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Abstract

Noise incursion is an inherent problem in dictionary training on noisy samples.

Therefore, enforcing a structural constrain on the dictionary will be useful for a

stable dictionary training. Recently, a sparse dictionary with predefined spar-

sity has been proposed as a structural constraint. However, a fixed sparsity can

become too rigid to adapt to the training samples. In order to address this issue,

this article proposes a better solution through sparse Sequential Generalization

of K-means (SGK). The beauty of the sparse-SGK is that it does not enforce a

predefined rigid structure on the dictionary. Instead, a flexible sparse structure

automatically emerges out of the training samples depending on the amount

of noise. In addition, a variation of sparse-SGK using an orthogonal base dic-

tionary is proposed for a quicker training. The advantages of sparse-SGK are

demonstrated via 3-D image denoising. The experimental results confirm that

sparse-SGK has better denoising performance and it takes lesser training time.

Keywords: denoising, sparse representation, dictionary training, SGK, sparse

dictionary, noise incursion, double sparsity, structured dictionary.

1. Introduction

Sparse representation is one of the advanced tools in signal processing. Tak-

ing sparsity as prior, numerous signal processing problems can be addressed,
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which ranges from compression, denoising, to interpolation. The main ingredi-

ent in the sparse representation is the dictionary or the signal transform. The5

trained dictionaries are the modern trend in signal processing. A dictionary

trained on a small class of training samples outperforms the traditional bases.

However, the performance of the trained dictionary drops when the training

samples are contaminated by noise. It’s because the noise get incurred into the

trained dictionary.10

1.1. Dictionary training on noisy samples

Let’s denote the set of noisy samples for dictionary training as Z = {yj}Mj=1
1.

Each noisy signal yj = xj + vj , where xj is the original noise free signal and

vj is the associated noise. Starting with an initial dictionary D, most of the

dictionary training algorithms iterate between the Sparse Signal Representation15

Stage and Dictionary Update Stage [2].

• Sparse Signal Representation Stage: Using a pursuit algorithm, the sparse

representation vector αj for each signal yj is estimated, i.e.

∀jαj = arg min
α
‖α‖0 such that ‖yj −Dα‖22 ≤ ε2. (1)

where ε = C
√
nσ is the error tolerance for the input noise variance σ2

with a noise gain C.

• Dictionary Update Stage: In the case of sequential update algorithms,

each column/atom (dl ∈ Rn) for l = 1, 2, . . . , k in D is updated one after20

another as the following.

– Find the signals that use the atom dl, i.e. ωl = {j|αj(l) 6= 0}.

– Compute the representation error without the contribution of the

atom dl for each j ∈ ωl, i.e.

elj = yj −
∑
m 6=l

dmαj(m). (2)

1We kept the notations same as section III of [1]
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– Stack all {elj}j∈ωl
to form a matrix El ∈ Rn×|ωl|, and also form a

row vector al ∈ R1×|ωl| containing all corresponding {αj(l)}j∈ωl
.

– Update the dictionary column dl to minimize

‖El − dlal‖2F =
∑
j∈ωl

elj − dlαj(l).

K-SVD [3] updates both dl and al using SVD that solves

{dl,al} = arg min
d,a
‖El − da‖2F , (3)

whereas SGK [2] updates dl alone as the solution of

dl = arg min
d
‖El − dal‖2F . (4)

As a result SGK executes faster than K-SVD with an equally efficient conver-25

gence [2].

Inherently, there exists a problem of noise incursion in all such update algo-

rithms, because all the elj have the noise component vj in them. The expression

of elj in equation (2) can be rewritten as

elj =yj −
k∑

m=1

dmαj(m) + dlαj(l)

=vj + rj + dlαj(l), (5)

where rj = xj −
∑k
m=1 dmαj(m) is the original signal residue. Hence, the dl

that minimizes ‖El − dlal‖2F will have some parts of vj in it [1]. However,

the noise is usually unstructured and random in nature. Therefore, by enforc-

ing structural constraint on the dictionary atoms, the effect of noise can be30

eliminated.

1.2. Sparse-KSVD

In order to have implicit trained dictionaries, a sparse structure was proposed

in [4]. It represents the dictionary D = ΦΨ, where Φ ∈ Rn×s is a fixed

base dictionary and Ψ ∈ Rs×k is a sparse dictionary. The sparse structure
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bridges the gap between the implicit and explicit dictionaries. The implicit

dictionaries have efficient implementations yet lack adaptability, and explicit

dictionaries are fully adaptable but non-efficient and costly to deploy. This

sparse dictionary training is known as sparse-KSVD, which involves two steps.

In the first, it solves equation (3) using approximate KSVD [5] to obtain an

intermediate updated atom d̄l. In the second step, the corresponding sparse

dictionary atom ψl is obtained as the following,

ψl = arg min
ψ

∥∥d̄l −Φψ
∥∥2
2

such that ‖ψ‖0 ≤ p, (6)

where p is a predefined sparsity imposed into the dictionary atom. Here sparsity

refers to the number of base dictionary atoms used to approximate a trained

dictionary atom.35

One of the great advantages of sparse structure is its stability in presence of

noise. However, the sparse structure enforced in equation (6) can be too rigid.

As we don’t have any prior knowledge of the underlying signal, a prefixed spar-

sity p may yield a suboptimal solution. Therefore, the value of p is heuristically

fixed through a set of rigorous experiments for the case of the 3-D CT image [4].40

To highlight the effect of this rigidity, an illustration is shown in Fig.1. It can

be seen that the noise is being approximated in the updated atom by having a

predefined sparsity. It is indeed a challenging task to identify the optimal value

of p for a particular class of signal.

Therefore, taking the advantage of the noise incursion analysis of SGK in [1],45

we have proposed a flexible sparse dictionary training for better signal adapta-

tion. We termed this algorithm as sparse-SGK. The enforced sparse structure is

completely independent of the signal classes, and the sparsity is automatically

decided by the underlying signal.
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2. Sparse Sequential Generalization of K-means50

The structural constraint enforced in dl is that it has a sparse representation

on a known base dictionary Φ.

ψl = arg min
ψ
‖ψ‖0 such that Φψ = dl,

where ψl is the sparse representation of the dictionary atom dl. By adding this

structural constraint to the optimization problem of SGK in equation (4), it can

be stated in terms of the sparse ψl as

ψl = arg min
ψ
‖El −Φψal‖2F + λ‖ψ‖0, (7)

where λ is the Lagrangian parameter that determines the sparsity. In other

words, λ prevents the noise from being added to the updated atom (i.e. λ ∝

nσ2, the noise variance). The above optimization problem, sparse-SGK, can

equivalently be stated as the following equation.

ψl = arg min
ψ

∥∥∥∥Ela
T
l

‖al‖22
−Φψ

∥∥∥∥2
2

+
λ

‖al‖22
‖ψ‖0, (8)

To establish the relationship between the problems (7) and (8), we use the

following Lemma.

Lemma 1 Let E ∈ Rn×N and Φ ∈ Rn×s be matrices, ψ ∈ Rs×1 be a column

vector, and a ∈ R1×N be a row vector. Then the following holds:

‖E−Φψa‖2F =

∥∥∥∥EaT

‖a‖22
−Φψ

∥∥∥∥2
2

‖a‖22 + f (E,a)

Proof The equality follows from the definition of Frobenius norm using trace
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function.

‖E−Φψa‖2F

=tr
(
(E−Φψa)T (E−Φψa)

)
=tr

(
ETE

)
− 2tr

(
ETΦψa

)
+ tr

(
aTψTΦTΦψa

)
=tr

(
ETE

)
− 2tr

(
aETΦψ

)
+ tr

(
aaTψTΦTΦψ

)
=tr

(
ETE

)
− 2tr

(
aETΦψ

)
+ tr

(
ψTΦTΦψ

)
‖a‖22

+
tr
(
aETEaT

)
‖a‖22

−
tr
(
aETEaT

)
‖a‖22

=

(
tr
(
aETEaT

)
‖a‖22‖a‖22

− 2
tr
(
aETΦψ

)
‖a‖22

+ tr
(
ψTΦTΦψ

))
‖a‖22

+ tr
(
ETE

)
−

tr
(
aETEaT

)
‖a‖22

=

∥∥∥∥EaT

‖a‖22
−Φψ

∥∥∥∥2
2

‖a‖22 + f (E,a) .

The standard SGK [2] minimizes each ‖El − dlal‖2F by updating dl as follows,

d̄l = Ela
T
l

(
ala

T
l

)−1
=

Ela
T

‖a‖22
=

∑
j∈ωl

eljαj(l)∑
j∈ωl

α2
j (l)

. (9)

Therefore, the sparse-SGK optimization problem in (8) can be restated as

ψl = arg min
ψ

∥∥d̄l −Φψ
∥∥2
2

+
λ

‖al‖22
‖ψ‖0. (10)

Two techniques to obtain the solution for the above optimization are described

in the next subsections. The steps of sparse-SGK are detailed in Algorithm 1.

2.1. Sparse-SGK with greedy pursuit55

It is known from the noise incursion analysis in [1] that the SGK updated

atom d̄l has the noise component εl. The expected energy of εl is as follows,

E
[
‖εl‖22

]
=

nσ2∑
j∈ωl

α2
j (l)

=
nσ2

‖al‖22
. (11)

As a result of the above known fact, the sparse-SGK optimization problem in

(10) can be solved using greedy pursuits as the following.

ψl = arg min
ψ
‖ψ‖0 such that

∥∥d̄l −Φψ
∥∥2
2
≤ ε2

‖al‖22
, (12)
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where ε carries the same value that was used in the sparse signal representation

stage of the dictionary training.

Algorithm 1 (Sparse-SGK)

Input:

• training samples Y ∈ Rn×M

• base dictionary Φ ∈ Rn×s

• initial dictionary D ∈ Rn×k

• noise tolerance ε

• number of iterations tmax

Output:

• sparse dictionary Ψ ∈ Rs×k

Procedure:

1. Initialize iteration counter t = 0;

2. Increment t = t+ 1;

3. obtain sparse signal representation for each yj ∈ Y using D and ε;

4. for each dl ∈ D

• obtain d̄l using SGK;

• solve ψl = arg min
ψ

∥∥d̄l −Φψ
∥∥2
2

+ λ‖ψ‖0, where λ is determined

by error tolerance ε;

• assign dl = Φψl;

5. Go to Step.2 if t < tmax, else terminate;

6. The sparse dictionary Ψ = [ψ1,ψ2, . . . ,ψk].

2.2. Sparse-SGK with orthogonal base dictionary

Let’s take an orthonormal base dictionary Φ ∈ Rn×n to train the sparse

dictionary. Using the norm preserving property of the orthonormal basis, we

can rewrite equation (10) as the following,

ψl = arg min
ψ

∥∥ΦT d̄l −ψ
∥∥2
2

+
λ

‖al‖22
‖ψ‖0. (13)
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Therefore, the solution can be obtained using hard thresholding as follows,

ψl(m) =

φ
T
md̄l if |φTmd̄l| ≥

√
λ

‖al‖2

0 if |φTmd̄l| <
√
λ

‖al‖2

,

where
√
λ = Cσ is the noise threshold for the input noise variance σ2 with a noise

gain C, and φm is the mth atom/column of the orthonormal base dictionary.60

3. Practical Use

The sparse dictionary structure has several advantages which have been high-

lighted in [4]. Particularly, it enables training of larger dictionaries to be trained

for high-dimensional data, and its applications range from image inpaining for

larger occlusion to signal compression. In [4], the task of denoising of 3-D65

computed tomography (CT) imagery has been used to show the advantage of

sparse-KSVD over standard KSVD. Therefore, the advantage of sparse-SGK

over sparse-KSVD is illustrated through the same experiment. Moreover, the

sparse-KSVD results are obtained at its optimal parameters set in [4].

An overcomplete dictionary is trained using blocks from the noisy image, and70

the trained dictionary is used to denoise the image blocks. Then the denoised

blocks are averaged in the overlapping regions to obtain the final denoised image.

We would like to mention that, the modern variants of the KSVD or sparse-

KSVD based denoising schemes such as [6, 7], can also be improved with sparse-

SGK. However, this work focuses on the original denoising scheme for simplicity.75

The experiments are performed on the Visible Male-Head and Visible Female-

Ankle volumes [4]. Each volume is subjected to additive white Gaussian noise

with varying standard deviations of 5 ≤ σ ≤ 75. Both 2-D and 3-D denoising are

tested. In 2-D case, each CT slice is processed separately, whereas the volume

is processed as a whole in the case of 3-D.80

The local block sizes are taken as 8 × 8 for the 2-D case and 8 × 8 × 8

for the 3-D case. The base dictionary is taken as overcomplete DCT of size

64 × 100 for the 2-D case and 512 × 1000 for the 3-D case. This makes the
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sparse dictionary size 100 × 100 for the 2-D case and 1000 × 1000 for the 3-D

case. The orthogonal matching pursuit (OMP [8]) is used as the greedy pursuit85

in the experiment. The sparse signal representation stages of all the dictionary

training (1) are performed keeping noise gain value C = 1.15 for the 2-D case

and C = 1.04 for the 3-D case. The same parameters are used for sparse-SGK

with greedy pursuit in (12). The sparse atoms as described in (6) are obtained

using OMP with fixed atom sparsity p = 6 for the 2-D case and p = 16 for90

the 3-D case, which is empirically found to be optimal [4]. Sparse-SGK with

orthogonal base dictionary is performed taking 2-D and 3-D DCTs, which makes

the sparse dictionary size 64× 100 for the 2-D case and 512× 1000 for the 3-D

case. The sparse atoms are obtained using the hard-thresholding solution of

(13) with noise gain value C = 3.45 for the 2-D case and C = 3.12 for the 3-D95

case. All the dictionary training algorithms are iterated for 15 iterations.

The sparsity statistics of the trained dictionary atoms at various input noise

levels are shown in Fig. 2. The plots show that the flexibility of sparse-SGKs

allow atoms to have diversified sparsity. This also shows that the sparsity level

in sparse-SGKs emerges automatically from the training samples depending on100

the noise. As the noise level becomes higher, a more sparser approximation is

used for the updated atoms. The denoising results are summarized in Table 1.

Some actual denoising results are shown in Fig. 3. These results highlight that

the flexibility brought in by sparse-SGK provides better scope for adaptation in

low noise level. This also confirms the observation of the first experiment, that105

at low noise level sparse-SGK is better adapting to the signal by allowing more

number of base dictionary atoms. Similarly, it is automatically restricting the

adaptation at higher noise levels by using less number of base dictionary atoms,

which produces a coarse approximation of the signal equivalent to sparse-KSVD.

Table 2 shows the execution times obtained by MATLAB 2014b running on a110

Intel Core i5 CPU clocked at 3.10 GHz for all the algorithms. It can be clearly

seen that the sparse-SGKs perform better than sparse-KSVD both in terms of

denoising and training time.
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3.1. Reproducible Research

The complete Sparse-KSVD and Sparse-SGK codes reproducing the results115

in this paper, along with the original CT volumes used, will be made available

for download at https://sites.google.com/site/sujitkusahoo/codes. This code

uses the Sparse-KSVD code that was made available by the authors of [4] in

support of reproducible research.

4. Discussion120

Apart from bridging the gap between the implicit and explicit dictionaries,

the sparse dictionary provides greater stability in presence of noise. However,

the sparse dictionary in its known form, particularly the sparse-KSVD, is re-

strictive in nature. It enforces the train dictionary atom to have a fixed sparsity

representation on the base dictionary, as a result of which the adaptability of the125

dictionary becomes dependent on this predefined sparsity. The optimal value

of sparsity can only be fixed heuristically, which will also vary with different

class of signals. This drawback of sparse dictionary is addressed by introduc-

ing sparse-SGK, where the sparsity level atomically emerges from the training

samples. The improvement in dictionary adaptation along with increase in com-130

putational speed is illustrated through denoising experiment.
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=
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φ29
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Figure 1: Illustrating the effect of fixed sparsity (e.g. p ≤ 4), where the dictionary D is trained

on 16×16 noisy image patches, and the base dictionary Φ = [φ1,φ2, . . . ,φ256] is 2-D Discrete

Cosine Transform (DCT). Each displayed atom/image is of unit norm, and the number on top

represents the coefficient. Let the actual updated atom d̄l be φ29 contaminated with noise

of standard deviation 0.767. The atom d̄l is then approximated by φ29, φ67, φ98 and φ198

using (6). However, the best approximation could have been φ29 alone, i.e. p = 1.
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Figure 2: The sparsity statistics of the trained dictionary atoms at various noise level σ.

The top plots show the mean sparsity, and the bottom plots show the standard deviation of

sparsity. The shown results are average of 10 trials.PSNR: 38.15dB

Sparse-KSVD

(PSNR 38.12 dB)

PSNR: 38.23dB

Sparse-SGK

(PSNR 38.23 dB)

PSNR: 38.23dB

Sparse-SGK orthogonal

(PSNR 38.23 dB)

Figure 3: 3-D denoising results for Male-Head, slice #98 (σ = 20). Images are provided for

qualitative evaluation, and are best viewed by zooming-in using a computer display.
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Table 1: Comparison of the CT denoising PSNR results in decibel (dB). In each cell three

denoising results are reported. Top: using standard Sparse-KSVD learned dictionary [4].

Middle: using Sparse-SGK. Bottom: using Sparse-SGK with orthonormal basis. All numbers

are an average over 10 trials. The last two columns present the average result over two images.

Bold numerals denote the improved results in each test with at least 0.1 dB difference.

F. Ankle M. Head Average

σ/PSNR 3D 2D 3D 2D 3D 2D

5/34.15

44.66 43.64 45.17 41.38 44.91 42.51

44.77 43.74 45.30 41.54 45.03 42.64

44.71 43.73 45.23 41.55 44.97 42.64

10/28.13

41.22 39.68 41.57 37.22 41.39 38.45

41.36 39.84 41.73 37.48 41.55 38.66

41.32 39.85 41.66 37.50 41.49 38.68

20/22.11

38.04 35.79 38.11 33.42 38.08 34.60

38.18 35.95 38.22 33.54 38.20 34.74

38.18 35.96 38.23 33.56 38.20 34.76

30/18.59

36.21 33.54 36.17 31.05 36.19 32.29

36.30 33.60 36.20 31.06 36.25 32.33

36.34 33.63 36.24 31.09 36.29 32.36

50/14.15

33.84 29.76 33.56 27.99 33.70 28.88

33.90 29.72 33.53 27.99 33.71 28.86

33.93 29.79 33.56 27.98 33.75 28.88

75/10.63

32.01 26.90 31.09 26.29 31.55 26.60

32.03 26.89 31.12 26.29 31.57 26.59

32.05 26.92 31.11 26.28 31.58 26.60
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Table 2: Comparison of dictionary training time in seconds. In each cell three times are

reported. Top: using standard Sparse-KSVD learned dictionary [4]. Middle: using Sparse-

SGK. Bottom: using Sparse-SGK with orthonormal basis. Bold numerals denote the best

results in each test.

F. Ankle M. Head Average

σ/PSNR 3D 2D 3D 2D 3D 2D

5/34.15

115.09 2.04 108.87 2.83 111.98 2.43

106.01 1.88 98.19 2.56 102.10 2.22

94.27 1.74 89.83 2.43 92.05 2.09

10/28.13

61.09 1.50 61.55 1.91 61.32 1.71

56.93 1.38 55.65 1.77 56.29 1.57

48.56 1.26 49.13 1.63 48.85 1.45

20/22.11

39.64 1.26 41.27 1.45 40.45 1.36

36.22 1.15 36.94 1.36 36.58 1.26

30.63 1.03 32.04 1.23 31.34 1.13

30/18.59

33.88 1.16 35.58 1.25 34.73 1.21

30.38 1.08 31.58 1.15 30.98 1.11

25.99 0.96 27.33 1.04 26.66 1.00

50/14.15

29.39 1.05 30.64 1.06 30.02 1.06

25.94 0.97 26.83 0.97 26.38 0.97

22.35 0.86 23.33 0.86 22.84 0.86

75/10.63

26.84 0.98 26.79 0.98 26.81 0.98

23.21 0.90 23.06 0.90 23.14 0.90

20.27 0.79 20.28 0.79 20.28 0.79
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