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An Accurate Solution To The Cardinality-based Punctuality Problem

Zhiguang Cao', Yaoxin Wu?, Akshay Rao?, Felix Klanner?, Stefan Erschen?,
Wei Chen'*, Le Zhang*, Hongliang Guo®.

Abstract—This paper focuses on a specific stochastic shortest
path (SSP) problem, namely the punctuality problem. It aims
to determine a path that maximizes the probability of arriving
at the destination before a specified deadline. The popular
solution to this problem always formulates it as a cardinality
minimization problem by considering its data-driven nature,
which is approximately solved by the /;-norm relaxation. To
address this problem accurately, we consider the special character
in the cardinality-based punctuality problem and reformulate
it by introducing additional variables and constraints, which
guarantees an accurate solution. The reformulated punctuality
problem can be further transformed into the standard form of
integer linear programming (ILP), thus, can be efficiently solved
by using the existing ILP solvers. To evaluate the performance
of the proposed solution, we provide both theoretical proof of
the accuracy, and experimental analysis against the baselines.
Particularly, the experimental results show that in the following
two scenarios, 1) artificial road network with simulated travel
time, 2) real road network with real travel time, our accurate
solution works better than others regarding the accuracy and
computational efficiency. Furthermore, three ILP solvers, i.e.,
CBC, GLPK and CPLEX, are tested and compared for the
proposed accurate solution. The result shows that CPLEX has
obvious advantage over others.

I. INTRODUCTION

Stochastic shortest path (SSP) problem has been researched
broadly in the field of intelligent transportation systems, which
is usually applied in route planning and navigation [1], [2].
Unlike traditional shortest path problem defined in a static
environment, stochastic shortest path (SSP) problem takes
the uncertainties of traffic conditions (e.g. caused by demand
fluctuation, weather condition, or accidents) into account [3],
[4]. Solving the SSP problem attracts extensive attention from
both academy and industry, since it is directly related with
people’s daily life [5], [6].

In SSP problem, the criteria for optimal path are not unique
due to the uncertain traffic condition and user demands [7].
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Several optimal criteria are popular for the SSP problem, such
as LET (least expected travel time) [8], [9], [10], [11], mean-
risk model (minimal weighted combination of expected value
and standard deviation for travel time) [12], [13], and probabil-
ity tail model (maximal probability of punctuality) [14], [15],
[16], [17]. Among the three criteria, probability tail model is
promising in that, 1) the probability can better measure the
stochastic nature of the random traffic [18], 2) it takes into
account the specific user demand, i.e., a user-defined deadline.
In addition, the punctuality criterion is more consistent with
people’s routing behavior, and extensively applied in many
scenarios, such as attending an important meeting, catching
flights, fire rescue and organ delivery. One common query
could be that “I want to reach the airport in 45 minutes.
Please recommend a path with maximum chance to arrive
punctually”. Thus, in this paper, we concentrate on the SSP
problem, which considers punctuality as the optimal criterion.

Several solutions have been presented to solve the punc-
tuality problem, which aims to find a path with maximum
probability to arrive punctually. Fan et al. [14] solve an SSP
problem by incorporating the probability tail model, which
adaptively determines the road link to visit instead of a prior
specified path. In their work, the maximum probability of
punctual arrival is described by a class of unknown functions.
The functions are estimated through Picard method of suc-
cessive approximations. This way, the maximum probability
of punctuality can be estimated, which avoids enumerating
all candidate paths. To improve computational efficiency, they
introduce Laplace transform to simplify the computation on
the evaluation of convolution integrals, which is a main step in
successive approximation. Christman et al. present a dynamic
programming solution for the punctuality problem, consider-
ing cycling and waiting policy as well [19]. Although they
claim satisfactory performance for the proposed solution, the
computational efficiency and accuracy are not demonstrated
accordingly in their work.

To better exploit the existing optimization technique,
Nikolova et al. [12] consider an SSP problem aiming to find
a path with maximum probability of not exceeding the given
cost (i.e., the probability tail model based SSP problem applies
if travel time is considered as the cost). Assuming that the
cost distribution for each link is normally distributed and
independent, Nikolova et al. propose an efficient algorithm
based on the quasi-convex optimization. However, in their
solution, the predefined cost needs to be strictly higher than the
average cost of the paths with smallest-mean-cost. Specifically,
if the departure time is close to the deadline, the predefined
cost will be lower than the cost of all paths, then the problem
formulation will lose the nature of quasi-convex. As a result,
the computation for the optimal path would be inefficient.
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Lim et al. [20] propose a stochastic route planning algorithm
for traffic navigation. Given a pair of origin and destination,
the algorithm can derive a path which minimizes the cost
function expressed by a delay probability distribution. Thus,
the equivalent problem is seeking a path with maximum
probability of punctual arrival. Generally, that problem can
not be solved by the classic shortest path algorithms, as the
optimal substructure property does not hold for the criterion
of probability tail model. Hence, they address the problem by
developing a novel method also based on the quasi-convex
optimization, which adopts a cutting technique to consider the
mean and variance of travel time on all relevant paths. Lim et
al. justify the proposed method by means of both simulation
data and real traffic data, the latter of which is collected by a
group of probe taxi with GPS sensors. The experimental result
demonstrate that the proposed algorithm is more efficient than
the method provided in [12].

However, the solution in [20] relies on several strong as-
sumptions, such as Gaussian-like and time-independent travel
time, and relatively loose deadline, which can not always
hold in real-world traffic condition. To circumvent those
strong assumptions, Cao et al. [16] propose a data-driven
solution to express the punctuality problem in the form of
cardinality minimization, which can be approximately solved
via the ¢;-norm relaxation technique. Moreover, the relaxed
problem can be further formulated as a mixed integer linear
programming (MILP) problem, thus solved by the canonical
solvers. Although this approach avoids the prior assumptions,
in the meanwhile, it decreases the accuracy in finding the real
optimal path.

As stated previously, the punctuality-based SSP problem is
always applied in many critical cases, e.g., fire rescue or organ
delivery, even 1% increment in accuracy may imply 1% incre-
ment in the chance of saving a life. Thus, an accurate solution
in the punctuality problem is much more desirable than an
approximate solution. Therefore, it is significant to develop
new approach to achieve the accurate solution. Although the
general approach to solve the cardinality minimization is using
the /1 -norm relaxation as demonstrated in [16], it is feasible to
develop accurate approach by looking into the special charac-
ter of this cardinality-based punctuality problem. In this paper,
we propose a novel approach by analysing the subtle relation
among the variables inside the cardinality-based punctuality
problem. More specifically, we reformulate the punctuality
problem as an integer linear programming (ILP) problem by
introducing additional variables and constraints, which can
be addressed by using the existing ILP solvers. Besides, we
provide theoretical proof of the accuracy and experimental
evaluation of the proposed approach. Additionally, we also
test and compare several popular ILP solvers for the accurate
solution.

The remainder of the paper is organized as follows. In
Section II, we state the original punctuality problem and
formulate it as cardinality minimization. In Section III, we
first present the approximate solution, which utilizes the ¢;-
norm relaxation to solve the cardinality minimization. Then
we develop new approach to accurately solve the cardinality-
based punctuality problem. In Section IV, we evaluate the

performance of the proposed accurate solution by theoretical
proof and experimental validation. In addition, three popular
ILP solvers based on branch and bound are tested for the
proposed approach. In Section V, we discuss some issues
related to the accurate solution. In Section VI, we state the
conclusion and future works.

II. THE DATA-DRIVEN PUNCTUALITY PROBLEM

In this section, we first describe a road network as a graph,
based on which, we provide the formulation of a punctuality
problem and present the typical data-driven interpretation. It
is noteworthy that, the data-driven approach leverages samples
of link travel times to seek the optimal path, where the sample
value represents transit time on the corresponding road link.
For instance, a vehicle took 200 seconds to traverse a road link,
and another vehicle took 240 seconds to traverse the same road
link. Those travel time samples are generally difficult to obtain
directly. Nevertheless, they can be acquired by processing the
corresponding GPS trajectory data which come into being
when vehicles traverse the road links [21].

We start with a directed graph G = (V, £), where V is the
set of nodes, representing road intersections, and L is the set
of edges, representing road links. Besides, we have o,d € V,
representing the origin and the destination, respectively. Thus,
the punctuality problem can be formulated as below [19], [16]:
Mx = 6;

1
% € {0, 1}17, M

max Prob(w' % < 7)
X

where w is the random vector containing the travel times for
the road links; M is the node-arc incidence matrix of G; 7 is
the user-defined time-to-deadline!; b is the o-d (i.e., origin-
destination) vector, all elements of which are zeros except for
the origin o (“17) and the destination d (“-1”); X is the decision
variable, representing the set of road links where the element
will be “1” if the corresponding road link is on the chosen
connected path; and |L£| refers to the quantity of links in the
road network. The equality constraint guarantees that X is a
connected path from the origin o to the destination d [16].

With respect to Eq. (1), some similar research has been
done. Nie et al. [22] address an SSP problem with on-time
arrival reliability (SPOTAR), which aims to find the path
that minimizes the time budget given a desired probability.
Evolving from the dominance criteria that Miller-Hooks et al.
proposed for the LET path in [8] and [23], Nie et al. adapt
the label-correcting algorithm and its approximation method to
solve SPOTAR and the corresponding time-dependent version.
Further, Wu et al. explore the schemes of convolution and
non-dominated path reduction for better computation and
approximation [24], [25]. Although the method in [22] has
achieved desirable results in the practical traffic networks [26],
[27], some unsatisfactory assumptions on distribution and
correlation of link travel times, still exist, which may prevent
its wide application. Therefore, it is desirable to leverage
a data-driven approach, which may help to get rid of the
undesirable assumptions.

It means the time budget with respect to the user-defined deadline.
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Generally, the optimization problem in Eq. (1) is neither
convex nor quasi-convex if there is no any further assumption
on the distribution and correlation of link travel times, or the
degree of deadline. Under the circumstances, there is no effi-
cient way to settle this problem optimally. Alternatively, this
problem can be re-interpreted from a data-driven perspective.
Before presenting the data-driven solution, we first rewrite the
“maximizing” problem in Eq. (1) as “minimizing”, which can
be formulated as follows [16]:

Mi:B;

% € {0,1}1<l. @

min Prob(w'X > 7)
It is clear that the punctuality objective in Eq. (2) is
minimizing the probability of reaching the destination beyond
the deadline, which is equivalent to that of Eq. (1). At the
same time, it is also equivalent to minimizing the number of
times of arriving at the destination beyond the deadline if a
driver travelled a lot of times with respect to the same o-d.
For example, we assume a driver travelled 2000 times on two
candidate paths, e.g., path A and path B, from o to d. On path
A, the frequency of reaching d beyond the deadline is 50, and
on path B it is 20. In this case, path B would be regarded as
the optimal one in comparison with path A. Thus, the original
problem can be reformulated as a cardinality’> minimization
problem, which is intended to minimize the cardinality of
C(X), i.e., the vector represented as below:

CX)= (c1,c2,..-,¢N)

= (Wl =" Wi g = J*, L AR - T, )
where []* = max{0, -}*; each element in W; denotes the i,
travel time sample on the corresponding edge; N denotes the
quantity of travel time samples on each edge. Each element
of vector C'(X) means a comparison between one historical
path travel time and the deadline. Once travel time W, ¥ is
less than deadline 7 (i.e., punctual arrival), the corresponding
element will be 0. Therefore, the cardinality minimization of
C(X) means minimizing the frequency of being late (i.e.,
non-zero elements). Note that the cardinality minimization
approach is data-driven naturally, which has no need for any
specific distribution, correlation of link travel time or time-
to-deadline. As a consequence, the data-driven punctuality
problem is described as follows:

Mx = B;

% € {0, 1}l @

min Card(C (X))
where Card(-) is the cardinality function.

III. SOLUTIONS TO THE DATA-DRIVEN PUNCTUALITY
PROBLEM

In this section, we first present the typical approximate
solution, which employs the ¢;-norm relaxation technique to
convert the cardinality minimization problem into a mixed

2Cardinality refers to the amount of non-zero elements in a vector, e.g.,
card([0,4,3,0])=2.

3[]* returns the larger component between O and the number in bracket,
e.g.,[3]T=max{0,3}, and [—1]*=max{0,-1}=0.

integer linear programming (MILP) problem. Then, by intro-
ducing additional variables and constraints, we reformulate the
approximate MILP problem as an integer linear programming
(ILP) problem, which leads to an accurate solution to the
original punctuality problem.

A. Approximate Solution Expression

Previously, the data-driven punctuality problem is formu-
lated as a cardinality minimization problem. In general, car-
dinality minimization is neither categorised as convex nor
quasi-convex optimization, and it is often solved by the /¢;-
norm relaxation technique [16]. The relaxed problem can be
addressed effectively, where ¢1-norm is commonly known as
convex envelop of the function Card(X).

The ¢1-norm of a vector is often denoted by ||-||1, and it
means absolute sum of all elements. For instance, the /1-norm
of a vector X can be represented as below:

1X[[1 = [@1| + - + |20, 5

where n denotes the size of X. Accordingly, the minimization
for £1-norm of X can be expressed as follows:

min||X||; | X e F, (6)

where F is a feasible set. Before presenting the approximation
into the data-driven solution, we first reformulate the Eq. (4)
as follows:

WX —71<&,i=1,2..N;

MX = b, ¢ > 0,% € {0,1}14],

—

m;in Card(§) )

where ¢, refers to the potential delay in Eq. (3), which is also
a decision variable. After that, the approximate solution with
the ¢1-norm relaxation can be expressed as follows:

N
mjnz &
X
i=1

In fact, Eq. (8) can be formulated as the form of MILP
and then addressed by existing solvers. However, the solution
has low accuracy because the potential delay (i.e., &;) is
random. For instance, assuming the potential delay vector §
of path 1 and 2 are £;=[0,3,4,0] and &2=[1,2,2,1], respectively,
Eq. (8) will take path 2 for the better one since the element
sum of 52 is less. However, path 1 has a higher chance to
guarantee punctual arrival because 51 has more zero elements,
which indicates more punctual arrivals. Therefore, an accurate
solution is desired for the cardinality minimization problem to
maximize the chance of punctual arrival.

W R—1<¢&,i=1,2...N;

' _ (8)
MX =b,& > 0,% € {0,1}~].

B. Accurate Solution Expression

An accurate solution is feasible by looking into the relation-
ship of all variables inside the cardinality-based punctuality
problem. Intuitively, if we turn the non-zero elements in
potential delay vector 5 into “1”, and calculate the ¢;-norm
of the new binary vector, the obtained result will be equal
to the cardinality of vector f (i.e., the sum of elements). For
example, when the potential delay vector E of a candidate path
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is [0,3,4,0], we can convert it into 5=[0,1,1,0] so that the /-
norm of 6 will be 2, which is exactly the cardinality of 5
namely [0,3,4,0]. In view of this, we can turn the the potential
delay vector 5 into binary vector ] _and replace them in the
objective of Eq. (7) with ¢1-norm of 9, and then we can get the
similar form of Eq. (8). To elaborate the transformation and
arrive at the form of accurate solution, we first re-transform
Eq. (8) as follows:

WX & <T1i=12..N;

; - 9
manf Mg = Big >0.%e o1,

The logic is stated as follows: Suppose W, ¥ is larger than

the deadline 7, which means that a delay happened, and &; is
larger than 0, say 3. In this case, we actually would like to
minimize a “1” in the objective function. On the other hand, if
vi?iT X is smaller than the deadline 7, then we want to minimize
a “0” in the objective function. Therefore, we introduce the
new variable § = {0,1}". At the same time, we introduce
a big value V, say, 10'°, then the accurate solution can be
formulated by:

0;-V<ri=12,..N;
=b;0 € {0,1}V, % € {0,1}}4,

N - T =
mjnZG WixT (10)
i=1
where the § and % are the decision variables. According to
Eq. (10), if there is a delay, it means that v_s};'— X > 7, and 0,
has to be 1 to keep the first constraint feasible; if there is no
delay, it means that v_x'f;r X < 7, and 6; will be forced to be
0 (although #;=1 also keeps the first constraint feasible, the
objective function by minimization will force it to be 0). As a
consequence, the MILP problem in Eq. (8) has been converted
into an ILP problem, in which a real accurate solution can be

achieved.

C. Accurate Solution Expressed as Integer Linear Program-
ming

By analysing the structure of the cardinality-based punc-
tuality problem, and introducing empirical variables and con-
straints into the approximate solution, the punctuality problem
in Eq. (4) can be finally converted into an accurate solution
expressed as an ILP problem in Eq. (10). To make it clear,
we will transform Eq. (10) into a standard form of ILP, which
can be expressed as follows:

minf'z |~ - ° . (11)
Z 1<z<u; Ze{0,1}*
where
. T
Z = [m zic|, b1 O | . (12
2 T
f = [0 Ogp 1y In |, 13
Win Wi oo Wy =V 0 .- 0
Wor Wag - Wy 0 —V-oi 0
A= ) . ) ) ;
Wni Whae Wnizp 0 0 -V
(14)

B = [ ] (15)
T

Ac = [M Opyn) |, (16)

B. = b, (17

I = 0gepnxa, (18)

i = 1gg4nx1- (19)

Note that W;; in Eq. (14) is the 4, travel time sample on arc
7 and B in Eq. (15) has the size of N x 1.

In this standard form of ILP, Z is a decision variable, and the
optimal value for X in Eq. (12) corresponds to the optimal path,
i.e., the path with the maximum probability of punctuality [28].
The proposed ILP problem can be solved by some mature
algorithms, such as branch and bound and cutting planes.
Those algorithms have been realized in many existing solvers,
e.g., CBC, GLPK and CPLEX [29], [30].

I'V. PERFORMANCE EVALUATION

In this section, we evaluate the proposed accurate solu-
tion from both the theoretical and experimental perspectives.
Firstly, the accuracy of the proposed ILP is theoretically
proved, by deriving the equivalency between the ILP and
cardinality minimization problem. Then, we evaluate three
methods with experiments, i.e., the Dijkstra (i.e., the shortest
path algorithm) [31], MILP (i.e., the approximate solution
based on the cardinality minimization) and ILP (i.e., our
accurate solution based on the cardinality minimization), to
compare their performances and verify the superiority of
ILP. Finally, three solvers are tested for the ILP in order to
recommend the best solver.

A. Theoretical Proof of Accuracy

In Eq. (10), the punctuality problem has been formulated as
cardinality minimization, which is rewritten as below:

M2z = b:
min Card(C(Z)) e ‘ (20)
z i e {0, 1}F]]
where C(Z) = ([W{Z — 7|*,--- , [T — 7]7). As the MILP

form of the punctuality problem resorts to the ¢1-norm relax-
ation, it probably leads to an approximate solution as we have
illustrated in Section III-A. To maintain the exact solution,
we directly derive an ILP problem from Eq. (20), which is
described as follows:

Mz = g;
Inlnzﬂ BE—7<V-6;
= ze{o, 1) 6; € {0, 1},

2

where § = (61,---,0x), and V denotes a huge positive
number. As a consequence, the 0-1 variable 6; will get 1 when
W] #—7 is positive, otherwise 6; equals 0. Obviously, va 1 0,

meaning the same thing as Card(C(Z)), indeed refers to the
number of times of being late, and needs to be minimized. The

proof of two formulations’ equivalence is stated as follows:



CAQO et al.: AN ACCURATE SOLUTION TO THE CARDINALITY-BASED PUNCTUALITY PROBLEM 5

1) Proof of Sufficiency: An auxiliary function ¢ : R —
{0,1} is defined as below:
@=1 7= (22)
elx) =
1 x>0

by which the cardinality problem in Eq. (20) can be converted
into:

Mf:g;

z e {0,117, 29

Then, we replace (] ¥—7) with 0;, i.e., §; = (@] T— 7).
Then, we can easily observe the following equivalence:

T € X;
0; 24
mmz 0; = e(W] & — 1), &

T

N

T € X;
i 0; 25
P2 o~ stz -, >

\

z € X;0, € {0,1};

2
mm; W T -1 <V -0 (26)

where V' is a large value and = € X represents feasible region
of Z. The equivalence between Eq. (24) and Eq. (25) is obvious
because 6; is a binary value determined by &, and increasing
6 will not change the value of objective function. On the
contrary, the value of 6; is not completely dependent on ¥
in Eq. (26). For instance, when ] # — 7 is negative, both
f; = 0 and 1 meet the inequality constraint. Nevertheless,
we can easily derive Eq. (26) from Eq. (25). To be specific,
whether the value of @] ¥ — 7 is positive or not, it always

satisfys the relation as below:

0; = (W] — 1), (27)
U
W E—T<V-0; 0;€{0,1}. (28)

As a consequence, we have proved that Eq. (20) is the
sufficient condition for Eq. (21), because Eq. (26) is definitely
the same as Eq. (20).

2) Proof of Necessity: To prove the necessity, we start with
Eq. (26) and manipulate it as follows:

r e X;0, € {0,1};
29
mmiz: i r< V-6, (29

I
N
x e X;0; € {0,1};

min, min 0; 30
7 ;; -7 <V -6, G0

4

x e X;0; € {0,1};

31
W T 1<V -0, G

N
ming min 6;
z < G
=1

To associate Eq. (31) with cardinality expression, we can
resort to the auxiliary function defined in Eq. (22) and prove
the relation as follows:

. r € X;0; €{0,1};
min6; | _;_ (32)
1 W, & —17 V-6,
I
0;=c(w]i—7) |z €X. (33)

Specifically, when % — T is positive, we can derive the

inequalities as below:

(34)
(35)

0< W T—7<V-0b;
91’ € {Ov l}a
where the value of ¢; can only be 1. Similarly, if @W]% — 7

is non-positive, 6; must satisfy the inequality constraints as
follows:

Wl T — 1 < 0; (36)
WlE—1 <V -0 (37)
01’ S {Oa 1}3 (38)

where both 6; = 0 and 1 meet the inequality constraints. How-
ever, to minimize the objective function value, the decision
variable 6; will only be 0. In view of the relation between
Eq. (32) and Eq. (33), the formulation in Eq. (31) can be
converted into:

N
mmZe(zﬁZ—Tff T) ‘x e X, (39)
i=1
I
N L=
Mz =10
min Y (@[T — 7T (40)
; ( 'z oaye
i)
M7 = b
min Card(C (¥ ' 41
z (@) 7 e {0, 1}
where C(Z) = ([W{Z—7]", -, [W}Z—7]"). Therefore,

Eq. (20) is also the necessary condltlon for Eq. (21). In
conclusion, Eq. (20) and Eq. (21) are necessary and sufficient
conditions for each other, and the ILP formulation is an
accurate solution to the cardinality-based punctuality problem.
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Fig. 1: An Artificial Road Network: 65 Nodes and 123 Arcs.

B. Experimental Results and Evaluation

To verify the superiority of the proposed accurate solution,
i.e., the ILP method, we test it against two other methods,
i.e., the Dijkstra method and MILP method. The Dijkstra
method is the classical algorithm for shortest path problem.
It manages to find a path with the least total weight in a
graph [32], which can be employed to determine a path with
the least travel time in the traffic network. The MILP method is
proposed in [16], and it uses the ¢;-norm relaxation technique
to calculate the approximate solution to the cardinality-based
punctuality problem. The three methods are tested on two
networks, i.e., an artificial road network and an area of real
road network in Beijing, with simulation and processed GPS
data respectively.

In each network, we firstly derive the samples of link travel
times to compute the optimal paths for the three methods.
Different origins, destinations and deadlines are subsequently
specified to test the accuracy of three methods. Then, we
calculate and compare the maximum probability of punctuality
for the optimal paths from the three methods. Finally, we test
and analyse the three methods’ computational efficiency for
the two networks. Note that the proposed method and MILP
method are implemented by the solver CPLEX with Matlab
R2017a, and the Dijkstra algorithm is implemented by calling
the built-in function distances in Matlab.

1) Artificial Road Network with Simulation Data: To test
the three methods, namely the Dijkstra, MILP, and our method,
we first apply them to an artificial road network with simu-
lation data, which is a directed graph with high connectivity
degree. Particularly, this graph has 65 nodes and 123 links,
which is shown in Fig. 1. Based on this artificial road network,
our experiment is conducted by the following steps:

step 1: We randomly specify 20 origin-destination(O-D) pairs;
step 2: We generate 500 groups of simulation data for the
whole road network, representing the samples of link

travel times in the road network?;

For each O-D pair, we use the samples of link travel
times to calculate the optimal path, i.e., the path with
maximum punctuality probability, given a specified
deadline;

For each O-D pair and each deadline, step 2 and step
3 are repeated 100 times. To test the accuracy, the
optimal path of ground-truth will be derived by an
enumeration method every time?;

We specify 5 types of deadlines for each of the 20 O-
D pairs, and then repeat step 4 for the three methods,
to calculate their accuracies in different scenarios (i.e.,
different O-D pairs, deadlines and varying link travel
times);

Following the above steps, all the three methods are
implemented to compare their average accuracies and
the probabilities of punctuality for their optimal paths.
Note that the groups of link travel times are directly
incorporated into the MILP and our method, while
the average travel time on each link is needed for the
application of the Dijkstra method.

step 3:

step 4:

step 5:

step 6:

For each O-D pair, the deadline is determined by 7 =
T1+a(re — 71), where 72 is the minimum longest travel time
among all paths based on the generated link travel times; 7;
is the shortest travel time on the same path with the minimum
longest travel time; « is a coefficient. Thus, we can use «
to represent deadlines of different levels. Generally, lower
a indicates tight deadline, and vice versa. Moreover, it is
obvious that when « equals to 1, 7 will be equal to 75 and
there will be a path with the 100% probability of punctuality.
In our experiment, we use five different values of «, which
corresponds to deadlines of five levels.

The corresponding experimental results are displayed in
Fig. 2. More specifically, the average accuracies from each
of the three methods with different deadlines are plotted
in Fig. 2(a). We can easily observe that, for all specified
deadlines, the proposed accurate solution by ILP method can
always achieve accuracy of 100%. The Dijkstra and MILP
methods obtain unsatisfactory average accuracy, both ranging
from 60% to 80%. In fact, the average accuracy of MILP
method is better than the Dijkstra method because highest
accuracy of the Dijkstra method is only 70%, as shown in
Fig. 2(a). In the experimentation, we calculate the average
link travel times as weights and then use the Dijkstra method
to obtain the optimal path. However, the Dijkstra method
only consider the cost (i.e., travel time) on each road link,
and it does not take into account the user-defined deadline.
Consequently, the accuracy of seeking the optimal path is
low. Regarding the MILP method, it employs the ¢;-norm
relaxation technique to approximate the punctuality problem.

4In fact, all the three methods, namely the Dijkstra, MILP, and our method,
exploit samples of link travel times to estimate the optimal path without any
assumption of them. Here, the 500 groups of samples are generated at random,
while for Beijing Road Network, the samples are part of real link travel times.

SIf there are 200 instances of data on each link and we assume that 200
instances exist for each path between the O-D pair, then the ground-truth
optimal path has the maximum number of times of not being late regarding
the deadline. The ground-truth path can be found through enumerating all
paths between the O-D pair.
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Fig. 2: Methods Evaluation in Artificial Road Network.

It is data-driven and has no requirements on probability distri-
bution or correlation of the link travel times. Nevertheless, it is
also influenced by data because the relaxation takes the delay
duration as decision variables rather than the real cardinality of
punctuality. Since it does consider the user-defined deadline,
it achieves higher accuracy than that of Dijkstra method.
The proposed accurate solution by ILP method is also data-
driven and can be directly applied with the link travel times.
Furthermore, its ILP formulation can always obtain an accurate
solution to the cardinality-based punctuality problem.

To better demonstrate the advantage of our method, we
also compare the punctuality probabilities of the optimal paths
(i.e., the maximum probability of punctuality) from the three
methods. Fig. 2(b) shows the the probability of punctuality
for the Dijkstra method and the ILP method in 200 tests. It
is obvious that our method can always derive the path with
the higher punctuality probability than the path determined
by the Dijkstra method. From Fig. 2(b), we can also see that
the punctuality probabilities of the optimal paths from two
methods differ slightly, which means the punctuality probabil-
ities of some paths are very close. However, our method can
still discern this distinction and achieve the highest probability
of punctuality, which demonstrates satisfactory robustness of
our method. Analogously, the comparison between MILP
method and ILP method is shown in Fig. 2(c). According
to Fig. 2(c), it can also be concluded that no matter how
slight the difference of the probability is, our method can
always achieve the highest one. We would like to note that, as
mentioned previously, although the difference of punctuality
probability is small, even 1% increment in the probability of
arriving on time may imply 1% increment in the chance of
saving a life, especially in the route planning for fire rescue
or organ delivery.

2) An Area of Beijing Road Network with Processed GPS
Data: To better verify the reliability and superiority of our
method, we continue to test it on Beijing road network with
real traffic data. The original dataset includes the trajectories
of over 30000 taxicabs for one day in Beijing. Based on those
GPS data, some researchers estimated the travel time for each
road link [21], [33], and the effectiveness of the estimation was
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Fig. 3: An area of Beijing City

also verified [21]. We only extract an area of the Beijing road
network to test the three methods, which is shown in Fig. 3
(i.e., 362 nodes and 528 arcs). The experiment is similar to
that conducted on the artificial road network, except that the
samples are from the real link travel times in Beijing road
network. Accordingly, the corresponding results are shown in
Fig. 4(a) - Fig. 4(c). Particularly, the accuracy comparison of
three methods is displayed in Fig. 4(a).

From Fig. 4(a), we can observe that the average accuracy
of our method is higher than the other two methods, which
always keeps 100% against all different deadlines. We can also
see that, although the difference of accuracy for the Dijkstra
method and MILP method is slight, the accuracy for the latter
is always higher. One underlying rationale is that the MILP
method takes into consideration both the randomness of travel
time and the user-defined deadline, while the Dijkstra method
only considers the expected travel time. Fig. 4(b) shows the
comparison of punctuality probability between the Dijkstra
method and our method for 200 tests. It is clear that our
method can always choose a path with higher probability of
punctuality. In fact, our method provides an accurate solution
to calculate the optimal path with maximal probability of
punctuality, so the probability of punctuality obtained by the
Dijkstra method will not be larger than that of our method.
Fig. 4(c) has the similar pattern as Fig. 4(b), and it also shares
the similar rationale.
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Fig. 4: Methods Evaluation in Beijing Road Network.

3) Computational Efficiency Evaluation: To evaluate the
computational efficiency, we also compare the average running
time for the three methods in the two road networks. The av-
erage running time is calculated as the running time in all tests
with different O-D pairs and deadlines. The result is recorded
in Table I. As we can see, the computational efficiency of our
method is almost tied with the MILP method for the two road
networks. However, our method is more efficient than MILP
method in the artificial road network. Although the Dijkstra
method has the shortest average computation time in two road
networks, its accuracy is much lower than our method and the
MILP method. Moreover, lower accuracy is not in favour for
many critical cases of routing planning, such as fire rescue,
organ delivery and flight catching.

TABLE I: Computation Time for Different Methods (s)

Network Dijkstra MILP  Proposed method
Artificial Road Network 0.0028 0.3294 0.3215
Beijing Road Road Network 0.0036 0.9778 1.0452

In summary, no matter in the artificial road network with
simulation data, or in real road network with real traffic
data, the ILP method always guarantees highest accuracy and
desirable computation time. Considering both the accuracy
and computational efficiency, our method is more reliable and
effective to solve the punctuality problem in comparison with
the Dijkstra method and MILP method.

C. ILP Solvers Evaluation

The proposed accurate solution is expressed as the form of
ILP. The ILP can be solved by some mature algorithms, which
have been realized inside many solvers. We would like to
mention that, although the proposed ILP method theoretically
guarantees an accurate solution, some available ILP solvers
may not always reach the real optimum due to various
limitations. Therefore, in our work, we test the accuracy of
three popular ILP solvers, including CBC (i.e., Coin-or Branch
and Cut), GLPK (i.e., GNU Linear Programming Kit) and
CPLEX (i.e., IBM ILOG CPLEX Optimization Studio). More
specifically, CBC is an open-source MILP solver distributed
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Fig. 5: Accuracy for Solvers in Artificial Road Network

under the COIN-OR (Computational Infrastructure for Op-
erations Research) project, which solved ILP problem based
on Branch and Cut algorithm [29]. GLPK is an open-source
software package for solving large-scale LP, MILP and other
related problems, which solved the ILP problem based on the
branch and bound algorithm. CPLEX is a commercial high-
performance mathematical programming solver, which solved
the ILP mainly based on the cutting technique [30]. The three
solvers are tested in both artificial road network and Beijing
road network. In each network, the average accuracy under
each deadline is calculated by taking the mean of accuracies
with different O-D pairs and varying link travel times.

The comparative result in artificial road network is shown
in Fig. 5. It can be seen that no matter which solver is used,
the average accuracy regarding different deadlines is always
above 97%. The average accuracy of CBC is obviously lower
than other two solvers. The average accuracies of GLPK and
CPLEX are very close. However, when deadlines coefficient
a is equal to 0.7, the accuracy for GLPK is slightly lower
than 100%. Meanwhile, CPLEX can always achieve average
accuracy of 100%. Therefore, CPLEX has better performance
in comparison with the other two solvers. Similarly, the
CPLEX’s superiority is also verified by the comparative result
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in Beijing road network, as shown in Fig. 6. Particularly,
although three solvers show quite high accuracy, only CPLEX
exactly keeps 100% accuracy in all cases. When a = 0.6
for CBC, and o« = 0.5 for GLPK, the accuracies are slightly
lower than 100%. In addition, we further test the average
computation time of the three solvers to compare their com-
putational efficiency. The average computation time for both
artificial road network and Beijing road network are recorded
in Table II. The result in Table II shows that in both networks,
CPLEX has shorter average running time in comparison with
GLPK and CBC. Considering both the accuracy and efficiency,
CPLEX is a perfect option to implement the proposed accurate
solution in this paper.

TABLE II: Computation Time for Different Solvers (s)

Network CBC GLPK CPLEX
Artificial Road Network  0.7992  0.8475 0.3215
Beijing Road Network 4.9942  1.7904 1.0452

V. DISCUSSION

Our approach in this paper is data-driven, and it aims to
minimize the numbers of times of being late, which can tell
from Eq. (3) and (4). To this end, the original travel time on
each road link for each time is more desirable than a random
variable, because we need two metrics: how many times a
vehicle runs on a path (consists of road links); how many
times it arrives the destination before the deadline. On the
other hand, as the number of times that a vehicle runs on a
path becomes larger, it will more accurately represent the true
random variable. Moreover, although the travel time samples
for the artificial road network is randomly generated according
to certain distribution, the travel time entities for the Beijing
road network are real. The latter is obtained from the real
individual cars, which can better represent the actual values.

In view of the fulfilling results of the model-based methods
in [26] and [24], our data-driven approach has both advantages
and disadvantages. The advantages come down to two aspects:
1) our approach does not need to construct any distribution
function or probability density function; 2) our approach does

not need to explicitly establish any correlation model because
the real travel time data already naturally included the correla-
tion characteristic. The two advantages are important because
generally, it is difficult to construct an accurate function or
model in 1) and 2). However, the advantages come at the price
of computation efficiency. To achieve an accurate solution,
the data-driven approach finally formulates the problem as an
integer linear programming problem, the worst computation
complexity of which is exponential with the problem scale.
Therefore, the current solution is not suitable to apply on large
road networks, which is inferior to the methods in [23] and
[25] with respect to the computation efficiency. Consequently,
improving the computation efficiency while reserving high
accuracy would definitely be the most important future work.

We also would like to note that the time-dependent capa-
bility is an important metric for finding a stochastic shortest
path. Since our approach is data-driven, it is easy and natural to
develop the time-dependent capability by inputting the travel
time data into the algorithm in a time-dependent manner [34].
For example, to find a shortest path between 7am and 9am,
we may utilize the travel time data for that specific period
as the input. Moreover, if the real time is unavailable, we
may also adopt the historical data of that period as the input.
On the other hand, the time- dependent performance for this
kind of data-driven approach has been well investigated in the
previous work [34]. Therefore, we did not detail the time-
dependent capacity of our approach here, which is also not
the focus of this paper.

VI. CONCLUSION AND FUTURE WORK

In this paper, we aim at determining a path with maximum
probability of punctuality in stochastic traffic. An accurate
solution to the punctuality problem is proposed by introducing
additional variables and constraints into the approximate solu-
tion, where the approximate solution is solved by the ¢;-norm
relaxation. The proposed method is evaluated in three aspects.
First, we theoretically prove the equivalence between the
proposed solution and the accurate solution to the cardinality-
based punctuality problem. Then, the proposed method is
compared with the Dijkstra method and the ¢;-norm based
approximation method in artificial and real road networks,
in which the simulated and real GPS-based traffic data are
adopted respectively. The result shows that our method has
100% accuracy and desirable computational efficiency in each
scenario. Eventually, our method is implemented by CBC,
GLPK and CPLEX solvers to determine the one with best
performance. The result indicates that CPLEX is more reliable
and effective than CBC and GLPK, which always guarantees
the optimal solution.

In the future, we intend to develop our work in the following
aspects: 1) more effort will be concentrated on improving
the computational efficiency of the proposed method, which
should be suitable for large road network; 2) in-filed driving
will be conducted to verify the real probability of punctuality,
rather than the theoretical calculation based on a dataset;
3) the time-dependent punctuality problem will be further
investigated.
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