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Abstract
This paper develops a three-dimensional (3D) isogeometric analysis (IGA) and meshfree
coupling approach to investigate the static, dynamic and buckling behaviors for plates and
shells of functionally graded material (FGM). The meshfree method and IGA are coupled
using the higher-order consistency condition in the physical domain so that the higher-order
continuity of basis functions is guaranteed, and the topological complexity of the global
volumetric parameterization for IGA to build the 3D geometry can be overcome. By
employing IGA elements on the domain boundary and meshfree nodes in the interior domain,
the approach preserves the advantages of the exact geometry and flexible discretization in the
problem domain. Based on the coupling approach, the analyses for FGM plates and shells are
carried out, and the effects of the material volume fraction, the side-to-thickness ratio and the
curvature of the cylindrical shell on the deflection, natural frequency, and buckling load are
investigated. The coupling approach is verified by comparing with the solutions obtained

from other existing theories.
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1. Introduction

Functionally graded material (FGM) is a type of composite material which possesses
smoothly and continuously variable material properties in the thickness direction. The novel
combination of material ingredients endows FGM with excellent mechanical performance
characteristics such as high strength-to-weight ratio, thermal and corrosion resistance, and
fatigue strength. Among FGM structures, plates and shells occupy primary roles in
engineering applications such as automobiles, aircrafts, nuclear power plants and medical
apparatus.

As FGM plates and shells are increasingly applied to industrial fields, various plate and
shell theories have been proposed for the structural analyses. Based on hypotheses for the
shear deformation distribution, the 3D geometry can be simplified as a two-dimensional (2D)
model for analysis. The 2D theory can be classified into three categories: the classic theory
[1], first-order shear deformation theory (FSDT) [2, 3] and higher-order shear deformation
theory (HSDT) [4-8]. The classical theory that follows Kirchhoff-Love assumptions is only
suitable for thin plates and shells as it neglects the effects of the shear deformation. The
FSDT considers the linearly distributed transverse shear deformation, while it may lead to the
shear locking and non-zero shear stress boundary condition. The HSDT circumvents the
disadvantages of FSDT and obtains more accurate solutions by incorporating high-order
terms to approximate the displacement field. Compared with the 2D theories, the 3D analysis
models do not involve simplifications and assumptions that may give rise to inaccurate
solutions [9]. The 3D theories not only achieve more reliable solutions but also enable clearer
physical insights [10]. Furthermore, the 3D models can provide a full frequency spectrum for
the dynamic analysis of FGM structures [11, 12]. The 3D static, dynamic and buckling

analyses for FGM structures have been conducted by numerous researchers [13-16].



To solve the 2D or 3D analysis formulations for FGM plates and shells, a variety of
computational methods have been developed, including analytical solutions and numerical
methods such as the finite element method (FEM), meshfree method and isogeometric
analysis (IGA). The analytical solutions for the static and dynamic analyses of FGM plates
and shells can be found in [12, 15, 17-19]. The conventional FEM is a powerful tool for the
FGM structural analyses [20-24]. However, FEM still suffers from limitations such as mesh
distortion at large deformations, intensive remeshing requirements [25] and only C°
continuity between elements, which can be partially overcome by the meshfree method and
IGA.

The meshfree method employs a set of arbitrarily scattered nodes to discretize the
problem domain without connected elements. Compared with FEM, the meshfree method can
obtain a more accurate approximation for complex structures, higher-continuity basis
functions, and flexible local refinement. Among a variety of meshfree methods [26-29], the
reproducing kernel particle method (RKPM) [30] is one of representative meshfree methods
and has been utilized to solve solid mechanics problems [31, 32]. The applications of
meshfree methods for the analyses of plates and shells are reported in [33-38]. Additionally,
since the Kronecker delta condition is not satisfied in the meshfree method which results in
the difficulty to apply the essential boundary condition, several improved meshfree methods
have been proposed and employed in the plate analyses [39-45].

IGA proposed by Hughes et al. [46], integrating computer aided design and FEM, has
attracted great attentions because of the exact geometry representation, higher-order
continuity, flexible k-refinement, and robustness for the large deformation. IGA has been
extensively applied for structural analyses [47-51], fracture mechanics [52-54] and fluid
mechanics [55]. IGA maintains the exact geometry by using the non-uniform rational B-

spline (NURBS) as basis functions to create the geometric model, which is a great advantage



for analysing shells and complex structures [56, 57]. In addition, the arbitrary continuity
order of NURBS basis functions can be controlled, which is needed for the HSDT [58-61].

To exploit the advantages of the meshfree method and IGA, the coupling of the two
methods has been developed recently. Wang et al. [62] proposed a coupling of the B-spline
basis functions and meshfree shape functions using the reproducing conditions. Since it is
defined in the parametric domain, the global geometry parameterization is required. Rosolen
et al. [63] combined the local maximum entropy meshfree method and IGA in the physical
domain, which concisely addresses the volume discretization and flexible local refinement
simply. However, the coupling approach only satisfies first-order continuity. Considering the
challenges in the two approaches, Valizadeh et al. [64] developed an IGA-meshfree coupling
approach using higher-order consistency conditions in the physical domain, which preserves
the arbitrary approximation order of the coupling basis functions and avoids the complexity
of a global parameterization to build the 3D problem domain. Therefore, in this work, the
IGA-meshfree coupling approach is used to develop 3D analysis formulations for FGM plates
and shells.

In this paper, a novel 3D IGA-meshfree coupling approach is developed to analyze FGM
plates and shells. IGA is implemented for the exact description of the geometric model on the
domain boundary, while the interior domain is discretized by meshfree nodes. This coupling
approach based on the higher-order consistency conditions is established in the physical
domain, which has higher-continuity basis functions and alleviates the difficulty to construct
3D complex geometry in the global parametric domain for IGA [64]. The effects of material
ingredients, boundary conditions, the plate thickness and the curvature of the cylindrical shell
on the deflection, natural frequency and buckling load are investigated. Numerical examples

are presented to demonstrate the efficiency and accuracy of the coupling approach.



This paper is outlined as follows. The following section introduces the coupling of the
meshfree method and IGA. In Section three, 3D formulations for FGM plates and shells
analyses using the IGA-meshfree coupling approach are presented. Several numerical
examples for FGM plates and shells are given in Section four. Finally, conclusions are drawn

in Section five.

2. IGA-meshfree coupling approach
The basis functions for the NURBS-based IGA and RKPM are provided in this section.
The IGA and RKPM are coupled in a narrow boundary region using the consistency

conditions.

2.1. NURBS basis functions

NURBS basis functions are built on B-spline basis functions by the projective
transformation. In the parametric coordinate, B-spline basis functions are expressed by a non-
decreasing set of knot values called knot vector Z = {&1, &, ..., &p+1} (& € R), where p is the
polynomial order and n is the number of basis functions. Starting from the order p = 0, the

recursive form of the B-spline basis functions is defined as [46]:
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As three sets of knot vectors E = {&1, &, ..., &prt}t, H = {1, n2, ..., nm+g+1} and I = {3,
(2, ..., Cnep+1} are given in the & » and { directions, respectively, 3D NURBS basis functions

are obtained by using the tensor product:
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where wi, j kis the weight, and Ni, p, Mi, q and Lk r are the basis functions. The NURBS solid is

expressed as
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where m, n and | are the numbers of basis functions in the &, » and { directions, respectively,

and P;, j kis the control point.

2.2. RKPM basis functions
In the physical problem domain discretized by a set of particles {x, ﬁi"l, where Np is the
number of meshfree particles, the RKPM basis functions [31] are defined as
v, (X) = C(X, X=X;), (X —X;) (5)

where ¢a is the kernel function [65]:
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where ro is the radius of spherical support domain for the 3D geometry, which is calculated as

follows:
r,=Ad, d =max(|x=x|.|y-yi|.|z-z]) @)
where 1 is the scaling factor taken as 2.5 and d is the maximum distance of adjacent nodes in
three axial directions.
The correction function C(x, x-X;) is expressed as a linear combination of polynomial
basis functions:

C(X,x—x,)=HT(x-x,)b(x), 8)



where the quadratic polynomial is used in this work:
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and the unknown coefficient b(x) is determined by imposing the p™ order reproducing

conditions as follows:
Np
Z‘/’i(X)H(X_Xi):H(O)- (10)
i=1

The substitution of Eq. (5) into Eq. (10) results in:
M(X)b(x) =H(0), (11)

where the moment matrix M(x) are given as
Np
M(x) = > H" (x=%;)¢, (X=X )H(x=X,) . (12)
i=1

Hence, b(x) is expressed as
b(x) =M™ (x)H(0). (13)
Substituting Eqg. (13) into Eqg. (5), the RKPM basis functions can be obtained as

‘//i(x):HT(O)M_l(X)H(X_Xi)¢a(x_xi)- (14)

2.3. IGA-RKPM coupling basis functions

The NURBS basis functions for IGA are defined in the parametric domain, while RKPM
basis functions are given in the physical domain. In order to establish the coupling basis
functions in the physical domain without the global geometry parameterization, NURBS
basis functions in the parametric domain need to be mapped into the physical domain. To
achieve this aim, the coupling domain is first defined using the volume patch
parameterization of IGA in Eq. (4). Since only a single layer of elements is needed on the

domain boundary, one domain layer is rewritten as
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where r is the polynomial order in the { direction. As a point x in the physical domain is

given, the corresponding coordinate in the parametric space can be obtained:
[E.7, ST=V (%) (16)
Hence, the NURBS basis function can be expressed in the physical domain:
RO, () =R, (V(x). (17)
In the coupling domain, the displacement is represented by a mixed approximation as

follows [64]:
u(x) = u'A(x) + u"™(x)

= > R00u+ 3.7, 00u, (18)

where N; and Nr are the numbers of NURBS and RKPM basis functions, respectively. By
imposing the p™" order consistency condition on the mixed displacement approximation in Eq.

(18), the following equation can be obtained:
N, Ng
2 ROOHX=%)+ 357, ()H(x—=x,) =H(0). (19)
i=1 j=1
By substituting RKPM basis function in Eq. (8), Eq. (21) can be rewritten as
Ng N,
> HT(x=%)b(x)d, (X=X H(x=%) = H(0) - 3 RO)H(x-x,) . (20)
i=1 j=1

After rearranging the terms, the following formula can be obtained:

b(x) =M™ (x)(H(0)-a(x)), (21)
where
IVI(X)=iHT(X—Xi)@(X—Xi)H(X—Xi), (22)
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Then substituting the b(x) in Eq. (21) into Eq. (5), the basis functions in the coupling domain
are given as
7;(x) = H' (x=x; )M (x)(H(0) —a(x))¢, (x - X;). (24)

One-dimensional (1D) and 2D basis functions with the meshfree domain (QMF) and
coupling domain (Q°P) for the IGA-meshfree coupling approach are illustrated in Figs. 1 and
2, respectively. The continuity of the coupling basis functions can be examined by calculating
the consistency conditions. Errors of the second-order consistency conditions given in Eq. 19
for 1D basis function are provided in Fig. 3. e1 and e> represent the errors of the first-order

and second-order consistency:

e, = 2 RO (x-x)+ 27, 00(¢-x). @5)
e, = 2 RO (x—1)" + 27, 0(x—1)". 29)

The errors are very small (around 10t7), which means that the second-order consistency

conditions are satisfied by the coupling basis functions.
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Fig. 1. Basis functions of the IGA-meshfree coupling approach with p =2 in 1D.
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Fig. 3. Errors of (1) first-order and (b) second-order consistency condition equations.

3. D formulations for FGM plates and shells analyses

3.1.

Functionally graded material

FGM belongs to the class of composite materials that has a smooth and continuous

distribution of material properties, with an example of a rectangular FGM plate shown in Fig.

4. In this work, two techniques which include the rule of mixture law and exponential

10



variation method are used to describe the material properties distribution for the FGM plates

and shells. The volume fractions of two materials are estimated by the power-law function:

vt(z){%ﬁjn, V,(2)=1-V,(2), @7)

where Vi and Vy denote the volume fractions of the top and bottom materials, respectively; h
is the thickness; the power index n determines the material constituent contents. According to
the rule of mixture law, when two material compositions are ceramic at the top and metal at
the bottom, respectively, the material properties are defined as
M(z)=MV,(2)+V,(z)M,, (28)

where subscripts ¢ and m denote the ceramic and metal, respectively; M(z) represents FGM
properties at z = 0, including the Young’s modulus E(z), the Poisson ratio v(z) and the mass
density p(z). From Eqgs. (27) and (28), the distributions of the Young’s modulus in the
thickness direction for the Al/Al>Oz plate with different power indices n are plotted in Fig. 5.
The second technique that approximates the material properties variation with the exponential

function in the thickness direction has been adopted in [15, 66, 67]:

M (2) =M, exp(n(5 + 1), @)

Fig. 4. Geometric model for the rectangular FGM plate.

11



z'h

0.2 0.4 0.6 0.8 1.0
E/E:

Fig. 5. Distributions of the Young’s modulus in the thickness direction for the Al/Al>Os plate
with different power indices n.

3.2. Constitutive formulations for static, dynamic and buckling analyses
Considering a problem domain Q with a boundary T", the dynamic equilibrium of the

strain energy, work done and kinetic energy is expressed as [59]
T T _ T T
jg&, odQ - Ig5u PERIO = L5u tdl + jg&u bdQ, (30)
where € is the strain, o is the stress, b is the body force, t is the traction on the natural
boundary, p is the density, u is the displacement, and i is the acceleration.

Based on the principle of virtual work, the weak form for the static analysis for the plate

under the transverse loading qo on the top surface is expressed as
jQ 5e'6dQ = L swa,dr . (31)
For the free vibration analysis of the plate, a weak form can be derived from Eq. (30):
T —_ T
jg 5¢'6dQ= jg Su” pRIQ . (32)

In the case of the pre-buckling analyses under the in-plane forces, the weak form is given as

[68]

12



jQ 5eTedQ = jg (VSu) N, VudQ, (33)

where
- qT
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where af/). (i, j = X, y, or z) are the pre-buckling stresses generated from the load.
The strain € and stress o are, respectively, written as
e=Lu, 6=Dsg, (35)
where
_aOOaOa_T _D11D12D12000_
OX oy 0z D, b, D, 0 0 O
_ D, D, D, 0 0 O
L= i 9 9 0|, D= E(z)d-v(2)) 2 Y Ui . (36)
8y oX 0z @+v(2))A-2v(z)))0 O O D,0 O
002022 o o0 0 o0D,O
i 0z oy OX 0 0 0 0 0 D,|
where E(z) is the Young’s modulus, v(z) is the Poisson ratio, and
v(z) 1-2v(2))
D,=1D, = ,D,, =———==. 37
11 12 1—V(Z) 22 2(1—V(Z)) ( )
The displacement field of 3D plates or shells can be approximated as
n 7, (x), for coupling domain
=3 R, By= |70 pling domain. (39)
w(X), for meshfree domain

where Ra can be either RKPM basis functions in the meshfree domain or IGA-meshfree basis

functions in the coupling domain, and ua = [ua va wa]" is the displacement vector.

Substituting Eq. (38) into Eq. (35), the strains are expressed as

13



0. (39)

Ay Tax
According to Egs. (35) and (39), the formulations for static analysis can be rewritten in
the following matrix form:
Ku=f, (40)
where K and f are the global stiffness matrix and the force vector
K= BIDB,dQ f=] gR,dr, R,=[00R,]. (41)
Substituting Egs. (35) and (39) into Eqg. (32), the matrix form of the consistent dynamic
analysis can be rewritten by
(K-o*M)u=0, (42)

where  is the natural frequency, and M is the global mass matrix expressed as

R, 0 0
M:jQN;p(z)NAdQ, N,=|0 &A 0 |. (43)
0 0 QaA

Based on the weak form for the buckling in Eq. (33), the buckling analysis formulation

is given in the matrix form:
(K+2,K)u=0, (44)

where A¢r is the critical buckling value, and the geometric stiffness matrix Kg is expressed as

K, = [ GINGG,dQ, (45)
where
R R, R,0 0 000 0
G,=|0 0 0 I-)ZAYX r-)aA,y r-)szzo 0 0 (46)
0O 0 0 O 0 O IgzA,x IgzA,y F){A,z
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4. Numerical examples
In the section, the static, dynamic and buckling analyses is conducted using the 3D IGA-
meshfree coupling approach for FGM plates and shells. The coupling approach is validated

by comparing with previous reference solutions.

4.1. Static analysis for FGM plates

Two examples for static analyses of FGM plates are presented, including rectangular as
shown in Fig. 4 and circular plates as shown in Fig. 10. The materials for FGM ingredients
used in this work are listed in Table 1. Two boundary conditions are employed: the simply
supported (S) boundary condition:

v=w=0, atx=0, a

47
u=w=0, aty=0,b’ S

and the clamped (C) boundary condition:
u=v=w=0, atx=0,aandy=0,b. (48)

The essential boundary conditions are weakly enforced using the Nitsche’s method [64, 69].

Table 1. Materials properties for the FGM.

Properties Al Ti Zr02-1 Zr02-2 7Zr02-3 ALO3
E (GPa) 70 110.25 278.41 200 151 380
v 0.3 0.288 0.288 0.3 0.3 0.3

p (kg/m®) 2707 - - 5700 3000 3800

4.1.1. Rectangular plate

A rectangular FGM plate as shown in Fig. 4 is subjected to the sinusoidal or uniform
load on the top surface. The normalized central deflection for the Al/Al>O3 plate via degrees
of freedom (DOFs) with a/h = 10 and 20 is investigated in Fig. 7. In the z direction, two

layers of control points are on the top and bottom surfaces, respectively, and 3 meshfree

15



nodes are filled inside the interior domain. We can see that the present approach with 3561

DOFs (15 x 15 x 3 meshfree nodes and 16 x 16 x 2 control points) can achieve accurate

solution comparing with the existing results.

The meshes of the FGM plate in the x-y and x-z planes are demonstrated in Figs. 6 (a)

and (b), respectively. The top and bottom surfaces are discretized using IGA elements. In the

z direction, one element with 3 control points (second polynomial order) is implemented,

while only control points defining the surface boundary have degrees of freedom for the

analysis as displayed in Fig. 6 (b). IGA elements form the IGA-meshfree coupling domain.

The meshfree nodes are located inside the domain between two surfaces.

(a)

1
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Fig. 6. Distribution of control points and meshfree nodes for the FGM plate: (a) x-y and (b)

X-z planes.
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Fig. 7. Convergence test of the normalized central deflection for the Al/Al.Oz rectangular

plate with n = 1 [70].
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An Al/Al;O3 plate subjected to sinusoidal load fosin(nx/a)sin(my/b) is first investigated.
The material properties in the thickness direction are computed by the rule of mixtures of Egs.
(27) and (28). The comparison of the dimensionless central deflection W = 10W(a/2, b/2,
0)Ech®/(foa?) for the simply supported Al/Al,Os plate with various ratios a/h and power
indices n is summarized in Table 2. The present results are in good agreement with that
obtained by other methods [11, 52, 59, 70]. Furthermore, the dimensionless central deflection
W= 10W(a/2, b/2, 0)Emh®{12(1-v)foa*} for an Al/ZrO,-2 plate under uniform load with
SSSS and CCCC boundary conditions are listed in Table 3. Comparing with the SSSS
boundary condition, the CCCC boundary condition has more constraints, which results in the
increase of structural stiffness. Hence, the deflection of the FGM plate under the CCCC
boundary condition is smaller. From the comparison, we can see that the present solutions
with different power indices agree well with the existing results from refined plate theory
(RPT) [59], HSDT [70] and meshless local Petrov-Galerkin (MLPG) [71]. The deflection
shapes of the FGM plate under SSSS, CCCC, SFSF and CFCF boundary conditions are

shown in Fig. 8. Here, F denotes the free boundary condition.

- - - Yy

(a) (b) (c) (d)

Fig. 8. Deflection of the Al/Al,O3 plate with (a) SSSS, (b) CCCC, (c) SFSF and (d) CFCF
boundary conditions (a/h = 20, n = 1).
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Table 2. Comparison of the dimensionless central deflection for the simply supported
Al/Al>O3 plate under sinusoidal distributed load.

Power index n

a/h  Method
0.5 1 4

4  Present 0.5538 0.7182 1.1622 1.3793
3D IGA [11] - 0.7171 1.1585 1.3790
IGA [52] 0.5654 0.7284 1.1599 1.3908
HSDT [70] 0.5654 0.7284 1.1599 1.3909

10  Present 0.4518 0.5875 0.8825 1.0077
3D IGA [11] - 0.5875 0.8822 1.0083
IGA [52] 0.4537 0.5889 0.8815 1.0087
RPT [59] 0.4537 0.5890 0.8816 1.0085

20  Present 0.4368 0.5684 0.8414 0.9532
IGA [52] 0.4376 0.5689 0.8414 0.9537
HSDT [70] 0.4377 0.5689 0.8415 0.9538

Table 3. Comparison of the dimensionless central deflection for the Al/ZrO-2 plate under
uniform load with different boundary conditions (a/h = 5).

Boundary  pMethod

Power index n

condition Ceramic 0.5 1 2 8 Metal
SSSS Present 0.1686  0.2527 0.2932  0.3314 0.3919 0.4816
RPT [59] 0.1703  0.2536  0.2934  0.3312 0.3922 0.4865

HSDT [70] 0.1716  0.2554  0.2955  0.3334 0.3958 0.4903

MLPG [71] 0.1671  0.2505 0.2905  0.3280 - 0.4775

CCCC  Present 0.0738  0.1083 0.1262  0.1457 0.1770 0.2109
RPT [59] 0.0701  0.1029 0.1201  0.1384 0.1669 0.2001

HSDT [70] 0.0734 0.1077 0.1256 0.1447 0.1760 0.2098

MLPG [71] 0.0731  0.1073  0.1253  0.1444 - 0.2088
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4.1.2. Circular plate

In this example, the bending of a circular FGM plate subjected to the uniform load on
the top surface as shown in Fig. 10 is analyzed. The nodes distribution of the circular plate is
illustrated in Fig. 11. The curved edge around the circular plate is meshed using IGA
elements and the interial domain is discretized with meshfree nodes.

To check the convergence performance of the coupling approach compared with the
meshfree method, an example for the static analysis of the circular Ti/ZrO»>-1 plate is
presented. The circular plate subjected to the sinusoidal load is under clamped boundary
conditions. The relative error of the central deflection is given in Fig. 9. The relative error &
is calculated by &r= |(u — urer) /urerl, Where u is the central deflection and urer is the reference
result obtained by 3D IGA [11]. It can be observed that the coupling approach can converge

with less degrees of freedom and get a smaller relative error.

0.04
—a— [GA-Meshfree
—=— Meshfree
0.03 -
Pt
S
=
o
o 0.02+
2
=
©
& 0.01F
0‘00 L 1 L 1 " 1 " 1 "
0 2000 4000 6000 8000 10000

Degrees of freedom

Fig. 9. Relative error of the central deflection for the circular (n = 2, R/h = 10) Ti/ZrO»-1
plate.

Based on the rule of mixture method, the material properties are described by

vb(z)=(%-§j L V(2)=1-V,(2), (49)
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E(z)=E, V,(z)+EV,(2) | (50)
P(2) = PV (D) + PV, (2)
The pure ceramic and metal materials are located at the top and bottom surfaces, respectively.
Poisson’s ratio is assumed to be a constant taken as 0.3. The central deflection is normalized
with W = 64WoEch3/{12(1-v?)foR*}. A Ti/ZrO2-1 plate under uniform load and clamped
boundary condition is considered to investigate the bending behavior. The comparison of the
central displacement with other solutions obtained by the 3D IGA [11], HSDT [58] and
FSDT [72] is conducted in Table 4. It is observed that a good agreement with other results is

achieved. Furthermore, the deflection shapes of the Ti/ZrO»-1circular plate under simply

supported and clamped boundary conditions are illustrated in Fig. 12.

Fig. 10. Circular FGM plate model.
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Fig. 11. Distribution of the meshfree nodes and control points for the circular plate: (a) 3D
mesh and (b) x-y plane.
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(@) (b)

Fig. 12. Deflection of the Ti/ZrO2-1circular plate under (a) simply supported and (b) clamped

boundary conditions (R/h =100, n = 1).

Table 4. Comparison of the dimensionless central deflection for the Ti/ZrO»-1 plate under
uniform load and clamped boundary condition.

Power index n
0 2 4 8 10 104

h/R Method

0.05 Present 2.5302 1.3825 1.2633 1.1654 1.1391 0.9982
3D IGA[11] 2.5353 1.3919 1.2722 1.1725 1.1460 1.0040
HSDT [58] 2.5480  1.3990 1.2786 1.1785 1.1520 1.0092
FSDT [72] 2.554 1.402 1.282 1.181 1.155 1.011
0.1  Present 2.6186 1.4316 1.3083 1.2065 1.1778 1.0363
3D IGA[11] 2.6175 1.4317 1.3079 1.2065 1.1796 1.0365
HSDT [58] 2.6297 1.4386 1.3143 1.2123 1.1855 1.0415
FSDT [72] 2.639 1.444 1.320 1.217 1.190 1.045
0.15 Present 2.7562 1.4998 1.3698 1.2642 1.2375 1.0919
3D IGA[11] 2.7547 1.4982 1.3677 1.2633 1.2359 1.0908
HSDT [58] 2.7652 1.5043 1.3733 1.2685 1.2412 1.0952
FSDT [72] 2.781 1.515 1.384 1.278 1.250 1.101
0.2  Present 2.9470  1.5918 1.4519 1.3443 1.3153 1.1669
3D IGA[11] 2.9463 1.5913 1.4513 1.3427 1.3146 1.1667
HSDT [58] 2.9541 1.5958 1.4557 1.3467 1.3187 1.1700
FSDT [72] 2.979 1.613 1.473 1.362 1.333 1.180

The dimensionless central deflection for rectangular Al/AlOz plate via the side-to-

thickness ratio a/h and circular Ti/ZrO,-1 plate via the radius-to-thickness ratio R/h is
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displayed in Fig. 13. The dimensionless deflection decreases sharply with increasing plate
thickness when the ratio a/h or R/h is less than 10. As the plate becomes thinner, the change
of the dimensionless deflection with the thickness is small. From both the rectangular and
circular plates, we find that the larger metallic ingredient results in the increase of the

dimensionless deflection because the metal has a smaller stiffness than that of the ceramic.

(b)

——n=1 ——in=1

—a— Ccramic —a— Metal

—A—n=4 —A—pn=4

—v— Metal 4+ —v— Ceramic

J
.

0 10 20 30 40 50 0 10 20 30 40 50
alh R/h

Fig. 13. Dimensionless central deflection for (a) rectangular FGM plate via the ratio a/h and
(b) circular FGM plate via the ratio R/h.

4.2. Dynamic analyses of FGM plates and shells

In the section, the dynamic behavior of the FGM plates and shells is analyzed including
the rectangular plate, circular plate and cylindrical shell. The effects of the material
compositions, side-to-thickness ratio and curvature of the cylindrical shell on the natural

frequency are studied.

4.2.1. Rectangular plate

The geometric model of the rectangular FGM plate is shown in Fig. 4. A simply
supported Al/Al>O3 plate with the material properties given in Table 1 is first considered to
investigate the natural frequency. The rule of mixture law in Egs. (27) and (28) is applied to
describe the distribution of material properties. The dimensionless natural frequency is
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normalized with @ = wh,/p_/E.. The convergence test for the Al/Al2Os plate is shown in Fig.

14. We can see that good accuracy can be achieved as 4545 DOFs (17 x 17 x 3 meshfree

nodes and 18 x 18 x 2 control points) are applied.

Normalized fundamental frequency
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—
s
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[
T

—_
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3

10

Degrees of freedom

10

Fig. 14. Convergence test of the normalized fundamental frequency for the simply supported
Al/AlO3 plate with n = 1 [71].

Table 5. Comparison of the dimensionless fundamental frequency for the simply supported
Al/AI>O3 plate with various ratios a/h and power indices n.

Power index n

a/lh  Method
Ceramic 0.5 1 4 10 Metal
5  Present 0.2127 0.1822 0.1646 0.1389 0.1312 0.1086
HSDT [71] 0.2121 0.1819 0.1640 0.1383 0.1306 0.1077
TSDT [73] 0.2112 0.1805 0.1631 0.1397 0.1324 0.1076
FSDT [74] 0.2112 0.1806 0.1650 0.1371 0.1304 0.1075
10 Present 0.0581 0.0494 0.0445 0.0384 0.0367 0.0299
HSDT [71] 0.0577 0.0492 0.0443 0.0381 0.0364 0.0293
TSDT [73] 0.0577 0.049 0.0442 0.0382 0.0366 0.0293
FSDT [74] 0.0577 0.0492 0.0445 0.0383 0.0363 0.0294
20  Present 0.0149 0.0127 0.0114 0.0100 0.0095 0.0077
HSDT [71] 0.0146 0.0124 0.0112 0.0097 0.0093 -
TSDT [73] 0.0148 0.0125 0.0113 0.0098 0.0094 -
FSDT [74] 0.0148 0.0128 0.0115 0.0101 0.0096 -
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The comparison of the dimensionless fundamental frequency with various ratios a/h and
power indices n is presented in Table 5. We can see that the present results agree well with
the solutions obtained by HSDT using IGA [71], third-order shear deformation theory (TSDT)
[73] and FSDT [74]. The first five dimensionless fundamental frequencies @ = whm
for the simply supported Al/ZrO,-2 plate with various power indices are given in Table 6.
The obtained frequency have a good accuracy compared with the solutions calculated by the
meshfree method [75] and IGA [71]. Moreover, the first four vibration modes of the FGM
plate under SSSS, CCCC and SFSF boundary conditions are demonstrated in Fig. 15.

Table 6. Comparison of the first five dimensionless frequencies for the simply supported
Al/ZrO,-2 FGM plate with various power indices n at a/h = 5.

Mode number

n Method
1 2 3 4 5

Ceramic Present 0.2477 0.4539 0.4539 0.5431 0.5431
HSDT [71] 0.2461 0.4539 0.4539 0.5385 0.5385
Meshfree [75] 0.2457 0.4483 0.4484 0.5395 0.5395
1 Present 0.2200 0.4118 0.4118 0.4831 0.4831
HSDT [71] 0.2185 0.4118 0.4118 0.4794 0.4794
Meshfree [75] 0.2188 0.3992 0.3992 0.4779 0.4779
2 Present 0.2204 0.4039 0.4039 0.4803 0.4803
HSDT [71] 0.2190 0.4039 0.4039 0.4768 0.4768
Meshfree [75] 0.2188 0.3991 0.3992 0.4779 0.4779
5 Present 0.2232 0.3967 0.3967 0.4826 0.4826
HSDT [71] 0.2216 0.3967 0.3967 0.4783 0.4783
Meshfree [75] 0.2215 0.3921 0.3922 0.4794 0.4795
Metal  Present 0.2131 0.3897 0.3897 0.4669 0.4669
HSDT [71] 0.2113 0.3897 0.3897 0.4623 0.4623

Meshfree [75] 0.2111 0.3852 0.3853 0.4636 0.4636
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Fig. 15. The first four vibration modes of the FGM plate under various boundary conditions:
(a) SSSS, (b) CCCC and (c) SFSF.

4.2.2. Circular plate

A clamped circular FGM plate is taken into account as shown in Fig. 10. IGA elements
are used to cover a narrow band on the curved circumferential edge as shown in Fig. 11. In
the first example, the distribution of material properties for an Al/Al>Osz plate is assumed to
be exponential variation given in Eq. (29) in the thickness direction. The dimensionless
fundamental frequency is obtained by @ = wh,/p_/C1, where C11 = Ec(1-Ve)/(1+ve)/(1-2V).
The dimensionless fundamental frequency for the circular FGM plate with R = 0.5 and
various ratios h/R and power indices n is given in Table 7. Present results are in good
agreement with the solutions acquired by the semi-analytical theory [15] and 3D Chebyshev—

Ritz method [66]. The other example considers an Al/Al>O3 plate with various ratios h/R and
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power index n = 1. The variation of the material properties in the thickness direction is based

on Egs. (49) and (50). The first five dimensionless frequencies @ = 100wh,/p_/E. of the

clamped FGM plate are provided in Table 8. We can observe that the frequencies agree well

with those obtained by HSDT using IGA [71], FEM [71]and uncoupled model (UM) [76]. In

addition, the first six mode shapes of the circular FGM plate under clamped boundary

condition are plotted in Fig. 16.

Table 7. Comparison of dimensionless fundamental frequency for the clamped Al/Al2O3
plate with various thickness-to-radius ratios h/R and power indices n.

Power index n

h/R Method
0 1 2 3 4 5
0.1 Present 0.0263 0.0257 0.024  0.0217 0.0193 0.0169
Analytical [15] 0.026 0.025 0.024 0.021 0.019 0.017
Chebyshev-Ritz [66] 0.026  0.025  0.024 0.021 0.019 0.017
0.2 Present 0.0976  0.0955 0.0897 0.0817 0.0728 0.0643
Analytical [15] 0.098  0.096 0.09 0.082 0.073 0.064
Chebyshev-Ritz [66] 0.097  0.095  0.089 0.081 0.072 0.064
0.4 Present 0.3178 0.312 0.2963 0.2740 0.2490 0.2242
Analytical [15] 0319 0.313  0.298 0.275 0.250 0.225
Chebyshev-Ritz [66] 0.317  0.311  0.296 0.273 0.249 0.224
0.5 Present 0.4446 0.4372 0.4172 0.3887 0.3565 0.3241
Analytical [15] 0.446 0439  0.419 0.39 0.358 0.326
Chebyshev-Ritz [66] 0.444  0.436  0.416 0.388 0.356 0.324
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Table 8. Comparison of first five dimensionless frequencies for the clamped Al/Al>Oz plate
with various thickness-to-radius ratios h/R.

Mode number

h/R  Method
1 2 3 4 5
0.001 Present 0.0245 0.0510 0.0830 0.0955 0.1228
HSDT [71] 0.0236 0.0492 0.0807 0.0924 0.1191
UM [76] 0.0257 0.0535 0.0877 0.1000 0.1283
FEM [71] 0.0234 0.0486 0.0798 0.0909 0.1167
0.1 Present 2.3160 4.7189 7.5590 8.5760 10.7900
HSDT [71] 2.3076 4.7005 7.5318 8.5380 10.7483
UM [76] 2.5038 5.0831 8.1156 9.1931 11.5376
FEM [71] 2.2888 4.6661 7.4808 8.4829 10.6776
0.2 Present 8.7159 16.9268 25.9490 29.1225 34.1881
HSDT [71] 8.6787 16.8595 25.8479 29.0092 34.1893
UM [76] 9.3162 17.9164 27.248 30.4998 -
FEM [71] 8.6403 16.789 25.7661 28.9152 34.1893

4

Mode 1

Mode 4

-y

Mode 2

Mode 5

Mode 3

<w €

Mode 6

Fig. 16. The first six shape modes of the Al/Al>Osz plate under clamped boundary condition

with n =1 and R/h = 10.

Figs. 17 (a) and (b) give the dimensionless frequency versus the side-to-thickness ratio

a/h for the rectangular plate and the radius-to-thickness ratio R/h for the circular plate,
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respectively. The ingredients of the Al/Al;Os plates are defined according to Egs. (49) and
(50). It is observed that the frequency reduces as the volume fraction of the metal component
increases. The dimensionless fundamental frequency declines rapidly with the ratio a/h or R/h
varying from 2 to 10. As a/h or R/h is between 20 and 100, the influence of two ratios on the

natural frequency is small.

(a) 12 , (b) 60
—=— Ceramic
e —a— Metal
IR I ——n :i
—A— =
8+ —v—Melal 40 -1 —v— Ceramic
I3 I3
4 20+
0 . ; : : > 0 - : . =
0 10 20 30 40 50 0 10 20 30 40 50
alh RIh

Fig. 17. Dimensionless fundamental frequency of (a) rectangular plate via the ratio a/h and (b)
circular plate via the ratio R/h with various power indices n.

4.2.3. Cylindrical shell

A cylindrical shell model with graded ceramic and metal materials is shown in Fig. 18.
At the mid-surface, the radius, arc length and chord length of the curvature are defined as Rm,
Lr and Ly, respectively. The thickness and axial lengths are h and L, respectively. Material
properties are assumed to vary continuously from the ceramic of outer curve to the metal of
inner curve according to the rule of mixture law in Egs. (27) and (28). The cylindrical shell is
discretized by meshfree nodes and IGA elements as shown in Fig. 11. The outer and inner
curves are represented by IGA elements to describe the exact curved geometry and meshfree

nodes are filled into the inside domain.
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Fig. 18. Model of the FGM cylindrical shell.
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Fig. 19. Distribution of the control points and meshfree nodes for the FGM cylindrical shell:
(@) 3D mesh and (b) x-y plane.

In this example, the frequency parameters @ = a)Lx\/pTE for the isotropic cylindrical
shell subjected to SSSS and CCCC boundary conditions are obtained in Table 9. We can see
that a good agreement with the reported results computed by the 3D continuum and discrete
approaches [16] is achieved by the present solution. To further validate our approach, the
present frequency is compared with that obtained by analytical [10] and exact [12] methods

in Table 10. In this case, the dimensionless frequency is normalized by o = wh, /pc/EC. The
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present results demonstrate a close agreement with the results from other methods. The

dimensionless fundamental frequency for the curved Al/Al>Oz plate with various ratios Rm/Lx

and power indices n under the SSSS and CCCC boundary conditions is listed in Table 11.

The first five frequencies of the curved Al/Al,Osz plate is given in Table 12 with various ratios

Lx/h and power indices n. Furthermore, the first six mode shapes of the FGM cylindrical shell

under CCCC and SSSS boundary conditions are shown in Fig. 20.

(@) .
Mode 1 Mode 2 Mode 3 Mode 4
(b) I ' -
Mode 1 Mode 2 Mode 3 Mode 4

Fig. 20. The first six mode shapes of the FGM cylindrical shell under (a) CCCC and (b)

SSSS boundary conditions.

Table 9. Comparison of the first five dimensionless frequencies for the isotropic cylindrical

shell subjected to different boundary conditions (Lr/Rm = 0.5).

Boundary | o/h  Method

Mode number

condition 1 2 3 4 5

Present 1.8349 19278 1.9483 2.7626 3.1096

° 3D solution [16] 1.8361  1.9278 19483 2.7626 3.1210

5955 Present 1.0576  1.9283 19483 2.2824 2.3415

° 3D solution [16]  1.0555  1.9283 19483 2.2791 2.3385

Present 1.6773 27996 2.8804 3.7415 3.7513

g 3D solution [16] 1.6705  2.7905 2.8715 3.737  3.7466

cece Present 2.3482 35062 3.6626 3.7526  3.7923
° 3D solution [16] 2.3438  3.4994 3.6541 3.7476  3.7862




Table 10. Comparison of the dimensionless fundamental frequency for the Al/Al.O3

cylindrical shell under the simply supported boundary condition (Lr = L;).

Power index n
Lr/h Lr/Rm Method

Ceramic 0.5 1 4 10 Metal
2 0.5  Present 0.9244 0.8012 0.7249 0.5784 0.5294 0.4704
Analytical [10]  0.9187  0.8013 0.7260 0.5797 0.5245 0.4770
1 Present 0.8854 0.7663 0.6932 0.5526 0.5059 0.4505
Analytical [10] 0.8675 0.7578 0.687 0.5475 0.494 0.4496
5 0.5  Present 0.2133  0.1822 0.1643 0.1379 0.1300 0.1089
Analytical [10] 0.2113 0.1814 0.1639 0.1413 0.1271 0.1109

Exact [12] 0.2129 0.1817 0.1638 0.1374 0.1296 -
1 Present 0.2158 0.1851 0.1676 0.1395 0.1302 0.1100
Analytical [10] 0.2164 0.1852 0.1676 0.1394 0.1286 0.1133

Exact [12] 0.2155 0.1848 0.1671 0.1392 0.1300 -

Table 11. Dimensionless fundamental frequency for the curved Al/Al,O3 plate with various
ratios Rm/Lx and indices n under SSSS and CCCC boundary conditions (Lx=L; = 1).

Boundary n Rm/Lx
condition 0.5 1 2 5 10
SSSS Ceramic  0.0957 0.0715 0.0619 0.0587 0.0582
0.5 0.0853 0.0621 0.053 0.0499 0.0495
1 0.0789 0.0567 0.0479 0.0450 0.0446
4 0.0644 0.0473 0.0408 0.0387 0.0384
10 0.0575 0.0437 0.0386 0.0369 0.0366
Metal 0.0487 0.0366 0.0317 0.0300 0.0297
CCccC Ceramic  0.1852 0.1320 0.1091 0.1017 0.1005
05 0.1592 0.1146 0.0940 0.0872 0.0862
1 0.1441 0.1045 0.0853 0.0789 0.0779
4 0.1191 0.0864 0.0716 0.0667 0.066
10 0.1105 0.0795 0.0670 0.0629 0.0623
Metal 0.0949 0.0674 0.0559 0.0521 0.0516
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Table 12. The first five frequencies of the curved Al/Al,O3 plate with various ratios Lx/h and
power indices n (Lx = Lz, Ly/Rm = 1).

Mode number

Lx/h n
1 2 3 4 5

2 Ceramic 0.8854 0.9742 0.9742 1.4169 1.6782
1 0.6932 0.7889 0.8503 1.1794 1.3137

4 0.5526 0.6303 0.6962 0.9414 1.0203

10 0.5059 0.5633 0.6089 0.8419 0.9246

Metal 0.4505 0.4954 0.4955 0.7207 0.8540

5 Ceramic 0.2158 0.3897 0.3902 0.4523 0.4796
1 0.1675 0.3197 0.3316 0.3462 0.3746

4 0.1395 0.2569 0.2706 0.2836 0.3068

10 0.1302 0.2276 0.2370 0.2652 0.2844

Metal 0.1100 0.1982 0.1984 0.2306 0.2445

10 Ceramic 0.0715 0.1353 0.1564 0.1948 0.1949
1 0.0567 0.1032 0.1223 0.1609 0.1640

4 0.0473 0.0875 0.1025 0.1296 0.1333

10 0.0437 0.0833 0.0958 0.1145 0.1170

Metal 0.0366 0.0694 0.0801 0.0991 0.0991

20 Ceramic 0.0278 0.0375 0.0539 0.0633 0.0742
1 0.0227 0.0288 0.0433 0.0494 0.0562

4 0.0186 0.0249 0.0361 0.0425 0.0484

10 0.0168 0.0238 0.0332 0.0403 0.0463

Metal 0.0143 0.0196 0.0278 0.0336 0.0384

Fig. 15 illustrate the effects of material composition, the side-to-thickness ratio and the
curvature of the cylindrical shell on the natural frequency. It can be observed that a larger
volume fraction of the metal ingredient can lead to the decrease of the dimensionless
fundamental frequency. As the shell becomes thinner, the dimensionless fundamental
frequency decreases. With increasing the ratio Ly/h, the influence of the thickness on the

natural frequency decreases. To analyze the influence of the shell curvature on the frequency,
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the chord length Ly and axial length L, are fixed to be a constant. From Fig. 15 (b), it is
observed that the dimensionless fundamental frequency reduces as the radius Rm increases,
which means that the reduction of the curvature results in the decrease of the dimensionless

fundamental frequency.
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0.04 - - A
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Li/h Ru/Ls

Fig. 21. Variation of the dimensionless fundamental frequency for the Al/Al>Oz cylindrical
shell via (a) ratio Lx/h and (b) ratio Rm/Lx with various power indices n.

4.3. Buckling analyses of FGM plates and shells
The coupling approach is used to investigate the buckling behavior of the circular plate
and cylindrical shell in this section. The thickness of the plate and the curvature of the

cylindrical shell are analyzed.

4.3.1. Circular plate

The circular plate model is clamped and subjected to the axial uniform compression
around the curved circumference, as shown in Fig. 10. The Al/ZrO,-3 properties are given in
Table 1 and material compositions are distributed in the thickness direction according to the
rule of mixture law in Egs. (49) and (50). The convergence test of the buckling load is shown

in Fig. 22 with the power indices n = 2 and 10. The discretization of the circular plate is
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shown in Fig. 11. We can see that results can converge to the reported solutions [77] as 5724
DOFs (24 x 24 x 3 meshfree nodes and 36 x 5 control points) are implemented. The variation
of the dimensionless critical buckling load 2 = AR/Dm where Dm = Emh®/(12(1-vn?)) with
different power indices n and radius-to-thickness ratios R/h is tabulated in Table 13. To verify
the validation of the coupling approach for the buckling analysis, the present results are
compared with those acquired from the TSDT [78], unstrained TDST (UTSDT) [77] and
HSDT using IGA [70] and a good agreement is obtained. The variation of the buckling load
for the Al/ZrO»-3 circular plate with the radius-to-thickness ratio R/h is shown in Fig. 23. It is
observed that the dimensionless buckling load rises as the ceramic volume fraction increases.
As the plate becomes thinner, the dimensionless buckling load increases quickly (R/h < 10)

and changes hardly (R/h > 20).

1.05

1.02

1.01F

Normalized buckling load

1.00 o—o—>5

10° 10
Degrees of freedom

Fig. 22. Convergence test of the normalized critical buckling load for the clamped Al/ZrO,-3
circular plate at h/Rm = 10 [77].
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Table 13. Comparison of the dimensionless critical buckling load for the Al/ZrO,-3 circular
plate under the clamped boundary condition with R = 0.5.

Power index n
h/Rm  Method

0 0.5 2 5 10
0.1 Present 14.0836 19.3927 23.0797 25.4322 27.116
TSDT [78] 14.089 19.423 23.057 25.411 27.111
UTSDT [77] 14.089 19.413 23.075 25.422 27.131
IGA [70] 14.1089 19.4391 23.1062 25.4743 27.1684
0.2  Present 12.4752 17.1249 20.5414 22.6912 24.1759
TSDT [78] 12.571 17.340 20.742 22.876 24.353
UTSDT [77] 12.575 17.310 20.8319 22.969 24.422
IGA [70] 12.5914 17.3327 20.8319 22.9918 24.4542
0.25 Present 11.4847 15.7847 19.1774 21.1906 22.4019
TSDT [78] 11.631 16.048 19.290 21.282 22.627
UTSDT [77] 11.639 16.012 19.378 21.412 22.725
IGA [70] 11.6540 16.0120 19.4033 21.4407 22.7536
0.3  Present 10.6424 14.8113 17.7234 19.6436 21.0663
TSDT [78] 10.657 14.711 17.770 19.611 20.823
UTSDT [77] 10.670 14.672 17.882 19.780 20.948
IGA [70] 10.6842 14.6910 17.9060 19.8042 20.9750

35
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Fig. 23. Dimensionless buckling load of Al/ZrO»-3 circular plate via the radius-to-thickness
ratio R/h with various power indices n.

35



4.3.2. Cylindrical shell

An FGM cylindrical shell as shown in Fig. 18 under a uniform axial compression along
its curved edges is first considered to study the buckling response. The rule of mixture law in
Egs. (27) and (28) is employed to describe the material distribution. The buckling load is
normalized using the formula A = /Rm/(Emh?). From the convergence test in Table 14, a mesh
with 18 x 18 x 3 meshfree nodes and 19 x 19 x 2 control points is used for the following
examples. The dimensional buckling load for the Al/ZrO»-3 cylindrical shell under the SSSS
boundary condition with various power indices n and curvatures of the cylindrical shell is
listed in Table 15. In the second case, the buckling analysis for a semi-circular cylindrical
shell subjected to the axial load fo as shown in Fig. 24 is conducted. The first five
dimensionless critical buckling loads for the semi-circular Al/ZrO.-3 cylindrical shell with
two clamped straight edges and two free curved edges are given in Table 16. Furthermore,
the fundamental buckling mode shape of Al/ZrO,-3 semi-circular cylindrical shell subjected
to an axial compression under various boundary conditions are demonstrated in Fig. 25. The
CSCS boundary condition indicates that the two straight edges are clamped, while the other

two edges are simply supported.

Fig. 24. Model of the FGM semi-circular cylindrical shell.
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Table 14. Convergence of the dimensionless critical buckling load for the Al/ZrO»-3
cylindrical shell under the simply supported boundary condition (L;= 0.2, Rm =1, Lr/Rm =0.2
and n=0.5).

Present
L./h Ref. [79]
8x8x3 10x10x3 12x12x3 16x16x3 18x18x3
10 3.0336 2.9684 2.9661 2.9594 2.9533 2.9718
20 1.8130 1.7309 1.7013 1.6829 1.6801 1.6831
30 1.6555 1.4196 1.3431 1.2958 1.2876 1.2817
40 1.9676 1.4141 1.2533 1.1580 1.1418 1.1127

Table 15. Dimensionless critical buckling load for the Al/ZrO2-3 cylindrical shell under the
simply supported boundary condition (Lx = L, = 1).

Rm/Lx
n
0.5 1 2 5 10
Ceramic 1.7146 1.1104 0.8286 0.75402 0.74351
0.5 1.3832 0.8885 0.65335 0.59188 0.58353
1 1.2336 0.7914 0.5824 0.52808 0.5208
4 0.9982 0.6475 0.4917 0.4514 0.44604
10 0.9062 0.5908 0.45265 0.4166 0.41171
Metal 0.7964 0.5158 0.3853 0.35024 0.34529

Table 16. The first five dimensionless critical buckling load for the Al/ZrO,-3 semi-circular
cylindrical shell with various power indices (L; = 2Lx and Lr = nR).

Power index n

Mode
number Ceramic 0.5 1 4 10 Metal
1 0.5275 0.4182 0.3729 0.3105 0.2850 0.2456
2 0.5813 0.4644 0.4136 0.3387 0.3093 0.2695
3 0.6116 0.4891 0.4356 0.3567 0.3256 0.2836
4 0.6210 0.4961 0.4419 0.3623 0.3310 0.2880
5 0.6516 0.5196 0.4627 0.3804 0.348 0.3024
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Fig. 25. Fundamental buckling mode shape of the Al/ZrO2-3 semi-circular cylindrical shell
under (a) CCCC, (b) CSCS, (c) CFCF and (d) SSSS boundary conditions (L; = 2Lx, Lr = nR
and n =1).

The effects of the side-to-side ratio L./Lx and the radius-to-side ratio Rm/Lx for the FGM
cylindrical shell on the buckling load are illustrated in Fig. 26. It is noted that the
dimensionless buckling load decreases with the raising of the power index n, and the shell
stiffness becomes low with the increasing volume fraction of the metal ingredient. From Fig.
26 (a), we can see that the dimensionless buckling load declines as the side-to-side ratio L/Lx
increases. As the ratio Rm/Lx increases, which leads to a flatter cylindrical shell, the
dimensionless buckling load decreases. A sharp decrease of the buckling load occurs as Rm/Lx
< 5 and the dimensionless buckling load gradually approaches a constant value as the shell

becomes flatter.

3.0 2.0

(a) STy (b) —=— Ceramic
2.5 —n=l | ——n=1
U= 150 =4
20F —v— Metal —v— Metal
1< 1=
1.5} 1.0}
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Fig. 26. Dimensionless buckling load of the Al/ZrO»-3 cylindrical shell via the side-to-side
ratio L,/Lx and the radius-to-side ratio Rm/Lx with various power indices n.
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5. Conclusions

This paper develops a 3D IGA-meshfree coupling approach to analyze FGM plates and
shells. By employing the higher-order consistency condition to couple the IGA and RKPM in
the physical domain, the approach can achieve higher-order smoothness of basis functions,
and reduce the difficulty of creating the 3D geometry, which results from the global
volumetric parameterization of IGA. In the coupling approach, IGA elements and meshfree
nodes are used to represent the problem domain boundary and discretize the interior domain,
respectively, incorporating advantages of the exact representation of the geometry for IGA
and flexible nodes distribution for the meshfree method. Based on the coupling approach, the
3D analysis formulations for the static, dynamic and buckling behaviours of FGM plates and
shells are established. From the numerical examples, the present results are in a good
agreement with other analytical or numerical solutions, showing strong validation for the
coupling approach.

From the static analysis for FGM plates, it can be found that the dimensionless
deflection decreases with the increase of the plate thickness and the metal volume fraction.
The dynamic analysis of FGM plates and cylindrical shells reveals that the increase of the
thickness and the metal ingredient leads to the decrease of the dimensionless fundamental
frequency. For the cylindrical shell, the dimensionless frequency reduces as the curvature of
the cylinder shell decreases. From the buckling analysis, the dimensionless buckling load of
the circular plate and cylindrical shell increases with the rising volume fraction of ceramic,
while decreasing the curvature of the cylindrical shell results in the decline of the

dimensionless buckling load.
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