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Abstract—Stochastic block models (SBMs) play essential roles
in network analysis, especially in those related to unsupervised
learning (clustering). Many SBM-based approaches have been
proposed to uncover network clusters, by means of maximizing
the block-wise posterior probability that generates edges bridging
vertices. However, none of them is capable of inferring the
cluster preference for each vertex through simultaneously mod-
eling block-wise edge structure, vertex features, and similarities
between pairwise vertices. To fill this void, we propose a novel
SBM dubbed manifold regularized stochastic model (MrSBM)
to perform the task of unsupervised learning in network data in
this paper. Besides modeling edges that are within or connecting
blocks, MrSBM also considers modeling vertex features utilizing
the probabilities of vertex-cluster preference and feature-cluster
contribution. In addition, MrSBM attempts to generate manifold
similarity of pairwise vertices utilizing the inferred vertex-cluster
preference. As a result, the inference of cluster preference may
well capture the comparability in the manifold. We design a
novel process for network data generation, based on which, we
specify the model structure and formulate the network clustering
problem using a novel likelihood function. To guarantee MrSBM
learns the optimal cluster preference for each vertex, we derive
an effective Expectation-Maximization based algorithm for model
fitting. MrSBM has been tested on five sets of real-world network
data and has been compared with both classical and state-
of-the-art approaches to network clustering. The competitive
experimental results validate the effectiveness of MrSBM.

Index Terms—Stochastic block model (SBM), generative
model, network clustering, community detection, complex net-
work, social network, biological network, document network,
manifold regulation, vertex features

I. INTRODUCTION

Real-world data containing relations are ubiquitous. To
model them, the network which has a set of vertices and edges
is always used to represent the data samples, and sample-
sample relations. As vertices and edges can represent real
data collected from every regard of real life, e.g., social
players on social networking sites and their friendship, and
cited documents in the corpus, network is ideal for preserving
illustrative information on the data samples and complex
relationships between them. Due to their importance and
universality, how to effectively analyze the networked data has
drawn great interest in the recent. Cluster analysis is one of
the most important analytical tasks in network data, and it
is directly related to many real applications, such as social
group detection [12], [14], social recommendation [21], [28],
biological module discovery [11], [13], and topic modeling in
cited documents [5].
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Cluster analysis in network data has ever been a challenging
problem in machine learning community. And there have
been a number of approaches proposed, aiming at effectively
unfolding the hidden clusters. Whether these methods are
heuristic, or model-based, all of them attempt to discover
network clusters by means of maximizing the group-wise
vertex cohesiveness, regarding edge density, vertex features,
or both aforementioned. For example, modularity [6], which
measures the difference in terms of density of vertices in
the same group and the density if vertices are randomly
grouped, is a popular benchmark. And it has been adopted by
many heuristic approaches, such as Clauset-Newman-Moore
algorithm (CNM) [6], and Fast unfolding algorithm [4], to
uncover clusters in network data. In addition, machine learning
techniques, including matrix factorization [12], [28], [29],
spectral clustering [22], and Bayesian generative models [5],
[27] have also been used to build effective model-based meth-
ods for network cluster analysis. Amongst these approaches,
stochastic block models [1], [2], [15], [20] are one of the
most desirable frameworks for network cluster analysis. SBMs
firstly assume that there are K blocks hidden in the network
and generating an edge connecting two blocks follows some
probabilistic distribution. Then, each edge in the network is
assumed to be generated according to the block affiliations
of two endpoints and the corresponding probability of block-
block connection. The cluster preference for each vertex and
probability of edge generation inside/outside blocks can be
learned by optimizing the posterior probability given the net-
work structure and other hyper-parameters. SBMs have been
important tools for effectively analyzing complex network data
since it was proposed.

Though effective in capturing the vertex-wise cluster assign-
ment and the characteristics of inter-block connectivity, most
SBMs overlook the fact that higher-order similarities embed-
ded in the network and vertex features may also influence
the vertex-cluster preference. In this paper, we instead pro-
pose a novel SBM-based model, dubbed manifold regularized
stochastic block model (MrSBM), to learn cluster assignment
for each vertex concerning edge structure, vertex features, and
manifold similarities. The contribution of this paper can be
summarized as follows:

¢ We propose MrSBM, which is a novel stochastic block
model for uncovering clusters in network data. Besides



TABLE I
COMPARISONS BETWEEN MRSBM AND OTHER APPROACHES.
EDGE, VERTEX FEATURE AND SIMILARITY REPRESENTS WHETHER
AN APPROACH CONSIDERS MODELING EDGE, VERTEX FEATURES
AND VERTEX-VERTEX SIMILARITY WHEN PERFORMING
CLUSTERING TASKS IN NETWORK DATA.

Approach | Model-based Edge  Vertex Feature  Similarity
CNM X N X X
CoDA VA Vv X X
NCut v 4 X Vv

CESNA v V4 Vv X

MISAGA v 4 X v

MrSBM v vV 4 4

assuming that each edge is generated according to cluster
preference and latent blocks, MrSBM also allows vertex-
cluster preference to involve into the generation of vertex
features and pairwise vertices similarities. Compared with
prevalent SBMs and other approaches to network cluster-
ing, MrSBM utilizes multiple sources of information to
infer the cluster membership.

« We design a novel generative process for generating net-
work data, based on which, we formulate the clustering
problem as optimizing a unified likelihood function. We
also derive an Expectation-Maximization algorithm for
inferring the optimal variables of the model.

o« We extensively compared MrSBM with both classical
and state-of-the-art approaches on five widely used net-
work datasets. Experimental results show that MrSBM is
very competitive, which validate the effectiveness of the
model.

The rest of this paper is organized as follows. In Section II,
the previous works related to network clustering and SBMs
are investigated. In Section III, we elaborate the proposed
MrSBM, derive the EM algorithm for learning the latent
variables, and analyze the computational complexity of the
proposed model. The extensive experiments that are used to
verify the effectiveness of MrSBM are presented in Section I'V.
In the last section, we conclude the paper and discuss future
works.

II. RELATED WORKS

Aiming at discovering latent groups where vertices are
cohesive, network cluster analysis has been a fundamental
problem in machine learning and data mining. Many ap-
proaches have been proposed to solve this problem. Some
methods are heuristic-based. For example, Clauset-Newman-
Moore algorithm (CNM) [6], and Fast unfolding algorithm [4]
are two effective heuristic approaches which can uncover
network clusters via modularity optimization. While, more ap-
proaches to network cluster analysis are model-based. For ex-
ample, Communities from Edge Structure and Node Attributes
(CESNA) [28], Communities through Directed Affiliations
(CoDA) [29], Mining Interest Sub-Graphs (MISAGA) [12],
Fuzzy Structural Patterns (FSPGA) [10], Semantic Community
Identification (SCI) [25], and Contextual Correlation Preserv-
ing Multi-view Featured Graph Clustering (CCPMVFGC) [14]

are effective matrix-factorization-based approaches to network
clustering. Relational topic model (RTM) [5] and iTopic
model [23] are two effective Bayesian models based on topic
modeling [3]. Normalized cut [22] and Combining Structured
Node Content and Topology (CSNCT) [9] are two effective
models for network data, which are based on spectral cluster-
ing. As a powerful technique to network cluster analysis, sev-
eral SBM based models are also proposed. For example, mixed
membership stochastic block model (MMSB) [2], degree-
corrected block model [16], and power-law degree SBM [20],
are three effective Bayesian stochastic block models. Though
these proposed methods are effective to some extent, most
of them, especially those SBM based ones, do not consider
the effect brought by vertex features and higher-order vertex
similarities when modeling vertex-cluster preference. Their
capability of discovering meaningful clusters in the network
is thereby constrained. To address this issue, in this paper,
we propose MrSBM, a novel stochastic block model that
may infer cluster preference for each vertex concerning edge
structure, vertex features, and manifold similarities. In Table I,
we compare MrSBM with five representative approaches to
network clustering, in terms of the essential features which
a method for network clustering should possess. As the table
shows, MrSBM is the only one that concerns the modeling of
edge structure, vertex features, and vertex-vertex higher-order
similarity when unfolding the hidden clusters in the network
data.

III. STOCHASTIC BLOCK MODEL REGULARIZED BY
MANIFOLD

In this section, we elaborate the details of the proposed
manifold regularized stochastic block model (MrSBM). First,
we introduce the mathematical notations used in this paper.
We then introduce the structure of MrSBM according to a
newly designed generative process. At last, we develop an
Expectation-Maximization-based strategy to infer the optimal
latent variables of MrSBM and analyze the computational
complexity of the model.

A. Notations

Given a network composed of N vertices, |[E| edges, and M
vertex features, we use two binary matrices Y € {0, 1}V <V,
and F € {0,1}"*M | to represent whether two vertices are
connected and whether a vertex has a corresponding feature,
respectively. We denote X € Rf *N as the manifold matrix
representing the similarity between pairwise vertices in the
network. Similarity in manifold has been widely used in
different machine learning tasks, e.g., feature extraction [31],
dimensionality reduction [32], and discriminant analysis [30],
it is able to guide a model to infer latent variables which
more local information between pairwise data samples is
embedded. In this paper, we let MrSBM concern more about
local structural similarity as the topological information is the
cornerstone of a network. Inspired by the diffusion theory [7],



TABLE II
NOTATIONS USED BY MRSBM

Notation Meaning
N, M, K Number of vertices, vertex features and blocks
Y Vertex adjacency matrix
F Vertex-feature matrix
X Manifold matrix representing vertex-vertex similarity
\'Z K dimensional multinomial variables representing clus-
ter preference for ith vertex
U; K dimensional Gamma variables representing feature-
cluster preference for jth feature
B K x K Bernoulli parameters representing probability
of block-block edge generation
a, A Hyper-parameters of the model

we propose the following method to evaluate the vertex-vertex
similarity in the network:
T L. T .. .
M Y4Y]y YYD ey, =

Xij — 2d; 2d; 3 ’ (1)
0 otherwise,

where d; denotes the degree of vertex ¢ in the network. When
two vertices, say v; and v; are connected, X,;; is computed
by averaging the proportions of local structures shared by two
end points.

To build the proposed model, we use K dimensional
multinomial variables V; to represent the cluster preference
of vertex i. We use K dimensional Gamma variables U
to represent the feature-cluster contribution of feature j. We
use a Bernoulli parameter By to represent the generating
probability of an edge bridging block %k and k’. The (4, j)-th
element of a matrix Y is denoted as Y;;. Table II summarizes
the notations used in this paper.

B. Model structure

As mentioned, the proposed MrSBM takes into account the
modeling of edge structure, vertex features, and vertex-vertex
similarity. We, therefore, design a novel generative process
for the model, which is depicted in Fig. 1. Given a network
data contains N vertices, |E| edges, and M vertex features,
MrSBM assumes there are K latent blocks (clusters) in the
network. And the network data are generated as follows:

o For each vertex, draw multinomial cluster preference V ;y,

i=1,.Nk=1,..,K;

e For each feature, draw Gamma variables as cluster con-
tribution Uy, j =1,.. M, k=1,.., K;

o For each pair of latent blocks, draw Bernoulli variables
as probability of edge generation By, k =1,...K, k' =
1,..., K;

o For each pair of vertices in the network

Draw Poisson likelihood as the probability of edge
generation

p(Yi;|Vi, V5, B) =

aPoisson(Y ;| Zkk/ VitBiw Vi );

Draw Gaussian likelihood as the probability of
vertex-vertex similarity

p(Xi;|Vi, Vj) = Gaussian(Xij| >0 Vi Ve, A);

AN
j=1,...N P<isN
i=1,.,N i <N,j<M =1, M
kk/=1,.. K i<js=N
Fig. 1. Graphical representation of manifold regularized stochastic block

model (MrSBM)

« For each vertex, draw Poisson likelihood as the probabil-
ity of feature generation
p(Fi;|Vi,Uj) = Poisson(Fyj| 32 Ve Uji).

where o and A\ are two Gamma parameters which are used
to control the relative weight of edge modeling in the model,
and the precision of modeling manifold similarity, respectively.
Given such a generative process, it is seen that MrSBM
is fundamentally different from previous SBMs and many
other approaches to network clustering, as it involves two
additional likelihood functions, i.e., Poisson mass function for
feature generation, and Gaussian density function for vertex-
vertex similarity. Therefore, the estimation of vertex-cluster
preference is simultaneously influenced by edge and feature
generation, and similarity of pairwise vertices. It is expected
that more meaningful cluster preferences will be inferred by
MrSBM.

C. The joint likelihood

Based on the generative process introduced in Section III-B,
the joint likelihood of the proposed model is:

=a [] p(Yi;B. Vi, V))
i<j<N

[1

i<N,j<M

p(Y,F, X, V.U, Bla,\)

2
[T p(XiIVi, V) - p(Fij|Vi, Uj)
i<j<N
Taking the logarithm of the joint likelihood, we have:
L(Y,F,X,V,U,Blo, \) =

@ Z YU log szkBkk’ ]k’ szkBkk’V]k/]
i<j<N k,k’ kK’

+ Z [F;; log( szkUjk szkUak

i<N,j<M

A
—3 Z (X5 — z:Viijk)2 + const
i<j<N k

3)

where const contains the terms that are irrelevant to all the
latent variables. Base on Eq. (3), we may observe that the
joint likelihood of the proposed model may increase when
each edge is generated between an appropriate pair of blocks,
each feature is generated by proper feature-cluster contribu-
tions, and vertex-vertex similarity is generated by appropriate
cluster preferences of corresponding vertices. Therefore, when
this joint likelihood function is maximized, optimal cluster
preference for each vertex in the network can be inferred.



D. Learning MrSBM

As Eq. (3) shows, it is intractable to directly optimize the
model through point estimation, as the summation operators
are embedded into the logarithm operator. As a result, the
latent variables, including V, B, and U can only be optimized
via approximation methods. In this paper, we derive an alter-
native manner for updating the latent variables of the model,
based on Expectation-Maximization (EM) framework [8]. In
the E-step of each iteration, MrSBM constructs an auxiliary
function which manifests the lower bound of the log-likelihood
function regarding the latent variables. Then, this lower bound
is maximized by MrSBM in the M-step. By iteratively up-
dating the latent variables using EM algorithm, the proposed
model can converge to the local optima.

To derive the lower bound of Eq. (3) in E-step, we use the
following well known property of concavity of logarithmic

functions:
Ty
1 > log(—=
Og(zk:l“k) = zk:ak Og(a )

, )
if Zak =1,z >0

Given Eq. (4), we may derive the following auxiliary function
as the lower bound of the joint likelihood of MrSBM (Eq. (3)):

L(Y,F,X,V,U,B|a,\) > Q(0,0,7) =
B ./ ’
@ Z (Y3 Zau ke log( Lke o Vi )
i<j<N Kk ig,kk’
i<
=3 ViBiw V]
Kk’
ku_]k:
+ Z zg Z ¢’L] k 10 ¢ Z Vkujk]
I<N,j<M ig)k k )]
A
- (XY = 2Xyi5 + O Vi Vik)?)
i<j<N 2
0 i = VitBrr Vi - CVaUj
e >k VieBrw Vi’ A >k VitUji
V V Vlkv k
- 1, 1 1 J
s mesp{ Y lo( S b e e

In E-step, we set the plug-in variables, including 6;; 11/, @i i
and ~;; as Eq. (5) shows, so that these plug-in variables
directly take effect on the corresponding latent variables of the
model. Then, we are able to maximize Eq. (3) via pushing-up
the lower bound Q(6, ¢, 7).

In M-step, we maximize the lower bound Q(6, ¢,y), which
is shown in Eq. (5), by simply performing point estimation.
To optimize @ relevant to latent variable V,;, we construct
the following Lagrangian function:

La(Vip) = Q(0, 6,~ —VZVk—1 (6)

Algorithm 1 Manifold regularized Stochastic Block Model
(MrSBM)
Input: Network Data: Y, F
Output: Cluster preference for each vertex: {V,;}Y;
Feature-cluster contributions {U;}?Z; Block-block edge
generation {Byss }£
Compute X;
Initialize U, V, B;
t « 0;
while ¢ < T},,,, do
t+—t+1;
E-Step:
Set lower bound of Eq. (3) by Eq. (5);
M-Step:
Maximize the lower bound via:
Updating Vi, by Eq. (7);
Updating By, by Eq. (9);
12:  Updating Uj;, by Eq. (8);
13:  Compute Log likelihood L™ by Eq. (3);

j=1°

R A A ol S

—_ -
—_ o

14: if L®) — L1 < ¢ then
15: break;
16:  end if

17: end while
18: Identify cluster label for each vertex using V;

where v denotes the Lagrange multiplier in terms of the unity
constraint of V. Taking partial derivative w.r.t. V;; of Eq. (6)
and let it equal to zero, we derive the updating rule for V:

A
Vi A
A =0 Yi; >y Oiuw + > Fijdijn
- — -

V’Lkvjk

Wij,k

+ A Z X jWij k exp{z wij kg log ———
1k - azzvﬂc’Bkk’ + ZU]k
+ )\Z Zvikvjk ik
ik

Similarly, we may obtain the updating rules for U, and Byy.
The rule for updating U, is:

LNCH

Uji Zzz{fkg,k ®)
The updating rule for By is:
ion Yii0ikr
B Zz<g§N Y, kk )

Zi<j§N Vikvjk’

By iteratively performing E-step and M-step, MrSBM will
converge to local optima in a finite number of iterations. The
process of variable learning of MrSBM has been summarized
in Algorithm 1.



E. Analysis on model complexity

Based on the lower bound and updating rules shown in
Egs. (5), (7), (8) and (9), we can obtain the computational
complexity of MrSBM as follows. Given Eq. (5), computing
the auxiliary variables (6;; k. ¢ijk, and ;) for the lower
bound Q(6, ¢,v) follows the order of O(K? + 4K). Given
Eq. (7), updating the latent variable V;; follows the order of
O(4NK + 2M). Given Eq. (8), updating the latent variable
U, follows the order of O(2N). Given Eq. (9), updating the
latent variable By follows the order of O(2N?). Therefore,
the overall complexity that MrSBM updates each latent vari-
able is O(2N?).

IV. EXPERIMENTS AND ANALYSIS

In this section, we conduct a series of experiments on real-
world network datasets to validate the effectiveness of MrSBM
against other classical or state-of-the-art methods.

A. Experimental Setup

1) Baselines for Comparison: We selected six approaches
as baselines, including CNM [6], CoDA [29], NCut [22], k-
means [18], CESNA [28], and MISAGA [12].

CNM, CoDA, and NCut are three representative approaches
based on network topology. CNM is a typical method for
community detection based on modularity optimization. CoDA
performs network clustering via symmetric probabilistic ma-
trix factorization. NCut is a spectral-based method for network
clustering, which performs the task via assigning vertices
sharing higher structural similarity into the same cluster.

k-means is a classical clustering method, which is able to
discover clusters in the network using vertex features.

CESNA and MISAGA are two state-of-the-art approaches to
network clustering by learning a shared latent space. CESNA
is a probabilistic generative model, which learns a shared latent
space as cluster preference for each vertex from edge structure
and vertex features of a network. MISAGA is able to learn
a shared latent space from the edge structure and pairwise
similarity of vertex features.

In our experiments, we used the source codes of all
the baselines provided by the authors for implementation.
Algorithms including CNM and CESNA do not need any
predefined parameter before they run. CoDA, NCut, k-means,
and MISAGA need to pre-determine model parameters before
they are executed, where we used the settings recommended
in the corresponding papers. For the number of clusters, i.e.,
K, which have to be predetermined in CoDA, NCut, k-means,
and MISAGA, we set it to be equal to the number of ground-
truth clusters of the testing dataset. For the proposed MrSBM,
we set &« = 1 and A = 1. The setting of K in MrSBM is the
same as that in the baselines. All of the experiments were
performed on a workstation with 4-core 3.4GHz CPU and
16GB RAM and all approaches were executed 10 times to
obtain a statistically steady performance.

TABLE III
STATISTICS OF DATASETS USED IN THE EXPERIMENTS. SOC, BI0o, OR DocC
REPRESENTS WHETHER THE DATASET IS A SOCIAL, BIOLOGICAL, OR
DOCUMENT NETWORK.

Dataset Type N |E| M K
Cal Soc 769 16656 53 10
Ego  Soc 4039 88234 1283 191

Gplus  Soc 8725 972899 5913 130
Wiki  Doc 2405 17981 4973 17
Biogrid Bio 5640 59748 4286 200

2) Dataset Description: We used five real-world networks
with verified ground-truth clusters as testing datasets, includ-
ing three social networks, one biological network, and one
document network. These real-world networks have different
sizes and different numbers of vertex features. The detailed
descriptions of these five datasets are as follows.

Claltech (Cal) [24] is a college social network extracted
from the social networking users in the California Institute of
Technology. There are 769 vertices, 16656 edges and 53 vertex
features representing the users, the social ties between them,
and their profiles, respectively. In the Cal dataset, there are
10 large groups verified according to the college dorm system
[24], which can be used as ground-truth clusters to evaluate
the clustering performance of different approaches.

FEgo — facebook (Ego) [19] is a social network extracted
from facebook.com. This dataset contains 4039 vertices, 88234
edges, and 1283 features which represent the Facebook users,
the friendship, and the user profiles, respectively. There are
191 social circles that have been verified as ground-truth
clusters.

Googleplus (Gplus) [19] is also a social network con-
structed based on users from googleplus.com. It contains
8725 vertices, 972899 edges, and 5913 features, representing
the users of googleplus, their social relationship, and their
content characterizations, respectively. The vertex features
are collected from five sources: jobs, locations, institutions,
universities, and identity information. There are 130 social
circles, which have been verified in previous studies and can
be used as ground-truth clusters.

Wiki [17] is an online document network collected from
Wikipedia. There are 2405 vertices, 17981 edges, and 4973
vertex features, representing web-pages of wiki items, hyper-
links between web-pages, and keywords of wiki items, respec-
tively. There are 17 document classes which have been verified
as ground-truth clusters.

Biogrid [26] is a biological network used to describe the
interactions between proteins in Saccharomyces cerevisiae.
There are 5640 vertices representing proteins, 59748 edges
representing protein-protein interactions, and 4286 vertex fea-
tures which are collected from three sources to characterize the
proteins. In this dataset, there have been 200 protein complexes
which have been discovered by laboratory experiments.

The statistics of these testing datasets are summarized in



TABLE IV
CLUSTERING PERFORMANCE EVALUATED BY NM 1 (%) AND ACC (%). THE BEST PERFORMANCE ON EACH DATASET IS
HIGHLIGHTED IN BOLD.

Datasets Cal Ego Gplus Wiki Biogrid

Approaches NMI Acc NMI Acc NMI Acc NMI Acc NMI Acc
CNM 42298 30.949 48266 37979 11.847 21410 30.572 41.788 76.274 2.128

CoDA 33,517 37.824 55505 52.091 18.900 34.735 30.203 45.267 73.229 3.490

NCut 41.113 37451 53.646 44.689 12915 26.705 8.638 17.588 54.462 3.245

k-means 21.064 14954 40.461 29.116 39.735 16.252 35.214 44407 88.904 8.529
CESNA 39.259 38429 57.513 46.124 23.158 24.038 9.374 24.738 80.088 2.570
MISAGA 29.774 25.618 56.452 45.159 21.553 53.009 35.109 45.114 89.485 9.167
MrSBM 59.601 52.926 68.614 57.267 42.331 68.615 45426 56.175 91.979 11.507

Table III, where N is the number of vertices, |F| is the number
of edges, M is the number of vertex features, and K is the
number of ground-truth clusters, respectively.

3) Evaluation Metrics: For performance evaluation, we
selected two widely used metrics, i.e., the Normalized Mutual
Information (N M) [12] and the Accuracy (Acc) [10].

The NM1I measures the overall accuracy of the matches
between detected clusters and the ground-truth. It is defined
as:

. Pr(C;,C7)
Czé Pr(Ci, C5)log Pr{Cy)Pr(CT)
NMI = —

max(H (C), H(C*)) ’
H(C) ==Y Pr(C;)log Pr(Cy), (10)
H(C*) =— Z Pr(C;)log Pr(Cy),

J

where Pr(C;, C}) denotes the probability that the vertices
are shared in both the detected cluster ¢ and the ground-truth
cluster j, and Pr(C;) denotes the probability that a vertex
belongs to cluster ¢. According to the definition in Eq. (10), a
larger value of N M indicates a better matching between the
detected clusters and the ground-truth.

Unlike NM 1, the Acc measures the accuracy of individu-
ally detected clusters. It is defined as follows:

Acc=Y" % pcem), (11)

— |C]
where |C;| and |C| denote the size of detected cluster ¢ and
total number of data samples covered by the detected clusters,
and f(-,-) is defined as the maximum overlap between the
detected cluster ¢ and a cluster in the ground-truth database.
Thus, Acc evaluates the best matching of each individual clus-
ter. A larger value of Acc indicates a better matching between
each detected cluster and the ground-truth. The larger the Acc
values of all clusters detected by an algorithm, the better the
performance of an algorithm. The properties of these two
evaluation metrics enable them to evaluate the effectiveness

of an approach in a complementary manner, so that all the
clustering approaches can be evaluated comprehensively.

B. Clustering Performance Comparison

Social community detection, document segmentation, and
biological module identification are typical applications of
detecting clusters in network data. In our experiments, we
used the aforementioned different types of networks to test
the effectiveness of the aforementioned six approaches. As
the ground-truth clusters of the five testing datasets have been
verified in previous studies, we are able to validate the clusters
discovered by different approaches against the ground-truth.
The experimental results (in terms of NMI and Acc) of all
algorithms are summarized in Table IV.

When NMTI is considered, MrSBM outperforms all the
other baselines in all the testing networks. In three datasets
out of the five, the proposed approach significantly outper-
forms the second-best by at least 15%. Specifically, in the
Cal dataset, MrSBM outperforms CNM by 40.907%; in the
Ego dataset, the proposed approach outperforms CESNA by
19.302%; and in Wiki, the improvement of MrSBM against
k-means is 28.999%.

Similarly, when using the Acc metric, MrSBM still out-
performs all the other baselines in all the testing networks.
In four datasets, the proposed method outperforms other
baselines by more than 20%. Specifically, when detecting
social communities in Cal and Gplus, MrSBM outperforms
CESNA and MISAGA by 37.724% and 29.440%, respectively;
when discovering document clusters in dataset Wiki, MrSBM
outperforms the second-best, CoDA, by 24.097%; when iden-
tifying functional modules in Biogrid dataset, MrSBM is better
than MISAGA by 25.526%.

From the experimental results in terms of NM I and Ace,
we can observe that MrSBM is effective in network cluster-
ing. Besides modeling edge structure using vertex-preference
and block-block connection generation, MrSBM also consid-
ers modeling vertex features utilizing vertex-preference and
feature-cluster contributions. In addition, the inference of
cluster preference for each vertex also benefits from manifold
regularization regarding vertex-vertex similarities. As such



Fig. 2. Sensitivity analysis of MrSBM with respect to the parameter o and
A in Cal dataset

similarity is able to truly capture the local structural prop-
erties between pairwise vertices, MrSBM is propelled to learn
similar cluster preferences for those vertices sharing higher
comparability and is robust to noisy edges in the network data.

C. Parameter Sensitivity Analysis

We investigate the parameter sensitivity in this sec-
tion to understand how the variation of « and )\, which
lead to different weights of edge structure modeling and
various precision of modeling manifold similarity respec-
tively, will impact the clustering performance. Specifi-
cally, we set « = [0.1,0.5,1,5,10,20,50,100] and A =
[0.001,0.01,0.1,1,5,10,50,100], and run MrSBM on all
datasets. We then evaluate the clusters discovered by MrSBM
using different settings of « and A in terms of NMT and
Acc. We present the results obtained from dataset Cal in
Fig. 2 to show how the clustering performance of MrSBM
is impacted by different settings of hyper-parameters. As
depicted in Fig. 2, both NM I and Acc perform robustly when
the value of o« and A is relatively large, e.g., « > 1 and
A > 1. According to the results of sensitivity analysis shown in
Fig. 2, the performance of the proposed MrSBM is relatively
robust under a wide range of hyper-parameter combinations.
For simplicity, we set « = 1 and A = 1 in all our experiments.

D. Model convergence test

In addition to derive the EM algorithm for updating the
latent variables of MrSBM, we also investigated the conver-
gence speed of MrSBM on real network datasets. Specifically,
we recorded the value of log-likelihood function (Eq. (3)) for
the first 300 iterations on all the five datasets. The variations
of log-likelihood values collected from all the testing datasets
have been shown in Fig. 3. As depicted, in any of the five
testing datasets, the log-likelihood value may converge in less
than 150 iterations, which showcases the capability of the
derived EM algorithm to guarantee the model convergence
and attain the optimal clustering results efficiently.

E. Scalability comparison between MrSBM and CESNA

Besides analyzing the model convergence of the proposed
model, we also investigated the efficiency of MrSBM and
compared it with CESNA, which is a well known efficient
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Fig. 3. Model convergence in testing datasets

model-based approach to network clustering. We recorded the
optimization time used by MrSBM and CESNA in each testing
dataset. For MrSBM, it costs 6.07 seconds in Cal, 808.25
seconds in Ego, 3349.53 seconds in Gplus, 261.68 seconds
in Wiki, and 1728.64 seconds in Biogrid, respectively. For
CESNA, it costs 2.72 seconds in Cal, 372 seconds in Ego,
2836 seconds in Gplus, 342 seconds in Wiki, and 4080 seconds
in Biogrid, respectively. It is observed that the efficiency
of MrSBM is competitive when compared with CESNA.
Completing the model fitting in a relatively short time ensures
MrSBM to uncover network clusters efficiently.

V. CONCLUSION

In this paper, we propose a novel model, dubbed manifold
regularized stochastic block model (MrSBM), for cluster anal-
ysis in network data. Different from previous SBMs and other
prevalent approaches to network clustering, MrSBM attempts
to learn the cluster preference for each vertex concerning both
edge structure and vertex features, and the learning of clus-
ter preference is simultaneously regularized by vertex-vertex
structural similarity in the manifold. The proposed MrSBM has
been tested on five real-world networks and has been compared
with six competitive baselines. The experimental results show
that MrSBM outperforms all the baselines on all the datasets.
In the future, we will attempt to develop Bayesian MrSBM
via fully specifying the prior probabilities of latent variables.
We will also further improve MrSBM’s capability of dealing
with large network data via developing scalable algorithms for
inferring the optimal latent variables.
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