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Abstract

The stated SL,-skein module .%,(M, N ,v) of a (marked) 3-manifold (M, N) is
a quantization of the regular function ring of the SL,-representation variety of
m(M,N). Tt is a module over a commutative domain R with an invertible pa-
rameter v. This framework extends the Kauffman bracket skein theory (the SL
case) to a more general SL,, setting, and it is closely related to the quantum higher

Teichmiiller space, quantum cluster algebras, and quantum moduli algebras.

In chapter 2, we show that the classical limit of the stated skein module of a marked
3-manifold M corresponds to the ring of functions on the SL,-representation variety
of m(M). Chapter 3 introduces a C-linear map, called the Frobenius map, from
(M, N, 1) to S, (M,N,v), where R = C and v is a root of unity. This map is
pivotal in the representation theory of the stated SL,-skein algebra, as its image
lies within the center of the stated SL,-skein algebra. In chapter 4, we explore the
implications of the stated SL,,-TQFT theory.

Chapters 5 and 6 concentrate on the SLs case of stated skein theory. We prove
that for compact marked 3-manifolds, the stated skein module at roots of unity is
finitely generated over the image of the Frobenius map. Additionally, we define the
representation-reduced stated skein module by scaling the action of the Frobenius
image on the stated skein module. For closed 3-manifolds over C, we establish that

the dimension of the representation-reduced stated skein module is 1.

In chapter 7, we examine the Bonahon-Wong-Yang volume conjecture. This con-
jecture is formulated based on intertwiners between two isomorphic irreducible
representations of the skein algebra. We compute these intertwiners for the closed
torus and the once-punctured torus, showing that the trace of these intertwiners

approaches zero in the limit for Seifert manifolds.

X
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Chapter 1

Introduction and overview

In this chapter, we provide the background for this thesis and briefly introduce

chapters 2-7.

1.1 Introduction

We begin with an introduction of framed links inside oriented 3-manifolds [KRT97;
CF12], which will be used to introduce the skein modules and algebras. A link in
an oriented 3-manifold M is a finite collection of disjoint circles smoothly embedded
in M. We need to consider normal vector fields on links in M. A link L C M
provided with a non-singular normal vector field is said to be framed. Two vector
fields on L homotopic in the class of non-singular vector fields determine the same
framing. Two framed links in M are said to be isotopic if one can be obtained

from the other by the smooth deformation.

We use link diagrams, see Figure 1.1, to represent (framed) links. We consider
the blackboard framing, which means that the vector field is orthogonal to the
paper/blackboard where the part of links is drawn. When we draw (framed) links
in M, we normally draw local pictures. Let D x [0, 1] be a smoothly embedded cube
in M such that it intersects a (framed) link L in M, where D is the 2-dimensional
square. We can isotope L such that the projection of LN(D x [0, 1]) on D is generic,
i.e., consists of immersed loops or lines with only double transversal crossings and

the framing is given by the positive direction of [0, 1]. Over each such crossing, lie
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exactly two points of L. One of these two points lies higher than the other one
which allows to provide the crossing with an additional information: one of the
two intersecting branches is “higher” and the other one is “lower”, see Figure 1.1
and pictures in (1.2), (1.3).

FIGURE 1.1: The trefoil knot.

Here we introduce the SL,, character variety whose quantization is the SL,-skein
algebra (section 2.1). For any topological space T such that m1(T") is a finitely
generated group, we use

Hom(7T1 (T)7 SLy, (C))

to denote the set of group homomorphisms from m(7") to SL,(C) (one might
want to choose a basepoint of T'; this choice will not matter later). We define an
equivalence relation ~ on Hom(m(7),SL,(C)). Let p,p" € Hom(m(T),SL,(C)).
Define p ~ p' if and only if tr(p(x)) = tr(p'(z)) for all x € m1(T"). Define

Xst,(c)(T)) = Hom(m(T),SL,(C))/ ~, (1.1)

called the SL, character variety. Then Xgr,,(c)(T) is an algebraic set over the
complex field [Sik01].

The Kauffman bracket skein module of an oriented 3-manifold M was introduced
by Przytycki [Prz98] and Turaev [Tur91], which is a quantization of the regular
function ring of Xsr,(c)(M) when M is the thickening of an oriented surface [Bul97;
BFK99; PS00]. Let R be a commutative domain with an invertible element g. The
(Kauffman bracket) skein module .7, (M) of M, as an R-module, is generated

by all isotopy classes of framed links in M, subject to the following relations:

X - K

O =-@+d? , (1.3)
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where each gray square represents a projection of an embedded cube in M and in

each equation the parts of framed links outside the gray squares are identical.

Definition 1.1.1. By a surface we mean a surface obtained from an oriented
compact surface & possibly with boundary by removing a finite set P of points.
The members of P are called punctures of &. If P has a non-empty intersection
with each boundary component of &, then & is called a pb surface. If & has empty
boundary and if P has a non-empty intersection with each connected component of
S, we say that & is a punctured surface, which is of primary interest in this
thesis. If P =10, we say that & is a closed surface.

A pb surface & is called an essentially bordered pb surface if every component

of & has non-empty boundary.

FIGURE 1.2: An example of the pb surface, where the red points are punctures.

When M = & x [—1,1], where & is a surface, we use .7,(S) to denote .7 (M).
Then .7,(6) has an algebra structure given by stacking framed links. For any
two framed links L, Ly € M, define Ly - Ly to the framed link in M obtained by
stacking L; above Lo. We call .7, (&) the skein algebra of &. It is well-known
that the skein algebra is a domain and is finitely generated as an algebra [AF17;
BW11; PS19].

Bonahon and Wong constructed an algebra embedding from the skein algebra to
the balanced quantization of the Teichmiiller space [BW11], called the quantum
trace map. This algebra embedding relates the skein theory and the quantization
of the Teichmiiller theory [FG09] (or quantum cluster algebra [BZ05; Mul16]). This
algebra embedding is helpful to study the center and the representation theory of
the skein algebra [BW16a; BW17; BW19; FKL19].

Suppose that the ground ring R is the complex field C and ¢ is a root of unity of

order N. Set n = ¢V *. For an oriented surface &, Bonahon and Wong defined an
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algebra embedding
F: (6) = S(6), (1.4)

called the Chebyshev-Frobenius map (or Frobenius map) [BW16a]. It has
been shown that Im F or a subalgebra thereof is contained in the center of .7, (&)
[BW16a], highlighting the significance of the algebra embedding F. Moreover,
F plays a crucial role in understanding the center of .7,(&) and in establishing
the Unicity Theorem for the skein algebra [FKL19], which classifies its irreducible

representations.

The stated skein algebra was introduced by Bonahon and Wong [BW11] to con-
struct the quantum trace map. Lé refined their definition and provided a clearer
and easier way to understand the quantum trace map [Lé18]. The definition of the

stated skein module involves marked 3-manifolds and stated tangles.

S

FIGURE 1.3: An example of stated tangles

Definition 1.1.2. A marked 3-manifold is a pair (M, N'), where M is an ori-
ented 3-manifold, and N is a one dimensional submanifold of OM consisting of
finitely many oriented open intervals such that there is no intersection between the

closure of any two open intervals. Each component of N is called the marking of

(M, N).

A properly embedded one dimensional submanifold o of M s called an (M, N)-
tangle if da C N and « is equipped with a framing such that framings at O
respect to velocity vectors of N. If there is a map s : 0o — {—,+}, then we call o
a stated (M, N)-tangle.

Let R be a commutative domain with an invertible element q%. For a marked
3-manifold (M, N'), we use Tangle(M,N) to denote the free R-module with all
isotopy classes of stated (M, N)-tangles as a basis. Then the stated skein module
S (M, N) of (M,N) is Tangle(M,N) quotiented by relations (1.2)-(1.3) and
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the following relations:

Q _ g , Q _ Q —0 (1.5)

_o/ ° 197 _e
\/ = ¢ \/ +q 2 \_/ (1.6)
49— < .

where each black dot represents an oriented interval in A/ with the orientation
pointing towards readers, each gray square represents a projection of an embedded
cube in M, the black lines are parts of stated (M, N)-tangles, and in each equation
the parts of (M, N)-tangles outside the gray squares are identical.

Let & be a pb surface. For each component e of 06, we select a point z, € e. Set
M=6x[-1,1, N =U({z.} x(-1,1))

where the union takes over all components of 9&. Then (M, N) is a marked 3-
manifold, and we say (M, N) is the thickening of &. We define .7,1/2(&) to be
F2(M,N). For any two stated (M, N)-tangles , 3, the product o3 is obtained
by stacking a above 8. This makes .7,1/2(&) into an algebra, called the stated
skein algebra of &.

The stated skein algebra has more interesting properties than the skein algebra,
such as the splitting map, the comodule structure over O,(SL;), and the gluing
ideal triangle map [CL22a]. Costantino and Lé [CL22a] defined a quotient algebra
of the stated skein algebra, called the reduced stated skein algebra. Lé and Yu
proved that the reduced stated skein algebra is isomorphic to the quantum cluster
algebra [BZ05; Mul16] when the corresponding pb surface has no interior punctures
[LY22].

The (stated) SL,,-skein module or algebra was introduced in [LS21; Sik05], which
is related to the quantum higher Teichmiiller space [FG06; LY23], the quantum
cluster algebra [LY22; Mull6; Kim24; KW24b; 1Y23], and the quantum moduli
algebra [Fai20; BFR23|. The above stated skein theory is a special case for stated
SL,,-skein when n = 2 [LS21]. The classical limit of the stated SL,,-skein module
was discussed in [Wan24]; the Frobenius map of the stated SL,-skein module was
discussed in [Wan23c]; the center and the Unicity Theorem for the stated SL,-skein
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algebra were discussed in [KW24a; KW24c; Wan23c|; the quantum trace map for
the stated SL,,-skein algebra is discussed in [LY23].

1.2 Overview

In chapters 24, we focus on general stated SL,,-skein theory [LS21]. The definition
of the stated SL,-skein module of a marked 3-manifold (M, N') involves stated n-
webs (see Definition 2.1.1). Let R be a commutative domain with an invertible
element v = qi. The stated SL,-skein module of a marked 3-manifold (M, N),
denoted as ., (M, N, v), is generated by isotopy classes of stated n-webs in (M, N),
subject to relations (2.4)—(2.11).

It is well known that .5 (M, N, v) is isomorphic to Z,1/2 (M, N') as R-modules [LS21].
Thus, the stated SL,-skein module can be regarded as a generalization of the stated

skein module (the SLy case) to all SL,.

We investigate the classical limit of the stated SL,-skein module in chapter 2,
drawing on the author’s original work [Wan24]. In chapter 3, we focus on the
Frobenius map of the stated SL,-skein module, based on the author’s earlier re-
sults [Wan23c|]. We explore the SL,-TQFT theory in chapter 4, building on the

author’s recent work [Wan25c¢].

In chapters 5-7, we explore aspects of the stated skein theory (the SLy case). In
chapter 5, we investigate the finiteness property and the dimension of the stated
skein module at roots of unity over the image of the Frobenius map (see (5.2)),
based on the author’s previous work [Wan23b]. Chapter 6 demonstrates that the
representation-reduced stated skein module of closed 3-manifolds is isomorphic to
C (section 6.2), based on the author’s recent work [Wan25b]. Finally, in chapter 7,
we examine the volume conjecture in the context of the skein algebra, building on

the author’s work [Wan25a].

For the convenience of the reader, we include below a more detailed chapter-
wise description of the contents of this thesis. All the theorems presented in
sections 1.2.1-1.2.6 are the author’s original contributions, derived from the fol-
lowing works: [Wan24] (chapter 2), [Wan23c| (chapter 3), [Wan25c| (chapter 4),
[Wan23a] (chapter 5), [Wan25b] (chapter 6), and [Wan25a] (chapter 7).
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1.2.1 Chapter 2

In this chapter, we concentrate on examining the classical limit of the stated SL,,-
skein module. Understanding the classical limit is crucial for constructing the
significant Frobenius map for the stated SL,-skein module, which in turn plays a
role in studying the representation theory of stated SL,,-skein algebras. We present
a clear exposition of the algebraic generators and their relations in the classical
limit, as detailed in Theorem 2.4.15. Using these generators and relations, we then
proceed to construct the Frobenius map for stated SL,-skein modules in chapter
3.

For the SLy-skein theory, Bullock established a surjective algebra homomorphism
from (M, (,v* = —1), which is isomorphic to #(M,(,1) [Bar99], to the co-
ordinate ring of some algebraic set, and showed the kernel of this map consists
of all nilpotents [Bul97]. This is an important development since it showed the
connection between the skein theory and the character variety. Moreover it offers
a way to interpret #(M,(,1). It is also useful to understand the representation
theory for SLo-skein algebras [BW16a; BW17; BW19].

We generalize Bullock’s work to stated SL,,-skein modules for marked 3-manifolds.
We construct a surjective algebra homomorphism from .%,(M, N, 1) to the coor-
dinate ring of some algebraic set and calculate the kernel of this map. Costantino
and Lé have constructed this map when n = 2 and (M, N) is the thickening of
an essentially bordered pb surface, and proved that it is an isomorphism [CL22a].
Motivated by Costantino and Lé, we choose the algebraic set to be the homomor-
phism from the groupoid 7 (M, N) to SL,(C), whose coordinate ring is denoted
as R,(M,N).

Theorem 1.2.1. Let (M,N) be a marked 3-manifold. There exists a surjective

algebra homomorphism

OMN) . 2 (M, N, 1) — R, (M, N).

We show that &) commutes with the splitting map (section 2.1.4), see Theorem
2.2.12. Our construction is compatible with the construction by Costantino and
Lé when n = 2 and (M, N) is the thickening of an essentially bordered pb surface,

see section 2.2.5.
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In order to calculate Ker @V we give an explicit presentation for .7, (M, N, 1).

We do this in two steps. First we consider the case when N has only one component.

Theorem 1.2.2. Let (M, N) be a connected marked 3-manifold with N consisting
of one component. Then /,(M,N,1) ~ T',,(M), where T,,(M) is the universal
presentation algebra of (M), see Definition 2.2.4.

We use O(SL,,) to denote the coordinate ring of SL,(C). Then
O(SL,) =Clz;; | 1 <4,j <n]/(det(X) = 1)

where X is an n by n matrix such that X;; = x;;,1 <¢,5 < n. We have that X!

makes sense and is an n be n matrix in O(SL,) because det(X) = 1.

Theorem 1.2.3. Suppose (M, N) is a connected marked 3-manifold with N # (),
and N is obtained from N by adding one extra marking (Definition 2.4.7). Then
Fn(M,N' 1) ~ S, (M,N,1) ® O(SL,,) as algebras.

Let (M, N) be a connected marked 3-manifold with A" # (). Combining the above

two Theorems we have
Fn(M,N,1) ~ (M) @ O(SL,) V-1

as algebras, where A is the number of components of V.

For a commutative algebra A, we use v/04 to denote the ideal consisting of all
nilpotents. We can omit the subscript for V0 4 when there is no confusion with
the algebra A. There is a projection from T',,(M) ® O(SL,)®*®N=1 to R, (M, N),
whose kernel is v/0. The isomorphism from ., (M, N, 1) to T',,(M)®O(SL,, )2V -1
is compatible with ®M)  that is, the combination of this isomorphism and the
projection from I', (M) ® O(SL,)*™V =1 to R, (M, N) is ® M) Thus we have the

following theorem.

Theorem 1.2.4. For a marked 3-manifold (M, N), we have Ker @A) = /0.

Theorems 1.2.1 and 1.2.4 are proved in [Sik01; Sik05] when N = ().

Costantino and Lé also defined the generalized marked 3-manifold by allowing

oriented closed circles in N [CL22b]. A generalized marked 3-manifold is said
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to be connected if the corresponding 3-manifold is connected. We can define the
stated SL,,-skein module for the generalized marked 3-manifold as for the marked
3-manifold . For any generalized marked 3-manifold (M, /N), we define T',,(M, N)
as a quotient algebra of ', (M) (Def. 2.5.2).

Theorem 1.2.5. Let (M, N') be a connected generalized marked 3-manifold with
N #£0. Then (M, N, 1) ~ T, (M,N)® O(SL,, )N =1,

1.2.2 Chapter 3

There exists the Chebyshev-Frobenius homomorphism from . (M, N, 1) to (M, N, v)
when v is a root of unity of odd order [BL20; BW16a; KQ24]. When (M, N) is the
thickening of a punctured bordered surface, it is injective and its image lies in the
center of the stated skein algebra. The Chebyshev-Frobenius homomorphism is im-

portant to understand the center of the stated skein algebra and its representation
theory [BW16a; BW17; BW19; FKL19].

We will construct the Frobenius homomorphism from ., (M, N, 1) to ., (M, N ,v)
when v is a primitive m-th root of unity with m being coprime with 2n and every

component of M contains at least one marking. The Frobenius homomorphism
was built for n = 2,3 in [BL20; BW16a; Hig23; Hig24; KQ24].

Theorem 1.2.6. Let (M, N) be a marked 3-manifold, where every component of
M contains at least one marking, and v be a primitive m-th root of unity with m
being coprime with 2n. Then there exists a unique linear map F : S (M, N, 1) —
Z(M, N, v) such that F(1) = 1™ for any stated n-web | consisting of stated framed
oriented arcs, where '™ is obtained from | by taking m parallel copies along the

framing direction for each stated framed oriented arc.

We also show that the Frobenius homomorphism commutes with the splitting map
(section 2.1.4).

Theorem 1.2.7. Suppose D is a properly embedded disk in a marked 3-manifold
(M,N) and D contains an embedded oriented open interval 3. Let (M',N") be the
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result of splitting (M, N') along (D, 8). Then the following commutative diagram.:

F(M,N, 1) —2— 7, (M',N",1)

I I

Fn(M, N v) —2— Z, (M, N",v)

Y

where © is the splitting map defined in section 2.1.4.

For a punctured bordered surface &, we use .7,(&,v) to denote the stated SL,-
skein algebra of & (section 2.1.3).

We show that the image of F is transparent, which indicates that ImJF lies in
the center of the stated SL,-skein algebra when (M, N) is the thickening of an
essentially bordered pb surface. We also show that F is injective when (M, N\) is

the thickening of an essentially bordered pb surface.

Theorem 1.2.8. Let G be an essentially bordered pb surface. Then F : %,(6,1) —
(S, v) is an injective algebra homomorphism, and ImF lies in the center of

(S, v).

The Unicity Theorem, alongside the Frobenius map, plays a crucial role in studying
the representation theory for skein algebras. The Unicity Theorem was conjectured
by Bonahon and Wong [BW16a] and proved by Frohman, Kania-Bartoszynska, Lé
for SLy-skein algebras [FKL19]. Korinman generalized the Unicity Theorem to
stated SLg-skein algebras [Kor21]. The key to proving the Unicity Theorem for
skein algebras is to prove that the skein algebra is affine almost Azumaya (section
3.2).

Theorem 1.2.9. Let & be an essentially bordered pb surface, and v be a primitive
m-th root of unity with m being coprime with 2n. Then 7,(S,v) is affine almost
Azumaya (Def. 3.2.1).

Because of the above Theorem, the Unicity Theorem applies for .7,(&,v) when &
is an essentially bordered pb surface. Then we have the following Theorem.

Theorem 1.2.10. Let & be an essentially bordered pb surface, and v be a prim-
itive m-~th root of unity with m being coprime with 2n. Then /,(6,v) is finitely



Chapter 1. Introduction and overview 11

generated as a module over its center. Suppose the rank of .7,(S,v) over its center
is K (see section 3.2 for the definition of this rank). Let us use C(%,(S,v)) to
denote the center of .#,(&,v). Then the followings hold:

(1) any irreducible representation of .7, (S,v) has dimension at most the square
root of K;

(2) the map X : Irrep — MaxSpec(C(7,(6,v))), defined in Remark 3.1.6, is

surjective.

(3) there exists a Zariski open dense subset U C MaxSpec(C(.7,(S,v))) such that
for any two irreducible representations Vi, Va of (6, v) with X (Vi) = X(V,) € U,
then Vi and Vy are isomorphic and have dimension the square root of K. Moreover
any representation sending C(,(6,v)) to scalar operators and whose induced

character lies in U 1s semi-simple.

1.2.3 Chapter 4

For a pb surface &, positive integers m,n with m | n, and an element € € R with
€™ = 1, we construct an R-linear isomorphism ¢, : .%,(&,v) — .%,(S, ev), which
restricts to an algebra isomorphism from a subalgebra of .7,(S, v) to a subalgebra

of Z,(6,ev).

Theorem 1.2.11. Let G be a pb surface, let m,n be two positive integers with

m | n, and let € € R with €™ = 1. Then there exists an R-linear isomorphism
Ve 1 In(6,v) = F(6, ev).

For a 3-manifold M, the SL,-skein module .#,(M, (), v) is quantized by v%. So we
will use .%,(M,v?) to denote .%,(M,D,v). Barrett built an R-linear isomorphism
from S (M,v?) to .S(M, —v?) with a choice of a spin structure of M [Bar99].
This linear isomorphism is an algebra isomorphism when M is the thickening of

an oriented surface. In this chapter, we generalize Barrett’s result to all n.

Theorem 1.2.12. Let M be a 3-manifold with a spin structure. For each positive
interger n, there exists an R-linear isomorphism ®,, : ., (M,v?) — (M, —v?).
In particular ®,, is an algebra isomorphism when M 1is the thickening of an oriented

surface.
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We also prove the stated version for Theorem 1.2.12.

Theorem 1.2.13. Let (M, N') be a marked 3-manifold, and let n be a positive in-
teger. There exists an R-linear isomorphism V,, : (M, N ,v) — S (M, N, —v).
In particular, V., is an algebra isomorphism when (M, N') is the thickening of a pb

surface and V,,(a) = « for any stated n-web o in (M, N') without endpoints.

Costantino and Lé formulated the stated SLo-TQFT theory [CL22b]. They con-
structed a symmetric monoidal functor from the category of decorated cobordisms
to the Morita category, please refer to section 4.5 for the definitions of these two
categories. The stated TQFT theory offers potential techniques to calculate the
dimension of the skein modules of closed 3-manifolds and prove Witten’s Finiteness
Conjecture [Det21; GJS23]. The Conjecture was already proved in [GJS23], but
the generalized Conjecture in [Det21] for compact 3-manifolds with boundaries is
still open, please refer to [KW25] for related discussion. For any closed 3-manifold
and a positive integer k, we use M} to denote the marked 3-manifold obtained
from M by cutting out k open balls and adding one marking to each newly created
sphere boundary component. As an application for the stated SLo-TQFT theory,
the author proved the dimension of the representation reduced stated skein module

of My, is one (see chapter 6).

We generalize the stated SLo-TQFT theory to SL,,. We assign the marked surface
with a stated SL,,-skein algebra and the decorated manifold with a stated SL,,-skein
module, a bimodule over two stated SL,-skein algebras, please refer to section 4.5
for detailed discussions. This assignment is actually a symmetric monoidal functor
from the category of decorated cobordisms to the Morita category, see Theorem
4.5.2. Using the stated SL,-TQFT theory, we prove the following theorem.

Theorem 1.2.14. Let (M, N') be a connected marked 3-manifold with N # 0, and
let (M,N") be another marked 3-manifold obtained from (M,N) by adding one
extra marking €' . Suppose € € R such that €* = 1. Then:

(1) The R-linear map from (M, N, ¢€) to (M, N, €) induced by the embedding
from (M,N) to (M,N") is injective.

(2) So(M,N" €) ~ S (M,N,€) @r O, (SL,,) (subsection 2.1.5).

When € = 1, Theorem 1.2.14 is also proved in [Wan23c| using a quite different and

complicated technique.
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Lé and Sikora defined the splitting map for stated SL,-skein modules and algebras
and conjectured the injectivity of the splitting map for pb surfaces, Conjecture 7.12
in [LS21] (or refer to Conjecture 4.7.1). Lé proved the injectivity of the splitting
map for pb surfaces when n = 2 [Lél8], Higgins proved the case when n = 3
[Hig23], Lé and Sikora proved the Conjecture when the pb surface is connected
and has a non-empty boundary. The author proved the splitting map is injective

for all marked 3-manifolds when the quantum parameter v is 1 [Wan23c].

There are very few non-trivial affirmative examples for Conjecture 4.7.1 when the
pb surface has an empty boundary and n > 3 (the only non-trivial example is the

case when the quantum parameter is 1 [Wan23c]).

As applications for the above Theorems, we prove the injectivity of the splitting

map for some special cases.

Theorem 1.2.15. Let & be a pb surface with an ideal arc c, let m,n be two
positive intgers with m | n, and let ¢ € R such that €™ = 1. Then the splitting
map O, : (6, €) = S (Cut.(S),¢€) is injective, where Cut.(&) is the pb surface
obtained from & by cutting along c (subsection 2.1.4).

Theorem 1.2.16. Let (M, N) be a connected marked 3-manifold with N° # 0, let
D be a properly embedded disk in M, and let e be an open oriented interval in D.
Suppose € € R such that ¢* = 1. Then the splitting map

O, : (M, N €) — Yn(Out(D,e)(M,/\/'),e)

is injective (subsection 2.1.4).

Theorem 1.2.17. Let (M, /N) be marked 3-manifold, let D be a properly embedded
disk in M, and let e be an open oriented interval in D. Then the splitting map

Ow.e) : In(M,N,-1) = L, (Cutipe)(M,N),—1) is injective.

1.2.4 Chapter 5

Recall that, when q% is a root of unity of order N with N odd, there is an im-
portant linear map, called the Frobenius map, F : A (M,N) = S2(M,N)
[BL20; BW16a; Wan23c]. This map is an algebra embedding when (M, N) is the

thickening of a pb surface.
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The stated skein module .71 (M, ) has a commutative algebra structure given by
taking the disjoint union of stated tangles in (M, N'). Let ,1/2(M, NN = ImF
when ¢2 is a root of unity of order N with N odd. We show that S (M, N)M) has
a commutative algebra structure, which makes F : (M, N) = Zn/2(M, N )&

a surjective algebra homomorphism (Thm. 5.1.4).

The stated skein module .#1/2(M,N) has an .7 (M, N )-module structure, de-
fined by equation (5.4). It was proved that .7,./2(M,N) is finitely generated over
A (M,N) when (M,N) is the thickening of a pb surface, which is the crucial
step to prove the Unicity Theorem for stated skein algebras [AF17; FKL19; Kor21;

Wan23c|. In this chapter, we will prove the following more general result.

Theorem 1.2.18. When q% 15 a root of unity of odd order, the stated skein mod-
ule S (M, N) is finitely generated over 71 (M,N') for any compact marked 3-
manifold (M, N).

We call the property that :/2(M, N) is finitely generated over .# (M, N) as
finiteness of stated skein modules over Frobenius.

As mentioned before, the commutative algebra .71 (M, N) has an action on 1,2 (M, N)
when ¢2 is a root of unity of odd order. Let I be a maximal ideal of . (M, N).
Define

Iyql/Q(M,N> = {371'(){1+"'+$k'0ék | keNux, el a; € yql/Q(M,N>,]_ <1< ]{3}

We define the representation-reduced stated skein module of (M, N) with
respect to I to be

c5{11/2(]\4,./\/)/([5”(11/2(]\4,./\/‘)). (1.7)

The parallel definition for this quotient vector space for the skein module (non-
stated case) is defined in [FKL23].

Theorem 1.2.19. When q% 1s a root of unity of odd order, the representation-
reduced stated skein module of a compact marked 3-manifold is finite-dimensional

over C.
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The representation-reduced stated skein module is an important tool for study-
ing the skein theory. Detcherry, Kalfagianni, and Sikora used the representation-
reduced skein module to calculate the dimension of the skein module for certain
closed 3-manifolds [DKS23]. The representation-reduced (stated) skein module
of the handlebody H, is helpful in constructing irreducible representations of the
(stated) skein algebra of 0H, [FKL23; Wan25b].

For a 3-manifold M, the stated skein module of (M, ) is the (Kauffman bracket)
skein module of M. We will use .%,(M) to denote the skein module of M. Let ¢
be a root of unity of order N with N odd. The Frobenius map F : .Z;n(M) —
(M) for the skein module is defined by Bonahon and Wong (note that ¢~ = +1)
[BW16a)].

Since ¢V = +1, then .7~ (M) has a commutative algebra structure given by taking
the disjoint union of framed links. Similarly, as the stated case, the skein module
Z4(M) has an .~ (M )-module structure. So we have a stronger version for The-
orem 1.2.18 when A" = (). That is, .7, (M) is finitely generated over .7~ (M) when
M is compact and ¢? is a root of unity of order N with N odd [FKL22].

For every 3-manifold M, the skein algebra .7, (0M) acts on .7, (M), see section
5.2.2. Using the stronger version for Theorem 1.2.18 when N = (), we find out the
finiteness of .#n (M) over .7~ (OM) implies the finiteness of .7, (M) over 7, (OM)
when M is compact and ¢? is a root of unity of order N with N odd.

Theorem 1.2.20. Let M be a compact 3-manifold. Suppose ¢* is a root of unity
of order N with N odd, and Z,x (M) is finitely generated over #yn(OM). Then
(M) is finitely generated over .7, (OM).

For a compact marked 3-manifold (M, ), we give an upper bound for the dimen-
sion of Z1/2(M,N) over .1(M, N), which is defined to be the minimal number of
generators of .72 (M, N') over /1 (M, N). This furthermore gives an upper bound

for the dimension of the representation-reduced stated skein module of (M, N).

Theorem 1.2.21. Suppose q% 1s a root of unity of order N with N odd. Let
(M,N) be a connected compact marked 3-manifold. Suppose the Heegaard genus
of M is g, and N has k components.

(a) When k = 0, the dimension of Zu2(M,0) over #1(M, ) is not more than
N1,
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(b) When k > 0, the dimension of S2(M,N) over #(M,N) is not more than

N(N + 1)(2N + 1)\ >
(QN?,_ (N +1)( +)) '
6
Let & be a pb surface, it is well-known that .#,1/2(&) is a domain [Lel8]. Then
we have .%,12(&)™) = ImF is a commutative domain when ¢% is a root of unity
of order N with N odd, where F : .#1(&) — .,1/2(©) is the Frobenius map. We

use 71/2(S)N to denote the field of fractions of .7,1/2(&)™) and use .7,1/2(S)

to denote .71/2(6) Ry (&)@ Lp2(G)N. Then 7,12(6) is a finite-dimensional

vector space over the field .71/2(&)N. We define 7(&) = —x(&)+406, where x(6)
is the Euler characteristic of & and $06 is the number of boundary components of

S.

1/2

Theorem 1.2.22. Suppose q% 1s a root of unity of order N with N odd. Let & be

a connected pb surface, we require x(&) is negative if 0& = (). Then

. o __ aAT3r(6)
dlmyql/2 (G)Nyqlﬂ (6) =N .

When 06 = (), Theorem 1.2.22 was proved in [FK18; FKL21]. Tao Yu discussed
the center and the PI-dimension of the stated skein algebra in [Yu23]. When the
center is the image of the Frobenius map, the PI-dimension should be the square

—~—

root of dim e v a2(6). It is a trivial check that Theorem 1.2.22 coincides
- ql 2
with the result in [Yu23] when the center of the stated skein algebra is the image

of the Frobenius map.

1.2.5 Chapter 6

We use MaxSpec(#1 (M, N)) to denote the set of all maximal ideals of % (M, N).
Then MaxSpec(.#1 (M, N)) is actually isomorphic to a representation variety when

every component of M contains at least one marking, and is isomorphic to a char-
acter variety when N = () [Bul97; Wan23c].

Recall that when q% is a root of unity of odd order, the commutative algebra
(M, N) has an action on .7,1/2(M,N) via the Frobenius map. Then for any
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p € MaxSpec(# (M, N)), in (1.7) we define

45{]1/2(M,./\/’)p = yql/Q(M7N)®(5ﬁ1(M7N)(¢71(M,N)/p> ~ yql/Q(M,N)/p‘yql/Q(M,N).

A marked surface is a pair (X, P), where ¥ is a compact surface and P is a set

of finite points in 0%, called marked points.

For a marked surface (X, P), we set M =3 x [0,1], and set N' =P x (0,1) where
the orientation of every component of A is given by the positive direction of (0, 1).
Then (M, N) is a marked 3-manifold. We call (M, N) the thickening of (3, P),
and define .71/2(3, P) = Lu2(M,N). Then .%,1/>(X, P) has an algebra structure
given by staking stated tangles, that is, for any two stated tangles a;, 3, the product
a3 is defined to be staking a above 3. We call #1/2(3, P) the stated skein algebra
of (X,P). When P = (), the algebra .#,1/2(%,P) is the (Kauffman bracket) skein
algebra.

When (M, N) is the thickening of a marked surface (X,P), it is easy to show
S2(8,P), is a quotient algebra of .7,1/2(3, P) for any p € MaxSpec(# (X, P)),
where Z1/2(X,P), denotes .7,12(M,N), and Z,1/2(X,P) denotes .#1/2(M,N).
This quotient algebra is very important to understand the representation theory of
the stated skein algebra. Actually any irreducible representation of .#,1/2(%, P) re-
duces to an irreducible representation of .#,1/2 (%, P),, for some p € MaxSpec(.#1 (%, P)).

Let (M, N') be a marked 3-manifold. For any properly embedded disk D in M and
any embedded oriented open interval u C D, we use Cut(p,.)(M,N) to denote the
marked 3-manifold obtained from (M, N) by cutting along (D, u), please refer to

subsection 6.2.1 for more details. There exists a linear map
CF yquz(]\/[,./\/) — 5/(11/2(011’5(&“)(]\/[,/\/’)) (1.8)

called the splitting map. When ¢7 = 1, we have that © : S (M, N) — .7, (Cut(p . (M, N))

is an algebra homorphism. Then it induces a map

O : MaxSpec(# (Cut(p ) (M, N))) = MaxSpec(Z ((M,N))).
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We prove that, for any p € MaxSpec((Cut(p,)(M,N))), the splitting map in

equation (1.8) induces a linear map
@p : 5/(11/2(M,N)@*(p) — Vql/g(Cut(D,u)(M,/\/’))p.

Theorem 1.2.23. Let (M, N) be a marked 3-manifold, let D be a properly em-
bedded disk in M, and let u be an embedded oriented open interval in D. Sup-
pose the component V. of OM contains OD and V NN # 0. Then, for any
p € MazSpec(S1(Cutpuy) (M, N))), we have ©, is injective.

We use H, to denote the genus g handlebody. For any positive integer &, we use
H

¢k to denote the marked 3-manifold obtained from H, by adding k markings

on 0H,. Then H,j is defined up to isomorphism. We use ¥, to denote the
closed surface of genus g. For any positive integer k, we use X, to denote the
marked surface obtained from X, by removing £ open disks and equipping each
newly created boundary component with one marked point. Then the stated skein

algebra .71/2(3y ) acts on 71/2(Hy ), please refer to section 6.3 for more details.

Theorem 1.2.24. Let k be a positive integer. For any p € MazSpec(-#1(H,)),
we have S /2(Hy ), is an irreducible representation of . 1/2(3yr). Meanwhile, it

is an Azumaya representation of L2 (Xgk) (section 6.3).

Let M be an oriented connected closed 3-manifold. For any positive integer k,
we use M to denote the marked 3-manifold obtained from M by removing k
open three dimensional balls and adding one marking to each newly created sphere

boundary component.

Theorem 1.2.25. Let M be any oriented connected closed 3-manifold, and let k
be any positive integer. For any p € MaxSpec(-#1(My)), we have .Zp2(My), ~ C

(as C-vector spaces).

Parallel results for Theorems 1.2.24 and 1.2.25 for the skein case (that is the non-
stated case) are proved in [FKL23]. For the non-stated case, they have some
restrictions for p. Theorems 1.2.24 and 1.2.25 hold for any p € MaxSpec(#1(H,x))
or p € MaxSpec(.#(Mg)).
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1.2.6 Chapter 7

Let S be an oriented surface, let ¢ be a diffeomorphism for S, and let ¢, = >/"
with (g,)"/? = ™" and n odd. Using these data, Bonahon-Wong-Yang built a
sequence of intertwiners {AZ },con1 between irreducible representations of the
skein algebra of S [BWY21; BWY22]. When S has negative Euler characteris-
tic and ¢ is pseudo-Anosov, they formulated the volume conjecture using these
intertwiners:

. 1 1
. o%goo - log | TraceA®" | = EUOZhyp(]\/LpL

where volp,,(M,) is the volume of the complete hyperbolic metric of the mapping

torus M.,.

We explicitly compute the intertwiners corresponding to all diffeomorphisms of the
closed torus using an algebraic embedding from the skein algebra of the closed
torus to a quantum torus [FGO0O0], see section 7.2 for more details. The represen-
tation theory for this quantum torus is well-studied. We prove that almost all the
irreducible representations of this quantum torus can be resticted to irreducible
representations of the skein algebra of the closed torus. So intertwiners between
two isomorphic irreducible representations of this quantum torus are also the in-
tertwiners between irreducible representations for the skein algebra of the closed
torus. These intertwiners are built when the quantum parameter ¢ for the skein al-

gebra is a primitive root of unity of odd order. We use A,, to denote the intertwiner

obtained as above when the quantum parameter is g, = ™/™ with (g,)"/? mi/n

and n odd. We also normalize A,, such that |det(A,)| = 1. Then we prove the

=€

following Theorem, please refer to Theorem 7.3.11 for a more detailed version.

Theorem 1.2.26. Let A,, be defined as above, then

lim su
odd n—o0 n

log(|TraceA,|)
p

The volume conjecture was first introduced by Kashaev [Kas97], and was rewritten
and generalized to the non-hyperbolic case by Hitoshi Murakami and Jun Murakami

[MMO1] using the simplicial volume.

Bonahon-Wong-Yang only formulated the conjecture when the diffeomorphisms are

pseudo-Anosov for surfaces with negative Euler characteristic. In this chapter, we
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broaden the scope of the conjecture to include periodic diffeomorphisms. When ¢
is a periodic diffeomorphism for the surface S, the corresponding mapping torus
M, is a Seifert manifold whose simplicial volume is zero. So we conjecture the
limits are zero for periodic diffeomorphisms. We prove our conjecture for the once
punctured torus, which serves as examples to confirm the limit is the simplicial

volume of the corresponding mapping torus.

Let S be an oriented surface with negative Euler characteristic, and let ¢ be a
periodic diffeomorphism for S. According to page 371 in [FM11], ¢ fixes a point
in the Teichmiiller space of S. This fixed point in the Teichmiiller space offers a
smooth y-invariant character v (that is «y is a group homomorphism from m(S) to
SL(2,C) such that yp, and v have the same character, where @, is the isomorphism
from 71 (S) to m1(S) induced by ¢). Suppose the quantum parameter for the skein
algebra is ¢, = €™/™ with (¢,)"/? = ¢™/™ and n odd. For each puncture v of S,
we choose a complex number p, such that p, = p,) and T),(p,) = —Trace(y(ay)),
where T, is the n-th Chebyshev polynomial of the first type and «,, is the element
in 7m1(S) going around puncture v. According to Theorem 7.1.1, we know v and p,
uniquely determine an irreducible representation p of the skein algebra. Let ¢y be
the isomorphism from the skein algebra of .S to itself induced by ¢. Since both ~ and
P are @-invariant, we have p and pyy are isomorphic according to Theorem 7.1.2.
Thus there exists the intertwiner A% between these two isomorphic irreducible
representations. We normalize it such that |det(AZ )| = 1. Then we formulate the

following conjecture, please refer to Conjecture 7.4.4 for a more detailed version.

Conjecture 1.2.27. Let S be a surface with negative Fuler characteristic, let ¢

be a periodic diffeomorphism for S, and let A%, be defined as above, then

1
li —log [TraceA? | = 0.

In Theorem 7.4.5, we prove the limit in Conjecture 1.2.27 is less than or equal
to zero if it exists by using the periodic property. It seems like that we are half
way there to prove our conjecture. But proving that the limit is greater than or
equal to zero is harder, which is actually related to an interesting question raised
by Gerald Myerson [Mye86] and Terry Tao [Tao]. By direct calculations and using
some conclusions in [LL00; Mye86], we prove the above conjecture for some special

cases:
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Theorem 1.2.28. For any surface with negative FEuler characteristic if ¢ s of

order 2™ where m is any positive integer, we have

1
li — log | TraceA?" | = 0.
n ocgr—lwo n 08 | race PV |

Theorem 1.2.29. Conjecture 1.2.27 holds if S is the once punctured torus.

Conventions: We use N to denote the set of nonnegative integers and use Z to
denote the set of integers. We set N* =N — {0},Z2* =Z — {0},C* = C — {0}.
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General SL,-skein theory
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Chapter 2

The classical limit of the stated

SL,,-skein module

In chapters 2-4, we discuss the classical limit, the Frobenius map, and the TQFT
theory for the general stated SL,-skein theory.

This chapter is based on the author’s work in [Wan24|. Here, we review the def-
inition of the stated SL,-skein module .#,(M,N,v) of a marked 3-manifold, as
introduced in [LS21]. It is a module over a commutative domain, generated by
isotopy classes of stated n-webs (Def. 2.1.1), subject to the relations (2.4)-(2.11).

We will define a surjective algebra homomorphism
(M, N, 1) — the function ring of a representation variety

(Thm. 2.2.9). Furthermore, we will show that the kernel of this surjective algebra
homomorphism consists precisely of all nilpotent elements of ., (M, N, 1) (Thm.
2.4.19). The results in this chapter generalize those in [Bul97; Sik05] to the stated
SL,-skein theory.

2.1 Stated SL,-skein modules

In this section, we will recall some definitions and results about the stated SL,,-
skein modules and introduce some conventions. We follow the definition in [LS21]

for stated SL,-skein modules. Here we briefly recall the definition.

25
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Definition 2.1.1 ([LS21]). Ann-webl in a marked 3-manifold (M, N) is a disjoint
union of oriented closed paths and a directed finite graph properly embedded into

M. We also have the following requirements:

(1) I only contains 1-valent or n-valent vertices. Each n-valent vertex is a source

or a sink. The set of one valent vertices is denoted as Ol, which are called endpoints

of .

(2) Every edge e of the graph is an embedded oriented closed interval in M. We
can regard e as an embedding from [0,1] to M. Then e(0) (resp. e(1)) is called the
starting point (resp. ending point).

(8) 1 is equipped with a transversal framing.
(4) The set of half-edges at each n-valent vertex is equipped with a cyclic order.

(5) Ol is contained in N and the framing at these endpoints is the velocity vector
of N.

For any two points a,b € 0l, we say a is higher than b if they belong to a same

component e of N' and the direction of e is going from b to a.

A state of an n-web [ is a map s : 9l — {1,2,...,n}. If there is such a map s for

[, we say [ is stated by s. For any point a € 0l, we say a is stated by s(a).

Our ground ring is a commutative domain R with an invertible element v € R. We

set ¢ = v®" such that qﬁ = v, and define the following constants:
n—i n—1 n—1 n2-1 ’I’L/2 (n=1)n ﬁ
= (=q)" g, t=(=1)"""g ", " =(=1)"2 ¢ (2.1)
n — n2

a=q"T, dy=(-1)""" (2.2)
Note that

: n/2 (n—n 21 :

HCz':t =(—-1)"2 ¢ 2 andg¢ =t fori=1,...,n (2.3)

i=1

We use S, to denote the permutation group on {1,2,...,n}.

The stated SL,-skein module of (M, N'), denoted as .7, (M, N, v), is obtained in

two steps. We first use all isotopy classes of stated n-webs in (M, ) as a basis to
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generate a free R-module, then quotient the following relations.

gr /\;i —q \/< =(¢—q") _)_): ! (2.4)

5 Q =to0— (2.5)

O = (=1)""[n] , where [n| = %, (2.6)

;;4;<q>”‘"2”-2<

where the ellipse enclosing o is the minimum crossing positive braid representing

(2.7)

a permutation o € S,, and {(o) =| {(4,7) | 1 < i < j < n,0(i) > o(j)}| is the
length of o € 5,,.

I
e}
3=

Z 1 ’ é ]
D5 s

L, J <t 1, i=] .
where 0; = , 055 = . Each shaded rectangle in
0, otherwise 0, otherwise

the above relations is the projection of a cube in M. The lines contained in the
shaded rectangle represent parts of stated n-webs with framing pointing to readers.
The black or white dot represents the orientation of the stated n-web such that the

orientation represented by the white dot is opposite to the orientation represented
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by the black dot. The thick line in the edge of shaded rectangle is part of the

marking. For detailed explanation for the above relations, please refer to [LS21].

2.1.1 Functoriality

For any two marked 3-manifolds (M, N), (M’ , N'), if an orientation preserving
embedding f : M — M’ maps N to N/ and preserves orientations between N and
N’ we call f an embedding from (M,N) to (M',N'). Clearly f induces a linear
map fi : (M, N,v) = S (M, N’ v) [LS21].

2.1.2 Reversing orientations of n-webs

Let & denote an n-web a with its orientation reversed (and unchanged framing).

Corollary 2.1.2 ([LS21]).
T I(MIN ) = S (M N v)

15 a well defined linear automorphism.

2.1.3 Stated SL,-skein algebras

The stated SL,-skein algebra, denoted as .7, (S, v), of a pb surface & (Def. 1.1.1)
is defined as following: For every component ¢ of 0&, we choose a point z.. Let
M =6 x[-1,1] and N = U.(x. % (—1, 1)) where ¢ goes over all components of 08.
Then we define .7,(6, v) to be .7, (M, N, v). We will call (M, N') the thickening
of the pb surface &. Obviously .7,(6,v) admits an algebra structure. For any
two stated n-webs [; and [y in the thickening of &, we define [;ly € .7,(6,v) to be

the result of stacking l; above [s.

Let f : &1 — G5 be a proper embedding for pb surfaces. Note that it is possible
that f maps more than one boundary components of &; into one boundary com-
ponent of &,. For a boundary component ¢ of G, we can give a linear order on
the set of boundary components of &; that are mapped into ¢ under f. We call

such a linear order for ¢ a c-order. If for each boundary component ¢ of Gy, there
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exists such a c-order, we call f a height ordered embedding, which induces a
linear map f, : 7, (61,v) = 7, (6, v) [LS21].

For every boundary component ¢ of &, the orientation of ¢ induced by the ori-
entation of & is called the positive orientation. The orientation of ¢, which is
opposite to the positive orientation of ¢, is called the negative orientation. The
c-order induced by the positive (respectively negative) orientation of ¢ is called the

positive c-order (respectively negative c-order).

2.1.4 Splitting map

Let (M, N) be any marked 3-manifold, and D be a properly embedded disk in M
such that there is no intersection between D and the closure of N. After removing
a collar open neighborhood of D, we get a new 3-manifold M’'. And OM’ contains
two copies Dy and Dy of D such that we can get M from M’ by gluing D; and Ds.

We use pr to denote the obvious projection from M’ to M.

Let 8 C D be an oriented open interval. Suppose pr=(8) = 3, U 3, with 8, C D,
and 2 C Dy. We cut (M, N) along (D, ) to obtain a new marked 3-manifold
(M',N"), where N" = N'U ;1 U 5. We will denote (M’,N”) as Cut(p g (M,N). It
is easy to see that Cut(p g (M,N) is defined up to isomorphism. If ' is another
oriented open interval in D, obviously we have Cut(p g (M, N) is isomorphic to
Cut(p,g (M, N).

For a stated n-web [ in (M, N), we say [ is (D, §)-transverse if the vertices of
[ are not in D, [N D = [N, and the framing of [ at each point in [ N S is
given by the velocity vector of 5. For any map s : [N S — {1,2,...,n}, let [,
which is a stated n-web in Cut(p g (M,N), be the lift of [ such that for every
P € 1N g the two newly created boundary points corresponding to P both have
the state s(P). There is a linear homomorphism [LS21], called the splitting map,
Owp) : Ln(M,N,v) = S (M, N',v) defined by

Owpl)= >, I (2.12)

s:iNB—{1,2,....,n}

When there is no confusion we can omit the subscript for ©p g).
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Let ¢ be an ideal arc of a pb surface & such that it is contained in the interior of
S. After cutting & along ¢, we get a new pb surface Cut. &, which has two copies
¢1,¢o for ¢ such that & = Cut. &/(c; = ¢3). We use pr to denote the projection
from Cut.& to &. Suppose « is a diagram for a stated m-web in &, which is
transverse to c¢. Let s be a map from cNa to {1,2,--- ,n}, and let h be a linear
order on ¢ N . Then there is lift diagram «(h, s) for a stated n-web in Cut.S.
The heights of the newly created endpoints of «(h,s) are induced by h (via pr),
and the states of the newly created endpoints of a(h, s) are induced by s (via pr).

Then the splitting map for the stated SL,-skein algebra is defined by

O ) = Z a(h, s),

s:aNe—{1,...,n}

furthermore O, is an algebra homomorphism [LS21]. When there is no confusion

we can omit the subscript for ©..

Proposition 2.1.3 ([LS21]). Let & be an essentially bordered pb surface (Def.
1.1.1), and c be any ideal arc in the interior of &. Then the splitting map O, :
In(6,v) = Z,(Cut. &,v) is injective.

An ideal triangulation &£ of a pb surface & is (1) a collection of ideal arcs in
S, (2) any arc in this collection does not bound a disk, and any two arcs are
pairwise non-isotopic and pairwise disjoint, (3) this collection is maximal under
condition (2). The ideal arcs in £ not isotopic to boundary components split &
into ideal triangles. We use t7i(€) to denote the set of these ideal triangles. Define
Int(E) = {e € £ | e is not isotopic to a boundary component}.

Suppose & is a pb surface, and £ is an ideal triangulation of &. After cutting
S into a collection of ideal triangles using &, for each e € Int(£), Cutg(S) has
a left coaction A and a right coaction A, over the Hopf algebra .7,(98,v), see
subsection 7.1 in [L.S21]. Because of the commutativity of splitting maps, we can

combine A (respectively A.) for all e € Int(€) in any order, which we denote as

i) (respectively A ey))-

We use fl to denote the transposition
fl : (®e€]nt(€)yn(%a U>)®<®‘I€tri(5)yn(cza U)) — <®T€t'ri(5)yn<(za U))@(@eé]nt(é‘)yn(%a U))

defined by fl(a®b) = b®a where @ € Rcerni(e)-Zn(B,v) and b € Rzeprie)-Sn (%, v).
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Lemma 2.1.4 (n = 2 [KQ24], n = 3 [Hig23]). Suppose & is an essentially bordered
pb surface, and £ is an ideal triangulation of &. Then we have the following exact

sequence:

T,
In(6&,0) =2 Rzetri(e)In(T,v) —— (Qzetrie)Sn(%:0)) @ (Rcernt(e)-Sn(B,v))
where Te = Appyey — fl o myeyA. The arrow with a tail means the corresponding

map 1s injective.
Proof. Theorem 8.6 in [LS21], and Proposition 2.1.3. O

Suppose c is an ideal arc of a pb surface & such that it is contained in the interior
of &. Let V C ¢ be a subset of ¢ consisting of finite points, and let S=6 \ V.
Then ¢\ V = UL ¢; is the disjoint union of ideal arcs ¢; of &. Let &' be the result of
cutting G along ¢, and &' be the result of splitting S along all ¢;. We have natural
embeddings ¢ : & — & and v : 6 — &'. A linear order h on set {¢; | 1 < i < k}
induces a height ordered embedding ¢, : &' — &'.

From the commutativity of the splitting maps, the composition of all the splitting
homomorphisms ©,, can be taken in any order. We also denote this composition
by O..

Lemma 2.1.5 ([BL20]). With the above notations, we have the following commu-

tative diagram:

Fn(S,0) +—=— Z,(S,0)

o Je

Sa(&',0) 4 I (S 0)

The above Lemma is a generalization for Lemma 3.6 in [BL20], in which A is the

linear order induced by an orientation of c.

2.1.5 The bigon and O,(SL,)

We refer to [LS21; LY23] for the definitions for the bigon and O,(SL,).
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The bigon B is obtained from a closed disk D by removing two points in 0D. We

can label the two boundary components of a bigon by e; and e,. A bigon with this

labeling is called a directed bigon, see an example ¢ e, . We can draw

‘ . We use aé- to denote }—)—{j , and use ZL; to denote H IR

where 7,5 € {1,2,--- ,n}.

B like

For i,j,k,l € {1,2,--- ,n}, we have the following coefficients
ij 1 C _
Rp=q (C](S” k0 + (4 —q 1)5j<i5j,z5i,k) ) (2.13)

where d,; = 1if j <4 and d,-; = 0 otherwise.

Let O,(M,) be the associated R-algebra generated by w;;, i,j € {1,2,--- ,n},

subject to the relations

(u®@u)R =R(u®u), (2.14)
where R is the n? x n? matrix given by equation (2.13), and u ® u is the n? x n?
matrix with entries (u ® u);”lC = w;juy for 4,5,k 1 € {1,2,--- ,n}. Define the
element

dety(u) := Z (—Q)e(a)ul,o(n ©Uno(n) = Z (‘CI)Z(U)UU(I),I " Ua(n)n

O'ESn O'ESn

Define O,(SL,) to be Oy(M,,)/(det,u — 1). Then O,(SL,) is a Hopf algebra with
the Hopf algebra structure given by

A(um) = Zum X Uk, 5, e(um) = (Si,j.
k=1
S(ui,j) = (u!)m = (—Q)i_jdethlj’i).
Here u/* is the result of removing the j-th row and i-th column from u.

Theorem 2.1.6 ([LS21]). (a) .%,(B,v) is a Hopf algebra over R.

(b)We have a unique Hopf algebra isomorphism gy : Of(SLy,) — 7, (B, v) defined
by gbz’g(“i,j) = CL;"
Lemma 2.1.7. The map = : S, (B,v) — L. (B,v) is a Hopf algebra isomor-

phism.
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Proof. Since = is already an algebra homomorphism. We only need to show ~
respects comultiplication, counit, and antipode. We only need to check this for aé-
because -, A, e are algebra homomorphisms and S is an anti-algebra homomor-

phism.

From equations (63) and (65) in [LS21], we know

Ao™ =% 0A, €0~ =% oe.

For any 4,5 € {1,2,--- ,n}, we have

(BN

1
—
U
—
Q
S
S~—
S~—
I

(=)™ (% (@) = (=) (a}), S(* (a})) = S(a}) = (—¢)"(a)).

~

For any i,j € {1,2,--- ,n}, We use b;; to denote a;l. Combining Theorem 2.1.6

and Lemma 2.1.7 , we have the following Theorem. The reason why we prefer b; ;
j
of b; ; to be from j to i.

than a’ is because b; ; coincides with our notation, which requires the orientation

Theorem 2.1.8. We have a unique Hopf algebra isomorphism fuy : O4(SLy,) —
(B, v) defined by frig(ui;) = b;j.

Lemma 2.1.9 ([PWO1]). Suppose q is a primitive m-th root of unity with m being
odd. Then in O4(SL,,), for any 1 <1i,j <n, we have

(a)
D (D (g o0) " (Uz,02)™ - (tno(m)™

O'ESTL

= (=1 (1) 1) ™ (Uo@)2)™ - - (Ugiyn)™ = 1,
JESn

(b)

(c) (u; ;)™ is in the center of O,(SL,,).
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2.1.6 Conventions

An oriented arc « in (M, N) is a smooth embedding from [0,1] to M with the
orientation given by the positive direction of [0, 1] such that aNdM = {a(0), a(1)}N
N. A framed oriented arc is an oriented arc with transversal framing such that
the framings at {«(0), (1)} NN, if not empty, are given by the velocity vectors
of N. An oriented circle in (M, N) is a smooth embedding 3 : S* — M with a
chosen orientation such that § C int(M). A framed oriented knot is an oriented

circle with transversal framing.

If both two ends of a framed oriented arc lie in N we call it a framed oriented
boundary arc of (M, ), or just framed oriented boundary arc when there is
no confusion with (M, N). If the two ends of a framed oriented boundary arc are

both stated, we call it a stated framed oriented boundary arc.

For a framed oriented boundary arc o, we use o ; to denote o with two ends stated

by s(a(0)) = j and s(a(1)) = i. For a stated framed oriented boundary arc «,
suppose s(a(0)) = j and s(a(1)) =4, we can also use a; ; to denote « to indicate

the information that s((0)) = j and s(a(1)) = 1.

For two framed oriented arcs «, 3, we say a3 is well-defined if (1) ang = {«(0)} =
{5(1)} and they have the same framing and velocity vector at point §(1) = «/(0), or
(2) @ N 8 = {a(0),a(1)} = {8(0), B(1)}, where a(0) = 4(1) and a(1) = 4(0), and
they have the same framings and velocity vectors at their intersecting points. We
use a* 3 to denote the new framed oriented arc (or framed oriented knot) obtained
by connecting o and 3 at their intersecting points. Note that it is possible that
a * 3 is not a well-defined framed oriented arc (or framed oriented knot) because
the intersecting points could be contained in A. If this happens, we just isotopicly
push the parts nearby intersecting points to the inside of M. Then we obtain a
well-defined framed oriented arc (or framed oriented knot), which is still denoted
as ax 3. Note that for case (2), we have both a x § and 8 x o are well-defined and

they represent the same framed oriented knot.

Suppose Ry, R are two algebras, and f is map from Ry to Ry. Let A = (a;;) be a
ki by ko matrix in Ry where ky, ky are two positive integers. We define f(A) to be
a ki by ke matrix in Ry with [f(A)];; = f(a;;). If f is an algebra homomorphism,
we have f(I) = I, f(A14s) = f(A1) f(As), f(As + As) = f(As) + f(Aa), f(AT') =
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(f(As))~! where I is the identity matrix in any size and A;, 1 < ¢ < 5, are matrices

in Ry such that the above operations for A; make sense.

In this thesis, when we talk about 3-manifold, we always mean a 3-manifold with

a chosen orientation and a chosen Riemannian metric.

2.2 The commutative algebra structure for .7, (M, N, 1)

and the coordinate ring

In this section we will give a commutative algebra structure to .#,(M, N, 1), and
introduce an algebraic set related to (M, ). The main goal of this section is to
construct a surjective algebra homomorphism from ., (M, N, 1) to the coordinate
ring of this algebraic set. In next section, we will prove the well-definedness and

surjectivity of this algebra homomorphism.

2.2.1 Height exchange relations for boundary arcs with op-

posite orientations

]
——J
In this subsection, we try to discuss the relation between E

_)_
and %

— ——J
(between y |, and _, 1 ).

-

Proposition 2.2.1 ([Wan24]). Let (M, N) be any marked 3-manifold with N # ().
In &, (M,N,v), we have

(
. 1-n j 2 —1 k cpo. -
/\j ? qn —]; +Cl<1 —q )Zj<k§n ‘% -o0— ];; ) ij =1,
. . Vv Vv

—]i = F J ,
1 '] . . -
VIR P if j # i

\ h
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2.2.2 Commutative algebra structure for .7, (M, N, 1)

In this subsection, we will give a commutative algebra structure for ., (M, N, 1).
To do so, first we define the product of two stated n-webs as the disjoint union,
that is, we first isotope two stated n-webs such that they have no intersection, then
take their union as the product. To prove this product is well defined, we have to

show the product is independent of how we take the union of these two webs.

Corollary 2.2.2. For any marked 3-manifold (M, N'), we have 7, (M, N, 1) is a

commutative algebra under the above defined multiplication.

Proof. Because of relations (2.4) and (2.11), it suffices to show for any two states

1,7, we have

J\. . 1. )
——1J -1 —1J —1J
——i T =i =i T =i

v ~

when v = 1, which can be eaily derived from Proposition 2.2.1.

2.2.3 Relative spin structure and character variety

Let (M, N) be any marked 3-manifold, and ¢ : UM — M be the unit tangent
bundle. We know the fiber of this bundle is SO(3), whose fundamental group is
Zy. For any point P € M, we use ¥p to denote the nontrivial element in the
fundamental group of (~'(P). We have ¥p is homotopic to ¥ for any two points
P, () in a same component of M. For a component Y of M, we use Jy to denote
this homotopy type. When M is connected, we will use 9 to denote this unique
homotopy type.

For any component e € N, ¢ has a unique lift € in UM. For any point = € e, let
u; be the unit velocity vector at point z, let w, be the unit tangent vector at =
such that w, is orthogonal to M and pointing inside of M. Then the orientation
of M determines the second unit tangent vector v, such that (u,,v,,w,) is the
orientation of M. Obviously é = {(z,us,v,,w,) | © € e} is a smooth path in
UM , which is diffeomorphic to (0,1). Let ' = U.é where the union takes over all
components e of N. Note that ' = () when N = 0.
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From now on, for a topological space X, we will use Com/(X) (respectively PCom(X))
to denote the set of components of X (the set of path connected components of
X).

Definition 2.2.3. A relative spin structure of a marked 3-manifold (M, N) is
defined to be a group homomorphism h : H{(UM,N) — Zy such that h(dy) = 1
for'Y € Com(M).

Note that when N = (), h is just the usual spin structure.

Suppose (M, N) is the disjoint union of (M;,N;) and (Ms, N3). Then we have
H((UM,N) = H{(UMy,N1) ® Hy(UM>,N5). For each i = 1,2, let h; be a rel-
ative spin structure for (M;, N;). Then (hy, hy) : H{(UM,N) — Zj, defined by
(h1, ho)(x1,m3) = hi(z1) + ha(z2), is a relative spin structure for (M, N). Clearly

every relative spin structure of (M, N) is of this form.

rem Let X be any path connected topological space, and P be a set of finite points
in X. We suppose P = {po,p1,---,Pm_1} where m is a positive integer. For
each 1 < i < m — 1, let a; be a path connecting py and p;. Then Hy(X, P) =
H{(P) ® Z(lou]) & - - - & Z([evn—1])-

Suppose M is connected. When A has only one component, we have H; (UM, N ) =
H;(UM). Thus in this case the relative spin structure for (M, ) is just the usual
spin structure for M. When A > 1, suppose the set of components of N is
{eo,€1,...,em_1}. For each 1 <i < m — 1, let a; be a path connecting e, and
€. Then we have H (UM, N) = H\(UM) ® Z([o1]) @ - - - ® Z([at_1]). For any
spin structure h for M, we can extend h to a relative spin structure for (M, N)
by defining h([oy]) = r; € Zo,1 <i < m —1, where r;,1 <i<m—1,are m — 1
arbitrary elements in Z,. Reversely, for any relative spin structure, we can restrict
h to Hy(UM) to obtain a spin structure for M.

Suppose N is obtained from N (N # ) by adding one extra marking e such that
cl(e) Nel(N) = 0. Let o be a path connecting N and & such that «(0) € N and
a(1) € & Then H{(UM,N") = H{(UM,N) & Z([a]). Any relative spin structure
h for (M, N) can be extended to a relative spin structure for (M, N”) by defining
h([a]) = r where r is an arbitrary element in Z,. Reversely any relative spin
structure h for (M, N”) can be restricted to Hy(UM,N) to obtain a relative spin
structure for (M, N).
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For a path connected topological space X, we use m1(X) to denote the fundamental
group for X. For [a], [5] € m(X), [o][8] = [a * B] where a % [ is obtained by first
going through 3, then going through «. Note that here o * ( is different with

conventional definition.

Definition 2.2.4. For any path connected toplogical space X, define

[(X) = Cllafi; | [ € m(X), 1 <4, < n]/(Qa)Qpp) = Qlaws); det(Qpay) = 1, Q) = 1)

where [a], [B] go through all elements in m (X), [o] is the trivial loop in m(X) ,
Qi = ([Mlig)izijzn for any element [n] € m1(X).

Note that 71 (X) has an action on T',(X), defined by [a]([8):i;) = [axBxa~1];; for
any [a],[6],1 < 1,5 < n. We use G,(X) to denote the subalgebra of I',,(X) fized
by this action.

Note that Trace(Qq)) € Gn(X) for any [o] € m1(X), and G,,(X) is generated by
Trace(Qpy), (o] € m(X) as an algebra [Sik01].

rem We can generalize Definition 2.2.4 to general topological space. Let X be a

topological space. Suppose PCom(X) = {Xi,..., X}, then define
LX) =T,(X1)®@ - @Th(Xn), Go(X) =Gp(X1) @ @ Gp(Xin)-

But I',(X), G,(X) are only well-defined up to isomorphism, since different order
of X; give different algebras.

Definition 2.2.5 ([CL22al). Let X be a topological space and {E;}jc; be dis-
joint contractible subspaces of X. The fundamental groupoid m (X, Ue E;) is the
groupoid (i.e. a category with invertible morphisms) whose objects are { E;};es and
whose morphisms are the homotopy classes of oriented paths in X with end points
in Uje 5. A morphism of groupoids is a functor of the corresponding categories.
We can regard the group as the groupoid consisting of only one object and all group

elements being all morphisms.

For a marked 3-manifold (M, N), we use 7" (M, N') to denote the set of mor-
phisms in 7 (M, N).
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Let A, B be two categories. We try to define a new category AUB. The objects of
AU B is the union of objects in A and objects in B. Let U,V be any two objects in
AUB. If U,V both belong to A (respectively B), then we define Hom 45(U, V') to be
Hom 4(U, V') (respectively Homp(U, V')). Otherwise we define Hom 4,5(U, V') = 0.

Let X be a topological space. Suppose PCom(X) = {Xi,...,X,,}. For each
1 <t <m,let {E,};es, be disjoint contractible subspaces of X;. Obviously we

have
(X, Ur<i<m (Ujes Ej)) = m (X1, Ujes, £;) U -+ - Uy (X, Uje,, Ej).

Definition 2.2.6. For a marked 3-manifold (M,N) with every component of M

containing at least one marking, define
Xn(M,N) = Hom(m(M,N),SL,(C)),
and
(M, N) = {p € Hom(m (UM, N),SL,(C)) | p(9y) = dnI, for all Y € Com(M)}
where I s the identity matrizx.
Suppose (M, N) is the disjoint union of (M;, N7) and (M, N3), then we have
Xn (M, N) 2 X (M, Nb) X xn (Mo, Na) X (MN) 22 X (M, N1 X X (Mo, Na).
From Lemma 8.1 in [CL22a], if M is connected we have
Xn(M,N) = Hom(m; (M), SL,(C)) x SL,(C)* ™.

Then x,(M,N) is an affine algebraic set, whose coordinate ring is denoted as

Ro(M,N).

Definition 2.2.7. When M is connected and N is empty, we define x,,(M,N') to
be the SL, (C)-character variety of M. That is

Xn(M, N') = Xsv,(c)(M)

where Xsy, (c) (M) is defined in (1.1).
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Similarly we define
Xn(M,0) = {p € Hom(m (UM), SL(n,C)) | p(0) = dn 1}/ ~

where the definition for ~ is the same as the one in (1.1) (that is two elements are

considered to be equivalent if and only if they have the same “trace”).

rem From [Sik01], we know x, (M, () is an affine algebraic set. We also denote
its coordinate ring as R, (M, (). There is a surjective algebra homomorphism ) :
Gn(M) — R, (M,0) defined by

V(tr(Qu)))(p) = tr(p([a])) where [o] € m (M), p € xn(M, D),

and Ker Y = /0.

We can simply generalize definitions for x,(M,N), X, (M,N), R,(M,N) to all

marked 3-manifolds by taking product (or tensor product) for disjoint union.

Proposition 2.2.8. For any marked 3-manifold (M,N'), we have x,(M,N) ~
Xn (M, N).

Proof. We can assume M is connected. Here we only consider the case when N # ()
since we can prove the case when A/ = () by using the same technique.

Let h be a relative spin structure for (M, N'). We use h to establish an isomorphism
fi Xn(M,N) = $u(M, N). For any p € xu(M, N), define

fa(p)(@) = d"¥p(a) where & € m (UM, N), o = ((@).

Clearly fi(p) is a homomorphism from m (UM, N) to SL,(C), and f,(p)(9) =
dn” p(C(9)) = o1, thus fy € Xu(M,N).

Then we try to define g, : X0 (M, N) = xn(M,N). For any p € X,(M,N) and
o€ 7T1(M, N)

gn(p) (@) = d" ¥ p(a) where & € 7 (UM, N) such that ¢(&) = a.

Suppose (&) = ¢(8) = . Since p(9) = d,, I and h(9) = 1, we have

pa13) = JMaH+hB) dZ(d)Jrh(B)I_

n
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Then d'¢” p(B) = i p(&), which shows g, (p) is well-defined. Obviously we have
gn(p) € X(M,N).

We have
Iulgn(P)(@) = dp D gn(p)(e) = V@ p(a) = p(@),
an(fu(p))(@) = di'® fu(p)(@) = dy@dy @ p(a) = p(a).
Thus g, and f;, are inverse to each other. O]

When there is a fixed relative spin structure, we don’t have to distinguish between
Xn(M,N) and X, (M, N), and we also regard R, (M, N') as the coordinate ring for
Xn(M,N) using Proposition 2.2.8.

rem For any two relative spin structures hq, hy, we have Fj,_p, o fn, = fn, where

Fhy—p, is an isomorphism from x,,(M,N) to x,(M,N) defined as

Fhyeny () (&) = d>® =M@ 5(5).

rem From Remark 2.2.3, we know there is a surjective algebra homomorphism
Y :Gu(M) = R,(M,D), and KerY = /0. When there is a spin structure h, we
can regard R,(M,() as the coordinate ring for x,(M, () using Proposition 2.2.8.
Then Y is given by

V(tx(Qu))(7) = i Der(((a))) (2.15)

where [a] € m(M) and [@] € m(UM) is any lift of [a]. Since the definition of )
in equation (2.15) is related to h, we will use ), instead of ), to denote the map
defined by equation (2.15).

2.2.4 Surjective algebra homomorphism from .7, (M, N, 1)

to the coordinate ring

For any marked 3-manifold (M, N'), we are trying to define a surjective algebra
homomorphism ®**) . .7 (M. N, 1) = R,(M,N) (here we regard R, (M, N) as
the coordinate ring for x,,(M,N)).



42.2. The commutative algebra structure for ., (M, N, 1) and the coordinate ring

Recall that AV is lifted by /. For any component e € A, we have & = {(z, uy, vy, wy) |
x € e}, where u, is the unit velocity vector at x, w, is the unit tangent vector at

x orthogonal to M pointing into M and (u,, v, w,) is the orientation of M.

For any n-web [ and a component e of N, we can isotope [ such that the velocity
vector of [ at each its end point z contained in e is parallel to v,. Then we say [
is in good position with respect to e. If [ is in good position with respect to
every component of A/, we say it is in good position with respect to (M, N), or

just [ is in good position when there is no confusion with (M, N).

Let a be any stated framed oriented boundary arc in (M, N'), then we can lift «
to an element & in m (UM, /\N/') We first isotope « such that « is in good position
and the framing is normal everywhere. Then « lifts to & where the first vector
is the framing, the second vector is the velocity vector, and the third vector is
determined by the orientation of M. Suppose s(a(0)) = j and s(a(1)) = i. Then
for any p € Xn,(M,N), define

tro(p) = [Ap(@)};5, where A;; = (=1)16;;,1 < i,j <n.

0,97
Note that detA =1 and A% =d,, 1.

Let a be any framed oriented knot in .%,(M,N), then we lift o to a closed path
& in UM as above (first isotope « such that the framing is normal everywhere,
then use framing as the first vector and use velocity vector as the second vector).
We use a path to connect A (respectively the base point for 7 (UM)) and & when
N # 0 (respectively N = @). This gives an element in 7 (UM, N) or m(UM),
which is still denoted as @. For any p € X,,(M, N') define

tra(p) = tr(p(@)).

Since Trace is invariant under the same conjugacy class, we have tr,(p) is well-
defined.

Theorem 2.2.9. Let (M,N) be a marked 3-manifold with M being connected.
Then there exists a surjective algebra homomorphism ®MN) In(M,N, 1) —
R, (M,N) defined as following: For any stated n-web 1 in (M, N'), we use relation
(2.8) to kill all the sinks and sources to obtain I consisting of arcs and knots if

N £ 0 (we use relation (2.7) to kill all the sinks and sources to obtain I consisting
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of knots if N = (). Suppose ' = U, where each « is a stated framed oriented

boundary arc or a framed oriented knot, then define
2N (1)) = [T rep)
where p € Xn(M,N).

Although we assume M is connected in Theorem 2.2.9 for simplicity, we can easily

generalize Theorem 2.2.9 to general marked 3-manifolds.

When there is no confusion with the marked 3-manifold (M, ), we can omit the

superscript for M) We will prove Theorem 2.2.9 in next section.

2.2.5 Compatibility with the construction by Costantino
and Lé for essentially bordered pb surfaces when n =

2.

Let & be an essentailly bordered pb surface, and (M, ) be the thickening of &.
Recall that for every boundary component e, we select a point x. € e, and set
N =U.({z.} x (—1,1)) where e is taken over all the boundary components of &.
The orientation and the Riemannian matric of M are the product orientation and
the product Riemannian matric respectively. For simplicity, we can assume & is

connected.

If we regard the state ”2” as the state 747, and the state ”1” as the state ”—". Then
(6, 1) is the same as the commutative stated skein algebra, mentioned in Section
8 in [CL22a], as shown in [LS21]. When n = 2, Costantino and Lé established an
isomorphism tr : #(S,1) — x(&) where x(&) is the coordinate ring of the so
called flat twisted SLo(C)-bundle. Here we briefly recall the definition of the flat
twisted SLg(C)-bundle, please refer to Section 8 in [CL22a] for more details. We
follow their notation, and use m (UG, 5(‘5) to denote their groupoid, where UGS is
the unit tangent bundle over & and 06 is the lift of 9&. Then every point in US
is a pair (z,v,) where x € & and v, is a unit tangent vector at point x. For a

point x € & the fiber O is a circle, and we orient it according to the orientation of
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S. Then the flat twisted SLy(C)-bundle is defined to be

{p € Hom(m (UG, 86),SLy(C)) | p(0) = —1}.

Let pr : M — & be the projection given by pr(z,t) = z for all x € &,t € [—1, 1],
and [ : & — M be the embedding given by [(x) = (x,0). We use pr, (respectievly
l+) to denote the induced map from T'(M) to T(S) (respectively from T(S) to
T(M)), where T'(-) is the tangent bundle. For every point y € M, we use u, to
denote the unit vertical tangent vector at y such that u, points from —1 to 1. Then

[ induces an embedding

ly: US — UM

(ZE, USC) = (l(l’), Ul ()5 L (U:l?)a wl(z))

where wy(,) is determined by the orientation of M. Let VM = {(y,ay,by,c,) €
UM | ay, = u,} be a submanifold of UM with one dimension less. Then pr induces

a projection
pry: VM — &
(ya aya by7 Cy) = (p’f‘(y),p’l"*(by))
Clearly Imly C VM, and pryoly = Idye.

For each boundary component e of &, we use z, to denote a point in é whose

projection on e is the point z..

Define

fi: 7T1(U6,(9A(;3) — 7T1(UM,/\~[)

o] = [l 0 al

where « is a representative of [a] such that the two endpoints of « belong to U.{z.}.
And define

for - T (UM, N) = (6, 08)
8] = [pry o 5]
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where 3 is a representative of [] such that Im8 C VM. It is easy to show f; and

fpr are inverse to each other, and f;(0Q) = . Then f; induces isomorphism from
X2(M,N) to {p € Hom(m (UG, 5(75), SLy(C)) | p(O) = —1}, which further induces
an isomorphism f, : x(&) — Ro(M,N). Then it is a trivial check that

feotr =.

2.2.6 Compatibility with the splitting map

In this subsection we discuss the splitting maps for both R, (M, N') and .7, (M, N, 1)

and the commutativity for these two splitting maps.

Recall that when D is a properly embedded disk in M and g C D is an embed-
ded oriented open interval, there exists a splitting map ©p g : S (M, N, 1) —
Yn(Cut(Dﬂ)(M, N), 1).

Lemma 2.2.10. The above linear map ©p g s an algebra homomorphism.
Proof. It followes easily from the definition of ©(p g). O

We will use (M’,N) to denote Cut(p g (M,N). Then there is a projection pr
(M, NT) — (M, N). If we orient 9D, the orientations of 9D and M give a way
to distinguish between D; and D, such that the orientation pointing from Ds to

D; and the orientation of 9D coincide with the orientaion of M, see Figure 2.1.

FIGURE 2.1: The orientation of D is indicated by the arrow, the orientation of
M is right handed. The left (respectively right) disk copy is Dy (respectively
Dy). The left (respectively right) red arrow is 31 (respectively [2).

In the following discussion, we fix an orientation for dD. Note that g € D lifts

to an element in UM. For every point P in (3, the velocity vector gives the first
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unit tangent vector, the orientation of D and the orientation of M give the third
unit tangent vector (since the orientation of D and the orientation of M give an
orientation of D, which determines a unit tangent vector at P), then the orientation
of M gives the second unit tangent vector. We use 3 to denote this lift. Recall
that ¢ : UM — M is the projection, we define D = ¢(71(D). The projection pr
- (M',N") — (M,N) induces a projection pr : UM’ — UM. Then pr~'(3) =
51/ U ﬁ}, where ﬁ]l € ﬁ, 52, € 52 (ﬁ and 172 are defined in the same way with
[)) Note that 51 = 51’ and 52 =+ 52’. The orientation of 5 determines a path ag
from 52 to Bgl and a path bg from B~2/ to B; such that both ag * bg and bg * ag are
in the same homotopy type with 9.

rem According to Lemma 8.1 in [CL22a], any p’ € x,,(M', N) can be extended to
a homomorpism p” : 7 (UM, N U {ﬂNQ,}) — SL,(C) by setting p"(ag) = d, A.

For any o € m (UM, ./\7), we can isotope o such that aND = omﬁ’ and aﬂB consists
of finite points. Then & = ay % ap_y * - - - * oy where each o; € m (UM, N U {3})
intersects D at most in its endpoints and exactly along 3. For any p/ € X (M, N,
define

/ /

v () (@) = p'(al)p"(a)) - p" (1)
where o = pr(o;) € m (UM, N' U {6;/})

Proposition 2.2.11. Let (M, N) be a marked 3-manifold, D be any properly em-
bedded disk with an embedded oriented open interval B € D. Then there is a surjec-
tive homomorphism v* : Xn(M', N") — Xn(M,N) where (M',N") = Cut(p g (M,N).
Especially v* induces an injective algebra homomorphismv : R,(M,N) — R,(M',N").

Proof. First we show v*(p') € xn(M,N). Clearly we have p”(dy) = d,I for any
component Y of M’. Since p” preserves height exchange and crossing exchange,
to show v*(p’) is well-defined, it suffices to show v*(p’) preserves the following two

moves:

B B

) — (2.16)

8 s
( — (2.17)
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The red arrow in equations (2.16) and (2.17) is the projection of 3, to get the
original 3, we just rotate the red arrow in equations (2.16) and (2.17) 90 degrees
such that it points towards readers. The black line represents part of path in UM,
and the white dot represents the direction of the path. The first unit tangent vector
of the path is the one pointing towards readers and the second one is given by the

velocity vector of the black line.

Here we only prove v*(p') preserves

B 16
D -_D
_)_

The same proving technique applies for other three cases.

AN B /8
We isotope > to . From the definition of v*(p’), we know
_)_
B B B B
v (p)( > ) =p"( )P"( )P"( )
B B &
=p"( )P ( ) =p"( > )

Then, trivially we have v*(p') € Xn(M,N).

Then we want to show v* is surjective. We use —f to denote p~r(§2), and use ag
to denote pr(ag). Then @3 is a path from —f to 3. For any p € ¥,(M, ), we use
Lemma 8.1 in [CL22a] to extend p to p” : Wl(UM,NU{B, —B}) setting in particular
p"(@g) = d,A. The projection pr : UM’ — UM induces a homomorphism pr, :
T (UM' . N'"U {52/}) — 1 (UM, N U{j3,—f}). Then p” o pr, is a homomorphism
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from 7 (UM',N" U {32/}) to SL,(C). Set p' to be the restriction of p” o pr, on
m(UM', N"). Then it is easy to show we have p’ € ¥n(M',N') and v*(p') = p.

O

Theorem 2.2.12. Let (M, N) be any marked 3-manifold, D be any properly em-
bedded disk with an embedded oriented open interval 5 € D. Then we have

(I)(M/’Nl) @) @(D”g) =Vo (I)(M’N).

Proof. We can assume M is connected. Note that M’ may not be connected.

Since both @M N 0 ©p 5 and v o @MV are algebra homomorphisms, it suffices
to show @M N (O p () = v(@MN)(a)) for any framed oriented knot or stated
framed oriented boundary arc a. If there is no intersection between o and D, it is
obvious. Then we look at the case when « intersects D. We isotope a such that
« is transverse to D, a N D C [, and the framing at each point of a N [ is the

velocity vector of f3.

If o is a stated framed oriented boundary arc with s(«(0)) = i and s(a(1)) = j.
Then a = v, * Q1 * - - -k where all «; are framed oriented arcs and are parts of
« such that each oy has two ends on 3 for 2 <t <m—1 and (1), @,,(0) € 5 and
the interior of each a; has no intersection with D. Let o} = prt(ay),1 <t < m,
then

@(Dﬁ)(a) = Z (a;n)jJﬂm—l (O/m—l)km—hkm—Q cee (O/l)khi‘

1<k1,..y km—1<n

For any p' € x,,(M',N"), we have

NN Opa(@)(P) = D (A (@) (A (e - (AP (o]

1<ky,..., km—-1<n
= (Ap () Ap' (0 ) .. Ap ()55
and

V(@ (@)(0) = U @)1 () = (A1 (@)

According to the definition of v*, we know
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It is easy to see

/

p" (&) p" (Gg_q) - - p"(&1) = p" () p" (Ym—1)P" (1) P (Ym—2) - - - p" (1) " ()

where v, = a/gl or bgl for 1 <t <m — 1. Since p”(a/gl) = p”(bgl) = A, we have

/

v (o) (@) = p"<*>p"<vm D" (@ )P (Yma) - 9" (1) (@)
— p(al)Ap (ol )A... Ap(dh).

Thus we get

V(@M () () = (A (@) A (00, 1) - A (1) 55 = 2NN O, () ().

If v is a framed knot. Let i be a path in UM connecting the base point of w1 (U M)
to & when A/ = (} or a path connecting N to & when N # (§ such that n N D = (.
Similarly suppose a = ay, * ay,_1 * - -+ % a; where all o; are framed oriented arcs
and parts of a such that each a; has two ends on 8 and does not intersect with D

on its interior. Let o = pr—!(ay),1 <t < m, then

@(Duﬁ) (a> = Z (a{;n)i:kanl (a{;n71>k7n717k7n72 A (O/l)klyl

1<i k1 ook —1<n

For any p’ € X,(M',N"), we have

VN Opp@)) = D (AP )i (AP (@) E s - (A0 (@)

1<k, km—15n

= tr(Ag/(al,)Ap/ (ol ) ... Ap(a}))

and
V(B (@) () = VN (@) (1 () = (v (o) ).

We assume 77(1) € 671, otherwise We can relabel % to make this happpen, and
—~/ —~/ N//
n(1) divides o} into two parts o ,ozl " such that ozl = o) *a) . Using the same

technique as « being an arc, we get

V() asn) = (7 ) Ap!(al) A’ (alh A .. Ap'(al * 7).
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Then we have

V(@M () (o) = tr(p" (" * af ) Ap"(al,) Ap" () A Ap(ah 1))
= tr(Ap" () Ap" (aly ) A... A" () *m)p"(n )
= tr(Ap"(al,) Ap" () A... Ap"(a} %} )
= tr(Ap" (o)) A" () A... Ap(ch))
= tr(Ap'(al,) Ap () A... Ad(a})

(M’

2.3 Proof for Theorem 2.2.9

For any m by k matrix A, Cy(A),1 < t < k, denotes the ¢-th column of A,
Ri(A),1 <t < m, denotes the t-th row of A.

To simplify the notation, we will omit the superscript for @) when there is no
confusion for (M, N).

2.3.1 The case when N = ()

Sikora proved .#,(M;C, 1) ~ G, (M) [Sik05]. Lé and Sikora proved .#,(M, 0, 1) ~
Zn(M; C, 1), which is related to the spin structure h [LS21]. Then it is easy to show
the combination of .7, (M,0,1) ~ .%,(M;C,1) ~ G,(M) = R,(M,0) is & ,where
the third map G,,(M) — R, (M, () is V), in Reamrk 2.2.3. Thus @ is a well-defined
surjective algebra homomorphism. Especially Ker & = V0 since Ker Y, = 0.

2.3.2 Independence of how to kill sinks and souces (N # ()

When we try to use relation (2.8) to kill all the sinks and sources, we first drag
all the sinks and sources close enough to some component of N, then use relation

(2.8). In this subsection, we want to show ® is independent of how to kill sinks



Chapter 2. The classical limit of the stated SL,-skein module 51

and sources, that is, to show ® is independent of how we drag sinks and sources

close to NV

Let [ be a stated n-web. Suppose I’ and [” are obtained from [ by killing all the sinks
and sources. Note that, for each sink or source of [, we may use different ways to
kill this sink or source to get I’ and {”. First assume we kill all the sinks and sources
in the same way to obtain !’ and " except one source or sink, which is denoted
as &. Let [; be obtained from [ by first killing all the sinks and sources except &

using the same way as I’ and [” then eliminating the component containing &.

Suppose G is a sink. Then

l/ = [Z (—1)8(0) (T]n * an)a(n),un (nn—l * an—l)a(n—l),un,1 cee (7]1 * al)a(l),ul] ll
UESn

U =1 (=D (% n)om)an (V1 * W 1)n1) s - (71 % Q1)o2).n] b
o€
where oy, 1y, v, 1 < t < n, are framed oriented arcs such that 7; % g, v * ay, 1 <
t < n, are well-defined framed oriented boundary arcs in (M, N). Note that
n:(1),1 < t < n, belong to a same component of N (the same with ~,(1)), and
n, 1 <t < n are isotopic to each other (the same with ;).

For any element p € x,(M,N), we have

o
(Z (—1) ( )tr(nn*an)a(n),un t/’ﬁ(nnfl*anfl)a(n—1),un,1 - 'tr(nl*al)a(l),u1>(p)
O'GSTL

= Z é(a [Ap(1n * an)]a(n),m[Ap(nnfl * O‘nfl)]g(n—mm' - [Ap(m = Oﬂ)]m,uﬁ

oESH

n(n—1) p —~ — — — ~ —
=(-1)" Z <_1)Z( )[Ap(ﬁn * 0n)|o(n) i [AP(Tn—1 % =1 o (n-1) = - - - [AP( * @) o) ar

ocESH
=(=1)" 5 det (Cor(Ap(fi *@1)) .. Corr(Ap(iamy * @) Carl(Ap(ie * 0))
—(=1)"5 det(A)det (Corlp(7i *@1)) - Crelpliinms * 8nm1)) ColpliT * @) )
—(=1)"% det (Cor(p( * @) . Colpliinmy * @) Coelplil * @) -

Similarly we have

Lo
(Z (-1) ( )tr(')’n*an)a(n),un tr(vna*anq)a(n,l),un,l . 'tr(’yl*al)a(l),u1>(p>
O'GSTL

—(-1)

n(n 1)

—_~—

det (Corlp(Fi @) - Crslp(ia #8n)) Colp(o @)
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n(n 1) ~ . - — - .
=(=1)"5 et (Corlp(Gi o +a0)) - Canlp(To v ™ol )
n(n 1) — —~— ~ —
—(=)" T det (Cor o+ @) - Corlplim * @00)) Conlpl @) )
The last equality is because p(7, * 7 ) = - = p(Jn * 7, ') € SL,(C).

Suppose G is a source. Similarly we have
I'= [Z (_1)5(0) (ﬁn * €n>vn,0(n) (671—1 * 6n—l)vn_l,a(n—l) cee (61 * 61)111,0(1)] ll

l// - [Z(_l) (ﬁn*gn)vnffn)(ﬁn 1 *Cn l)vn 1,0(n—1) (ﬁl *Cl)vla ]

where ;, ¢;, (4, 1 < t < n, are framed oriented arcs such that §;xe;, Bix(;, 1 <t < n,
are well-defined framed oriented boundary arcs in (M, N).

For any element p € x,(M,N), similarly we can get

(o
(Z (_1) ( )tr(ﬁn*en)un,o(n) tr((ﬁn—l*en—l)vn_l,o'(nfl) e tr(ﬁl*el)vl,o’(l))(p)
gESy

Ror(Ap(Br + €1))

Res(p(Bn % €071))

Then we have

o
(Z (_1) ( )tr(ﬂn*gn)vn,a(n)tr((ﬁnfl*cnfl)vn,l,o(n—l) t tr(ﬂ1*<1)1’1,0(1))(p)

gES,
Ra(Ap(gl*fl))
=(~1)"% det
i I ot

R (p(Bn * Ca))

Rox(Ap(Br * &)p(&" % (1))
—(—1)" " det N N I

Rvn_1(p<6n—l * €p— 1)p<€n 17 *Cn—l))

R (p(Br % &) p(6n 7" % G))
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Ror(Ap(Br + 61))

=(=1)"% det —
R (p(Bn-1 * €321))
Thus we have ®(I') = ®({”). In the general case, we have a sequence I’ =

1M @ 1R = " such that each [® (where 1 < t < k) is obtained from [
by eliminating all sources and sinks using relation (2.8). Additionally, each [(Y) and
1+ (where 1 < t < k—1) are obtained from [ using the same method to eliminate
all but one sink or source. Then ®(I') = ®(IV) = &(I?) = ... = d(I®)) = B(I").

Then @ is well-defined on the set of framed n-webs.

Suppose the stated n-webs [; and l5 are isotopic. From the definition of ®, we first
use relation relation (2.8) to kill all the sinks and sources to obtain ({1)". According
to the isotopy between [y and [, and how we kill sinks and sources in [;, we can
pick a way to kill all the sinks and sources in Iy to obtain (l3)" such that (I;)" and
(I3)" are homopotic relative to A. Thus ®(I;) = ®(ly), that is, ® is well-defined on

the set of isotopy classes of stated n-webs.

2.3.3 Checking for relations (N # ()

From the definition of ®, we know ® respects relations (2.4),(2.8) and (2.11). Since,
for any p € X,(M,N), p(¥) = d,I, then ® respects relations (2.5) and (2.6).

We use I (respectively ) to denote the stated n-webs on the left (repectively right)
hand side of =" in relations (2.7), (2.9) and (2.10).

Relation (2.7): From the definition of ® and Subsection 2.3.2, we can suppose the
parts outside of the box are 2n framed oriented arcs connecting to the box. We label
the framed oriented arcs connecting to the box on the left edge as «y,,...,as, a;
from top to bottom, label the framed oriented arcs connecting to the box on the
right edge as f,, ..., B2, 51 from top to bottom. Suppose s(a;(0)) = uy, s(F(1)) =
vy, 1 <t < n. To kill the sink and source in I’ using relation (2.8), we use the same
path to drag them close to N.
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For p € xn(M,N), we have

Ro=(Ap(B, * &)
B(1')(p) =det s det (Colp( + @) - Corlp( @)))
Ro-(Ap(By &)
Ro=(Ap(By + €.))Coarlp(ii # 1)) ... R Ap(By * €,))Car(p(i, * 6n))
=det : :
R(Ap(Br % @))Cor(p(ii # 1)) .. Ror(Ap(By % 1)) Crp(7 + )
[Ap(Bu &) * ) oar - [Ap(Ba * )P0 * G o
=det : :
[Ap(Br % @)p( * Al - [Ap(By % €0)p(Mn * @)l
[Ap(gl * €1 xR o) o - [Ap(gl * €1 % T % Q) o0
=(—1)"7 det : :
[Ap(Bu % &% % Ol - [Ap(Bn* 6 % i % 0o e

For each pair 1 < 7,5 < n, we use a;; to denote the oriented straight line in
the shaded box (its framing is the one pointing to readers) connecting «;(1) and
Bi(0) such that f; * a; j * o is a well-defined stated framed oriented boundary arc.

Because we use the same path to drag the source and the sink, then
pBi & Ty % G3) = dup (B » a7 * )
forall 1 <i4,5 <n,or
p(Bs * & 1 % @) = plB; * s % ;)
forall 1 <i,5 <n.
For any p € x,(M,N), since (d,)" = 1, we have

2(1")(p)
n(n—1) . — . " . . — o
=(=1)"7 D (=D [Ap(Boqr) * éaqry * M1 * 1)y - - [AP(Bon) * €otm) * T * )iy

oESy
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[Ap(By* & * T @) Jorar - [Ap(B1 % & % 7 % @) o
—(—1)"" " det : :
[Ap(Bo % & % % Q) lawar -+ [Ap(Ba * % 7 * Q)

Thus ®(I') = ®(I").

Relation (2.9): We need to show

q q ety
1 1
We use a3 to denote j and ay to denote jo we have

®(a1)(p) = [Ap(a1)]jz = dndj; = 05, (—=1)"", @(0)(p) = [Ap(a2)]ij = Aij = 5, (=1)" "

Relation (2.10): We only prove the case when the white dot represents an arrow
going from right to left. From the definition of ® and Subsection 2.3.2, we only
have two cases to consider: (1) the left hand side of =" is a knot, (2) the left hand

side of ”=" is an arc.

When the left hand side of ”=" is a knot, the right hand side of ”=" is a framed
oriented boundary arc, which is denoted as a. Then for p € x,,(M,N'), we have

O(I")(p) = D (D)™ [Ap(@)ii = D [p(@)iz = tr(p(@)) = (1) (p).

1<i<n 1<i<n

When the left hand side of ”=" is an arc, the right hand side of "=" consists two
framed oriented boundary arcs, which are denoted as v, and v, such that ~, is
above v, is the box. Suppose $(71(0)) = v, s(72(1)) = u. Then for p € X, (M, N),

we have

(") (p) = > (=1 [Ap()]ailAp(T)is = Y [Ap(F)]ailo(T)ia

1<i<n 1<i<n

= [Ap(2)p(MW)las = [Ap(2 % M)]aw = D(I)(p).
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2.3.4 Algebra homomorphism and surjectivity

The definition of ® implies it is an algebra homormophism.

When N is empty, we already proved ® is surjective. Assume N # (). For any
element [a] € w77 (M, N), we choose a representative o for [a] such that o has
no self-intersection and only intersects OM at its endpoints. Then we can give
a framing for a to make a a framed oriented boundary arc for (M, N). Then
R,(M,N) is generated by ®(«;;),1 < j,i < n,[a] € 7M"(M,N), as an algebra.

Thus  is surjective.

In Section 2.4, we will give a unique way to lift [o] to a framed oriented boundary

arc.

2.4 Classical limit and Ker ®

In this section we try to understand the classical limit of the stated SL,-skein
module of the marked 3-manifold. Then we will use the classical limit to show
the kernel of ® is v/0. Using Lemma 2.4.2, we can reduce the general marked

3-manifold to the connected marked 3-manifold.

Lemma 2.4.1 ([Bly18; Prz98]). Suppose 0 — Ay — By — C; — 0, and 0 —

Ay — By — Cy — 0 are two short exact sequences, then
O—>A1®BQ+Bl®AQ—>B1®BQ—>01®CQ—>O

is an exact sequence. All A;, B;, C; are vector spaces over C and all the involved

maps are linear maps.

Lemma 2.4.2. Suppose (M,N) is the disjoint union of (My,N7) and (My, N3).
If Ker @MiN) =0 s, hi) for i = 1,2, then Ker ®MN) = 0y (1 p1).-

Proof. Since R, (M, N') contains no nonzero nilpotents, we have V0 N1 C Ker PMN)

We know yn(M,N, 1) = yn(Ml,Nl, 1)®¢7n(M2,N2, 1), Rn<M,N) = Rn(MI,M)®

R, (M5, N5). From the assumption, we have the following two exact sequences:

0= V0s 1) = Fn(Mi, Niy 1) — Ry (Mi, Ni) — 0
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for © = 1,2. Then Lemma 2.4.1 implies the following exact sequence:

0= V0son ) ® Fu(My, Noy 1) + L (M, N1, 1) @ V00, (0t a1y —
Fn(My, N1, 1) ® S (Ma, Nay 1) — Ry (M, Nv) ® R, (My, N3) — 0.

Thus we have
Ker®MN) — \/ayn(Ml,/\/hl)@yn(M%NQ; 1)+ (M, Ny, 1)®\/6yn(M2,N271) - \/65%(M,N71)'
Then

Ker®™MN) = V04 (v, 40 1) @-F (Mo, No, 1)+ (M, Nv, 1)OV05, 0ty M) = VO (00 1)-

]

In the remaining of this section, we will assume all the marked 3-manifolds in-
volved are connected. We also fix a relative spin structure h for (M, N). For any
(stated) framed oriented boundary arc « in (M, N'), we consider [a] as an element
in Mot (M, N') by forgetting the framing of a.

rem A morphism [a] € 7"

(M,N) and two integers 1 < ¢,7 < n uniquely deter-
mine an element in ., (M, N, 1) in the following way: We choose a good represen-
tative a such that « is a properly embedded arc in M. Then we give a framing to
« respecting A, that is, the framing at endpoints are given by the velocity vectors
of N. We denote this framed oriented boundary arc as &. We choose the framing
such that h(a) = 0, then we obtain an element &;; € .%,(M,N,1). Suppose we
choose a different good representative o/. We have [a] = [o/] € 7" (M, N') and
h(g’) = h(&) = 0. Then /s ; = G;; because of relations (2.4), (2.5) , (2.11) and
Corollary 2.2.2 (here we use a standard fact that two embeddings of a compact

graph in M are homotopic if and only if one can be obtained from the other by

crossing changes, height changes, and isotopies [PS00]).

We use Sz[f;-] to denote &; ;, and use Slel to denote an n by n matrix in (M, N, 1)
such that (S)),; = 5%, 1 <, <n.

For any two stated oriented framed boundary arcs ai,as, suppose s(a;(0)) =

s(a(0)) and s(a;(1)) = s(ay(1)). If h(ay) = h(az) and [ay] = [ag] € TM (M, N),
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then a; = ay € 7,(M, N, 1) because of relations (2.4), (2.5), (2.11) and Corollary
2.2.2.

The for any stated oriented framed boundary arc o ;, we have

;= d'VS% e 7, (M, N, 1). (2.18)

Proposition 2.4.3. (a) For any two morphisms [a],[8] € m}Mer(M,N), if [B][a]
makes sense, then ASIP*xl = ASIBlAS]

(b) For any [n] € 71" (M, N), we have det(S™) = 1. Especially det(AS™) = 1.
(c) Suppose [o] € m (M, N) is the identity morphism for an object, then S = d,, A.

Especially AS©) = 1.

Proof. (a) We have

(S[mAS[a])M _ Z (_1)k+152[75]j5£a1 — S,[B,*a] — (S[ﬁ*a]>i,j

k,j 4,7
1<k<n

where the second equality is because of relation (2.10). Thus ASPel = ASPIAS,

(b)We have
1
det(SM) = Z (—1)Z(U)Sﬂ(1)sﬂ( e S’r[ZL(n) = n—1=1
o€Sn n

where the second equality is from relation (2.8) and the last equality is because of

equation (54) in [LS21].

(c) For 1 <i,j < n, we have

Thus Sl = 4, A.
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2.4.1 Isomomorphism between .%,(M, N, 1) and I',,(M) when

N has one component

In this subsection, A/ always containes one component unless specified. If N has
only one component, then 7" (M, N) = m (M) (we choose the base point for
71 (M) to be a point in N).

Lemma 2.4.4. Let (M, N) be a marked 3-manifold with N consisting of one com-
ponent. There exists an algebra homomorphism F : T',(M) — %, (M, N, 1) defined
by

F(lo]ij) = F(Qp)ig) = (AS®)

where [a] € 7T (M, N),1 < 14,5 < n.

Proof. Lemma 2.4.3 shows F respects all the relations defined for I',(M). Thus F

is a well-defined algebra homomorphism. O]

Let a be a framed oriented arc in ., (M, N, 1). Then [a] is an element in 77" (M, N)
by forgetting the framing of . We define G(q ;) = dn™ ™ (=1)"[a];; € Tn(M).
For a framed oriented knot «, first we forget the framing of a and then we use
a path 8 to connect a and N. Then we obtain an elemnt in w?°" (M, ), which
is denoted as [ag]. We define G(a) = dﬁ(&)tr(Q[aﬂ]) € I',(M). It is easy to show
G(a) is independent of the choice of f.

For any stated n-web [, we use relation (2.8) to kill all the sinks and sources to
obtain a new stated n-web [’. Suppose I' = U,a where each « is a stated framed

oriented boundary arc or a framed oriented knot, define G(I) = II,G(«).

Lemma 2.4.5. The above map G : ., (M, N,1) — I',(M) is a well-defined algebra

homomorphism.

Proof. We prove GG is well-defined in two steps. First we prove the definition of
G is independent of the choice of how we kill sinks and sources, then we prove
G respects all the relations defined for .#,(M, N, 1). Note that these two steps
appeared when we tried to prove Theorem 2.2.9. Actually the proving techniques
here are the same with the techniques used in Subsections 2.3.2 and 2.3.3. So here

we omit all the details. O
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Theorem 2.4.6. Let (M,N) be a marked 3-manifold with N' consisting of one
component. There exist algebra homomorphisms F : T,(M) — ,(M,N,1),G :
Fn(M, N, 1) — T,(M) such that F o G = Idg,un,) and G o F = Idr, .
FEspecially T,,(M) ~ .,(M, N, 1).

Proof. Lemmas 2.4.4 and 2.4.5 show the existence of F' and G. It remains to show

they are inverse to each other.

For any [a] € M (M,N),1 <i,j < n, we have

G(F(lalij) = G((=1)™'S2) = (=1)™*d,(~1) [a]i; = [a]iy-

0J
Thus G o F = Idr, ) since [a); j, (] € w17 (M, N),1 < i,j < n, generate I,,(M)

as an algebra.

Obviously all the stated framed oriented boundary arcs generate .7, (M, N, 1) as
an algebra. For any stated oriented framed boundary arc «;; € .7,(M, N, 1), we

have

n

F(Glayy)) = dyO (1) P(ali,) = d@ ()T (=) S)) = di@ 5 = au

Thus F'o G = Idg, 1)

]

rem Korinman and Murakami proved the isomorphism between % (M, N, 1) and
[y (M) using a different technique [KM22].

2.4.2 Adding one extra marking to marked 3-manifold

In this subsection, we will investigate the effects on ., (M, N, 1) when we put one

extra marking on OM.

Definition 2.4.7. Let (M, N) be a marked 3-manifold. We say that N is obtained
from N by adding one extra marking if N' = N U e where e is an embedded
oriented open interval in OM such that cl(e) N cl(N) = 0. We call the linear map
(M, N v) — S (M, N",v), induced by embedding (M,N) — (M,N"), adding

marking map. Obviously this map is an algebra homomorphism when v = 1. We
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will use X;; to denote the adding marking map. We can omit the superscript when

there is no confusion with marking e.

rem Suppose (M, N) is a marked 3-manifold with N # (), and N is obtained from
N by adding one extra marking e. As in Remark 2.2.3, we can extand the relative
spin structure h for (M, N') to a relative spin structure for (M, N”), which is still
denoted as h.

Let o be an oriented path connecting AV and e. We require o does not intersect
itself, o only intersects OM at its endpoints, and «(0) belongs to a component e; C
N, and a(1) € e. Then we give a framing to « to obtain a framed oriented boundary
arc in (M, N"), which is still denoted as «, such that k(@) = 0. Similarly we give a

framing to a~! such that h(a~1) = 0. Then we have a;; = Si[f;], a;j = 52[371],1 <

i,7 < n. From Proposition 2.4.3, we know ASIMASl™ = ASl'1Agl] — Agl] —
I.

We can regard .,(M,N’ 1) as an .#,(M, N, 1)-algebra because of the adding

marking map.

Lemma 2.4.8. Suppose (M, N) is a marked 3-manifold with N' # 0, and N is
obtained from N by adding one extra marking e. Then as an (M, N, 1)-algebra,
(M, N, 1) is generated by o, j,1 < i,j < n.

Proof. Let T be the .,,(M, N, 1)-subalgebra of ., (M, N”, 1) generated by o ;,1 <
i,7 < n. Since det(Sl) = 1 € .7,(M,N", 1), we have (SI*)~! is well-defined
and [(S)71;;,1 < 4,5 < n, are polynomials in ;;,1 < i,j < n. Especially
[(Sl)=1],; € T,1 < i,5 < n. We know Sl*'1 = A=1(Sle))=1A-1 which implies
ot =8l er1<ij<n

From relation (2.8), we know, as an .%,(M, N, 1)-algebra, .7, (M, N’ 1) is gener-
ated by stated framed oriented boundary arcs with at least one end point in e.
Suppose 3;; is such an arc in ., (M, N, 1). Recall that 3, ; = dZ(B)SZ[ﬁ].

For the case when (3(0), 5(1) € e, we have

ASWPBI — Aglal gglot«Bxa] g gla™!]
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where [a~! % 8 x ] is a path with two end points in /. Especially we get
g8l — glal ggla™tpxa] g gla™']

Then Si[’ﬁj] eT,1<1i,5 <n, because Si[g‘-}, 51[371*6*0‘], 52[371} eT,1<1i,5<n. Thus
h(B) olB
Bij=di?8 e

For the other cases, we can use the same way to show 3;; = dz(ﬁ )SZ-[? € T. Thus

T =7,(M,N"1).

Recall that
O(SL,) = (C[xm |1 <4,j <n]/(det(X) =1)

where X is an n by n matrix such that X; ; = z;;,1 < 4,7 < n. We have X ! makes
sense and is an n be n matrix in O(SL,) because det(X) = 1. For 1 <i,j <n, We
use z;; to denote (X1); ;. Obviously (M, N, 1) ® O(SL,) is an .7, (M, N, 1)-
algebra, and as an .%,(M, N, 1)-algebra,

F(M,N,1) @ O(SLy) = F(M, N, Dlziy | 1< 4,5 < n]/(det(X) = 1)

by regarding 1 ® x; ; as x; ;.

Lemma 2.4.9. Suppose (M, N') is a marked 3-manifold with N' # 0, and N is
obtained from N by adding one extra marking e. Then there exists an %, (M, N, 1)-

algebra homomorphism

Lo (M, N 1) @ O(SLy) — (M, A7, 1)
1® Tij — (AS[Q})Z‘J.

Proof. Since ., (M, N, 1) is a commutative .7, (M, N, 1)-algebra and det(AS) =
1 € 7,(M,N" 1), thenis a well-defined ., (M, N, 1)-algebra homomorphism. [J

Next we try to define an ., (M, N, 1)-algebra homormorphism

7 (M, N 1) = S (M, N, 1) @ O(SL,).
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Let [ be a stated n-web in (M, N’), and s; be the state of I. If INe = (), define
J=lx1le S (MN, 1) O(SL,).

If INne # 0, we suppose |l Ne| =m, and label the ends of [ on e from 1 to m. We
use E} to denote the end of [ at e labeled by the number k,1 < k < m. Define

, if E) points towards e,

{ 1, if Ej points out of e,
{ ld € .%,, if Ey points towards e,

0 €.%,, if B points out of e,

1,7, if Fj points towards e,

j,1, if Ej points out of e,

where 0(A) =\, 1 <A <n,1

IA

5,j<n,1<k<m

We can connect Ej, with a~! or a by the following way: Suppose E}, points towards
e. First we isotope a~! by moving a~*(0) along e to meet the end Ej. Then we
isotope [, ™! nearby their endpoints at e such that they are both in good position
with respect to e. Then we connect Ej, with a~!. When E), points out of e, we can

use the same way to connect Ej, with «.

Then we try to define an element l(Ozj1 : afj, . ,aﬁ:) € S (M, N, 1) by the follow-

ing way: For each 1 < k < m we connect Ej, with o/*, and assign the state j; to

the other end of a/* that is not used to connect Fj. During the process of con-
fi o2

fm
aj?,...,a;") does not

necting each Ej, and a/*, we can isotope aft such that (),

intersect itself. After connecting each Ej and o/*, we can isotope the parts nearby

the connecting points such that [ (% , afj, e ,afm) only intersects OM at its end-
points. Then [( ﬁ, ;;2, . ,ajm) € 7,(M,N,1). Obviously I(« fll, ;;2, . .,oz;:’:) is

a well-defined element in ., (M, N, 1). We define

() = Z Cg1(j1) - - - Cgm(im) l(oz;-cll, o ,oz;-c:n”) ® u(a;fihﬁ)) .. .u(a;ﬁ;m,ﬁ))

1<j1,...,jm<n

where p(ai;) = dn(—=1)" i, pla;;)) = do(— )’“x{;, ir = si(Er), 1 < k < m,
="t 1<t<n.

Note that if [; and [y are isotopic to each other, we have

Lol a2, al™) = el ol alm) e (M N, 1)

Jl J27 Jm Jl’ 727
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where the labelings of endpoints of [;, © = 1,2, on e are preserved by the isotopy.
Then j respects isotopy classes, that is, 7 is defined on the set of isotopy classes of
stated n-webs. For any two stated n-webs [y, [, we isotope [;,t = 1,2, such that
l1 Ny = 0, then we have j(I; Uly) = 3(11)7(ls).

Lemma 2.4.10. Suppose (M, N') is a marked 3-manifold with N* # 0, and N’
is obtained from N by adding one extra marking e. Then 7 : S (M, N, 1) —
(M, N, 1) @ O(SLy,) is a well-defined .7, (M, N, 1)-algebra homormorphism.

Proof. From the above discussion, it suffices to show j preserves relations (2.4)-
(2.11) for well-definedness.

It is obvious that j preserves relations (2.4)-(2.7), and (2.11).

It is obvious that j preserves relations (2.8)-(2.10) if the boundary component in the
picture is not e. Then we suppose the boundary component in these pictures is e.
We use [ (respectively ') to denote the left handside (respectively right handside)

of ”=" in these relations.

Relation (2.8): We only prove the case where the white dot represents an arrow
going from left to right, that is, all the arrows point towards e. We choose a labeling
for endpoints of [ on e. From bottom to top, we label the endpoints in the right
picture from m + 1 to m + n. The other endpoints of I’ not in the picture are

labeled in the same way as [.

Then we have

J) = DY - ot -k

o€Sn 1<j1, 0 jm<n
1<ky,....kn<n

,fm

Vot el i) @ p(a ol Vo

Im?

= E Cg1(j1) .. 'Cgm(jm)ck1 c oo Cly,
1<g15jmSn
1<ky,....kn<n

oy n - —Jm (o
Vg, eoadm o ca ) @ plag ool ) S (1) a5

han (i jm.
O'ESn

= : : Cgl(jl) Tt Cgm(jm)ckl - Cky,
1<gi,jm<n
1<ky,....kn<n
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‘TLH P JZLE
O S P ST -
Tk L ko
n(n—1)
=(=1) > > G Comin)
1<1,0Jm<n
TESH
T17(M)
/ f fm —1 —fm .
l (aj11a tet 7ajm (1) T(’I’L))) ® u( hl(“ 1) :u( hm(zm’ﬁ))det
xn,ﬁ i
(T
= D (DD Cont)
1<1,0Jm<n
TESY
f f?'n/ - _fm
V(g @y, ) @ play, hl(“ Gyl hm@m@)
- Z €91 (1) - Cgm(]m)l( ]1 Y ) ® :u( h1(21 1) 'N<Oéhm(im,j7m)) = ](l)
1<t Jm<n

1
J
top endpoint by 1 and the other one by 2. Then we have

Relation (2.9): Here we only prove j preserves = 03, (—1)""". We label the

)= D D egellay, o) @ a3 has s

1<j1,52<n
) J1
_ E _1\iti . -1, _
= ( 1) C57Cja J2 ®Ij17ixj,j2
1<71,j2<n
_ J+1 _1)it1s- .
= E 1®x]““1—( a1 e1
1<]1<n

=6,(-1)""1®1.

Relation (2.10): Here we only prove the case where the white dot represents an
arrow going from right to left. We choose a labeling for endpoints of [ on e. We label
the top (respectively bottom) endpoint in the right picture by m + 1 (respectively

m + 2). The other endpoints of I’ not in the picture are labeled in the same way
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as [. Then we have

](l/) = Z (_1)i+1 Z Cg1(j1) - - - Cgm(jm)cﬂck2(_1>i+kl

1<i<n 1<j1,0jm<n
1<k1,k2<n
/ fl f 7fm . -1
l (Oéjl,...,Oé] 7akl7ak‘2 )) ®:U’( h1(11 ]1)) ,U,(Oé ; f))xi,kzxkl,i

hm(lmvjm
= § : Cgl(jl) e Cgm(jm)ck2

1<, Jm<n

1<k ,k2<n
/ f f _fm
Uag), o™, oy, o ) @ pla; hl(“ 31)) . - Z w”@xkl ;
1<i<n

k1+1

= Z cgl(jl) e cgm(jM)(_l) "

1<j1,.dm<n
1<ki<n

/ f fm _f _fm

l (ajlla s 70-/3‘ 7ak’17 )) ® lu( h1(1z'1,j71)) e ’u(ahm(im ﬁ))

- Z Cg1(j1) o Cgm(jM)l (O[;cll’ ey O ) ® M( h1(l1 ]1)) o M(a;jZm,E))

1<j1,...,jm<n

= 5(1).

Then j is well-defined. Trivially it is an algebra homomorphism. For any o €
(M, N, 1), we have j(Aga(a)) = a® 1. Thus j is an .%, (M, N, 1)-algebra homo-

morphism.

]

Theorem 2.4.11. Suppose (M, N') is a marked 3-manifold with N" # 0, and N’
is obtained from N by adding one extra marking. Then there exist (M, N, 1)-

algebra homomorphisms v : %, (M, N,1)®@O(SL,,) = (M, N",1) and y : S, (M,N",1) —

Fn(M, N, 1) ® O(SL,,) such that
Jo1=1Idg, (MmN 1)00SL,), 0= Ids, (1)

Especially (M, N, 1) ~ S, (M,N,1) ® O(SL,,).

Proof. The existence of + and ) are given by Lemmas 2.4.9 and 2.4.10.

Let i,7 € {1,2,--- ,n}. Then we have

J(I @) = (1) g(0q,) = (1) D Crdn(—1) M) @ 25

1<k<n
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k
1<k<n

Since 1®x; ; are 7, (M, N, 1)-algebra generators, we have j00 = Id g, (v 1)20(SLy)-

We also have
W(g(viy)) = (1)1 @ 27;) = ai.

From Lemma 2.4.8, we get 20 ) = Idg, 1) O
Theorem 2.4.12. Let (M,N) be a marked 3-manifold. If N = 0, we have
(M, N, 1) ~ Gp(M). IfN # 0, we have L (M, N, 1) ~ T',(M)®@O(SL,, )2V -1,
Proof. Subsection 2.3.1, Theorems 2.4.6 and 2.4.11. m

Corollary 2.4.13. Let (M,N) be a marked 3-manifold with N° # 0. Suppose
m (M) is a free group generated by m elements. Then we have (M, N,1) ~
O(SLH)@)("‘HN_U,

The second conclusion in Theorem 7.13 in [LS21] indicates the classical limit for

essentially bordered pb surfaces, which coincides with Corollary 2.4.13.

Corollary 2.4.14. Suppose (M,N) is a marked 3-manifold, and N is obtained

from N by adding one extra marking. Then the adding mark map Nog : S (M, N, 1) —

(M, N, 1) is injective.

Proof. It N is empty. We look at the following diagram:

il ,(7),1)—>Y(MN’ 1)

3 ko

Gp(M) —2—— T,(M)

where the isomorphism from .7, (M, @, 1) to G, (M) is the one introduced in Sub-
section 2.3.1 (the spin structure used for this isomorphism is the restriction of the
relative spin structure for (M, N”)), and ) is the embedding. It is easy to check the

above diagram is commutative. Then A4 is injective because G is an isomorphism.
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If N is not empty. For any o € .%,(M, N, 1), we have j(Aga()) = o ® 1. Then
Aaa 18 injective because j is an isomorphism and the map from .%,(M,N,1) to
(M, N, 1) ® O(SL,) given by a — a ® 1 is injective. O

We can regard .7,(M, N, 1) as a subalgebra of ., (M, N’ 1) because of Corollary
2.4.14 and the adding marking map.

Suppose the components of N consist of ey, €1, . . ., e, where k is a positive integer.
If k> 2 foreach 1 <t < k—1, let a; be an oriented path connecting e, and
e; with a4(0) € ep and (1) € e;. We use [0] to denote the identity element in
m1(M, eg). The following Theorem offers algebraic generators and relations among

these generators for the commutative algebra .7, (M, N, 1).

Theorem 2.4.15. The commutative algebra .,(M, N, 1) is generated by

S

iis o €m(M,e) U{lan], ..., ]}, 1 <4, <n,

subject to the following relations.

det(SY =1 for all [a] € 7 (M, eo) U{[an],. .., [ar_1]}, ASPI =T, (2.19)
ASPIASE = ASP* for all (8], [n] € m1 (M, e). ’
Note that if k = 1, the set {[a1],..., [ar_1]} is empty.
Proof. Theorems 2.4.6 and 2.4.11. O

2.4.3 Ker® = 10

Suppose N has only one component. Then we define an alegbra isomorphism
H : T,(M) = T',(M) and a surjective algebra homormorphism 7 : I';,(M) —
R, (M,N). Let [a] be an element in w°" (M, N') and 4, j be two integers between
1 and n. Define H([al;;) = [ali;. It is easy to show H is a well-defined algebra
isomorphism. For any p € x,(M,N), define 7([a];;)(p) = [p(@)]);; where & €
T (UM, N) is a lift for a such that k(&) = 0. From the proof of Proposition
2.2.8, we know the definition of 7 is independent of the choice of the lift for a.

It is also obvious to show 7 is a well-defined surjective algebra homomorphism.



Chapter 2. The classical limit of the stated SL,-skein module 69

Especially from Proposition 2.2.8 and definitions for T',,(M) and R,,(M,N), we
have Kerm = \/ﬁpn(M).
Lemma 2.4.16. Let (M, N') be marked 3-manifold with N consisting of one open

ortented interval. Then we have the following commutative diagram:

T (M) —£ 7, (M,N,1)

| 5

r,(M) ——— R,(M,N)

Especially Ker ® = \/G%(M,N,l).

Proof. For any [a] € m'"(M,N),1 < i,j < n, we know F([o];;) = (1) dy

where @& is a framed oriented boundary arc such that h(a) = 0 and [4] = [a] €
aMor (M, N). Then for any p € ¥,(M,N), we have

B(F([a]i))(p) = (=1)(@:5)(p) = (1) [Ap(@)];; = [p()];5-

Since & € m (UM, N) is a lift for o and h(a) = 0, we have

Thus the diagram commutes.

Since both F' and H are isomorphisms and Kerr = \/GFH(M), we get Ker® =
V0., (MN 1)

O
Lemma 2.4.17. Suppose (M, N) is a marked 3-manifold with N # 0, and N is
obtained from N by adding one extra marking. Then Ker ®MN") is the ideal gener-
ated by Ker @M (here we regard #,(M, N, 1) as a subalgebra of ,(M,N",1)).
Proof. Here we use the notations in Remark 2.4.2.
From Proposition 2.2.8 and Lemma 8.1 in [CL22a], we know there is an algebra

isomorphism h : R,(M,N) ® O(SL,) — R,(M,N") defined by

h(r @ xi3)(p) = 1(pleywain)p(@)]i
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where r € R,,(M,N),1 <4,j <n, p € Xn(M,N") and p|,., 11 5 is the restriction
of p on m (UM, N). We have another algebra isomorphism f: O(SL,) — O(SLy,)

given by ; ; — x; ;.
Then we want to show the following diagram is commutative:

F(M,N,1) ® O(SL,) —— Z,(M,N",1)
l@(]ﬂ,/\/)@f lq)(M,N’)
Ry (M, N)® O(SL,,) —*— R,(M,N")

Let p be element in x,(M,N"), i,j be two integers between 1 and n, (i, be a
stated framed oriented boundary arc in (M, N'). We have

YA 1By @ 1))(p) = @M (Bra) (p) = [Ap(B)]rs

and

(ho (@M @ £))(Bre @ 1)(p) = (@M (B1) @ 1) (p) = @M (By) (L war i)
= [Ap|7r1(UM,./\7)(B>]E,E = [A/)(B)]E,E-

We also have

M) (o(1 @ 2,))(p) = (1) @M ag5)(p) = (=1)" M Ap(@)];5 = [p(@)]i7
and
(ho (MM & /)1 ®i;)(p) = h(1® z7;3)(p) = [p(&)];; -

Thus the above diagram is commutative because [ ;®1, 1®x; ; generate .7, (M, N, 1)®

O(SL,) as an algebra and all the maps in the diagram are algebra homomorphisms.

We have Ker(®MN @ f) = Ker(®MN @1dpst,)) = (Ker @MN))@0O(SL,), where
(Ker &M@ 0O(SL,) is an ideal generated by (Ker ®MA))@1. Then Ker M ig
the ideal generated by Ker ®MN) since o((Ker @M\ @ 1) = Ker M),

[]

Lemma 2.4.18. Let (M,N) be a marked 3-manifold with N' # (). We have (a)
Ker M) — \/6,¢R(M,N,1), and (b) \/6,%(]\4,/\/71) 18 the ideal generated by \/6%(]\47671)
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where e is a component of N (here we regard .%,(M,e,1) as a subalgebra of
(M, N, 1)).

Proof. For any marked 3-manifold (M, N7) with A7 # 0, suppose N/ is ob-
tained from A by adding one extra marking. Then Ker @1V = (Ker @(M1-M))
from Lemma 2.4.17. Thus if Ker &M1:N1) — \/6e7n(M1,N1,1)a then Ker @MV —
(Ker @MYy < V04 4, v71)- We also have V0., (1 47,1 © Ker @M since
the coordinate ring has no nonzero nilponents. Then Ker <I>(M17N D =0 0.9, (M1 N7 1)
Thus Ker ®MM) \/_y (M N,,1) implies Ker (M1 \/_y a7 Com-
bine with the fact that (a) is true 1f N consists of only one oriented open interval
(Lemma 2.4.16), we get (a) is true for general marked 3-manifold (M, N') with
N #£0.

If N consists of one component, clearly (b) holds. If N > 1, suppose Com(N) =
{e1,€2,...,en}. Forany 1 <i < m, define NVj;) = e; U---Ue;. Then we have

yn(M,Ml), 1) C yn(M,./\/’(z), 1) C,...,C yn(M,./\/‘(m), 1).

Since Ker ®MN6+1) ig an ideal of (M, Ni11), 1) generated by Ker PMNG)  then
we have
Ker @) = Ker @M ANom)

is an ideal of .7, (M, N, 1) generated by Ker PN which actually is Ker @y ,).
From (a), we know Ker ®(MN) — \/65@(1\47]\/,1) and Ker @MAe}) — \/6,%(M,e1,1)~

Since we can label any component of A/ as e, then (b) is true. ]

Theorem 2.4.19. For any marked 3-manifold (M,N'), we have Ker ®MN) —
VO, (v

Proof. Subsection 2.3.1 and (a) in Lemma 2.4.18. O

2.5 Generalized marked 3-manifold

Costantino and Lé defined the generalized marked 3-manifold in [CL22b], in which
they allow N contains oriented closed circles. For a generalized marked 3-manifold

(M, N), obviously .#,(M,N,1) has a commutative algebra structure, given by



72 2.5. Generalized marked 3-manifold

taking the disjoint union of the stated n-webs in (M, N'). In this section, we will
focus on the classical limit of the stated SL,-skein module of the generalized marked

3-manifold.

2.5.1 Cutting out the closure of a small open interval from

N

Let (M, N) be a generalized marked 3-manifold with A/ # (). Suppose U is a small
open interval contained in e such that cl(U) C e, where e is a component of N.
Let N7 = (M \ e)Ue where ¢’ = e\ cl(U). Let Iy : S (M, N",v) = S, (M, N ,v)
be the linear map induced by the embedding (M,N’) — (M,N). Clearly Iy is

surjective, and is an algebra homomorphism when v = 1.

Proposition 2.5.1. The above map ly induces an isomorphism
Iy (M N v)] ~— (M, N, v),

where =~ is the equivalence relation given by the following picture:

t 4
~ . (2.20)
The missing part between two arrows is cl(U).

Proof. Clearly Iy induces a linear map Iy : .7, (M, N",v)/ ~ — %,(M, N ,v). For a
stated n-web « in (M, N"), we use cls(«) to denote the element in .7, (M, N",v)/ ~
determined by . Let [ be any stated n-web in (M, N). We can isotope [ such
that c/(U)NS = 0, and define ji; (B) = cls(B) € S (M, N, v)/ ~. We have jy(3) is
independent of how we isotope /3 because of relation (2.20). If 5 and " are isotopic
stated n-webs in (M, N), clearly we have jy; () = juy(8') because of relation (2.20).
Trivially ji preserves the defining skein relations for .%,(M, N, v). Thus jy is a
well-defined linear map from ., (M, N, v) to (M, N, v)/ ~. Tt is easy to check

ly and jy are inverse to each other. O
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2.5.2 Classical limit for stated SL,-skein modules for gen-

eralized marked 3-manifolds

In this subsection, we will try to find out the classical limit for generalized marked
3-manifolds using results in Section 2.4 and Proposition 2.5.1. In this subsection, we
will assume the 3-manifold is connected (the corresponding results can be easily
generalized to general 3-manifolds). rem Let (M, N) be a generalized marked
3-manifold. Suppose N contains k (k > 1) closed oriented circles, which are
denoted as eg, eq,...,ex_1. We denote other oriented open intervals in N, if any,
as eg,...,em_1. For each 0 <7 < k — 1, we pick a small open interval U; contained
in e; such that cl(U;) C e;, and set €} = ¢; \ cl(U;). Set e, =e; for k <i <m — 1.
Let NV = {ej, ey, ... el 1}, then (M, N’) is a circle free marked 3-manifold. We
choose a relative spin structure h for (M, N'). For each 1 <i < m — 1, let a; be
an oriented path connecting ej and e} such that a;(0) € ej and a;(1) € €;. We still
use Iy to denote the algebra homomorphism from .,(M, N’ 1) to ., (M,N 1)
induced by the embedding from (M, N”) to (M, N).

We know there is an isomorphism L from I',(M) ® O(SL,)®™=Y to .7, (M, N", 1).
For any element y € I',,(M), we will use yg to denote y @ 1 ®@---®@ 1 € I'),(M) ®
O(SL,)®™ Y. For any 1 < i,j < n,1 <t < m — 1, we use xf] to denote
I91® Q2@ @1 €T,(M)®0O(SL,)®™ Y where z, ; is in the ¢-th tensor
factor for O(SL,)®(™~Y. Then the isomorphism L is given by:

([dij)e — (AS®]); 5 and 2} ; — (ASI),

where [a] € m(M,e),1 <i,7 <n,1 <t<m-—1 Foreach 0 <t <m—1, set
Xy = (@ j)nxn- For each element [a] € 71(M, €f), set Quuye = (([ij)g)nxn. Then
L(Xt) = As[at}a L(Q[a},@) = ASlel.

As in Subsection 2.2.3, any component e € N can be lifted to ¢ C UM. Note that
when e is an oriented closed circle, the lifting € is also an oriented closed circle in
UM, which means ¢ is an element in H,(UM).

Definition 2.5.2. Let (M,N) be a generalized marked 3-manifold, and hs be a

spin structure for M. Suppose N contains k oriented closed circles.

If k=0, we define T,(M,N) =T, (M).
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If k > 1, we denote all the oriented closed circles in N as eq, . .., ex_1. For each ey,
we use a path By (B(0) is the base point for m (M) and (1) € e;) to connect the
base point for m (M) and e, to obtain an element in (M), denoted as [¢f*]. Define
T, (M, N) = T(M)/(D) where D = {(Qqoy —du“'1)i; |0 <t < k—1,1<4,j <
n} and (D) is the ideal of T',,(M) generated by D. For any element x € T',,(M),
we use T to denote x + (D) € T',(M,N).

Note that the definition of T',,(M, ) is independent of the choice of 3;,0 < ¢ <
k—1. Suppose for each 0 < t < k—1, we make another choice ;. Then the relation
Q[eft] = d"()] becomes Q[eji] = d"()]. Since Q[eft] and Q[em are conjugate
to each other, then the relation Q[eft] = d"(®)] is the same with the relation
Q[ezt] — ghsE) .

Note that we do not distinguish 71 (M) and 7M°"(M, eq) where g is an embedded
open interval in OM. The definition for I',,(M, ) is related to the spin structure
hs for M. Here we make a convention that the spin structure used for the definition
of T',,(M, N) is obtained by restricting the relative spin structure when the relative

spin structure is given.

Lemma 2.5.3. With the conventions and notations in Remark 2.5.2, we have
T, (M)® O(SL,)2mD —L o 7 (M N 1) —“s 7 (M,N,1)

induces a surjective algebra homomorphism L : T,(M,N) ® O(SL,)®m1 —
(M, N, 1). Here we regard m (M) as m°" (M, ef).

Proof. We have the exact sequence:
(D) —— Tp(M) — T,,(M,N)

where D and (D) are defined in Definition 2.5.2 (the arrow with two heads means
the corresponding map is surjective). After using functor —® O(SL,,)®"™~1 acting

on the above exact sequence, we get the following new exact sequence:

(D) ® O(SL,)®m 1) »—— T, (M) ® O(SL,)®™ Y —— T,(M,N) ® O(SL,)®m=1
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Note that (D) ® O(SL,,)®™~ is the ideal of I',,(M) ® O(SL,)®™~Y generated by
dg,d € D. Thus to show Iy o L induces L, it suffices to show Iy (L(dg)) = 0 for all
deD.

Let 4,5 be any two integers between 1 and n, and ¢ be an integer between 0 and
k — 1. Then we have

o (L)) = (=1) (S,

) &Pt & . t
Thus we need to show (—1)2+1ZU(S§[; ]) = )5”, that is, to show AlU(S[ef N =
dn1. From the definition of [¢}"], we know [¢}*] = [37" % ¢, * 4. Then we have

AZU(S[,&])A lU(S[etBt]> _ ZU(AS[,Bt]ASw;l*et*Bt}) — lU<AS[€t*,3t]> _ AZU<S[€t*,Bt]).

Note that in .7, (M, N, 1), we have [y;(Slec%]) = dz(é)lU(S[ﬂf]). Then we get

6t]

ZU(S[ﬁt])AlU(S[et ) = ZU(S[et*ﬁz]) — dZ(é)lU<S[ﬁt})_

Then we have AlU(S[e = dM“ ] because Iy (S1P) is invertible.

The above discussion shows Iy o L induces L. The algebra homomorphism L is

surjective since [y o L is surjective. [

Note that for any z € I',,(M),y € O(SL,,)?™ 1 we have L(Z ®y) = ly(L(z ®@y)).
We use 7 to denote the projection from T',,(M) ® O(SL,)®™V to T',,(M,N) ®
O(SL,)®™m=1 Then Low = Iy o L.

Lemma 2.5.4. With the conventions and notations in Remark 2.5.2, we have
Fn(M, N, 1) 255 T (M) ® O(SL,)2m=D —™ 5 T, (M, N) @ O(SL,) 2"

induces a surjective algebra homomorphism L1 : .Z(M,N,1) — T(M,N) ®
O(SL,)®™=1 " Here we regard m (M) as 7" (M, e}).

Proof. From Proposition 2.5.1, it suffices to show mo L~! preserves the equivalence
relation (2.20) for every Uy, 0 < ¢t < k— 1. Let « be any stated n-web for (M, N”).
Suppose there exists 0 < ¢ < k — 1 such that, nearby U, the stated n-web « looks
like the left picture in the equivalence relation (2.20). Let o’ be the same stated
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n-web as a except, nearby U, o looks like the right picture in equivalence relation
(2.20). Then we want to show 7(L(a)) = m(L7()).

We can use the same way to kill all the sinks and sources in o and «’. Then the
resulting two stated n-webs only differ on a single stated arc. Since 7o L™! is an
algebra homomorphism, we can just assume « is a stated framed oriented boundary
arc. Without loss of generality, we assume the white dot in equivalence relation
(2.20) represents an arrow pointing from left to right, that is, pointing towards the
boundary. It is easy to show h(c/) = h(a@)+h(€;). Suppose s(a(0)) = s(a/(0)) = j.
We have @ = di@ 5% and o’ = di© s,

Suppose a(0) € e;, where 0 < ¢; < m — 1. We have four cases to consider: (1)
t=t=0,(2)t=0andt; #0, (3)t#0and t; =0, (4) t #0 and t; # 0.

Here we only prove the case when t # 0 and ¢; # 0. We have

W(Lil(s[a])) _ A*lﬂ(Lfl(As[oct][afl*a*atl][atfll])) _ A717T(L71(As[at}AS[agl*a*atl}AS[aal}))
= AT (X0 Qv o X ) = AT (XD T( Qo v, o) 7K.

Similarly we have

W(L_I(S[O/])) = A_lﬂ(Xt)ﬂ(Q[agl*a/*atl},®)7T(Xt_11)‘

We also have
Q[at_l*a’*azl],® = Q[at_l*a*atl],®Q[at_11*a*1*a’*atl},®

1 1

where [a; ' x a7t x o/ x ay,] = [(o * ay,) "t ke ko * ay,]. Thus

W(Q[agl*a’*atl],@)) = W(Q[agl*a*atl}&@)ﬂ—(Q[a;ll*a*l*o/*atl],@) = dz(a)ﬂ(Q[agl*a*atl],@))‘
Then

(L)) = dim LN (SS) = dh OO A T (X)) ( Qe )T (X i
= dz(d)+h(€t)d2(€t) {Ailﬂ'(Xt)71—(Q[at_l*a*atl],@))ﬂ-(Xt:l)]iJ
= dy® [A_l,rr(Xt)’/T<Q[at_1*a*atl],®)7T(Xt_l)]i,j = 7(L ().
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For any stated n-web « in .7, (M, N, 1), we can isotope a such that cl(U;) N = ()
for all 0 < ¢ < k—1. Then « is also a stated n-web « in .,(M, N’ 1), we still use
o to denote this element in .7, (M, N, 1). Then L—1(a) = m(L~"(c)), that is, we

have L~1oly = 7o L1

Lemma 2.5.5. The algebra homomorphism L obtained in Lemma 2.5.3 and the
algebra homomorphism L=' obtained in Lemma 2.5.4 are inverse to each other.
FEspecially for any generalized marked 3-manifold (M, N') with N containing at least
one closed oriented circle, we have I'(M,N) ® O(SL,,)*™ -1 ~ .7 (M, N, 1).

Proof. For any stated n-web « in .%,,(M, N, 1), we isotope « such that ¢l(U;)Na = ()
forall0 <t <k —1. Then

L(L (o)) = L(7(L™H(@))) = (ly o L)(L (@) = ly(@) = a.

For any z € I',(M),y € O(SL,,)®™~ we have

LN L(zoy) =L y(Llz®y)=(ro L) (Lzoy) =m0y =70y
O

Theorem 2.5.6. Let (M,N) be a generalized marked 3-manifold with N # ().
Then Ly(M,N,1) ~ T, (M,N) ® O(SL, )2tV -1,

Proof. If N is circle free, then I',,(M, N') = I',,(M). From Theorem 2.4.12, we have
(M, N, 1) ~ T, (M,N) ® O(SL,, )N -1,

If N containes at least one oriented closed circle, then Lemma 2.5.5 shows .7, (M, N, 1) ~
T, (M,N)® O(SL,)*EV-1), O

For generalized marked 3-manifold (M, N'), we can also define the corresponding
adding marking map. Suppose N,q = N U e where e is an oriented open interval
or an oriented closed circle such that there is no intersection between the closure
of N and the closure of e. We also say N, is obtained from A by adding one
extra marking. The linear map from .,(M,N,v) to 7, (M, Nuq,v) induced by
the embedding (M, N') — (M, N,4) is also denoted as A,4. Clearly when v = 1, we

have \,q is an algebra homomorphism.
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Corollary 2.5.7. Let (M, N) be a generalized marked 3-manifold. Suppose N,q is
obtained from N by adding one extra oriented open interval. Then Ao : (M, N, 1) —
In(M, Noa, 1) is injective.

Proof. We already proved the injectivity for A\,q when N is circle free in Corollary
2.4.14.

Then we suppose N contains at least one oriented circle. When we cut the closure
of small open intervals as in Remark 2.5.2, we choose the same way to cut them
for (M, N) and (M, N,4), and the choices for «; as in Remark 2.5.2 are compatible
between (M, N’) and (M, (Nag)'). The relative spin structure used for (M, N”)
is the restriction of the relative spin structure used for (M, (Nyq)'). Since N4 is
obtained from A by adding one extra oriented open interval, we have T',,(M, Nyq) =

I',,(M,N). Then it is easy to check we have the following commutative diagram:

(M, N') © O(SL, BN -1 ZOW0 gr iyr a7 1)

I i

f M
L(M,N) @ O(SL,)* ) “2528 57 (M, Noa, 1)

where J is the obvious embedding. Since both E(M,Na . and Z(M,N) are 1somor-

phisms, we have A, is injective. O



Chapter 3

The Frobenius map for the stated

SL,,-skein module

In this chapter, we assume that the ground ring R is the complex field C. We
construct the Frobenius map for the stated SL,-skein module, which is a C-linear
map

Fi So(MN, 1) — Lo(M,N,v),

where (M, ) is a marked 3-manifold with A/ # ), and v is a root of unity of odd
order m such that ged(m,2n) = 1. This chapter is based on the author’s work in
[Wan23c].

3.1 The Frobenius homomorphism for SL,

The main goal of this section is to construct the Frobenius homomorphism
F: Sn(M N, 1) — S (M, N, v)

when v is a primitive m-th root of unit with m being coprime with 2n and every

component of M contains at least one marking.

We know the generators for algebra .7, (M, N, 1) and relations for these generators

(Thm. 2.4.15). It seems like we can define the Frobenius homomorphism on these

79
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generators and then check all the relations. But ., (M, N, v) does not have algebra
structure unless (M, ) is the thickening of a pb surface.

We use End(%,(M,N,v)) to denote the set of linear maps from .7, (M, N, v)

to (M, N,v), then End(%,(M,N,v)) has a natural algebra structure given

by the combination of maps. Then we can define an algebra homomorphism F :
Fn(M,N,1) = End(.%,(M, N ,v)) by defining F on the generators of .7, (M, N, 1).

We show the definition of F is indenpendent of the choice of generators of (M, N T).
Then we define F to be the combination between F : ., (M, N, 1) — End(.%,(M, N, v))
and an obvious linear map from End(.7,(M,N,v)) to 7,(M,N,v), defined by
sending f € End(.%,(M,N,v)) to f(0) (0 is the empty stated n-web). Further-
more F gives an .%,(M, N, 1)-module structure for .7, (M, N, v).

We will show that F commutes with the splitting map ©. Furthermore if (M, N)
is the thickening of an essentially bordered pb surface, we prove F is an injective

algebra homomorphism, and ImF lies in the center of the stated SL,-skein algebra.

Let a be a (stated) framed oriented arc or a framed oriented knot in (M, N'). We
use o™ denote the disjoint union of m parallel copies of  (taken in the direction
of the framing). We require o™ lives in a small enough open tubular neighborhood
of . From now on, when we say m parallel copies of an arc or a knot, we always
mean taking the disjoin union of m parallel copies in the framing direction (also

these m parallel copies live in a small enough open tubular neighborhood). We use
— to denote the m parallel copies of —.

3.1.1 On m parallel copies of the stated framed oriented

arc

In this subsection, we will focus on finding relations for m parallel copies of the

stated framed oriented arc.

Lemma 3.1.1 ([LS21; Wan23c|). In .%,(M, N ,v), we have }H__QQZ = En—_%ﬂf =
i i

0.

Lemma 3.1.2. In .%,(M,N,v), we have

w1 w
¢n T O _T_@_)' —(" - TEE 3
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where on the left-hand side of the equality —) s part of m parallel copies
of a stated framed oriented arc and the single vertical oriented line is not part of

these m parallel copies.
Proof. Using relation (2.4), we get

1 + 1__)_ J[ ?
Eq, : qn_|@_"—qn—|@->—=(q—ql)—l@->—

] , — |2
Eqy: ¢ —l@a-q”—T@-»(qql) r_"C
I

P S
I

Eq, : g¢n _T@-)_ g _T_@_* =(q—q7") ﬂ@-)_

Then (gn)"™! x Eq + (q7)™ 2 x By + -+ + ¢» x Eq,, ; + Eq,,, we get

2m—1 + 1 2(m—1 J
o T g T_@_)_:(Q—ql) q(n)—@lr_)_+
—_— _)_ —_—
' T[C g r@-)__"Jr_@-)_,
| |
e s
=(g—q ) [ (@) TR g (¢ TR
_r _r
e g ()T TR g () ) TR
_r
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where the second last equality is because of equation (51) in [LS21] and Lemma

3.1.1. Then we get the equation (3.1). O

Lemma 3.1.3. In .%,(M,N,v), we have

| -
0 — (" — g S

where on the left-hand side of the equality — s part of m parallel copies
of a stated framed oriented arc and the single vertical oriented line is not part of

these m parallel copies.

Proof. The proof is the same with the proof for Lemma 3.1.2. O

Corollary 3.1.4. If¢=» =1 or — 1, we have

—l@— _ —|—— (3.2)

where ——00— s part of m parallel copies of a stated framed oriented arc and
the single vertical line is not part of these m parallel copies. Note that there are four

possibilities to give orientations for the n-webs shown in the above local picture.

Proof. Lemmas 3.1.2, 3.1.3. O

-o0—

Lemma 3.1.5. Let « be a framed oriented arc in (M,N). Suppose is a

L 3

%) and the other two ends that are not shown in the local picture

local picture for o

are assigned with the same state. Then we have

-o— -o—J
-o—J :q-o—@
v b4

when j < 1.

Proof. A small tubular open neighborhood of o in M is isomorphic to the thicken-
ing of the bigon, with o being identified with the core of the bigon. Then utilizing
functoriality we may assume, without loss of generality, that (M, ) is the thicken-
ing of the bigon, « is the core of the bigon. From Theorem 2.1.8 and the definition
of O,(SL,,), the Lemma is obviously true for the thickening of the bigon.



Chapter 3. The Frobenius map for the stated SL,-skein module 83

Lemma 3.1.6. In .%,(M,N,v), we have

L5 \m o
(g~ ntois) : if j > 1,

- =27 J
Ifgw L ifg <,
1 i

¢ (g—a I+ + P

\

where all the orientations of the n-webs are the same, that is, they are all pointing
towards the marking or pointing out of the marking, on the left-hand side of the
equality —— s part of m parallel copies of a stated framed oriented arc and the

other single line (the one stated by i) is not part of these m parallel copies.

Proof. When j > i, it is trivial using relation (2.11).

Suppose j < i. We prove this case by using mathematical induction on m. When
m = 1, it is true because of relation (2.11). Assume it is true for m — 1. Then we

have

—J —J
m p =y ¥ i = V)
¢ @ A+ + ) — L g
\j '
“@—> j
1 IR B
=¢ 7 (q—q " )g )" g +
J
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—J —J
m - —2AJ e ¥
¢ q—g A+ @+ ) 1 g
\/j N
e ¥ j
—g -1 2 2(m—1)y —— § m
=¢ "(q—q¢ )1+qg +-+g ) g
3 L
]
Lemma 3.1.7. In .%,(M,N,v), we have
(
J
g . if § # 1,
(]
n
— m(l—n) m— 1 )
¢ A=)+ + -+ )G e 5 V:
J
m(l—n) .o -
q n K Zf] =1,
7
\
(3.3)

where on the left-hand side of the equality —— s part of m parallel copies of a
stated framed oriented arc and the other single oriented line (the one stated by i)

is not part of these m parallel copies.

Proof. The proof uses the same technique as Lemma 3.1.6. From Proposition
2.2.1, it is trivial if j # 4. Suppose j = i, then we can prove this case by using
mathmatical induction on m. Proposition 2.2.1 guarantees the initial step. Then

we can use the same technique as Lemma 3.1.6 to prove the inductive step. O

rem We can get a parallel equation as equation (3.3) by reversing all the orientations

of stated n-webs in it.
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Corollary 3.1.8. Ifv is a primitive m-th root of unity with m and 2n being coprime

with each other, we have

where —0— s part of m parallel copies of a stated framed oriented arc and the
other single line (the one stated by i) is not part of these m parallel copies. Note
that there are four possibilities for us to give orientations for the stated n-webs

shown in the local picture.

Proof. From the assumption, we have ¢ = (q%)m = 1 and ¢? is a primitive m-
th root of unity. Then the Corollary 3.1.8 comes from Lemmas 3.1.6, 3.1.7 and
Remark 3.1.1. O]

Conventions: In the following of this section, we always assume, unless especially
specified, v is a primitive m-th root of unity with m and 2n being coprime with
each other, all the marked 3-manifolds involved have at least one marking at every

component, h is a relative spin structure for (M, N).

Recall that the stated skein algebra of the bigon B has a Hopf algebra structure,
and .7, (B, v) is isomorphic to O,(SL,,) as a Hopf algebra. We use A, e to denote

its coproduct and counit respectively. For any 7,7 € J, b;; = }_(_{ j

Lemma 3.1.9. In .%,(B,v), we have

D D O b1o1) ™ (b2,02)™ - - (o)™

O'ESn

=D (D050 1) " Bo@2) ™ - (bouy) ™ = 1.

O'ESn
Proof. Theorem 2.1.8, Lemma 2.1.9. O]

Lemma 3.1.10. In .%,(*B,v), we have

A((biy) ™) = Z (big)™ @ (by, ;)™

1<k<n
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Proof. Theorem 2.1.8, Lemma 2.1.9. O]

Definition 3.1.11. Let | be a stated n-web consisting of stated framed oriented
arcs. Suppose | = U, where each o is a stated framed oriented arc. Define

10m) — U,

Corollary 3.1.12. Suppose D is a properly embedded disk in a marked 3-manifold
(M, N) with an embedded oriented open interval 3 C D. Let « be a stated n-
web consisting of stated framed oriented arcs. Suppose « is (D, )-transverse and
intersects B in exactly one point. For any state k, let ay, which is a stated n-web
in Cutpgy(M,N), be the lift of o with both newly created boundary points having
the state k. Then ©(al™) = Zlgkgn(ak)(m)~

Proof. We use the same trick used in Lemma 4.2 in [BL20]. We can assume « has
one component. An open small tubular neighborhood of aUD in M is isomorphic to
the thickening of a bigon such that « is the core of the bigon and D is the thickening
of an ideal arc connecting the two ideal points of the bigon. This completes the

proof because of functoriality and Lemma 3.1.10. [

Corollary 3.1.13. Suppose D is a properly embedded disk in a marked 3-manifold
(M, N') with an embedded oriented open interval 8 C D. Let a be a stated n-
web consisting of stated framed oriented arcs. Suppose « is (D, 3)-transverse, and
anp#0. For any map s : fNa — {1,2,...,n}, let as, which is a stated n-web
in Cutpgy(M,N), be the lift of a such that for every P € N a the two newly
created boundary points corresponding to P both have the state s(P). Then

O(a™) = > ()™, (3.4)

s:BNa—{1,2,....,n}

Note that @(Ct) = Zs;gma—){l,2,...,n} s

Proof. Here we use the technique used in page 24 in [BL20].

Let U be an open small tubular neighborhood of o U D. Then we have U is the
thickening of a pb surface. Because of functoriality, we only need to prove equation
(3.4) when M = U. Thus we can suppose that « is a simple diagram on a pb surface

G consisting of stated arcs, ¢ is an interior ideal arc of &, and « is transversal to
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c. Then equation (3.4) becomes

Q™M)= > (a(hs)™ (3.5)

sicNa—{1,2,...,n}
where h be a linear order on the set aNc¢ and a(h, s) is defined in subsection 2.1.4.
If | N ¢| =1, then equation (3.5) follows exactly from Corollary 3.1.12.

Now suppose |aNe¢| > 1. Let V be a finite subset of ¢ and ¢\ V = U%_ ¢; such that
each ¢; intersects o at exactly one point. Let S=6 \ V. Then we are ready to
use Lemma 2.1.5. Let &' be the result of splitting & along ¢, and S’ be the result
of splitting S along all ¢;. The linear order h on « N ¢ induces a linear order on
{¢; | 1 < i <k}, which is also denoted as h. Let & € .%,(6,v) be the element
defined by the same diagram «, but considered as an element in .%,(S,v). Then
clearly 1,(&) = a, where 1, : %,(&,v) = 7,(&,v) is the induced map, see Lemma

2.1.5. Since & intersects each ¢; in exactly one point, from Corollary 3.1.12 we have

O.(am) = > (a)™,

s:ecNa—{1,2,...,n}

where &, is the lift of & such that for every P € ¢ N « the two newly created

boundary points corresponding to P both have the state s(P).

Then we have

s:eNa—{1,2,...,n}

= Y (a(hs)™

suNa—{1,2,...,n}
where (¢p,). is the induced map, see Lemma 2.1.5.
O

Lemma 3.1.14. We use P 5 to denote the once punctured bigon. Let o (respectivly
o' ) be the framed oriented arc in the top left (respectively top right) picture in Figure
3.1. Let 1 <i,j <n. Then in .7,(P12,v), we have

(aig) "™ = (ag ;)™
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Proof. As in Figure 3.1, we use the red ideal arc to cut P;,. For any state v, we
use «, to denote the lift of o; ; with the newly created two endpoints stated by v,

similarly we can define (a’),. From Corollary 3.1.13, we know

O( (0 ;)™ =

™
5
B
<
%._/
g
I
]
=
=
B

1<v<n 1<v<n

From Corollary 3.1.4, we know (a,)™ = ((a/),)™. Thus we have O(al™) =
O((a’)™). This completes the proof by the injectivity of ©, see Proposition 2.1.3.
[

Lemma 3.1.15. We use P;; to denote the once punctured monogon. Let (3 (re-
spectivly [3') be the framed oriented arc in the bottom left (respectively bottom right)
picture in Figure 3.1. Let 1 <i,j <mn. Then in .%,(P1,v), we have

(Bi)"™ = (51,

Proof. The proof is the same with Lemma 3.1.14. The only difference is that we
will use Corollary 3.1.8, instead of Corollary 3.1.4. n

2.8
e

FIGURE 3.1: Blue lines represent framed oriented arcs, where the framing is the
one pointing towards readers and the orientation is indicated by the black dot.
Red lines are the cutting ideal arcs.
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Corollary 3.1.16. In .%,(M, N ,v), we have

¢

—l@— _ —|—— (3.6)

where on the left-hand (right-hand) side of the equality the two —)— are

parts of the same m parallel copies of a stated framed oriented arc.

Proof. The Corollary can be easily proved by using functoriality and Lemma 3.1.14.
O

Corollary 3.1.17. In %,(M,N,v), we have

where on the left-hand (right-hand) side of the equality the two —)— gre

parts of the same m parallel copies of a stated framed oriented arc.

Proof. The Corollary can be easily proved by using functoriality and Lemma 3.1.15.
[

Lemma 3.1.18. In .%,(M,N,v), we have

Bods - o - o)

where H, H are postive half twist and negative half twist respectively, and the parts
not shown in the local picture can be arbitrary, that is, —(m— may not be part of

m parallel copies of some stated framed oriented arc.

Proof. This Lemma can be easily proved by using equation (51) in [LS21] and
Lemma 3.1.1. [
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Lemma 3.1.19. In .%,(M,N,v), we have

k
> (=pk - ; ) (3.7)
1<k<n

where all three —0%— are parts of m parallel copies of some stated framed oriented

arc.

Proof. Because of functoriality, we can assume besides the components that are
shown in equation (3.7), the stated n-webs have no other components. We use
B to denote the marking shown in equation (3.7). Then there is a right coaction
Ng + Sn(M N v) = S (M, N, v) @ Oy(SL,,), see Subsection 7.1 in [LS21]. The
coaction Ag is actually defined by cutting out a bigon. From Corollary 3.1.13, we

have
AN

Aﬁ(E))ZZ U®v;>

Thus we have
U U
; ) = > < )
1<u,v<n

E 5u Ko} Cv v+1
1<u,v<n 1<v<n

where the second equality is because of Lemma 3.1.18 and relation (2.9). O]

Lemma 3.1.20. In .%,(M,N,v), we have
____C]_{:>__== ____C)_%:>__.==dn ——
where —00— s part of m parallel copies of some stated framed oriented arc.

Proof. Since a positive kink for the m parallel copies of some framed line is isotopic

to combining a full positive twist and giving a positive kink for each parallel framed
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line, then we have

_QC)_:tm:dn—C)—

where the first equality is from relation (2.5) and the second equality is from Lemma
3.1.18.

Similarly we can show O — = dy — - O

3.1.2 An action of .¥,(M,N,1) on .7,(M,N,v)

Let (M, N) be a marked 3-manifold. Recall that for [ = U,a, where each « is a
stated framed oriented arc in (M, N), we define {™ to be U,a(™).

Lemma 3.1.21. Let | be a stated n-web consisting of stated framed oriented arcs.
Let Ty, Ts be two isotopic stated n-webs such that TyNl = ToNl = (. Then we have

1™ uT =1™UT, € S (M,N,v).
Proof. Corollaries 3.1.4, 3.1.8. ]

For any stated n-web [ consisting of stated framed oriented arcs, we will define
a linear map F; : ,(M,N,v) — %,(M,N,v). For any stated n-web «, first
we isotope « such that a Nl = @, then define Fj(a) = I Ua € .7, (M,N,v).
From Lemma 3.1.21, we know Fj(«) is independent of how we isotope a.. Thus F;
is well-defined on the set of isotopy classes of stated n-webs. Since all the skein
relations, used to define stated SL,-skein modules, are local, F; preserves all these
relations. Thus Fj is a linear map from .%,(M, N ,v) to %, (M, N ,v). We regard

empty n-web as a stated m-web consisting of stated framed oriented arcs, then

Fy = Idg, ()

Recall that we use End (., (M, N, v)) to denote the set of linear maps from .7, (M, N, v)
to itself, and End(.%,(M,N,v)) has an obvious algebra structure. Then F; €
End(.7,(M, N, v)) for stated n-web [ consisting of stated framed oriented arcs.

Let o, be any two stated n-webs both consisting of stated framed oriented

arcs, then we have F,F3 = FglF, = F,p from Corollaries 3.1.4, 3.1.8, where
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a U B is the disjoint union. Let End(.7,(M,N,v))™ be a subvector space of
End(.%,(M,N,v)) linearly spanned by F; for all stated n-webs [ consisting of
stated framed oriented arcs. The above discussion implies End (.7, (M, N, v))™ is
a commutative subalgebra of End(.%, (M, N, v)).

Lemma 3.1.22. Let o be any framed oriented arc in (M, N'). In End(.%,(M,N,v))™

we have

L(o
Z (_1> ( )Fal,c(l)Fa2,0(2) T Fan,o'(n)

O'ESn

L(o
= Z (_1) ( )Fao'(l),lFao'(Z),Q e Fao'(n),n) = 1

O'ESTL

Proof. Let [ be a stated n-web that has no intersection with . A small tubular
open neighborhood U of v in M is isomorphic to the thickening of the bigon, with
a being identified with the core of the bigon and U N g = 0. We isotope «; ;,

1,7 € J, inside U such that there is no intersection among them. Then

o
Z (_1) ( )Fal,au)FaQ,a(z) T Fan,o('n) (/B)

oESy

= (=D 1,61))™ U (@,002) ™ U+ U (o)™ U B = B,

O'ESn

where the last equality is because of functoriality and Lemma 3.1.9. Thus we have

l(o
Z (_1) ( )Fal,a(l)Fa2,a(2) ce F%,a(n) =1

UGSn

Similarly we can prove Zaesn(—l)e(”)F%(lmF% 1. O

@2 Fogmym) =
Lemma 3.1.23. For any two stated framed oriented arcs aq, ag, suppose s(a1(0)) =
s(a2(0)), s(en(1)) = s(az(1)), and [on] = [an] € w1 (M, N).
(a) If h(ay) = h(aw), then F,, = F,, € End(.%,(M,N,v))™.

(b) If h(ay) # h(ag), then F,, = d,F,, € End(.%,(M,N,v))™,

Proof. Here we use a standard fact that two embeddings of a compact graph in
M are homotopic if and only if one can be obtained from the other by crossing
changes, height changes, and isotopies [PS00]. Let /5 be a stated n-web that has

no intersection with a; U ap. From the above standard fact and Corollaries 3.1.4,
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3.1.8, 3.1.16, 3.1.17, we know ()™ U B = (a3)™ U B where as is exactly ay
but with different framing and h(a;) = h(az). Thus ag can be obtained from
as by adding a number of kinks, we suppose this number is k. Then we have
()™ U B = (a3)™ U B = d¥(ay)™ U B from Lemma 3.1.20.

If h(ay) = h(ag), then h(az) = h(az). Thus k is even, then

For (B) = (1) ™ U B = dfi ()™ U B = ()™ U B = Fo, (B).

If h(ay) # h(ag), then h(az) # h(az). Thus k is odd, then
Fo, (B) = (01) "™ U B = dy(02)™ U B = d(02) ™ U B = dy Fo (8).
[

rem A morphism [a] € mfer

(M, N) and two integers 1 < i,j < n uniquely deter-
mine an element in End(.%, (M, N, v))™ in the following way: We choose a good
representative a such that « is a properly embedded arc in M. Then we give a fram-
ing to a respecting NV, that is, the framing at endpoints are given by the velocity
vectors of A/. We denote this framed oriented arc as &. We choose the framing such
that h(&) = 0, then we obtain an element Fs,, € End(,(M, N, v))"™. Suppose
we choose a different good representative o/. We have [4] = [/] € #M" (M, N') and
h(gx:’) = h(&) = 0. Then Fa, =Fy, € End(.%,(M, N, v))™ because of Lemma
3.1.23.

We use Si[f;]’m to denote Fj, , and use Slelm to denote an n by n matrix in
End(.7,(M, N, v))™™ such that (Slbm), ;= S 1 <i,j < n.

Then for any stated framed oriented arc «; j, we have

Fo, = @8[] € End(7, (M, N, 0))™. (3.8)

Here we recall the definition for matrix A,

Ai,j — (—1)i+1(5*-

1< i, <n.
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For any complex number k € C, we will use k to denote kId », (v ) € End(-7, (M, N, v))

for simplicity.

Proposition 3.1.24. (a) For any two morphisms [a], [3] € mMr (M, N), if [5][c]
makes sense, then ASB*elm = AgBLm AgGlalm

(b) For any morphism [n] € w1 (M, N), we have det(S"™) = 1. Especially
det{ AStm) = 1.

(¢) Suppose [o] € TM°" (M, N) is the identity morphism for an object, then Slh™ =

d,A. Especially AS1™ =T,

Proof. (a) We have

,m al,m _ Blym qlal,m _ QlBxa]lm *a),m
(SimAglelmy, s = N (—p)hrrgimgilm = glrelm — (glrelm),

1<k<n

where the second equality is from Lemma 3.1.19. Thus we have ASWPB*elm —
ASlB)m 4 glalm,

(b) is implied by Lemma 3.1.22.

(c) For 1 <i,j < n, we have

ww<<$“m-@*WdA~
1, J BT e

Thus SlI™ =, A.

]

Suppose M is connected, and the components of N consist of eg, e1, ..., ex_; where
k is a positive integer. If k > 2, for each 1 <t < k — 1, let o be an oriented path
connecting ey and e; with a4(0) € ey and ay(1) € e;. We use [o] to denote the

identity morphism in 7" (M, e).

We define an algebra homomorphism F : .7, (M, N, 1) — End(.%,(M, N ,v))™ by
defining F on the above generators, and then check all the relations in (2.19).
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Theorem 3.1.25. There exists an algebra homomorphism

F: Io(M,N,1) = End(S(M,N,v))™
o] [a]m
Sij— Si;

where [a] € 71T (M, eo) U {[ov], ..., [r_1]},1 < i, 5 <n.

Proof. We know End(.%,(M,N,v))™ is a commutative algebra. Proposition
3.1.24 shows F preserves all the relations in (2.19). Thus F is a well-defined

algebra homomorphism. O]

Note that we have F(S) = Sl for all [a] € 7Mo" (M, e) U {[a], . . ., [ar_1]}-
We will show this is true for any [o] € m1o" (M, N).

The construction for F in Theorem 3.1.25 depends on the choice of the generators
for algebra .#,(M,N,1). We will show F is independent of the choice of these

generators. Actually, we will show a stronger result in the following Theorem.

Theorem 3.1.26. For any stated n-web | consisting of stated framed oriented arcs,
we have ]}(l) — F,. Especially F is independent of the choice of the generators for
algebra Z,(M, N, 1), and F is surjective.

Proof. Note that we will use equations (2.18), (3.8), and Propositions 2.4.3, 3.1.24

in the following proof.

First we show for any [a] € wMor

]:"(SZ[O;]) = SZ[Z‘-]’m, that is, to show F(Sll) = Slelm™ This is clearly true if k = 1,
since 1" (M, N') = m°" (M, ey) when k = 1.

(M,N) and two integers 1 < 4,5 < n, we have

Suppose k > 2. For any 1 <t <k — 1, we have

[ = F(ASldAgled ]y = F(ASl1Agldy = AF (Sl AF (Sl ]y = AF (Sl ) AF (Sl
I = Aledm ggloclm — ggleilhm ggladm — g F(glod) ggled bm — gglorthm A F(glealy

Thus we get ASl Im — AF (Sl ') which implies Sl bm — F(Sler '),

For any [a] € 1" (M, N), suppose a(0) € e,, (1) € e,. If u = v = 0, it is obvious
that F(Sl) = Slelm If 4 #£ 0,0 # 0,, then we have [a ' * a * a,,] € TV (M, ep).
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Then we have

AF(Sll) = F(ASI)) = F(AGll gglow sarau] g glea’ly
— AF(Sleely AF(glew sy g F( Gl
— As[av],mAs[a;1*a*au],mAs[agl],m _ As[a},m'

Thus we have F(Sl)) = Sldm  Similar we can prove F(Sl)) = Slebm when
u=0,v#0oru#0,v=0.

For any stated framed oriented arc «; j, we have o; ; = dﬁ(&)Si[Z} in ., (M,N,1).
Then

Flaiy) = dﬁ(d)F(Sﬁ]) = dﬁ(&)sﬁ’m = Fa, ;-

Let | = Uj<i<ka; where each o is a stated framed oriented arc. Then

.F(l) :f(Oél-..ak) :.F(Oél)f(ak) = Fa1 ”.Fak :Fulgigkai :E

The surjectivity of F is obvious. m

Since F : Z,(M,N,1) — End(.%,(M,N,v))'™ is an algebra homomorphism,
this gives an action of ,(M,N,1) on .%,(M,N,v), defined by, for any o €
Fo(MN 1), B € Lo(M, N, v), a- 8= F(a)(B).

3.1.3 Construction for the Frobenius homomorphism

In this section, we will define the Frobenius homomorphism F : .7, (M, N,1) —
(M, N, v).

Theorem 3.1.27. For any marked 3-manifold (M, N'), there exists a unique linear
map

F: S (MN, 1) = S (M, N, v)

such that F(1) = 1™ for any stated n-web | consisting of stated framed oriented

arcs.
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Proof. Since we assume every component of M contains at least one marking,
(M, N ,v) is a linear span by stated n-webs consisting of stated framed oriented

arcs, thus the uniqueness is obvious.

To construct F, we can suppose M is connected. We use T' to denote the linear
map from End(.%, (M, N, v))™ to .7, (M, N ,v), defined by T(f) = f(0)) where f €
End (., (M, N, v))™ and () represents the empty stated n-web. Define F = T'o F,
then F is a linear map from .7, (M, N, 1) to .%,(M,N,v) such that F(I) = (™

for any stated n-web [ consisting of stated framed oriented arcs.

]

rem Let (M, N) be a marked 3-manifold, and z be an element in .%,(M, N, v).

Then the proof for Theorem 3.1.27 shows there exists a unique linear map F, :

(M, N, 1) = S (M, N, v) such that F,(I) = F(I)(z) for any | € .7, (M, N, 1).
Then F = Fy where () is the emptyset stated n-web.

For any two elements a, § € ., (M, N, 1), we know F(a) € End(.%,(M, N, v))(™
and F(B) € .Z,(M,N,v), then F(a)(F(B)) € (M, N,v). It easy to check we
have F(a)(F(B)) = F(B)(F(a)) € (M, N,v). Actually if we suppose a =
> i<icy kici, B = Zlgjgv t;8; where «;, B; consist of stated framed oriented arcs

and «; N B; = 0, then we have

F)(F@)=FB)(Fl@)= Y ki)™ U(B)™ € L (MN,0).

(3.9)

We use .7, (M, N,v)™ to denote ImF, then there is a surjective map
F: LM, N, 1) = F0(M, N, v)™

induced by F.

Theorem 3.1.28. For any marked 3-manifold (M, N'), there is a commutative al-
gebra structure for (M, N, v)™  which makes F : (M, N, 1) = .Z,(M, N, v)™

a surjective algebra homomorphism.

Proof. For any two elements x,y € .%,(M, N ,v)™ suppose z = F(a),y = F(5)

where o, 8 € .7, (M, N, 1), then define xy = F(«)(F(5)) € S (M, N,v). We need
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to check this is a well-defined multiplication, that is, to check zy is independent
of the choice of «, 5. Suppose we also have x = F(ay),y = F(p1) where ay, 51 €
(M, N, 1). Then

F(a)(F(B)) = F(a)(F(Br)) = F(B)(F(a)) = F(Br)(Flan)) = Flar)(F(Br)),

which shows the well-defineness of this multiplication. We also have

vy = F(a)(F(B)) = F(B)(F(a)) =y,

which shows this multiplication is commutative. From equation (3.9), we can easily

show F is a surjective algebra homomorphism. O]

3.1.4 Compatibility between the Frobenius homomorphism
and the splitting map

Theorem 3.1.29. Suppose D is a disk properly embedded into a marked 3-manifold
(M,N) and D contains an embedded oriented open interval 3. Let (M',N") be the
result of splitting (M,N') along (D, 3). Then we have the following commutative
diagram:

F(M N, 1) —2— 7, (M',N",1)

I I

SAM, N, v) —2s (M N, 0)

Proof. We just need to check F(O(a)) = O(F(a)) for any stated n-web a con-
sisting of stated framed oriented arcs, since .#,(M, N, 1) is linearly spanned by all
these n-webs. Then Corollary 3.1.13 completes the proof.

Theorem 3.1.29 also shows the splitting map restricts to a map

Ol aun vy Ta(M,N, )™ — L (M N v) ™),
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and Oy, (1 vy m © F = Fo®. It is also easy to show Ol (M) 18 an algebra

homomorphism.

3.1.5 Central elements in .7, (S, v) and the injectivity of the

Frobenius homomorphism

When (M, N) is the thickening of an essentially bordered pb surface &, obviously
Z,(8,v)™ is a subalgebra of .7,(&,v). The algebra structure for .7, (&, v)™
inherited from .7,(&,v) is the same with the algebra structure for .7, (&, v)(™
defined in Theorem 3.1.28. Then F : 7,(6,1) — #,(6,v) becomes an algebra

homomorphism.

Theorem 3.1.30. Let S be an essentially bordered pb surface, there exists a unique
algebra homomorphism F : .7, (6,1) — Z,(S,v) such that ImF lives in the center
of 7 (6,v) and F(a) = a™ for any stated framed oriented arc c.

Proof. Lemma 3.1.21, Theorem 3.1.27. ]

Then we are trying to show F in Theorem 3.1.30 is an embedding. We use O(SLy,)
to denote O;(SL,,), that is, O(SL,) is the coordinate ring of SL(2,C).

Lemma 3.1.31 ([PW91]). There exists a Hopf algebra homomorphism:

F, : O(SLy,) = O,(SLy,)

(R — (Ui7j>m.

Define the monoid
[' = Mat,,(N)/(Id).

Here Mat,,(N) = N"*" is an additive monoid, and (Id) is the submonoid generated
by the identity matrix. Two matrices p,p’ € Mat,,(N) determine the same element
in I"if and only if p—p’ = kId for k € Z. Each p € T has a unique lift p € Mat,,(N)

such that min; p;; = 0.

Proposition 3.1.32 ([Gav07; LY23|). For any linear order dy.q on J*, the set

Bl = {b(p) i= [] (wiy)? |p el =Mat,(N)/(Id)},  (3.10)

(i,9)€J?
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where the product is taken with respect to the order dy.q, is a basis of O4(SLy,).

Lemma 3.1.33. F,, in Lemma 3.1.51 is an embedding.

Proof. Using Proposition 3.1.32, it is easy to check [}, maps the basis of O(SL,)
injectively to the basis of O,(SL,,). O

Lemma 3.1.34. F:.%,(B,1) — %,(B,v) is injective.

Proof. Here we use the Hopf algebra isomorphism in Theorem 2.1.8.

For any 7,5 € J, it is easy to check

F(foig(uig)) = Fbig) = (0i))"™, foig(Fuluiz)) = frig((iy)™) = (big)™ = (big) ™.

Then we have F o fi,; = fiig0 ), since all the maps involved are algebra homomor-

phims. Thus F is injective because fu;4 is an ismorphism and F), is injective.  [J
The proof in the Lemma 3.1.34 actually shows F : .7,(8,1) — Z,(B,v) is an
injective Hopf algebra homomorphism.

We use T to denote the standard ideal triangle.

It is well-known that there is a linear isomorphism QF : .%,(B,v) ® .7,(B,v) —
Zn(Z,v), see Example 7.9 in [LS21]. Note that QF is not an algebra homomor-

phism unless v = 1.

_er, : (3.11)

Lemma 3.1.35. F:.7,(%,1) = .7.(%,v) is injective.
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Proof. Look at the following diagram:

Z0(B,1) ® F,(B,1) Z25 7,(B,0) © .7, (B, v)

or or . (3.12)
F(T,1) A » Sn(T,0)

As a vector space, .7, (*B, 1) is generated by parallel stated arcs that are all parallel
to the core of 9B (these arcs may have different orientations and states). QF acts
on these arcs by extending them to the bottom edge, see equation (3.11). F
acts on these arcs by taking m parallel copies of each arc. Clearly these two
actions commute with each other. Thus the diagram in (3.12) is commutative.
Then F : Z,(%,1) — 7,.(F,v) is injective since QF is a linear isomorphism and
F S (B,1) = S, (B, v) is injective, see Lemma 3.1.34. O

yn(ga ]-) >—> ®Tetm(8)y (T 1) (®T€tm yn(fa 'U)) ® (®e€[nt(€)yn(%a ]-))
i Fg l®$etn‘(8)~7‘— J/(®‘I€tri(€)}—)®(®661nt(8)}—)
y (67 U) >—> ®‘I€tm y (S U) L (®T€tri(5)yn(‘zvv)) & (®661nt(5)yn<%7v))
(3.13)

Please refer to Lemma 2.1.4 for the definition of Tk.

Theorem 3.1.36 (n =2 [KQ24], n = 3 [Hig23|). Let & be an essentially bordered

pb surface, and £ be an ideal triangulation of &. Then we have
(a) the right square in (3.13) is commutative,

(b) there exists a unique algebra homomorphism Fe : .7,(6,1) — Z,(6,v) such

that the left square is also commutative,

(c) Fe = F, especially we have F is injective and Fg is independent of the trian-
gulation E.

Proof. (a) Theorem 3.1.29.

(b) From Lemma 2.1.4, we know the two rows are exact. Then there exists a
unique Fg¢ such that the left square is also commutative because the right square

is commuative and the two rows are exact.
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(¢) From Theorem 3.1.29, we know F : .7,(6,1) — ,(6,v) also makes the
left square commutative. Then from the uniqueness in (b), we know Fg = F,
which implies F¢ is independent of £. Since both © and ®gzesie)F are injective
(Proposition 2.1.3, Lemma 3.1.35), then Fg = F is also injective. ]

Corollary 3.1.37. Let & be an essentially bordered pb surface. We have
F . 0(6,1) = (S, 0)™
18 an isomorphism.

Proof. From Theorem 3.1.36, we know Fis injective. We also have Fis surjective.

]

Let & be a pb surface. For each interior puncture p, we have two peripheral loops
with vertical framing going around p, which are denoted as a,, b,. Clearly both a,

and b, live in the center of .7, (6, v).

Definition 3.1.38. Suppose S is an essentially bordered pb surface. Let Z,(S)
be the subalgebra of #,(&,v) generated by 7,(&,v)™ and a,,b, for all inner

punctures p.

Corollary 3.1.39. Suppose & is an essentially bordered pb surface. Then Z,(S)
lives in the center of Z,(6,v), and Z,(S) is a finitely generated commutative

algebra.

Proof. Note that .7,(&,v)"™ = ImF = ImF. Then from Theorem 3.1.30, we
know Z,(&) lives in the center of .7,(&,v). Since .7,(6,1) is finitely generated
as an algebra and & has finitely many interior punctures, then Z,(&) is a finitely

generated commutative algebra. O

3.1.6 Classical shadow

Definition 3.1.40 ([Mill2]). A commutative algebra is called affine, if it does not

contain nonzero nilpotents and it is finitely generated as an algebra.
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Recall that, for a commutative algebra A, we use MaxSpec(A) to denote the set of
maximal ideals of A. Then MaxSpec(A) is an affine algebraic variety and A is the
coordinate ring of MaxSpec(A), if A is affine [Mil12].

Proposition 3.1.41. Suppose & is an essentially bordered pb surface. Then both
Zn(6,0)™ and Z,(6) are affine algebras.

Proof. We already know both .7, (&,v)™ and Z,(&) are finitely generated com-
mutative algebras. Since .7, (&, v) is a domain [LY23], then both .7, (&, v)™ and

Z(6) have no nonzero nilpotents.

]

rem Let A be an algebra, and Z be an affine subalgebra of the center of A. We use
Irrep 4 to denote the set of finite dimensional irreducible representations considered
up to isomorphism (that is, two irreducible representations are considered the same
if they are isomorphic). We can omit the subscript for Irrep,, when there is no
confusion with A. Then there is a map X : Irrep — MaxSpec(Z) defined as
following: Let p : A — End(V) be a finite dimensional irreducible representation
of A. Since Z is contained in the center of A, for every x € Z there exists a complex
number 7,(x) such that p(z) = r,(z)Idy. We get an algebra homomorphism
r, : Z — C. Then the irreducible representation p uniquely determines a point
Ker(r,) in MaxSpec(Z). We define X'(p) =Ker(r,).

From Proposition 3.1.41, we know Z,(&) is an affine subalgebra of the center of

Zn(6,v), and MaxSpec(Z,(6)) is an affine algebraic variety. Then there is a map

X : Irrep — MaxSpec(Z,(6)).

In next section, we will show the center of .7, (&, v) is actually affine, the corre-
sponding map X is surjective, and X is injective on the preimage of a Zariski open

dense subset.
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3.1.7 The Frobenius homomorphism for reduced stated SL,,-

skein algebras

The reduced stated SL,-skein algebra .#,(&,v) is defined in subsection 7.1 in
[LY23]. For any pb surface G,

T n(B,0) = (6, v) /1",

where 1" is the two sided ideal of .7, (&, v) generated by all bad arcs [LY23].
We use .7,,(&,v)™ to denote the image of .7, (&, v)™ under the projection from
Zn(8,0) to Ln(6,v).

For any essentially bordered pb surface &, clearly F : .,(6,1) — .7,(6,v) sends
the bad arc to m parallel copies of the bad arc. Then F induces an algebra
homomorphism F : .7,(&,1) — .%,(6,v), and ImF = .7,,(&,v)™ lives in the
center of .7, (&, v).

3.2 The Unicity Theorem for stated SL,-skein al-

gebras

For any algebra A, we will use C(A) to denote its center.

An algebra A is called prime if all a,b € A satisfy the following condition: if
arb = 0 for all r € A then a = 0 or b = 0. Clearly if A is a domain, then A is
prime. An algebra A is almost Azumaya if there is a nonzero element ¢ € C'(A)
such that A, is an Azumaya algebra, where A, is the localization of A by ¢ [FKL19;
Kor21].

Definition 3.2.1. An algebra A is called affine almost Azumaya if A satisfies
the following conditions [Kor21]:

(1) A is finitely generated as an algebra,
(2) A is prime,

(3) A is finitely generated as a module over its center.
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Theorem 3.2.2 ([FKL19]). If A is a prime algebra that is finitely generated as
a module over its center then A is almost Azumaya. FEspecially, affine almost

Azumaya algebra is almost Azumaya.

Lemma 3.2.3. If A is an affine almost Azumaya algebra, then C(A) is an affine

algebra.

Proof. From Lemma 2.1 in [FKL19], we know (1) and (3) in the definition of affine
almost Azumaya algebra imply C(A) is a finitely generated algebra. (2) implies
C(A) is a domain. O

Thus MaxSpec(C(A)) is an irreducible affine algebraic variety if A is an affine

almost Azumaya algebra.

Suppose A is an algebra, and M is a finitely generated A-module. We define the
dimension of M over A to be the minimum number of generators of M over A.

When A is an affine almost Azumaya algebra, we use C/’Cél/) to denote the field of
fractions of C'(A), and use A to denote the vector space A ®ca) C(A) over C(A).
Then we define the rank of A over C(A) to be the dimension of A over C(A).

Obviously we have the rank of A over C'(A) is less than or equal to the dimension
of A over C(A).

Theorem 3.2.4 ([FKL19; Kor21]). If A is an affine almost Azumaya algebra of

rank K and of dimension r over its center C(A), then:

(a) any irreducible representation of A has dimension at most the square root of
K;

(b) The map X : Irrep — MaxSpec(C(A)), defined in Remark 3.1.6, is surjective,
and the cardinality of X~(v) is not more than r for any v € MaxSpec(C(A));

(c) there exists a Zariski open dense subset U C MaxSpec(C(A)) such that for
any two irreducible representations Vi, Vo of A with X(Vy) = X(Va) € U, then V;
and Vy are isomorphic and have dimension the square root of K. Moreover any
representation sending C(A) to scalar operators and whose induced character lies

in U 1s semi-simple.
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Frohman, Kania-Bartoszynska, and Lé proved S5(&, v) is an affine almost Azumaya
algebra when v is a root of unity and 06 = ) [FKL19]. Korinman proved S»(&,v)
and S5(&,v) are both affine almost Azumaya when v is a root of unity of odd order
[Kor21].

3.2.1 More on .%,(M,N,1)-module structure for .%,(M, N, v)
and the Unicity Theorem for SL,

In this subsection, we always assume every component of the marked 3-manifold
contains at least one marking, the surface is the essentially bordered pb surface,
and v is a root of unity of order m with m and 2n being coprime with each other.

The main goal of this subsection is to show .7,(&,v) is affine almost Azumaya.

From Subsection 3.1.2, we know .7,(M, N, 1) acts on .%,(M,N,v). This module
structure is defined by I-a = 1™ U a where | € .7,(M,N,1) is a stated n-web

consisting of stated framed oriented arcs, a € .,(M,N,v) is a stated n-web in
(M, N, v), and INa = 0.

Let f: (My,N1) — (M, N3) be an embedding for marked 3-manifolds. We know
f induces a linear map f, : S, (M, N1,v) = Z (M, N, v) and an algebra homo-
morphism

fo it (M, N 1) — (M, Na, 1).
Then we have the following Lemma.

Lemma 3.2.5. The above linear map f, : S (My,Ni,v) = S, (M, N2, v) respects

the module structures in a sense that
folw-y) = fu(@) - fuly)
where x € S, (M1, N1,1),y € S, (My, N1,v).

Proof. Let a be a stated n-web consisting of stated framed oriented arcs, 5 be any
stated n-web in ., (M, N,v), and a N = 0. Then we have

fela-B) = (o™ U B) = (fu())™ U fu(B) = ful@) - fu(B).
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Lemma 3.2.6. Let f : (M, N;) — (M, N3) be an embedding for marked 3-
manifolds. Suppose the linear map fi : (M, N1,v) = S (Ma, No,v) is sur-
jective, and 7, (My,Ni,v) is finitely generated as an %, (M, N1, 1)-module. Then
(M, No,v) is finitely generated as an %,( Mo, N3, 1)-module, and the dimension
of Fn(My,Na,v) as an #,(Ma, N2, 1)-module is not more than the dimension of
(M, Ni,v) as an S, (M, N1, 1)-module.

Proof. Suppose .7, (M, N1,v) is generated by x1,Za,...,x; as an ., (M, N1, 1)-
module. From Lemma 3.2.5, we get .7, (Ms, No,v) is generated by

ful@r), fu(w2), -, fulr)

as an .7, (Mz, Ny, 1)-module because f, : .7, (M, N1,v) = S (Mo, Na,v) is sur-

jective. ]

rem For an essentially bordered pb surface &, we know F : .7, (&,1) — .7,(S,v)™
is an isomorphism, and .7,(&, v)™ lives in the center of .7,(&,v). Thus .7, (&, v)
has an .7, (&, v)™-module structure given by multiplication. .#,(&,v) also has an
Zn(6, 1)-module structure. Then the identity map Id : .7,(S,v) — .7,(S, v) pre-
serves the above two module structures, in a sense that, for any = € .7, (6,1),y €
Zn(&,v) we have z -y = F(x)y.

Lemma 3.2.7. .%,(B,v) is finitely generated as an 7, (B, 1)-module. The dimen-

sion of (B, v) as an .%,(B,1)-module is at most m"™ — (m — 1)"m™ ",

Proof. Let d,.q be a linear order on set J?. From Proposition 3.1.32 and Theorem

2.1.8, we know the set

{ TI @)" |p €T =Mat,(N)/(1d)}

(i,5)€l?

is a basis for .7, (B, v), where the product is taken with respect to the order d,.q4,

and

{ T (bs)™ | p € T = Mat, (N)/(1d)}

(4,9)€J?
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is a basis for .7, (B,v)™. Clearly .7, (B,v) is generated by the set

{ TI @) | pij € 2,0 <piy <m—1,3i € Jst. pi; =0} (3.14)

(i,7)€J?

as an .7, (B, v)(m)—module, where the product is taken with respect to the order
dorq. The cardinality of the set in (3.14) is m™ — (m — 1)"m™ ",

Then Remark 3.2.1 indicates Lemma 3.2.7.

]

Note that when n > 1, the set in (3.14) is not independent. We will use (n,m) to

denote the integer m”™ — (m — 1)"m™ .

Lemma 3.2.8. Suppose S is the disjoint union of k bigons, k > 1. Then .7, (&, v)
is finitely generated as an 7,(S,1)-module. The dimension of .7,(S,v) as an
(6, 1)-module is at most ({n,m))".

Proof. Lemma 3.2.7. O]

Suppose & is an essentially bordered pb surface. Let B = {by,...,b.} be the
collection of properly embedded disjoint compact oriented arcs in &. We say B is a
saturated system if we have (1) after cutting & along B, every component of the

cutting surface contains exactly one ideal point (2) B is maximal under condition

(1).

Let U(by),...,U(b.) be a collection of disjoint open tubular neighborhoods of
by, ..., b, respectively. Each U(b;) is diffeomorphic with b; x (0,1) (the diffeo-
morphism is orientation preserving) and we require that (9b;) x (0,1) C 96. Set
U(B) = Uj<i<;U(b;). Note that each U(b;) is naturally a bigon, then U(B) is
the disjoint union of bigons. From 3.2.9 to 3.2.14, we will always assume & is an

essentially bordered pb surface.

Theorem 3.2.9 ([LS21]). Assume B = {by,...,b.} is a saturated system of arcs
of 6.

(1) We have r = r(6) := §(06) — E(S), where §(06) is the number of boundary
components of & and E(S) denotes the Euler characteristics of .
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(2) The embedding U(B) — &, with negative c-orders for all boundary components

c of G, induces a linear isomorphism.

Proposition 3.2.10. We have

(a) 7, (S, v) is finitely generated as an 7, (&, v)™ -module, and the dimension of
0 (8,v) over Zp(6,v)™ is at most ({n,m)) ).

(b) 7 n(6,0) is finitely generated as an &, (S, v) ™ -module, and the dimension
of 7 n(6,v) over 7, (&,v)™ is at most ({n,m))"(®).

Proof. From Lemmas 3.2.6, 3.2.8, and Theorem 3.2.9, and Remark 3.2.1, we can
easily prove (a). Trivially (a) implies (b). O

Lemma 3.2.11. We have .%, (&, v) (respectively .7, (&, v) ) is finitely generated as

a module over the center C(7,(6,v)) (respectively C(,(&,v))). The dimension
of L (S, v) (respectively 7, (S, v)) over C(.Z,(S,v)) (respectively C(F,(S,v)))

is not more than ((n, m))"(®).
Proof. Since .7,(6&,v)™ C C(.%,(8,v)) and 7,(6,v)™ C C(.Z,(S,v)), then
Proposition 3.2.10 implies the Lemma. O

Theorem 3.2.12. We have .%,(6,v) is affine almost Azumaya. Thus it is also

almost Azumaya.

Proof. Since & be an essentially bordered pb surface, then .#,(&,v) is a domain
and is a finitely generated algebra, Theorem 6.1 in [LY23]. Combine with Lemma
3.2.11, we get .7,(6,v) is affine almost Azumaya. O

Corollary 3.2.13. We have C(.#,(6,v)) is affine.
Proof. Lemma 3.2.3, and Theorem 3.2.12. O

Then we are ready to state the Unicity Theorem for the stated SL,-skein algebra

when the surface is an essentailly bordered pb surface.

Theorem 3.2.14. Suppose the rank of /,(S,v) over C(S,(S,v)) is K and the
dimension of /,(&,v) over C(.7,(6,v)) is r, then we have

(a) K <7 < ((n,m)"®;
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(b) any irreducible representation of .#,(S,v) has dimension at most the square
root of K

(¢) the map X : Irrep — MazSpec(C(S,(6,v))), defined in Remark 3.1.6, is sur-
jective, and the cardinality of X ~1(v) is not more thanr for anyv € MazSpec(C(5,(S,v)));

(d) there exists a Zariski open dense subset U C MaxSpec(C(.7,(S,v))) such that
for any two irreducible representations Vi, Va of (S, v) with X (V1) = X(Va) € U,
then Vi and V5 are isomorphic and have dimension the square root of K. Moreover
any representation sending C(7,(6,v)) to scalar operators and whose induced

character lies in U is semi-simple.
Proof. Lemma 3.2.11, Theorems 3.2.4 and 3.2.12. O

The rank K in Theorem 3.2.14 is very important to understand the representation
theory for the stated SL,-skein algebra. Unfortunately, it is very hard to calculate
it. Frohman, Kania-Bartoszynska, Lé precisely calculated this rank K in [FKL21]
when n = 2 and 96 = 0.

We are not clear whether .#,,(&,v) is a domain (or prime) for general essentially
bordered pb surface. In Theorem 8.1 in [LY23], Lé and Yu proved .7, (&, v) is
a domain when & is a polygon. Thus we have the corresponding statements as
Theorem 3.2.12, Corollary 3.2.13, and Theorem 3.2.14 for the reduced stated SL,,-
skein algebra when & is a polygon. For general essentially bordered pb surface, we
can get C(7,(6,v)) is a finitely generated algebra because .%,, (&, v) is a finitely

generated algebra and finitely generated as a module over its center.

3.3 The center and the PI-degree for the stated
SL,-skein algebra

In this section, we review the results about the center and the rank of the stated

SL,,-skein algebra for some special cases in [KW24a; KW24c].

Let & be a pb surface containing at least one puncture. For each puncture p and

1 <k <n—1, there is a loop n-web a, around p as shown in Figure 3.2. We
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FIGURE 3.2: The n-web « ) around puncture p.

call each oy, the peripheral web. It is easy to see that a,j is contained in the
center of .7,(6,v).

Theorem 3.3.1. [KW2/c] Suppose S is a pb surface such that 0& = () and every
component of & contains at least one puncture. Suppose v is a root of unity of

order m with ged(m,6) = 1. We have the following:

1. The center of /3(6,v), as a subalgebra of 3(S,v), is generated by Im F
and all the peripheral webs.

2. The algebra .3(6,v) is affine almost Azumaya;

3. Suppose & 1is connected with genus g and p > 0 punctures, then the rank of

S3(S,v) over its center is
m169—16+6n'

Theorem 3.3.2. [KW2/a] Suppose & is a pb surface such that 0& # (0 and
contains no punctures. Suppose v is a root of unity of order m with gcd(m,2n) = 1.

We have the following:

1. An element x € .%,(6,v) is contained in the center of .7,(S,v) if and only
if yr = z with y, z € Im F.

2. Suppose & is connected and & (see Definition 1.1.1) contains t boundary
components having even number of punctures, then the rank of .7,(&,v) over

its center 1s
m(anl)r(E)ft(nfl) )






Chapter 4

Stated SL,-TQFT theory and

roots of unity

Suppose that m is a positive integer such that m | n. Let & be a pb surface and

€ € R such that € = —1. We will construct an R-linear isomorphism (Thm. 4.2.4)
Ve 1 (6, v) = L (6, ev).

As an application, we will establish the injectivity of the splitting map when v?* = 1
(Thm. 4.7.4). Furthermore, we will formulate the stated SL,-TQFT theory (Thm.
4.5.2), which generalizes the results of [CL22b] from SL, to general SL,. This

chapter is based on the author’s work in [Wan25c¢].

4.1 Notations for chapter 4

This section introduces notations used in chapter 4.

Let a be an n-web in a marked 3-manifold (M, N'). The half edge of o containing
the starting point (resp. ending point) is called the starting half edge (resp.
targeting half edge).

Recall that our ground ring is a commutative domain R with an invertible element
v. In chapter 2, we defined ¢, ¢;, t,a using v. Since this chapter involves different

quantum parameters, we introduce new notations for ¢, ¢;, t, a involving v. We set

113
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1
¢5" = v, and define the following constants:

n—1 n271 n+172n2

Ciw=(—¢)""¢" , t,=(=1)""1¢" , ap=qo °

Let & be a pb surface. Any stated n-web « in the thickening of & can be repre-
sented by a stated n-web diagram in G, which is obtained by projecting o onto
S. Before performing the projection, we first apply a height-preserving isotopy to
« so that its singular points look like the pictures in Figure 4.2 and ensure that

the endpoints of « are distinct.

The orientation of 06 induced by the orientation of & is call the positive orien-
tation of 6. The orientation of & opposite to the positive orientation of &
is called the negative orientation of 0&. A stated n-web diagram, where the
heights of its endpoints are given by the positive (resp. negative) orientation of
S, is called the positively ordered stated n-web diagram (resp. negatively

ordered stated n-web diagram).

For a stated n-web (resp. a stated n-web diagram) «, we define the following
quantities:
e ¢(«): the number of endpoints of a.

e t(a): the number of endpoints of o that point towards N (resp. towards the
boundary of the pb surface).

e p(a): the number of sinks and sources of a.

4.2 Stated SL,-skein algebras skewed by roots of

unity

For a pb surface &, two negatively ordered stated n-web diagrams represent the
isotopic stated n-webs in & x [—1, 1] if and only if they are related by a sequence
of the ambient isotopies and the five moves in Figure 4.1. See Figure 2 in [FS22]

for n = 3.
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BE

FIGURE 4.1: Five moves for the (stated) n-web diagrams. The orientations for
(stated) n-web diagrams are arbitrary.

For a pb surface &, we can regard .#,(&, v) as the quotient of the R-module freely
generated by the set of ambient isotopy classes of negatively ordered stated n-
web diagrams subject to the five moves in Figure 4.1 and relations (2.4)-(2.11).
Then the multiplication is defined by stacking the negatively ordered stated n-web

diagrams such that the stacking gives the negatively ordered stated n-web diagram.

For a negatively ordered stated n-web diagram «, every crossing point p of «

“_»

determines a “+” or sign as illustrated in Figure 4.2, and we denote this sign
as w(p). Then we define w(a) = 3 w(p), where the sum if over all the crossing
points of a and we regard the plus sign as 1 and minus sign as —1. If a has no

crossings, we define w(«) = 0.

X X

FIGURE 4.2: The sign determined by the left (resp. the right) picture is “+”
(resp. “=").

For any two integers 7,5 with 7 > 0, suppose ¢+ = kj + r, where k,r € Z and
0 <r <j—1. We define i(mod j) to be r.

Let a, 8 be two negatively ordered stated n-web diagrams. Suppose v is a negative

ordered stated n-web diagram representing «5. Then define

w(a, ) = (Y w(p))(mod n),

P

where the sum is over all the crossing points between o and . From the moves
in Figure 4.1, we know w(a, ) is well-defined and w(c/, ") = w(«, ) if «a (resp.
B) and o (resp. (') represent isotopic stated n-webs. Note that w(c, 5) may not
equal (n—w(f, @))(mod n) in general, but we have w(«, 5) = (n—w(f, a))(mod n)

if both v and 8 have no endpoints.
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For any integer 0 < k <n — 1, we define .7,(&,v);, as

R-linear span{negatively ordered stated n-web diagrams « |
w(a, ') and w(a’, ) are multiples of k, (4.1)

for all negatively ordered stated n-web diagrams «o'}.

It is straightforward to verify that .7, (S, v), forms a subalgebra of .7, (&, v) when-

ever k | n.

4.2.1 On SL,-skein algebras

Let & be a pb surface with an empty boundary. Then the definition of .7,(&, v) is
determined by v?, that is, .#,,(&, v) and ., (&, —v) are the same (stated) SL,,-skein
algebra. Thus we use .%,(S|v?) to denote .%,(&, v) when 0& = (). Since 0& = 0,

any (stated) n-web diagram in & is a negatively ordered stated n-web diagram.

Theorem 4.2.1. Let S be a pb surface with 0& = (0, let m,n be two positive
integers with m | n, and let u,e € R be two invertible elements in R such that
u? = ev?, €™ = 1. Then there exists an R-linear isomorphism ¢, : ,(Sv?) —

Zn(B|u?), defined by (o) = "o for any n-web diagram a.

Proof. Suppose «a; and as are n-web diagrams representing the isotopic n-webs in
S x [—1,1]. The five moves in Figure 4.1 imply w(a;)(mod n) = w(asz)(mod n).
Then we have €*(®1) = ¢2(2) hecause € = 1. Thus ¢, is well-defined on the set of

isotopy classes of n-webs in & x [—1,1].

1 1
It suffices to show ¢, preserves relations (2.4)-(2.7). Note that ¢ = g, qu = qu,
Y
and t, = (—=1)"lqu " = e,

Relation (2.4): We use «a; to denote the n-web diagram on the righthand side of
relation (2.4). Then we have

oelar /\{ —g" X ) = egy /\{ — el lg X
.

-1\ w(a1) -1
=(Qu = ¢, )™y =ellev—a,) 5 )
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Relation (2.5): We use s to denote the n-web diagram on the righthand side of

relation (2.5). Then we have

906( _)_Q) _ 6w(ozz)6 _)_Q _ ew(az)ﬁtu - (106<tv _)_Q)

It is trivial that ¢, preserves relation (2.6).

Relation (2.7): We use a3 to denote the n-web diagram on the lefthand side of
relation (2.7). Then we have

5454

n(n—1)

:Ew(a3) (—qu) p)

—(=q)" T S (g )l o)

O'ESn
n(n—1) I*T’” Z(O’)
—oc((=q) 7 - Y (—@")
0ESh
Obviously, the inverse of ¢, is pc-1 : S, (S|u?) — 7, (&|v?). O

The map ¢, is not an algebra homorphism because e“(@%) £ (@) ¢w(®) in general.

The following Corollary shows it restricts to algebra isomorphism from %, (&|v?),,
to 7, (Su?) .

Corollary 4.2.2. Let & be a pb surface with 06 = (), let m,n be two positive
integers with m | n, and let u,e € R be two invertible elements in R such that
u? = ev?, €™ = 1. Then the linear isomorphism ¢, : %,(6|v?) — 7,(S|u?)

restricts to an algebra isomorphism oc| 7, &) © Fn(S|0?)m = Ln(S|U?),n.

Proof. It is trivial that ¢, restricts to the linear isomorphism ¢,| , (s2),,- Let a,a’

be two n-web diagrams in & that satisfy the conditions in equation (4.1). We know



118 4.2. Stated SL,-skein algebras skewed by roots of unity

w(a, ) = (w(ad) — w(a) — w(a))(mod n). Since m | w(a,a’) and m | n, we
).

have m | (w(ad’) — w(a) — w(a’)). Thus

w(a)tw(a’)

o (aa’) = Can’ = ¢ ad = p(a)p(a).

]

Corollary 4.2.3. Suppose G is a planar pb surface with an empty boundary, and
2 | n. Then the linear isomorphism ¢_y : S (S[v?) — (S| — v?) is an algebra

1somorphism.

Proof. Since & is a planar pb surface with an empty boundary, we have .7, (&|v?), =
Z,(6]v?). Then Corollary 4.2.2 completes the proof. O

4.2.2 On stated SL,-skein algebras

Let & be a pb surface, let m,n be two positive integers with m | n, and let ¢ € R
with €2™ = 1. In this subsection, we will construct an R-linear isomorphism ¢, :
In(6,0) = Z, (6, ev). We still use the notation ¢, for this R-linear isomorphism
because it coincides with the R-linear isomorphism built in Theorem 4.2.1 when
06 = (). We write Theorem 4.2.1 and the following Theorems seperately because
it is helpful for readers to understand the Theorems and it simplfies the proofs for

the following Theorems.

Recall that, for a stated n-web diagram o, we use e(a) to denote the number of
endpoints of «, use t(a) to denote the number of endpoints of « that are pointing
towards the boundary of the pb surface, and use p(a) to denote the number of

sinks and sources of «.

In the following theorem, we construct an R-linear isomorphism from .%, (&, v) to
(6, ev) when € = —1 and m | n. We will show this R-linear isomorphism

restricts an algebra isomorphism from .7, (S, v),, to .7,(&, €v),y,.

Theorem 4.2.4. Let G be a pb surface, let k,m,n be three positive integers with

n =km, and let € € R with €™ = —1. Then there exists an R-linear isomorphism
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Vet Sn(6,v) = S,(6, ev), defined by

((w@+6 k is even
(c) (—)2 @+ k is odd and m is even
Pel¥) =
(—e)2wlatta)qy k is odd, m is odd, and *£™ is odd
(1P (=2 @Dy ks odd, m is odd, and 5™ is even,

where o € %,(S,v) is a negatively ordered stated n-web diagram. In particular
vc(a) = W@ if o is a negatively ordered stated n-web diagram without end-

points.
Note that when n is even, the non-negative integer e(«) is always even.

Proof. 1t is obvious that ¢, preserves the five moves in Figure 4.1. The proof for
Theorem 4.2.1 implies ¢, preserves relations (2.4)-(2.7) because ()™ = 1 and
m | n. Trivially @1 : 7,(6, ev) = (6, v) is the inverse of ¢, if ¢, is a well-
defined R-linear map. Then it suffices to show ¢, preserves relations (2.8)-(2.11).

2n

Y
Let u = ev. We have ¢, = u®" = ¢2"0?" = 0¥ = ¢, and ¢;,, = (—qu)" (2" )" ! =

R
Enfl(_qq})nfz(qgn )nfl — enilci,v for 1 S i S n.

Case 1: k is even, and suppose k = 2\. We have " = ™ = (—1)F = 1.
Then ¢;,, = € t¢;y, = € ¢y, for 1 < 4 < n. From pure calculation, we have

ay = (—1) a,.

Relation (2.8): Let U; be the open square in relation (2.8), and let oy, o, be
two negatively ordered stated n-web diagrams such that «; and oy, are identical
outside Uy and oy NU; (resp. ag, N Uy) is like the picture on the lefthand (resp.
righthand) side of relation (2.8). Then we have w(a;,) = w(a;) and e(a;,) =

e(ay) +n. Thus

7 o) 2w(ay )+ &etn
pela Z(_q”)a Jars) = (1) 'a, Z<_Qu)£( ) 2w(an)+=55 1,6

O'ESn UGSTL

e(aq)
_ €2w(0¢1)+ Ty = SOE(CH)-
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Relation (2.9): We have

q q i €Ciu = 6},1 Ciw

Relation (2.10): Let U, be the open square in relation (2.10), and let aq, o4 be two
negatively ordered stated n-web diagrams such that ay and o, are identical outside
U, and ap NUs (resp. af N Us) is like the picture on the lefthand (resp. righthand)
side of relation (2.10). Then we have w(ab) = w(ay) and e(ab) = e(az) + 2. Thus

eag)+2 e(ag)
-1 7\ __ -1 _—1 2w +—=——=—"= 7 _ 2w(a2)+ _
©e( E c;,0) = E € ¢, € (@2)+7757= ) = 202+ 755 ) = o ().

1<i<n 1<i<n

Relation (2.11): Let Us be the open square in relation (2.11), and let a3, of, o be

three negatively ordered stated n-web diagrams such that as, aj, af are identical

' o—i

to each other outside Us and a3 N U3 = o4 ; ,asNUs = jo
D

Oégﬂng

o—J
;- Then we have w(ah) = w(ay) =w(as) —1 and e(af) = e(af) = e(as).

Thus

|~

_ o _ elaz) —1 _ o
0c(@o ™ (05<i(qe — gy a4+ g2 a)) =22 =D+75% 0 (5, i(qu — q )y + 5 o)

2 ag = @(az).

In the following of the proof, we will still use ay, a1e, ag, af, as, o, o to denote

the corresponding negatively ordered stated n-web diagrams as in Case 1.

Case 2: kis odd, m is even, and suppose m = 2[. From pure calculation, we have
kl
€)"a,

n

€= —1, ¢;y = —€ ¢y, and a, = (—

Relation (2.8): We have

7 - o w (o M
pelan D (=) Dary) = (= Hay Y (=) @ ()T,
7E€Sn o€ESh
e(aq)

= (—e)* T2 g = o ().
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Relation (2.9): We have

e

=05 Ciw ‘

Relation (2.10): We have
—lah) 1) 2wlea)+ SO y2wlea)+ G
906( Z Z —€ iu Oy = (_6) Qo = 906(042)-
1<i<n 1<i<n
Relation (2.11): We have
- AN i 2(w(ag)—1)+2@3) —&

Ce(qv " (0j<i(qy — ¢, ")y + q)9 ) ) =€*(—e) > qu " (0j<i(qu — g3 ")y + 27 )

(=)

Case 3: k is odd, m is odd, and HT"‘ is odd. From pure calculation, we have

€ = —1, ¢y = —€ ‘¢, and a,, = a,. The proof for checking relations (2.9)-(2.11)

are similar with the proof for Case 2.

Relation (2.8): We have w(a1s) = w(aq), and t(ayg) = t(a) or t(ay) +n. We
always have (—¢)!@1e) = (—¢)"@1) because (—e)® = 1. Then it is a trivial check

that ¢, preserves relation (2.8).

Case 4: k is odd, m is odd, and HT’” is even. From pure calculation, we have

€ = -1, ¢y = —e_lcw, and a, = —a,. The proof is similar with the proof for

]

The following theorem is analogous to Theorem 4.2.4. We establish an R-linear
isomorphism from .7,(&,v) to .%,(&, ev) under the conditions €” = 1 and m | n.
Just like the R-linear isomorphism presented in Theorem 4.2.4, the corresponding
isomorphism in the following theorem also confines an algebra isomorphism from
In(6,0)m to (6, €v),y,

Theorem 4.2.5. Let & be a pb surface, let m,n be two positive integers with

m | n, and let € € R with €™ = 1. Then there exists an R-linear isomorphism
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Ve Sn(6,v) = S,(6, ev), defined by

e(a) .
20(@)+=57 0 is even

€
906(04) =
2wt g n s odd,

where a € S,(6,v) is a negatively ordered stated n-web diagram. In particular

@) = WD) if o is a negatively ordered stated n-web diagram without endpoints.

1 1
Proof. Set u = ev. From pure calculation, we have €" =1, ¢; = ¢7, and ¢;,, =
e_lcm for 1 < i < n. Note that a, = €2a, when n is even and a, = a, when n is
odd. Then we can prove ¢, is a well-defined linear map using the same technique

as Theorem 4.2.4. Trivially -1 : /,(6,ev) — /,(S,v) is the inverse of ..

The following Theorem combines Theorems 4.2.4 and 4.2.5.

Theorem 4.2.6. Let G be a pb surface, let k,m,n be three positive integers with
n = km, and let € € R with €™ = 1. Then there exists an R-linear isomorphism
e 1 In(6,v) = S (6, ev), defined by

(€2w(a)+62a)a €™ = —1, k is even
(—6)2“’("‘”@0[ €™ = —1, k is odd, and m is even
(—e)2wle)tta)q e" = —1, k is odd, m is odd, and E£™ is odd
Pl = (=1)p@)(—e)2wl@tte)g ™ = —1, k is odd, m is odd, and E£™ is even
2w+ €™ =1, n is even
e2w(@)+t(e) o €™ =1, n is odd,

\

where o € £,(S,v) is a negatively ordered stated n-web diagram. In particular

wc(a) = W) if o is a negatively ordered stated n-web diagram without endpoints.

Proof. Theorems 4.2.4, 4.2.5. O]

Corollary 4.2.7. Let G be a pb surface, let k,m,n be three positive integers with
m | n, and let € € R with €™ = 1. Then the R-linear isomorphism ¢, : (&, v) —
7 (6, ev) restricts to an algebra isomorphism ©c| 7, (&,0)m * In(6,V)m = L0 (6, €V)p,.

Proof. The proof is similar with Corollary 4.2.2. O
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4.3 Spin structure and the SL,-skein space

The SU,-skein module of an oriented 3-manifold is defined in [Sik05]. The SU,,-
skein module of the 3-manifold M is built of based n-webs which are defined as the
n-webs in M, except that the half-edges incident to any of their n-valent vertices
are linearly ordered. The SU,-skein module, denoted as .#?(M,v?), is the quotient
of the R-module freely generated by the set of isotopy classes of based n-webs
subject to relations (2.4)-(2.6) and (4.2). Lé and Sikora proved the equivalence
between the SU,-skein theory and the SL,-skein theory [LS21]. To simplify the
proof, we will work with the SU,-skein theory in this section (all the discussions
can be pulled back to the SL,-skein theory using the equivalence built by Lé and
Sikora).

For a 3-manifold M, Barrett established an isomorphism from .7 (M, v?) to /¢ (M, —v?)
using a spin structure of M [Bar99]. In this section, we are trying to generalize

Barrett’s work to all n.

. ; :; . 1l-n . .
O'GSn

Let o be a based n-web in M, and H be an isotopy of . We use o’ to denote the
based n-web in M obtained from « by doing isotopy H. We use K («) to denote

the number of knot components of «.
rem

Suppose n is a positive even number. Consider a based n-web « in a manifold M
with k sinks and sources (k > 0), each labeled from 1 to k. Through an isotopy H,
we deform « such that, for each 1 <4 < k, the sink and source labeled by ¢ lie in
a small open cube U;. The intersection o/ N U; resembles the illustration on the

left side of relation (4.2).

H
01,0k

H

For o1,09,...,0, € S,, denote « as the based n-web obtained from o*.

This web coincides with o outside Ui<i<xU;, and within each U;, the intersection

olf ., NU; follows the pattern on the right side of relation (4.2), with o = (0;)4..

Tl
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In .#2(M,v?), relation (4.2) implies

1-n
R D D € L ARG

01,.-,0,E€Sn

For each 1 < i < k, we know there is a linear order on all the half edges incident
to the i-th sink (and source) of a. Then we color the j-th half edge incident to the
i-sink (resp. the source) with (¢ —1)n+j (resp. (i —1)n+mn+1—j). Then there
exists 7, € Sk, such that, for each 1 < ¢ < kn, the starting half edge colored by i
is connected to the targeting half edge colored by 7,(7).

Although 7, is dependent on how we label the sinks and sources of «, the sign
(—=1)%"e) is irrelevant of the labelings of sinks and sources because n is even. It is

easy to show
(_1)K(%1,,..,g,€) _ (_1)K(a)+€(m)+€(01)+-~~+f(0k).

Suppose n is even, and s is a spin structure of M. For any based n-web « in M,
Lé and Sikora defined s(a) € Zs in page 76 in [LS21] with the properties that
s(trivial knot) = 1 and s(o/) = s(a) + 1 if o has one more positive or negative
kink than «.

The following Theorem generalizes Barrett’s work [Bar99] to all n.

Theorem 4.3.1. Let M be a 3-manifold, and let s be a spin structure of M.
For each positive integer n, there exists a linear isomorphism ®, : S°(M,v*) —

UM, —v?), defined by

o.() « n s odd
n (07 =
(_1)8(&)+K(0‘)+£(7—a) n 1S even,

where « is a based n-web in M, the permutation 7, = (1) if a has no sinks or
sources and T, 1S the permutation defined as in Remark 4.3 if o has sinks and
sources. In particular ®, is an algebra isomorphism when M 1is the thickening of

an oriented surface.

Proof. When n is odd, relations (2.4)-(2.6) and (4.2) for .#°(M,v?) are the same

with the corresponding relations for .#2(M, —v?).
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Suppose n is even. Obviously, the map ®,, is well-defined on the set of isotopy

classes of based n-webs.

Suppose the based n-web « in M has k sinks (and sources) with & > 0. We do

the same procedures to « and follow the same notations as in Remark 4.3. In
V(M —v?), we have

P, () =(—1)*@+E@+ra)
_(_1\$(@)+EK (@) +(ra)  n(n—1)k 20 01 )4-tb(on) H
(—1) q (™) o

v O1,,0k
01y, 0k ESn

=(— 1)s(a)q;z(n Dk Z (_qu%”)ﬁ(ol)+--~+£(ak)(_1>K(a)+€(ra)+é(al)+ (k) o H

0'17 0k

=(—1)*@gnin=Dk Z (_qvl%” )io)+o o) (_1>K(afjl,... o) ot

O1y 30k "

01y, 0kESH

(4.3)

Then we are trying to show ®,, preserves relations (2.4)-(2.6) and (4.2).

Relation (2.4): We use U to denote the small open cube in relation (2.4). Let

a1, i, g be three based n-webs in M such that they are identical to each other

out51deUand041ﬂU—/\&a2ﬁU—/agﬂU— . It is easy

to show s(a1) = s(ag) = s(ag). If al, (i, a3 contain no sinks or sources, we have

(_I)K(al) — (_1)K(a2) _ _(_1) ) Then, in yr?( ’_Uz)’ we have
1 _1 1 X a1 K
(g5 01 = qv " 02) = i (=1)" Ty — g (—1)le TR,

1

1
=(—1)* ) TE @) (g — g ) = (1)@ TE@) (g, — g N ag = @, (g0 — g5 1)),

If a1, g, a3 contain sinks and sources, we label the sinks (and sources) in the same

way for aq, as, az. We can use the same isotopy H to pair the sinks and sources for

a1, g, az such that the support of H is contained in M \ U. Let oy, -+, 0% € S,.
We have (a1) ., (a2)2 ., . (as) ., are identical to each other outside U,
and

(Oél)H NU = (5] N U, (062){,{17,,,701C NnNU = (0%)] N U, (OZg)fl’_,,’Gk NU = Qa3 NU.

01,0k
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H

Futhermore, (— 1)K o) = (—1)K((a2)‘71"“"7k) = _(_1)K((a3)£ﬂ,.n,ak). Note
that, in .#°(M, —v?), we have

=
=

Qv " (&2)51:'":0'19 — (al)gll,---,ak = (Qv - q;1>(a3)01,---,0k'

From equation (4.3), we have

1 _
D, (g0 a1 — qu " 2)
1-n 1
:(_1)s(a1)qn(n—1)k Z (_qvn )Z(cf1)+~~~+f(0k)(_1)K((041)c1;{1,m,ak)q; (al

v )01,"',0%
O1yes0kESn
1

- o o1)+-+L(o ag)H -
— (—1)5(0‘2)(]2(” Dk Z (—qu" )5( 1)+ +4( k)(_l)K(( 2)01,---,%)% (a2)£{1,---,ak

01,..,0LESh

:(_1)53(&3)613(”—1)%C

-

R 058 (g :
S0 (e O ()R g )] — g (0 )

01500k ESn

— s(as) n(n— I_Tn o (o az)H
:(qv —_ qv 1)(—1) ( S)qv( l)k Z (_qv )f( 1)+ +£( k)(_l)K(( 3)‘71"""’“1@)(()[3)0]_{17.”70%

O1,..,0kESn

=0,((qy — q; ).

It is trivial that ®,, preserves relations (2.5) and (2.6).

Relation (4.2): In relation (4.2), the open cube is denoted by V. Consider two
based n-webs in M, namely 8 and f,, with the property that they are identical
outside V. The intersections S NV and B, NV correspond to pictures on the
lefthand and righthand sides of equation (4.2), respectively.

If B, has no sinks or sources, equation (4.3) implies

$,(8) = (—1)*Bgn=D Z 1)K(Ba)( ”)awﬁa

oESH
—qv(n 1) Z K(ﬁo +s Bo—)( qvn )Z(O’)/BJ
ocESy
1-n
=0 ("0 Y (~a0™ ) Bs).
€Sy

Suppose [, has k sinks (and sources) with & > 0. We label all the sinks (and

sources) of 3, from 1 to k. We label the sink (resp. source) of § shown in the
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relation (4.2) by 1, and label the rest of the sinks (resp. sources) of 5 from 2 to
k + 1 such that, for each 1 < i < k, the sink (resp. source) of 8 labeled by i + 1
is the sink (resp. source) of (, labeled by i. Since the sink and the source of
labeled by 1 are already paired together, there exists an isotopy F' of § such that
the support of F' is contained in M \ V and, for each 2 <i < k + 1, the sink and
the source of B labeled by i are like the picture on the lefthand side of relation
(4.2). Obviously, we can regard F as an isotopy of ,, and, for each 1 <i < k, the
sink and the source of (3,)F labeled by i are like the picture on the lefthand side
of relation (4.2). Then we have

1-n
O (gp™ > (—qom )8,
ogE€Sy
1-n
=gV Y (e ) (1) gk
oES,

I-n o o r
Z (_qvn )Z(a1)+ +( k)(_l)K((B )"1""’%)(ﬁo>51,---,ak

O1,..,0LESn
_ s o)+ o) o 7
=g V(1)@ N (g Ao lon) (KBl
0,01,..,0LESn
=P, (5).
O

4.4 The R-linear isomorphism between .%,(M, N, v)
and .%,(M,N, —v)

For any marked 3-manifold (M, ') and any positive integer n, we will show there
exists an R-linear isomorphism ¥, : .7, (M,N,v) — %, (M,N,—v) such that
it is an algebra isomorphism when (M, N) is the thickening of a pb surface and

U, (a) = «a for any n-web « in (M, N) without endpoints.

1 1
Let u = —v. We have ¢¢ = v? = v* = ¢¢,q, = v** = v = ¢,. Then re-
lations (2.4)-(2.7) for 7, (M, N ,u) are exactly the same with these relations for

In(M, N v).

Theorem 4.4.1. Let (M, N) be a marked 3-manifold, and let n be any positive
integer. There exists an R-linear isomorphism V,, : %, (M, N ,v) — %, (M, N, —v)
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defined by
(n—1)e(a)

(=1)" =2 «a nisodd

(—1)2 « n is even,

where o € (M, N,v) is a stated n-web in (M,N). In particular, V,, is an
algebra isomorphism when (M, N') is the thickening of a pb surface and ¥, (a) = «
for any stated n-web « in (M, N') without endpoints.

Proof. 1t is obvious that ¥,, is well-defined on the set of isotopy classes of stated
n-webs in (M, ). Then it suffices to show ¥,, preserves relations (2.4)-(2.11).

1 1
Let w = —v. From the previous discussion, we know ¢/ = ¢/, ¢, = ¢,. Then, for

each 1 <i <n, we have

1 n—1

Ci = (—qu)" " (gi")" " = (=1)" =gy @™ = (=1)" "ein. (4.4)

When n is odd, we suppose n = 2k + 1. Equation (4.4) implies that ¢;,, = ¢4

1 n+1 n2

for 1 <i <n. We have ¢ = u™ = (—v)" = =" = —¢3, and a, = qu* qu > =
k1l —n? k1l —n?

@® ¢’ = (—1fq@? ¢° = (—1)ka,. Trivially ¥, preserves relations (2.4)-(2.7)
and (2.9)-(2.11). Let « (resp. «,) be the stated n-web on the lefthand (resp.

righthand) side of relation (2.8), then we have e(a,) = e(a) + n. We have

Vo (ay Z (_ql})é(o)aa> = (_1)kau Z (_Qu)é(a)(_l)k(e(a”n)aa = (_1)ke(a)a =V, ().

O'GSn O'Gsn
When n is even, supppose n = 2. Equation (4.4) implies that ¢;,, = —¢;,, for
1 11 1
1 <i<n Wehave ¢ =u" = (—v)" = 0" = ¢, qi =u* = (=1)"* = (=1)*qd,
n+1—2n2 nt1—2n2
and a, = q. * = (=112 T — (_1)Aq,. Trivially ¥, preserves

relations (2.4)-(2.7).

Relation (2.8): We use f; (resp. (1) to denote the stated n-web on the lefthand
(resp. righthand) side of relation (2.8). Then e(f51,) = e(f1) +n. We have

Talaw D (0 o) = (~1 0w 3 () (~1) g,

c€Sn geSn
e(B1)

= (=1)"2 B = U, (B1).
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Relation (2.9): We have

d g

Relation (2.10): We use (2 (resp. (5) to denote the stated n-web on the lefthand
(resp. righthand) side of relation (2.10). Then e(35) = e(f2) + 2. We have

= 05, Ciw ‘

Un( D uBy) = Y~ (-G = (—1)3 5, = 0 (5).

1<i<n 1<i<n
It is a trivial check that W, preserves relation (2.11). O

rem Theorem 4.4.1 is also true when (M, N') is the generalized marked 3-manifold,
please refer to the next section for the definition of the generalized marked 3-

manifold.

Let (M,N) be a marked 3-manifold, and e be an oriented open interval in M
such that there is no intersection between the closure of N' and the closure of e.
Then (M, N Ue) is also a marked 3-manifold, and we say (M, N U e) is obtained
from (M, N) by adding one extra marking e. We use [, to denote the R-linear map
from .&,(M,N,v) to .%,(M,N Ue,v) induced by the embedding from (M, N) to
(M, N Ue). We will call the R-linear map [, the adding marking map. We have

the following obvious Corollary.

Corollary 4.4.2. For each positive integer n, the following diagram commutes.

Fn(M, N, v) —— Z (M, N Ue,v)

SAMN, —v) —s (M, N Ue, —v)
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4.5 Stated SL,-TQFT

The idea of this section is motivated by Costantino and Lé’s work [CL22b]. They
formulated the stated TQFT theory for SL,. In this section, we will generalize
their results to SL,,.

A generalized marked 3-manifold a pair (M, N), where M is an oriented 3-
manifold, and N' C M is a one dimensional submanifold consisting of oriented
circles and oriented open intervals such that there is no intersection between the
closure of any two components. We use N; to denote the subset of A/ consisting

of all the oriented open intervals.

The definition of the stated SL,,-skein module of a generalized marked 3-manifold is
the same with the definition of the stated SL,,-skein module of a marked 3-manifold.
For a generalized marked 3-manifold (M, N'), we also use .%,,(M,N,v) to denote
the stated SL,-skein module of (M, N'). The classical limit of the stated SL,-skein

module of the generalized marked 3-manifold is well-studied in [Wan23c].

A marked surface is a pair (&, P), where & is an oriented compact surface and
P is a set of finite points in 0G, called marked points. We assume that every point

b}

of P is signed by ” —” or 7 + 7, and every component of & contains at least one

marked point.

For a marked surface (&,P), we can define a marked 3-manifold (M, N'), where
M =6 x[-1,1],N =P x(—1,1). For any p € P, the orientation of {p} x (—1,1)
is the positive (resp. negative) orientation of (—1,1) if the sign of p is positive
(resp. negative). We call (M, N') the thickening of (&, P), and define .7, (S, P, v)
to be .7, (M, N ,v). Then .#,(6,P,v) has an algebra structure given by stacking
the stated n-webs, that is, for any two stated n-webs «, 3, the product af is defined

to be stacking a above .

Let (M, N) be a generalized marked 3-manifold, and (&, P) be a marked surface.
Suppose ¢ : & — OM is an embedding such that ¢(S) NN = ¢(&) NN = ¢(P).
For any p € P, we assume the sign of p is + (resp. —) if ¢ is orientation preserving
and the component of A/ connecting to p points towards (resp. away from) p, and
the sign of p is — (resp. +) if ¢ is orientation reversing and the component of A/

connecting to p points towards (resp. away from) p.
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Then a closed regular neighborhood U (&) of ¢(&) is isomorphic to the thickening
of (6,P), we use ¢ to denote this isomorphism from (&,P) x [—1,1] to U(S).
Then .7,(S, P, v) has a left (resp. right) action on .7, (M, N, v) if ¢ is orientation
preserving (resp. reversing). For any stated n-webs a in (&,P) x [—1,1] and
B e (M,N), we first isotope § such that 3 is away from U(&), the action of a on
B is given by ¥(a) U 5. Costantino and Lé defined the above actions for n = 2 in
subsection 4.5 in [CL22b]. Here we recalled their construction and generalized it

to all n in an obvious way.

For a generalized marked 3-manifold (M, N), Costantino and and Lé defined the
so called strict subsurface in [CL22b]. Here we recall their definition. A strict
subsurface & of (M, N) is a proper embedding & — M of a compact surface
such that & is traversal to AV and every connected component of & intersects N.
Define Slg(M,N) to be (M',N"), where M’ = M\ & and N' = N\ &. Define
P = & NN. For a point p € P, define its sign to be + or — according as the
orientation of M is equal the orientation of & followed by the orientation of the
tangent to N at p or not. Then (&,P) is a marked surface and there is a right
and a left action of .7, (&, P,v) on .7,(Sls(M,N),v).

The obvious embedding from Slg(M,N) to (M, N) induces an R-linear map
Vs - yn(5|6(M,N),U) — yn(M,N,U).

Theorem 4.5.1. Assume & is a strict subsurface of a generalized marked 3-
manifold (M,N). Then the linear map pe : Fn(Sls(M,N),v) — F(M,N,v)
is surjective and its kernel is the R-span of {a-x —x-a | a € S,(6,P,v),xz €
In(Sls(M,N),v)}.

Note that
In(Sls(M,N),v)/R-span{a-z —z-a|a € L ,(6,P,v),xz € .7,(Sls(M,N),v)},

denoted as HHo (-7, (Slg (M, N'),v)), is the 0-th Hochschild homology of the .7,(&, P, v)-
bimodule .7, (Sls (M, N),v).
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Proof. The proof of Theorem 5.1 in [CL22b] almost works here. We only need to
check the following equations and the parallel equations, obtained from the follow-

ing equations by reversing the arrows of all the stated n-webs, in HHy (7, (Slg (M, N), v)):

b b

= Z c%’lv e c,il’ _ (4.5)

in,U
1<, in<n LD—
X n—1
3 7:1
~

~ ~
J i
~ 1 ~
1<i<n C 7
J
~ ~

Equation (4.5) and its parallel equation come from equation (53) in [LS21] and
relation (2.8). Equation (4.6) and its parallel equation come from relations (2.9)

and (2.10). Equation (4.7) and its parallel equation come from relation (2.9).
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Using equations (4.5)-(4.7) and the techniques used in the proof of Theorem 5.1 in
[CL22b], we can easily prove Theorem 4.5.1.

]

A decorated manifold is 5-tuple Ml = (M, 0" M, 9~ M,0°M, N') with the follow-
ing properties: (1) (M, N) is a generalized marked 3-manifold; (2) 9t M, 0~ M,0°M C
OM are compact surfaces with boundaries with disjoint interiors and oriented
as induced by the orientation of M, such that 0tM U9~ M U 9°M = OM and
OTMNO~M =0; (3) (0F'M,N N O*F' M) are marked surfaces, where the signs of
the marked points are determined by the orientation of N" and 9* M. Please refer
to Definition 6.1 in [CL22b] for the detailed definition of decorated manifolds.

In Definition 6.2 in [CL22b], Costantino and Lé defined the category of dec-
orated cobordisms, denoted as DeCob. Here we briefly recall the definition of
DeCob. The objects of DeCob are marked surfaces. A morphism from &_ to &, is
the diffeomorphism class of a decorated manifold Ml endowed with diffeomorphisms
i1 1 OFM — &4y with ¢, orientation preserving and ¢_ orientation reversing.
The composition of morphisms are obtained by gluing the decorated manifolds
along the common marked surface. The identity morphism is the thickening of the
corresponding marked surface. Then DeCob is a symmetric monoidal with ® given

by disjoint union.

Let Mor be the “Morita category” whose objects are R-algebras and morphisms are
isomorphism classes of bimodules in the category of R-modules. The composition
is given by the tensor product over the mid algebra. The identity of an algebra
A is the isomorphism class of A as left and right bimodule over itself via left and
right multiplication. It is a symmetric monoidal category with the tensor product

QR.

For any object (&, P) € DeCob, we define .7, ((&,P)) to be .7,(&, P, v), which is
an object in Mor. For any morphism M = (M,0"M,0-M,*M,N) : 6_ — &,
we define .7, (M) to be ., (M, N, v), which is a right module over .7,(&_) and a
left module over .#,(&,). Then .7, (M) is a morphism from .#,(&_) to .%,(6;)

in Mor.
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The following Theorem is the main result of this secction, which generalizes Costantino
and Lé’s result, Theorem 6.5 in [CL22b]. They proved the following Theorem for

n = 2.

Theorem 4.5.2. For each positive integer n, .4, : DeCob — Mor is a symmetric

monoidal functor.

Proof. Costantino and Lé’s proof for Theorem 6.5 in [CL22b] works here. We
briefly recall their proof.

It is obvious that .#, preserves the symmetric monoidal structure and maps the
identity morphism to the identity morphism. It suffices to show ., is compatible

with the composition of the morphisms. This follows from Theorem 4.5.1. O

4.6 Stated SL,-skein modules at 4-th roots of unity

In this section, we will focus on the stated SL,-skein modules at ¢ € R with
¢* = 1. For example R = C and € = +1,+i, where i € C with > = —1. Let
(M, N) be a connected marked 3-manifold with A" # ), and (M, N”) be a marked
3-manifold obtained from (M, N) by adding one extra marking. We will prove
(M, N e) = (M, N, €)@r O, (SL,,), and the R-linear map from .7,(M, N, ¢)
to (M, N’ ¢) induced by the obvious embedding from (M, N) to (M,N") is

injective.
1
In this section, we will always assume € € R with ¢! = 1. Then ¢ = +1,q. = %1.

Let (M, N) be a marked 3-manifold. In .,,(M, NN ¢€), we have

D _ ey o _ Ao o
A=A AN T e AN T e

b
4.8)

—~

From left to right in equation (4.8), the first equality comes from relation (2.4),
the second equality comes from relation (2.11), and the third equality comes from

_ils o 1_g -
Proposition 3.2 in [Wan23c|. Note that g ”+6”, qe i — 41, Tf we set aij =
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— i 70
ge " , bij =qd "7, then we have

ai,jbi’; = 1. (49)

Let (M, N) be a connected marked 3-manifold. The following Theorem shows the
R-linear structure for .,(M, N ¢€) is only dependent on M and the number of

components of A and is independent of where these components lie in OM.

Recall that D denotes the 2-dimensional closed disk.

Theorem 4.6.1. Let (M, N) be a connected marked 3-manifold. Assume (M, N7)
(resp. (M, N3)) is obtained from (M, N') by adding one extra marking ey (resp. es),
and ly : Sy(M N €) — S (M, Ny, €) (resp. Iy : (M, N,e) — S (M, Ny €))

is the R-linear map induced by the embedding from (M,N) to (M,Ny) (resp.
(M, N3)). Then there exists an R-linear isomorphism F : %, (M, N1, €) = (M, N2, €)
such that F ol = [,.

Proof. For each i = 1,2, the oriented closed interval €; is an embedding from [0, 1]
to OM. Let c¢: [0,1] = M be a smooth proper embedding such that ¢(0) = e7(1)
and c(1) = e3(0). Let U(c) be a closed regular neighborhood of ¢, that is U(c) is
diffeomorphic to ¢ x D, such that U(c) NdM = D x {c(0),¢(1)}. We also require
Ul)NN, =U(e)Ner # & and U(c) NNy = U(c) Ney # & are closed intervals.
Then ¢ X 9D is a strict subsurface for both (M, N7) and (M, N3).

For each i = 1,2, define e, = ¢; \ U(c), and the orientation of €} is inherited from
e;. Let M = M\ (¢ xint(D)), N{ =N \U(c) = (N \e1)Uel, Nj =No\U(c) =
(N2 \ ea) Uéh, and hy : S (M, NT, €) = S (M, Ny, €) (resp. hy : S0 (M, Ny, €) —
(M, N3, €)) be the R-linear map induced by the embedding from (M’, N7) to
(M, N7) (resp. from (M',N3) to (M, N3)). Theorem 4.5.1 implies hy (resp. hs) is
surjective and Ker(h) (resp. Ker(hs)) is generated by the relation depicted in the
left (resp. right) picture in Figure 4.3.

There is a copy of ¢ in ¢ x 9D, denoted as ¢, such that ¢/(0) = ¢€/(1) and /(1) =
€5(0). Let V(c) € M’ be a small open regular neighborhood of € Ue, U¢’ (here the
ambient 3-manifold is M) such that V (c) retracts to €j Ue,Uc and V(c) NN = 0.
Let f be the isomorphism from (M’ M) to (M’, N}) that drags €} to €} along ¢’ such
that f is identity on M\ V(¢). The induced R-linear map f, : %, (M', N, e) —
In(M', N3, €) is illustrated in Figure 4.4.
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FIGURE 4.3: The faint green portions belong to dM’, and the blue sections
pertain to ¢ x dD. The red curves have arbitrary orientations and represent
parallel copies of stated arcs. The states for these parallel copies of arcs are
illustrated by vectors &, (_j, c, d whose entries are integers between 1 and n. In the
same relation, the lefthand side and the righthand side are compatible with each
other regarding the orientations of the red curves. The black arrow in the left
(resp. right) picture is a part of €] (resp. €5). The left (resp. right) picture is
intended for relations that generate Ker(hy) (resp. Ker(hs)).
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FIGURE 4.4: The picture illustrates the R-linear map f,.

Using relations in (4.8) and equation (4.9), we can easily show f.(Ker(hy)) =
Ker(hy). Similarly, we have (f~!).(Ker(hs)) = Ker(h;). Then f, (resp. (f71).) in-
duces an R-linear map F' : .7, (M, N1, €) = (M, Ny, €) (resp. G : S, (M, Ny, €) —
(M, N7, €)). Obviously, the R-linear maps F' and G are inverse to each other.

From the definition of F', it is easy to show F ol; = I.
m
rem The author proved Theorem 4.6.1 for general quantum parameter (that is,

e is replaced with general invertible element v € R) when ej, ey lie in the same

component of dM, please refer to Lemma 6.4 in [Wan23c].

Note that Theorem 4.6.1 is not ture for general quantum parameter when ey, ey lie

in different components of dM, please refer to [CL22b] for counterexamples.

The following Theorem is the main result of this section.
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Theorem 4.6.2. Let (M,N) be a connected marked 3-manifold with N # (), and
let (M,N") be another marked 3-manifold obtained from (M,N) by adding one

extra marking ¢'. We use lo to denote the R-linear map from (M, N €) —
In(M, N €) induced by the embedding from (M, N') to (M,N"). Then we have

(1) The R-linear map lo is injective.

(2) So(M,N",€) = So(M, N, €) @r O, (SLy).

Proof. Since N is not empty, we suppose e is a component of .

Case 1: e and €’ lie in a same component of M. Theorem 6.10 in [Wan23c| implies

this case.

Case 2: e and € lie in different components of 9M. Assume (M, N") is obtained
from (M, N) by adding one extra marking €” with ¢’ and e lying in a same com-
ponent of M. We use l.» to denote the R-linear map from .7, (M, N ,e) —
(M, N" €) induced by the embedding from (M,N) to (M,N"). From Case
1, we know I~ is injective and .7,(M,N" ¢) ~ Z,(M,N,¢) ®r O, (SL,). Then
Theorem 4.6.1 implies Ker(l.) = Ker(l.») = 0 and

(M, N €) = S (M, N €) ~ .S, (M,N,e) @r O, (SL,).

4.7 Applications: Injectivity of the splitting map

in special cases

Lé and Sikora formuated the following Conjecture regarding the injectivity of the

splitting map (see subsection 2.1.4).

Conjecture 4.7.1 (Conjecture 7.12 in [LS21]). For any pb surface & and any
ideal arc ¢, the splitting map ©, : 7,(6,v) — 7,(Cut.(&),v) is injective.

In this section, we will use and recall some results from [Wan23c|. Although the
author worked with C in [Wan23c]|, instead of general commutative domain, it is

easy to check that all the results, referenced from [Wan23c|, are true with general
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commutative domain R (the proving techniques in [Wan23c| can be applied to the

commutative domain R).

Lé proved Conjecture 4.7.1 when n = 2 [Lél8], Higgins proved the case when
n = 3 [Hig23], Lé and Sikora proved Conjecture 4.7.1 when & is connected and
has non-empty boundary. The author proved the splitting map is injective for all
marked 3-manifolds when the quantum parameter v = 1 [Wan23c|. Let (M, N') be
marked 3-manifold, let D be a properly embedded disk in M, and let e be an open
oriented interval in D. The author proved ©p ) is injective if the component of

OM containing 0D contains at least one marking, Corollary 6.11 in [Wan23c].

Using the results in previous sections, we will prove Conjecture 4.7.1 when v?™ = 1
and m | n, and prove any splitting map for the marked 3-manifold (M, N) is
injective when every component of M contains at least one marking and v* = 1.
We will also show the splitting map for any marked 3-manifold and any splitting

disk is injective when v = —1.

We call the pb surface, obtained from D by removing one ideal point in 9D, as

monogon, denoted as D;. Then it is easy to show .7, (D;,v) ~ R as R-algebras.

Let & be a pb surface, and p be an ideal point of &. Suppose ¢, is a trivial ideal
arc at p, that is, the two endpoints of ¢, are both p and ¢, bounds an embedded
monogon. Then Cut,, (&) is the disjoint union of a monogon and &,. We use 0,

to denote the following composition:
In(6,v) = F0(6,,v) @r Sn(D1,v) >~ 7 (6,,v),

where the map from .7,(6,v) to 7,(6,,v) ®g S (D1,v) is the splitting map
©,. For any stated n-web diagram « in &, we can isotope a such that there is no
intersection between o and the monogon bounded by ¢,. Then we have ©,(«) = «a.

Actually this is another way to define ©,,.

Lemma 4.7.2 (Corollary 8.2 in [LS21]). Let & be a pb surface with an ideal point
p and an ideal arc c. We have Ker(0,) = Ker(0,).

rem If we try to understand ©, in the thickening of pb surfaces, it is easy to see
©, is actually adding marking map. Then Lemma 4.7.2 actually states the kernel
of the adding marking map equals to the kernel of the splitting map. The author
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proved this for general marked 3-manifolds. The kernel of the adding marking map
equals the kernel of the splitting map if the adding marking and the boundary of
the splitting disk belong to the same component of M (for the thickening of pb

surfaces, this is always true), Theorem 6.7 in [Wan23c].

Lé and Sikora also proved Ker(0,) = Ker(0,/) for any two ideal points p,p’ of a
connected pb surface, Theorem 8.1 in [LS21]. If we interpret ©, and ©,, as adding
marking maps, the reason why Ker(0,) = Ker(0,/) becomes very clear, please refer
to Lemma 6.4 in [Wan23c|. In this Lemma, the author proved the kernels of two
adding marking maps are same if the two adding markings lie in a same boundary

component of the marked 3-manifold.

Lemma 4.7.3. Let G be a pb surface with an ideal point p, let m,n be two positive
intgers with m | n, and let € € R with €™ = 1. Then O, : 7,(6,¢) = (S, €)

18 injective.

Proof. From Theorem 4.2.6, we know there exist linear isomorphisms ¢, : .%,(6,1) —
(6, €) and ¢, 1 S,(6,,1) = .7,(6,,€). The definition of ¢. shows the following

diagram commutes:

Fn(6,1) —2 Z,(S,€)

e Lo (4.10)
Tn(B,, 1) —L F,(6,,€)

Corollary 6.8 in [Wan23c| and Lemma 4.7.2 imply ©, : .7,(6,1) = 7,(6,,1) is
injective. Then ©, : .7,(6,€) = .7,(6,, €) is also injective because the two ¢, in

diagram (4.10) are R-linear isomorphisms. O

The following Theorem provides affirmative examples for Conjecture 4.7.1.

Theorem 4.7.4. Let S be a pb surface with an ideal arc ¢, let m,n be two positive
intgers with m | n, and let ¢ € R with €™ = 1. Then the splitting map O, :
In(6,€) = Fn(Cul.(S),€) is injective.

Proof. Lemmas 4.7.2 and 4.7.3. ]
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Theorem 4.7.5. Let (M,N) be a connected marked 3-manifold with N # 0,
let D be a properly embedded disk in M, and let e be an open oriented inter-
val in D. Suppose € € R such that €* = 1. We have Op.) : Sn(M, N, e) —
Fn(Cutp,ey(M,N), €) is injective.

Proof. Theorem 4.6.2 and Theorem 6.7 in [Wan23c]. O

Lemma 4.7.6. Let (M,N) be a marked 3-manifold, and let (M, N") be another
marked 3-manifold obtained from (M, N') by adding one extra marking e. Then the
adding marking map l. : (M, N, —1) = S, (M, N, —1) is injective.

Proof. From Corollary 4.4.2, we have the following commutative diagram:

Fn(M, N, 1) ——s 7 (M,N Ue, 1)

I (M, N, —1) —= Z (M, N Ue, —1)

9

where W, is the linear isomorphism constructed in Theorem 4.4.1. Then
le: S9(M,N,—=1) = S (M, N, 1)

is injective because I, : S, (M, N, 1) — 7, (M,N’,1) is injective, Corollary 6.6 in
[Wan23c]. O

Theorem 4.7.7. Let (M,N') be marked 3-manifold, let D be a properly embed-
ded disk in M, and let e be an open oriented interval in D. We have ©pp) :
F(M,N,—1) = S (Cut(pey(M,N), —1) is injective.

Proof. Lemma 4.7.6 and Theorem 6.7 in [Wan23c]. O

Conjecture 4.7.8. Let (M, N') be marked 3-manifold, let D be a properly embedded
disk in M, and let e be an open oriented interval in D. Suppose € € R such that
et =1. We have Op) : Sn(M, N, €) = L, (Cut(p ey (M, N),€) is injective.

We have the following confirmative examples for Conjecture 4.7.8: (1) € = £1 (2)
€ is a primitive 4-th root of unity and every component of M contains at least

marking. So to prove Conjecture 4.7.8, it suffices to show the adding marking map
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is injective when we add one extra marking to the 3-manifold without markings

and € is a primitive 4-th root of unity.
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Kauffman bracket skein theory
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Chapter 5

Finiteness and dimension of the
stated skein modules over the

Frobenius

In chapters 5-7, we focus on the (stated) skein theory introduced in section 1.1.
Let R be a commutative domain with an invertible element q%. We denote by
S 2(M, N) the stated skein module of the marked 3-manifold (M, N).

In chapters 5-6, we assume that R = C and that q% is a nonzero complex number.
This chapter is based on the author’s work in [Wan23a]. When q% is a root of unity

of odd order, there exists a C-linear map
F: yl(M,./\/) — yq1/2(M,N),

called the Frobenius map for the stated skein module, see subsection 5.1.2. The
Frobenius map induces an .1 (M, N)-module structure on .#,1/2(M,N). We will
show that .7,1/2(M,N) is a finitely generated .71 (M, N')-module when M is com-
pact (Thm. 5.3.1). Furthermore, we will establish an upper bound for the rank of
F2(M,N) over 7 (M, N) (Thm. 5.5.36).

145
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5.1 Preliminaries

Let A be an algebra, we use C(A) to denote the center of A. Suppose B is a finitely
generated A-module. We use dim 4B to denote the lower bound of the number of
generators of B over A. We call an algebra A a domain, if xy = 0 for two elements

x,y € A, we have x =0 or y = 0.

Lemma 5.1.1. Suppose A is a commutative domain, and B is a module over A

freely generated by n elements. Then dimaB = n.

Proof. Clearly we have dimyB < n. It suffices to show dimyB > n. Let S =
A —{0}.

We use A to denote the localization of A over the multiplicitive set S, that is, A
is the field of fractions of A. Then B ®4 A is a vector space over A. From the

assumption, we have B ~ A®" as A-modules. Then we have
B@AAE(A@H) ®AA:(A®AA)@TL2A€B” (51)

where all the isomorphisms in equation (5.1) are isomorphisms between A-vector
spaces. Thus dim ;(B ®4 A) = n. Let {by,...,b} be any finite generating set for
B over A. Then we have {b; ®4 1,...,bxy ®4 1} linearly spans B ®4 A, thus we
have dim ;(B ®4 /Nl) =n < k. Then we get n <dim4B. O

5.1.1 Stated skein modules and algebra

Recall that we use .#2(M,N) to denote the stated skein module of a marked
3-manifold (M, N) (see section 1.1). When N = (), the stated skein module
Fp2(M, D) is just the skein module of M (see section 1.1). Since relations (1.2)
and (1.3) only involve g. We use .%,(M) to denote .#1.2(M, ().

Let (Mi,Ny),(My,N3) be two marked 3-manifolds, and f : M; — M, be an
orientation preversing embedding. If furthermore f(N;) C AN, and preserves the
orientations of the marking, we say f is an embedding from (M, ) to (M, N>).
Obviously f induces a linear map fy : L u/2(My,Ni) — L2(My, Na). We say
f is an isomorphism if there exists another embedding g : (Ma, N3) — (M7, N7)
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such that g and f are inverse to each other. We also say (M7, ) is isomorphic to
(M3, N5).

Recall that, for a pb surface & (Def. 1.1.1), we use #1/2(&) to denote the stated

skein algebra of & (see section 1.1).

Definition 5.1.2. If a pb surface has an empty boundary, we call it a closed pb

surface. A totally closed pb surface is a closed pb surface without punctures.

When the pb surface & is closed (i.e. 9& = )), the stated skein algebra .7,1/2(&)
is the (Kauffman bracket) skein algebra. For the same reason as the skein module,
we denote the skein algebra as .7, ().

Here we recall the definition of the marked surface. A marked surface is a pair
(3, P), where ¥ is a compact surface and P is a finite subset of 93. A boundary
component, which has no intersection with P, is called the unmarked boundary

component.

Recall that for a marked surface (X, P), we can define a marked 3-manifold (M, )
where M =X x [0,1] and N' = Uzep({z} x (0,1)) and the orientation of A/ is given
by the positive direction of (0,1). Then (M, N) is called the thickening of (3, P),
and we define .71/2(3, P) = .#,12(M, N). Similarly, as the pb surface, .7,1/2(3, P)
has an algebra structure given by stacking the stated tangles. When P = (), we
use /4(X) to denote #1/2(%, P).

For an oriented surface X, the orientation of 0% induced from the orientation of
¥ is called the positive orientation of 9. For any marked surface (2, P), we can

define a corresponding pb surface & by the following procedures:
1. Let @ be obtained from P by slightly moving P along 0% in the positive
direction of 0.

2. Let X' be obtained from X by replacing all unmarked boundary components

with interior punctures.

3. Define 6 =Y — 0.

Conversely, we can recover (X, P) from &. It is easy to see that (X, P) and & have

the same skein theory.
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The notation of the pb surface is convenient for defining the ideal triangulation.
The notation of the marked surface also has its own convenience because the thick-

ening of the marked surface is a compact marked 3-manifold.

Remark 5.1.3. For two (marked) 3-manifolds, we say they have the same skein
theory if their (stated) skein modules are isomorphic as C-vector spaces in a natural

way.

For two surfaces, we say they have the same skein theory if their (stated) skein

algebras are isomorphic as C-algebras in a natural way.

5.1.2 Chebyshev polynomial and Frobenius map

Chebyshev polynomials are defined by the following recurrence relation:

Qn(x) = $Qn_1($) - Qn—Q(x)'

The Chebyshev polynomial of the first kind, denoted as T},(x), is defined by setting
To(z) = 2,T1(z) = x. The Chebyshev polynomial of the second kind, denoted as
Sn(x), is defined by setting Sp(z) = 1,.%1(z) = x. For n > 2, we have T,,(z) =
Sn(x) — Sp_a(x).

Let (M, N') be a marked 3-manifold. Suppose 3 is a framed knot or stated framed
arc in (M, N), and k is a positive integer. We define 3*) to be obtained from 3
by taking k parallel copies of 8 in the framing direction and define 8 to be the
empty stated tangle in (M, N). Suppose P(z) = > 1 ar® € Clz], then we
define

alfl = Z apa®) € Sz (M, N).

0<k<m

Suppose q% is a root of unity of order N with N odd. Then there is a linear map,
called the Frobenius map, F : (M, N) = 7,12(M,N) [BL20; BW16a; Wan23c].
Let [ be any stated (M, N')-tangle, suppose [ = oy U---Uap U By U---U B, where

a;,1 <i <k, are stated framed arcs and 3,1 < j < m, are framed knots. Then

FOy=aMu-uaMug™u...u g, (5.2)



Chapter 5. Finiteness and dimension of the stated skein modules over the
Frobenius 149

Let « be any stated (M, N)-tangle, then F(«) is transparent [BL20; Wan23c], in

a sense that we have the following two relations in .71/ (M, N):

NVZi%  Fla) Fl) Fl)
K =-X N -/ o
iJ iJ

where 7,7 = —, +.

Then we define an action of (M, N) on ,12(M,N). For any elements o =
craq + -+t € AMN) and | = kily + - + kply € Fp2(M,N) where
¢j, ki € C, oj and I; are stated tangles in (M, N) and o; N1; = 0, we define

a-l=Fla)ul= Y ¢kF(o) Ul (5.4)

=J ML x>

From equation (5.3) and the fact that F preserves relations (1.2)-(1.6), the above

action is well-defined.
We use .%1/2(M,N)™ to denote ImF.

Theorem 5.1.4. .%,1/2(M, N)YN) has a commutative algebra structure, which makes
F i AMN) = (M, N)N)

a surjective algebra homomorphism.

Proof. For any two elements «,l € (M, N), first we prove a- F(l) = [- F(a).
Suppose o = ¢+ CpQi, € SA(MIN) and | = kyly + -+ + kpl, € S (M,N)
where ¢;, k; € C, a; and [; are stated tangles in (M, N) and a; Nl = (. Then from

equation (5.4), we know

a-Fl)= > gkoyFl)= Y gkiF(a) UF(1)=1-F(a).

=J =L =0 > =J =ML =0 >

(5.5)

For any two elements x,y € yq1/2<M,N)(N), suppose © = F(u) where u €
(M, N). Then we define xy = u-y. To show this multiplication is well-defined,

we have to show zy is independent of the choice of u. Suppose we also have
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x = F(u') where v’ € (M, N). We also suppose y = F(v) where v € .7 (M, N).
Then

We also have

ry=u-y=u-F)=v-Flu)=v-x=yz.
Thus the above defined algebra structure is commutative.

Equation (5.5) shows F : A (M,N) = L2(M,N)*™ is an algebra homomor-
phism. O

For a pb surface &, we have F : #1(6) — 712(6) is an algebra homomor-
phism. We also use yq1/2(6)(N ) to denote ImF. Then the multiplication structure
of 7,1/2(6)™) inherited from .#/2(&) coincides with the one defined in The-
orem 5.1.4. Then we have F : #(6) = .%,12(6)™) is an isomorphism and
F12(6) M) C O(Fp2(6)) [BL20; KQ24; Wan23c]. Obviously .71/2(&) has an
1/2(6)™-module structure defined by multiplication. We know .7,1/2(&) also
has an .#7(6)-module structure. Then these two module structures are equiva-

lent via Idy, ,) and F. That is, for any 2 € #1(6),y € 7,1/2(6), we have

q

vy =F(x)y.

1/2

Roots of Unity Assumptions:

Throughout this chapter, we follow the conventions below when making roots of
unity assumptions:

(R1) When working with the stated skein module or algebra, we assume that ¢'/2

is a root of unity of odd order N.

(R2) When working with the skein module or algebra (i.e., the non-stated case),
we assume that ¢® is a root of unity of odd order N. In this case, we set
(=q¢"N =+1.

5.2 On skein modules

The skein module .7,(M) for a 3-manifold M does not involve boundary and is
only defined by relations (1.2) and (1.3). Suppose ¢* is a primitive N-th root of
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unity with N odd. Then there exists a linear map
F (M) = F(M),

where ¢ = ¢ = &1 [BL20; BW16a]. The definition here is the same with equation

(5.2), except [ does not contain arcs.

We still use .7, (M)™) to denote ImF. From [BL20], we know elements in .7, (M )™
are transparent. Similarly, as in subsection 5.1.2, the skein module .%,(M) has an
Fe(M)-module structure, and .7,(M)®™) has a commutative algebra structure,
which makes F : (M) — Z,(M)®™) a surjective algebra homomorphism. For
any n € (M) and v € .7, (M), we use n-7 to denote the action of .7(M) on
(M) (the same notation as in subsection 5.1.2).

For a closed pb surface &, we have F : % (6) — .#,(6) is an algebra embedding
[BL20; BW16a]. We use .7,(&)®™) to denote ImF, then .7, (&)™) also acts on
Z,(6) by the multiplication. For all z € ./ (6),y € .#,(6), we have x -y = F(z)y.

In this section, we will always have the (R2) assumption.

Theorem 5.2.1. ([FFKL22]) Suppose we have the (R2) assumption. For any com-
pact 3-manifold M, we have .7 (M) is finitely generated over ¢ (M).

In this section, we use the connection between Theorem 5.2.1 and the finiteness of
the skein module of the 3-manifold M over .#,(0M) to give sufficient conditions for
(M) being finitely generated over .7, (0M). We also provide a way to estimate
an upper bound for dim g, () 4 (M) when M is compact, which will be used in

subsection 5.5.1 to give a precise upper bound for dim g, () 74(M).

5.2.1 Some functorialities

Let f : M; — M5 be an embedding between two 3-manifolds. We know f induces a
linear map f; : S (M;) = (M) and an algebra homomorphism f; : S (M;) —
F¢(Ms). Actually we have the following lemma.

Lemma 5.2.2. Let f : My — M, be an embedding between two 3-manifolds. Then
fi restricts to an algebra homomorphism fy « Fy(M)™) — Z,(Ma)™) | and we
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have the following commutative diagram:

(M) SELEN Fe(Ms)

I I

Sy(My) —L 7 (M)

What’s more, f; respects the module structures in a sense that, for any

r € Se(My),y € Sy (My),

we have fy(z -y) = fy(x) - fy(y).

Lemma 5.2.3. Let f : My — My be an embedding between two 3-manifolds.
Suppose fy : Sy(My) = F4(Ms) is surjective and Sy (My) is finitely generated over
Fe(My). Then we have (M) is finitely generated over ¢ (Ms) and

dimy((MQ)yq(Mg) S dimyg(Ml)yq(Ml).

Proof. Suppose dim g, (a,)-74(M1) = n and .7 (M) is generated by x1,--- , 2, over
F¢(My). Then .7, (M,) is finitely generated by fy(x1),- -, fi(z,) over S (Ms)
because of the surjectivity of f; and Lemma 5.2.2. n

5.2.2 Boundary action on skein modules

Let M be a 3-manifold. Then the skein algebra .7, (0M) has an action on .7, (M).
We can identity OM x [0, 1] with a regular closed tubular neighborhood U(0M) of
OM such that OM is OM x {1}. We use L to denote the embedding from U(0M)
to M. Then for any skein [ € .7, (0M), we have Ly(l) is the skein [ in .7,(M).
Then for any skein « in .7 (OM) and § € 7, (M), we first isotope [ such that
B e M—U(OM), then define a * 5 := Ly(a) U S.

We know that (M) also acts on .7, (M). Then it is easy to show these two
actions commute with each other, that is, for any elements o € ., (0M), €
Fe(M),n € Sy (M) we have ax (5-n) = [-(a*n).
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For elements l; € S (OM),ly € S, (OM),l5 € S (M), we have

(ly - 1) * I3 = (F(ly)lp) x I3 = F(L) * (lg * I3) = Ly(lh) - (I2 % I3). (5.6)

5.2.3 Relations between .7, (M) over .”:(M) and .7,(M) over
F(OM)

When the ground ring is Q(q), Detcherry conjectured that the skein module of
a compact 3-manifold M is finitely generated as a module over the skein algebra
S, (OM) [Det21]. When the ground ring is C and ¢* is a root of unity of odd
order, this conjecture fails. A simple counterexample is S' x S2. But Detcherry’s
conjecture still holds for some 3-manifolds under this section’s context, that is when
the ground ring is C and ¢? is a root of unity of odd order, for example the lens
spaces and the complement of the two bridge knot (or link) [BF05; HP93; LT14;
Lé06]. In this subsection, we will give sufficient conditions for ., (M) being finitely
generated over .7, (OM).

A surface & is of finite type if there exists a compact surface & and a finite subset
A C & such that & is homeomorphic to & \ A.

Theorem 5.2.4. (Theorem 3.11 in [AF17]) Suppose we have the (R2) assumption
and & is a finite type surface. Then .7 (S) is finitely generated over (&) (or
Z(&)™)

We state a convention that .7, (0) is C.

Proposition 5.2.5. Let M be a compact 3-manifold with OM being a finite type
surface. Suppose (M) is finitely generated over .7, (OM). Then .7, (M) is finitely
generated over (M), and we have

dim.g (an)-So(M) < (dim.g,onn)-74 (M) (dimy, a7 4(OM)).
Proof. When OM = (), obviously we have

dimfyg(M)yq(M) S dim@yq(M).
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Then we look at the case when OM # (). Suppose dim.y, gr)-o(M) = 7, and
Fy(M) is generated by Ay, ..., A, as an . (OM)-module. From Theorem 5.2.4,
we can suppose dim.y, oa)-74(OM) = s, and 7 (OM) is generated by By, ..., By
as an .#;(0M )-module. It suffices to show .7, (M) is generated by B; x A;,1 < i <
s,1 <j <rasan ./ (M)-module.

Let C' be any element in . (M). Then C = C; * A; + --- + C, x A, where
Ci,...,Cr € S (OM). For each 1 < j <r, we can suppose

Cj - Z Dj,i Bz

1<i<s

where D;; € .#:(0M). Then we have

C=) CixAj= > (Y DiiB)x4

1<j<r 1<j<r 1<i<s
= > (D B)x A= > Ly(Dji)-(Bix A
1<j<r1<i<s 1<j<r1<i<s

where the last equality is because of equation (5.6), and Ly(D;;) € (M), for
1<7<r1<i1<s. ]

Proposition 5.2.6. Let M be a compact 3-manifold. If Z,(M) is finitely generated
over S:(M) and (M) is finitely generated over #:(OM), then Zo(M) is finitely
generated over Sy (OM) and dim.g,on)-S4(M) < (dimg,or)Sc(M))(dimy, ()4 (M)).

Proof. Assume dim g, (1)-73(M) = n, and .7;(M) is generated by by,...,b, over
Fe(M). Assume dim , (911)-7 (M) = m, and 7 (M) is generated by c1, . . ., ¢, over
Zc(OM). It suffices to show .7, (M) is generated by ¢;-b;,1 <i<m,1 <j<n
over .7, (0OM).

For any a € #;(M), we can suppose a = ), ;. a; - b; where a; € S(M),1 <i <
n. For each 1 < i < n, we suppose a; = Z1gj§m d; ; * cj where d; ; € S(OM),1 <
1 <n,1 <j<m. Then we have

a= Y achi= > (dgxe)bi= > Fldig)x(e-b)

1<i<n 1<i<n,1<j<m 1<i<n,1<j<m

where F(d; ;) € S(0M),1 <i<n,1<j<m. O
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Theorem 5.2.7. Suppose we have the (R2) assumption. Let M be a compact
3-manifold. If (M) is finitely generated over .#:(OM), then Z (M) is finitely
generated over £, (OM) and

dimz, v o (M) < (dim.z orn) (M) (dim.z ()4 (M)).

Proof. Theorem 5.2.1 and Proposition 5.2.6. ]

5.2.4 Handlebody and compression body

A 3-manifold H is called a compression body if there exists a connected totally
closed surface & such that H is obtained from & x [0, 1] by attaching 2-handles
along mutually disjoint loops in & x {1} and filling in some resulting 2-sphere
boundary components with 3-dimensional solid balls. We denote & x {0} by 0T H
and O0H — OTH by 0~ H. We define the genus of H to be the genus of &. A
compression body H is called a handlebody if 9~ H = () [SSS05].

Theorem 5.2.8. ([SS505]) Let M be a connected compact 3-manifold. Then M =
HUH' where H is a handlebody and H' is a compression body such that 0~ H' = OM
and OYH' = 0H.

The decomposition in Theorem 5.2.8 is called the Heegaard splitting of M. We
define the genus (or Heegaard genus) of M to be the minimum genus of the han-

dlebody among all the Heegaard splittings.

Let (M, N) be a compact marked 3-manifold, we define the genus of (M, N') to be
the genus of M. When N is empty we could just call the genus of (M, () as the
genus of M.

For any nonnegative integer k, we P, to denote the surface obtained from S? by
removing k points. Let H be a handlebody of genus g, then H has the same skein
theory with P,y x [0, 1].

5.2.5 An upper bound for dim g, -7, (M)

Let M be a compact 3-manifold. We can assume M is a connected compact 3-

manifold with genus ¢g. Then suppose the Heegaard splitting of M is M = HU H'
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where H is a handlebody of genus g and H' is a compression body. Then we can
isotope any skein v in M into H. Thus the embedding f : H — M induces a
surjective linear map f; : S (H) — #(M). From Lemma 5.2.3, we can get

dimyC(M)ﬁﬂq(M) < dimyC(H)%(H) = dimy‘g(Pgﬂ)yq(PgH) = dim&/"q(PgH)(N)yq(PgH)-
(5.7)

From Theorem 5.2.4, we know dim S4(P, +1)(N)e5ﬁq(Pg+1) is finite. The above discus-

sion also offers a proof for Theorem 5.2.1.

5.2.6 Finiteness of the character-reduced skein module

Let M be a 3-manifold. Recall that we use Xg,(c)(M) to denote the SLy character
variety of M (Equation (1.1)). Each p € Xgp,)(M) induces an algebra homo-
morphism f, : (M) — C, furthermore this correspondence is a bijection from
Xs1,(c)(M) to the set of algebra homomorphisms from (M) to C [PS00].

Let I be an ideal of (M), we
I9,(M)={z1 -1+ +xp-y | keEN,z; € Se(M),y; € Fo(M),1<i<k}

(note that x; -y + -+ + xp - yx is defined to be 0 when k = 0). Then [.7,(M) is
an .7¢(M)-submodule of ., (M).

For any element p € Xgsp,(c)(M), the character-reduced skein module .7, (M),
of M with respect to p is defined to be

Zy(M)/1, (5:8)

where 1, = (Kerf,).7,(M) [DKS23; FKL22].

Remark 5.2.9. For any mavimal ideal I of /-(M), which is point in Xsr,(c)(M),
the character-reduced skein module is still an .7 (M)-module since 1.7,(M) is an
Fe(M)-submodule. Actually #:(M)-module structure for #,(M); coincides with
the linear structure over C by the identity map. The maximal ideal I of (M)

corresponds to an algebra homomorphism fr : /(M) — C, then for any element
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ae S (M), B e Sy M), we have

a-(B+1.L(M)) =a-B+17(M) = fr(a)(B+ I.7,(M)).

From Remark 5.2.9, we know the character-reduced skein module is obtained by
sending elements in .7 (M) to complex numbers, we can easily get the following
result by Theorem 5.2.1.

Theorem 5.2.10. Suppose we have the (R2) assumption. Let M be a compact
3-manifold, and p € Xgr,c)(M). Then S((M), is finite-dimensional over C, and
di%yq(M)p S dimyc(M)yq<M).

5.3 On stated skein modules

In this section, we always have the (R1) assumption. The main goal of this section

is to prove the following Theorem.

Theorem 5.3.1. Suppose we have the (R1) assumption. Then Jp2(M,N) is
finitely generated over /1 (M, N') for any compact marked 3-manifold (M, N').

5.3.1 Some functorialities

Let f: (M, N1) — (M3, N3) be an embedding between two marked 3-manifolds.
Then f induces a linear map fy : S1/2(My, N1) = L 1/2(My, N3) , which restricts
to an algebra homomorphism f; : 45”(]1/2(M1,/\/'1)(N) — yql/Z(MQ,NQ)(N). Similarly
as in Lemma 5.2.2, we have f induces an algebra homomorphism f; : 7 (M, N7) —

F1(Ma, N), and fy respects the module structures, in a sense that, for any = €
A (M, M),y € qu(Ml,Nl) we have fy(z-y) = fy(z)- fi(y).

Lemma 5.3.2. Let [ : (M, N1) = (M, N3) be an embedding between two marked
3-manifolds. Suppose fy : S pns2(My,N1) — F2(Ma, N3) is surjective and Theo-
rem 5.5.1 holds for (My,N1). Then Theorem 5.3.1 also holds for (Ms, N3) and

d’l'myl(M27N2)yq1/2(M2,N2> S dimyl(Ml’Nl)%l/Q(Ml,Nl).

Proof. The proof is similar to Lemma 5.2.3. O



158 5.3. On stated skein modules

5.3.2 Good strict subsurface

Let (M, N') be a compact marked 3-manifold, and & be a properly embedded sur-
face in M such that every component of & intersects N. Let V(&) be a closed
regular neighborhood of &, that is, V(&) is isomorphic to & x [0,1] by an ori-
entation preserving diffeomorphism such that & is identified with & x {1/2} and
06 x[0,1] € OM. Then define Cutg(M,N) = (M',N') where M' = M —& x(0,1)
and NV = N — & x [0,1] (here we identify & x [0, 1] with V(&)). & is called a
good strict subsurface of (M, N), if Cutg(M,N) = (M', N”) is isomorphic to

the thickening of a marked surface.

Theorem 5.3.3. Let (X,P) be any marked surface, then #2(%,P) is finitely
generated over /1(X,P) (or S p2(%, P)™),

Proof. We can assume . is connected. When P is empty, the stated skein algebra
is just the skein algebra. This case was proved in Theorem 5.2.1. When P is not

empty, Theorem 5.3.3 was proved in [Kor21; Wan23c]. O

Proposition 5.3.4. (Proposition 8.14 [Wan23c]) Assume (M, N) is a marked 3-
manifold which contains a good strict subsurface &. Then we have Zp2(M,N') is
a finitely generated /1 (M, N)-module, and

dimyl(M’j\/’)yql/2<M,N> S dimy’ql/Q(CutG(M,N))(N)%l/Q(CUtG(M7 N))

Proof. Here we briefly review the proof in [Wan23c]. We use (M’, N') to denote
Cutg(M,N). Since & is a good strict subsurface, then (M’, N’) has the same
skein theory with the thickening of a marked surface. Then Theorem 5.3.3 shows
2 (M',N") is finitely generated over .71 (M’ N).

Meanwhile the obvious embedding f : (M',N’) — (M, N') induces a surjective
linear map fy : (M N') = Zn2(M,N). Then Lemma 5.3.2 completes the

proof. Also, we conclude
dimtgﬂl(MJ\[)yql/Z(M, N) S dimtyl(M/J\//)yql/z(M/,N,).
Since (M', N") is isomorphic to the thickening of a marked surface, we have

dim o, (apr nry 2 (M N') = dimy | ) (Cute (a0 172 (Cuts (M, N)).
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O

For any two nonnegative integers g, p, we use G, to denote the compact oriented
surface with p boundary components and genus g. For any two nonnegative integers
a,bwith b > 0, we use , ;& to denote the pb surface obtained from &, ; by removing
b points on the unique boundary component of &,;, we use 4,2 to denote the
marked surface (S, 1, P) where P is the subset of the unique boundary component
of &, consisting of k£ points. For the positive integer k, we use Dy to denote the
pb surface obtained from the disk by removing k& points on the boundary, we use ¥,
to denote the marked surface (D, K') where D is the disk and K C 9D consisting
of k points. We call D, the bigon, and use A1/2 to denote dimqu(DQ)(N)qu(Dg).

Let k, g be two nonnegative integers, we use M, ;. to denote the marked 3-manifold
(M,N), where M = &,(x]0, 1] and N' C &, ¢x{1} such that N has k components.
Note that M, is defined up to diffeomorphism.

Lemma 5.3.5. For any two nonnegative integers g,k, we have qu/z(Mgvk) 18
finitely generated over /1 (M,y). When k > 0, we have

dl-m=yl(ngk)<5ﬂq1/2 (Mg,k) S dimy

q

1/2(g,k6)(N)‘5ﬂq1/2 (g7k‘6)-
Proof. When k = 0, the marking set of My, is empty, and the stated skein module

is just the skein module. Then Theorem 5.2.1 shows this case.

Then we look at the case when £ is positive. From the definition, we know M, is
just S, x [0,1] with k& markings on &, x {1}. We use N to denote the union
of all the markings of My ;. Let ¢ be a closed curve in &, such that ¢ bounds
an embedded disk in &, and ¢ x {1} intersects N transversely in exactly one
point. Then ¢ x [0, 1] is a strict subsurface of M, ;. We also have Cutexio) (M)
is isomorphic with the thickening of , ;X U X;. Thus ¢ x [0,1] is a good strict
subsurface of Mg ;. Then Theorem 5.3.3 and Proposition 5.3.4 shows /(M)
is finitely generated over .73 (M, ), and

dimyl(]\/[g’k)yquz (MQJ) S dlmy

ql/?‘(g’kz)(zv)yquz (g,kZ) = dlmyql/Q(g,kG)(N)yql/Q (g,k6).
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5.3.3 Attaching 2-handles and cutting out open 3-balls for

marked 3-manifolds

Let (M, N) be a marked 3-manifold, and ¢y, - - - , ¢ be a collection of closed disjoint
curves on OM such that for each 1 < 7 < k there is no intersection between
¢; and N. Then we can define a new marked 3-manifold (M’, N') where M’ is
obtained from M by attaching 2-handles along ci,--- ,c; and NV = N. We say
(M',N") is obtained from (M, N) by attaching 2-handles along ci,---,cp. We
use f: (M,N) — (M',N") to denote the obvious embedding. Then we have the

following obvious Lemma.

Lemma 5.3.6. f: (M,N)— (M',N") induces a surjective linear map
fﬁ : yquz(M,N) — yq1/2<M,,./\/’/).

Lemma 5.3.7. Let (M,N) be a marked 3-manifold such that .#(M,N) is
finitely generated over S (M, N). Suppose (M', N") is obtained from (M, N') by at-
taching 2-handles. Then Z2(M',N") is also finitely generated over S (M',N”),
and

dim. g, (apr nry T2 (M NT) < dimyql/Q(M’N)(N)yql/Q(M,N).

Proof. This follows from Lemmas 5.3.2 and 5.3.6. [
Remark 5.3.8. Let (M,N) be a marked 3-manifold, and B be an embedded 3-

dimensional solid ball contained in the interior of M. Let M' be obtained from M
by cutting out the interior of B, conversely M is obtained from M’ by filling OB
with a solid 3-dimensional ball. Clearly, (M,N') and (M',N') have the same skein
theory.

Lemma 5.3.9. Let (M,N) be a marked 3-manifold such that M is a compres-
sion body H and N is a nonempty subset of 0" H. Then Sz (M, N) is finitely
generated over S/ (M,N), and

dimsg () g2 (M, N) < dim,

q

)(N)yql/Q (ngG)

1/2(9,1@G

where g is the genus of H and k is the number of components of N .

Proof. From the definition of the compression body, we know (M, N) is obtained
from M, by attaching 2-handles along mutually disjoint loops in & x {1} and
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filling in some resulting 2-sphere boundary components with 3-dimensional solid

balls. Then Lemmas 5.3.5, 5.3.7 and Remark 5.3.8 complete the proof. O]

5.3.4 Proof for Theorem 5.3.1

Proof of Theorem 5.5.1. Let (M,N') be a compact marked 3-manifold. We can
assume (M, N) is a connected compact marked 3-manifold. When N = (), Theorem
5.2.1 shows this case. Then suppose N # (). From Theorem 5.2.8, we have M = HU
H' where H is a handlebody and H’ is a compression body such that 0~ H' = OM
and 0T H' = OH. Then N C OM = 0~ H'. Let f be the obvious embedding from
(H',N) to (M,N). Then f induces a surjective linear map fy : u/2(H',\N) —
S p2(M,N) since we can isotope all stated (M, N)-tangles away from H. Then
Lemmas 5.3.2 and 5.3.9 show .712(M, ) is finitely generated over (M, N),
and

dim.g (S (M, N) < dimyg o, 60002 (g46) (5.9)

where ¢’ is the genus of H' and k is the number of components of N. ]

Remark 5.3.10. Let (M, N') be a connected compact marked 3-manifold with N #
(). Suppose the genus of (M, N') is g and N has k components. Then equation (5.9)
shows

dim. g )L 2 (M,N) < dim,y,

q

)(N)yq1/2 (ngG).

172 (9,6

5.3.5 Representation-reduced stated skein modules

Let (M, N) be a marked 3-manifold. For any ideal I of .#(M,N), we define
Iyquz(M,N) = {l‘l‘Oél—F"'—l-iL‘k'Oék | keNuz el a € yql/Z(M,N),l <1 < k}

(when k = 0, we define 1 -aq + -+ - + 2 - a = 0).

Assume (M, N) is a connected marked 3-manifold. Let (M, N) be the funda-
mental groupoid of (M, N') when N # (), see Definition 2.2.5. Then we define
X (M, N) to be the set of homomorphisms from 71 (M, ) to SLy(C) when N # (),
and define X (M, N') to be Xsp,c)(M) when N = ). Then X (M, N) is an algebraic
set. For any p € X (M, N), there is an algebra homomorphism f, : % (M,N) — C.
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This offers a one to one correspondence between X (M, N) and the set of algebra
homomorphisms from . (M, N) to C, see Theorem 2.2.9. Although we assume
M to be connected, the above discussion can be easily and naturally generalized

to general marked 3-manifolds.

For any p € X(M,N), we define the representation-reduced stated skein
module .7,./2(M,N), of (M, N) with respect to p to be

a2 (M, N/,

where I, = (Kerf,).%,1/2(M,N). When N is empty, Z,1/2(M,N), coincides with

the character-reduced skein module in equation (5.8).

Then we have the parallel statements for the representation-reduced stated skein

module as in Remark 5.2.9.
Then Theorem 5.3.1 clearly shows the following Theorem.

Theorem 5.3.11. Suppose we have the (R1) assumption. Let (M, N') be a compact
marked 3-manifold, and p € X(M,N'). Then .Z2(M,N), is finite-dimensional
over C, and

dime S 2 (M,N), < dimg unny-L 2 (M, N).

5.4 Dimension of C(.7,(&)) over .7,(6)") when &

is a closed pb surface

In this section, we always assume & is a connected closed pb surface, and ¢? is a
primitive N-th root of unity with N odd. The following is the main result of this

section.

Theorem 5.4.1. Suppose we have the (R2) assumption. Let & be a connected
closed pb surface with p punctures and with negative Fuler characteristic. Then
C(,(®)) is freely generated over .7,(&)™) by NP elements. Especially we have
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Recall that, for any nonnegative integer k, we use Py to denote the surface obtained

from S? by removing k points.

Corollary 5.4.2. We have .Z,(Ps) is freely generated over Z,(Ps)™) by N® ele-
ments. Fspecially
dl.myq(P?))(N)yq(Pg) == N3.

Proof. We have C(7,(Ps)) = %, (Ps) [Le06; Prz91]. Then Corollary 5.4.2 follows
from Theorem 5.4.1. O

Remark 5.4.3. The basis for C(#,(6)) in Theorem 3.5 in [FKL21] can show
Theorem 5.4.1. In Remark 5.4 in [FKL19], Charles Frohman, Joanna Kania-

Bartoszynska, and Thang Lé also claimed the statement tn Theorem 5.4.1.

In the remainder of this section, we provide a proof of Theorem 5.4.1 using the

quantum trace map.

5.4.1 Chekhov-Fock algebra and Quantum trace map

Let & be a closed pb surface with genus g and p punctures, where p > 0. For
an ideal triangulation 7 and a nonzero complex number u, we have the associated
Chekhov-Fock algebra T# see [BW11; BW16a; BW17; Liu09] for more details.
Suppose the set of edges of 7 is {ey, - ,e,} where n = 6g + 3p — 6. Set b;; to
be the number of times an end of the edge e; immediately succeeds an end of e;
when going counterclockwise around a puncture of &, and define o;; = b;; — bj; €
{—2,-1,0,1,2}. As an algebra T* is generated by Y=, Y57 ... Y*! and subject
to the relations:
VY =Y = LYY, = oYY,

where each Y; is associated to the edge e;. For any Y; ,Y,,....Y;, , weuse [V, Y, ... Y]
to denote
o 21<j<i<k 1Y, Y .Y,

1142 k*

For any k = (ki, -+, kn) € Z®", we use Y to denote [YY)2 ... Y. Then the
set {Y’; | k € Z®"} is a basis of TH.

For any k = (k, -+, kn) € Z%", we say k satisfies the balanced condition if for
every ideal triangle 7" in 7 with three edges labeled by i1, s, i3 we have k;, +k;, + ki,
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is even. We use Z¥, called the balanced Chekhov-Fock algebra, to denote the
subalgebra of T# generated by all YF with k satisfying the balanced condition.

] € T} where

are all the edges that connect to the vertex v (note that there

Suppose v is a puncture of &, we use H, to denote [Y;Y;,...Y;,

61‘1,62‘2, . 7€ikv

maybe some repetitions among e;,, €;,, ..., ¢; ). It is easy to show H, € C(T}#).

Set 41 = ¢*/?. Then there is an algebra embedding [BW11]

Trl: 7,(6) = Tr

T

We set v = p¥ * then there is an algebra embedding F' : T — T* defined by
F(YE) = YNE We also have 12 = p2N* = ¢N* = ¢N = ¢. Then we have the

following commutative diagram [BW16al:

Trs
T(6) —= T
lf - lF (5.10)
S(&) — T

The image of the quantum trace map lies in the balanced Chekhov-Fock algebra
[BW11]. Obviously, F' restricts to an algebra embedding F' : Z¥ — Z#. Thus we
can replace T (respectively TH) with Z¥ (respectively Z*) in the above diagram,

and the new diagram still commutes.

5.4.2 On the balanced Chekhov-Fock algebra

We assume the punctures of & are denoted vy, ...,v,. For each 1 <17 < p, we use
H; to denote H,,.

Lemma 5.4.4. There exist elements Zy,...,Z, € Z" such that (1) for1 <i<p
we have Z; = H;, (2) for any pair 1 < i < j < n we have Z;Z; = pu?*i Z; Z; where
bi; €Z, (3) {Z’; | k € Z®"} is a basis of Z" where ZF is defined in the same way

as Y.

Proof. Tt is an immediate consequence from Lemma 12 in [BW17]. O
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For any two distinct E,F € 7%, we have ZF # Z because they are basis ele-
ments in Lemma 5.4.4 (3). For any ZF with k = (k1,--+ ,ky), we define G(ZE) =
(ki,--- ,k,) € Z®P. For any element x € Z%, let D, be the subvector space of Z#*
spanned by all Z¥ with G(Z’;) = z. Then we have Z¥ = @,czer D,. Note that this
grading is compatible with the algebra structure for Z¥, that is, D, D, C Dy,.

For any two different elements a = (a1, -+ ,a,),b = (b1,--- ,b,) € Z%, there exists
1 <4 < psuch that a; = by when 1 <t <i—1 and a; # b;, then we define a < b
(respectively b < a) if a; < b; (respectively b; < a;). Simply speaking, the linear

order ”<” on Z%” is lexicographic order.

For any nonzero element [ € Z¥, we suppose [ = l,, + -+ 1,, where a;,1 <17 <k,
are k distinct elements in Z#” and [,, is a nonzero element in D,,,1 <4 < k. Then
we define deg(l) = max{ay,---,a;}. For any two nonzero elements [y,ly € Z¥,

clearly we have deg(l1ls) = deg(l1) + deg(l2).

For Z¥ we define the same Z;,---, 7, € Z” as Z" in Lemma 5.4.4. That is, for
each 1 <14 < n, suppose Z; = Yk e Z" then similarly we define Z; = Yk e Zr.
Recall that we have an algebra embedding F' : Z¥ — Z¥,

of F': TV — T*. Then for each 1 < i < n, we have F(Z;) = F(Y’;@) = YNk =
(VEPY = (Z)".

which is a restriction

5.4.3 Proof of Theorem 5.4.1

Proof of Theorem 5.4.1. Recall that Tl is the N-th Chebyshev polynomial of the
first kind, see subsection 5.1.2. Let Ty = Zogth Mxt. Note that Ay = 1.

When p = 0, we have C(.7,(6)) = .7,(&)™) [FKL19], then the statement of

Theorem 5.4.1 is clearly true for this case.

Then we look at the case when p > 0. Here we use all the notations in subsection
5.4.2. For each puncture v;, we use d; to denote the loop going around v; with
vertical framing. From [FKL19], we know C(.7,(&)) is generated by .7,(&)") and
{di,...,d,} as asubalgebra of .7, (&). For any k= (k1,- -, k,) € N¥P_we use d* to
denote (di)* -+ (d,)*. Let C = {(k1, -+ ,k,) e NP |0 < k; < N —1,1<i<p}.
Then we want to show C'(.7,(&)) is freely generated by {d* | k € C} over S (&),
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First we want to show C(.7,(&)) is generated by {d"C | ke C} over .7, (&) Let
V be the .7,(&)™)-submodule of C(.7,(&)) generated by {dk | k € C}. Then it
suffices to show d* € V for all k € N®, For any k € N¥»~1 1 <t < p,a € N,
we define ki = (ky, -+ ki1,a,ke, - ky_1) € N®. For any k € N®~1 with
ngiSN—lforalll§i§p—1andaEN,wewanttoshowd’% cV. We
already have d*s € V when 0 < a < N — 1. Then suppose we have d*s € V when
a < m where m > N — 1. From the assumption, we have dFnii-n € V', then we

have
Ty (dy)dbnr-n = Y Adidonry = 37 AdMenny € V.
0<t<N 0<t<N

From the assumption, we have dFivmii-x € V when 0 <t < N-—1, then dFmi € V.
From mathematical induction, we get dF € V when k € N1 with 0 <k <N-1
forall 1 <7 <p-—1and a € N. Using the same trick as above, we can prove
dEgEVWhenEEN@p_IWithOSki§N—1for3112§i§p—1anda€N.
Repeat the above process, eventually we can prove d* ¢ V when k € N®—! and
a € N. This actually shows d* € V for all k € N°P,

Then we try to show the independence of {d’g | kecC }. Suppose

> Flpdt =

keC

where [ € #(6). Then we want to show [; = 0 for all k € C. Suppose on the
contrary, then Cy = {k € C | Iz # 0} # 0. We have

0="Tri>_ F(lp)d") = TriF(lp)Tr (d¥)
keC keCo
=Y FTrs(p)(Zy + Z7 ) - (2, + Z,) where & = (ky, -+, k).
kECo

Since, for each k € C, Iz # 0, then deg(FTri(lg)) is well-defined. We have
deg(FTré(l7)) = Ny for some x; € Z® because of the definition of F. Then

-

deg(FTr(Ig)(Zy + 27 - (Zy + Z,)) = Nap + F.

For any a # be Co, we have Nxz+d # N:)s5+g. Otherwise we have @—b = N(x;—
xz). But 0 < a;,b; < N —1, thus we get @ — b= N(xy — xz) = 0, which contradicts
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with @ # b. Thus we have deg(Tra(> e ]-"(l,;)d’g)) = max{Nzp + k| ke Gl
which contradicts with 0 = Tr%(> ;. F(l,;)d’z). Then [; = 0 for all kec. O

5.5 Dimension of stated skein modules over Frobe-

nius

We showed the finiteness of stated skein modules over Frobenius. In this section,
we focus on estimating the dimension of stated skein modules over Frobenius. For
simplicity, we will assume all the 3-manifolds and pb surfaces, mentioned in this

section, are connected.

Let & be a pb surface. Recall that qu/a(G)(N ) = Im/F is a commutative domain
when ¢/2 is a root of unity of order N with N odd, where F : .%(&) = .%,1/2(&)

—_—

is the Frobenius map. We use .7,1/2(6)™) to denote the field of fractions of
5{11/2(6)(]\7) and use yquz(G) to denote yquz (6) ®yx (&)(V) yquz (6)(N).

q1/2

Define

KG,q1/2 = dimyql//;(g)(myq1/2(6), (5.11)
and define

)‘6,q1/2 = dimy (6)(1\1)5/(11/2(6), (5.12)

q1/2

where dim gy gy 71/2(6) is the lower bound of the number of generators of
q

S /2(6) over yq1/2(6)(N). Then clearly we have Kg ;172 < Ag 41/2. In this section,

we will give an explicit calculation for Kg ,1/2, and give a lower bound and an upper

bound for Ag ,1/2.

5.5.1 When the marking set is empty

In this subsection, we always have the (R2) assumption. From Theorem 5.2.1, we
know, for any compact 3-manifold M, .7, (M) is finitely generated over .7:(M)
where ¢ = ¢ = +1. We will give an upper bound for dim g, ()74 (M) in this

subsection.
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For a closed pb surface &, we know .7,(&) is a domain. Then .7, (&)™) = ImF is a
commutative domain. We use .7, (&)®) to denote the field of fractions of .7, (&)™),

—_—— —_

and use .7, (&) to denote 7 (6) ® 4, &) L4(&) ). Then .7 (6) is a vector space

—_——

over the field .7 (&)™), Clearly we have dim gy, ) 74(6) > dimqug)/(N){S”q(G).

Lemma 5.5.1. Suppose & is a closed pb surface with genus g and p punctures and
the Euler characteristic x(&) < 0. Then there exist N%9~5%3 elements in 7,(S)

which are linearly independent over (&)W,

Proof. Corollary 5.2 in [FKL21] and Theorem 5.4.1. O

Lemma 5.5.2. Suppose & is a closed pb surface with genus g and p punctures and

the Euler characteristic x(&) < 0. Then dimg, & S4(&) > dimyq@)/(myq((‘”p) >

N69—6+3p

Proof. Lemma 5.5.1. O]

Theorem 5.5.3. (Corollary 3.10 in [FK18]) Suppose & is a closed pb surface
with genus g and p punctures and the Euler characteristic x(&) < 0. Then

o _ N69—6+3p _ AT—3x(S)
dzmyq(@)(N)Yq((‘S) — NO69—6+3p — N—3x(6)

Thang Lé informed us that Theorem 6.1 in [FKL21] shows the above Theorem.

Lemma 5.5.4. Let T be the solid torus. Then we have 7, (T) is a free ,(T)™)-

module generated by N elements. Especially, we have

—_——

dimyq?f)/(N)yQ(T) = dimyq(T)(N)%(T) = dimy((T)yq(T) = N.

Proof. Tt is well-known that .%,(T) = C[z] and .7, (T)") = C[Ty(z)]. Clearly
Z,(T) is freely generated by 1,z,--- , V=1 over .7,(T)™).

]

Remark 5.5.5. There are only four closed pb surfaces with non-negative Eu-
ler characteristic: closed torus T, Py, Py, P». Proposition 5.5 in [FA16] shows

—_——

dim{yJT\)/(N)yq(T) = N2. Obviously we have dimymmyq(f’i) =1 when i =0,1.

Lemma 5.5.4 shows dim , F(P2) = N. In [FA16], Frohman and Abdiel cal-

£(P2)™)

culated dimy@N)yq(GS) when G 1is the closed torus, once punctured torus, Py, Ps,
q

which coincide with Theorem 5.5.3 and Lemma 5.5.4.
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Let A be a C-algebra and ay,---,a, € A. The algebra A is orderly finitely
generated by ay,. .., ay, if A is C-linearly spanned by {a* ---af» | k; € N for 1 <
i <m}.

Theorem 5.5.6. (First paragraph in the proof of Theorem 6.2 in [PS00]) Suppose
S is a closed pb surface with genus g and p punctures, where p > 1. Then there exist

closed curves ay, . .., oy such that 7, (&) is orderly finitely generated by o, . . ., ag,

where k = 229tp=1 _ 1,

Theorem 5.5.7. Suppose G is a closed pb surface with genus g and p punctures,

where p > 1, and the Euler characteristic x(&) < 0. Then
NG9—6+3p < dimyq(g)(N)yq(G) < N22g+p_1_1.

Proof. From Theorem 5.5.6, we know there exist k = 229771 — 1 disjoint solid
tori embedded in & x [0, 1] such that the embedding f from the union of these

k solid tori, which is denoted as M’ to & x [0, 1] induces a surjective linear map
fi: Fy(M') — F,(S x [0,1]). Then from Lemma 5.2.3, we have

dlmyq(g)(N)yq(G) - dimyq(Gx[O,l])(N)yq(G X [O, 1]) S dime}(ﬂq(M/)(N)yq(M/) = Nk

where the last equality comes from Lemma 5.5.4. Then Lemma 5.5.2 completes
the proof. O

Theorem 5.5.8. Suppose & is a totally closed pb surface with genus g and the
FEuler characteristic x(&) < 0. Then

N8 < dim, & 74(6) < N¥'7L,

Proof. Let & be a pb surface obtained from & by removing one point in &.
Then the embedding [ : & — & induces a surjective algebra homomorphism
ly: S, (6') = 7,(6). Then Lemma 5.2.3 and Theorem 5.5.7 show

dimyq(e)(N)yQ(G) < dimyq(gr)(N)%(G/) < N22g—1‘

Then Lemma 5.5.2 completes the proof. O

Theorem 5.5.9. Let M be a compact 3-manifold with genus g, we have

dimyC(M)yq(M) < N1
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Especially the dimension of any character-reduced skein module of M is not more
than N* 1,

Proof. Equation (5.7), Lemma 5.5.4 and Theorems 5.2.10, 5.5.7. ]

Corollary 5.5.10. Let M be a compact 3-manifold with genus g. If (M) is
finitely generated over /:(OM) where ¢ = ¢ = +1, then

diMyq(aM)yq(M> S N2g_1(dimyc(aM)y<(M)).
Proof. Theorems 5.2.7 and 5.5.9. m

In the remainder of this subsection, we will focus on proving F : .7(S* x $?) —
(S x S?) is an isomorphism, which shows .7, (S x S?) is freely generated over
Z:(S* x §%) by the empty skein.

Recall that T,(z) and S,(z) are Chebyshev polynomials of the first kind and of
the second kind respectively. Now we define a new sequence of polynomials A, (z)
by setting A, (z) = S,(x),n = 1,2, and A,(x) = S,(x) + An—a(x) when n > 2.
Suppose D is an embedded disk in S?, then S! x D is an embedded solid torus in
St x 82, We use P to denote the origin of the disk D, and use x to denote the
skein in S x D represented by the closed line { P} x S with vertical framing. Tt
is well-known that ., (S* x D) is actually Clx].

For any polynomial f(z) € C[z], we can regard f(x) as an element in .7, (S* x S?)
by the embedding from S' x D to S! x S2. Then it is obvious that 1,z, 22, ...
span .7, (S! x S?), and 1, Ty (z), Ty (x)?, ... span .7,(S* x S?)™),

Theorem 5.5.11. F : .7 (S! x S?) — .7,(S* x S?) is an isomorphism. Especially,
we have .7, (S" x 5?) is freely generated over :(S* x S?) by the empty skein, and

Zy(S* x S%) has a commutative algebra structure.

Proof. If N is 1, it is obvious.

Suppose N > 3. From [HP95], we know .7(S* x 5?) has a basis

{1,A1(QJ),--- ,Ak(l’),“'}.
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Thus {1, Ty (x), -, Ti(z), - - - } is also a basis for .7;(S* x S?). For any k € N*, we
have F(Ty(x)) = Tpn(x). Thus it suffices to show {1, Tn(z), -, Tin(z), -} is a
basis for .7, (S! x S?).

For each positive integer i, we set e; to be A;(z) € Z,(S* x S?). From [HP95], we
know

Yq(sl X 52) =Cf D1<i<ctoo,Nli+2 Cei,

and e; =0 for 1 <4 < 400, N {i+2. Then
{1} U{e; | 3k € N* such that i + 2 = kN} (5.13)
is a basis for .7,(S* x S?).

Suppose ¢ + 2 = kN for some positive integer k. We have

Tit2(x) = Sita(x) — Si(w) = Ajjo() — Ai(@) — (Ai(2) — Ai—2(2))
Aipo() + Aio(x) — 2A;(x) = €40 + ;-0 — 2e;.

Since N | i +2, N is odd and N is not 1, we have N { ¢+ 4 and N { ¢. Then
eiro = €;_o5 = 0. Thus we have T 5(x) = —2¢;, then e; = —%TkN(x) € .7,(8'x 5?).
Note that there is a special case where N = 3, k = 1, but using the same technique

as above we can still get e; = —%TkN(.CE) € 7, (S' x S?). Then basis in equation
(5.13) shows {1, T (), , Try(x), - } is a basis for .7, (S* x S?). O

Corollary 5.5.12. The character-reduced skein module for S* x S? always has

dimension one.

Remark 5.5.13. Charles Frohman, Joanna Kania-Bartoszynska, and Thang Lé
proved the character-reduced skein module of any closed 3-manifold with respect to

any non-central character is 1-dimensional [FKL23; FKL22].

Corollary 5.5.12 shows the character-reduced skein module for S* x S% with respect

to any central character is still 1-dimensional.

5.5.2 On dimyl/Q(Dz)(N)%lﬂ(Dg)

In the remainder of this section, we always have the (R1) assumption. Recall

that D, is the bigon, and \,1/2 denotes dim g 1/2(D2)(N)5’q1/2(D2). From [CL22al,

q
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we know #1/2(Dy) is just Oy(SLy), where O,(SLs) is generated by a,b,c,d and

subject to the following relations:

ca = ¢?ac, db = ¢*bd, ba = ¢*ab, dc = ¢*cd,
be = cb,ad — ¢ *bc = 1,da — ¢*cb = 1.

Let A, be the the subalgebra of O,(SLy) generated by a¥,b",cV, dV. With the
identification between .7,1/2(Ds) and O,4(SLs), Z1/2(D2)™) is just A,. Thus we
have 172 = dimy,O,(SLs). Since Oy(SLy) is a domain, then A, is a commuative
domain. We use A, to denote the field of fractions of A,, and use Oy(SLy) to
denote O,(SLs) ®a4, Z;. We use K12 to denote

—_— —_——

dimA‘; Oq(SLg) = dimyql/gf(B/z)(N)yql/Q (DQ)

Clearly we have K12 < Aji2.

Remark 5.5.14. K12 is actually the rank of Oy(SLa) over O(SLy). In [BG12]
chapter 3, there is a general calculation for this rank for all semisimple Lie groups
(our case is SLs). In this subsectoin, we will give an elementary way to calculate

e~

K2, and give a clear basis for Oy(SLy) over :4\;.

Since the map from O, (SLs) to O,(SLs), given by x — z ® 1, for x € O,(SLs), is
injective, we can regard any element in O,(SLy) as an element in O,(SLs) by this

embedding.

Lemma 5.5.15. Suppose ay,...,a, € O,(SLs) are linearly independent over A,.

—_—

When we regard all «; as elements in Oy(SLs), aq,...,a, are are linearly inde-

pendent over :45;. Especially we have A2 > K2 > n.

We define A = {(l{fl, ]{?27 ]{?37 k4) | k’l, ]{ZQ, ]{33, ]C4 S N, ]{?1]{32 = 0} For any
k= (ky, ka, ks, ky) € N x N x N x N,

we define Oz to be a¥d*2b*sck+ € O, (SL,).

Lemma 5.5.16. ([Gav07; Wan23c]) The set {OEIE € A} is a basis for Oy(SLs),
and the set {ONEUZ € A} is a basis for A,.
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For any positive integer ¢, define a subset of O,(SLs) as
Ey = {kd'c" + - + kibc+ 1| k; = ¢° for some integer s}.

We define Fy = {1}. Then for any [,¢ € N, we have E\E; C Ej 4.

Lemma 5.5.17. For any t € N, define dE; = {df | f € E\}, E,d ={fd | f € E;}.

Then we have we have dE, = Eid. Similarly, we also have aFEy; = E,a.

Proof. Note that d(bc) = ¢*(bc)d, which obviously shows the Lemma. O

Lemma 5.5.18. For any t € N, we have a'd' € Ej.

Proof. We prove this Lemma by using mathematical induction on t. Note that
ad = ¢ %bc + 1, then the Lemma is obviously true when ¢t = 0,1. We suppose

atd® = f € E,, then we want to show a'™'d**! € E,, ;. We have
ad™ = afd=adg = (¢ %bc+1)g € Eyyq
where g € E;. O

We use <y to denote the lexicographic order on NxNxNxN. Then for any nonzero
element z € Oy(SLy), we have x = } ;-\ 1zOp where A, is a finite subset of A
and [; € C* for all k € A,. Then we define deg(z) = max(A,) where max(A,) is
the maximal element in A, under the linear order <5. Then we have the following

two Lemmas.

Lemma 5.5.19. Let xy,--- ,x be k (k > 0) nonzero elements in O,(SLy). Sup-
pose deg(xy),--- , deg(xy) are k distinct elements in A, then x1 + -+ + xp # 0.

Proof. 1t is obvious. O]

We define a function ¢ : N x N x N x N — A by

(0,0, k3 + k1, ky + ko) ki = ko
SO(E> = q (k1 — k2,0, ks + ko, kg + k2) k1 > ko
(0,ko — ki, ks + ki, ks + k1) ki <k

where k = (ky, ko, ks, k) € N x N x N x N.
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Lemma 5.5.20. For any k € N x N x N x N, we have deg(Oy) = o(k).

Proof. Let k = (ky, ko, ks, ks) € Nx N x N x N,
(1) Suppose k; = ky. From Lemma 5.5.18 we have
Op = d"d" v = fohsch
where f € Ey,. Thus deg(O;) = deg(fb¥c") = (0,0, ks + ki, ks + k1) = (k).
(2) Suppose ky > k. From Lemma 5.5.18 we have
Op = a"d™bM M = oF1F2phts o

where h € Ej,. Thus deg(Oy) = deg(a™ ~*2hbkschs) = (ky — ko, 0, ks + ko, ks + ko) =
(k).

(3) Suppose k; < ko. From Lemma 5.5.18 we have
Op = afrakepks ke = pake—kipks

where z € Ej,. From Lemma 5.5.17, we know there exists y € Ej, such that
zd R = dk27My Then deg(Oz) = deg(d™FrybFsch) = (0, ks — k1, ks + k1, ke +
k1) = o(k). 0

There is an obvious partition for A, defined by A = Ag U Ay U Ay, where

AO = {(Oa 07 k37 k4) ’ ]{33, k4 € N}
Ay = {(k1,0, ks, k) | k1 € N*, k3, ky € N}
Ay = {(0, ko, k3, ka) | k2 € N, k3, ky € N}

Then for any ¥ € N x N x N x N, we have gp(l;) € Ap if and only if k; = ko,
o(k) € Ay if and only if ky > ks, (k) € Ay if and only if ky < k.
Lemma 5.5.21. For any u,v € A, if u; — ug = vy — vy, then we have uy = vy and

Ug = V3.



Chapter 5. Finiteness and dimension of the stated skein modules over the
Frobenius 175

Proof. Suppose @ € A;,v € Aj where 7,7 = 0,1,2. Note that if ¢ # j, we cannot
have uy; — uy = v1 — vy, thus ¢ = j. Then trivially, u; — us = vy — vo shows u; = vy

and ug = V. O

Define a subset D of A by

D = {(O,k’g,k’g,k’4) eA | 0 S ]{?2,]63,]{74 S N — 1}
Define a map 1 : A x D — A by ¢(u, V) = p(Nu + v) where & € A, € D. Then
we have the following Lemma.

Lemma 5.5.22. The above map 1 is injective.

Proof. Assume (u, U) = 1(m, 1), then we want to show @ = m and ¥ = 7.

(1) Suppose (i, ¥) = (m, i) € Ag. Then we have Nuy + vy = Nuy + vy and
Nmy 4+ ny = Nmgy + ns. Since ¥ € D, we have v; = 0, then N(u; — ug) = v, that
is NV | vo. We also have 0 < vy < N — 1, then v, = 0. Then we get u; = uy. Since

u € A, we have u; = up = 0. Similar, we can get m; = mg =n; = no = 0.

Then we have
1/1(71, 27) = (O,O7 NU3 + vs3, NU4 + 'U4) = w<7ﬁ,ﬁ) = (0,0, ng + ng,Nm4 + Tl4).

For each ¢ = 3,4, we have Nu; +v; = Nm; +n;. Since 0 < v;,n; < N — 1, we have

u; = m;,v; = n;. Thus we get @ =m and v = 7.

(2) Suppose (i, ¥) = (ni, ) € Ay. Then we have Nuy + vy = Nuy > Nug + vy
and Nmqy 4+ n; = Nmy > Nmsy + no. From the defintion of v, we know

(U, V) =(N(uy — ug) — 09,0, Nuz + v3 + Nug + vs,
Nuy + vy + Nug + v9)

(M, ) =(N(mq —ma) — ng, 0, Nms + ng + Nmg + no,
Nmyg+ng+ Nmay + na).

From ¢ (4, v) = ¥(m, 1), we get N(uy —uy) —ve = N(my —mg) — ng, then vy = ngy
and u; —us = mq—mg since 0 < vy, no < N—1. Then Lemma 5.5.21 shows u; = my

and uy = my. From ¢ (@, ¥) = ¢ (m, ), we can also get Nu; +v; = Nm; + n; for
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each ¢ = 3,4. Similarly as above we can have u; = m;,v; = n; for each ¢ = 3,4.

Thus we get & =m and v = 7.

(3) Suppose ¢ (i, V) = ¥(m, ) € Ay. The proving technique is similar with case

(2).

Lemma 5.5.23. We have {Oy | k € D} is linearly independent over A,.

Proof. 1t surfices to show

Z apOp #0

keD’
where D’ is a nonempty finite subset of D and aj is a nonzero element in A, for
each k € D'

For each k € D', from Lemma 5.5.16 we can suppose aj = l;: ;0N Where

TeAL
Ay is a nonempty finite subset of A and I . # 0 for each v € A;. Then we have

> ai0p=>" > 1z Oxi0; = > > 1 Onisic

keD! kepr TEAL kep TEAL

From Lemma 5.5.20, we know deg(O .. 7) = @(NU + k) = (7, k). From Lemma

o+
5.5.22, we know deg(ONﬂ,;),lg € D', € Ag, are distinct. Then from Lemma
5.5.19, we get

> 00r =2 D lkiOnai # 0.

keD! kep TEAL

[

Corollary 5.5.24. We have A2 > K2 > N3,
Proof. Lemmas 5.5.15, 5.5.23 and the fact that |D| = N3. O
Theorem 5.5.25. When we regard {O | k € D} as a subset of Oy(SLy), it is a

—_—

basis of O,(SLs) over 2{\;. Especially we have K12 = N°.

Proof. Lemmas 5.5.15 and 5.5.23 show {0 | k € D} are lincarly independent over
;4;. Let V be the linear span of {O; | k € D} over ;1;. Then it suffices to show
V — Oq(SLQ)
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For any ki, ko, ks € N, clearly we have d**b*2cfs € V. Then we want to show for any
ki, ko, ks, ks € N we have a¥1d*2b¥3ck € V. Suppose k; = uN + v where u,v € N
and 0 < v < N — 1. Then we have

dN(ak1 dkz bkg Ck’4) — auNadede bkg Ck4 — auNavd’defvdkg bkg Ck4

:auNde+k2—vbkgck4 — auNdN+k2—vhbk3ck4 c V.

where f,h € E,. Since dV is invertible, we have a* d*2b*ck ¢ V. O

Remark 5.5.26. During the proof of Theorem 5.5.25, we only used the invertibility
of d¥. The same technique can show {a*'b*c*s | 0 < ky, ko, ks < N — 1} span

—~——

O,(SLs) by using the invertibility of a™. The representation-reduced stated skein

Te Xq

module of Dy is defined by a matriz (ma xb) € SLy(C). We regard <:ca Ib) €
Te Xq

N bN
SLy(C) as an algebra homomorphism from A, to C such that it maps (aN dN> to
c

xa xb . . k k k
. Then the above discussion shows {a™b"c" | 0 < ki, ko, ks < N —
Te T4

1} (respectively {d*b¥2c™ | 0 < ki, ko, ks < N — 1}) spans the corresponding

representation-reduced stated skein module of Dy when x, # 0 (respectively x4 # 0).

We will try to calculate the dimension for representation-reduced stated skein mod-

ule in future work.
Define
B = {(N—k’l,o,kg,kg) | 1<k < N—l,O < ]{?2,]{33 < N—l,k’g < kjork;< ]{'1} C A

Lemma 5.5.27. We have Og(SLs) is linearly spanned by {Oy | keDuU B} over
A, Especially A2 < |DUB| =2N? — w.

Proof. Let U be the linear span of {Oy | k € DUBY} over A,. Then it suffices
to show aV~*br2chs ¢ U for any 1 < ky < N — 1,0 < ko, k3 < N — 1. From the
definition of B, we know a™V~*1b*2chs € U if ky < ky or k3 < k1. Then we suppose
ko > k1 and k3 > ki, and we use k to denote ko — k1 + k3 — k1. Then we will prove

this case by using mathematical induction on k. From Lemma 5.5.18, we have

a" o = a1 b A gy BT T 1 )
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where [, is a nonzero complex number. Then we have

CLN_kl bk‘l Ckl

= 5, a™ D"+ sy, o TRIORIT IR T e TR € UL (5.14)

Equation (5.14) shows a¥~*bk2¢* € U when k = 0. Then suppose a’¥ *1p*2cks € U
when k = ky — k1 + ks —ky < m (m € N), then we look at the case when k = m+1.
We left multiply equation (5.14) on both sides by b*2~*1cks =k we get

aVTRpkecks — 5 aNpRrcs TR g e TRk T g g N TR R TR

]

5.5.3 When (M,N) is the thickening of a pb surface

Let & be a pb surface. Recall that (&) = —x (&) + #0906, where x (&) is the Euler
characteristic of & and 4§06 is the number of boundary components of &. Note
that when 06 = (), we have (&) = —x(6) = 2g — 2 + p where ¢ is the genus and

p is the number of punctures. Theorem 7.13 in [LS21] shows the following Lemma.

Lemma 5.5.28. Let & be a pb surface with nonempty boundary. Then we have a
linear isomorphism
F tSﬂ(11/2 (D2)®r(6) — %1/2 (6)

such that F' restricts to an algebra isomorphism
F (yql/Q(DQ)(N))(@T(G) — (yqlm(G))(N),

and F preserves module structures, that is

or any a € (Ls2(Dy)VNE(O) 5 e F15(Dy)2®) . Especially we have
q q

dimyql/Z(G)(N)yquz (G) = dim(yq (D2)(N))®T(G)yq1/2(D2)®7’(6) — dim(Aq)@@r(@)Oq(SL2)®r((‘5).

1/2

Lemma 5.5.29. For any positive integer k, O,(SL2)®* contains N3* elements

which are linearly independent over (A,)®*.
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Proof. From Lemma 5.5.23, we know there exist N elements 1, -+ - ,zn3 € Oy(SLo)
which are linearly independent over A,. Then we have ®1<;<nsA,z; C Oy(SLs).

Thus we have

(@r<icnsAgti) ® - @ (Br<icns Agi) = Di<iy o ip<ns (AgTi, @ -+ @ Agxy,)
= @1§i1,~~~,ik§N3 ((Aq)®k$i1 R X xlk) C Oq(SL2)®k.

This shows that {z;, ® - ® z;, | 1 <y, -+ ,ix < N} are linearly independent
over (A,)®". O

—_——

Recall that .71/2(&)(™) is the field of fractions of .712(&)™),

P —_——

yql/Q(G) — %1/2(6) ®5/’q1/2(6)(1\’) yquz(G)(N),

—_——

yql/2(6)7 and )\G,QI/Q - dlmy

K 1/2 = dim -
6. Z /2 (&)™) qt/?

(6)(N)yql/2 (6)

Lemma 5.5.30. Let S be a pb surface, we require x(&) is negative if 0& = ().
Then there exist N°"(®) elements in Zp/2(6), which are linearly independent over
S (&)WN). Especially we have

N3r(6) < KG,q1/2 < )\qul/g.

Proof. Lemma 5.5.1 shows Lemma 5.5.30 when 06 = (). When 06 # (), Lemmas
5.5.28 and 5.5.29 show Lemma 5.5.30. [

Theorem 5.5.31. Suppose we have the (R1) assumption. Let & be a pb surface

with nonempty boundary. Then we have

N(N + 1)(2N +1)
6

N37‘(6) S A67q1/2 S (2N3 _ )7’(6)

Y

where Ag 172 s defined in (5.12).

Proof. Lemmas 5.5.27, 5.5.28 and 5.5.30. O

Corollary 5.5.32. Let G be a pb surface with nonempty boundary. Then we have

. log )‘6 ql/2
lim ———
N odd —+o00  log N

= 3r(6).
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Theorem 5.5.33. Suppose we have the (R1) assumption. Let & be a pb surface,
we require X(&) is negative if 0& = (). Then we have Kg 12 = N3(®) where
Kg g1/ is defined in (5.11).

Proof. When 0 = (), Theorem 5.5.33 was proved in Theorem 5.5.3.

Then assume 9& # (). From Lemma 5.5.30, it suffices to show Kg g2 < N¥(S) We
use (A,)®7(®) to denote the field of fractions of the commutative domain (A4,)%"(®),
and use Og(SLy)®(® to denote Og(SLy)®"®) @4 jere) (Ag)®"(®). Then from

Lemma 5.5.28, it suffices to show dim(Aqf)g;(G)(’)q(SL2)®r(6) < N3(®) To simplify

notation, we will regard elements in O,(SLy)®"(®) as elements in O,(SLy)®"(®) via

—_—

the obvious embedding from O,(SLy)®"®) to O (S Ly)%r(®).

We use x4, - - - , zys to denote the basis elements in Theorem 5.5.25, then x1, - - - , zys
are actually elements in O,(SLz). Let V be the sub-vector space of O,(SLy)®"(®)

linearly spanned by {z;, ® - @ m; o, | 1 <ip, -+ ine) < N3}, Let yr, -+, yr(e) €
O,(SLs) be (&) elements in Oy (SLsy). For each 1 < i < r(&), from Theo-

rem 5.5.25 there exist w; € A, — {0} and v;1,--- ,v;n3 € Ay such that wy, =

> 1<j<ns VijZj- Then we have

(U1 ® - @ Upe) (11 @ @ Yr(e)) = Y1 @+ * @ Up(&)Yr(s)

- V1,51 %5 & - B Vp(8) (s Tr(®)
1Sj17“'7j7‘(6)§N3

= Z (Ul,jl Q- ® UT(G)JT(G))(Q:J'I Q- ® xT(G))

1<j1, Jp(&) SN3

where u; ® -+ ® upg) € (A,)®"® — {0} and v, ® - ® Ur(&) ey € (A,)®"®).
Thus 11 ®- - -®y,(s) € V. Then clearly we have V' = (’)q(gljg_)/@’"(e). This completes
the proof since the cardinality of {z;, ® --- @ @i o, | 1 < iy,-+ ,ine) < N3} is
NST(G). N

Remark 5.5.34. When 06 # (), obviously we have
{Iil ®"'®Iir(e) | 1<y, 7ir(6) < N3}

in the proof for Theorem 5.5.33 is actually a basis.

Remark 5.5.35. For general stated SL,-skein algebra, the Frobenius map was
built when 06 # () [Wan23c]. From Theorem 7.3 in chapter 3 in [BG12] for SL,,
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and a general statement for Lemma 6.28 for SL,,, using the same techniques we can

generalize Theorem 5.5.33 to SL,, and the corresponding dimension is N —1r(®),

5.5.4 When the marking set is nonempty

For a compact marked 3-manifold (M, N'), we will give an upper bound for
dimyl(M,N‘)yquz(M, N),

in this subsection. From Theorem 5.3.11, this offers an upper bound for the di-

mension of the representation-reduced stated skein module.

Theorem 5.5.36. Suppose we have the (R1) assumption. Let (M, N') be a compact
marked 3-manifold with N' # 0. Suppose the genus of (M,N) is g, and N has k
components. Then we have

N(N+1)(2N +1)

dim.z, (nn) S (M, N) < (2N% — )2kt

Proof. Remark 5.3.10, Theorem 5.5.31. [

Theorem 5.5.37. Suppose we have the (R1) assumption. Let (M, N') be a compact
marked 3-manifold with N # 0. Suppose the genus of (M,N) is g, and N has k
components. Then we have the dimension of any representation-reduced stated
skein module of (M, N') is not more than

N(N + 1)(2N +1)
6

(2]\73 _ )Qg-l-k—l'






Chapter 6

Representation-reduced stated

skein modules and algebras

This chapter is based on the author’s work in [Wan25b]. We introduce the splitting
map for the representation-reduced stated skein module, see section 6.2, and prove
its injectivity in certain special cases (Thm. 6.2.8). Furthermore, we show that
the representation-reduced stated skein module of a handlebody is the irreducible
representation of the stated skein algebra of its boundary (Thm. 6.3.1). Finally, we
establish that the dimension of the representation-reduced skein module for closed
3-manifolds is one (Thm. 6.3.3).

Let (31,P;) and (X2, Ps) be two marked surfaces. An embedding f : 31 — 3 is
called an embedding from (X1,P;) to (X2, P2) if f(P1) C Py. Clearly f induces
an algebra homomorphism f, : 1/2(31,P1) — F/2(82,P2). Similarly as the
marked 3-manifold, we define two marked surfaces are isomorphic to each other, if
there exist two embeddings respectively from (31, Py) to (X2, P2) and from (o, Ps)
to (31, P) such that they are inverse to each other.

In the remainder of this chapter, we will always assume q% is a root of unity of odd
order N.

183



184 6.1. Representation-reduced stated skein modules and algebras

6.1 Representation-reduced stated skein modules

and algebras

In this section, we will recall the representation-reduced stated skein module in-
troduced in subsection 5.3.5. Then we will introduce the representation-reduced
stated skein algebra of the pb surface. We will discuss the functorality of the

representation-reduced stated skein module.

Let (M, N') be a marked 3-manifold. Recall that we use MaxSpec(.# (M, N)) to de-
note the set of all maximal ideals of .1 (M, N'). We also can regard MaxSpec(#; (M, N))
as the set of algebra homomorphisms from .#; (M, N) to C.

For any element p € MaxSpec(.#1(M,N)), the commutative algebra . (M, N)
has an action on C induced by p, that is, for x € A (M, N),k € C, -k = p(x)k.
Recall that .71 (M, ) also has an action on .#1/2(M,N'). Then we define

yq1/2(M,N)p = yq1/2(M,N) ®;1(M7N) C~ qu/z(M,N)/Ker(p) ~<5ﬂq1/2(M7N),

where the superscript for ®;1(E) is to imply the action of # (M, N') on C is induced
by p. We call 71/2(M, N), the representation-reduced stated skein module of
(M, N) related to p, or just, the representation-reduced stated skein module when
(M, N) and p are clear.

When the marked 3-manifold (M, ) is the thickening of a marked surface (3, P)
and p € MaxSpec(#1 (X, P)), we use ,1/2(X, P), to denote ,1/2(M,N'),. Then
F2(8,P), is a quotient algebra of .71/2(X, P).

Definition 6.1.1. Let (M1, N7) and (Ma, N3) be two marked 3-manifolds. Recall
that q% is a root of unity of odd order N. Suppose for each such a q%, there exists
a linear map @2 @ S p2 (M1, N1) = Fp2(Ma, No). We can omit the subscript
for w2 when there is no confusion. We say ¢ : L2 (M, N1) — F/2(My, N3)

behaves well with respect to the Frobenius map if it satisfies the following conditions:

(1) If ¢*/* =1, then ¢ : A (M, N7) = S (My, N3) is an algebra homomorphism.



Chapter 6. Representation-reduced stated skein modules and algebras 185

(2) For each q%, we have the following commutative diagram:

471(M1,N1) — yl(M%-/\/’Q)

I o

90q1/2

yq1/2(M1,N1) —_— yql/2(M2,N2)

(3) For each g2, we have g2 L (M, N1) = Fp2(My, Na) preserves module
structures, in a sense that, p/2(a - ) = @1(a) -pga2(B) for any a € S (My,N1), B €
4%]1/2(M1,N1>.

Lemma 6.1.2. Suppose ¢ : .S 2(My, N1) — F2(Ma, N3) behaves well with, re-
spect to the Frobenius map. We know the algebra homomorphism o1 : S (My,N7) —
A (Mo, N3) induces a map: ¢* : MazSpec(S (Ma, N3)) — MazSpec(.#1 (M, N7)).
Then, for each q* and p € MazSpec( S (M, Ns)), the linear map

Pgl/2 - yq1/2<M1,N1) — yquz(Mg,Ng)
induces a linear map
Pp - yq1/2<M1,N1)4p*(p) — yq1/2<M2,./\[2)p

defined by sending x @ k to o(x) ® k, where x € L 1/2(My,N1) and k € C.

Proof. For each ¢z and p € MaxSpec(.Z, (M, N3)), define
@ . yql/Q(Ml,Nl) X (C — yql/Q(MQ,NQ)p, (1’, k‘) — g0q1/2(ZL‘) & k.

Clearly @, is bilinear. For any x € yq1/2<M17N1), y € A (M, Ny) and k € C, we

have

Pp(r-y, k) = ppp(r-y) @k = @pp(r) - 01(y) @k
=Pq1/2(2) @ P1(y) -k = @g2(2) @ p(1(y)k = Py, y - k).

Thus ©, induces the linear map @, : 172 (M1, N1)pe(p) = Fp2(Maz, N3),. O
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We will show the embedding between two marked 3-manifolds induces a linear
map between the corresponding representation-reduced stated skein modules, and
the representation-reduced stated skein module of two disjoint marked 3-manifolds
is isomorphic to the tensor product of their representation-reduced stated skein

modules.

Lemma 6.1.3. Let f : (M, N1) = (Mz, N3) be an embedding between two marked
3-manifolds. Then we have f, : yq1/2(M1,./\/’1) — qu/z(Mg,Ng) behaves well with

respect the Frobenius map. Here f, is the C-linear map induced by f.

Proof. Condition (1) is trivial.

Condition (2): For any framed knot or stated framed arc « in (M, N7) and any
non-negative integer k, obviously, we have f,(a®) = (f.(a))®. Let P(z) =
> 1<hen 2" € Clz], then we have

f(@y = 30 ey = 30 N(fula)® = fi()F

1<k<n 1<k<n
This shows f, and F commute with each other from the definition of F.

Condition (3): For any disjoint stated (M7, N)-tangles «, 3, we have

(here we regard « as an element in . (M;, N7) and regard § as an element in

2 (M, Nb)).

For any p € MaxSpec(#1 (M3, N3)), Lemma 6.1.2 implies that
f* : 5{11/2(]\/[1,./\/’1) — yql/Q(MQ,NQ)
induces a linear map

fo: yqlﬂ(MlaNl)f*(P) - ‘%11/2(M2’N2)P'
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Let (My,Ny) and (M, N3) be two marked 3-manifolds. Then for each ¢2, there

exists a linear isomorphism
K yql/Q(Ml,./\/’l) ® yq1/2(M2,N2) — yq1/2<<M1,./\/‘1) U (MQ,NQ)),

defined by k(a® 8) = aU 3, where « is a stated (M, N;)-tangle and 3 is a stated
(M2, N)-tangle.

Lemma 6.1.4. We have
K yq1/2(M1,N1) X yq1/2(M2,N2) — yql/Q((M]_7./\/’:|_) U (MQ,N2))

behaves well with respect to the Frobenius map (the Frobenius map for .7,/ (M1, N1)®
F2 (M, N) is defined by sending x @ y to F(x) ® F(y), where x € %1 (M, N1)
and Yy € yl(Mg,Ng)).

Proof. The proof is trivial. O]

It is easy to show that MaxSpec( (M, N7)®.71(Ms, N2)) = MaxSpec (.7 (M, N7)) x
MaxSpec(.#1 (M, N3)), that is, any p € MaxSpec(S (M1, N1) @ S (Ma, N3)) is

a pair (p1,p2), where p; € MaxSpec(.#(M;,N;)) for i = 1,2 (here we regard
(p1, p2) as an algebra homomorphism from . (M, N7) @ % (Ms, N3) to C, define
by (p1, p2) (1 ® x2) = p1(x1)pa(x2), where z; € A (M;, N;) for i = 1,2).

For any p € MaxSpec(.7 ((M1,N7) U (M3, N2))) and i = 1,2, we use p; to denote
the composition . (M;, N;) = S ((My,N1) U(My, N3)) — C, where the first map
is induced by the embedding from (M;, N;) to (M7, N1) U (M3, N3) and the second
map is p. Then £*(p) = (p1, p2)-

For any p € MaxSpec(.71((My, N7) U (M, N2))) with 5*(p) = (p1, p2) and any ¢2,

the linear isomorphism,
K yql/Q(Ml,Nl) & yql/Q(MQ,NQ) — yql/Q((Ml,Nl) U (MQ,NQ))
induces the following linear isomorphism

Iip . %1/2(M1,N1)p1 & yql/z(Mg,NQ)pz — yq1/2((M1,N1) U (MQ,NQ))p, (61)
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defined by k,((z1 ® k1) ® (22 ® ko)) = k(21 ® 2) ® k1ko, where ki, ko € C and
x; € yql/Q(Mi,./\/;) for ¢ = 1,2

6.2 The splitting map for representation-reduced

stated skein modules

The existence of the splitting map is a very important property for stated skein
modules. Thang Lé constructed the quantum trace map using the splitting map
[Le18] (the quantum trace map was originally constructed in [BW11]). The split-
ting map also gives the stated skein algebra of the bigon a comultiplication structure

(it actually has a Hopf algebra structure) [CL22a].

In this section, we prove the splitting map for stated skein modules induces the
splitting map for the representation-reduced stated skein modules. We also show
the splitting map for the representation-reduced stated skein modules is injective
if there exists at least one component of N such that this component and the

boundary of the splitting disk belong to the same component of 9M.

6.2.1 The splitting map

Let (M, N) be a marked 3-manifold, and let (D,u) be a pair, where D, called the
splitting disk, is a properly embedded disk in M and u is an embedded oriented
open interval in D. Suppose U(D) is an open regular neighborhood of D such that
U(D) is isomorphic to D x (0,1) and oU(D) = 90D x (0,1). Let M’ = M \ U(D).
Then there exists a projection pr : M’ — M. Suppose pr—*(u) = u;Uus, where both
uy and uy are oriented open intervals in 9M’. Define Cut(p ) (M,N) = (M',N7),
where N/ = N U u; U us.

For any stated (M, N )-tangle «, we isotope a such that « N D = a Nwu and at
each point in a N u the framing of « is given by the the velocity vector of u. Let
s be a map from o Nu to {—,+}. We define a stated (M', N')-tangle «a(s) in
the following way: the (M’, N')-tangle is pr~!(«); the states for pr=*(a) NN are
inherited from «; for each point u € aNwu, we state the two endpoints pr~!(u) with
s(u). Then there exists a linear map O(py) : Sp2(M,N) — F12(M', N”) such
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that O(pu) () = > anui— 43 @(s) [BL20]. When there is no confusion, we can
omit the subscript for ©p ).

Lemma 6.2.1. We have © : Z1(M,N) = Zu2(M',N') behaves well with

respect to the Frobenius map.

Proof. Condition (1) is trivial from the definition of ©.
Condition (2) is proved in [BL20].
Condition (3): For any disjoint stated (M, N)-tangles o and 3, we have
O(a-f) = O(F(a) UB) = O(F(a)) UB(S) = F(O(a)) UB(S) = B(a) - ©(S),
where we regard « as an element in % (M, N) and regard 8 as an element in
Sz (M, N).
O

Remark 6.2.2. There is a surjective algebra homomorphism ® : A (M,N) —
Ry(M,N), where Ro(M,N) is the coordinate ring of some algebraic set (Thm.
2.2.9). We have Ker® consists of all nilpotents of A (M,N) (Thm. 2.4.19).
Then ® induces a bijection ®* : MaxSpec(Ry(M,N)) — MaxSpec( (M, N)).

Proposition 2.2.11 implies there is a surjective map
v* . MaxSpec(Ro(M',N")) — MaxSpec(Ry(M, N))

induced by an algebra homomorphism v : Ry(M,N) — Ro(M',N"). Theorem
2.2.12 shows Po© = vo®. Thus ©* o d* = ®*ov*. Then we have OF is surjective

since P* is a bijection and v* s surjective.

For any ¢2 and any p € MaxSpec(.#(M',N")), Lemma 6.1.2 implies that © :
Fpp(M,N) = F (M, N") induces a linear map

@p : qu/Q(M,N)@*(p) — yq1/2(M/,Nl)p.

We will call ©, the splitting map for the representation-reduced stated skein mod-
ule. Suppose 0D, where D is the splitting disk, is contained in the boundary
component V. In subsection 6.2.4, we will prove ©, is injective when V NN # 0.
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6.2.2 Gluing the thickening of the marked triangle

Let T denote the marked 3-manifold in the following picture:

Then T is the thickening of ¥.

For each i = 1,2, 3, let D; be an embedded disk in JT such that the closure of ¢;
is contained in the interior of D; and there is no intersection among these three
disks. From now on, when we draw T, we may omit all the black lines, that is,
we only draw three red arrows. We also only draw involved markings and stated

tangles when we try to draw stated tangles in marked 3-manifolds.

Let (M, N) be any marked 3-manifold with N > 2. Suppose €}, €, are two com-
ponents of N. For each i = 1,2, let D! be an embedded disk on the boundary of
M such that the intersection between the closure of A and D; is the closure of
e; and the closure of e; is contained in the interior of D; and Dy N Dy = (). For
each i = 1,2, let ¢; : D} — D; be a diffeomorphism such that ¢;(e}) = e; and ¢;

preserves the orientations of e; and e;. We set
Me/lTe’Q = (M UT)/(¢Z(I) =T, T c D;,Z = 1,2), ./\/;/1']1*6/2 = (N— (6/1 U 6/2)) U €3.

Then (Mg 1y, Nerrey) is a marked 3-manifold. We use (M, ) 1, to denote this

marked 3-manifold.

Then there is a linear isomorphism QFy; ¢ 1 -71/2(M, N) — yql/Q(MellTeé,./\/’ellTeé)
[CL22a; Wan23c|. We use ¢ to denote the obvious embedding from M to M e, .
For any stated (M, N )-tangles, we extend the ends of ((«) on each ¢;,i = 1,2, to
e3 such that the framing of extended parts contained in T is given by the positive

direction of [0, 1] and all the ends on e extended from e; are higher than all the
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ends extended from e;. To be precise, see the following picture:

: Uk,

. Zl
A I

Jk2

ik

. -1
Tk
J1

where the blue lines are parts of stated tangles and the framing in the picture is

given by the red arrows. To simplify notation, we normally omit the subscript for

QF o, when there is no confusion.

Lemma 6.2.3. We have QF : p2(M,N) — 71/2(Merey, Netyrey) behaves well

with respect the Frobenius map.

Proof. Condition (1) is trivial from the defintion of the map QF.

Condition (2): We know F(a) = a™) for any stated arc a. Then the operation of
taking N parallel copies and the operate of QF commute with each other. This

completes the proof for condition (2).
Condition (3): The proof is similar with Lemma 6.2.1.

]

For any q% and p € MaxSpec(S1 (Mg tey, Nertey)), Lemma 6.1.2 implies QF
Fprr(M,N) = Z2(Merrey, Nere, ) induces the linear isomorphism

QF,: Z2(M,N)qr+(o) = S 2(Meyrey,, Nejrey ) pe

6.2.3 Adding an extra marking

Let (M,N) be a marked 3-manifold, and let e be an embedded oriented open
interval in OM such that there is no intersection between the closure of e and the
closure of N/. Define a new marked 3-manifold (M, N”), where N/ = N Ue. We
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say (M,N") is obtained from (M,N) by adding one extra marking e. We use
[: (M,N)— (M,N") to denote the obvious embedding.

Let B be the three dimensional solid ball with two markings on its boundary, that
is, B is the thickening of the bigon. We label one marking of B as b.

Lemma 6.2.4. Let (M,N) be a marked 3-manifold, and let (M,N") be obtained
from (M, N) by adding one extra marking e. Suppose e is contained in the compo-
nent U of OM and U NN # (). Then we have the following results:

(a) For any p € MazSpec( (M, N")), we have
by L (M, N )y = Spe (M, N,
18 1njective.
(b) For any p € MazSpec((M,N")), there exists p' € MazSpec(#1(B)) such that
Frr(M,N')p =2 F2 (M, N i) ® L12(B) -
Especially, we have

di%yq1/2 (M, N’)p = N3diqu1/z(M,N)l*(p).

Proof. This Lemma is implied by Theorem 6.10 in [Wan23c| since all the maps in
Theorem 6.10 in [Wan23c| behave well with respect to the Frobenius map as shown
in Lemmas 6.1.3, 6.2.3.

From Theorem 4.10 in [Wan23b], we know dimc.7,1/2(B),, = N°. So we have

dimcyquz (M, N/)p = Nsdimcyquz (M, N)l*(p)‘

6.2.4 Injectivity for the splitting map

In this subsection we will show the splitting map for the representation-reduced
stated skein modules is injective when the boundary component of the 3-manifold,

containing the boundary of the splitting disk, contains at least one marking.
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We define c+(q%) = q% and c_(q%) = —(q%)S. We define a map = : {—,+} —
{—,+} such that + = — and — = +. Note that e (q2)N = cy(1) and c_(q2)N =
c—(1).

We use H to denote the negative half-twist for parallel strands, please see Figure

6.1.

.

FIGURE 6.1: The negative half-twist for four strands.

Lemma 6.2.5. (/LS21]) Let (M, N') be a marked 3-manifold, and e be a component
of N. Then there is a linear isomorphism he : L n2(M,N) = Z12(M,N) given
by

Uk

he S (5 :< %
- il Hj:l

-

]

where i; € {—,+}, for 1 < j <k, and the thick line with an arrow is a part of the

marking e.

Lemma 6.2.6. Let (M, N') be a marked 3-manifold, and e be a component of N.
We have he : S p2(M,N) = F2(M,N) behaves well with respect the Frobenius

map.
Proof. Condition (1) is trivial.

Condition (2): We use _®_ll to denote IV parallel copies of the corresponding
stated arc (they have the same state). Thus F( 41] ) = _®_ll . We

_®_

use to denote the picture obtained from parallel strands by first

;®_
taking the negative half-twist and then taking N parallel copies of each strand. We
use to denote the picture obtained from N parallel strands by taking

the negative half-twist.
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We have
—i —— i
heoF | — | i =h, _®_ i
1 —®_ i
D\ D\

_ (%) |
Hle ci; (1)

Foh, | — ] i = =—— ! - F
. Hj:1cij(1)

(41
i)
ITj— e, (1)
Condition (3): The proof is similar with the proof for Condition (2). O

For any ¢2 and p € MaxSpec(.# (M, N)), Lemma 6.1.2 implies
he : e5ﬂq1/2(]\/[,./\[) — yquz(M,N)
induces the linear isomorphism

(he)p : Lz (M, N )y (o) = Lqu2 (M, N,
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Let (M, N') be a marked 3-manifold, let D be a properly embedded disk in M, and
let u be an embedded oriented open interval in D. Then Cutp (M, N) has two
copies of u, denoted them as uy, us. Suppose N’ is obtained from N by adding one
extra marking e such that e and dD belong to the same component of M. We
use | : (M,N) — (M,N") to denote the obvious embedding. We have (M, N”) is
isomorphic to (Cut(p ) (M, N))u,Tu, -

Lemma 6.2.7. There exists an isomorphism ¢ : (M, N") — (Cut(pu)(M,N))u,Tus
such that

QFULUQ o hUQ o G(D,u) — 80* O l*

Proof. Proposition 6.3 in [Wan23c]. O

Theorem 6.2.8. Let (M,N) be a marked 3-manifold, let D be a properly em-
bedded disk in M, and let u be an embedded oriented open interval in D. Sup-
pose the component V' of OM contains OD and V NN # 0. Then, for any
p € MazSpec(S1(Cutpuy (M, N))), we have

0, 1 Lp2(M,N)ex) — L pr2(Cutp (M, N)),
15 injective.
Proof. Here we use the notations in Lemma 6.2.7. Suppose
p" € MaxSpec(Z1 ((Cut(p,uy (M, N))uTus))-
Lemmas 6.1.3, 6.2.1, 6.2.3 and 6.2.7 imply

(QFusus)pr © (huy )P (p7) © (O(Dw)) (huy)*(@F(01)) = P © lp*(p)-

Since (QFu;us)ps (hus)Qr+() » P are all linear isomorphisms, we have

Ker((O(p,u)) (huy)*(@F=(0))) = Ker(lp«(p))-

Lemma 6.2.4 implies Ker(O(p,u))(h.,)(@r () = Ker(ly-(p)) = 0. This completes
the proof because both (h,,)* and QF* are bijections. ]



196 6.3. Geometric stated skein

Remark 6.2.9. When the marking set s empty, we expect the splitting map for
the representation-reduced stated module is injective if M is the thickening of an

oriented surface.

6.3 Geometric stated skein

Let M be an oriented connected closed 3-manifold. Recall that, for any positive
integer k, we use M} to denote the marked 3-manifold obtained from M by re-
moving k£ open three dimensional balls and adding one marking to each newly
created sphere boundary component. Then M)}, is defined up to isomorphism. In
this section, we will show dimc.71/2(My), = 1 for any p € MaxSpec(.71(My)).

We use H, to denote the genus g handlebody. For any positive integer k, we use
Hg ;, to denote the marked 3-manifold obtained from H, by adding £ markings on
OH,. Then H, is defined up to isomorphism. We use N} to denote the union of
all the markings in H,, and use N to denote the closure of Nj,. To simplify the

notation, we will use H to denote H, in this section.

For each marking e of H, we can regard its closure € as an embedding from [0, 1] to
0H,. We choose an embedded disk D, (respectively D!) in 0H, such that e C D,
(respectively e C D) and € N 9D, = é(0) (respectively e N 9D, = é(1)). We
also require there is no intersection among D, (or D!). Then 0_(H) (respectively
04 (H)) is obtained from 0H, by removing the interior of all D, (respectively D.),
please refer to Figures 6.2 and 6.3. 0_(H) (respectively 0, (H)) is a marked surface
with marked points d_(H) NN}, (respectively 0, (H) N N},).

Then .7,1/2(0-(H)) has a right action on .7,1/2(H), and .#,1/2(04(H)) has a left

action on .72 (H).

We use X, to denote the closed surface of genus ¢g. For any positive integer k, we
use X, to denote the marked surface obtained from X, by removing & open disks
and equipping each newly created boundary component with one marked point.
To simplify the notation, we will use ¥ to denote X, in this section. We have
Y.~ 0,(H)~9d_(H). Then any isomorphism f : 3 — 0, (H) induces a left action
of S2(X) on Fu/2(H). Similarly, any isomorphism g : ¥ — 0_(H) induces a
right action of 71/2(X) on S1/2(H).
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FIGURE 6.2: The picture is for H, where g = 4 and k = 2. The gray disks are
embedded disks in the boundary of the handlebody. The red arrows contained in
the gray disks are markings. The sub-surface of 9H, colored by blue is denoted

as 0_(H) (as a surface, 0_(H) is obtained from dHy by removing k open disks).
It is a marked surface with marked points 0_(H) N Nj.

FIGURE 6.3: The picture is for H, where g = 4 and k = 2. The gray disks are
embedded disks in the boundary of the handlebody. The red arrows contained in
the gray disks are markings. The sub-surface of 9H, colored by blue is denoted

as 01 (H) (as a surface, 91 (H) is obtained from 9Hy by removing k open disks).
It is a marked surface with marked points 04 (H) N Nj.

We know there is an injective algebra homomorphism F : (X)) — Z1/2(2).
From [Yu23], we know Im.F is the center of 1/2(3).

Let 0 : .7,1/2(X) — End(V') be an irreducible representation of .#,1/2(X). Then ¢
induces an algebra homomorphism ¢y : . (X) — C such that ey(x)Idy = 6(F(z))
for any z € .71(X). We will call ¢y the classical shadow of 6. Then the Azumaya
locus A(F1/2(X)) of 1/2(X) is defined to be

A(Fp2(8)) = {p € MaxSpec(#1(X)) | there exists a unique
irreducible representation ¢ of .#,1/2(%) such that ¢y = p}.

An irreducible representation of .#,1/2(¥) is called an Azumaya representation

if its classical shadow lives in the Azumaya locus of .71/2(%).
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Since ImF is the center of .7,1/2(X), the Pl-dimension of .#1/2(¥) is equal to the
square root of the rank of .7,1/2(X) over 1(X). From [Wan23a; Yu23], we know the
PI-dimension of .%,12(X) is N3¢ **=1_ For any positive integer n, we use Mat,,(C)

to denote the algebra of all n by n complex matrices. Then

A(Zp12(2)) ={p € MaxSpec(.1(%)) |
S p2(B), ~ Mat,(C), where n = N3Hh=DY

Suppose p € MaxSpec(#(H)) and f is an isomorphism from 3 to 0, (H). It is
easy to show that the left action of .#1/2(X) (induced by f) on .7,1/2(H) reduces
to a left action of .71/2(X) on Z1/2(H),.

We can regard 0, (H) x [0,1] as a closed regular neighborhood of 0, (H). We
use L to denote the embedding from 0,(H) x [0,1] to H. Then L induces an
algebra homomorphism L, : % (0, (H)) — % (H). Then L, induces a map L* :
MaxSpec(.#1(H)) — MaxSpec(.#1(04(H))).

Any isomorphism f : ¥ — 0,(H) induces an isomorphism from ¥ x [0,1] to
0. (H) x [0,1], which is still denoted as f.

In the following theorem, we prove .#,1/2(H), is an Azumaya representation for
Zp/2(X). This generalizes Theorem 12.1 in [FKL23] (they prove a parallel result

for the non-stated case) to the stated case.

For any marked point p of ¥, we define a curve a(p) as in Figure 6.4.

FIGURE 6.4: The circle is one of the boundary components of ¥, the black dot
is the marked point p on this boundary component. The red curve is «(p).

Theorem 6.3.1. Let k be a positive integer, let p € MazSpec(.#(H)), and let f

be an isomorphism from % to 0, (H). Then we have the followings:

(a) L*(p) € A(Fp/2(04(H))).
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(b) S p2(H), is an irreducible representation of #1/2(X) whose classical shadow
is f*(L*(p)). Meanwhile, this irreducible representation is an Azumaya represen-

tation.

Proof. (a) For each marked point p of 3, we have L(f(a(p))) is trivial in H, (that
is, it bounds an embedded disk in H,). Then, for any p € MaxSpec(.#;(H)),
Theorem 8.1 in [KK23] shows

L*(p) € A(F/2(04(H))).

(b) From the above discussion, we know .#1/2(¥) has a left action on .7:,2(H),
(induced by f). For any stated tangle « in ¥ x [0, 1] and any stated tangle § in

H, we have

Fla)- (8@ 1) =(Li(fu(F(a) UB) @1 = (F(L(fila)) UB) ® 1
:(L*<f*(04)) 6) ®1= 6 & L*(f*(a)) 1= p(L*(f*<Oé>))ﬁ ® 17

where we regard « as an element in .#1(X) and regard 3 as an element in .71/ (H).
Then the classical shadow of the representation .#,1/2(H), (as a representation of
Sp2(2)) is f*(L*(p)). Thus this representation reduces to a representation of
F12(X) g (o)) We have Z1/2(X) p+1+(p)) = Mat yar-1)(C) because L*(p) €
A(F12(04(H))) and f is an isomorphism. From Theorem 4.10 in [Wan23b], we
know dime.%1/2(H), = N*9T =1 Then .7,,2(H), is an irreducible representation

of .F1/2(X) p=(1+(p))- This completes the proof. O

To distinguish two copies of H. We use H* and H~ to denote them (that is
H* = H~ = H, but we denote these two copies with different notations). We also
use OH™ to denote 0, (H) and use 0H~ to denote 0_(H).

We suppose H has a fixed orientation, and the orientations of 0, (H) and 0_(H)
are inherited from H. Let f be an isomorphism from ¥ to d,(H), and let g be an
isomorphism from 3 to &_(H). Then fog™!is an isomorphism from OH~ to OH "

(here we require f o g~! is an orientation reversing isomorphism).

We use H™ Ujop-1 HY to denote (H- U H")/(z = f(g ' (x)),z € OH). Then

H~ Ujfoy-1 HT is a marked 3-manifold. Actually, there exists an oriented closed
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3-manifold M such that M, is isomorhic to H~ Uge,—1 H'. Meanwhile, for any
oriented connected closed 3-manifold M and any positive integer k, there exist
a non-negative integer g and isomorphisms f : ¥ — 0,(H) = 0H", g : ¥ —
0_(H) = 0H~ such that H~ Uj,,-1 H™ is isomorphic to Mj.

We use L, (respectively L_) to denote the obvious embedding from H* (respec-
tively H) to H™ Ugo,—1 H. Then we have L o f = L_og, which is an embedding

from ¥ to H~ Ujoy-1 HT. Then L, o f induces an algebra homomorphism
(Lyo ). = (Ly). o fu: D) = AH Ugogr HY).
It further induces a map

(Lyof)* = f*o(Ls)* : MaxSpec(L(H™ Upoy-1 H)) — MaxSpec(#(X)).

Suppose R is a commutative unital ring, U and V are two R-modules, and [ is
an ideal of R. We state the following results for classical module theory without

giving proofs.

We have U ®g R/I ~ % as R-modules. (6.2)
U :
We have U ®p V ~ U ®@pg/r V as R-modules if -V = 0. (6.3)

Theorem 6.3.2. Let k be a positive integr, let f (respectively g) be an isomor-
phism from ¥ to OH™T (respectively OH ™) such that fo g~ is orientation reversing
isomorphism, and let p € MaxSpec(-/1(H ™ Usog-1 HT)). Then we have the follow-
1mgs:

(a) (Ly o [)*(p) € A(Fp2(%))
(b) dim@y(ﬂm([‘[_ Ufog—1 H+)p =1.
Proof. (a) The proof is similar with the proof for (a) in Theorem 6.3.1. Theorem

8.1 in [KK23] shows
(Ly o f)(p) € A(Lq2(%)),

for any p € MaxSpec(.S1(H ™ Upog-1 HT)).
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(b) We will also regard f (respectively g) as an embedding from ¥ to H* (respec-
tively H™~). Here we use a technique used in page 48 in [FKL23]. We know .7,1/2(X)
has a left (respectively right) action on #1/2(H™") (respectively .#,1/2(H~)). From
Theorem 6.5 in [CL22a], we have

%1/2([‘]_) ®yq1/2(§;) yql/Q(H—i_) o~ yquz (H™ Upog1 H+). (6.4)

This isomorphism is given by sending a ® , ,(s) 8 to L_(a) U Ly (8), where o
q
(respectively ) is a stated tangle in H~ (respectively H™T).

The surjective algebra homomorphism f, : (%) — #(H™) induces an action of
() on L (HT). For any pf € MaxSpec(.1(H™)), we have

Ker(p') - Lp2(H") = Ker(p' o f.) - L pe(HY) (6.5)

because f, : A (X) = A (H™T) is surjective. We have the similar discussion for H~
and H~ U1 H*. From the isomorphism between .7,1/2(H ™) ®.» () S (HT)
and .71/2(H " Ujog—1 HT), we have .71 () also acts on .71/2 (H*)@)yql/2 )2 (HT).

The action is given by

a- (B B 12() B2) = a- B B 1100 P2 = 1 Bz y(5) @ P, (6.6)

where a € A (X), f1 € Lpp2(H™) and By € Fpp2(HT).

Then we have

S (H™ Upog1 HT)
Fri2(H™ Upogr HY), ) g
q1/2( fog )P Ker(p).yql/g(Hi Ufog_l H+)

- yql/z(Hf Ufogfl H+)
Ror((L; 0 1V (p)) Fys (H Uyogs )
5{11/2(]']7) ®yq1/2(g) qug(HJF)
~ Ker((Ly o f)*(p)) - (L2 (H7) @ () L2 (HY))

(2
z(yql/z (H™) ®fq1/2(2) yql/Q (H+)) D) Ker((L+(C> ;)*(p»
(2
quuz (H™) ®Yq1/2 (®) (yql/Q (HJr) BA) Ker((L+(O ;)*(p)))

2 (H)
Ker((Ls o /)" (p)) - Fyu2 (H)

qul/Q(H_) ®<¢q1/2 (%) (
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yql/2<H+> )
Ker((Ly)*(p)) - Sq2(HT)

~S 2 (H) @2y Sz (H ) (1))

Eyql/Q (Hi) ®<7'q1/2(2) (

~F 2 (H) 1oy (0) D712t oy a2 (H ) @) (o)

where the first and the eighth isomorphisms come from definitions, the second
and the seventh isomorphisms come from equation (6.5) (or a similar discussion),
the third isomorphism comes from (6.4), the fourth and the sixth isomorphisms
come from equation (6.2), the fifth isomorphism comes from equation (6.6), the
last isomorphism comes from equation (6.3). From (a), we know (L4 o f)*(p) €
A(Z,1/2(2)). Then Theorem 6.3.1 implies that

L2 (H )@y ) B 12D yont o) Fr2(HY) (14 y7(0) = C! @naty(c) C? = C,

where d = 3(g + k — 1). O

The following Theorem generalizes Theorem 12.2 in [FKL23] (they proved a parallel
result for the non-stated case) to the stated case. But, for the non-stated case, we

have restrictions for p.

Theorem 6.3.3. Let M be any oriented connected closed 3-manifold, and let k be
any positive integer. For any p € MaxSpec(-#1(My)), we have dime.S /2 (My), = 1.
Proof. Since M}, is isomorphic to some H~ Ugo,—1 H, Theorem 6.3.2 implies the

Theorem. O

Corollary 6.3.4. Suppose n is a positive integer. For each 1 < i <mn, let M (i) be
an oriented connected closed 3-manifold, and let k; be a positive integer. For any

p € MazSpec(S1(Ur<icn M (i)r;)), we have dime /2 (Ur<icn M (i)r,), = 1.

Proof. Equation (6.1) and Theorem 6.3.3. O



Chapter 7

The Volume Conjecture from the

skein algebra perspective

This chapter is based on the author’s work in [Wan25a]. We will discuss the
Volume Conjecture of Bonahon, Wong, and Yang [BWY21; BWY22|, which they
formulated using surface diffeomorphisms and intertwiners between irreducible rep-
resentations of the skein algebra. Specifically, we will compute these intertwiners
for the case of a closed torus and examine their traces (Lem. 7.3.4, Thm. 7.3.5, and

7.3.11). We will also consider cases where the surface diffeomorphism is periodic
(Conj. 7.4.4, Thm. 7.4.5, and 7.4.12).

To align with the terminology in [Wan25al, we introduce new notations for the

Kauffman bracket skein algebra and the SLj-character variety in this chapter.

7.1 Preliminaries

7.1.1 The SL,(C) character variety and the Kauffman bracket

skein algebra

Let S be an oriented surface of finite type. The corresponding character variety

Xs1o(0) (5) = Hom(m(S), SLy(C))//SLs(C)

203
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is the set of the group homomorphisms from the fundamental group of S to SLy(C)
with the equivalence relation that two homomorphisms are equivalent if and only

if they have the same character (see equation (1.1)).

The Kauffman bracket skein algebra SK 1/2(S) of a surface S, as a vector space
over the complex field C, is generated by all isotopic framed links in S x [0, 1],

subject to the skein relation:
Ky =q 'Ky + ¢ Ky,

where K7, K, Ky are three links that differ in a small neighborhood as shown in
Figure 7.1, and the trivial knot relation: K][O = —(¢ + ¢ ')K where O is a
simple knot bounding a disk that has no intersection with K. For any two links
[L1], [Ls], the multiplication [L;][L] is defined by stacking L, above L;. Here ¢'/?
is a nonzero complex number. The skein algebra SK,12(S) is a quantization for

the regular ring of the character variety Xsp,(c) [Bul97].

\\/><

1

FIGURE 7.1: The Kauffman bracket skein relation.

7.1.2 Classical shadow and Unicity theorem

We recall some notations and constructions for the classical shadow [BW16a].
When ¢ is a primitive n-root of unity with n odd and (¢'/?)" = —1, Bonahon
and Wong found a fascinating algebra homomorphism 79"” from SK_1(S) to
SK,1/2(S), called the Chebyshev homomorphism. Bonahon and Wong proved that
Im(7") is contained in the center of SK,2(S). If K is a simple knot with verti-
cal framing, then 79" ([K]) = T,,([K]) where T}, is the n-th Chebyshev polynomial
of the first type.

Let p: SK1/2(S) — End(V) be an irreducible representation of SK 1/2(S). Then
there exists an algebra homomorphism , from SK_;(S) to C such that p o
T9"(X) = k,(X)Idy for any X in SK_1(S). According to [Bul97], there ex-

ists a unique character [y] € Xgr,(c)(S) such that Tr” = k,. Recall that 777 is an
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algebra homomorphism from SK_1(S) to C defined by Tr7([K]) = —Tracey(K)
where [K] is a simple knot. For every puncture v, we use P, to denote the loop go-
ing around this puncture. There is a complex number p,, such that p([P,]) = p,Idy.
Then an irreducible representation of SK 1/2(S) gives a character [7], called the
classical shadow of this irreducible representation, and puncture weights {p,}.,
with the relation that —Tracey(a,) = T, (p,) where «,, denotes the element in the

fundamental group of S going around the puncture v.

Theorem 7.1.1 ([BW16a; BW17; BW19; BWY21]). Let q be a primitive n-root
of unity with n odd, and (¢"/?>)* = —1. Then an irreducible representation p :

SK 12 — End(V) uniquely determines:

(1) a character [y] € Xsr,(c)(S), represented by a group homomorphism y : w(S) —
SLQ(C),

(2) a weight p, associated to each puncture v of S such that T, (p,) = —Tracey(a,).

Conwversely, every data of a character v € Xgi,c)(S) and of puncture weights

po € C satisfying the above condition is realized by an irreducible representation

p:SKu2(S) — End(V).

It turns out that every character in an open dense subset of Xgp,(c)(S) corresponds

to a unique irreducible representation of the skein algebra.

Theorem 7.1.2 ([BWY21; FKL19; GJS24]). Suppose that [y] is in the smooth part
of Xs1,(c)(S) or, equivalently, that it is realized by an irreducible homomorphism 7 :
m1(S) — SLy(C). Then the irreducible representation p : SK,1/2(S) — End(V) in
Theorem 7.1.1 is unique up to isomorphism of representations. This representation

has dimension dimV = n39*P=3 if S has genus g and p punctures.

7.1.3 Volume conjecture for surface diffeomorphisms

Bonahon-Wong-Yang constructed the so called Kauffman bracket intertwiners [BWY21;
BWY22]. They used these intertwiners to formulate the volume conjecture for
surface diffeomorphisms. Here we recall their construction for Kauffman bracket

Intertwiners.
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For a surface S, let ¢ be a diffeomorphism of S. Obviously ¢ induces an isomor-
phism ¢, from 7;(S) to 71(S). Then ¢, induces an action on Xgr,)(S) defined
by ©*([7]) = [vp+] where 7 is a representative for [y]. Although ¢, is only defined
up to conjugation, we have p* is well-defined. Actually the mapping class group
Mod(S) acts on Xgr,(c)(S). We say an element [y] € Xgr,(c)(S) is invariant under
a diffeomorphism ¢, or the element it represents in Mod(5), if ¢*([y]) = [7].

The algebra isomorphism induced by ¢ from SK i/2(S) to itself is defined by
4([K]) = [¢ x Idpy(K)] where K is a framed link in S x [0,1]. Actually the
mapping class group Mod(S) acts on SK1/2(S).

Let ¢ be any diffeomorphism for surface S, and let [7] € Xg,)(S) be a ¢-
invariant smooth character. For each puncture v, select a complex number 6,

such that Tracey(a,) = —e¥ — e~ %.

Since [y] is p-invariant, we can choose
0, to be p-invariant, that is, 6, = 0,,). Then set p, = e + e_%v, we have
T.(py,) = —Trace(a,) and {p,}, are invariant under the action of ¢. Suppose p
is an irreducible representation associated to [y] and puncture weights p,. Then
p o @y is also an irreducible representation associated to [y] and puncture weights

py- By the unicity theorem, we know there exists an intertwiner A? _ such that

pogy(X) =A% op(X)o (AL )"
for every X € SK12(S). We normalize the intertwiner such that |det(AZ )| =1

Conjecture 7.1.3 ([BWY21; BWY22]). Let the pseudo-Anosov surface diffeo-
morphism ¢ : S — S, the p-invariant smooth character [y] € Xsr,c)(S) and the
p-invariant puncture weights p, as above be given. For every odd n, consider the

primitive n-root of unity q, = e>*/™ and choose (g,)"/* = e™/™. Then

. 1 1
. 055:100 - log |TraceAZ" | = Evolhyp(l\/ﬂp),

where voly,,(M,) is the volume of the complete hyperbolic metric of the mapping

torus M.
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7.1.4 Ideal triangulation and intertwiners obtained from
Chekhov-Fock algebras

Let S be an oriented surface with punctures, and let 7 = {ey, -+ , e,,} be an ideal
triangulation for S, where eq,--- e, are non-isotopic disjoint embedded arcs in
S connecting punctures such that all these arcs cut S into triangles. We call
e, ey the edges of 7. An edge weight system for 7 is an m-tuple, a =
(ay,--+ ,a,), where a; is a nonzero complex number for each 1 < ¢ < m. The
pair (7,a) determines a character [J] in Xpgr,(c)(S), please refer to section 8 in
[BLOT7] or section 3 in [BWY21] for more details.

For each ideal triangulation 7, there is a Chekhov-Fock algebra T ¢ corresponding to

7, where ¢ is a nonzero complex number. As an algebra over C, the Chekhov-Fock

algebra 71 is generated by XEL X , XE1 subject to the relations:

X, X' =X71X, =1, X, X; = ¢ X; X;.

Each X; is associated to the i-th edge in the ideal triangulation 7, and o;; is an

integer determined by 7, see [BLO7; BW11; Liu09] for more details. If we replace
1

q with qi, we get the so called Chekhov-Fock square root algebra 7%, It is well

known that 77 is an Ore domain. We will use ﬁq to denote the ring of fractions

of T4 (that is the localization over all nonzero elements).

Let 7,7 be any two ideal triangulations for S. Then there is an algebra isomor-
phism CDzT, : 7? — 7;‘1, called be the Chekhov-Fock coordinate change isomorphism
[Liu09].

For an ideal triangulation 7, there are two operations. (1) Reindexing: obtain a
new ideal triangulation 7 by reindexing all the edges in 7. (2) Diagonal exchange:
for any 1 < i < m, define a new ideal triangulation 7 = {e],--- e, }, where
e;- = ¢; for every j # i and e; is the other diagonal of the square formed by the two
faces of 7 that are adjacent to e;.

Let 7 be an ideal triangulation, let a = (ay,- - , a,) be an edge weight system for
7. Suppose 7 = {€},- -+ ,e,,} is obtained from 7 by reindexing such that e; = e,
for 1 < i < m, where o is a permutation for {1,--- ,m}. Then we define an edge
weight system ¢’ = (a),--- ,a,,) for 7 by setting a; = Ay for 1 <i <m. If T s

obtained from 7 by the diagonal exchange, we define an edge weight system a’ for 7'
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using formulas in Proposition 3 in [Liu09]. We will say a’ is an edge weight system
for 7 derived from the pair (7,a). Then (7',a’) determines the same character in
XPSLZ(C)(S> as (T, a) [BLO?, BWYQl]

A sequence of ideal triangulations 7, 7() . 7 is called an ideal triangulation
sweep if, for each 1 < i < k — 1, we have 70*1 is obtained from 7 by reindexing
or the diagonal exchange. A sequence of edge weight systems a®,a®, ...  a® ig
called an edge weight system sweep for the ideal triangulation sweep 7, 71 . ()

if the edge weight system a*Y for 70+Y is derived from (7, a(®) for each 0 <

i < k — 1. Note that the sequence a(® o™, ... a® is completely determined by
a9, If in addition a(® = a®, we call the sequence a®,a®, ... a® a periodic
edge weight system for the ideal triangulation sweep 7@, 70 . 7(*),

Suppose ¢ is a primitive n-root of unity with n odd. Let ¢ be an orientation pre-

serving diffeomorphism for surface S, and let 7 = 70 71 7+ = (1) be an
ideal triangulation sweep. Suppose a = a®,a® ... a® = a is a periodic edge
weight system for 7(0, 7D 7k (the existence of the periodic edge weight sys-

tem is guaranteed by Lemma 11 in [BWY21]), which defines a p-invariant character
7] € Xpsiyc)(S). Then, for each puncture v, we can choose a nonzero complex
number h, such that h, = hy) for every puncture v and (h,)" = a;a;, .. L aj;
for every puncture v adjacent to the edges e€;,,€;,,...,¢€;;. From Proposition 13
in [BWY21], we know a and puncture weights h, uniquely determine an irre-
ducible representation p : 79 — End(V) for the Chekhov-Fock algebra 79 such
that p(X]") = a; for 1 < i < m and p(H,) = h, for each puncture v, where H, is
a central element in 77 associated to each puncture v. Let ®:1'<,0(T) : A:(T) — T4 be
the Chekhov-Fock coordinate change isomorphism, and let \I'?O(T)T T4 — ’7;1(7) be

the algebra isomorphism induced by ¢. Then p ~ po®?  oW! so there exists

n ro(r) © Yoy
an intertwiner Aiﬁ such that

po CI)ZSO(T) o \II?O(T)T(X) = Kiﬁ op(X)o (AL )t

(2]
for every X € TY.
Under certain conditions, the trace of intertwiners obtained from Chekhov-Fock
algebras equals the trace of intertwiners obtained from skein algebras, see Theorem

16 in [BWY21]. We will use this equality to calculate the trace of intertwiners

obtained from skein algebras for the once punctured torus in section 7.4.
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From now on, we will always assume ¢'/? is a primitive n-root of —1 with n odd.

7.2 Irreducible representation construction for SK (T7)

and SKq1/2(SL1)

In order to get Kauffman bracket intertwiners, we want to find the explicit irre-
ducible representations associated to given characters and puncture weights. Here
we construct irreducible representations for skein algebras of the closed torus 77
and the once punctured torus S;;. In section 7.3, we will use these irreducible

representations to calculate intertwiners for the closed torus.

7.2.1 An algebraic embedding for SK(T?)

Let (C[Xﬂ,Yﬂ]ql/z be the algebra generated by X, X 1Y, Y~! subject to the
relations XY = gV X, XX = X71X = 1,YY™! = Y'Y = 1. Frohman-Gelca
built an algebraic embedding [FGO0O]:

Gq1/2 : SKq1/2<T2) — C[Xil,yil]qlm
(a,0)r = Oap) + O—a,—v),

where (a, b)r is the simple link associated to two integers a, b, and 0, ) = g 2Xey?,

If ged(a,b) = 1 (with the convention that ged(41,0) = ged(0,£1) = 1), then

(a,b)r is represented by the simple knot (a,b) in R?/Z? with vertical framing. If

ged(a,b) = k and a = a'k,b = b'k, then (a,b)p = Tp((a', b)) where T}, is the k-th
" a b

c d
e(a-l—c,b—l—d)a

and (O(ap)) ™" = 0(_q,—p). Since Oap) + Oq—p) = ¢ (XYt + XY "), then
ImG 12 = span < XY + XY ?|(a,b) € Z X Z >.

Chebyshev polynomial of the first type. We have 0,4)0.q4) = ¢

Let T,1/2 be the Chebyshev homomorphism from the skein algebra SK_1(T?) to
SK,12(T?) defined in [BW16a], and let Fp/ : C[X* Y] — C[X* Y 10
defined by X — X"V +— Y". It is easy to check that we have F1.G 1 =
(ERVY BRVER
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7.2.2 Irreducible representations for SK:(T?)

Bonahon-Liu described the irreducible representations of C[X*! Y+ 1, [BLOT7].
Let V' denote the n-dimensional vector space over the complex field with basis
€0, €1, - - -, en—1, and let u, v be any two nonzero complex numbers. Set p, ,(X)e; =
uqte;, puv(Y)e; = ve;y1, where the indices are considered modulo n, then p,, is
an irreducible representation. Any irreducible representation of C[X=,Y*] 12 is
isomorphic to a representation py,, and py, ~ p, s if and only if u™ = (u')",v" =
()"

It is well-known that 71(T?) = Z ® Z = Za & Z3 where o = (1,0) and 8 = (0,1).
For any [y] € Xsp,(c)(T?), we have [y] has a representative v such that v(a)=

MO Ay 0
and = because m(7T?) is commutative.
N (A P

For any given character [y] € Xgp,c)(T?), the following Theorem offers a repre-
sentation of SK1/2(T?) whose classical shadow is [y]. For this Theorem, we use
the fact that ab+ a + b = ged(a, b) (mod 2) for any two integers a,b (recall that
ged(£1,0) = ged(0,£1) = 1).

Theorem 7.2.1. Choose u,v € C such that u" = —X,0v" = —Xg or u" =
—)\1_1, V"t = —)\2_1, then the classical shadow of py,G /2 is [v]-

Proof. To show the classical shadow of p, G 1/ is [7], it suffices to show py G2 (T 1/2((a, b)7))
= Tr"((a,b)r)Idy for all (a,b)r € SK_1(T?). First we have

PunG a2 (Lpr((a;0)r)) = pup(FprG-i((a,b)r))
=puw(Fyrr2(0(ap) + 0a,—1))) = Puw(Onanb) + 0(—na,—nb))
=Pu v(( )abXnaan + (= 1)a _naY_nb)

(=D [(Puw (X)) (P (V)™ + (Pun(X) 7" (Y)) ™)
=(=1)™[(u™)* (™) + (u™) (") dy

( 1>ab+a+b[)\a)\b+)\ a)\g ]Idv

Suppose ged(a,b) = d and a = a'd, b = b'd, then we have

Tr((a,b)7) = Tr(Ty((d ) = To(Tr((a', b))

b
=T,(—Trace(v((a",b)))) = Ta(—Trace(y(a'a + b'3)))
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=Ta(=Trace((v(a))" (v(8))")) = Tu((=A X3) + (=M1 A7)
:(_)\(lzl )\g/)d + (_)\1—(1/ )\2—b/)d _ (_1>d[)\ila, AQBL1997rings/ + )\Idal)\;BL1997rings,]

:(_1)ab+a+b[)\clb>\g + )\;a}\g—b]‘

We can easily get the following Theorem by using the representation theory.

Theorem 7.2.2. Under the same assumption as in Theorem 7.2.1, we have the

following conclusions:
(a) if My # £1 or Ay # £1, the representation p, G /2 is irreducible.

(b) if \y = £1 and Ay = £1, we have V' has only two irreducible subrepresentations
Vi, Vo, and V = V1 & Vs, and dim(Vy) = (n+1)/2, dim(V2) = (n —1)/2, especially

Vi = span< eg,e1 + €p_1,€2 + €n_2,...,€m_1)2 + €my1)2 > and Vo = span<
€1 = €n—1,€2 = €pn_2,...,C(n_1)/2 — Em+1)/2 > if u=E£l,v=£1.
rem

The Azumaya locus of SK2(T?) is a subset of Xsp,c)(7?). An element in
Xsp,c)(T?) lives in the Azumaya locus if it corresponds to a unique irreducible
repesentation of SK1/2(T?) (the correspondence is the one in Theorem 7.1.1). We
know the PI-dimension of SK 1/2(T?) is n. Then a character [y] € Xgp,(c)(T?) lives
in the Azumaya locus if and only if there exists an irreducible representation of
SKi/2(T?) of dimension n whose classical shadow is [y]. So from Theorem 7.2.2,

we get [y] lives in the Azumaya locus if and only if \; # +1 or Ay # +1, where

A 0 A 0
()= ( 01 )\1> and (B)= ( 02 )\1> . In [KK22], the authors proved that the
1 2

character lives in the Azumaya locus of the skein algebra of a closed surface if and

only if the character is noncentral.

In [BW16b], Bonahon-Wong proved the Witten-Reshetikhin-Turaev representation
of the Kauffman bracket skein algebra is irreducible and whose classical shadow is
the trivial character. For the closed torus 72, we use Vi2 to denote the Witten-
Reshetikhin-Turaev representation of SKi/2(T?). We know dimVye = "7 with

basis vy, vo, . .. , Un1 where vy, is the skein in the solid torus represented by 2k — 2



212 7.2. Irreducible representation construction for SK i/2(1%) and SK/2(S1 1)

nontrivial parallel closed curves, which are parallel to the core of the solid torus,
with the (2k — 2)-th Jones-Wenzel idempotent inserted. In Theorem 7.2.2 with
A1 = Ay = 1, we have V5 is isomorphic to V72 as representations for SK i/ (T?%),
and the isomorphism is given by

n—1
€2k—1 — En—2kt1 Fr Vg, V1 < k <

7.2.3 Irreducible representations for SK:(S1)

We want to find the explicit irreducible representations of SK 1/2(S1,1) correspond-
ing to given characters and puncture weights. Let C, (X X chl] be the alge-
bra generated by X, X5, X3 subject to the relations:

X1 Xy = qXo X1, Xo X3 = qX3X5, X3 X = qX1X2>XiX¢_1 = Xl'_lXi =1.

We have C,[X', X5, X5 = T4(S11) where 7 is the ideal triangulation in
Figure 7.2.

2

FiGURE 7.2: The ideal triangulation 7.

We define the skeins K7, K, K3 in the skein algebra SK 1/2(S511) using Figure 7.3.
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/
/

1 2 3

FIGURE 7.3: Skeins K1, Ko, K3.

According to [BP00], the algebra SK 1/2(S1,1) is generated by K1, Ky, K3 subject
to relations:

¢ VKK, — PR K = (¢7' — q) K,

¢ VPEGKs — ¢ PRGK, = (¢ — @)K,

q_1/2K3K1 — q1/2K1K3 = (q_l — q)Kg

Let P be the loop around the puncture in S, then
P=q K KoKy —q 'K} — qK3 —q 'K +q+ ¢

Lemma 7.2.3. There is an algebraic embedding F : Sy1/2(S11) — Co[ X, X5, X57']
such that

(7.1)

Proof. Actually F' is just the quantum trace map constructed in Theorem 11 in
[BW11] if we regard C,[X;™, X5, X3] as the Chekhov-Fock square root algebra
associated to the ideal triangulation in Figure 7.2 where X; corresponds to e; for
i=1,2,3. O
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Let V be an n dimensional vector space over the complex field with basis wq, w1, . . ., w,_1.

We can define a representation p,, ., », : Co[Xi', X3!, X5°'] — End(V) such that

Prira,rs (Xl)wi = quiwia
Prira,rs (XQ)wi = T2q7iwi+17 (72)

Pry o (X)W = T3w;_1,

where 71,72, r3 are nonzero complex numbers. We can get py ., ([X1X2X3]) =

rrarsg /2 Idy .

Lemma 7.2.4. For any three nonzero complex numbers vy, 19,73, we have pr, ryry 15
an irreducible representation of Co[Xi", X5, X57'|. Furthermore every irreducible
representation of C [ X7, X5, X3 is isomorphic to a representation py, ,.rs, and

Prirars = Psi,s2,83 if and only if

n n n n n n
Ty =81,y = Sg,T3 = 83,1723 = S15253.

For any v € Agp,(c)(S1,1) and a nonzero complex number p such that T, (p) =
—Tracey(P) where P is the loop going around the only puncture in Sy, let ¢; =
—Tracey(K;) for i = 1,2,3. According to [Tak15], we have

T, (p) = —titots — 13 —t3 — 12 + 2.

Lemma 7.2.5. Let z,y be two indeterminates such that xy = ¢ 2yx, then T,,(z +
ity ="+ +y" forn>1.

For any given character [y] € Xgi,(c)(S1,1), the following Theorem offers a repre-

sentation of SK1/2(S1,1) whose classical shadow is [7].

Theorem 7.2.6. With the above notation, we have py, ,, . F' s a representation
of SK1/2(S1,1). The classical shadow of py, yy s I 08 v and pr, vy F(P) = pldy if

and only if we have the following equations:

n,.n —-n_,—n n,.—m __
n.,.n -n_.—n n,.—mn __
(7.3)
n,.n -n,.—n n,.—m __
iy + 1Ty F Ty = —t3,
2,22 -2,.-2, -2 -1 __
TiTr3q + Ty 3t =p.
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Proof. 1t is easy to see

(X X3][Xo X5 = ¢
(X X1][Xs X1 = ¢ 2 (X X[ XX,
(X X)X X, = ¢

From Lemma 7.2.5, we get

T (Pry s F(E1)) = Talpry s ([Xo Xa] 4+ [ X5 X5 + [X2X57))
= Pri oy (T([XoX] + [ X5 X5 + [Xa X571))
= Pryrars ([Xo X3+ [Xo " X3 + [X5X5™]) (7.4)
= Prirars (— (X X5 + X5 " X" + X5 X5™))

= (g ry "y ) Iy
Similarly we can get

Ta(prsra s F(K2)) = = (rgrt +r3 ™" g ) dy,

(7.5)
Tn(pm,rz,r‘gF(KfS)) = —(7"?7“3 +ry g+ T?TQ_n)IdV'
And
p7"1,7"27T3F(P) = pTl,Tz,T3([X12X22X12] + [X1_2X2_2X1_2]>
= :07"1,7“2,7"3([X12X22X12]) + pTl,Tz,Ts([X;2X52X;2]) (76)

= (rirdriq +riry%rsq” ) Idy.

From equations 7.4,7.5,7.6 and the fact that K5, Ky, K3 generate the algebra SK_1(57 1),
we can get the conclusions in Theorem 7.2.6.

m
rem At first glance, it seems like, in equation 7.3, we may not be able to get

solutions, but actually the forth one is a consequence of first three equations because

we have the relation T),(p) = —t1tatz — 2 — t2 — t2 + 2. In fact, to get solutions, we
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only need to solve equations:

yz+y e by = —ty,
zx 4z e 2t = —to,

Ty + x_ly_l + xy_l = —13.

Let Y; = X? for i = 1,2,3, then
Y1Ys = ¢'VoY1, YaYs = ¢'YaYa, YY) = ¢'V1Ys, ViV, =YY = 1

The subalgebra of C,[ X, X5, X3™] generated by Y=, Y51, Y55 is C o[V, Y55 V5.

Here we recall a lemma from [BWY21] for irreducible representations for C,« [V, Y55, Y55,
Let V' be an n dimensional vector space over C with basis wg, wy, ..., w,_1. For any

three nonzero complex numbers y1, 42, y3, define py, 4,40 + Cpa VAL YL VY —
End(V') such that

Py1,y2,y3 (H)(wl) = y1q4iwia
Pyt,yas (Y2) (w;) = y2q_2iwz‘+1, (7.7)
Py1,y2.y3 (Yiﬁ)(wl) = y3q_2iwz‘—1-

Lemma 7.2.7 ([BWY21]). (1) For any three nonzero complex numbers yi, ya, ys,

the representation py, y, 4, s irreducible.

(2) Every irreducible representation of Cp [V Y5 YEEY ds dsomorphic to a rep-

reSentation Py, yo ys-

(3) For py, ysys and Py oyl they are isomorphic if and only if y = (y)",y8 =
(42)"y5 = (y3)" and Y1923 = Y192y
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7.3 Calculation of intertwiners for the closed torus

7.3.1 Construction of intertwiners for the closed torus

The mapping class group of the closed torus is SL(2,Z) [FM11]. For any A =

b
(a d> € SL(2,Z), we hope to find invariant characters under A. For a [y] €
c

A0 Ao 0
XL, (0) (T?), we choose a representative with y(a)= < 01 /\_1) and 7(5)= ( 2 )

1
where o and 3 denote loops (1,0) and (0, 1) in R?/Z? respectively. We have [v] is

invariant under A if and only if Trace(y(A.(2))) = Trace(y(z)) for all z € m (T?).
For any (ki, ko) € Z & 7Z, we have

a

b
A*(l{il& + kzﬁ) = (kl, kg) < d> = (kla + kQC, k’lb + k’Qd) = (kla + /{ZQC)CY + (klb + kzd)ﬁ,

C

\ 0 kia+kac \ 0 k1b+kad
Y(Aulkia + kaB)) =yl(kia + kac)a + (kib+ ked)B] = |71 L

>\’f1a+k2c)\]§1b+k2d 0
= 0 )\;(kla+k20) )\;(kleFk?d) ’

N oo w0\ AR \k2 0
kya+ koB8) = | 7 ? — (M1 ,
e+ Faf) (0 /\1‘1) (o /\2‘1> ( 0 AT

Then it is easy to show that [y] is A-invariant if and only if A} = AAS, Ay = AAS
or Ay = AT\ % A = ATA

And A also induces two algebra isomorphisms Fs 4 and Fy _ from C[X= Y] 1/
to itself defined by

Fai0ig)) = Oigras Fa—(06.5) = 0= —ja-
Then Fy 4 and Fy4 _ are well-defined becasue

(4,7)A
(k,1)A

s ij i j

1/2[ ]W l/{ ]
k k
O alwna = q Otk j+a = q Oivk,j+0a = q O itk j+1) A
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and similarly
iJ

ko1

1/{ ]
O(—i,-al(-r,—na = q O(—i—k,—j-na-

In section 7.2, we know there is an embedding
Gq1/2 . SKq1/2(T2) — C[Xil,yil]ql/g.

For the following discussion we will omit the subscript for G 1,2 when there is no

confusion.

Lemma 7.3.1. The following diagram is commutative:

SKpp(T?) —% CIXH, YH 0
LAﬁ FA

SKu2(T?) —% CIXH, Y+ e
where Fy s Faq or Fa_.

Proof. We only prove the case when Fy = Fy 4.

First we show Ay((k, 1)) = ((k,1)A)r. Assume ged(k,l) = j and k = k'j,1 = [ j,

then we have

! ’

Ak )r) = AT (K 1)) = Ty(A((K, 1)) = Ty((K 1) A) = Ty(ak' +el' bk 4.

k1l
:janddet(< )A):
—v u
l ak + cl bk +dl

k / /
j. Then det( A) = = (ak + cl)u + (bk +dl)v = j.

’ /

—v u —v u
We also have j|(ak + cl), j|(bk + dl). Thus ged(ak + cl, bk + dl) = j and ak + ¢l =
jlak' 4 cl'), bk + dl = j(bk' +dl'). Then

U U

k
There exist integers u, v such that uk+vl = j, then [

Ay((k, D7) = Ti(ak +cl bk +dl') = (ak + cl, bk + dl)p = ((k,1)A)r.

SO GAﬁ((k’, Z)T) = G(((kﬁ,l)A)T) = H(kJ)A + 0(_’;1)14 and FAG((]C,Z)T) = FA(Q(]CJ) +
9(_1@5)) = Ouna + 9(_]51)14. We have GA; = FaG because all (k,[)7 span the skein
algebra. [
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SKpp(T?) —S CIXE, VHY s s End(V) (7.8)
lAu lFA GA

7
SK(T?) —% CIX*H, Y+ " End(V)

The following two Theorems give the intertwiners for the closed surface for all the
diffeomorphisms. We will give explicit formulas for these intertwiners and their

Trace in the following subsections.

b
Theorem 7.3.2. In the diagram 7.8, suppose A = (a d> € SL(2,Z) and Fy =
c

A 0 A 0
Fas. Let [] € Xopyo)(T2) withy(a)= 7 " ) andy(8)= ("2 " | where
0 A] 0 Ay

AL = AN N = XeAS, and let u,v be two complex numbers such that u™ = —\q,

" = —Xy. We have the following conclusions:
(a) [Y] is invariant under A;

(b) the classical shadow of p,,G is [];

(¢) pupFa = puy.

(d) From (c), we know there exists an interwiner A, . such that p,,Fa(Z) =
M pun(Z)N,Y for all Z € CIX*, Y 12, Then this intertwiner induces an

intertwiner between two irreducible representations of the skein algebra.

Proof. (a) and (b) are already shown in the previous discussion.

To prove (c), we have

PupFa(X"™) = puvFa(0n0)) = Puw(On0)a)
=puw(Onanp) = pup((=1)PX"Y™)
=(—1)Pu" 0™ Idy = (—=1)%(=\)*(=\2)°Idy
=(—1)PFr NN T dy = — A\ Idy = u"Idy.

Similarly we can show p, ,Fa(Y™) = v"Idy, thus py,Fa 2 pyp.

(d) If Ay # £1 or A\; # %1, Theorem 7.2.2 implies that A,, ; itself is the intertwiner

between two irreducible representations of the skein algebra. If \; = £1 and \; =
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+1, Theorem 7.2.2 implies that V' has only two irreducible subrepresntations Vi, V5
and dim(V;) = (n+1)/2,dim(V2) = (n —1)/2. We have A,, +(V1) is an irreducible
subrepresentation of V' and dim(A,, (V1)) = (n+1)/2. Then A,, (V1) = V4. This

shows A,, 1|y, is an intertwiner for V;. Similarly A, 4 |y, is an intertwiner for V5. O

b
Theorem 7.3.3. In the diagram 7.8, suppose A = (a d) € SL(2,7Z) and Fy =
c

A0 Ao 0
Fu_. Let [v] € Xyp, o) (T?) with y(a)= (01 )\_1> and v(B)= (02 )\_1> where

1 2
A= AN A = AT Y, and let u,v be two complex numbers such that u® =

—AH vt = =\t We have the following conclusions:
(a) [Y] is invariant under A;

(b) the classical shadow of p, G is [];

(C) pu,vFA ~ pu,v-

(d) From (c), we know there exists an interwiner A, _ such that p,,Fa(Z) =
An—pun(Z2)NE for all Z € CIXEL,Y* /s Then this intertwiner induces an

intertwiner between two irreducible representations of the skein algebra.
Proof. The proof is the same as in Theorem 7.3.2. O

Note that a rescaling of the intertwiner A,, 4 in Theorem 7.3.2 such that |det(A, ;)| =
1 makes |TraceA,, ;| independent of the choice of w and v. The same thing holds

for the intertwiner in Theorem 7.3.3.

For the following discussion, we always require Fy to be F4 4 unless specified
otherwise (parallel results hold for Fj4 _). From the above discussion, we know
there exists an intertwiner A, € End(V) such that the diagram 7.8 commutes,
where Gx(B) = A, BA;',VB € End(V). Next we are going to find an intertwiner

A,, under the assumption in Theorem 7.3.2.

7.3.2 Calculation for intertwiners

Under the assumption of Theorem 7.3.2, we have p, ,F'4 >~ p,,. For any a € V' and
Z € CIX*=1,Y*! 12, we use Z-a and Z x a to denote p,(Z)(a) and p,Fa(Z)(a)
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respectively. Then we are trying to find A, € End(V) such that A,(X -a) =
X % (Ay(a)) and A, (Y -a) =Y * (Ay(a)) for alla € V.

rem Assume ged(b,n) = m and n = n'm. There exist two integers 7, s such that

br + sn = m. Then we have

U q U q
:,Unbun(a—l)qabnn//Q _ (—)\g)b(—Al)a_l(—l)abn/ (79)

:(_1)ab+b+a—1)\g)\(11—1 _ 1’

(Un/b n,(afl) ab(n,)2/2)m :Umn/b mn/(afl) abm(n/)2/2

/

and ¢*" is a primitive m-root of unity. Then there exists a unique integer 0 < ko <
m — 1 such that (U”/bu”/(“_1)qab(”/)2/2)q“"lk0 =1 and (v”/bu”/(‘L_l)q“b(”/)Z/Q)q‘m/’C #1
for k # ko, 0 <k <m—1. Weset rp, =1 and rp, =0 for k # ko,0 <k <m —1,
and define 7y = rpoPut@=Dgath+b2/2) ) < | < m —1,t € Z, where we consider
all indices modulo n. Since ged(b,n) = m and n = mn’, we can reach all the
indices. It is an easy check that 7k, 11,5 = Tkyteop if k1 + 110 = ko + b (mod n).
Then 7}, is well-defined for each 0 < k <n — 1.

It is easy to check that we have rpiyp = rpoul@Dgetktab/2 for ol k.t € Z.

Actually we have
Thotth = vtbut(a—l)qa(tko+bt2/2)’VO <t< nl —1,

and all other r, are 0. We have (vPu® 1" = (v™)°(u™)?t = (=X9)?(=\)o ! =
(—1)a o= x, 071\,

= (=1)***=1 Then we get |ri| = 0 or 1 for all k € Z. From br + sn = m, we get
tm = tbr + tsn for all t € Z. Then we have

o —trb tr(a—1) _a(trko+bt2r?/2 /
Tkottm = Thottrb = U (e gatirko P Yo<t<n —1,

and all other r, are O.

The following Lemma offers an explicit formula for the intertwiner constructed in
Theorem 7.3.2 (d).

Lemma 7.3.4. Under the assumption of Theorem 7.3.2, suppose A, € End(V)

and

A, (e) = Z (Ap) e

0<k<n—1
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for all0 <t <n—1, where

(Kn)kt = Tk_td(U(d_l)uc)tqc(tk—dﬂ/g).

Then A, satisfies the conditions in Theorem 7.5.2 (d).

Proof. From direct calculations, we can get A, (X - e;) = Xx(A,(e;)) and A, (Y -¢;) =

Y x(Ay(er)) forall 0 <t <mn-—1. O

We have (v 'u)" = (v")T(u")" = (=A)*H(=A) = ()TN =
(—1)¢*?=1 Then we can get |(Kn)kt| =0 or 1. We have (Kn)m = 0 if and only if

Tk—ta = 0. Then it is easy to show that (A,)ig+kmtkeittm, 0 <1 <m—1,0 < k,t <

! .
n — 1, are the only nonzero entries.

For each 0 < | < m — 1, we define an n' x n' matrix B' such that (BYyy =

(M) 1ds kmtkodatm for all 0 < kbt < n’ — 1. Then by Laplace expansion, we know
|det(A,)] = Hoglgm |det(B')].

From pure calculations, we can get |det(B!)| = (n')”// 2. Then we have

det(R)] = T Idet(BY] = ((n)" /2™ = (n'y™ /% = ()2,

0<i<m
furthermore |det((n')~1/?A,,)| = 1.

rem If A, is the intertwiner in Theorem 7.3.3, and we still suppose ged(b,n) =

!
m,br + sn =m,n =n m. We have
_ —q— _ 2.2 .
Thy—tm = (v 0w~ )i gmtrakokabtr%/2 'y ¢ 7 = 0, otherwise

(An)k,t — ,,,.k+td(deflufc)tqftckfcdtz/Z’ 0 S k,t S n— 1’

where 0 < kg < m — 1 such that

(U—bu—a—l)n,qab(nl)2/2q—n/ak0 -1

Also we can get |det(A,)] = (n')"/2.
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7.3.3 On the trace of intertwiners

Bonahon-Wong-Yang only formulated the conjecture when the mapping tori are
hyperbolic. So they considered surfaces with negative Euler characteristic because
the mapping tori for the closed torus can never be hyperbolic. Since the simplicial
volume of mapping tori for the closed torus is zero, see page 380 [FM11], we expect
the corresponding limit to be zero. In Theorem 7.3.11, we can show the limit
superior is zero for any diffeomorphism. But the limits are not zero for some cases,
see Example 7.3.8. Some diffeomorphisms even do not have invariant characters
that live in the Azumaya locus, but the intertwiners in Theorems 7.3.2 and 7.3.3

are very close to intertwiners constructed in [BWY21].

When we consider the intertwiners in Theorems 7.3.2 and 7.3.3, we fix the mapping
class A and the A-invariant character [y]. In this subsection we will use (I, s) to

denote ged(l, s) for any two integers [, s.

Theorem 7.3.5. If we require |det(A\,,)| = 1 for the intertwiner in Theorem 7.3.2,
then |TraceA,,| < n®/2.

Proof. Since any two intertwiners in Theorem 7.3.2 are different by a scalar mul-
tiplication or by conjugation and we require |det(A,)| = 1, the absolute value

|TraceA,| is independent of the choice of intertwiners. Let A, = (n')~'/2A,,, then

|det(A,)] = 1. Since [(An)rs] = 0or 1 for all 0 < k,t < n — 1 and each row has
exactly n' nonzero entries, we have the absolute value of every eigenvalue of A,, is

not more than n’. Then
|Trace(A,,)| = |Trace((n)"Y2A,,)| < (n)2(nn) = (n')Y?n < n®2

[
Theorem 7.3.6. If we require |det(A\,,)| = 1 for the intertwiner in Theorem 7.3.5,
then |TraceA,,| < n®/2.
Proof. 1t is similar with the proof for Theorem 7.3.5. [

Lemma 7.3.7. Let k be any integer, then we have

LY (a2 = (k,n)n.

0<t<n-—1
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Recall that ¢*/? is a primitive n-root of —1.

Proof. In [MOO92], they proved this result for k¥ = 2. Using the same trick, we

can prove this generalized lemma.

[]

In the following of this section, we always assume ¢'/? = ™/ unless especially
specified. Next we are going to calculate TraceA,,, where A, is the intertwiner in
Theorem 7.3.2 or 7.3.3 with |detA,,| = 1. First we give detailed discussion on the

a
invariant character. Recall that for any A = (

b
d) € SL(2,Z) and a character
c

) A 0 A 0 .
] € Xspay(o)(T?) with y(a)= (01 A_l) and ()= (02 A) we have [7] is
1 2

A-invariant if and only if 1 = A7\, 1 = MM or 1= ASTINS, 1 = ASAdH

rem We will provide a detailed discussion only for the case when 1 = \¢71)\5, 1 =

MM Suppose A\; = @€, Ay = ae™®2, then we can get equations:

— Ho—1b
1=af o

_ cnad—1
1 = afa,

(CL — 1)91 + 692 = 2]{3171'

(7.10)
c@l + (d — 1)02 = 2]{?271'
. 1 40y 1 oy
Since u™ = —\p, 0" = — Ay, We can suppose u = —qj'en ¢, v = —ajen ¢"* where
both r; and 75 are integers. Then we have
ua—lvb _ (_1)a+b—1qr1(a—l)—i—rgbe%((a—l)&l—&-b@g) _ (_1)a+b—1qr1(a—1)+r2b+k1’
(7.11)

ucvdfl — (_1)c+d71quc+r2(d71)e%(091+(d71)92) — (_1)c+d71quc+r2(d71)+k2.

Define s; = ry(a — 1) +rob+ ky, 55 = ric+ro(d — 1) + ky. Then, we have u~tob =

(_1)a+b—1q51’ucvd—1 — (_1)c+d—1q32.

From 1 = X218 1 = AAY! we can get 1 = A" D€ 1 = plemDeplom b=,

Thus we have

)\gc _ )\gafl)(dfl) _ /\gdf(aer)Jrl ~ 1= )\(szfbcf(aer)Jrl _ )\gf(aer).
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If a+d # 2, we have \s is a root of unity with >\2 (a+d) _

)

= 1. Similarly we can show

A1 is also a root of unity, with )\? (a+d) _ 1, under the assumption a + d # 2.

We look at the case when (b,n) = 1, and suppose br 4+ sn = 1. Then we have
" =q.qF = (—1)°q2, (~1)° = (~1)"*,
When (b,n) = 1, we can choose ky = 1 and set 1, = 79 = 1. Then we have
P = vtbut(a 1) abt2/27\v/t c 7.
For any k € Z, we have k = krb + ksn. Then we have

krb, kr(a—1) abk?r?/2
Tk =Tkrp =0 u*r )CI 2.

From the above discussion, we know we can choose A,, to be n='/2A,,. We have

(K’n)t,t = r,ﬂt_td(Ud—luc>tqct2_cdt2/2 — (—1)Cdt7” 3 qSthCt 2_cdt?/2

— (_1 cdt Ubua 1) r(t— td)qabr (t—td)>? /2qsthct27cdt2/2

— (-1 cdt -1 abr(t—td) , s1r(t—td) abr?(t—td)? /2 sat ct?—cdt?/2

— (-1 cdt 1 abr(t—td) (qs17’(1 d) 52)t <q7r)ar (1—d) qc—%cd)t2

—(—1 cdt 1 abr(t—t qslr )t (( 1)8 )ar(l d)? qc—%cdy?

— (=1 cdt 1 abr(t—t 1 tsar(l 2 qslr )t<q%ar 7ardq%ard2qcfécd)t2

2 —r _—rbc Td Lrbed c——cd

(

(

P q
1)tsar(l—d) (qslrl d) 52) (q%arq g eqardgqartedy
"

"

1 tsar(1—d)? _1)tscd<qs1r(17d)q ) (qz(a+d 2)7")

—d) s 1a
1) (br+1)ar(1— d)( 1)t(br+1)cd(qslr(1 d)q 2) (q2( +d—2)r )

e

(

'(=1)

'(=1)

( 1>tsa'r (1-d)?
'(=1)

(-

—1)

trd(ad+1 ( slr(l—d)q52)t( (a+d—2)r)t2

)

) (=1)

)“(=1)

JCS Vi

JCS Vi
_1)cdt( 1)abr (t—td)

) (=)t

) (=)

)“(=1)

) (=1)

)

(Kn)t,t _ ((_1)(a+d—2)7’)tq%((a+d—2)t2+2(51(1+d)—82b)t)’ (712)

)"

qslr (1-4d) ) ((J%arq—rq—cqér ((_1)sq%)cdqc—%cd

)"
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and
TraceA, =n~2 Y ((—1)(erd=2r)tga(ard=2 2 (rd) b)) (7.13)
0<t<n—1
rem Here we state the parallel results for 1 = A5 1 = MM and v” =
A h ot = A

Suppose A\; = a1, \y = ase™?, then we can get equations:

— Hatl b
1=af" oy

_ cd+l
1 = afa,

((Z + 1)01 + b(92 = 2]’6’17’(
601 + (d + 1)92 = 2]{?277'

. _ _ —L gy —1 ey
Since u™ = —A{ 0" = —\,; !, we can suppose u = —a;, "e

where both r; and 7y are integers. Then we have
utHlyb = (—1)erbH grilat)+rab—hn
weodtl = (—1)etd+lgnetra(drl)—ks
Similarly we set s1 = r1(a + 1) + 120 — kq, 82 = ¢+ ro(d + 1) — ko, then we have

uttlyl = (=1)atbHlgs gyepdtl = (—1)+dtlgs2 If g+ d # —2, we have a; = ap = 1.

For the case when (b,n) =1 and br + sn = 1, we have

(An)ey = ((—1)(@tdH2ryt g5 (ot d 2 42(s1 (1+d)—s20)1)

)
and

Traced, = n"2 Z ((=1)(atd+2)ryt 5 (atd2)22 42051 (14d)—s2b)t) (7.14)
0<t<n-1
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2

1
Example 7.3.8. Let A = ( ) If we try to solve 1 = X971\, 1 = ASAS,

we can get equations:

01 + 92 =27
(7.15)
—761 — 492 =27
We have 6, = —107“,62 = wT”, thus A\ = e%,)\g — ¢F. So we can set u =
—e‘lg;ri,v = —e%, then we have u* '’ = q,uv?!' = —q. We have s; = s = 1.

Since b =1, we get r = 1. Then from equation 7.13, we have

TraceAn:n_% Z (_1)tq%(—3t2+10t)‘

0<t<n—1
Note that when n is a multiple of 3, we have TraceA,, = 0.

Example 7.3.9. Let A be the same matriz as above. But this time we try to solve
L= X001 = XeAITY ) then we get N2TT = \2ToFd — 1 Since 2 +a+d =1, so
we have Ay = Ay = 1. We can set u = v = —1, then s; = sy = 0. From equation
7.13, we have

I TraceA,,| = n~7| Z (—1)'q2

0<t<n—1

a

b
Lemma 7.3.10. Let A = ( d>} where (by,n) = 1 and |a + d| = 2. Then we

c
have the following statements:

(1)If a +d = 2 and A, is the intertwiner obtained in Theorem 7.5.2 such that
|det(A,)| = 1, we have |TraceA,| = /n.

(2)If a +d = —2 and A, is the intertwiner obtained in Theorem 7.3.3 such that

|det(A,,)| = 1, we have |TraceA,| = v/n.

Proof. We only prove the statement (1) (the proof for the statement (2) is similar).

A 0 A 0
Let [7] € Xsp,(c)(T?), with v(a)= ! .| and v(B)= 2 . | be any A-
0 A 0 N

invariant character.

We use the same notation as in Remark 7.3.3. Then we have

s1(1—=d) +seb=r1(a—1)(1 —d) +rb(1 —d) + k1 (1 —d) + r1cb+ ro(d — 1)b + kob
— k(1= d) + kab.
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From equation 7.10, we can get

27((1 — d)ky + kob) = (1 — d)27ky + b27k,

Thus we have

(1 — d)k‘l + k’gb = 81(1 — d) + SQb = 0.

From equation 7.13, we know

TraceA,, = nz Z ((—1)(“+d_2)r)tq%((“+d—2)t2+2(51(1—d)+52b)t) —nip = Vn.

0<t<n-—-1
O

The following Theorem shows the limit superior related to the trace of intertwiners
for any diffeomorphism of the closed torus is zero, which equals the simplicial

volume of the corresponding mapping torus.

b
Theorem 7.3.11. Let A = (a d) be any fized element in the mapping class
c

group for the closed torus, and let [y] be any fivred A-invariant character with
A0 Ay 0 - -1
Y(a)= and v(B)= S IF1T = XN and 1= XA, et
() (O )\11> v(B) (0 )\21) 1 A2 172
{Antneazogr1 e intertwiners obtained in Theorem 7.5.2 such that |det(A,)| = 1
foralln € 2Zsg+1. If 1 =AM and 1= XAST, let {Ay bneozgr1 be intertwin-
ers obtained in Theorem 7.3.3 such that |det(A,)| =1 for alln € 2Z>o+ 1. Then

we have
. log (| TraceA,,|)
lim sup

odd n—00 n

=0.

Proof. Since [y] is A-invariant, we have 1 = A\{'A5 1 = MM\ or 1 = \{TAS 1 =

AT We look at the case when 1 = A{7'A5, 1 = A¢AS~!. Then we can set A, to

be a,A,, where a, = ]det(Kn)r%.

Case I when b = 0. In this case we know |det(A,)| = 1 since n’ = 1.

10 -1 0 1 0
We have A = or . We first consider the case when A = )
c 1 c -1 c 1
1

If ¢ = 0, it is trivial. So suppose ¢ # 0. Since we have A\{'A5 = 1, X3! =
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then we get A\{ = 1. Suppose \; = €, then we get fc = 2kn where k is an integer.

Since u" = —\q, we can choose u = —en ¢" where r is an integer. Then we have

e oy 2kmi c cr
u = (=1)%em g = (1) ¢ = (=1)¢"".

Note that |TraceA,| is independent of the choice of 7.

From Remark 7.3.2 and Lemma 7.3.4, we can get A,, is a diagonal matrix, and
(Kn)tt _ (U(dfl)uc>tqc(t27dt2/2)'
Then we have

TraceA,, = Z vt(dfl)uthCdtz/Q — Z (—1)thd2/2q(k+cr)t.

0<t<n—1 0<t<n—1

Let {n;}ien be a subsequence of 2Z>( + 1 such that (n;,¢) = 1 for all 7. Then for

every i there exists r such that k£ + ¢r = 0 (modn;), thus

[TraceA, | =| > (=)™ = /(ni, c)ni = v/mi > 1.
0<t<n; —1
Thus we have
0 < lim sup 1og(|TraceAn|).
B odd n—oo n

According to Theorem 7.3.5, we also have

log(| TraceA,, log(n?
lim sup og([Tracel|) < limsup og(n?) =0.
odd n—o0 n odd n—oo n
-1 0
We look at the case when A = ) Then we get (A\;)? =1 and \; = +1
C J—

We can choose u = £1. From Remark 7.3.2 and Lemma 7.3.4 we can get

where 7, = 1 if k is a multiple of n and it is zero otherwise. Then (A,,);; # 0 if and
only if ro; # 0 if and only if n|(2¢), which means there is only one nonzero diagonal

element. Then we get |TraceA,| = 1 for any n, which proves this special case.
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Case I when b # 0.

Subcase (1) when a + d # 2. From the above discussion we know A;, Ay are both
roots of unity, thus we can suppose \; = €1, Ay = €2 and we can get equation
7.10 where 01,0, k1, ko are determined by . Since u” = —A;,v" = —)\y, we can
write u = —e'n- qt,u = R ¢". Then we have equation 7.11. Note that |TraceA,,|

is independent of the choice of 71, rs.

Since b # 0 and 2 — (a + d) # 0, let {n;},;en be a subsequence of 2Z>, + 1 such
that (n;,b) = (n;,2 - (a+d)) =1.

a—1 b
c d—1
always have solutions in Z,,

Since [ ] =2—(a+d) and (n;,2—(a+d)) = 1, the following equations

Tl(a—1>+7’2b+k1:0
T1C+7’2(d—1)+k220

Thus for every j, there always exist integers ry,7y such that s; = so = 0 in Z,,.

Then from equation 7.13, we have

_1 r
|TraceAnj| =n, 2| Z ((_1)(a+d—2)r)tq5((a+d—2)t2+2(s1(1—d)+52b)t)|
0<t<n;—1
_1 a+d—2)r\t T ((a+d—2)t2
=n, 2| Z ((_1)( +d—2) )tq2(( +d—2)t )|
0<t<n;—1
-3 INr(a+d—2)t2
:njz‘ Z (_q2) (a+d—2)t |
OStSn]-—l

=n, §\/(7“(0L +d—2),n;)n; = 1.

Then we have

log(|TraceA
0 < limsup og(| Trace n’)

odd n—oo n

From Theorem 7.3.5, we have

limn sup log (| TraceA,,|)

odd n—oo n

= 0.

Subcase (2) when a+d = 2. Since b # 0, let {ny }ren be a subsequence of 27, + 1
such that (ng,b) = 1 for all k. From Lemma 7.3.10, we have |TraceA,, | = /n; > 1.
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Similarly we get

log(|TraceA
lim sup og([TraceAy|)

odd n—oo n

=0.

]

a b
From now on we discuss the periodic mapping class. Recall that A = ( d) is
c

periodic if and only if |a+d| € {0,1}. Suppose [v] is an A-invariant character with

N, 0 Ao 0
()= 1 and v(8)= 2 . Then we have 1 = {71\, 1 = MAS!
0 A 0 A'

or 1= XS 1 = XsASTL. For the case when 1 = A7'A\S, 1 = MAS!) the above
discussion implies 1 = A2 = A2 §4 if g + d = 0, we have A2 = A2 = 1,
and then \; = +1, Ay = £1. Thus there is no A-invariant character living in the
Azumaya locus if \y = +1, \y = £1. But we can still get intertwiners in Theorems
7.3.2 and 7.3.3 although \; = £1, Ay = +1. Now we consider intertwiners if we
choose A\{ = Ay = 1.

Theorem 7.3.12. Let A be a periodic mapping class, and let A,, be the intertwiner
obtained in Theorem 7.5.2 or 7.5.3 by using the trivial A-invariant character, that

is, A1 = A2 = 1, and we require |det(A,,)| = 1. We have the following conclusions:

(1) If a+d =1 and A, is obtained in Theorem 7.3.2, we have |Trace(A,)| =1 for
any odd n.

(2) If a+d = —1 and A, is obtained in Theorem 7.3.3, we have |Trace(A,)| = 1
for any odd n.

(3) If a+d = 0 and A,, is obtained in Theorem 7.5.2 or 7.3.3, we have |Trace(A,,)| =
1 for any odd n.

Proof. Suppose A = < > =m, br + sn = m and n = mn’. Since
=

A1 = Ay = 1, we can set u = —1. From the previous discussion we know

(Kn)k,t _ (_1)Cdtrk—tdqc(tk_dt2/2)
for all 0 < k,t <n —1, where

Pom = (_1)abrtqabt2r2/2’v0 <t< 77,/ —1,
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and all other r;, are 0. For the [-th column, we have {(An)ld+km,l}ogkgn’—1 are the
only nonzero entries. Then the /-th column contains a nonzero diagonal entry if
and only if Id + km = [ (mod n) for some 0 < k < n —1. Ttis easy to show
Id +km =1 (mod n) for some 0 < k < n’ — 1 if and only if m|(ld — ).

Now we suppose (m,d — 1) = 1. Then the [-th column of A, contains a nonzero
diagonal entry if and only if m|l. Thus (Kn)tm,tm,() <t < n —1, are the only

nonzero diagonal entries.

(Kn)tm,tm = (—1)Cdtmrtm_tmdqc(tQmQ—dt2m2/2)

_ (_1)cdtm<_1)ab7“(t7td) qabr2(lfd)2t2/2qc(t2m27dt2m2/2)'
After a similar calculation as in Remark 7.3.3, we can get

(Kn)tm,tm _ (_1>(ar+dr72r)t<q%)(ar+dr72r)t2'
Then we have

TraceA,, = Z (_1)(ar+dr72r)t(q%)(ar+dr72r)t2.

0<t<n'—1

Similarly if (m,d + 1) = 1, we have

TraceKn: Z (—1)(ar+d7”+27")t<q%)(ar+dr+2r)t2'
0<t<n’'—1

(1) Since the intertwiner is obtained in Theorem 7.3.2, we can set A, = (n') 2 A,,.
We have d — 1 = —a because a + d = 1. Then we get (d — 1,m) = 1 because

(a,b) = 1 and m is a divisor of b. Then from the above discussion, we get

1

‘Tra(jeAn‘ — (nl)fil Z (_1)(ar+dr72r)t(q%)(ar+dr72r)t2’

0<t<n’—1

= ()72 Y (=TT T = () () = 1

0<t<n’'—1

(2) The proof is similar with (1).
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(3) First we show (m,d—1) = (m,d+1) =1ifa+d = 0. From ad—bc = 1, we get
—bc = d*+1. Suppose p|m and p|d — 1, then p|(d?+ 1) and p|(d* —1). Thus we get
p|2, which means p = 1 because (m,2) = 1. Similarly we can show (m,d+ 1) = 1.
If A, = (n')"2A,, then we

|TI‘ELC€An| = (n/)_%’ Z (_1)(ar+dr—2r)t<q%)(ar+dr—27’)t2|

0<t<n'—1
ry_ 1 m _7,2 ry_ 1 n 7
=)z Y (@) =) () = 1
0<t<n'—1
If A, = (n')"2A,, similarly we can show |TraceA,| = 1. O

7.4 The volume conjecture for surface diffeomor-

phisms: periodic case

7.4.1 Preliminaries for the volume conjecture for periodic

surface diffeomorphisms

If we want to formulate the parallel conjecture for periodic diffeomorphisms as in
[BWY21; BWY22], we have to find a good invariant character that lives in the
smooth part of Xgp,c)(S5).

Lemma 7.4.1 ([Con20]). Let A, B € SLy(C). If Trace([A, B]) = 2 where [A, B] =
ABAT'B™!, then G = (A, B) < SLy(C) is not free of rank two where (A, B) is the
group generated by A, B.

Lemma 7.4.2. Let G be a subgroup of SLy(C) freely generated by two elements, let
R be the subalgebra of Mat(2,C) generated by G, where Mat(2,C) is the algebra
of all 2 by 2 complex matrices. Then R = Mat(2,C).

Proof. Suppose G is freely generated by A, B. We know there exists X € GL(2,C)
b
such that XAX ! = (g Ul> , XBX 1= (a d). Then XGX ™! is a free sub-
u” c

group generated by X AX !t and XBX !, and X RX ! is the subalgebra generated
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by XGX~!. Since XRX ' = Mat(2,C) if and only if R = Mat(2,C), we can as-

b
sume A = o , B= ¢ )
0 u! c d

u 0

I. Suppose v = 0. Then A =
0 ut

> and u? # 1, otherwise we have A =

01 0 -1
by A, B. We also can get b # 0 and ¢ # 0. Otherwise we have Trace([A, B]) = 2,

which contradicts the fact that A, B freely generate G by Lemma 7.4.1. Since

0 10 1 0 00
B , € R and u # 41, we have , € R. Then
0 ut 0 1 00 0 1

0 o o 0 b 0 0 L
€ R. From multiplication, we get , € R, which implies
c 0 0 0 c 0

R = Mat(2,C) since b # 0, ¢ # 0.

10 -1 0
< > or A= < ), which contradicts the fact that G is freely generated

II. Suppose v # 0. In this case we should have ¢ # 0, otherwise we have
Trace([A, B]) = 2, which is a contradiction.

If w = +1, then A= “
0 u

10
U) € R. Remember we also have (O 1> € R, which

0 0 1
implies (0 S) € R. Furthermore we have (O O) € R because v # 0. From

10 01 a b a 0 a—d 0
) , € R, we can get € R, and also €
01 00 c d c d c 0

o 01 a—d 0 c 0 S ,
R. From multiplication, we get = € R, which implies
0 0 c 0 00

10 10 01 10
€ R because ¢ # 0. We have , , € R, then
00 0 1 0 0 0 0
0 0 0 1 10
, , € R.

b
Remember we also have ( d) € R and ¢ # 0, which implies R = Mat(2,C).

C
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u—ut w 0 v 1 k 0 —k
If u# +1. We have , € R, so , €
0 0 0 ut—u 0 0 0 1

R where k = v/(u — u™'). Then from multiplication, we get

1 k a b a+ ke b+ kd

= € R.

0 0 c d 0 0
Next we want to show b+ kd # k(a+ kc). Suppose on the contrary. Then we have
b+ kd = k(a+ ke) = ka+ k?c. With k =v/(u —u""), we can get

d 2
b+ v + v =—2b = bu® + bu"? + dvu — dvu~! — avu + avu"t — cv®.
u—ut u—ut (u—ul)?

Then we get

Trace([A, B]) = ad + acuv + cdvu™" + ¢*v® — cbu® — eduv — cbu™* — cau™'v + ad

=2ad — c¢(—auv — dvu™ — cv? + bu? + duv + bu"? + au'v) = 2ad — 2cb = 2.

Since Trace([A, B]) = 2 is a contradiction, we have b + kd # k(a + kc). We can

10 0 1 a+ ke b+ kd 1 k
get , € R because , € R. We also have
0 0 0 0 0 0 0 0
10 a b 10 0 1 00 a b
, € R, then we can get , , € R.
01 c d 0 0 0 0/ \0 1 c d
So R = Mat(2,C) because ¢ # 0.

]

Proposition 7.4.3. Let v : m(S) — SLy(C) be a representative of an element in
the character variety Xsi,c)(S). Then v is irreducible if Imy contains a subgroup
of SLa(C) freely generated by two elements. In particular v is irreducible if S has

negative Euler characteristic and vy s injective.

Proof. Lemma 7.4.2.
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7.4.2 Statement of the conjecture

To get the intertwiner, we first have to get a y-invariant smooth character v €
Xsi,(0)(S). At page 371 of [FM11] it is proved that every periodic diffeomorphism
fixes a point in the Teichmiiller space. This means there is a discrete and faithful
group homomorphism 7 : 7w;(S) — PSL(2,R) such that J¢, is conjugate to 4 by an
element in PSL(2, R) where ¢, is the isomomorphism from 7;(.S) to m1(S) induced

by ¢.

Since PSL(2,R) C PSLy(C), we can regard J¢, and 7 as two elements in Xpgr,,(c)(5).
Then 7y, is conjugate to 7 by an element in PSLy(C). Thus 7 can be extended to a
group homomorphism from 7 (M,,) to PSLy(C), we use 4 to denote this homomor-
phism. Then we can lift 4 to a group homomorphism 4 from 7 (M,) to SLy(C).
The restriction of 4 to m(S) is ¢-invariant, and we use 7 to denote this group
homomorphism. Note that « is a group homomorphism from 7, (S) to SLy(C). Let
e be the projection from SLy(C) be PSLy(C), then we have €5 = 4, furthermore

we have

~

€Y = €9|m(s) = VIm(s) = 7-

Since 7 is injective, we have ~ is injective. From Proposition 7.4.3, we know ~ is
irreducible. Thus we get a @-invariant smooth character v € Xsr,(c)(S). From now

on, we use 7, to denote v and 7, to denote 7.

For every puncture v in S, we know Tracey, () = £2 where «, is the loop going

around puncture v. If Tracey,(a,) = 2, we choose p, = —(¢ + ¢~'). Then
Tu(po) = ()" + (=¢7")" = =1 = 1 = —Tracey,(ay).
If Tracevy,(a,) = —2, we choose p, =1+ 1. Then
To(py) =1"+1" =141 = —Tracevy, ().

Since Tracey,(a,) = Tracey, (¢(ay)) = Tracey, (ap(w)), we have p, = py(). So now
we have everything we want. Then we obtain the Kauffman bracket intertwiner
Af . associated to these data. We require |det(AZ )| = 1. With the fixed S, ¢,
Y, and {p,},, we have |TraceA? | is only related to g.
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Conjecture 7.4.4. Suppose S is an oriented surface with negative Euler charac-
teristic, and ¢ is a periodic diffeomorphism for S. Let v, be the p-invariant smooth
character defined as in the second paragraph of this subsection. For each puncture
v, let p, be the complexr number defined as in the third paragraph of this subsection.
Let ¢, = e*™/™ with (¢,)"/? = e™/™. Then

1
lim —log|TraceAZ, | = 0.

n odd—oco N,

7.4.3 Proofs for the conjecture for some special cases

In the remaining part of this chapter, we will present some results related to our
conjecture. Especially, we will give a proof for our conjecture when the surface S

is the once punctured torus.

In the following Theorem, we use the periodic property of the diffeomorphisms to

prove that the limit in Conjecture 7.4.4 is less than or equal to zero if it exists.

Theorem 7.4.5. If lim, Oddﬁoo%log\TraceA?;rJ exists, the limit is less than or

equal to zero.

Proof. Let p : Squ/z(S ) = End(V) be an irreducible representation of the skein
algebra associated to 7, and weight system {p,},. From the definition of inter-

twiners A% . we know
3077“59

pps(X) = Al o p(X) o (Al )7
for all X € Squ/z(S). We have
p(©):(X) = pps(ps(X)) = AL, oppy(X)o(AL, )71 = (AL, )2oppy(X)o(Al, )72

Then it is easy to show that, with any integer j, we have

p(?)e(X) = (AL, ) 0 ppy(X) o (AL, ).

Since ¢ is periodic, there exists a positive integer k such that ¢* = Idg. Then we

have
p(X) = p(¢")s(X) = (AL, ) o p(X) o (AL, )"
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for all X € SK,/2(S). We must have (Agjw)k = Al because p is irreducible,
where [ is the identity matrix and A is a nonzero complex number. But we require
|det(AZr, )| = 1, thus [A] = 1. Actually we can always choose a good AZ, ~such that
(Agfw)’“ = I. Since 2¥ —1 has no multiple roots, then Afr,  is always diagonalizable.

All its eigenvalues are k-roots of unity. Then

TraceAy, = g i,

0<i<n—1
where )\lefor all0<i<n-—1.

We have |TraceAZ:, | < n. So if the limit exists, we have the limit is less than or

equal to zero. O

From the proof of Theorem 7.4.5, we know |TraceAZ:, |is simply the absolute value
of the sum of roots of unity. We are only concerned with how small ]TraceAZ;jTJ
can be because of Theorem 7.4.5. Actually this problem was already asked by
Myerson [Mye86] and Tao [Tao]. For any two positive integers k,n, let f(n, k) be
the least absolute value of a nonzero sum of n (not necessarily distinct) k-th roots

of unity. Myerson gave the lower bound for all positive integers k, n
f(n, k) >n" (7.16)

According to [LLO0], we know TraceAZ, # 0 if the order of ¢ is 2™ for some positive

integer m.

Theorem 7.4.6. If ¢ is of order 2™ where m is any positive integer, for any

surface with negative Euler characteristic, we have

1
lim —log|TraceAl, | =0.

n odd—o0 1,
Proof. Since for any odd n, we have TraceAZ', # 0. Then
n* < fln, k) < [ TraceAZ.|,
where k£ = 2™. So we get

1 1
—logn* < ~log [TraceAZ, | < —logn.
n n B n
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Then lim,, ogd—seo % log |TraceA?O’jw| =0. O

Proposition 7.4.7. If ¢ is of order p™ where p is any positive prime number and

m 1s any positive integer, for any surface with negative Fuler characteristic, we

have )
lim sup — log | TraceA", | = 0.
n odd—oo T e
Proof. The proof is similar with Theorem 7.4.6. O

For the following discussion, we will use some notations and terminologies in
[BWY21]. Suppose the surface S has at least one puncture, that is, it has ideal
triangulations. Let 7 be an ideal triangulation of S, and let ¢ be any periodic map
of S. Suppose 7 = 7 71 7®) = »(7) is an ideal triangulation sweep. Since
@ fixes a point in the Teichmiiller space, there exists a periodic edge weight system
a=a®aD, . a® =q e (Ryy)® where a is the shear parameter corresponding
to this fixed point in the Teichmiiller space. Then [7;] € Xpgr,c)(S) is the char-
acter associated to the weight system a. From the above discussion, we know [7;]

can be lift to a smooth ¢-invariant character [y,] in Xsr,(c)(95)-

We also have a;,a;, ...a;; = 1, where €;,,¢€;,,...,¢;, are all the edges connecting
to a common vertex, because a corresponds to a complete hyperbolic structure.
If Tracey,(a,) = 2, set h, = ¢°. Then h? = 1 and p? = h, + h,' + 2. If
Tracey,(a,) = —2, set h, = 1. Then h? = 1 and p2 = h, + h;' + 2. Obviously
hy = hy() for any puncture v. Proposition 15 in [BWY21] implies that we can
obtain an interwiner K?&E with \det(Kiﬁ)] = 1. According to Theorem 16 in
[BWY21], we have |Tracexiﬁ| = [TraceAZ, |.

For the once punctured torus S, we only have one puncture v. Let a = K3, 8 =
K, denote two elements in m(S1;), see Figure 7.3. It is well-known that «, 3
freely generate m1(S1,1). Let o, be the loop around v. Then o, = Bapftat. From

Lemma 7.4.1, we have

Tracey,(aw) = Trace'yw(ﬁaﬂilail) = Trace’%p(ﬁ)’%p(04)%0(5)717@(05)71 # 2

because v, is injective. Thus we must have Tracey, (o, ) = —2, which means h, = 1.
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Lemma 7.4.8. Let the surface be Sy, then Conjecture 7.4.4 holds for ¢ being

()
o ( ;).

0
Proof. We only prove the case when ¢ = (

1
) (the proof for the other one

is similar with this one). Let 7 be the ideal triangulation in Figure 7.2. Then ¢(7)

is the following ideal triangulation in Figure 7.4.

3

FiGURE 7.4

Thus from 7 to ¢(7) is relabeling. Suppose the shear parameter for 7 is a” =
(ay,as,a3), then the shear parameter for ¢(7) is a¥”) = (as,ay,as). From a” =
a?'™) | we get a; = as = az. Since we also have a?a2a? = 1 and a; € R, we have

ap = ay = ag = 1.

Recall that the Chekhov-Fock algebra associated to the ideal triangulation 7 is
Cp [V Y5 YiEY], where Y; corresponds to edge e; for ¢ = 1,2,3. The algebra
Cp (Vi Y55 YiEY is generated by Y, Ya, Y3 and subject to relations:

VYs = 'V, YaYs = ¢'YaYa, VoY = ¢V Y, ViV =YY = 1

Define the irreducible representation p of Cp[Y;™, Y55 V5] as pyy; in Lemma

7.2.7, that is, set y; = y» = y3 = 1 in equation 7.7. Then

,0(}/1”> = [dv = alldv,p(Yz”) = Idv = CLQIdV, p(}gn) = [dv = agfdv
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and

p(H,) = p([YPY3YY]) = Idy = h,Idy.

It is easy to calculate that ®77 W ) is actually an isomorphism from C Vi v v
to itself and

\I/CIn

ICaks

\I,qrET)T (Y}) = Y3, &9

To(T)

(I)qn (YZ) =Y, @37;(7)‘1,%

o (Y3) = Ya.

e(7)

We use p’ to denote the irreducible representation p@Z’;(T)\I/¢(T)T. Then p is isomor-

phic to p'.

For each 0 <k <n —1, set

_ k24i2+dik+i—k
Vg = § qn w;

0<i<n—1

Then we have

p (Y1)(0r) = giFve, p (Ya) (1) = g Zvpsn, p (Ya) (0r) = g o1

Define invertible operator A for V such that A(wg) = v, V0 < k < n — 1. Then,
for all 0 < k <n — 1, we have

P (YD) (A(wy)) = p' (Y1) (vr) = g3 vr = Algy wi) = Ap(Yr)wy).

Thus we get p' (Y1) = Aop(Y1)oA~L. Similarly we can show p'(Y3) = Aop(Y)oA™!
and p (Y3) = Ao p(Y3) o A'. Thus A is the intertwiner. As a matrix, we have

2
Az k= qg +i2 4 dik4i— k

From pure calculate, we get |det(A)| = n2. Thus we can set KZID’?@ = n2A. Then

[ TraceAd, | = |TraceKZ:n n2 Z & =n"2/(6,n)n = \/(6,n).

0<i<n—1

Obviously we get
1
lim —log|TraceAl", | = 0.

n odd—oo N,
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rem In the proof of Lemma 7.4.8, when we try to find the periodic edge weight
system for the triangulation sweep 7, ¢(7), we require a; € R+ because we want to
get the fixed character corresponding to a point in the Teichmiiller space. Actually
we still get the same intertwiner A as in Lemma 7.4.8 without requiring a; € R,
that is, for any periodic edge weight system, the intertwiner we get is A. This means
Lemma 7.4.8 still holds when we choose any other p-invariant smooth character
(without the restriction for only choosing the one corresponding to a fixed point in
the Teichmiiller space). Readers can check the same arguments hold for Theorems
7.4.6 and 7.4.12.

Let ¢ be a pseudo-Anosov map for S, and let f be any diffeomorphism for surface S.

Then fof~!is also a pseudo-Anosov map. Then we have the following conclusion:

Lemma 7.4.9. Let ¢ be any pseudo-Anosov map for S, and let f be any diffeo-
morphism for S. If Conjecture 7.1.3 holds for ¢, then it also holds for fof=!.

Proof. We will use the same notations as in Conjecture 7.1.3. Let f;! be the
isomorphism from 7 (S) to itself induced by f~!. Then [yf!] is a smooth f¢f~!-

invariant character. Set 0, = 0;-1(,, then 6, are invariant under the action of

fof ! and

/ /

Tracey f, (o) = Tracey(ay-1(,)) = —ere) — el = —f — o0,

! /
0, Or—1() I il O))
n

’ 9’1)
Set p, =en +e 7w =e n = Pj-i(y), then

T (p,) = —Traceyf, (o).

Recall that we use fﬁ_1 to denote the isomorphism from SK 1/2(S) to itself induced
by f~!. Let p be the irreducible representation associated to [y] and puncture
weights p,. Then p fﬁ’1 is an irreducible representation associated to character

[vf:'] and puncture weights p, .

With the assumption for Conjecture 7.1.3, we have

1K) = A%, 0 X) 0 (451"
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for any element X € SK1/2(S) and [det(A7’,)| = 1. Then we get

pf (Fof (X)) = pfy feonf (X)) = poyp fiH(X) = AL, 0 p(f (X)) o (AG) "

dn _ dn
Thus we get Afzﬁf*l,rf:l = AW, and
4 1 qn : 1 dn
pim o loelTraceAl, = T - log|TraceAy, |
1 1
:EUOZhyp(qu) = EUOlhyp(qubf*l)-

2 1
From [BWY22], we know Conjecture 7.1.3 holds for ¢ = (1 1).

Corollary 7.4.10. Conjecture 7.1.3 holds for all f¢f~' where f is any element
in GL(2,7Z).

Let ¢ be a periodic map for S, and let g be any diffeomorphism for S. Then
gpg~! is also a periodic map. The same discussion as in Lemma 7.4.9 implies the

following conclusion.

Lemma 7.4.11. Let ¢ be any periodic map for S, and let g be any diffeomorphism
for S. If Conjecture 7.4.4 holds for o, then it also holds for gpg=!.

The following Theorem shows Conjecture 7.4.4 holds for the once punctured torus.
This confirms the relation between the intertwiner and the simplicial volume of the

corresponding mapping torus.

Theorem 7.4.12. Conjecture 7.4.4 holds for the once punctured torus.

Proof. Let ¢ be any periodic map for S; ;. Then the order of ¢ could be 1,2,3,4 or
6. According to Theorem 7.4.6, Conjecture 7.4.4 holds if the order of ¢ is 2 or 4.

If the order of ¢ is 1, then ¢ is just the identity map. In this case, we can just
choose the intertwiner to be the identity operator. Then Conjecture 7.4.4 holds
trivially.

We look at the case when the order of ¢ is 3 or 6. For these two cases, we have

|Tracep| = 1. According to [Kar22], we know there exists an element g € GL(2,7Z)
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0 1 1 1
such that ¢ = ¢ ( . 1) glorp=yg < . 0) ¢! From Lemmas 7.4.8 and

7.4.11, we get Conjecture 7.4.4 holds for these two cases.

]

rem From the proof of Theorem 7.4.6, we know if we can show TraceAfr, # 0 after
n is big enough, then we can prove

1
li — log | TraceAZ". | = 0.
n odlgr—lmo n 08 | race #le ’

rem From subsection 7.1.4, we know the periodic edge weight system a = (@, a®, ... o =

a for the ideal triangulation sweep 7 = 70 7 7} = »(7) and @-invariant

puncture weights h, can give us the intertwiner Kiﬁ such that

po CI)gS@(T) oW! | (X)= Kiﬁ op(X)o (AL )t

p(r)r e

for every X € T1.

- - q a  ym _ (4 q
It is easy to verify that ((IDW(T) o \If‘p(T)T) = ((anmm o \Ilwm(T)T), and
0= a® 0 . ® R CO N (o R

is the periodic edge weight system for the ideal triangulation sweep

T = 7'(0); T(l) Ce 77'(k) (7_)7 90(7—0))’ S 790(7—('%)) = ('02(7—)’ Tt
)

=
"), o (W), e (W) = o (7)

and hgm(y) = ho.

Suppose ¢ is periodic with order m, then

(Ro)™ 0 P(X) 0 (Ro5) ™" =0 @ n(yy © Wiy, (X) = BX)

for every X € T4. Then (Aiﬁ)

we can choose good Kiﬁ such that (Kiﬁ)m is the identity matrix. We have all the

"™ is a scalar matrix since p is irreducible. Actually

. x4 . A 4q e —
eigenvalues of A - are m-roots of unity, and |TraceA, 5| = 0 or [TraceA, -| > n™™.
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From lemma 11 in [BWY21], we know the complex dimension of the space of all
periodic edge weight systems for the fixed ideal triangulation is more than or equal
to 1. Thus this space is connected. In a local open subset of this space, we can
choose p-invariant puncture weights such that these puncture weights smoothly
vary according to periodic edge weight systems. Then we have |TraceK:iﬁ| smoothly
varies according to periodic edge weight systems in a local open subset by using
the similar argument in complement 10 in [BW19]. Since this space is connected
and 0 is an isolated point in the image, we have ]Tracexz,’ﬂ = 0 for all periodic
edge weight systems with the chosen puncture weights, or |Tracexiﬁ| > n~"™ for

all periodic edge weight systems with the chosen puncture weights.

If we can find one periodic edge weight system with the chosen puncture weights
such that
1 A dn
lim —log |TraceA:105| =0,

n odd—oo N
we can conclude that the above equation is true for every periodic edge weight

system with the chosen puncture weights.
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