SL2-skein algebras [BW16a; BW17; BW19].

We generalize Bullock’s work to stated SLn-skein modules for marked 3-manifolds.

We construct a surjective algebra homomorphism from Sn(M,N , 1) to the coor-

dinate ring of some algebraic set and calculate the kernel of this map. Costantino

and Lê have constructed this map when n = 2 and (M,N ) is the thickening of

an essentially bordered pb surface, and proved that it is an isomorphism [CL22a].

Motivated by Costantino and Lê, we choose the algebraic set to be the homomor-

phism from the groupoid π1(M,N ) to SLn(C), whose coordinate ring is denoted

as Rn(M,N ).

Theorem 1.2.1. Let (M,N ) be a marked 3-manifold. There exists a surjective

algebra homomorphism

Φ(M,N ) : Sn(M,N , 1)→ Rn(M,N ).

We show that Φ(M,N ) commutes with the splitting map (section 2.1.4), see Theorem

2.2.12. Our construction is compatible with the construction by Costantino and

Lê when n = 2 and (M,N ) is the thickening of an essentially bordered pb surface,

see section 2.2.5.
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In order to calculate KerΦ(M,N ), we give an explicit presentation for Sn(M,N , 1).
We do this in two steps. First we consider the case whenN has only one component.

Theorem 1.2.2. Let (M,N ) be a connected marked 3-manifold with N consisting

of one component. Then Sn(M,N , 1) ≃ Γn(M), where Γn(M) is the universal

presentation algebra of π1(M), see Definition 2.2.4.

We use O(SLn) to denote the coordinate ring of SLn(C). Then

O(SLn) = C[xi,j | 1 ≤ i, j ≤ n]/(det(X) = 1)

where X is an n by n matrix such that Xi,j = xi,j, 1 ≤ i, j ≤ n. We have that X−1

makes sense and is an n be n matrix in O(SLn) because det(X) = 1.

Theorem 1.2.3. Suppose (M,N ) is a connected marked 3-manifold with N ̸= ∅,
and N ′ is obtained from N by adding one extra marking (Definition 2.4.7). Then

Sn(M,N ′, 1) ≃ Sn(M,N , 1)⊗O(SLn) as algebras.

Let (M,N ) be a connected marked 3-manifold with N ̸= ∅. Combining the above

two Theorems we have

Sn(M,N , 1) ≃ Γn(M)⊗O(SLn)
⊗(♯N−1)

as algebras, where ♯N is the number of components of N .

For a commutative algebra A, we use
√
0A to denote the ideal consisting of all

nilpotents. We can omit the subscript for
√
0A when there is no confusion with

the algebra A. There is a projection from Γn(M) ⊗ O(SLn)
⊗(♯N−1) to Rn(M,N ),

whose kernel is
√
0. The isomorphism from Sn(M,N , 1) to Γn(M)⊗O(SLn)

⊗(♯N−1)

is compatible with Φ(M,N ), that is, the combination of this isomorphism and the

projection from Γn(M)⊗O(SLn)
⊗(♯N−1) to Rn(M,N ) is Φ(M,N ). Thus we have the

following theorem.

Theorem 1.2.4. For a marked 3-manifold (M,N ), we have KerΦ(M,N ) =
√
0.

Theorems 1.2.1 and 1.2.4 are proved in [Sik01; Sik05] when N = ∅.

Costantino and Lê also defined the generalized marked 3-manifold by allowing

oriented closed circles in N [CL22b]. A generalized marked 3-manifold is said



Chapter 1. Introduction and overview 9

to be connected if the corresponding 3-manifold is connected. We can define the

stated SLn-skein module for the generalized marked 3-manifold as for the marked

3-manifold . For any generalized marked 3-manifold (M,N ), we define Γn(M,N )

as a quotient algebra of Γn(M) (Def. 2.5.2).

Theorem 1.2.5. Let (M,N ) be a connected generalized marked 3-manifold with

N ̸= ∅. Then Sn(M,N , 1) ≃ Γn(M,N )⊗O(SLn)
⊗(♯N−1).

1.2.2 Chapter 3

There exists the Chebyshev-Frobenius homomorphism from S2(M,N , 1) to S2(M,N , v)
when v is a root of unity of odd order [BL20; BW16a; KQ24]. When (M,N ) is the

thickening of a punctured bordered surface, it is injective and its image lies in the

center of the stated skein algebra. The Chebyshev-Frobenius homomorphism is im-

portant to understand the center of the stated skein algebra and its representation

theory [BW16a; BW17; BW19; FKL19].

We will construct the Frobenius homomorphism from Sn(M,N , 1) to Sn(M,N , v)
when v is a primitive m-th root of unity with m being coprime with 2n and every

component of M contains at least one marking. The Frobenius homomorphism

was built for n = 2, 3 in [BL20; BW16a; Hig23; Hig24; KQ24].

Theorem 1.2.6. Let (M,N ) be a marked 3-manifold, where every component of

M contains at least one marking, and v be a primitive m-th root of unity with m

being coprime with 2n. Then there exists a unique linear map F : Sn(M,N , 1)→
Sn(M,N , v) such that F(l) = l(m) for any stated n-web l consisting of stated framed

oriented arcs, where l(m) is obtained from l by taking m parallel copies along the

framing direction for each stated framed oriented arc.

We also show that the Frobenius homomorphism commutes with the splitting map

(section 2.1.4).

Theorem 1.2.7. Suppose D is a properly embedded disk in a marked 3-manifold

(M,N ) and D contains an embedded oriented open interval β. Let (M ′,N ′) be the
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result of splitting (M,N ) along (D, β). Then the following commutative diagram:

Sn(M,N , 1) Sn(M
′,N ′, 1)

Sn(M,N , v) Sn(M
′,N ′, v)

Θ

F F

Θ
,

where Θ is the splitting map defined in section 2.1.4.

For a punctured bordered surface S, we use Sn(S, v) to denote the stated SLn-

skein algebra of S (section 2.1.3).

We show that the image of F is transparent, which indicates that ImF lies in

the center of the stated SLn-skein algebra when (M,N ) is the thickening of an

essentially bordered pb surface. We also show that F is injective when (M,N ) is

the thickening of an essentially bordered pb surface.

Theorem 1.2.8. Let S be an essentially bordered pb surface. Then F : Sn(S, 1)→
Sn(S, v) is an injective algebra homomorphism, and ImF lies in the center of

Sn(S, v).

The Unicity Theorem, alongside the Frobenius map, plays a crucial role in studying

the representation theory for skein algebras. The Unicity Theorem was conjectured

by Bonahon and Wong [BW16a] and proved by Frohman, Kania-Bartoszynska, Lê

for SL2-skein algebras [FKL19]. Korinman generalized the Unicity Theorem to

stated SL2-skein algebras [Kor21]. The key to proving the Unicity Theorem for

skein algebras is to prove that the skein algebra is affine almost Azumaya (section

3.2).

Theorem 1.2.9. Let S be an essentially bordered pb surface, and v be a primitive

m-th root of unity with m being coprime with 2n. Then Sn(S, v) is affine almost

Azumaya (Def. 3.2.1).

Because of the above Theorem, the Unicity Theorem applies for Sn(S, v) when S

is an essentially bordered pb surface. Then we have the following Theorem.

Theorem 1.2.10. Let S be an essentially bordered pb surface, and v be a prim-

itive m-th root of unity with m being coprime with 2n. Then Sn(S, v) is finitely
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generated as a module over its center. Suppose the rank of Sn(S, v) over its center

is K (see section 3.2 for the definition of this rank). Let us use C(Sn(S, v)) to

denote the center of Sn(S, v). Then the followings hold:

(1) any irreducible representation of Sn(S, v) has dimension at most the square

root of K;

(2) the map X : Irrep → MaxSpec(C(Sn(S, v))), defined in Remark 3.1.6, is

surjective.

(3) there exists a Zariski open dense subset U ⊂ MaxSpec(C(Sn(S, v))) such that

for any two irreducible representations V1, V2 of Sn(S, v) with X (V1) = X (V2) ∈ U ,
then V1 and V2 are isomorphic and have dimension the square root of K. Moreover

any representation sending C(Sn(S, v)) to scalar operators and whose induced

character lies in U is semi-simple.

1.2.3 Chapter 4

For a pb surface S, positive integers m,n with m | n, and an element ϵ ∈ R with

ϵ2m = 1, we construct an R-linear isomorphism φϵ : Sn(S, v)→ Sn(S, ϵv), which

restricts to an algebra isomorphism from a subalgebra of Sn(S, v) to a subalgebra

of Sn(S, ϵv).

Theorem 1.2.11. Let S be a pb surface, let m,n be two positive integers with

m | n, and let ϵ ∈ R with ϵ2m = 1. Then there exists an R-linear isomorphism

φϵ : Sn(S, v)→ Sn(S, ϵv).

For a 3-manifold M , the SLn-skein module Sn(M, ∅, v) is quantized by v2. So we

will use Sn(M, v2) to denote Sn(M, ∅, v). Barrett built an R-linear isomorphism

from S2(M, v2) to S2(M,−v2) with a choice of a spin structure of M [Bar99].

This linear isomorphism is an algebra isomorphism when M is the thickening of

an oriented surface. In this chapter, we generalize Barrett’s result to all n.

Theorem 1.2.12. Let M be a 3-manifold with a spin structure. For each positive

interger n, there exists an R-linear isomorphism Φn : Sn(M, v2) → Sn(M,−v2).
In particular Φn is an algebra isomorphism whenM is the thickening of an oriented

surface.
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We also prove the stated version for Theorem 1.2.12.

Theorem 1.2.13. Let (M,N ) be a marked 3-manifold, and let n be a positive in-

teger. There exists an R-linear isomorphism Ψn : Sn(M,N , v)→ Sn(M,N ,−v).
In particular, Ψn is an algebra isomorphism when (M,N ) is the thickening of a pb

surface and Ψn(α) = α for any stated n-web α in (M,N ) without endpoints.

Costantino and Lê formulated the stated SL2-TQFT theory [CL22b]. They con-

structed a symmetric monoidal functor from the category of decorated cobordisms

to the Morita category, please refer to section 4.5 for the definitions of these two

categories. The stated TQFT theory offers potential techniques to calculate the

dimension of the skein modules of closed 3-manifolds and prove Witten’s Finiteness

Conjecture [Det21; GJS23]. The Conjecture was already proved in [GJS23], but

the generalized Conjecture in [Det21] for compact 3-manifolds with boundaries is

still open, please refer to [KW25] for related discussion. For any closed 3-manifold

and a positive integer k, we use Mk to denote the marked 3-manifold obtained

fromM by cutting out k open balls and adding one marking to each newly created

sphere boundary component. As an application for the stated SL2-TQFT theory,

the author proved the dimension of the representation reduced stated skein module

of Mk is one (see chapter 6).

We generalize the stated SL2-TQFT theory to SLn. We assign the marked surface

with a stated SLn-skein algebra and the decorated manifold with a stated SLn-skein

module, a bimodule over two stated SLn-skein algebras, please refer to section 4.5

for detailed discussions. This assignment is actually a symmetric monoidal functor

from the category of decorated cobordisms to the Morita category, see Theorem

4.5.2. Using the stated SLn-TQFT theory, we prove the following theorem.

Theorem 1.2.14. Let (M,N ) be a connected marked 3-manifold with N ̸= ∅, and
let (M,N ′) be another marked 3-manifold obtained from (M,N ) by adding one

extra marking e′. Suppose ϵ ∈ R such that ϵ4 = 1. Then:

(1) The R-linear map from Sn(M,N , ϵ) to Sn(M,N ′, ϵ) induced by the embedding

from (M,N ) to (M,N ′) is injective.

(2) Sn(M,N ′, ϵ) ≃ Sn(M,N , ϵ)⊗R Oqϵ(SLn) (subsection 2.1.5).

When ϵ = 1, Theorem 1.2.14 is also proved in [Wan23c] using a quite different and

complicated technique.
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Lê and Sikora defined the splitting map for stated SLn-skein modules and algebras

and conjectured the injectivity of the splitting map for pb surfaces, Conjecture 7.12

in [LS21] (or refer to Conjecture 4.7.1). Lê proved the injectivity of the splitting

map for pb surfaces when n = 2 [Lê18], Higgins proved the case when n = 3

[Hig23], Lê and Sikora proved the Conjecture when the pb surface is connected

and has a non-empty boundary. The author proved the splitting map is injective

for all marked 3-manifolds when the quantum parameter v is 1 [Wan23c].

There are very few non-trivial affirmative examples for Conjecture 4.7.1 when the

pb surface has an empty boundary and n > 3 (the only non-trivial example is the

case when the quantum parameter is 1 [Wan23c]).

As applications for the above Theorems, we prove the injectivity of the splitting

map for some special cases.

Theorem 1.2.15. Let S be a pb surface with an ideal arc c, let m,n be two

positive intgers with m | n, and let ϵ ∈ R such that ϵ2m = 1. Then the splitting

map Θc : Sn(S, ϵ)→ Sn(Cutc(S), ϵ) is injective, where Cutc(S) is the pb surface

obtained from S by cutting along c (subsection 2.1.4).

Theorem 1.2.16. Let (M,N ) be a connected marked 3-manifold with N ̸= ∅, let
D be a properly embedded disk in M , and let e be an open oriented interval in D.

Suppose ϵ ∈ R such that ϵ4 = 1. Then the splitting map

Θ(D,c) : Sn(M,N , ϵ)→ Sn(Cut(D,e)(M,N ), ϵ)

is injective (subsection 2.1.4).

Theorem 1.2.17. Let (M,N ) be marked 3-manifold, let D be a properly embedded

disk in M , and let e be an open oriented interval in D. Then the splitting map

Θ(D,c) : Sn(M,N ,−1)→ Sn(Cut(D,e)(M,N ),−1) is injective.

1.2.4 Chapter 5

Recall that, when q
1
2 is a root of unity of order N with N odd, there is an im-

portant linear map, called the Frobenius map, F : S1(M,N ) → Sq1/2(M,N )

[BL20; BW16a; Wan23c]. This map is an algebra embedding when (M,N ) is the

thickening of a pb surface.
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The stated skein module S1(M,N ) has a commutative algebra structure given by

taking the disjoint union of stated tangles in (M,N ). Let Sq1/2(M,N )(N) = ImF
when q

1
2 is a root of unity of orderN withN odd. We show that Sq1/2(M,N )(N) has

a commutative algebra structure, which makes F : S1(M,N ) → Sq1/2(M,N )(N)

a surjective algebra homomorphism (Thm. 5.1.4).

The stated skein module Sq1/2(M,N ) has an S1(M,N )-module structure, de-

fined by equation (5.4). It was proved that Sq1/2(M,N ) is finitely generated over

S1(M,N ) when (M,N ) is the thickening of a pb surface, which is the crucial

step to prove the Unicity Theorem for stated skein algebras [AF17; FKL19; Kor21;

Wan23c]. In this chapter, we will prove the following more general result.

Theorem 1.2.18. When q
1
2 is a root of unity of odd order, the stated skein mod-

ule Sq1/2(M,N ) is finitely generated over S1(M,N ) for any compact marked 3-

manifold (M,N ).

We call the property that Sq1/2(M,N ) is finitely generated over S1(M,N ) as

finiteness of stated skein modules over Frobenius.

As mentioned before, the commutative algebra S1(M,N ) has an action on Sq1/2(M,N )

when q
1
2 is a root of unity of odd order. Let I be a maximal ideal of S1(M,N ).

Define

ISq1/2(M,N ) = {x1 ·α1+· · ·+xk ·αk | k ∈ N, xi ∈ I, αi ∈ Sq1/2(M,N ), 1 ≤ i ≤ k}.

We define the representation-reduced stated skein module of (M,N ) with

respect to I to be

Sq1/2(M,N )/(ISq1/2(M,N )). (1.7)

The parallel definition for this quotient vector space for the skein module (non-

stated case) is defined in [FKL23].

Theorem 1.2.19. When q
1
2 is a root of unity of odd order, the representation-

reduced stated skein module of a compact marked 3-manifold is finite-dimensional

over C.
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The representation-reduced stated skein module is an important tool for study-

ing the skein theory. Detcherry, Kalfagianni, and Sikora used the representation-

reduced skein module to calculate the dimension of the skein module for certain

closed 3-manifolds [DKS23]. The representation-reduced (stated) skein module

of the handlebody Hg is helpful in constructing irreducible representations of the

(stated) skein algebra of ∂Hg [FKL23; Wan25b].

For a 3-manifold M , the stated skein module of (M, ∅) is the (Kauffman bracket)

skein module of M . We will use Sq(M) to denote the skein module of M . Let q2

be a root of unity of order N with N odd. The Frobenius map F : SqN (M) →
Sq(M) for the skein module is defined by Bonahon and Wong (note that qN = ±1)
[BW16a].

Since qN = ±1, then SqN (M) has a commutative algebra structure given by taking

the disjoint union of framed links. Similarly, as the stated case, the skein module

Sq(M) has an SqN (M)-module structure. So we have a stronger version for The-

orem 1.2.18 when N = ∅. That is, Sq(M) is finitely generated over SqN (M) when

M is compact and q2 is a root of unity of order N with N odd [FKL22].

For every 3-manifold M , the skein algebra Sq(∂M) acts on Sq(M), see section

5.2.2. Using the stronger version for Theorem 1.2.18 when N = ∅, we find out the

finiteness of SqN (M) over SqN (∂M) implies the finiteness of Sq(M) over Sq(∂M)

when M is compact and q2 is a root of unity of order N with N odd.

Theorem 1.2.20. Let M be a compact 3-manifold. Suppose q2 is a root of unity

of order N with N odd, and SqN (M) is finitely generated over SqN (∂M). Then

Sq(M) is finitely generated over Sq(∂M).

For a compact marked 3-manifold (M,N ), we give an upper bound for the dimen-

sion of Sq1/2(M,N ) over S1(M,N ), which is defined to be the minimal number of

generators of Sq1/2(M,N ) over S1(M,N ). This furthermore gives an upper bound

for the dimension of the representation-reduced stated skein module of (M,N ).

Theorem 1.2.21. Suppose q
1
2 is a root of unity of order N with N odd. Let

(M,N ) be a connected compact marked 3-manifold. Suppose the Heegaard genus

of M is g, and N has k components.

(a) When k = 0, the dimension of Sq1/2(M, ∅) over S1(M, ∅) is not more than

N2g−1.
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(b) When k > 0, the dimension of Sq1/2(M,N ) over S1(M,N ) is not more than

(
2N3 − N(N + 1)(2N + 1)

6

)2g+k−1

.

Let S be a pb surface, it is well-known that Sq1/2(S) is a domain [Lê18]. Then

we have Sq1/2(S)(N) = ImF is a commutative domain when q
1
2 is a root of unity

of order N with N odd, where F : S1(S) → Sq1/2(S) is the Frobenius map. We

use ˜Sq1/2(S)N to denote the field of fractions of Sq1/2(S)(N), and use ˜Sq1/2(S)

to denote Sq1/2(S)⊗S
q1/2

(S)(N)
˜Sq1/2(S)N . Then ˜Sq1/2(S) is a finite-dimensional

vector space over the field ˜Sq1/2(S)N . We define r(S) = −χ(S)+♯∂S, where χ(S)

is the Euler characteristic of S and ♯∂S is the number of boundary components of

S.

Theorem 1.2.22. Suppose q
1
2 is a root of unity of order N with N odd. Let S be

a connected pb surface, we require χ(S) is negative if ∂S = ∅. Then

dim ˜S
q1/2

(S)N
˜Sq1/2(S) = N3r(S).

When ∂S = ∅, Theorem 1.2.22 was proved in [FK18; FKL21]. Tao Yu discussed

the center and the PI-dimension of the stated skein algebra in [Yu23]. When the

center is the image of the Frobenius map, the PI-dimension should be the square

root of dim ˜S
q1/2

(S)N
˜Sq1/2(S). It is a trivial check that Theorem 1.2.22 coincides

with the result in [Yu23] when the center of the stated skein algebra is the image

of the Frobenius map.

1.2.5 Chapter 6

We use MaxSpec(S1(M,N )) to denote the set of all maximal ideals of S1(M,N ).

Then MaxSpec(S1(M,N )) is actually isomorphic to a representation variety when

every component of M contains at least one marking, and is isomorphic to a char-

acter variety when N = ∅ [Bul97; Wan23c].

Recall that when q
1
2 is a root of unity of odd order, the commutative algebra

S1(M,N ) has an action on Sq1/2(M,N ) via the Frobenius map. Then for any
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ρ ∈ MaxSpec(S1(M,N )), in (1.7) we define

Sq1/2(M,N )ρ = Sq1/2(M,N )⊗S1(M,N )(S1(M,N )/ρ) ≃ Sq1/2(M,N )/ρ · Sq1/2(M,N ).

A marked surface is a pair (Σ,P), where Σ is a compact surface and P is a set

of finite points in ∂Σ, called marked points.

For a marked surface (Σ,P), we set M = Σ× [0, 1], and set N = P × (0, 1) where

the orientation of every component of N is given by the positive direction of (0, 1).

Then (M,N ) is a marked 3-manifold. We call (M,N ) the thickening of (Σ,P),
and define Sq1/2(Σ,P) = Sq1/2(M,N ). Then Sq1/2(Σ,P) has an algebra structure

given by staking stated tangles, that is, for any two stated tangles α, β, the product

αβ is defined to be staking α above β. We call Sq1/2(Σ,P) the stated skein algebra

of (Σ,P). When P = ∅, the algebra Sq1/2(Σ,P) is the (Kauffman bracket) skein

algebra.

When (M,N ) is the thickening of a marked surface (Σ,P), it is easy to show

Sq1/2(Σ,P)ρ is a quotient algebra of Sq1/2(Σ,P) for any ρ ∈ MaxSpec(S1(Σ,P)),
where Sq1/2(Σ,P)ρ denotes Sq1/2(M,N )ρ and Sq1/2(Σ,P) denotes Sq1/2(M,N ).

This quotient algebra is very important to understand the representation theory of

the stated skein algebra. Actually any irreducible representation of Sq1/2(Σ,P) re-
duces to an irreducible representation of Sq1/2(Σ,P)ρ for some ρ ∈ MaxSpec(S1(Σ,P)).

Let (M,N ) be a marked 3-manifold. For any properly embedded disk D in M and

any embedded oriented open interval u ⊂ D, we use Cut(D,u)(M,N ) to denote the

marked 3-manifold obtained from (M,N ) by cutting along (D, u), please refer to

subsection 6.2.1 for more details. There exists a linear map

Θ : Sq1/2(M,N )→ Sq1/2(Cut(D,u)(M,N )) (1.8)

called the splitting map. When q
1
2 = 1, we have that Θ : S1(M,N )→ S1(Cut(D,u)(M,N ))

is an algebra homorphism. Then it induces a map

Θ∗ : MaxSpec(S1(Cut(D,u)(M,N )))→ MaxSpec(S1((M,N ))).
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We prove that, for any ρ ∈ MaxSpec(S1(Cut(D,u)(M,N ))), the splitting map in

equation (1.8) induces a linear map

Θρ : Sq1/2(M,N )Θ∗(ρ) → Sq1/2(Cut(D,u)(M,N ))ρ.

Theorem 1.2.23. Let (M,N ) be a marked 3-manifold, let D be a properly em-

bedded disk in M , and let u be an embedded oriented open interval in D. Sup-

pose the component V of ∂M contains ∂D and V ∩ N ≠ ∅. Then, for any

ρ ∈ MaxSpec(S1(Cut(D,u)(M,N ))), we have Θρ is injective.

We use Hg to denote the genus g handlebody. For any positive integer k, we use

Hg,k to denote the marked 3-manifold obtained from Hg by adding k markings

on ∂Hg. Then Hg,k is defined up to isomorphism. We use Σg to denote the

closed surface of genus g. For any positive integer k, we use Σg,k to denote the

marked surface obtained from Σg by removing k open disks and equipping each

newly created boundary component with one marked point. Then the stated skein

algebra Sq1/2(Σg,k) acts on Sq1/2(Hg,k), please refer to section 6.3 for more details.

Theorem 1.2.24. Let k be a positive integer. For any ρ ∈ MaxSpec(S1(Hg,k)),

we have Sq1/2(Hg,k)ρ is an irreducible representation of Sq1/2(Σg,k). Meanwhile, it

is an Azumaya representation of Sq1/2(Σg,k) (section 6.3).

Let M be an oriented connected closed 3-manifold. For any positive integer k,

we use Mk to denote the marked 3-manifold obtained from M by removing k

open three dimensional balls and adding one marking to each newly created sphere

boundary component.

Theorem 1.2.25. Let M be any oriented connected closed 3-manifold, and let k

be any positive integer. For any ρ ∈ MaxSpec(S1(Mk)), we have Sq1/2(Mk)ρ ≃ C
(as C-vector spaces).

Parallel results for Theorems 1.2.24 and 1.2.25 for the skein case (that is the non-

stated case) are proved in [FKL23]. For the non-stated case, they have some

restrictions for ρ. Theorems 1.2.24 and 1.2.25 hold for any ρ ∈ MaxSpec(S1(Hg,k))

or ρ ∈ MaxSpec(S1(Mk)).
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1.2.6 Chapter 7

Let S be an oriented surface, let φ be a diffeomorphism for S, and let qn = e2πi/n

with (qn)
1/2 = eπi/n and n odd. Using these data, Bonahon-Wong-Yang built a

sequence of intertwiners {Λqn
φ,γ}n∈2N+1 between irreducible representations of the

skein algebra of S [BWY21; BWY22]. When S has negative Euler characteris-

tic and φ is pseudo-Anosov, they formulated the volume conjecture using these

intertwiners:

lim
n odd→∞

1

n
log |TraceΛqn

φ,γ| =
1

4π
volhyp(Mφ),

where volhyp(Mφ) is the volume of the complete hyperbolic metric of the mapping

torus Mφ.

We explicitly compute the intertwiners corresponding to all diffeomorphisms of the

closed torus using an algebraic embedding from the skein algebra of the closed

torus to a quantum torus [FG00], see section 7.2 for more details. The represen-

tation theory for this quantum torus is well-studied. We prove that almost all the

irreducible representations of this quantum torus can be resticted to irreducible

representations of the skein algebra of the closed torus. So intertwiners between

two isomorphic irreducible representations of this quantum torus are also the in-

tertwiners between irreducible representations for the skein algebra of the closed

torus. These intertwiners are built when the quantum parameter q for the skein al-

gebra is a primitive root of unity of odd order. We use Λn to denote the intertwiner

obtained as above when the quantum parameter is qn = e2πi/n with (qn)
1/2 = eπi/n

and n odd. We also normalize Λn such that |det(Λn)| = 1. Then we prove the

following Theorem, please refer to Theorem 7.3.11 for a more detailed version.

Theorem 1.2.26. Let Λn be defined as above, then

lim sup
odd n→∞

log(|TraceΛn|)
n

= 0.

The volume conjecture was first introduced by Kashaev [Kas97], and was rewritten

and generalized to the non-hyperbolic case by Hitoshi Murakami and Jun Murakami

[MM01] using the simplicial volume.

Bonahon-Wong-Yang only formulated the conjecture when the diffeomorphisms are

pseudo-Anosov for surfaces with negative Euler characteristic. In this chapter, we
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broaden the scope of the conjecture to include periodic diffeomorphisms. When φ

is a periodic diffeomorphism for the surface S, the corresponding mapping torus

Mφ is a Seifert manifold whose simplicial volume is zero. So we conjecture the

limits are zero for periodic diffeomorphisms. We prove our conjecture for the once

punctured torus, which serves as examples to confirm the limit is the simplicial

volume of the corresponding mapping torus.

Let S be an oriented surface with negative Euler characteristic, and let φ be a

periodic diffeomorphism for S. According to page 371 in [FM11], φ fixes a point

in the Teichmüller space of S. This fixed point in the Teichmüller space offers a

smooth φ-invariant character γ (that is γ is a group homomorphism from π1(S) to

SL(2,C) such that γφ∗ and γ have the same character, where φ∗ is the isomorphism

from π1(S) to π1(S) induced by φ). Suppose the quantum parameter for the skein

algebra is qn = e2πi/n with (qn)
1/2 = eπi/n and n odd. For each puncture v of S,

we choose a complex number pv such that pv = pφ(v) and Tn(pv) = −Trace(γ(αv)),

where Tn is the n-th Chebyshev polynomial of the first type and αv is the element

in π1(S) going around puncture v. According to Theorem 7.1.1, we know γ and pv

uniquely determine an irreducible representation ρ of the skein algebra. Let φ♯ be

the isomorphism from the skein algebra of S to itself induced by φ. Since both γ and

pv are φ-invariant, we have ρ and ρφ♯ are isomorphic according to Theorem 7.1.2.

Thus there exists the intertwiner Λqn
φ,γ between these two isomorphic irreducible

representations. We normalize it such that |det(Λqn
φ,γ)| = 1. Then we formulate the

following conjecture, please refer to Conjecture 7.4.4 for a more detailed version.

Conjecture 1.2.27. Let S be a surface with negative Euler characteristic, let φ

be a periodic diffeomorphism for S, and let Λqn
φ,γ be defined as above, then

lim
n odd→∞

1

n
log |TraceΛqn

φ,γ| = 0.

In Theorem 7.4.5, we prove the limit in Conjecture 1.2.27 is less than or equal

to zero if it exists by using the periodic property. It seems like that we are half

way there to prove our conjecture. But proving that the limit is greater than or

equal to zero is harder, which is actually related to an interesting question raised

by Gerald Myerson [Mye86] and Terry Tao [Tao]. By direct calculations and using

some conclusions in [LL00; Mye86], we prove the above conjecture for some special

cases:
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Theorem 1.2.28. For any surface with negative Euler characteristic if φ is of

order 2m where m is any positive integer, we have

lim
n odd→∞

1

n
log |TraceΛqn

φ,γφ | = 0.

Theorem 1.2.29. Conjecture 1.2.27 holds if S is the once punctured torus.

Conventions: We use N to denote the set of nonnegative integers and use Z to

denote the set of integers. We set N∗ = N− {0},Z∗ = Z− {0},C∗ = C− {0}.
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General SLn-skein theory
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Chapter 2

The classical limit of the stated

SLn-skein module

In chapters 2-4, we discuss the classical limit, the Frobenius map, and the TQFT

theory for the general stated SLn-skein theory.

This chapter is based on the author’s work in [Wan24]. Here, we review the def-

inition of the stated SLn-skein module Sn(M,N , v) of a marked 3-manifold, as

introduced in [LS21]. It is a module over a commutative domain, generated by

isotopy classes of stated n-webs (Def. 2.1.1), subject to the relations (2.4)-(2.11).

We will define a surjective algebra homomorphism

Sn(M,N , 1)→ the function ring of a representation variety

(Thm. 2.2.9). Furthermore, we will show that the kernel of this surjective algebra

homomorphism consists precisely of all nilpotent elements of Sn(M,N , 1) (Thm.

2.4.19). The results in this chapter generalize those in [Bul97; Sik05] to the stated

SLn-skein theory.

2.1 Stated SLn-skein modules

In this section, we will recall some definitions and results about the stated SLn-

skein modules and introduce some conventions. We follow the definition in [LS21]

for stated SLn-skein modules. Here we briefly recall the definition.

25
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Definition 2.1.1 ([LS21]). An n-web l in a marked 3-manifold (M,N ) is a disjoint

union of oriented closed paths and a directed finite graph properly embedded into

M . We also have the following requirements:

(1) l only contains 1-valent or n-valent vertices. Each n-valent vertex is a source

or a sink. The set of one valent vertices is denoted as ∂l, which are called endpoints

of l.

(2) Every edge e of the graph is an embedded oriented closed interval in M . We

can regard e as an embedding from [0, 1] to M . Then e(0) (resp. e(1)) is called the

starting point (resp. ending point).

(3) l is equipped with a transversal framing.

(4) The set of half-edges at each n-valent vertex is equipped with a cyclic order.

(5) ∂l is contained in N and the framing at these endpoints is the velocity vector

of N .

For any two points a, b ∈ ∂l, we say a is higher than b if they belong to a same

component e of N and the direction of e is going from b to a.

A state of an n-web l is a map s : ∂l → {1, 2, . . . , n}. If there is such a map s for

l, we say l is stated by s. For any point a ∈ ∂l, we say a is stated by s(a).

Our ground ring is a commutative domain R with an invertible element v ∈ R. We

set q = v2n such that q
1
2n = v, and define the following constants:

ci = (−q)n−iq
n−1
2n , t = (−1)n−1q

n2−1
n , tn/2 = (−1)

(n−1)n
2 q

n2−1
2 (2.1)

a = q
n+1−2n2

4 , dn = (−1)n−1. (2.2)

Note that

n∏
i=1

ci = tn/2 = (−1)
(n−1)n

2 q
n2−1

2 and ci · cī = t, for i = 1, . . . , n. (2.3)

We use Sn to denote the permutation group on {1, 2, . . . , n}.

The stated SLn-skein module of (M,N ), denoted as Sn(M,N , v), is obtained in

two steps. We first use all isotopy classes of stated n-webs in (M,N ) as a basis to
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generate a free R-module, then quotient the following relations.

q
1
n − q−

1
n = (q − q−1) , (2.4)

= t , (2.5)

= (−1)n−1[n] , where [n] =
qn − q−n

q − q−1
, (2.6)

...
... = (−q)

n(n−1)
2 ·

∑
σ∈Sn

(−q
1−n
n )ℓ(σ)

...
...σ+ , (2.7)

where the ellipse enclosing σ+ is the minimum crossing positive braid representing

a permutation σ ∈ Sn and ℓ(σ) =| {(i, j) | 1 ≤ i < j ≤ n, σ(i) > σ(j)}| is the

length of σ ∈ Sn.

... = a
∑
σ∈Sn

(−q)ℓ(σ)
...

σ(n)

σ(2)
σ(1)

, (2.8)

i

j = δj̄,i ci , (2.9)

=
n∑

i=1

(cī)
−1

i

ī
, (2.10)

i

j
= q−

1
n

δj<i(q − q−1)
i

j + qδi,j
j

i

 , (2.11)

where δj<i =

{
1, j < i

0, otherwise
, δi,j =

{
1, i = j

0, otherwise
. Each shaded rectangle in

the above relations is the projection of a cube in M . The lines contained in the

shaded rectangle represent parts of stated n-webs with framing pointing to readers.

The black or white dot represents the orientation of the stated n-web such that the

orientation represented by the white dot is opposite to the orientation represented
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by the black dot. The thick line in the edge of shaded rectangle is part of the

marking. For detailed explanation for the above relations, please refer to [LS21].

2.1.1 Functoriality

For any two marked 3-manifolds (M,N ), (M ′,N ′), if an orientation preserving

embedding f :M →M ′ maps N to N ′ and preserves orientations between N and

N ′, we call f an embedding from (M,N ) to (M ′,N ′). Clearly f induces a linear

map f∗ : Sn(M,N , v)→ Sn(M
′,N ′, v) [LS21].

2.1.2 Reversing orientations of n-webs

Let ⃗α denote an n-web α with its orientation reversed (and unchanged framing).

Corollary 2.1.2 ([LS21]).

⃗· : Sn(M,N , v)→ Sn(M,N , v)

is a well defined linear automorphism.

2.1.3 Stated SLn-skein algebras

The stated SLn-skein algebra, denoted as Sn(S, v), of a pb surface S (Def. 1.1.1)

is defined as following: For every component c of ∂S, we choose a point xc. Let

M = S× [−1, 1] and N = ∪c(xc×(−1, 1)) where c goes over all components of ∂S.

Then we define Sn(S, v) to be Sn(M,N , v). We will call (M,N ) the thickening

of the pb surface S. Obviously Sn(S, v) admits an algebra structure. For any

two stated n-webs l1 and l2 in the thickening of S, we define l1l2 ∈ Sn(S, v) to be

the result of stacking l1 above l2.

Let f : S1 → S2 be a proper embedding for pb surfaces. Note that it is possible

that f maps more than one boundary components of S1 into one boundary com-

ponent of S2. For a boundary component c of S2, we can give a linear order on

the set of boundary components of S1 that are mapped into c under f . We call

such a linear order for c a c-order. If for each boundary component c of S2, there
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exists such a c-order, we call f a height ordered embedding, which induces a

linear map f∗ : Sn(S1, v)→ Sn(S2, v) [LS21].

For every boundary component c of S, the orientation of c induced by the ori-

entation of S is called the positive orientation. The orientation of c, which is

opposite to the positive orientation of c, is called the negative orientation. The

c-order induced by the positive (respectively negative) orientation of c is called the

positive c-order (respectively negative c-order).

2.1.4 Splitting map

Let (M,N ) be any marked 3-manifold, and D be a properly embedded disk in M

such that there is no intersection between D and the closure of N . After removing

a collar open neighborhood of D, we get a new 3-manifold M ′. And ∂M ′ contains

two copies D1 and D2 of D such that we can get M from M ′ by gluing D1 and D2.

We use pr to denote the obvious projection from M ′ to M .

Let β ⊂ D be an oriented open interval. Suppose pr−1(β) = β1 ∪ β2 with β1 ⊂ D1

and β2 ⊂ D2. We cut (M,N ) along (D, β) to obtain a new marked 3-manifold

(M ′,N ′), where N ′ = N ∪ β1 ∪ β2. We will denote (M ′,N ′) as Cut(D,β)(M,N ). It

is easy to see that Cut(D,β)(M,N ) is defined up to isomorphism. If β′ is another

oriented open interval in D, obviously we have Cut(D,β)(M,N ) is isomorphic to

Cut(D,β′)(M,N ).

For a stated n-web l in (M,N ), we say l is (D, β)-transverse if the vertices of

l are not in D, l ∩ D = l ∩ β, and the framing of l at each point in l ∩ β is

given by the velocity vector of β. For any map s : l ∩ β → {1, 2, . . . , n}, let ls,
which is a stated n-web in Cut(D,β)(M,N ), be the lift of l such that for every

P ∈ l ∩ β the two newly created boundary points corresponding to P both have

the state s(P ). There is a linear homomorphism [LS21], called the splitting map,

Θ(D,β) : Sn(M,N , v)→ Sn(M
′,N ′, v) defined by

Θ(D,β)(l) =
∑

s:l∩β→{1,2,...,n}

ls. (2.12)

When there is no confusion we can omit the subscript for Θ(D,β).
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Let c be an ideal arc of a pb surface S such that it is contained in the interior of

S. After cutting S along c, we get a new pb surface CutcS, which has two copies

c1, c2 for c such that S = Cutc S/(c1 = c2). We use pr to denote the projection

from CutcS to S. Suppose α is a diagram for a stated n-web in S, which is

transverse to c. Let s be a map from c ∩ α to {1, 2, · · · , n}, and let h be a linear

order on c ∩ α. Then there is lift diagram α(h, s) for a stated n-web in CutcS.

The heights of the newly created endpoints of α(h, s) are induced by h (via pr),

and the states of the newly created endpoints of α(h, s) are induced by s (via pr).

Then the splitting map for the stated SLn-skein algebra is defined by

Θc(α) =
∑

s:α∩c→{1,...,n}

α(h, s),

furthermore Θc is an algebra homomorphism [LS21]. When there is no confusion

we can omit the subscript for Θc.

Proposition 2.1.3 ([LS21]). Let S be an essentially bordered pb surface (Def.

1.1.1), and c be any ideal arc in the interior of S. Then the splitting map Θc :

Sn(S, v)→ Sn(CutcS, v) is injective.

An ideal triangulation E of a pb surface S is (1) a collection of ideal arcs in

S, (2) any arc in this collection does not bound a disk, and any two arcs are

pairwise non-isotopic and pairwise disjoint, (3) this collection is maximal under

condition (2). The ideal arcs in E not isotopic to boundary components split S

into ideal triangles. We use tri(E) to denote the set of these ideal triangles. Define

Int(E) = {e ∈ E | e is not isotopic to a boundary component}.

Suppose S is a pb surface, and E is an ideal triangulation of S. After cutting

S into a collection of ideal triangles using E , for each e ∈ Int(E), CutE(S) has

a left coaction e∆ and a right coaction ∆e over the Hopf algebra Sn(B, v), see

subsection 7.1 in [LS21]. Because of the commutativity of splitting maps, we can

combine e∆ (respectively ∆e) for all e ∈ Int(E) in any order, which we denote as

Int(E)∆ (respectively ∆(Int(E))).

We use fl to denote the transposition

fl : (⊗e∈Int(E)Sn(B, v))⊗(⊗T∈tri(E)Sn(T, v))→ (⊗T∈tri(E)Sn(T, v))⊗(⊗e∈Int(E)Sn(B, v))

defined by fl(a⊗b) = b⊗a where a ∈ ⊗e∈Int(E)Sn(B, v) and b ∈ ⊗T∈tri(E)Sn(T, v).
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Lemma 2.1.4 (n = 2 [KQ24], n = 3 [Hig23]). Suppose S is an essentially bordered

pb surface, and E is an ideal triangulation of S. Then we have the following exact

sequence:

Sn(S, v) ⊗T∈tri(E)Sn(T, v) (⊗T∈tri(E)Sn(T, v))⊗ (⊗e∈Int(E)Sn(B, v))
Θ TE

where TE = ∆Int(E) − fl ◦ Int(E)∆. The arrow with a tail means the corresponding

map is injective.

Proof. Theorem 8.6 in [LS21], and Proposition 2.1.3.

Suppose c is an ideal arc of a pb surface S such that it is contained in the interior

of S. Let V ⊂ c be a subset of c consisting of finite points, and let Ŝ = S \ V .
Then c\V = ∪ki=1ci is the disjoint union of ideal arcs ci of Ŝ. Let S′ be the result of

cutting S along c, and Ŝ′ be the result of splitting Ŝ along all ci. We have natural

embeddings ι : Ŝ → S and ι : Ŝ′ → S′. A linear order h on set {ci | 1 ≤ i ≤ k}
induces a height ordered embedding ιh : Ŝ′ → S′.

From the commutativity of the splitting maps, the composition of all the splitting

homomorphisms Θci can be taken in any order. We also denote this composition

by Θc.

Lemma 2.1.5 ([BL20]). With the above notations, we have the following commu-

tative diagram:

Sn(S, v) Sn(Ŝ, v)

Sn(S
′, v) Sn(Ŝ

′, v)

Θc

ι∗

Θc

(ιh)∗

The above Lemma is a generalization for Lemma 3.6 in [BL20], in which h is the

linear order induced by an orientation of c.

2.1.5 The bigon and Oq(SLn)

We refer to [LS21; LY23] for the definitions for the bigon and Oq(SLn).
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The bigon B is obtained from a closed disk D by removing two points in ∂D. We

can label the two boundary components of a bigon by el and er. A bigon with this

labeling is called a directed bigon, see an example el er . We can draw

B like . We use aij to denote i j , and use ⃗aij to denote i j ,

where i, j ∈ {1, 2, · · · , n}.

For i, j, k, l ∈ {1, 2, · · · , n}, we have the following coefficients

Rij
lk = q−

1
n

(
qδi,jδj,kδi,l + (q − q−1)δj<iδj,lδi,k

)
, (2.13)

where δj<i = 1 if j < i and δj<i = 0 otherwise.

Let Oq(Mn) be the associated R-algebra generated by ui,j, i, j ∈ {1, 2, · · · , n},
subject to the relations

(u⊗ u)R = R(u⊗ u), (2.14)

where R is the n2 × n2 matrix given by equation (2.13), and u⊗ u is the n2 × n2

matrix with entries (u ⊗ u)ikjl = ui,juk,l for i, j, k, l ∈ {1, 2, · · · , n}. Define the

element

detq(u) :=
∑
σ∈Sn

(−q)ℓ(σ)u1,σ(1) · · ·un,σ(n) =
∑
σ∈Sn

(−q)ℓ(σ)uσ(1),1 · · ·uσ(n),n.

Define Oq(SLn) to be Oq(Mn)/(detqu − 1). Then Oq(SLn) is a Hopf algebra with

the Hopf algebra structure given by

∆(ui,j) =
n∑

k=1

ui,k ⊗ uk,j, ϵ(ui,j) = δi,j.

S(ui,j) = (u!)i,j = (−q)i−jdetq(u
j,i).

Here uj,i is the result of removing the j-th row and i-th column from u.

Theorem 2.1.6 ([LS21]). (a) Sn(B, v) is a Hopf algebra over R.

(b)We have a unique Hopf algebra isomorphism gbig : Oq(SLn)→ Sn(B, v) defined

by gbig(ui,j) = aij.

Lemma 2.1.7. The map ⃗· : Sn(B, v) → Sn(B, v) is a Hopf algebra isomor-

phism.
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Proof. Since ⃗· is already an algebra homomorphism. We only need to show ⃗·
respects comultiplication, counit, and antipode. We only need to check this for aij

because ⃗· ,∆, ϵ are algebra homomorphisms and S is an anti-algebra homomor-

phism.

From equations (63) and (65) in [LS21], we know

∆ ◦ ⃗· = ⃗· ◦∆, ϵ ◦ ⃗· = ⃗· ◦ ϵ.

For any i, j ∈ {1, 2, · · · , n}, we have

⃗· (S(aij)) = (−q)i−j( ⃗· ( ⃗a j̄
ī
)) = (−q)i−j(aj̄

ī
), S( ⃗· (aij)) = S( ⃗a i

j) = (−q)i−j(aj̄
ī
).

For any i, j ∈ {1, 2, · · · , n}, We use bi,j to denote ⃗a i
j. Combining Theorem 2.1.6

and Lemma 2.1.7 , we have the following Theorem. The reason why we prefer bi,j

than aij is because bi,j coincides with our notation, which requires the orientation

of bi,j to be from j to i.

Theorem 2.1.8. We have a unique Hopf algebra isomorphism fbig : Oq(SLn) →
Sn(B, v) defined by fbig(ui,j) = bi,j.

Lemma 2.1.9 ([PW91]). Suppose q is a primitive m-th root of unity with m being

odd. Then in Oq(SLn), for any 1 ≤ i, j ≤ n, we have

(a)

∑
σ∈Sn

(−1)ℓ(σ)(u1,σ(1))m(u2,σ(2))m . . . (un,σ(n))m

=
∑
σ∈Sn

(−1)ℓ(σ)(uσ(1),1)m(uσ(2),2)m . . . (uσ(n),n)m = 1,

(b)

∆((ui,j)
m) =

∑
1≤k≤n

(ui,k)
m ⊗ (uk,j)

m,

(c) (ui,j)
m is in the center of Oq(SLn).
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2.1.6 Conventions

An oriented arc α in (M,N ) is a smooth embedding from [0, 1] to M with the

orientation given by the positive direction of [0, 1] such that α∩∂M = {α(0), α(1)}∩
N . A framed oriented arc is an oriented arc with transversal framing such that

the framings at {α(0), α(1)} ∩ N , if not empty, are given by the velocity vectors

of N . An oriented circle in (M,N ) is a smooth embedding β : S1 → M with a

chosen orientation such that β ⊂ int(M). A framed oriented knot is an oriented

circle with transversal framing.

If both two ends of a framed oriented arc lie in N we call it a framed oriented

boundary arc of (M,N ), or just framed oriented boundary arc when there is

no confusion with (M,N ). If the two ends of a framed oriented boundary arc are

both stated, we call it a stated framed oriented boundary arc.

For a framed oriented boundary arc α, we use αi,j to denote α with two ends stated

by s(α(0)) = j and s(α(1)) = i. For a stated framed oriented boundary arc α,

suppose s(α(0)) = j and s(α(1)) = i, we can also use αi,j to denote α to indicate

the information that s(α(0)) = j and s(α(1)) = i.

For two framed oriented arcs α, β, we say α∗β is well-defined if (1) α∩β = {α(0)} =
{β(1)} and they have the same framing and velocity vector at point β(1) = α(0), or

(2) α ∩ β = {α(0), α(1)} = {β(0), β(1)}, where α(0) = β(1) and α(1) = β(0), and

they have the same framings and velocity vectors at their intersecting points. We

use α∗β to denote the new framed oriented arc (or framed oriented knot) obtained

by connecting α and β at their intersecting points. Note that it is possible that

α ∗ β is not a well-defined framed oriented arc (or framed oriented knot) because

the intersecting points could be contained in N . If this happens, we just isotopicly

push the parts nearby intersecting points to the inside of M . Then we obtain a

well-defined framed oriented arc (or framed oriented knot), which is still denoted

as α ∗ β. Note that for case (2), we have both α ∗ β and β ∗ α are well-defined and

they represent the same framed oriented knot.

Suppose R1, R2 are two algebras, and f is map from R1 to R2. Let A = (ai,j) be a

k1 by k2 matrix in R1 where k1, k2 are two positive integers. We define f(A) to be

a k1 by k2 matrix in R2 with [f(A)]i,j = f(ai,j). If f is an algebra homomorphism,

we have f(I) = I, f(A1A2) = f(A1)f(A2), f(A3 + A4) = f(A3) + f(A4), f(A
−1
5 ) =
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(f(A5))
−1 where I is the identity matrix in any size and At, 1 ≤ t ≤ 5, are matrices

in R1 such that the above operations for At make sense.

In this thesis, when we talk about 3-manifold, we always mean a 3-manifold with

a chosen orientation and a chosen Riemannian metric.

2.2 The commutative algebra structure for Sn(M,N , 1)
and the coordinate ring

In this section we will give a commutative algebra structure to Sn(M,N , 1), and
introduce an algebraic set related to (M,N ). The main goal of this section is to

construct a surjective algebra homomorphism from Sn(M,N , 1) to the coordinate

ring of this algebraic set. In next section, we will prove the well-definedness and

surjectivity of this algebra homomorphism.

2.2.1 Height exchange relations for boundary arcs with op-

posite orientations

In this subsection, we try to discuss the relation between
j

i
and

j

i

(between
j

i
and

j

i
).

Proposition 2.2.1 ([Wan24]). Let (M,N ) be any marked 3-manifold with N ̸= ∅.
In Sn(M,N , v), we have

j

i
=

i

j
=


q

1−n
n

 j

i
+ ci(1− q2)

∑
j<k≤n c

−1
k̄

k

k̄

 , if j = ī,

q
1
n

j

i
, if j ̸= ī.
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2.2.2 Commutative algebra structure for Sn(M,N , 1)

In this subsection, we will give a commutative algebra structure for Sn(M,N , 1).
To do so, first we define the product of two stated n-webs as the disjoint union,

that is, we first isotope two stated n-webs such that they have no intersection, then

take their union as the product. To prove this product is well defined, we have to

show the product is independent of how we take the union of these two webs.

Corollary 2.2.2. For any marked 3-manifold (M,N ), we have Sn(M,N , 1) is a

commutative algebra under the above defined multiplication.

Proof. Because of relations (2.4) and (2.11), it suffices to show for any two states

i, j, we have

j

i
=

j

i
,

j

i
=

j

i

when v = 1, which can be eaily derived from Proposition 2.2.1.

2.2.3 Relative spin structure and character variety

Let (M,N ) be any marked 3-manifold, and ζ : UM → M be the unit tangent

bundle. We know the fiber of this bundle is SO(3), whose fundamental group is

Z2. For any point P ∈ M , we use ϑP to denote the nontrivial element in the

fundamental group of ζ−1(P ). We have ϑP is homotopic to ϑQ for any two points

P,Q in a same component of M . For a component Y of M , we use ϑY to denote

this homotopy type. When M is connected, we will use ϑ to denote this unique

homotopy type.

For any component e ∈ N , e has a unique lift ẽ in UM . For any point x ∈ e, let
ux be the unit velocity vector at point x, let wx be the unit tangent vector at x

such that wx is orthogonal to ∂M and pointing inside of M . Then the orientation

of M determines the second unit tangent vector vx such that (ux, vx, wx) is the

orientation of M . Obviously ẽ = {(x, ux, vx, wx) | x ∈ e} is a smooth path in

UM , which is diffeomorphic to (0, 1). Let Ñ = ∪eẽ where the union takes over all

components e of N . Note that Ñ = ∅ when N = ∅.
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From now on, for a topological spaceX, we will use Com(X) (respectively PCom(X))

to denote the set of components of X (the set of path connected components of

X).

Definition 2.2.3. A relative spin structure of a marked 3-manifold (M,N ) is

defined to be a group homomorphism h : H1(UM, Ñ ) → Z2 such that h(ϑY ) = 1

for Y ∈ Com(M).

Note that when N = ∅, h is just the usual spin structure.

Suppose (M,N ) is the disjoint union of (M1,N1) and (M2,N2). Then we have

H1(UM, Ñ ) = H1(UM1, Ñ1) ⊕ H1(UM2, Ñ2). For each i = 1, 2, let hi be a rel-

ative spin structure for (Mi,Ni). Then (h1, h2) : H1(UM, Ñ ) → Z2, defined by

(h1, h2)(x1, x2) = h1(x1) + h2(x2), is a relative spin structure for (M,N ). Clearly

every relative spin structure of (M,N ) is of this form.

rem Let X be any path connected topological space, and P be a set of finite points

in X. We suppose P = {p0, p1, . . . , pm−1} where m is a positive integer. For

each 1 ≤ i ≤ m − 1, let αi be a path connecting p0 and pi. Then H1(X,P ) =

H1(P )⊕ Z([α1])⊕ · · · ⊕ Z([αn−1]).

SupposeM is connected. WhenN has only one component, we haveH1(UM, Ñ ) =

H1(UM). Thus in this case the relative spin structure for (M,N ) is just the usual

spin structure for M . When ♯N > 1, suppose the set of components of N is

{e0, e1, . . . , em−1}. For each 1 ≤ i ≤ m − 1, let αi be a path connecting ẽ0 and

ẽi. Then we have H1(UM, Ñ ) = H1(UM) ⊕ Z([α1]) ⊕ · · · ⊕ Z([αm−1]). For any

spin structure h for M , we can extend h to a relative spin structure for (M,N )

by defining h([αi]) = ri ∈ Z2, 1 ≤ i ≤ m − 1, where ri, 1 ≤ i ≤ m − 1, are m − 1

arbitrary elements in Z2. Reversely, for any relative spin structure, we can restrict

h to H1(UM) to obtain a spin structure for M .

Suppose N ′ is obtained from N (N ̸= ∅) by adding one extra marking e such that

cl(e) ∩ cl(N ) = ∅. Let α be a path connecting Ñ and ẽ such that α(0) ∈ Ñ and

α(1) ∈ ẽ. Then H1(UM, Ñ ′) = H1(UM, Ñ ) ⊕ Z([α]). Any relative spin structure

h for (M,N ) can be extended to a relative spin structure for (M,N ′) by defining

h([α]) = r where r is an arbitrary element in Z2. Reversely any relative spin

structure h for (M,N ′) can be restricted to H1(UM, Ñ ) to obtain a relative spin

structure for (M,N ).



382.2. The commutative algebra structure for Sn(M,N , 1) and the coordinate ring

For a path connected topological space X, we use π1(X) to denote the fundamental

group for X. For [α], [β] ∈ π1(X), [α][β] = [α ∗ β] where α ∗ β is obtained by first

going through β, then going through α. Note that here α ∗ β is different with

conventional definition.

Definition 2.2.4. For any path connected toplogical space X, define

Γn(X) = C[[α]i,j | [α] ∈ π1(X), 1 ≤ i, j ≤ n]/(Q[α]Q[β] = Q[α∗β], det(Q[α]) = 1, Q[o] = I)

where [α], [β] go through all elements in π1(X), [o] is the trivial loop in π1(X) ,

Q[η] = ([η]i,j)1≤i,j≤n for any element [η] ∈ π1(X).

Note that π1(X) has an action on Γn(X), defined by [α]([β]i,j) = [α ∗β ∗α−1]i,j for

any [α], [β], 1 ≤ i, j ≤ n. We use Gn(X) to denote the subalgebra of Γn(X) fixed

by this action.

Note that Trace(Q[α]) ∈ Gn(X) for any [α] ∈ π1(X), and Gn(X) is generated by

Trace(Q[α]), [α] ∈ π1(X) as an algebra [Sik01].

rem We can generalize Definition 2.2.4 to general topological space. Let X be a

topological space. Suppose PCom(X) = {X1, . . . , Xm}, then define

Γn(X) = Γn(X1)⊗ · · · ⊗ Γn(Xm), Gn(X) = Gn(X1)⊗ · · · ⊗Gn(Xm).

But Γn(X), Gn(X) are only well-defined up to isomorphism, since different order

of Xi give different algebras.

Definition 2.2.5 ([CL22a]). Let X be a topological space and {Ej}j∈J be dis-

joint contractible subspaces of X. The fundamental groupoid π1(X,∪j∈JEj) is the

groupoid (i.e. a category with invertible morphisms) whose objects are {Ej}j∈J and

whose morphisms are the homotopy classes of oriented paths in X with end points

in ∪j∈JEj. A morphism of groupoids is a functor of the corresponding categories.

We can regard the group as the groupoid consisting of only one object and all group

elements being all morphisms.

For a marked 3-manifold (M,N ), we use πMor
1 (M,N ) to denote the set of mor-

phisms in π1(M,N ).
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Let A,B be two categories. We try to define a new category A∪B. The objects of
A∪B is the union of objects in A and objects in B. Let U, V be any two objects in

A∪B. If U, V both belong toA (respectively B), then we define HomA∪B(U, V ) to be

HomA(U, V ) (respectively HomB(U, V )). Otherwise we define HomA∪B(U, V ) = ∅.

Let X be a topological space. Suppose PCom(X) = {X1, . . . , Xm}. For each

1 ≤ t ≤ m, let {Ej}j∈Jt be disjoint contractible subspaces of Xt. Obviously we

have

π1(X,∪1≤t≤m(∪j∈JEj)) = π1(X1,∪j∈J1Ej) ∪ · · · ∪ π1(Xm,∪j∈JmEj).

Definition 2.2.6. For a marked 3-manifold (M,N ) with every component of M

containing at least one marking, define

χn(M,N ) = Hom(π1(M,N ), SLn(C)),

and

χ̃n(M,N ) = {ρ̃ ∈ Hom(π1(UM, Ñ ), SLn(C)) | ρ̃(ϑY ) = dnI, for all Y ∈ Com(M)}

where I is the identity matrix.

Suppose (M,N ) is the disjoint union of (M1,N1) and (M2,N2), then we have

χn(M,N ) ≃ χn(M1,N1)× χn(M2,N2), χ̃n(M,N ) ≃ χ̃n(M1,N1)× χ̃n(M2,N2).

From Lemma 8.1 in [CL22a], if M is connected we have

χn(M,N ) ≃ Hom(π1(M), SLn(C))× SLn(C)♯N−1.

Then χn(M,N ) is an affine algebraic set, whose coordinate ring is denoted as

Rn(M,N ).

Definition 2.2.7. When M is connected and N is empty, we define χn(M,N ) to

be the SLn(C)-character variety of M . That is

χn(M,N ) = XSLn(C)(M)

where XSLn(C)(M) is defined in (1.1).



402.2. The commutative algebra structure for Sn(M,N , 1) and the coordinate ring

Similarly we define

χ̃n(M, ∅) = {ρ̃ ∈ Hom(π1(UM), SL(n,C)) | ρ̃(ϑ) = dnI}/ ≃

where the definition for ≃ is the same as the one in (1.1) (that is two elements are

considered to be equivalent if and only if they have the same “trace”).

rem From [Sik01], we know χn(M, ∅) is an affine algebraic set. We also denote

its coordinate ring as Rn(M, ∅). There is a surjective algebra homomorphism Y :

Gn(M)→ Rn(M, ∅) defined by

Y(tr(Q[α]))(ρ) = tr(ρ([α])) where [α] ∈ π1(M), ρ ∈ χn(M, ∅),

and KerY =
√
0.

We can simply generalize definitions for χn(M,N ), χ̃n(M,N ), Rn(M,N ) to all

marked 3-manifolds by taking product (or tensor product) for disjoint union.

Proposition 2.2.8. For any marked 3-manifold (M,N ), we have χn(M,N ) ≃
χ̃n(M,N ).

Proof. We can assumeM is connected. Here we only consider the case whenN ̸= ∅
since we can prove the case when N = ∅ by using the same technique.

Let h be a relative spin structure for (M,N ). We use h to establish an isomorphism

fh : χn(M,N )→ χ̃n(M,N ). For any ρ ∈ χn(M,N ), define

fh(ρ)(α̃) = dh(α̃)n ρ(α) where α̃ ∈ π1(UM, Ñ ), α = ζ(α̃).

Clearly fh(ρ) is a homomorphism from π1(UM, Ñ ) to SLn(C), and fh(ρ)(ϑ) =

d
h(ϑ)
n ρ(ζ(ϑ)) = dnI, thus fh ∈ χ̃n(M,N ).

Then we try to define gh : χ̃n(M,N ) → χn(M,N ). For any ρ̃ ∈ χ̃n(M,N ) and

α ∈ π1(M,N )

gh(ρ̃)(α) = dh(α̃)n ρ̃(α̃) where α̃ ∈ π1(UM, Ñ ) such that ζ(α̃) = α.

Suppose ζ(α̃) = ζ(β̃) = α. Since ρ̃(ϑ) = dnI and h(ϑ) = 1, we have

ρ̃(α̃−1β̃) = dh(α̃
−1)+h(β̃)

n I = dh(α̃)+h(β̃)
n I.



Chapter 2. The classical limit of the stated SLn-skein module 41

Then d
h(β̃)
n ρ̃(β̃) = d

h(α̃)
n ρ̃(α̃), which shows gh(ρ̃) is well-defined. Obviously we have

gh(ρ̃) ∈ χ(M,N ).

We have

fh(gh(ρ̃))(α̃) = dh(α̃)n gh(ρ̃)(α) = dh(α̃)n dh(α̃)n ρ̃(α̃) = ρ̃(α̃),

gh(fh(ρ))(α) = dh(α̃)n fh(ρ)(α̃) = dh(α̃)n dh(α̃)n ρ(α) = ρ(α).

Thus gh and fh are inverse to each other.

When there is a fixed relative spin structure, we don’t have to distinguish between

χn(M,N ) and χ̃n(M,N ), and we also regard Rn(M,N ) as the coordinate ring for

χ̃n(M,N ) using Proposition 2.2.8.

rem For any two relative spin structures h1, h2, we have Fh2−h1 ◦ fh1 = fh2 where

Fh2−h1 is an isomorphism from χ̃n(M,N ) to χ̃n(M,N ) defined as

Fh2−h1(ρ̃)(α̃) = dh2(α̃)−h1(α̃)
n ρ̃(α̃).

rem From Remark 2.2.3, we know there is a surjective algebra homomorphism

Y : Gn(M) → Rn(M, ∅), and KerY =
√
0. When there is a spin structure h, we

can regard Rn(M, ∅) as the coordinate ring for χ̃n(M, ∅) using Proposition 2.2.8.

Then Y is given by

Y(tr(Q[α]))(ρ̃) = dh([α̃])n tr(ρ̃([α̃])) (2.15)

where [α] ∈ π1(M) and [α̃] ∈ π1(UM) is any lift of [α]. Since the definition of Y
in equation (2.15) is related to h, we will use Yh, instead of Y , to denote the map

defined by equation (2.15).

2.2.4 Surjective algebra homomorphism from Sn(M,N , 1)
to the coordinate ring

For any marked 3-manifold (M,N ), we are trying to define a surjective algebra

homomorphism Φ
(M,N )
h : Sn(M,N , 1)→ Rn(M,N ) (here we regard Rn(M,N ) as

the coordinate ring for χ̃n(M,N )).
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Recall that Ñ is lifted byN . For any component e ∈ N , we have ẽ = {(x, ux, vx, wx) |
x ∈ e}, where ux is the unit velocity vector at x, wx is the unit tangent vector at

x orthogonal to ∂M pointing into M and (ux, vx, wx) is the orientation of M .

For any n-web l and a component e of N , we can isotope l such that the velocity

vector of l at each its end point x contained in e is parallel to vx. Then we say l

is in good position with respect to e. If l is in good position with respect to

every component of N , we say it is in good position with respect to (M,N ), or

just l is in good position when there is no confusion with (M,N ).

Let α be any stated framed oriented boundary arc in (M,N ), then we can lift α

to an element α̃ in π1(UM, Ñ ). We first isotope α such that α is in good position

and the framing is normal everywhere. Then α lifts to α̃ where the first vector

is the framing, the second vector is the velocity vector, and the third vector is

determined by the orientation of M . Suppose s(α(0)) = j and s(α(1)) = i. Then

for any ρ̃ ∈ χ̃n(M,N ), define

trα(ρ̃) = [Aρ̃(α̃)]i,j, where Ai,j = (−1)i+1δi,j, 1 ≤ i, j ≤ n.

Note that detA = 1 and A2 = dnI.

Let α be any framed oriented knot in Sn(M,N ), then we lift α to a closed path

α̃ in UM as above (first isotope α such that the framing is normal everywhere,

then use framing as the first vector and use velocity vector as the second vector).

We use a path to connect Ñ (respectively the base point for π1(UM)) and α̃ when

N ̸= ∅ (respectively N = ∅). This gives an element in π1(UM, Ñ ) or π1(UM),

which is still denoted as α̃. For any ρ̃ ∈ χ̃n(M,N ) define

trα(ρ̃) = tr(ρ̃(α̃)).

Since Trace is invariant under the same conjugacy class, we have trα(ρ̃) is well-

defined.

Theorem 2.2.9. Let (M,N ) be a marked 3-manifold with M being connected.

Then there exists a surjective algebra homomorphism Φ(M,N ) : Sn(M,N , 1) →
Rn(M,N ) defined as following: For any stated n-web l in (M,N ), we use relation

(2.8) to kill all the sinks and sources to obtain l′ consisting of arcs and knots if

N ̸= ∅ (we use relation (2.7) to kill all the sinks and sources to obtain l′ consisting
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of knots if N = ∅). Suppose l′ = ∪αα where each α is a stated framed oriented

boundary arc or a framed oriented knot, then define

Φ(M,N )(l)(ρ̃) =
∏
α

trα(ρ̃)

where ρ̃ ∈ χ̃n(M,N ).

Although we assume M is connected in Theorem 2.2.9 for simplicity, we can easily

generalize Theorem 2.2.9 to general marked 3-manifolds.

When there is no confusion with the marked 3-manifold (M,N ), we can omit the

superscript for Φ(M,N ). We will prove Theorem 2.2.9 in next section.

2.2.5 Compatibility with the construction by Costantino

and Lê for essentially bordered pb surfaces when n =

2.

Let S be an essentailly bordered pb surface, and (M,N ) be the thickening of S.

Recall that for every boundary component e, we select a point xe ∈ e, and set

N = ∪e({xe} × (−1, 1)) where e is taken over all the boundary components of S.

The orientation and the Riemannian matric of M are the product orientation and

the product Riemannian matric respectively. For simplicity, we can assume S is

connected.

If we regard the state ”2” as the state ”+”, and the state ”1” as the state ”−”. Then
S2(S, 1) is the same as the commutative stated skein algebra, mentioned in Section

8 in [CL22a], as shown in [LS21]. When n = 2, Costantino and Lê established an

isomorphism tr : S2(S, 1) → χ(S) where χ(S) is the coordinate ring of the so

called flat twisted SL2(C)-bundle. Here we briefly recall the definition of the flat

twisted SL2(C)-bundle, please refer to Section 8 in [CL22a] for more details. We

follow their notation, and use π1(US, ∂̃S) to denote their groupoid, where US is

the unit tangent bundle over S and ∂̃S is the lift of ∂S. Then every point in US

is a pair (x, vx) where x ∈ S and vx is a unit tangent vector at point x. For a

point x ∈ S the fiber O is a circle, and we orient it according to the orientation of
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S. Then the flat twisted SL2(C)-bundle is defined to be

{ρ ∈ Hom(π1(US, ∂̃S), SL2(C)) | ρ(O) = −I}.

Let pr : M → S be the projection given by pr(x, t) = x for all x ∈ S, t ∈ [−1, 1],
and l : S→M be the embedding given by l(x) = (x, 0). We use pr∗ (respectievly

l∗) to denote the induced map from T (M) to T (S) (respectively from T (S) to

T (M)), where T ( · ) is the tangent bundle. For every point y ∈ M , we use uy to

denote the unit vertical tangent vector at y such that uy points from −1 to 1. Then

l induces an embedding

l♯ : US→ UM

(x, vx) 7→ (l(x), ul(x), l∗(vx), wl(x))

where wl(x) is determined by the orientation of M . Let VM = {(y, ay, by, cy) ∈
UM | ay = uy} be a submanifold of UM with one dimension less. Then pr induces

a projection

pr♯ : VM → S

(y, ay, by, cy) 7→ (pr(y), pr∗(by)).

Clearly Iml♯ ⊂ VM , and pr♯ ◦ l♯ = IdUS.

For each boundary component e of S, we use x̃e to denote a point in ẽ whose

projection on e is the point xe.

Define

fl : π1(US, ∂̃S)→ π1(UM, Ñ )

[α] 7→ [l♯ ◦ α]

where α is a representative of [α] such that the two endpoints of α belong to ∪e{x̃e}.
And define

fpr : π1(UM, Ñ )→ π1(S, ∂̃S)

[β] 7→ [pr♯ ◦ β]
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where β is a representative of [β] such that Imβ ⊂ VM . It is easy to show fl and

fpr are inverse to each other, and fl(O) = ϑ. Then fl induces isomorphism from

χ̃2(M,N ) to {ρ ∈ Hom(π1(US, ∂̃S), SL2(C)) | ρ(O) = −I}, which further induces

an isomorphism f∗ : χ(S)→ R2(M,N ). Then it is a trivial check that

f∗ ◦ tr = Φ.

2.2.6 Compatibility with the splitting map

In this subsection we discuss the splitting maps for bothRn(M,N ) and Sn(M,N , 1)
and the commutativity for these two splitting maps.

Recall that when D is a properly embedded disk in M and β ⊂ D is an embed-

ded oriented open interval, there exists a splitting map Θ(D,β) : Sn(M,N , 1) →
Sn(Cut(D,β)(M,N ), 1).

Lemma 2.2.10. The above linear map Θ(D,β) is an algebra homomorphism.

Proof. It followes easily from the definition of Θ(D,β).

We will use (M ′,N ′) to denote Cut(D,β)(M,N ). Then there is a projection pr

: (M ′,N ′) → (M,N ). If we orient ∂D, the orientations of ∂D and M give a way

to distinguish between D1 and D2 such that the orientation pointing from D2 to

D1 and the orientation of ∂D coincide with the orientaion of M , see Figure 2.1.

Figure 2.1: The orientation of D is indicated by the arrow, the orientation of
M is right handed. The left (respectively right) disk copy is D1 (respectively
D2). The left (respectively right) red arrow is β1 (respectively β2).

In the following discussion, we fix an orientation for ∂D. Note that β ∈ D lifts

to an element in UM . For every point P in β, the velocity vector gives the first
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unit tangent vector, the orientation of ∂D and the orientation of M give the third

unit tangent vector (since the orientation of ∂D and the orientation of M give an

orientation ofD, which determines a unit tangent vector at P ), then the orientation

of M gives the second unit tangent vector. We use β̃ to denote this lift. Recall

that ζ : UM → M is the projection, we define D̃ = ζ−1(D). The projection pr

: (M ′,N ′) → (M,N ) induces a projection p̃r : UM ′ → UM . Then p̃r−1(β̃) =

β̃1
′ ∪ β̃2

′
where β̃1

′ ∈ D̃1, β̃2
′ ∈ D̃2 (D̃1 and D̃2 are defined in the same way with

D̃). Note that β̃1 = β̃1
′
and β̃2 ̸= β̃2

′
. The orientation of β determines a path aβ

from β̃2 to β̃2
′
and a path bβ from β̃2

′
to β̃2 such that both aβ ∗ bβ and bβ ∗ aβ are

in the same homotopy type with ϑ.

rem According to Lemma 8.1 in [CL22a], any ρ′ ∈ χ̃n(M
′,N ′) can be extended to

a homomorpism ρ′′ : π1(UM
′, Ñ ′ ∪ {β̃2

′})→ SLn(C) by setting ρ′′(aβ) = dnA.

For any α ∈ π1(UM, Ñ ), we can isotope α such that α∩D̃ = α∩β̃ and α∩β̃ consists

of finite points. Then α = αk ∗ αk−1 ∗ · · · ∗ α1 where each αi ∈ π1(UM, Ñ ∪ {β̃})
intersects D̃ at most in its endpoints and exactly along β̃. For any ρ′ ∈ χ̃n(M

′,N ′),

define

ν∗(ρ′)(α) = ρ′′(α′
k)ρ

′′(α′
k−1) . . . ρ

′′(α′
1)

where α′
i = p̃r−1(αi) ∈ π1(UM ′, Ñ ′ ∪ {β̃2

′}).

Proposition 2.2.11. Let (M,N ) be a marked 3-manifold, D be any properly em-

bedded disk with an embedded oriented open interval β ∈ D. Then there is a surjec-

tive homomorphism ν∗ : χ̃n(M
′,N ′)→ χ̃n(M,N ) where (M ′,N ′) = Cut(D,β)(M,N ).

Especially ν∗ induces an injective algebra homomorphism ν : Rn(M,N )→ Rn(M
′,N ′).

Proof. First we show ν∗(ρ′) ∈ χ̃n(M,N ). Clearly we have ρ′′(ϑY ) = dnI for any

component Y of M ′. Since ρ′′ preserves height exchange and crossing exchange,

to show ν∗(ρ′) is well-defined, it suffices to show ν∗(ρ′) preserves the following two

moves:
β

←→

β

(2.16)

β

←→

β

(2.17)
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The red arrow in equations (2.16) and (2.17) is the projection of β, to get the

original β, we just rotate the red arrow in equations (2.16) and (2.17) 90 degrees

such that it points towards readers. The black line represents part of path in UM ,

and the white dot represents the direction of the path. The first unit tangent vector

of the path is the one pointing towards readers and the second one is given by the

velocity vector of the black line.

Here we only prove ν∗(ρ′) preserves

β

←→

β

.

The same proving technique applies for other three cases.

We isotope

β

to

β

. From the definition of ν∗(ρ′), we know

ν∗(ρ′)(

β

) =ρ′′(

β

)ρ′′(

β

)ρ′′(

β

)

=ρ′′(

β

)ρ′′(

β

) = ρ′′(

β

)

=ν∗(ρ′)(

β

).

Then, trivially we have ν∗(ρ′) ∈ χ̃n(M,N ).

Then we want to show ν∗ is surjective. We use −β̃ to denote p̃r(β̃2), and use aβ

to denote p̃r(aβ). Then aβ is a path from −β̃ to β̃. For any ρ ∈ χ̃n(M,N ), we use

Lemma 8.1 in [CL22a] to extend ρ to ρ′′ : π1(UM, Ñ ∪{β̃,−β̃}) setting in particular

ρ′′(aβ) = dnA. The projection p̃r : UM ′ → UM induces a homomorphism pr∗ :

π1(UM
′, Ñ ′ ∪ {β̃2

′}) → π1(UM, Ñ ∪ {β̃,−β̃}). Then ρ′′ ◦ pr∗ is a homomorphism
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from π1(UM
′, Ñ ′ ∪ {β̃2

′}) to SLn(C). Set ρ′ to be the restriction of ρ′′ ◦ pr∗ on

π1(UM
′, Ñ ′). Then it is easy to show we have ρ′ ∈ χ̃n(M

′,N ′) and ν∗(ρ′) = ρ.

Theorem 2.2.12. Let (M,N ) be any marked 3-manifold, D be any properly em-

bedded disk with an embedded oriented open interval β ∈ D. Then we have

Φ(M ′,N ′) ◦Θ(D,β) = ν ◦ Φ(M,N ).

Proof. We can assume M is connected. Note that M ′ may not be connected.

Since both Φ(M ′,N ′) ◦Θ(D,β) and ν ◦Φ(M,N ) are algebra homomorphisms, it suffices

to show Φ(M ′,N ′)(Θ(D,β)(α)) = ν(Φ(M,N )(α)) for any framed oriented knot or stated

framed oriented boundary arc α. If there is no intersection between α and D, it is

obvious. Then we look at the case when α intersects D. We isotope α such that

α is transverse to D, α ∩ D ⊂ β, and the framing at each point of α ∩ β is the

velocity vector of β.

If α is a stated framed oriented boundary arc with s(α(0)) = i and s(α(1)) = j.

Then α = αm ∗αm−1 ∗ · · ·∗α1 where all αi are framed oriented arcs and are parts of

α such that each αt has two ends on β for 2 ≤ t ≤ m− 1 and α1(1), αm(0) ∈ β and

the interior of each αt has no intersection with D. Let α′
t = pr−1(αt), 1 ≤ t ≤ m,

then

Θ(D,β)(α) =
∑

1≤k1,...,km−1≤n

(α′
m)j,km−1(α

′
m−1)km−1,km−2 . . . (α

′
1)k1,i.

For any ρ′ ∈ χ̃n(M
′,N ′), we have

Φ(M ′,N ′)(Θ(D,β)(α))(ρ
′) =

∑
1≤k1,...,km−1≤n

(Aρ′(α̃′
m))j,km−1

(Aρ′(α̃′
m−1))km−1,km−2

. . . (Aρ′(α̃′
1))k1,i

= (Aρ′(α̃′
m)Aρ

′(α̃′
m−1) . . . Aρ

′(α̃′
1))j,i

and

ν(Φ(M,N )(α))(ρ′) = Φ(M,N )(α)(ν∗(ρ′)) = (A ν∗(ρ′)(α̃))j,i.

According to the definition of ν∗, we know

ν∗(ρ′)(α̃) = ρ′′(α̃′
m)ρ

′′(α̃′
k−1) . . . ρ

′′(α̃′
1).
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It is easy to see

ρ′′(α̃′
m)ρ

′′(α̃′
k−1) . . . ρ

′′(α̃′
1) = ρ′′(α̃′

m)ρ
′′(γm−1)ρ

′′(α̃′
m−1)ρ

′′(γm−2) . . . ρ
′′(γ1)ρ

′′(α̃′
1)

where γt = a−1
β or b−1

β for 1 ≤ t ≤ m− 1. Since ρ′′(a−1
β ) = ρ′′(b−1

β ) = A, we have

ν∗(ρ′)(α̃) = ρ′′(α̃′
m)ρ

′′(γm−1)ρ
′′(α̃′

m−1)ρ
′′(γm−2) . . . ρ

′′(γ1)ρ
′′(α̃′

1)

= ρ′(α̃′
m)Aρ

′(α̃′
m−1)A . . . Aρ

′(α̃′
1).

Thus we get

ν(Φ(M,N )(α))(ρ′) = (Aρ′(α̃′
m)Aρ

′(α̃′
m−1) . . . Aρ

′(α̃′
1))j,i = Φ(M ′,N ′)(Θ(D,β)(α))(ρ

′).

If α is a framed knot. Let η be a path in UM connecting the base point of π1(UM)

to α̃ when N = ∅ or a path connecting Ñ to α̃ when N ̸= ∅ such that η ∩ D̃ = ∅.
Similarly suppose α = αm ∗ αm−1 ∗ · · · ∗ α1 where all αi are framed oriented arcs

and parts of α such that each αt has two ends on β and does not intersect with D

on its interior. Let α′
t = pr−1(αt), 1 ≤ t ≤ m, then

Θ(D,β)(α) =
∑

1≤i,k1,...,km−1≤n

(α′
m)i,km−1(α

′
m−1)km−1,km−2 . . . (α

′
1)k1,i.

For any ρ′ ∈ χ̃n(M
′,N ′), we have

Φ(M ′,N ′)(Θ(D,β)(α))(ρ
′) =

∑
1≤i,k1,...,km−1≤n

(Aρ′(α̃′
m))i,km−1

(Aρ′(α̃′
m−1))km−1,km−2

. . . (Aρ′(α̃′
1))k1,i

= tr(Aρ′(α̃′
m)Aρ

′(α̃′
m−1) . . . Aρ

′(α̃′
1))

and

ν(Φ(M,N )(α))(ρ′) = Φ(M,N )(α)(ν∗(ρ′)) = tr(ν∗(ρ′)(η−1 ∗ α̃ ∗ η)).

We assume η(1) ∈ α̃′
1, otherwise we can relabel αi to make this happpen, and

η(1) divides α̃′
1 into two parts α̃′

1

′
, α̃′

1

′′
such that α̃′

1 = α̃′
1

′
∗ α̃′

1

′′
. Using the same

technique as α being an arc, we get

ν∗(ρ′)(η−1 ∗ α̃ ∗ η) = ρ′′(η−1 ∗ α̃′
1

′′
)Aρ′′(α̃′

m)Aρ
′′(α̃′

m−1)A . . . Aρ
′′(α̃′

1

′
∗ η).
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Then we have

ν(Φ(M,N )(α))(ρ′) = tr(ρ′′(η−1 ∗ α̃′
1

′′
)Aρ′′(α̃′

m)Aρ
′′(α̃′

m−1)A . . . Aρ
′′(α̃′

1

′
∗ η))

= tr(Aρ′′(α̃′
m)Aρ

′′(α̃′
m−1)A . . . Aρ

′′(α̃′
1

′
∗ η)ρ′′(η−1 ∗ α̃′

1

′′
))

= tr(Aρ′′(α̃′
m)Aρ

′′(α̃′
m−1)A . . . Aρ

′′(α̃′
1

′
∗ α̃′

1

′′
))

= tr(Aρ′′(α̃′
m)Aρ

′′(α̃′
m−1)A . . . Aρ

′′(α̃′
1))

= tr(Aρ′(α̃′
m)Aρ

′(α̃′
m−1)A . . . Aρ

′(α̃′
1))

= Φ(M ′,N ′)(Θ(D,β)(α))(ρ
′).

2.3 Proof for Theorem 2.2.9

For any m by k matrix A, Ct(A), 1 ≤ t ≤ k, denotes the t-th column of A,

Rt(A), 1 ≤ t ≤ m, denotes the t-th row of A.

To simplify the notation, we will omit the superscript for Φ(M,N ) when there is no

confusion for (M,N ).

2.3.1 The case when N = ∅

Sikora proved Sn(M ;C, 1) ≃ Gn(M) [Sik05]. Lê and Sikora proved Sn(M, ∅, 1) ≃
Sn(M ;C, 1), which is related to the spin structure h [LS21]. Then it is easy to show

the combination of Sn(M, ∅, 1) ≃ Sn(M ;C, 1) ≃ Gn(M)→ Rn(M, ∅) is Φ ,where

the third map Gn(M)→ Rn(M, ∅) is Yh in Reamrk 2.2.3. Thus Φ is a well-defined

surjective algebra homomorphism. Especially KerΦ =
√
0 since KerYh =

√
0.

2.3.2 Independence of how to kill sinks and souces (N ̸= ∅)

When we try to use relation (2.8) to kill all the sinks and sources, we first drag

all the sinks and sources close enough to some component of N , then use relation

(2.8). In this subsection, we want to show Φ is independent of how to kill sinks
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and sources, that is, to show Φ is independent of how we drag sinks and sources

close to N .

Let l be a stated n-web. Suppose l′ and l′′ are obtained from l by killing all the sinks

and sources. Note that, for each sink or source of l, we may use different ways to

kill this sink or source to get l′ and l′′. First assume we kill all the sinks and sources

in the same way to obtain l′ and l′′ except one source or sink, which is denoted

as S. Let l1 be obtained from l by first killing all the sinks and sources except S

using the same way as l′ and l′′ then eliminating the component containing S.

Suppose S is a sink. Then

l′ = [
∑
σ∈Sn

(−1)ℓ(σ)(ηn ∗ αn)σ(n),un(ηn−1 ∗ αn−1)σ(n−1),un−1 . . . (η1 ∗ α1)σ(1),u1 ] l1

l′′ = [
∑
σ∈Sn

(−1)ℓ(σ)(γn ∗ αn)σ(n),un(γn−1 ∗ αn−1)σ(n−1),un−1 . . . (γ1 ∗ α1)σ(1),u1 ] l1

where αt, ηt, γt, 1 ≤ t ≤ n, are framed oriented arcs such that ηt ∗ αt, γt ∗ αt, 1 ≤
t ≤ n, are well-defined framed oriented boundary arcs in (M,N ). Note that

ηt(1), 1 ≤ t ≤ n, belong to a same component of N (the same with γt(1)), and

ηt, 1 ≤ t ≤ n are isotopic to each other (the same with γt).

For any element ρ ∈ χ̃n(M,N ), we have

(
∑
σ∈Sn

(−1)ℓ(σ)tr(ηn∗αn)σ(n),un
tr(ηn−1∗αn−1)σ(n−1),un−1

. . . tr(η1∗α1)σ(1),u1
)(ρ)

=
∑
σ∈Sn

(−1)ℓ(σ)[Aρ(η̃n ∗ αn)]σ(n),un
[Aρ( ˜ηn−1 ∗ αn−1)]σ(n−1),un−1

. . . [Aρ(η̃1 ∗ α1)]σ(1),u1

=(−1)
n(n−1)

2

∑
σ∈Sn

(−1)ℓ(σ)[Aρ(η̃n ∗ α̃n)]σ(n),un [Aρ(η̃n−1 ∗ α̃n−1)]σ(n−1),un−1 . . . [Aρ(η̃1 ∗ α̃1)]σ(1),u1

=(−1)
n(n−1)

2 det
(
Cu1(Aρ(η̃1 ∗ α̃1)) . . . Cun−1(Aρ(η̃n−1 ∗ α̃n−1)) Cun(Aρ(η̃n ∗ α̃n))

)
=(−1)

n(n−1)
2 det(A)det

(
Cu1(ρ(η̃1 ∗ α̃1)) . . . Cun−1(ρ(η̃n−1 ∗ α̃n−1)) Cun(ρ(η̃n ∗ α̃n))

)
=(−1)

n(n−1)
2 det

(
Cu1(ρ(η̃1 ∗ α̃1)) . . . Cun−1(ρ(η̃n−1 ∗ α̃n−1)) Cun(ρ(η̃n ∗ α̃n))

)
.

Similarly we have

(
∑
σ∈Sn

(−1)ℓ(σ)tr(γn∗αn)σ(n),un
tr(γn−1∗αn−1)σ(n−1),un−1

. . . tr(γ1∗α1)σ(1),u1
)(ρ)

=(−1)
n(n−1)

2 det
(
Cu1(ρ(γ̃1 ∗ α̃1)) . . . Cun−1(ρ(γ̃n−1 ∗ α̃n−1)) Cun(ρ(γ̃n ∗ α̃n))

)
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=(−1)
n(n−1)

2 det
(
Cu1(ρ(γ̃1 ∗ η̃1

−1)ρ(η̃1 ∗ α̃1)) . . . Cun(ρ(γ̃n ∗ η̃n
−1)ρ(η̃n ∗ α̃n))

)
=(−1)

n(n−1)
2 det

(
Cu1(ρ(η̃1 ∗ α̃1)) . . . Cun−1(ρ(η̃n−1 ∗ α̃n−1)) Cun(ρ(η̃n ∗ α̃n))

)
.

The last equality is because ρ(γ̃1 ∗ η̃1−1) = · · · = ρ(γ̃n ∗ η̃n−1) ∈ SLn(C).

Suppose S is a source. Similarly we have

l′ = [
∑
σ∈Sn

(−1)ℓ(σ)(βn ∗ ϵn)vn,σ(n)(βn−1 ∗ ϵn−1)vn−1,σ(n−1) . . . (β1 ∗ ϵ1)v1,σ(1)] l1

l′′ = [
∑
σ∈Sn

(−1)ℓ(σ)(βn ∗ ζn)vn,σ(n)(βn−1 ∗ ζn−1)vn−1,σ(n−1) . . . (β1 ∗ ζ1)v1,σ(1)] l1

where βt, ϵt, ζt, 1 ≤ t ≤ n, are framed oriented arcs such that βt∗ϵt, βt∗ζt, 1 ≤ t ≤ n,

are well-defined framed oriented boundary arcs in (M,N ).

For any element ρ ∈ χ̃n(M,N ), similarly we can get

(
∑
σ∈Sn

(−1)ℓ(σ)tr(βn∗ϵn)vn,σ(n)
tr((βn−1∗ϵn−1)vn−1,σ(n−1)

. . . tr(β1∗ϵ1)v1,σ(1)
)(ρ)

=(−1)
n(n−1)

2 det


Rv1(Aρ(β̃1 ∗ ϵ̃1))

...

Rvn−1(ρ(β̃n−1 ∗ ϵ̃n−1))

Rvn(ρ(β̃n ∗ ϵ̃n))

 .

Then we have

(
∑
σ∈Sn

(−1)ℓ(σ)tr(βn∗ζn)vn,σ(n)
tr((βn−1∗ζn−1)vn−1,σ(n−1)

. . . tr(β1∗ζ1)v1,σ(1)
)(ρ)

=(−1)
n(n−1)

2 det


Rv1(Aρ(β̃1 ∗ ζ̃1))

...

Rvn−1(ρ(β̃n−1 ∗ ζ̃n−1))

Rvn(ρ(β̃n ∗ ζ̃n))



=(−1)
n(n−1)

2 det


Rv1(Aρ(β̃1 ∗ ϵ̃1)ρ(ϵ̃1

−1 ∗ ζ̃1))
...

Rvn−1(ρ(β̃n−1 ∗ ϵ̃n−1)ρ(ϵ̃n−1
−1 ∗ ζ̃n−1))

Rvn(ρ(β̃n ∗ ϵ̃n)ρ(ϵ̃n
−1 ∗ ζ̃n))


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=(−1)
n(n−1)

2 det


Rv1(Aρ(β̃1 ∗ ϵ̃1))

...

Rvn−1(ρ(β̃n−1 ∗ ϵ̃n−1))

Rvn(ρ(β̃n ∗ ϵ̃n))

 .

Thus we have Φ(l′) = Φ(l′′). In the general case, we have a sequence l′ =

l(1), l(2), . . . , l(k) = l′′ such that each l(t) (where 1 ≤ t ≤ k) is obtained from l

by eliminating all sources and sinks using relation (2.8). Additionally, each l(t) and

l(t+1) (where 1 ≤ t ≤ k−1) are obtained from l using the same method to eliminate

all but one sink or source. Then Φ(l′) = Φ(l(1)) = Φ(l(2)) = · · · = Φ(l(k)) = Φ(l′′).

Then Φ is well-defined on the set of framed n-webs.

Suppose the stated n-webs l1 and l2 are isotopic. From the definition of Φ, we first

use relation relation (2.8) to kill all the sinks and sources to obtain (l1)
′. According

to the isotopy between l1 and l2 and how we kill sinks and sources in l1, we can

pick a way to kill all the sinks and sources in l2 to obtain (l2)
′ such that (l1)

′ and

(l2)
′ are homopotic relative to N . Thus Φ(l1) = Φ(l2), that is, Φ is well-defined on

the set of isotopy classes of stated n-webs.

2.3.3 Checking for relations (N ̸= ∅)

From the definition of Φ, we know Φ respects relations (2.4),(2.8) and (2.11). Since,

for any ρ ∈ χ̃n(M,N ), ρ(ϑ) = dnI, then Φ respects relations (2.5) and (2.6).

We use l′ (respectively l′′) to denote the stated n-webs on the left (repectively right)

hand side of ”=” in relations (2.7), (2.9) and (2.10).

Relation (2.7): From the definition of Φ and Subsection 2.3.2, we can suppose the

parts outside of the box are 2n framed oriented arcs connecting to the box. We label

the framed oriented arcs connecting to the box on the left edge as αn, . . . , α2, α1

from top to bottom, label the framed oriented arcs connecting to the box on the

right edge as βn, . . . , β2, β1 from top to bottom. Suppose s(αt(0)) = ut, s(βt(1)) =

vt, 1 ≤ t ≤ n. To kill the sink and source in l′ using relation (2.8), we use the same

path to drag them close to N .
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For ρ ∈ χ̃n(M,N ), we have

Φ(l′)(ρ) =det


Rvn(Aρ(β̃n ∗ ϵ̃n))

...

Rv1(Aρ(β̃1 ∗ ϵ̃1))

 det
(
Cu1(ρ(η̃1 ∗ α̃1)) . . . Cun(ρ(η̃n ∗ α̃n))

)

=det


Rvn(Aρ(β̃n ∗ ϵ̃n))Cu1(ρ(η̃1 ∗ α̃1)) . . . Rvn(Aρ(β̃n ∗ ϵ̃n))Cun(ρ(η̃n ∗ α̃n))

...
...

Rv1(Aρ(β̃1 ∗ ϵ̃1))Cu1(ρ(η̃1 ∗ α̃1)) . . . Rv1(Aρ(β̃1 ∗ ϵ̃1))Cun(ρ(η̃n ∗ α̃n))



=det


[Aρ(β̃n ∗ ϵ̃n)ρ(η̃1 ∗ α̃1)]vn,u1 . . . [Aρ(β̃n ∗ ϵ̃n)ρ(η̃n ∗ α̃n)]vn,un

...
...

[Aρ(β̃1 ∗ ϵ̃1)ρ(η̃1 ∗ α̃1)]v1,u1 . . . [Aρ(β̃1 ∗ ϵ̃1)ρ(η̃n ∗ α̃n)]v1,un



=(−1)
n(n−1)

2 det


[Aρ(β̃1 ∗ ϵ̃1 ∗ η̃1 ∗ α̃1)]v1,u1 . . . [Aρ(β̃1 ∗ ϵ̃1 ∗ η̃n ∗ α̃n)]v1,un

...
...

[Aρ(β̃n ∗ ϵ̃n ∗ η̃1 ∗ α̃1)]vn,u1 . . . [Aρ(β̃n ∗ ϵ̃n ∗ η̃n ∗ α̃n)]vn,un



For each pair 1 ≤ i, j ≤ n, we use ai,j to denote the oriented straight line in

the shaded box (its framing is the one pointing to readers) connecting αj(1) and

βi(0) such that βi ∗ ai,j ∗ αj is a well-defined stated framed oriented boundary arc.

Because we use the same path to drag the source and the sink, then

ρ(β̃i ∗ ϵ̃i ∗ η̃j ∗ α̃j) = dnρ(β̃i ∗ ãi,j ∗ α̃j)

for all 1 ≤ i, j ≤ n, or

ρ(β̃i ∗ ϵ̃i ∗ η̃j ∗ α̃j) = ρ(β̃i ∗ ãi,j ∗ α̃j)

for all 1 ≤ i, j ≤ n.

For any ρ ∈ χ̃n(M,N ), since (dn)
n = 1, we have

Φ(l′′)(ρ)

=(−1)
n(n−1)

2

∑
σ∈Sn

(−1)l(σ)[Aρ(β̃σ(1) ∗ ϵ̃σ(1) ∗ η̃1 ∗ α̃1)]vσ(1),u1 . . . [Aρ(β̃σ(n) ∗ ϵ̃σ(n) ∗ η̃n ∗ α̃n)]vσ(n),un



Chapter 2. The classical limit of the stated SLn-skein module 55

=(−1)
n(n−1)

2 det


[Aρ(β̃1 ∗ ϵ̃1 ∗ η̃1 ∗ α̃1)]v1,u1 . . . [Aρ(β̃1 ∗ ϵ̃1 ∗ η̃n ∗ α̃n)]v1,un

...
...

[Aρ(β̃n ∗ ϵ̃n ∗ η̃1 ∗ α̃1)]vn,u1 . . . [Aρ(β̃n ∗ ϵ̃n ∗ η̃n ∗ α̃n)]vn,un



Thus Φ(l′) = Φ(l′′).

Relation (2.9): We need to show

Φ(
i

j ) = Φ(
i

j ) = δj̄,i (−1)n−i.

We use α1 to denote
i

j and α2 to denote
i

j , we have

Φ(α1)(ρ) = [Aρ(α̃1)]j̄ ,̄i = dnAj̄ ,̄i = δj̄,i (−1)n−i,Φ(α2)(ρ) = [Aρ(α̃2)]̄i,j̄ = Aī,j̄ = δj̄,i (−1)n−i.

Relation (2.10): We only prove the case when the white dot represents an arrow

going from right to left. From the definition of Φ and Subsection 2.3.2, we only

have two cases to consider: (1) the left hand side of ”=” is a knot, (2) the left hand

side of ”=” is an arc.

When the left hand side of ”=” is a knot, the right hand side of ”=” is a framed

oriented boundary arc, which is denoted as α. Then for ρ ∈ χ̃n(M,N ), we have

Φ(l′′)(ρ) =
∑

1≤i≤n

(−1)i+1[Aρ(α̃)]i,̄i =
∑

1≤i≤n

[ρ(α̃)]̄i,̄i = tr(ρ(α̃)) = Φ(l′)(ρ).

When the left hand side of ”=” is an arc, the right hand side of ”=” consists two

framed oriented boundary arcs, which are denoted as γ2 and γ1 such that γ2 is

above γ1 is the box. Suppose s(γ1(0)) = v, s(γ2(1)) = u. Then for ρ ∈ χ̃n(M,N ),

we have

Φ(l′′)(ρ) =
∑

1≤i≤n

(−1)i+1[Aρ(γ̃2)]ū,̄i[Aρ(γ̃1)]i,v̄ =
∑

1≤i≤n

[Aρ(γ̃2)]ū,̄i[ρ(γ̃1)]̄i,v̄

= [Aρ(γ̃2)ρ(γ̃1)]ū,v̄ = [Aρ(γ̃2 ∗ γ̃1)]ū,v̄ = Φ(l′)(ρ).
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2.3.4 Algebra homomorphism and surjectivity

The definition of Φ implies it is an algebra homormophism.

When N is empty, we already proved Φ is surjective. Assume N ≠ ∅. For any

element [α] ∈ πMor
1 (M,N ), we choose a representative α for [α] such that α has

no self-intersection and only intersects ∂M at its endpoints. Then we can give

a framing for α to make α a framed oriented boundary arc for (M,N ). Then

Rn(M,N ) is generated by Φ(αj,i), 1 ≤ j, i ≤ n, [α] ∈ πMor
1 (M,N ), as an algebra.

Thus Φ is surjective.

In Section 2.4, we will give a unique way to lift [α] to a framed oriented boundary

arc.

2.4 Classical limit and KerΦ

In this section we try to understand the classical limit of the stated SLn-skein

module of the marked 3-manifold. Then we will use the classical limit to show

the kernel of Φ is
√
0. Using Lemma 2.4.2, we can reduce the general marked

3-manifold to the connected marked 3-manifold.

Lemma 2.4.1 ([Bly18; Prz98]). Suppose 0 → A1 → B1 → C1 → 0, and 0 →
A2 → B2 → C2 → 0 are two short exact sequences, then

0→ A1 ⊗B2 +B1 ⊗ A2 → B1 ⊗B2 → C1 ⊗ C2 → 0

is an exact sequence. All Ai, Bi, Ci are vector spaces over C and all the involved

maps are linear maps.

Lemma 2.4.2. Suppose (M,N ) is the disjoint union of (M1,N1) and (M2,N2).

If KerΦ(Mi,Ni) =
√
0Sn(Mi,Ni,1) for i = 1, 2, then KerΦ(M,N ) =

√
0Sn(M,N ,1).

Proof. SinceRn(M,N ) contains no nonzero nilpotents, we have
√
0Sn(M,N ,1) ⊂KerΦ(M,N ).

We know Sn(M,N , 1) = Sn(M1,N1, 1)⊗Sn(M2,N2, 1), Rn(M,N ) = Rn(M1,N1)⊗
Rn(M2,N2). From the assumption, we have the following two exact sequences:

0→
√
0Sn(Mi,Ni,1) → Sn(Mi,Ni, 1)→ Rn(Mi,Ni)→ 0
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for i = 1, 2. Then Lemma 2.4.1 implies the following exact sequence:

0→
√
0Sn(M1,N1,1) ⊗Sn(M2,N2, 1) + Sn(M1,N1, 1)⊗

√
0Sn(M2,N2,1) →

Sn(M1,N1, 1)⊗Sn(M2,N2, 1)→ Rn(M1,N1)⊗Rn(M2,N2)→ 0.

Thus we have

KerΦ(M,N ) =
√
0Sn(M1,N1,1)⊗Sn(M2,N2, 1)+Sn(M1,N1, 1)⊗

√
0Sn(M2,N2,1) ⊂

√
0Sn(M,N ,1).

Then

KerΦ(M,N ) =
√
0Sn(M1,N1,1)⊗Sn(M2,N2, 1)+Sn(M1,N1, 1)⊗

√
0Sn(M2,N2,1) =

√
0Sn(M,N ,1).

In the remaining of this section, we will assume all the marked 3-manifolds in-

volved are connected. We also fix a relative spin structure h for (M,N ). For any

(stated) framed oriented boundary arc α in (M,N ), we consider [α] as an element

in πMor
1 (M,N ) by forgetting the framing of α.

rem A morphism [α] ∈ πMor
1 (M,N ) and two integers 1 ≤ i, j ≤ n uniquely deter-

mine an element in Sn(M,N , 1) in the following way: We choose a good represen-

tative α such that α is a properly embedded arc in M . Then we give a framing to

α respecting N , that is, the framing at endpoints are given by the velocity vectors

of N . We denote this framed oriented boundary arc as α̂. We choose the framing

such that h(˜̂α) = 0, then we obtain an element α̂i,j ∈ Sn(M,N , 1). Suppose we

choose a different good representative α′. We have [α] = [α′] ∈ πMor
1 (M,N ) and

h( ˜̂α′) = h(˜̂α) = 0. Then α̂′
i,j = α̂i,j because of relations (2.4), (2.5) , (2.11) and

Corollary 2.2.2 (here we use a standard fact that two embeddings of a compact

graph in M are homotopic if and only if one can be obtained from the other by

crossing changes, height changes, and isotopies [PS00]).

We use S
[α]
i,j to denote α̂i,j, and use S[α] to denote an n by n matrix in Sn(M,N , 1)

such that (S[α])i,j = S
[α]
i,j , 1 ≤ i, j ≤ n.

For any two stated oriented framed boundary arcs α1, α2, suppose s(α1(0)) =

s(α2(0)) and s(α1(1)) = s(α2(1)). If h(α̃1) = h(α̃2) and [α1] = [α2] ∈ πMor
1 (M,N ),
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then α1 = α2 ∈ Sn(M,N , 1) because of relations (2.4), (2.5), (2.11) and Corollary

2.2.2.

The for any stated oriented framed boundary arc αi,j, we have

αi,j = dh(α̃)n S
[α]
i,j ∈ Sn(M,N , 1). (2.18)

Proposition 2.4.3. (a) For any two morphisms [α], [β] ∈ πMor
1 (M,N ), if [β][α]

makes sense, then AS[β∗α] = AS[β]AS[α].

(b) For any [η] ∈ πMor
1 (M,N ), we have det(S[η]) = 1. Especially det(AS[η]) = 1.

(c) Suppose [o] ∈ π1(M,N ) is the identity morphism for an object, then S[o] = dnA.

Especially AS[o] = I.

Proof. (a) We have

(S[β]AS[α])i,j =
∑

1≤k≤n

(−1)k+1S
[β]
i,kS

[α]

k̄,j
= S

[β∗α]
i,j = (S[β∗α])i,j

where the second equality is because of relation (2.10). Thus AS[β∗α] = AS[β]AS[α].

(b)We have

det(S[η]) =
∑
σ∈Sn

(−1)l(σ)S[η]
1,σ(1)S

[η]
2,σ(2) . . . S

[η]
n,σ(n) =

...

1

n− 1
n

= 1

where the second equality is from relation (2.8) and the last equality is because of

equation (54) in [LS21].

(c) For 1 ≤ i, j ≤ n, we have

S
[o]
i,j =

i

j = dnAi,j.

Thus S[o] = dnA.
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2.4.1 Isomomorphism between Sn(M,N , 1) and Γn(M) when

N has one component

In this subsection, N always containes one component unless specified. If N has

only one component, then πMor
1 (M,N ) = π1(M) (we choose the base point for

π1(M) to be a point in N ).

Lemma 2.4.4. Let (M,N ) be a marked 3-manifold with N consisting of one com-

ponent. There exists an algebra homomorphism F : Γn(M)→ Sn(M,N , 1) defined
by

F ([α]i,j) = F ((Q[α])i,j) = (AS[α])i,j

where [α] ∈ πMor
1 (M,N ), 1 ≤ i, j ≤ n.

Proof. Lemma 2.4.3 shows F respects all the relations defined for Γn(M). Thus F

is a well-defined algebra homomorphism.

Let α be a framed oriented arc in Sn(M,N , 1). Then [α] is an element in πMor
1 (M,N )

by forgetting the framing of α. We define G(αi,j) = d
h(α̃)+1
n (−1)i+1[α]̄i,j ∈ Γn(M).

For a framed oriented knot α, first we forget the framing of α and then we use

a path β to connect α and N . Then we obtain an elemnt in πMor
1 (M,N ), which

is denoted as [αβ]. We define G(α) = d
h(α̃)
n tr(Q[αβ ]) ∈ Γn(M). It is easy to show

G(α) is independent of the choice of β.

For any stated n-web l, we use relation (2.8) to kill all the sinks and sources to

obtain a new stated n-web l′. Suppose l′ = ∪αα where each α is a stated framed

oriented boundary arc or a framed oriented knot, define G(l) = ΠαG(α).

Lemma 2.4.5. The above map G : Sn(M,N , 1)→ Γn(M) is a well-defined algebra

homomorphism.

Proof. We prove G is well-defined in two steps. First we prove the definition of

G is independent of the choice of how we kill sinks and sources, then we prove

G respects all the relations defined for Sn(M,N , 1). Note that these two steps

appeared when we tried to prove Theorem 2.2.9. Actually the proving techniques

here are the same with the techniques used in Subsections 2.3.2 and 2.3.3. So here

we omit all the details.
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Theorem 2.4.6. Let (M,N ) be a marked 3-manifold with N consisting of one

component. There exist algebra homomorphisms F : Γn(M) → Sn(M,N , 1), G :

Sn(M,N , 1) → Γn(M) such that F ◦ G = IdSn(M,N ,1) and G ◦ F = IdΓn(M).

Especially Γn(M) ≃ Sn(M,N , 1).

Proof. Lemmas 2.4.4 and 2.4.5 show the existence of F and G. It remains to show

they are inverse to each other.

For any [α] ∈ πMor
1 (M,N ), 1 ≤ i, j ≤ n, we have

G(F ([α]i,j)) = G((−1)i+1S
[α]

ī,j
) = (−1)i+1dn(−1)ī+1[α]i,j = [α]i,j.

Thus G ◦F = IdΓn(M) since [α]i,j, [α] ∈ πMor
1 (M,N ), 1 ≤ i, j ≤ n, generate Γn(M)

as an algebra.

Obviously all the stated framed oriented boundary arcs generate Sn(M,N , 1) as
an algebra. For any stated oriented framed boundary arc αi,j ∈ Sn(M,N , 1), we
have

F (G(αi,j)) = dh(α̃)+1
n (−1)i+1F ([α]̄i,j) = dh(α̃)+1

n (−1)i+1(−1)ī+1S
[α]
i,j = dh(α̃)n S

[α]
i,j = αi,j.

Thus F ◦G = IdSn(M,N ,1).

rem Korinman and Murakami proved the isomorphism between S2(M,N , 1) and
Γ2(M) using a different technique [KM22].

2.4.2 Adding one extra marking to marked 3-manifold

In this subsection, we will investigate the effects on Sn(M,N , 1) when we put one

extra marking on ∂M .

Definition 2.4.7. Let (M,N ) be a marked 3-manifold. We say that N ′ is obtained

from N by adding one extra marking if N ′ = N ∪ e where e is an embedded

oriented open interval in ∂M such that cl(e) ∩ cl(N ) = ∅. We call the linear map

Sn(M,N , v) → Sn(M,N ′, v), induced by embedding (M,N ) → (M,N ′), adding

marking map. Obviously this map is an algebra homomorphism when v = 1. We
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will use λead to denote the adding marking map. We can omit the superscript when

there is no confusion with marking e.

rem Suppose (M,N ) is a marked 3-manifold with N ̸= ∅, and N ′ is obtained from

N by adding one extra marking e. As in Remark 2.2.3, we can extand the relative

spin structure h for (M,N ) to a relative spin structure for (M,N ′), which is still

denoted as h.

Let α be an oriented path connecting N and e. We require α does not intersect

itself, α only intersects ∂M at its endpoints, and α(0) belongs to a component e1 ⊂
N , and α(1) ∈ e. Then we give a framing to α to obtain a framed oriented boundary

arc in (M,N ′), which is still denoted as α, such that h(α̃) = 0. Similarly we give a

framing to α−1 such that h(α̃−1) = 0. Then we have αi,j = S
[α]
i,j , α

−1
i,j = S

[α−1]
i,j , 1 ≤

i, j ≤ n. From Proposition 2.4.3, we know AS[α]AS[α−1] = AS[α−1]AS[α] = AS[o] =

I.

We can regard Sn(M,N ′, 1) as an Sn(M,N , 1)-algebra because of the adding

marking map.

Lemma 2.4.8. Suppose (M,N ) is a marked 3-manifold with N ̸= ∅, and N ′ is

obtained from N by adding one extra marking e. Then as an Sn(M,N , 1)-algebra,
Sn(M,N ′, 1) is generated by αi,j, 1 ≤ i, j ≤ n.

Proof. Let T be the Sn(M,N , 1)-subalgebra of Sn(M,N ′, 1) generated by αi,j, 1 ≤
i, j ≤ n. Since det(S[α]) = 1 ∈ Sn(M,N ′, 1), we have (S[α])−1 is well-defined

and [(S[α])−1]i,j, 1 ≤ i, j ≤ n, are polynomials in αi,j, 1 ≤ i, j ≤ n. Especially

[(S[α])−1]i,j ∈ T, 1 ≤ i, j ≤ n. We know S[α−1] = A−1(S[α])−1A−1, which implies

α−1
i,j = S

[α−1]
i,j ∈ T, 1 ≤ i, j ≤ n.

From relation (2.8), we know, as an Sn(M,N , 1)-algebra, Sn(M,N ′, 1) is gener-

ated by stated framed oriented boundary arcs with at least one end point in e.

Suppose βi,j is such an arc in Sn(M,N ′, 1). Recall that βi,j = d
h(β̃)
n S

[β]
i,j .

For the case when β(0), β(1) ∈ e, we have

AS[β] = AS[α]AS[α−1∗β∗α]AS[α−1]
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where [α−1 ∗ β ∗ α] is a path with two end points in N . Especially we get

S[β] = S[α]AS[α−1∗β∗α]AS[α−1].

Then S
[β]
i,j ∈ T, 1 ≤ i, j ≤ n, because S

[α]
i,j , S

[α−1∗β∗α]
i,j , S

[α−1]
i,j ∈ T, 1 ≤ i, j ≤ n. Thus

βi,j = d
h(β̃)
n S

[β]
i,j ∈ T .

For the other cases, we can use the same way to show βi,j = d
h(β̃)
n S

[β]
i,j ∈ T . Thus

T = Sn(M,N ′, 1).

Recall that

O(SLn) = C[xi,j | 1 ≤ i, j ≤ n]/(det(X) = 1)

where X is an n by n matrix such that Xi,j = xi,j, 1 ≤ i, j ≤ n.We have X−1 makes

sense and is an n be n matrix in O(SLn) because det(X) = 1. For 1 ≤ i, j ≤ n, We

use x−1
i,j to denote (X−1)i,j. Obviously Sn(M,N , 1)⊗O(SLn) is an Sn(M,N , 1)-

algebra, and as an Sn(M,N , 1)-algebra,

Sn(M,N , 1)⊗O(SLn) = Sn(M,N , 1)[xi,j | 1 ≤ i, j ≤ n]/(det(X) = 1)

by regarding 1⊗ xi,j as xi,j.

Lemma 2.4.9. Suppose (M,N ) is a marked 3-manifold with N ̸= ∅, and N ′ is

obtained from N by adding one extra marking e. Then there exists an Sn(M,N , 1)-
algebra homomorphism

ı : Sn(M,N , 1)⊗O(SLn)→ Sn(M,N ′, 1)

1⊗ xi,j 7→ (AS[α])i,j.

Proof. Since Sn(M,N ′, 1) is a commutative Sn(M,N , 1)-algebra and det(AS[α]) =

1 ∈ Sn(M,N ′, 1), then ı is a well-defined Sn(M,N , 1)-algebra homomorphism.

Next we try to define an Sn(M,N , 1)-algebra homormorphism

ȷ : Sn(M,N ′, 1)→ Sn(M,N , 1)⊗O(SLn).
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Let l be a stated n-web in (M,N ′), and sl be the state of l. If l ∩ e = ∅, define
ȷ(l) = l ⊗ 1 ∈ Sn(M,N , 1)⊗O(SLn).

If l ∩ e ̸= ∅, we suppose |l ∩ e| = m, and label the ends of l on e from 1 to m. We

use Ek to denote the end of l at e labeled by the number k, 1 ≤ k ≤ m. Define

fk =

{
−1, if Ek points towards e,

1, if Ek points out of e,

gk =

{
Id ∈ Sn, if Ek points towards e,

δ ∈ Sn, if Ek points out of e,

hk(i, j) =

{
i, j, if Ek points towards e,

j, i, if Ek points out of e,

where δ(λ) = λ̄, 1 ≤ λ ≤ n, 1 ≤ i, j ≤ n, 1 ≤ k ≤ m.

We can connect Ek with α
−1 or α by the following way: Suppose Ek points towards

e. First we isotope α−1 by moving α−1(0) along e to meet the end Ek. Then we

isotope l, α−1 nearby their endpoints at e such that they are both in good position

with respect to e. Then we connect Ek with α−1. When Ek points out of e, we can

use the same way to connect Ek with α.

Then we try to define an element l(αf1
j1
, αf2

j2
, . . . , αfm

jm
) ∈ Sn(M,N , 1) by the follow-

ing way: For each 1 ≤ k ≤ m we connect Ek with αfk , and assign the state jk to

the other end of αfk that is not used to connect Ek. During the process of con-

necting each Ek and αfk , we can isotope αfk such that l(αf1
j1
, αf2

j2
, . . . , αfm

jm
) does not

intersect itself. After connecting each Ek and αfk , we can isotope the parts nearby

the connecting points such that l(αf1
j1
, αf2

j2
, . . . , αfm

jm
) only intersects ∂M at its end-

points. Then l(αf1
j1
, αf2

j2
, . . . , αfm

jm
) ∈ Sn(M,N , 1). Obviously l(αf1

j1
, αf2

j2
, . . . , αfm

jm
) is

a well-defined element in Sn(M,N , 1). We define

ȷ(l) =
∑

1≤j1,...,jm≤n

cg1(j1) . . . cgm(jm) l(α
f1
j1
, . . . , αfm

jm
)⊗ µ(α−f1

h1(i1,j1)
) . . . µ(α−fm

hm(im,jm)
)

where µ(αi,j) = dn(−1)i+1xī,j, µ(α
−1
i,j ) = dn(−1)i+1x−1

ī,j
, ik = sl(Ek), 1 ≤ k ≤ m,

ct = (−1)n−t, 1 ≤ t ≤ n.

Note that if l1 and l2 are isotopic to each other, we have

l1(α
f1
j1
, αf2

j2
, . . . , αfm

jm
) = l2(α

f1
j1
, αf2

j2
, . . . , αfm

jm
) ∈ Sn(M,N , 1)
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where the labelings of endpoints of li, i = 1, 2, on e are preserved by the isotopy.

Then ȷ respects isotopy classes, that is, ȷ is defined on the set of isotopy classes of

stated n-webs. For any two stated n-webs l1, l2, we isotope lt, t = 1, 2, such that

l1 ∩ l2 = ∅, then we have ȷ(l1 ∪ l2) = ȷ(l1)ȷ(l2).

Lemma 2.4.10. Suppose (M,N ) is a marked 3-manifold with N ̸= ∅, and N ′

is obtained from N by adding one extra marking e. Then ȷ : Sn(M,N ′, 1) →
Sn(M,N , 1)⊗O(SLn) is a well-defined Sn(M,N , 1)-algebra homormorphism.

Proof. From the above discussion, it suffices to show ȷ preserves relations (2.4)-

(2.11) for well-definedness.

It is obvious that ȷ preserves relations (2.4)-(2.7), and (2.11).

It is obvious that ȷ preserves relations (2.8)-(2.10) if the boundary component in the

picture is not e. Then we suppose the boundary component in these pictures is e.

We use l (respectively l′) to denote the left handside (respectively right handside)

of ”=” in these relations.

Relation (2.8): We only prove the case where the white dot represents an arrow

going from left to right, that is, all the arrows point towards e. We choose a labeling

for endpoints of l on e. From bottom to top, we label the endpoints in the right

picture from m + 1 to m + n. The other endpoints of l′ not in the picture are

labeled in the same way as l.

Then we have

ȷ(l′) =
∑
σ∈Sn

(−1)ℓ(σ)
∑

1≤j1,...,jm≤n
1≤k1,...,kn≤n

cg1(j1) . . . cgm(jm)ck1 . . . ckn

l′(αf1
j1
, . . . , αfm

jm
, α−1

k1
, . . . , α−1

kn
))⊗ µ(α−f1

h1(i1,j1)
, . . . µ(α−fm

hm(im,jm)
)xσ(1),k1 . . . xσ(n),kn

=
∑

1≤j1,...,jm≤n
1≤k1,...,kn≤n

cg1(j1) . . . cgm(jm)ck1 . . . ckn

l′(αf1
j1
, . . . , αfm

jm
, α−1

k1
, . . . , α−1

kn
))⊗ µ(α−f1

h1(i1,j1)
, . . . µ(α−fm

hm(im,jm)
)
∑
σ∈Sn

(−1)ℓ(σ)xσ(1),k1 . . . xσ(n),kn

=
∑

1≤j1,...,jm≤n
1≤k1,...,kn≤n

cg1(j1) . . . cgm(jm)ck1 . . . ckn
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l′(αf1
j1
, . . . , αfm

jm
, α−1

k1
, . . . , α−1

kn
))⊗ µ(α−f1

h1(i1,j1)
, . . . µ(α−fm

hm(im,jm)
)det


x1,k1 . . . x1,kn
...

...

xn,k1 . . . xn,kn


= (−1)

n(n−1)
2

∑
1≤j1,...,jm≤n

τ∈Sn

cg1(j1) . . . cgm(jm)

l′(αf1
j1
, . . . , αfm

jm
, α−1

τ(1), . . . , α
−1
τ(n)))⊗ µ(α

−f1
h1(i1,j1)

, . . . µ(α−fm
hm(im,jm)

)det


x1,τ(1) . . . x1,τ(n)

...
...

xn,τ(1) . . . xn,τ(n)


=

∑
1≤j1,...,jm≤n

τ∈Sn

(−1)ℓ(τ)cg1(j1) . . . cgm(jm)

l′(αf1
j1
, . . . , αfm

jm
, α−1

τ(1), . . . , α
−1
τ(n)))⊗ µ(α

−f1
h1(i1,j1)

, . . . µ(α−fm
hm(im,jm)

)

=
∑

1≤j1,...,jm≤n

cg1(j1) . . . cgm(jm)l(α
f1
j1
, . . . , αfm

jm
)⊗ µ(α−f1

h1(i1,j1)
, . . . µ(α−fm

hm(im,jm)
) = ȷ(l).

Relation (2.9): Here we only prove ȷ preserves
i

j = δj̄,i (−1)n−i. We label the

top endpoint by 1 and the other one by 2. Then we have

ȷ(
i

j ) =
∑

1≤j1,j2≤n

(−1)j+j1cj1cj2l(αj1 , α
−1
j2
)⊗ x−1

j1,i
xj,j2

=
∑

1≤j1,j2≤n

(−1)j+j1cj1cj2
j1

j2
⊗ x−1

j1,i
xj,j2

= (−1)j+1
∑

1≤j1≤n

1⊗ x−1
j1,i
xj,j1 = (−1)j+1δj̄,i1⊗ 1

= δj̄,i (−1)n−i1⊗ 1.

Relation (2.10): Here we only prove the case where the white dot represents an

arrow going from right to left. We choose a labeling for endpoints of l on e. We label

the top (respectively bottom) endpoint in the right picture by m+ 1 (respectively

m + 2). The other endpoints of l′ not in the picture are labeled in the same way
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as l. Then we have

ȷ(l′) =
∑

1≤i≤n

(−1)i+1
∑

1≤j1,...,jm≤n
1≤k1,k2≤n

cg1(j1) . . . cgm(jm)ck1ck2(−1)
ī+k1

l′(αf1
j1
, . . . , αfm

jm
, αk1 , α

−1
k2
))⊗ µ(α−f1

h1(i1,j1)
) . . . µ(α−fm

hm(im,jm)
)xi,k2x

−1
k1,i

=
∑

1≤j1,...,jm≤n
1≤k1,k2≤n

cg1(j1) . . . cgm(jm)ck2

l′(αf1
j1
, . . . , αfm

jm
, αk1 , α

−1
k2
))⊗ µ(α−f1

h1(i1,j1)
) . . . µ(α−fm

hm(im,jm)
)
∑

1≤i≤n

xi,k2x
−1
k1,i

=
∑

1≤j1,...,jm≤n
1≤k1≤n

cg1(j1) . . . cgm(jm)(−1)k1+1

l′(αf1
j1
, . . . , αfm

jm
, αk1 , α

−1

k1
))⊗ µ(α−f1

h1(i1,j1)
) . . . µ(α−fm

hm(im,jm)
)

=
∑

1≤j1,...,jm≤n

cg1(j1) . . . cgm(jm)l
′(αf1

j1
, . . . , αfm

jm
)⊗ µ(α−f1

h1(i1,j1)
) . . . µ(α−fm

hm(im,jm)
)

= ȷ(l).

Then ȷ is well-defined. Trivially it is an algebra homomorphism. For any α ∈
Sn(M,N , 1), we have ȷ(λad(α)) = α⊗ 1. Thus ȷ is an Sn(M,N , 1)-algebra homo-

morphism.

Theorem 2.4.11. Suppose (M,N ) is a marked 3-manifold with N ̸= ∅, and N ′

is obtained from N by adding one extra marking. Then there exist Sn(M,N , 1)-
algebra homomorphisms ı : Sn(M,N , 1)⊗O(SLn)→ Sn(M,N ′, 1) and ȷ : Sn(M,N ′, 1)→
Sn(M,N , 1)⊗O(SLn) such that

ȷ ◦ ı = IdSn(M,N ,1)⊗O(SLn), ı ◦ ȷ = IdSn(M,N ′,1).

Especially Sn(M,N ′, 1) ≃ Sn(M,N , 1)⊗O(SLn).

Proof. The existence of ı and ȷ are given by Lemmas 2.4.9 and 2.4.10.

Let i, j ∈ {1, 2, · · · , n}. Then we have

ȷ(ı(1⊗ xi,j)) = (−1)i+1ȷ(αī,j) = (−1)i+1
∑

1≤k≤n

Ckdn(−1)ī+1α(α−1
k )⊗ xi,k̄
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=
∑

1≤k≤n

(−1)n−k
k

j ⊗ xi,k̄ = 1⊗ xi,j.

Since 1⊗xi,j are Sn(M,N , 1)-algebra generators, we have ȷ◦ı = IdSn(M,N ,1)⊗O(SLn).

We also have

ı(ȷ(αi,j)) = (−1)ī+1ı(1⊗ xī,j) = αi,j.

From Lemma 2.4.8, we get ı ◦ ȷ = IdSn(M,N ′,1).

Theorem 2.4.12. Let (M,N ) be a marked 3-manifold. If N = ∅, we have

Sn(M,N , 1) ≃ Gn(M). If N ̸= ∅, we have Sn(M,N , 1) ≃ Γn(M)⊗O(SLn)
⊗(♯N−1).

Proof. Subsection 2.3.1, Theorems 2.4.6 and 2.4.11.

Corollary 2.4.13. Let (M,N ) be a marked 3-manifold with N ̸= ∅. Suppose

π1(M) is a free group generated by m elements. Then we have Sn(M,N , 1) ≃
O(SLn)

⊗(m+♯N−1).

The second conclusion in Theorem 7.13 in [LS21] indicates the classical limit for

essentially bordered pb surfaces, which coincides with Corollary 2.4.13.

Corollary 2.4.14. Suppose (M,N ) is a marked 3-manifold, and N ′ is obtained

from N by adding one extra marking. Then the adding mark map λad : Sn(M,N , 1)→
Sn(M,N ′, 1) is injective.

Proof. If N is empty. We look at the following diagram:

Sn(M, ∅, 1) Sn(M,N ′, 1)

Gn(M) Γn(M)

λad

≃ G

λ

where the isomorphism from Sn(M, ∅, 1) to Gn(M) is the one introduced in Sub-

section 2.3.1 (the spin structure used for this isomorphism is the restriction of the

relative spin structure for (M,N ′)), and λ is the embedding. It is easy to check the

above diagram is commutative. Then λad is injective because G is an isomorphism.



68 2.4. Classical limit and KerΦ

If N is not empty. For any α ∈ Sn(M,N , 1), we have ȷ(λad(α)) = α ⊗ 1. Then

λad is injective because ȷ is an isomorphism and the map from Sn(M,N , 1) to

Sn(M,N , 1)⊗O(SLn) given by α 7→ α⊗ 1 is injective.

We can regard Sn(M,N , 1) as a subalgebra of Sn(M,N ′, 1) because of Corollary

2.4.14 and the adding marking map.

Suppose the components ofN consist of e0, e1, . . . , ek−1 where k is a positive integer.

If k ≥ 2, for each 1 ≤ t ≤ k − 1, let αt be an oriented path connecting e0 and

et with αt(0) ∈ e0 and αt(1) ∈ et. We use [o] to denote the identity element in

π1(M, e0). The following Theorem offers algebraic generators and relations among

these generators for the commutative algebra Sn(M,N , 1).

Theorem 2.4.15. The commutative algebra Sn(M,N , 1) is generated by

S
[α]
i,j , [α] ∈ π1(M, e0) ∪ {[α1], . . . , [αk−1]}, 1 ≤ i, j ≤ n,

subject to the following relations.

det(S[α]) = 1 for all [α] ∈ π1(M, e0) ∪ {[α1], . . . , [αk−1]}, AS[o] = I,

AS[β]AS[η] = AS[β∗η] for all [β], [η] ∈ π1(M, e0).
(2.19)

Note that if k = 1, the set {[α1], . . . , [αk−1]} is empty.

Proof. Theorems 2.4.6 and 2.4.11.

2.4.3 KerΦ =
√
0

Suppose N has only one component. Then we define an alegbra isomorphism

H : Γn(M) → Γn(M) and a surjective algebra homormorphism τ : Γn(M) →
Rn(M,N ). Let [α] be an element in πMor

1 (M,N ) and i, j be two integers between

1 and n. Define H([α]i,j) = [α]̄i,j̄. It is easy to show H is a well-defined algebra

isomorphism. For any ρ ∈ χ̃n(M,N ), define τ([α]i,j)(ρ) = [ρ(α̃)]i,j where α̃ ∈
π1(UM, Ñ ) is a lift for α such that h(α̃) = 0. From the proof of Proposition

2.2.8, we know the definition of τ is independent of the choice of the lift for α.

It is also obvious to show τ is a well-defined surjective algebra homomorphism.
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Especially from Proposition 2.2.8 and definitions for Γn(M) and Rn(M,N ), we

have Ker τ =
√
0Γn(M).

Lemma 2.4.16. Let (M,N ) be marked 3-manifold with N consisting of one open

oriented interval. Then we have the following commutative diagram:

Γn(M) Sn(M,N , 1)

Γn(M) Rn(M,N )

F

H Φ

τ
.

Especially KerΦ =
√
0Sn(M,N ,1).

Proof. For any [α] ∈ πMor
1 (M,N ), 1 ≤ i, j ≤ n, we know F ([α]i,j) = (−1)i+1α̂ī,j

where α̂ is a framed oriented boundary arc such that h(˜̂α) = 0 and [α̂] = [α] ∈
πMor
1 (M,N ). Then for any ρ ∈ χ̃n(M,N ), we have

Φ(F ([α]i,j))(ρ) = (−1)i+1Φ(α̂ī,j)(ρ) = (−1)i+1[Aρ(˜̂α)]i,j̄ = [ρ(˜̂α)]̄i,j̄.
Since ˜̂α ∈ π1(UM, Ñ ) is a lift for α and h(˜̂α) = 0, we have

τ(H([α]i,j))(ρ) = τ([α]̄i,j̄)(ρ) = [ρ(˜̂α)]̄i,j̄.
Thus the diagram commutes.

Since both F and H are isomorphisms and Ker τ =
√
0Γn(M), we get KerΦ =

√
0Sn(M,N ,1).

Lemma 2.4.17. Suppose (M,N ) is a marked 3-manifold with N ̸= ∅, and N ′ is

obtained from N by adding one extra marking. Then KerΦ(M,N ′) is the ideal gener-

ated by KerΦ(M,N ) (here we regard Sn(M,N , 1) as a subalgebra of Sn(M,N ′, 1)).

Proof. Here we use the notations in Remark 2.4.2.

From Proposition 2.2.8 and Lemma 8.1 in [CL22a], we know there is an algebra

isomorphism h : Rn(M,N )⊗O(SLn)→ Rn(M,N ′) defined by

h(r ⊗ xi,j)(ρ) = r(ρ|π1(UM,Ñ ))[ρ(α̃)]i,j
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where r ∈ Rn(M,N ), 1 ≤ i, j ≤ n, ρ ∈ χ̃n(M,N ′) and ρ|π1(UM,Ñ ) is the restriction

of ρ on π1(UM, Ñ ). We have another algebra isomorphism f : O(SLn)→ O(SLn)

given by xi,j → xī,j̄.

Then we want to show the following diagram is commutative:

Sn(M,N , 1)⊗O(SLn) Sn(M,N ′, 1)

Rn(M,N )⊗O(SLn) Rn(M,N ′)

ı

Φ(M,N )⊗f Φ(M,N′)

h
.

Let ρ be element in χ̃n(M,N ′), i, j be two integers between 1 and n, βk,t be a

stated framed oriented boundary arc in (M,N ). We have

Φ(M,N ′)(ı(βk,t ⊗ 1))(ρ) = Φ(M,N ′)(βk,t)(ρ) = [Aρ(β̃)]k̄,t̄ ,

and

(h ◦ (Φ(M,N ) ⊗ f))(βk,t ⊗ 1)(ρ) = h(Φ(M,N )(βk,t)⊗ 1)(ρ) = Φ(M,N )(βk,t)(ρ|π1(UM,Ñ ))

= [Aρ|π1(UM,Ñ )(β̃)]k̄,t̄ = [Aρ(β̃)]k̄,t̄ .

We also have

Φ(M,N ′)(ı(1⊗ xi,j))(ρ) = (−1)i+1Φ(M,N ′)(αī,j)(ρ) = (−1)i+1[Aρ(α̃)]i,j̄ = [ρ(α̃)]̄i,j̄ ,

and

(h ◦ (Φ(M,N ) ⊗ f))(1⊗ xi,j)(ρ) = h(1⊗ xī,j̄)(ρ) = [ρ(α̃)]̄i,j̄ .

Thus the above diagram is commutative because βk,t⊗1, 1⊗xi,j generate Sn(M,N , 1)⊗
O(SLn) as an algebra and all the maps in the diagram are algebra homomorphisms.

We have Ker(Φ(M,N )⊗f) = Ker(Φ(M,N )⊗IdO(SLn)) = (KerΦ(M,N ))⊗O(SLn), where

(KerΦ(M,N ))⊗O(SLn) is an ideal generated by (KerΦ(M,N ))⊗1. Then KerΦ(M,N ′)is

the ideal generated by KerΦ(M,N ) since ı((KerΦ(M,N ))⊗ 1) = KerΦ(M,N ).

Lemma 2.4.18. Let (M,N ) be a marked 3-manifold with N ̸= ∅. We have (a)

KerΦ(M,N ) =
√
0Sn(M,N ,1), and (b)

√
0Sn(M,N ,1) is the ideal generated by

√
0Sn(M,e,1)
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where e is a component of N (here we regard Sn(M, e, 1) as a subalgebra of

Sn(M,N , 1)).

Proof. For any marked 3-manifold (M1,N1) with N1 ̸= ∅, suppose N ′
1 is ob-

tained from N1 by adding one extra marking. Then KerΦ(M1,N ′
1) = (KerΦ(M1,N1))

from Lemma 2.4.17. Thus if KerΦ(M1,N1) =
√
0Sn(M1,N1,1), then KerΦ(M1,N ′

1) =

(KerΦ(M1,N1)) ⊂
√
0Sn(M1,N ′

1,1)
. We also have

√
0Sn(M1,N ′

1,1)
⊂ KerΦ(M1,N ′

1) since

the coordinate ring has no nonzero nilponents. Then KerΦ(M1,N ′
1) =
√
0Sn(M1,N ′

1,1)
.

Thus KerΦ(M1,N1) =
√
0Sn(M1,N1,1) implies KerΦ(M1,N ′

1) =
√
0Sn(M1,N ′

1,1)
. Com-

bine with the fact that (a) is true if N consists of only one oriented open interval

(Lemma 2.4.16), we get (a) is true for general marked 3-manifold (M,N ) with

N ̸= ∅.

If N consists of one component, clearly (b) holds. If ♯N > 1, suppose Com(N) =

{e1, e2, . . . , em}. For any 1 ≤ i ≤ m, define N(i) = e1 ∪ · · · ∪ ei. Then we have

Sn(M,N(1), 1) ⊂ Sn(M,N(2), 1) ⊂, . . . ,⊂ Sn(M,N(m), 1).

Since KerΦ(M,N(i+1)) is an ideal of Sn(M,N(i+1), 1) generated by KerΦ(M,N(i)), then

we have

KerΦ(M,N ) = KerΦ(M,N(m))

is an ideal of Sn(M,N , 1) generated by KerΦ(M,N(1)), which actually is KerΦ(M,e1).

From (a), we know KerΦ(M,N ) =
√
0Sn(M,N ,1) and KerΦ(M,{e1}) =

√
0Sn(M,e1,1).

Since we can label any component of N as e1, then (b) is true.

Theorem 2.4.19. For any marked 3-manifold (M,N ), we have KerΦ(M,N ) =
√
0Sn(M,N ,1).

Proof. Subsection 2.3.1 and (a) in Lemma 2.4.18.

2.5 Generalized marked 3-manifold

Costantino and Lê defined the generalized marked 3-manifold in [CL22b], in which

they allow N contains oriented closed circles. For a generalized marked 3-manifold

(M,N ), obviously Sn(M,N , 1) has a commutative algebra structure, given by
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taking the disjoint union of the stated n-webs in (M,N ). In this section, we will

focus on the classical limit of the stated SLn-skein module of the generalized marked

3-manifold.

2.5.1 Cutting out the closure of a small open interval from

N

Let (M,N ) be a generalized marked 3-manifold with N ̸= ∅. Suppose U is a small

open interval contained in e such that cl(U) ⊂ e, where e is a component of N .

Let N ′ = (N \ e) ∪ e′ where e′ = e \ cl(U). Let lU : Sn(M,N ′, v)→ Sn(M,N , v)
be the linear map induced by the embedding (M,N ′) → (M,N ). Clearly lU is

surjective, and is an algebra homomorphism when v = 1.

Proposition 2.5.1. The above map lU induces an isomorphism

l̄U : Sn(M,N ′, v)/ ≃ → Sn(M,N , v),

where ≃ is the equivalence relation given by the following picture:

i
≃

i
. (2.20)

The missing part between two arrows is cl(U).

Proof. Clearly lU induces a linear map l̄U : Sn(M,N ′, v)/ ≃ → Sn(M,N , v). For a
stated n-web α in (M,N ′), we use cls(α) to denote the element in Sn(M,N ′, v)/ ≃
determined by α. Let β be any stated n-web in (M,N ). We can isotope β such

that cl(U)∩β = ∅, and define jU(β) = cls(β) ∈ Sn(M,N ′, v)/ ≃. We have jU(β) is

independent of how we isotope β because of relation (2.20). If β and β′ are isotopic

stated n-webs in (M,N ), clearly we have jU(β) = jU(β
′) because of relation (2.20).

Trivially jU preserves the defining skein relations for Sn(M,N , v). Thus jU is a

well-defined linear map from Sn(M,N , v) to Sn(M,N ′, v)/ ≃. It is easy to check

lU and jU are inverse to each other.
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2.5.2 Classical limit for stated SLn-skein modules for gen-

eralized marked 3-manifolds

In this subsection, we will try to find out the classical limit for generalized marked

3-manifolds using results in Section 2.4 and Proposition 2.5.1. In this subsection, we

will assume the 3-manifold is connected (the corresponding results can be easily

generalized to general 3-manifolds). rem Let (M,N ) be a generalized marked

3-manifold. Suppose N contains k (k ≥ 1) closed oriented circles, which are

denoted as e0, e1, . . . , ek−1. We denote other oriented open intervals in N , if any,

as ek, . . . , em−1. For each 0 ≤ i ≤ k− 1, we pick a small open interval Ui contained

in ei such that cl(Ui) ⊂ ei, and set e′i = ei \ cl(Ui). Set e
′
i = ei for k ≤ i ≤ m− 1.

Let N ′ = {e′0, e′1, . . . , e′m−1}, then (M,N ′) is a circle free marked 3-manifold. We

choose a relative spin structure h for (M,N ′). For each 1 ≤ i ≤ m − 1, let αi be

an oriented path connecting e′0 and e
′
i such that αi(0) ∈ e′0 and αi(1) ∈ e′i. We still

use lU to denote the algebra homomorphism from Sn(M,N ′, 1) to Sn(M,N , 1)
induced by the embedding from (M,N ′) to (M,N ).

We know there is an isomorphism L from Γn(M)⊗O(SLn)
⊗(m−1) to Sn(M,N ′, 1).

For any element y ∈ Γn(M), we will use y⊗ to denote y ⊗ 1 ⊗ · · · ⊗ 1 ∈ Γn(M) ⊗
O(SLn)

⊗(m−1). For any 1 ≤ i, j ≤ n, 1 ≤ t ≤ m − 1, we use xti,j to denote

1⊗ 1⊗ · · · ⊗ xi,j ⊗ · · · ⊗ 1 ∈ Γn(M)⊗O(SLn)
⊗(m−1) where xi,j is in the t-th tensor

factor for O(SLn)
⊗(m−1). Then the isomorphism L is given by:

([α]i,j)⊗ → (AS[α])i,j and x
t
i,j → (AS[αt])i,j

where [α] ∈ π1(M, e′0), 1 ≤ i, j ≤ n, 1 ≤ t ≤ m − 1. For each 0 ≤ t ≤ m − 1, set

Xt = (xti,j)n×n. For each element [α] ∈ π1(M, e′0), set Q[α],⊗ = (([α]i,j)⊗)n×n. Then

L(Xt) = AS[αt], L(Q[α],⊗) = AS[α].

As in Subsection 2.2.3, any component e ∈ N can be lifted to ẽ ⊂ UM . Note that

when e is an oriented closed circle, the lifting ẽ is also an oriented closed circle in

UM , which means ẽ is an element in H1(UM).

Definition 2.5.2. Let (M,N ) be a generalized marked 3-manifold, and hs be a

spin structure for M . Suppose N contains k oriented closed circles.

If k = 0, we define Γn(M,N ) = Γn(M).
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If k ≥ 1, we denote all the oriented closed circles in N as e0, . . . , ek−1. For each et,

we use a path βt (βt(0) is the base point for π1(M) and βt(1) ∈ et) to connect the

base point for π1(M) and et to obtain an element in π1(M), denoted as [eβt
t ]. Define

Γn(M,N ) = Γn(M)/(D) where D = {(Q
[e

βt
t ]
−dhs(ẽt)

n I)i,j | 0 ≤ t ≤ k−1, 1 ≤ i, j ≤
n} and (D) is the ideal of Γn(M) generated by D. For any element x ∈ Γn(M),

we use x̄ to denote x+ (D) ∈ Γn(M,N ).

Note that the definition of Γn(M,N ) is independent of the choice of βt, 0 ≤ t ≤
k−1. Suppose for each 0 ≤ t ≤ k−1, we make another choice γt. Then the relation

Q
[e

βt
t ]

= dhs(ẽt)I becomes Q[e
γt
t ] = dhs(ẽt)I. Since Q

[e
βt
t ]

and Q[e
γt
t ] are conjugate

to each other, then the relation Q
[e

βt
t ]

= dhs(ẽt)I is the same with the relation

Q[e
γt
t ] = dhs(ẽt)I.

Note that we do not distinguish π1(M) and πMor
1 (M, e0) where e0 is an embedded

open interval in ∂M . The definition for Γn(M,N ) is related to the spin structure

hs forM . Here we make a convention that the spin structure used for the definition

of Γn(M,N ) is obtained by restricting the relative spin structure when the relative

spin structure is given.

Lemma 2.5.3. With the conventions and notations in Remark 2.5.2, we have

Γn(M)⊗O(SLn)
⊗(m−1) Sn(M,N ′, 1) Sn(M,N , 1)L lU

induces a surjective algebra homomorphism L : Γn(M,N ) ⊗ O(SLn)
⊗(m−1) →

Sn(M,N , 1). Here we regard π1(M) as πMor
1 (M, e′0).

Proof. We have the exact sequence:

(D) Γn(M) Γn(M,N )

where D and (D) are defined in Definition 2.5.2 (the arrow with two heads means

the corresponding map is surjective). After using functor −⊗O(SLn)
⊗(m−1) acting

on the above exact sequence, we get the following new exact sequence:

(D)⊗O(SLn)
⊗(m−1) Γn(M)⊗O(SLn)

⊗(m−1) Γn(M,N )⊗O(SLn)
⊗(m−1) .
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Note that (D)⊗O(SLn)
⊗(m−1) is the ideal of Γn(M)⊗O(SLn)

⊗(m−1) generated by

d⊗, d ∈ D. Thus to show lU ◦L induces L, it suffices to show lU(L(d⊗)) = 0 for all

d ∈ D.

Let i, j be any two integers between 1 and n, and t be an integer between 0 and

k − 1. Then we have

lU(L(([e
βt
t ]i,j)⊗)) = (−1)i+1lU(S

[e
βt
t ]

ī,j
).

Thus we need to show (−1)i+1lU(S
[e

βt
t ]

ī,j
) = d

h(ẽt)
n δi,j, that is, to show A lU(S

[e
βt
t ]) =

d
h(ẽt)
n I. From the definition of [eβt

t ], we know [eβt
t ] = [β−1

t ∗ et ∗ βt]. Then we have

A lU(S
[βt])A lU(S

[e
βt
t ]) = lU(AS

[βt]AS[β−1
t ∗et∗βt]) = lU(AS

[et∗βt]) = A lU(S
[et∗βt]).

Note that in Sn(M,N , 1), we have lU(S
[et∗βt]) = d

h(ẽt)
n lU(S

[βt]). Then we get

lU(S
[βt])A lU(S

[e
βt
t ]) = lU(S

[et∗βt]) = dh(ẽt)n lU(S
[βt]).

Then we have A lU(S
[e

βt
t ]) = d

h(ẽt)
n I because lU(S

[βt]) is invertible.

The above discussion shows lU ◦ L induces L. The algebra homomorphism L is

surjective since lU ◦ L is surjective.

Note that for any x ∈ Γn(M), y ∈ O(SLn)
⊗(m−1), we have L(x̄⊗ y) = lU(L(x⊗ y)).

We use π to denote the projection from Γn(M) ⊗ O(SLn)
⊗(m−1) to Γn(M,N ) ⊗

O(SLn)
⊗(m−1). Then L ◦ π = lU ◦ L.

Lemma 2.5.4. With the conventions and notations in Remark 2.5.2, we have

Sn(M,N ′, 1) Γn(M)⊗O(SLn)
⊗(m−1) Γn(M,N )⊗O(SLn)

⊗(m−1)L−1 π

induces a surjective algebra homomorphism L−1 : Sn(M,N , 1) → Γn(M,N ) ⊗
O(SLn)

⊗(m−1). Here we regard π1(M) as πMor
1 (M, e′0).

Proof. From Proposition 2.5.1, it suffices to show π ◦L−1 preserves the equivalence

relation (2.20) for every Ut, 0 ≤ t ≤ k− 1. Let α be any stated n-web for (M,N ′).

Suppose there exists 0 ≤ t ≤ k − 1 such that, nearby Ut, the stated n-web α looks

like the left picture in the equivalence relation (2.20). Let α′ be the same stated
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n-web as α except, nearby Ut, α
′ looks like the right picture in equivalence relation

(2.20). Then we want to show π(L−1(α)) = π(L−1(α′)).

We can use the same way to kill all the sinks and sources in α and α′. Then the

resulting two stated n-webs only differ on a single stated arc. Since π ◦ L−1 is an

algebra homomorphism, we can just assume α is a stated framed oriented boundary

arc. Without loss of generality, we assume the white dot in equivalence relation

(2.20) represents an arrow pointing from left to right, that is, pointing towards the

boundary. It is easy to show h(α̃′) = h(α̃)+h(ẽt). Suppose s(α(0)) = s(α′(0)) = j.

We have α = d
h(α̃)
n S

[α]
i,j and α′ = d

h(α̃′)
n S

[α′]
i,j .

Suppose α(0) ∈ e′t1 where 0 ≤ t1 ≤ m − 1. We have four cases to consider: (1)

t = t1 = 0, (2) t = 0 and t1 ̸= 0, (3) t ̸= 0 and t1 = 0, (4) t ̸= 0 and t1 ̸= 0.

Here we only prove the case when t ̸= 0 and t1 ̸= 0. We have

π(L−1(S[α])) = A−1π(L−1(AS[αt][α
−1
t ∗α∗αt1 ][α

−1
t1

])) = A−1π(L−1(AS[αt]AS[α−1
t ∗α∗αt1 ]AS[α−1

t1
]))

= A−1π(XtQ[α−1
t ∗α∗αt1 ],⊗

X−1
t1

) = A−1π(Xt)π(Q[α−1
t ∗α∗αt1 ],⊗

)π(X−1
t1

).

Similarly we have

π(L−1(S[α′])) = A−1π(Xt)π(Q[α−1
t ∗α′∗αt1 ],⊗

)π(X−1
t1

).

We also have

Q[α−1
t ∗α′∗αt1 ],⊗

= Q[α−1
t ∗α∗αt1 ],⊗

Q[α−1
t1

∗α−1∗α′∗αt1 ],⊗

where [α−1
t1 ∗ α−1 ∗ α′ ∗ αt1 ] = [(α′ ∗ αt1)

−1 ∗ et ∗ α′ ∗ αt1 ]. Thus

π(Q[α−1
t ∗α′∗αt1 ],⊗

) = π(Q[α−1
t ∗α∗αt1 ],⊗

)π(Q[α−1
t1

∗α−1∗α′∗αt1 ],⊗
) = dh(ẽt)n π(Q[α−1

t ∗α∗αt1 ],⊗
).

Then

π(L−1(α′)) = dh(α̃
′)

n πL−1(S
[α′]
i,j ) = dh(α̃)+h(ẽt)

n [A−1π(Xt)π(Q[α−1
t ∗α′∗αt1 ],⊗

)π(X−1
t1

)]i,j

= dh(α̃)+h(ẽt)
n dh(ẽt)n [A−1π(Xt)π(Q[α−1

t ∗α∗αt1 ],⊗
)π(X−1

t1
)]i,j

= dh(α̃)n [A−1π(Xt)π(Q[α−1
t ∗α∗αt1 ],⊗

)π(X−1
t1

)]i,j = π(L−1(α)).
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For any stated n-web α in Sn(M,N , 1), we can isotope α such that cl(Ut)∩α = ∅
for all 0 ≤ t ≤ k− 1. Then α is also a stated n-web α in Sn(M,N ′, 1), we still use

α to denote this element in Sn(M,N ′, 1). Then L−1(α) = π(L−1(α)), that is, we

have L−1 ◦ lU = π ◦ L−1.

Lemma 2.5.5. The algebra homomorphism L obtained in Lemma 2.5.3 and the

algebra homomorphism L−1 obtained in Lemma 2.5.4 are inverse to each other.

Especially for any generalized marked 3-manifold (M,N ) with N containing at least

one closed oriented circle, we have Γn(M,N )⊗O(SLn)
⊗(♯N−1) ≃ Sn(M,N , 1).

Proof. For any stated n-web α in Sn(M,N , 1), we isotope α such that cl(Ut)∩α = ∅
for all 0 ≤ t ≤ k − 1. Then

L(L−1(α)) = L(π(L−1(α))) = (lU ◦ L)(L−1(α)) = lU(α) = α.

For any x ∈ Γn(M), y ∈ O(SLn)
⊗(m−1), we have

L−1(L(x̄⊗ y)) = L−1(lU(L(x⊗ y))) = (π ◦ L−1)(L(x⊗ y)) = π(x⊗ y) = x̄⊗ y.

Theorem 2.5.6. Let (M,N ) be a generalized marked 3-manifold with N ̸= ∅.
Then Sn(M,N , 1) ≃ Γn(M,N )⊗O(SLn)

⊗(♯N−1).

Proof. If N is circle free, then Γn(M,N ) = Γn(M). From Theorem 2.4.12, we have

Sn(M,N , 1) ≃ Γn(M,N )⊗O(SLn)
⊗(♯N−1).

IfN containes at least one oriented closed circle, then Lemma 2.5.5 shows Sn(M,N , 1) ≃
Γn(M,N )⊗O(SLn)

⊗(♯N−1).

For generalized marked 3-manifold (M,N ), we can also define the corresponding

adding marking map. Suppose Nad = N ∪ e where e is an oriented open interval

or an oriented closed circle such that there is no intersection between the closure

of N and the closure of e. We also say Nad is obtained from N by adding one

extra marking. The linear map from Sn(M,N , v) to Sn(M,Nad, v) induced by

the embedding (M,N )→ (M,Nad) is also denoted as λad. Clearly when v = 1, we

have λad is an algebra homomorphism.
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Corollary 2.5.7. Let (M,N ) be a generalized marked 3-manifold. Suppose Nad is

obtained from N by adding one extra oriented open interval. Then λad : Sn(M,N , 1)→
Sn(M,Nad, 1) is injective.

Proof. We already proved the injectivity for λad when N is circle free in Corollary

2.4.14.

Then we suppose N contains at least one oriented circle. When we cut the closure

of small open intervals as in Remark 2.5.2, we choose the same way to cut them

for (M,N ) and (M,Nad), and the choices for αi as in Remark 2.5.2 are compatible

between (M,N ′) and (M, (Nad)
′). The relative spin structure used for (M,N ′)

is the restriction of the relative spin structure used for (M, (Nad)
′). Since Nad is

obtained fromN by adding one extra oriented open interval, we have Γn(M,Nad) =

Γn(M,N ). Then it is easy to check we have the following commutative diagram:

Γn(M,N )⊗O(SLn)
⊗(♯N−1) Sn(M,N , 1)

Γn(M,N )⊗O(SLn)
⊗(♯N ) Sn(M,Nad, 1)

L(M,N )

J λad

L(M,Nad)

where J is the obvious embedding. Since both L(M,Nad) and L(M,N ) are isomor-

phisms, we have λad is injective.



Chapter 3

The Frobenius map for the stated

SLn-skein module

In this chapter, we assume that the ground ring R is the complex field C. We

construct the Frobenius map for the stated SLn-skein module, which is a C-linear
map

F : Sn(M,N , 1)→ Sn(M,N , v),

where (M,N ) is a marked 3-manifold with N ̸= ∅, and v is a root of unity of odd

order m such that gcd(m, 2n) = 1. This chapter is based on the author’s work in

[Wan23c].

3.1 The Frobenius homomorphism for SLn

The main goal of this section is to construct the Frobenius homomorphism

F : Sn(M,N , 1)→ Sn(M,N , v)

when v is a primitive m-th root of unit with m being coprime with 2n and every

component of M contains at least one marking.

We know the generators for algebra Sn(M,N , 1) and relations for these generators

(Thm. 2.4.15). It seems like we can define the Frobenius homomorphism on these

79
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generators and then check all the relations. But Sn(M,N , v) does not have algebra
structure unless (M,N ) is the thickening of a pb surface.

We use End(Sn(M,N , v)) to denote the set of linear maps from Sn(M,N , v)
to Sn(M,N , v), then End(Sn(M,N , v)) has a natural algebra structure given

by the combination of maps. Then we can define an algebra homomorphism F̃ :

Sn(M,N , 1)→ End(Sn(M,N , v)) by defining F̃ on the generators of Sn(M,N , 1).
We show the definition of F̃ is indenpendent of the choice of generators of Sn(M,N , 1).
Then we define F to be the combination between F̃ : Sn(M,N , 1)→ End(Sn(M,N , v))
and an obvious linear map from End(Sn(M,N , v)) to Sn(M,N , v), defined by

sending f ∈ End(Sn(M,N , v)) to f(∅) (∅ is the empty stated n-web). Further-

more F̃ gives an Sn(M,N , 1)-module structure for Sn(M,N , v).

We will show that F commutes with the splitting map Θ. Furthermore if (M,N )

is the thickening of an essentially bordered pb surface, we prove F is an injective

algebra homomorphism, and ImF lies in the center of the stated SLn-skein algebra.

Let α be a (stated) framed oriented arc or a framed oriented knot in (M,N ). We

use α(m) denote the disjoint union of m parallel copies of α (taken in the direction

of the framing). We require α(m) lives in a small enough open tubular neighborhood

of α. From now on, when we say m parallel copies of an arc or a knot, we always

mean taking the disjoin union of m parallel copies in the framing direction (also

these m parallel copies live in a small enough open tubular neighborhood). We use
m to denote the m parallel copies of .

3.1.1 On m parallel copies of the stated framed oriented

arc

In this subsection, we will focus on finding relations for m parallel copies of the

stated framed oriented arc.

Lemma 3.1.1 ([LS21; Wan23c]). In Sn(M,N , v), we have i

i

n− 2
=

i

i

n− 2
=

0.

Lemma 3.1.2. In Sn(M,N , v), we have

q
m
n

m − q−
m
n

m = (qm − q−m) m− 1 (3.1)
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where on the left-hand side of the equality m is part of m parallel copies

of a stated framed oriented arc and the single vertical oriented line is not part of

these m parallel copies.

Proof. Using relation (2.4), we get

Eq1 : q
1
n

m − q−
1
n m− 1 = (q − q−1) m− 1

Eq2 : q
1
n m− 1 − q−

1
n

2

m− 2 = (q − q−1)
m− 2

...

Eqm−1 : q
1
n

m− 2

2 − q−
1
n

m− 1
= (q − q−1)

m− 2

Eqm : q
1
n

m− 1
− q−

1
n

m = (q − q−1)
m− 1

Then (q
2
n )m−1 × Eq1 + (q

2
n )m−2 × Eq2 + · · ·+ q

2
n × Eqm−1 + Eqm, we get

q
2m−1

n
m − q−

1
n

m = (q − q−1)

q 2(m−1)
n m− 1 +

q
2(m−2)

n

m− 2
+ · · ·+ q

2
n

m− 2

+
m− 1


=(q − q−1)

q 2(m−1)
n (q

n−1
n )m−1 m− 1 + q

2(m−2)
n (q

n−1
n )m−3 m− 1

+ · · ·+ q
2
n (q

n−1
n )−(m−3) m− 1 + (q

n−1
n )−(m−1) m− 1


=q

m−1
n (qm − q−m) m− 1
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where the second last equality is because of equation (51) in [LS21] and Lemma

3.1.1. Then we get the equation (3.1).

Lemma 3.1.3. In Sn(M,N , v), we have

q
m
n

m − q−
m
n

m = (qm − q−m) m− 1

where on the left-hand side of the equality m is part of m parallel copies

of a stated framed oriented arc and the single vertical oriented line is not part of

these m parallel copies.

Proof. The proof is the same with the proof for Lemma 3.1.2.

Corollary 3.1.4. If q
m
n = 1 or − 1, we have

m = m (3.2)

where m is part of m parallel copies of a stated framed oriented arc and

the single vertical line is not part of these m parallel copies. Note that there are four

possibilities to give orientations for the n-webs shown in the above local picture.

Proof. Lemmas 3.1.2, 3.1.3.

Lemma 3.1.5. Let α be a framed oriented arc in (M,N ). Suppose is a

local picture for α(2), and the other two ends that are not shown in the local picture

are assigned with the same state. Then we have

i

j = q
j

i

when j < i.

Proof. A small tubular open neighborhood of α in M is isomorphic to the thicken-

ing of the bigon, with α being identified with the core of the bigon. Then utilizing

functoriality we may assume, without loss of generality, that (M,N ) is the thicken-

ing of the bigon, α is the core of the bigon. From Theorem 2.1.8 and the definition

of Oq(SLn), the Lemma is obviously true for the thickening of the bigon.
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Lemma 3.1.6. In Sn(M,N , v), we have

i

j

m

=



(q−
1
n
+δi,j)m

j

i

m

, if j ≥ i,

q−
m
n (q − q−1)(1 + q2 + · · ·+ q2(m−1))

j

j
i

m− 1

+ q−
m
n

j

i

m

, if j < i,

where all the orientations of the n-webs are the same, that is, they are all pointing

towards the marking or pointing out of the marking, on the left-hand side of the

equality m is part of m parallel copies of a stated framed oriented arc and the

other single line (the one stated by i) is not part of these m parallel copies.

Proof. When j ≥ i, it is trivial using relation (2.11).

Suppose j < i. We prove this case by using mathematical induction on m. When

m = 1, it is true because of relation (2.11). Assume it is true for m− 1. Then we

have

i

j

m

= q−
1
n (q − q−1)

i
j

j

m− 1
+ q−

1
n

j

i

j

m− 1

=q−
1
n (q − q−1)(q

n−1
n )m−1

i
j

j

m− 1
+

q−
m
n (q − q−1)(1 + q2 + · · ·+ q2(m−2))

j

j

j
i

m− 2
+ q−

m
n

j

j

i

m− 1

=q−
1
n (q − q−1)(q

n−1
n )m−1qm−1

i

j

j

m− 1

+
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q−
m
n (q − q−1)(1 + q2 + · · ·+ q2(m−2))

j

j

j
i

m− 2
+ q−

m
n

j

j

i

m− 1

=q−
m
n (q − q−1)(1 + q2 + · · ·+ q2(m−1))

j

j
i

m− 1

+ q−
m
n

j

i

m

.

Lemma 3.1.7. In Sn(M,N , v), we have

i

j

m

=



q
m
n

j

i

m

, if j ̸= ī,

q
m(1−n)

n (1− q2)(1 + q2 + · · ·+ q2(m−1))ci
∑

j<k≤n c
−1
k̄

j

k̄

k

m− 1

+q
m(1−n)

n

j

i

m

, if j = ī,

(3.3)

where on the left-hand side of the equality m is part of m parallel copies of a

stated framed oriented arc and the other single oriented line (the one stated by i)

is not part of these m parallel copies.

Proof. The proof uses the same technique as Lemma 3.1.6. From Proposition

2.2.1, it is trivial if j ̸= ī. Suppose j = ī, then we can prove this case by using

mathmatical induction on m. Proposition 2.2.1 guarantees the initial step. Then

we can use the same technique as Lemma 3.1.6 to prove the inductive step.

remWe can get a parallel equation as equation (3.3) by reversing all the orientations

of stated n-webs in it.
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Corollary 3.1.8. If v is a primitivem-th root of unity withm and 2n being coprime

with each other, we have

i

j

m

=

j

i

m

where m is part of m parallel copies of a stated framed oriented arc and the

other single line (the one stated by i) is not part of these m parallel copies. Note

that there are four possibilities for us to give orientations for the stated n-webs

shown in the local picture.

Proof. From the assumption, we have qm = (q
1
n )m = 1 and q2 is a primitive m-

th root of unity. Then the Corollary 3.1.8 comes from Lemmas 3.1.6, 3.1.7 and

Remark 3.1.1.

Conventions: In the following of this section, we always assume, unless especially

specified, v is a primitive m-th root of unity with m and 2n being coprime with

each other, all the marked 3-manifolds involved have at least one marking at every

component, h is a relative spin structure for (M,N ).

Recall that the stated skein algebra of the bigon B has a Hopf algebra structure,

and Sn(B, v) is isomorphic to Oq(SLn) as a Hopf algebra. We use ∆, ϵ to denote

its coproduct and counit respectively. For any i, j ∈ J, bi,j = i j .

Lemma 3.1.9. In Sn(B, v), we have

∑
σ∈Sn

(−1)ℓ(σ)(b1,σ(1))(m)(b2,σ(2))
(m) . . . (bn,σ(n))

(m)

=
∑
σ∈Sn

(−1)ℓ(σ)(b1σ(1),1)(m)(bσ(2),2)
(m) . . . (bσ(n),n)

(m) = 1.

Proof. Theorem 2.1.8, Lemma 2.1.9.

Lemma 3.1.10. In Sn(B, v), we have

∆((bi,j)
(m)) =

∑
1≤k≤n

(bi,k)
(m) ⊗ (bk,j)

(m).
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Proof. Theorem 2.1.8, Lemma 2.1.9.

Definition 3.1.11. Let l be a stated n-web consisting of stated framed oriented

arcs. Suppose l = ∪αα where each α is a stated framed oriented arc. Define

l(m) = ∪αα(m).

Corollary 3.1.12. Suppose D is a properly embedded disk in a marked 3-manifold

(M,N ) with an embedded oriented open interval β ⊂ D. Let α be a stated n-

web consisting of stated framed oriented arcs. Suppose α is (D, β)-transverse and

intersects β in exactly one point. For any state k, let αk, which is a stated n-web

in Cut(D,β)(M,N ), be the lift of α with both newly created boundary points having

the state k. Then Θ(α(m)) =
∑

1≤k≤n(αk)
(m).

Proof. We use the same trick used in Lemma 4.2 in [BL20]. We can assume α has

one component. An open small tubular neighborhood of α∪D inM is isomorphic to

the thickening of a bigon such that α is the core of the bigon andD is the thickening

of an ideal arc connecting the two ideal points of the bigon. This completes the

proof because of functoriality and Lemma 3.1.10.

Corollary 3.1.13. Suppose D is a properly embedded disk in a marked 3-manifold

(M,N ) with an embedded oriented open interval β ⊂ D. Let α be a stated n-

web consisting of stated framed oriented arcs. Suppose α is (D, β)-transverse, and

α ∩ β ̸= ∅. For any map s : β ∩ α → {1, 2, . . . , n}, let αs, which is a stated n-web

in Cut(D,β)(M,N ), be the lift of α such that for every P ∈ β ∩ α the two newly

created boundary points corresponding to P both have the state s(P ). Then

Θ(α(m)) =
∑

s:β∩α→{1,2,...,n}

(αs)
(m). (3.4)

Note that Θ(α) =
∑

s:β∩α→{1,2,...,n} αs.

Proof. Here we use the technique used in page 24 in [BL20].

Let U be an open small tubular neighborhood of α ∪ D. Then we have U is the

thickening of a pb surface. Because of functoriality, we only need to prove equation

(3.4) whenM = U . Thus we can suppose that α is a simple diagram on a pb surface

S consisting of stated arcs, c is an interior ideal arc of S, and α is transversal to
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c. Then equation (3.4) becomes

Θc(α
(m)) =

∑
s:c∩α→{1,2,...,n}

(α(h, s))(m) (3.5)

where h be a linear order on the set α∩ c and α(h, s) is defined in subsection 2.1.4.

If |α ∩ c| = 1, then equation (3.5) follows exactly from Corollary 3.1.12.

Now suppose |α∩ c| > 1. Let V be a finite subset of c and c \ V = ∪ki=1ci such that

each ci intersects α at exactly one point. Let Ŝ = S \ V . Then we are ready to

use Lemma 2.1.5. Let S′ be the result of splitting S along c, and Ŝ′ be the result

of splitting Ŝ along all ci. The linear order h on α ∩ c induces a linear order on

{ci | 1 ≤ i ≤ k}, which is also denoted as h. Let α̂ ∈ Sn(Ŝ, v) be the element

defined by the same diagram α, but considered as an element in Sn(Ŝ, v). Then

clearly ι∗(α̂) = α, where ι∗ : Sn(Ŝ, v)→ Sn(S, v) is the induced map, see Lemma

2.1.5. Since α̂ intersects each ci in exactly one point, from Corollary 3.1.12 we have

Θc(α̂
(m)) =

∑
s:c∩α→{1,2,...,n}

(α̂s)
(m),

where α̂s is the lift of α̂ such that for every P ∈ c ∩ α the two newly created

boundary points corresponding to P both have the state s(P ).

Then we have

Θc(α) = Θc(ι∗(α̂)) = (ιh)∗(Θc(α̂))

=(ιh)∗(
∑

s:c∩α→{1,2,...,n}

(α̂s)
(m))

=
∑

s:u∩α→{1,2,...,n}

(α(h, s))(m)

where (ιh)∗ is the induced map, see Lemma 2.1.5.

Lemma 3.1.14. We use P1,2 to denote the once punctured bigon. Let α (respectivly

α′) be the framed oriented arc in the top left (respectively top right) picture in Figure

3.1. Let 1 ≤ i, j ≤ n. Then in Sn(P1,2, v), we have

(αi,j)
(m) = (α′

i,j)
(m).
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Proof. As in Figure 3.1, we use the red ideal arc to cut P1,2. For any state v, we

use αv to denote the lift of αi,j with the newly created two endpoints stated by v,

similarly we can define (α′)v. From Corollary 3.1.13, we know

Θ((αi,j)
(m)) =

∑
1≤v≤n

(αv)
(m), Θ((α′

i,j)
(m)) =

∑
1≤v≤n

((α′)v)
(m).

From Corollary 3.1.4, we know (αv)
(m) = ((α′)v)

(m). Thus we have Θ(α(m)) =

Θ((α′)(m)). This completes the proof by the injectivity of Θ, see Proposition 2.1.3.

Lemma 3.1.15. We use P1,1 to denote the once punctured monogon. Let β (re-

spectivly β′) be the framed oriented arc in the bottom left (respectively bottom right)

picture in Figure 3.1. Let 1 ≤ i, j ≤ n. Then in Sn(P1,1, v), we have

(βi,j)
(m) = (β′

i,j)
(m).

Proof. The proof is the same with Lemma 3.1.14. The only difference is that we

will use Corollary 3.1.8, instead of Corollary 3.1.4.

Figure 3.1: Blue lines represent framed oriented arcs, where the framing is the
one pointing towards readers and the orientation is indicated by the black dot.
Red lines are the cutting ideal arcs.
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Corollary 3.1.16. In Sn(M,N , v), we have

m

m

=

m

m (3.6)

where on the left-hand (right-hand) side of the equality the two m are

parts of the same m parallel copies of a stated framed oriented arc.

Proof. The Corollary can be easily proved by using functoriality and Lemma 3.1.14.

Corollary 3.1.17. In Sn(M,N , v), we have

i

j

m

m
=

j

i

m

m

where on the left-hand (right-hand) side of the equality the two m are

parts of the same m parallel copies of a stated framed oriented arc.

Proof. The Corollary can be easily proved by using functoriality and Lemma 3.1.15.

Lemma 3.1.18. In Sn(M,N , v), we have

m kH̄ = m k = m kH

where H, H̄ are postive half twist and negative half twist respectively, and the parts

not shown in the local picture can be arbitrary, that is, m may not be part of

m parallel copies of some stated framed oriented arc.

Proof. This Lemma can be easily proved by using equation (51) in [LS21] and

Lemma 3.1.1.
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Lemma 3.1.19. In Sn(M,N , v), we have

∑
1≤k≤n

(−1)k+1

m k̄

m k

=
m

(3.7)

where all three m are parts of m parallel copies of some stated framed oriented

arc.

Proof. Because of functoriality, we can assume besides the components that are

shown in equation (3.7), the stated n-webs have no other components. We use

β to denote the marking shown in equation (3.7). Then there is a right coaction

∆β : Sn(M,N , v) → Sn(M,N , v) ⊗ Oq(SLn), see Subsection 7.1 in [LS21]. The

coaction ∆β is actually defined by cutting out a bigon. From Corollary 3.1.13, we

have

∆β(
m

) =
∑

1≤u,v≤n
m v

m u

⊗
m

u

v
.

Thus we have

m
=

∑
1≤u,v≤n

ε(
m

u

v
)

m v

m u

=
∑

1≤u,v≤n

δu,v̄(cv)
m

m v

m u

=
∑

1≤v≤n

(−1)v̄+1

m v

m v̄

where the second equality is because of Lemma 3.1.18 and relation (2.9).

Lemma 3.1.20. In Sn(M,N , v), we have

m = m = dn m

where m is part of m parallel copies of some stated framed oriented arc.

Proof. Since a positive kink for the m parallel copies of some framed line is isotopic

to combining a full positive twist and giving a positive kink for each parallel framed
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line, then we have

m = tm mF = dn m

where the first equality is from relation (2.5) and the second equality is from Lemma

3.1.18.

Similarly we can show m = dn m .

3.1.2 An action of Sn(M,N , 1) on Sn(M,N , v)

Let (M,N ) be a marked 3-manifold. Recall that for l = ∪αα, where each α is a

stated framed oriented arc in (M,N ), we define l(m) to be ∪αα(m).

Lemma 3.1.21. Let l be a stated n-web consisting of stated framed oriented arcs.

Let T1, T2 be two isotopic stated n-webs such that T1∩ l = T2∩ l = ∅. Then we have

l(m) ∪ T1 = l(m) ∪ T2 ∈ Sn(M,N , v).

Proof. Corollaries 3.1.4, 3.1.8.

For any stated n-web l consisting of stated framed oriented arcs, we will define

a linear map Fl : Sn(M,N , v) → Sn(M,N , v). For any stated n-web α, first

we isotope α such that α ∩ l = ∅, then define Fl(α) = l(m) ∪ α ∈ Sn(M,N , v).
From Lemma 3.1.21, we know Fl(α) is independent of how we isotope α. Thus Fl

is well-defined on the set of isotopy classes of stated n-webs. Since all the skein

relations, used to define stated SLn-skein modules, are local, Fl preserves all these

relations. Thus Fl is a linear map from Sn(M,N , v) to Sn(M,N , v). We regard

empty n-web as a stated n-web consisting of stated framed oriented arcs, then

F∅ = IdSn(M,N ,v).

Recall that we use End(Sn(M,N , v)) to denote the set of linear maps from Sn(M,N , v)
to itself, and End(Sn(M,N , v)) has an obvious algebra structure. Then Fl ∈
End(Sn(M,N , v)) for stated n-web l consisting of stated framed oriented arcs.

Let α, β be any two stated n-webs both consisting of stated framed oriented

arcs, then we have FαFβ = FβFα = Fα∪β from Corollaries 3.1.4, 3.1.8, where
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α ∪ β is the disjoint union. Let End(Sn(M,N , v))(m) be a subvector space of

End(Sn(M,N , v)) linearly spanned by Fl for all stated n-webs l consisting of

stated framed oriented arcs. The above discussion implies End(Sn(M,N , v))(m) is

a commutative subalgebra of End(Sn(M,N , v)).

Lemma 3.1.22. Let α be any framed oriented arc in (M,N ). In End(Sn(M,N , v))(m)

we have

∑
σ∈Sn

(−1)ℓ(σ)Fα1,σ(1)
Fα2,σ(2)

. . . Fαn,σ(n)

=
∑
σ∈Sn

(−1)ℓ(σ)Fασ(1),1
Fασ(2),2

. . . Fασ(n),n) = 1.

Proof. Let β be a stated n-web that has no intersection with α. A small tubular

open neighborhood U of α in M is isomorphic to the thickening of the bigon, with

α being identified with the core of the bigon and U ∩ β = ∅. We isotope αi,j,

i, j ∈ J, inside U such that there is no intersection among them. Then

∑
σ∈Sn

(−1)ℓ(σ)Fα1,σ(1)
Fα2,σ(2)

. . . Fαn,σ(n)
(β)

=
∑
σ∈Sn

(−1)ℓ(σ)(α1,σ(1))
(m) ∪ (α2,σ(2))

(m) ∪ · · · ∪ (αn,σ(n))
(m) ∪ β = β.

where the last equality is because of functoriality and Lemma 3.1.9. Thus we have

∑
σ∈Sn

(−1)ℓ(σ)Fα1,σ(1)
Fα2,σ(2)

. . . Fαn,σ(n)
= 1.

Similarly we can prove
∑

σ∈Sn
(−1)ℓ(σ)Fασ(1),1

Fασ(2),2
. . . Fασ(n),n) = 1.

Lemma 3.1.23. For any two stated framed oriented arcs α1, α2, suppose s(α1(0)) =

s(α2(0)), s(α1(1)) = s(α2(1)), and [α1] = [α2] ∈ πMor
1 (M,N ).

(a) If h(α̃1) = h(α̃2), then Fα1 = Fα2 ∈ End(Sn(M,N , v))(m).

(b) If h(α̃1) ̸= h(α̃2), then Fα1 = dnFα2 ∈ End(Sn(M,N , v))(m).

Proof. Here we use a standard fact that two embeddings of a compact graph in

M are homotopic if and only if one can be obtained from the other by crossing

changes, height changes, and isotopies [PS00]. Let β be a stated n-web that has

no intersection with α1 ∪ α2. From the above standard fact and Corollaries 3.1.4,
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3.1.8, 3.1.16, 3.1.17, we know (α1)
(m) ∪ β = (α3)

(m) ∪ β where α3 is exactly α2

but with different framing and h(α̃1) = h(α̃3). Thus α3 can be obtained from

α2 by adding a number of kinks, we suppose this number is k. Then we have

(α1)
(m) ∪ β = (α3)

(m) ∪ β = dkn(α2)
(m) ∪ β from Lemma 3.1.20.

If h(α̃1) = h(α̃2), then h(α̃2) = h(α̃3). Thus k is even, then

Fα1(β) = (α1)
(m) ∪ β = dkn(α2)

(m) ∪ β = (α2)
(m) ∪ β = Fα2(β).

If h(α̃1) ̸= h(α̃2), then h(α̃2) ̸= h(α̃3). Thus k is odd, then

Fα1(β) = (α1)
(m) ∪ β = dkn(α2)

(m) ∪ β = dn(α2)
(m) ∪ β = dnFα2(β).

rem A morphism [α] ∈ πMor
1 (M,N ) and two integers 1 ≤ i, j ≤ n uniquely deter-

mine an element in End(Sn(M,N , v))(m) in the following way: We choose a good

representative α such that α is a properly embedded arc inM . Then we give a fram-

ing to α respecting N , that is, the framing at endpoints are given by the velocity

vectors of N . We denote this framed oriented arc as α̂. We choose the framing such

that h(˜̂α) = 0, then we obtain an element Fα̂i,j
∈ End(Sn(M,N , v))(m). Suppose

we choose a different good representative α′. We have [α̂] = [α̂′] ∈ πMor
1 (M,N ) and

h( ˜̂α′) = h(˜̂α) = 0. Then Fα̂i,j
= Fα̂′

i,j
∈ End(Sn(M,N , v))(m) because of Lemma

3.1.23.

We use S
[α],m
i,j to denote Fα̂i,j

, and use S[α],m to denote an n by n matrix in

End(Sn(M,N , v))(m) such that (S[α],m)i,j = S
[α],m
i,j , 1 ≤ i, j ≤ n.

Then for any stated framed oriented arc αi,j, we have

Fαi,j
= dh(α̃)n S

[α],m
i,j ∈ End(Sn(M,N , v))(m). (3.8)

Here we recall the definition for matrix A,

Ai,j = (−1)i+1δi,j, 1 ≤ i, j ≤ n.
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For any complex number k ∈ C, we will use k to denote kIdSn(M,N ,v) ∈ End(Sn(M,N , v))
for simplicity.

Proposition 3.1.24. (a) For any two morphisms [α], [β] ∈ πMor
1 (M,N ), if [β][α]

makes sense, then AS[β∗α],m = AS[β],mAS[α],m.

(b) For any morphism [η] ∈ πMor
1 (M,N ), we have det(S[η],m) = 1. Especially

det(AS[η],m) = 1.

(c) Suppose [o] ∈ πMor
1 (M,N ) is the identity morphism for an object, then S[o],m =

dnA. Especially AS
[o],m = I.

Proof. (a) We have

(S[β],mAS[α],m)i,j =
∑

1≤k≤n

(−1)k+1S
[β],m
i,k S

[α],m

k̄,j
= S

[β∗α],m
i,j = (S[β∗α],m)i,j

where the second equality is from Lemma 3.1.19. Thus we have AS[β∗α],m =

AS[β],mAS[α],m.

(b) is implied by Lemma 3.1.22.

(c) For 1 ≤ i, j ≤ n, we have

S
[o],m
i,j = (

i

j )(m) = δī,j(c
−1
i )m = dnAi,j.

Thus S[o],m = dnA.

SupposeM is connected, and the components of N consist of e0, e1, . . . , ek−1 where

k is a positive integer. If k ≥ 2, for each 1 ≤ t ≤ k − 1, let αt be an oriented path

connecting e0 and et with αt(0) ∈ e0 and αt(1) ∈ et. We use [o] to denote the

identity morphism in πMor
1 (M, e0).

We define an algebra homomorphism F̃ : Sn(M,N , 1)→ End(Sn(M,N , v))(m) by

defining F̃ on the above generators, and then check all the relations in (2.19).
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Theorem 3.1.25. There exists an algebra homomorphism

F̃ : Sn(M,N , 1)→ End(Sn(M,N , v))(m)

S
[α]
i,j 7→ S

[α],m
i,j

where [α] ∈ πMor
1 (M, e0) ∪ {[α1], . . . , [αk−1]}, 1 ≤ i, j ≤ n.

Proof. We know End(Sn(M,N , v))(m) is a commutative algebra. Proposition

3.1.24 shows F̃ preserves all the relations in (2.19). Thus F̃ is a well-defined

algebra homomorphism.

Note that we have F̃(S[α]) = S[α],m for all [α] ∈ πMor
1 (M, e0) ∪ {[α1], . . . , [αk−1]}.

We will show this is true for any [α] ∈ πMor
1 (M,N ).

The construction for F̃ in Theorem 3.1.25 depends on the choice of the generators

for algebra Sn(M,N , 1). We will show F̃ is independent of the choice of these

generators. Actually, we will show a stronger result in the following Theorem.

Theorem 3.1.26. For any stated n-web l consisting of stated framed oriented arcs,

we have F̃(l) = Fl. Especially F̃ is independent of the choice of the generators for

algebra Sn(M,N , 1), and F̃ is surjective.

Proof. Note that we will use equations (2.18), (3.8), and Propositions 2.4.3, 3.1.24

in the following proof.

First we show for any [α] ∈ πMor
1 (M,N ) and two integers 1 ≤ i, j ≤ n, we have

F̃(S[α]
i,j ) = S

[α],m
i,j , that is, to show F̃(S[α]) = S[α],m. This is clearly true if k = 1,

since πMor
1 (M,N ) = πMor

1 (M, e0) when k = 1.

Suppose k ≥ 2. For any 1 ≤ t ≤ k − 1, we have

I = F̃(AS[αt]AS[α−1
t ]) = F̃(AS[α−1

t ]AS[αt]) = AF̃(S[αt])AF̃(S[α−1
t ]) = AF̃(S[α−1

t ])AF̃(S[αt])

I = AS[αt],mAS[α−1
t ],m = AS[α−1

t ],mAS[αt],m = AF̃(S[αt])AS[α−1
t ],m = AS[α−1

t ],mAF̃(S[αt]).

Thus we get AS[α−1
t ],m = AF̃(S[α−1

t ]), which implies S[α−1
t ],m = F̃(S[α−1

t ]).

For any [α] ∈ πMor
1 (M,N ), suppose α(0) ∈ eu, α(1) ∈ ev. If u = v = 0, it is obvious

that F̃(S[α]) = S[α],m. If u ̸= 0, v ̸= 0,, then we have [α−1
v ∗ α ∗ αu] ∈ πMor

1 (M, e0).
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Then we have

AF̃(S[α]) = F̃(AS[α]) = F̃(AS[αv ]AS[α−1
v ∗α∗αu]AS[α−1

u ])

= AF̃(S[αv ])AF̃(S[α−1
v ∗α∗αu])AF̃(S[α−1

u ])

= AS[αv ],mAS[α−1
v ∗α∗αu],mAS[α−1

u ],m = AS[α],m.

Thus we have F̂(S[α]) = S[α],m. Similar we can prove F̃(S[α]) = S[α],m when

u = 0, v ̸= 0 or u ̸= 0, v = 0.

For any stated framed oriented arc αi,j, we have αi,j = d
h(α̃)
n S

[α]
i,j in Sn(M,N , 1).

Then

F̃(αi,j) = dh(α̃)n F̃(S[α]
i,j ) = dh(α̃)n S

[α],m
i,j = Fαi,j

.

Let l = ∪1≤i≤kαi where each αi is a stated framed oriented arc. Then

F̃(l) = F̃(α1 · · ·αk) = F̃(α1) · · · F̃(αk) = Fα1 · · ·Fαk
= F∪1≤i≤kαi

= Fl.

The surjectivity of F̃ is obvious.

Since F̃ : Sn(M,N , 1) → End(Sn(M,N , v))(m) is an algebra homomorphism,

this gives an action of Sn(M,N , 1) on Sn(M,N , v), defined by, for any α ∈
Sn(M,N , 1), β ∈ Sn(M,N , v), α · β = F̃(α)(β).

3.1.3 Construction for the Frobenius homomorphism

In this section, we will define the Frobenius homomorphism F : Sn(M,N , 1) →
Sn(M,N , v).

Theorem 3.1.27. For any marked 3-manifold (M,N ), there exists a unique linear

map

F : Sn(M,N , 1)→ Sn(M,N , v)

such that F(l) = l(m) for any stated n-web l consisting of stated framed oriented

arcs.
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Proof. Since we assume every component of M contains at least one marking,

Sn(M,N , v) is a linear span by stated n-webs consisting of stated framed oriented

arcs, thus the uniqueness is obvious.

To construct F , we can suppose M is connected. We use T to denote the linear

map from End(Sn(M,N , v))(m) to Sn(M,N , v), defined by T (f) = f(∅) where f ∈
End(Sn(M,N , v))(m) and ∅ represents the empty stated n-web. Define F = T ◦F̃ ,
then F is a linear map from Sn(M,N , 1) to Sn(M,N , v) such that F(l) = l(m)

for any stated n-web l consisting of stated framed oriented arcs.

rem Let (M,N ) be a marked 3-manifold, and x be an element in Sn(M,N , v).
Then the proof for Theorem 3.1.27 shows there exists a unique linear map Fx :

Sn(M,N , 1) → Sn(M,N , v) such that Fx(l) = F̃(l)(x) for any l ∈ Sn(M,N , 1).
Then F = F∅ where ∅ is the emptyset stated n-web.

For any two elements α, β ∈ Sn(M,N , 1), we know F̃(α) ∈ End(Sn(M,N , v))(m)

and F(β) ∈ Sn(M,N , v), then F̃(α)(F(β)) ∈ Sn(M,N , v). It easy to check we

have F̃(α)(F(β)) = F̃(β)(F(α)) ∈ Sn(M,N , v). Actually if we suppose α =∑
1≤i≤u kiαi, β =

∑
1≤j≤v tjβj where αi, βj consist of stated framed oriented arcs

and αi ∩ βj = ∅, then we have

F̃(α)(F(β)) = F̃(β)(F(α)) =
∑

1≤i≤u,1≤j≤v

kitj(αi)
(m) ∪ (βj)

(m) ∈ Sn(M,N , v).

(3.9)

We use Sn(M,N , v)(m) to denote ImF , then there is a surjective map

F̂ : Sn(M,N , 1)→ Sn(M,N , v)(m)

induced by F .

Theorem 3.1.28. For any marked 3-manifold (M,N ), there is a commutative al-

gebra structure for Sn(M,N , v)(m), which makes F̂ : Sn(M,N , 1)→ Sn(M,N , v)(m)

a surjective algebra homomorphism.

Proof. For any two elements x, y ∈ Sn(M,N , v)(m), suppose x = F(α), y = F(β)
where α, β ∈ Sn(M,N , 1), then define xy = F̃(α)(F(β)) ∈ Sn(M,N , v). We need
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to check this is a well-defined multiplication, that is, to check xy is independent

of the choice of α, β. Suppose we also have x = F(α1), y = F(β1) where α1, β1 ∈
Sn(M,N , 1). Then

F̃(α)(F(β)) = F̃(α)(F(β1)) = F̃(β1)(F(α)) = F̃(β1)(F(α1)) = F̃(α1)(F(β1)),

which shows the well-defineness of this multiplication. We also have

xy = F̃(α)(F(β)) = F̃(β)(F(α)) = yx,

which shows this multiplication is commutative. From equation (3.9), we can easily

show F̂ is a surjective algebra homomorphism.

3.1.4 Compatibility between the Frobenius homomorphism

and the splitting map

Theorem 3.1.29. Suppose D is a disk properly embedded into a marked 3-manifold

(M,N ) and D contains an embedded oriented open interval β. Let (M ′,N ′) be the

result of splitting (M,N ) along (D, β). Then we have the following commutative

diagram:

Sn(M,N , 1) Sn(M
′,N ′, 1)

Sn(M,N , v) Sn(M
′,N ′, v)

Θ

F F

Θ
.

Proof. We just need to check F(Θ(α)) = Θ(F(α)) for any stated n-web α con-

sisting of stated framed oriented arcs, since Sn(M,N , 1) is linearly spanned by all

these n-webs. Then Corollary 3.1.13 completes the proof.

Theorem 3.1.29 also shows the splitting map restricts to a map

Θ|Sn(M,N ,v)(m) : Sn(M,N , v)(m) → Sn(M
′, N ′, v)(m),
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and Θ|Sn(M,N ,v)(m) ◦ F̂ = F̂ ◦Θ. It is also easy to show Θ|Sn(M,N ,v)(m) is an algebra

homomorphism.

3.1.5 Central elements in Sn(S, v) and the injectivity of the

Frobenius homomorphism

When (M,N ) is the thickening of an essentially bordered pb surface S, obviously

Sn(S, v)
(m) is a subalgebra of Sn(S, v). The algebra structure for Sn(S, v)

(m)

inherited from Sn(S, v) is the same with the algebra structure for Sn(S, v)
(m)

defined in Theorem 3.1.28. Then F : Sn(S, 1) → Sn(S, v) becomes an algebra

homomorphism.

Theorem 3.1.30. Let S be an essentially bordered pb surface, there exists a unique

algebra homomorphism F : Sn(S, 1)→ Sn(S, v) such that ImF lives in the center

of Sn(S, v) and F(α) = α(m) for any stated framed oriented arc α.

Proof. Lemma 3.1.21, Theorem 3.1.27.

Then we are trying to show F in Theorem 3.1.30 is an embedding. We use O(SLn)

to denote O1(SLn), that is, O(SLn) is the coordinate ring of SL(2,C).

Lemma 3.1.31 ([PW91]). There exists a Hopf algebra homomorphism:

Fn : O(SLn)→ Oq(SLn)

ui,j 7→ (ui,j)
m.

Define the monoid

Γ = Matn(N)/(Id).

Here Matn(N) = Nn×n is an additive monoid, and (Id) is the submonoid generated

by the identity matrix. Two matrices p, p′ ∈ Matn(N) determine the same element

in Γ if and only if p−p′ = kId for k ∈ Z. Each p ∈ Γ has a unique lift p̂ ∈ Matn(N)
such that mini p̂i,i = 0.

Proposition 3.1.32 ([Gav07; LY23]). For any linear order dord on J2, the set

Bdord := {b(p) :=
∏

(i,j)∈J2
(ui,j)

p̂i,j | p ∈ Γ = Matn(N)/(Id)}, (3.10)
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where the product is taken with respect to the order dord, is a basis of Oq(SLn).

Lemma 3.1.33. Fn in Lemma 3.1.31 is an embedding.

Proof. Using Proposition 3.1.32, it is easy to check Fn maps the basis of O(SLn)

injectively to the basis of Oq(SLn).

Lemma 3.1.34. F : Sn(B, 1)→ Sn(B, v) is injective.

Proof. Here we use the Hopf algebra isomorphism in Theorem 2.1.8.

For any i, j ∈ J, it is easy to check

F(fbig(ui,j)) = F(bi,j) = (bi,j)
(m), fbig(Fn(ui,j)) = fbig((ui,j)

m) = (bi,j)
m = (bi,j)

(m).

Then we have F ◦fbig = fbig ◦Fn since all the maps involved are algebra homomor-

phims. Thus F is injective because fbig is an ismorphism and Fn is injective.

The proof in the Lemma 3.1.34 actually shows F : Sn(B, 1) → Sn(B, v) is an

injective Hopf algebra homomorphism.

We use T to denote the standard ideal triangle.

It is well-known that there is a linear isomorphism QF : Sn(B, v) ⊗Sn(B, v) →
Sn(T, v), see Example 7.9 in [LS21]. Note that QF is not an algebra homomor-

phism unless v = 1.

QF . (3.11)

Lemma 3.1.35. F : Sn(T, 1)→ Sn(T, v) is injective.



Chapter 3. The Frobenius map for the stated SLn-skein module 101

Proof. Look at the following diagram:

Sn(B, 1)⊗Sn(B, 1) Sn(B, v)⊗Sn(B, v)

Sn(T, 1) Sn(T, v)

F⊗F

QF QF

F
. (3.12)

As a vector space, Sn(B, 1) is generated by parallel stated arcs that are all parallel

to the core of B (these arcs may have different orientations and states). QF acts

on these arcs by extending them to the bottom edge, see equation (3.11). F
acts on these arcs by taking m parallel copies of each arc. Clearly these two

actions commute with each other. Thus the diagram in (3.12) is commutative.

Then F : Sn(T, 1) → Sn(T, v) is injective since QF is a linear isomorphism and

F : Sn(B, 1)→ Sn(B, v) is injective, see Lemma 3.1.34.

Sn(S, 1) ⊗T∈tri(E)Sn(T, 1) (⊗T∈tri(E)Sn(T, v))⊗ (⊗e∈Int(E)Sn(B, 1))

Sn(S, v) ⊗T∈tri(E)Sn(T, v) (⊗T∈tri(E)Sn(T, v))⊗ (⊗e∈Int(E)Sn(B, v))

Θ

FE

TE

⊗T∈tri(E)F (⊗T∈tri(E)F)⊗(⊗e∈Int(E)F)

Θ TE

(3.13)

Please refer to Lemma 2.1.4 for the definition of TE .

Theorem 3.1.36 (n = 2 [KQ24], n = 3 [Hig23]). Let S be an essentially bordered

pb surface, and E be an ideal triangulation of S. Then we have

(a) the right square in (3.13) is commutative,

(b) there exists a unique algebra homomorphism FE : Sn(S, 1) → Sn(S, v) such

that the left square is also commutative,

(c) FE = F , especially we have F is injective and FE is independent of the trian-

gulation E.

Proof. (a) Theorem 3.1.29.

(b) From Lemma 2.1.4, we know the two rows are exact. Then there exists a

unique FE such that the left square is also commutative because the right square

is commuative and the two rows are exact.
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(c) From Theorem 3.1.29, we know F : Sn(S, 1) → Sn(S, v) also makes the

left square commutative. Then from the uniqueness in (b), we know FE = F ,
which implies FE is independent of E . Since both Θ and ⊗T∈tri(E)F are injective

(Proposition 2.1.3, Lemma 3.1.35), then FE = F is also injective.

Corollary 3.1.37. Let S be an essentially bordered pb surface. We have

F̂ : Sn(S, 1)→ Sn(S, v)
(m)

is an isomorphism.

Proof. From Theorem 3.1.36, we know F̂ is injective. We also have F̂ is surjective.

Let S be a pb surface. For each interior puncture p, we have two peripheral loops

with vertical framing going around p, which are denoted as ap, bp. Clearly both ap

and bp live in the center of Sn(S, v).

Definition 3.1.38. Suppose S is an essentially bordered pb surface. Let Zn(S)

be the subalgebra of Sn(S, v) generated by Sn(S, v)
(m) and ap, bp for all inner

punctures p.

Corollary 3.1.39. Suppose S is an essentially bordered pb surface. Then Zn(S)

lives in the center of Sn(S, v), and Zn(S) is a finitely generated commutative

algebra.

Proof. Note that Sn(S, v)
(m) = ImF̂ = ImF . Then from Theorem 3.1.30, we

know Zn(S) lives in the center of Sn(S, v). Since Sn(S, 1) is finitely generated

as an algebra and S has finitely many interior punctures, then Zn(S) is a finitely

generated commutative algebra.

3.1.6 Classical shadow

Definition 3.1.40 ([Mil12]). A commutative algebra is called affine, if it does not

contain nonzero nilpotents and it is finitely generated as an algebra.
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Recall that, for a commutative algebra A, we use MaxSpec(A) to denote the set of

maximal ideals of A. Then MaxSpec(A) is an affine algebraic variety and A is the

coordinate ring of MaxSpec(A), if A is affine [Mil12].

Proposition 3.1.41. Suppose S is an essentially bordered pb surface. Then both

Sn(S, v)
(m) and Zn(S) are affine algebras.

Proof. We already know both Sn(S, v)
(m) and Zn(S) are finitely generated com-

mutative algebras. Since Sn(S, v) is a domain [LY23], then both Sn(S, v)
(m) and

Z(S) have no nonzero nilpotents.

rem Let A be an algebra, and Z be an affine subalgebra of the center of A. We use

IrrepA to denote the set of finite dimensional irreducible representations considered

up to isomorphism (that is, two irreducible representations are considered the same

if they are isomorphic). We can omit the subscript for IrrepA, when there is no

confusion with A. Then there is a map X : Irrep → MaxSpec(Z) defined as

following: Let ρ : A → End(V ) be a finite dimensional irreducible representation

of A. Since Z is contained in the center of A, for every x ∈ Z there exists a complex

number rρ(x) such that ρ(x) = rρ(x)IdV . We get an algebra homomorphism

rρ : Z → C. Then the irreducible representation ρ uniquely determines a point

Ker(rρ) in MaxSpec(Z). We define X (ρ) =Ker(rρ).

From Proposition 3.1.41, we know Zn(S) is an affine subalgebra of the center of

Sn(S, v), and MaxSpec(Zn(S)) is an affine algebraic variety. Then there is a map

X : Irrep→ MaxSpec(Zn(S)).

In next section, we will show the center of Sn(S, v) is actually affine, the corre-

sponding map X is surjective, and X is injective on the preimage of a Zariski open

dense subset.
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3.1.7 The Frobenius homomorphism for reduced stated SLn-

skein algebras

The reduced stated SLn-skein algebra S n(S, v) is defined in subsection 7.1 in

[LY23]. For any pb surface S,

S n(S, v) = Sn(S, v)/I
bad,

where Ibad is the two sided ideal of Sn(S, v) generated by all bad arcs [LY23].

We use S n(S, v)
(m) to denote the image of Sn(S, v)

(m) under the projection from

Sn(S, v) to S n(S, v).

For any essentially bordered pb surface S, clearly F : Sn(S, 1)→ Sn(S, v) sends

the bad arc to m parallel copies of the bad arc. Then F induces an algebra

homomorphism F : S n(S, 1) → S n(S, v), and ImF = S n(S, v)
(m) lives in the

center of S n(S, v).

3.2 The Unicity Theorem for stated SLn-skein al-

gebras

For any algebra A, we will use C(A) to denote its center.

An algebra A is called prime if all a, b ∈ A satisfy the following condition: if

arb = 0 for all r ∈ A then a = 0 or b = 0. Clearly if A is a domain, then A is

prime. An algebra A is almost Azumaya if there is a nonzero element c ∈ C(A)
such that Ac is an Azumaya algebra, where Ac is the localization of A by c [FKL19;

Kor21].

Definition 3.2.1. An algebra A is called affine almost Azumaya if A satisfies

the following conditions [Kor21]:

(1) A is finitely generated as an algebra,

(2) A is prime,

(3) A is finitely generated as a module over its center.
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Theorem 3.2.2 ([FKL19]). If A is a prime algebra that is finitely generated as

a module over its center then A is almost Azumaya. Especially, affine almost

Azumaya algebra is almost Azumaya.

Lemma 3.2.3. If A is an affine almost Azumaya algebra, then C(A) is an affine

algebra.

Proof. From Lemma 2.1 in [FKL19], we know (1) and (3) in the definition of affine

almost Azumaya algebra imply C(A) is a finitely generated algebra. (2) implies

C(A) is a domain.

Thus MaxSpec(C(A)) is an irreducible affine algebraic variety if A is an affine

almost Azumaya algebra.

Suppose A is an algebra, and M is a finitely generated A-module. We define the

dimension of M over A to be the minimum number of generators of M over A.

When A is an affine almost Azumaya algebra, we use C̃(A) to denote the field of

fractions of C(A), and use Ã to denote the vector space A⊗C(A) C̃(A) over C̃(A).

Then we define the rank of A over C(A) to be the dimension of Ã over C̃(A).

Obviously we have the rank of A over C(A) is less than or equal to the dimension

of A over C(A).

Theorem 3.2.4 ([FKL19; Kor21]). If A is an affine almost Azumaya algebra of

rank K and of dimension r over its center C(A), then:

(a) any irreducible representation of A has dimension at most the square root of

K;

(b) The map X : Irrep → MaxSpec(C(A)), defined in Remark 3.1.6, is surjective,

and the cardinality of X−1(v) is not more than r for any v ∈ MaxSpec(C(A));

(c) there exists a Zariski open dense subset U ⊂ MaxSpec(C(A)) such that for

any two irreducible representations V1, V2 of A with X (V1) = X (V2) ∈ U , then V1
and V2 are isomorphic and have dimension the square root of K. Moreover any

representation sending C(A) to scalar operators and whose induced character lies

in U is semi-simple.
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Frohman, Kania-Bartoszynska, and Lê proved S2(S, v) is an affine almost Azumaya

algebra when v is a root of unity and ∂S = ∅ [FKL19]. Korinman proved S2(S, v)

and S2(S, v) are both affine almost Azumaya when v is a root of unity of odd order

[Kor21].

3.2.1 More on Sn(M,N , 1)-module structure for Sn(M,N , v)
and the Unicity Theorem for SLn

In this subsection, we always assume every component of the marked 3-manifold

contains at least one marking, the surface is the essentially bordered pb surface,

and v is a root of unity of order m with m and 2n being coprime with each other.

The main goal of this subsection is to show Sn(S, v) is affine almost Azumaya.

From Subsection 3.1.2, we know Sn(M,N , 1) acts on Sn(M,N , v). This module

structure is defined by l ·α = l(m) ∪ α where l ∈ Sn(M,N , 1) is a stated n-web

consisting of stated framed oriented arcs, α ∈ Sn(M,N , v) is a stated n-web in

Sn(M,N , v), and l ∩ α = ∅.

Let f : (M1,N1) → (M2,N2) be an embedding for marked 3-manifolds. We know

f induces a linear map f∗ : Sn(M1,N1, v)→ Sn(M2,N2, v) and an algebra homo-

morphism

f∗ : Sn(M1,N1, 1)→ Sn(M2,N2, 1).

Then we have the following Lemma.

Lemma 3.2.5. The above linear map f∗ : Sn(M1,N1, v)→ Sn(M2,N2, v) respects

the module structures in a sense that

f∗(x · y) = f∗(x) · f∗(y)

where x ∈ Sn(M1,N1, 1), y ∈ Sn(M1,N1, v).

Proof. Let α be a stated n-web consisting of stated framed oriented arcs, β be any

stated n-web in Sn(M,N , v), and α ∩ β = ∅. Then we have

f∗(α · β) = f∗(α
(m) ∪ β) = (f∗(α))

(m) ∪ f∗(β) = f∗(α) · f∗(β).
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Lemma 3.2.6. Let f : (M1,N1) → (M2,N2) be an embedding for marked 3-

manifolds. Suppose the linear map f∗ : Sn(M1,N1, v) → Sn(M2,N2, v) is sur-

jective, and Sn(M1,N1, v) is finitely generated as an Sn(M1,N1, 1)-module. Then

Sn(M2,N2, v) is finitely generated as an Sn(M2,N2, 1)-module, and the dimension

of Sn(M2,N2, v) as an Sn(M2,N2, 1)-module is not more than the dimension of

Sn(M1,N1, v) as an Sn(M1,N1, 1)-module.

Proof. Suppose Sn(M1,N1, v) is generated by x1, x2, . . . , xt as an Sn(M1,N1, 1)-

module. From Lemma 3.2.5, we get Sn(M2,N2, v) is generated by

f∗(x1), f∗(x2), . . . , f∗(xt)

as an Sn(M2,N2, 1)-module because f∗ : Sn(M1,N1, v) → Sn(M2,N2, v) is sur-

jective.

rem For an essentially bordered pb surfaceS, we know F̂ : Sn(S, 1)→ Sn(S, v)
(m)

is an isomorphism, and Sn(S, v)
(m) lives in the center of Sn(S, v). Thus Sn(S, v)

has an Sn(S, v)
(m)-module structure given by multiplication. Sn(S, v) also has an

Sn(S, 1)-module structure. Then the identity map Id : Sn(S, v)→ Sn(S, v) pre-

serves the above two module structures, in a sense that, for any x ∈ Sn(S, 1), y ∈
Sn(S, v) we have x · y = F̂(x)y.

Lemma 3.2.7. Sn(B, v) is finitely generated as an Sn(B, 1)-module. The dimen-

sion of Sn(B, v) as an Sn(B, 1)-module is at most mn2 − (m− 1)nmn2−n.

Proof. Let dord be a linear order on set J2. From Proposition 3.1.32 and Theorem

2.1.8, we know the set

{
∏

(i,j)∈J2
(bi,j)

p̂i,j | p ∈ Γ = Matn(N)/(Id)}

is a basis for Sn(B, v), where the product is taken with respect to the order dord,

and

{
∏

(i,j)∈J2
(bi,j)

mp̂i,j | p ∈ Γ = Matn(N)/(Id)}
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is a basis for Sn(B, v)(m). Clearly Sn(B, v) is generated by the set

{
∏

(i,j)∈J2
(bi,j)

pi,j | pi,j ∈ Z, 0 ≤ pi,j ≤ m− 1,∃ i ∈ J s.t. pi,i = 0} (3.14)

as an Sn(B, v)(m)-module, where the product is taken with respect to the order

dord. The cardinality of the set in (3.14) is mn2 − (m− 1)nmn2−n.

Then Remark 3.2.1 indicates Lemma 3.2.7.

Note that when n > 1, the set in (3.14) is not independent. We will use ⟨n,m⟩ to
denote the integer mn2 − (m− 1)nmn2−n.

Lemma 3.2.8. Suppose S is the disjoint union of k bigons, k ≥ 1. Then Sn(S, v)

is finitely generated as an Sn(S, 1)-module. The dimension of Sn(S, v) as an

Sn(S, 1)-module is at most (⟨n,m⟩)k.

Proof. Lemma 3.2.7.

Suppose S is an essentially bordered pb surface. Let B = {b1, . . . , br} be the

collection of properly embedded disjoint compact oriented arcs in S.We say B is a

saturated system if we have (1) after cutting S along B, every component of the

cutting surface contains exactly one ideal point (2) B is maximal under condition

(1).

Let U(b1), . . . , U(br) be a collection of disjoint open tubular neighborhoods of

b1, . . . , br, respectively. Each U(bi) is diffeomorphic with bi × (0, 1) (the diffeo-

morphism is orientation preserving) and we require that (∂bi) × (0, 1) ⊂ ∂S. Set

U(B) = ∪1≤i≤rU(bi). Note that each U(bi) is naturally a bigon, then U(B) is

the disjoint union of bigons. From 3.2.9 to 3.2.14, we will always assume S is an

essentially bordered pb surface.

Theorem 3.2.9 ([LS21]). Assume B = {b1, . . . , br} is a saturated system of arcs

of S.

(1) We have r = r(S) := ♯(∂S) − E(S), where ♯(∂S) is the number of boundary

components of S and E(S) denotes the Euler characteristics of S.
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(2) The embedding U(B)→ S, with negative c-orders for all boundary components

c of S, induces a linear isomorphism.

Proposition 3.2.10. We have

(a) Sn(S, v) is finitely generated as an Sn(S, v)
(m)-module, and the dimension of

Sn(S, v) over Sn(S, v)
(m) is at most (⟨n,m⟩)r(S).

(b) S n(S, v) is finitely generated as an S n(S, v)
(m)-module, and the dimension

of S n(S, v) over S n(S, v)
(m) is at most (⟨n,m⟩)r(S).

Proof. From Lemmas 3.2.6, 3.2.8, and Theorem 3.2.9, and Remark 3.2.1, we can

easily prove (a). Trivially (a) implies (b).

Lemma 3.2.11. We have Sn(S, v) (respectively S n(S, v)) is finitely generated as

a module over the center C(Sn(S, v)) (respectively C(S n(S, v))). The dimension

of Sn(S, v) (respectively S n(S, v)) over C(Sn(S, v)) (respectively C(S n(S, v)))

is not more than (⟨n,m⟩)r(S).

Proof. Since Sn(S, v)
(m) ⊂ C(Sn(S, v)) and S n(S, v)

(m) ⊂ C(S n(S, v)), then

Proposition 3.2.10 implies the Lemma.

Theorem 3.2.12. We have Sn(S, v) is affine almost Azumaya. Thus it is also

almost Azumaya.

Proof. Since S be an essentially bordered pb surface, then Sn(S, v) is a domain

and is a finitely generated algebra, Theorem 6.1 in [LY23]. Combine with Lemma

3.2.11, we get Sn(S, v) is affine almost Azumaya.

Corollary 3.2.13. We have C(Sn(S, v)) is affine.

Proof. Lemma 3.2.3, and Theorem 3.2.12.

Then we are ready to state the Unicity Theorem for the stated SLn-skein algebra

when the surface is an essentailly bordered pb surface.

Theorem 3.2.14. Suppose the rank of Sn(S, v) over C(Sn(S, v)) is K and the

dimension of Sn(S, v) over C(Sn(S, v)) is r, then we have

(a) K ≤ r ≤ (⟨n,m⟩)r(S);
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(b) any irreducible representation of Sn(S, v) has dimension at most the square

root of K;

(c) the map X : Irrep → MaxSpec(C(Sn(S, v))), defined in Remark 3.1.6, is sur-

jective, and the cardinality of X−1(v) is not more than r for any v ∈ MaxSpec(C(Sn(S, v)));

(d) there exists a Zariski open dense subset U ⊂ MaxSpec(C(Sn(S, v))) such that

for any two irreducible representations V1, V2 of Sn(S, v) with X (V1) = X (V2) ∈ U ,
then V1 and V2 are isomorphic and have dimension the square root of K. Moreover

any representation sending C(Sn(S, v)) to scalar operators and whose induced

character lies in U is semi-simple.

Proof. Lemma 3.2.11, Theorems 3.2.4 and 3.2.12.

The rank K in Theorem 3.2.14 is very important to understand the representation

theory for the stated SLn-skein algebra. Unfortunately, it is very hard to calculate

it. Frohman, Kania-Bartoszynska, Lê precisely calculated this rank K in [FKL21]

when n = 2 and ∂S = ∅.

We are not clear whether S n(S, v) is a domain (or prime) for general essentially

bordered pb surface. In Theorem 8.1 in [LY23], Lê and Yu proved S n(S, v) is

a domain when S is a polygon. Thus we have the corresponding statements as

Theorem 3.2.12, Corollary 3.2.13, and Theorem 3.2.14 for the reduced stated SLn-

skein algebra when S is a polygon. For general essentially bordered pb surface, we

can get C(S n(S, v)) is a finitely generated algebra because S n(S, v) is a finitely

generated algebra and finitely generated as a module over its center.

3.3 The center and the PI-degree for the stated

SLn-skein algebra

In this section, we review the results about the center and the rank of the stated

SLn-skein algebra for some special cases in [KW24a; KW24c].

Let S be a pb surface containing at least one puncture. For each puncture p and

1 ≤ k ≤ n − 1, there is a loop n-web αp,k around p as shown in Figure 3.2. We
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Figure 3.2: The n-web αp,k around puncture p.

call each αp,k the peripheral web. It is easy to see that αp,k is contained in the

center of Sn(S, v).

Theorem 3.3.1. [KW24c] Suppose S is a pb surface such that ∂S = ∅ and every

component of S contains at least one puncture. Suppose v is a root of unity of

order m with gcd(m, 6) = 1. We have the following:

1. The center of S3(S, v), as a subalgebra of S3(S, v), is generated by ImF
and all the peripheral webs.

2. The algebra S3(S, v) is affine almost Azumaya;

3. Suppose S is connected with genus g and p > 0 punctures, then the rank of

S3(S, v) over its center is

m16g−16+6n.

Theorem 3.3.2. [KW24a] Suppose S is a pb surface such that ∂S ̸= ∅ and

contains no punctures. Suppose v is a root of unity of order m with gcd(m, 2n) = 1.

We have the following:

1. An element x ∈ Sn(S, v) is contained in the center of Sn(S, v) if and only

if yx = z with y, z ∈ ImF .

2. Suppose S is connected and S (see Definition 1.1.1) contains t boundary

components having even number of punctures, then the rank of Sn(S, v) over

its center is

m(n2−1)r(Σ)−t(n−1).





Chapter 4

Stated SLn-TQFT theory and

roots of unity

Suppose that m is a positive integer such that m | n. Let S be a pb surface and

ϵ ∈ R such that ϵm = −1. We will construct an R-linear isomorphism (Thm. 4.2.4)

φϵ : Sn(S, v)→ Sn(S, ϵv).

As an application, we will establish the injectivity of the splitting map when v2n = 1

(Thm. 4.7.4). Furthermore, we will formulate the stated SLn-TQFT theory (Thm.

4.5.2), which generalizes the results of [CL22b] from SL2 to general SLn. This

chapter is based on the author’s work in [Wan25c].

4.1 Notations for chapter 4

This section introduces notations used in chapter 4.

Let α be an n-web in a marked 3-manifold (M,N ). The half edge of α containing

the starting point (resp. ending point) is called the starting half edge (resp.

targeting half edge).

Recall that our ground ring is a commutative domain R with an invertible element

v. In chapter 2, we defined q, ci, t, a using v. Since this chapter involves different

quantum parameters, we introduce new notations for q, ci, t, a involving v. We set

113
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q
1
2n
v = v, and define the following constants:

ci,v = (−qv)n−iq
n−1
2n

v , tv = (−1)n−1q
n2−1

n
v , av = q

n+1−2n2

4
v .

Let S be a pb surface. Any stated n-web α in the thickening of S can be repre-

sented by a stated n-web diagram in S, which is obtained by projecting α onto

S. Before performing the projection, we first apply a height-preserving isotopy to

α so that its singular points look like the pictures in Figure 4.2 and ensure that

the endpoints of α are distinct.

The orientation of ∂S induced by the orientation of S is call the positive orien-

tation of ∂S. The orientation of ∂S opposite to the positive orientation of ∂S

is called the negative orientation of ∂S. A stated n-web diagram, where the

heights of its endpoints are given by the positive (resp. negative) orientation of

S, is called the positively ordered stated n-web diagram (resp. negatively

ordered stated n-web diagram).

.

For a stated n-web (resp. a stated n-web diagram) α, we define the following

quantities:

• e(α): the number of endpoints of α.

• t(α): the number of endpoints of α that point towards N (resp. towards the

boundary of the pb surface).

• p(α): the number of sinks and sources of α.

4.2 Stated SLn-skein algebras skewed by roots of

unity

For a pb surface S, two negatively ordered stated n-web diagrams represent the

isotopic stated n-webs in S× [−1, 1] if and only if they are related by a sequence

of the ambient isotopies and the five moves in Figure 4.1. See Figure 2 in [FS22]

for n = 3.
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Figure 4.1: Five moves for the (stated) n-web diagrams. The orientations for
(stated) n-web diagrams are arbitrary.

For a pb surface S, we can regard Sn(S, v) as the quotient of the R-module freely

generated by the set of ambient isotopy classes of negatively ordered stated n-

web diagrams subject to the five moves in Figure 4.1 and relations (2.4)-(2.11).

Then the multiplication is defined by stacking the negatively ordered stated n-web

diagrams such that the stacking gives the negatively ordered stated n-web diagram.

For a negatively ordered stated n-web diagram α, every crossing point p of α

determines a “+” or “−” sign as illustrated in Figure 4.2, and we denote this sign

as w(p). Then we define w(α) =
∑

pw(p), where the sum if over all the crossing

points of α and we regard the plus sign as 1 and minus sign as −1. If α has no

crossings, we define w(α) = 0.

Figure 4.2: The sign determined by the left (resp. the right) picture is “+”
(resp. “−”).

For any two integers i, j with j > 0, suppose i = kj + r, where k, r ∈ Z and

0 ≤ r ≤ j − 1. We define i(mod j) to be r.

Let α, β be two negatively ordered stated n-web diagrams. Suppose γ is a negative

ordered stated n-web diagram representing αβ. Then define

w(α, β) = (
∑
p

w(p))(mod n),

where the sum is over all the crossing points between α and β. From the moves

in Figure 4.1, we know w(α, β) is well-defined and w(α′, β′) = w(α, β) if α (resp.

β) and α′ (resp. β′) represent isotopic stated n-webs. Note that w(α, β) may not

equal (n−w(β, α))(mod n) in general, but we have w(α, β) = (n−w(β, α))(mod n)

if both α and β have no endpoints.
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For any integer 0 ≤ k ≤ n− 1, we define Sn(S, v)k as

R-linear span{negatively ordered stated n-web diagrams α |

w(α, α′) and w(α′, α) are multiples of k, (4.1)

for all negatively ordered stated n-web diagrams α′}.

It is straightforward to verify that Sn(S, v)k forms a subalgebra of Sn(S, v) when-

ever k | n.

4.2.1 On SLn-skein algebras

Let S be a pb surface with an empty boundary. Then the definition of Sn(S, v) is

determined by v2, that is, Sn(S, v) and Sn(S,−v) are the same (stated) SLn-skein

algebra. Thus we use Sn(S|v2) to denote Sn(S, v) when ∂S = ∅. Since ∂S = ∅,
any (stated) n-web diagram in S is a negatively ordered stated n-web diagram.

Theorem 4.2.1. Let S be a pb surface with ∂S = ∅, let m,n be two positive

integers with m | n, and let u, ϵ ∈ R be two invertible elements in R such that

u2 = ϵv2, ϵm = 1. Then there exists an R-linear isomorphism φϵ : Sn(S|v2) →
Sn(S|u2), defined by φϵ(α) = ϵw(α)α for any n-web diagram α.

Proof. Suppose α1 and α2 are n-web diagrams representing the isotopic n-webs in

S × [−1, 1]. The five moves in Figure 4.1 imply w(α1)(mod n) = w(α2)(mod n).

Then we have ϵw(α1) = ϵw(α2) because ϵn = 1. Thus φϵ is well-defined on the set of

isotopy classes of n-webs in S× [−1, 1].

It suffices to show φϵ preserves relations (2.4)-(2.7). Note that q
1
n
u = ϵq

1
n
v , qu = qv,

and tu = (−1)n−1q
n− 1

n
u = ϵ−1tv.

Relation (2.4): We use α1 to denote the n-web diagram on the righthand side of

relation (2.4). Then we have

φϵ(q
1
n
v − q−

1
n

v ) = ϵw(α1)ϵq
1
n
v − ϵw(α1)ϵ−1q

− 1
n

v

=(qu − q−1
u )ϵw(α1) = φϵ((qv − q−1

v ) ).
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Relation (2.5): We use α2 to denote the n-web diagram on the righthand side of

relation (2.5). Then we have

φϵ( ) = ϵw(α2)ϵ = ϵw(α2)ϵtu = φϵ(tv ).

It is trivial that φϵ preserves relation (2.6).

Relation (2.7): We use α3 to denote the n-web diagram on the lefthand side of

relation (2.7). Then we have

φϵ(
...

... ) = ϵw(α3)
...

...

=ϵw(α3)(−qu)
n(n−1)

2 ·
∑
σ∈Sn

(−q
1−n
n

u )ℓ(σ)
...

...σ+

=(−qv)
n(n−1)

2 ·
∑
σ∈Sn

(−q
1−n
n

v )ℓ(σ)ϵℓ(σ)+w(α3)
...

...σ+

=φϵ((−qv)
n(n−1)

2 ·
∑
σ∈Sn

(−q
1−n
n

v )ℓ(σ)
...

...σ+ ).

Obviously, the inverse of φϵ is φϵ−1 : Sn(S|u2)→ Sn(S|v2).

The map φϵ is not an algebra homorphism because ϵw(αβ) ̸= ϵw(α)ϵw(β) in general.

The following Corollary shows it restricts to algebra isomorphism from Sn(S|v2)m
to Sn(S|u2)m.

Corollary 4.2.2. Let S be a pb surface with ∂S = ∅, let m,n be two positive

integers with m | n, and let u, ϵ ∈ R be two invertible elements in R such that

u2 = ϵv2, ϵm = 1. Then the linear isomorphism φϵ : Sn(S|v2) → Sn(S|u2)
restricts to an algebra isomorphism φϵ|Sn(S|v)m : Sn(S|v2)m → Sn(S|u2)m.

Proof. It is trivial that φϵ restricts to the linear isomorphism φϵ|Sn(S|v2)m . Let α, α
′

be two n-web diagrams in S that satisfy the conditions in equation (4.1). We know
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w(α, α′) = (w(αα′) − w(α) − w(α′))(mod n). Since m | w(α, α′) and m | n, we
have m | (w(αα′)− w(α)− w(α′)). Thus

φϵ(αα
′) = ϵw(αα′)αα′ = ϵw(α)+w(α′)αα′ = φϵ(α)φϵ(α

′).

Corollary 4.2.3. Suppose S is a planar pb surface with an empty boundary, and

2 | n. Then the linear isomorphism φ−1 : Sn(S|v2) → Sn(S| − v2) is an algebra

isomorphism.

Proof. SinceS is a planar pb surface with an empty boundary, we have Sn(S|v2)2 =
Sn(S|v2). Then Corollary 4.2.2 completes the proof.

4.2.2 On stated SLn-skein algebras

Let S be a pb surface, let m,n be two positive integers with m | n, and let ϵ ∈ R
with ϵ2m = 1. In this subsection, we will construct an R-linear isomorphism φϵ :

Sn(S, v)→ Sn(S, ϵv). We still use the notation φϵ for this R-linear isomorphism

because it coincides with the R-linear isomorphism built in Theorem 4.2.1 when

∂S = ∅. We write Theorem 4.2.1 and the following Theorems seperately because

it is helpful for readers to understand the Theorems and it simplfies the proofs for

the following Theorems.

Recall that, for a stated n-web diagram α, we use e(α) to denote the number of

endpoints of α, use t(α) to denote the number of endpoints of α that are pointing

towards the boundary of the pb surface, and use p(α) to denote the number of

sinks and sources of α.

In the following theorem, we construct an R-linear isomorphism from Sn(S, v) to

Sn(S, ϵv) when ϵm = −1 and m | n. We will show this R-linear isomorphism

restricts an algebra isomorphism from Sn(S, v)m to Sn(S, ϵv)m.

Theorem 4.2.4. Let S be a pb surface, let k,m, n be three positive integers with

n = km, and let ϵ ∈ R with ϵm = −1. Then there exists an R-linear isomorphism
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φϵ : Sn(S, v)→ Sn(S, ϵv), defined by

φϵ(α) =



ϵ2w(α)+
e(α)
2 α k is even

(−ϵ)2w(α)+
e(α)
2 α k is odd and m is even

(−ϵ)2w(α)+t(α)α k is odd, m is odd, and k+m
2

is odd

(−1)p(α)(−ϵ)2w(α)+t(α)α k is odd, m is odd, and k+m
2

is even,

where α ∈ Sn(S, v) is a negatively ordered stated n-web diagram. In particular

φϵ(α) = ϵ2(w(α))α if α is a negatively ordered stated n-web diagram without end-

points.

Note that when n is even, the non-negative integer e(α) is always even.

Proof. It is obvious that φϵ preserves the five moves in Figure 4.1. The proof for

Theorem 4.2.1 implies φϵ preserves relations (2.4)-(2.7) because (ϵ2)m = 1 and

m | n. Trivially φϵ−1 : Sn(S, ϵv) → Sn(S, v) is the inverse of φϵ if φϵ is a well-

defined R-linear map. Then it suffices to show φϵ preserves relations (2.8)-(2.11).

Let u = ϵv. We have qu = u2n = ϵ2nv2n = v2n = qv, and ci,u = (−qu)n−i(q
1
2n
u )n−1 =

ϵn−1(−qv)n−i(q
1
2n
v )n−1 = ϵn−1ci,v for 1 ≤ i ≤ n.

Case 1: k is even, and suppose k = 2λ. We have ϵn = ϵmk = (−1)k = 1.

Then ci,u = ϵn−1ci,v = ϵ−1ci,v for 1 ≤ i ≤ n. From pure calculation, we have

au = (−1)λav.

Relation (2.8): Let U1 be the open square in relation (2.8), and let α1, α1,σ be

two negatively ordered stated n-web diagrams such that α1 and α1,σ are identical

outside U1 and α1 ∩ U1 (resp. α1,σ ∩ U1) is like the picture on the lefthand (resp.

righthand) side of relation (2.8). Then we have w(α1,σ) = w(α1) and e(α1,σ) =

e(α1) + n. Thus

φϵ(av
∑
σ∈Sn

(−qv)ℓ(σ)α1,σ) = (−1)λau
∑
σ∈Sn

(−qu)ℓ(σ)ϵ2w(α1)+
e(α1)+n

2 α1,σ

= ϵ2w(α1)+
e(α1)

2 α1 = φϵ(α1).
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Relation (2.9): We have

φϵ(
i

j ) = ϵ
i

j = δj̄,i ϵ ci,u = δj̄,i ci,v .

Relation (2.10): Let U2 be the open square in relation (2.10), and let α2, α
′
2 be two

negatively ordered stated n-web diagrams such that α2 and α
′
2 are identical outside

U2 and α2 ∩U2 (resp. α
′
2 ∩U2) is like the picture on the lefthand (resp. righthand)

side of relation (2.10). Then we have w(α′
2) = w(α2) and e(α

′
2) = e(α2) + 2. Thus

φϵ(
∑

1≤i≤n

c−1
ī,v
α′
2) =

∑
1≤i≤n

ϵ−1c−1
ī,u
ϵ2w(α2)+

e(α2)+2
2 α′

2 = ϵ2w(α2)+
e(α2)

2 α2 = φϵ(α2).

Relation (2.11): Let U3 be the open square in relation (2.11), and let α3, α
′
3, α

′′
3 be

three negatively ordered stated n-web diagrams such that α3, α
′
3, α

′′
3 are identical

to each other outside U3 and α3 ∩ U3 =

i

j
, α′

3 ∩ U3 =
i

j , α′′
3 ∩ U3 =

j

i
. Then we have w(α′

3) = w(α′′
3) = w(α3)− 1 and e(α′

3) = e(α′′
3) = e(α3).

Thus

φϵ

(
q
− 1

n
v (δj<i(qv − q−1

v )α′
3 + qδi,jv α′′

3)
)
=ϵ2ϵ2(w(α3)−1)+

e(α3)
2 q

− 1
n

u (δj<i(qu − q−1
u )α′

3 + qδi,ju α′′
3)

=ϵ2w(α3)+
e(α3)

2 α3 = φϵ(α3).

In the following of the proof, we will still use α1, α1,S, α2, α
′
2, α3, α

′
3, α

′′
3 to denote

the corresponding negatively ordered stated n-web diagrams as in Case 1.

Case 2: k is odd, m is even, and suppose m = 2l. From pure calculation, we have

ϵn = −1, ci,u = −ϵ−1ci,v, and au = (−ϵ)klav.

Relation (2.8): We have

φϵ(av
∑
σ∈Sn

(−qv)ℓ(σ)α1,σ) = (−ϵ−1)klau
∑
σ∈Sn

(−qu)ℓ(σ)(−ϵ)2w(α1)+
e(α1)+n

2 α1,σ

= (−ϵ)2w(α1)+
e(α1)

2 α1 = φϵ(α1).
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Relation (2.9): We have

φϵ(
i

j ) = −ϵ
i

j = δj̄,i (−ϵ) ci,u = δj̄,i ci,v .

Relation (2.10): We have

φϵ(
∑

1≤i≤n

c−1
ī,v
α′
2) =

∑
1≤i≤n

−ϵ−1c−1
ī,u
(−ϵ)2w(α2)+

e(α2)+2
2 α′

2 = (−ϵ)2w(α2)+
e(α2)

2 α2 = φϵ(α2).

Relation (2.11): We have

φϵ

(
q
− 1

n
v (δj<i(qv − q−1

v )α′
3 + qδi,jv α′′

3)
)
=ϵ2(−ϵ)2(w(α3)−1)+

e(α3)
2 q

− 1
n

u (δj<i(qu − q−1
u )α′

3 + qδi,ju α′′
3)

=(−ϵ)2w(α3)+
e(α3)

2 α3 = φϵ(α3).

Case 3: k is odd, m is odd, and k+m
2

is odd. From pure calculation, we have

ϵn = −1, ci,u = −ϵ−1ci,v, and au = av. The proof for checking relations (2.9)-(2.11)

are similar with the proof for Case 2.

Relation (2.8): We have w(α1,S) = w(α1), and t(α1,S) = t(α1) or t(α1) + n. We

always have (−ϵ)t(α1,S) = (−ϵ)t(α1) because (−ϵ)n = 1. Then it is a trivial check

that φϵ preserves relation (2.8).

Case 4: k is odd, m is odd, and k+m
2

is even. From pure calculation, we have

ϵn = −1, ci,u = −ϵ−1ci,v, and au = −av. The proof is similar with the proof for

Case 3.

The following theorem is analogous to Theorem 4.2.4. We establish an R-linear

isomorphism from Sn(S, v) to Sn(S, ϵv) under the conditions ϵm = 1 and m | n.
Just like the R-linear isomorphism presented in Theorem 4.2.4, the corresponding

isomorphism in the following theorem also confines an algebra isomorphism from

Sn(S, v)m to Sn(S, ϵv)m.

Theorem 4.2.5. Let S be a pb surface, let m,n be two positive integers with

m | n, and let ϵ ∈ R with ϵm = 1. Then there exists an R-linear isomorphism
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φϵ : Sn(S, v)→ Sn(S, ϵv), defined by

φϵ(α) =

ϵ2w(α)+
e(α)
2 α n is even

ϵ2w(α)+t(α)α n is odd,

where α ∈ Sn(S, v) is a negatively ordered stated n-web diagram. In particular

φϵ(α) = ϵ2(w(α)) if α is a negatively ordered stated n-web diagram without endpoints.

Proof. Set u = ϵv. From pure calculation, we have ϵn = 1, q
1
2
u = q

1
2
v , and ci,u =

ϵ−1ci,v for 1 ≤ i ≤ n. Note that au = ϵ
n
2 av when n is even and au = av when n is

odd. Then we can prove φϵ is a well-defined linear map using the same technique

as Theorem 4.2.4. Trivially φϵ−1 : Sn(S, ϵv)→ Sn(S, v) is the inverse of φϵ.

The following Theorem combines Theorems 4.2.4 and 4.2.5.

Theorem 4.2.6. Let S be a pb surface, let k,m, n be three positive integers with

n = km, and let ϵ ∈ R with ϵ2m = 1. Then there exists an R-linear isomorphism

φϵ : Sn(S, v)→ Sn(S, ϵv), defined by

φϵ(α) =



ϵ2w(α)+
e(α)
2 α ϵm = −1, k is even

(−ϵ)2w(α)+
e(α)
2 α ϵm = −1, k is odd, and m is even

(−ϵ)2w(α)+t(α)α ϵm = −1, k is odd, m is odd, and k+m
2

is odd

(−1)p(α)(−ϵ)2w(α)+t(α)α ϵm = −1, k is odd, m is odd, and k+m
2

is even

ϵ2w(α)+
e(α)
2 α ϵm = 1, n is even

ϵ2w(α)+t(α)α ϵm = 1, n is odd,

where α ∈ Sn(S, v) is a negatively ordered stated n-web diagram. In particular

φϵ(α) = ϵ2(w(α)) if α is a negatively ordered stated n-web diagram without endpoints.

Proof. Theorems 4.2.4, 4.2.5.

Corollary 4.2.7. Let S be a pb surface, let k,m, n be three positive integers with

m | n, and let ϵ ∈ R with ϵ2m = 1. Then the R-linear isomorphism φϵ : Sn(S, v)→
Sn(S, ϵv) restricts to an algebra isomorphism φϵ|Sn(S,v)m : Sn(S, v)m → Sn(S, ϵv)m.

Proof. The proof is similar with Corollary 4.2.2.
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4.3 Spin structure and the SLn-skein space

The SUn-skein module of an oriented 3-manifold is defined in [Sik05]. The SUn-

skein module of the 3-manifoldM is built of based n-webs which are defined as the

n-webs in M , except that the half-edges incident to any of their n-valent vertices

are linearly ordered. The SUn-skein module, denoted as S b
n(M, v2), is the quotient

of the R-module freely generated by the set of isotopy classes of based n-webs

subject to relations (2.4)-(2.6) and (4.2). Lê and Sikora proved the equivalence

between the SUn-skein theory and the SLn-skein theory [LS21]. To simplify the

proof, we will work with the SUn-skein theory in this section (all the discussions

can be pulled back to the SLn-skein theory using the equivalence built by Lê and

Sikora).

For a 3-manifoldM , Barrett established an isomorphism from S b
2 (M, v2) to S b

2 (M,−v2)
using a spin structure of M [Bar99]. In this section, we are trying to generalize

Barrett’s work to all n.

...
... = qn(n−1)

v ·
∑
σ∈Sn

(−q
1−n
n

v )ℓ(σ)
...

...σ+ (4.2)

Let α be a based n-web in M , and H be an isotopy of α. We use αH to denote the

based n-web in M obtained from α by doing isotopy H. We use K(α) to denote

the number of knot components of α.

rem

Suppose n is a positive even number. Consider a based n-web α in a manifold M

with k sinks and sources (k > 0), each labeled from 1 to k. Through an isotopy H,

we deform α such that, for each 1 ≤ i ≤ k, the sink and source labeled by i lie in

a small open cube Ui. The intersection αH ∩ Ui resembles the illustration on the

left side of relation (4.2).

For σ1, σ2, . . . , σk ∈ Sn, denote αH
σ1,··· ,σk

as the based n-web obtained from αH .

This web coincides with αH outside ∪1≤i≤kUi, and within each Ui, the intersection

αH
σ1,··· ,σk

∩Ui follows the pattern on the right side of relation (4.2), with σ+ = (σi)+.
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In S b
n(M, v2), relation (4.2) implies

α = qn(n−1)k
v

∑
σ1,...,σk∈Sn

(−q
1−n
n

v )ℓ(σ1)+···+ℓ(σk)αH
σ1,··· ,σk

.

For each 1 ≤ i ≤ k, we know there is a linear order on all the half edges incident

to the i-th sink (and source) of α. Then we color the j-th half edge incident to the

i-sink (resp. the source) with (i− 1)n+ j (resp. (i− 1)n+ n+ 1− j). Then there

exists τα ∈ Skn such that, for each 1 ≤ i ≤ kn, the starting half edge colored by i

is connected to the targeting half edge colored by τα(i).

Although τα is dependent on how we label the sinks and sources of α, the sign

(−1)ℓ(τα) is irrelevant of the labelings of sinks and sources because n is even. It is

easy to show

(−1)K(αH
σ1,··· ,σk

) = (−1)K(α)+ℓ(τα)+ℓ(σ1)+···+ℓ(σk).

Suppose n is even, and s is a spin structure of M . For any based n-web α in M ,

Lê and Sikora defined s(α) ∈ Z2 in page 76 in [LS21] with the properties that

s(trivial knot) = 1 and s(α′) = s(α) + 1 if α′ has one more positive or negative

kink than α.

The following Theorem generalizes Barrett’s work [Bar99] to all n.

Theorem 4.3.1. Let M be a 3-manifold, and let s be a spin structure of M .

For each positive integer n, there exists a linear isomorphism Φn : S b
n(M, v2) →

S b
n(M,−v2), defined by

Φn(α) =

α n is odd

(−1)s(α)+K(α)+ℓ(τα) n is even,

where α is a based n-web in M , the permutation τα = (1) if α has no sinks or

sources and τα is the permutation defined as in Remark 4.3 if α has sinks and

sources. In particular Φn is an algebra isomorphism when M is the thickening of

an oriented surface.

Proof. When n is odd, relations (2.4)-(2.6) and (4.2) for S b
n(M, v2) are the same

with the corresponding relations for S b
n(M,−v2).
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Suppose n is even. Obviously, the map Φn is well-defined on the set of isotopy

classes of based n-webs.

Suppose the based n-web α in M has k sinks (and sources) with k > 0. We do

the same procedures to α and follow the same notations as in Remark 4.3. In

S b
n(M,−v2), we have

Φn(α) =(−1)s(α)+K(α)+ℓ(τα)α

=(−1)s(α)+K(α)+ℓ(τα)qn(n−1)k
v

∑
σ1,...,σk∈Sn

(q
1−n
n

v )ℓ(σ1)+···+ℓ(σk)αH
σ1,··· ,σk

=(−1)s(α)qn(n−1)k
v

∑
σ1,...,σk∈Sn

(−q
1−n
n

v )ℓ(σ1)+···+ℓ(σk)(−1)K(α)+ℓ(τα)+ℓ(σ1)+···+ℓ(σk)αH
σ1,··· ,σk

=(−1)s(α)qn(n−1)k
v

∑
σ1,...,σk∈Sn

(−q
1−n
n

v )ℓ(σ1)+···+ℓ(σk)(−1)K(αH
σ1,··· ,σk

)αH
σ1,··· ,σk

.

(4.3)

Then we are trying to show Φn preserves relations (2.4)-(2.6) and (4.2).

Relation (2.4): We use U to denote the small open cube in relation (2.4). Let

α1, α2, α3 be three based n-webs in M such that they are identical to each other

outside U and α1 ∩ U = , α2 ∩ U = , α3 ∩ U = . It is easy

to show s(α1) = s(α2) = s(α3). If α1, α2, α3 contain no sinks or sources, we have

(−1)K(α1) = (−1)K(α2) = −(−1)K(α3). Then, in S b
n(M,−v2), we have

Φn(q
1
n
v α1 − q

− 1
n

v α2) = q
1
n
v (−1)s(α1)+K(α1)α1 − q

− 1
n

v (−1)s(α2)+K(α2)α2

=(−1)s(α3)+K(α3)(q
− 1

n
v α2 − q

1
n
v α1) = (−1)s(α3)+K(α3)(qv − q−1

v )α3 = Φn((qv − q−1
v )α3).

If α1, α2, α3 contain sinks and sources, we label the sinks (and sources) in the same

way for α1, α2, α3. We can use the same isotopy H to pair the sinks and sources for

α1, α2, α3 such that the support of H is contained in M \ U . Let σ1, · · · , σk ∈ Sn.

We have (α1)
H
σ1,··· ,σk

, (α2)
H
σ1,··· ,σk

, (α3)
H
σ1,··· ,σk

are identical to each other outside U ,

and

(α1)
H
σ1,··· ,σk

∩ U = α1 ∩ U, (α2)
H
σ1,··· ,σk

∩ U = α2 ∩ U, (α3)
H
σ1,··· ,σk

∩ U = α3 ∩ U.
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Futhermore, (−1)K((α1)Hσ1,··· ,σk
) = (−1)K((α2)Hσ1,··· ,σk

) = −(−1)K((α3)Hσ1,··· ,σk
). Note

that, in S b
n(M,−v2), we have

q
− 1

n
v (α2)

H
σ1,··· ,σk

− q
1
n
v (α1)

H
σ1,··· ,σk

= (qv − q−1
v )(α3)

H
σ1,··· ,σk

.

From equation (4.3), we have

Φn(q
1
n
v α1 − q

− 1
n

v α2)

=(−1)s(α1)qn(n−1)k
v

∑
σ1,...,σk∈Sn

(−q
1−n
n

v )ℓ(σ1)+···+ℓ(σk)(−1)K((α1)Hσ1,··· ,αk
)q

1
n
v (α1)

H
σ1,··· ,αk

− (−1)s(α2)qn(n−1)k
v

∑
σ1,...,σk∈Sn

(−q
1−n
n

v )ℓ(σ1)+···+ℓ(σk)(−1)K((α2)Hσ1,··· ,αk
)q

− 1
n

v (α2)
H
σ1,··· ,αk

=(−1)s(α3)qn(n−1)k
v∑

σ1,...,σk∈Sn

(−q
1−n
n

v )ℓ(σ1)+···+ℓ(σk)(−1)K((α3)Hσ1,··· ,αk
)(q

− 1
n

v (α2)
H
σ1,··· ,αk

− q
1
n
v (α1)

H
σ1,··· ,αk

)

=(qv − q−1
v )(−1)s(α3)qn(n−1)k

v

∑
σ1,...,σk∈Sn

(−q
1−n
n

v )ℓ(σ1)+···+ℓ(σk)(−1)K((α3)Hσ1,··· ,αk
)(α3)

H
σ1,··· ,αk

=Φn((qv − q−1
v )α3).

It is trivial that Φn preserves relations (2.5) and (2.6).

Relation (4.2): In relation (4.2), the open cube is denoted by V . Consider two

based n-webs in M , namely β and βσ, with the property that they are identical

outside V . The intersections β ∩ V and βσ ∩ V correspond to pictures on the

lefthand and righthand sides of equation (4.2), respectively.

If βσ has no sinks or sources, equation (4.3) implies

Φn(β) = (−1)s(β)qn(n−1)
v

∑
σ∈Sn

(−1)K(βσ)(−q
1−n
n

v )ℓ(σ)βσ

=qn(n−1)
v

∑
σ∈Sn

(−1)K(βσ)+s(βσ)(−q
1−n
n

v )ℓ(σ)βσ

=Φn

(
qn(n−1)
v

∑
σ∈Sn

(−q
1−n
n

v )ℓ(σ)βσ
)
.

Suppose βσ has k sinks (and sources) with k > 0. We label all the sinks (and

sources) of βσ from 1 to k. We label the sink (resp. source) of β shown in the
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relation (4.2) by 1, and label the rest of the sinks (resp. sources) of β from 2 to

k + 1 such that, for each 1 ≤ i ≤ k, the sink (resp. source) of β labeled by i + 1

is the sink (resp. source) of βσ labeled by i. Since the sink and the source of β

labeled by 1 are already paired together, there exists an isotopy F of β such that

the support of F is contained in M \ V and, for each 2 ≤ i ≤ k + 1, the sink and

the source of βF labeled by i are like the picture on the lefthand side of relation

(4.2). Obviously, we can regard F as an isotopy of βσ, and, for each 1 ≤ i ≤ k, the

sink and the source of (βσ)
F labeled by i are like the picture on the lefthand side

of relation (4.2). Then we have

Φn

(
qn(n−1)
v

∑
σ∈Sn

(−q
1−n
n

v )ℓ(σ)βσ
)

=qn(n−1)
v

∑
σ∈Sn

(−q
1−n
n

v )ℓ(σ)(−1)s(βσ)qn(n−1)k
v∑

σ1,...,σk∈Sn

(−q
1−n
n

v )ℓ(σ1)+···+ℓ(σk)(−1)K((βσ)Fσ1,··· ,αk
)(βσ)

F
σ1,··· ,αk

=qn(n−1)(k+1)
v (−1)s(β)

∑
σ,σ1,...,σk∈Sn

(−q
1−n
n

v )ℓ(σ)+ℓ(σ1)+···+ℓ(σk)(−1)K(βF
σ,σ1,··· ,αk

)βF
σ,σ1,··· ,αk

=Φn(β).

4.4 The R-linear isomorphism between Sn(M,N , v)
and Sn(M,N ,−v)

For any marked 3-manifold (M,N ) and any positive integer n, we will show there

exists an R-linear isomorphism Ψn : Sn(M,N , v) → Sn(M,N ,−v) such that

it is an algebra isomorphism when (M,N ) is the thickening of a pb surface and

Ψn(α) = α for any n-web α in (M,N ) without endpoints.

Let u = −v. We have q
1
n
u = u2 = v2 = q

1
n
v , qu = u2n = v2n = qv. Then re-

lations (2.4)-(2.7) for Sn(M,N , u) are exactly the same with these relations for

Sn(M,N , v).

Theorem 4.4.1. Let (M,N ) be a marked 3-manifold, and let n be any positive

integer. There exists an R-linear isomorphism Ψn : Sn(M,N , v)→ Sn(M,N ,−v)
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defined by

Ψn(α) =

(−1)
(n−1)e(α)

2 α n is odd

(−1)
e(α)
2 α n is even,

where α ∈ Sn(M,N , v) is a stated n-web in (M,N ). In particular, Ψn is an

algebra isomorphism when (M,N ) is the thickening of a pb surface and Ψn(α) = α

for any stated n-web α in (M,N ) without endpoints.

Proof. It is obvious that Ψn is well-defined on the set of isotopy classes of stated

n-webs in (M,N ). Then it suffices to show Ψn preserves relations (2.4)-(2.11).

Let u = −v. From the previous discussion, we know q
1
n
u = q

1
n
v , qu = qv. Then, for

each 1 ≤ i ≤ n, we have

ci,u = (−qu)n−i(q
1
2n
u )n−1 = (−1)n−1(−qn−i

v )q
n−1
2n

v = (−1)n−1ci,v. (4.4)

When n is odd, we suppose n = 2k + 1. Equation (4.4) implies that ci,u = ci,u

for 1 ≤ i ≤ n. We have q
1
2
u = un = (−v)n = −vn = −q

1
2
v , and au = q

n+1
4

u q
−n2

2
u =

q
k+1
2

u q
−n2

2
u = (−1)kq

k+1
2

v q
−n2

2
v = (−1)kav. Trivially Ψn preserves relations (2.4)-(2.7)

and (2.9)-(2.11). Let α (resp. ασ) be the stated n-web on the lefthand (resp.

righthand) side of relation (2.8), then we have e(ασ) = e(α) + n. We have

Ψn(av
∑
σ∈Sn

(−qv)ℓ(σ)ασ) = (−1)kau
∑
σ∈Sn

(−qu)ℓ(σ)(−1)k(e(α)+n)ασ = (−1)ke(α)α = Ψn(α).

When n is even, supppose n = 2λ. Equation (4.4) implies that ci,u = −ci,u for

1 ≤ i ≤ n. We have q
1
2
u = un = (−v)n = vn = q

1
2
v , q

1
4
u = uλ = (−1)λvλ = (−1)λq

1
4
v ,

and au = q
n+1−2n2

4
u = (−1)λ(n+1−2n2)q

n+1−2n2

4
v = (−1)λav. Trivially Ψn preserves

relations (2.4)-(2.7).

Relation (2.8): We use β1 (resp. β1,σ) to denote the stated n-web on the lefthand

(resp. righthand) side of relation (2.8). Then e(β1,σ) = e(β1) + n. We have

Ψn(av
∑
σ∈Sn

(−qv)ℓ(σ)β1,σ) = (−1)λau
∑
σ∈Sn

(−qu)ℓ(σ)(−1)
1
2
(e(β1)+n)β1,σ

= (−1)
e(β1)

2 β1 = Ψn(β1).
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Relation (2.9): We have

Ψn(
i

j ) = −
i

j = −δj̄,i ci,u = δj̄,i ci,v .

Relation (2.10): We use β2 (resp. β′
2) to denote the stated n-web on the lefthand

(resp. righthand) side of relation (2.10). Then e(β′
2) = e(β2) + 2. We have

Ψn(
∑

1≤i≤n

c−1
ī,v
β′
2) =

∑
1≤i≤n

−c−1
ī,u
(−1)

1
2
(e(β2)+2)β′

2 = (−1)
1
2
e(β2)β2 = Ψn(β2).

It is a trivial check that Ψn preserves relation (2.11).

rem Theorem 4.4.1 is also true when (M,N ) is the generalized marked 3-manifold,

please refer to the next section for the definition of the generalized marked 3-

manifold.

Let (M,N ) be a marked 3-manifold, and e be an oriented open interval in ∂M

such that there is no intersection between the closure of N and the closure of e.

Then (M,N ∪ e) is also a marked 3-manifold, and we say (M,N ∪ e) is obtained
from (M,N ) by adding one extra marking e. We use le to denote the R-linear map

from Sn(M,N , v) to Sn(M,N ∪ e, v) induced by the embedding from (M,N ) to

(M,N ∪ e). We will call the R-linear map le the adding marking map. We have

the following obvious Corollary.

Corollary 4.4.2. For each positive integer n, the following diagram commutes.

Sn(M,N , v) Sn(M,N ∪ e, v)

Sn(M,N ,−v) Sn(M,N ∪ e,−v)

le

Ψn Ψn

le
.
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4.5 Stated SLn-TQFT

The idea of this section is motivated by Costantino and Lê’s work [CL22b]. They

formulated the stated TQFT theory for SL2. In this section, we will generalize

their results to SLn.

A generalized marked 3-manifold a pair (M,N ), where M is an oriented 3-

manifold, and N ⊂ ∂M is a one dimensional submanifold consisting of oriented

circles and oriented open intervals such that there is no intersection between the

closure of any two components. We use N1 to denote the subset of N consisting

of all the oriented open intervals.

The definition of the stated SLn-skein module of a generalized marked 3-manifold is

the same with the definition of the stated SLn-skein module of a marked 3-manifold.

For a generalized marked 3-manifold (M,N ), we also use Sn(M,N , v) to denote

the stated SLn-skein module of (M,N ). The classical limit of the stated SLn-skein

module of the generalized marked 3-manifold is well-studied in [Wan23c].

A marked surface is a pair (S,P), where S is an oriented compact surface and

P is a set of finite points in ∂S, called marked points. We assume that every point

of P is signed by ” − ” or ” + ”, and every component of S contains at least one

marked point.

For a marked surface (S,P), we can define a marked 3-manifold (M,N ), where

M = S× [−1, 1],N = P × (−1, 1). For any p ∈ P , the orientation of {p}× (−1, 1)
is the positive (resp. negative) orientation of (−1, 1) if the sign of p is positive

(resp. negative). We call (M,N ) the thickening of (S,P), and define Sn(S,P , v)
to be Sn(M,N , v). Then Sn(S,P , v) has an algebra structure given by stacking

the stated n-webs, that is, for any two stated n-webs α, β, the product αβ is defined

to be stacking α above β.

Let (M,N ) be a generalized marked 3-manifold, and (S,P) be a marked surface.

Suppose ϕ : S→ ∂M is an embedding such that ϕ(S) ∩ N = ϕ(S) ∩ N1 = ϕ(P).
For any p ∈ P , we assume the sign of p is + (resp. −) if ϕ is orientation preserving

and the component of N connecting to p points towards (resp. away from) p, and

the sign of p is − (resp. +) if ϕ is orientation reversing and the component of N
connecting to p points towards (resp. away from) p.
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Then a closed regular neighborhood U(S) of ϕ(S) is isomorphic to the thickening

of (S,P), we use ψ to denote this isomorphism from (S,P) × [−1, 1] to U(S).

Then Sn(S,P , v) has a left (resp. right) action on Sn(M,N , v) if ϕ is orientation

preserving (resp. reversing). For any stated n-webs α in (S,P) × [−1, 1] and
β ∈ (M,N ), we first isotope β such that β is away from U(S), the action of α on

β is given by ψ(α) ∪ β. Costantino and Lê defined the above actions for n = 2 in

subsection 4.5 in [CL22b]. Here we recalled their construction and generalized it

to all n in an obvious way.

For a generalized marked 3-manifold (M,N ), Costantino and and Lê defined the

so called strict subsurface in [CL22b]. Here we recall their definition. A strict

subsurface S of (M,N ) is a proper embedding S → M of a compact surface

such that S is traversal to N and every connected component of S intersects N .

Define SlS(M,N ) to be (M
′
,N ′

), where M
′
= M \ S and N ′

= N \ S. Define

P = S ∩ N . For a point p ∈ P , define its sign to be + or − according as the

orientation of M is equal the orientation of S followed by the orientation of the

tangent to N at p or not. Then (S,P) is a marked surface and there is a right

and a left action of Sn(S,P , v) on Sn(SlS(M,N ), v).

The obvious embedding from SlS(M,N ) to (M,N ) induces an R-linear map

φS : Sn(SlS(M,N ), v)→ Sn(M,N , v).

Theorem 4.5.1. Assume S is a strict subsurface of a generalized marked 3-

manifold (M,N ). Then the linear map φS : Sn(SlS(M,N ), v) → Sn(M,N , v)
is surjective and its kernel is the R-span of {a ·x − x · a | a ∈ Sn(S,P , v), x ∈
Sn(SlS(M,N ), v)}.

Note that

Sn(SlS(M,N ), v)/R-span{a ·x− x · a | a ∈ Sn(S,P , v), x ∈ Sn(SlS(M,N ), v)},

denoted as HH0(Sn(SlS(M,N ), v)), is the 0-th Hochschild homology of the Sn(S,P , v)-
bimodule Sn(SlS(M,N ), v).
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Proof. The proof of Theorem 5.1 in [CL22b] almost works here. We only need to

check the following equations and the parallel equations, obtained from the follow-

ing equations by reversing the arrows of all the stated n-webs, in HH0(Sn(SlS(M,N ), v)):

· · ·

=
∑

1≤i1,··· ,in≤n

c−1
i1,v
· · · c−1

in,v

i1

in−1
in

...

in
in−1

i1
...

(4.5)

i

j

=
∑

1≤i,j≤n

c−1
ī,v
c−1
j̄,v

i

j

j̄

ī

(4.6)

j

=
∑

1≤i≤n

c−1
ī,v

i

ī

j

(4.7)

Equation (4.5) and its parallel equation come from equation (53) in [LS21] and

relation (2.8). Equation (4.6) and its parallel equation come from relations (2.9)

and (2.10). Equation (4.7) and its parallel equation come from relation (2.9).
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Using equations (4.5)-(4.7) and the techniques used in the proof of Theorem 5.1 in

[CL22b], we can easily prove Theorem 4.5.1.

A decorated manifold is 5-tuple M = (M,∂+M,∂−M,∂sM,N ) with the follow-

ing properties: (1) (M,N ) is a generalized marked 3-manifold; (2) ∂+M,∂−M,∂sM ⊂
∂M are compact surfaces with boundaries with disjoint interiors and oriented

as induced by the orientation of M , such that ∂+M ∪ ∂−M ∪ ∂sM = ∂M and

∂+M ∩ ∂−M = ∅; (3) (∂±1M,N ∩ ∂±1M) are marked surfaces, where the signs of

the marked points are determined by the orientation of N and ∂±M . Please refer

to Definition 6.1 in [CL22b] for the detailed definition of decorated manifolds.

In Definition 6.2 in [CL22b], Costantino and Lê defined the category of dec-

orated cobordisms, denoted as DeCob. Here we briefly recall the definition of

DeCob. The objects of DeCob are marked surfaces. A morphism from S− to S+ is

the diffeomorphism class of a decorated manifold M endowed with diffeomorphisms

ϕ±1 : ∂±M → S±1 with ϕ+ orientation preserving and ϕ− orientation reversing.

The composition of morphisms are obtained by gluing the decorated manifolds

along the common marked surface. The identity morphism is the thickening of the

corresponding marked surface. Then DeCob is a symmetric monoidal with ⊗ given

by disjoint union.

Let Mor be the “Morita category” whose objects are R-algebras and morphisms are

isomorphism classes of bimodules in the category of R-modules. The composition

is given by the tensor product over the mid algebra. The identity of an algebra

A is the isomorphism class of A as left and right bimodule over itself via left and

right multiplication. It is a symmetric monoidal category with the tensor product

⊗R.

For any object (S,P) ∈ DeCob, we define Sn((S,P)) to be Sn(S,P , v), which is

an object in Mor. For any morphism M = (M,∂+M,∂−M,∂sM,N ) : S− → S+,

we define Sn(M) to be Sn(M,N , v), which is a right module over Sn(S−) and a

left module over Sn(S+). Then Sn(M) is a morphism from Sn(S−) to Sn(S+)

in Mor.
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The following Theorem is the main result of this secction, which generalizes Costantino

and Lê’s result, Theorem 6.5 in [CL22b]. They proved the following Theorem for

n = 2.

Theorem 4.5.2. For each positive integer n, Sn : DeCob→ Mor is a symmetric

monoidal functor.

Proof. Costantino and Lê’s proof for Theorem 6.5 in [CL22b] works here. We

briefly recall their proof.

It is obvious that Sn preserves the symmetric monoidal structure and maps the

identity morphism to the identity morphism. It suffices to show Sn is compatible

with the composition of the morphisms. This follows from Theorem 4.5.1.

4.6 Stated SLn-skein modules at 4-th roots of unity

In this section, we will focus on the stated SLn-skein modules at ϵ ∈ R with

ϵ4 = 1. For example R = C and ϵ = ±1,±i, where i ∈ C with i2 = −1. Let

(M,N ) be a connected marked 3-manifold with N ̸= ∅, and (M,N ′) be a marked

3-manifold obtained from (M,N ) by adding one extra marking. We will prove

Sn(M,N ′, ϵ) = Sn(M,N , ϵ)⊗ROqϵ(SLn), and the R-linear map from Sn(M,N , ϵ)
to Sn(M,N ′, ϵ) induced by the obvious embedding from (M,N ) to (M,N ′) is

injective.

In this section, we will always assume ϵ ∈ R with ϵ4 = 1. Then q
1
n
ϵ = ±1, qϵ = ±1.

Let (M,N ) be a marked 3-manifold. In Sn(M,N , ϵ), we have

= ,

i

j
= q

− 1
n
+δi,j

ϵ

j

i
,

i

j
= q

1
n
−δi,j̄

ϵ

j

i
.

(4.8)

From left to right in equation (4.8), the first equality comes from relation (2.4),

the second equality comes from relation (2.11), and the third equality comes from

Proposition 3.2 in [Wan23c]. Note that q
− 1

n
+δi,j

ϵ , q
1
n
−δi,j̄

ϵ = ±1. If we set ai,j =
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q
− 1

n
+δi,j

ϵ , bi,j = q
1
n
−δi,j̄

ϵ , then we have

ai,jbi,j̄ = 1. (4.9)

Let (M,N ) be a connected marked 3-manifold. The following Theorem shows the

R-linear structure for Sn(M,N , ϵ) is only dependent on M and the number of

components of N and is independent of where these components lie in ∂M .

Recall that D denotes the 2-dimensional closed disk.

Theorem 4.6.1. Let (M,N ) be a connected marked 3-manifold. Assume (M,N1)

(resp. (M,N2)) is obtained from (M,N ) by adding one extra marking e1 (resp. e2),

and l1 : Sn(M,N , ϵ) → Sn(M,N1, ϵ) (resp. l2 : Sn(M,N , ϵ) → Sn(M,N2, ϵ))

is the R-linear map induced by the embedding from (M,N ) to (M,N1) (resp.

(M,N2)). Then there exists an R-linear isomorphism F : Sn(M,N1, ϵ)→ Sn(M,N2, ϵ)

such that F ◦ l1 = l2.

Proof. For each i = 1, 2, the oriented closed interval ei is an embedding from [0, 1]

to ∂M . Let c : [0, 1] → M be a smooth proper embedding such that c(0) = e1(1)

and c(1) = e2(0). Let U(c) be a closed regular neighborhood of c, that is U(c) is

diffeomorphic to c×D, such that U(c) ∩ ∂M = D × {c(0), c(1)}. We also require

U(c) ∩ N1 = U(c) ∩ e1 ̸= e1 and U(c) ∩ N2 = U(c) ∩ e2 ̸= e2 are closed intervals.

Then c× ∂D is a strict subsurface for both (M,N1) and (M,N2).

For each i = 1, 2, define e′i = ei \ U(c), and the orientation of e′i is inherited from

ei. Let M
′ =M \ (c× int(D)), N ′

1 = N1 \U(c) = (N1 \ e1)∪ e′1, N ′
2 = N2 \U(c) =

(N2 \ e2) ∪ e′2, and h1 : Sn(M
′,N ′

1, ϵ)→ Sn(M,N1, ϵ) (resp. h2 : Sn(M
′,N ′

2, ϵ)→
Sn(M,N2, ϵ)) be the R-linear map induced by the embedding from (M ′,N ′

1) to

(M,N1) (resp. from (M ′,N ′
2) to (M,N2)). Theorem 4.5.1 implies h1 (resp. h2) is

surjective and Ker(h1) (resp. Ker(h2)) is generated by the relation depicted in the

left (resp. right) picture in Figure 4.3.

There is a copy of c in c × ∂D, denoted as c′, such that c′(0) = e′1(1) and c
′(1) =

e′2(0). Let V (c) ∈M ′ be a small open regular neighborhood of e′1∪ e′2∪ c′ (here the
ambient 3-manifold is M ′) such that V (c) retracts to e′1∪ e′2∪ c′ and V (c)∩N = ∅.
Let f be the isomorphism from (M ′,N ′

1) to (M
′,N ′

2) that drags e
′
1 to e

′
2 along c

′ such

that f is identity on M ′ \ V (c). The induced R-linear map f∗ : Sn(M
′,N ′

1, ϵ) →
Sn(M

′,N ′
2, ϵ) is illustrated in Figure 4.4.
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Figure 4.3: The faint green portions belong to ∂M ′, and the blue sections
pertain to c × ∂D. The red curves have arbitrary orientations and represent
parallel copies of stated arcs. The states for these parallel copies of arcs are
illustrated by vectors a⃗, b⃗, c⃗, d⃗ whose entries are integers between 1 and n. In the
same relation, the lefthand side and the righthand side are compatible with each
other regarding the orientations of the red curves. The black arrow in the left
(resp. right) picture is a part of e′1 (resp. e′2). The left (resp. right) picture is
intended for relations that generate Ker(h1) (resp. Ker(h2)).

Figure 4.4: The picture illustrates the R-linear map f∗.

Using relations in (4.8) and equation (4.9), we can easily show f∗(Ker(h1)) =

Ker(h2). Similarly, we have (f−1)∗(Ker(h2)) = Ker(h1). Then f∗ (resp. (f
−1)∗) in-

duces anR-linear map F : Sn(M,N1, ϵ)→ Sn(M,N2, ϵ) (resp. G : Sn(M,N2, ϵ)→
Sn(M,N1, ϵ)). Obviously, the R-linear maps F and G are inverse to each other.

From the definition of F , it is easy to show F ◦ l1 = l2.

rem The author proved Theorem 4.6.1 for general quantum parameter (that is,

ϵ is replaced with general invertible element v ∈ R) when e1, e2 lie in the same

component of ∂M , please refer to Lemma 6.4 in [Wan23c].

Note that Theorem 4.6.1 is not ture for general quantum parameter when e1, e2 lie

in different components of ∂M , please refer to [CL22b] for counterexamples.

The following Theorem is the main result of this section.
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Theorem 4.6.2. Let (M,N ) be a connected marked 3-manifold with N ̸= ∅, and
let (M,N ′) be another marked 3-manifold obtained from (M,N ) by adding one

extra marking e′. We use le′ to denote the R-linear map from Sn(M,N , ϵ) →
Sn(M,N ′, ϵ) induced by the embedding from (M,N ) to (M,N ′). Then we have

(1) The R-linear map le′ is injective.

(2) Sn(M,N ′, ϵ) ≃ Sn(M,N , ϵ)⊗R Oqϵ(SLn).

Proof. Since N is not empty, we suppose e is a component of N .

Case 1: e and e′ lie in a same component of ∂M . Theorem 6.10 in [Wan23c] implies

this case.

Case 2: e and e′ lie in different components of ∂M . Assume (M,N ′′) is obtained

from (M,N ) by adding one extra marking e′′ with e′′ and e lying in a same com-

ponent of ∂M . We use le′′ to denote the R-linear map from Sn(M,N , ϵ) →
Sn(M,N ′′, ϵ) induced by the embedding from (M,N ) to (M,N ′′). From Case

1, we know le′′ is injective and Sn(M,N ′′, ϵ) ≃ Sn(M,N , ϵ) ⊗R Oqϵ(SLn). Then

Theorem 4.6.1 implies Ker(le′) = Ker(le′′) = 0 and

Sn(M,N ′, ϵ) ≃ Sn(M,N ′′, ϵ) ≃ Sn(M,N , ϵ)⊗R Oqϵ(SLn).

4.7 Applications: Injectivity of the splitting map

in special cases

Lê and Sikora formuated the following Conjecture regarding the injectivity of the

splitting map (see subsection 2.1.4).

Conjecture 4.7.1 (Conjecture 7.12 in [LS21]). For any pb surface S and any

ideal arc c, the splitting map Θc : Sn(S, v)→ Sn(Cutc(S), v) is injective.

In this section, we will use and recall some results from [Wan23c]. Although the

author worked with C in [Wan23c], instead of general commutative domain, it is

easy to check that all the results, referenced from [Wan23c], are true with general
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commutative domain R (the proving techniques in [Wan23c] can be applied to the

commutative domain R).

Lê proved Conjecture 4.7.1 when n = 2 [Lê18], Higgins proved the case when

n = 3 [Hig23], Lê and Sikora proved Conjecture 4.7.1 when S is connected and

has non-empty boundary. The author proved the splitting map is injective for all

marked 3-manifolds when the quantum parameter v = 1 [Wan23c]. Let (M,N ) be

marked 3-manifold, let D be a properly embedded disk in M , and let e be an open

oriented interval in D. The author proved Θ(D,e) is injective if the component of

∂M containing ∂D contains at least one marking, Corollary 6.11 in [Wan23c].

Using the results in previous sections, we will prove Conjecture 4.7.1 when v2m = 1

and m | n, and prove any splitting map for the marked 3-manifold (M,N ) is

injective when every component of M contains at least one marking and v4 = 1.

We will also show the splitting map for any marked 3-manifold and any splitting

disk is injective when v = −1.

We call the pb surface, obtained from D by removing one ideal point in ∂D, as

monogon, denoted as D1. Then it is easy to show Sn(D1, v) ≃ R as R-algebras.

Let S be a pb surface, and p be an ideal point of S. Suppose cp is a trivial ideal

arc at p, that is, the two endpoints of cp are both p and cp bounds an embedded

monogon. Then Cutcp(S) is the disjoint union of a monogon and Sp. We use Θp

to denote the following composition:

Sn(S, v)→ Sn(Sp, v)⊗R Sn(D1, v) ≃ Sn(Sp, v),

where the map from Sn(S, v) to Sn(Sp, v) ⊗R Sn(D1, v) is the splitting map

Θcp . For any stated n-web diagram α in S, we can isotope α such that there is no

intersection between α and the monogon bounded by cp. Then we have Θp(α) = α.

Actually this is another way to define Θp.

Lemma 4.7.2 (Corollary 8.2 in [LS21]). Let S be a pb surface with an ideal point

p and an ideal arc c. We have Ker(Θp) = Ker(Θc).

rem If we try to understand Θp in the thickening of pb surfaces, it is easy to see

Θp is actually adding marking map. Then Lemma 4.7.2 actually states the kernel

of the adding marking map equals to the kernel of the splitting map. The author
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proved this for general marked 3-manifolds. The kernel of the adding marking map

equals the kernel of the splitting map if the adding marking and the boundary of

the splitting disk belong to the same component of ∂M (for the thickening of pb

surfaces, this is always true), Theorem 6.7 in [Wan23c].

Lê and Sikora also proved Ker(Θp) = Ker(Θp′) for any two ideal points p, p′ of a

connected pb surface, Theorem 8.1 in [LS21]. If we interpret Θp and Θp′ as adding

marking maps, the reason why Ker(Θp) = Ker(Θp′) becomes very clear, please refer

to Lemma 6.4 in [Wan23c]. In this Lemma, the author proved the kernels of two

adding marking maps are same if the two adding markings lie in a same boundary

component of the marked 3-manifold.

Lemma 4.7.3. Let S be a pb surface with an ideal point p, let m,n be two positive

intgers with m | n, and let ϵ ∈ R with ϵ2m = 1. Then Θp : Sn(S, ϵ) → Sn(Sp, ϵ)

is injective.

Proof. From Theorem 4.2.6, we know there exist linear isomorphisms φϵ : Sn(S, 1)→
Sn(S, ϵ) and φϵ : Sn(Sp, 1)→ Sn(Sp, ϵ). The definition of φϵ shows the following

diagram commutes:

Sn(S, 1) Sn(S, ϵ)

Sn(Sp, 1) Sn(Sp, ϵ)

φϵ

Θp Θp

φϵ
. (4.10)

Corollary 6.8 in [Wan23c] and Lemma 4.7.2 imply Θp : Sn(S, 1) → Sn(Sp, 1) is

injective. Then Θp : Sn(S, ϵ) → Sn(Sp, ϵ) is also injective because the two φϵ in

diagram (4.10) are R-linear isomorphisms.

The following Theorem provides affirmative examples for Conjecture 4.7.1.

Theorem 4.7.4. Let S be a pb surface with an ideal arc c, let m,n be two positive

intgers with m | n, and let ϵ ∈ R with ϵ2m = 1. Then the splitting map Θc :

Sn(S, ϵ)→ Sn(Cutc(S), ϵ) is injective.

Proof. Lemmas 4.7.2 and 4.7.3.
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Theorem 4.7.5. Let (M,N ) be a connected marked 3-manifold with N ̸= ∅,
let D be a properly embedded disk in M , and let e be an open oriented inter-

val in D. Suppose ϵ ∈ R such that ϵ4 = 1. We have Θ(D,c) : Sn(M,N , ϵ) →
Sn(Cut(D,e)(M,N ), ϵ) is injective.

Proof. Theorem 4.6.2 and Theorem 6.7 in [Wan23c].

Lemma 4.7.6. Let (M,N ) be a marked 3-manifold, and let (M,N ′) be another

marked 3-manifold obtained from (M,N ) by adding one extra marking e. Then the

adding marking map le : Sn(M,N ,−1)→ Sn(M,N ′,−1) is injective.

Proof. From Corollary 4.4.2, we have the following commutative diagram:

Sn(M,N , 1) Sn(M,N ∪ e, 1)

Sn(M,N ,−1) Sn(M,N ∪ e,−1)

le

Ψn Ψn

le
,

where Ψn is the linear isomorphism constructed in Theorem 4.4.1. Then

le : Sn(M,N ,−1)→ Sn(M,N ′,−1)

is injective because le : Sn(M,N , 1) → Sn(M,N ′, 1) is injective, Corollary 6.6 in

[Wan23c].

Theorem 4.7.7. Let (M,N ) be marked 3-manifold, let D be a properly embed-

ded disk in M , and let e be an open oriented interval in D. We have Θ(D,c) :

Sn(M,N ,−1)→ Sn(Cut(D,e)(M,N ),−1) is injective.

Proof. Lemma 4.7.6 and Theorem 6.7 in [Wan23c].

Conjecture 4.7.8. Let (M,N ) be marked 3-manifold, let D be a properly embedded

disk in M , and let e be an open oriented interval in D. Suppose ϵ ∈ R such that

ϵ4 = 1. We have Θ(D,c) : Sn(M,N , ϵ)→ Sn(Cut(D,e)(M,N ), ϵ) is injective.

We have the following confirmative examples for Conjecture 4.7.8: (1) ϵ = ±1 (2)

ϵ is a primitive 4-th root of unity and every component of M contains at least

marking. So to prove Conjecture 4.7.8, it suffices to show the adding marking map
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is injective when we add one extra marking to the 3-manifold without markings

and ϵ is a primitive 4-th root of unity.
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Kauffman bracket skein theory
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Chapter 5

Finiteness and dimension of the

stated skein modules over the

Frobenius

In chapters 5-7, we focus on the (stated) skein theory introduced in section 1.1.

Let R be a commutative domain with an invertible element q
1
2 . We denote by

Sq1/2(M,N ) the stated skein module of the marked 3-manifold (M,N ).

In chapters 5-6, we assume that R = C and that q
1
2 is a nonzero complex number.

This chapter is based on the author’s work in [Wan23a]. When q
1
2 is a root of unity

of odd order, there exists a C-linear map

F : S1(M,N )→ Sq1/2(M,N ),

called the Frobenius map for the stated skein module, see subsection 5.1.2. The

Frobenius map induces an S1(M,N )-module structure on Sq1/2(M,N ). We will

show that Sq1/2(M,N ) is a finitely generated S1(M,N )-module when M is com-

pact (Thm. 5.3.1). Furthermore, we will establish an upper bound for the rank of

Sq1/2(M,N ) over S1(M,N ) (Thm. 5.5.36).

145
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5.1 Preliminaries

Let A be an algebra, we use C(A) to denote the center of A. Suppose B is a finitely

generated A-module. We use dimAB to denote the lower bound of the number of

generators of B over A. We call an algebra A a domain, if xy = 0 for two elements

x, y ∈ A, we have x = 0 or y = 0.

Lemma 5.1.1. Suppose A is a commutative domain, and B is a module over A

freely generated by n elements. Then dimAB = n.

Proof. Clearly we have dimAB ≤ n. It suffices to show dimAB ≥ n. Let S =

A− {0}.

We use Ã to denote the localization of A over the multiplicitive set S, that is, Ã

is the field of fractions of A. Then B ⊗A Ã is a vector space over Ã. From the

assumption, we have B ≃ A⊕n as A-modules. Then we have

B ⊗A Ã ≃ (A⊕n)⊗A Ã = (A⊗A Ã)
⊕n ≃ Ã⊕n (5.1)

where all the isomorphisms in equation (5.1) are isomorphisms between Ã-vector

spaces. Thus dimÃ(B ⊗A Ã) = n. Let {b1, . . . , bk} be any finite generating set for

B over A. Then we have {b1 ⊗A 1, . . . , bk ⊗A 1} linearly spans B ⊗A Ã, thus we

have dimÃ(B ⊗A Ã) = n ≤ k. Then we get n ≤dimAB.

5.1.1 Stated skein modules and algebra

Recall that we use Sq1.2(M,N ) to denote the stated skein module of a marked

3-manifold (M,N ) (see section 1.1). When N = ∅, the stated skein module

Sq1.2(M, ∅) is just the skein module of M (see section 1.1). Since relations (1.2)

and (1.3) only involve q. We use Sq(M) to denote Sq1.2(M, ∅).

Let (M1,N1), (M2,N2) be two marked 3-manifolds, and f : M1 → M2 be an

orientation preversing embedding. If furthermore f(N1) ⊂ N2 and preserves the

orientations of the marking, we say f is an embedding from (M1,N1) to (M2,N2).

Obviously f induces a linear map f♯ : Sq1/2(M1,N1) → Sq1/2(M2,N2). We say

f is an isomorphism if there exists another embedding g : (M2,N2) → (M1,N1)
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such that g and f are inverse to each other. We also say (M1,N1) is isomorphic to

(M2,N2).

Recall that, for a pb surface S (Def. 1.1.1), we use Sq1/2(S) to denote the stated

skein algebra of S (see section 1.1).

Definition 5.1.2. If a pb surface has an empty boundary, we call it a closed pb

surface. A totally closed pb surface is a closed pb surface without punctures.

When the pb surface S is closed (i.e. ∂S = ∅), the stated skein algebra Sq1/2(S)

is the (Kauffman bracket) skein algebra. For the same reason as the skein module,

we denote the skein algebra as Sq(S).

Here we recall the definition of the marked surface. A marked surface is a pair

(Σ,P), where Σ is a compact surface and P is a finite subset of ∂Σ. A boundary

component, which has no intersection with P , is called the unmarked boundary

component.

Recall that for a marked surface (Σ,P), we can define a marked 3-manifold (M,N )

whereM = Σ× [0, 1] and N = ∪x∈P({x}× (0, 1)) and the orientation of N is given

by the positive direction of (0, 1). Then (M,N ) is called the thickening of (Σ,P),
and we define Sq1/2(Σ,P) = Sq1/2(M,N ). Similarly, as the pb surface, Sq1/2(Σ,P)
has an algebra structure given by stacking the stated tangles. When P = ∅, we
use Sq(Σ) to denote Sq1/2(Σ,P).

For an oriented surface Σ, the orientation of ∂Σ induced from the orientation of

Σ is called the positive orientation of ∂Σ. For any marked surface (Σ,P), we can

define a corresponding pb surface S by the following procedures:

1. Let Q be obtained from P by slightly moving P along ∂Σ in the positive

direction of ∂Σ.

2. Let Σ′ be obtained from Σ by replacing all unmarked boundary components

with interior punctures.

3. Define S = Σ′ −Q.

Conversely, we can recover (Σ,P) from S. It is easy to see that (Σ,P) and S have

the same skein theory.
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The notation of the pb surface is convenient for defining the ideal triangulation.

The notation of the marked surface also has its own convenience because the thick-

ening of the marked surface is a compact marked 3-manifold.

Remark 5.1.3. For two (marked) 3-manifolds, we say they have the same skein

theory if their (stated) skein modules are isomorphic as C-vector spaces in a natural

way.

For two surfaces, we say they have the same skein theory if their (stated) skein

algebras are isomorphic as C-algebras in a natural way.

5.1.2 Chebyshev polynomial and Frobenius map

Chebyshev polynomials are defined by the following recurrence relation:

Qn(x) = xQn−1(x)−Qn−2(x).

The Chebyshev polynomial of the first kind, denoted as Tn(x), is defined by setting

T0(x) = 2, T1(x) = x. The Chebyshev polynomial of the second kind, denoted as

Sn(x), is defined by setting S0(x) = 1,S1(x) = x. For n ≥ 2, we have Tn(x) =

Sn(x)− Sn−2(x).

Let (M,N ) be a marked 3-manifold. Suppose β is a framed knot or stated framed

arc in (M,N ), and k is a positive integer. We define β(k) to be obtained from β

by taking k parallel copies of β in the framing direction and define β(0) to be the

empty stated tangle in (M,N ). Suppose P (x) =
∑

0≤k≤m akx
k ∈ C[x], then we

define

α[P ] =
∑

0≤k≤m

akα
(k) ∈ Sq1/2(M,N ).

Suppose q
1
2 is a root of unity of order N with N odd. Then there is a linear map,

called the Frobenius map, F : S1(M,N )→ Sq1/2(M,N ) [BL20; BW16a; Wan23c].

Let l be any stated (M,N )-tangle, suppose l = α1 ∪ · · · ∪ αk ∪ β1 ∪ · · · ∪ βm where

αi, 1 ≤ i ≤ k, are stated framed arcs and βj, 1 ≤ j ≤ m, are framed knots. Then

F(l) = α
(N)
1 ∪ · · · ∪ α(N)

k ∪ β[TN ]
1 ∪ · · · ∪ β[TN ]

m . (5.2)
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Let α be any stated (M,N )-tangle, then F(α) is transparent [BL20; Wan23c], in

a sense that we have the following two relations in Sq1/2(M,N ):

F(α)
=

F(α)
,

i j

F(α)

=

i j

F(α)

(5.3)

where i, j = −,+.

Then we define an action of S1(M,N ) on Sq1/2(M,N ). For any elements α =

c1α1 + · · · + cmαm ∈ S1(M,N ) and l = k1l1 + · · · + knln ∈ Sq1/2(M,N ) where

cj, ki ∈ C, αj and li are stated tangles in (M,N ) and αj ∩ li = ∅, we define

α · l = F(α) ∪ l =
∑

1≤j≤m,1≤i≤n

cjkiF(αj) ∪ li. (5.4)

From equation (5.3) and the fact that F preserves relations (1.2)-(1.6), the above

action is well-defined.

We use Sq1/2(M,N )(N) to denote ImF .

Theorem 5.1.4. Sq1/2(M,N )(N) has a commutative algebra structure, which makes

F : S1(M,N )→ Sq1/2(M,N )(N)

a surjective algebra homomorphism.

Proof. For any two elements α, l ∈ S1(M,N ), first we prove α ·F(l) = l ·F(α).
Suppose α = c1α1 + · · · cmαm ∈ S1(M,N ) and l = k1l1 + · · · + knln ∈ S1(M,N )

where cj, ki ∈ C, αj and li are stated tangles in (M,N ) and αj ∩ l = ∅. Then from

equation (5.4), we know

α ·F(l) =
∑

1≤j≤m,1≤i≤n

cjkiαj ·F(li) =
∑

1≤j≤m,1≤i≤n

cjkiF(αj) ∪ F(li) = l ·F(α).

(5.5)

For any two elements x, y ∈ Sq1/2(M,N )(N), suppose x = F(u) where u ∈
S1(M,N ). Then we define xy = u · y. To show this multiplication is well-defined,

we have to show xy is independent of the choice of u. Suppose we also have
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x = F(u′) where u′ ∈ S1(M,N ). We also suppose y = F(v) where v ∈ S1(M,N ).

Then

u · y = u ·F(v) = v ·F(u) = v ·F(u′) = u′ ·F(v) = u′ · y.

We also have

xy = u · y = u ·F(v) = v ·F(u) = v ·x = yx.

Thus the above defined algebra structure is commutative.

Equation (5.5) shows F : S1(M,N ) → Sq1/2(M,N )(N) is an algebra homomor-

phism.

For a pb surface S, we have F : S1(S) → Sq1/2(S) is an algebra homomor-

phism. We also use Sq1/2(S)(N) to denote ImF . Then the multiplication structure

of Sq1/2(S)(N) inherited from Sq1/2(S) coincides with the one defined in The-

orem 5.1.4. Then we have F : S1(S) → Sq1/2(S)(N) is an isomorphism and

Sq1/2(S)(N) ⊂ C(Sq1/2(S)) [BL20; KQ24; Wan23c]. Obviously Sq1/2(S) has an

Sq1/2(S)(N)-module structure defined by multiplication. We know Sq1/2(S) also

has an S1(S)-module structure. Then these two module structures are equiva-

lent via IdS
q1/2

(S) and F . That is, for any x ∈ S1(S), y ∈ Sq1/2(S), we have

x · y = F(x)y.

Roots of Unity Assumptions:

Throughout this chapter, we follow the conventions below when making roots of

unity assumptions:

(R1) When working with the stated skein module or algebra, we assume that q1/2

is a root of unity of odd order N .

(R2) When working with the skein module or algebra (i.e., the non-stated case),

we assume that q2 is a root of unity of odd order N . In this case, we set

ζ = qN = ±1.

5.2 On skein modules

The skein module Sq(M) for a 3-manifold M does not involve boundary and is

only defined by relations (1.2) and (1.3). Suppose q2 is a primitive N -th root of
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unity with N odd. Then there exists a linear map

F : Sζ(M)→ Sq(M),

where ζ = qN = ±1 [BL20; BW16a]. The definition here is the same with equation

(5.2), except l does not contain arcs.

We still use Sq(M)(N) to denote ImF . From [BL20], we know elements in Sq(M)(N)

are transparent. Similarly, as in subsection 5.1.2, the skein module Sq(M) has an

Sζ(M)-module structure, and Sq(M)(N) has a commutative algebra structure,

which makes F : Sζ(M) → Sq(M)(N) a surjective algebra homomorphism. For

any η ∈ Sζ(M) and γ ∈ Sq(M), we use η · γ to denote the action of Sζ(M) on

Sq(M) (the same notation as in subsection 5.1.2).

For a closed pb surface S, we have F : Sζ(S)→ Sq(S) is an algebra embedding

[BL20; BW16a]. We use Sq(S)(N) to denote ImF , then Sq(S)(N) also acts on

Sq(S) by the multiplication. For all x ∈ Sζ(S), y ∈ Sq(S), we have x · y = F(x)y.

In this section, we will always have the (R2) assumption.

Theorem 5.2.1. ([FKL22]) Suppose we have the (R2) assumption. For any com-

pact 3-manifold M , we have Sq(M) is finitely generated over Sζ(M).

In this section, we use the connection between Theorem 5.2.1 and the finiteness of

the skein module of the 3-manifoldM over Sq(∂M) to give sufficient conditions for

Sq(M) being finitely generated over Sq(∂M). We also provide a way to estimate

an upper bound for dimSζ(M) Sq(M) when M is compact, which will be used in

subsection 5.5.1 to give a precise upper bound for dimSζ(M) Sq(M).

5.2.1 Some functorialities

Let f :M1 →M2 be an embedding between two 3-manifolds. We know f induces a

linear map f♯ : Sq(M1)→ Sq(M2) and an algebra homomorphism f♯ : Sζ(M1)→
Sζ(M2). Actually we have the following lemma.

Lemma 5.2.2. Let f :M1 →M2 be an embedding between two 3-manifolds. Then

f♯ restricts to an algebra homomorphism f♯ : Sq(M1)
(N) → Sq(M2)

(N), and we
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have the following commutative diagram:

Sζ(M1) Sζ(M2)

Sq(M1) Sq(M2)

f♯

F F
f♯

.

What’s more, f♯ respects the module structures in a sense that, for any

x ∈ Sζ(M1), y ∈ Sq(M1),

we have f♯(x · y) = f♯(x) · f♯(y).

Lemma 5.2.3. Let f : M1 → M2 be an embedding between two 3-manifolds.

Suppose f♯ : Sq(M1)→ Sq(M2) is surjective and Sq(M1) is finitely generated over

Sζ(M1). Then we have Sq(M2) is finitely generated over Sζ(M2) and

dimSζ(M2)Sq(M2) ≤ dimSζ(M1)Sq(M1).

Proof. Suppose dimSζ(M1)Sq(M1) = n and Sq(M1) is generated by x1, · · · , xn over

Sζ(M1). Then Sq(M2) is finitely generated by f♯(x1), · · · , f♯(xn) over Sζ(M2)

because of the surjectivity of f♯ and Lemma 5.2.2.

5.2.2 Boundary action on skein modules

Let M be a 3-manifold. Then the skein algebra Sq(∂M) has an action on Sq(M).

We can identity ∂M × [0, 1] with a regular closed tubular neighborhood U(∂M) of

∂M such that ∂M is ∂M × {1}. We use L to denote the embedding from U(∂M)

to M . Then for any skein l ∈ Sq(∂M), we have L♯(l) is the skein l in Sq(M).

Then for any skein α in Sq(∂M) and β ∈ Sq(M), we first isotope β such that

β ∈M − U(∂M), then define α ∗ β := L♯(α) ∪ β.

We know that Sζ(M) also acts on Sq(M). Then it is easy to show these two

actions commute with each other, that is, for any elements α ∈ Sq(∂M), β ∈
Sζ(M), η ∈ Sq(M) we have α ∗ (β · η) = β · (α ∗ η).
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For elements l1 ∈ Sζ(∂M), l2 ∈ Sq(∂M), l3 ∈ Sq(M), we have

(l1 · l2) ∗ l3 = (F(l1)l2) ∗ l3 = F(l1) ∗ (l2 ∗ l3) = L♯(l1) · (l2 ∗ l3). (5.6)

5.2.3 Relations between Sq(M) over Sζ(M) and Sq(M) over

Sq(∂M)

When the ground ring is Q(q), Detcherry conjectured that the skein module of

a compact 3-manifold M is finitely generated as a module over the skein algebra

Sq(∂M) [Det21]. When the ground ring is C and q2 is a root of unity of odd

order, this conjecture fails. A simple counterexample is S1 × S2. But Detcherry’s

conjecture still holds for some 3-manifolds under this section’s context, that is when

the ground ring is C and q2 is a root of unity of odd order, for example the lens

spaces and the complement of the two bridge knot (or link) [BF05; HP93; LT14;

Lê06]. In this subsection, we will give sufficient conditions for Sq(M) being finitely

generated over Sq(∂M).

A surface S is of finite type if there exists a compact surface S and a finite subset

A ⊂ S such that S is homeomorphic to S \ A.

Theorem 5.2.4. (Theorem 3.11 in [AF17]) Suppose we have the (R2) assumption

and S is a finite type surface. Then Sq(S) is finitely generated over Sζ(S) (or

Sq(S)(N)).

We state a convention that Sq(∅) is C.

Proposition 5.2.5. Let M be a compact 3-manifold with ∂M being a finite type

surface. Suppose Sq(M) is finitely generated over Sq(∂M). Then Sq(M) is finitely

generated over Sζ(M), and we have

dimSζ(M)Sq(M) ≤ (dimSq(∂M)Sq(M))(dimSζ(∂M)Sq(∂M)).

Proof. When ∂M = ∅, obviously we have

dimSζ(M)Sq(M) ≤ dimCSq(M).
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Then we look at the case when ∂M ̸= ∅. Suppose dimSq(∂M)Sq(M) = r, and

Sq(M) is generated by A1, . . . , Ar as an Sq(∂M)-module. From Theorem 5.2.4,

we can suppose dimSζ(∂M)Sq(∂M) = s, and Sq(∂M) is generated by B1, . . . , Bs

as an Sζ(∂M)-module. It suffices to show Sq(M) is generated by Bi ∗Aj, 1 ≤ i ≤
s, 1 ≤ j ≤ r as an Sζ(M)-module.

Let C be any element in Sq(M). Then C = C1 ∗ A1 + · · · + Cr ∗ Ar where

C1, . . . , Cr ∈ Sq(∂M). For each 1 ≤ j ≤ r, we can suppose

Cj =
∑
1≤i≤s

Dj,i ·Bi

where Dj,i ∈ Sζ(∂M). Then we have

C =
∑

1≤j≤r

Cj ∗ Aj =
∑

1≤j≤r

(
∑
1≤i≤s

Dj,i ·Bi) ∗ Aj

=
∑

1≤j≤r,1≤i≤s

(Dj,i ·Bi) ∗ Aj =
∑

1≤j≤r,1≤i≤s

L♯(Dj,i) · (Bi ∗ Aj).

where the last equality is because of equation (5.6), and L♯(Dj,i) ∈ Sζ(M), for

1 ≤ j ≤ r, 1 ≤ i ≤ s.

Proposition 5.2.6. LetM be a compact 3-manifold. If Sq(M) is finitely generated

over Sζ(M) and Sζ(M) is finitely generated over Sζ(∂M), then Sq(M) is finitely

generated over Sq(∂M) and dimSq(∂M)Sq(M) ≤ (dimSζ(∂M)Sζ(M))(dimSζ(M)Sq(M)).

Proof. Assume dimSζ(M)Sq(M) = n, and Sq(M) is generated by b1, . . . , bn over

Sζ(M). Assume dimSζ(∂M)Sζ(M) = m, and Sζ(M) is generated by c1, . . . , cm over

Sζ(∂M). It suffices to show Sq(M) is generated by ci · bj, 1 ≤ i ≤ m, 1 ≤ j ≤ n

over Sq(∂M).

For any a ∈ Sq(M), we can suppose a =
∑

1≤i≤n ai · bi where ai ∈ Sζ(M), 1 ≤ i ≤
n. For each 1 ≤ i ≤ n, we suppose ai =

∑
1≤j≤m di,j ∗ cj where di,j ∈ Sζ(∂M), 1 ≤

i ≤ n, 1 ≤ j ≤ m. Then we have

a =
∑

1≤i≤n

ai · bi =
∑

1≤i≤n,1≤j≤m

(di,j ∗ cj) · bi =
∑

1≤i≤n,1≤j≤m

F(di,j) ∗ (cj · bi)

where F(di,j) ∈ Sq(∂M), 1 ≤ i ≤ n, 1 ≤ j ≤ m.



Chapter 5. Finiteness and dimension of the stated skein modules over the
Frobenius 155

Theorem 5.2.7. Suppose we have the (R2) assumption. Let M be a compact

3-manifold. If Sζ(M) is finitely generated over Sζ(∂M), then Sq(M) is finitely

generated over Sq(∂M) and

dimSq(∂M)Sq(M) ≤ (dimSζ(∂M)Sζ(M))(dimSζ(M)Sq(M)).

Proof. Theorem 5.2.1 and Proposition 5.2.6.

5.2.4 Handlebody and compression body

A 3-manifold H is called a compression body if there exists a connected totally

closed surface S such that H is obtained from S × [0, 1] by attaching 2-handles

along mutually disjoint loops in S × {1} and filling in some resulting 2-sphere

boundary components with 3-dimensional solid balls. We denote S×{0} by ∂+H
and ∂H − ∂+H by ∂−H. We define the genus of H to be the genus of S. A

compression body H is called a handlebody if ∂−H = ∅ [SSS05].

Theorem 5.2.8. ([SSS05]) Let M be a connected compact 3-manifold. Then M =

H∪H ′ where H is a handlebody and H ′ is a compression body such that ∂−H ′ = ∂M

and ∂+H ′ = ∂H.

The decomposition in Theorem 5.2.8 is called the Heegaard splitting of M . We

define the genus (or Heegaard genus) of M to be the minimum genus of the han-

dlebody among all the Heegaard splittings.

Let (M,N ) be a compact marked 3-manifold, we define the genus of (M,N ) to be

the genus of M . When N is empty we could just call the genus of (M, ∅) as the

genus of M .

For any nonnegative integer k, we Pk to denote the surface obtained from S2 by

removing k points. Let H be a handlebody of genus g, then H has the same skein

theory with Pg+1 × [0, 1].

5.2.5 An upper bound for dimSζ(M)Sq(M)

Let M be a compact 3-manifold. We can assume M is a connected compact 3-

manifold with genus g. Then suppose the Heegaard splitting of M is M = H ∪H ′
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where H is a handlebody of genus g and H ′ is a compression body. Then we can

isotope any skein α in M into H. Thus the embedding f : H → M induces a

surjective linear map f♯ : Sq(H)→ Sq(M). From Lemma 5.2.3, we can get

dimSζ(M)Sq(M) ≤ dimSζ(H)Sq(H) = dimSζ(Pg+1)Sq(Pg+1) = dimSq(Pg+1)(N)Sq(Pg+1).

(5.7)

From Theorem 5.2.4, we know dimSq(Pg+1)(N)Sq(Pg+1) is finite. The above discus-

sion also offers a proof for Theorem 5.2.1.

5.2.6 Finiteness of the character-reduced skein module

LetM be a 3-manifold. Recall that we use XSL2(C)(M) to denote the SL2 character

variety of M (Equation (1.1)). Each ρ ∈ XSL2(C)(M) induces an algebra homo-

morphism fρ : Sζ(M) → C, furthermore this correspondence is a bijection from

XSL2(C)(M) to the set of algebra homomorphisms from Sζ(M) to C [PS00].

Let I be an ideal of Sζ(M), we

ISq(M) = {x1 · y1 + · · ·+ xk · yk | k ∈ N, xi ∈ Sζ(M), yi ∈ Sq(M), 1 ≤ i ≤ k}

(note that x1 · y1 + · · · + xk · yk is defined to be 0 when k = 0). Then ISq(M) is

an Sζ(M)-submodule of Sq(M).

For any element ρ ∈ XSL2(C)(M), the character-reduced skein module Sq(M)ρ

of M with respect to ρ is defined to be

Sq(M)/Iρ (5.8)

where Iρ = (Kerfρ)Sq(M) [DKS23; FKL22].

Remark 5.2.9. For any maximal ideal I of Sζ(M), which is point in XSL2(C)(M),

the character-reduced skein module is still an Sζ(M)-module since ISq(M) is an

Sζ(M)-submodule. Actually Sζ(M)-module structure for Sq(M)I coincides with

the linear structure over C by the identity map. The maximal ideal I of Sζ(M)

corresponds to an algebra homomorphism fI : Sζ(M) → C, then for any element
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α ∈ Sζ(M), β ∈ Sq(M), we have

α · (β + ISq(M)) = α · β + ISq(M) = fI(α)(β + ISq(M)).

From Remark 5.2.9, we know the character-reduced skein module is obtained by

sending elements in Sζ(M) to complex numbers, we can easily get the following

result by Theorem 5.2.1.

Theorem 5.2.10. Suppose we have the (R2) assumption. Let M be a compact

3-manifold, and ρ ∈ XSL2(C)(M). Then Sq(M)ρ is finite-dimensional over C, and
dimCSq(M)ρ ≤ dimSζ(M)Sq(M).

5.3 On stated skein modules

In this section, we always have the (R1) assumption. The main goal of this section

is to prove the following Theorem.

Theorem 5.3.1. Suppose we have the (R1) assumption. Then Sq1/2(M,N ) is

finitely generated over S1(M,N ) for any compact marked 3-manifold (M,N ).

5.3.1 Some functorialities

Let f : (M1,N1) → (M2,N2) be an embedding between two marked 3-manifolds.

Then f induces a linear map f♯ : Sq1/2(M1,N1)→ Sq1/2(M2,N2) , which restricts

to an algebra homomorphism f♯ : Sq1/2(M1,N1)
(N) → Sq1/2(M2,N2)

(N). Similarly

as in Lemma 5.2.2, we have f induces an algebra homomorphism f♯ : S1(M1,N1)→
S1(M2,N2), and f♯ respects the module structures, in a sense that, for any x ∈
S1(M1,N1), y ∈ Sq1/2(M1,N1) we have f♯(x · y) = f♯(x) · f♯(y).

Lemma 5.3.2. Let f : (M1,N1)→ (M2,N2) be an embedding between two marked

3-manifolds. Suppose f♯ : Sq1/2(M1,N1) → Sq1/2(M2,N2) is surjective and Theo-

rem 5.3.1 holds for (M1,N1). Then Theorem 5.3.1 also holds for (M2,N2) and

dimS1(M2,N2)Sq1/2(M2,N2) ≤ dimS1(M1,N1)Sq1/2(M1,N1).

Proof. The proof is similar to Lemma 5.2.3.
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5.3.2 Good strict subsurface

Let (M,N ) be a compact marked 3-manifold, and S be a properly embedded sur-

face in M such that every component of S intersects N . Let V (S) be a closed

regular neighborhood of S, that is, V (S) is isomorphic to S × [0, 1] by an ori-

entation preserving diffeomorphism such that S is identified with S × {1/2} and
∂S×[0, 1] ⊂ ∂M . Then define CutS(M,N ) = (M ′,N ′) whereM ′ =M−S×(0, 1)
and N ′ = N − S × [0, 1] (here we identify S × [0, 1] with V (S)). S is called a

good strict subsurface of (M,N ), if CutS(M,N ) = (M ′,N ′) is isomorphic to

the thickening of a marked surface.

Theorem 5.3.3. Let (Σ,P) be any marked surface, then Sq1/2(Σ,P) is finitely

generated over S1(Σ,P) (or Sq1/2(Σ,P)(N)).

Proof. We can assume Σ is connected. When P is empty, the stated skein algebra

is just the skein algebra. This case was proved in Theorem 5.2.1. When P is not

empty, Theorem 5.3.3 was proved in [Kor21; Wan23c].

Proposition 5.3.4. (Proposition 8.14 [Wan23c]) Assume (M,N ) is a marked 3-

manifold which contains a good strict subsurface S. Then we have Sq1/2(M,N ) is

a finitely generated S1(M,N )-module, and

dimS1(M,N )Sq1/2(M,N ) ≤ dimS
q1/2

(CutS(M,N ))(N)Sq1/2(CutS(M,N )).

Proof. Here we briefly review the proof in [Wan23c]. We use (M ′,N ′) to denote

CutS(M,N ). Since S is a good strict subsurface, then (M ′,N ′) has the same

skein theory with the thickening of a marked surface. Then Theorem 5.3.3 shows

Sq1/2(M
′,N ′) is finitely generated over S1(M

′,N ′).

Meanwhile the obvious embedding f : (M ′,N ′) → (M,N ) induces a surjective

linear map f♯ : Sq1/2(M
′,N ′) → Sq1/2(M,N ). Then Lemma 5.3.2 completes the

proof. Also, we conclude

dimS1(M,N )Sq1/2(M,N ) ≤ dimS1(M ′,N ′)Sq1/2(M
′,N ′).

Since (M ′,N ′) is isomorphic to the thickening of a marked surface, we have

dimS1(M ′,N ′)Sq1/2(M
′,N ′) = dimS

q1/2
(CutS(M,N ))(N)Sq1/2(CutS(M,N )).
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For any two nonnegative integers g, p, we use Sg,p to denote the compact oriented

surface with p boundary components and genus g. For any two nonnegative integers

a, b with b > 0, we use a,bS to denote the pb surface obtained fromSa,1 by removing

b points on the unique boundary component of Sa,1, we use a,bΣ to denote the

marked surface (Sa,1,P) where P is the subset of the unique boundary component

of Sa,1 consisting of k points. For the positive integer k, we use Dk to denote the

pb surface obtained from the disk by removing k points on the boundary, we use Σk

to denote the marked surface (D,K) where D is the disk and K ⊂ ∂D consisting

of k points. We call D2 the bigon, and use λq1/2 to denote dimS
q1/2

(D2)(N)Sq1/2(D2).

Let k, g be two nonnegative integers, we use Mg,k to denote the marked 3-manifold

(M,N ), whereM = Sg,0×[0, 1] andN ⊂ Sg,0×{1} such thatN has k components.

Note that Mg,k is defined up to diffeomorphism.

Lemma 5.3.5. For any two nonnegative integers g, k, we have Sq1/2(Mg,k) is

finitely generated over S1(Mg,k). When k > 0, we have

dimS1(Mg,k)Sq1/2(Mg,k) ≤ dimS
q1/2

(g,kS)(N)Sq1/2(g,kS).

Proof. When k = 0, the marking set of Mg,k is empty, and the stated skein module

is just the skein module. Then Theorem 5.2.1 shows this case.

Then we look at the case when k is positive. From the definition, we know Mg,k is

just Sg,0 × [0, 1] with k markings on Sg,0 × {1}. We use N to denote the union

of all the markings of Mg,k. Let c be a closed curve in Sg,0 such that c bounds

an embedded disk in Sg,0 and c × {1} intersects N transversely in exactly one

point. Then c× [0, 1] is a strict subsurface of Mg,k. We also have Cutc×[0,1](Mg,k)

is isomorphic with the thickening of g,kΣ ∪ Σ1. Thus c × [0, 1] is a good strict

subsurface of Mg,k. Then Theorem 5.3.3 and Proposition 5.3.4 shows Sq1/2(Mg,k)

is finitely generated over S1(Mg,k), and

dimS1(Mg,k)Sq1/2(Mg,1) ≤ dimS
q1/2

(g,kΣ)(N)Sq1/2(g,kΣ) = dimS
q1/2

(g,kS)(N)Sq1/2(g,kS).
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5.3.3 Attaching 2-handles and cutting out open 3-balls for

marked 3-manifolds

Let (M,N ) be a marked 3-manifold, and c1, · · · , ck be a collection of closed disjoint

curves on ∂M such that for each 1 ≤ i ≤ k there is no intersection between

ci and N . Then we can define a new marked 3-manifold (M ′,N ′) where M ′ is

obtained from M by attaching 2-handles along c1, · · · , ck and N ′ = N . We say

(M ′,N ′) is obtained from (M,N ) by attaching 2-handles along c1, · · · , ck. We

use f : (M,N ) → (M ′,N ′) to denote the obvious embedding. Then we have the

following obvious Lemma.

Lemma 5.3.6. f : (M,N )→ (M ′,N ′) induces a surjective linear map

f♯ : Sq1/2(M,N )→ Sq1/2(M
′,N ′).

Lemma 5.3.7. Let (M,N ) be a marked 3-manifold such that Sq1/2(M,N ) is

finitely generated over S1(M,N ). Suppose (M ′,N ′) is obtained from (M,N ) by at-

taching 2-handles. Then Sq1/2(M
′,N ′) is also finitely generated over S1(M

′,N ′),

and

dimS1(M ′,N ′)Sq1/2(M
′,N ′) ≤ dimS

q1/2
(M,N )(N)Sq1/2(M,N ).

Proof. This follows from Lemmas 5.3.2 and 5.3.6.

Remark 5.3.8. Let (M,N ) be a marked 3-manifold, and B be an embedded 3-

dimensional solid ball contained in the interior of M . Let M ′ be obtained from M

by cutting out the interior of B, conversely M is obtained from M ′ by filling ∂B

with a solid 3-dimensional ball. Clearly, (M,N ) and (M ′,N ) have the same skein

theory.

Lemma 5.3.9. Let (M,N ) be a marked 3-manifold such that M is a compres-

sion body H and N is a nonempty subset of ∂−H. Then Sq1/2(M,N ) is finitely

generated over S1(M,N ), and

dimS1(M,N )Sq1/2(M,N ) ≤ dimS
q1/2

(g,kS)(N)Sq1/2(g,kS)

where g is the genus of H and k is the number of components of N .

Proof. From the definition of the compression body, we know (M,N ) is obtained

from Mg,k by attaching 2-handles along mutually disjoint loops in S × {1} and
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filling in some resulting 2-sphere boundary components with 3-dimensional solid

balls. Then Lemmas 5.3.5, 5.3.7 and Remark 5.3.8 complete the proof.

5.3.4 Proof for Theorem 5.3.1

Proof of Theorem 5.3.1. Let (M,N ) be a compact marked 3-manifold. We can

assume (M,N ) is a connected compact marked 3-manifold. WhenN = ∅, Theorem
5.2.1 shows this case. Then supposeN ̸= ∅. From Theorem 5.2.8, we haveM = H∪
H ′ where H is a handlebody and H ′ is a compression body such that ∂−H ′ = ∂M

and ∂+H ′ = ∂H. Then N ⊂ ∂M = ∂−H ′. Let f be the obvious embedding from

(H ′,N ) to (M,N ). Then f induces a surjective linear map f♯ : Sq1/2(H
′,N ) →

Sq1/2(M,N ) since we can isotope all stated (M,N )-tangles away from H. Then

Lemmas 5.3.2 and 5.3.9 show Sq1/2(M,N ) is finitely generated over S1(M,N ),

and

dimS1(M,N )Sq1/2(M,N ) ≤ dimS
q1/2

(g′,kS)(N)Sq1/2(g′,kS) (5.9)

where g′ is the genus of H ′ and k is the number of components of N .

Remark 5.3.10. Let (M,N ) be a connected compact marked 3-manifold with N ̸=
∅. Suppose the genus of (M,N ) is g and N has k components. Then equation (5.9)

shows

dimS1(M,N )Sq1/2(M,N ) ≤ dimS
q1/2

(g,kS)(N)Sq1/2(g,kS).

5.3.5 Representation-reduced stated skein modules

Let (M,N ) be a marked 3-manifold. For any ideal I of S1(M,N ), we define

ISq1/2(M,N ) = {x1 ·α1+· · ·+xk ·αk | k ∈ N, xi ∈ I, αi ∈ Sq1/2(M,N ), 1 ≤ i ≤ k}

(when k = 0, we define x1 ·α1 + · · ·+ xk ·αk = 0).

Assume (M,N ) is a connected marked 3-manifold. Let π1(M,N ) be the funda-

mental groupoid of (M,N ) when N ≠ ∅, see Definition 2.2.5. Then we define

X (M,N ) to be the set of homomorphisms from π1(M,N ) to SL2(C) when N ̸= ∅,
and define X (M,N ) to be XSL2(C)(M) when N = ∅. Then X (M,N ) is an algebraic

set. For any ρ ∈ X (M,N ), there is an algebra homomorphism fρ : S1(M,N )→ C.
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This offers a one to one correspondence between X (M,N ) and the set of algebra

homomorphisms from S1(M,N ) to C, see Theorem 2.2.9. Although we assume

M to be connected, the above discussion can be easily and naturally generalized

to general marked 3-manifolds.

For any ρ ∈ X (M,N ), we define the representation-reduced stated skein

module Sq1/2(M,N )ρ of (M,N ) with respect to ρ to be

Sq1/2(M,N )/Iρ

where Iρ = (Kerfρ)Sq1/2(M,N ). When N is empty, Sq1/2(M,N )ρ coincides with

the character-reduced skein module in equation (5.8).

Then we have the parallel statements for the representation-reduced stated skein

module as in Remark 5.2.9.

Then Theorem 5.3.1 clearly shows the following Theorem.

Theorem 5.3.11. Suppose we have the (R1) assumption. Let (M,N ) be a compact

marked 3-manifold, and ρ ∈ X (M,N ). Then Sq1/2(M,N )ρ is finite-dimensional

over C, and
dimCSq1/2(M,N )ρ ≤ dimS1(M,N )Sq1/2(M,N ).

5.4 Dimension of C(Sq(S)) over Sq(S)(N) when S

is a closed pb surface

In this section, we always assume S is a connected closed pb surface, and q2 is a

primitive N -th root of unity with N odd. The following is the main result of this

section.

Theorem 5.4.1. Suppose we have the (R2) assumption. Let S be a connected

closed pb surface with p punctures and with negative Euler characteristic. Then

C(Sq(S)) is freely generated over Sq(S)(N) by Np elements. Especially we have

dimSq(S)(N)C(Sq(S)) = Np.
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Recall that, for any nonnegative integer k, we use Pk to denote the surface obtained

from S2 by removing k points.

Corollary 5.4.2. We have Sq(P3) is freely generated over Sq(P3)
(N) by N3 ele-

ments. Especially

dimSq(P3)(N)Sq(P3) = N3.

Proof. We have C(Sq(P3)) = Sq(P3) [Lê06; Prz91]. Then Corollary 5.4.2 follows

from Theorem 5.4.1.

Remark 5.4.3. The basis for C(Sq(S)) in Theorem 3.5 in [FKL21] can show

Theorem 5.4.1. In Remark 5.4 in [FKL19], Charles Frohman, Joanna Kania-

Bartoszynska, and Thang Lê also claimed the statement in Theorem 5.4.1.

In the remainder of this section, we provide a proof of Theorem 5.4.1 using the

quantum trace map.

5.4.1 Chekhov-Fock algebra and Quantum trace map

Let S be a closed pb surface with genus g and p punctures, where p > 0. For

an ideal triangulation τ and a nonzero complex number µ, we have the associated

Chekhov-Fock algebra T µ
τ see [BW11; BW16a; BW17; Liu09] for more details.

Suppose the set of edges of τ is {e1, · · · , en} where n = 6g + 3p − 6. Set bij to

be the number of times an end of the edge ej immediately succeeds an end of ei

when going counterclockwise around a puncture of S, and define σij = bij − bji ∈
{−2,−1, 0, 1, 2}. As an algebra T µ

τ is generated by Y ±1
1 , Y ±1

2 , . . . , Y ±1
n and subject

to the relations:

YiY
−1
i = Y −1

i Yi = 1, YiYj = µ2σijYjYi,

where each Yi is associated to the edge ei. For any Yi1 , Yi2 , . . . , Yik , we use [Yi1Yi2 . . . Yik ]

to denote

µ−
∑

1≤j<l≤k σjlYi1Yi2 . . . Yik .

For any k⃗ = (k1, · · · , kn) ∈ Z⊕n, we use Y k⃗ to denote [Y k1
1 Y k2

2 . . . Y kn
n ]. Then the

set {Y k⃗ | k⃗ ∈ Z⊕n} is a basis of T µ
τ .

For any k⃗ = (k1, · · · , kn) ∈ Z⊕n, we say k⃗ satisfies the balanced condition if for

every ideal triangle T in τ with three edges labeled by i1, i2, i3 we have ki1+ki2+ki3
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is even. We use Zµ
τ , called the balanced Chekhov-Fock algebra, to denote the

subalgebra of T µ
τ generated by all Y k⃗ with k⃗ satisfying the balanced condition.

Suppose v is a puncture of S, we use Hv to denote [Yi1Yi2 . . . Yikv ] ∈ T
µ
τ where

ei1 , ei2 , . . . , eikv are all the edges that connect to the vertex v (note that there

maybe some repetitions among ei1 , ei2 , . . . , eikv ). It is easy to show Hv ∈ C(T µ
τ ).

Set µ = q1/2. Then there is an algebra embedding [BW11]

Trqτ : Sq(S)→ T µ
τ .

We set ν = µN2
, then there is an algebra embedding F : T ν

τ → T µ
τ defined by

F (Y k⃗) = Y Nk⃗. We also have ν2 = µ2N2
= qN

2
= qN = ζ. Then we have the

following commutative diagram [BW16a]:

Sζ(S) T ν
τ

Sq(S) T µ
τ

Trζτ

F F

Trqτ
. (5.10)

The image of the quantum trace map lies in the balanced Chekhov-Fock algebra

[BW11]. Obviously, F restricts to an algebra embedding F : Zν
τ → Zµ

τ . Thus we

can replace T ν
τ (respectively T µ

τ ) with Zν
τ (respectively Zµ

τ ) in the above diagram,

and the new diagram still commutes.

5.4.2 On the balanced Chekhov-Fock algebra

We assume the punctures of S are denoted v1, ..., vp. For each 1 ≤ i ≤ p, we use

Hi to denote Hvi .

Lemma 5.4.4. There exist elements Z1, . . . , Zn ∈ Zµ
τ such that (1) for 1 ≤ i ≤ p

we have Zi = Hi, (2) for any pair 1 ≤ i < j ≤ n we have ZiZj = µ2bijZjZi where

bij ∈ Z, (3) {Z k⃗ | k⃗ ∈ Z⊕n} is a basis of Zµ
τ where Z k⃗ is defined in the same way

as Y k⃗.

Proof. It is an immediate consequence from Lemma 12 in [BW17].
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For any two distinct k⃗, t⃗ ∈ Z⊕n, we have Z k⃗ ̸= Z t⃗ because they are basis ele-

ments in Lemma 5.4.4 (3). For any Z k⃗ with k⃗ = (k1, · · · , kn), we define S(Z k⃗) =

(k1, · · · , kp) ∈ Z⊕p. For any element x ∈ Z⊕p, let Dx be the subvector space of Zµ
τ

spanned by all Z k⃗ with S(Z k⃗) = x. Then we have Zµ
τ = ⊕x∈Z⊕pDx. Note that this

grading is compatible with the algebra structure for Zµ
τ , that is, DxDy ⊂ Dx+y.

For any two different elements a = (a1, · · · , ap), b = (b1, · · · , bp) ∈ Z⊕p, there exists

1 ≤ i ≤ p such that at = bt when 1 ≤ t ≤ i − 1 and ai ̸= bi, then we define a < b

(respectively b < a) if ai < bi (respectively bi < ai). Simply speaking, the linear

order ”≤” on Z⊕p is lexicographic order.

For any nonzero element l ∈ Zµ
τ , we suppose l = la1 + · · ·+ lak where ai, 1 ≤ i ≤ k,

are k distinct elements in Z⊕p and lai is a nonzero element in Dai , 1 ≤ i ≤ k. Then

we define deg(l) = max{a1, · · · , ak}. For any two nonzero elements l1, l2 ∈ Zµ
τ ,

clearly we have deg(l1l2) = deg(l1) + deg(l2).

For Zν
τ , we define the same Z1, · · · , Zn ∈ Zν

τ as Zµ
τ in Lemma 5.4.4. That is, for

each 1 ≤ i ≤ n, suppose Zi = Y k⃗i ∈ Zµ
τ , then similarly we define Zi = Y k⃗i ∈ Zν

τ .

Recall that we have an algebra embedding F : Zν
τ → Zµ

τ , which is a restriction

of F : T ν
τ → T µ

τ . Then for each 1 ≤ i ≤ n, we have F (Zi) = F (Y k⃗i) = Y Nk⃗i =

(Y k⃗i)N = (Zi)
N .

5.4.3 Proof of Theorem 5.4.1

Proof of Theorem 5.4.1. Recall that TN is the N -th Chebyshev polynomial of the

first kind, see subsection 5.1.2. Let TN =
∑

0≤t≤N λtx
t. Note that λN = 1.

When p = 0, we have C(Sq(S)) = Sq(S)(N) [FKL19], then the statement of

Theorem 5.4.1 is clearly true for this case.

Then we look at the case when p > 0. Here we use all the notations in subsection

5.4.2. For each puncture vi, we use di to denote the loop going around vi with

vertical framing. From [FKL19], we know C(Sq(S)) is generated by Sq(S)(N) and

{d1, . . . , dp} as a subalgebra of Sq(S). For any k⃗ = (k1, · · · , kp) ∈ N⊕p, we use dk⃗ to

denote (d1)
k1 · · · (dp)kp . Let C = {(k1, · · · , kp) ∈ N⊕p | 0 ≤ ki ≤ N − 1, 1 ≤ i ≤ p}.

Then we want to show C(Sq(S)) is freely generated by {dk⃗ | k⃗ ∈ C} over Sq(S)(N).
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First we want to show C(Sq(S)) is generated by {dk⃗ | k⃗ ∈ C} over Sq(S)(N). Let

V be the Sq(S)(N)-submodule of C(Sq(S)) generated by {dk⃗ | k⃗ ∈ C}. Then it

suffices to show dk⃗ ∈ V for all k⃗ ∈ N⊕p. For any k⃗ ∈ N⊕p−1, 1 ≤ t ≤ p, a ∈ N,
we define k⃗ta = (k1, · · · , kt−1, a, kt, · · · , kp−1) ∈ N⊕p. For any k⃗ ∈ N⊕p−1 with

0 ≤ ki ≤ N − 1 for all 1 ≤ i ≤ p − 1 and a ∈ N, we want to show dk⃗
1
a ∈ V . We

already have dk⃗
1
a ∈ V when 0 ≤ a ≤ N − 1. Then suppose we have dk⃗

1
a ∈ V when

a ≤ m where m ≥ N − 1. From the assumption, we have dk⃗
1
m+1−N ∈ V , then we

have

TN(d1)d
k⃗1m+1−N =

∑
0≤t≤N

λtd
t
1d

k⃗1m+1−N =
∑

0≤t≤N

λtd
k⃗1t+m+1−N ∈ V.

From the assumption, we have dk⃗
1
t+m+1−N ∈ V when 0 ≤ t ≤ N−1, then dk⃗

1
m+1 ∈ V .

From mathematical induction, we get dk⃗
1
a ∈ V when k⃗ ∈ N⊕p−1 with 0 ≤ ki ≤ N−1

for all 1 ≤ i ≤ p − 1 and a ∈ N. Using the same trick as above, we can prove

dk⃗
2
a ∈ V when k⃗ ∈ N⊕p−1 with 0 ≤ ki ≤ N − 1 for all 2 ≤ i ≤ p − 1 and a ∈ N.

Repeat the above process, eventually we can prove dk⃗
p
a ∈ V when k⃗ ∈ N⊕p−1 and

a ∈ N. This actually shows dk⃗ ∈ V for all k⃗ ∈ N⊕p.

Then we try to show the independence of {dk⃗ | k⃗ ∈ C}. Suppose

∑
k⃗∈C

F(lk⃗)d
k⃗ = 0

where lk⃗ ∈ Sζ(S). Then we want to show lk⃗ = 0 for all k⃗ ∈ C. Suppose on the

contrary, then C0 = {k⃗ ∈ C | lk⃗ ̸= 0} ≠ ∅. We have

0 = Trqτ (
∑
k⃗∈C

F(lk⃗)d
k⃗) =

∑
k⃗∈C0

TrqτF(lk⃗)Tr
q
τ (d

k⃗)

=
∑
k⃗∈C0

FTrζτ (lk⃗)(Z1 + Z−1
1 )k1 · · · (Zp + Z−1

p )kp where k⃗ = (k1, · · · , kp).

Since, for each k⃗ ∈ C0, lk⃗ ̸= 0, then deg(FTrζτ (lk⃗)) is well-defined. We have

deg(FTrζτ (lk⃗)) = Nxk⃗ for some xk⃗ ∈ Z⊕p because of the definition of F . Then

deg(FTrζτ (lk⃗)(Z1 + Z−1
1 )k1 · · · (Zp + Z−1

p )kp) = Nxk⃗ + k⃗.

For any a⃗ ̸= b⃗ ∈ C0, we have Nxa⃗+ a⃗ ̸= Nxb⃗+ b⃗. Otherwise we have a⃗− b⃗ = N(xb⃗−
xa⃗). But 0 ≤ ai, bi ≤ N − 1, thus we get a⃗− b⃗ = N(xb⃗−xa⃗) = 0, which contradicts
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with a⃗ ̸= b⃗. Thus we have deg(Trqτ (
∑

k⃗∈C F(lk⃗)dk⃗)) = max{Nxk⃗ + k⃗ | k⃗ ∈ C0},
which contradicts with 0 = Trqτ (

∑
k⃗∈C F(lk⃗)dk⃗). Then lk⃗ = 0 for all k⃗ ∈ C.

5.5 Dimension of stated skein modules over Frobe-

nius

We showed the finiteness of stated skein modules over Frobenius. In this section,

we focus on estimating the dimension of stated skein modules over Frobenius. For

simplicity, we will assume all the 3-manifolds and pb surfaces, mentioned in this

section, are connected.

Let S be a pb surface. Recall that Sq1/2(S)(N) = ImF is a commutative domain

when q1/2 is a root of unity of order N with N odd, where F : S1(S)→ Sq1/2(S)

is the Frobenius map. We use ˜Sq1/2(S)(N) to denote the field of fractions of

Sq1/2(S)(N) and use ˜Sq1/2(S) to denote Sq1/2(S)⊗S
q1/2

(S)(N)
˜Sq1/2(S)(N).

Define

KS,q1/2 := dim ˜S
q1/2

(S)(N)
˜Sq1/2(S), (5.11)

and define

λS,q1/2 := dimS
q1/2

(S)(N)Sq1/2(S), (5.12)

where dimS
q1/2

(S)(N)Sq1/2(S) is the lower bound of the number of generators of

Sq1/2(S) over Sq1/2(S)(N). Then clearly we have KS,q1/2 ≤ λS,q1/2 . In this section,

we will give an explicit calculation for KS,q1/2 , and give a lower bound and an upper

bound for λS,q1/2 .

5.5.1 When the marking set is empty

In this subsection, we always have the (R2) assumption. From Theorem 5.2.1, we

know, for any compact 3-manifold M , Sq(M) is finitely generated over Sζ(M)

where ζ = qN = ±1. We will give an upper bound for dimSζ(M)Sq(M) in this

subsection.
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For a closed pb surface S, we know Sq(S) is a domain. Then Sq(S)(N) = ImF is a

commutative domain. We use ˜Sq(S)(N) to denote the field of fractions of Sq(S)(N),

and use S̃q(S) to denote Sq(S)⊗Sq(S)(N)
˜Sq(S)(N). Then S̃q(S) is a vector space

over the field ˜Sq(S)(N). Clearly we have dimSq(S)(N)Sq(S) ≥ dim ˜Sq(S)(N)
S̃q(S).

Lemma 5.5.1. Suppose S is a closed pb surface with genus g and p punctures and

the Euler characteristic χ(S) < 0. Then there exist N6g−6+3p elements in Sq(S)

which are linearly independent over Sq(S)(N).

Proof. Corollary 5.2 in [FKL21] and Theorem 5.4.1.

Lemma 5.5.2. Suppose S is a closed pb surface with genus g and p punctures and

the Euler characteristic χ(S) < 0. Then dimSq(S)(N)Sq(S) ≥ dim ˜Sq(S)(N)
S̃q(S) ≥

N6g−6+3p.

Proof. Lemma 5.5.1.

Theorem 5.5.3. (Corollary 3.10 in [FK18]) Suppose S is a closed pb surface

with genus g and p punctures and the Euler characteristic χ(S) < 0. Then

dim ˜Sq(S)(N)
S̃q(S) = N6g−6+3p = N−3χ(S).

Thang Lê informed us that Theorem 6.1 in [FKL21] shows the above Theorem.

Lemma 5.5.4. Let T be the solid torus. Then we have Sq(T ) is a free Sq(T )
(N)-

module generated by N elements. Especially, we have

dim ˜Sq(T )(N)
S̃q(T ) = dimSq(T )(N)Sq(T ) = dimSζ(T )Sq(T ) = N.

Proof. It is well-known that Sq(T ) = C[x] and Sq(T )
(N) = C[TN(x)]. Clearly

Sq(T ) is freely generated by 1, x, · · · , xN−1 over Sq(T )
(N).

Remark 5.5.5. There are only four closed pb surfaces with non-negative Eu-

ler characteristic: closed torus T, P0, P1, P2. Proposition 5.5 in [FA16] shows

dim ˜Sq(T )(N)
S̃q(T ) = N2. Obviously we have dim ˜Sq(Pi)(N)

S̃q(Pi) = 1 when i = 0, 1.

Lemma 5.5.4 shows dim ˜Sq(P2)(N)
S̃q(P2) = N . In [FA16], Frohman and Abdiel cal-

culated dim ˜Sq(S)(N)
S̃q(S) when S is the closed torus, once punctured torus, P2, P3,

which coincide with Theorem 5.5.3 and Lemma 5.5.4.
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Let A be a C-algebra and a1, · · · , am ∈ A. The algebra A is orderly finitely

generated by a1, . . . , am if A is C-linearly spanned by {ak11 · · · akmm | ki ∈ N for 1 ≤
i ≤ m}.

Theorem 5.5.6. (First paragraph in the proof of Theorem 6.2 in [PS00]) Suppose

S is a closed pb surface with genus g and p punctures, where p ≥ 1. Then there exist

closed curves α1, . . . , αk such that Sq(S) is orderly finitely generated by α1, . . . , αk,

where k = 22g+p−1 − 1.

Theorem 5.5.7. Suppose S is a closed pb surface with genus g and p punctures,

where p ≥ 1, and the Euler characteristic χ(S) < 0. Then

N6g−6+3p ≤ dimSq(S)(N)Sq(S) ≤ N22g+p−1−1.

Proof. From Theorem 5.5.6, we know there exist k = 22g+p−1 − 1 disjoint solid

tori embedded in S × [0, 1] such that the embedding f from the union of these

k solid tori, which is denoted as M ′, to S × [0, 1] induces a surjective linear map

f♯ : Sq(M
′)→ Sq(S× [0, 1]). Then from Lemma 5.2.3, we have

dimSq(S)(N)Sq(S) = dimSq(S×[0,1])(N)Sq(S× [0, 1]) ≤ dimSq(M ′)(N)Sq(M
′) = Nk

where the last equality comes from Lemma 5.5.4. Then Lemma 5.5.2 completes

the proof.

Theorem 5.5.8. Suppose S is a totally closed pb surface with genus g and the

Euler characteristic χ(S) < 0. Then

N6g−6 ≤ dimSq(S)(N)Sq(S) ≤ N22g−1.

Proof. Let S′ be a pb surface obtained from S by removing one point in S.

Then the embedding l : S′ → S induces a surjective algebra homomorphism

l♯ : Sq(S
′)→ Sq(S). Then Lemma 5.2.3 and Theorem 5.5.7 show

dimSq(S)(N)Sq(S) ≤ dimSq(S′)(N)Sq(S
′) ≤ N22g−1.

Then Lemma 5.5.2 completes the proof.

Theorem 5.5.9. Let M be a compact 3-manifold with genus g, we have

dimSζ(M)Sq(M) ≤ N2g−1.
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Especially the dimension of any character-reduced skein module of M is not more

than N2g−1.

Proof. Equation (5.7), Lemma 5.5.4 and Theorems 5.2.10, 5.5.7.

Corollary 5.5.10. Let M be a compact 3-manifold with genus g. If Sζ(M) is

finitely generated over Sζ(∂M) where ζ = qN = ±1, then

dimSq(∂M)Sq(M) ≤ N2g−1(dimSζ(∂M)Sζ(M)).

Proof. Theorems 5.2.7 and 5.5.9.

In the remainder of this subsection, we will focus on proving F : Sζ(S
1 × S2) →

Sq(S
1 × S2) is an isomorphism, which shows Sq(S

1 × S2) is freely generated over

Sζ(S
1 × S2) by the empty skein.

Recall that Tn(x) and Sn(x) are Chebyshev polynomials of the first kind and of

the second kind respectively. Now we define a new sequence of polynomials An(x)

by setting An(x) = Sn(x), n = 1, 2, and An(x) = Sn(x) + An−2(x) when n > 2.

Suppose D is an embedded disk in S2, then S1 ×D is an embedded solid torus in

S1 × S2. We use P to denote the origin of the disk D, and use x to denote the

skein in S1 ×D represented by the closed line {P} × S1 with vertical framing. It

is well-known that Sq(S
1 ×D) is actually C[x].

For any polynomial f(x) ∈ C[x], we can regard f(x) as an element in Sq(S
1×S2)

by the embedding from S1 × D to S1 × S2. Then it is obvious that 1, x, x2, . . .

span Sq(S
1 × S2), and 1, TN(x), TN(x)

2, . . . span Sq(S
1 × S2)(N).

Theorem 5.5.11. F : Sζ(S
1×S2)→ Sq(S

1×S2) is an isomorphism. Especially,

we have Sq(S
1× S2) is freely generated over Sζ(S

1× S2) by the empty skein, and

Sq(S
1 × S2) has a commutative algebra structure.

Proof. If N is 1, it is obvious.

Suppose N ≥ 3. From [HP95], we know Sζ(S
1 × S2) has a basis

{1, A1(x), · · · , Ak(x), · · · }.
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Thus {1, T1(x), · · · , Tk(x), · · · } is also a basis for Sζ(S
1×S2). For any k ∈ N∗, we

have F(Tk(x)) = TkN(x). Thus it suffices to show {1, TN(x), · · · , TkN(x), · · · } is a
basis for Sq(S

1 × S2).

For each positive integer i, we set ei to be Ai(x) ∈ Sq(S
1 × S2). From [HP95], we

know

Sq(S
1 × S2) = C∅ ⊕1≤i<+∞,N |i+2 Cei,

and ei = 0 for 1 ≤ i < +∞, N ∤ i+ 2. Then

{1} ∪ {ei | ∃k ∈ N∗ such that i+ 2 = kN} (5.13)

is a basis for Sq(S
1 × S2).

Suppose i+ 2 = kN for some positive integer k. We have

Ti+2(x) = Si+2(x)− Si(x) = Ai+2(x)− Ai(x)− (Ai(x)− Ai−2(x))

= Ai+2(x) + Ai−2(x)− 2Ai(x) = ei+2 + ei−2 − 2ei.

Since N | i + 2, N is odd and N is not 1, we have N ∤ i + 4 and N ∤ i. Then

ei+2 = ei−2 = 0. Thus we have Ti+2(x) = −2ei, then ei = −1
2
TkN(x) ∈ Sq(S

1×S2).

Note that there is a special case where N = 3, k = 1, but using the same technique

as above we can still get ei = −1
2
TkN(x) ∈ Sq(S

1 × S2). Then basis in equation

(5.13) shows {1, TN(x), · · · , TkN(x), · · · } is a basis for Sq(S
1 × S2).

Corollary 5.5.12. The character-reduced skein module for S1 × S2 always has

dimension one.

Remark 5.5.13. Charles Frohman, Joanna Kania-Bartoszynska, and Thang Lê

proved the character-reduced skein module of any closed 3-manifold with respect to

any non-central character is 1-dimensional [FKL23; FKL22].

Corollary 5.5.12 shows the character-reduced skein module for S1×S2 with respect

to any central character is still 1-dimensional.

5.5.2 On dimS
q1/2

(D2)(N)Sq1/2(D2)

In the remainder of this section, we always have the (R1) assumption. Recall

that D2 is the bigon, and λq1/2 denotes dimS
q1/2

(D2)(N)Sq1/2(D2). From [CL22a],
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we know Sq1/2(D2) is just Oq(SL2), where Oq(SL2) is generated by a, b, c, d and

subject to the following relations:

ca = q2ac, db = q2bd, ba = q2ab, dc = q2cd,

bc = cb, ad− q−2bc = 1, da− q2cb = 1.

Let Aq be the the subalgebra of Oq(SL2) generated by aN , bN , cN , dN . With the

identification between Sq1/2(D2) and Oq(SL2), Sq1/2(D2)
(N) is just Aq. Thus we

have λq1/2 = dimAqOq(SL2). Since Oq(SL2) is a domain, then Aq is a commuative

domain. We use Ãq to denote the field of fractions of Aq, and use Õq(SL2) to

denote Oq(SL2)⊗Aq Ãq. We use Kq1/2 to denote

dimÃq
Õq(SL2) = dim ˜S

q1/2
(D2)(N)

˜Sq1/2(D2).

Clearly we have Kq1/2 ≤ λq1/2 .

Remark 5.5.14. Kq1/2 is actually the rank of Oq(SL2) over O(SL2). In [BG12]

chapter 3, there is a general calculation for this rank for all semisimple Lie groups

(our case is SL2). In this subsectoin, we will give an elementary way to calculate

Kq1/2, and give a clear basis for Õq(SL2) over Ãq.

Since the map from Oq(SL2) to Õq(SL2), given by x 7→ x⊗ 1, for x ∈ Oq(SL2), is

injective, we can regard any element in Oq(SL2) as an element in Õq(SL2) by this

embedding.

Lemma 5.5.15. Suppose α1, . . . , αn ∈ Oq(SL2) are linearly independent over Aq.

When we regard all αi as elements in Õq(SL2), α1, . . . , αn are are linearly inde-

pendent over Ãq. Especially we have λq1/2 ≥ Kq1/2 ≥ n.

We define Λ = {(k1, k2, k3, k4) | k1, k2, k3, k4 ∈ N, k1k2 = 0}. For any

k⃗ = (k1, k2, k3, k4) ∈ N× N× N× N,

we define Ok⃗ to be ak1dk2bk3ck4 ∈ Oq(SL2).

Lemma 5.5.16. ([Gav07; Wan23c]) The set {Ok⃗ |⃗k ∈ Λ} is a basis for Oq(SL2),

and the set {ONk⃗ |⃗k ∈ Λ} is a basis for Aq.
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For any positive integer t, define a subset of Oq(SL2) as

Et = {ktbtct + · · ·+ k1bc+ 1 | kt = qs for some integer s}.

We define E0 = {1}. Then for any l, t ∈ N, we have ElEt ⊂ El+t.

Lemma 5.5.17. For any t ∈ N, define dEt = {df | f ∈ Et}, Etd = {fd | f ∈ Et}.
Then we have we have dEt = Etd. Similarly, we also have aEt = Eta.

Proof. Note that d(bc) = q4(bc)d, which obviously shows the Lemma.

Lemma 5.5.18. For any t ∈ N, we have atdt ∈ Et.

Proof. We prove this Lemma by using mathematical induction on t. Note that

ad = q−2bc + 1, then the Lemma is obviously true when t = 0, 1. We suppose

atdt = f ∈ Et, then we want to show at+1dt+1 ∈ Et+1. We have

at+1dt+1 = afd = adg = (q−2bc+ 1)g ∈ Et+1

where g ∈ Et.

We use≤O to denote the lexicographic order on N×N×N×N. Then for any nonzero

element x ∈ Oq(SL2), we have x =
∑

k⃗∈Λx
lk⃗Ok⃗ where Λx is a finite subset of Λ

and lk⃗ ∈ C∗ for all k⃗ ∈ Λx. Then we define deg(x) = max(Λx) where max(Λx) is

the maximal element in Λx under the linear order ≤O. Then we have the following

two Lemmas.

Lemma 5.5.19. Let x1, · · · , xk be k (k > 0) nonzero elements in Oq(SL2). Sup-

pose deg(x1), · · · , deg(xk) are k distinct elements in Λ, then x1 + · · ·+ xk ̸= 0.

Proof. It is obvious.

We define a function φ : N× N× N× N→ Λ by

φ(k⃗) =


(0, 0, k3 + k1, k4 + k2) k1 = k2

(k1 − k2, 0, k3 + k2, k4 + k2) k1 > k2

(0, k2 − k1, k3 + k1, k4 + k1) k1 < k2

where k⃗ = (k1, k2, k3, k4) ∈ N× N× N× N.
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Lemma 5.5.20. For any k⃗ ∈ N× N× N× N, we have deg(Ok⃗) = φ(k⃗).

Proof. Let k⃗ = (k1, k2, k3, k4) ∈ N× N× N× N.

(1) Suppose k1 = k2. From Lemma 5.5.18 we have

Ok⃗ = ak1dk1bk3ck4 = fbk3ck4

where f ∈ Ek1 . Thus deg(Ok⃗) = deg(fbk3ck4) = (0, 0, k3 + k1, k4 + k1) = φ(k⃗).

(2) Suppose k1 > k2. From Lemma 5.5.18 we have

Ok⃗ = ak1dk2bk3ck4 = ak1−k2hbk3ck4

where h ∈ Ek2 . Thus deg(Ok⃗) = deg(ak1−k2hbk3ck4) = (k1−k2, 0, k3+k2, k4+k2) =
φ(k⃗).

(3) Suppose k1 < k2. From Lemma 5.5.18 we have

Ok⃗ = ak1dk2bk3ck4 = xdk2−k1bk3ck4

where x ∈ Ek1 . From Lemma 5.5.17, we know there exists y ∈ Ek1 such that

xdk2−k1 = dk2−k1y. Then deg(Ok⃗) = deg(dk2−k1ybk3ck4) = (0, k2 − k1, k3 + k1, k4 +

k1) = φ(k⃗).

There is an obvious partition for Λ, defined by Λ = Λ0 ∪ Λ1 ∪ Λ2, where

Λ0 = {(0, 0, k3, k4) | k3, k4 ∈ N}

Λ1 = {(k1, 0, k3, k4) | k1 ∈ N∗, k3, k4 ∈ N}

Λ2 = {(0, k2, k3, k4) | k2 ∈ N∗, k3, k4 ∈ N}.

Then for any k⃗ ∈ N × N × N × N, we have φ(k⃗) ∈ Λ0 if and only if k1 = k2,

φ(k⃗) ∈ Λ1 if and only if k1 > k2, φ(k⃗) ∈ Λ2 if and only if k1 < k2.

Lemma 5.5.21. For any u⃗, v⃗ ∈ Λ, if u1 − u2 = v1 − v2, then we have u1 = v1 and

u2 = v2.
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Proof. Suppose u⃗ ∈ Λi, v⃗ ∈ Λj where i, j = 0, 1, 2. Note that if i ̸= j, we cannot

have u1 − u2 = v1 − v2, thus i = j. Then trivially, u1 − u2 = v1 − v2 shows u1 = v1

and u2 = v2.

Define a subset D of Λ by

D = {(0, k2, k3, k4) ∈ Λ | 0 ≤ k2, k3, k4 ≤ N − 1}.

Define a map ψ : Λ × D → Λ by ψ(u⃗, v⃗) = φ(Nu⃗ + v⃗) where u⃗ ∈ Λ, v⃗ ∈ D. Then

we have the following Lemma.

Lemma 5.5.22. The above map ψ is injective.

Proof. Assume ψ(u⃗, v⃗) = ψ(m⃗, n⃗), then we want to show u⃗ = m⃗ and v⃗ = n⃗.

(1) Suppose ψ(u⃗, v⃗) = ψ(m⃗, n⃗) ∈ Λ0. Then we have Nu1 + v1 = Nu2 + v2 and

Nm1 + n1 = Nm2 + n2. Since v⃗ ∈ D, we have v1 = 0, then N(u1 − u2) = v2, that

is N | v2. We also have 0 ≤ v2 ≤ N − 1, then v2 = 0. Then we get u1 = u2. Since

u⃗ ∈ Λ, we have u1 = u2 = 0. Similar, we can get m1 = m2 = n1 = n2 = 0.

Then we have

ψ(u⃗, v⃗) = (0, 0, Nu3 + v3, Nu4 + v4) = ψ(m⃗, n⃗) = (0, 0, Nm3 + n3, Nm4 + n4).

For each i = 3, 4, we have Nui + vi = Nmi + ni. Since 0 ≤ vi, ni ≤ N − 1, we have

ui = mi, vi = ni. Thus we get u⃗ = m⃗ and v⃗ = n⃗.

(2) Suppose ψ(u⃗, v⃗) = ψ(m⃗, n⃗) ∈ Λ1. Then we have Nu1 + v1 = Nu1 > Nu2 + v2

and Nm1 + n1 = Nm1 > Nm2 + n2. From the defintion of ψ, we know

ψ(u⃗, v⃗) =(N(u1 − u2)− v2, 0, Nu3 + v3 +Nu2 + v2,

Nu4 + v4 +Nu2 + v2)

ψ(m⃗, n⃗) =(N(m1 −m2)− n2, 0, Nm3 + n3 +Nm2 + n2,

Nm4 + n4 +Nm2 + n2).

From ψ(u⃗, v⃗) = ψ(m⃗, n⃗), we get N(u1− u2)− v2 = N(m1−m2)−n2, then v2 = n2

and u1−u2 = m1−m2 since 0 ≤ v2, n2 ≤ N−1. Then Lemma 5.5.21 shows u1 = m1

and u2 = m2. From ψ(u⃗, v⃗) = ψ(m⃗, n⃗), we can also get Nui + vi = Nmi + ni for
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each i = 3, 4. Similarly as above we can have ui = mi, vi = ni for each i = 3, 4.

Thus we get u⃗ = m⃗ and v⃗ = n⃗.

(3) Suppose ψ(u⃗, v⃗) = ψ(m⃗, n⃗) ∈ Λ2. The proving technique is similar with case

(2).

Lemma 5.5.23. We have {Ok⃗ | k⃗ ∈ D} is linearly independent over Aq.

Proof. It surfices to show ∑
k⃗∈D′

αk⃗Ok⃗ ̸= 0

where D′ is a nonempty finite subset of D and αk⃗ is a nonzero element in Aq for

each k⃗ ∈ D′.

For each k⃗ ∈ D′, from Lemma 5.5.16 we can suppose αk⃗ =
∑

v⃗∈Λ
k⃗
lk⃗,v⃗ONv⃗ where

Λk⃗ is a nonempty finite subset of Λ and lk⃗,v⃗ ̸= 0 for each v⃗ ∈ Λk⃗. Then we have

∑
k⃗∈D′

αk⃗Ok⃗ =
∑
k⃗∈D′

∑
v⃗∈Λ

k⃗

lk⃗,v⃗ONv⃗Ok⃗ =
∑
k⃗∈D′

∑
v⃗∈Λ

k⃗

lk⃗,v⃗ONv⃗+k⃗.

From Lemma 5.5.20, we know deg(ONv⃗+k⃗) = φ(Nv⃗ + k⃗) = ψ(v⃗, k⃗). From Lemma

5.5.22, we know deg(ONv⃗+k⃗), k⃗ ∈ D′, v⃗ ∈ Λk⃗, are distinct. Then from Lemma

5.5.19, we get ∑
k⃗∈D′

αk⃗Ok⃗ =
∑
k⃗∈D′

∑
v⃗∈Λ

k⃗

lk⃗,v⃗ONv⃗+k⃗ ̸= 0.

Corollary 5.5.24. We have λq1/2 ≥ Kq1/2 ≥ N3.

Proof. Lemmas 5.5.15, 5.5.23 and the fact that |D| = N3.

Theorem 5.5.25. When we regard {Ok⃗ | k⃗ ∈ D} as a subset of Õq(SL2), it is a

basis of Õq(SL2) over Ãq. Especially we have Kq1/2 = N3.

Proof. Lemmas 5.5.15 and 5.5.23 show {Ok⃗ | k⃗ ∈ D} are linearly independent over

Ãq. Let V be the linear span of {Ok⃗ | k⃗ ∈ D} over Ãq. Then it suffices to show

V = Õq(SL2).
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For any k1, k2, k3 ∈ N, clearly we have dk1bk2ck3 ∈ V . Then we want to show for any

k1, k2, k3, k4 ∈ N we have ak1dk2bk3ck4 ∈ V . Suppose k1 = uN + v where u, v ∈ N
and 0 ≤ v ≤ N − 1. Then we have

dN(ak1dk2bk3ck4) = auNavdNdk2bk3ck4 = auNavdvdN−vdk2bk3ck4

=auNfdN+k2−vbk3ck4 = auNdN+k2−vhbk3ck4 ∈ V.

where f, h ∈ Ev. Since d
N is invertible, we have ak1dk2bk3ck4 ∈ V .

Remark 5.5.26. During the proof of Theorem 5.5.25, we only used the invertibility

of dN . The same technique can show {ak1bk2ck3 | 0 ≤ k1, k2, k3 ≤ N − 1} span

Õq(SL2) by using the invertibility of aN . The representation-reduced stated skein

module of D2 is defined by a matrix

(
xa xb

xc xd

)
∈ SL2(C). We regard

(
xa xb

xc xd

)
∈

SL2(C) as an algebra homomorphism from Aq to C such that it maps

(
aN bN

cN dN

)
to(

xa xb

xc xd

)
. Then the above discussion shows {ak1bk2ck3 | 0 ≤ k1, k2, k3 ≤ N −

1} (respectively {dk1bk2ck3 | 0 ≤ k1, k2, k3 ≤ N − 1}) spans the corresponding

representation-reduced stated skein module of D2 when xa ̸= 0 (respectively xd ̸= 0).

We will try to calculate the dimension for representation-reduced stated skein mod-

ule in future work.

Define

B = {(N−k1, 0, k2, k3) | 1 ≤ k1 ≤ N−1, 0 ≤ k2, k3 ≤ N−1, k2 < k1 or k3 < k1} ⊂ Λ

Lemma 5.5.27. We have Oq(SL2) is linearly spanned by {Ok⃗ | k⃗ ∈ D ∪ B} over
Aq. Especially λq1/2 ≤ |D ∪ B| = 2N3 − N(N+1)(2N+1)

6
.

Proof. Let U be the linear span of {Ok⃗ | k⃗ ∈ D ∪ B} over Aq. Then it suffices

to show aN−k1bk2ck3 ∈ U for any 1 ≤ k1 ≤ N − 1, 0 ≤ k2, k3 ≤ N − 1. From the

definition of B, we know aN−k1bk2ck3 ∈ U if k2 < k1 or k3 < k1. Then we suppose

k2 ≥ k1 and k3 ≥ k1, and we use k to denote k2− k1 + k3− k1. Then we will prove

this case by using mathematical induction on k. From Lemma 5.5.18, we have

aNbk1 = aN−k1(lk1b
k1ck1 + lk1−1b

k1−1ck1−1 + · · ·+ 1)
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where lk1 is a nonzero complex number. Then we have

aN−k1bk1ck1 = sk1a
Nbk1 + sk1−1a

N−k1bk1−1ck1−1 + · · ·+ s0a
N−k1 ∈ U. (5.14)

Equation (5.14) shows aN−k1bk2ck3 ∈ U when k = 0. Then suppose aN−k1bk2ck3 ∈ U
when k = k2−k1+k3−k1 ≤ m (m ∈ N), then we look at the case when k = m+1.

We left multiply equation (5.14) on both sides by bk2−k1ck3−k1 , we get

aN−k1bk2ck3 = sk1a
Nbk2ck3−k1+sk1−1a

N−k1bk2−1ck3−1+· · ·+s0aN−k1bk2−k1ck3−k1 ∈ U.

5.5.3 When (M,N ) is the thickening of a pb surface

Let S be a pb surface. Recall that r(S) = −χ(S)+ ♯∂S, where χ(S) is the Euler

characteristic of S and ♯∂S is the number of boundary components of S. Note

that when ∂S = ∅, we have r(S) = −χ(S) = 2g − 2 + p where g is the genus and

p is the number of punctures. Theorem 7.13 in [LS21] shows the following Lemma.

Lemma 5.5.28. Let S be a pb surface with nonempty boundary. Then we have a

linear isomorphism

F : Sq1/2(D2)
⊗r(S) → Sq1/2(S)

such that F restricts to an algebra isomorphism

F : (Sq1/2(D2)
(N))⊗r(S) → (Sq1/2(S))(N),

and F preserves module structures, that is

F (α · β) = F (α) ·F (β)

for any α ∈ (Sq1/2(D2)
(N))⊗r(S), β ∈ Sq1/2(D2)

⊗r(S). Especially we have

dimS
q1/2

(S)(N)Sq1/2(S) = dim(S
q1/2

(D2)(N))⊗r(S)Sq1/2(D2)
⊗r(S) = dim(Aq)⊗r(S)Oq(SL2)

⊗r(S).

Lemma 5.5.29. For any positive integer k, Oq(SL2)
⊗k contains N3k elements

which are linearly independent over (Aq)
⊗k.
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Proof. From Lemma 5.5.23, we know there existN3 elements x1, · · · , xN3 ∈ Oq(SL2)

which are linearly independent over Aq. Then we have ⊕1≤i≤N3Aqxi ⊂ Oq(SL2).

Thus we have

(⊕1≤i≤N3Aqxi)⊗ · · · ⊗ (⊕1≤i≤N3Aqxi) = ⊕1≤i1,··· ,ik≤N3(Aqxi1 ⊗ · · · ⊗ Aqxik)

=⊕1≤i1,··· ,ik≤N3 ((Aq)
⊗kxi1 ⊗ · · · ⊗ xik) ⊂ Oq(SL2)

⊗k.

This shows that {xi1 ⊗ · · · ⊗ xik | 1 ≤ i1, · · · , ik ≤ N3} are linearly independent

over (Aq)
⊗k.

Recall that ˜Sq1/2(S)(N) is the field of fractions of Sq1/2(S)(N),

˜Sq1/2(S) = Sq1/2(S)⊗S
q1/2

(S)(N)
˜Sq1/2(S)(N),

KS,q1/2 = dim ˜S
q1/2

(S)(N)
˜Sq1/2(S), and λS,q1/2 = dimS

q1/2
(S)(N)Sq1/2(S).

Lemma 5.5.30. Let S be a pb surface, we require χ(S) is negative if ∂S = ∅.
Then there exist N3r(S) elements in Sq1/2(S), which are linearly independent over

Sq1/2(S)(N). Especially we have

N3r(S) ≤ KS,q1/2 ≤ λS,q1/2 .

Proof. Lemma 5.5.1 shows Lemma 5.5.30 when ∂S = ∅. When ∂S ̸= ∅, Lemmas

5.5.28 and 5.5.29 show Lemma 5.5.30.

Theorem 5.5.31. Suppose we have the (R1) assumption. Let S be a pb surface

with nonempty boundary. Then we have

N3r(S) ≤ λS,q1/2 ≤ (2N3 − N(N + 1)(2N + 1)

6
)r(S),

where λS,q1/2 is defined in (5.12).

Proof. Lemmas 5.5.27, 5.5.28 and 5.5.30.

Corollary 5.5.32. Let S be a pb surface with nonempty boundary. Then we have

lim
N odd →+∞

log λS,q1/2

logN
= 3r(S).
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Theorem 5.5.33. Suppose we have the (R1) assumption. Let S be a pb surface,

we require χ(S) is negative if ∂S = ∅. Then we have KS,q1/2 = N3r(S), where

KS,q1/2 is defined in (5.11).

Proof. When ∂ = ∅, Theorem 5.5.33 was proved in Theorem 5.5.3.

Then assume ∂S ̸= ∅. From Lemma 5.5.30, it suffices to showKS,q1/2 ≤ N3r(S).We

use ˜(Aq)⊗r(S) to denote the field of fractions of the commutative domain (Aq)
⊗r(S),

and use ˜Oq(SL2)⊗r(S) to denote Oq(SL2)
⊗r(S) ⊗(Aq)⊗r(S)

˜(Aq)⊗r(S). Then from

Lemma 5.5.28, it suffices to show dim ˜(Aq)⊗r(S)

˜Oq(SL2)⊗r(S) ≤ N3r(S). To simplify

notation, we will regard elements in Oq(SL2)
⊗r(S) as elements in ˜Oq(SL2)⊗r(S) via

the obvious embedding from Oq(SL2)
⊗r(S) to ˜Oq(SL2)⊗r(S).

We use x1, · · · , xN3 to denote the basis elements in Theorem 5.5.25, then x1, · · · , xN3

are actually elements in Oq(SL2). Let V be the sub-vector space of ˜Oq(SL2)⊗r(S)

linearly spanned by {xi1 ⊗ · · ·⊗xir(S)
| 1 ≤ i1, · · · , ir(S) ≤ N3}. Let y1, · · · , yr(S) ∈

Oq(SL2) be r(S) elements in Oq(SL2). For each 1 ≤ i ≤ r(S), from Theo-

rem 5.5.25 there exist ui ∈ Aq − {0} and vi,1, · · · , vi,N3 ∈ Aq such that uiyi =∑
1≤j≤N3 vi,jxj. Then we have

(u1 ⊗ · · · ⊗ ur(S))(y1 ⊗ · · · ⊗ yr(S)) = u1y1 ⊗ · · · ⊗ ur(S)yr(S)

=
∑

1≤j1,··· ,jr(S)≤N3

v1,j1xj1 ⊗ · · · ⊗ vr(S),jr(S)
xr(S)

=
∑

1≤j1,··· ,jr(S)≤N3

(v1,j1 ⊗ · · · ⊗ vr(S),jr(S)
)(xj1 ⊗ · · · ⊗ xr(S))

where u1 ⊗ · · · ⊗ ur(S) ∈ (Aq)
⊗r(S) − {0} and v1,j1 ⊗ · · · ⊗ vr(S),jr(S)

∈ (Aq)
⊗r(S).

Thus y1⊗· · ·⊗yr(S) ∈ V . Then clearly we have V = ˜Oq(SL2)⊗r(S). This completes

the proof since the cardinality of {xi1 ⊗ · · · ⊗ xir(S)
| 1 ≤ i1, · · · , ir(S) ≤ N3} is

N3r(S).

Remark 5.5.34. When ∂S ̸= ∅, obviously we have

{xi1 ⊗ · · · ⊗ xir(S)
| 1 ≤ i1, · · · , ir(S) ≤ N3}

in the proof for Theorem 5.5.33 is actually a basis.

Remark 5.5.35. For general stated SLn-skein algebra, the Frobenius map was

built when ∂S ̸= ∅ [Wan23c]. From Theorem 7.3 in chapter 3 in [BG12] for SLn,
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and a general statement for Lemma 6.28 for SLn, using the same techniques we can

generalize Theorem 5.5.33 to SLn, and the corresponding dimension is N (n2−1)r(S).

5.5.4 When the marking set is nonempty

For a compact marked 3-manifold (M,N ), we will give an upper bound for

dimS1(M,N )Sq1/2(M,N ),

in this subsection. From Theorem 5.3.11, this offers an upper bound for the di-

mension of the representation-reduced stated skein module.

Theorem 5.5.36. Suppose we have the (R1) assumption. Let (M,N ) be a compact

marked 3-manifold with N ̸= ∅. Suppose the genus of (M,N ) is g, and N has k

components. Then we have

dimS1(M,N )Sq1/2(M,N ) ≤ (2N3 − N(N + 1)(2N + 1)

6
)2g+k−1.

Proof. Remark 5.3.10, Theorem 5.5.31.

Theorem 5.5.37. Suppose we have the (R1) assumption. Let (M,N ) be a compact

marked 3-manifold with N ̸= ∅. Suppose the genus of (M,N ) is g, and N has k

components. Then we have the dimension of any representation-reduced stated

skein module of (M,N ) is not more than

(2N3 − N(N + 1)(2N + 1)

6
)2g+k−1.





Chapter 6

Representation-reduced stated

skein modules and algebras

This chapter is based on the author’s work in [Wan25b]. We introduce the splitting

map for the representation-reduced stated skein module, see section 6.2, and prove

its injectivity in certain special cases (Thm. 6.2.8). Furthermore, we show that

the representation-reduced stated skein module of a handlebody is the irreducible

representation of the stated skein algebra of its boundary (Thm. 6.3.1). Finally, we

establish that the dimension of the representation-reduced skein module for closed

3-manifolds is one (Thm. 6.3.3).

Let (Σ1,P1) and (Σ2,P2) be two marked surfaces. An embedding f : Σ1 → Σ2 is

called an embedding from (Σ1,P1) to (Σ2,P2) if f(P1) ⊂ P2. Clearly f induces

an algebra homomorphism f∗ : Sq1/2(Σ1,P1) → Sq1/2(Σ2,P2). Similarly as the

marked 3-manifold, we define two marked surfaces are isomorphic to each other, if

there exist two embeddings respectively from (Σ1,P1) to (Σ2,P2) and from (Σ2,P2)

to (Σ1,P1) such that they are inverse to each other.

In the remainder of this chapter, we will always assume q
1
2 is a root of unity of odd

order N .

183
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6.1 Representation-reduced stated skein modules

and algebras

In this section, we will recall the representation-reduced stated skein module in-

troduced in subsection 5.3.5. Then we will introduce the representation-reduced

stated skein algebra of the pb surface. We will discuss the functorality of the

representation-reduced stated skein module.

Let (M,N ) be a marked 3-manifold. Recall that we use MaxSpec(S1(M,N )) to de-

note the set of all maximal ideals of S1(M,N ). We also can regard MaxSpec(S1(M,N ))

as the set of algebra homomorphisms from S1(M,N ) to C.

For any element ρ ∈ MaxSpec(S1(M,N )), the commutative algebra S1(M,N )

has an action on C induced by ρ, that is, for x ∈ S1(M,N ), k ∈ C, x · k = ρ(x)k.

Recall that S1(M,N ) also has an action on Sq1/2(M,N ). Then we define

Sq1/2(M,N )ρ = Sq1/2(M,N )⊗ρ
S1(M,N ) C ≃ Sq1/2(M,N )/Ker(ρ) · Sq1/2(M,N ),

where the superscript for ⊗ρ
S1(Σ) is to imply the action of S1(M,N ) on C is induced

by ρ. We call Sq1/2(M,N )ρ the representation-reduced stated skein module of

(M,N ) related to ρ, or just, the representation-reduced stated skein module when

(M,N ) and ρ are clear.

When the marked 3-manifold (M,N ) is the thickening of a marked surface (Σ,P)
and ρ ∈ MaxSpec(S1(Σ,P)), we use Sq1/2(Σ,P)ρ to denote Sq1/2(M,N )ρ. Then

Sq1/2(Σ,P)ρ is a quotient algebra of Sq1/2(Σ,P).

Definition 6.1.1. Let (M1,N1) and (M2,N2) be two marked 3-manifolds. Recall

that q
1
2 is a root of unity of odd order N . Suppose for each such a q

1
2 , there exists

a linear map φq1/2 : Sq1/2(M1,N1) → Sq1/2(M2,N2). We can omit the subscript

for φq1/2 when there is no confusion. We say φ : Sq1/2(M1,N1) → Sq1/2(M2,N2)

behaves well with respect to the Frobenius map if it satisfies the following conditions:

(1) If q1/2 = 1, then φ : S1(M1,N1)→ S1(M2,N2) is an algebra homomorphism.
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(2) For each q
1
2 , we have the following commutative diagram:

S1(M1,N1) S1(M2,N2)

Sq1/2(M1,N1) Sq1/2(M2,N2)

φ1

F F
φ
q1/2

.

(3) For each q
1
2 , we have φq1/2 : Sq1/2(M1,N1)→ Sq1/2(M2,N2) preserves module

structures, in a sense that, φq1/2(α · β) = φ1(α) ·φq1/2(β) for any α ∈ S1(M1,N1), β ∈
Sq1/2(M1,N1).

Lemma 6.1.2. Suppose φ : Sq1/2(M1,N1) → Sq1/2(M2,N2) behaves well with re-

spect to the Frobenius map. We know the algebra homomorphism φ1 : S1(M1,N1)→
S1(M2,N2) induces a map: φ∗ : MaxSpec(S1(M2,N2)) → MaxSpec(S1(M1,N1)).

Then, for each q
1
2 and ρ ∈ MaxSpec(S1(M2,N2)), the linear map

φq1/2 : Sq1/2(M1,N1)→ Sq1/2(M2,N2)

induces a linear map

φρ : Sq1/2(M1,N1)φ∗(ρ) → Sq1/2(M2,N2)ρ

defined by sending x⊗ k to φ(x)⊗ k, where x ∈ Sq1/2(M1,N1) and k ∈ C.

Proof. For each q
1
2 and ρ ∈ MaxSpec(S1(M2,N2)), define

φρ : Sq1/2(M1,N1)× C→ Sq1/2(M2,N2)ρ, (x, k)→ φq1/2(x)⊗ k.

Clearly φρ is bilinear. For any x ∈ Sq1/2(M1,N1), y ∈ S1(M1,N1) and k ∈ C, we
have

φρ(x · y, k) = φq1/2(x · y)⊗ k = φq1/2(x) ·φ1(y)⊗ k

=φq1/2(x)⊗ φ1(y) · k = φq1/2(x)⊗ ρ(φ1(y))k = φρ(x, y · k).

Thus φρ induces the linear map φρ : Sq1/2(M1,N1)φ∗(ρ) → Sq1/2(M2,N2)ρ.
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We will show the embedding between two marked 3-manifolds induces a linear

map between the corresponding representation-reduced stated skein modules, and

the representation-reduced stated skein module of two disjoint marked 3-manifolds

is isomorphic to the tensor product of their representation-reduced stated skein

modules.

Lemma 6.1.3. Let f : (M1,N1)→ (M2,N2) be an embedding between two marked

3-manifolds. Then we have f∗ : Sq1/2(M1,N1) → Sq1/2(M2,N2) behaves well with

respect the Frobenius map. Here f∗ is the C-linear map induced by f .

Proof. Condition (1) is trivial.

Condition (2): For any framed knot or stated framed arc α in (M1,N1) and any

non-negative integer k, obviously, we have f∗(α
(k)) = (f∗(α))

(k). Let P (x) =∑
1≤k≤n λkx

k ∈ C[x], then we have

f∗(α
[P ]) =

∑
1≤k≤n

λkf∗(α
(k)) =

∑
1≤k≤n

λk(f∗(α))
(k) = f∗(α)

[P ].

This shows f∗ and F commute with each other from the definition of F .

Condition (3): For any disjoint stated (M1,N1)-tangles α, β, we have

f∗(α · β) = f∗(F(α) ∪ β) = f∗(F(α)) ∪ f∗(β) = F(f∗(α)) ∪ f∗(β) = f∗(α) · f∗(β)

(here we regard α as an element in S1(M1,N1) and regard β as an element in

Sq1/2(M1,N1)).

For any ρ ∈ MaxSpec(S1(M2,N2)), Lemma 6.1.2 implies that

f∗ : Sq1/2(M1,N1)→ Sq1/2(M2,N2)

induces a linear map

fρ : Sq1/2(M1,N1)f∗(ρ) → Sq1/2(M2,N2)ρ.
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Let (M1,N1) and (M2,N2) be two marked 3-manifolds. Then for each q
1
2 , there

exists a linear isomorphism

κ : Sq1/2(M1,N1)⊗Sq1/2(M2,N2)→ Sq1/2((M1,N1) ∪ (M2,N2)),

defined by κ(α⊗ β) = α∪ β, where α is a stated (M1,N1)-tangle and β is a stated

(M2,N2)-tangle.

Lemma 6.1.4. We have

κ : Sq1/2(M1,N1)⊗Sq1/2(M2,N2)→ Sq1/2((M1,N1) ∪ (M2,N2))

behaves well with respect to the Frobenius map (the Frobenius map for Sq1/2(M1,N1)⊗
Sq1/2(M2,N2) is defined by sending x⊗ y to F(x)⊗ F(y), where x ∈ S1(M1,N1)

and y ∈ S1(M2,N2)).

Proof. The proof is trivial.

It is easy to show that MaxSpec(S1(M1,N1)⊗S1(M2,N2)) = MaxSpec(S1(M1,N1))×
MaxSpec(S1(M2,N2)), that is, any ρ ∈ MaxSpec(S1(M1,N1) ⊗ S1(M2,N2)) is

a pair (ρ1, ρ2), where ρi ∈ MaxSpec(S1(Mi,Ni)) for i = 1, 2 (here we regard

(ρ1, ρ2) as an algebra homomorphism from S1(M1,N1)⊗S1(M2,N2) to C, define
by (ρ1, ρ2)(x1 ⊗ x2) = ρ1(x1)ρ2(x2), where xi ∈ S1(Mi,Ni) for i = 1, 2).

For any ρ ∈ MaxSpec(S1((M1,N1) ∪ (M2,N2))) and i = 1, 2, we use ρi to denote

the composition S1(Mi,Ni)→ S1((M1,N1)∪ (M2,N2))→ C, where the first map

is induced by the embedding from (Mi,Ni) to (M1,N1)∪ (M2,N2) and the second

map is ρ. Then κ∗(ρ) = (ρ1, ρ2).

For any ρ ∈ MaxSpec(S1((M1,N1) ∪ (M2,N2))) with κ
∗(ρ) = (ρ1, ρ2) and any q

1
2 ,

the linear isomorphism,

κ : Sq1/2(M1,N1)⊗Sq1/2(M2,N2)→ Sq1/2((M1,N1) ∪ (M2,N2))

induces the following linear isomorphism

κρ : Sq1/2(M1,N1)ρ1 ⊗Sq1/2(M2,N2)ρ2 → Sq1/2((M1,N1) ∪ (M2,N2))ρ, (6.1)
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defined by κρ((x1 ⊗ k1) ⊗ (x2 ⊗ k2)) = κ(x1 ⊗ x2) ⊗ k1k2, where k1, k2 ∈ C and

xi ∈ Sq1/2(Mi,Ni) for i = 1, 2.

6.2 The splitting map for representation-reduced

stated skein modules

The existence of the splitting map is a very important property for stated skein

modules. Thang Lê constructed the quantum trace map using the splitting map

[Lê18] (the quantum trace map was originally constructed in [BW11]). The split-

ting map also gives the stated skein algebra of the bigon a comultiplication structure

(it actually has a Hopf algebra structure) [CL22a].

In this section, we prove the splitting map for stated skein modules induces the

splitting map for the representation-reduced stated skein modules. We also show

the splitting map for the representation-reduced stated skein modules is injective

if there exists at least one component of N such that this component and the

boundary of the splitting disk belong to the same component of ∂M .

6.2.1 The splitting map

Let (M,N ) be a marked 3-manifold, and let (D, u) be a pair, where D, called the

splitting disk, is a properly embedded disk in M and u is an embedded oriented

open interval in D. Suppose U(D) is an open regular neighborhood of D such that

U(D) is isomorphic to D × (0, 1) and ∂U(D) = ∂D × (0, 1). Let M ′ =M \ U(D).

Then there exists a projection pr :M ′ →M . Suppose pr−1(u) = u1∪u2, where both
u1 and u2 are oriented open intervals in ∂M ′. Define Cut(D,u)(M,N ) = (M ′,N ′),

where N ′ = N ∪ u1 ∪ u2.

For any stated (M,N )-tangle α, we isotope α such that α ∩ D = α ∩ u and at

each point in α ∩ u the framing of α is given by the the velocity vector of u. Let

s be a map from α ∩ u to {−,+}. We define a stated (M ′,N ′)-tangle α(s) in

the following way: the (M ′,N ′)-tangle is pr−1(α); the states for pr−1(α) ∩ N are

inherited from α; for each point u ∈ α∩u, we state the two endpoints pr−1(u) with

s(u). Then there exists a linear map Θ(D,u) : Sq1/2(M,N ) → Sq1/2(M
′,N ′) such
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that Θ(D,u)(α) =
∑

s:α∩u→{−,+} α(s) [BL20]. When there is no confusion, we can

omit the subscript for Θ(D,u).

Lemma 6.2.1. We have Θ : Sq1/2(M,N ) → Sq1/2(M
′,N ′) behaves well with

respect to the Frobenius map.

Proof. Condition (1) is trivial from the definition of Θ.

Condition (2) is proved in [BL20].

Condition (3): For any disjoint stated (M,N )-tangles α and β, we have

Θ(α · β) = Θ(F(α) ∪ β) = Θ(F(α)) ∪Θ(β) = F(Θ(α)) ∪Θ(β) = Θ(α) ·Θ(β),

where we regard α as an element in S1(M,N ) and regard β as an element in

Sq1/2(M,N ).

Remark 6.2.2. There is a surjective algebra homomorphism Φ : S1(M,N ) →
R2(M,N ), where R2(M,N ) is the coordinate ring of some algebraic set (Thm.

2.2.9). We have KerΦ consists of all nilpotents of S1(M,N ) (Thm. 2.4.19).

Then Φ induces a bijection Φ∗ : MaxSpec(R2(M,N )) → MaxSpec(S1(M,N )).

Proposition 2.2.11 implies there is a surjective map

ν∗ : MaxSpec(R2(M
′,N ′))→ MaxSpec(R2(M,N ))

induced by an algebra homomorphism ν : R2(M,N ) → R2(M
′,N ′). Theorem

2.2.12 shows Φ◦Θ = ν ◦Φ. Thus Θ∗ ◦Φ∗ = Φ∗ ◦ν∗. Then we have Θ∗ is surjective

since Φ∗ is a bijection and ν∗ is surjective.

For any q
1
2 and any ρ ∈ MaxSpec(S1(M

′,N ′)), Lemma 6.1.2 implies that Θ :

Sq1/2(M,N )→ Sq1/2(M
′,N ′) induces a linear map

Θρ : Sq1/2(M,N )Θ∗(ρ) → Sq1/2(M
′,N ′)ρ.

We will call Θρ the splitting map for the representation-reduced stated skein mod-

ule. Suppose ∂D, where D is the splitting disk, is contained in the boundary

component V . In subsection 6.2.4, we will prove Θρ is injective when V ∩N ̸= ∅.



190 6.2. The splitting map for representation-reduced stated skein modules

6.2.2 Gluing the thickening of the marked triangle

Let T denote the marked 3-manifold in the following picture:

e1 e2

e3

Then T is the thickening of T.

For each i = 1, 2, 3, let Di be an embedded disk in ∂T such that the closure of ei

is contained in the interior of Di and there is no intersection among these three

disks. From now on, when we draw T, we may omit all the black lines, that is,

we only draw three red arrows. We also only draw involved markings and stated

tangles when we try to draw stated tangles in marked 3-manifolds.

Let (M,N ) be any marked 3-manifold with ♯N ≥ 2. Suppose e′1, e
′
2 are two com-

ponents of N . For each i = 1, 2, let D′
i be an embedded disk on the boundary of

M such that the intersection between the closure of N and Di is the closure of

ei and the closure of ei is contained in the interior of Di and D1 ∩ D2 = ∅. For

each i = 1, 2, let ϕi : D
′
i → Di be a diffeomorphism such that ϕi(e

′
i) = ei and ϕi

preserves the orientations of ei and e
′
i. We set

Me′1Te′2 = (M ∪ T)/(ϕi(x) = x, x ∈ D′
i, i = 1, 2), Ne′1Te′2 = (N − (e′1 ∪ e′2)) ∪ e3.

Then (Me′1Te′2 ,Ne′1Te′2) is a marked 3-manifold. We use (M,N )e′1Te′2 to denote this

marked 3-manifold.

Then there is a linear isomorphism QFe′1,e
′
2
: Sq1/2(M,N )→ Sq1/2(Me′1Te′2 ,Ne′1Te′2)

[CL22a; Wan23c]. We use ι to denote the obvious embedding from M to Me′1Te′2 .

For any stated (M,N )-tangles, we extend the ends of ι(α) on each ei, i = 1, 2, to

e3 such that the framing of extended parts contained in T is given by the positive

direction of [0, 1] and all the ends on e3 extended from e1 are higher than all the
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ends extended from e2. To be precise, see the following picture:

...

...

i1

ik1

j1

jk2

−→

...

...

i1

ik1

j1

jk2

where the blue lines are parts of stated tangles and the framing in the picture is

given by the red arrows. To simplify notation, we normally omit the subscript for

QFe′1,e
′
2
when there is no confusion.

Lemma 6.2.3. We have QF : Sq1/2(M,N ) → Sq1/2(Me′1Te′2 ,Ne′1Te′2) behaves well

with respect the Frobenius map.

Proof. Condition (1) is trivial from the defintion of the map QF .

Condition (2): We know F(α) = α(N) for any stated arc α. Then the operation of

taking N parallel copies and the operate of QF commute with each other. This

completes the proof for condition (2).

Condition (3): The proof is similar with Lemma 6.2.1.

For any q
1
2 and ρ ∈ MaxSpec(S1(Me′1Te′2 ,Ne′1Te′2)), Lemma 6.1.2 implies QF :

Sq1/2(M,N )→ Sq1/2(Me′1Te′2 ,Ne′1Te′2) induces the linear isomorphism

QFρ : Sq1/2(M,N )QF ∗(ρ) → Sq1/2(Me′1Te′2 ,Ne′1Te′2)ρ.

6.2.3 Adding an extra marking

Let (M,N ) be a marked 3-manifold, and let e be an embedded oriented open

interval in ∂M such that there is no intersection between the closure of e and the

closure of N . Define a new marked 3-manifold (M,N ′), where N ′ = N ∪ e. We
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say (M,N ′) is obtained from (M,N ) by adding one extra marking e. We use

l : (M,N )→ (M,N ′) to denote the obvious embedding.

Let B be the three dimensional solid ball with two markings on its boundary, that

is, B is the thickening of the bigon. We label one marking of B as b.

Lemma 6.2.4. Let (M,N ) be a marked 3-manifold, and let (M,N ′) be obtained

from (M,N ) by adding one extra marking e. Suppose e is contained in the compo-

nent U of ∂M and U ∩N ̸= ∅. Then we have the following results:

(a) For any ρ ∈ MaxSpec(S1(M,N ′)), we have

lρ : Sq1/2(M,N )l∗(ρ) → Sq1/2(M,N ′)ρ

is injective.

(b) For any ρ ∈ MaxSpec(S1(M,N ′)), there exists ρ′ ∈ MaxSpec(S1(B)) such that

Sq1/2(M,N ′)ρ ≃ Sq1/2(M,N )l∗(ρ) ⊗Sq1/2(B)ρ′ .

Especially, we have

dimCSq1/2(M,N ′)ρ = N3dimCSq1/2(M,N )l∗(ρ).

Proof. This Lemma is implied by Theorem 6.10 in [Wan23c] since all the maps in

Theorem 6.10 in [Wan23c] behave well with respect to the Frobenius map as shown

in Lemmas 6.1.3, 6.2.3.

From Theorem 4.10 in [Wan23b], we know dimCSq1/2(B)ρ′ = N3. So we have

dimCSq1/2(M,N ′)ρ = N3dimCSq1/2(M,N )l∗(ρ).

6.2.4 Injectivity for the splitting map

In this subsection we will show the splitting map for the representation-reduced

stated skein modules is injective when the boundary component of the 3-manifold,

containing the boundary of the splitting disk, contains at least one marking.
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We define c+(q
1
2 ) = q

1
2 and c−(q

1
2 ) = −(q 1

2 )5. We define a map · : {−,+} →
{−,+} such that + = − and − = +. Note that c+(q

1
2 )N = c+(1) and c−(q

1
2 )N =

c−(1).

We use H̄ to denote the negative half-twist for parallel strands, please see Figure

6.1.

Figure 6.1: The negative half-twist for four strands.

Lemma 6.2.5. ([LS21]) Let (M,N ) be a marked 3-manifold, and e be a component

of N . Then there is a linear isomorphism he : Sq1/2(M,N )→ Sq1/2(M,N ) given

by

he


...

i1

i2

ik

 =

(
1∏k

j=1 cij(q
1
2 )

)
· ...

...

ik

i2

i1

H̄

where ij ∈ {−,+}, for 1 ≤ j ≤ k, and the thick line with an arrow is a part of the

marking e.

Lemma 6.2.6. Let (M,N ) be a marked 3-manifold, and e be a component of N .

We have he : Sq1/2(M,N )→ Sq1/2(M,N ) behaves well with respect the Frobenius

map.

Proof. Condition (1) is trivial.

Condition (2): We use iN to denoteN parallel copies of the corresponding

stated arc (they have the same state). Thus F( i ) = iN . We

use ...

...

N

N

N

H̄ to denote the picture obtained from parallel strands by first

taking the negative half-twist and then taking N parallel copies of each strand. We

use N H̄ to denote the picture obtained from N parallel strands by taking

the negative half-twist.
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We have

he ◦ F


...

i1

i2

ik

 =he


...

i1

i2

ik

N

N

N



=

(
1∏k

j=1 cij(q
1
2 )N

)
· ...

...

ik

i2

i1

N H̄

H̄

H̄N

N

H̄

=

(
1∏k

j=1 cij(1)

)
· ...

...

ik

i2

i1

N

N

N

H̄ ,

where the last equality is because of relations (1.2) and (1.5).

F ◦ he


...

i1

i2

ik

 =

(
1∏k

j=1 cij(1)

)
·F

 ...

...

ik

i2

i1

H̄



=

(
1∏k

j=1 cij(1)

)
· ...

...

ik

i2

i1

N

N

N

H̄ .

Condition (3): The proof is similar with the proof for Condition (2).

For any q
1
2 and ρ ∈ MaxSpec(S1(M,N )), Lemma 6.1.2 implies

he : Sq1/2(M,N )→ Sq1/2(M,N )

induces the linear isomorphism

(he)ρ : Sq1/2(M,N )(he)∗(ρ) → Sq1/2(M,N )ρ.
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Let (M,N ) be a marked 3-manifold, let D be a properly embedded disk inM , and

let u be an embedded oriented open interval in D. Then Cut(D,u)(M,N ) has two

copies of u, denoted them as u1, u2. Suppose N ′ is obtained from N by adding one

extra marking e such that e and ∂D belong to the same component of ∂M . We

use l : (M,N ) → (M,N ′) to denote the obvious embedding. We have (M,N ′) is

isomorphic to (Cut(D,u)(M,N ))u1Tu2 .

Lemma 6.2.7. There exists an isomorphism φ : (M,N ′)→ (Cut(D,u)(M,N ))u1Tu2

such that

QFu1,u2 ◦ hu2 ◦Θ(D,u) = φ∗ ◦ l∗.

Proof. Proposition 6.3 in [Wan23c].

Theorem 6.2.8. Let (M,N ) be a marked 3-manifold, let D be a properly em-

bedded disk in M , and let u be an embedded oriented open interval in D. Sup-

pose the component V of ∂M contains ∂D and V ∩ N ≠ ∅. Then, for any

ρ ∈ MaxSpec(S1(Cut(D,u)(M,N ))), we have

Θρ : Sq1/2(M,N )Θ∗(ρ) → Sq1/2(Cut(D,u)(M,N ))ρ

is injective.

Proof. Here we use the notations in Lemma 6.2.7. Suppose

ρ′ ∈ MaxSpec(S1((Cut(D,u)(M,N ))u1Tu2)).

Lemmas 6.1.3, 6.2.1, 6.2.3 and 6.2.7 imply

(QFu1,u2)ρ′ ◦ (hu2)QF ∗(ρ′) ◦ (Θ(D,u))(hu2 )
∗(QF ∗(ρ′)) = φρ′ ◦ lφ∗(ρ).

Since (QFu1,u2)ρ′ , (hu2)QF ∗(ρ′) , φρ′ are all linear isomorphisms, we have

Ker((Θ(D,u))(hu2 )
∗(QF ∗(ρ′))) = Ker(lφ∗(ρ)).

Lemma 6.2.4 implies Ker(Θ(D,u))(hu2 )
∗(QF ∗(ρ′))) = Ker(lφ∗(ρ)) = 0. This completes

the proof because both (hu2)
∗ and QF ∗ are bijections.



196 6.3. Geometric stated skein

Remark 6.2.9. When the marking set is empty, we expect the splitting map for

the representation-reduced stated module is injective if M is the thickening of an

oriented surface.

6.3 Geometric stated skein

Let M be an oriented connected closed 3-manifold. Recall that, for any positive

integer k, we use Mk to denote the marked 3-manifold obtained from M by re-

moving k open three dimensional balls and adding one marking to each newly

created sphere boundary component. Then Mk is defined up to isomorphism. In

this section, we will show dimCSq1/2(Mk)ρ = 1 for any ρ ∈ MaxSpec(S1(Mk)).

We use Hg to denote the genus g handlebody. For any positive integer k, we use

Hg,k to denote the marked 3-manifold obtained from Hg by adding k markings on

∂Hg. Then Hg,k is defined up to isomorphism. We use Nk to denote the union of

all the markings in Hg,k, and use Nk to denote the closure of Nk. To simplify the

notation, we will use H to denote Hg,k in this section.

For each marking e of H, we can regard its closure ē as an embedding from [0, 1] to

∂Hg. We choose an embedded disk De (respectively D
′
e) in ∂Hg such that ē ⊂ De

(respectively ē ⊂ D′
e) and ē ∩ ∂De = ē(0) (respectively ē ∩ ∂D′

e = ē(1)). We

also require there is no intersection among De (or D
′
e). Then ∂−(H) (respectively

∂+(H)) is obtained from ∂Hg by removing the interior of all De (respectively D
′
e),

please refer to Figures 6.2 and 6.3. ∂−(H) (respectively ∂+(H)) is a marked surface

with marked points ∂−(H) ∩Nk (respectively ∂+(H) ∩Nk).

Then Sq1/2(∂−(H)) has a right action on Sq1/2(H), and Sq1/2(∂+(H)) has a left

action on Sq1/2(H).

We use Σg to denote the closed surface of genus g. For any positive integer k, we

use Σg,k to denote the marked surface obtained from Σg by removing k open disks

and equipping each newly created boundary component with one marked point.

To simplify the notation, we will use Σ to denote Σg,k in this section. We have

Σ ≃ ∂+(H) ≃ ∂−(H). Then any isomorphism f : Σ→ ∂+(H) induces a left action

of Sq1/2(Σ) on Sq1/2(H). Similarly, any isomorphism g : Σ → ∂−(H) induces a

right action of Sq1/2(Σ) on Sq1/2(H).
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Figure 6.2: The picture is for H, where g = 4 and k = 2. The gray disks are
embedded disks in the boundary of the handlebody. The red arrows contained in
the gray disks are markings. The sub-surface of ∂Hg colored by blue is denoted
as ∂−(H) (as a surface, ∂−(H) is obtained from ∂Hg by removing k open disks).
It is a marked surface with marked points ∂−(H) ∩Nk.

Figure 6.3: The picture is for H, where g = 4 and k = 2. The gray disks are
embedded disks in the boundary of the handlebody. The red arrows contained in
the gray disks are markings. The sub-surface of ∂Hg colored by blue is denoted
as ∂+(H) (as a surface, ∂+(H) is obtained from ∂Hg by removing k open disks).
It is a marked surface with marked points ∂+(H) ∩Nk.

We know there is an injective algebra homomorphism F : S1(Σ) → Sq1/2(Σ).

From [Yu23], we know ImF is the center of Sq1/2(Σ).

Let θ : Sq1/2(Σ) → End(V ) be an irreducible representation of Sq1/2(Σ). Then θ

induces an algebra homomorphism εθ : S1(Σ)→ C such that εθ(x)IdV = θ(F(x))
for any x ∈ S1(Σ). We will call εθ the classical shadow of θ. Then the Azumaya

locus A(Sq1/2(Σ)) of Sq1/2(Σ) is defined to be

A(Sq1/2(Σ)) = {ρ ∈ MaxSpec(S1(Σ)) | there exists a unique

irreducible representation θ of Sq1/2(Σ) such that εθ = ρ}.

An irreducible representation of Sq1/2(Σ) is called an Azumaya representation

if its classical shadow lives in the Azumaya locus of Sq1/2(Σ).
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Since ImF is the center of Sq1/2(Σ), the PI-dimension of Sq1/2(Σ) is equal to the

square root of the rank of Sq1/2(Σ) over S1(Σ). From [Wan23a; Yu23], we know the

PI-dimension of Sq1/2(Σ) is N
3(g+k−1). For any positive integer n, we use Matn(C)

to denote the algebra of all n by n complex matrices. Then

A(Sq1/2(Σ)) ={ρ ∈ MaxSpec(S1(Σ)) |

Sq1/2(Σ)ρ ≃ Matn(C), where n = N3(g+k−1)}.

Suppose ρ ∈ MaxSpec(S1(H)) and f is an isomorphism from Σ to ∂+(H). It is

easy to show that the left action of Sq1/2(Σ) (induced by f) on Sq1/2(H) reduces

to a left action of Sq1/2(Σ) on Sq1/2(H)ρ.

We can regard ∂+(H) × [0, 1] as a closed regular neighborhood of ∂+(H). We

use L to denote the embedding from ∂+(H) × [0, 1] to H. Then L induces an

algebra homomorphism L∗ : S1(∂+(H)) → S1(H). Then L∗ induces a map L∗ :

MaxSpec(S1(H))→ MaxSpec(S1(∂+(H))).

Any isomorphism f : Σ → ∂+(H) induces an isomorphism from Σ × [0, 1] to

∂+(H)× [0, 1], which is still denoted as f .

In the following theorem, we prove Sq1/2(H)ρ is an Azumaya representation for

Sq1/2(Σ). This generalizes Theorem 12.1 in [FKL23] (they prove a parallel result

for the non-stated case) to the stated case.

For any marked point p of Σ, we define a curve α(p) as in Figure 6.4.

Figure 6.4: The circle is one of the boundary components of Σ, the black dot
is the marked point p on this boundary component. The red curve is α(p).

Theorem 6.3.1. Let k be a positive integer, let ρ ∈ MaxSpec(S1(H)), and let f

be an isomorphism from Σ to ∂+(H). Then we have the followings:

(a) L∗(ρ) ∈ A(Sq1/2(∂+(H))).
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(b) Sq1/2(H)ρ is an irreducible representation of Sq1/2(Σ) whose classical shadow

is f ∗(L∗(ρ)). Meanwhile, this irreducible representation is an Azumaya represen-

tation.

Proof. (a) For each marked point p of Σ, we have L(f(α(p))) is trivial in Hg (that

is, it bounds an embedded disk in Hg). Then, for any ρ ∈ MaxSpec(S1(H)),

Theorem 8.1 in [KK23] shows

L∗(ρ) ∈ A(Sq1/2(∂+(H))).

(b) From the above discussion, we know Sq1/2(Σ) has a left action on Sq1/2(H)ρ

(induced by f). For any stated tangle α in Σ × [0, 1] and any stated tangle β in

H, we have

F(α) · (β ⊗ 1) =(L∗(f∗(F(α))) ∪ β)⊗ 1 = (F(L∗(f∗(α))) ∪ β)⊗ 1

=(L∗(f∗(α)) · β)⊗ 1 = β ⊗ L∗(f∗(α)) · 1 = ρ(L∗(f∗(α)))β ⊗ 1,

where we regard α as an element in S1(Σ) and regard β as an element in Sq1/2(H).

Then the classical shadow of the representation Sq1/2(H)ρ (as a representation of

Sq1/2(Σ)) is f ∗(L∗(ρ)). Thus this representation reduces to a representation of

Sq1/2(Σ)f∗(L∗(ρ)). We have Sq1/2(Σ)f∗(L∗(ρ)) ≃ MatN3(g+k−1)(C) because L∗(ρ) ∈
A(Sq1/2(∂+(H))) and f is an isomorphism. From Theorem 4.10 in [Wan23b], we

know dimCSq1/2(H)ρ = N3(g+k−1). Then Sq1/2(H)ρ is an irreducible representation

of Sq1/2(Σ)f∗(L∗(ρ)). This completes the proof.

To distinguish two copies of H. We use H+ and H− to denote them (that is

H+ = H− = H, but we denote these two copies with different notations). We also

use ∂H+ to denote ∂+(H) and use ∂H− to denote ∂−(H).

We suppose H has a fixed orientation, and the orientations of ∂+(H) and ∂−(H)

are inherited from H. Let f be an isomorphism from Σ to ∂+(H), and let g be an

isomorphism from Σ to ∂−(H). Then f ◦ g−1 is an isomorphism from ∂H− to ∂H+

(here we require f ◦ g−1 is an orientation reversing isomorphism).

We use H− ∪f◦g−1 H+ to denote (H− ∪ H+)/(x = f(g−1(x)), x ∈ ∂H−). Then

H− ∪f◦g−1 H+ is a marked 3-manifold. Actually, there exists an oriented closed
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3-manifold M such that Mk is isomorhic to H− ∪f◦g−1 H+. Meanwhile, for any

oriented connected closed 3-manifold M and any positive integer k, there exist

a non-negative integer g and isomorphisms f : Σ → ∂+(H) = ∂H+, g : Σ →
∂−(H) = ∂H− such that H− ∪f◦g−1 H+ is isomorphic to Mk.

We use L+ (respectively L−) to denote the obvious embedding from H+ (respec-

tively H−) to H−∪f◦g−1H+. Then we have L+ ◦f = L− ◦g, which is an embedding

from Σ to H− ∪f◦g−1 H+. Then L+ ◦ f induces an algebra homomorphism

(L+ ◦ f)∗ = (L+)∗ ◦ f∗ : S1(Σ)→ S1(H
− ∪f◦g−1 H+).

It further induces a map

(L+ ◦ f)∗ = f ∗ ◦ (L+)
∗ : MaxSpec(S1(H

− ∪f◦g−1 H+))→ MaxSpec(S1(Σ)).

Suppose R is a commutative unital ring, U and V are two R-modules, and I is

an ideal of R. We state the following results for classical module theory without

giving proofs.

We have U ⊗R R/I ≃
U

I ·U
as R-modules. (6.2)

We have U ⊗R V ≃
U

I ·U
⊗R/I V as R-modules if I ·V = 0. (6.3)

Theorem 6.3.2. Let k be a positive integr, let f (respectively g) be an isomor-

phism from Σ to ∂H+ (respectively ∂H−) such that f ◦ g−1 is orientation reversing

isomorphism, and let ρ ∈ MaxSpec(S1(H
− ∪f◦g−1 H+)). Then we have the follow-

ings:

(a) (L+ ◦ f)∗(ρ) ∈ A(Sq1/2(Σ))

(b) dimCSq1/2(H
− ∪f◦g−1 H+)ρ = 1.

Proof. (a) The proof is similar with the proof for (a) in Theorem 6.3.1. Theorem

8.1 in [KK23] shows

(L+ ◦ f)∗(ρ) ∈ A(Sq1/2(Σ)),

for any ρ ∈ MaxSpec(S1(H
− ∪f◦g−1 H+)).
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(b) We will also regard f (respectively g) as an embedding from Σ to H+ (respec-

tivelyH−). Here we use a technique used in page 48 in [FKL23]. We know Sq1/2(Σ)

has a left (respectively right) action on Sq1/2(H
+) (respectively Sq1/2(H

−)). From

Theorem 6.5 in [CL22a], we have

Sq1/2(H
−)⊗S

q1/2
(Σ) Sq1/2(H

+) ≃ Sq1/2(H
− ∪f◦g−1 H+). (6.4)

This isomorphism is given by sending α ⊗S
q1/2

(Σ) β to L−(α) ∪ L+(β), where α

(respectively β) is a stated tangle in H− (respectively H+).

The surjective algebra homomorphism f∗ : S1(Σ)→ S1(H
+) induces an action of

S1(Σ) on Sq1/2(H
+). For any ρ′ ∈ MaxSpec(S1(H

+)), we have

Ker(ρ′) · Sq1/2(H
+) = Ker(ρ′ ◦ f∗) · Sq1/2(H

+) (6.5)

because f∗ : S1(Σ)→ S1(H
+) is surjective. We have the similar discussion for H−

and H−∪f◦g−1 H+. From the isomorphism between Sq1/2(H
−)⊗S

q1/2
(Σ) Sq1/2(H

+)

and Sq1/2(H
−∪f◦g−1H+), we have S1(Σ) also acts on Sq1/2(H

−)⊗S
q1/2

(Σ)Sq1/2(H
+).

The action is given by

α · (β1 ⊗S
q1/2

(Σ) β2) = α · β1 ⊗S
q1/2

(Σ) β2 = β1 ⊗S
q1/2

(Σ) α · β2, (6.6)

where α ∈ S1(Σ), β1 ∈ Sq1/2(H
−) and β2 ∈ Sq1/2(H

+).

Then we have

Sq1/2(H
− ∪f◦g−1 H+)ρ ≃

Sq1/2(H
− ∪f◦g−1 H+)

Ker(ρ) · Sq1/2(H
− ∪f◦g−1 H+)

≃
Sq1/2(H

− ∪f◦g−1 H+)

Ker((L+ ◦ f)∗(ρ)) · Sq1/2(H
+ ∪f◦g−1 H−)

≃
Sq1/2(H

−)⊗S
q1/2

(Σ) Sq1/2(H
+)

Ker((L+ ◦ f)∗(ρ)) ·
(
Sq1/2(H

−)⊗S
q1/2

(Σ) Sq1/2(H
+)
)

≃
(
Sq1/2(H

−)⊗S
q1/2

(Σ) Sq1/2(H
+)
)
⊗S1(Σ)

S1(Σ)

Ker((L+ ◦ f)∗(ρ))

≃Sq1/2(H
−)⊗S

q1/2
(Σ)

(
Sq1/2(H

+)⊗S1(Σ)
S1(Σ)

Ker((L+ ◦ f)∗(ρ))
)

≃Sq1/2(H
−)⊗S

q1/2
(Σ)

( Sq1/2(H
+)

Ker((L+ ◦ f)∗(ρ)) · Sq1/2(H
+)

)
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≃Sq1/2(H
−)⊗S

q1/2
(Σ)

( Sq1/2(H
+)

Ker((L+)∗(ρ)) · Sq1/2(H
+)

)
≃Sq1/2(H

−)⊗S
q1/2

(Σ) Sq1/2(H
+)(L+)∗(ρ)

≃Sq1/2(H
−)(L−)∗(ρ) ⊗S

q1/2
(Σ)(L+◦f)∗(ρ) Sq1/2(H

+)(L+)∗(ρ),

where the first and the eighth isomorphisms come from definitions, the second

and the seventh isomorphisms come from equation (6.5) (or a similar discussion),

the third isomorphism comes from (6.4), the fourth and the sixth isomorphisms

come from equation (6.2), the fifth isomorphism comes from equation (6.6), the

last isomorphism comes from equation (6.3). From (a), we know (L+ ◦ f)∗(ρ) ∈
A(Sq1/2(Σ)). Then Theorem 6.3.1 implies that

Sq1/2(H
−)(L−)∗(ρ) ⊗S

q1/2
(Σ)(L+◦f)∗(ρ) Sq1/2(H

+)(L+)∗(ρ) ≃ Cd ⊗Matd(C) C
d ≃ C,

where d = 3(g + k − 1).

The following Theorem generalizes Theorem 12.2 in [FKL23] (they proved a parallel

result for the non-stated case) to the stated case. But, for the non-stated case, we

have restrictions for ρ.

Theorem 6.3.3. Let M be any oriented connected closed 3-manifold, and let k be

any positive integer. For any ρ ∈ MaxSpec(S1(Mk)), we have dimCSq1/2(Mk)ρ = 1.

Proof. Since Mk is isomorphic to some H− ∪f◦g−1 H+, Theorem 6.3.2 implies the

Theorem.

Corollary 6.3.4. Suppose n is a positive integer. For each 1 ≤ i ≤ n, let M(i) be

an oriented connected closed 3-manifold, and let ki be a positive integer. For any

ρ ∈ MaxSpec(S1(∪1≤i≤nM(i)ki)), we have dimCSq1/2(∪1≤i≤nM(i)ki)ρ = 1.

Proof. Equation (6.1) and Theorem 6.3.3.



Chapter 7

The Volume Conjecture from the

skein algebra perspective

This chapter is based on the author’s work in [Wan25a]. We will discuss the

Volume Conjecture of Bonahon, Wong, and Yang [BWY21; BWY22], which they

formulated using surface diffeomorphisms and intertwiners between irreducible rep-

resentations of the skein algebra. Specifically, we will compute these intertwiners

for the case of a closed torus and examine their traces (Lem. 7.3.4, Thm. 7.3.5, and

7.3.11). We will also consider cases where the surface diffeomorphism is periodic

(Conj. 7.4.4, Thm. 7.4.5, and 7.4.12).

To align with the terminology in [Wan25a], we introduce new notations for the

Kauffman bracket skein algebra and the SL2-character variety in this chapter.

7.1 Preliminaries

7.1.1 The SL2(C) character variety and the Kauffman bracket

skein algebra

Let S be an oriented surface of finite type. The corresponding character variety

XSL2(C)(S) = Hom(π1(S), SL2(C))//SL2(C)

203
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is the set of the group homomorphisms from the fundamental group of S to SL2(C)
with the equivalence relation that two homomorphisms are equivalent if and only

if they have the same character (see equation (1.1)).

The Kauffman bracket skein algebra SKq1/2(S) of a surface S, as a vector space

over the complex field C, is generated by all isotopic framed links in S × [0, 1],

subject to the skein relation:

K1 = q−1/2K∞ + q1/2K0,

where K1, K∞, K0 are three links that differ in a small neighborhood as shown in

Figure 7.1, and the trivial knot relation: K
∐
⃝ = −(q + q−1)K where ⃝ is a

simple knot bounding a disk that has no intersection with K. For any two links

[L1], [L2], the multiplication [L1][L2] is defined by stacking L2 above L1. Here q
1/2

is a nonzero complex number. The skein algebra SKq1/2(S) is a quantization for

the regular ring of the character variety XSL2(C)(S) [Bul97].

�1 �∞�0

Figure 7.1: The Kauffman bracket skein relation.

7.1.2 Classical shadow and Unicity theorem

We recall some notations and constructions for the classical shadow [BW16a].

When q is a primitive n-root of unity with n odd and (q1/2)n = −1, Bonahon
and Wong found a fascinating algebra homomorphism T q1/2 from SK−1(S) to

SKq1/2(S), called the Chebyshev homomorphism. Bonahon and Wong proved that

Im(T q1/2) is contained in the center of SKq1/2(S). If K is a simple knot with verti-

cal framing, then T q1/2([K]) = Tn([K]) where Tn is the n-th Chebyshev polynomial

of the first type.

Let ρ : SKq1/2(S) → End(V ) be an irreducible representation of SKq1/2(S). Then

there exists an algebra homomorphism κρ from SK−1(S) to C such that ρ ◦
T q1/2(X) = κρ(X)IdV for any X in SK−1(S). According to [Bul97], there ex-

ists a unique character [γ] ∈ XSL2(C)(S) such that Trγ = κρ. Recall that Tr
γ is an
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algebra homomorphism from SK−1(S) to C defined by Trγ([K]) = −Traceγ(K)

where [K] is a simple knot. For every puncture v, we use Pv to denote the loop go-

ing around this puncture. There is a complex number pv such that ρ([Pv]) = pvIdV .

Then an irreducible representation of SKq1/2(S) gives a character [γ], called the

classical shadow of this irreducible representation, and puncture weights {pv}v,
with the relation that −Traceγ(αv) = Tn(pv) where αv denotes the element in the

fundamental group of S going around the puncture v.

Theorem 7.1.1 ([BW16a; BW17; BW19; BWY21]). Let q be a primitive n-root

of unity with n odd, and (q1/2)n = −1. Then an irreducible representation ρ :

SKq1/2 → End(V ) uniquely determines:

(1) a character [γ] ∈ XSL2(C)(S), represented by a group homomorphism γ : π1(S)→
SL2(C);

(2) a weight pv associated to each puncture v of S such that Tn(pv) = −Traceγ(αv).

Conversely, every data of a character γ ∈ XSL2(C)(S) and of puncture weights

pv ∈ C satisfying the above condition is realized by an irreducible representation

ρ : SKq1/2(S)→ End(V ).

It turns out that every character in an open dense subset of XSL2(C)(S) corresponds

to a unique irreducible representation of the skein algebra.

Theorem 7.1.2 ([BWY21; FKL19; GJS24]). Suppose that [γ] is in the smooth part

of XSL2(C)(S) or, equivalently, that it is realized by an irreducible homomorphism γ :

π1(S) → SL2(C). Then the irreducible representation ρ : SKq1/2(S) → End(V ) in

Theorem 7.1.1 is unique up to isomorphism of representations. This representation

has dimension dimV = n3g+p−3 if S has genus g and p punctures.

7.1.3 Volume conjecture for surface diffeomorphisms

Bonahon-Wong-Yang constructed the so called Kauffman bracket intertwiners [BWY21;

BWY22]. They used these intertwiners to formulate the volume conjecture for

surface diffeomorphisms. Here we recall their construction for Kauffman bracket

intertwiners.
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For a surface S, let φ be a diffeomorphism of S. Obviously φ induces an isomor-

phism φ∗ from π1(S) to π1(S). Then φ∗ induces an action on XSL2(C)(S) defined

by φ∗([γ]) = [γφ∗] where γ is a representative for [γ]. Although φ∗ is only defined

up to conjugation, we have φ∗ is well-defined. Actually the mapping class group

Mod(S) acts on XSL2(C)(S). We say an element [γ] ∈ XSL2(C)(S) is invariant under

a diffeomorphism φ, or the element it represents in Mod(S), if φ∗([γ]) = [γ].

The algebra isomorphism induced by φ from SKq1/2(S) to itself is defined by

φ♯([K]) = [φ × Id[0,1](K)] where K is a framed link in S × [0, 1]. Actually the

mapping class group Mod(S) acts on SKq1/2(S).

Let φ be any diffeomorphism for surface S, and let [γ] ∈ XSL2(C)(S) be a φ-

invariant smooth character. For each puncture v, select a complex number θv

such that Traceγ(αv) = −eθv − e−θv . Since [γ] is φ-invariant, we can choose

θv to be φ-invariant, that is, θv = θφ(v). Then set pv = e
θv
n + e−

θv
n , we have

Tn(pv) = −Trace(αv) and {pv}v are invariant under the action of φ. Suppose ρ

is an irreducible representation associated to [γ] and puncture weights pv. Then

ρ ◦ φ♯ is also an irreducible representation associated to [γ] and puncture weights

pv. By the unicity theorem, we know there exists an intertwiner Λq
φ,γ such that

ρ ◦ φ♯(X) = Λq
φ,γ ◦ ρ(X) ◦ (Λq

φ,γ)
−1

for every X ∈ SKq1/2(S). We normalize the intertwiner such that |det(Λq
φ,γ)| = 1.

Conjecture 7.1.3 ([BWY21; BWY22]). Let the pseudo-Anosov surface diffeo-

morphism φ : S → S, the φ-invariant smooth character [γ] ∈ XSL2(C)(S) and the

φ-invariant puncture weights pv as above be given. For every odd n, consider the

primitive n-root of unity qn = e2πi/n and choose (qn)
1/2 = eπi/n. Then

lim
n odd→∞

1

n
log |TraceΛqn

φ,γ| =
1

4π
volhyp(Mφ),

where volhyp(Mφ) is the volume of the complete hyperbolic metric of the mapping

torus Mφ.
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7.1.4 Ideal triangulation and intertwiners obtained from

Chekhov-Fock algebras

Let S be an oriented surface with punctures, and let τ = {e1, · · · , em} be an ideal

triangulation for S, where e1, · · · , em are non-isotopic disjoint embedded arcs in

S connecting punctures such that all these arcs cut S into triangles. We call

e1, · · · , em the edges of τ . An edge weight system for τ is an m-tuple, a =

(a1, · · · , am), where ai is a nonzero complex number for each 1 ≤ i ≤ m. The

pair (τ, a) determines a character [γ] in XPSL2(C)(S), please refer to section 8 in

[BL07] or section 3 in [BWY21] for more details.

For each ideal triangulation τ , there is a Chekhov-Fock algebra T q
τ corresponding to

τ , where q is a nonzero complex number. As an algebra over C, the Chekhov-Fock
algebra T q

τ is generated by X±1
1 , X±1

2 , . . . , X±1
m subject to the relations:

XiX
−1
i = X−1

i Xi = 1, XiXj = q2σijXjXi.

Each Xi is associated to the i-th edge in the ideal triangulation τ , and σij is an

integer determined by τ , see [BL07; BW11; Liu09] for more details. If we replace

q with q
1
4 , we get the so called Chekhov-Fock square root algebra T q

1
4

τ . It is well

known that T q
τ is an Ore domain. We will use T̂ q

τ to denote the ring of fractions

of T q
τ (that is the localization over all nonzero elements).

Let τ, τ
′
be any two ideal triangulations for S. Then there is an algebra isomor-

phism Φq

ττ ′
: T̂ q

τ ′
→ T̂ q

τ , called be the Chekhov-Fock coordinate change isomorphism

[Liu09].

For an ideal triangulation τ , there are two operations. (1) Reindexing: obtain a

new ideal triangulation τ
′
by reindexing all the edges in τ . (2) Diagonal exchange:

for any 1 ≤ i ≤ m, define a new ideal triangulation τ
′
= {e′1, · · · , e

′
m}, where

e
′
j = ej for every j ̸= i and e

′
i is the other diagonal of the square formed by the two

faces of τ that are adjacent to ei.

Let τ be an ideal triangulation, let a = (a1, · · · , am) be an edge weight system for

τ . Suppose τ
′
= {e′1, · · · , e

′
m} is obtained from τ by reindexing such that e

′
i = eσ(i)

for 1 ≤ i ≤ m, where σ is a permutation for {1, · · · ,m}. Then we define an edge

weight system a
′
= (a

′
1, · · · , a

′
m) for τ

′
by setting a

′
i = aσ(i) for 1 ≤ i ≤ m. If τ

′
is

obtained from τ by the diagonal exchange, we define an edge weight system a
′
for τ

′
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using formulas in Proposition 3 in [Liu09]. We will say a
′
is an edge weight system

for τ
′
derived from the pair (τ, a). Then (τ

′
, a

′
) determines the same character in

XPSL2(C)(S) as (τ, a) [BL07; BWY21].

A sequence of ideal triangulations τ (0), τ (1), . . . , τ (k) is called an ideal triangulation

sweep if, for each 1 ≤ i ≤ k − 1, we have τ (i+1) is obtained from τ (i) by reindexing

or the diagonal exchange. A sequence of edge weight systems a(0), a(1), · · · , a(k) is
called an edge weight system sweep for the ideal triangulation sweep τ (0), τ (1), . . . , τ (k),

if the edge weight system a(i+1) for τ (i+1) is derived from (τ (i), a(i)) for each 0 ≤
i ≤ k − 1. Note that the sequence a(0), a(1), · · · , a(k) is completely determined by

a(0). If in addition a(0) = a(k), we call the sequence a(0), a(1), · · · , a(k) a periodic

edge weight system for the ideal triangulation sweep τ (0), τ (1), . . . , τ (k).

Suppose q is a primitive n-root of unity with n odd. Let φ be an orientation pre-

serving diffeomorphism for surface S, and let τ = τ (0), τ (1), . . . , τ (k) = φ(τ) be an

ideal triangulation sweep. Suppose a = a(0), a(1), . . . , a(k) = a is a periodic edge

weight system for τ (0), τ (1), . . . , τ (k) (the existence of the periodic edge weight sys-

tem is guaranteed by Lemma 11 in [BWY21]), which defines a φ-invariant character

[γ] ∈ XPSL2(C)(S). Then, for each puncture v, we can choose a nonzero complex

number hv such that hv = hφ(v) for every puncture v and (hv)
n = ai1ai2 . . . aij

for every puncture v adjacent to the edges ei1 , ei2 , . . . , eij . From Proposition 13

in [BWY21], we know a and puncture weights hv uniquely determine an irre-

ducible representation ρ : T q
τ → End(V ) for the Chekhov-Fock algebra T q

τ such

that ρ(Xn
i ) = ai for 1 ≤ i ≤ m and ρ(Hv) = hv for each puncture v, where Hv is

a central element in T q
τ associated to each puncture v. Let Φq

τφ(τ) : T̂
q
φ(τ) → T̂ q

τ be

the Chekhov-Fock coordinate change isomorphism, and let Ψq
φ(τ)τ : T̂ q

τ → T̂
q
φ(τ) be

the algebra isomorphism induced by φ. Then ρ ≃ ρ◦Φq
τφ(τ) ◦Ψ

q
φ(τ)τ , so there exists

an intertwiner Λ
q

φ,γ such that

ρ ◦ Φq
τφ(τ) ◦Ψ

q
φ(τ)τ (X) = Λ

q

φ,γ ◦ ρ(X) ◦ (Λq

φ,γ)
−1

for every X ∈ T q
τ .

Under certain conditions, the trace of intertwiners obtained from Chekhov-Fock

algebras equals the trace of intertwiners obtained from skein algebras, see Theorem

16 in [BWY21]. We will use this equality to calculate the trace of intertwiners

obtained from skein algebras for the once punctured torus in section 7.4.
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From now on, we will always assume q1/2 is a primitive n-root of −1 with n odd.

7.2 Irreducible representation construction for SKq1/2(T
2)

and SKq1/2(S1,1)

In order to get Kauffman bracket intertwiners, we want to find the explicit irre-

ducible representations associated to given characters and puncture weights. Here

we construct irreducible representations for skein algebras of the closed torus T 2

and the once punctured torus S1,1. In section 7.3, we will use these irreducible

representations to calculate intertwiners for the closed torus.

7.2.1 An algebraic embedding for SKq1/2(T
2)

Let C[X±1, Y ±1]q1/2 be the algebra generated by X,X−1, Y, Y −1, subject to the

relations XY = qY X,XX−1 = X−1X = 1, Y Y −1 = Y −1Y = 1. Frohman-Gelca

built an algebraic embedding [FG00]:

Gq1/2 : SKq1/2(T
2)→ C[X±1, Y ±1]q1/2

(a, b)T 7→ θ(a,b) + θ(−a,−b),

where (a, b)T is the simple link associated to two integers a, b, and θ(a,b) = q−ab/2XaY b.

If gcd(a, b) = 1 (with the convention that gcd(±1, 0) = gcd(0,±1) = 1), then

(a, b)T is represented by the simple knot (a, b) in R2/Z2 with vertical framing. If

gcd(a, b) = k and a = a
′
k, b = b

′
k, then (a, b)T = Tk((a

′
, b

′
)) where Tk is the k-th

Chebyshev polynomial of the first type. We have θ(a,b)θ(c,d) = q

1/2

a b

c d


θ(a+c,b+d),

and (θ(a,b))
−1 = θ(−a,−b). Since θ(a,b) + θ(−a,−b) = q−ab/2(XaY b + X−aY −b), then

ImGq1/2 = span < XaY b +X−aY −b|(a, b) ∈ Z× Z >.

Let Tq1/2 be the Chebyshev homomorphism from the skein algebra SK−1(T
2) to

SKq1/2(T
2) defined in [BW16a], and let Fq1/2 : C[X±1, Y ±1]−1 → C[X±1, Y ±1]q1/2

defined by X 7→ Xn, Y 7→ Y n. It is easy to check that we have Fq1/2G−1 =

Gq1/2Tq1/2 .
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7.2.2 Irreducible representations for SKq1/2(T
2)

Bonahon-Liu described the irreducible representations of C[X±1, Y ±1]q1/2 [BL07].

Let V denote the n-dimensional vector space over the complex field with basis

e0, e1, . . . , en−1, and let u, v be any two nonzero complex numbers. Set ρu,v(X)ei =

uqiei, ρu,v(Y )ei = vei+1, where the indices are considered modulo n, then ρu,v is

an irreducible representation. Any irreducible representation of C[X±, Y ±]q1/2 is

isomorphic to a representation ρu,v, and ρu,v ≃ ρu′ ,v′ if and only if un = (u
′
)n, vn =

(v
′
)n.

It is well-known that π1(T
2) = Z⊕ Z = Zα⊕ Zβ where α = (1, 0) and β = (0, 1).

For any [γ] ∈ XSL2(C)(T
2), we have [γ] has a representative γ such that γ(α)=(

λ1 0

0 λ−1
1

)
and γ(β)=

(
λ2 0

0 λ−1
2

)
because π1(T

2) is commutative.

For any given character [γ] ∈ XSL2(C)(T
2), the following Theorem offers a repre-

sentation of SKq1/2(T
2) whose classical shadow is [γ]. For this Theorem, we use

the fact that ab + a + b ≡ gcd(a, b) (mod 2) for any two integers a, b (recall that

gcd(±1, 0) = gcd(0,±1) = 1).

Theorem 7.2.1. Choose u, v ∈ C such that un = −λ1, vn = −λ2 or un =

−λ−1
1 , vn = −λ−1

2 , then the classical shadow of ρu,vGq1/2 is [γ].

Proof. To show the classical shadow of ρu,vGq1/2 is [γ], it suffices to show ρu,vGq1/2(Tq1/2((a, b)T ))

= Trγ((a, b)T )IdV for all (a, b)T ∈ SK−1(T
2). First we have

ρu,vGq1/2(Tq1/2((a, b)T )) = ρu,v(Fq1/2G−1((a, b)T ))

=ρu,v(Fq1/2(θ(a,b) + θ(−a,−b))) = ρu,v(θ(na,nb) + θ(−na,−nb))

=ρu,v((−1)abXnaY nb + (−1)abX−naY −nb)

=(−1)ab[(ρu,v(X))na(ρu,v(Y ))nb + (ρu,v(X))−na(ρu,v(Y ))−nb]

=(−1)ab[(un)a(vn)b + (un)−a(vn)−b]IdV

=(−1)ab+a+b[λa1λ
b
2 + λ−a

1 λ−b
2 ]IdV .

Suppose gcd(a, b) = d and a = a
′
d, b = b

′
d, then we have

Trγ((a, b)T ) = Trγ(Td((a
′
, b

′
))) = Td(Tr

γ((a
′
, b

′
)))

=Td(−Trace(γ((a
′
, b

′
)))) = Td(−Trace(γ(a

′
α + b

′
β)))



Chapter 7. The Volume Conjecture from the skein algebra perspective 211

=Td(−Trace((γ(α))a
′

(γ(β))b
′

)) = Td((−λa
′

1 λ
b
′

2 ) + (−λ−a
′

1 λ−b
′

2 ))

=(−λa
′

1 λ
b
′

2 )
d + (−λ−a

′

1 λ−b
′

2 )d = (−1)d[λda
′

1 λBL1997rings
′

2 + λ−da
′

1 λ−BL1997rings
′

2 ]

=(−1)ab+a+b[λa1λ
b
2 + λ−a

1 λ−b
2 ].

We can easily get the following Theorem by using the representation theory.

Theorem 7.2.2. Under the same assumption as in Theorem 7.2.1, we have the

following conclusions:

(a) if λ1 ̸= ±1 or λ2 ̸= ±1, the representation ρu,vGq1/2 is irreducible.

(b) if λ1 = ±1 and λ2 = ±1, we have V has only two irreducible subrepresentations

V1, V2, and V = V1 ⊕ V2, and dim(V1) = (n+ 1)/2, dim(V2) = (n− 1)/2, especially

V1 = span< e0, e1 + en−1, e2 + en−2, . . . , e(n−1)/2 + e(n+1)/2 > and V2 = span<

e1 − en−1, e2 − en−2, . . . , e(n−1)/2 − e(n+1)/2 > if u = ±1, v = ±1.

rem

The Azumaya locus of SKq1/2(T
2) is a subset of XSL2(C)(T

2). An element in

XSL2(C)(T
2) lives in the Azumaya locus if it corresponds to a unique irreducible

repesentation of SKq1/2(T
2) (the correspondence is the one in Theorem 7.1.1). We

know the PI-dimension of SKq1/2(T
2) is n. Then a character [γ] ∈ XSL2(C)(T

2) lives

in the Azumaya locus if and only if there exists an irreducible representation of

SKq1/2(T
2) of dimension n whose classical shadow is [γ]. So from Theorem 7.2.2,

we get [γ] lives in the Azumaya locus if and only if λ1 ̸= ±1 or λ2 ̸= ±1, where

γ(α)=

(
λ1 0

0 λ−1
1

)
and γ(β)=

(
λ2 0

0 λ−1
2

)
. In [KK22], the authors proved that the

character lives in the Azumaya locus of the skein algebra of a closed surface if and

only if the character is noncentral.

In [BW16b], Bonahon-Wong proved the Witten-Reshetikhin-Turaev representation

of the Kauffman bracket skein algebra is irreducible and whose classical shadow is

the trivial character. For the closed torus T 2, we use VT 2 to denote the Witten-

Reshetikhin-Turaev representation of SKq1/2(T
2). We know dimVT 2 = n−1

2
with

basis v1, v2, . . . , vn−1
2

where vk is the skein in the solid torus represented by 2k − 2
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nontrivial parallel closed curves, which are parallel to the core of the solid torus,

with the (2k − 2)-th Jones-Wenzel idempotent inserted. In Theorem 7.2.2 with

λ1 = λ2 = 1, we have V2 is isomorphic to VT 2 as representations for SKq1/2(T
2),

and the isomorphism is given by

e2k−1 − en−2k+1 7→ vk,∀1 ≤ k ≤ n− 1

2
.

7.2.3 Irreducible representations for SKq1/2(S1,1)

We want to find the explicit irreducible representations of SKq1/2(S1,1) correspond-

ing to given characters and puncture weights. Let Cq[X
±1
1 , X±1

2 , X±1
3 ] be the alge-

bra generated by X1, X2, X3 subject to the relations:

X1X2 = qX2X1, X2X3 = qX3X2, X3X1 = qX1X2, XiX
−1
i = X−1

i Xi = 1.

We have Cq[X
±1
1 , X±1

2 , X±1
3 ] = T q1/4

τ (S1,1) where τ is the ideal triangulation in

Figure 7.2.

�1

�2

�2

�1
�3

Figure 7.2: The ideal triangulation τ .

We define the skeins K1, K2, K3 in the skein algebra SKq1/2(S1,1) using Figure 7.3.
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�1 �2 �3

Figure 7.3: Skeins K1,K2,K3.

According to [BP00], the algebra SKq1/2(S1,1) is generated by K1, K2, K3 subject

to relations:

q−1/2K1K2 − q1/2K2K1 = (q−1 − q)K3,

q−1/2K2K3 − q1/2K3K2 = (q−1 − q)K1,

q−1/2K3K1 − q1/2K1K3 = (q−1 − q)K2.

Let P be the loop around the puncture in S1,1, then

P = q−1/2K1K2K3 − q−1K2
1 − qK2

2 − q−1K2
3 + q + q−1.

Lemma 7.2.3. There is an algebraic embedding F : Sq1/2(S1,1)→ Cq[X
±1
1 , X±1

2 , X±1
3 ]

such that

F (K1) = [X2X3] + [X−1
2 X−1

3 ] + [X2X
−1
3 ],

F (K2) = [X3X1] + [X−1
3 X−1

1 ] + [X3X
−1
1 ],

F (K3) = [X1X2] + [X−1
1 X−1

2 ] + [X1X
−1
2 ],

F (P ) = [X2
1X

2
2X

2
3 ] + [X−2

1 X−2
2 X−2

3 ].

(7.1)

Proof. Actually F is just the quantum trace map constructed in Theorem 11 in

[BW11] if we regard Cq[X
±1
1 , X±1

2 , X±1
3 ] as the Chekhov-Fock square root algebra

associated to the ideal triangulation in Figure 7.2 where Xi corresponds to ei for

i = 1, 2, 3.
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Let V be an n dimensional vector space over the complex field with basis w0, w1, . . . , wn−1.

We can define a representation ρr1,r2,r3 : Cq[X
±1
1 , X±1

2 , X±1
3 ]→ End(V ) such that

ρr1,r2,r3(X1)wi = r1q
iwi,

ρr1,r2,r3(X2)wi = r2q
−iwi+1,

ρr1,r2,r3(X3)wi = r3wi−1,

(7.2)

where r1, r2, r3 are nonzero complex numbers. We can get ρr1,r2,r3([X1X2X3]) =

r1r2r3q
1/2IdV .

Lemma 7.2.4. For any three nonzero complex numbers r1, r2, r3, we have ρr1,r2,r3 is

an irreducible representation of Cq[X
±1
1 , X±1

2 , X±1
3 ]. Furthermore every irreducible

representation of Cq[X
±1
1 , X±1

2 , X±1
3 ] is isomorphic to a representation ρr1,r2,r3, and

ρr1,r2,r3 ≃ ρs1,s2,s3 if and only if

rn1 = sn1 , r
n
2 = sn2 , r

n
3 = sn3 , r1r2r3 = s1s2s3.

For any γ ∈ XSL2(C)(S1,1) and a nonzero complex number p such that Tn(p) =

−Traceγ(P ) where P is the loop going around the only puncture in S1,1, let ti =

−Traceγ(Ki) for i = 1, 2, 3. According to [Tak15], we have

Tn(p) = −t1t2t3 − t21 − t22 − t23 + 2.

Lemma 7.2.5. Let x, y be two indeterminates such that xy = q−2yx, then Tn(x+

x−1 + y) = x−n + xn + yn for n ≥ 1.

For any given character [γ] ∈ XSL2(C)(S1,1), the following Theorem offers a repre-

sentation of SKq1/2(S1,1) whose classical shadow is [γ].

Theorem 7.2.6. With the above notation, we have ρr1,r2,r3F is a representation

of SKq1/2(S1,1). The classical shadow of ρr1,r2,r3F is γ and ρr1,r2,r3F (P ) = pIdV if

and only if we have the following equations:

rn2 r
n
3 + r−n

2 r−n
3 + rn2 r

−n
3 = −t1,

rn3 r
n
1 + r−n

3 r−n
1 + rn3 r

−n
1 = −t2,

rn1 r
n
2 + r−n

1 r−n
2 + rn1 r

−n
2 = −t3,

r21r
2
2r

2
3q + r−2

1 r−2
2 r−2

3 q−1 = p.

(7.3)
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Proof. It is easy to see

[X2X3][X2X
−1
3 ] = q−2[X2X

−1
3 ][X2X3],

[X3X1][X3X
−1
1 ] = q−2[X3X

−1
1 ][X3X1],

[X1X2][X1X
−1
2 ] = q−2[X1X

−1
2 ][X1X2].

From Lemma 7.2.5, we get

Tn(ρr1,r2,r3F (K1)) = Tn(ρr1,r2,r3([X2X3] + [X−1
2 X−1

3 ] + [X2X
−1
3 ]))

= ρr1,r2,r3(Tn([X2X3] + [X−1
2 X−1

3 ] + [X2X
−1
3 ]))

= ρr1,r2,r3([X
n
2X

n
3 ] + [X−n

2 X−n
3 ] + [Xn

2X
−n
3 ])

= ρr1,r2,r3(−(Xn
2X

n
3 +X−n

2 X−n
3 +Xn

2X
−n
3 ))

= −(rn2 rn3 + r−n
2 r−n

3 + rn2 r
−n
3 )IdV .

(7.4)

Similarly we can get

Tn(ρr1,r2,r3F (K2)) = −(rn3 rn1 + r−n
3 r−n

1 + rn3 r
−n
1 )IdV ,

Tn(ρr1,r2,r3F (K3)) = −(rn1 rn2 + r−n
1 r−n

2 + rn1 r
−n
2 )IdV .

(7.5)

And

ρr1,r2,r3F (P ) = ρr1,r2,r3([X
2
1X

2
2X

2
1 ] + [X−2

1 X−2
2 X−2

1 ])

= ρr1,r2,r3([X
2
1X

2
2X

2
1 ]) + ρr1,r2,r3([X

−2
1 X−2

2 X−2
1 ])

= (r21r
2
2r

2
3q + r−2

1 r−2
2 r−2

3 q−1)IdV .

(7.6)

From equations 7.4,7.5,7.6 and the fact thatK1, K2, K3 generate the algebra SK−1(S1,1),

we can get the conclusions in Theorem 7.2.6.

rem At first glance, it seems like, in equation 7.3, we may not be able to get

solutions, but actually the forth one is a consequence of first three equations because

we have the relation Tn(p) = −t1t2t3− t21− t22− t23 +2. In fact, to get solutions, we
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only need to solve equations:

yz + y−1z−1 + yz−1 = −t1,

zx+ z−1x−1 + zx−1 = −t2,

xy + x−1y−1 + xy−1 = −t3.

Let Yi = X2
i for i = 1, 2, 3, then

Y1Y2 = q4Y2Y1, Y2Y3 = q4Y3Y2, Y3Y1 = q4Y1Y3, YiY
−1
i = Y −1

i Yi = 1.

The subalgebra of Cq[X
±1
1 , X±1

2 , X±1
3 ] generated by Y ±1

1 , Y ±1
2 , Y ±1

3 is Cq4 [Y
±1
1 , Y ±1

2 , Y ±1
3 ].

Here we recall a lemma from [BWY21] for irreducible representations for Cq4 [Y
±1
1 , Y ±1

2 , Y ±1
3 ].

Let V be an n dimensional vector space over C with basis w0, w1, . . . , wn−1. For any

three nonzero complex numbers y1, y2, y3, define ρy1,y2,y3 : Cq4 [Y
±1
1 , Y ±1

2 , Y ±1
3 ] →

End(V ) such that

ρy1,y2,y3(Y1)(wi) = y1q
4iwi,

ρy1,y2,y3(Y2)(wi) = y2q
−2iwi+1,

ρy1,y2,y3(Y3)(wi) = y3q
−2iwi−1.

(7.7)

Lemma 7.2.7 ([BWY21]). (1) For any three nonzero complex numbers y1, y2, y3,

the representation ρy1,y2,y3 is irreducible.

(2) Every irreducible representation of Cq4 [Y
±1
1 , Y ±1

2 , Y ±1
3 ] is isomorphic to a rep-

resentation ρy1,y2,y3.

(3) For ρy1,y2,y3 and ρy′1,y
′
2,y

′
3
, they are isomorphic if and only if yn1 = (y

′
)n, yn2 =

(y
′
2)

n, yn3 = (y
′
3)

n and y1y2y3 = y
′
1y

′
2y

′
3.
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7.3 Calculation of intertwiners for the closed torus

7.3.1 Construction of intertwiners for the closed torus

The mapping class group of the closed torus is SL(2,Z) [FM11]. For any A =(
a b

c d

)
∈ SL(2,Z), we hope to find invariant characters under A. For a [γ] ∈

XSL2(C)(T
2), we choose a representative with γ(α)=

(
λ1 0

0 λ−1
1

)
and γ(β)=

(
λ2 0

0 λ−1
2

)
where α and β denote loops (1, 0) and (0, 1) in R2/Z2 respectively. We have [γ] is

invariant under A if and only if Trace(γ(A∗(z))) = Trace(γ(z)) for all z ∈ π1(T 2).

For any (k1, k2) ∈ Z⊕ Z, we have

A∗(k1α + k2β) = (k1, k2)

(
a b

c d

)
= (k1a+ k2c, k1b+ k2d) = (k1a+ k2c)α + (k1b+ k2d)β,

γ(A∗(k1α + k2β)) =γ[(k1a+ k2c)α + (k1b+ k2d)β] =

(
λ1 0

0 λ−1
1

)k1a+k2c(
λ2 0

0 λ−1
2

)k1b+k2d

=

(
λk1a+k2c
1 λk1b+k2d

2 0

0 λ
−(k1a+k2c)
1 λ

−(k1b+k2d)
2

)
,

γ(k1α + k2β) =

(
λ1 0

0 λ−1
1

)k1 (
λ2 0

0 λ−1
2

)k2

=

(
λk11 λ

k2
2 0

0 λ−k1
1 λ−k2

2

)
.

Then it is easy to show that [γ] is A-invariant if and only if λ1 = λa1λ
b
2, λ2 = λc1λ

d
2

or λ1 = λ−a
1 λ−b

2 , λ2 = λ−c
1 λ−d

2 .

And A also induces two algebra isomorphisms FA,+ and FA,− from C[X±1, Y ±1]q1/2

to itself defined by

FA,+(θ(i,j)) = θ(i,j)A, FA,−(θ(i,j)) = θ(−i,−j)A.

Then FA,+ and FA,− are well-defined becasue

θ(i,j)Aθ(k,l)A = q

1/2

(i, j)A
(k, l)A


θ(i+k,j+l)A = q

1/2

 i j

k l

[A]

θ(i+k,j+l)A = q

1/2

 i j

k l


θ(i+k,j+l)A,
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and similarly

θ(−i,−j)Aθ(−k,−l)A = q

1/2

 i j

k l


θ(−i−k,−j−l)A.

In section 7.2, we know there is an embedding

Gq1/2 : SKq1/2(T
2)→ C[X±1, Y ±1]q1/2 .

For the following discussion we will omit the subscript for Gq1/2 when there is no

confusion.

Lemma 7.3.1. The following diagram is commutative:

SKq1/2(T
2) G //

A♯

��

C[X±1, Y ±1]q1/2

FA

��
SKq1/2(T

2) G // C[X±1, Y ±1]q1/2

where FA is FA,+ or FA,−.

Proof. We only prove the case when FA = FA,+.

First we show A♯((k, l)T ) = ((k, l)A)T . Assume gcd(k, l) = j and k = k
′
j, l = l

′
j,

then we have

A♯((k, l)T ) = A♯(Tj((k
′
, l

′
))) = Tj(A♯((k

′
, l

′
))) = Tj((k

′
, l

′
)A) = Tj(ak

′
+cl

′
, bk

′
+dl

′
).

There exist integers u, v such that uk+vl = j, then

[
k l

−v u

]
= j and det(

(
k l

−v u

)
A) =

j. Then det(

(
k l

−v u

)
A) =

[
ak + cl bk + dl

−v′
u

′

]
= (ak + cl)u

′
+ (bk + dl)v

′
= j.

We also have j|(ak + cl), j|(bk + dl). Thus gcd(ak + cl, bk + dl) = j and ak + cl =

j(ak
′
+ cl

′
), bk + dl = j(bk

′
+ dl

′
). Then

A♯((k, l)T ) = Tj(ak
′
+ cl

′
, bk

′
+ dl

′
) = (ak + cl, bk + dl)T = ((k, l)A)T .

So GA♯((k, l)T ) = G(((k, l)A)T ) = θ(k,l)A + θ−1
(k,l)A and FAG((k, l)T ) = FA(θ(k,l) +

θ−1
(k,l)) = θ(k,l)A + θ−1

(k,l)A. We have GA♯ = FAG because all (k, l)T span the skein

algebra.
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SKq1/2(T
2) G //

A♯

��

C[X±1, Y ±1]q1/2
ρu,v //

FA

��

End(V )

GΛ

��
SKq1/2(T

2) G // C[X±1, Y ±1]q1/2
ρu,v // End(V )

(7.8)

The following two Theorems give the intertwiners for the closed surface for all the

diffeomorphisms. We will give explicit formulas for these intertwiners and their

Trace in the following subsections.

Theorem 7.3.2. In the diagram 7.8, suppose A =

(
a b

c d

)
∈ SL(2,Z) and FA =

FA,+. Let [γ] ∈ XSL2(C)(T
2) with γ(α)=

(
λ1 0

0 λ−1
1

)
and γ(β)=

(
λ2 0

0 λ−1
2

)
where

λ1 = λa1λ
b
2, λ2 = λc1λ

d
2, and let u, v be two complex numbers such that un = −λ1,

vn = −λ2. We have the following conclusions:

(a) [γ] is invariant under A;

(b) the classical shadow of ρu,vG is [γ];

(c) ρu,vFA ≃ ρu,v.

(d) From (c), we know there exists an interwiner Λn,+ such that ρu,vFA(Z) =

Λn,+ρu,v(Z)Λ
−1
n,+ for all Z ∈ C[X±1, Y ±1]q1/2. Then this intertwiner induces an

intertwiner between two irreducible representations of the skein algebra.

Proof. (a) and (b) are already shown in the previous discussion.

To prove (c), we have

ρu,vFA(X
n) = ρu,vFA(θ(n,0)) = ρu,v(θ(n,0)A)

=ρu,v(θ(na,nb)) = ρu,v((−1)abXnaY nb)

=(−1)abunavnbIdV = (−1)ab(−λ1)a(−λ2)bIdV
=(−1)ab+a+bλa1λ

b
2IdV = −λ1IdV = unIdV .

Similarly we can show ρu,vFA(Y
n) = vnIdV , thus ρu,vFA ≃ ρu,v.

(d) If λ1 ̸= ±1 or λ1 ̸= ±1, Theorem 7.2.2 implies that Λn,+ itself is the intertwiner

between two irreducible representations of the skein algebra. If λ1 = ±1 and λ1 =
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±1, Theorem 7.2.2 implies that V has only two irreducible subrepresntations V1, V2

and dim(V1) = (n+ 1)/2, dim(V2) = (n− 1)/2. We have Λn,+(V1) is an irreducible

subrepresentation of V and dim(Λn,+(V1)) = (n+ 1)/2. Then Λn,+(V1) = V1. This

shows Λn,+|V1 is an intertwiner for V1. Similarly Λn,+|V2 is an intertwiner for V2.

Theorem 7.3.3. In the diagram 7.8, suppose A =

(
a b

c d

)
∈ SL(2,Z) and FA =

FA,−. Let [γ] ∈ XSL2(C)(T
2) with γ(α)=

(
λ1 0

0 λ−1
1

)
and γ(β)=

(
λ2 0

0 λ−1
2

)
where

λ1 = λ−a
1 λ−b

2 , λ2 = λ−c
1 λ−d

2 , and let u, v be two complex numbers such that un =

−λ−1
1 , vn = −λ−1

2 . We have the following conclusions:

(a) [γ] is invariant under A;

(b) the classical shadow of ρu,vG is [γ];

(c) ρu,vFA ≃ ρu,v.

(d) From (c), we know there exists an interwiner Λn,− such that ρu,vFA(Z) =

Λn,−ρu,v(Z)Λ
−1
n,− for all Z ∈ C[X±1, Y ±1]q1/2. Then this intertwiner induces an

intertwiner between two irreducible representations of the skein algebra.

Proof. The proof is the same as in Theorem 7.3.2.

Note that a rescaling of the intertwiner Λn,+ in Theorem 7.3.2 such that |det(Λn,+)| =
1 makes |TraceΛn,+| independent of the choice of u and v. The same thing holds

for the intertwiner in Theorem 7.3.3.

For the following discussion, we always require FA to be FA,+ unless specified

otherwise (parallel results hold for FA,−). From the above discussion, we know

there exists an intertwiner Λn ∈ End(V) such that the diagram 7.8 commutes,

where GΛ(B) = ΛnBΛ−1
n , ∀B ∈ End(V). Next we are going to find an intertwiner

Λn under the assumption in Theorem 7.3.2.

7.3.2 Calculation for intertwiners

Under the assumption of Theorem 7.3.2, we have ρu,vFA ≃ ρu,v. For any a ∈ V and

Z ∈ C[X±1, Y ±1]q1/2 , we use Z · a and Z ⋆ a to denote ρu,v(Z)(a) and ρu,vFA(Z)(a)
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respectively. Then we are trying to find Λn ∈ End(V) such that Λn(X · a) =

X ⋆ (Λn(a)) and Λn(Y · a) = Y ⋆ (Λn(a)) for all a ∈ V .

rem Assume gcd(b, n) = m and n = n
′
m. There exist two integers r, s such that

br + sn = m. Then we have

(vn
′
bun

′
(a−1)qab(n

′
)2/2)m = vmn

′
bumn

′
(a−1)qabm(n

′
)2/2

=vnbun(a−1)qabnn
′
/2 = (−λ2)b(−λ1)a−1(−1)abn

′

=(−1)ab+b+a−1λb2λ
a−1
1 = 1,

(7.9)

and qan
′
is a primitive m-root of unity. Then there exists a unique integer 0 ≤ k0 ≤

m− 1 such that (vn
′
bun

′
(a−1)qab(n

′
)2/2)qan

′
k0 = 1 and (vn

′
bun

′
(a−1)qab(n

′
)2/2)qan

′
k ̸= 1

for k ̸= k0, 0 ≤ k ≤ m − 1. We set rk0 = 1 and rk = 0 for k ̸= k0, 0 ≤ k ≤ m − 1,

and define rk+tb = rkv
tbut(a−1)qa(tk+bt2/2),∀0 ≤ k ≤ m− 1, t ∈ Z, where we consider

all indices modulo n. Since gcd(b, n) = m and n = mn
′
, we can reach all the

indices. It is an easy check that rk1+t1b = rk2+t2b if k1 + t1b ≡ k2 + t2b (mod n).

Then rk is well-defined for each 0 ≤ k ≤ n− 1.

It is easy to check that we have rk+tb = rkv
tbut(a−1)qatk+abt2/2 for all k, t ∈ Z.

Actually we have

rk0+tb = vtbut(a−1)qa(tk0+bt2/2),∀0 ≤ t ≤ n
′ − 1,

and all other rk are 0. We have (vbua−1)n = (vn)b(un)a−1 = (−λ2)b(−λ1)a−1 =

(−1)a+b−1λ1
a−1λ2

b

= (−1)a+b−1. Then we get |rk| = 0 or 1 for all k ∈ Z. From br + sn = m, we get

tm = tbr + tsn for all t ∈ Z. Then we have

rk0+tm = rk0+trb = vtrbutr(a−1)qa(trk0+bt2r2/2), ∀0 ≤ t ≤ n
′ − 1,

and all other rk are 0.

The following Lemma offers an explicit formula for the intertwiner constructed in

Theorem 7.3.2 (d).

Lemma 7.3.4. Under the assumption of Theorem 7.3.2, suppose Λn ∈ End(V)

and

Λn(et) =
∑

0≤k≤n−1

(Λn)k,tek
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for all 0 ≤ t ≤ n− 1, where

(Λn)k,t = rk−td(v
(d−1)uc)tqc(tk−dt2/2).

Then Λn satisfies the conditions in Theorem 7.3.2 (d).

Proof. From direct calculations, we can get Λn(X · et) = X⋆(Λn(et)) and Λn(Y · et) =
Y ⋆ (Λn(et)) for all 0 ≤ t ≤ n− 1.

We have (vd−1uc)n = (vn)d−1(un)c = (−λ2)d−1(−λ1)c = (−1)c+d−1λ1
cλ2

d−1 =

(−1)c+d−1. Then we can get |(Λn)k,t| = 0 or 1. We have (Λn)k,t = 0 if and only if

rk−td = 0. Then it is easy to show that (Λn)ld+km+k0,l+tm, 0 ≤ l ≤ m− 1, 0 ≤ k, t ≤
n

′ − 1, are the only nonzero entries.

For each 0 ≤ l ≤ m − 1, we define an n
′ × n

′
matrix Bl such that (Bl)k,t =

(Λn)ld+km+k0,l+tm for all 0 ≤ k, t ≤ n
′ − 1. Then by Laplace expansion, we know

|det(Λn)| =
∏

0≤l≤m |det(Bl)|.

From pure calculations, we can get |det(Bl)| = (n
′
)n

′
/2. Then we have

|det(Λn)| =
∏

0≤l≤m

|det(Bl)| = ((n
′
)n

′
/2)m = (n

′
)mn

′
/2 = (n

′
)n/2,

furthermore |det((n′
)−1/2Λn)| = 1.

rem If Λ̃n is the intertwiner in Theorem 7.3.3, and we still suppose gcd(b, n) =

m, br + sn = m,n = n
′
m. We have

rk0−tm = (v−bu−a−1)trq−trak0+abt2r2/2,∀t ∈ Z; rk = 0, otherwise

(Λ̃n)k,t = rk+td(v
−d−1u−c)tq−tck−cdt2/2,∀0 ≤ k, t ≤ n− 1,

where 0 ≤ k0 ≤ m− 1 such that

(v−bu−a−1)n
′

qab(n
′
)2/2q−n

′
ak0 = 1.

Also we can get |det(Λ̃n)| = (n
′
)n/2.
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7.3.3 On the trace of intertwiners

Bonahon-Wong-Yang only formulated the conjecture when the mapping tori are

hyperbolic. So they considered surfaces with negative Euler characteristic because

the mapping tori for the closed torus can never be hyperbolic. Since the simplicial

volume of mapping tori for the closed torus is zero, see page 380 [FM11], we expect

the corresponding limit to be zero. In Theorem 7.3.11, we can show the limit

superior is zero for any diffeomorphism. But the limits are not zero for some cases,

see Example 7.3.8. Some diffeomorphisms even do not have invariant characters

that live in the Azumaya locus, but the intertwiners in Theorems 7.3.2 and 7.3.3

are very close to intertwiners constructed in [BWY21].

When we consider the intertwiners in Theorems 7.3.2 and 7.3.3, we fix the mapping

class A and the A-invariant character [γ]. In this subsection we will use (l, s) to

denote gcd(l, s) for any two integers l, s.

Theorem 7.3.5. If we require |det(Λn)| = 1 for the intertwiner in Theorem 7.3.2,

then |TraceΛn| ≤ n3/2.

Proof. Since any two intertwiners in Theorem 7.3.2 are different by a scalar mul-

tiplication or by conjugation and we require |det(Λn)| = 1, the absolute value

|TraceΛn| is independent of the choice of intertwiners. Let Λn = (n
′
)−1/2Λn, then

|det(Λn)| = 1. Since |(Λn)k,t| = 0 or 1 for all 0 ≤ k, t ≤ n − 1 and each row has

exactly n
′
nonzero entries, we have the absolute value of every eigenvalue of Λn is

not more than n
′
. Then

|Trace(Λn)| = |Trace((n
′
)−1/2Λn)| ≤ (n

′
)−1/2(nn

′
) = (n

′
)1/2n ≤ n3/2.

Theorem 7.3.6. If we require |det(Λn)| = 1 for the intertwiner in Theorem 7.3.3,

then |TraceΛn| ≤ n3/2.

Proof. It is similar with the proof for Theorem 7.3.5.

Lemma 7.3.7. Let k be any integer, then we have

|
∑

0≤t≤n−1

(−q
1
2 )kt

2| =
√

(k, n)n.
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Recall that q1/2 is a primitive n-root of −1.

Proof. In [MOO92], they proved this result for k = 2. Using the same trick, we

can prove this generalized lemma.

In the following of this section, we always assume q1/2 = eπi/n unless especially

specified. Next we are going to calculate TraceΛn, where Λn is the intertwiner in

Theorem 7.3.2 or 7.3.3 with |detΛn| = 1. First we give detailed discussion on the

invariant character. Recall that for any A =

(
a b

c d

)
∈ SL(2,Z) and a character

[γ] ∈ XSL2(C)(T
2) with γ(α)=

(
λ1 0

0 λ−1
1

)
and γ(β)=

(
λ2 0

0 λ−1
2

)
, we have [γ] is

A-invariant if and only if 1 = λa−1
1 λb2, 1 = λc1λ

d−1
2 or 1 = λa+1

1 λb2, 1 = λc1λ
d+1
2 .

rem We will provide a detailed discussion only for the case when 1 = λa−1
1 λb2, 1 =

λc1λ
d−1
2 . Suppose λ1 = α1e

iθ1 , λ2 = α2e
iθ2 , then we can get equations:1 = αa−1

1 αb
2

1 = αc
1α

d−1
2(a− 1)θ1 + bθ2 = 2k1π

cθ1 + (d− 1)θ2 = 2k2π
. (7.10)

Since un = −λ1, vn = −λ2, we can suppose u = −α
1
n
1 e

iθ1
n qr1 , v = −α

1
n
2 e

iθ2
n qr2 where

both r1 and r2 are integers. Then we have

ua−1vb = (−1)a+b−1qr1(a−1)+r2be
i
n
((a−1)θ1+bθ2) = (−1)a+b−1qr1(a−1)+r2b+k1 ,

ucvd−1 = (−1)c+d−1qr1c+r2(d−1)e
i
n
(cθ1+(d−1)θ2) = (−1)c+d−1qr1c+r2(d−1)+k2 .

(7.11)

Define s1 = r1(a− 1) + r2b+ k1, s2 = r1c+ r2(d− 1) + k2. Then, we have u
a−1vb =

(−1)a+b−1qs1 , ucvd−1 = (−1)c+d−1qs2 .

From 1 = λa−1
1 λb2, 1 = λc1λ

d−1
2 , we can get 1 = λ

(a−1)c
1 λbc2 , 1 = λ

(a−1)c
1 λ

(a−1)(d−1)
2 .

Thus we have

λbc2 = λ
(a−1)(d−1)
2 = λ

ad−(a+d)+1
2 ⇒ 1 = λ

ad−bc−(a+d)+1
2 = λ

2−(a+d)
2 .
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If a+d ̸= 2, we have λ2 is a root of unity with λ
2−(a+d)
2 = 1. Similarly we can show

λ1 is also a root of unity, with λ
2−(a+d)
1 = 1, under the assumption a+ d ̸= 2.

We look at the case when (b, n) = 1, and suppose br + sn = 1. Then we have

qbr = q, q
br
2 = (−1)sq

1
2 , (−1)s = (−1)br+1.

When (b, n) = 1, we can choose k0 = 1 and set rk0 = r0 = 1. Then we have

rtb = vtbut(a−1)qabt
2/2,∀t ∈ Z.

For any k ∈ Z, we have k = krb+ ksn. Then we have

rk = rkrb = vkrbukr(a−1)qabk
2r2/2.

From the above discussion, we know we can choose Λn to be n−1/2Λn. We have

(Λn)t,t = rt−td(v
d−1uc)tqct

2−cdt2/2 = (−1)cdtrt−tdq
s2tqct

2−cdt2/2

= (−1)cdt(vbua−1)r(t−td)qabr
2(t−td)2/2qs2tqct

2−cdt2/2

= (−1)cdt(−1)abr(t−td)qs1r(t−td)qabr
2(t−td)2/2qs2tqct

2−cdt2/2

= (−1)cdt(−1)abr(t−td)(qs1r(1−d)qs2)t((q
br
2 )ar(1−d)2qc−

1
2
cd)t

2

= (−1)cdt(−1)abr(t−td)(qs1r(1−d)qs2)t(((−1)sq
1
2 )ar(1−d)2qc−

1
2
cd)t

2

= (−1)cdt(−1)abr(t−td)(−1)tsar(1−d)2(qs1r(1−d)qs2)t(q
1
2
arq−ardq

1
2
ard2qc−

1
2
cd)t

2

= (−1)cdt(−1)abr(t−td)(−1)tsar(1−d)2(qs1r(1−d)qs2)t(q
1
2
arq−rq−rbcq

1
2
rdq

1
2
rbcdqc−

1
2
cd)t

2

= (−1)cdt(−1)abr(t−td)(−1)tsar(1−d)2(qs1r(1−d)qs2)t(q
1
2
arq−rq−cq

1
2
rd((−1)sq

1
2 )cdqc−

1
2
cd)t

2

= (−1)cdt(−1)abr(t−td)(−1)tsar(1−d)2(−1)tscd(qs1r(1−d)qs2)t(q
1
2
(a+d−2)r)t

2

= (−1)cdt(−1)abr(t−td)(−1)t(br+1)ar(1−d)(−1)t(br+1)cd(qs1r(1−d)qs2)t(q
1
2
(a+d−2)r)t

2

= (−1)tar(−1)tard(−1)trd(ad+1)(qs1r(1−d)qs2)t(q
1
2
(a+d−2)r)t

2

= (−1)tar(−1)trd(qs1r(1−d)qs2)t(q
1
2
(a+d−2)r)t

2

= ((−1)(a+d−2)r)t(qs1r(1−d)qs2)t(q
1
2
(a+d−2)r)t

2

.

Since qs2 = qrs2b, we have

(Λn)t,t = ((−1)(a+d−2)r)tq
r
2
((a+d−2)t2+2(s1(1+d)−s2b)t), (7.12)
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and

TraceΛn = n− 1
2

∑
0≤t≤n−1

((−1)(a+d−2)r)tq
r
2
((a+d−2)t2+2(s1(1+d)−s2b)t). (7.13)

rem Here we state the parallel results for 1 = λa+1
1 λb2, 1 = λc1λ

d+1
2 and un =

−λ−1
1 , vn = −λ−1

2 .

Suppose λ1 = α1e
iθ1 , λ2 = α2e

iθ2 , then we can get equations:1 = αa+1
1 αb

2

1 = αc
1α

d+1
2(a+ 1)θ1 + bθ2 = 2k1π

cθ1 + (d+ 1)θ2 = 2k2π
.

Since un = −λ−1
1 , vn = −λ−1

2 , we can suppose u = −α− 1
n

1 e−
iθ1
n qr1 , v = −α− 1

n
2 e−

iθ2
n qr2

where both r1 and r2 are integers. Then we have

ua+1vb = (−1)a+b+1qr1(a+1)+r2b−k1 ,

ucvd+1 = (−1)c+d+1qr1c+r2(d+1)−k2 .

Similarly we set s1 = r1(a+ 1) + r2b− k1, s2 = r1c+ r2(d+ 1)− k2, then we have

ua+1vb = (−1)a+b+1qs1 , ucvd+1 = (−1)c+d+1qs2 . If a+d ̸= −2, we have α1 = α2 = 1.

For the case when (b, n) = 1 and br + sn = 1, we have

(Λ̃n)t,t = ((−1)(a+d+2)r)tq
r
2
((a+d+2)t2+2(s1(1+d)−s2b)t),

and

TraceΛn = n− 1
2

∑
0≤t≤n−1

((−1)(a+d+2)r)tq
r
2
((a+d+2)t2+2(s1(1+d)−s2b)t). (7.14)
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Example 7.3.8. Let A =

(
2 1

−7 −3

)
. If we try to solve 1 = λa−1

1 λb2, 1 = λc1λ
d−1
2 ,

we can get equations: θ1 + θ2 = 2π

−7θ1 − 4θ2 = 2π
. (7.15)

We have θ1 = −10π
3
, θ2 = 16π

3
, thus λ1 = e

2πi
3 , λ2 = e

4πi
3 . So we can set u =

−e− 10πi
3n , v = −e 16πi

3n , then we have ua−1vb = q, ucvd−1 = −q. We have s1 = s2 = 1.

Since b = 1, we get r = 1. Then from equation 7.13, we have

TraceΛn = n− 1
2

∑
0≤t≤n−1

(−1)tq
1
2
(−3t2+10t).

Note that when n is a multiple of 3, we have TraceΛn = 0.

Example 7.3.9. Let A be the same matrix as above. But this time we try to solve

1 = λa+1
1 λb2, 1 = λc1λ

d+1
2 , then we get λ2+a+d

1 = λ2+a+d
2 = 1. Since 2 + a+ d = 1, so

we have λ1 = λ2 = 1. We can set u = v = −1, then s1 = s2 = 0. From equation

7.13, we have

|TraceΛn| = n− 1
2 |

∑
0≤t≤n−1

(−1)tq
1
2
t2| = 1.

Lemma 7.3.10. Let A =

(
a b

c d

)
, where (b, n) = 1 and |a + d| = 2. Then we

have the following statements:

(1)If a + d = 2 and Λn is the intertwiner obtained in Theorem 7.3.2 such that

|det(Λn)| = 1, we have |TraceΛn| =
√
n.

(2)If a + d = −2 and Λn is the intertwiner obtained in Theorem 7.3.3 such that

|det(Λn)| = 1, we have |TraceΛn| =
√
n.

Proof. We only prove the statement (1) (the proof for the statement (2) is similar).

Let [γ] ∈ XSL2(C)(T
2), with γ(α)=

(
λ1 0

0 λ−1
1

)
and γ(β)=

(
λ2 0

0 λ−1
2

)
, be any A-

invariant character.

We use the same notation as in Remark 7.3.3. Then we have

s1(1− d) + s2b = r1(a− 1)(1− d) + r2b(1− d) + k1(1− d) + r1cb+ r2(d− 1)b+ k2b

= k1(1− d) + k2b.
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From equation 7.10, we can get

2π((1− d)k1 + k2b) = (1− d)2πk1 + b2πk2

=(1− d)(a− 1)θ1 + b(1− d)θ2 + bcθ1 + b(d− 1)θ2 = 0.

Thus we have

(1− d)k1 + k2b = s1(1− d) + s2b = 0.

From equation 7.13, we know

TraceΛn = n− 1
2

∑
0≤t≤n−1

((−1)(a+d−2)r)tq
r
2
((a+d−2)t2+2(s1(1−d)+s2b)t) = n− 1

2n =
√
n.

The following Theorem shows the limit superior related to the trace of intertwiners

for any diffeomorphism of the closed torus is zero, which equals the simplicial

volume of the corresponding mapping torus.

Theorem 7.3.11. Let A =

(
a b

c d

)
be any fixed element in the mapping class

group for the closed torus, and let [γ] be any fixed A-invariant character with

γ(α)=

(
λ1 0

0 λ−1
1

)
and γ(β)=

(
λ2 0

0 λ−1
2

)
. If 1 = λa−1

1 λb2 and 1 = λc1λ
d−1
2 , let

{Λn}n∈2Z≥0+1 be intertwiners obtained in Theorem 7.3.2 such that |det(Λn)| = 1

for all n ∈ 2Z≥0 +1. If 1 = λa+1
1 λb2 and 1 = λc1λ

d+1
2 , let {Λn}n∈2Z≥0+1 be intertwin-

ers obtained in Theorem 7.3.3 such that |det(Λn)| = 1 for all n ∈ 2Z≥0 + 1. Then

we have

lim sup
odd n→∞

log(|TraceΛn|)
n

= 0.

Proof. Since [γ] is A-invariant, we have 1 = λa−1
1 λb2, 1 = λc1λ

d−1
2 or 1 = λa+1

1 λb2, 1 =

λc1λ
d+1
2 . We look at the case when 1 = λa−1

1 λb2, 1 = λc1λ
d−1
2 . Then we can set Λn to

be anΛn where an = |det(Λn)|−
1
n .

Case I when b = 0. In this case we know |det(Λn)| = 1 since n
′
= 1.

We have A =

(
1 0

c 1

)
or

(
−1 0

c −1

)
. We first consider the case when A =

(
1 0

c 1

)
.

If c = 0, it is trivial. So suppose c ̸= 0. Since we have λa−1
1 λb2 = 1, λc1λ

d−1
2 = 1,
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then we get λc1 = 1. Suppose λ1 = eiθ, then we get θc = 2kπ where k is an integer.

Since un = −λ1, we can choose u = −e iθ
n qr where r is an integer. Then we have

uc = (−1)ce
iθc
n qcr = (−1)ce

2kπi
n qcr = (−1)cqk+cr.

Note that |TraceΛn| is independent of the choice of r.

From Remark 7.3.2 and Lemma 7.3.4, we can get Λn is a diagonal matrix, and

(Λn)t,t = (v(d−1)uc)tqc(t
2−dt2/2).

Then we have

TraceΛn =
∑

0≤t≤n−1

vt(d−1)utcqcdt
2/2 =

∑
0≤t≤n−1

(−1)ctqct2/2q(k+cr)t.

Let {ni}i∈N be a subsequence of 2Z≥0 + 1 such that (ni, c) = 1 for all i. Then for

every i there exists r such that k + cr ≡ 0 (modni), thus

|TraceΛni
| = |

∑
0≤t≤ni−1

(−1)ctqct2/2| =
√
(ni, c)ni =

√
ni ≥ 1.

Thus we have

0 ≤ lim sup
odd n→∞

log(|TraceΛn|)
n

.

According to Theorem 7.3.5, we also have

lim sup
odd n→∞

log(|TraceΛn|)
n

≤ lim sup
odd n→∞

log(n
3
2 )

n
= 0.

We look at the case when A =

(
−1 0

c −1

)
. Then we get (λ1)

2 = 1 and λ1 = ±1.

We can choose u = ±1. From Remark 7.3.2 and Lemma 7.3.4 we can get

(Λn)t,k = rk−td(v
(d−1)uc)tqc(tk−dt2/2),

where rk = 1 if k is a multiple of n and it is zero otherwise. Then (Λn)t,t ̸= 0 if and

only if r2t ̸= 0 if and only if n|(2t), which means there is only one nonzero diagonal

element. Then we get |TraceΛn| = 1 for any n, which proves this special case.
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Case II when b ̸= 0.

Subcase (1) when a + d ̸= 2. From the above discussion we know λ1, λ2 are both

roots of unity, thus we can suppose λ1 = eiθ1 , λ2 = eiθ2 and we can get equation

7.10 where θ1, θ2, k1, k2 are determined by γ. Since un = −λ1, vn = −λ2, we can

write u = −e
iθ1
n qr1 , v = −e

iθ2
n qr1 . Then we have equation 7.11. Note that |TraceΛn|

is independent of the choice of r1, r2.

Since b ̸= 0 and 2 − (a + d) ̸= 0, let {nj}j∈N be a subsequence of 2Z≥0 + 1 such

that (nj, b) = (nj, 2− (a+ d)) = 1.

Since

[
a− 1 b

c d− 1

]
= 2−(a+d) and (nj, 2−(a+d)) = 1, the following equations

always have solutions in Znjr1(a− 1) + r2b+ k1 = 0

r1c+ r2(d− 1) + k2 = 0
.

Thus for every j, there always exist integers r1, r2 such that s1 = s2 = 0 in Znj
.

Then from equation 7.13, we have

|TraceΛnj
| = n

− 1
2

j |
∑

0≤t≤nj−1

((−1)(a+d−2)r)tq
r
2
((a+d−2)t2+2(s1(1−d)+s2b)t)|

= n
− 1

2
j |

∑
0≤t≤nj−1

((−1)(a+d−2)r)tq
r
2
((a+d−2)t2)|

= n
− 1

2
j |

∑
0≤t≤nj−1

(−q
1
2 )r(a+d−2)t2 |

= n
− 1

2
j

√
(r(a+ d− 2), nj)nj = 1.

Then we have

0 ≤ lim sup
odd n→∞

log(|TraceΛn|)
n

.

From Theorem 7.3.5, we have

lim sup
odd n→∞

log(|TraceΛn|)
n

= 0.

Subcase (2) when a+d = 2. Since b ̸= 0, let {nk}k∈N be a subsequence of 2Z≥0+1

such that (nk, b) = 1 for all k. From Lemma 7.3.10, we have |TraceΛnk
| = √nk ≥ 1.
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Similarly we get

lim sup
odd n→∞

log(|TraceΛn|)
n

= 0.

From now on we discuss the periodic mapping class. Recall that A =

(
a b

c d

)
is

periodic if and only if |a+d| ∈ {0, 1}. Suppose [γ] is an A-invariant character with

γ(α)=

(
λ1 0

0 λ−1
1

)
and γ(β)=

(
λ2 0

0 λ−1
2

)
. Then we have 1 = λa−1

1 λb2, 1 = λc1λ
d−1
2

or 1 = λa+1
1 λb2, 1 = λc1λ

d+1
2 . For the case when 1 = λa−1

1 λb2, 1 = λc1λ
d−1
2 , the above

discussion implies 1 = λ
2−(a+d)
1 = λ

2−(a+d)
2 . So if a + d = 0, we have λ21 = λ22 = 1,

and then λ1 = ±1, λ2 = ±1. Thus there is no A-invariant character living in the

Azumaya locus if λ1 = ±1, λ2 = ±1. But we can still get intertwiners in Theorems

7.3.2 and 7.3.3 although λ1 = ±1, λ2 = ±1. Now we consider intertwiners if we

choose λ1 = λ2 = 1.

Theorem 7.3.12. Let A be a periodic mapping class, and let Λn be the intertwiner

obtained in Theorem 7.3.2 or 7.3.3 by using the trivial A-invariant character, that

is, λ1 = λ2 = 1, and we require |det(Λn)| = 1. We have the following conclusions:

(1) If a+ d = 1 and Λn is obtained in Theorem 7.3.2, we have |Trace(Λn)| = 1 for

any odd n.

(2) If a + d = −1 and Λn is obtained in Theorem 7.3.3, we have |Trace(Λn)| = 1

for any odd n.

(3) If a+d = 0 and Λn is obtained in Theorem 7.3.2 or 7.3.3, we have |Trace(Λn)| =
1 for any odd n.

Proof. Suppose A =

(
a b

c d

)
, (b, n) = m, br + sn = m and n = mn

′
. Since

λ1 = λ2 = 1, we can set u = v = −1. From the previous discussion we know

(Λn)k,t = (−1)cdtrk−tdq
c(tk−dt2/2)

for all 0 ≤ k, t ≤ n− 1, where

rtm = (−1)abrtqabt2r2/2, ∀0 ≤ t ≤ n
′ − 1,
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and all other rk are 0. For the l-th column, we have {(Λn)ld+km,l}0≤k≤n′−1 are the

only nonzero entries. Then the l-th column contains a nonzero diagonal entry if

and only if ld + km ≡ l (mod n) for some 0 ≤ k ≤ n
′ − 1. It is easy to show

ld+ km ≡ l (mod n) for some 0 ≤ k ≤ n
′ − 1 if and only if m|(ld− l).

Now we suppose (m, d − 1) = 1. Then the l-th column of Λn contains a nonzero

diagonal entry if and only if m|l. Thus (Λn)tm,tm, 0 ≤ t ≤ n
′ − 1, are the only

nonzero diagonal entries.

(Λn)tm,tm = (−1)cdtmrtm−tmdq
c(t2m2−dt2m2/2)

= (−1)cdtm(−1)abr(t−td)qabr
2(1−d)2t2/2qc(t

2m2−dt2m2/2).

After a similar calculation as in Remark 7.3.3, we can get

(Λn)tm,tm = (−1)(ar+dr−2r)t(q
m
2 )(ar+dr−2r)t2 .

Then we have

TraceΛn =
∑

0≤t≤n′−1

(−1)(ar+dr−2r)t(q
m
2 )(ar+dr−2r)t2 .

Similarly if (m, d+ 1) = 1, we have

TraceΛ̃n =
∑

0≤t≤n′−1

(−1)(ar+dr+2r)t(q
m
2 )(ar+dr+2r)t2 .

(1) Since the intertwiner is obtained in Theorem 7.3.2, we can set Λn = (n
′
)−

1
2Λn.

We have d − 1 = −a because a + d = 1. Then we get (d − 1,m) = 1 because

(a, b) = 1 and m is a divisor of b. Then from the above discussion, we get

|TraceΛn| = (n
′
)−

1
2 |

∑
0≤t≤n′−1

(−1)(ar+dr−2r)t(q
m
2 )(ar+dr−2r)t2 |

= (n
′
)−

1
2 |

∑
0≤t≤n′−1

(−1)−rt(q
m
2 )−rt2| = (n

′
)−

1
2

√
(−r, n′)n′ = 1.

(2) The proof is similar with (1).
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(3) First we show (m, d−1) = (m, d+1) = 1 if a+d = 0. From ad− bc = 1, we get

−bc = d2+1. Suppose p|m and p|d−1, then p|(d2+1) and p|(d2−1). Thus we get

p|2, which means p = 1 because (m, 2) = 1. Similarly we can show (m, d+ 1) = 1.

If Λn = (n
′
)−

1
2Λn, then we

|TraceΛn| = (n
′
)−

1
2 |

∑
0≤t≤n′−1

(−1)(ar+dr−2r)t(q
m
2 )(ar+dr−2r)t2|

= (n
′
)−

1
2 |

∑
0≤t≤n′−1

(qm)−rt2| = (n
′
)−

1
2

√
(−r, n′)n′ = 1.

If Λn = (n
′
)−

1
2 Λ̃n, similarly we can show |TraceΛn| = 1.

7.4 The volume conjecture for surface diffeomor-

phisms: periodic case

7.4.1 Preliminaries for the volume conjecture for periodic

surface diffeomorphisms

If we want to formulate the parallel conjecture for periodic diffeomorphisms as in

[BWY21; BWY22], we have to find a good invariant character that lives in the

smooth part of XSL2(C)(S).

Lemma 7.4.1 ([Con20]). Let A,B ∈ SL2(C). If Trace([A,B]) = 2 where [A,B] =

ABA−1B−1, then G = ⟨A,B⟩ ≤ SL2(C) is not free of rank two where ⟨A,B⟩ is the
group generated by A,B.

Lemma 7.4.2. Let G be a subgroup of SL2(C) freely generated by two elements, let

R be the subalgebra of Mat(2,C) generated by G, where Mat(2,C) is the algebra

of all 2 by 2 complex matrices. Then R =Mat(2,C).

Proof. Suppose G is freely generated by A,B. We know there exists X ∈ GL(2,C)

such that XAX−1 =

(
u v

0 u−1

)
, XBX−1=

(
a b

c d

)
. Then XGX−1 is a free sub-

group generated by XAX−1 and XBX−1, and XRX−1 is the subalgebra generated
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by XGX−1. Since XRX−1 = Mat(2,C) if and only if R = Mat(2,C), we can as-

sume A =

(
u v

0 u−1

)
, B=

(
a b

c d

)
.

I. Suppose v = 0. Then A =

(
u 0

0 u−1

)
and u2 ̸= 1, otherwise we have A =(

1 0

0 1

)
or A =

(
−1 0

0 −1

)
, which contradicts the fact that G is freely generated

by A,B. We also can get b ̸= 0 and c ̸= 0. Otherwise we have Trace([A,B]) = 2,

which contradicts the fact that A,B freely generate G by Lemma 7.4.1. Since(
u 0

0 u−1

)
,

(
1 0

0 1

)
∈ R and u ̸= ±1, we have

(
1 0

0 0

)
,

(
0 0

0 1

)
∈ R. Then(

0 b

c 0

)
∈ R. From multiplication, we get

(
0 b

0 0

)
,

(
0 0

c 0

)
∈ R, which implies

R =Mat(2,C) since b ̸= 0, c ̸= 0.

II. Suppose v ̸= 0. In this case we should have c ̸= 0, otherwise we have

Trace([A,B]) = 2, which is a contradiction.

If u = ±1, then A=

(
u v

0 u

)
∈ R. Remember we also have

(
1 0

0 1

)
∈ R, which

implies

(
0 v

0 0

)
∈ R. Furthermore we have

(
0 1

0 0

)
∈ R because v ̸= 0. From(

1 0

0 1

)
,

(
0 1

0 0

)
,

(
a b

c d

)
∈ R, we can get

(
a 0

c d

)
∈ R, and also

(
a− d 0

c 0

)
∈

R. From multiplication, we get

(
0 1

0 0

)(
a− d 0

c 0

)
=

(
c 0

0 0

)
∈ R, which implies(

1 0

0 0

)
∈ R because c ̸= 0. We have

(
1 0

0 1

)
,

(
0 1

0 0

)
,

(
1 0

0 0

)
∈ R, then

(
0 0

0 1

)
,

(
0 1

0 0

)
,

(
1 0

0 0

)
∈ R.

Remember we also have

(
a b

c d

)
∈ R and c ̸= 0, which implies R =Mat(2,C).
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If u ̸= ±1. We have

(
u− u−1 v

0 0

)
,

(
0 v

0 u−1 − u

)
∈ R, so

(
1 k

0 0

)
,

(
0 −k
0 1

)
∈

R where k = v/(u− u−1). Then from multiplication, we get(
1 k

0 0

)(
a b

c d

)
=

(
a+ kc b+ kd

0 0

)
∈ R.

Next we want to show b+ kd ̸= k(a+ kc). Suppose on the contrary. Then we have

b+ kd = k(a+ kc) = ka+ k2c. With k = v/(u− u−1), we can get

b+
dv

u− u−1
=

av

u− u−1
+

cv2

(u− u−1)2
=⇒2b = bu2 + bu−2 + dvu− dvu−1 − avu+ avu−1 − cv2.

Then we get

Trace([A,B]) = ad+ acuv + cdvu−1 + c2v2 − cbu2 − cduv − cbu−2 − cau−1v + ad

=2ad− c(−auv − dvu−1 − cv2 + bu2 + duv + bu−2 + au−1v) = 2ad− 2cb = 2.

Since Trace([A,B]) = 2 is a contradiction, we have b + kd ̸= k(a + kc). We can

get

(
1 0

0 0

)
,

(
0 1

0 0

)
∈ R because

(
a+ kc b+ kd

0 0

)
,

(
1 k

0 0

)
∈ R. We also have(

1 0

0 1

)
,

(
a b

c d

)
∈ R, then we can get

(
1 0

0 0

)
,

(
0 1

0 0

)(
0 0

0 1

)
,

(
a b

c d

)
∈ R.

So R =Mat(2,C) because c ̸= 0.

Proposition 7.4.3. Let γ : π1(S) → SL2(C) be a representative of an element in

the character variety XSL2(C)(S). Then γ is irreducible if Imγ contains a subgroup

of SL2(C) freely generated by two elements. In particular γ is irreducible if S has

negative Euler characteristic and γ is injective.

Proof. Lemma 7.4.2.
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7.4.2 Statement of the conjecture

To get the intertwiner, we first have to get a φ-invariant smooth character γ ∈
XSL2(C)(S). At page 371 of [FM11] it is proved that every periodic diffeomorphism

fixes a point in the Teichmüller space. This means there is a discrete and faithful

group homomorphism γ̄ : π1(S)→ PSL(2,R) such that γ̄φ∗ is conjugate to γ̄ by an

element in PSL(2,R) where φ∗ is the isomomorphism from π1(S) to π1(S) induced

by φ.

Since PSL(2,R) ⊂ PSL2(C), we can regard γ̄φ∗ and γ̄ as two elements in XPSL2(C)(S).

Then γ̄φ∗ is conjugate to γ̄ by an element in PSL2(C). Thus γ̄ can be extended to a

group homomorphism from π1(Mφ) to PSL2(C), we use γ̂ to denote this homomor-

phism. Then we can lift γ̂ to a group homomorphism γ̃ from π1(Mφ) to SL2(C).
The restriction of γ̃ to π1(S) is φ-invariant, and we use γ to denote this group

homomorphism. Note that γ is a group homomorphism from π1(S) to SL2(C). Let
ε be the projection from SL2(C) be PSL2(C), then we have εγ̃ = γ̂, furthermore

we have

εγ = εγ̃|π1(S) = γ̂|π1(S) = γ̄.

Since γ̄ is injective, we have γ is injective. From Proposition 7.4.3, we know γ is

irreducible. Thus we get a φ-invariant smooth character γ ∈ XSL2(C)(S). From now

on, we use γφ to denote γ and γφ to denote γ.

For every puncture v in S, we know Traceγφ(αv) = ±2 where αv is the loop going

around puncture v. If Traceγφ(αv) = 2, we choose pv = −(q + q−1). Then

Tn(pv) = (−q)n + (−q−1)n = −1− 1 = −Traceγφ(αv).

If Traceγφ(αv) = −2, we choose pv = 1 + 1. Then

Tn(pv) = 1n + 1n = 1 + 1 = −Traceγφ(αv).

Since Traceγφ(αv) = Traceγφ(φ(αv)) = Traceγφ(αφ(v)), we have pv = pφ(v). So now

we have everything we want. Then we obtain the Kauffman bracket intertwiner

Λq
φ,γφ associated to these data. We require |det(Λq

φ,γφ)| = 1. With the fixed S, φ,

γφ and {pv}v, we have |TraceΛq
φ,r| is only related to q.
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Conjecture 7.4.4. Suppose S is an oriented surface with negative Euler charac-

teristic, and φ is a periodic diffeomorphism for S. Let γφ be the φ-invariant smooth

character defined as in the second paragraph of this subsection. For each puncture

v, let pv be the complex number defined as in the third paragraph of this subsection.

Let qn = e2πi/n with (qn)
1/2 = eπi/n. Then

lim
n odd→∞

1

n
log |TraceΛqn

φ,r| = 0.

7.4.3 Proofs for the conjecture for some special cases

In the remaining part of this chapter, we will present some results related to our

conjecture. Especially, we will give a proof for our conjecture when the surface S

is the once punctured torus.

In the following Theorem, we use the periodic property of the diffeomorphisms to

prove that the limit in Conjecture 7.4.4 is less than or equal to zero if it exists.

Theorem 7.4.5. If limn odd→∞
1
n
log |TraceΛqn

φ,rφ| exists, the limit is less than or

equal to zero.

Proof. Let ρ : SK
q
1/2
n

(S) → End(V ) be an irreducible representation of the skein

algebra associated to γφ and weight system {pv}v. From the definition of inter-

twiners Λqn
φ,rφ , we know

ρφ♯(X) = Λqn
φ,rφ ◦ ρ(X) ◦ (Λqn

φ,rφ)
−1

for all X ∈ SK
q
1/2
n

(S). We have

ρ(φ2)♯(X) = ρφ♯(φ♯(X)) = Λqn
φ,rφ◦ρφ♯(X)◦(Λqn

φ,rφ)
−1 = (Λqn

φ,rφ)
2◦ρφ♯(X)◦(Λqn

φ,rφ)
−2.

Then it is easy to show that, with any integer j, we have

ρ(φj)♯(X) = (Λqn
φ,rφ)

j ◦ ρφ♯(X) ◦ (Λqn
φ,rφ)

−j.

Since φ is periodic, there exists a positive integer k such that φk = IdS. Then we

have

ρ(X) = ρ(φk)♯(X) = (Λqn
φ,rφ)

k ◦ ρ(X) ◦ (Λqn
φ,rφ)

−k
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for all X ∈ SKq1/2(S). We must have (Λqn
φ,rφ)

k = λI because ρ is irreducible,

where I is the identity matrix and λ is a nonzero complex number. But we require

|det(Λqn
φ,rφ)| = 1, thus |λ| = 1. Actually we can always choose a good Λqn

φ,rφ such that

(Λqn
φ,rφ)

k = I. Since xk−1 has no multiple roots, then Λqn
φ,rφ is always diagonalizable.

All its eigenvalues are k-roots of unity. Then

TraceΛqn
φ,rφ =

∑
0≤i≤n−1

λi,

where λki = 1 for all 0 ≤ i ≤ n− 1.

We have |TraceΛqn
φ,rφ | ≤ n. So if the limit exists, we have the limit is less than or

equal to zero.

From the proof of Theorem 7.4.5, we know |TraceΛqn
φ,rφ| is simply the absolute value

of the sum of roots of unity. We are only concerned with how small |TraceΛqn
φ,rφ |

can be because of Theorem 7.4.5. Actually this problem was already asked by

Myerson [Mye86] and Tao [Tao]. For any two positive integers k, n, let f(n, k) be

the least absolute value of a nonzero sum of n (not necessarily distinct) k-th roots

of unity. Myerson gave the lower bound for all positive integers k, n

f(n, k) ≥ n−k. (7.16)

According to [LL00], we know TraceΛqn
φ,r ̸= 0 if the order of φ is 2m for some positive

integer m.

Theorem 7.4.6. If φ is of order 2m where m is any positive integer, for any

surface with negative Euler characteristic, we have

lim
n odd→∞

1

n
log |TraceΛqn

φ,rφ| = 0.

Proof. Since for any odd n, we have TraceΛqn
φ,r ̸= 0. Then

n−k ≤ f(n, k) ≤ |TraceΛqn
φ,r|,

where k = 2m. So we get

1

n
log n−k ≤ 1

n
log |TraceΛqn

φ,rφ| ≤
1

n
log n.
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Then limn odd→∞
1
n
log |TraceΛqn

φ,rφ | = 0.

Proposition 7.4.7. If φ is of order pm where p is any positive prime number and

m is any positive integer, for any surface with negative Euler characteristic, we

have

lim sup
n odd→∞

1

n
log |TraceΛqn

φ,rφ | = 0.

Proof. The proof is similar with Theorem 7.4.6.

For the following discussion, we will use some notations and terminologies in

[BWY21]. Suppose the surface S has at least one puncture, that is, it has ideal

triangulations. Let τ be an ideal triangulation of S, and let φ be any periodic map

of S. Suppose τ = τ (0), τ (1), . . . , τ (k) = φ(τ) is an ideal triangulation sweep. Since

φ fixes a point in the Teichmüller space, there exists a periodic edge weight system

a = a(0), a(1), . . . , a(k) = a ∈ (R>0)
e where a is the shear parameter corresponding

to this fixed point in the Teichmüller space. Then [γφ] ∈ XPSL2(C)(S) is the char-

acter associated to the weight system a. From the above discussion, we know [γφ]

can be lift to a smooth φ-invariant character [γφ] in XSL2(C)(S).

We also have ai1ai2 . . . aij = 1, where ei1 , ei2 , . . . , eij are all the edges connecting

to a common vertex, because a corresponds to a complete hyperbolic structure.

If Traceγφ(αv) = 2, set hv = q2. Then hnv = 1 and p2v = hv + h−1
v + 2. If

Traceγφ(αv) = −2, set hv = 1. Then hnv = 1 and p2v = hv + h−1
v + 2. Obviously

hv = hφ(v) for any puncture v. Proposition 15 in [BWY21] implies that we can

obtain an interwiner Λ
q

φ,rφ with |det(Λq

φ,rφ)| = 1. According to Theorem 16 in

[BWY21], we have |TraceΛq

φ,rφ | = |TraceΛ
q
φ,rφ |.

For the once punctured torus S1,1, we only have one puncture v. Let α = K2, β =

K1 denote two elements in π1(S1,1), see Figure 7.3. It is well-known that α, β

freely generate π1(S1,1). Let αv be the loop around v. Then αv = βαβ−1α−1. From

Lemma 7.4.1, we have

Traceγφ(αv) = Traceγφ(βαβ
−1α−1) = Traceγφ(β)γφ(α)γφ(β)

−1γφ(α)
−1 ̸= 2

because γφ is injective. Thus we must have Traceγφ(αv) = −2, which means hv = 1.
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Lemma 7.4.8. Let the surface be S1,1, then Conjecture 7.4.4 holds for φ being(
0 1

−1 −1

)

or

(
1 1

−1 0

)
.

Proof. We only prove the case when φ =

(
0 1

−1 −1

)
(the proof for the other one

is similar with this one). Let τ be the ideal triangulation in Figure 7.2. Then φ(τ)

is the following ideal triangulation in Figure 7.4.

�3
’

�2
’

�3
’

�2
’

�1
’

Figure 7.4

Thus from τ to φ(τ) is relabeling. Suppose the shear parameter for τ is aτ =

(a1, a2, a3), then the shear parameter for φ(τ) is aφ(τ) = (a3, a1, a2). From aτ =

aφ(τ), we get a1 = a2 = a3. Since we also have a21a
2
2a

2
3 = 1 and ai ∈ R>0, we have

a1 = a2 = a3 = 1.

Recall that the Chekhov-Fock algebra associated to the ideal triangulation τ is

Cq4 [Y
±1
1 , Y ±1

2 , Y ±1
3 ], where Yi corresponds to edge ei for i = 1, 2, 3. The algebra

Cq4 [Y
±1
1 , Y ±1

2 , Y ±1
3 ] is generated by Y1, Y2, Y3 and subject to relations:

Y1Y2 = q4Y2Y1, Y2Y3 = q4Y3Y2, Y3Y1 = q4Y1Y3, YiY
−1
i = Y −1

i Yi = 1.

Define the irreducible representation ρ of Cq4 [Y
±1
1 , Y ±1

2 , Y ±1
3 ] as ρ1,1,1 in Lemma

7.2.7, that is, set y1 = y2 = y3 = 1 in equation 7.7. Then

ρ(Y n
1 ) = IdV = a1IdV , ρ(Y

n
2 ) = IdV = a2IdV , ρ(Y

n
3 ) = IdV = a3IdV
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and

ρ(Hv) = ρ([Y 2
1 Y

2
2 Y

2
3 ]) = IdV = hvIdV .

It is easy to calculate that Φqn
τφ(τ)Ψ

qn
φ(τ)τ is actually an isomorphism from Cq4 [Y

±1
1 , Y ±1

2 , Y ±1
3 ]

to itself and

Φqn
τφ(τ)Ψ

qn
φ(τ)τ (Y1) = Y3,Φ

qn
τφ(τ)Ψ

qn
φ(τ)τ (Y2) = Y1,Φ

qn
τφ(τ)Ψ

qn
φ(τ)τ (Y3) = Y2.

We use ρ
′
to denote the irreducible representation ρΦqn

τφ(τ)Ψφ(τ)τ . Then ρ is isomor-

phic to ρ
′
.

For each 0 ≤ k ≤ n− 1, set

vk =
∑

0≤i≤n−1

qk
2+i2+4ik+i−k

n wi.

Then we have

ρ
′
(Y1)(vk) = q4kn vk, ρ

′
(Y2)(vk) = q−2k

n vk+1, ρ
′
(Y3)(vk) = q−2k

n vk−1.

Define invertible operator Λ for V such that Λ(wk) = vk,∀0 ≤ k ≤ n − 1. Then,

for all 0 ≤ k ≤ n− 1, we have

ρ
′
(Y1)(Λ(wk)) = ρ

′
(Y1)(vk) = q4kn vk = Λ(q4kn wk) = Λ(ρ(Y1)wk).

Thus we get ρ
′
(Y1) = Λ◦ρ(Y1)◦Λ−1. Similarly we can show ρ

′
(Y2) = Λ◦ρ(Y2)◦Λ−1

and ρ
′
(Y3) = Λ ◦ ρ(Y3) ◦ Λ−1. Thus Λ is the intertwiner. As a matrix, we have

Λi,k = qk
2+i2+4ik+i−k

n .

From pure calculate, we get |det(Λ)| = n
n
2 . Thus we can set Λ

qn
φ,rφ = n− 1

2Λ. Then

|TraceΛqn
φ,rφ | = |TraceΛ

qn
φ,rφ | = n− 1

2

∑
0≤i≤n−1

q6i
2

n = n− 1
2

√
(6, n)n =

√
(6, n).

Obviously we get

lim
n odd→∞

1

n
log |TraceΛqn

φ,rφ| = 0.
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rem In the proof of Lemma 7.4.8, when we try to find the periodic edge weight

system for the triangulation sweep τ, φ(τ), we require ai ∈ R>0 because we want to

get the fixed character corresponding to a point in the Teichmüller space. Actually

we still get the same intertwiner Λ as in Lemma 7.4.8 without requiring ai ∈ R>0,

that is, for any periodic edge weight system, the intertwiner we get is Λ. This means

Lemma 7.4.8 still holds when we choose any other φ-invariant smooth character

(without the restriction for only choosing the one corresponding to a fixed point in

the Teichmüller space). Readers can check the same arguments hold for Theorems

7.4.6 and 7.4.12.

Let ϕ be a pseudo-Anosov map for S, and let f be any diffeomorphism for surface S.

Then fϕf−1 is also a pseudo-Anosov map. Then we have the following conclusion:

Lemma 7.4.9. Let ϕ be any pseudo-Anosov map for S, and let f be any diffeo-

morphism for S. If Conjecture 7.1.3 holds for ϕ, then it also holds for fϕf−1.

Proof. We will use the same notations as in Conjecture 7.1.3. Let f−1
∗ be the

isomorphism from π1(S) to itself induced by f−1. Then [γf−1
∗ ] is a smooth fϕf−1-

invariant character. Set θ
′
v = θf−1(v), then θ

′
v are invariant under the action of

fϕf−1 and

Traceγf−1
∗ (αv) = Traceγ(αf−1(v)) = −eθf−1(v) − e−θf−1(v) = −eθ

′
v − e−θ

′
v .

Set p
′
v = e

θ
′
v
n + e−

θ
′
v
n = e

θ
f−1(v)

n + e−
θ
f−1(v)

n = pf−1(v), then

Tn(p
′

v) = −Traceγf−1
∗ (αv).

Recall that we use f−1
♯ to denote the isomorphism from SKq1/2(S) to itself induced

by f−1. Let ρ be the irreducible representation associated to [γ] and puncture

weights pv. Then ρf−1
♯ is an irreducible representation associated to character

[γf−1
∗ ] and puncture weights p

′
v.

With the assumption for Conjecture 7.1.3, we have

ρϕ♯(X) = Λqn
ϕ,r ◦ ρ(X) ◦ (Λqn

ϕ,r)
−1
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for any element X ∈ SKq1/2(S) and |det(Λ
qn
ϕ,r)| = 1. Then we get

ρf−1
♯ (fϕf−1)♯(X) = ρf−1

♯ f♯ϕ♯f
−1
♯ (X) = ρϕ♯f

−1
♯ (X) = Λqn

ϕ,r ◦ ρ(f
−1
♯ (X)) ◦ (Λqn

ϕ,r)
−1.

Thus we get Λqn
fϕf−1,rf−1

∗
= Λqn

ϕ,r, and

lim
n odd→∞

1

n
log |TraceΛqn

fϕf−1,rf−1
∗
| = lim

n odd→∞

1

n
log |TraceΛqn

ϕ,r|

=
1

4π
volhyp(Mϕ) =

1

4π
volhyp(Mfϕf−1).

From [BWY22], we know Conjecture 7.1.3 holds for ϕ =

(
2 1

1 1

)
.

Corollary 7.4.10. Conjecture 7.1.3 holds for all fϕf−1 where f is any element

in GL(2,Z).

Let φ be a periodic map for S, and let g be any diffeomorphism for S. Then

gφg−1 is also a periodic map. The same discussion as in Lemma 7.4.9 implies the

following conclusion.

Lemma 7.4.11. Let φ be any periodic map for S, and let g be any diffeomorphism

for S. If Conjecture 7.4.4 holds for φ, then it also holds for gφg−1.

The following Theorem shows Conjecture 7.4.4 holds for the once punctured torus.

This confirms the relation between the intertwiner and the simplicial volume of the

corresponding mapping torus.

Theorem 7.4.12. Conjecture 7.4.4 holds for the once punctured torus.

Proof. Let φ be any periodic map for S1,1. Then the order of φ could be 1,2,3,4 or

6. According to Theorem 7.4.6, Conjecture 7.4.4 holds if the order of φ is 2 or 4.

If the order of φ is 1, then φ is just the identity map. In this case, we can just

choose the intertwiner to be the identity operator. Then Conjecture 7.4.4 holds

trivially.

We look at the case when the order of φ is 3 or 6. For these two cases, we have

|Traceφ| = 1. According to [Kar22], we know there exists an element g ∈ GL(2,Z)
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such that φ = g

(
0 1

−1 −1

)
g−1 or φ = g

(
1 1

−1 0

)
g−1. From Lemmas 7.4.8 and

7.4.11, we get Conjecture 7.4.4 holds for these two cases.

rem From the proof of Theorem 7.4.6, we know if we can show TraceΛqn
φ,r ̸= 0 after

n is big enough, then we can prove

lim
n odd→∞

1

n
log |TraceΛqn

φ,rφ | = 0.

rem From subsection 7.1.4, we know the periodic edge weight system a = a(0), a(1), . . . , a(k) =

a for the ideal triangulation sweep τ = τ (0), τ (1), . . . , τ (k) = φ(τ) and φ-invariant

puncture weights hv can give us the intertwiner Λ
q

φ,γ such that

ρ ◦ Φq
τφ(τ) ◦Ψ

q
φ(τ)τ (X) = Λ

q

φ,γ ◦ ρ(X) ◦ (Λq

φ,γ)
−1

for every X ∈ T q
τ .

It is easy to verify that (Φq
τφ(τ) ◦Ψ

q
φ(τ)τ )

m = (Φq
τφm(τ) ◦Ψ

q
φm(τ)τ ), and

a = a(0), a(1), . . . , a(k), . . . . . . , a(0), a(1), . . . , a(k) = a

is the periodic edge weight system for the ideal triangulation sweep

τ = τ (0), τ (1), . . . , τ (k) = φ(τ), φ(τ (1)), . . . , φ(τ (k)) = φ2(τ), . . . ,

φm−1(τ) = φm−1(τ (0)), φm−1(τ (1)), . . . , φm−1(τ (k)) = φm(τ)

and hφm(v) = hv.

Suppose φ is periodic with order m, then

(Λ
q

φ,γ)
m ◦ ρ(X) ◦ (Λq

φ,γ)
−m = ρ ◦ Φq

τφm(τ) ◦Ψ
q
φm(τ)τ (X) = ρ(X)

for every X ∈ T q
τ . Then (Λ

q

φ,γ)
m is a scalar matrix since ρ is irreducible. Actually

we can choose good Λ
q

φ,γ such that (Λ
q

φ,γ)
m is the identity matrix. We have all the

eigenvalues of Λ
q

φ,γ are m-roots of unity, and |TraceΛq

φ,γ| = 0 or |TraceΛq

φ,γ| ≥ n−m.
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From lemma 11 in [BWY21], we know the complex dimension of the space of all

periodic edge weight systems for the fixed ideal triangulation is more than or equal

to 1. Thus this space is connected. In a local open subset of this space, we can

choose φ-invariant puncture weights such that these puncture weights smoothly

vary according to periodic edge weight systems. Then we have |TraceΛq

φ,γ| smoothly

varies according to periodic edge weight systems in a local open subset by using

the similar argument in complement 10 in [BW19]. Since this space is connected

and 0 is an isolated point in the image, we have |TraceΛq

φ,γ| = 0 for all periodic

edge weight systems with the chosen puncture weights, or |TraceΛq

φ,γ| ≥ n−m for

all periodic edge weight systems with the chosen puncture weights.

If we can find one periodic edge weight system with the chosen puncture weights

such that

lim
n odd→∞

1

n
log |TraceΛqn

φ,γ| = 0,

we can conclude that the above equation is true for every periodic edge weight

system with the chosen puncture weights.
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[BFR23] Stéphane Baseilhac, Matthieu Faitg, and Philippe Roche. “Unrestricted

quantum moduli algebras, III: surfaces of arbitrary genus and skein

algebras”. In: arXiv preprint arXiv:2302.00396 (2023).

[BZ05] Arkady Berenstein and Andrei Zelevinsky. “Quantum cluster algebras”.

In: Advances in Mathematics 195.2 (2005), pp. 405–455.

[BL20] Wade Bloomquist and Thang TQ Lê. “The Chebyshev-Frobenius ho-
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