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Abstract

This review provides a bird’s eye view over the development of the hierarchy of Davydov’s An-
sätze and its applications in a variety of problems in computational physical chemistry. Davydov’s
original solitons appeared in the 1970s as a candidate for vibrational energy carriers in protein-
s, thanks to their association with the Fröhlich Hamiltonian and the Holstein molecular crystal
model. Momentum-space projection of those solitary waves emerged to be great approximations
to the ground-state wave functions of the extended Holstein Hamiltonian, lending unambiguous
evidence to the absence of formal quantum phase transitions in those systems. The multiple
Davydov Ansätze are introduced, with increasing multiplicity, as incremental improvements of
their corresponding single-Ansatz parents. The time-dependent variational formalism of Davy-
dov’s Ansätze is discussed in great detail, and the relative deviation of the Ansätze is constructed
to quantify how faithfully they follow the Schrödinger equation, a quantity that is shown to vanish
in the limit of large multiplicities. Three approaches to finite-temperature variational dynamics of
Davydov’s Ansätze are demonstrated, namely, the Monte Carlo importance sampling, the method
of thermofield dynamics, and the method of displaced number states. Applications of Davydov’s
Ansätze are given to variants of the spin-boson model, the Landau-Zener transition, the Holstein
Hamiltonian, energy transfer in light-harvesting, and singlet fission in organic photovoltaics. As
an example, simulation of multidimensional spectroscopic signals via Davydov’s Ansätze is fully
implemented for the finite-temperature fission process in crystalline rubrene.

1 Introduction

Recent years have seen an increasingly prolific use of multidimensional spectroscopy as an indispens-

able tool to interrogate energy and charge transfer in a large variety of material in photosynthesis and

photovoltaics [1–3]. In contrast to linear spectroscopy with often congested spectral lines, nonlinear

spectroscopic techniques allow for many laser interactions to differentiate dynamical processes of di-

verging time scales. For example, two-dimensional (2D) spectroscopy, which emerged as a powerful

technique in infrared/visible spectral ranges [4, 5], employs three ultra-short laser pulses, separated

by two time delays, namely, the coherence time and the waiting time, with the resultant signal field
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spectrally resolved in a given phase-matched direction. Interpretation of those spectroscopic respons-

es in terms of underlying molecular structure necessitates complex simulations to extract intrinsic

system dynamics encoded in spectroscopic signals, and often involves computation of the third-order

polarization P (3)(t) after solving coupled, many-body dynamics [6, 7].

A conceptually straightforward approach to third-order polarization is the density matrix for-

malism, where nonlinear response functions are obtained by propagating the density matrix of the

material system along different Liouville pathways [6]. The numerically exact approaches of hier-

archical equations of motion (HEOM) [8, 9] and the quasiadiabatic path integral (QUAPI) [10, 11]

are among the most successful density matrix methods for computing the nonlinear spectra [12–15].

But both methods are computationally prohibitive in the strong system-bath coupling regime and at

low temperatures despite overcoming well-known limitations of other equations-of-motion approach-

es, including the rotating wave approximation, the Markovian approximation, and the perturbative

approximant that is associated with the dynamical positivity problem. Furthermore, the construc-

tion of the HEOM restricts its applications to only certain forms of bath spectral densities, although

several spectrum decomposition techniques have been developed to tackle this issue [16–18].

Wave function-based methods offer an alternative to the density matrix formalism for comput-

ing third-order response functions at zero and finite temperatures. To solve the time-dependent

Schrödinger equation, the many-body wave function is expanded in a set of basis functions that

are propagated in time by numerical means. Typical examples of wave function-based methods in-

clude the multiconfiguration time-dependent Hartree (MCTDH) method and its multilayer extension

(ML-MCTDH) [19–22], the multiple spawning method [23, 24], the hierarchy of Davydov’s Ansätze

(HDA) [25–31], the multiconfigurational Ehrenfest (MCE) method [32–34], and other basis set meth-

ods [35–38], delivering accurate descriptions of quantum dynamics at zero and low temperatures. To

extend wave function-based methods such as the HDA approach to finite-temperature dynamics of

many-body systems, several useful techniques can be borrowed, including the method of Monte Car-

lo importance sampling to initialize vibrational modes in order to properly account for temperature

effects [39, 40], the method of thermo-field dynamics (TFD) that maps the Liouville-von Neumann

equation for the density matrix to the TFD Schrödinger equation with twice as many degrees of free-

dom [41–49], and the method of displaced number states exploiting the fact that initial excitation

of the vibrational manifold can be conveniently described by displaced number states of the bath

degrees of freedom [50, 51].

The focus of this review is on the HDA method, i.e., the formalism of employing Davydov’s

Ansätze [52, 53] and their multistate extensions (i.e., linear superpositions of the single Davydov
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Ansätze) [26, 27, 29, 54] to reveal accurate dynamics of quantum many-body systems and the cor-

responding spectroscopic manifestations. By using the time-dependent variational principle, those

Davydov trial states have been applied, with great success, to describe the ground-state as well as the

dynamic properties of the paradigmatic spin-boson model (SBM) as well as the Holstein molecular

crystal model [26, 27, 40, 45, 52–56]. The Davydov Ansätze are also integrated into the nonlinear

response function formalism, allowing for efficient simulations of single molecule and 2D electronic

spectra of molecular aggregates for close experimental comparison [25, 57, 58].

The remainder of the Review is structured as follows. Given in Sec. 2 is a concise history of Davy-

dov’s solitons and the hierarchy of Ansätze derived from them. Several variants of Davydov’s original

solitons are introduced from their association with the Fröhlich Hamiltonian and the Holstein molec-

ular crystal model, and momentum-space projection of those solitons are unveiled as approximations

of varying precision to the ground-state wave functions of the extended Holstein Hamiltonian. The

multiple Davydov Ansätze are discussed next as incremental improvements of their corresponding

single-Ansatz parents with increasing multiplicity. In Sec. 3, the time-dependent variational formal-

ism for Davydov’s Ansätze is given in great detail, using the multi-D2 Ansatz as an example, and

the relative deviation of the Ansätze is introduced to quantify the accuracy of the variational trial

states. In Sec. 4, three approaches to finite-temperature dynamics of Davydov’s Ansätze are dis-

cussed, namely, the Monte Carlo importance sampling, the method of thermofield dynamics, and the

method of displaced number states. In Sec. 5, simulation of linear spectra and multidimensional spec-

troscopic signals via Davydov’s Ansätze is detailed. In Sec. 6, we discuss applications of Davydov’s

Ansätze to the SBM and its variants, the Landau-Zener (LZ) transition, the Holstein Hamiltonian,

energy transfer in light-harvesting, and singlet fission (SF) in organic photovoltaics. How the HDA

approach is related to other Gaussian basis-set methods is elaborated in Sec. 7. Lastly, conclusions

are drawn in Sec. 8.

2 Brief History of Davydov Ansätze

In the early 1970s, Alexander S. Davydov proposed a new mechanism for transport and localization

of vibrational energy in proteins, in which the jargon of Davydov’s soliton first appeared [59–61].

Specifically, the vibrational energy of the CO stretching (or Amide-I) oscillators that is localized

on the alpha-helix of proteins may distort the helix structure, leading to trapping of the Amide-

I oscillation energy by acoustic phonons, a phenomenon also called self-trapping (borrowed from

theory of classical nonlinearity, also used in the polaron literature). Scott and Careri et al. have

also carried out experiments on crystalline acetanilide and discussed their results using Davydov’s
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model [62, 63]. Modifying Davydov’s original equations for the α-helix soliton, Scott claimed using

numerical results that such solitions may appear under physiological conditions [64]. Initially, two

versions of Davydov’s soliton were introduced, namely, the Davydov D1 and D2 trial states, with the

latter being a simplified form of the former [65–67].

It was realized early on that Davydov’s solitons have their roots in polaron theory [68, 69], and

equations of motion that the solitons follow in their time evolution differ from those proposed by

Davydov. As the quantum theory of polaron is linear, it is intriguing to consider how a polaronic

entity is capable to exhibit the behavior of a nonlinear classical system [70]. Along this line, various

theories have been devised connecting approximate solutions to the Fröhlich Hamiltonian to the

solitons of the nonlinear Schrödinger equation [71–73].

Davydov’s soliton, initially proposed in the context of energy transport in proteins, was a spa-

tially localized entity that is deprived of nearly all quantum characteristics. Its solitary structure is

seemingly at odds with the translational invariant symmetry of the Fröhlich Hamiltonian, to which

the solitons are approximate solutions. Čápek and Krausová showed that extended, translationally

invariant states always have lower energies than their solitary parent states [74]. Translationally

invariant remakes of Davydov’s solitons, obtained by projections onto the momentum space have

attracted much attention in the context of the Holstein molecular crystal model, and have been

systematically investigated [75–84]. The Davydov D2 Ansatz, for example, can be projected onto

the crystal-momentum space, yielding the celebrated Toyozawa Ansatz [75], a relatively decent ap-

proximation to the ground-state wave functions of the Holstein molecular crystal model for most of

the phase diagram except the regime of weak exciton-phonon coupling. A delocalized, momentum-

conserving state that simplifies Toyozawa’s Ansatz to one with only two variational parameters was

worked out for the Holstein polaron in mid-1980s [78], while the full version of Toyozawa’s Ansatz

was solved in early 1990s, revealing intricate details of the exciton-phonon quasi-particle previously

unavailable [79, 82]. The projection of Davydov D1 Ansatz onto the crystal-momentum space leads

to the delocalized D1 Ansatz, which is considerably more accurate than Toyozawa’s Ansatz and yield-

s results with accuracy on par with the computationally expensive density matrix renormalization

group (DMRG) method [84].

Mutliple Davydov Ansätze are simply linear superpositions of the corresponding single Davy-

dov Ansätze in which the bosonic components of the trial states are much more refined with the

multiplied coherent states. Inspired by numerically exact solutions to the problem of an electron-

ic excitation hopping between two sites, Shore and Sander experimented with trial wave functions

with two Gaussians to represent the phonon deformation [77], which are forerunners of the mutliple
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Davydov Ansätze. To a certain extent, the aforementioned translationally invariant descendents of

Davydov’s solitary states are also examples of the mutliple Davydov Ansätze since they are the su-

perposition of N copies of the single Davydov Ansätze for a lattice of N sites. Recently, the multiple

Davydov D1 Ansatz has been used as the variational wave function of choice to uncover a quantum

phase transition from a doubly degenerate “localized phase” to the other doubly degenerate “delocal-

ized phase” for a sub-Ohmic spin-boson model with simultaneous diagonal and off-diagonal coupling,

with corresponding transition points determined accurately, fully consistent with the results from the

methods of DMRG and exact diagonalization [85].

Time-dependent variants of the multiple Davydov Ansätze have not been implemented to extract

numerically exact dynamics of quantum many-body systems until very recently [27, 54]. The multi-

D2 Ansatz has been utilized to uncover high-precision dynamics of Holstein polaron which results

in fast, accurate implementation of multidimensional spectroscopy [27]. The SBM phase diagram of

the dynamical coherent-incoherent crossover near critical points have been obtained by the multi-D1

Ansatz, with the critical value of the spectral-density exponent estimated by the extrapolation [54].

2.1 Davydov’s solitons and their momentum-space projections

As a quasi-classical (or semi-classical) construct, Davydov’s soliton is shown, under certain approx-

imations, to be a solution to the nonlinear Schrödinger equation frequently encountered in soliton

studies [86]. The starting point of Davydov is the Fröhlich/Holstein-type Hamiltonian with linear

coupling between intramolecular excitations (Frenkel excitons) and molecular vibrations (phonons),

extending the concept of the polaron from its original context in polar crystals (Fröhlich polaron) to

phonon-dressed excitons in molecular systems.

In the second quantized form, the generalized one-dimensional Holstein Hamiltonian, also known

as the extended Holstein molecular crystal model, is given by

Ĥext
Hol = Ĥex + Ĥph + Ĥex−ph, (1)

Ĥex =
∑
k

Jka
†
kak,

Ĥph =
∑
q

ωqb
†
qbq,

Ĥex−ph = N−1/2
∑
kq

ωqf
q
−ka

†
k+qak(bq + b†−q),

where a†k, b
†
q (ak, bq) are the exciton and phonon creation (annihilation) operators of wave vectors

k and q, respectively, and ωq is the frequency of qth mode. Jk is the Fourier transform of the

site-space transfer integral Jn (n denotes the hopping distance in units of lattice spacing). f qk is
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the linear exciton-phonon coupling parameter (linear exciton-phonon coupling leads to a shift in

the equilibrium position of the nuclei, while quadratic coupling alters the phonon frequency). We

have set ~ = 1 in this review for simplicity. Here we only consider interactions of the exciton with

deformations on the lattice site it resides on (or its nearest neighbors) due to the short-range nature of

exciton-phonon coupling. Hamitonian (1) is the generalized Holstein molecular crystal model in one

dimension, which describes quasi-one-dimensional solids (anisotropic molecular crystals and especially

polymeric crystals) characterized by considerable anisotropy in their electronic transport properties.

A continuum Hamiltonian which preceded the above lattice Hamiltonian is the Fröhlich Hamiltonian,

originally proposed by H. Fröhlich for the problem of a slow electron in an ionic crystal [87] (the

“real” polaron problem). Thanks to the fact that systems of coupled electrons and phonons constitute

some of the simplest yet richest structures in condensed matter physics, the Fröhlich Hamiltonian

has been the subject of continuous attention for the last seventy years. The interest extends far

beyond physical descriptions of materials. The field has been a testing ground for various theoretical

techniques, including the first application of field theoretic approaches to condensed matter physics.

Recent applications of the Fröhlich Hamiltonian are found in the context of low dimensional systems

such as CuO2-based materials [88], quantum wires[89, 90], and superfluids[91]. The original form of

the Fröhlich Hamiltonian also contains three terms [92]:

ĤFroh =
P⃗ 2

2
+
∑
q⃗

b†q⃗bq⃗ + i(

√
2πα

V
)
1
2

∑
q⃗

b†q⃗e
−iq⃗·X⃗ −H.c.

|q⃗|
(2)

where the Einstein phonon frequency ω and electron massme have been set to unity, X⃗ is the position

vector of the electron and P⃗ its conjugate momentum, b†q⃗ (bq⃗) is the phonon creation (annihilation)

operator, and the coupling constant α is given in terms of the static and high frequency dielectric

constants ϵ and ϵ∞ by α = 2−
1
2 e2(ϵ−1

∞ − ϵ−1). The electron-phonon coupling in Eq. (2) arises

from a long-range Coulomb interaction, which is to be distinguished from the short-range nonpolar

interaction in Holstein systems.

The Fröhlich Hamiltonian is but one of the models that one may consider in the discussion of

Davydov’s solitons. The Hamiltonian describes two linear fields, such as an electronic excitation or

an intramolecular vibration, and a collection of phonons, interacting with one another. The most

immediate concept associated with the Fröhlich Hamiltonian, or its discrete extension in a lattice,

the Holstein Hamiltonian, is in fact a polaron, which is defined as a quasiparticle excitation in a solid

consisting of a bare particle nontrivially correlated with the deformation or polarization quanta of

the solid. Davydov’s solitons are, on the other hand, particle-like solutions to nonlinear Schrödinger

equation that are connected to the polarons in the correspondence limit [93]. While it is likely that

6



the polarons are in fact the quantum solitons, Davydov’s solitons represent limiting forms of the

polaron in the adiabatic limit [82].

The stability of Davydov’s soliton in the presence of thermal fluctuations has been an issue

of major concern and sustained contention in the field. A quantum Monte Carlo study of the

model proposed by Davydov for the description of energy transport processes in the α helix shows

that Davydov’s soliton exhibits classical hopping behavior at physiological temperature [94, 95], in

agreement with earlier simulations of finite-temperature molecular dynamics [96]. Highly localized

spatially and bearing a close resemblance to Davydov’s soliton, a coherent structure is found to exist

in quantum Monte Carlo simulation at low temperatures, but is substantially destroyed above 7 K

[94]. Förner also studied the thermal stability of Davydov’s D2 Ansatz by including temperature

effects in the model [97–99], but claimed that Davydov’s soliton is stable at room temperature in his

simulation under certain conditions on parameter values which may be fulfilled in proteins, citing

additional supporting arguments from Langevin-equation models and perturbative approaches [97].

Davydov’s solitons are localized entities that were proposed to describe a soliton-like transport

phenomenon in proteins. In order to connect Davydov’s solitions to accurate variational trial states

for translationally invariant Hamiltonians such as the aforementioned Holstein molecular crystal

model, Hamitonian (1), one has to carry out projections of the localized Davydov solitons onto

the crystal-momentum space. As an illustration of this projection procedure, we first introduce a

translationally invariant trial state (with some resemblance to the Davydov D2 Ansatz):

|ΨK
small⟩ = N− 1

2

∑
n

eiKna†n exp[−
∑
n2

(δKn2−nb
†
n2
− δK∗

n2−nbn2)] |0⟩, (3)

where |0⟩ stands for the vacuum state for both the exciton and the phonon field, and δKn is the

variational parameter for phonon displacements. Ansatz (3), which we shall call the small polaron

Ansatz, is constructed (apart from a factor N1/2) via the application of the following projection

operator characterized by parameter K,

Ξ̂(K) = N−1
∑
n

ei(K−P̂ )n, (4)

onto a localized structure centered, without loss of generality, at site n = 0

a†0 exp[−
∑
n2

(δKn2
b†n2
− δK∗

n2
bn2)] |0⟩. (5)

Here P̂ is the crystal momentum operator

P̂ =
∑
k

ka†kak +
∑
q

qb†qbq. (6)
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The localized structure consists of a single excitation localized at site n = 0 accompanied by a

phonon cloud of a single coherent state characterized by δKn . The operator (4) yields a sum over n

of localized structures (i.e., Davydov’s solitons) displaced from the origin by n lattice spacings, and

each weighted by a factor of eiKn.

In 1961, Toyozawa proposed a translationally invariant trial state [75], which we call Toyozawa’s

Ansatz:

|ΨK
Toyo⟩ = N− 1

2

∑
n

eiKn
∑
n1

ψK
n1−na

†
n1

exp[−
∑
n2

(λKn2−nb
†
n2
− λK∗

n2−nbn2)]|0⟩. (7)

Here λKn again characterizes the phonon displacement, and the new addition ψK
n is the exciton

amplitude which describes the distribution of the electronic excitation (ψK
n is reduced to δn,0 in the

small polaron Ansatz). Toyozawa’s Ansatz can be constructed by making the structure

|ΨD2⟩ =
∑
n1

ψK
n1
a†n1

exp[−
∑
n2

(λKn2
b†n2
− λK∗

n2
bn2)]|0⟩ (8)

translationally invariant by means of the projection operator of (4) (ψK
n1

in general has a localized

form). The above localized structure is also the so-called “D2” Ansatz in the theory of Davydov’s

solitons, which attempts to explain the localization and transport of vibrational energy in proteins

via polaron models.

Unlike the small polaron Ansatz (3), with localized electronic excitation on a single site (ψK
n →

δn,0), Eq. (8) allows its electronic excitation to adapt self-consistently to the phonon field, despite

that the two are not explicitly correlated since n1 and n2 are independent of each other. Is such

explicit correlation important to the structure and the energy of the ground state of Hamiltonian

(3)? Again we will refer to the literature on the theory of Davydov’s solitons, in which a more general

localized Ansatz state by the name of the Davydov “D̃” Ansatz was proposed by Ivić et al.[100]

|ΨD̃⟩ =
∑
n1

ψK
n1
a†n1

exp{−
∑
n2

[(αK
n2
− βKn2−n1

)b†n2
−H.c.]}|0⟩ (9)

where H.c. denotes Hermitian conjugate, and the new variational parameter βKn is introduced to

provide a direct correlation between the exciton amplitude and the phonon field. Eq. (9) is in fact an

intermediate step between the localized structure of Toyozawa’s Ansatz (8) and the so-called “D1”

Ansatz in the theory of Davydov’s solitons:

|ΨD1⟩ =
∑
n1

ψK
n1
a†n1

exp[−
∑
n2

(γKn2,n1
b†n2
−H.c.)]|0⟩. (10)

As compared with the Davydov “D1” Ansatz with triple-indexed variational parameter γKn2,n1
, the

dependence of the phonon structure on the exciton label n1 enters Eq. (9) solely through βKn2−n1
.
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Figure 1: Schematic of the hierarchy of Davydov Ansätze. Sitting at the second row from the top
are Davydov’s solitons, the D1 Ansatz, the D̃ Ansatz, the D1.5 Ansatz, and the D2 Ansatz, in the
order of decreasing sophistication. Three translationally invariant Davydov Ansätze are listed at the
bottom row. Two time-dependent, multiple Davydov Ansätze, the multi-D1 Ansatz and multi-D2

Ansatz, occupy the top row.

While there is some redundancy between αK
n and βKn , αK

n cannot be absorbed into βKn because

βKn2−n1
in Eq. (9) only captures the part of the phonon field that depends on the relative separation

n2 − n1 between the excitation and the phonon. If βKn is weakly dependent on n, then it is not well

distinguished from αK
n when the summation over the exciton index n1 is performed. If we define

βKq as the Fourier transform of βKn , then the long wavelength components of βKq are by construction

somewhat repetitive of αK
q , the Fourier transform of αK

n .

Delocalization of Eq. (9) yields the delocalized Davydov “D̃” Ansatz [53]

|ΨK
GL⟩ = N− 1

2

∑
n

eiKn
∑
n1

ψK
n1−na

†
n1

exp{−
∑
n2

[(αK
n2−n − βKn2−n1

)b†n2
−H.c.]}|0⟩, (11)

which is also known as the Global-Local Ansatz [83]. Similarly, projection of the Davydov “D1”

Ansatz on to the crystal-momentum space leads to the delocalized Davydov “D1” Ansatz [84]

|ΨK
dD1
⟩ = N− 1

2

∑
n

eiKn
∑
n1

ψK
n1−na

†
n1

exp{−
∑
n2

[γKn2−n,n1−nb
†
n2
−H.c.]}|0⟩, (12)

The exciton amplitudes ψK
n serve as weights in a linear superposition of phonon coherent states
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if Toyozawa’s Ansatz (7) is viewed in the following form[101]:

|ΨK
Toyo⟩ = N− 1

2

∑
n

eiKna†n
∑
n1

e−iKn1ψK
n1

exp[−
∑
n2

(λKn2+n1−nb
†
n2
− λK∗

n2+n1−nbn2)]|0⟩.

Similarly, the Global-Local Ansatz (11) may also be written as

|ΨK
GL⟩ = N− 1

2

∑
n

eiKna†n
∑
n1

e−iKn1ψK
n1

exp{−
∑
n2

[(αK
n2+n1−n − βKn2−n)b

†
n2
−H.c.]}|0⟩.

In this form, we see that βKn2−n represents a component of the phonon field that remains constant

when the linear superposition sum over n1 is performed on phonon coherent states.

In Fig. 1, a schematic drawing of the hierarchy of Davydov Ansätze is presented, illustrating

various Davydov trial states discussed earlier and the intertwined relations among them. Sitting

at the second row from the top are Davydov’s solitons, namely, the D1 Ansatz, the D̃ Ansatz,

the D1.5 Ansatz, and the D2 Ansatz, all of which are localized in the site space. Upon projection

onto the crystal-momentum space, translationally invariant Davydov Ansätze at the bottom row are

generated, in decreasing sophistication, the delocalized D1 Ansatz, the Global-Local Ansatz, and

Toyozawa’s Ansatz.

2.2 Multiple Davydov trial states

Using as an example the two-site problem of the SBM, we demonstrate how the aforementioned

Davydov trial states can be extended to include a linear combination of coherent states in order to

increase their accuracies in the study of the dynamical properties of many-body quantum systems.

The Hamiltonian of the spin-boson model, ĤSBM, is written as

ĤSBM = ĤS + ĤSB + ĤB, (13)

ĤS =
ϵ

2
σz −

∆

2
σx,

ĤSB =
σz
2

∑
l

λl(b
†
l + bl),

ĤB =
∑
l

ωlb
†
l bl.

Here, σi (i = x, z) are Pauli operators defined as σx = |+⟩⟨−|+ |−⟩⟨+| and σz = |+⟩⟨+|−|−⟩⟨−| with

|+⟩ and |−⟩ representing two electronic localized states. ϵ and ∆ is the energy bias and the coupling

constant between two electronic states, respectively. b†l (bl) is creation (annihilation) operator for the

bosonic bath mode of frequency ωl, and λl is the strength of the coupling between the system and

the lth mode.
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Firstly, the Davydov D1 Ansatz can be readily extended to form its multiple variant |ΨM
D1

(t)⟩,

i.e., the so-called multi-D1 Ansatz with mulplicity M , as follows

|ΨM
D1

(t)⟩ =
M∑
u

Au(t)|+⟩ exp(
∑
l

ful(t)b
†
l −H.c.)|0⟩ph +

M∑
u

Bu(t)|−⟩ exp(
∑
l

gul(t)b
†
l −H.c.)|0⟩ph (14)

Here |+⟩(|−⟩) stands for the spin-up (spin-down) state, and |0⟩ph is the vacuum state of the boson

bath. Au(t), Bu(t) are variational parameters used to represent the amplitudes of states |+⟩ and

|−⟩, respectively, and ful(t) and gul(t) are the corresponding phonon displacements, where u and l

denotes the uth coherent state and the lth mode, respectively.

Similarly, the multiple variant of the Davydov D2 Ansatz, also known as the multi-D2 Ansatz, is

given by

|ΨM
D2

(t)⟩ =
M∑
u

[Au(t)|+⟩+Bu(t)|−⟩] exp(
∑
l

ful(t)b
†
l −H.c.)|0⟩ph (15)

A trial state with its complexity falling between those of the Davydov D1 and D2 Ansatz, the Davydov

D1.5 Ansatz [102] can also be extended to form the multi-D1.5 Ansatz of multiplicity M as follows

|ΨM
D1.5

(t)⟩ =
M∑
u

Au(t)|+⟩e(
∑

l(ful(t)−Nl)b
†
l−H.c.)|0⟩ph +

M∑
u

Bu(t)|−⟩e(
∑

l(ful(t)+Nl)b
†
l−H.c.)|0⟩ph (16)

where Nl = λl/2ωl. Similar extensions can be made to the Davydov D̃ Ansatz.

From a quick comparison of Eqs. (14) and (15), it is noted that the multi-D2 Ansatz can be viewed

as a simplified version of the multi-D1 Ansatz of the same multiplicity in that the bath displacements

in the former are the same for the spin up and spin down states. However, upon a close inspection

of the expression of the multi-D2 Ansatz in Eq. (15), the multi-D1 Ansatz can also be viewed as a

special case of the multi-D2 Ansatz of twice the multiplicty: Au(t) = 0 for even u, and Bu(t) = 0 for

odd u. The multi-D1.5 Ansatz, on the other hand, sits between the multi-D1 and multi-D2 Ansätze

of the same multiplicity in the level of sophistication, i.e., the bath displacements in the spin up and

spin down states are not independent but are linearly connected as compared to the multi-D1 Ansatz,

similar to what has been encountered in the case of the Davydov D̃ Ansatz with its sophistication

sandwiched between that of the Davydov D1 and D2 Ansatz.

Lastly, in a similar manner as above, the multiple-site dynamic problem of Hamiltonian (1) can be

solved numerically to any desired precision by extending the Davydov D2 and D1 trial states, Eqs. (8)

and (10), to their respective multiple variants, provided sufficient multiplicities of the Ansätze [26, 27].

The multiple-site(state) multi-D1 Ansatz of multiplicity M can be compactly expressed as [27, 29]

|ΨM
D1

(t)⟩ =
∑
m

|m⟩
M∑
k=1

Amk(t)e

(∑
l fm,kl(t)b

†
l−H.c.

)
|0⟩ph, (17)
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where |m⟩ represents the mth excitation state of a multiple-state system, or the excitation at the

mth site of a multiple-site system. The corresponding version for the multi-D2 Ansatz is written

as [27, 103]

|ΨM
D2

(t)⟩ =
∑
m

|m⟩
M∑
k=1

Amk(t)e

(∑
l fkl(t)b

†
l−H.c.

)
|0⟩ph. (18)

In the subsequent sections, we will use |DM
1,2⟩ to refer to the multiple Davydov Ansätze |ΨM

D1,2
⟩.

In Fig. 1, occupying the top row are the two time-dependent, multiple Davydov Ansätze, namely,

the multi-D1 Ansatz and multi-D2 Ansatz, which have been successfully applied to a number of

many-body quantum systems [104–106], yielding numerically exact solutions.

3 Time-Dependent Variational Scheme of Davydov’s Ansätze

Using the multiple-state multi-D2 Ansatz (18) as an example, we demonstrate in this section how

equations of motion for the variational parameters in a Davydov Ansatz can be derived in the frame-

work of the time-dependent variational principle. The equations that govern the time propagation

of the variational parameters µi can be obtained from Euler equations of motion,

d

dt

∂L

∂µ̇∗i
− ∂L

∂µ∗i
= 0, (19)

where the Lagrangian is given by

L =
i

2

[
⟨DM

2 (t)|
−→
∂

∂t
|DM

2 (t)⟩ − ⟨DM
2 (t)|

←−
∂

∂t
|DM

2 (t)⟩

]
− ⟨DM

2 (t)|H|DM
2 (t)⟩ =: Ltd − LH. (20)

Using the normalization of the Davydov Ansatz, the derivative needs only to be taken to the right,

simplifying the derivation considerably. Thus the first term in Eq. (20), Ltd, is given by

Ltd = i⟨DM
2 (t)|

−→
∂

∂t
|DM

2 (t)⟩ = i
∑
m

M∑
k,p

A∗
mkSkp

(
Ȧmp +Amp

∑
q

2f∗kqḟpq − f∗pqḟpq − fpqḟ∗pq
2

)
, (21)

where the Debye-Waller factor is Skp = exp
∑

q

{
−
(
|fkq|2 + |fpq|2

)
/2 + f∗kqfpq

}
. The second term

LH is in fact the average energy of the system in Eq. (20), which can be obtained as

LH =
⟨
DM

2 (t)
∣∣H ∣∣DM

2 (t)
⟩

=
∑
m

M∑
k,p

ϵmA
∗
mkAmpSkp +

∑
m

∑
m′ ̸=m

M∑
k,p

Jmm′A∗
mkAm′pSkp

+
∑
m

M∑
k,p

A∗
mkAmp

∑
q

ωqf
∗
kqfpqSkp +

∑
m

∑
m′

M∑
k,p

∑
q

gmm′
q A∗

mkAm′p

(
fpq + f∗kq

)
Skp. (22)
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It follows that the time-dependent variational principle results in equations of motion for Amp,

i

M∑
p

ȦmpSkp + i

M∑
p

Amp

∑
q

[
−1

2

(
ḟpqf

∗
pq + fpqḟ

∗
pq

)
+ f∗kqḟpq

]
Skp

= ϵm

M∑
p

AmpSkp +
∑

m′ ̸=m

M∑
p

Jmm′Am′pSkp +
M∑
p

Amp

∑
q

ωqf
∗
kqfpqSkp

+

M∑
p

Amp

∑
q

gmm
q

(
fpq + f∗kq

)
Skp +

∑
m′ ̸=m

M∑
p

Am′p

∑
q

gmm′
q

(
fpq + f∗kq

)
Skp. (23)

Similarly, the equations of motion for fpq are

i
∑
m

M∑
p

A∗
mkȦmpfpqSkp + i

∑
m

M∑
p

A∗
mkAmpḟpqSkp

+i
∑
m

M∑
p

A∗
mkAmpfpqSkp

∑
q′

[
f∗kq′ ḟpq′ −

1

2

(
ḟpq′f

∗
pq′ + fpq′ ḟ

∗
pq′

)]

=
∑
m

M∑
p

ϵmA
∗
mkAmpfpqSkp +

∑
m

∑
m′ ̸=m

M∑
p

Jmm′A∗
mkAm′pfpqSkp

+
∑
m

M∑
p

A∗
mkAmpωkfpqSkp +

∑
m

M∑
p

fpq
∑
q′

A∗
mkAmpωq′f

∗
kq′fpq′Skp

+
∑
m

∑
m′

M∑
p

A∗
mkAm′pg

mm′
q Skp +

∑
m

∑
m′

M∑
p

fpq
∑
q′

A∗
mkAm′pg

mm′
q′

(
fpq′ + f∗kq′

)
Skp

(24)

To avoid singularity, noise satisfying the uniform distribution within [−10−5, 10−5] is added to the

variational parameters Amk and fkl of the initial states. Eqs. (23) and (24) construct a set of linear

differential equations, i.e., A ˙⃗x = B, which can be solved by the fourth-order Runge Kutta method.

However, since the parameter matrix A is generally not a square matrix of full rank, the inverse of

A does not always exist. Fortunately, the Moore-Penrose pseudo inverse is a generalization of the

matrix inverse when the matrix may not be invertible. It is worth mentioning that the pseudo inverse

function ”pinv” based on the singular value decomposition can be called in Matlab.

In addition, we can introduce the relative deviation to evaluate the performance of the multi-D1,2

Ansatz. Assuming the trial wave function |DM
1,2(t)⟩ = |Ψ(t)⟩ at the time t, we introduce a deviation

vector δ⃗(t) to quantify the accuracy of the variational dynamics based on the multiple Davydov trial

states,

δ⃗(t) = χ⃗(t)− γ⃗(t) = ∂

∂t
|Ψ(t)⟩ − ∂

∂t
|DM

1,2(t)⟩. (25)
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where the vectors χ⃗(t) and γ⃗(t) obey the Schrödinger equation χ⃗(t) = ∂|Ψ(t)⟩/∂t = −iĤ|Ψ(t)⟩ and

the variational dynamics γ⃗(t) = ∂|DM
1,2⟩/∂t in Eq. (19), respectively. Using the Schrödinger equation

and the relationship |Ψ(t)⟩ = |DM
1,2(t)⟩ at the moment t, the deviation vector δ⃗(t) can be calculated

as

δ⃗(t) = −iĤ|DM
1,2(t)⟩ −

∂

∂t
|DM

1,2(t)⟩. (26)

Thus, Ansatz deviation from the exact Schrödinger dynamics can be quantified by the amplitude

of the deviation vector ∆(t) = ||δ⃗(t)||. In order to view the deviation in the parameter space, a

dimensionless relative deviation σ is calculated as

σ =
max{∆(t)}

mean{Nerr(t)}
, t ∈ [0, tmax]. (27)

where Nerr(t) = ||χ⃗(t)|| is the amplitude of the time derivative of the wave function,

Nerr(t) =

√
⟨ ∂
∂t

Ψ(t)| ∂
∂t

Ψ(t)⟩ =
√
⟨DM

1,2(t)|Ĥ2|DM
1,2(t)⟩. (28)

4 Finite-Temperature Dynamics of Davydov’s Ansätze

4.1 Monte Carlo Importance Sampling

The conventional procedure of time-dependent variation described in Sec. 3 is only applicable at zero

temperature. Since laboratory measurements are inevitably carried out at nonzero temperatures,

it is essential to understand many-body quantum dynamics and its spectral manifestation at finite

temperatures. To extend the variational approach to finite temperatures, in this section a Monte

Carlo method is adopted, similar to what is employed in the ML-MCTDH method [21, 39].

For simplicity, we demonstrate the approach using the ĤSBM of Eq. (13) as an example. The

initial density matrix for the entire system is assumed to have a factorized form, i.e. ρ̂tot(0) = ρ̂(0)ρ̂eqB ,

where ρ̂(0) = |+⟩⟨+|. The extension to more general initial conditions with superposition of |−⟩ and

|+⟩ is straightforward, which is important for modeling nonlinear spectroscopy.

The expectation value of an observable Ô(t) at finite temperatures can be expressed as

⟨Ô(t)⟩ = Tr{Ôe−iĤSBMtρ̂eqB |1⟩⟨1|e
iĤSBMt}. (29)

In principle, the observables at t can be calculated in any representations. We employ the coherent

state representation to calculate the observable as

⟨Ô(t)⟩ = π−Nb

∫
d2α⟨α|⟨1|ρ̂eqB e

iĤSBMtÔe−iĤSBMt|1⟩|α⟩, (30)
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where |α⟩ denotes a direct product of coherent states (α1, α2, α3, · · · , αNb
) for the Nb discrete bath

modes, and is expressed as |α⟩ = exp(
∑

l αlb
†
l − H.c.)

∣∣0⟩
B
. Each αi runs over all of the feasible

coherent states. The element of area d2αi on the complex plane of αi denotes dRe(αi) · dIm(αi),

which Re(αi) and Im(αi) are the real and imaginary part of αi, respectively. The equilibrium density

matrix of the bath at a finite temperature is a diagonal matrix, and can be expressed as[107, 108]

ρ̂eqB =

∫
d2α p(α; β)|α⟩⟨α|, (31)

where p(α; β) represents the diagonal elements of the density matrix in the coherent state represen-

tation and can be expressed as[109]

p(α; β) =

Nb∏
l

[
eβωl − 1

π
exp

(
−|αl|2(eβωl − 1)

)]
. (32)

Here β = 1/(kBT ) (kB is the Boltzmann constant and T is the temperature). As shown in Eq. (32),

p(α; β) is a positive defined function of α and can be seen as a probability density. Substituting

Eq. (31) into Eq. (30), the observables ⟨Ô(t)⟩ at finite temperatures can be obtained by the average

according to the probability density p(α; β) as

⟨Ô(t)⟩ =
∫
d2αp(α; β)⟨α|⟨1|eiĤSBMtÔe−iĤSBMt|1⟩|α⟩

=

∫
d2αp(α; β)⟨DM

1,2(t; α)|Ô|DM
1,2(t; α)⟩. (33)

For the second equality, we have used the multi-D1 or D2 Ansatz,
∣∣DM

1,2(t; α)
⟩
= e−iĤSBMt

∣∣1⟩∣∣α⟩,
and

∣∣DM
1,2(0; α)

⟩
denotes a trial state with initial bath displacements of α at t = 0. For the case of

the multi-D1 Ansatz, initial condition parameters are A1(0) = 1, B1(0) = 0, An(0) = Bn(0) = 0 for

n ̸= 1 and fnl(0) = gnl(0) = αl for all n and l. Likewise, initial parameters of the multi-D2 Ansatz

are A1(0) = 1, B1(0) = 0, An(0) = Bn(0) = 0 for n ̸= 1 and fnl(0) = αl for all n and l.

The expectation value of the observable at finite temperature can numerically be calculated by

the technique of Monte Carlo importance sampling as

⟨Ô(t)⟩ = 1

Ns

Ns∑
i

⟨DM
1,2(t; αi)|Ô|DM

1,2(t; αi)⟩, (34)

where Ns is the sampling number. The configuration αi for the bath is numerically generated

according to p(α; β) by importance sampling, where p(α; β) is the Boltzmann distribution used

as the weighting function in the importance sampling procedure. Letting 2σ2l = 1/(eβωl − 1) and

αl = xl + ipl, p(α; β) in Eq. (32) can be partitioned into two independent Gaussian distribution as

p(α; β) =

Nb∏
l

1√
2πσl

e
− x2l

2σ2
l

1√
2πσl

e
− p2l

2σ2
l , (35)
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where σl can be taken as the variance of the Gaussian distribution. To avoid singularity, boson

displacements in the trial states are initialized by setting fnl(0) = gnl(0) = αl + ϵ0, where noise ϵ0

satisfying the uniform distribution [−10−2, 10−2] is added to the variational parameters of the initial

states. From the definition of σl, a lower temperature or the higher frequency ωl gives a smaller σl.

The zero temperature case corresponds to every bath mode being in the ground state initially, and

it is equivalent to a coherent state with displacement parameter, αl = 0 for all l. In this case, the

observable of Eq. (33) or Eq. (34) reduces to that at zero temperature, ⟨DM
1,2(t)|Ô|DM

1,2(t)⟩.

4.2 Thermofield Dynamics

The TFD method was introduced in the 1970s to provide a finite temperature representation of quan-

tum mechanics within the wave-function formalism, mostly as an analytical tool [42, 110–112]. It was

recognized only recently that TFD can be transformed into a powerful instrument for dynamics sim-

ulation of many-body quantum systems at finite temperatures. To achieve that, the TFD machinery

must be combined with highly efficient methods of integration of multidimensional Schrödinger equa-

tions based, for example, on the tensor-train (TT) [113, 114] or the Davydov Ansätze. The TFD-TT

approach and its applications have recently been reviewed in Ref. [115]. In the physics literature,

TTs are synonymous to matrix product states (MPS), and TFD-TT is similar to the method of

finite-temperature time-dependent density matrix renormalization group (TD-DMRG) [116], which

is summarized in Refs. [117, 118]. The approach marrying the Davydov Ansätze to the TFD method

has been successfully applied to the Holstein polaron in Ref. [45].

The TFD representation can efficiently be introduced for systems described by so-called vibronic

coupling (VC) Hamiltonians, in which diabatic potential energy surfaces are represented by poly-

nomials of nuclear coordinates. The VC representation is commonly used for the construction of

ab initio Hamiltonians of polyatomic chromophores [119, 120], molecular aggregates [121, 122] and

molecular materials [123, 124]. The Hamiltonians of Eqs. (1) and (13) considered in the present

work belong to the class of VC Hamiltonians. To introduce the TFD methodology, we follow the

presentation of Sec. 4.1 and consider the SBM system at finite temperatures as an example. Systems

governed by other VC Hamiltonians can be treated in much the same manner.

The time evolution of the SBM system is specified by the density matrix ρ̂tot(t) whose time

evolution obeys the Liouville – von Neumann equation

∂tρ̂tot(t) = −i[ĤSBM, ρ̂tot(t)], ρ̂tot(0) = |+⟩⟨+|ρ̂eqB . (36)

Following Ref. [125], we introduce the eigenvectors of the bath Hamiltonian, ĤB|k⟩ = Ek|k⟩. Ob-

viously, |k⟩ =
∏

l |kl⟩ where Ek =
∑

l klωl and |kl⟩ are the eigenvectors of the lth phonon mode.
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We also define vectors |k̃⟩ which are a copy of the original vectors |k⟩ but act in a different Hilbert

space, the so-called tilde space. Using the notation |kk̃⟩ = |k⟩|k̃⟩, we introduce the unity vector

|I⟩ =
∑

k |kk̃⟩ and the thermal vacuum state,

|0(β)⟩ =
√
ρ̂eqB |I⟩ = Z

− 1
2

B e−
1
2
ĤB |I⟩, (37)

ZB being the partition function. With these definitions, the thermal Boltzmann distribution can

be rewritten in the form ρ̂eqB = Trk̃{|0(β)⟩⟨0(β)|} where Trk̃{...} indicates the trace over the tilde

subspace. Let us now consider the Liouville – von Neumann equation

∂tσ̂tot(t) = −i[ĤSBM, σ̂tot(t)], σ̂tot(0) = |+⟩⟨+||0(β)⟩⟨0(β)|. (38)

Obviously, ρ̂tot(t) = Trk̃{σ̂tot(t)}. Furthermore, Eq. (36) in which ĤSBM → ĤSBM − h̃ (h̃ being any

operator acting in the tilde subspace only) yields σ̂tot(t) which produces the same ρ̂tot(t). Since the

initial condition of Eq. (38) corresponds to a pure state, we obatin

σ̂tot(t) = |ψ(t)⟩⟨ψ(t)| (39)

where the wave function |ψ(t)⟩ obeys the TFD Schrödinger equation

∂t|ψ(t)⟩ = −i(ĤSBM − h̃)|ψ(t)⟩, |ψ(0)⟩ = |+⟩|0(β)⟩. (40)

It has thus been demonstrated that the solution of the original Liouville – von Neumann equation

(36) is equivalent to the solution of the TFD Schrödinger equation (40).

The key advantage of the TFD method is a compact analytical representation of the thermal

vacuum state given by the thermal Bogoliubov transformation

e−iG|00̃⟩ = |0(β)⟩ (41)

where |00̃⟩ is the ground state in the |k⟩ ⊗ |k̃⟩ subspace. Applying the thermal Bogoliubov transfor-

mation to Eq. (40), we obtain

i∂t|ψθ(t)⟩ = Ĥθ
SBM|ψθ(t)⟩, |ψθ(0)⟩ = |+⟩|00̃⟩ (42)

where Ĥθ
SBM = eiG(ĤSBM−h̃v)e−iG, |ψθ(t)⟩ = eiG|ψ(t)⟩. For thermal vacuum state |0(β)⟩ of Eq. (37),

the operator of the thermal Bogoliubov transformation reads [42, 110–112] G = −i
∑

l θl(blb̃l − b
†
l b̃

†
l )

where θl = arctanh(e−βωl/2). For obtaining the explicit form of the transformed Hamiltonian Ĥθ
SBM,

it is convenient to choose [115] h̃ =
∑

l ωlb̃
†
l b̃l. We thus obtain the TFD Schrödinger equation (42) in
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which [115]

Ĥθ
SBM = Ĥθ

S + Ĥθ
SB + Ĥθ

B, (43)

Ĥθ
S = ĤS,

Ĥθ
SB =

σz
2

∑
l

λl

[
cosh(θl)(b

†
l + bl) + sinh(θl)(b̃

†
l + b̃l)

]
,

Ĥθ
B =

∑
l

ωl

[
b†l bl − b̃

†
l b̃l

]
.

The TFD Schrödinger equation (42) is governed by the TFD Hamiltonian Ĥθ
SBM of Eq. (43). It is

fully equivalent to the original Liouville – von Neumann equation (36) governed by the Hamiltonian

ĤSBM. Hence all observables evaluated via Eqs. (42) and (36) are identical. The number of phonon

modes in Ĥθ
SBM is double of that in the original Hamiltonian ĤSBM of Eq. (13), and electron-phonon

couplings in Ĥθ
SBM are renormalized by temperature-dependent factors: cosh(θl) for physical phonon

modes and sinh(θl) for tilde phonon modes. If T → 0 then θl → 0, the coupling to the tilde space

disappears, and the standard Schrödinger equation is recovered as expected. Nonzero temperature

causes dynamical mixing of the physical (bl, b
†
l ) and tilde (b̃l, b̃

†
l ) variables. The number of electronic

degrees of freedom in the Hamiltonians of Eqs. (13) and (43) remains unchanged.

It is essential that the TFD Hamiltonian of Eq. (43) has absolutely the same structure as the

original SBM Hamiltonian of Eq. (13). Hence the TFD Schrödinger equation (42) can be treated

as the usual Schrödinger equation, and all formal derivations (e.g. those based on time-dependent

perturbation theory) remain unaffected. Furthermore, all variants of the Davydov Ansatz methods

used for the solution of Schrödinger equations at zero temperature are directly applicable to the

solution of TFD Schrödinger equations at final temperatures.

4.3 Displaced Number States

Another approach to introduce temperature effects in the time evolution of many-body quantum

dynamics using the multi-D2 Ansatz is based on the displaced number states, thanks to the fact that

initial excitation of the vibrational manifold in the system can be conveniently described by displaced

number states of the bath degrees of freedom.

The multi-D2 Ansatz of multiplicity M for the displaced number state is given by [50, 51]

|Dn⃗,M
2 (t)⟩ =

∑
m |m⟩

∑M
k=1A

n⃗
m,k(t)e

(∑
q f

n⃗
kq(t)b

†
q−H.c.

)
|n⃗⟩,

which can be used to include temperature effects. Here |n⃗⟩ = |n1n2 · · ·nw⟩ and |m⟩ denotes diabatic

electronic states. The time-dependent variational parameters µ⃗ = {An⃗
mk(t), f

nq

kq (t)} can be derived

from the time-dependent variational principle via the construction of the corresponding Lagrangian.
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Two ways to proceed are available in the context of using displaced number states. The first is to

derive relatively complex equations of motion that depend on the initial excitation state index but

have trivial initial conditions, while the second is to expand the initially excited oscillator number

states in terms of coherent states, then to obtain the standard equations of motion but with nontrivial

initial conditions that have to be sampled along a circle in the phase space. It turns out that the latter

that greatly alleviates numerics is preferable, which will be described in detail in this subsection.

It is well known that the number state |nl⟩ of the harmonic oscillator can be expanded in terms

of coherent states [50], which becomes

|nl⟩ =
1

2π

√
nl!e|βl|2

|βl|2nl

∫ π

−π
dθle

−inlθl ||βl|eiθl⟩. (44)

To discretize the integral over θl, we adopt the approximate expression

|nl⟩ ≈

√
nl!e|βl|2

|βl|2nl

1

N

N−1∑
kl=0

e−inlθkl ||βl|eiθkl ⟩, (45)

where θkl = −π + 2π
N kl and kl = 0, ..., N − 1.

Following Werther et al. [50], for the Davydov D2 Ansatz with multiplicity M ≥ Nw (w is the

number of modes that may be excited), the initial conditions with the w phonon modes read

An⃗
m,k(0) =

{ ∏
l

N (βl) exp(−inlθkl), 1 ≤ k ≤ Nw.

0, else.
(46)

An⃗
m′,k(0) = 0, (for m′ ̸= m). (47)

fnl
kl (0) =

{
|βl| exp(iθkl), 1 ≤ k ≤ Nw.
0, else,

(48)

where N (βl) =
1
N

√
(nl!)e

β2
l

|βl|2nl
. The convergence with respect to the number of sampling points N on

the circle of radius |βl| =
√
nl can be quickly obtained, for example, in Ref. [102], for N between 5

and 14 depending on various initial excitations n. The value of best performance |βl| =
√
nl is often

adopted in simulations. As a demonstration, the phase-space initial conditions are plotted in Fig. 2

with 12 coherent states evenly distributed on a circle of radius |βl| =
√
nl .

The time-dependent diabatic population of the electronic state |m⟩ for the number state |n⃗⟩ can

be written as

P n⃗
m =

M∑
k

M∑
k′

An⃗∗
m,k(t)A

n⃗
m,k′(t)S

n⃗
kk′ ,
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Figure 2: Initial conditions in the phase space of fnl
kl for N = 12 and nl = 6 with k > N . 12 coherent

states are distributed on the circle with the radius |βl| =
√
nl, and the rest expansion coefficients are

set as zero initially.

where the Debye-Waller factor is given by

Sn⃗
kk′ = exp

(∑
q

{
−
(∣∣∣fnq

kq

∣∣∣2 + ∣∣∣fnq

k′q

∣∣∣2) /2 + f
nq∗
kq f

nq

k′q

})
. (49)

Then we adopt the Boltzmann-averaged method to calculate the observable from

PB
m =

∏
l

∑Nl,T

nl=0
e−βnlωl

Qβ
P n⃗
m,

where

Qβ =
∏
l

∞∑
nl=0

e−βnlωl (50)

is the canonical partition function. The truncated number of the lth phonon mode excitation Nl,T

yielding converged numerical results is determined by the temperature and the total phonon excita-

tion energy.

The method of displaced number states in the multi-D2 Ansatz can provide efficient, quantitative

descriptions of nonadiabatic dynamics at conical intersections in chemical reactions and beyond [51].

Based on many-body wave functions, the multiple Davydov Ansatz is nonperturbative, numerically

exact if provided sufficiently large multiplicities of the trial states, capable to compute nonlinear

spectroscopic responses for close comparisons with experiment [51, 126].

20



5 Spectral simulation via Davydov’s Ansätze

Optical spectroscopy is another important aspect in the dynamics investigation of various exciton-

phonon systems including the Holstein molecular crystal model, as it provides valuable information

on a variety of correlation functions [127, 128]. First of all, linear absorption spectra F (ω) calculated

on the basis of Davydov’s Ansätze are comprehensively studied to validate these trial wave functions

in parameter regimes of interest [27, 52, 53, 129]. The autocorrelation function F (t) based on the

multi-D2 ansatze is defined by

F (t) =ph ⟨0|ex⟨0|eiHtPe−iHtP †|0⟩ex|0⟩ph =ph ⟨0|ex⟨0|Pe−iHtP †|0⟩ex|0⟩ph, (51)

where P = µ
∑

n(|n⟩ex ex⟨0|+ |0⟩ex ex⟨n|) is the polarization operator. The linear absorption spectra

can be obtained by the Fourier transformation of the autocorrelation function, which reads

F (ω) =
1

π
Re

∫ ∞

0
F (t)eiωtdt. (52)

In addition to the information provided by the linear absorption spectra, 2D photon echo (PE)

spectra provide direct knowledge on exciton-exciton interactions and on the dephasing and relaxation

processes that is elusive in the output from the traditional 1D spectroscopy. In order to simulate

the 2D PE spectra, we have to consider the interaction between the system and the light field. The

corresponding Hamiltonian is given by ĤL = − (E (r, t) · µ̂+ +E∗ (r, t) · µ̂−), with E(r, t) being the

time-dependent electric field of the applied pulse sequence,

E (r, t) = E1 (r, t) +E2 (r, t) +E3 (r, t) ,

E1 (r, t) = e1E1 (t− τ1) eik1·r−iω1t+iϕ1 ,

E2 (r, t) = e2E2 (t− τ2) eik2·r−iω2t+iϕ2 ,

E3 (r, t) = e3E3 (t− τ3) eik3·r−iω3t+iϕ3 , (53)

where ea, ka, ωa, Ea (t), and ϕa (a = 1, 2, 3) denote the polarization, the wave vector, the frequency,

the dimensionless envelope, and the initial phase, respectively [4, 58]. It is common to define the

pulse arrival times in ĤL as τ1 = −Tw − τ, τ2 = −Tw, τ3 = 0 where τ (the so-called coherence time)

is the delay time between the second and the first pulse, and Tw (the so-called population time) is

the delay time between third and second pulse. In the short pulse limit, we have Ea (t) = E0δ (t).

Before the optical excitation (t ≪ −T − τ), the system is assumed to be in its global ground state

|g⟩ |0⟩ph. Adopting this factorized initial condition allows one to neglect correlations between the

primary system and its environment. Without the contribution of excited-state absorption, the PE
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third polarization P (3)(t) can be decomposed into four nonlinear response functions R1−4, which

form the theoretical bases for the simulations of different 2D spectra [4, 6]. The third-order response

is directly given by the response functions in the impulsive limit, which can be expressed through

the Multi-D2 parameters in Eq. (18) as follows [27, 51, 58, 103]

R1(τ, Tw, t) =

M∑
i,j

∑
n,n1,n2,n3

(e∗4 · µ∗
n2
)(e1 · µn3

)(e∗2 · µ∗
n)(e3 · µn1

)

×A∗
jn1n(Tw)Ain2n3(τ + Tw + t)e

∑
q f

∗
jqn(Tw)fiqn3

(τ+Tw+t)eiωqt

×e−
1
2

∑
q(|fjqn(Tw)|2+|fiqn3

(τ+Tw+t)|2),

R2(τ, Tw, t) =
M∑
i,j

∑
n,n1,n2,n3

(e∗4 · µ∗
n2
)(e∗1 · µ∗

n)(e2 · µn3
)(e3 · µn1

)

×A∗
jn1n(τ + Tw)Ain2n3(Tw + t)e

∑
q f

∗
jqn(τ+Tw)fiqn3

(Tw+t)eiωqt

×e−
1
2

∑
q(|fjqn(τ+Tw)|2+|fiqn3

(Tw+t)|2),

R3(τ, Tw, t) =

M∑
i,j

∑
n,n1,n2,n3

(e∗4 · µ∗
n2
)(e∗1 · µ∗

n)(e2 · µn1
)(e3 · µn3

)

×A∗
jn1n(τ)Ain2n3(t)e

∑
q f

∗
jqn(τ)fiqn3

(t)eiωq(Tw+t)

×e−
1
2

∑
q(|fjqn(τ)|2+|fiqn3

(t)|2),

R4(τ, Tw, t) =

M∑
i,j

∑
n,n1,n2,n3

(e∗4 · µ∗
n)(e

∗
1 · µ∗

n3
)(e2 · µn2

)(e3 · µn1
)

×A∗
jn1n(−t)Ain2n3(τ)e

∑
q f

∗
jqn(−t)fiqn3

(τ)e−iωqTw

×e−
1
2

∑
q(|fjqn(−t)|2+|fiqn3

(τ)|2). (54)

Here e4 refers to the polarization of the local oscillator field, and µn are the transition dipole moment

vectors. A∗
jn1n

(t) represents the probability amplitude at time t for the exciton at the state |n1⟩ with

the initial state |n⟩ and multiplicity j, and fjqn(t) is the corresponding phonon displacement, also

starting from |n⟩ exp
{∑Nq

q

[
fjq(0)b̂

†
q − f∗jq(0)b̂q

]}
|0⟩ph.
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Similarly, the higher excited-state response functions are given by [58, 126]

R∗
1(τ, Tw, t) =

M∑
i,j

∑
nn1n2
n3m

(e∗4 · µ∗
n1m)(e∗1 · µ∗

n)(e2 · µn3
)(e3 · µn2m)

Aj∗
m(n1n)

(0)Ai
m(n2n3)

(t)e
∑

q f
j∗
m(n1n),q

(0)f i
m(n2n3),q

(t)
e
− 1

2

∑
q(|f

j∗
m(n1n),q

(0)|2+|f i
m(n2n3),q

(t)|2)
,

R∗
2(τ, Tw, t) =

M∑
i,j

∑
nn1n2
n3m

(e∗4 · µ∗
n1m)(e1 · µn3

)(e∗2 · µ∗
n)(e3 · µn2m)

Aj′∗
m(n1n)

(0)Ai′
m(n2n3)

(t)e
∑

q f
j′∗
m(n1n),q

(0)f i′
m(n2n3),q

(t)
e
− 1

2

∑
q(|f

j′∗
m(n1n),q

(0)|2+|f i′
m(n2n3),q

(t)|2)
.

The initial amplitudes of the higher excited-state are Aj∗
m(n1n)

(0) = A∗
jn1n

(τ +Tw + t), Ai
m(n2n3)

(0) =

Ain2n3(Tw), A
j′∗
m(n1n)

(0) = A∗
jn1n

(t + Tw), and A
i′
m(n2n3)

(0) = Ain2n3(τ + Tw), and the corresponding

phonon displacements are f j∗m(n1n),q
(0) = f∗jn1q

(τ + Tw + t), f im(n2n3),q
(0) = fin2q(Tw), f

j′∗
m(n1n),q

(0) =

f∗jn1q
(t+ Tw), and f

i′
f(n2n3),q

(0) = fin2q(τ + Tw).

The contributions from stimulated emission, ground-state bleach, and excited-state absorption,

are expressed, respectively, as [4, 6],

SSE(ωτ , Tw, ωt) = ℜ
∫ ∞

0

∫ ∞

0
dtdτ [R2(τ, Tw, t)e

−iωτ τ+iωtt +R4(τ, Tw, t)e
iωτ τ+iωtt]

SGSB(ωτ , Tw, ωt) = ℜ
∫ ∞

0

∫ ∞

0
dtdτ [R3(τ, Tw, t)e

−iωτ τ+iωtt +R1(τ, Tw, t)e
iωτ τ+iωtt]

SESA(ωτ , Tw, ωt) = −ℜ
∫ ∞

0

∫ ∞

0
dtdτ [R∗

1(τ, Tw, t)e
−iωτ τ+iωtt +R∗

2(τ, Tw, t)e
iωτ τ+iωtt] (55)

The correlated 2D spectrum is given by the sum of the three contributions

S(ωτ , Tw, ωt) = SSE(ωτ , Tw, ωt) + SGSB(ωτ , Tw, ωt) + SESA(ωτ , Tw, ωt). (56)

In summary, both singly and doubly excited excitonic states can be treated in the formalism

of Davydov’s Ansätze, handling nicely the contributions due to stimulated emission, ground state

bleach, and excited state absorption. As an illustration, a series of optical 2D spectra of a model

J-aggregate have been simulated, and their waiting-time dependence is plotted in Fig. 3. The relevant

parameters, such as the site-independent nearest-neighbor transfer integral (J = 0.1), the attractive

inter-exciton coupling (K = −0.2), the Huang-Rhys factor (S = 2), and the narrow bandwidth

(W = 0.1), are adopted in the simulation. The spectra exhibit a pronounced vibrational structure.

Coexistence of positive and negative peaks is a result of the delicate balance between the GSB and SE

on the one hand and the ESA on the other. A slight redshift of the peaks relative to their positions

at jω0, j = 0,±1, . . . is due to the inter-exciton coupling. Computationally efficient, the Davydov-

Ansatz approach is suitable for the computation of femtosecond optical four-wave-mixing signals
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Figure 3: Waiting-time (Tw) dependence of 2D spectra S(ωτ , Tw, ωt) which is calculated for a molec-
ular ring with nearest-neighbor transfer integral J = 0.1, attractive inter-exciton coupling K = −0.2,
Huang-Rhys factor S = 2, and bandwidth W = 0.1. The spectra include contributions from stimu-
lated emission, ground state bleach, and excited state absorption.

of molecular aggregates with intermediate-to-strong exciton-phonon and exciton-exciton coupling

strengths. The effect of inhomogeneous broadening can be accounted for by performing a series of

simulations at slightly different system parameters.

6 Applications of Davydov’s Ansätze

6.1 The spin-boson model and its variants

Popularized chiefly by Anthony Leggett, the SBM has become a paradigm for the study of a two-state

system coupled to a dissipative environment [130]. In this section, we attempt to summarize a few

recent applications of the HDA machinery to both the ground-state properties and the dynamics of

the SBM and its variants, such as the SBM in a high-Q cavity, the sinusoidally driven SBM, the

two-bath SBM, and the two-spin SBM.

6.1.1 The traditional spin-boson model

Despite much attention devoted to the paradigmatic SBM, a consensus on the dynamics of the

Hamiltonian of Eq. (13) in much of the SBM phase diagram has yet to emerge. With the help of the

multi-D1 Ansatz and the Monte Carlo importance sampling scheme discussed in Sec. 4.1, a sketch of

the dynamics phase diagram of SBM has been produced and shown schematically in Figs. 4 (a) and

(b). The spectral density form J(ω) = 2αω1−s
c ωse−ω/ωc is adopted, where α represents the coupling

strength, ωc provides a phenomenological frequency cutoff, and s determines the dependence of J (ω)

on the bath frequency ω. The spin bias ϵ and the tunneling constant ∆ are set to zero and one tenth
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Figure 4: (a) Sketch of the SBM phase diagram. The solid line which is the critical line of the
localized-delocalized phase transition, partitions the domain into the delocalized (below) and the
localized (above) phase. The two dashed lines are coherent-incoherent crossover lines. The lower
crossover line intersects with the phase transition line at s× and the two crossover lines meet at the
critical point sc. sc separates the interval into two parts. For sc < s < 1, the two dashed line separate
the domain into three parts. The shaded area corresponds to the incoherent state and the other two
are in the coherent state. For s < sc, there is only coherent state. (b) The phase diagram of the
dynamical coherent-incoherent crossover near the critical point sc obtained by the multi-D1 Ansatz.
The critical point sc = 0.4 is estimated by the extrapolation. The domain spanned by s and α is
separated by the dashed lines of the coherent-incoherent crossover. The shaded area is the incoherent
phase. The solid line with square symbols is the localized-delocalized phase transition line. For both
panels, the spin bias ϵ and the tunneling constant ∆ are set to zero and ωc/10, respectively.

of ωc, respectively. It is believed that for s ≤ 1, with increasing coupling strength α, a dynamical

coherent-incoherent crossover takes place first, followed by a delocalized-to-localized transition at a

larger α, as revealed by the ML-MCTDH approach and the quantum master equation techniques

[131–134]. As shown in Figs. 4 (a) and (b), two transition lines meet at a critical exponent sc,

partitioning the plane into three parts for s > sc. The shaded area corresponds to the incoherent

phase, and the rest of domain belongs to the coherent phase. The solid line in Fig. 4 (a) depicts the

localized-delocalized phase transition and intersects with the coherent-incoherent transition line at

an exponent point s× larger than sc. For the sub-Ohmic dephasing fluctuations case, a similar phase

diagram is obtained by analyzing the response function [135].

More accurately, using the multi-D1 Ansatz and extrapolation [54], we estimate sc ≈ 0.4, as shown

in Fig. 4 (b) in which the multi-D2 results are at variance with those obtained with the non-interacting

blip approximation (NIBA) method [136]. From the NIBA method, sc = s× = 0.5 is obtained [136],

and the coherence does not recur in the strong coupling regime, leading to the nonexistence of the
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Figure 5: Time evolution of Pz(t) calculated by the multi-D1 Ansätze (solid lines) with M = 1
(1-D1, green) and M = 2 (2-D1, purple) and the QUAPI approach (black circles) for s = 1 and two
temperatures, T/ωc = 0.01 and 0.2. The factorized bath initial condition is employed. The number of
the discrete bath mode is Nb = 250. The number of samples for the DM=1

1 (1-D1) and DM=2
1 (2-D1)

Ansatz is Ns = 400 in both panels. Other parameters in Eq. (13) are fixed to be ϵ = 0, ∆=0.1, α =
0.05.

upper boundary of the shaded area in Fig. 4 (b). This discrepancy in the phase diagram between

the two methods may be due to the approximation employed in the NIBA method. It is conjectured

that for s < sc, the coherent-incoherent crossover has larger α than the localized-delocalized phase

transition [137]. Recently, real-time path integral Monte Carlo (PIMC) techniques show that below

the critical point sc, the nonequilibrium coherent dynamics can persist even under strong dissipation

[136]. Reliable algorithms are needed to probe the dynamics accurately in the both weak and strong

coupling regime.

In Fig. 5, dynamics obtained by both the DM=2
1 Ansatz and the QUAPI approach agree with

each other at high temperature (kBT/ωc = 0.2) despite a tiny difference between the DM=2
1 Ansatz

and QUAPI populations, which may be attributed to insufficient number of bath modes in the

variational method. From Eq. (35) and the definition of the variance of the Gaussian distribution

σl, the value of σl becomes large at high temperature. The increase of σl leads to large values of

fnl(0) and gnl(0) even for high-frequency modes that can be safely ignored at low temperatures.

Therefore, the number Nb of bath modes required as well as the sampling number become large due

to large value of σl at high temperatures. The accuracy of the single D2 Ansatz (M = 1) at high

temperatures is improved significantly relative to that in the low temperature regime, and are similar

to that of the DM=2
1 Ansatz. The increased computational cost due to additional bath modes and

extended sampling is offset by the reduced Ansatz multiplicity, and thus the variational approach
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Figure 6: Comparison of emission spectra calculated with the multi-D1 (M= 3, or 3-D1) Ansatz and
the multi-D2 (M = 3, 5 and 6, or 3-, 5-, 6-D2) Ansatz.

with importance sampling remains efficient even at high temperatures.

6.1.2 Vacuum Rabi splitting in a dissipative bath

We consider a qubit coupled to a high-Q cavity and a radiation reservoir, which is described by

ĤVRS =
1

2
ω0σz + ωcb

†
cbc +

λc
2
(bc + b†c)σx +

∑
k

ωkb
†
kbk +

∑
k

λk
2
(bk + b†k)σx, (57)

where ω0 is the qubit transition frequency, σi (i = x, y, z) denotes the Pauli matrices, bc (b†c) is

the annihilation (creation) operator of the cavity mode of frequency ωc, bk (b†k) is the annihilation

(creation) operator of the reservoir mode of frequency ωk, λc and λk are the cavity- and reservoir-qubit

coupling constants, respectively. The spectral density is assumed to be

J(ω) =
∑
k

λ2kδ(ωk − ω) = 2αω exp(−ω/ωcut), (58)

where α is the dimensionless coupling constant and ωcut is the cut-off frequency. In this setup, the

vacuum Rabi splitting is clearly visible in the emission spectrum, as shown in Fig. 6. The emission

spectrum has been calculated using the multi-D1 and multi-D2 Ansätze with various multiplicities,

and the outcomes are compared in Fig. 6. One readily notes that the 3-D1 result coincides with the

6-D2 result, which seems to confirm that the multi-D1 state with the multiplicity M is a special case

of the multi-D2 states with the multiplicity 2M [50].
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Figure 7: Time-dependent fluorescence spectrum versus frequency ω and time t from the multi-D1

result for α = 0.1, ω0 = 0.2ωc, ωx = ω0, and Ω = 1.5ω0 with Nb = 150 and M = 15.

6.1.3 The driven spin-boson model

The multi-D1 approach can also be applied to the driven SBM problem [106]:

H(t) = HS(t) +HR +HSR, (59)

where HS(t) describes the driven qubit:

HS(t) =
1

2
ω0σz +Ωcos(ωxt)σx (60)

ω0 is the transition frequency between the two levels of the qubit and σz,x are the Pauli matrices.

Ω is the Rabi frequency and ωx is the driving frequency. HR is the reservoir Hamiltonian given by

HR =
∑Nb

k=1 ωkb
†
kbk, with bk (b†k) the annihilation (creation) operator of the kth bosonic mode and

Nb the mode number. HSR describes the interaction between the qubit and the reservoir and takes

the form

HSR = σx/2

Nb∑
k=1

λk(bk + b†k), (61)

where λk is the coupling strength between the kth mode and qubit. The interaction between the

qubit and reservoir is characterized by the Ohmic spectral density

J(ω) =

Nb∑
k=1

λ2kδ(ω − ωk) = 2αωΘ(ωc − ω), (62)

where α is a dimensionless coupling strength, ωc is the cut-off frequency, and Θ(·) is the Heaviside

step function. The advantage of this approach is that it allows us to compute not only the reduced
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dynamics but also the bosonic field dynamics. For exemple, we calculate time evolution of bosonic

population at each mode of radiation reservoir, which can be used to characterize the time-resolved

fluorescence spectrum. In Fig. 7, we display the photon number distribution versus emission frequency

and time, which clearly reveals the formation of emission peaks [106].

6.1.4 The two-bath spin-boson model

The multi-D1 Ansatz can be employed to study the two-bath spin-boson model described by

Ĥ2−bath
SBM =

ε

2
σz −

∆

2
σx +

∑
l,i

ωlb
†
l,ibl,i +

σz
2

∑
l

λl(b
†
l,1 + bl,1) +

σx
2

∑
l

ϕl(b
†
l,2 + bl,2), (63)

where ε and ∆ is the spin bias and tunneling constant, respectively, i = 1, 2 is the index of the baths,

and λl (ϕl) is the diagonal (off-diagonal) coupling strength. In order to investigate quantum phase

transitions, we focus on the case of ε = ∆ = 0. A logarithmic discretization procedure is adopted by

dividing the phonon frequency domain [0, ωc] into L intervals ωc[Λ
−l,Λ−(l−1)] (l = 1, 2, . . . , L) [138].

The coupling strengthes ωl and λl (or ϕl) in Eq. (63) can then be calculated as

λ2l =

∫ Λ−lωc

Λ−l−1ωc

dtJ(t), ωl = λ−2
l

∫ Λ−lωc

Λ−l−1ωc

dtJ(t)t, (64)

For convenience, the frequency cutoff ωc = 1 and the discretization factor Λ = 2 are set. It should be

noted that infinite bath modes are considered via the integration of the continuous spectral density

J(ω), although the number of effective bath modes L is finite.

A number of studies have investigated extensions of the standard spin-boson model, for example,

to a two-spin system involving a common bath [139, 140] or two independent baths [141], and to

a single spin coupled to a bath with simultaneous diagonal and off-diagonal coupling [142]. The

two-bath spin-boson model has also been recently studied by Zhao et al. [85, 143, 144], yielding a

phase diagram that is displayed schematically in Fig. 8(b). The arrow in Fig. 8(a) represents a spin,

and X and Z denote the diagonal and off-diagonal coupling, respectively. The bath spectral densities

can be described by Jz(ω) = 2αω1−s
c ωs, Jx(ω) = 2βω1−s̄

c ωs̄, where α and β are the dimensionless

coupling strengths, and s and s̄ denote the spectral exponents characterizing the two baths cou-

pled to the spin diagonally and off-diagonally, respectively. Possible realizations of such two-bath

model include impurities in a magnet coupled to two spin-wave modes or two sources of dissipation

[145–148], excitonic energy transfer processes in natural and artificial light-harvesting systems [149],

electromagnetic fluctuations of two linear circuits attached to a superconducting qubit [150–152],

two cavity fields coupled to a SQUID-based charge qubit [153], and the process of thermal transport

between two reservoirs coupled with a molecular junction [154].
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Figure 8: (a) Schematic of the two-bath spin-boson model. A single spin is immersed in two inde-
pendent baths with simultaneous diagonal coupling (Z) and off-diagonal coupling (X). (b) Schematic
plot of the phase diagram of the spin-boson model with two identical bosonic baths s = s̄ and α = β.
Where s (s̄) and α (β) represent the spectral exponents and coupling strengths, respectively, for
the spectral density functions Jz(ω) (Jx(ω)). Three different phases (localized, critical and free) are
displayed in the α-s plane with two critical values of the spectral exponents, s∗ and 1.0.

In the two-bath model with s = s̄, α = β, studies based on the perturbative renormalization

group theory predict the presence of three phases, namely, the “localized phase,” the “critical phase”

and the “free phase”, in the absence of bias and tunneling [146, 155, 156]. This prediction has been

further confirmed numerically in the strong, the intermediate, and the weak coupling regime [157].

A continuous quantum phase transition separating the localized phase from the critical phase was

claimed to exist only for the spectral exponent s∗ < s < 1, and a critical value of the spectral

exponent, s∗ = 0.75, was estimated from DMRG calculations. When s > 1, the impurity behaves as

a free spin in the so-called free phase [157]. The phase boundary was determined from the response

to the external field (i.e., the bias or tunneling) perpendicular to the bath plane. However, the

localized-to-delocalized phase transition will occur under the external field, which renders the phase

diagram rather complex. Moreover, the critical value of the spectral exponent was predicted by a

recent mean-field analysis [85] to s∗ = 1/2, that stands at variance to the aforementioned DMRG

result. It thus remains a challenging task to understand accurately the localized-to-critical phase

transition represented in Fig. 8(b).
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Figure 9: (a) Schematic of two spins coupled to a common boson bath in the two-spin SBM. (b) Time
evolution of the population difference for s = 1 and various coupling constants α. Other parameters
are ∆1 = ∆2 = 0.1ωc, V = 0.05ωc. The perturbative results are presented only for the moderately
weak coupling strengths.

6.1.5 The two-spin spin-boson model

Using the multi-D1 Ansatz, we study the two-spin SBM that is described by

Ĥ2−spin
SBM = −

2∑
i=1

∆i

2
σxi + V σ1zσ2z +

∑
l

ωlb
†
l bl +

σz1
2

∑
l

λl(bl + b†l ) +
σz2
2

∑
l

λ̃l(bl + b†l ), (65)

where σµi (µ = x, y, z) is the µ-component Pauli matrix describing the ith spin, bl (b†l ) is the

annihilation (creation) operator of the lth bosonic mode of frequency ωl, ∆i is the tunneling amplitude

of the ith spin. λl (λ̃l) is the coupling constant between spin 1 (2) and the bath, as illustrated in

Fig. 9(a). The dissipative effect of the bath is characterized by the spectral density J(ω) as follows:

J(ω) =
∑
l

λ2l δ(ω − ωl) = 2αω1−s
c ωsθ(ωc − ω), (66)

where α is the dimensionless coupling constant, ωc is the cutoff frequency, θ(ω) is the step function,and

s is the spectral exponent.

In Fig. 9(b), the reduced dynamics of the spins in the Ohmic bath are obtained by the multi-D1

Ansatz, the time-dependent numerical renormalization group (TD-NRG), and the variational master

equation (VME) approach. From weak to strong coupling, the TD-NRG and the multi-D1 results

are in great agreement with each other. In addition, the perturbative VME approach is found to

yield accurate results similar to those of the multi-D1 approach and TD-NRG for weak coupling.
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Interestingly, the multi-D1 and TD-NRG results show that the spin becomes localized in the strong

coupling regime.

6.2 The Landau-Zener transition

In Sec. 6.1.3, we studied the dynamics of a two-level system driven by a sinusoidally varying external

field and its spectral manifestation. Here we turn our attention to the LZ transition that comes

into play when the energy difference between two diabatic states is swept through an avoided level

crossing. The total Hamiltonian of a linearly driven two-level system interacting with a bosonic bath

is given by

ĤLZM = ĤLZ + ĤB + ĤSB,θ (67)

where ĤLZ is the standard LZ Hamiltonian for an isolated two-level system,

ĤLZ =
vt

2
σz +

∆

2
σx (68)

The states, |↑⟩ and |↓⟩, are eigenstates of the qubit Hamiltonian vt
2 σz with an energy difference

vt (with level-crossing speed v > 0). Transition-inducing tunneling strength ∆ represents intrinsic

coupling between the two diabatic states. To consider the LZ transition in an environment, we model

a bosonic bath of N quantum harmonic oscillators as in Eq. (13), and the qubit-bath coupling by

the Hamiltonian ĤSB,θ [158],

ĤSB,θ =

N∑
q=1

γq
2
(cos θqσz + sin θqσx) (b̂

†
q + b̂q) (69)

where ωq indicates the frequency of the q-th mode with creation (annihilation) operator b̂†q(b̂q). γi

and θi are the qubit-oscillator coupling and the interaction angle, respectively. The bath alters qubit

energies via diagonal coupling (σz) and induces transitions between qubit levels via off-diagonal

coupling (σx). The bath and its coupling to the system are characterized by a spectral density

function, J (ω) =
∑

q γ
2
q δ (ω − ωq) = 2αω1−s

c ωse−ω/ωc , where α and ωc are defined as in Sec. 6.1.1.

The Ohmic bath is specified by s = 1, and s < 1(> 1) denotes the sub-Ohmic (super-Ohmic) bath

[159].

As shown in Figs. 10 (a)-(d), we compare the LZ dynamics of the sub-Ohmic, Ohmic and super-

Ohmic bath with an identical coupling strength α = 0.002. Figs. 10 (a) and (b) display LZ dynamics

for the sub-Ohmic bath (s = 0.5) and the Ohmic bath (s = 1). Figs. 10(c) and (d) depict time

evolution of the transition probability using the super-Ohmic bath with s = 1.5 and 2, respectively.

For θ = 0, there exists only one stage of the LZ transition near t = 0 for nonzero ∆. That is, in the

32



Figure 10: Time evolution of transition probability for (a) a sub-Ohmic bath of s = 0.5, (b) an
Ohmic bath of s = 1, and (c) a super-Ohmic bath of s = 1.5 and (d) s = 2 is obtained from the
DM=3

2 Ansatz with an identical coupling strength α = 0.002. ωc = 10
√
v. For each of the four values

of s, four cases are shown: ∆ = 0.4
√
v, θ = π/2 (red line, circles), ∆ = 0.4

√
v, θ = 0 (magenta line,

diamonds), ∆ = 0, θ = π/2 (black line, squares), and ∆ = 0, θ = 0 (blue line, pentagrams). Time
evolution of the boson number using for a super-Ohmic bath of (e) s = 1.5 and (f) s = 2, in the
presence of off-diagonal coupling only (θ = π/2). Other parameters are α = 0.002 and ∆ = 0.
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presence of only diagonal coupling, LZ dynamics of ∆ = 0.4
√
v (magenta lines, diamonds) is almost

identical in the four panels. For θ = π/2, time evolution of the transition probability for ∆ = 0

has a single stage of slow growth until it reaches its steady state, and converged probabilities and

convergence times depend on the spectral densities. Figs. 10 (a)-(d) also reveal that the convergence

time for large s is significantly longer than that for a small s, since spectral densities of large s

involve prominent contribution from high-frequency modes. For ∆ = 0.4
√
v, there exist two-stage

transitions in the presence of off-diagonal coupling. In the first stage, transition probability jumps up

at t = 0. In the second stage, it gradually reaches the steady state with the same convergence time

as that of ∆ = 0. Further calculations show that there exist two-stage transitions for all non-zero

tunneling strengths in the presence of off-diagonal coupling. In addition, as expected, the converged

transition probability obtained from multi-D2 Ansatz agrees with the steady-state analytic expression

by Hänggi and coworkers [160]:

P↑→↓ (∞) = 1− exp

−π
(∣∣∆− 1

2E0 sin (2θ)
∣∣2 + S sin2 θ

)
2v

 . (70)

To investigate the role of bosons, the time-dependent boson number ⟨b̂†q b̂q⟩ is calculated with zero

initial boson number, and shown in Figs. 10 (e) and (f). If the qubit is only off-diagonally coupled

to a single harmonic oscillator, the LZ transition would be temporally shifted from t = 0 to t = ω/v,

independent of the coupling strength [161]. If qubit is off-diagonally coupled to multiple harmonic

oscillators, the transition will then occur mainly after t = 0 as there is a temporal shift of each mode,

as shown in Figs. 10 (e) and (f). Because the split between diabatic states varies linearly with time,

the frequency of the bosons created via qubit-bath coupling also has the same time dependence,

resulting in the upper edge of the triangle starting from t = 0 in the ω− t plots. It is found that very

few bosons will be created for t < 0, regardless of s and α. For a larger s, more high-frequency bosons

are created, resulting in a larger steady-state probability for identical α. The time taken to create

high-frequency bosons also increases, which can be seen from comparing Fig. 10 (f) and Fig. 10 (e).

This is expected from the convergence times taken to reach steady states in Figs. 10 (d) and (c).

Very recently, the multi-D2 Ansatz has been utilized to explore photon-assisted dynamics of

the Landau-Zener-Stückelberg-Majorana interferometry, driven by a sinusoidal external driving field,

with the photon mode initialized with Schrödinger-cat states [162]. Transition pathways involving

multiple energy levels are unveiled by analyzing the photon dynamics, offering insights into quantum

state control and monitoring. Similar applications of the multi-D2 Ansatz have been made to hybrid

circuit quantum electrodynamics devices in a number of settings by Zheng et al. [163–165] In a Rabi-

dimer system with the qubits coupled to a collection of micromechanical resonators, the composite
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photon-qubit-phonon dynamics has been investigated using the multi-D2 Ansatz. The photon states

can be engineered not only by external driving fields, but also via manipulating the qubit states

through tuning the qubit-phonon coupling. The schemes proposed in these studies for quantum

state engineering and control would be beneficial to qubit and photon states engineering in quantum

information devices and quantum computers.

6.3 The Holstein Hamiltonian

6.3.1 Diagonal exciton-phonon coupling

In Holstein’s original treatment exciton-phonon coupling was limited to the site-diagonal form [166],

and the Holstein Hamiltonian in the site-space representation reads

ĤHol = Ĥn.n.
ex + ĤEin

ph + Ĥdiag
ex−ph, (71)

Ĥn.n.
ex = −J

∑
n

a†n(an+1 + an−1),

ĤEin
ph = ω

∑
n

b†nbn,

Ĥdiag
ex−ph = gω

∑
n

(b†n + bn)a
†
nan,

where Ĥn.n.
ex is the nearest-neighbor excitonic coupling Hamiltonian, J is the nearest-neighbor transfer

integral, and Ĥdiag
ex−ph is the diagonal exciton-phonon coupling Hamiltonian with coupling strength g.

ĤEin
ph is the Hamiltonian for Einstein phonons with frequency ω.

Many methods that were used to study the Fröhlich Hamiltonian, Eq. (2), have been borrowed

to treat the Holstein Hamiltonian. For example, the intermediate coupling theory of Lee, Low and

Pines [167], formulated in 1953 for the Fröhlich Hamiltonian, was later used by Merrifield [76] in a

variational treatment of Eq. (71). Instead of resorting to the Lee-Low-Pines transformation, which

eliminates the exciton coordinate from the Holstein Hamiltonian, Toyozawa’s Ansatz and the Global-

Local Ansatz, being translationally invariant, are fully capable to treat the ground state properties

of Eq. (71). Fig. 11 (a) displays the phase diagram of the zone-center self-trapping in the g-J

plane given by the small polaron Ansatz of Eq. (3), Toyozawa’s Ansatz of Eq. (7), and the Global-

Local Ansatz of Eq. (11). The area of the wedge-shaped region is found to decrease with increasing

sophistication of the variational trial state. Multiple solutions are obtained within the sizable, wedge-

shaped discontinuity regions for the small polaron Ansatz. More sophiscated Ansätze significantly

reduced the area of the discontinuity region: the outer thin tongue for Toyozawa’s Ansatz and the

inner thin tongue for the Global-Local Ansatz.

The simple coherent state in Eq. (5) has an inherent deficiency if the limit of weak coupling is
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considered. Assuming a transfer integral J greater than ω/4, the bare cosine exciton band intersects,

at some finite crystal momentum K◦, a horizontal line at ω above the bottom of the bare exciton

band, which will be called the one-phonon line. For a non-interacting exciton-phonon system, there

is a quasi-continuum of states above the one-phonon line [168–170], which can be readily explained

by level-crossing arguments. This quasi-continuum turns into a true continuum as the volume goes

infinite. Depending on whether the magnitude of crystal momentum K is greater or smaller than

|K◦|, the ground state of the non-interacting system assumes different characteristics. For K > K◦,

the ground state contains one phonon with momentum K and one exciton with zero momentum,

while for K < K◦, the ground state contains only the phonon vacuum and the bare exciton with

momentum K. In the interacting system, as the coupling strength goes to zero, the ground state is

expected to be essentially phonon-free at low crystal momenta (K < K◦) and essentially one-phonon

at high crystal momenta (K > K◦). Therefore, the small polaron Ansatz is rather inadequate in this

limit as the single coherent state in Eq. (5) fails to properly describe the one-phonon number state. In

contrast, a ground-state phase diagram given by Toyozawa’s Ansatz shows significant improvements

over Eq. (3), especially in the weak coupling limit, as shown in Fig. 11 (a). By employing an

additional set of variational parameters that provide explicit exciton-phonon correlations, the Global-

Local Ansatz improves upon Toyozawa’s Ansatz and reduces considerably the discontinuity region

in the g-J phase diagram of Fig. 11 (a).

Projecting the Davydov D1 Ansatz onto the crystal-momentum space leads to the delocalized

D1 Ansatz, |ΨK
dD1
⟩ of Eq. (12), with substantially higher accuracy than Toyozawa’s Ansatz and the

Global-Local Ansatz, and ground state energies of Eq. (71) have been obtained with a precision

matching that of the computationally much more demanding DMRG method (cf. Table I of Re-

f. [84]). The delocalized D1 Ansatz lowers the ground-state energies at the Brillouin zone boundary

significantly compared with Toyozawa’s Ansatz and the Global-Local Ansatz in the weak coupling

regime, while considerable improvement is demonstrated to have been achieved over the entire Bril-

louin zone in the strong coupling regime. Unique solutions are obtained with the delocalized D1

Ansatz for various initial conditions of an iterative relaxation procedure in variational energy opti-

mization when the transfer integral J is 20 times the phonon frequency at the zone center, implying

the absence of any self-trapping discontinuity in the g-J phase diagram of Fig. 11 (a).

It can be shown that while the transfer integral J may alter the spatial distribution of the phonon

displacements, the total deformation of the lattice is conserved:
∑

n λ
K
n = g for Toyozawa’s Ansatz,

for example [82]. It can also be shown that the sum-rule for phonon displacements in the Davydov

D̃ Ansatz is satisfied by
∑

n αn + βn = g [83]. These reults are consistent with those of Lee-Low-

36



Figure 11: (a) Phase diagram of the zone-center self-trapping in the g-J plane for the small polaron
Ansatz of Eq. (3), Toyozawa’s Ansatz of Eq. (7), and the Global-Local Ansatz of Eq. (11) (in the order
of decreasing width of the wedge-shaped religion). Multiple solutions are obtained within the wedge-
shaped discontinuity regions for the small polaron Ansatz. More sophiscated Ansätze significantly
reduced the area of the discontinuity region: the outer thin tongue for Toyozawa’s Ansatz and the
inner thin tongue for the Global-Local Ansatz. (b) Phase diagram of the near zone-center self-
trapping in g-ϕ-J space for the Global-Local Ansatz (solid) and Toyozawa’s Ansatz (dashed). Under
the solid-line ax-shaped region (small J), there is a unique solution to the set of self-consistency
equations derived from the Global-Local Ansatz, and the crossover from small-polaron correlations
to large-polaron ones is smooth. Within the ax-shaped region, two convergent solutions are found to
coexist for the the Global-Local Ansatz. The 2D phase diagram of (a) is partially reproduced here
on the J-g subspace.
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Pines transformation which yields an effective phonon Hamiltonian for each crystal momentum by

eliminating the electronic degree of freedom:

Ĥtrans =
∑
K

ĤKa†KaK , (72)

ĤK =
∑
q

[b†qbq + gN−1/2(bq + b†−q)]− 2J cos(K −
∑
q

qb†qbq). (73)

Here Ĥtrans stands for the transformed Hamiltonian, and ĤK is the effective phonon Hamiltonian.

The last term of the effective Hamiltonian ĤK couples all q ̸= 0 phonon modes. The q = 0 mode,

however, is left alone, forming a simple displaced oscillator with phonon displacement g. In the

site-space, this leads to the “sum-rule”: the sum of phonon displacements over all sites equals g.

In the strong coupling regime, the polaron is called “small” in the sense that the phonon com-

ponent of the polaron wave function is mostly localized on the site where the electronic excitation

is generated. The lattice distortion surrounding the excitation (or electron) creates a potential well

sufficiently deep so that the excitation (or electron) is “self-trapped” by the phonon cloud it itself

generates. In the weak coupling regime, on the other hand, the spatial extension of the lattice dis-

tortion accompanying the excitation (or electron) is significantly increased as compared to the small

polaron. Consequently, the excitation (or electron) together with the phonon cloud of large spatial

dimension is called a “large” polaron. A large polaron has an effective mass comparable to that

of a bare exciton (or electron), while a small polaron may acquire an effective mass several orders

of magnitude larger. The cross-over between the two is found to exhibit “quasi-phase-transition”

behavior, which has long been a matter of contention and interest for both the Fröhlich Hamiltoni-

an [171–176] and the Holstein Hamiltonian [75–78, 177–183]. Recent path-integral formulations by

Gerlach and Löwen (1987) [184], and Löwen (1988) [185], claim the nonexistence of a formal phase

transition in Fröhlich systems (at finite temperatures for optical phonons), and in Holstein systems

(at all temperatures for optical phonons, and at nonzero temperatures for arbitrary dispersion). Cal-

culations based on Davydov’s Ansätze provide useful insights into how the apparent discontinuity,

marking the transition between large and small polaron, is introduced due to insufficiencies in the

variational Ansätze. With the small polaron Ansatz, a large wedge-shaped discontinuity regime is

found in the phase diagram spanned by the transfer integral J and exciton-phonon couling constant

g, while Toyozawa’s Ansatz reduces that discontinuity regime to merely a thin tongue, and the more

sophisticated Global-Local Ansatz of Eq. (11) pushes the tip of the tongue to much greater J , as

shown in Fig. 11 (a). For large transfer integral J , the discontinuity tongue roughly follows g2 = J ,

as suggested by adiabatic polaron theories.
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Figure 12: Relative deviation σ of the multi-D1 Ansatz, defined in Eq. (27), is displayed as a function
of 1/M for the off-diagonal coupling only case with the coupling strength ϕ = 0.4. Other parameters
J =W = g = 0 are set. In the limit of M →∞, the multi-D1 Ansatz is numerically exact.

6.3.2 Off-diagonal exciton-phonon coupling

Off-diagonal coupling, also known as the “nonlocal coupling,” is defined as the dependence of the

electronic excitation transfer integral on phonon coordinates. Properties of some molecular crystals

are significantly affected by off-diagonal coupling; in particular, nonlocal coupling is believed to play

an important role in the scattering of transport species in aromatic hydrocarbon crystals [186–193],

in the Vk center in alkali halides [194–196], in self-trapping of magnetic polarons in antiferromagnetic

semiconductors [197], and in excimer spectra [198]. However, due to difficulties in achieving a reliable

treatment, off-diagonal coupling is customarily omitted [199]. It has been demonstrated that the

method of HDA is fully capable to treat off-diagonal coupling to desired precision by increasing the

sophistication in the Davydov trial state [26, 27, 123, 200]. In Fig. 12, relative deviation σ of the

multi-D1 Ansatz, as defined in Eq. (27), is plotted as a function of 1/M for the off-diagonal coupling

only case (ϕ = 0.4, and J = W = g = 0). With the increase of the Ansatz multiplicity, σ gradually

vanishes, and the multi-D1 Ansatz becomes numerically exactly for sufficiently large M .

Fig. 11 (b) displays the phase diagram of the near zone-center self-trapping in g-ϕ-J space for

the Global-Local Ansatz (solid) and Toyozawa’s Ansatz (dashed). Under the solid-line ax-shaped

region (small J), there is a unique solution to the set of self-consistency equations derived from

the Global-Local Ansatz, and the crossover from small-polaron correlations to large-polaron ones

is smooth. Within the ax-shaped region, two convergent solutions are found to coexist for the the
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Figure 13: Time evolution of the exciton probability Pex(t, n) at T = 1 for the case of J = 0.1,W =
0, g = 0, ϕ = 0.3 are displayed in panels (a) and (b) for a lattice of 10 sites, corresponding to
the results obtained with the DM=20

2 Ansatz and the HEOM method, respectively. The differences
∆Pex(t, n) between the HEOM method and the DM=20

2 Ansatz are also displayed in panel (c).

Global-Local Ansatz. The 2D phase diagram of Fig. 11 (a) is partially reproduced in Fig. 11 (b) on

the J-g subspace.

Toyozawa’s Ansatz has been utilized to compute various types of entanglement in the Holstein

system of Eq. (71) [201, 202]. For exmaple, it has been demonstrated that a simple analysis of

quantum entanglement between excitonic and phononic degrees of freedom allows one to effectively

characterize both the small and the large polaron regime as well as the crossover in between [202]. The

small (large) polaron regime corresponds to a high (low) degree of bipartite quantum entanglement

between the exciton and the phonon cloud that clothes the exciton. Moreover, decreasing the exciton-

phonon coupling strength through the self-trapping line is clearly accompanied by a sharp drop of

exciton-phonon entanglement. With off-diagonal coupling, self-trapping takes place with dramatic

changes in entanglement occurring at both vicinities near the Brillouin-zone center and edge [201].

Combining the multi-D2 Ansatz with the TFD method, finite temperature dynamics of a Holstein

polaron has been worked out to great precision [45]. Using the hierarchy equations of motion method

as a benchmark [203], it has been demonstrated that the finite-temperature variational approach

based on the multi-D2 Ansatz provides an efficient, robust description of dynamics of the Holstein

polaron in the presence of off-diagonal coupling at various temperatures, as shown in Fig. 13 for a

lattice of 10 sites. The TFD method handles temperature effects with key numerical advantages over

other treatments of finite-temperature dynamics based on quantum master equations in the Liouville

space or wave function propagation with Monte Carlo importance sampling. While for weak to

moderate diagonal coupling an increase in temperature inhibits polaron mobility, it is found that

off-diagonal coupling induces phonon-assisted transport which dominates at high temperatures. As
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Figure 14: (a) Sketch of ultrafast phase coherent excitation of individual LH2 complexes. The
first pulse on the left creates an excitation in the B800 band, and the second pulse on the right,
resonant with the B850 band, modulates the population transfer to the B850 excited states after
energy transfer to the B850 band. (b) Single-molecule signals I(τ) simulated for excitonic energy
modulation amplitudes δB800 = 60 cm−1 and δB850 = 130 cm−1. The discretization step ∆τ is 5 fs
and 25 fs (lower panels) and τ1 = τ2 = 15 fs.

a proof of concept, marrying the multi-D2 Ansatz to the TFD method provides a unified treatment

of coherent and incoherent transport in molecular crystals and is applicable to any temperature.

6.4 Excitation energy transfer in light-harvesting antenna complexes

6.4.1 Simulation of femtosecond single-molecule signals of individual light-harvesting
complexes

Recent phase-locked femtosecond double-pump experiments on individual LH2 complexes revealed

undamped oscillatory responses on a time scale of at least 400 fs [204]. A sketch of the experimental

detection scheme is shown in Fig. 14(a), in which a single LH2 complex is excited by a two-color

pulse pair with the delay time ∆t and the relative carrier envelope phase ∆ϕ generated by applying

the spectral phase function. The first pulse on the left of Fig. 14(a) creates an excitation in the

B800 band. After energy transfer to the B850 band, the second time-delayed pulse on the right of

Fig. 14(a), resonant with the B850 band, modulates the population transfer to the B850 excited

states by quantum interference and thus changes the probe signal, the spontaneous emission from

a single complex. Inspired by these experiments, a first principles theoretical description has been

developed for the simulation of femtosecond double-pump single-molecule signals of molecular ag-

gregates using the method of Davydov’s Ansätze [205, 206]. All singly excited electronic states and

vibrational modes with significant exciton-phonon coupling were incorporated into a system Hamilto-
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nian and were treated with the Davydov D1 Ansatz [205]. The remaining intra- and inter-molecular

vibrational modes were handled as a heat bath and their effect was accounted for through line shape

functions. The theory is then applied to simulate single-molecule signals of the individual light

harvesting complexes LHCII [205] and LH2 [206]. All excitonic and exciton-phonon couplings were

treated numerically accurately, in a nonperturbative manner. Calculated signals exhibit pronounced

oscillations of mixed electron-vibrational (vibronic) origin with periods decreasing with decreasing

exciton-phonon coupling. Heterogeneity of the local environment results in the (Gaussian) modu-

lation of the electronic energies of the light-harvesting complexes, which is manifested as noise in

the single-molecule signals (see Fig. 14(b)). These simulations provide novel insights into the ori-

gin of coherent dynamics and oscillatory responses in individual molecular aggregates and uncover

microscopic origins of the formation of femtosecond single-molecule signals.

6.4.2 Exciton diffusion in light-harvesting complexes

An accurate description of energy transfer in light harvesting systems has to go beyond perturbative

theory and Markovian approximations that are often employed in dynamics descriptions of energy

transfer in natural and artificial photosynthesis. Inter-LH2 energy transfer takes place between

neighboring B850 rings that are densely packed, and strong inter-pigment coupling gives rise to

delocalized exciton over several chromophores. Excitation energy migration in B850 nanoarrays is

modeled with an extended Holstein Hamiltonian [177–183]:

ĤB850 =
∑
r1r2

∑
mn

Jr1r2
mn âr1†m âr2n + Ĥbath + Ĥex−bath. (74)

Here the first term on the right hand side of Eq. (74) is the Frenkel-exciton Hamiltonian, and âr†n

(ârn) is the exciton creation (annihilation) operator on the nth site (with a total number of Ns = 16

sites in one B850 ring) of the rth ring (with a total number of Nr B850 rings). Jr1r2
mn is the excitonic

coupling between pigment m on the rth1 B850 ring and pigment n on the rth2 B850 ring, and diagonal

elements are site energies of the B850 pigments with computational details given in Ref. [207]. The

exciton dynamics in B850 complexes is affected by environmental effects, such as conformational

changes in pigments and surrounding proteins, which are modeled as a set of harmonic oscillators,

Ĥbath =
∑

r

∑
q ω

r
q b̂

r†
q b̂rq. Here b̂

r†
q (b̂rq) is the phonon creation (annihilation) operator with momentum

q = 2πnq/Ns (nq = −7,−6, · · · , 7, 8) and frequency ωr
q in the rth ring. The exciton is coupled to the

phonon bath via the coupling Hamiltonian

Ĥex−bath = − 1√
Ns

∑
r

∑
n

∑
q

grqω
r
q â

r†
n â

r
n(e

iqnb̂rq + e−iqnb̂r†q ). (75)
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Here grq is the exciton-phonon coupling strength. For simplicity, a linear phonon dispersion ωr
q =

ω0[1 +W (2|q|/π− 1)] with a width of W = 0.1 is adopted. The exciton-phonon coupling strength is

parameterized from the Huang-Rhys factor S with the relation
∑

q(g
r
q)

2ωr
q/Ns = Sω0 where ω0 = 1670

cm−1 is the characteristic phonon frequency and a fixed Huang-Rhys factor S = 0.5 is used.

To study the effects of coherence on exciton diffusion in B850 nanoarrays, the coherence size Lρ

based on the Davydov D1 Ansatz is defined as [208, 209]

Lρ(t) =

(∑
r1r2

∑
mn

|ρr1r2mn (t)|

)2 [
N
∑
r1r2

∑
mn

|ρr1r2mn (t)|2
]−1

(76)

with

ρr1r2mn (t) = Trb

[
|ΨD1(t)⟩⟨ΨD1(t)|âr1†m âr2n

]
= αr1∗

m (t)αr2
n (t)Sr1r2

mn (t), (77)

where the Debye-Waller factor Sr1r2
mn (t) is

Sr1r2
mn (t) = exp

{∑
q

[
λr1∗mq (t)λ

r2
nq(t)δr1r2 −

1

2
|λr1mq(t)|2 −

1

2
|λr2nq(t)|2

]}
. (78)

Here N = Ns×Nr is the total number of pigments in the system. The coherence size Lρ has been used

as the exciton delocalization length in various photosynthetic systems, such as the LH2 [207, 208] and

the chlorosome [210]. Lρ quantifies the length scale over which ρr1r2mn decays along the anti-diagonal

direction [207, 208]. This quantity is related to the superradiance enhancement factor Ls which is

the ratio of radiative decay rate of a molecular aggregate to that of a monomer of the same type. In

a doorway-window representation, Ls can be written as [207, 208]

Ls(t) =
∑
r1r2

∑
mn

M r1r2
mn ρr1r2mn (t) (79)

where M r1r2
mn = dr1

m ·dr2
n contains all the relevant geometric information on the system with dr1

m being

the unit vector of the transition dipole moment of pigmentm on the rth1 B850 ring. Exciton dynamics

is first simulated in a three-ring B850 chain with the excitation initiated on the central B850. Three

forms of excitation initiation are employed. In Cases I and II, the lowest and second lowest exciton

state of the central ring are populated initially, respectively. In Case III, only one pigment on the

central B850 is excited. For the third case, 16 trajectories are simulated and each trajectory is started

from an individual pigment on the central complex. Results for 3 cases are shown in Fig. 15. For

Case III, results averaged over 16 trajectories are depicted with those from a single trajectory.

The superradiance enhancement factor Ls and the coherence size Lρ are recorded in simulation

to characterize exciton delocalization in B850 nanoarrays. As can be seen from Eq. (79), Ls is
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Figure 15: The superradiance enhancement factor (a), and the coherence size (b) for exciton diffusion
in a chain of three B850 complexes. Three initial excitation conditions are used, i.e., the lowest (Case
I) and the second lowest (Case II) exciton states, and an individual pigment (Case III) of the central
complex. For comparison, results from a single trajectory (blue curves) of Case III are shown with
the averaged results over 16 trajectories (red curves).

dependent on the state and the transition dipole configuration [207–209]. In contrast, Lρ contains

only information of the reduced density matrix. As illustrated in Fig. 15 (a), Ls in Case II has an

initial value of 8, thanks to being initialized in the second lowest exciton state of B850 which is one

of the superradiant states [207, 208]. For Case III where the exciton is initialized from one pigment,

a superradiance enhancement factor oscillates around 1.0.

Compared to Ls, Lρ presents a different picture as shown in Fig. 15 (b). At t = 0 fs, Case I

has the largest Lρ because of nearly uniform excitation for the pigments in the central ring. With

temporal evolution, Lρ oscillates around the value of 5 for Case I. Cases II and III exhibit larger

coherence sizes covering more than 10 pigments. Special attention should be paid to the out-of-phase

oscillations in Ls and Lρ for Case II. The total transition dipole moment of the B850 complex is

very small due cancellation of transition dipole moments of adjacent pigments. It follows that the

emission is induced by the loss of coherence, and Ls increases with the decrease of Lρ [207, 208].

6.5 Singlet fission

A process of exciton multiplication allowing an excited singlet state to be converted into two triplet

excitations, SF has attracted great attention as it can potentially enable photovoltaic devices to

bypass the Shockley-Queisser limit in conversion efficiency in monomers as well as in the crystalline

phase of organic molecular aggregates [211]. A variety of factors are known to affect SF dynamics. For

instance, molecular modes coupled to electronic excitations have been found recently to take a central

role in the SF process according to theoretical calculations [212, 213] and ultrafast spectroscopic

measurements [214–216]. It was also shown that efficient fission in pentacene derivatives [217–219]
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and crystalline tetracene [220, 221] has been facilitated by high-frequency phonon modes owing to

vibronic resonances. Especially, in diphenyl-dicyano-oligoene (DPDCn) solid films, both diagonal and

off-diagonal exciton phonon coupling can aid efficient SF if excitonic coupling is weak, and fission is

only facilitated by diagonal coupling if excitonic coupling is strong. In the presence of off-diagonal

coupling, it is found that high frequency modes create additional channels for rapid intramolecular

SF [222]. In addition, little attention has been paid to accurate simulation of temperature effects

on the conical intersections (CIs) mediated SF dynamics in organic molecular aggregates and its

spectroscopic manifestations. Our current understanding of electron-vibration interactions including

thermally assisted SF mechanisms is inadequate, hindering the design of versatile SF materials.

To yield useful dynamic information on population transfer and spectral relaxation, a more realistic

model system, e.g., an ab initio exciton model, needs to be considered, such as those presented by Zeng

et al. [223], Petelenz et al. [224, 225] and Zirzlmeier et al. [226], allowing for simulation for diabatic

population dynamics and time evolution of nonlinear spectroscopic signals, Time-dependent Davydov

Ansätz and their multiple extensions have been shown to represent an accurate, efficient description

for the electron-vibrational dynamics with many degrees of freedom [51, 222, 227]. Among its myriad

applications, the method is also found to perform excellently for both the diabatic and adiabatic wave-

packet dynamics at multimode conical intersections. As demonstrated previously [51, 126, 222, 227],

the method of Davydov’s Ansätze can be conveniently utilized to simulate third-order response

functions and various spectroscopic signals.

6.5.1 Temperature-dependent fission dynamics via conical intersections

We consider, as an example, the two-electronic-states (S1 and TT) and two/three-vibrational-modes

models of SF in rubrene crystal. Here S1 is the (optically bright) singlet state and TT is the (optically

dark) correlated triplet pair state. For simplicity, the higher-lying singlet states and triplet states

are not included explicitly. The linear-vibronic-coupling (LVC) Hamiltonian of the CI model can be

recast in the operator form [31, 51, 227]

ĤLVC =
∑

k=S1,TT

ϵk|k⟩⟨k|+
∑
α=t,c

wαb̂
†
αb̂α

+
λ√
2
(|S1⟩⟨TT|+ |TT⟩⟨S1|)(b̂†c + b̂c) +

1√
2

∑
α=t

∑
k=S1,TT

κkα|k⟩⟨k|(b̂†α + b̂α),

where b̂†α(b̂α) is the electronic creation (annihilation) operator of the α-th mode. εS1 and εTT are

the vertical excitation energies of the states |S1⟩ and |TT⟩, respectively, and λ is the interstate

coupling constant responsible for the CI of |S1⟩ and |TT⟩. κkα are the linear intrastate electron-

vibrational couplings. We employ two models to simulate SF dynamics. The first one, the two-mode
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model, is essentially the model suggested in Ref. [228] and further exploited in Ref. [227], which

includes a low-frequency coupling mode Qc and a single high-frequency tuning mode Qt1. The

second model, the three-mode model, adds an extra low-frequency tuning mode Qt2. The motivation

behind the consideration of the three-mode model is twofold. First, there are indications that extra

low-frequency tuning modes may be necessary for a detailed modeling of the SF process in rubrene.

Second, an additional low-frequency tuning mode increases sensitivity of the model to temperature

effects. Numerical values of the model parameters are collected in Table I.

Table I. Numerical values of the model parameters (in units of eV).

Energy mode ωl κ
(1)
l κ

(2)
l λl

ϵS1 = 2.23 Ωc 0.0154 0 0 0.0745
ϵTT = 2.28 Ωt1 0.1860 0.3720 -0.3720 0

Ωt2 0.0260 0.0745 -0.0745 0

We set N = 14 (N = 10) for the two-mode (three-mode) CI model to simulate finite-temperature

population dynamics P (t) of the S1 state in the SF process (cf. Fig. 2). For both models, a multiplicity

of M = 108 is used for the multi-D2 Ansatz in simulation. The population dynamics P (t) in the

two models is presented in Figs. 16 and 17 for the temperature range from 0 to 300 K. Fig. 16

displays an accuracy comparison of P (t) for the two-mode model between the Multi-D2 Ansatz and

TFD-MCTDH. There is great agreement between the two over a broad temperature range. Using

the displaced number states, the Multi-D2 Ansatz method has demonstrated its simplicity, accuracy

and efficiency, an excellent apparatus for the study of dynamics CI system.

The population decay (hence the SF efficiency) increases with temperature in both models, which

can be understood by the following considerations. Using the explicit form ofHS , it is straightforward

to show that the initial depopulation dynamics is Gaussian, ⟨P (t)⟩ = exp{−ν2t2}+O(t3), where ν−1

is the so-called Zeno time which can be evaluated according to Refs. [51, 229]. Explicitly,

ν2 = λ2⟨Q2
c⟩ = λ2

(
1

2
+

1

exp{ωc/(kBT )} − 1

)
. (80)

Hence the population decay rate ν is minimal at T = 0 (ν = λ/
√
2) and increases ∼

√
T in the

classical limit of kBT ≫ ωc, yielding ν = λ
√
kBT/ωc. Independent of the tuning modes, the initial

decay of P (t) is thus determined solely by temperature T and the coupling mode frequency ωc, in

agreement with the temperature dependency of initial population dynamics in Figs. 16 and 17. At

t > ν−1, the P (t) evolution becomes much more complex and depends strongly on the tuning modes.

In particular, the depopulation in the 3-mode model is faster than that in the 2-model model. This

indicates that thermally-activated modes accelerate the SF process. For t < 75 fs (Fig. 16) and
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Figure 16: Accuracy comparisons of diabatic population dynamics of the singlet S1 state between
Multi-D2 and TFD-MCTDH for the two-mode model for T = 0, 100, 200, 300 K.

Figure 17: Diabatic population dynamics of the singlet S1 state for the three-mode model for T =
0, 100, 200, 300 K.
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t < 150 fs (Fig. 17), P (t) exhibits a characteristic step-like structure which is characterized by the

period of 2π/ωt1 = 22 fs, revealing the high-frequency tuning mode. This structure is indicative of

the stepwise, CI-driven |S1⟩ → |TT⟩ population transfer, generic for nonadiabatic vibronic systems

(see Ref. [230] and discussion therein). On a longer timescale, P (t) of Fig. 16 exhibits quite erratic

behavior, which is typical for two-mode CIs [231]. The dynamics of P (t) in Fig. 17 is smoother,

faster, and more irreversible, since more modes are involved in the CI-driven population transfer.

6.5.2 Spectral simulation of crystalline rubrene

The more realistic model system of Ref. [51] is considered in this section so as to better understand

the experimental results of Ref. [228]. The CI model, which contains all primary vibrational modes

strongly affecting the SF process, is coupled to a harmonic phonon bath described by the Hamiltonian

HB, which mimics the impact of the remaining inter- and intramolecular modes on the SF dynamics.

Thus, the total Hamiltonian is given by Htot = HLVC +HB +HSF
SB , where the system-bath coupling

Hamiltonian is assumed to be diagonal in the electronic space,

HSF
SB =

∑
q

∑
k=S1,TT

|k⟩⟨k|κkq (B̂†
q + B̂q). (81)

and κkq are the coupling constants. The phonon reservoir has two effects. Firstly, it is the source of

optical dephasing between |g⟩ and the vibronic states in the electronically excited manifold of |S1⟩−

|TT⟩, giving rise to the interesting spectral characteristics. Secondly, it also generates intra-manifold

dephasing of |S1⟩ − |TT⟩, which dampens phonon wave packets, leading to population relocation.

For simplicity, identical coupling coefficients are assumed for electronic states (κS1
q = −κTT

q ), and an

Ohmic spectral density J(ω) = ηω exp(−ω/ωcut) is chosen to characterize bath-induced dephasing

and relaxation, where η and ωcut are the system-bath coupling strength and the cutoff frequency,

respectively. It should be noted that coupling constants κkq for bath modes in Eq. (81) can be obtained

by discretizing the spectral density, the details of which can be found in Ref. [227]. In applying the

Multi-D2 Ansatz to spectral simulation of rubrene crystal, zero temperature is assumed.

By fitting the absorption spectra with the experimental data, the relevant parameters, such as the

energies of diabatic states ϵS1 = 2.50 eV and ϵTT = 2.58 eV, the inter-state coupling λ = 0.05 eV, the

optimal system-bath coupling strength η = 0.2, the cutoff frequency ωcut = 1000 cm−1, the primary

phonon frequencies ωt1 = 1400 cm−1, ωt2 = 210 cm−1, and the corresponding dimensionless Huang-

Rhys factors S1 = 0.805 and S2 = 4.1, are obtained. Furthermore, an antisymmetric intermolecular

coupling mode with ωc = 124 cm−1 has been introduced in the CI model. The transition dipole

moments are chosen as µgS1 = 1 and µgTT = 0 since the TT state is optically dark.
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Figure 18: Real parts of the total 2D spectra for the CI-mediated SF model in crystalline rubrene for
various waiting times Tw. The parameters ϵS1 = 2.50 eV, ϵTT = 2.58 eV, λ = 0.05 eV, and η = 0.2
are adopted.
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Equipped with realistic model parameters, we are in a position to extract dynamical information

from the 2D spectra, including the electronic, vibrational, and fission dynamics at CIs in the system.

To simulate 2D spectra, we need to evaluate the third-order response functions as described in Sec. 5.

We further multiply the response functions by exp[−ν · (τ + t)] with ν = 0.033 eV to account for the

optical dephasing. Fig. 18 displays the 2D spectra at different waiting time Tw. The 2D spectrumat

Tw = 0 fs exhibits pronounced vibrationally structured diagonal peaks that correspond to the vibronic

progression in the absorption spectrum. At Tw = 5 fs, while the 2D spectrum is dominated by the

peaks below the diagonal, there also exist peaks above the diagonal. This reflects the fact that the

wave packet moving along the lower adiabatic state e1 reaches the CI and partially transfers to the

higher adiabatic state e2. The 2D spectrum at Tw = 10 fs looks similar to that at Tw = 5 fs, albeit

with more contributions from the lower adiabatic state e1. From Tw = 10 fs to Tw = 20 fs, the

peaks below and above the diagonal gradually disappear due to the reverse movement of the wave

packet along Ωt1 in comparison with the case of the first 10 fs. One can clearly see the recurrence

of the 2D spectra as a function of Tw regulated by the tuning mode Ωt1 with a vibrational period

of 23.8fs (2D spectra at Tw = 0 fs and Tw = 24 fs), which usually reveals wave packet evolution

in the ground (electronic) state due to the fast CI-driven internal conversion to the dark state (see,

e.g., the discussion in Ref. [232]). In the present model, however, the CI-driven SF is relatively slow.

Hence both stimulated emission and ground-state bleach signals contribute significantly to the 2D

spectra on the considered timescale. The evolution of the 2D spectra mainly reflects the wave packet

motion along Ωt1. From Tw = 25 fs to Tw = 50 fs, the peaks below the diagonal emerge, thanks

to the wavepacket movement towards the lower potential energy surface of e1. The aforementioned

spectral recurrence is not obvious, and more evolution time is needed to clearly observe the globally

periodic movement as there exist two tuning modes (Ωt1 and Ωt2) in the model. In conclusion, the

2D spectra computed in our model carry signatures of the excited-state wave packet motion due to

the stimulated emission contribution.

7 Davydov Ansätze vs other Gaussian basis-set methods

We have demonstrated that the method of Davydov’s Ansätze offers a powerful, versatile toolkit for

numerically accurate evaluations of expectation values of steady-state and time-dependent operators

for a large variety of many-body systems. In the literature, the HDA approach belongs to a large

family of methods which employ time-dependent Gaussian basis functions to accurately solve multi-

dimensional time-dependent Schrödinger equations. We should begin with the seminal semiclassical

thawed Gaussian approximation (TGA) [233] and frozen Gaussian approximation (FGA) [234] de-
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veloped by Heller [235]. In TGA, the center of a Gaussian wavepacket moves according to classical

Newtonian equation, while the width is propagated using a time-dependent effective potential ob-

tained by truncating the potential energy surface around the Gaussian center at second order. In

FGA, the shape of the wavepacket is frozen, but the nonlinearity of the potential energy surface is

approximately taken into account. The variational multi-configurational Gaussian (vMCG) method

of Burghardt and coworkers [38, 236, 237], similar to the method of Davydov’s Ansätze, employs the

time-dependent variational principle to obtain coupled equations of motion for the Gaussian parame-

ters. The multiple spawning (MS) method of Ben-Nun and Mart́ınez [23, 24, 238] uses adaptive linear

combinations of Gaussian basis sets following classical nuclear trajectories. Thereby, the number of

Gaussian basis functions increases by a process called “spawning,” which is designed to accurately

describe nonadiabatic dynamics at several coupled potential energy surfaces and/or tunneling effects.

Werther and Grossmann developed a complementary strategy and suggested the procedure of apop-

tosis which removes quasi-degenerate Gaussian wave packets and thereby circumvents the problem

of linear dependency of vibrational coherent states [239, 240]. The coupled-coherent states (CCS)

method developed by Shalashilin and co-workers [37, 241–243] represents nuclear wave function in

a basis of trajectory-guided coherent states that are propagated by an averaged quantum poten-

tial. The CCS method has been further extended toward multiple coupled potential energy surfaces,

resulting in the MCE method [32–34], which represents wave functions by a linear combination of

Ehrenfest configurations guided by mean-field trajectories. The Hagedorn wave packets [244, 245]

and the generalized coherent state method [29, 35, 246] employ basis functions consisting of products

of Gaussians and multi-dimensional polynomials.

All the Gaussian methods mentioned above differ in the choice of specific basis functions (frozen vs

thawed Gaussians, coherent vs squeezed states), in the number of Gaussian wave packets per nuclear

degree of freedom, and in specific methods for obtaining equations of motion for the parameters

specifying multi-dimensional time-dependent Gaussian wave packets. Nevertheless, the Gaussian

nature of the basis functions frequently permits seamless application of the tools developed within the

Davydov-Ansatz formalism to other methods in the Gaussian family and vice versa. For example, the

methodology combining TFD with the Davydov’s Ansätze in Ref. [45] has been successfully applied to

the simulations of nonlinear spectroscopic signals via TGA [247, 248] and MCE [249]. The Davydov

Ansatz methodology for the computation of nonlinear spectroscopic signals [25, 58] was transferred to

the MCE framework [250]. However, the list of possible methodological “exchanges” is by no means

exhausted. For example, it is promising to spread the Davydov-Anstaz-based machinery for the

evaluation of multidimensional diabatic and adiabatic wave packets [31] to other Gaussian methods
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and to interface the Davydov Ansätze with ab initio electronic structure methods for on-the-fly

simulations of photophysical and spectroscopic responses by adopting the methodologies of ab initio

multiple spawning (AIMS) [251], ab initio multiple cloning (AIMC) [252], the direct dynamics variant

of vMCG (DD-vMCG) [253], MCE [254] and (for time-dependent Hamiltonians) the external-field

AIMS [255, 256].

8 Conclusion

In this review, we have presented a comprehensive overview of the methodological development of

Davydov’s Ansätze in the past decade and their applications to many-body quantum systems of in-

terest in computational physical chemistry and chemical physics. Davydov’s solitons were proposed

in the 1970s as a candidate for vibrational energy carriers in proteins, owing to their close associ-

ation with the Fröhlich Hamiltonian and the Holstein molecular crystal model. Momentum-space

projection of those solitons emerged to be great approximations to the ground-state wave functions

to the extended Holstein Hamiltonian, providing unambiguous evidence to the absence of quantum

phase transition in the generalized Holstein systems [184, 185]. Pioneered by Shore and Sander in

early 1970s, the multiple Davydov Ansätze were first developed as incremental improvements of their

single-Ansatz parents to better depict the vibrational portion of the many-body wave function. Two

forms of the multiple Davydov Ansätze, namely, the multi-D1 and the multi-D2 Ansätze, have been

developed and applied successfully to a number of many-body quantum systems of interest, including

variants of the SBM [26, 28, 54] and the extended Holstein Hamiltonian in 1D [27, 45] and 2D [257].

Application of HDA to finite-temperature dynamics of many-body systems can be accomplished

via the method of Monte Carlo importance sampling to initialize vibrational modes [39, 40], the

method of TFD to map the density-matrix Liouville-von Neumann equation to the TFD Schrödinger

equation with twice the degrees of freedom [41–45], and the method of displaced number states to

exploit the fact that initial excitation of the vibrational manifold can be conveniently described by

displaced number states of the bath degrees of freedom [50, 51]. Using the SBM as a demonstration

of the finite-temperature time-depedent variation with HDA, variational dynamics with the single

Davydov Ansatz already shows excellent agreement with the QUAPI results at high temperatures,

while finite-temperature variation with multiple Davydov trial states has been demonstrated to re-

main efficient even at elevated temperatures [40]. Results in the sub-Ohmic regime demonstrate a

great advantage of the HDA method because conventional perturbative approaches fail to describe

strong non-Markovianity due to the long-time tail of the correlation function of the sub-Ohmic bath.

Comparison of the HDA machinery with the HEOM method has also been carefully made for the
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dynamics of the Holstein polaron at finite temperatures [45], which confirms the efficiency and ro-

bustness of the HDA machinery for describing the finite-temperature dynamics in the simultaneous

presence of diagonal and off-diagona exciton-phonon coupling. As an application in a practical prob-

lem, the variational HDA machinery has been extended to the evaluation of third-order response

functions of crystalline rubrene at finite temperatures, which yields accurate 2DES signals of two-

mode and three-mode models of rubrene from 0 to 300 K.

We can thus conclude that the variational framework of HDA and its finite-temperature vari-

ants equip practitioners of quantum simulations with numerically accurate, powerful tools for the

evaluation of fully quantum, steady-state and time-dependent, linear and nonlinear responses for a

large variety of many-body electron-vibrational systems. It seems auspicious to harness the HDA

techniques for numerically accurate and efficient exploration and benchmarking of nonlinear and

mode-mode coupling effects in quantum transport and ultrafast spectroscopy, to extend the multi-

coherent-state-description to systems with fermionic and rotational degrees of freedom, as well as

to systematically apply the HDA machinery to scrutinize the femtosecond dynamics of cavity QED

systems and to simulate nonlinear responses of various many-body systems in molecular science to

quantum and/or incoherent light.
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