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Abstract

This thesis is mainly concerned with the cupping property in the com-
putably enumerable (c.e.) degrees. In particular, we study major sub-degrees
and the quotient structure R/NCup.

Chapter 1 contains a brief introduction to computability theory, the
motivation, and the main results of the thesis. Some basic preliminaries and
notations are also included in this chapter.

In Chapter 2, we study low major sub-degrees of a cuppable high degree
avoiding a cone in the c.e. degrees. Using the existence of noncuppable
degrees, Seetapun showed that every incomplete c.e. degree is a major
sub-degree of a c.e. degree above it. Moreover, using a high noncuppable
degree, one has a stronger result that every incomplete c.e. degree is a major
sub-degree of a high c.e. degree above it. Consequently, there is a cuppable
high c.e. degree h with a low major sub-degree 1 < h. Furthermore, this low
major sub-degree 1 can be directly constructed avoiding the cone above a
given nonzero c.e. degree a by using Sacks splitting theorem and Seetapun’s
idea. However, it is not straightforward to have that h % a. We will give a

direct construction for a cuppable high c.e. h with a low major sub-degree 1
such that h # a.

In Chapter 3 and Chapter 4, we study n-cuppable degrees and the
quotient structure R/NCup. Li, Wu, and Yang constructed a minimal
pair in R/NCup. Following this work, Bie and Wu used another technique
to construct a minimal pair in R/NCup which is also a minimal pair in
M/NCup. In particular, they constructed two cuppable c.e. degrees a and
b which form a minimal pair in R and there is no c.e. degree cupping both
aand b to 0. Given 1 < n < m, we say that m different incomplete c.e.
degrees ay, - - -, a,, are n-cuppable if for any n different degrees a;,,--- ,a;,
among them, there is an incomplete c.e. degree e which cups each a;,
(1 <k <n)to0. Both the c.e. degrees constructed by Bie and Wu, and the
c.e. degrees constructed by Li, Wu, and Yang are examples of two degrees
that are 1-cuppable but not 2-cuppable. In Chapter 3, we generalize the
technique of Bie and Wu to construction involving three degrees and construct
three incomplete c.e. degrees which are 2-cuppable but not 3-cuppable. This
result will be directly generalized to arbitrary n c.e. degrees. Thus, for any
n > 1, there are degrees which are n-cuppable but not (n + 1)-cuppable.
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Li, Wu, and Yang claimed that the diamond lattice can be embedded in
R/NCup preserving 0 and 1. There is no published proof of this fact in the
literature. In Chapter 4, we will modify the technique of Bie and Wu to prove
this result. In particular, we will construct two cuppable c.e. degrees a, b such
that aUb = 0" and for any c.e. degreew € R;aUw =bUw =0 —w =0
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Chapter 1

Introduction

1.1 Overview

In the early 1920s, Hilbert proposed a program (see [65]), that called for a
formalization of all mathematics which includes: (1) a finite system of axioms
in which every mathematical statement can be expressed as a well-formed
formula; (2) (consistency) a proof that the axioms of the system are consistent
and this proof should be based on finitely many logic steps and finitely many
objects; (3) (completeness) a proof that for any mathematical statement in
the system’s language, either this statement or its negation is provable from
the axioms; (4) (decidability) there should be a procedure to determine the
validity of any mathematical statement in the system’s language. The pro-
gram was initiated by Hilbert’s second problem about proving the consistency
of arithmetic. Nevertheless, Godel’s incompleteness theorems [10] in 1931
gave a negative answer for Hilbert’s second problem and made a setback to
Hilbert’s program. These theorems stated that any consistent formal system
T which includes elementary number theory is incomplete, and such a system
T cannot prove its own consistency. Closely related to the characterization
(4) above is the famous Entscheidungsproblem, a fundamental problem of
mathematical logic proposed by Hilbert and Ackermann in 1928 [25]. The
Entscheidungsproblem is about finding an algorithm that can decide whether
a statement of first-order logic is valid or not. The refutation of Hilbert’s
second problem by Gddel’s incompleteness theorems suggested a negative
solution for the Entscheidungsproblem. However, the notion of an algorithm
had not been precisely defined at that time, and until 1936, Church [6] (with
A-definable functions) and later independently Alan Turing [62] (with the
Turing machines) gave a negative solution to this problem. These programs
have motivated many mathematicians such as Godel, Church, Kleene, and
Turing, et al. to develop the computability theory we know nowadays.

To confirm the algorithmic unsolvability of a specific problem, one first
has to provide an accurate mathematical definition of algorithm and then
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CHAPTER 1. INTRODUCTION

check that no algorithm can solve the problem. Before 1930s, there was no
formal characterization for the informal class of all algorithms, also known as
effectively calculable or computable functions. The program of capturing the
informal class of intuitively computable functions was then focused intensely
after Godel’s results in 1931. From 1931 to 1934, Church and Kleene, worked
on A-definable functions and showed that a function is effectively calculable
iff it is A-definable. However, this result was rejected by Godel. In [16], Godel
used the notion of primitive recursive function and realized that this notion
does not fully cover all effectively calculable functions. After a letter from
Herbrand (see [18] and [51]), he extended the class of primitive functions to
the class of general recursive functions, also called recursive functions and
introduced them in his lecture at Princeton in 1934 (see [17]). Attracted by
these concepts, Church then formulated in [5] and [7] (known as Church’s
Thesis by Kleene in [28]) that the class of effectively calculable functions and
the class of recursive functions actually coincide. However, these papers still
did not convince Godel, although he did agree that every recursive function
is effectively calculable. Due to the lack of mathematical definition for the
notion of finite computation, we cannot come to the conclusion that every
calculable function is recursive. But Turing did convince Godel totally on this
point. In his paper [61], Turing analyzed the informal notion of effectively
calculable, proposed the formal definition of “Turing machine” and gave firm
evidence for the equivalence of these two notions, known as the Turing’s
Thesis.

Theorem 1.1 (Turing’s Thesis). A function is effectively calculable iff it
can be computed by a Turing machine.

A function computed by a Turing machine is called an effectively com-
putable function. A function can be partial (i.e. the domain is a subset of N)
or total (i.e. the domain is N). An effectively computable function is called
partial computable (p.c) if it is a partial function; and total computable (or
simply computable) if it is a total function.

By Goédel numbering, each Turing machine is coded to a unique number,
called index of the machine. Inversely, each number codes a Turing machine.
Let P, be the Turing machine with the index e and denoted by ¢, the partial
computable function computed by P.. For each e € w, let W, := dom(¢p,).
A set A is computably enumerable (c.e.) if A =W, for some e € w, and A is
computable if both A and it complement A are computably enumerable. It is
known that A is c.e. iff either A = () or it is the range of a total computable
function.

Another fundamental concept of computability theory is Turing reducibil-
ity, which was proposed by Post based on Turing’s oracle machine. Ideally,
an oracle Turing machine is a Turing machine with an extra infinite “read-
only” tape, called oracle tape, on which the characteristic function of some
set B, called the oracle, is written (see [59]). We write ®2 for the partial

8



1.1. OVERVIEW

computable functional computed by the Turing machine P, with oracle A.
Turing introduced the oracle machine in [63], and left this subject forever.
Oracle machine and relative computability went unnoticed until Post’s sig-
nificant paper [10] on c.e. sets and their decision problems. In that paper,
Post developed Turing’s idea of an oracle machine into Turing reducibility.
Intuitively, a set A is Turing reducible to a set B (or is computable in B),
denoted by A <r B, if there is a Turing machine (or program) supplied with
an oracle B which answers every question of the form “Is x in A?” by a
computation asking at most finitely many questions of the form “Is y in B?".
Turing reducibility induces an equivalence relation on the power set of N: two
sets A and B are Turing equivalence, denoted by A =y B iff A < B and
B <7 A. The corresponding equivalence classes under this relation are called
Turing degrees. This concept was introduced by Post in [11], as degrees of
unsolvability. Kleene then inherited Post’s notes and later published a joint
paper [29], which laid the fundamentals on Turing reducibility and Turing
degrees.

For a set A, we denote by deg(A) = {B: B =¢ A} the (Turing) degree
of A. We also use boldface lower-case letters, for example, a, b, ... to denote
degrees. Let D be the class of all Turing degrees. The Turing reduction also
induces a partial order on D as follows. A degree a = deg(A) is said to be
below a degree b = deg(B), denoted by a < b iff A < B. This definition
is well-defined because for any sets A, B,C and D, it C =r A, and D =1 B
then C' <7 D. It is known that (D, <) is an upper semi-lattice. Here, the
supremum of degrees a = deg(A) and b = deg(B), denoted by a U b, is the
Turing degree of A® B :== {2z : v € Ay U{2x +1:2 € B}. A (Turing)
degree is said to be computably enumerable (c.e.) if it contains a c.e. set.
Let R be the class of all c.e. degrees. With the restriction of the partial
order < above on c.e. degrees, R is also an upper semi-lattice.

The Halting problem is defined by K = {e: v¢(e) |}. Given a set A, the
jump of A, denoted by A’, is the Halting problem relativized to A:

A=K ={e:de) |} = {e:ec WAL

Correspondingly, the jump of a degree a = deg(A), is defined by a’ := deg(A’).
This definition is well-defined because A’ =r B’ if A =1 B for any sets A
and B.

Inductively, for every n € w, the n-th jump of A, denoted by A™ is
defined as follows.

(1) A .= A
(i) Vn > 1, A = (A-DYy,

We write a’ for deg(A’) if a = deg(A). Similarly, for a degree a, we have
a’ = aand a®™ = (a» VY for all n > 1. The Turing jump induces an
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CHAPTER 1. INTRODUCTION

infinite hierarchy of degrees as follows.
0<0<0"<---

Here, the degree 0 = deg(() is the least c.e. degree, the degree 0’ = deg(K)
is the greatest element in R, and 0" = deg(Tot), where Tot = {e : p.(z) |
for all z € w}.

A set A <7 0 is low, if deg(A™) = 0™ and is high, if deg(A™~Y) = 0™,
Correspondingly, a degree a is low, if a®™ = 0™ and is high,, if a®™ = 0"+1).
Let H,, and L,, be the set of all high,, c.e. degrees and low,, c.e. degrees,
respectively. For n = 1, low; and high; degrees (or sets) are simply called
low and high degrees (or low and high sets). We have that the inclusions
L, Cc L,y and H, C H,,,; are strict for any n.

Post noted that many important questions from various fields of math-
ematics could be considered as decision problems of c.e. sets, for example,
Hilbert’s tenth problem, the word problem, the isomorphism problem, and
the conjugacy problem (see [21], [I1]). Hilbert’s tenth problem is finding an
algorithm to determine whether a given Diophantine equation has an integer
solution. The latter three problems are in group theory: the word problem
asked for an algorithm to decide whether a word in a finitely presented group
is identity; the isomorphism problem is finding an algorithm to determine
whether two given finitely presented groups are isomorphic; and the conju-
gacy problem is finding an algorithm to determine whether two words in
a finitely presented group are conjugate. In 1910, Dehn studied geometry
interpretations for these three problems on CW-complexes and asked for
an algorithm to determine whether a CW-complex is simply connected, i.e.
whether a finite presentation of its fundamental group is isomorphic to the
trivial group. These mentioned problems later were proven to be in general
unsolvable, and in fact, some instances of these problems can have degree 0’
(see surveys [3,10,43] for the detailed references to these problems). However,
in the 1940s, the examples of c.e. sets only included computable sets and
complete sets (i.e. sets of degree 0'). Hence, Post asked a significant question,
i.e. whether there is a c.e. degree a such that 0 < a < 0’ (see [10]). If
this question has a negative answer, then all undecidable problems are of
the same Turing equivalence class. In attempting to solve his problem, Post
introduced simple sets. A c.e set A is simple if its complement A is infinite
and A contains no infinite c.e. set, i.e. every infinite c.e. set has nonempty
intersection with A. However, the simple sets constructed by Post are Tur-
ing complete. He then considered stronger notions, hypersimple sets and
hyperhypersimple sets, but still could not provide an answer to his problem,
since the sets he has constructed, are also Turing complete.

In 1954, Kleene and Post [29] constructed nonzero degrees below 0/,
but still, these degrees are not c.e. degrees. In their construction, they
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1.1. OVERVIEW

introduced the finite extension method to construct incomparable sets A, B

Turing reducible to 0’. In particular, to satisfy a condition such as B <r A,

we first break it into infinitely many sub-conditions (called requirements)

R. : B # ®% ¢ € w, and assign priority for all requirements. The set

A (similarly for B) will be constructed in a sequence of stages such that

A = oy, where 0y < 07 =< --- are finite strings. At each stage s, o, is
S

chosen using the oracle 0', to meet a single requirement, says R.. Namely,
with o1 has been defined and = be the least number such that B(x) has
not been defined before stage s, we ask a 0’-question

(30) 30 = 00y A B, () 1]?

If there is such a p, we let 0, = p, B(z) = 1~ ®¢ (x) | to satisfy R, by a
diagonalization ®}(z) |= @7 ,(z) |# B(z) = 1 = ®,(z) |. Otherwise, we
let o, be an arbitrary p = o,_; and meet R, by ®4(z) 1% B(x). Once R, is
satisfied, it will remain forever, i.e. there is no injury. The construction is not
computable, since it uses oracle 0’ so the sets A and B are not computable
enumerable. Many facts about the structure (D, <) are proven by using
the finite extension method. In particular, for any noncomputable degree a,
there is a degree b < a’ which is incomparable with a. Moreover, there exist
minimal pairs in D and hence, there are degrees a and b such that their
greatest lower bound exists. Here, two noncomputable degrees a and b form
a minimal pair if

(Ve eD)[(c<ra)A(c<rb)—c=0|.

On the other hand, it was shown in the same paper [29] that there are
degrees b and ¢ with no greatest lower bound. Therefore, the structure of
Turing degrees (D, <) is not a lattice.

The Post’s problem was finally solved by Friedberg in 1957 [15] and
independently by Muchnik in 1956 [39]. They invented the finite injury
priority method to construct two incomparable c.e. sets. Consequently, R is
not a linear structure.

Theorem 1.2 (Friedberg, Muchnik). There exist Turing incomparable c.e.
sets.

In the finite injury priority method, all requirements are given priority as
in the finite extension method. However, the construction is computable
instead of using an oracle. A c.e. set A will be constructed by an uniformly
computable approximation A = |J A, where Ay C A; C --- are finite sets.

At the end of each stage s, Ay is (sieﬁned to be the set of all numbers which
have been enumerated into A. At each stage s, only action of the highest
priority requirement which needs attention at this stage will be taken. Action
is usually putting some numbers into a set, or putting a restraint to keep

11



CHAPTER 1. INTRODUCTION

numbers out of a set. Each requirement has at most finitely many higher
priority requirements. It may happens that a requirement R, has taken action
at stage s; but later, at a stage s’ > s, a higher priority requirement R
takes action which injures the previous action of R.. Frieberg and Muchnik’s
idea to deal with such a situation is letting R, be initialized, i.e. restart
R., and protecting the action of R. against injuries from later actions of
requirements of lower priority than R... In the construction of theorem 1.2,
each requirement only injures lower priority requirements at most finitely
many times. Inductively, every requirement will eventually be satisfied after
finitely many injuries. A simpler application of the finite injury priority
argument is Friedbeg’s splitting theorem, where there is no injury among
requirements.

Theorem 1.3 (Friedbeg Splitting Theorem). For any non-computable c.e.
set A, there are disjoint noncomputable c.e. sets Ay and Ay such that

Ay UA = A

Another application of the finite injury priority method is the construction of
a low simple set. Moreover, combining the finite injury priority method with
permitting and coding, one can construct a simple set of any c.e. degree.

Improving Friedberg and Muchnik’s method in [15,39], Sacks used a finite
injury priority argument of unbounded type to prove Sacks Splitting theorem
(see [15]). In the proof, he introduced Sacks preservation strategy to achieve
a requirement B # &4, where B is a given noncomputable c.e. set and A
is the c.e. set to be constructed in the construction. Instead of breaking
down the agreements between B and ®4, he preserved all computations
®/(x)[s] that agree with By(x) at every stage s. Eventually, either there are
only finitely many agreements between B and ®4 (so, B # ®4); or B must
be computable. The latter contradicts the fact that B is noncomputable.
Therefore, the requirement is satisfied. The construction used the finite
injury priority argument, however the number of injuries of each requirement
cannot be bounded by any computable function.

Theorem 1.4 (Sacks Splitting Theorem). Let a be a nonzero c.e. degree.
Then there are Turing incomparable c.e. degrees ag and a; such that agUa; =
a.

It is directly implied from Sacks Splitting Theorem that no c.e. degree can be
minimal in R, i.e. there is no noncomputable c.e. degree a such that there
exists a noncomputable c.e. degree b below a. This fact of R is different from
the structure D, in which there are minimal degrees proven by Spector [(0]
and by Sacks [11]. Sacks preservation strategy is a very useful technique;
usually used in constructions of c.e. degrees avoiding a cone, and in negative
requirements of infinite injury constructions.

12



1.1. OVERVIEW

Infinite injury constructions involve the infinite injury priority argument,
another powerful technique in the Degree Theory. The infinity injury argu-
ment was first introduced by Shoenfield in [50] to prove a weak version of the
thickness lemma. Independently, Sacks used the infinite injury priority argu-
ment combined with his preservation strategy to prove Sacks jump theorem,
and then to prove a significant result that (R, <) is dense [14,416,47].

Theorem 1.5 (Sacks Density Theorem). For any c.e. degrees ¢ < a, there
is a c.e. degree b such that c < b < a.

In the infinite injury priority method, usually, there is a phenomenon as fol-
lows. A negative requirement, say V., may be injured infinitely times, making
the restraints r(e, s) of N, have the infinite lim sup (i.e. limsup, (e, s) = 00),
and hence, N, can prevent a lower priority positive requirement P; from
putting numbers into A. One can make liminf,r(e,s) = L < oo, so that
there are infinitely many stages s at which r(e,s) = L and P; can put z > L
into A. However, it may happen that two infinitary negative requirements,
says N, and N, with liminfsr(e, s) < oo and liminf, (¢, s) < oo, together
have a combine infinite liminf of restraints, i.e. at almost all stages s, a
positive requirement P; of lower priority than N, and N, cannot put numbers
into A by at least one of these two restraints r(e, s), r(¢’, s). There are several
ways to overcome this difficulty. Sacks’ approach was to let a follower of P;
(i.e. a number that P, wants to put into A), pass one by one the restraints
of higher priority negative requirements. This idea was formalized in the
pinball machine model (see [36]). Another approach, suggested by Lachlan,
was to make the restraints of all negative requirements of higher priority
than P; drop simultaneously at a stage s, allowing P; to put numbers into A
(see [30,32,57]). Another approach is the priority tree model [33]. In the tree
model, each requirement has several strategies, each is assigned to a node
in a tree, guessing about the outcomes of higher priority requirements. The
tree model will be used throughout constructions in this thesis and will be
described in Section 1.2.

Naturally, one may ask whether Sacks Density Theorem can be combined
with Sacks splitting theorem, i.e. given any c.e. degree ¢ < a, can we
construct two c.e. degree ap and a; such that ¢ < ag,a; < a and agUa; = a?
Robinson [12] gave a positive answer to this question if ¢ is low.

Theorem 1.6 (Robinson Splitting Theorem). Given two c.e. degrees a and
c such that ¢ < a and c is low. Then there are incomparable low c.e. degrees
ap and a; such that a =agUa; and c < a; for i € {0,1}.

Furthermore, Harrington [52] proved that it also can be done when a is lows,
ie. a”:=(a') =0.

Theorem 1.7 (Harrington Splitting Theorem). Let a and c be lows c.e.
degrees such that ¢ < a. Then there exist c.e. degrees ay and a; such that
Vie {0,1},c < a; <a and a; Uay = a.

13



CHAPTER 1. INTRODUCTION

However, Lachlan [33] proved that it is not possible to combine Sacks
Splitting Theorem and Sacks Density Theorem in general.

Theorem 1.8 (Lachlan Non-splitting Theorem). There are c.e. degrees
a < b such that for any c.e. degrees ag and ay,

[(a<ag,a; <b)A(b<ayUa;)] = [b<ayVb<a.

To prove his Non-splitting Theorem, Lachlan introduced a powerful and
useful technique, called the 0”- argument, a finite injury argument along the
true path. Due to its enormous complexity, the method was referred to as
the “monster method” in 1970s. Later, a better understanding was delivered
in [21,22] by Harrington. In [21], Harrington extended Lachlan’s result to
prove the following.

Theorem 1.9 (Harrington Non-splitting Theorem). There is an incomplete
c.e. degree a such that 0" is not splittable above a, i.e. there are no incomplete
c.e. degrees ag > a and a; > a such that agUa; = 0’.

The 0”- argument had been widely used to prove many important results,
such as Lachlan’s Nonbounding Theorem [31], the undecidability of the first
order theory of R by Harrington and Shelah [23], Slaman’s theorems on the
density of branching degrees [55] and Slaman triples [53].

Inspired by Sacks Density Theorem, Shoenfield conjectured in 1965 [51]
that any embedding which preserves 0 and 1 (the least element and the
greatest element, respectively) of a finite partial ordering P into R can be
extended to an embedding of any Q O P into R (here @ is also a finite
partial ordering). Shoenfield even provided the following two consequences
of the conjecture in the structure (R, <).

C1. For any incomparable c.e. degrees a and b, the greatest lower bound
aNb of a and b does not exist.

C2. For any c.e. degrees 0 < ¢ < a, there is a c.e. degree b < a such that
bUc=a.

Consequence C1, and hence Shoenfield’s conjecture, were first found to be
incorrect by Lachlan [30] and Yates [64]. Two nonzero c.e. degrees a and b
form a minimal pair in R if their greatest lower bound is 0. Consequence C1
implies that there is no minimal pair in R. However, Lachlan in 1966 [30]
and independently, Yates in [(4] proved the existence of minimal pairs in
R, thus, disproving C1. Moreover, Lachlan [30] and Yates [6] proved that
there are two incomparable c.e. degrees with no infimum. Hence, R is not a
lattice.

A c.e. degree a is cuppable if there is an incomplete c.e. degree b cups a
to 0’ i.e. bUa =0". A c.e. degree a is noncuppable if it is not cuppable.

14



1.1. OVERVIEW

Sacks Splitting Theorem implies that there are incomplete cuppable degrees.
Consequence C2 implies that every nonzero c.e. degree is cuppable. However,
this contradicts the existence of noncuppable degrees which was first proven
by Yates (unpublished) and later by Cooper in [¢], Harrington in [19].

Although being refuted, these consequences and Shoenfield’s conjecture
led to many important results and techniques in the study of c.e. degrees.

In [20], Harrington considered the plus-cupping, a much stronger cupping
property. Say that a nonzero c.e. degree a is plus-cupping if for any c.e.
degrees c,d such that 0 < ¢ < a < d, there is a c.e. degree b < d such that
bUc=d.

Theorem 1.10 (Harrington Plus-cupping Theorem). There exist plus-
cupping degrees.

If a c.e. degree a has the plus-cupping property, for any c.e. degree
0 < ¢ < a, there is a c.e. degree b < a such that bU c = a, and hence,
consequence C2 holds for a. Another simpler version of plus-cupping was
presented in [11] by Fejer and Soare, where the degree d in the definition of
plus-cupping is restricted to 0.

The dual notion of cuppable is cappable. Particularly, a c.e. degree a is
cappable if it is either 0 degree or a half of a minimal pair. A c.e. degree a is
noncappable, if it is not cappable. Let M and NC be the class of cappable
degrees and the class of noncappable degrees, respectively. The existence
of noncappable degrees was proven by Yates in [65]. Hence, M and NC
form a nontrivial partition of R. To study the automorphisms of the lattice
of c.e. sets, Maass [38] introduced promptly simple sets. A c.e. set A is
promptly simple if it is coinfinite and there is a computable function f and
an enumeration {A;}se, of A such that

Ve € w, [We| = 00 = (3%2)(3s) [z € (Wes \ Wes—1) N Ag(s))-

A promptly simple degree is a c.e. degree containing a promptly simple set.
Denote by PS the class of promptly simple degrees. A c.e. degree a is
low-cuppable if there is a low c.e. degree b such that aUb = 0’. Let LC be
the class of low-cuppable degrees. The classes M and NC have the following
properties, proven in [].

Theorem 1.11 (Ambos-spies, Jockusch, Shore, and Soare). In the structure
of c.e. degrees (R, <),

(i) M is an ideal;
(ii) NC = PS = LC is a strong filter.

Here, a subset ' C R is a strong filter if it is closed upwards and for all
a,b € F, there is ¢ € F such that c <a and c < b.
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Since all noncappable degrees are low-cuppable, we have that all noncup-
pable degrees are cappable. Therefore, every c.e. degree is either cappable
or cuppable, a result first proved by Harrington.

When characterizing properties of c.e. sets, Lachlan introduced in [31]
the notion of major subset and proved that every c.e. set has a major
subset. Similarly, Lachlan then suggested the concept of major sub-degree
for the semi-lattice of c.e. degrees as follows. A c.e. degree c is called a
major sub-degree of a c.e. degree a if ¢ < a and for every c.e. degree b,
aUb=0"= cUb = 0. In other words, a major sub-degree of a is a c.e.
degree c below a and shares the same cupping partners with a.

For a noncuppable c.e. degree a, every c.e. degree ¢ below a is a major
sub-degree of a. Therefore, major sub-degrees do exist. Moreover, applying
pseudo jump operators, Jockusch and Shore in [26] showed that a c.e. degree
and its major sub-degrees can be far from each other as follows.

Theorem 1.12 (Jockusch and Shore). There is a high c.e. degree h such
that h is cuppable and has a low major sub-degree 1 < h.

It is natural to consider whether every non-computable incomplete c.e.
degree has a major sub-degree, as Lachlan proposed in 1967 (known as
Lachlan’s major sub-degree problem). During 70s and 80s, people put a lot
of effort into this question but did not succeed. Until 1993, a little progress
has been done in [2] with the following theorem.

Theorem 1.13 (Ambos-Spies, Lachlan and Soare). Given a noncomputable
incomplete c.e. degree a and a c.e. degree b such that aUb = 0, there is a
c.e. degree ¢ strictly below a such that cUb = 0.

This result can be regarded as a non-uniform version of Lachlan’s major
sub-degree conjecture.

In [19], Seetapun studied the local noncuppability and proved that lows
degrees are locally noncuppable. A given c.e. degree a is locally noncuppable
if there is a c.e. degree c strictly below a satisfying

VbeR,(b>c)A(aUb=0)—b=0"

This c.e. degree c is a major sub-degree of a.

Clearly, a c.e. degree is locally noncuppable iff it has a major sub-degree.
Seetapun’s result in [19] is a uniform version of Lachlan’s major sub-degree
problem for low, degrees.

Theorem 1.14 (Seetapun). Every nonzero c.e. lows degree has a major
sub-degree.
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Also in [19], Seetapun showed that every c.e. degree a < 0’ is a major
sub-degree of some c.e. degree b above a. This result used the existence of a
noncuppable degree. Precisely, for a given c.e. degree a, take a noncuppable
c|a, then one can directly check that a is a major sub-degree of b := a U c.
Moreover, b can be high by choosing c as a noncuppable high c.e. degree. So,
every incomplete c.e. degree is a major sub-degree of some high c.e. degree.
This result immediately implies Jockusch and Shore’s result in Theorem 1.12.

In Chapter 2 we study the major sub-degrees with the cone avoidance in
the c.e. degrees. Particularly, we prove the following.

Theorem A. Let a be a nonzero c.e. degree. Then there is a cuppable high
c.e. degree h with a low major sub-degree 1 such that h # a.

For a given incomplete c.e. degree a, from Sacks splitting theorem and
considering a noncuppable high degree c (as Seetapun’s idea), immediately
we have a cuppable low c.e. degree 1 7 a such that 1 is a major sub-degree
of the cuppable high c.e. degree h := cU1. In contrast to this, it is not
straightforward to have h avoiding the cone above a. We will give a direct
construction to have that h # a in the Theorem A.

One also has the motivation of finding a natural, degree theoretic semi-
lattice satisfying Shoenfield conjecture. Let NCup be the class of all noncup-
pable degrees. Clearly, NCup is an ideal in R. So, it is possible to consider
the corresponding quotient structures R/M and R/NCup. Both structures
are upper semi-lattices with the greatest element and the least element.

The structure R/M was studied in [18] by Schwarz with several structural
properties compared to R. In particular, the Friedberg-Muchnick theorem
and the Sacks splitting are true in R/M, but there is no minimal pair as
well as no minimal element in this structure. Hence, the diamond lattice
cannot be embedded preserving 0 and 1 in R/M. Additionally, Sui and
Zhang proved in [67] that the consequence C2 above is true in R/M. In [50],
Slaman asked if the Shoenfield conjecture is true in this structure. Yi gave a
negative answer to this question in [60].

For the structure R/NCup, it is easy to see that the greatest element
in this structure is the equivalent class of 0', which contains only degree 0’.
In [37], Li, Wu, and Yang constructed two incomplete cuppable c.e. degrees
a, b such that there is no incomplete c.e. degree which cups both a,b to
0’. The corresponding equivalent classes of a, b then form a minimal pair in
R/NCup. Hence, Shoenfield’s conjecture does not hold in this structure.

Theorem 1.15 (Li, Wu, and Yang). There ezist incomplete cuppable c.e.
degrees a and b such that for any c.e. degree w € R,

(wUa=0)A(wUb=0)—>w=0"
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Following the work of Li, Wu, and Yang, Bie and Wu constructed in [4],
two c.e. degrees a, b which satisfy all properties in Theorem 1.15 and form a
minimal pair in R.

Theorem 1.16 (Bie and Wu). There are two cuppable c.e. degrees a and b
such that aN'b =0 and for any c.e. degree w € R,

auUw=bUw=0 —-w=0.

It is clearly seen that NCup is also an ideal of M. Similar to the previous
structure, M/NCup is an upper semi-lattice with least element [0] = NCup.
However, this structure does not have the greatest element. The equivalence
classes [a], [b] of degrees a,b in Theorem 1.16 then form a minimal pair in
M/NCup. So, Shoenfield’s conjecture is not true in this structure. Since
the greatest element doesn’t exist in M[/NCup, the diamond lattice cannot
be embedded preserving 0 and 1 into M/NCup.

Given 1 < n < m. We say that m different incomplete c.e. degrees
aj, - ,a,, are n-cuppable if for any n different degrees a;, ,--- ,a;, among
them, there is an incomplete c.e. degree e such that

n

Vi<k<n,eUa; =0

In Chapter 3 we study n-cuppable degrees. The degrees a, b constructed in
1.15 and 1.16 are 1-cuppable but not 2-cuppable. The technique for ensuring
no incomplete c.e. degree cups both a, b to 0’ in [1] are different from the
one used in [37]. Generalizing this technique to deal with three cuppable
degrees, we will construct 2-cuppable degrees that are not 3-cuppable. In
particular, we prove the following result in Chapter 3.

Theorem B. There are cuppable c.e. degrees a, b, c satisfying the following
conditions.

(i) There exist incomplete c.e. degrees e, g, h such that

(aUe=bUe=0)A(bUg=cUg=0)A(cUh=aUh=0).

(7i) There is no incomplete c.e. degree that cups all a,b,c to 0, i.e. for
any c.e. degree w,aUw=bUw=cUw=0 —w=0"

Applying directly the proof of this theorem to n > 3 cuppable c.e. degrees,
we can construct n-cuppable degrees which are not (n + 1)-cuppable for any
n > 3. Thus, we have the following.

Theorem B’. For any n > 1, there are degrees which are n-cuppable but not
(n + 1)-cuppable.
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Li, Wu, and Yang [37] claimed that the diamond lattice can be embedded
into R/NCup preserving 0 and 1. There is no published proof of this fact
in the literature. In Chapter 4, we will modify the technique in [1] to prove
the claim. In particular, we will show that

Theorem C (Li, Wu, and Yang). There are two cuppable c.e. degrees a,b
such that aUb = 0" and for any c.e. degree w € R,

alUw=bUw=0—-w=0".

As a consequence, the equivalent classes [0], [a], [b] and [0'] form the
diamond lattice in the quotient structure R/NCup, as could be seen in
figure 1.1.

Figure 1.1: The diamond lattice in R/NCup

The questions about whether the Sacks splitting theorem and consequence
C2 are true in R/NCup (and respectively, in M[/NCup) are still open. All
these mentioned works on the structures R, R/M, R/NCup and M/NCup

are summarised on table 1.1.

All notations and terminologies in this thesis are adapted from [9], [58,59],
[12] and [35]. To be simple, we sometimes omit subscripts when they are
clear from the context. The following section is devoted to preliminaries that
will be needed in the thesis.

1.2 Preliminaries

The set of natural numbers, denoted by N or w = {0,1,2,---}, is the

universe here. Lowercase letters a,b,c,z,y, z,--- are used for numbers and
upper-case letters A, B, C,--- are for subsets of w. Total functions are often
denoted by lower-case letters such as f, g, h,---. Besides, lower-case Greek

letters ¢, 1,8, - - -, and upper-case Greek letters &, ¥, O, - - - usually stand for
partial computable functions and partial computable functionals, respectively.
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Property R R/M R/NCup M /NCup

Upper- yes yes yes yes

semilattice

Sacks  split- | yes yes

ting ? ?

Least element | y:0 y:M y:NCup y: NCup

Greatest ele- | y:0' y: [0] y:[0'] ={0"} | No

ment

Minimal pair |y no yes yes

Consequence | no(NCup # ) |y

2 ? ?

Shoenfield’s | no no(by Yi) | no no

conjecture

Diamond lat- | No, by Lach-| No, since | yes No, since

tice embedded | lan’s nondia- | there is there is no

preserving 0,1 | mond theorem | no mini- greatest
mal pair element

Table 1.1: Properties of structures

A set A is identified with its characteristic function y 4, i.e. for any number
n € w, A(n) = 1if n € A and otherwise, A(n) = 0. The restriction of A to n,
denoted by A [ n, is the string A(0)A(1)... A(n —1). For a total function f,
let f | n be the restriction to elements y < x. The standard pairing function

(+,+) from w X w to w is defined by (z,y) := ;(:B2 +2xy + y* + 3z +y) for all
T,Y € Ww.

We fix a Gédel numbering, by which each Turing machine has a unique
code number, also called a Godel number or an index. Our numbering can
be chosen so that it satisfies Lemma 1.1, Theorem 1.17, and Theorem 1.18
below.

Let P. be the Turing program with index e and ¢, be the (partial)
computable function computed by P.. We say that ¢.(z) converges to y
and write . |= y if the program P. with input x eventually halts after a
computation consisting of finitely many steps and yields output y. Otherwise,
if P, with input = never halts, we write .(z) 1T and say that ¢.(x) diverges
or is undefined.

The following padding lemma says that each p.c. function can have
infinitely many indices.

Lemma 1.1 (Padding Lemma). Each p.c. function ¢, has infinitely many
indices. Moreover, there is an infinite set A, of indices, which can be found
effectively in x such that for any y € Ay, ¢y = ©s.

The Enumeration theorem below is a crucial theorem in computability,
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saying that we can effectively enumerate all p.c. functions.

Theorem 1.17 (Enumeration Theorem or Universal Machine). There exists
a p.c function (e, x) satisfying Ve, x € w, (e, x) = @.(x). Since ¥ is a p.c.
function, there is an index i such that p;(e,x) = ¥(e, x).

We remind the reader that any numbering satisfying Theorem 1.17 is
said to be effective.
The following are fundamental results.

Theorem 1.18 (s-1-1 Theorem). There is a 1: 1 computable function s(x,y)
such that

VI, Y,z € w, st(&y)(z) = Qoz(y7 Z)‘

We recall that a numbering satisfying Theorem 1.17 and Theorem 1.18 is
called acceptable. Any acceptable numbering automatically satisfies Lemma
1.1.

For each e € w, let W, := dom(p,). The sequence {W, }.c, is an effective
enumeration of all c.e. sets. We write . s(z) =y or p.(2)[s] =yifz,y,e < s
and y is the output in < s steps of program P, with input x (or of ¢.(z) for
short). If such a number y exists, we say that ¢ () converges and denote
as e s(x) |. Otherwise, we say that ¢, s(x) diverges or ¢, () is undefined
and write . s(z) T. Let W, s := dom(ip. ).

Theorem 1.19 (Recursion Theorem). For every computable function f,
there is a number n, called a fized point for f, such that

Pn = Lf(n)>

and hence,

W = Wi

Moreover, such a number n can be computed from an index for the function

f.

This theorem was first proven by Kleene in [27] and has had many impor-
tant applications. In [13], Fejer described clearly how to apply the recursion
theorem to get an index for the c.e. set being built in the construction.

A set A is Turing reducible to a set B, denoted by A <r B if there is
an oracle Turing program with oracle B (also called a Turing functional or
Turing reduction) which computes A. We use upper-case Greek letters (for
instance, ®,I",0---) for oracle Turing programs and write ®Z for oracle
Turing program ® with oracle B.

Let {P.}cc., be an effective numbering of all oracle Turing programs.

We write ®4(z) = y or ®4(z) |= y and say that ®2(z) converges to y (or
®A(z) is defined and equal to y) if the oracle program P, with oracle A halts
at input x and yields output y. Let ¢’(x) be the maximum element that
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has been scanned on the oracle tape during the computation. We also say
that p2(z) converges (or ¢(x) is defined) and denote as p?(z) |. Clearly,
®A(x) is defined iff pA(z) is defined. If ®2(z) (or pA(z), respectively) is
not defined, we write ®4(x) 1 (or ¢A(x) 1, respectively) and say that it is
undefined or diverges.

The function ¢ defined above is called the use function of ®2. In general,
for an oracle Turing program represented by an uppercase Greek letter, we
use the corresponding lowercase Greek letter to denote its use function.

If ®4(z) = y happens within s steps and e, x,y, and 2(x) = u are all
less than s, then we write

A (v) =y and g2 (z) = .

Otherwise, we say 2, () diverges (or ®Z,(x) is undefined) and write &2, () 1

and goés(a:) 1.
Let W = dom(®#) and W = dom(®Z,).

For an approximation {Ag}se, of a set A (i.e. A(z) = limy As(z)Ve € w),
we denote ®4(z)[s] to be the result of running ®, with oracle A, on input x
for s many steps.

The following conventions on any use function ¢ are adopted through
the thesis.

(i) ¢4 is strictly increasing, i.e. if m < n and ¢*(n) |, ©*(m) |, then

©(n) < ¢A(m). Similarly, if m < n and ¢*(n)[s] |, *(m)[s] |, then
e (n)[s] < (m)[s].

(ii) When A is being approximated, for any n and s < t, if p?(n)[s] | and
e (n)[t] 1, then ¢ (n)[s] 1< ¢4 (n)[t] |-

(iii) For any n and s such that % (n)[s] is defined, p*(n)[s] < s.

Proposition 1 (Use Principle). If ®(z) |=1vy and B | ¢ (z) = A | p?(x),
then ®B(z) |=y = ®4(z) |.

A set A is limit computable if there is a computable sequence {A;}se,
such that
Vo € w, Alx) = lim Ag(x).

The sequence { A} e, is also called a Ag-approzimation for A.

Theorem 1.20 (Shoenfield Limit Lemma). Given a set A. The following
are equivalent

(i) A is limit computable,
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(i) A€ As,
(iii) A <p 0.

Throughout the thesis, we use the infinite injury method. The following
are some basic terminology and notations about construction trees. For the
details, please refer to [35,58].

Let A be a finite set equipped with a linear order <,. Consider the
tree A< consisting of finite strings on A with the lexicographical ordering
induced from (A, <,). We use lower case Greek letters a, 8,7, 7,7, -+ to
denote strings (also called nodes) in A<“. For each node av € A<“, we denote
by |a| the length of a. Let A be the empty string, and (o) be the string
consisting of an element o alone. We denote by a” the concatenation of
string « followed by string 8. We write aw < 5 (or a C f3) for «v is (strictly)
an initial segment of 3 and a < 3 (or a C ) for @ < B or a = 3. We
say that « is to the left of B (or [ is to the right of «), denoted by a < f
(or B > a), if there is a string v and o, <j 0g such that v" (0,) = « and
7" (05) = B. We denote by o < § that o < f or a < 3.

In each proof and construction throughout the thesis, we have a list of
conditions to be satisfied (called requirements), say {R.}ccw. We then design
for each requirement a strategy, i.e. an effective procedure to satisfy the
requirement. Fach strategy has one or several outcomes. The set A is the set
of symbols for all possible outcomes of strategies. We assign to each node
a € A<¥ of length e the e-th requirement, say R.. The priority tree T' of
construction will be a subtree of A<, which is inductively defined as follows.

e AT,

o if @ € T is of length e (so « is assigned to the e-th requirement R.),
then for any o that is a possible outcome of R., a” (o) € T.

Each node o € T' is a strategy of the requirement attached to a. If « € T
and k < |a, then a(k) = 0 € A means that a guesses that the outcome of
the strategy § = o [ k is 0. Each construction runs stage by stage. At a
stage s, we will define accessible nodes inductively as follows.

e )\ is accessible at stage s,

o If & € T is accessible at stage s, |a| < s, and the outcome of « at stage
s is o, then B = a” (o) is accessible at stage s.

Stage s is called an a-stage if « is accessible at stage s. At each stage s, let
the current true path T P, be the unique node of length s accessible at this
stage. Let the true path T'P be the unique path of T such that

a < TP iff 3%°s(a X TP) AN 3I~s(a < TPy).

We say that a strategy « is on the true path if a < T'P.
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Chapter 2

A low major sub-degree of a
high c.e. degree

In this chapter, we give a direct construction of a high c.e. degree h with
a low major sub-degree 1, such that h # a for a given nonzero c.e. degree a,
as stated in Theorem A.

2.1 Requirements and strategies

Fix a noncomputable c.e. set A € a. We will construct c.e. sets H and L
satisfying, for all e, € w, the following requirements.

S: K =TI5B%L

Pe: D # ®F;

H. : Tot(e) = lim, o A (e, n);

L1 (3Rs)BE () L DL(e)

N ®FOLWe — gy P 5 SN, (K = ALEWe);
Re: A QUL

Here, K is a fixed complete c.e. set and Tot = {e € w : ¥, is total} is a
I[T5-complete set. The auxiliary c.e. sets B, D, F' and (partial) computable
functionals I', A, A.; (for all e, i € w) are constructed during the construction.
All (partial) computable functionals {®.}.c,, and all c.e. sets {W,}e,, are
effectively listed.We will omit the index ¢ in order to simplify notations.

We check that if H and L are successfully constructed satisfying all the
above requirements, then the c.e. degrees deg(H @ L) and deg(L) are desired
c.e. degrees h and 1, respectively, in Theorem A. Indeed, all requirements
{P.}ecw, guarantee that B is incomplete, and from the requirement S, the c.e.
set L is cuppable. Requirements {L.}.c,, imply that L is low. By satisfaction
of all the requirements {He }ccw, the c.e. set H is high. Therefore, H & L is
a high cuppable c.e. set. The requirements {N,}.c. ensures that 1 = deg(L)
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is a major sub-degree of h = deg(H @ L) and finally, H © L TZ A is assured
by the requirements {Re }ecew-

We use a priority tree for the construction. During the construction,
whenever we pick a fresh number, this number is bigger than all numbers
used so far. In the following, we discuss strategies for the above requirements.

2.1.1 The S-strategy

The S-strategy will construct a functional I' as follows.

1. If there is the least number n such that I'®L(n) |# K(n), put v(n)
into B and undefine I'3%L(m) for any m > n.

2. If there is the least number n such that I'B®L(n) 1, define I'?%L(n) =
K (n) with the use y(n) as a fresh large number.

To meet the requirement S, we will ensure that I is total and its corre-
sponding use function v has the following basic properties.

(1) Whenever y(n) is defined, it will be a fresh number larger than all
previously used numbers;

(2) For any number n and stage s, if [B®E(n)[s] | then v(n)[s] ¢ B, U L;

(3) For any number n and m < n, if y(n)[s] | then v(m)[s] | and v(m)[s] <
v(n)[s];

(4) If TP®L(n)[s] 4= 0 and n enters K at stage s + 1, then y(m)[s] is
enumerated into B or L for some m < n;

(5) At stage s, ['B®L(n) is undefined iff there is a number y < n such that
v(y)[s] is put into B or L at this stage.

Here, the S-strategy only puts numbers into B and it is not sufficient
to satisfy the requirement S. Otherwise, K is coded into B, and B will be
complete. Construction of I'®®L involves strategies of the other requirements.
The requirement S will have the highest priority among all requirements.

2.1.2 The P-strategies

Basically, a P, strategy « is going to apply the Friedberg-Muchnik strat-
egy:

1) pick a fresh witness z,

2) wait for ®Z(z) |= 0,
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3) put x into D, and stop.

However, the computation ®Z(z) |= 0 may be injured by the S-strategy:
when a small number n enters K, S puts v(n) < ¢Z(z) into B, making the
computation ®Z(x) |= 0 becomes undefined. To protect this computation, we
lift y—uses exceeding ¢Z(x). Precisely, we pick a killing point k (also called a
threshold). If ®B(x) |= 0 at stage s, we put y(k)[s] into L. Thereby, the uses
v(n), n > k, are lifted beyond ¢Z(x)[s] and the computation ®Z(z)[s] | =0
will be unchanged unless a small number (less than or equal to k) enters K.
Whenever an n < k is enumerated to K, we reset witness x as fresh. Such
a situation can only occur at most k£ + 1 times and hence « is eventually
satisfied. So, a will perform as follows.

P1. Pick a killing point k£ as fresh.
Whenever n < k enters K, go to P2.

P2. Pick a fresh witness > k.
P3. Wait for ®Z(z)[s] | = 0.
P4. Put ~v(k)[s] into L, x into D, and stop.
The outcomes of « are finitary:
w: wait for P3 forever for some z. In this outcome, D(z) = 0 # ®Z(x),

s: stop at P4 forever for some z, say from stage s onwards. In this
outcome, there is no number less than or equal to k enters K after
stage s and ®Z(x) |=0# D(x) = 1.

2.1.3 The H-strategies

The H-strategies will construct a partial computable functional A such
that AY is total and

Ve, Tot(e) = Jim A (e, n).

By Shoenfield’s limit lemma, we have that ()" < Tot < H’, and hence, H
is high.

For each e € w, Afl(e,-) will be defined as follows. The priority tree
T of the construction will be constructed to be finitely branching and all
‘H.-strategies are located at a certain level of T. There are only finitely
many H.-strategies and these nodes will work jointly to define A (e,-). We
effectively number the H.-strategies in the lexicographical order and hence,
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for each H.-strategy 7, there is a unique number, denoted by k(7), such that
7 is the k(7)-th node in this numbering. Let

k(e) := max{k(7) : 7 is an H.-strategy on T},

and for each n € w, define A¥(e,n)[0] = 0 with the use (e, k(e),n).
Consider an H.-strategy 7 and a 7-stage s. We define

[(1,s) :=max{zx < s: p.(y)[s] | Yy < z},

and
m(7,s) := max{0,l(7,t) : t < s and t is a T-stage}.

Stage s is called a T-expansionary stage if s =0 or I(7,s) > m(T, s).

Let s; < s be the last stage at which 7 is initialized. The strategy 7 will
only deal with A” (e, n) for n > s,. In particular, when s is a T-expansionary
stage, T puts (e, k(7),n) into H and redefines A" (e,n) = 1 for each n such
that max{s, + 1,m(7,s)} <n <I(7,s).

For the strategy 7 on the true path, there are two cases as follows.

o There are finitely many 7-expansionary stages. Let sy be the last
T-expansionary stage and ng = (7, s9). We have ¢.(ng) T and for any
He-strategy 7/, (7', s) < ng (s is an arbitrary 7'—stage). Hence, for
any n > ng, A (e,n) will never be redefined during the construction,
and so Af(e,n) |= 0. Therefore, lim,, .o, A (e,n) =0 = Tot(e).

o There are infinitely many 7-expansionary stages. For any n > s,
at the first T-expansionary stage s; > s, such that n < I(7,s1), 7
redefines A (e,n) = 1 by putting (e, k(7),n) into H. Since s, is the
last stage at which 7 is initialised, no H.-strategy to the left of 7
puts numbers into H to redefine A (e, n) after stage s, and hence,
A (e,n) |= A (e,n)[s1] = 1. Thus, lim,_,. A (e,n) =1 = Tot(e).

The strategy 7 has two outcomes: ¢ (for infinitely many expansionary
stages) and f (for finitely many expansionary stages).

2.1.4 The L-strategies

Fix an L.-strategy o. The goal of L, is to ensure that ®L(e) converges
if there are infinitely many stages s at which ®Z(e)[s] |. Ideally, at stage
s, if ®L(e)[s] |, o will put restraint ¢Z(e)[s] on lower priority strategies, to
preserve the computation ®%(e)[s] |, making ®Z(e) |= ®L(e)[s].

However, there is an issue as follows. There could be infinitely many
stages s; < Sp < -+ < 8, < --- such that for each i > 1, ®L(e)[s,;] | and for
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any ¢ which is a o-stage, ®Z(e)[t] 1. So, o never sees any ®Z(e)-convergent
computation to protect and then o fails, even if it is on the true path.

To overcome this problem, we give the highest priority on the tree to
the L-strategies as follows. At each stage s, let M be the set of all nodes
in the priority tree which were accessible before stage s and have not been
canceled or initialized yet. Before doing any action on the priority tree at
stage s, we first find the least e < s such that ®Z(e)[s] | and L. has not
been satisfied yet. If such a number exists, say ey, we take the leftmost
L.,-strategy o’ € M, and initialise £ for any strategy & > ¢’. By this action,
@ (eg)[s] | will be preserved forever, making @ (eg)[s] = L (eo) |, unless
o’ is initialised by a strategy &' < ¢/, and there are only finitely many such
injuries. Hence, £, will eventually be satisfied. Note that for each strategy &
on the true path, since there are only finitely many nodes to the left of &,
the strategy £ is initialized by such a situation at most finitely many times.

The L.- strategy o has outcome 1.

2.1.5 The N-strategies

Fix an N -strategy 3. We will construct a partial computable functional
Ag such that if @HELOWe — @ F then A§®" is total and computes K
correctly.

At a (B-stage s, we say that a computation ®HELEWe (y)[s] | is B-believable
if for any H-strategy 7 < 7" (i) < 3,

(n > s7) A (€ k(7)) < o"HEEWe(y)[s]) — (¢, k(),n) € Hqo,
where s, < s is the last stage at which 7 has been initialised.

Recall that the length of agreement between ®HELEWe and K @ F at a
stage s is defined by

1(B,5) :=max{z < 5 : Yy < x, PH¥EEWe(y))[s] | is S-believable
and QTEHEN(y)[s] = K @ Fi(y)}.

Let m(f, s) :== max{0,{(5,t) : t < s is a (-stage}.
A stage s is called S-expansionary if s =0 or I(3,s) > m(5, s).

Ideally, we will define Az when the length of agreement increases: at a
[-expansionary stage s, if p is the least number such that A[;@We (p) has not
been defined yet and 2p+ 1 < I(, s), then we set Aé’@W"’ (p)[s] = Ks(p) with
a fresh use d(p)[s]. After that, this computation is undefined only if L & W,
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changes below ¢(2p + 1)[s]. Therefore, if p enters K after stage s, we would
like to force L& W, to change below ¢(2p+1)[s] so that Ag@WE (p) is undefined.
The possible outcomes of 3 are i (for infinitely many [-expansionary stages)
and f (for finitely many [-expansionary stages).

Interaction with H-strategies

There is a problem as follows. At a S-expansionary stage s; with length
of agreement [(3,s1) > 2p + 1, we define AL®"<(p)[s;] = K, (p) = 0 with
use d(p)[s1] > &(2p + 1)[s1]. After stage s1, the set L & W, never changes
below §(p)[s1] and an H.-strategy 7 = 8~ (i) puts numbers into H, lifting
®(2p)[s1] to a large number so that at a S-expansionary stage so > s1, we
have

PHOLOWe (2]?)[82] = K, ® I, (2]9) =K, & FS1(2p) =0

with the new use ¢(2p)[sa] > d(p)[s1] > #(2p + 1)[s1]. Later, p enters K and
W, changes below ¢(2p)[s2], making

(I)HEBL@WE (2p) [33] = ng > Fs3 (2p) = Kss(p) =1

at a J-expansionary stage s3 > sy. Since L @ W, never changes below 0 (p)][s1]
after stage s;, the computation AEQBWE (p)[s1] = 0 then cannot be rectified to
compute K (p) =1 correctly, and f is failed.

We apply the argument for the construction of a noncuppable degree
to overcome this obstacle. The rough idea is as follows: when a 7-strategy
would like to put a number below ¢(2p) < §(p) into H, it first puts a number
into F' to force L & W, to change below a small number so that Aé@w‘”‘ (p)
can be redefined later. Precisely, 7 will do as follows. At stage sg, when
choosing a number z = (¢/, k(7),n) (to put into H), 7 also takes a fresh
number z ¢ F. We call z the attached number of = corresponding to 5. For
any [-expansionary stage s > sg, we require the length of agreement to be
[(B,s) > 2z+1 so that d(p)[s] > max{¢p(2z + 1)[s], p(2p+ 1)[s]} if Aé@w‘e (p)
is defined at stage s (this delays the construction a little bit and makes no
difference on the true outcome of ). At a [S-expansionary stage s; > So, if
7 would like to put (¢/, k(7),n) into H, it first puts z into F' and waits for
the next [-expansionary stage s;. There are two possibilities. If there is
no more (-expansionary stage after s, then (3 is satisfied and doesn’t need
to define the functional Ag. Otherwise, the next S-expansionary stage s,
comes. Without loss of generality, we suppose that 7 is not initialized during
stages between sy and s,. Note that by the choices of (¢/, k(7),n) and z, the
A§®We—computations defined before or during stage sy will not be affected
from the action of putting (¢/, k(7),n) into H of 7. For a computation
Aé@WE (p) defined at stage t after s (so <t < s1), we have

PHILEWe (2, L 1)[t] = K, @ Fy(22 +1) =0
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and
PHOLEWe (22 4 1)[s9] = Ky, @ Fy, (22 4+ 1) = 1.

Since there is no number below ¢(2z+ 1)[t] entering H during stages between
t and so, it must be that L & W, has changed below ¢(2z + 1)[t] < d(p)|[t]
at stage s9, making AffBWE (p) redefinable. Then 7 now can put (¢/, k(7), n)
into H and the problem is solved.

Next, we consider an H-strategy working with all of its higher priority
N -strategies on the priority tree. Fix an H.-strategy 7, and suppose that

B1A<i> <62A <Z> < .- %BnA <Z> <T,

where ;(1 < j < n) are the N-strategies of higher priority than 7 with
outcome i. To be consistent with these j3;’s strategies, when choosing
x = (e, k(7),n) at stage sg, for each 1 < j < n, we take a fresh number z; to
be the attached number of z corresponding to f; (as described above) such
that 29 < 21 < --- < z,. We define the attached sequence of x corresponding
to B’s to be z(x) = (20, -+ ,2,). We require that, for every 1 < j <n, any
Bj-expansionary stage s’ > s has length of agreement [(5;,s") > 2z; + 1
(again, this condition only delays the construction and doesn’t make any
change as regards the true outcome of each ;, 1 < j < n). At a 7-stage
s1 > So, if 7 would like to put (e, k(7),n) into H, it first puts z, into F'
and waits for the next (,-expansionary stage. To be convenient, we make a
link between 7 and f3,,, denoted as (3, — 7). If there is no §,-expansionary
stage, then 3, has finitary outcome f and is satisfied. Otherwise, at the
next (3,-expansionary stage s > s1, we go to 7 via the link (5, — 7) and
then cancel this link, continue to put z,_; into F, create the link (5,_; — 7)
and wait for the next 3, _i-expansionary stage. This action can be repeated
at most n times, and if eventually, we cancel the link (5 — 7), we then
can put x into H fulfilling our purposes. For each ; (1 < j < n), there
must be changes on the corresponding c.e. set W, of j3;, sufficient for the
Ag,—computations defined at stages between sy and s; + 1 to be redefined
later.

2.1.6 TheR-strategies

Fix an R.-strategy n. At an n-stage s, we say that a computation
OHBL()[s] | is n-believable if for any Ho-strategy 7 < 7" (i) < 1,

(n > s:) A€, k(T),n) < & (y)[s]) — (¢, k(r),n) € Hooy,

where s, < s is the last stage at which 7 has been initialised.
The length of agreements between A and ®HOL is

I(n,s) == max{z < s : Yy < x, 87%L(y)[s] | is n-believable
and @' (y)[s] = A(y)}-
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A stage s is called n-expansionary if s = 0 or l(n, s) > l(n,t) for any n-stage
t <s.

Let r(n, s) = s be the restraint of 7 at each n-expansionary stage s. Note
that at an n-expansionary stage s, the n-believable computations %L (y)[s]
(where y < I(n, s)) are preserved from lower priority strategies of n by the
restraint r(n, s).

Let
T, = {s: s is an 7-stage}.

If n is on the true path T'P, we have lim,er, 7(7, 5) < 0o. Indeed, let s
be a stage such that

(i) there is no strategy to the left of n accessible at any stage t > s,

(ii) there is no He-strategy 7 < 77 (i) < n which is initialised at a stage
t > S0,

(ili) there is no Pj-strategy o < n putting number into L after stage s,
(iv) m is not initialised by any L;-strategy o < n after stage sq.
There are two cases as below.

o There are only finitely many n-expansionary stages, let s; be the last
n-expansionary stage. Clearly, limser, 7(n, 5) = r(n,51) = 51 < 00.

o There are infinitely many n-expansionary stages. For any n € w, to
compute A(n), we wait for an n-stage s > s such that [(n, s) > n; since
the computation ®7%L(n)[s] is n-believable and 7 is not initialised after
stage sg, then no number less than ¢7®L(n)[s] is enumerated into H or
L, and therefore we have that Ay (n) = ®H®L(n)[s] = ®HPL(n) = A(n).
Thus, A = %L is computable , that is a contradiction.

Thus, there are only finitely many n-expansionary stages and limez, 7(7, s) <
00, implying that the requirement R, is satisfied. Note that n will not injure
infinitely many times any lower H.-strategy 7’ (n only prevents 7’ from
putting numbers less than lim,er, 7(n, s) into H). We set 1 as the outcome
of R.-strategy 7.

2.2 The construction

Let A = {i < f <s < w < 1} be the set of outcomes and let A< be
equipped with the lexicography order induced from the order in A.
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The S-strategy has the highest priority and the P, H, L, N, R-strategies
are set up on a priority tree T C A<¥ as follows. We effectively list all
P, H, L, N, R-requirements and assign to each node £ of length e the e-th re-
quirement on the list. The root A is assigned to the requirement Py. The prior-
ity tree T of strategies is a subtree of A<“ where each node £ € T is a strategy
of its assigned requirement and {£” (o) : o ranges over all possible outcomes of £}
is the set of all immediate successors of €.

We fix an effective enumeration { K}, of K such that there is at most
one number entering K at each stage. During the construction, whenever
we pick a number, we choose a fresh one that is larger than all numbers
which have been used before. All computations at a stage s are bounded by s.

For each stage s, let M be the set of all nodes which were accessible
before stage s and have not been initialized at the beginning of stage s.

To be convenient, we attach parameters to each strategy. Particularly,
each P-strategy « has parameters k(«), z(«) corresponding to the killing
point k and the witness x, respectively. An H.-strategy 7 has parameter
s(7) marking the stage at which 7 is accessible after being initialised. An
N-strategy 8 will be attached a parameter n(/3) for marking the length of
agreements. The construction is as follows.

Stage 0. All sets are empty. Initialize all strategies. Define A% (e, n)[0] = 0

Stage s + 1.
a. The S-strategy defines I'B®L as follows.

S1. If n enters K, making ['3%L(n)[s] {# Ky1(n), put y(n)[s] into B and
undefine T'P®L(y), for any y > n.

S2. Else, for the least number n such that TP®L(n) 4, define T'P®L(n)[s + 1] =
K¢i1(n) with the use y(n)[s + 1] as a fresh number.

b. Working on the priority tree.

Step 1. If there is the least number ey < s such that ®% (eg)[s + 1] | and
there is no L., -strategy satisfied yet, take the leftmost L. -node o € M1,
initialise all £ > o and declare that L., is satisfied via o at stage s+ 1.

Step 2. If n enters K, and for any P-strategy « such that k(«) has
been defined with n < k(«), reset x(«) as undefined and initialise all lower
priority strategies.

Step 3. Compute the current true path TP, inductively: A < TPy, 1;
if £ K TP, and £ is of length s + 1, let £ = T'P,, initialise all strategies
to the right of TP, and go to Step 4; otherwise, do the actions for ¢ and
find its immediate successor £’ < T'P,, as follows. There are five cases.
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Case 1. € is a P.-strategy a. Run the following a-program.

al.  * If k(a) 1, set it as fresh.
* Go to a2.
a2. If z(a) | go to a3.
Else,
x set x(a) T as a fresh number,
* let " (w) = ¢ < TPy;; and initialise all lower priority strate-
gies.
a3. Parameters k(«), z(«) are defined:
If ®B(x(a))[s+ 1] J=0and z(a) € D, let a” (s) = & X TPyy;.
If ®Z(x(a))[s + 1] =0 and z(a) ¢ D,

)
* put y(k(a))[s + 1] into L and undefine I'B%L(y)Vy > k(a),
(c

* put z(a) into D,
x let a” (s) = & <X TP,y and initialise all lower priority strate-
gies.

Otherwise, i.e. =(®Z(z(a))[s + 1] }=0), let o (w) =& < TP,;.

Case 2. £ is an H-strategy 7.

71. If 7 was not accessible at any stage ¢ such that s, <t < s+ 1,
let s(7) = s+ 1 (here s, < s+ 1 is the last stage at which 7 was
initialised).

72. If s 4+ 1 is a T-expansionary stage, let 7" (i) = ¢’ < T'P,;;. Other-
wise, let 77 (f) =& X TPsy;.

Case 3. £ is an L.-strategy 0. Let 0" (1) = & X TPyyy. If ®L(e)[s +1] | and
L. has not been satisfied yet, initialise all lower priority strategies and
declare that L, is satisfied via o.

Case 4. £ is an N -strategy [.

1. If n(B) 1, set n(B) := 0 and go to (2.

p2. I 1(B,s+1) >2n(B)+ 1, let 5" (i) = &1 =< T Psyq and go to 33.
Otherwise, let 5 (f) = &1 X T Psyq.

B3. If there is a link (5 — 7), where 7 is an H;-strategy with a number,
say x = (€, k(7),n), waiting to be enumerated into H, do the
followings.

* Go to 7, cancel the link (5 — 7).
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x Without loss of generality, suppose that
Br7 (@) < < B, (@) =<+ < B (@) <,

where 8 = B;,, 1 < jo < I, and x = (¢/,k(7),n) has the
attached sequence z(z) = (21, , 2jy, - , %) corresponding
to the N -strategies f;’s (when z is chosen by 7, its attached
sequence z(x) is defined immediately, as in Step 4 below). If

Jjo=1,1ie. all z;,---,z are all in F', put x into H; otherwise,
put the next attached number z;,_; into F', create a new link
(ﬁjO*l - T)'

« Initialise all strategies to the right of 7 and go to stage s + 2.

Otherwise, i.e. if no lower H-strategy 7 links to 3, do the following,
for which we distinguish two subcases.

(Subcase 1) If there is p < n(f) with A§®We(p)[t] 1# Ko (p)
(where t < s is the last S-stage that we have defined A§®W6 (p)[t]),
do the following.

(a) Choose the least such p.
(b) If W, | 6(p)[t] has changed, undefine Aé@We(q), Yq > p.

(Subcase 2) Otherwise, for the least p < n(f) such that Aé@We (p)
has not been defined yet, set AL®"*(p)[s + 1] = K,11(p) with the
use 0(p)[s + 1] as fresh.

Case 5. £ is an R.-strategy n. Let n* (1) = ¢ < TP,1;. If s+ 1 is an -
expansionary stage, initialize all lower priority strategies.

Step 4.

(i) For each H.-strategy 7 which was accessible before or at stage s+ 1, and
has not been initialised yet, pick (e, k(7), s + 1). Without loss of gener-
ality, suppose that 3y, - , 3, are N -strategies above T with outcome
i,ie. (17 (i) <---=<B," (i) 2 7. Then for each 1 < j < n, take a fresh
numbers z; as an attached number of (e, k(7), s+ 1) corresponding
to B; such that z; < 25 < --- < z,. Define the attached sequence
of (e, k(T),s+ 1) corresponding to the N-strategies (1, -- , 5, to be
z({e,k(1),s+ 1)) = (21,22, -+, 2Zn)-

Update for each N -strategy 3

m(B,s+1

n(f) :=max{ (7(5 5 )
to 8 taken by some 7 > 8 (i) during stage s+ 1 (if any)}.

1,2+ 1: z is a number corresponding
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(ii) Along the current true path TP, choose the smallest number z =
(e,k(1),m) ¢ H (where 7 is an H,-strategy such that 7" (i) <X TPs,1).
Without loss of generality, suppose that 5" (i) < -+ < 3," (i) 2 7T
are all N-strategies above 7 with outcome 7 along TPy, and z(z) =
z({e, k(T),m)) = (21, - , z,) is the attached sequence of = correspond-
ing to f1,- -+, Bn. Put z, into F and create the link (8, — 7).

Go to stage s + 2.

2.3 Verification

Recall that the true path TP = liminf, T P,.

Lemma 2.1. Fvery node & on the true path TP satisfies the following
properties.

(i) There is a stage so such that £ is not initialised after so and for every
stage t > sq, either £ < TP, or &£ <TP,. Clearly, no node to the left
of & is accessible after stage sg.

(7i) The node & is accessible at infinitely many stages, i.e. 3°s: & <X TP;.
(7ii) There is a unique o € A (the true outcome of ) such that " (o) < TP.

Proof. We prove the lemma by induction on the length of ¢ < T'P.

For £ = A < TP, clearly A has the highest priority on the tree and
A <X TP, for all s > 0, so A is never initialised after stage 0 and (i) is
satisfied. We have that X is the Py-strategy, then only the strategy & can
injure A by putting v(n) < ¢Z(z) into B when a small number n enters
K after ®5(z) | = 0. However, such an injury happens at most k(\) + 1
times. Hence, either \ waits for ¢Z(z) |= 0 forever for some x and has true
outcome w (so, A~ (w) < T P) or it eventually sees ®Z(x) | = 0, puts y(k()\))
into L (in this case it successfully lifts the use v(n) > ¢Z(x) for any n > k
and no number n < k enters K later, making this computation ®Z(x) | =0
correct forever), A puts x into D and stops with the true outcome s (so,
A" (s) < TP). Once X reaches it true outcome, it never puts numbers into
D or L.

Suppose inductively that the nodes A = & < & < - < &1 < TP
satisfy (i —iii), where &1 = & (0;) with 0; € A is the true outcome of &; for
any 0 < i < n—2. Let 0,1 be the true outcome of &, 1 and &, = &,_1" (0,_1).
We will prove that &, also satisfies (i — 7).

Let s be the least stage such that &, < T'P; and from stage s onwards, (i)
satisfied for every &;,0 < i < mn — 1. Since no strategy &(0 <i<n—1) is
initialised from stage s onwards, we have the following.
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No P, L, R-strategy & < £,_1 acts from stage s onwards;

No strategy to the left of &, 1 is accessible from stage s onwards.

In the following, we prove that there is a stage t > s after which &, is
never initialized. The other parts of the properties (i-ii) clearly hold for
&,-We consider four cases as follows.

Case 1.

Case 2.

Case 3.

Case 4.

&n1 is a Pe-strategy . Since « is not initialised after stage s, from
the construction we have that k(«) = k(a)[sT], where sT is the next
a-stage after s. In addition, after stage s, « is only injured by S at
most k(a)[sT] 4+ 1 times. Therefore, there is a stage s’ such that

— either o waits for ®Z(z) |= 0 forever from a stage s’ > s onwards
and has the true outcome o,_; = w;

— or eventually ®Z(x)[s'] ]= 0, o puts v(k(c)) into L (in this case it
successfully lifts all uses v(n) > ¢Z(x)Vn > k(a) and no number
n < k(a) enters K, making ®5(z) |= ®Z(x)[s'] |= 0), puts =
into D and has the true outcome 0,1 = s.

In both cases, o never acts after stage s’ and hence, &, = &,-1" (0,—1)
is never initialised after stage s'.

&n—1 is an H-strategy 7 or an N,-strategy 5. From the construction,
after taking any action related to 7 (or /3, respectively), we only initialise
the nodes to the right of 7 (or [, respectively). Therefore, &, =
€n—1" (0n—1) = T'P is never initialised after stage s.

&n_1 is an L.-strategy o. If there is the least stage s’ > s such that
dL(e)[s'] | and L, has not been satisfied yet, then o < TP, (because
no §; (0 <i <<i¢—1)is initialised after stage s < s’). At the beginning
of stage s, we initialise all strategies & > &, 1 and declare that L. is
satisfied via &, 1 at stage s’. From the next &, i-stage t > s’ onwards,
& = &1" (1) is never initialised. If ®L(e)[s’] | and L. has been
already satisfied before stage s or at any stage ®L(e)[t] 1Vt > s, then
the strategy &,_1 never acts, and hence, we have that, from stage s
onwards, &, is never initialised.

&,_1 is an R.-strategy n. Note that there are only finitely many 7-
expansionary stages, as otherwise, A would be computable as follows.
To compute A(n), we wait for an 7-stage sq > s such that [(n, sg) > n;
since the computation ®HZ®E(n)[s,] is n-believable and 7 is not initialised
after stage s, then no number less than ¢®%(n)[s,] is enumerated into
H or L, and therefore we have A,(n) = ®7%L(n)[sg] = ®HP(n) =
A(n). Thus, A = ®%L is computable, a contradiction.

Let s’ > s be the last n-expansionary stage, then after stage s’, n never
acts. So, &, is never initialised after stage s'.
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]
Lemma 2.2. For each e € w, the requirement L. is satisfied.

Proof. Fix e € w. Suppose that ®L(e) converges infinitely many often, i.e.
there are infinitely many stages s such that ®Z(e)[s] |. Consider the L.-
strategy 0 < T'P. By lemma 2.1 above, let s be the least stage after which
0" (1) < TP is never initialised. Consider the least stage s’ > s such that
O (e)[s'] L

If L. is not satisfied at s’, then by the choice of stage s, we have that
o < TP, and at the beginning of stage s’, we declare L, is satisfied via o at
stage §', and since ¢~ (1) is never initialised after stage s, L, is satisfied via
o at stage s’ will never change.

Otherwise, if £, has been satisfied via an L.-strategy o* < o, since ¢” (1)
is never initialised after stage s, L. is satisfied via ¢* forever. n

Lemma 2.3. For every e, requirement P, is satisfied.

Proof. Fix e € w. Consider the P.-strategy o < T'P. Let s be the least
stage at which " (0) < T'P is accessible and « is never initialized after stage
s. From the construction, k(«) |= k(a)[s], z(a) 4= z(«)[s] and no number
r < k enters K after stage s. There are two cases:

o the true outcome o = w, a waits for ®Z(z(a)) |= 0 forever from stage

s onwards and D(x(a)) = 0 # &8 (x(a));

o the true outcome o = s, a puts y(k(«)) into L (in this case it successfully
lifts all uses v(n) > ¢.2(z(a))Vn > k), puts z into D and ®5(z(a)) |=
7 (z(a))[s] 4= 0# 1= D(z(a)).

Hence, P, is satisfied. n
Lemma 2.4. For every e € w, Tot(e) = lim,_,o, A" (e,n). Hence, H is high.

Proof. Fix e € w. Consider the H,-strategy 7 < T'P. Let s be the least
stage after which 7 is never initialised, and let sy > s be the next 7-stage.
We have, s, = s and s(7) |= s.

If there are finitely many 7-expansionary stages, then there is the least
number x such that p.(z) 1. So, T'ot(e) = 0. On the other hand, let s; > sq
be the least T-stage at which [(7,s9) = x. Clearly, for any s > s;, and for
any H.-strategy 7/, [(7/,s) = 2. Hence, for any n > z, Af(e,n) will not be
redefined by any H.-strategy after stage so, and so Af(e,n) |= 0vn > z,
implying lim,, o Af(e,n) = 0 = Tot(e).

If there are infinitely many 7-expansionary stages, then . is total, so
Tot(e) = 1. For any n > sp, since 7 is not initialised after stage s, when
T picks x = (e, k(7),n) at stage ¢ > s and chooses the attached sequence
(21, ,2,) for x, this sequence will never be reset after that. From the
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construction, there is a T-expansionary stage s; > ¢ big enough such that
at stage si, x is the smallest number which is not in H and is having
the attached sequence. Then at stage s;, 7 starts putting the attached
numbers one by one into F', and at stage sy > s1, when all attached numbers
have been enumerated into F', = will be put into H, and 7 then redefines
A (e,n) = 1. Thus, eventually, for any n > sg, 7 redefines Af(e,n) = 1,
making lim,, ., Af(e,n) =1 = Tot(e).

m

Lemma 2.5. For every e € w, the requirement N, is satisfied.

Proof. Fix e € w. Suppose that ®H9L8We — K ¢ ['. Consider the N-
strategy 5 < T'P. Then there are infinitely many [-expansionary stages

and (i) < TP. We will prove by induction on p that for any p € w,
A (p) L = K(p).

Let s be the least stage at which 3" (i) is accessible and (3 is never ini-
tialised after stage s.

Forp =0, if AE@WE (0) 1 at stage s, then from the construction, Ag@w‘z (0)[s] =
K(0) with the use §(0)[s] as a fresh number. If 0 never enters to K, this com-
putation remains correct, i.e. AF#We(0) = AF®Ye(0)[s] = K,(0) = K(0).
Otherwise, if 0 enters K at stage t > s, let s; > t be the next S-expansionary
stage. We have

PHOLOWe (0)[3] =K@ FS(O) = KS(O) =0, (2'1)

and
PHELEW. (0)[5,] = K,, @ F, (0) = K., (0) = 1. (2.2)

By the choice of s and from the construction, computation ®#PLEWe (()[s] is
[B-believable, there is no small number enumerated into H by H-strategies
above 3. In addition, any H;-strategy 7 which is of lower priority than
or to the right of 5, is only concerned with numbers (j, k(7),n) for n > s
after stage s. Hence, from stage s to stage s;, no number smaller or equal
to ¢(0)[s], is enumerated into H. Therefore, at stage s;, equation 2.2 is
achieved because L & W, has changed below ¢(0)[s], allowing AE@WE(O)[S]
to be undefined. At the next f-expansionary stage s; > s1, we can rectify
AFE(0)[sg] =1 = Aé@We(O) J= K(0) with the use §(0)[s2] as fresh.

Suppose that Aé@m correctly computes K up to p —1 >0, i.e. there is
the least stage sqg > s such that

AFEY(q) L= AFEYe(q)[s0] 4 = Ky (q) = K(q)Vg < p— 1.

From the construction, at the next S-expansionary stage s; > sg, AE@WE (p) T
and we define Aé@w‘e (p)[s1] = K, (p) with the use d(p)[s1] as fresh. If p
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never enters K after stage s;, this computation is correct, i.e., Aé@m (p) =

AEEBWB (p)[s1] = Ks,(p) = K(p). Otherwise, suppose that p enters K at stage
s’ > s1 and sy > ¢ is the next [-expansionary stage. We have

QHOLEWe (2p)[s1] = K, @ F,,(2p) = K, (p) =0, (2.3)

and
PHELEWe (2p) (5] = K, @ Fiy(2p) = Koy (p) = 1. (2.4)

If no number below ¢(I(3,s1)) enters H at stages between s; and s, then
clearly, equation (2.4) provides that at stage so, L & W, has changed below
o(2p)[s1] < d(p)[s1]. Otherwise, let t (s1 < t < s3) be the first stage that
a small number y = (j, k(7),n) is enumerated into H by an H;-strategy
T = 8" (i), where y = (4, k(7),n) < ¢(I(B, s1)). Suppose that

61A<i>‘<""<6joA<i>j"'jﬁnA@.)ij

where 8 = $3;,. From the construction, 7 puts y into H at stage ¢ only when
t is a fBi-expansionary stage and 7 has just cancelled the link (57 — 7) before
stage t. So, before t, there are S-expansionary stages t; < to such that

7 puts the attached number zj, (corresponding to 8 = 3;,) of y into F
at stage t1;

« and at stage to, we go from [ to 7 via the link (8 — 7), we cancel this
link, and then we continue to put the next attached number into F'.

Since y < ¢(1(f, s1)), the attached sequence of y has been chosen before
stage s;. From the construction, after 7 puts z;, into I till ¥ enumerated
into H at stage t, 3;, = 3; will not define its functional Ag, so s; < t;. We
have

PHOLEWe (92, 4+ 1)[s1] = K, @ Fy (225, + 1) = Fy, (25,) = 0, (2.5)

QIEEEWe (22, + 1[ta] = Koy @ Fip (225, + 1) = Fiy(25) = 1, (2.6)

Since (3 is not initialised after stage s, and all computations HLEWe |
[(B,s1) at stage s; are (-believable, no number smaller than or equal to
o(1(5,s1)) is enumerated into H by H-strategies of higher priority than
(. Hence, from stage s; to stage to, no x < ¢(I(3,s1)) enters H, and
2.6 is obtained just because at stage ty < so, L & W, has changed below
#(22,+1)[s1] < d(p)[s1]. So, Aé@WE (p) can be redefined correctly at stage ss.

Thus, requirement N, is satisfied. O

Lemma 2.6. For each e € w, requirement R, is satisfied.
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Proof. Fix e € w. Consider the R.-strategy n < TP. Suppose that A =
OHPL et s be the least stage after which 7 is never initialised. We have:

(i) no strategy to the left of 7 is accessible at any stage t > s,
(ii) no P;-strategy o < m puts number into L after stage s.

There are infinitely many n-expansionary stages. To compute A(n), we
wait for an n-stage s’ > s such that I(n,s’) > n; since the computation
PHSL(n)[s'] is n-believable and 7 is not initialised after stage s, then no
number less than ¢7®E(n)[s'] is enumerated into H or L, and therefore
we have Ay(n) = ®HL(p)[s'] = ®H®L(n) = A(n). Thus, A = ®HL g
computable, a contradiction. O

Lemma 2.7. The S-requirement is satisfied.

Proof. We prove the lemma by induction on n.

For n = 0, at the beginning of stage 1, we define '?®Z(0) with fresh use
~v(0)[1]. After that, since S has the highest priority, all killing points chosen by
the P-strategies are large numbers and will not affect T2®L(0). Therefore, the
computation I'5%L(0) remains unchanged and computes K (0) correctly unless
0 enters K at a stage s > 1. If the latter happens, v(0)[1] is enumerated to B
and I'BPL(0) is undefined at the beginning of stage s. At stage s+ 1, ['B®L(0)
will be redefined correctly forever, i.e. [B®L(0) |= T'P®L(0)[s + 1] = K(0).

Suppose that T'B9L(m) |= K(m)V0 < m < n. Let s be the first stage
at which ['B®E(m) |= I'B%(m)[s] |= K,(m) = K(m), Ym < n. From the
construction, at the end of stage s, we have T'B%L(n) 1. At the beginning of
stage s+ 1, via step S2, we define T'P%L(n)[s + 1] = K,11(n) with v(n)[s+ 1]
as fresh. By the choice of stage s, no v(m)[s] (for any m < n) will be put
into B or L after stage s. From the construction, v(n)[s + 1] is enumerated
to B at a stage t > s+ 1 only if n € K; \ K;_1. In addition, only the
P-strategy which takes its killing point & = n, may put v(n) into L, and
this action occurs at most two times. Hence, there is a stage s’ > s+ 1 such
that v(n) is not enumerated into L after s'. If at stage s’ + 1, ['B®L(n) 1,
then we define I'%L(n)[s' + 1] = Ky,1(n). So, without loss of generality,
we can suppose that TP®L(n)[s’ + 1] |= Ky ,1(n) and there is no P-strategy
that puts y(n)[s’ + 1] into L after stage s’ + 1. Then the computation
['B%L(n)[s’ + 1] remains unchanged unless n enters K at a stage s” > s’ + 1.
If the latter happens, ['P®X(n) will be rectified at stage s” + 1 and will be
correct forever. Thus, TP®L(n) |= K(n). O
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Chapter 3

n-cuppable degrees

Given 1 < n < m, recall that m different incomplete c.e. degrees
ai, - ,a,, are n-cuppable if for any n different degrees a;,--- ,a;, among
them, there is an incomplete c.e. degree e such that

Vi<k<n,eUa; =0

Li, Wu, and Yang in [37] and Bie and Wu in [1] constructed two cuppable c.e.
degrees a, b such that there is no incomplete c.e. degree cupping both a and
b to 0'. These degrees a, b are 1-cuppable degrees that are not 2-cuppable.
The two papers used a method of constructing noncuppable degrees but in
different manners to ensure the nonexistent of an incomplete c.e. degree
cupping both a and b to 0’. In this chapter, we will prove Theorem B
by applying the technique employed in [1]. The theorem gives an instance
of degrees that are 2-cuppable but not 3-cuppable. In particular, we will
construct three cuppable c.e. degrees a, b, c with the following properties.

(i) There are incomplete c.e. degrees e, g, h such that

(aUe=bUe=0)A(bUug=cUg=0)A(cUh=aUh=0).

(ii) There is no incomplete c.e. degree cupping all a, b, c to 0/, i.e.

VvweR@aUw=bUw=cUw=0 —-w=0).

The property (i¢) is obtained by applying directly the technique in [4]. How-
ever, unlike the case of constructing two c.e. degrees that are 1-cuppable
but not 2-cuppable, the desired functionals to satisfy (i) are not independent
and will be discussed thoroughly in the next section. For any n > 3, the
construction of n-cuppable degrees which are not (n + 1)-cuppable then
follows analogously the case of 2-cuppable degrees which are not 3-cuppable.
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3.1 Requirements and strategies

We will construct c.e. sets A, B, C satisfying, for all e, i = (i1, i2, i3, €) € w,
the following requirements:

§: (T{9F = TF = K) A (@5 = 0556 = K) A (M = Ao = ),

P:®% 4D Q.:9"#4D, J, :0%+#D,

Ny 1 UASWe = pBoWe — yCOWe — K F = K = Q).

Here, K is a fixed complete set. We fix an effective enumeration { K, }c,,
of K such that there is at most one number entering K at each stage s.
All partial computable functionals ®’s and U’s are effectively listed. Other
partial computable functionals (I'y, T's, Ay, Ag, Qy, Q9, ©) and c.e. sets
E H,G, D, F are built in the construction.

Each requirement N; actually is considered with three functionals ¥, ,
V,,, ¥;,, and the functional ©; constructed during the construction. Here,
we will sometimes omit the indices in order to simplify notations.

929

Requirements P., Q. and J. (for all e € w) imply that the c.e. sets
E, H,G are incomplete. Hence, requirement S gives that c.e. sets A, B,C
are cuppable. The corresponding c.e. degrees a, b, c of c.e. sets A, B,C
then fulfill two conditions (i-ii) of Theorem B and so, the degrees a, b, c
are 2-cuppable but not 3-cuppable. In particular, the S-requirement and
the P, @, J-requirements guarantee (i), giving that {a, b, c} are 2-cuppable.
Meanwhile, all N-requirements ensure (ii), implying that {a, b, c} are not
3-cuppable.

In the following we discuss about strategies for the requirements. All
P, @, J, N-strategies will be processed on a priority tree. The S-strategy has
the highest priority and will not to put on the tree.

3.1.1 The S-strategy

We will construct functionals I'y, T's, Ay, Ay, 4, Q9 so that they are
eventually total and compute K correctly. Ideally, the functional I'y (T's,
respectively) is defined as follows.

(i) If D98 (n) 1# K(n) (I3°F(n) # K(n), respectively), put 7 (n)
(v2(n), respectively) into E to undefine I'{'%Z (m) (TF%F(m), respec-
tively) for any m > n.
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(ii) Otherwise, for the least number n such that T'{®(n) + (DP9 (n) 1,
respectively), define I'{'®¥(n) = K(n) (TP®F(n) = K(n), respectively)
with the use 71(n) (72(n), respectively) as a fresh large number.

The functionals A;, ©;(i = 0, 1) are constructed analogously as above, but
putting numbers into H to undefine the A-functionals and putting numbers
into G to undefine the Q-functionals in item (i).

However, the constructions of I'y and I'y may disrupt each other. For
example, a computation I'1(n) can be undefined by infinitely many ~o-
uses enumerated into E. Such a problem can also happen to other pairs
of functionals A; and A,, 7 and €2,. To avoid these scenarios, we will
define the functionals together, i.e. we will define I'{*¥(n) (respectively,
B9 (n), ALY (n), AT (n), QPPC(n) or QF9Y(n)) only if all computations
M98 (n — 1), TZ*E(n — 1), A (n — 1), AT (n — 1), QP®%(n — 1) and
QS®%(n — 1) have been already defined. In particular, if v;(n)[s] | and
v2(m)[s] < v (n)[s] is enumerated into E for some m > n at stage s, then
~1(n) will be defined before y5(m). By this setting, such an injury coming
from ~9-uses (as has occurred at stage s) can only happen at most finitely
many times.

So, the functionals I'1, 'y, Ay, Ag, Q1, Qs are defined at the beginning of
each stage as follows.

i. If n enters K then
(a) if T99P(n) |# K(n) = 1, then put y1(n) to E and undefine
492 () for all ¢ > n;

(b) if TP (n) |# K(n) = 1, then put v,(n) to E and undefine
P9 (q) for all ¢ > n;

(¢) if A{®H(n) |# K(n) = 1, then put §;(n) to H and undefine
APMPH () for all ¢ > n;

(d) if AS®H(n) |# K(n) = 1, then put d5(n) to H and undefine
AT (¢) for all g > n;

(e) if QP®C(n) |# K(n) = 1, then put wy(n) to G and undefine
QP (q) for all ¢ > n;

(f) if Q§%%(n) }# K(n) = 1, then put wy(n) to G and undefine
QI%%(q) for all ¢ > n.

ii. If p=20 or p > 0 is the largest number such that for any m < p,

T8 (m) | = T5%%(m) |= A (m) |= AT (m) |
= Q7%(m) |= Q5% (m) I= K (m),

then
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(a) if D{¥%(p) 1, then define I1*"(p) = K (p) with the use 7 (p) as a
fresh number;

(b) if TF®E(p) 1, then define ' (p) = K(p) with the use v,(p) as a
fresh number;

(c) if Af®(p) 1, then define A{*"(p) = K (p) with the use di(p) as
a fresh number;

(d) if AS®H(p) 1, then define AS®H (p) = K(p) with the use d,(p) as
a fresh number;

(e) if Q7¥(p) 1, then define Q7% (p) = K(p) with the use w;(p) as
a fresh number;

(f) if QS®C(p) 1, then define QS®%(p) = K (p) with the use wy(p) as

a fresh number.

Here, the S-strategy only puts numbers into £, H and G, and this is not
sufficient to satisfy the requirement S. Otherwise, K will be coded into
E,H, G, and then these sets F, G, H are complete. As usual, we ensure
certain basic properties for the use function v; of I'; during the construction.
Below are the properties of 7,, which are analogous to those properties of
the other use functions ~s, 01, d9, w1, ws of the functionals I'y, Ay, Ag, Q4, Q,
respectively.

(1) Whenever ~,(n) is defined, it will be a fresh number larger than all
previously used numbers;

(2) For any number n and stage s, if 1% (n)[s] | then v, (n)[s] ¢ A, U E;

(3) For any number n and m < n, if y1(n)[s] | then v (m)[s] | and
n(m)ls] < m(n)ls);
(4) If T$%F(n)[s] | and n enters K at stage s+ 1, then 7, (m)[s] is enumer-

ated into F or A at stage s + 1 for some m < n;

(5) At stage s, I'f'®#(n) is undefined iff there is a number y < 7;(n)[s]
which either enters E or enters A.

Clearly, if properties (1 — 5) are satisfied and T'{®¥ is total, then I'{'®F = K.
A similar conclusion can be drawn for the other functionals I's, Ay, Ay, 21, Q5.
So, the requirement S is satisfied.

3.1.2 The P,Q, J-strategies

The P, (@), J-strategies are similar and we will describe below a P-strategy,
say a P,-strategy a on the priority tree. Similarly to the P-strategies for
cupping described in the previous chapter, a processes as follows.

46



3.1. REQUIREMENTS AND STRATEGIES

P1. Pick a killing point (also called a threshold) k as fresh.
Let m := 0. Whenever n < k enters K, set m :=m + 1 and go to P2.

P2. Pick a fresh witness z,, > k.
P3. Wait for ®Z(z,,)[s] 1= 0.
P4. Put v1(k)[s] into A, vo(k)[s] into B, z,, into D, and stop.

Here, if ®F(x) |= 0 at stage s, we put v, (k)[s] into A and ,(k)[s] into
B so that the uses v;(n),72(n),Vn > k are lifted above ¢¥(z)[s] and the
computation ®F(x)[s] |= 0 will be unchanged unless a small number n (less
than or equal to k) enters K and S puts v1(n),72(n) into E. Whenever
an n < k is enumerated into K, we reset the witness x as fresh. Such a
situation can only occur at most k£ 4+ 1 times and eventually there is a stage
t after that o has a witness x and there is no n < k entering K. Then either
®E(x) |=0+# D(x) = 1 remains forever or ®¥(z) 1# D(z) = 0. Hence, the
requirement P, is satisfied.

The outcomes of a are finitary outcomes as follows.
w: wait for P3 forever for some 0 < m < k, D(z,,) = 0 # ®¥(z,,),

s: stop at P4 forever for some 0 < m < k, say from stage s onwards,
there is no number less than or equal to k enters K after stage s and

®E(x,,) 1= 0+# D(x,,) = 1.

3.1.3 The N-strategies

Fix an N.-strategy 3 on the priority tree. We will construct a partial com-
putable functional ©4 (or © for short) such that if UA®We = YBOWe — JCOEWe —
K®F then @ZYE is a total computable functional which computes K correctly.

Recall that the length of agreement at stage s is defined by

[(B,5) == max{z < s : WO (y)[s] = WFOWe(y)[s] = WOWe(y)[s]

A stage s is called a [-expansionary stage if s =0 or I(/3,s) > I(/3,t) for any
[b-stage t < s.

Let
(a)[s] = max{AFWe (z)[s], PV (2)[s], OEV () [s]} for any x < (e, s).

Ideally, we will define © when the length of agreement increases: at
a [-expansionary stage s, if p is the least number that ©"<(p) has not
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been defined yet and 2p + 1 < I(f3,s), then we set ©"¢(p)[s] = K,(p) with
the use 0(p)[s] as fresh. After that, this computation is undefined only if
W. | ¥(2p + 1)[s| changes. Therefore, if p enters K after stage s, we would
like to force W, to change below ¥ (2p+1)[s] so that ©"¢(p) can be redefined
later. The possible outcomes of 3 are i (for infinitely many [-expansionary
stages) and f (for finitely many [-expansionary stages).

3.1.4 Interactions between N-strategies and P, (), J-
strategies

There may be an obstacle as follows. At a [-expansionary stage s; with
the length of agreement [(3, s1) > 2p + 1, we define ©"<(p)[s1] = K, (p) =0
with use 0.(p)[s1] > ¥ (2p + 1)[s1]. After stage s1, W, never changes below
0.(p)[s1] and P, Q, J-strategies below 3" (i) put numbers into A, B, C, lifting
1 (2p)[s1] to large numbers so that at a [S-expansionary stage ss > s1, we
have

WAOWe (2p)[so] = WIOWe(2p)[so] = WO (2p)[s5)]
== Ksz D F52(2p) = Ksl S F51(2p) =0

with the new use ¥(2p)[s2] > 6.(p)[s1] > ¥(2p + 1)[s1]. Later, p enters K
and W, changes below 1(2p)[sy], making

WA (2p)[s5] = WP (2p)[s3] = WO (2p)[s53] = Ko, @ Foy(2p) = 1

at a [-expansionary stage sz > sy. Since W, never changes below 0.(p)[s1]
after stage s, the computation ©"¢(p)[s;] = 0 then cannot be rectified to
compute K (p) = 1 correctly, and N, fails.

Similar to the interactions between the N -strategies and the H-strategies
described in the previous chapter, we apply the argument for the construction
of a noncuppable degree to overcome this obstacle. Roughly speaking, when
a lower P, Q, J-strategy a »= " (i) puts numbers below ¥ (2p) < 6.(p) into
A, B, C, it also puts a number (called an attached number, as in the proof
of Theorem A) into F' so that W, is forced to change below a number small
enough to redefine ©W¢(p) if needed. In detail, we regulate the P, Q,J-
strategies below 5" (i) as follows.

Consider a Pj-strategy a > ” (i). When picking a witness z at stage
Sp, «v also takes an attached number z ¢ F'. For any [-expansionary stage
s > g, we require the length of agreement [(3,s) > 2z + 1 to be so that
0(p)[s] > max{y(2z + 1)[s],¥(2p + 1)[s]} if OW<(p) is defined at stage s
(this delays the construction a little bit but it makes no difference if there
are infinitely many [-expansionary stages, on the other hand, if there are
only finitely many [-expansionary stages then f is simply satisfied). At a
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p-expansionary stage s; > g, if @ enumerates numbers into A and B, it also
puts z into F. There are two possibilities as follows. If there is no more
[B-expansionary stage after s, then 3 is satisfied and doesn’t need to define
the functional ©. Otherwise, we will have a bigger [-expansionary stage
ss. Note that by the choices of x and z as fresh large numbers at stage s,
the ©We-computations defined before or during stage sy will not be affected
from the action of putting numbers into A and B performed by «. For a
computation ©"¢(p) defined at stage t (so < t < s;), we have

TAWe (22 4 D[] = WEWe (22 + 1)[t] = UOWe(22 4 1)]1]
=K, ®F(22+1)=0

and

UAOWe (22 4 1) [s9] = WPOWe (22 + 1)[59] = WO (22 4 1) 59
=K, ®F,(224+1)=1.

Since there is no number below ¥ (2z + 1)[t] entering C' during stage ¢
till stage so, it must be that W, has changed below ¢(2z + 1)[t] < 0(p)[t] at
stage sp, making ©"¢(p) undefined. So, the obstacle is solved.

Fix a P,Q, J-strategy a. In the priority tree, suppose that
Pio () < Bo" (i) <o+ < Bn” (i) <,

where 3;(1 < j < n) are the N-strategies of higher priority than a with
outcome ¢. Without loss of generality, we assume that « is a P,-strategy. To
be consistent with these (3;’s strategies, when we choose a witness z(«) and
take an attached number z(a) at stage sg, we then require that, for every
1 < j < n, the next f;-expansionary stage s’ has the length of agreement
1(B;,s") > 2z(a) + 1. Note that a will put z(«) in to F' and puts numbers
into A, B at the same time, hence, we need only one attached number for
all 5; and we don’t need to create the links (8; — a) as in the construction
of Theorem A. Let k(«) be the killing point of . If there is a stage s; > s
at which « is accessible and « puts numbers into A, B, then it also puts
z(a) into F' and puts x(a) into D. So, « is satisfied, unless « is reset by
some number = < k(«) entering K (when this happens, we wait for the
next stage such that « is accessible again and choose a new witness z’ and a
new attached number z’). For each j, clearly, s; is a (;-expansionary stage
and there are also two possibilities: if there is no f;-expansionary stage
after si, then j3; is satisfied and has outcome f; otherwise, there is the next
Bj-expansionary stage s, and since there is no small number entering C
during stages between s; and sy, there must be a change on the c.e. set W,
relative to f;, which is sufficient to undefine all © 4, —computations defined

49



CHAPTER 3. n-CUPPABLE DEGREES

after stage sg, and hence ©5; can be redefined correctly.

Thus, « will be modified as follows.

P1. Pick a killing point k as fresh.
Let m := 0. Whenever n < k enters K, set m :=m + 1 and go to P2

P2’ Pick a fresh witness z,, > k and a new attached number z,, > z,,.
P3. Wait for ®¥(z,,)[s] = 0.
P4’. Do the following.

— Put z,, into F.
— Put v, (k)[s] into A, vo(k)[s] into B.
— Put z,, into D, and stop.

An N.-strategy § will do the following.
N1. Set n := 0.
N2. Wait for a S-expansionary stage s with [(3,s) > 2n + 1.
N3. (Case 1) If there is p < n with ©"¢(p) |# K(p), then

(a) choose the least such p;
(b) if W, | 6(p) has changed, undefine ©"<(q) and 0(q),Vq > p.

(Case 2) Otherwise, for the least p < n that ©"¢(p) has not been defined
yet, set OWe(p)[s] = K,(p) with the use 6(p)[s] as a fresh number.

N4. Update

n := max { [l(e, °)

1,z 4+ 1: z taken during stage s (if any)}

and go back to N2.

3.2 The construction

Let A = {i < f < s < w} be the set of outcomes and A<“ be
equipped with the lexicographic order induced from the order in A. All
P, Q, J, N-requirements are effectively listed and each node a € A<> of
length e is assigned to the e-th requirement on the list. Here, \ is as-
signed to the requirement Py. The tree of strategy T is a subtree of A<¥
where each node o € T is a strategy of its assigned requirement and
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{a” (o) : o ranges over all possible outcomes of a} is the set of all imme-
diate successors of «.

For a more convenient description of the strategies, we assign parameters
to each strategy. In particular, each P, Q- or J-strategy « has parameters
k(a),m(a), x(a) and z(«) corresponding to its killing point k, counter m,
witness x and attached number z, respectively. An N-strategy a has a
parameter n(«) marking the length of agreements.

The construction is as follows.
Stage 0. All sets are empty.

Stage s+ 1.
a. The S-strategy implements in turn these following steps to define func-
tionals Fl, FQ, Al, AQ, Ql, QQZ

S1. If n € K441 \ K then
(a) if D99 (n)[s] |# K,p1(n) = 1, then put v, (n)[s] to E and undefine
% (q) for ¢ > n;
(b) if TZ%(n)[s] |# K,i1(n) = 1, then put v5(n)[s] to E and undefine
% (q) for ¢ > n;
(¢) if ALY (n)[s] |# Kop1(n) = 1, then put 6;(n)[s] to H and unde-
fine A{®H (¢) for ¢ > n;
(d) if A (n)[s] {# K1(n) = 1, then put dy(n)[s] to H and unde-
fine AS®H (q) for ¢ > n;

(e) if QPPY(n)[s] |# K,1(n) = 1, then put wy(n)[s] to G and unde-
fine QP®C(q) for ¢ > n;

(f) if QS (n)[s] |# Koy1(n) = 1, then put ws(n)[s] to G and unde-
fine Q59 (q) for ¢ > n.

S2. If p =0, or p is the largest number such that for any m < p,
D15 (m)[s] 4= T3 (m)[s] J= AL (m)[s] = AT®" (m)[s] |
= Q7% (m)[s] 4= Q5 (m)[s] | = K,11(m),
then
(a) if T{9F(p) 1, then define T'{'®¥ (p)[s + 1] = K,41(p) with the use

7 (p)[s + 1] as fresh;

(b) if TZ¥(p) 1, then define TF®(p)[s + 1] = K41 (p) with the use
Y2(p)[s + 1] as fresh;

(c) if A{9H(p) 1, then define A7 (p)[s + 1] = K,,1(p) with the use
d1(p)[s + 1] as fresh;

51



CHAPTER 3. n-CUPPABLE DEGREES

(d) if AS®H (p) 1, then define AT (p)[s + 1] = K,,1(p) with the use
d2(p)[s + 1] as fresh;

() if QP®Y(p) 1, then define QPP (p)[s + 1] = K1 (p) with the use
wi(p)[s + 1] as fresh;

(f) if Q9% (p) 1, then define QF¥C(p)[s + 1] = K,,1(p) with the use
wo(p)[s + 1] as fresh.

b. Step 1. For any P, Q, J-strategy «, if k(a) has been defined and n < k(«),
then set m(a) = m(a) + 1 and reset z(«), z(«) as undefined.

Step 2. Compute the current true path T'Psy; (as the longest accessible
node): starting with A\ < T'P,,; if 7 < TP,y and is of length s 4 1, set
7 =TP,,, and go to Step 3, otherwise, find the immediate successor of 7
on TP, as follows. There are four cases.

Case 1. 7 is a P.-strategy . Run the following P-program.

al. If m(a) T, then
x set m(a) =0,
% let a” (w) < T'Py;1 and initialise all lower priority strategies.
Otherwise, go to a?2.

a2. x If k(a) T, then set it as fresh.
* Go to a3.
a3. If z(a) | and z(«) |}, go to a4.
Else,
x set x(a) T and z(«) 1 as fresh numbers,
* let a” (w) < T'Py;; and initialise all lower priority strategies.
a4. All parameters are defined, i.e. m(a) |, k(a) |, z() |, z(a) |,
x if ®F(z(a))[s+ 1] J= 0 and 2(a) J€ F, then let a” (s) <
T Pyia;
* if ®F(z(a))[s+ 1] =0 and 2(a) ¢ F, then go to ab.;
« otherwise, let a” (w) =X T'Psyq.
ab. Do the following:
* put z(«) into F,
« put v (k(a))[s + 1] into A and ve(k())[s + 1] into B,
+ undefine T{%F (y), TP®E(y) for any y > k(a),
s« undefine APCH (y) if 6, (y)[s + 1] 1> 1 (k(a))]
 undefine Q59 (y) if wr(y)]s + 1] 1> 7a(k())]
* put z(«a) into D,

s+ 1],
s+1

]
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let a” (s) X TPy,
initialise all lower strategies.

Case 2. 7 is a ().-strategy n. Run the P-program above with a replaced by 7,
OE(z(a))[s + 1] replaced by ®H(z(n))[s + 1] and step b replaced by
step n5 as follows.

15. Do the following:

*
*
*
*
*
*

*

*

put z(n) into F,

put 01(k(n))[s + 1] into A and d2(k(n))[s + 1] into C,
undefine AL () ASPH () for any y > k(n),
undefine T3 (y) if 1 (y)[s + 1] 4> 61 (k(n))[s
undefine Q5% (y) if wy(y)[s + 1] 4> d5(k(n))[s
put z(n) into D,

let n” (s) = TPy,

initialise all lower strategies.

1],

_|_
+1],

Case 3. 7 is a J.-strategy v. Run the P-program with a replaced by v,
OL(x(a))[s + 1] replaced by ®%(x(v))[s + 1] and step ab replaced by
step v5 as follows.

v5. Do the following:

*
*
*
*
*
*
*

*

put z(v) into F,

put wy(k(v))[s + 1] into B and ws(k(v))[s + 1] into C,
undefine QP (1), QS (y) for any y > k(v),
undefine TF¥F (y) if 5 (y)[s + 1] 1> wi(k(v))[s + 1],
undefine AS®H (y) if 65(y)[s + 1] 4> wa(k(v))[s + 1],
put z(v) into D,

let v” (s) < T' Py,

initialise all lower strategies.

Case 4. 7 is an N,-strategy S. Run the following N-program.

p1. If n(B) |, then go to B2.
Else, set n(f) := 0 and go to 52.

p2. If1(B,s+ 1) > 2n(B) + 1, then let 5" (i) < T'Psyy and go to 53.
Otherwise, let 5 (f) = T Psy1.

3. (Subcase 1) If there is p < n(B) with ©"<(p)[t] |# K(p) and
W, | 0(p)[t] has changed (here, t < s is the last [S-stage that we
have defined ©"¢(p)[t]), then do the following.

(a) Choose the least such p,
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(b) undefine ©5°(q), for any ¢ > p.

(Subcase 2) For the least p < n(f3) such that ©"¢(p) has not been
defined yet, set "< (p)[s + 1] = K,;1(p) with fresh use 6(p)[s+ 1].

Step 3. Do the following.
E1l. For each N-strategy 8 with ' := «” (i) < T P,,1, update

I(B,s+1)
2

n(f) := max{| 1,2+ 1: z taken during stage

s+ 1 (if any)}.

E2. Initialise all nodes to the right of TP, ;.

E3. Go to stage s + 2.

3.3 Verification

Lemma 3.1. For each node T < TP,

(i) There is a stage so such that T is not initialised after sy and for every
stage t > sq, either 1 < TP, or 7 < TP,. Clearly, no node to the left
of T is accessible after stage sg.

(ii) The node T is accessible at infinitely many stages, i.e. 3%°s: 17 < TPs.

(iii) If T is a P,Q, J-strategy then there is a stage sy after which T never
puts numbers into A, B,C, D or F.

(iv) There is unique o € A (called the true outcome of T) such that 7" (0) <
TP.

Proof. We prove the lemma by induction on the length of 7 < T'P.

For 7 = A < TP, clearly A has the highest priority on the tree and
A XTP,Vs>0,so A is never initialised after stage 0 and (i) is satisfied.

We have that A is the FPy-strategy with killing point k, it is injured only
by the S-strategy at most k 4 1 times. Hence, it eventually reaches its true
outcome o at a stage sy, and never puts numbers into A, B,C, D or F| i.e.
A" (0) < TP, for any t > s¢ and (i — iv) hold for A" (0).

Suppose inductively that the nodes A = 19 < 74 < -+ < 7,1 < TP
satisfy (i —iv), where 7,1 = 73" (0;) with o; € A is the true outcome of 7; for
any 0 < i < n—2. Let 0,,_1 be the true outcome of 7,,_1 and 7, = 7,,_1" (0,_1)-
We will prove that 7, also satisfies (i — iv).
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Since a,—; fulfils (ii7), we have a,, < TP and «,, satisfies (i), (i7). It
remains to prove (iii) for a,.

Let s be the first stage such that 7, is accessible at s and after stage s,

(a) there is no number enumerated into A, B,C, D or F by any P,Q, J-
strategy 7 < T;

(b) no node to the left of 7, is accessible.
There are two cases.

Case 1. 7, isa P,Q, J-strategy a.. Clearly, a will never be cancelled or initialised
after stage s and hence, k(a) {= k(a)[s™], where sT is the next a-stage
of s. Since a = 7,,1" (0,—1) < TP, (i-ii) hold for . In addition, « is
only injured by S at most k(«)[sT] + 1 times. Therefore, eventually
at a stage s’ > s, a has the true outcome o (a” (0) < T'P), stays there
forever and never puts numbers into A, B, C, D or F after stage s'.

Case 2. 7, is an N.-strategy 5. Then [ is is not initialised after stage s. We
have:

— either § has the true outcome f: [” (f) is accessible at stage
sp > s and for any stage t > so, 5" (f) < T'P,.

— or it reaches the true outcome i at infinitely many [-stages: let
to > s be the first stage that 5" (i) is accessible, we have that
f” (i) X TP, for any [-expansionary stage t > t, and for any
t >ty that 8" (i) is not accessible, 8" (i) < T'P,.

O

Lemma 3.2. Fvery strateqy 7 < TP satisfies its corresponding requirement.

Proof. Let 7 of length e be a node on the true path TP. From lemma 3.1,
there is the first 7-stage s after which 7 is never initialised, i.e.,

(a) no node to the left of 7 is accessible after stage s,

(b) no P,Q, J-strategy above T on the priority tree puts numbers into A,
B,C,DorF.

We consider two cases: 7 is a P.-strategy a and 7 is an N.-strategy [.

For 7 is a ().-strategy n or a J.-strategy v, the verification is analogous to
the case of a P,.-strategy a.
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T is a P.-strategy a. Since a will never be initialised after stage s,
from the construction we have that k(«) {= k(a)[s*], where st is
the next a-stage after s. Let s; > s be an a-stage such that there
is no n < k(«) entering K from stage s; onwards. Then, m(«a) |=
m(a)[s1], () = z(a)[s]], where si is the next a-stage after s;. If
a” {(w) < TP then D(z(a)) = 0 # ®F(z(a)). If a” (s) < TP then
D(z(a)) =1 # ®E(z(a)) = 0. Hence, P, is satisfied.

7 is an N,-strategy (3. Suppose that UASWe — yBEWe — yCoWe —
K & F'. So, there are infinitely many [-expansionary stages. We will
prove by induction on p that for any p € w,©®"¢(p) |= K(p). Thus,
the functional ©"« is total and computes K correctly, implying that
N, is satisfied.

Under these assumptions, there are infinitely many S-expansionary
stages and 3" (i) < TP. Let s’ > s be the first S-expansionary stage
after stage s.

For p = 0, at stage s/, step #3 (Subcase 2) in the construction is
applicable for 0 and we define ©"¢(0)[s'] = K,(0) with fresh use
6(0)[s'], so 6(0)[s'] > 1(0)[s']. If 0 never enters K after stage s’, then
K(0) = Ky(0) = ©"<(0)[s'] = ©"<(0). Otherwise, suppose that 0
enters K at stage t > s'. Let s; > t be the next [S-expansionary stage
after stage t. We have

PA(0)['] = WP (0)[') = WOOV+(0)]]

= Ks’ ® Fs’(()) = Ks’(()) = 07 (31)

and

UASWe(0)[s1] = WPOWe(0)[51] = WOO(0)[s1] (3.2)
— K, ® F,,(0) = K,,(0) = K,(0) = 1. ‘

Note that (3 is not initialised after stage s and by the choice of stage ',

— any P, (Q, J-strategy node below [ has parameters larger than
0(0)[s],

— all parameters of P, ), J-strategies which are to the right of 5~ (i)
and accessible after stage s, are larger than 6(0)[s'],

— all P,Q, J-strategies which are to the right of 5” (i) and were
accessible before stage s’, have been already cancelled at the end
of stage s'.
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Together with properties (a-b) above, it follows that no number smaller
than or equal to 0(0)[s'] > ¢(0)[s] enters A, B or C after stage s. Thus,
at stage s1, we get equation (3.2) only because W, has changed below
¥(0)[s']. This change ensures that ©"¢(0) may be undefined by step
[3 (Subcase 1) at stage s1. At the next S-expansionary stage s, after
s1, we have that step 3 (Subcase 2) applies to 0 and we redefine
O%e(0)[sy] = K,,(0) = 1 = K(0). This computation then remains
correct from stage sy onwards, so ©"<(0) |= K(0) = 1.

Suppose that ©®We correctly computes K up to p — 1 > 0. We will
prove ©%¢(p) = K(p). Let sy > s’ be the first 3-expansionary stage
satisfying

0"e(q) = 0"(q)[s0] = Ks(q) = K(q)Vg <p—1

and let s; be the next f-expansionary stage after s;. We have

l(ﬂa 80)
2

1(B,50) > 2n(B)[so] +12=2(p = 1) = n(B)[s1] = [ =2

Hence, at stage s, from the construction we have that ©"e(p)[s;] =
K, (p) with use 0(p)[s1] > ¥(I(B,s1)). If p never enters K after stage
s1 then ©We(p) = ©W¢(p)[s1] = Ky, (p) = K(p). Otherwise, suppose
p enters K at stage s > s;. Let sy and s3 be two consecutive (-
expansionary stages such that s; < s, <3 < s3. We will show that W,
has changed below 0(p)[s1] at a stage s, where s; < § < s3. Therefore,
at stage s3, ©"¢(p) may be undefined by the step 33 (Subcase 1) in
the construction. At the next [-expansionary stage s, after sz, we
have that step 3 (Subcase 2) is applicable for p and we then redefine
O (p)[s4] = K,,(p) = 1 = K(p). This computation remains forever,
i.e. OWe(p) = OW(p)[s4] =1 = K(p), and the proof is complete.

Clearly, a P, (@, J-strategy below [ can put numbers smaller than
0(p)[s1] into A, B or C during a stage t, where s; <t < s3, only if ¢ is
a (-expansionary stage and all parameters of this P, Q), J-strategy are
chosen before stage s;. Note that

WA (2p) 1] = TP (2p)[s1] = DO (2p)[s1]

= Ks1 D F81 (2p) - Ks1 (p> =0, (33)

and

WA (2p)[s5] = WIEWe(2p)[s3] = PO (2p) 5]

= KSS D FS3 (2]9) = ng(p> = Kg(p) =1. (34)
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If there is no strategy which puts numbers smaller than 6(p)[s] into
A, B or C during S-expansionary stages between s; and ss, then (3.4)
is obtained only by a change of W, below ¢(I(«,s;)) at a stage s,
where s; < § < s3. Otherwise, without loss of generality, suppose that
the first such strategy o = 5 be a P-strategy (« puts v (k(7))[t] into
A, v(k(7))[t] into B at [-expansionary stage ¢, where s; < t < s3
and min{vy; (k(7))[t], v2(k(7))[t]} < 0(p)[s1]). Arguing as above, all
parameters of o were chosen before stage s;. Hence, 2z(a)+1 < I(f3, s1)
and 0(p)[s1] > ¥(2z(a) + 1)[s1]. From the construction, « also puts
z(a) into F' at stage t. We have

UASWe (22 () 4+ 1)[s1] = OO (22(a) + 1)[s1] = W(22() + 1)[s1]
= K, & F,(2z(a) + 1) = Fy, (2(a)) = 0,
(3.5)

and
TADWe (22(1) 4 1)[t1] = UPEWe (22(7) + D)[ts] = WO (22(1) 4 1)[t4]

= Ky, © F1,(22(7) + 1) = Fy, (2(7)) = 1,
(3.6)

where t; is the next [-expansionary stage after t and so, t < t; < s3.
By the choice of a and %, from stage s; till stage ¢, there is no number
less than or equal to 0(p)[s1] entering C. Moreover, any strategy
accessible at a stage between ¢ and t;, is to the right of 5~ (i) and it
parameters are all bigger than 6(p)[s;]. Thus, from stage s; to stage
t1, no number smaller than or equal to 6(p)[s;] enters C. Hence, it is
clearly seen from equations (3.5) and (3.6) that W, has changed below
¥(22(7) + 1)[s1] < O(p)[s1] at some stage §, where 51 < § < t; < s3,
making ©"e¢(p) rectified correctly.

O
Lemma 3.3. Requirement S is satisfied.
Proof. We will prove by induction that for any n > 0,
[49B(n) |= TESE(n) |= Ad®H (n) |= AT®H (1) | .

— QFE6 () |= Q556 (n) |= K (n).

The arguments are based on properties (1 — 5) of the functionals I'y, I'y, Ay,

A?v Ql) QQ-

For n = 0, at stage 1 of the construction, we define

LEEE(0)[1] = T*#(0)[1] = ATFH(0)[1] = AF=H(0)[1]
= QPF(0)[1] = Q54 (0)[1] = K1(0).
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Since all later parameters of P, @), J, N-strategies are chosen as fresh large
numbers, these computations will be unchanged and equals K(0) unless
0 enters K at a stage s > 1. If the latter happens, at the beginning of
stage s, we process S1. to undefine all T{%#(0)[1], TF®F(0)[1], AL (0)[1],
ATPH(0)[1], QPEC(0)[1], QSFF(0)[1]. At step S2 of stage s, we redefine

POP(0)[s] = TF*(0)[s] = AF(0)[s] = A7 (0)[s]
= Q7FE(0)[s] = Q5°(0)[s] = 1 = K(0),

with fresh uses and these computation remain correct forever since all the
parameters of the other strategies are reset as well.

Assuming (3.7) to hold for all m < n — 1, we will prove it for n.

Let s be the first stage at which Vm < n — 1, the computations I'{**# (m),
PP (m), A5 (m), AS®H (m), QPP (m), QF%C(m) are correct.
Thus,

(a) after stage s, all uses y1(m)[s], y2(m)[s], 61(m)[s], d2(m)[s], wi(m)[s],
wa(m)[s] have been already defined and never change for any m < n—1;

(b) from the construction, not all uses v1(n)[s], v2(n)[s], d1(n)[s], d2(n)[s],
wi(n)[s], wa(n)[s] have been defined at the end of stage s.

Also from the construction, after step S2 of stage s + 1, we have that
all the uses v1(n)[s + 1], va(n)[s + 1], 61(n)[s + 1], d2(n)[s + 1], wi(n)[s + 1],
wa(n)[s + 1] have been defined (denote L to be the set of these uses). If n
enters K at a stage s’ > s+ 1 then at step S2 of stage ', all uses in L are
reset as fresh numbers. So, without loss of generality, we can assume that
né¢ K\ K forany t > s+ 1, ie. Kopq(n) = K(n).

After stage s + 1, since all v, d, w-uses at numbers below n have already
converged, any P, (@, J-strategy which puts numbers into A, B or C (for
example, a P.-strategy « puts v, (k(«))[t] into A and vo(k(«))[t] into B at
stage t > s+ 1) must have its killing point k£ > n.

By the choice of stage s and from the construction, if a v, J, w-use at k
(k > n) is defined at stage s + 1, then it has been in fact defined before stage
s (for example, if v1(k)[s + 1] |, then v1(k)[s + 1] = v (k)[s] = 1 (k)[t] for
some t < s). Let p > n be the largest number such that there is a =, §, w-use
at p which has been defined at the end of stage s and let

U = {vi(x)[s] 4, 0;(x)[s] L wi(x)[s] L:i=0,1;n <z < p}.

We have that any v, d, w-use at n which is being defined during step S2 of stage
s+ 1, is larger than max U. Therefore, the uses in L can be undefined after
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stage s+ 1 only if some uses in U U L are enumerated into the corresponding
oracles via

(a) actions of S in step S1 when a number n < z < p enters K after stage
s+ 1 (for example,if n + 1 enters K and S puts v;(n + 1)[s] € U into
E, then v1(n + 1) and 72(n) are undefined);

(b) or actions of a P, @, J-strategy with the killing point n < k < p (for
example, if a P.-strategy a with k() = n puts v (n)[s] = n(n)[s+1] €
UNLinto A and 72(n)[s + 1] € L into B, making 0,(n) and w;(n)
undefined).

If at stage t > s+ 1, (a) or (b) happens, then during step S2 of stage t,
we reset the 7, d, w-uses at n, which have been undefined, as fresh numbers.
Since U U L is finite, the v, d,w-uses at n can only be undefined at most
finitely many times. Therefore, there is a stage ¢t > s + 1 such that all uses
v (n)[t], v2(n)[t], 61(n)[t], d2(n)[t], wi(n)[t], wa(n)[t] have been defined and

from stage t onwards,
e there is no n < k < p entering K,

o there is no P, Q, J-strategy with killing point n < k < p putting
numbers into A, B or C.

So, we have

E(n) =T{*"(n)[t] =T{%"(n) |
=17 (n)[t] =15 (n) |
= AP ([t = AT (n) |
= A7 (n)[t] = AT (n) |
= Q% (n)[t] = Q7 (n) |
= Q3% (n)[t] = Q5% (n) | .
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Chapter 4

Lattice embeddings in R/NCup

In the previous Chapter 3, we studied n-cuppable degrees for n > 1.
Examples of degrees that are 1-cuppable but not 2-cuppable were given
in [37] and [1]. In particular, in [37], Li, Wu, and Yang constructed two
incomplete cuppable c.e. degrees a, b such that there is no incomplete c.e.
degree which cups both a, b to 0'. Consequently, the corresponding equivalent
classes [a], [b] form a minimal pair in R/NCup. So Shoenfield’s conjecture
is not true in the structure R/NCup. Following the work in [37], Bie and
Wu [1] constructed c.e. degrees a,b such that aN'b = 0 and a, b are also
1-cuppable but not 2-cuppable. So [a], [b] form a minimal pair in R/NCup,
and moreover, they form a minimal pair in M/NCup. Hence, Shoenfield’s
conjecture is also not true in M/NCup. Since M/NCup does not have
the greatest element, the diamond lattice cannot be embedded preserving
0 and 1 into this structure. Li, Wu, and Yang claimed that it is possible
to have such an embedding into R/NCup. However, there is no published
proof of this fact in the literature. In this chapter, we apply the techniques
from [1] (different from the techniques in [37]) to prove this claim, as stated
in Theorem C. In particular, we construct two c.e. degrees a and b such
that aUb = 0" and there is no c.e. degree cupping both a and b to 0'.
Clearly, the c.e. degrees a, b satisfying Theorem C are 1-cuppable but not
2-cuppable.

4.1 Diamond lattice in R/NCup

Consider c.e. degrees a and b in Theorem C and their corresponding
equivalence classes [a] and [b] in R/NCup.

Clearly, [a] v [b] = [0]. To see that [a] A [b] = [0], we need the following
lemma.

Lemma 4.1 ( [37]). Given two cuppable c.e. degrees a and b.
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If
VvweR(wUa=wUb=0 —-w=0) (4.1)

then a and b are incomplete and [a] A [b] = [0], i.e. [a] and [b] form a
minimal pair in R/NCup.

Proof.

Assume that we have property (4.1).

If a = 0’ then for a cupping candidate E <0 of b, we haveaUb =0 =
b Ub. It follows from property (4.1) that b = 0’ a contradiction. Hence, a
is incomplete and so is b.

It remains to prove that [a] A [b] = [0]. Let [w] be an element below
both [a] and [b] in R/NCup. Suppose that [w] # [0], i.e. w is cuppable.
Then, there are b < 0 and e,e € NCup such that wub =0, w<aUe
and w < bU@é. We have that 0 =wUb <aUeU&Ub < 0. Therefore,
aU(eUeUb) =0 Similarly, bU(eUeUb) =0 As eUsUb ¢ R, it
follows from property (4.1) that e Ue U b = 0'. Since e,é € NCup, and so
is e U €, we must have b = 0', a contradiction. Thus, [w] = [0] and hence,
[a] A [b] =0]. O

4.2 Construction of a diamond lattice in R/NCup

4.2.1 Requirements and strategies

From the previous lemma, to prove Theorem C, we construct c.e. sets A
and B satisfying, for any e, i = (i1, is, €) € w, the following requirements:

S: 9P = K
P, :®*#4D, Q.: 9% +D,
Nt UpoWe = @BoWe — Ko F — K = Q.

Here, K is a fixed complete c.e. set. We fix an effective enumeration
{K;}sew of K such that there is at most one number entering K at each
stage. All (partial) computable functionals ®.’s and W’s are effectively listed.
(Partial) computable functionals I', ©;(i € w), and c.e. sets D, F are built in
the construction. We will sometimes omit the indices i1, 25 in the requirement
N; in order to simplify notations.

We check that the c.e. degrees deg(A) and deg(B) are the desired c.e.
degrees a and b of Theorem C. Indeed, the requirements {F,}.c, and the
requirement {Q. }ec., imply that A and B are incomplete. Hence, requirement
S ensures that A and B are cuppable and deg(A) Udeg(B) = 0. Finally, the
requirements {N; };c,, ensure that there is no incomplete c.e. degree which
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cups both deg(A) and deg(B) to 0'.

During the construction, whenever we pick a number, we choose a fresh
number, i.e. a number which is larger than all numbers which have been used
so far in the construction. We give the requirement S the highest priority
and use a priority tree for the P, (), N-requirements.

Before setting up the tree, we discuss strategies for these requirements
and their interactions.
The S-strategy

The S-strategy will define functional I'*®# as follows.

S1. If T4%B(n) | K(n), enumerate y(n) to AU B for the least such n and
undefine all T4¢3(y), y > n.

S2. Otherwise, for the least number n with T4®5(n) 1, define T4%F(n) :=
K (n) with the use vy(n) as a fresh number.

As usual, we will ensure the following basic properties for the use function
v of I':

(1) Whenever ~(n) is defined, it will be assigned a fresh number;
(2) For any number n and stage s, if [4%5(n)[s] | then v(n)[s] ¢ A, U Bs;

(3) For any number n and m < n, if y(n)[s] | then v(m)[s] | and y(m)[s] <

v(n)[s];

(4) IfTA9B(n)[s] | and n enters K at stage s+1, then v(m)[s] is enumerated
in A or B at stage s + 1 for some m < n;

(5) At stage s, ®B(n) is undefined iff either «(m) is enumerated into A
or B for some m < n.

If T4%B is total and all properties (1-5) are satisfied, then T'A®® computes
K correctly.

TheP, ()-strategies

Fix a P,-strategy a. The idea for «, as discussed in previous chapters, is
described in the following.

P1. Pick a fresh killing point k. Whenever n < k enters K, goes to P2.
P2. Pick a fresh witness z > k.

P3. Wait for ®/'(x)[s] {= 0.
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P4. Put v(k)[s] into B, x into D, and stop.

At stage s, to preserve the computation ®2(z)[s] = 0, a puts v(k)][s]
into B so that all uses v(n), n > k, are lifted to numbers larger than ¢ (z)[s].
Consequently, the computation ®’!(x)[s] = 0 remains unchanged unless a
number n < k enters K and S puts y(n) < ¢(x)[s] into A. When this
happens, a refreshes its witness x as a fresh number and starts over. Such a
situation can occur at most k + 1 times and hence « is eventually satisfied.

The outcomes of P, are:

w: wait at P3 forever for some x, then D(z) = 0 # ®4(x),

s: stop at P4 forever from some stage s onward for some x, then there is
no number less than k entering K after stage s and hence, ®4(r) |=
0# D(z) = 1.

A Q.-strategy [ acts similarly to o, by swapping A and B correspondingly.
When « puts v(k)[s] into B, it may destroy a computation ®Z(z) |= 0 of a
lower priority @Q;-strategy 5 > « (and similarly, a @-strategy can injure a
lower P-strategy by the action of putting ~-uses into A). However, there are
only finitely many such injuries because « acts at most finitely many times.
When such an injury happens, we simply initialize .

The N-strategies

Fix an N-strategy 7. We would like to construct a (partial) computable
functional €2, such that if pASWe — yBOWe — K o F'| then QZVE is total and
computes K correctly.

We recall the length of agreement
[(n,s) = max{z < s : W1 (y)[s] = W (y)[s] = K, @ Fi(y)Vy < x}.

A stage s is an n-expansionary stage if s = 0 or I(n,s) > I(n,t) for any
n-stage ¢t < s.

For any = < I(n, s), let ¢ (z)[s] := max{yA®We(z)[s], pPEWe (z)[s]}.

We will define QgVE at m-expansionary stages. For instance, at an n-
expansionary stage s, if there is the least number p that 2p + 1 < I(n, s)
and Q}7(p) 1, we define Q}'(p)[s] := K,(p) with the use w(p)[s] as a fresh
number. After that, the computation Q};Ve (p) is undefined only if W, changes
below 1(2p+1)[s]. So, if p enters K after stage s, making Q};V (p)[s] +# K(p),
we need an appropriate change on W, to undefine Q};Ve (p).

The strategy n has two outcomes: ¢ for infinitely many n-expansionary
stages and f for finitely many n-expansionary stages.
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The interactions between N-strategies andP, ()-strategies

There is a problem as follows. At an n-expansionary stage s we define
Q< (p)ls] = Ks(p) = 0 with use w(p)[s] > ¥(2p + 1)[s] (here, I(n,s) >
2p + 1) and W, never changes below w(p)[s] after stage s. However, at an
n-expansionary stage s’ > s, a lower priority P-strategy a = n” (i) puts a
number below ¥(2p)[s] into B, and later S puts a number below ¢(2p)][s]
into A, p enters K so that at the next n-expansionary stage s” after s/,

AW (2p)[s"] = WP (2p)[s"] = Ko & For(2p) = Koo (p) = K(p) = 1;

then the computation Q}'(p)[s] |= 0 # 1 = K(p) may not be redefined
correctly.

As usual, we use the method for the construction of noncuppable degrees
to overcome this problem. Ideally, whenever a lower priority P-strategy
a = n" (i) would like to put some number y < 1(2p) into B, it forces W, to
change below w(p) so that Q,‘;V °(p) can be rectified later. Precisely, a will do
as follows. At an n-expansionary stage sg, when « picks a witness z and a
killing point k, it also takes an attached number z ¢ F' (as in the proof of
Theorem A), preparing for its action of putting (k) into B. We require every
n-expansionary stage t after sy to have the length of agreement ((n, t) > 2241
so that w(p)[t] > ¥(2z 4 1)[t] for any computation Q'(p)[t] defined during
stage t (note that this only delays the construction a little bit). Suppose
that at an n-expansionary stage s; > 8o, ®4(7)[s1] J= 0 and o would like
to put z into D and put (k) into B to protect ®2(z) |= 0. Clearly, the
QZVE-computations defined before stage sy will not be injured by this action
of a. So we only care about the Q};Ve—computations defined after stage so.
Consider a computation Q};Ve (p) defined at stage t, so <t < s1. At stage sy,
a immediately puts (k) into B to preserve ®4(x) |= 0, puts z into D to
achieve the diagonalization ®/(z) = 0 # 1 = D(z), and declares that from
now on, if n < k enters K, then y(n) is enumerated into B until a higher
priority P, Q)-strategy makes a diagonalization. There are two possibilities as
follows.

o « is visited at stage so > s;. Then « will put z into F'. At the next
n-expansionary stage ss > sq, since we have not put any small number
into the A-side from stage s; till stage s3, it must be that W, has
changed below ¢A®We(22 + 1)[s1] by stage ss.

» « is never accessible after stage s;. If the next n-expansionary stage
sh, > s comes, we have that no small number has been enumerated into

A since stage s; and hence, at stage s, for any y < I(n, s1) such that
WASWe (1)) [s4] #£ WASWe (3))[s1], W, has changed below ¥A€We(y)[s,].
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Thus, to force W, to change below w(p)[t] so that ©)"*(p) can be redefined
if p enters K after stage t, we have to guarantee that from stage sy to stage
S1,

(a) either no number y < 1(2p + 1)[t] is enumerated into A at stages
between sy and sq;

(b) or if there is a number y < ¥(2p + 1)[t] entering A at a stage between
sp and s1, then at stage s;, W, had changed below w(p)][t].

Note that (b) can happen when a lower priority @-strategy 5 (with witness
', killing point & > k, and the attached number 2’) makes a diagonalization
before a, and then a small number v(n) is enumerated into A by S before
stage s;. Precisely, at stage s’ (sp < t < §' < s1), ®P(2’) |= 0, B puts
(k") into A, puts 2’ into D, and declares that if n < &k’ enters K then
v(n) is enumerated into A. At stage s} (s’ < s} < s1), a number n < &
with v(n) < (2p + 1)[t] enters K, then S puts vy(n) into A to correct the
computation ['4®5(n), making A¢"e(2p + 1) lifted to a large number.

To deal with such a situation, we will prepare an auxiliary number y,, for
v(n) such that w(p)[t] > ¥(2y, + 1)[t], and when 7y(n) is enumerated into
A at stage s}, we put y, into F'. By this way, at the next n-expansionary
stage s, (s} < sh < s1), because we have not put any small number into the
B-side yet and the length of agreements of 7 has been recovered at stage s,
W, has changed below ¥B%We(2y,, + 1)[t] < ¥(2y, + 1)[t] < w(p)[t].

Next, we consider a P-strategy working with all of its higher priority
N-strategies on the priority tree. Fix a P-strategy o and suppose that

m” () <me” (@) << () 2

where 1;(1 < j < n) are the N-strategies of higher priority than o with out-
come 7. To be consistent with these 7;’s strategies, when we choose a witness
x, a killing point k at stage sq, we take attached numbers (making an attached
sequence, as in the proof of theorem A) z; < 29+ < z, corresponding to
M1,M2, -+ , Ny and then require, for every 1 < j < n, the next n;-expansionary
stage s’ to have the length of agreement [(n;,s") > 2z; + 1 (this condition
only delays the construction a little bit and makes no difference on the true
outcome of each 7;). At a stage s; > sg, ®*(z) =0, a puts (k) into B,
puts x into D, declares that if n < k enters K then v(n) is enumerated into
B. At the next a-stage, « first puts z, into F, creates a link (7, — a) and
wait for the next n,-expansionary stage. If no n-expansionary stage appears,
then 1 has outcome f and is satisfied. Otherwise, the next n-expansionary
stage s, > s; comes, and since there is no small number enters A, W, has
already changed below (22, + 1) which is enough to guarantee that all the
2, -computations which have been defined after stage sy can be redefined
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later. At this stage so, we go from 7, to « via the link (7, — a), cancel this
link, continue to put z,_; into F, create a link (7,_; — «) and wait for the
next 7,_1-expansionary stage. This action can be repeated at most n times
and eventually when we go to « from 7; and cancel the link (17, — «), there
is no link left and for each n;(1 < j < n), we have that W, has changed
below a number small enough to guarantee that the (2, -computations which
have been defined after stage sg can be redefined later. Clearly, after making
the diagonalization at stage s, « is satisfied unless some number smaller or
equal to k enters K, and if this happens, o will be reset with a new witness
and a new attached sequence.

4.2.2 The construction

We first set up the priority tree of strategies for P, (), N-requirements as
follows. Consider A = {i < f < s < w} as the set of outcomes and A<
with the lexicographical ordering induced from the order in A. We effectively
list all P, @, N-requirements and assign to each node 7 € A<“ of length e
the e-th requirement, for every e € w. Here, the root A is assigned to the
requirement . The priority tree of strategies T is a subtree of A<“, where
each node 7 € T is considered as a strategy of its corresponding requirement
and 7 has nodes 7" (0) (with o ranging over all possible outcomes of 7) as its
immediate successors.

For convenience, in the construction, we attach parameters to strategies.
In particular, each P-strategy a has parameters k(«), z(a), z(a) corre-
sponding to the killing point &, the witness x and the attached sequence
z=1(z1,"++, z), respectively. Similarly, a Q-strategy  has parameters k(/3),
x(B), z(B). An N-strategy n will be attached with a parameter m(n) for
marking the length of agreements. If a strategy is initialized, we set its
parameters as undefined and remove the corresponding declaration to put
numbers into A (for a Q-strategy) or into B (for a P-strategy).

The construction is as follows.
Stage 0. All sets are empty and all strategies are initialized.
Stage s + 1.
a. The S-strategy defines 498 as follows.
S1. If n enters K, find the highest priority P, Q-strategy « such that k(o)
has been defined and n < k(a). If such « is found, initialize all

strategies having lower priority than o and do the following.
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— If @ has been making declaration, put v(n)[s] (if it is defined) into
B if « is a P-strategy and put y(n)[s] into A if « is a Q-strategy.
Then undefine all 495 (y)¥y > n. Also put all n-attached number
Yn, of v(n) (if any) into F' (where 7 is an N-strategy).

— Otherwise, reset z(«), z(«) to be undefined. If v(n)[s] |, put it
into A and undefine all 4¢3 (y)Vy > n.

If there is no P, @-strategy « with killing point k(a) > n, put v(n)]s]
(if it has been defined) into A and undefine I'4®5(y), Vy > n.

S2. Otherwise, for the least number p with TA®5(p) 1, define T4%5 (p)[s + 1] =
Kgy1(p) with fresh use v(p)[s + 1];

b. Working on the priority tree for P, (), N-strategies.

Compute the current true path TP, inductively: \ = 7y; if 7 < T'P, 4 is
of length s + 1, let 7 = T' P, 4, initialise all strategies to the right of TP,
and go to stage s + 2; otherwise, initialise all strategies to the right of 7 and
compute its immediate successor 7 < 77 < T'P,.1 as below. There are three
cases.

Case 1. 7 is a P,-strategy a. Proceed as follows.

al.  * If k(a) 1, set it as fresh.
* Go to a2.

a2. If z(a) | go to a3.
Otherwise,

* set x(a) T as fresh, and choose its attached sequence z(«a) =

(21, , 2,) corresponding to 7y, - ,n,, which are the N-
strategies with outcome i above « (where ;" (i) < -+ <
" (i) = a).

« update m(n;) = max{m(n), z; + 1} for each n;” (1) < a (1 <
j<n).

x let a” (w) = 7 < TP,y and initialise all lower priority
strategies.

a3, x If @(z(a))[s+ 1] }=0, and z(a) € D, then
~let @ (s) =7 X TPy,
if z, ¢ F (where z(a) = (z1,--+,2,)) and « has been
declaring to enumerate ~y-uses into B, then put z, into
F, create the link (7, — «), initialise all lower priority
strategies, and go to stage s + 2.
* If @4 (x(a))[s + 1] }= 0, and z(a) ¢ D, then put v(k(a)) into
B, put z into D and declare that when n < k(«) enters K,
~(n) is enumerated into B. Let a” (s) = 7/ < T'P, 1, initialize
all lower priority strategies, and go to stage s + 2.
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x Otherwise, let o™ (w) = 7" < T'Py;.

Case 2. 7 is a (Q.-strategy 5. Run [-program analogous to a with step a3
replaced by 3. as follows.

ad3.

x If ®B(z(8))[s+1] 4= 0, and z(B8) € D, let 3" (s) = 7 =
TPerl'

If z, ¢ F (where z(8) = (21, ,2,)) and § has been
declaring to enumerate y-uses into A, put z, into F', create
the link (7, — (), initialise all lower priority strategies and
go to stage s + 2.

x If ®B(x(B))[s + 1] }= 0, and z(8) ¢ D, then put y(k(3)) into
A, put x into D and declare that when n < k() enters K,
~(n) is enumerated into A. Let 8 (s) = 7/ < T'Py1, initialize
all lower priority strategies, and go to stage s + 2.

« Otherwise, let 5~ (w) = 7" < T'Py4;.

Case 3. 7 is an N-strategy n. Run the following N-program.

nl.

n2.

n3.

If m(n) |, go to n2.
Else, set m(n) := 0 and go to n2.

Ifl(n,s+1) > 2m(n) + 1,
I(n,s+ 1)}
5 |
x let n” (i) = 7 = TPy and go to n3.
Otherwise, let n° (f) = 7" <X TPy, ;.

x reset m(n) := {

If there is a link (n — a), where « is a P, Q-strategy with a witness
z(o) and an attached sequence (z1,---,2,) of x(«) (where zj,
corresponds to n = 1;,, 1 < jo < n), do the following:

% go to «, cancel the link (n — «), let TPsy1 = «, initialise all
strategies to the right of @ and go to stage s + 2;

* if jo > 1, put the next attached number zj,_; into F', create
a new link (7' — «a) (where ¥ <n'" (i) <n <n" (i) < a and
n' is an N-strategy corresponding to zj,_; in the attached
sequence z(«) of z(«)), go to stage s + 2.

Otherwise, i.e. no lower P, ()-strategy links to n, do the following,
distinguishing the two possible following subcases.

(Subcase 1) If there is p < m(n) with Q) (p)[t] 1# Kep1(p) (where
t < s is the last n-stage at which we have defined Q}"(p)[t]), do
the following.

(a) Choose the least such p.
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(b) If We | w(p)[t] has changed, undefine Q}"(q), Vg > p.

(Subcase 2) Otherwise, for the least p < m(n) such that Q7 (p)
has not been defined yet, do the following.

(a) If there is y(n) < ¥(2p+ 1)[s + 1] that has not been attached
any number by 7 before, then attach to v(n) a fresh number
Yn, for every such y(n). Update m(n) := max{m(n),yn, :
v(n) <¥(2p+ D[s + 1]}

(b) Otherwise, every v(n) < ¢ (2p + 1)[s + 1] has an n-attached
number y,, , set Q¢ (p)[s+1] = Ky(p) with fresh use
w(p)[s + 1]

4.2.3 Verification
Lemma 4.2. For each node 1 < TP,

(i) There is a stage so such that T is not initialised after sy and for every
stage t > sq, either 7 < T'P, or 7 < TP,. Clearly, no node to the left
of T is accessible after stage sg.

(i) The node T is accessible at infinitely many stages.

(7ii) If T is a P,Q-strategy then there is a stage sy after that T never puts
numbers into A, B, D or F.

(iv) There is unique o € A (the true outcome of 7) such that 7" (o) < T'P.

Proof. We prove the lemma by induction on the length of 7 < T'P.

For 7 = XA < TP, clearly A has the highest priority on the tree and
A = TP; Vs >0, so A is never initialised after stage 0 and (i — iz) is satisfied.

We have that A is a Fy-strategy with killing point k. So, it is injured
only by the S-strategy at most k& 4 1 times. Hence, it eventually reaches its
true outcome o at a stage sg, and never puts numbers into A, B, D or F, i.e.
A" (0) < TP, for any t > s¢ and (i — iv) hold for A" (o).

Suppose inductively that the nodes A = 79 <171 < -+ < 7,1 < TP
satisfy (i —iv), where 7;,1 = 73" (0;) with o; € A is the true outcome of 7; for
any 0 <i<n-—1. Let 7, = 7,_1" (0,,_1). We will prove that 7, also satisfies
(1 —iv).

Let s be the first stage at which 7, is accessible at s and after stage s,

(a) there is no number enumerated into A, B, D or F by a P, Q-strategy
T =< Tu;

(b) there is no accessible node to the left of 7,,.
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There are three cases.

Case 1. 7, is a P.-strategy a. Clearly, a will never be initialised after stage s
and hence, k(«) }= k(a)[sT], where sT is the next a-stage of s. Since
a =T, 1" (0p—1) < TP, (i-ii) holds for a. In addition, « is only injured
by S at most k(a)[sT]+1 times. Therefore, eventually at a stage s’ > s,
« has the true outcome o (a” (0) < T'P), stays there forever and never
puts numbers into B, D or F after stage s'.

Case 2. 7, is a Q.-strategy §. Similarly to case 1, 3 finally has the true outcome
0, and satisfies (i-iv).

Case 3. 7, is an N.-strategy 1. Then 7 is not initialised after stage s. We have:

— either 7 has true outcome f: n” (f) is accessible at stage so > s
and for any stage t > so, n" (f) < TP,.

— or it reaches the true outcome ¢ at infinitely many 7n-stages: let
to > s be the first stage that n” (i) is accessible, we have that
n" (i) = TP, for any n-expansionary stage t > to and for any
t > to at which 1" (i) is not accessible, we have that " (i) < T'P,.

]

Lemma 4.3. For every 7 < TP, the requirement corresponding to T is
satisfied.

Proof. Fix 7 < T'P of length e. From lemma 4.2, let 7" (0) < T'P and sq be
the first stage such that

(a) 77 (0) TPy,
(b) no strategy to the left of 7" (o) is accessible after stage s,

¢) no P-strategy o = 7 ever puts numbers into B, D or uring or aftter
P-strat = t bers into B, D or F' duri ft
stage s,

(d) no Q-strategy 5 < 7 ever puts numbers into A, D or F' during or after
stage sg.

There are two cases as follows.

Case 1. 7 is a P-strategy a. Without loss of generality, suppose that « is
a P.-strategy. Clearly, a will never be initialised after stage sy, and
we have k(o) J= k(a)[so], z(a) = x(a)[so]. If a” (w) < TP, then
D(z(a)) = 0 # ®4(z(a)). If a” (s) < TP then D(z(a)) =1 #0 =
d4A(z(a)). Thus, P, is satisfied.
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Case 2. 7 is anN,-strategy 1. Suppose that WASWe — UBWe — [ @ [, Then
there are infinitely many n-expansionary stages and o = 7. Note that
so is the first n-expansionary stage such that n will not be initialised
during or after stage so. We will prove by induction on p € w that for
every p € w, ) (p) = K(p). Hence, Q' is total and computes K
correctly.

For p = 0, if Q,VYV <(0) 1 at stage so, then from the construction and
since WASWe — yBSWe — K @ F'_ there is a stage t > sg, such that
every y(n) < ¢ (1)[t] already has n-attached number y,, , and we define
Q7<(0)[t] = K(0) with the use w(0)[t] as a fresh number. If 0 never
enters K, this computation remains correct, i.e. €)7*(0) |= Q,/=(0)[t] =
K;(0) = K(0). Otherwise, if 0 enters K at stage t’ > t, let s; > t’ be
the next n-expansionary stage. We have

TAS(0)[1] = WOV (0)[t] = K, @ Fy(0) = K,(0) =0, (4.2)

and
PAIWe (0)[s51] = TPEWe(0)[s)] = K, @ F,, (0) = K, (0) = 1. (4.3)

If no number less than or equal to 1(0)[t] < ¢(1)[t] is enumerated
into A or B during stage t till stage s1, then at stage si, equation 4.3
is achieved because W, has changed below w(0)[t], allowing €,7*(0)]t]
to be undefined. At an n-expansionary stage sy > s; such that every
v(n) < 1p(1)[sy] already has n-attached number y,, , we can rectify
Q(0)[s2] =1 =Q}7*(0) |= K(0) with use w(0)[s2] = w(0) as fresh.

If there is a small number enumerated into A or B, without loss
of generality, suppose that y = v(n) < (1)[t] is the first number
enumerated into A at stage s’ between t and s;. Let s > s’ be the
next n-expansionary stage (s7 < s1). Note that for any P, Q-strategy
« to the right of " (i), if «v is visited after stage ¢, then k() > w(0)[t].
From the construction, if o makes a diagonalization after stage ¢t and
at a stage t; > t, a number [ enters K with (1) < (1)[t], then o will
be reset, and its declaration is removed. So the P, Q)-strategies to the
right of " () never change the side (either A or B) into which a small
use v(I) < ¢ (1)[t] is enumerated if [ enters K.

If n enters K and y = y(n) is enumerated into A by S, then from the
construction, S also puts yy, into F' at stage s’ (note that v(n) < ¢(1)[t]
and hence, it has n-attached number 3, before stage t). So we have

\DAEBWE(Qynn + 1)[t] — \I;BEBWE (2?/nn + 1)[t]

4.4
— K, ® F(2yn, +1) = Fyn,) =0, 4
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and

WA (2y,, +1)[s)] = WO (2y,, + 1)[s1]

(4.5)
= Ks’l ) Fs’1<2ynn + 1) = F5/1<ynn) =1,

From the construction, between stages s’ and s} < sy, there is no small
number enumerated into B. Hence, at stage s, 4.5 is obtained just
because W, has changed below 1(2y,, +1)[t] < w(p)[t], allowing Q" (p)
to be rectified later.

If y = «v(n) is enumerated into A by a lower priority @Q-strategy
B = n" (i) to make its diagonalization, then @ declares from stage
s’ onward that vy(m) is enumerated into A if m < k() = n enters K.
Then from stage s’ to stage s;, no number smaller than or equal to
¥ (2p+1)[t] enters A. Hence, we also have that W, has already changed
below w(p)[t], and the computation ;' can eventually be rectified
correctly.

Suppose that Q,‘?/ ¢ correctly computes K up to p— 1 > 0, i.e. there is
a stage s > sg such that

O (q) 1= (q)[s] = K.(q) = K(q)Vg < p — 1.

Let s; > so be the smallest such stage. From the construction, we
have that at the end of stage 51, ©,7*(p) 1. Since WASWe = YHOWe —
K @& F'| there is an n-expansionary stage s, > s; such that every
y(n) < 9¥(2p + 1)[ss] has already an n-attached number y,, . We then
define Q7 (p)[s2] = K, (p) with the use w(p)[ss] as fresh at stage ss.

If p never enters K after stage s,, this computation is correct, i.e.,
QVe(p) 1= Q'(p)[s2] = K, (p) = K(p). Otherwise, suppose that p
enters K at stage s’ > sy and s3 > ¢’ is the next n-expansionary stage.
We will prove that W, has changed below w(p)[ss] at a stage s, where
s9 < 5 < s3, allowing QZVE (p) to be undefined at stage s3. Hence, at an
n-expansionary stage s4 > s3 such that every vy(n) < ¢ (2p + 1)[s4] has
n—attached number already, we then redefine Q}'(p)[s4] = 1 = K(p)
and this computation remains correct forever. Indeed, we have

UAEWe (2p)[s5] = UPFWe(2p)[s9] = Ko, @ Fi, (2p) = K, (p) = 0, (4.6)
and
UAEWe (2p)[s5] = WPFWe(2p)[s3] = Ko, @ Fi, (2p) = K, (p) = 1. (4.7)

If no number below ¢(2p + 1)[s2] enters A or B during stages between
so and s3, clearly, equation (4.7) yields that at stage s3, W, has changed
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below ¥(2p)[se] < w(p)[sa]. Otherwise, without loss of generality, let ¢
(s < t < s3) be the first stage at which a small number y = v(n) is
enumerated into A and let ¢’ > t be the next n-expansionary stage.

If n enters K with v(n) < ¢(2p+ 1)[s2] and the S strategy puts y(n)
into A at stage ¢, then we also put the n-attached number y,, of v(n)
into F'. We have that

\I/A@We<2yn7, + 1)[82] — \I/B@We (2ynn + 1)[82]

(4.8)
= K32 D F32(2yn,, + 1) = F52<ynn) = 07

and

\I/A@We (Zym, + 1)[15/] _ \I/B@We (Zynn + 1)[15/] (4 9)
= Kt’ D Ft’(2ynn -+ 1) = Ft’(ynn) =1. .
From the construction, since no small number is enumerated into B at

stages between s, to ¢’ yet, we have that 4.9 is achieved at stage ¢’ due
to a change of W, below ¥(2y,, + 1)[s2] < w(p)[sa].

If v(n) is enumerated into A by a Q-strategy 5 = 1" (i) at stage t,
suppose that 7" (i) < --- < n,” (i) 2 B are all N-strategies with
outcome ¢ above 8 and 1 = n;,, 1 < jo < n. From the construction,
x() with the attached sequence z(f) = (z1,- - , 2z,) was chosen before
stage so. When /3 puts v(n) into A at stage ¢, it also makes a declaration
on putting numbers into A. If the link (n — () is not created between
stage t and s3, by [-declaration, no small number is enumerated into
B between stages t and s3, and hence, if there is no small number
enumerated into B (by the S strategy) between stage s,, and ¢, we
have that at stage s3, W, has already changed below ¢(2p + 1)[so]. If
there is a small use (1) enumerated into B (by S) during stages so till
t, then with the same argument as for the case of 7(n) above, we have
that at stage ¢, W, has already changed below 1 (2y;, + 1)[s2] (where
Y1, is the n-attached number of y(I)).

If the link (n — () is created at a stage t” between t and s3, then at
stage t”, 3 puts zj, into F. Again, at the next n-expansionary stage t;
(t" < t; < s3), W, has already changed below (22, 4+ 1)[s2] < w(p)][s2].

Thus, the requirement N, is satisfied.

Lemma 4.4. Requirement S is satisfied.

Proof. We prove by induction on n that T4®8(n) |= K(n)Vn € w.
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For n = 0, at the beginning of stage 1, we define T4®Z(0)[1] and ~(0)[1].
After that, all killing points are chosen as fresh large numbers and will not
affect T4®B(0)[1]. Therefore, the computation T4®5(0)[1] remains unchanged
and computes K (0) correctly unless 0 enters K at a stage s > 1. If the latter
happens, then v(0)[1] is enumerated into A or B and T'A®53(0) is undefined at
the beginning of stage s. At stage s + 1, I'*®5(0) will be redefined correctly
forever, i.e. T495(0) |=I'1®5(0)[s + 1] = K(0).

Suppose that TA%8(m) |= K(m)¥0 < m < n. Let s be the first stage
at which TA®B(m) |= I'®8(m)[s] |= K,(m) = K(m), Ym < n. From the
construction, at the end of stage s, we have I'*®5(n) 1. At the beginning
of stage s + 1, we define T'**8(n)[s + 1] = K,,1(n) with y(n)[s + 1] as a
fresh number. We have that no vy(m)[s] (for any m < n) will be put into
A or B after stage s. From the construction, v(n)[s + 1] is enumerated
into A or B at a staget > s+ 1 only if n € K; \ K;_;. In addition, only
the P, QQ-strategy which takes its killing point & = n, may put y(n) into
B or A, and this action occurs at most two times. Hence, there is a stage
s’ > s+ 1 such that vy(n) is not enumerated into B by a P-strategy (or
into A by a Q-strategy) after s'. If at stage s’ + 1, [*®5(n) 1, then in step
S2 we define T4®B(n)[s' + 1] = Ky11(n). So, without loss of generality, we
can suppose that T4%8(n)[s' + 1] |= Ky11(n) and there is no P, Q-strategy
which puts y(n)[s’ + 1] into B or A after stage s’ + 1. Then the computation
I'A® B(n)[s' + 1] remains unchanged unless n enters K at a stage s” > s'+1.
If the latter happens, ['*®5(n) will be rectified at stage s” 4+ 1 and will be
correct forever. Thus, I'4®B(n) |= K(n). O
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