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Abstract

In modern signal processing, one of the greatest challenges is the more and more
complex domain structure of the signal. One typical structure is a graph, or
network, where vertices represent entities and edges denote the relationships between
them. For signals supported on the graph structures, the filtering, sampling and
reconstruction techniques require proper use of the graph. Graph signal processing
(GSP) has emerged as a powerful tool for addressing these problems by leveraging
the domain knowledge of graphs. It extends the traditional signal processing domain
from discrete-time stamps to vertices in a network. GSP has found wide applications
in various domains, including point cloud denoising, image processing, and brain

network analysis, etc.

Traditional GSP regards the signal on each vertex as a scalar. In this thesis, apart
from the graph structure, we consider an additional domain which is a measure
space. This space is the domain of the signal observation on each vertex of the
graph. For example, it can be a subset of a Euclidean space, or the index set of
a feature vector. In the former case, when the subset is an interval, it represents
the scenario where each vertex observes a signal on this interval. By leveraging the
product structure of the graph and measure space, signal processing techniques
are developed for more general signals over the graph. This class of signal is called
generalized graph signal, and we refer to this framework as generalized graph signal
processing (GGSP). We refer to the product of the graph and the measure space
as joint domain. In this thesis, we develop systematic statistical signal processing
techniques for generalized graph signal in three parts: modeling, estimation and

hypothesis testing.

Firstly, in order to analyze random generalized graph signal, we model it as random
element in a Hilbert space of functions, called graph random process (GRP). We
provide conditions for a stochastic process on a graph to be a GRP. We introduce
the notion of joint wide-sense stationarity (JWSS) for GRP, which allows us
to characterize a stochastic process on graph as a combination of uncorrelated

oscillation modes across the joint domain. We elucidate the relationship between the
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notions of wide-sense stationarity in different domains, and derive the Wiener filters
for denoising and signal completion under this framework. Provided a training set,
the power spectral density can be estimated, hence the Wiener filter can be applied
to the test dataset.

Secondly, we consider the estimation (reconstruction) of generalized graph signal by
means of the reproducing kernel approach. We formulate GGSP signal reconstruction
as a kernel ridge regression (KRR) problem. By devising an appropriate kernel,
we show that this problem has a solution that can be evaluated in a distributed
way. We interpret the problem and solution using both deterministic and Bayesian
perspectives and link them to existing graph signal processing and GGSP frameworks.
From the Bayesian perspective, our approach can be seen as the maximum a
posteriori estimator with a JWSS Gaussian prior. We then provide an online
implementation via random Fourier features. Under the Bayesian framework, we
investigate the statistical performance under the asymptotic sampling scheme.
Compared to the aforementioned Wiener filter, this approach does not require a

noiseless and incomplete training set for estimation of power spectral density.

Finally, we consider a multiple hypothesis testing problem in a network over the
joint domain. We assume a hypothesis test and an associated p-value for every
sample point in the joint domain. Our goal is to determine which points have true
alternative hypotheses. By parameterizing the unknown alternative distribution of
p-values and the prior probabilities of null hypotheses with a bandlimited generalized
graph signal, we obtain consistent estimates for them. Consequently, we also obtain
an estimate of the local false discovery rates (lfdr). We prove that by using a step-up
procedure on the estimated lfdr, we can achieve asymptotic false discovery rate

control at a pre-determined level.
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Chapter 1

Introduction

1.1 Background

In real-world signal processing, the signal of interest is usually associated with
a network. One of the most prominent examples is the data records from sensor
networks, which are usually high-dimensional and have relationship with the network
structure. Graph signal processing (GSP) techniques have been proposed to analyze
this class of signals by accommodating the network structure [1-4]. By extending the
core concepts like shift operator, frequency and Fourier transform from discrete time
domain to graph, a new set of signal processing techniques such as filtering [5-7],
sampling [8, 9], representation [10], and reconstruction [11, 12| have been developed.
Besides its theoretical success, GSP has been widely applied in brain signal analysis

[13-15], image or point cloud processing [16, 17], and recommendation systems [18].

Traditional GSP makes use of information in the graph or vertex domain rather
than the time domain. To leverage information in both the graph and discrete-time
domains, a time-vertex GSP theory [19, 20] was introduced. It includes the concepts
of joint shift operator, joint Fourier transform (JFT), joint wide-sense stationary
(JWSS), joint power spectral density (JPSD), and methods like sampling strategies
[21]. The time-vertex approach is more flexible and powerful than traditional GSP

since it exploits information from both the vertex and time domains.

In [22], the time-vertex framework is further generalized to include vertex signals

from a possibly infinite dimensional, separable Hilbert space, which further developed



2 1.2. Motivation

the concepts of JFT, filtering and sampling over the joint signal space constructed
by the graph and Hilbert space. This framework encompasses a broad range of
vertex signals including multichannel signals and continuous-time signals. In the
sequel, we refer to this as the GGSP framework. One of the most important features
of GGSP is that, since this framework enables analyzing general functional signals
on every vertex, it allows for asynchronous sampling on every vertex, and also
enables convergence analysis when the number of samples tends to infinity. In
contrast, the time-vertex framework assumes the time stamps on every vertex are

the same and fixed.

In this thesis, we develop a statistical model and inference methods for GGSP. We
derive the conditions under which stochastic processes on graphs can be modeled
as random elements in Hilbert spaces, and we define their moments. We call these
random elements as graph random process (GRP). We focus on a class of GRPs
whose second moment has an exchangeable relationship with the joint shift operator,
and we define them as JWSS. We define their energy on each frequency component as
JPSD. These concepts form the basic statistical model for our analysis of stochastic
generalized graph signals. We explore the inference problem from two aspects:
estimation and testing. For estimation, we study the signal reconstruction problem
with reproducing kernel. From a deterministic view, it can be seen as a function
reconstruction approach. From the statistical view, our approach can be seen as a
Bayesian estimation of generalized graph signals with a JWSS prior distribution.
For testing, we study the MHT problem in the joint vertex-measure space domain.
MHT means that we need to make decisions on multiple hypotheses simultaneously.
Using generalized graph signal as a parameter of p-value distribution, we develop a

method with asymptotic FDR control.

1.2 Motivation

In this section, we highlight the motivations of statistical model and methods for
GGSP in this thesis.



Chapter 1. Introduction 3

1.2.1 Joint Wide-sense Stationarity Model

The GGSP framework by [22] proposed to reconstruct the generalized graph signal
via the assumption that the original signal is bandlimited [22, Section VI.A]. In
practice, to determine the bandwidth, we usually need a training set to estimate it.
However, given a training set, we can utilize much more information beyond just
the bandwidth. Recall that in discrete-time signal processing, we can estimate the
power spectral density (PSD) of a wide-sense stationary signal. The PSD provides
prior information of Fourier coefficients, allowing for more accurate estimation of
the target signal. In the oracle situation where the ground truth of PSD is known,
applying Wiener filter yields the best linear estimator with the smallest mean-square
error (MSE).

This theoretical line has been studied in GSP literature [23—-25] and time-vertex
GSP [26, 27], but not in GGSP. Since the time-vertex GSP can be regarded as a
product graph, the notions of stationarity and power spectral density can be simply
understood as the corresponding notions on the product graph. However, due to the
infinite-dimensional nature of general Hilbert spaces, the definitions of wide-sense
stationarity and power spectral density are more technical and intrinsically different
from the aforementioned literature. Besides, from an application perspective, the
time-vertex JWSS only considers discrete-time signals on each vertex, whereas the
GGSP allows for more general signals, such as multichannel signals, on each vertex.
Therefore, considering JWSS in GGSP can lead to more flexible and universal

approaches for statistical GSP.

In light of this motivation, we fill this research gap by introducing statistical
elements to the GGSP framework. We first introduce the notion of GRP, which is
the generalized concept of random vector in Euclidean space to infinite-dimensional
space. Under mild conditions, stochastic generalized graph signals are GRP. Second,
we define JWSS as a special class of GRP whose second moment commutes with
the joint shift operator. Based on these concepts, we extend the definition of JPSD
and Wiener filters from traditional GSP to JWSS signals. Using this generalized
Wiener filter, we aim to reconstruct not only discrete-time signals over graphs but

also multidimensional feature vectors over graphs.
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1.2.2 Kernel Based Reconstruction

As mentioned in Section 1.2.1, the Wiener filter for GGSP [28] relies on knowledge
of the signal’s JPSD, which can be derived from a noiseless training set without
missing values. However, this may not be practical. Besides, although the Wiener
filter can theoretically reconstruct unbandlimited signals, in practice, we are limited
to using a bandlimited approximation. Thus, we consider the more challenging case
where the training set is small, noisy and incomplete, and the target signal is not
bandlimited, hence the method in [28] cannot be applied. To address this more
challenging problem, recall that in GGSP, the signal on each vertex is a scalar-
valued function®. Also recall that, for a general function reconstruction problem,
by utilizing an appropriate kernel, we are able to reconstruct the signal with good
fidelity as long as the target signal is in the corresponding reproducing kernel Hilbert

space (RKHS), which can be infinite-dimensional.

In view of this motivation, we propose a kernel based method to reconstruct
functions supported on the joint domain which is a product space of the vertex
set and a measure space. The core of this method is to design a proper kernel. We
propose to design this kernel as a product kernel of a graph-based kernel and a
kernel in the measure space. Compared to the method in [22], our proposed method
is able to utilize infinitely many features. This makes it more flexible and has better

signal representation capability.

To illustrate our motivation, consider the Intel lab temperature dataset? which
consists of temperature records from 54 sensors in a lab, collected between February
and April 2004. The ground truth records and incomplete noisy observations on two
connected sensors labeled as vertex 1 and 2 are shown in Fig. 1.1. Our goal is to
reconstruct the signal at vertex 1. In the time interval [0,40000], there is a lack of
observations on vertex 1. As shown in Fig. 1.1, the isolated kernel ridge regression
(KRR) method fails to reconstruct this part. On the other hand, our proposed
approach, referred to as KRR-GGSP, utilizes the graph structure to incorporate
the observations from a vertex’s neighbor to improve reconstruction. This example
motivates the need for a new KRR framework under GGSP. Unlike the methods
based on wide-sense stationary (WSS) or JWSS assumptions [27, 29], KRR-GGSP

'In this context, for simplicity we only consider real-valued functions on vertices.
?http://db.csail.mit.edu/labdata/labdata.html
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does not require knowledge of the PSD of the signal, which can be hard to estimate

when there are only noisy and incomplete samples in the training set.

vertex 1

—e— ground truth
® observation
—— KRR-GGSP
— KRR

0 20000 40000 60000 80000
vertex 2

2.01 —e— ground truth

1.54 ® observation

1.01

0.5 A1

0.0 1

—0.51

_1_0 4

—1.541

0 20000 40000 60000 80000
time (in seconds)

FIGURE 1.1: The upper and lower plots represent observations and ground truths
from two connected vertices 1 and 2, respectively. Green curves are ground truth
signals, and the cyan dots represent the observations on each vertex. Note that
reconstruction based on the single vertex 1’s observations using KRR is much
worse compared to the proposed KRR-GGSP approach.

1.2.3 Multiple Hypothesis Testing in the Joint Domain

The MHT problem has been considered for identifying interested regions on a graph.
Given a hypothesis testing problem and the corresponding p-value on each vertex,
the target is to identify those vertices on which the alternative hypotheses should
be correct. The papers [30, 31| proposed methods assuming that the detection
results should inhibit a grouped structure over the graph. In other words, we
expect to see similar decision results on adjacent vertices. In these papers, this

grouped structure is imposed by adding sparsity terms to the optimization of the
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log-likelihood functions. In [32], the authors proposed an approach for matching
the performance of the global Benjamini-Hochberg (BH) method in a distributed
way in a network. In the paper [33], the authors considered the MHT problem in
spatial domain, which assumes that the p-values can be divided into different sets,

and those in the same set have the same distribution.

The MHT problem is usually interpreted in a Bayesian framework such that the
ground truth of the hypotheses are randomly generated from a Bernoulli distribution.
If the alternative hypothesis is true, the p-value is assumed to follow a certain
distribution that is more likely to observe small p-values. We notice that, the
existing methods [30-33] assume these distributions to be constant, piecewise
constant, or with finite choices. We claim that in practice this may not be the case,
and parameterize them using an underlying generalized graph signal, resulting in a
finer model. Besides, among these methods, only [31, 32] provides conditions for
FDR control. We claim that these conditions can be too restrictive in practice.
Finally, to our knowledge, there are no studies regarding MHT on the joint domain

of a graph and a measure space.

In view of these research gaps, we model the underlying generalized graph signal
as a bandlimited signal defined by a finite number of parameters. This strategy
allows us to use the maximum likelihood estimator (MLE), which is known to be
consistent. We prove the asymptotic control of the FDR by applying the local false
discovery rate (lfdr) based approach with MLE. Our method is more suitable for
real-world problems, and not restricted by uncontrollable parameters, making it an

improvement over existing approaches.

1.3 Related Work

1.3.1 Algebraic and Statistical Graph Signal Processing

Schemes

Central to the theory of algebraic signal processing is the concept of a shift operator
and its resulting Fourier transform. The works [1, 34, 35] have extended these
algebraic signal processing concepts from the discrete-time domain to the graph

(or vertex) domain, yielding the new concepts called graph shift operator (GSO)
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and graph Fourier transform (GFT). GFT is the “frequency” representation of
a graph signal in a basis induced by the GSO (typically, we assume a complete
orthonormal eigenbasis consisting of eigenvectors of the GSO). A GSO and its
corresponding GF'T are graph-based counterparts of the translation operator and
the discrete Fourier transform for a discrete time series. There are multiple choices
of GSOs and GFTs, which admit different properties and interpretations. For
example, when the graph Laplacian is chosen as the GSO, its eigenvectors represent
signals of certain frequencies, i.e., each eigenvector is a representer of what a graph
signal with a specific degree of “smoothness” along its edges looks like, with lower
frequencies corresponding to smoother signals. The related concepts of algebraic
signal processing then follow. For example, a graph signal is bandlimited if its GFT

support is within a proper subset of frequencies.

Building on these basic concepts, the papers [23-25] studied statistical signal
processing on graphs. The authors extended the concept of a WSS signal from
discrete-time domain to the vertex domain. To be specific, the set of WSS graph
signals is a family of signals with statistically uncorrelated spectral modes. The PSD
of a graph signal characterizes its energy distribution among different frequency

components, and is also a crucial ingredient for constructing Wiener filters.

Traditional GSP deals with information in the graph or vertex domain rather than
the time domain. In practice, the signal on every vertex can be discrete-time signals.
To exploit information in both the graph and discrete-time domains, the papers
[19, 26, 27] developed the time-vertex GSP theory. The idea was to construct the
Cartesian product graph of the original graph and a cyclic graph, the latter of which
represents the discrete-time domain. Through this construction, the discrete-time
signals on graphs are modeled as a graph signal on the product graph. Hence the
concepts and techniques in traditional GSP such as GFT, WSS and PSD can be
extended as JFT, JWSS and JPSD. The Wiener filter of the time-vertex framework
is also defined as the graph Wiener filter on the product graph.

To form the discrete time series on each vertex from a general signal like a continuous-
time signal, the time-vertex framework implicitly assumes the same sampling rate
on every vertex and requires a perfectly synchronous sampling scheme on the
graph. To overcome these weaknesses, [22, 36] introduced a GGSP framework,
which assumes that the vertex signal space is a possibly infinite dimensional Hilbert

space. The GGSP framework generalizes GSP to a much wider range of scenarios
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and applications, including the analysis of vertex signals in a continuous domain,
which allows asynchronous sampling on different vertices. Besides, by considering
multidimensional feature spaces, this framework incorporates more complex signals

than discrete-time signals on each vertex.

1.3.2 Reconstruction Methods for Signal over Graphs

When the PSD (or JPSD) is known, the works [23-27] developed statistical optimal
filters (i.e., Wiener filters) for graph signals or time-vertex signals. PSD represents
the energy of random signal on different frequency components. Therefore, the
estimation of PSD requires a noiseless and complete training set of signals. In
practice, this may not be available. In this case, the following methods can be used

to reconstruct signal over graphs.

Regarding the signal reconstruction problem, the most common assumption is
that the target signal is bandlimited. The works [37, 38] proposed perfect recovery
condition to reconstruct a bandlimited graph signal. The work [22] also proposed
to recover generalized graph signal in the GGSP framework under the bandlimited
assumption, and also developed a sampling theory for bandlimited signal in GGSP.
Besides these approaches, the work [11] proposed a method to estimate graph
signals using a kernel based approach without the bandlimited assumption. By

designing a kernel on the vertex set, this method reconstructs the graph signal in a
finite-dimensional RKHS.

In the time-vertex signal literature, the work [39] proposed to reconstruct signals
by penalizing the first-order difference of discrete-time signal on every vertex and
the total variation of graph signal on every instance. The work [40] generalized
this method by replacing the graph total variation with a more general Sobolev

smoothness.

1.3.3 Multiple Hypothesis Testing on Graph

In statistics, the problem of determining which hypotheses to reject among a large
set of hypotheses based on their associated p-values is known as the MHT problem

[41]. The seminal work [42] proposed an adaptive thresholding method, also known
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as the BH method, which controls the FDR to ensure that the identified set of
alternative hypotheses does not contain too many false positives. This method was
further improved in [43] by estimating the proportion of null hypotheses. In recent
years, there have been more MHT works that incorporate structural information.
For example, [31] proposed a weighted BH method that assigns weights to p-values
based on prior knowledge of structural information, such as low variation over a
graph. The resulting FDR is shown to be related to the Rademacher complexity of
the feasible set of weights.

The paper [30] proposed a method for solving the MHT problem over a graph. This
method leverages the graph information by encoding the prior probabilities of being
null as a function of a low variation signal on the graph. The paper [44] developed
a method to iteratively threshold, mask, and reveal the p-values to control the
FDR at a predetermined level. This approach allows for the incorporation of prior
knowledge during the thresholding step. Furthermore, the paper proved that the
optimal rejection strategy, in terms of both marginal power and marginal FDR,
is to set a threshold on the lfdr values. Another work, [45], demonstrated that
this strategy can asymptotically control the FDR at a pre-determined level under
certain consistency conditions. The authors also proposed an EM algorithm for
estimating the unknown probability density functions (pdfs) of p-values and the
prior probabilities of being null. The work [33] proposed a method of estimating a
Beta mixture density, and applied it to the detection problem on spatial signals.
The work [32] proposed distributed methods for approximating the BH method
over graphs. This method incorporates the case where the prior probabilities of

being null vary over the graph.

1.4 Thesis Contribution and Outline

The main contributions of this thesis are summarized as follows:

In Chapter 3, we establish a probabilistic model for the GGSP framework by
introducing the concept of a graph random process. We define the notion of joint
WSS with respect to (w.r.t.) the GGSP shift operator. This framework includes
the notion of graph or vertex WSS and joint WSS under the traditional GSP and
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time-vertex frameworks, respectively, as special cases. We show that joint WSS

implies WSS in both the vertex and Hilbert space domains.

We derive analytical forms for the Wiener filters for denoising and signal completion,
which are the best linear unbiased estimator (BLUE) for signal recovery under the
joint WSS assumption. We also derive the theoretical MSE of the Wiener filters as

a criterion for sample set selection.

We verify our proposed framework on real and synthetic datasets and demonstrate
the utility of working with more general assumptions under our framework. In
particular, the Hilbert space shift operator under our proposed framework can be

learned from the data, instead of having to be fixed in advance.

In Chapter 4, we construct an appropriate kernel and formulate the signal recon-
struction in GGSP as a KRR problem. We interpret it as an extension of existing
kernel-based frameworks. This approach does not require estimation of JPSD, since

the parameters can be tuned on noisy and incomplete data.

We present an online and distributed approach for generalized graph signal recon-
struction. When using radial basis function (RBF) to construct the kernel, the KRR
problem can be approximated by a linear regression problem by utilizing random
Fourier feature (RFF).

We compute the limit and asymptotic upper bound for conditional MSE of recon-
struction under the Bayesian framework. These theoretical results reveal that the

posterior estimation MSE will converge to the oracle MSE.

We present numerical case studies to illustrate the utility of our proposed method
in several applications. By extending the existing approaches in graph signal recon-
struction, our approach is more flexible, and can adapt to more general sampling

situations.

In Chapter 5, we propose a method for estimation of p-values’ pdfs which are
homogeneous over the joint domain. By utilizing the domain knowledge, this

method yields consistent estimation.

We provide an optimal MHT strategy with simultaneously varying null probability

and alternative distribution under the GGSP framework. We derive the conditions
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for asymptotic FDR control and derive the asymptotic power of the proposed
method.

We validate the utility of the proposed strategy in practical sensing applications.
The numerical results demonstrate that by leveraging the information in the joint

domain, our approach achieves the best detection power.
The thesis is organized as follows.

In Chapter 2 we review the framework of GGSP and functional analysis contents
like Hilbert space and Bochner integral. We introduce the statistical concepts
related to Hilbert space, such as random element and linear conditional expectation.
Besides, we also introduce the KRR approach and its interpretation. These are
the basic theoretical tools we will use in this thesis. In Chapter 3, we model a
random graph signal as a random element in a specific Hilbert space under the
GGSP framework. We extend the JWSS and JPSD concepts from the time-vertex
framework to the GGSP framework. We provide Wiener filter design for denoising
and signal completion. In Chapter 4, we formulate the signal reconstruction problem
in GGSP. We derive the solution, discuss its interpretation and compare it with the
existing methods. We also provide an online version of the reconstruction problem.
We analyze the statistical performance of our reconstruction approach under the
asymptotic case. In Chapter 5, we propose an approach for simultaneous estimation
of the prior probability of hypotheses being null and the distribution of p-values
under alternative hypotheses in a sensor network over the joint spatial-time domain.
We prove the asymptotic control of the FDR by applying the lfdr-based approach

using this estimation.






Chapter 2

Preliminaries

2.1 Generalized Graph Signal Processing

In this section, we introduce the GGSP framework, which is the basic signal model
we will discuss in this thesis. We first introduce the basic concepts in GSP, and

then explain their extended versions to GGSP.

2.1.1 Graph Signal Processing

The goal of GSP is to analyze signals residing on the vertices of a graph. A graph
G is defined by a tuple (V, ), where V and £ denote the vertex set and edge set,
respectively. Suppose we label the vertices as V = {1,...,N}, and € C {(4,J) :
1 <i,7 < N}. We write i ~ j if (i,7) € €. The set of neighbors of vertex i is given
by N; ={j : i ~ j}. The adjacency matrix W¢ of G is defined as

Weli,j) = (2.1)

0 otherwise,

where w;; denotes the weight of the edge (i, j). Every edge weight w;; = 1 for un-
weighted graphs G. The degree matrix is the diagonal matrix Dg = diag(d; . .., dy),
where d; = |NV;] is the degree of the i-th vertex. The graph Laplacian L is defined
as Lg = Dg — Wg. In this thesis, we mainly consider undirected graphs without

self-loops, i.e., W¢ is symmetric with zero diagonal elements.

13
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A graph signal z is defined as a function on the vertex set:

z:V—-M

(2.2)
v = z(v),

where M denotes the space of vertex signals, and z(v) denotes the signal associated
with the vertex v. For ease of notation, we alternatively write graph signal as a

vector x = (z(1),--- ,x(N))". In this subsection, we assume that M = R.

GSP starts with the definition of GSO and GFT. These definitions lay the foundation
for basic GSP theory and inspire further generalizations of GSP. From the analytical

and algebraic perspectives of signal processing, there are two major choices for the

GSO.

The analytical perspective comes from signal analysis on R™ [1]. The Laplacian on
L*(R™) is defined as

A= %
i=1 g

where t = (t1,--- ,t,)T € R". It can also be written as the divergence V- of the
gradient V, i.e., A(f) = V-V(f). Note that the Fourier sinusoids {e'“"t : w € R"}

are the eigenfunctions of the Laplacian operator:

n 82 eint

Ae) =) g =~ llwlPe (2.3)
i=1 i
For a graph signal x, the gradient can be defined as
V(x) = Bex = (2(i) — 2(j))a.j)ee € R,
where B € RIE*V is the incidence matrix. It has elements given by

-1 v=r,
BG((iaj)vv): 1 U:ja

0 otherwise,
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for each (7,j) € £ and v € V. It is known that the negative divergence is the adjoint

operator of the gradient, thus
V-=-V'=-Bg. (2.4)

The Laplacian on graph G is then defined as Lg = —V - V = BL, B¢ (the negative
sign is added so that L¢ is positive semidefinite), which coincides with the previous
definition Lg = Dg — Wg. Since the graph Laplacian L is the discrete analog of A,
it is natural to define Ly as the GSO with the resulting orthonormal eigenvectors as
the Fourier basis. To be specific, note that the following quadratic form represents

the total variation (i.e., smoothness) of a signal x on graph G:

TV, (x) =xLex = Y wy(a(i) — x(4))* (2.5)
(4,9)€E

Therefore, suppose A; is the k-th smallest eigenvalue of L¢, and ¢, is the corre-
sponding eigenvector. Then we have ¢} Lg,, = A;. This indicates that an eigenvalue
with a larger magnitude implies a higher frequency, which is similar to (2.3), where

larger components of w are associated with higher frequencies in that dimension.

The algebraic perspective comes from signal analysis on discrete-time signals [34, 35].
Recall that the discrete Fourier basis consists of the eigenvectors of the translation

operator:

W, RT 5 RT

(2.6)
(x(1),2(2),...,2(T)) = (x(T),z(1),...,2(T — 1)),

where Wr is the time shift operator on a discrete-time signal. Note that W,
represented as an 7' x 1" matrix, coincides with the cyclic graph’s adjacency matrix
with T vertices, denoted as Cp (see Fig. 2.1). Therefore, the discrete-time signal
can be regarded as a graph signal on a cyclic graph with GSO Wr. In the same
vein, for a general graph GG, we can choose its adjacency matrix W as the GSO.
This can be understood via another definition of total variation: the shifted result
of a low-frequency signal should be close to the signal itself. In other words, the

quantity

N
TVw,(x) = [|x = Wexl; = )

i=1

(i) = ) a(j)

JEN;

(2.7)
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should be small. To construct an energy-preserving shift, we normalize W by its
operator norm, so that its eigenvalues |A1| < [Ag| < -+ < | Ay satisfy |[Ay| = 1. For
each eigenvalue Ay, let its corresponding eigenvector be ¢,, normalized such that
|ppll, = 1. We observe that

TVw(y) = |1 — Al (2.8)

Therefore, an eigenvalue of W close to 1 (after normalization) on the real line (or

complex plane) is associated with a smooth eigenvector on the graph.

O/—~A

Nowo

FicURrE 2.1: Cyclic graph with 6 vertices.

In the rest of this thesis, we assume a GSO has been fixed and we denote it as Ag
when it is not important to specify a concrete choice. The eigendecomposition of Ag
is Ag = PAPT, where A = diag(A;, ..., \y) is the diagonal matrix of eigenvalues
and ® = [¢, ... ¢ is the matrix whose columns are the corresponding eigenvectors.
We assume that the set {(Ax,¢;) : k= 1,..., N} is listed in ascending order of
frequency. From the above discussion, we see that the eigenvectors of GSO represent
graph signals with different total variations or frequencies. This observation leads to
the natural definition of GFT as the inner product with these eigenvectors, which

are also called the graph Fourier basis:

3 RY — RY

X = (P, X).

The frequency domain, containing the frequencies {\;}, is discrete. Note that the
matrix ®" maps x to its Fourier coefficients, so we also call it GFT. The inverse GFT
is then defined as the matrix ® . We refer to the eigenvalues {\, : k=1,...,N}
as graph frequencies. A graph signal x is said to be K-bandlimited if §x(x) = 0 for
all £ > K.
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Graph filters are linear operators on the space of graph signals. In GSP, since the
signal space is RY, the filter space is RV*¥. A subspace of filters is identified as
convolution filters. Recall that in traditional signal processing, the convolution filter
is defined as the pointwise multiplication with a certain transfer function on the

frequency domain. In GSP, a convolution filter is defined in the same way:
H=®h(A)D, (2.9)

where A = diag(Aq, ..., Ay) contains the graph frequencies in the diagonal entries
and h(A) = diag(h(A1), ..., h(Ay)) is the frequency response of H. Note that (2.9)

consists of a GF'T, a pointwise multiplication, and an inverse GFT.

Another subspace of filters is the space of polynomial filters. Let h(s) = Y1 ¢;s’

be a polynomial of degree L — 1. A polynomial filter has the form
L—1
H=h(Ag) =) AL (2.10)
=0

From the practical aspect, the implementation of Ag is distributed because all
the aforementioned GSO choices encode the graph topology in their entries, i.e.,
As(i,7) = 0 whenever (i,7) ¢ E. To be specific, computing y = Asx amounts to

computing the sum

y(i) =Y Ac(i, j)a()),
i
which only requires information exchange between neighboring vertices. If a graph
filter H commutes with A, we call it a shift-invariant filter. We see that (2.9) and
(2.10) are shift-invariant filters. Besides, it can be shown by [46, 5F, Section 5.2]
that if all {\x} are distinct and have multiplicity one, then all shift-invariant filters

are polynomial filters.

2.1.2 Generalized Graph Signal Processing

In traditional GSP, a graph signal assigns a number to each vertex in V, i.e., M =R
or Cin (2.2). By a generalized graph signal, a function is assigned to each vertex.

The appropriate mathematical language is the theory of Hilbert spaces. Suppose
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M = H is a Hilbert space (i.e., a complete inner product space). We further assume
that H is separable. A generalized graph signal is a function x : V — H. For
example, if H = R or C, we are in the realm of traditional GSP theory. However, it
can be fruitful to consider H = L*([a, b]), the space of square-integrable functions
on an interval [a, b]. We refer the reader to Section 2.2 for an introduction of Hilbert

spaces.

To make the discussion here self-contained, we briefly review some concepts from
the theory of Hilbert spaces. A separable Hilbert space H is equipped with an inner
product and has a countable basis, denoted by (-, -)3. Without loss of generality,
we can assume H = L*(T) for some measurable space 7 with a measure 7 [47].
Then, the space of generalized graph signals with vertex signals from H can be
denoted by L*(V x T). For each x € L*(V x T) and u € V, we have z(u) € L*(T)
and x(u)(t) € C for each t € T. A useful point of view is that we can treat = as a

function of two variables and write x(u, t) for z(u)(t).

For a finite dimensional Euclidean vector space CV, we may form the tensor product
(48] CN @ H as the set of finite linear sums Zfil b; ® h;, with b; € CV and h; € H
for all i = 1,..., N, such that the following holds for any by, by, b € CV and any
hl, hg, h € H:

e b®h+by®h= <b1+b2)®h,

® b®h1+b®h2:b®(h1+h2>,

e rTb®h=b®rh forreC.

The tensor product CV @ H is equipped with an inner product (-, -)cngy induced

(linearly) by:
(b1 ® hy, by ® ho)evgy = (b1, ba)en (b, ha)w, (2.11)

which defines a metric on CV ® H. As CV is finite dimensional, C¥ ® H is complete
and hence a Hilbert space. The signal space L*(V x T) can be identified with
CY ® H by the following map:

T Z e, ® z(u) (2.12)

uey
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for each z € L?(V x T), where u — e, identifies V with the standard basis of CV

[22]. We shall use this identification extensively in the sequel.

Suppose ® is the graph Fourier basis and ¥ = {¢); : [ > 1} is an orthonormal basis
of H. Then @ @ ¥ = {¢p, ® 1y : 1 <k < N,l > 1} forms an orthonormal basis of
CN ®@ H. For each z € L*(V x T), ¢, € ® and ¢y, € U, the JFT is defined as:

Fra(@) = (2, @) 2 () ew @ z(u), ¢y @ Vi)engn (2.13)

uey

Since ® ® ¥ is an orthonormal basis, given a sequence of numbers (gy;) such that

> ki lgr|” < o0, the inverse JET is given by

5 () =D g b, @ . (2.14)
k,l

In the above definition of JF'T, the graph information is encoded in the orthonormal
basis ®. Recall that ® is an orthonormal eigenbasis of Ag. On the other hand,
there can be bounded linear operators, such as integral operators, on H = L*(T).
Let Ay be such an operator and we assume that it is self-adjoint and compact.
The basis W is usually chosen as an eigenbasis of such an operator Ay. The tensor
product Ag @ Ay : b@ h— Ag(b) ® Ay(h) € CN @ H = L*(V x T) induces a
bounded linear map on L*(V x T). We call this operator A s := Ag ® Ay the joint

shift operator in joint domain.

Analogous to Fourier theory, the domain of JET is related to the notion of “fre-
quency”. For ¢, € ® and ¢, € ¥, we use \; and v; to denote their corresponding
eigenvalues. The set {(A, ;') € RxR : ¢, € U} is defined as the frequency domain.
For z € L?(V x T), the frequency range of z is defined to be {(\, ;') e R x R :

Sri(z) #0,¢, € @, 1y € U}

In traditional GSP, a filter is a linear transformation, which is purely an algebraic
concept. However, as in functional analysis, additional analytic conditions should be
taken into consideration when we discuss filters in the GGSP framework. A filter is
a bounded (or equivalently continuous) linear operator H : L?(V x T) — L*(V x T).
A few families of filters are introduced in [22], including weakly shift invariant and

shift invariant filters, the limit of finite rank filters, compact filters, convolution
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filters, and bandpass filters. Among these, the two largest families are the weakly

shift invariant filters and the limit of finite rank filters.

A filter H is weakly shift invariant if it commutes with A 7, i.e., Ho Ay = A7 o H.
It is shift invariant if H commutes with both operators A¢ ® I and I ® Ay. As
As and Ay are interpreted as shifts in their respective domains, the defining
algebraic properties explains the term “shift invariant”. As the names suggest, a

shift invariant filter is weakly shift invariant.

To give some examples, let P(x) = ag + a1 + ... + apz? be a polynomial of degree
p < oo. Then P(A7) is a shift invariant filter, analogous to traditional GSP. Such a
filter can be used to approximate other filters due to the Stone-Weierstrass theorem.
However, unlike traditional GSP, not every shift invariant filter is in the polynomial
form as above. Let a € R be a positive real number larger than the spectral radius of
Ay Then (I —a"1A3)~!is a bounded linear transformation as it has a convergent
power series expansion in Ay. The filter H = Ag ® (I —a 'Ay) ! is shift invariant
but in general not in the above polynomial form. This difference with traditional

GSP is essentially due to infinite dimensionality of H.

We now turn to the other large filter family. A filter H is of finite rank if its range is
finite-dimensional, and H is a “limit of finite rank filters” if H = lim H; (converge
1—r 00

in operator norm) with each H; of finite rank. Such a filter is more manageable as

it can be approximated by essentially finite dimensional objects.

As the intersection of the above two filter families, we have the space of convolution
filters that plays an important role, analogous to its traditional counterpart. Specif-
ically, a convolution H = ¢ * is defined by pointwise multiplication in the frequency
domain with the JFT of a predefined signal g € L*(V x T). This means that for
any signal z € L2(V x T), the signal g  f is determined uniquely by the identity
Fyvg = FgFy on JFT.

2.2 Hilbert Spaces and the Bochner Integral

In this section, we provide a brief overview of some concepts related to Hilbert
spaces and the Bochner integral. Readers are referred to [47, 49-51] for further
details.
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A Hilbert space H is a complete normed space (i.e., a Banach space), whose norm
|||l is induced by an inner product (-, -) so that ||u|| = 1/(u, u) for u € H. Examples
of Hilbert spaces include L*(7) and Euclidean spaces. Here T can be any measure

space.

The norm ||-|| naturally induces a topology on H whose topological basis consists

of the open balls centered at each y € ‘H with radius 6 > 0, denoted as

Bly,0) ={ueM : lu—-y| <d}.
This topology defines the Borel o-algebra B of H as the smallest o-algebra containing
all the open subsets of H, so that (H, B) becomes a measurable space.

Two Hilbert spaces H; and H, are said to be isomorphic (H; = Hs) if there exists
a bijective map v : H; — Hs such that:

Y(au; +uz) = arp(uy) + by (uy),
((u1), ¥ (ug)) = (uy, uy),

for arbitrary a,b € C, u,uy € H;.
An operator C on H is a linear map from H to itself. In this thesis we only consider

bounded operators, i.e.,

sup ||C(u) < oo.

[ull=1
An operator C is bounded if and only if it is continuous. When dimH = d < oo,
an operator can be represented as a d X d matrix C. Symmetric matrices form a
notable class of matrices in linear algebra, since its eigenvectors form an orthonormal
basis for the whole space. The counterparts of these in Hilbert spaces are compact

self-adjoint operators, defined as follows.

Definition 2.1. An operator C is compact if for any bounded sequence (x)x>1 C H,

there exists a subsequence (xy,);>1 such that (C(xy,));>1 converges.

Definition 2.2. The operator C* defined by

(ur, C*(ug)) = (C(w), ug)
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for all u;,uy € H is called the adjoint operator of C. An operator C is called
self-adjoint if C = C*.

If an operator C satisfies both Definition 2.1 and Definition 2.2, then it admits an

eigendecomposition.

Proposition 2.1. [}7, Corollary 4.10.2, 4.10.3] Let C be a compact self-adjoint
operator on H. Then H has an orthonormal basis {1}, consisting of the eigen-

vectors of C. Furthermore, we have
C(u) = Z o (W, Pp) 1y,
k=1

In other words, C can be decomposed into finite-rank projection operators:

C = ZO'k]._ka.
k

Definition 2.3. An operator C on H is trace-class if
t(C) = 3 ((C"C) 9y, 4, )
k=

1

converges for some orthonormal basis {{bk}zozl of H. tr(C) is known as the operator

trace of C.

It can be shown that Definition 2.3 is independent of the choice of orthonormal
basis {3,175

For a function taking values in a Hilbert space, its Bochner integral is defined by
the limit of a series of simple functions, which is similar to the definition of the
Lebesgue integral. Let (2, F, 1) be a measure space. In the following, we define the
Bochner integral of a measurable function f : Q2 — H. We start with the definition

of a simple function.

Definition 2.4. A simple function g is a linear combination of characteristic

functions:

g = Z uplin,,
k=1
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wherein A, € F, A, N A, = @ for k # [, and u, € H, for all £ > 1. The Bochner
integral of g is defined to be

/ gdu = Z,u(Ak)uk eH.
Q k=1
Definition 2.5. A measurable function f :  — H is Bochner integrable if there

exists simple functions {fy}%2, such that

lim / If — f£i|| du = 0.
k—o0 Q

Its integral on any set £ € F is defined as

/fd,u = lim [ f;dpu.
E

k—o00 E

It can be shown that Definition 2.5 is independent of the sequence of converging
simple functions chosen. One may also note that neither Definition 2.4 nor Defi-
nition 2.5 directly makes use of the inner product but only the norm. In fact, the
Bochner integral is also applicable to functions taking values in Banach spaces.

Alternative definitions and properties of Bochner integral can be found in [52-54].

2.3 Random Elements in a Hilbert Space

In this section, we introduce the definition of a random element and its moments.
We provide interpretation of a random element’s moments via the Bochner integral,
and explain why they generalize the mean and covariance in a Euclidean space to a

Hilbert space.

Consider a probability space (€2, F,P), where Q2 is a sample space, F a c-algebra
and P a probability measure. Let H be a complex separable Hilbert space with
inner product (-,-). Since H is a Banach space, it is naturally endowed with the
norm-induced topology. This topology defines the Borel o-algebra B as the smallest
o-algebra containing all the open subsets of H, so that (H, B) is a measurable space.

A random element is defined as a measurable map x : {2 — H, which induces a
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probability measure Py on (H, B) given by
Px(B) =P(x '(B)), VB € B.

A sufficient and necessary condition for x to be measurable (i.e., x '(B) € F for
all B € B) is as follows.

Proposition 2.2. [}9, Theorem 7.1.2] x is measurable if and only if (x,u) is

measurable for all u € H.

Proposition 2.2 enables us to verify the measurability of x by investigating that of
a family of complex-valued functions. In Section 3.1, we utilize Proposition 2.2 to

model continuous-time graph processes as random elements.

In the paper, Assumption 3.1 ensures the existence of a random element’s mean

and covariance operators:

(my, 1) = B[(x, u)] = / (2, 1) APy (2), (2.15)

H

(Cxug,ug) = E [<X — My, Up) (X — My, u2>]

= /H (z — my, uy)(z — my, ug) dPy(z). (2.16)

By the Riesz representation theorem [47, Theorem 3.7.7], my and Cyk(u) exist
uniquely and are hence well-defined. Suppose two random elements x : {2 — H; and
y : © — Hy induce a joint probability measure Pyy on Hy xHy, and E ||(x, y)||> < oo,

their cross-covariance operator is given by

(Cxyur,ug) = E[(y —my, uy) (X — my, u2>]

= / (z1 — my, uy) (2o — My, Ug) dPyy (22, 21). (2.17)
7—[1 XHQ

We say that x and y are uncorrelated if Cyy, = 0.

Let u; ® uy denote the operator A that maps u to Au = (u, us)u;. This is the
Kronecker product matrix A = ujuj of u; and uy when both are finite dimensional

column vectors. An alternative and more direct way to define the mean element
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and covariance operator is via the Bochner integral (cf. Definition 2.5 and [49]):

mx:/XdIP’, (2.18)
Q

Cx = /Q(x —my) ® (x — my) dP. (2.19)

We can interpret my as the (generalized) mean of the random element or vector
x. For Cy, we note that E[(x — my) ® (x — my)(u)] = E[(u,x — my)(x — my)],
which is nothing but the application of the matrix E[(x — my)(x — my)*] to u when
X is a finite dimensional random vector in a Euclidean space. It can be shown that
covariance operators are bounded, trace-class and self-adjoint (cf. Definitions 2.2
and 2.3).

The cross-covariance operator can also be defined via Bochner integral. If E || (x, y)||* <

00, the cross-covariance operator Cxy : Ho — H; is defined as

Cry = /Q (x — my) ® (y — my) dP. (2.20)

Similarly, it can be verified that this definition also degenerates to the standard
definitions of mean and covariance of random vectors in finite dimensional Hilbert
spaces. By Assumption 3.1, the covariance and cross-covariance operators are

well-defined as Bochner integrals.

Due to the fact that C, is self-adjoint and trace-class, its trace can be computed

given an arbitrary orthonormal basis {1} of H:

o0

k=1
The trace of the covariance matrix of a random vector in a finite dimensional space
equals to the expectation of its squared norm. Analogously, this fact holds true for
a random element, as shown below. Proposition 2.3 is needed in the MSE analysis

in the main paper.

Proposition 2.3. For a random element x with my = 0, E ||x||> = tr(Cy).
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Proof. Suppose that {{b ko2, is an orthonormal basis of H. Then,
Bl = [ 31t dB(w)
k=1

SO MITTATENE

= Z<Cx{bk> {bk>

where the second inequality follows from the monotone convergence theorem, and
the third equality from (2.16). O

For a random vector x in a finite dimensional space, one can obtain principal axes
by eigendecomposition of its covariance matrix Cyx to perform principal component
analysis (PCA). By projecting x onto different principal axes, it is decomposed
into uncorrelated components. For a random element x we have the same result as

follows.

Proposition 2.4. [/9, Theorem 7.2.6, Theorem 7.2.7] Cx admits the eigendecom-

position
Cx = Z oh; ® h;,
i=1

where {0;}2, are eigenvalues of Cx and {h;}2, the corresponding orthonormal
eigenvectors. The eigenvectors {h;}2, form an orthonormal basis for the closure of
the image of Cy, im Cy. The random element X € im Cy almost surely, and can be

written as

X = <X7 hz>hl>

=1

where {(x,h;)}3°, are uncorrelated random variables with zero means and variances

g;.

The covariance operator behaves similarly as the covariance matrix under linear

transformation. We list a few of their properties here.



Chapter 2. Preliminaries 27

Proposition 2.5. Suppose x : Q0 — Hy and y :  — Hy have zero means, and Ty

and Ty are bounded linear operators on Hy and Ho, respectively.

(a) Let zy = T1x. Then C,, = T1C,T5.
(b) Let Zyo = T2y Then Czle = TlcxyT;.

(¢) If x and 'y are independent, then Cxyy = Cx 4+ Cy,Cxy =0

Proof. From the definition of a covariance operator, for any u;, uy € H we have

(Ciup,up) = <Z1, ><Z1,112>}
< 1X, u1><T1x,u2)}
<

x, Ty ) (%, TTU2>:|

E
E
E

= (CxTiuy, TTuy)
= (T1CT7uy, uy),

yielding the result of claim (a). The proof of claim (b) is similar and omitted here.

For claim (c), due to the independence of x and y, we have

(Cxyur, ug) = E |(y, ur)(x, uz)

This implies that Cyy, = 0. By plugging this result into the definition of Cx,, to

eliminate the cross terms, we obtain Cyyy, = Cx + C,y. O

The conditional expectation and covariance of a random element are defined as
follows [51, Section 11.4.1], [55]:

Definition 2.6. Suppose the random element x takes values in a separable Hilbert
space H, E[||x||] < oo, and F’ is a sub g-algebra of F. The conditional expectation

of x w.r.t. ' is the random element X.onq € F' such that E[||Xconal|] < oo and

E[Xcond]IA] = E[XHA], VAEe Jr/, (222)
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where I, is the indicator function on the set A. We denote Xcona by E[x|F'].

According to [51, Proposition 4.1, E[x | F'| always exists.

The conditional covariance is defined as
cov(xy, %o | F') = E[(x; — E[x; | F]) ® (x — E[xo | F]) | F']
We write cov(x,x | F’) as cov(x | F') for simplicity.

By the defining property (2.22) of conditional expectation it can be shown that

(E[x|F],h) = E[(x,h) [ F,

(2.23)
(E[x1 ® x| F'](hg), hy) = E[(xy, hy)(xz, hy) | F7],

for all h € H, hy € H;, hy € Hy. From (2.23) we know that E[x | F’] is uniquely
defined. Let F” be a sub o-algebra of F'. Like random variables, the random
elements also satisfy the property [51, Section I1.4.1]:

EE[x|F|F"] =E[x|F"].

Let (Z,Fz,puz) be a o-finite measure space. The stochastic process {f(w,&) :
w € Q& € I} can be modeled as a random element if it satisfies regularity

conditions:

Theorem 2.1. [56, Theorem 2] Suppose

1. fis a p X pz-measurable stochastic process.

2. the paths of f are in L*(T).

Then the map

Q— L*(T) (2.24)
w flw, )

is a random element with mean element E[f(€)] € L*(Z). Its covariance operator C;
is the integral operator with kernel cov(f(&,), f(&€5)). Specifically, if [ is Gaussian
process (GP), then (2.24) is a Gaussian random element, i.e., composing any linear

functional with it will yield a Gaussian random variable.
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If we further assume that Z is a compact metric space and pz is a strictly positive
Borel measure, and the function cov(f(&;), f(£,)) is continuous on Z x Z, then it

can be shown by Mercer’s theorem [57] that

r(Cy) = / cov(F(€1). F(€)) dpiz. (2.25)

In this thesis we will also make use of the following theorem which is more general

than Theorem 2.1. The proof of it is included in Section 2.6 for completeness.

Theorem 2.2. Suppose a stochastic process f satisfies condition 1 and condition 2
in Theorem 2.1. F' is a sub o-algebra of the underlying probability space. Suppose
f and E[f(&)| F'| € L*(Q2 x I). Then

Elf | F1=E[f(&)|F], (2.26)
cov(f|F): L*(T) — L*(Z),

g() / cov(F(€1), F(&) | Fol6s) dir(€r).  (227)

Let var(f(&) | F') be the conditional variance of the random variable f(§). If we
further assume that Z is a compact metric space, and cov(f(&,), f(&;)|F') is

continuous w.r.t. (€1,&,), then we have

tr(cov(f | F') = E||If —Elf | F)I | 7|

- / var(f(€) | F') duz(€). (2.28)

In the above formulas, the left-hand side (L.H.S.) are defined by moments of f as a
random element. The moments in right-hand side (R.H.S.) are defined pointwise,

as functions on L or T x T.

In this thesis, the index set Z can be V x T or a subset of V x T. We always assume

that the conditions in Theorem 2.1 are met for the stochastic processes in concern.
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2.4 Linear Conditional Expectation in Hilbert

space

In this section, we present the concept of a linear conditional expectation (LCE)
in Hilbert spaces, and theorems from [55] that characterize it. The contents are

simplified to fit this thesis. Readers are referred to [55] for details.

Let L%(Q2, F,P; H) be the space of random elements taking value in H. Consider
two random elements x and y belonging to L*(Q2, F,P;H). Let L(H;H) be the
set of all bounded linear operators on H. We first define several specific operator

spaces:

AH;H) :={L:H— H|L(h)=b+ A(h) forsome b € H,A € L(H;H)},
Ly(H,H) = {L:H — H|Lis lincar and L(y) € L*(Q, F,P; H) },
Ay(H;H) :={L:H— H|L(h)=b+ A(h) for some b € H,A € L,(H;H)}.

~—~

Definition 2.7. The LCE E”[x|y] is defined to be

EA[x | y] = Tlx (%),

wherein Ay (y) is the closure of the space {z|z = L(y) for some L € A(H;H)} in
L?(Q, F,P;H). Recall that IT; ;) denotes the projection operator onto Ay(y).

Proposition 2.6. EA[x|y] is of the form G(y), where G € Ay(H;H).

If the range inclusion im(Cyx) C im(Cy) holds, we call it the compatible case.

Proposition 2.7 (Formula for the LCE: compatible case). Under the compatible
case, the LCFE has the explicit formula

G(u) =myx + (C;ny)*(u —my). (2.29)

Proposition 2.8. The condition im(Cyx) C im(Cy) holds if im(Cy) is closed. This

condition s trivially met when dim’H < oo.

In the non-compatible case, E*[x | y] can be approximated by a sequence of finite-

rank operators composed with y. According to Proposition 2.4, suppose C,, admits
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the eigen-decomposition
Cy = Z Uihi ® hz
i=1

For every m € N, let H(™ := span{hy,--- ,h,,}, and y™ := IL,,my. We define a

sequence of operators {G(™},,>; as
G(m)(u) =m, + (C;(m) Cyimy) (1 —my).

It can be shown that the sequence {G(™(y)},,>1 is a good approximation of

EA[x | y], as captured in the following result.

Proposition 2.9 (Formula for the LCE: incompatible case). {G™)(y)},,>1 con-

verges to EA[x | y] in L? norm, i.e.,
E|[E x|y] - G™(y)|" = 0,
as m — oo. Let Py denote the probability measure induced by y on H. Then,
||G(m)(u) — EA[X ly = u]H 22550

Py -almost surely.

We can define and measure the estimation error of the LCE as the average linear
conditional operator (ALCC).

Definition 2.8. Let RA[x | y] := x — E*[x|y]. The ALCC of x given y is defined

as

covhlx] = E[RA[X | y] ® R x | yl].

y

A

v1x] can be computed as

In the compatible case, cov

cové [x] = Cx — CXyCT

y

Cyx.
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2.5 KRR Reconstruction and Interpretation

KRR is a supervised learning approach that aims to learn a map from X to )
where ) C R. Given a set of training inputs and outputs, it searches for the best

fitting function in a RKHS. Given a symmetric positive semi-definite kernel

k:XxX—=Y

(x,x') = k(x,x'),
the associated RKHS H,, is defined as the Hilbert space satisfying [58, Definition 1]:

1. k(-,x) € Hy for all x € X.

2. (9,k(+,x))n, = g(x) for all x € X and g € Hy.

According to the Moore-Aronszajn theorem [58, Theorem 3], there exists a unique
Hilbert space Hj satisfying these conditions. When X is a subset of Euclidean
space, typical choices for k include the polynomial kernel (k(x,x') = (ax'x’ + 1)
with parameters a € R, b € N), linear kernel (polynomial kernel with a = 1,6 = 1),

and RBF kernel (k(x,x’) is a function of ||x —x/||,).

Given a training set {(Xm, Ym) @ Xm € X, ym € Y,m =1,..., M}, KRR searches

for an optimal function in H; to fit the data by solving for

), (2.30)

(],

M
f= argminz ‘f(xm) — Um

feHy  m=1

where J(-) is an increasing function, and p is a penalty weight. The representer
theorem [59, Theorem 4.2] states that the optimal solution to (2.30) takes the form

R M
F=Y" enk(-,xm), (2.31)

where ¢,,, m = 1,..., M, are coefficients to be determined. By substituting (2.31)
into (2.30), the problem (2.30) becomes an optimization over {c,, }*_,. Specifically,

when J(-) = (-)?, problem (2.30) is quadratic and its solution is given by

(Cla s 7CM)T = (K + MIM)_ly’ (232)
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where K = (k(x;,x;))M_; € RM*Mandy = (y1,...,yun)". In the sequel, we assume
J(-) = (-)? unless otherwise stated. When & is chosen as the linear kernel, (2.30) is

equivalent to learning a linear function from & to ), i.e., linear regression.

It is natural to consider whether we can recover any continuous function pointwise to
within arbitrary fidelity with a sufficiently large number of samples by KRR. This is
achievable by employing a universal kernel k [60]. Let X be a Hausdorff topological
space (e.g., R) and Z C X be a compact subset (e.g., [a, b]). Let C(Z) be the space of
continuous functions on Z with the supremum norm. Define K(Z) := span{k(-,x) :
x € Z}, where the closure is taken w.r.t. the norm in C(Z). The kernel k is said to
be universal if K£(Z) = C(Z) for any compact Z C X. In other words, span{k(-,x) :
x € Z} is dense in C(Z).

Problem (2.30) has a Bayesian interpretation. Consider a GP w with mean function
zero and covariance function k(x,x’), denoted as w ~ GP(0, k). Given the noisy
observations ¥, = w(X;,) + €m, €m EVY (0, pt), the maximum a posteriori (MAP)

estimator of w(x) is f(x) as defined in (2.31) and (2.32) for any x € X.

The readers are referred to [58, 61] for more detailed discussions on RKHS and
KRR.

2.6 Appendix: Proof of Theorem 2.2

Proof. We first prove (2.26) and (2.27). According to (2.23), it suffices to prove
that for any A € F/,

EELF(€) | F'), h(€))1a] = E[(f. h) L), (2.33)
E[((€) — E[f(€) | F'), h(€)) (f(€) — ELF(€) | ), ho(€)) L]
— E[(f — ELf | F), ) (f — ELf | F), ha) L], (2.34)

where 1,4 is the indicator function of the set A. We first prove (2.33) as follows:

ELE[f(&) | F], h(€))1a] = // &) | F1h(€) duz(€) dP

- [ [ Elr@) 1 710(6) aPans(e)
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_ / E[E[f (&) | F1alh(€) dpz(€)

//f &) dP duz (¢
S N RIGLCEE

= E[(f, h)14].

The integrals are exchangeable by Fubini’s theorem. Similarly we prove (2.34) as

follows:

E[f(&) | F'], ha(€))(f (&) — E[f(§) [ F'], ha(€))14]

/// FE) | FDha(€))

f(&) [ FDha(€r) duz(§y) duz(€y) dP
/I/[ DI FD(f(&2) = E[f(§2) | F)1A]

h h2 52 dHI(€1) dHI(fz)

/// FE)IFN(f (&) —E[f (&) [ F1)

hi(§,)h2(&,) dpz(§,) duz(€,) dP
=E[(f —E[f [ FT,h){f — E[f | F'], ha)14].

To prove (2.28), we first note that
lf - Elf | 71 1] /AZf B[ | 7, e d
— SB[/ EIf | FLed?L]

= Z E[(cov(f | F')es, ei)1a]

= E[tr(cov(f | F'))1al.

Thus, E[||f — E[f | F']|I*| F'] = Eltr(cov(f | F')) | F'] = tr(cov(f | F)).
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On the other hand, by Mercer’s theorem [57], cov(f(&,), f(&;) | F') and cov(f | F)

can be decomposed as

COV(f(€ £2 ‘-F/ Z szz wz €2
cov(f | F')(h) = Z 0i{ti, by, Y b € L*(T),
=1

where the convergence is uniform and absolute. g; > 0. Besides, {#;} forms an

orthonormal system in L?(Z). Therefore,

oo

tr(cov(f| F)) = > {cov(f [ F')vbs, i) = ZQZ,

i=1

and

/Zvar | F) = /ZQZ §1)vi(&)pz(§)
- Z o / GAE)0(€)pz(€)
= 2 Qi

which concludes the proof of (2.28). O






Chapter 3

Joint Wide-Sense Stationarity and

Wiener Filters

3.1 GGSP Statistical Model

In this section, we present our model and assumptions. We define a GRP in the
GGSP framework as a random element and provide conditions under which it exists.
Under the same conditions, the covariance operator of the GRP is an integral
operator. As a matrix kernel, its closed form enables us to interpret its trace via

the generalized kernel method [62].

Let G = (V, &) be an undirected (weighted) graph, where ¥V = {1,..., N} is the
vertex set, and € C {(i,j) € V x V : i < j} denotes the edge set. Suppose that
each vertex of G is associated with an element from a separable Hilbert space
H. A generalized graph signal [22] has the form x = (x1,x9,...,2x) where for
each v € V, we have x, € H. For example, if H = L*[a,b] the space of square
integrable functions on a bounded interval [a,b] (with the Borel o-algebra and a
given measure), then at each vertex v of the graph G, we have associated with it a

function z, = z,(-) € L?*[a, b].

It is shown in [22] that the space of all generalized graph signals can be identified
with the Hilbert space CY ® H via the isomorphism

n
x> e, ® 1,
v=1

37
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where {e, : v=1,..., N} is the standard basis in CV. Let |||| denote the norm of
CY @ H.

Suppose H = L?(T) for a measure space 7. For x € CY @ H and each t € T, we

write

x(t) = (z1(t), 22(t), ..., on(t)), (3.1)
a vector-valued function.

We next utilize the notion of a random element on a Hilbert space (cf . Section 2.3,
[49-51]) to define a GRP.

Definition 3.1. Consider a probability space (€2, F,P), where () is a sample space,
F a o-algebra and P a probability measure. A GRP x is a measurable map (i.e.,
a random element) from (Q, F) to (CY ® H, B), where B is the Borel o-algebra
induced by the norm of C¥ @ H.

Definition 3.1 formally introduces the concept of random elements on the generalized

graph signal space CV ® H, which was not studied in [22].

To ensure the existence of a GRP x’s first and second moments, we only consider

those x satisfying the following assumption. x induces a probability measure Py on
(CN ® H, B) given by

Px(B) =P(x '(B)), VB € B.
Assumption 3.1.

E }x||? = / Jall? dPy(z) < oo.
CNH

Under Assumption 3.1, x’s mean element m, and covariance operator Cy are defined
as in (2.15) and (2.16). To preclude the pathological cases (e.g., an uncorrelated
complex random process’ real and imaginary parts can be correlated), in this chapter
we only consider those random elements that are proper, i.e., satisfy the equivalent
conditions in [63, Theorem 1]. Without loss of generality, we assume that any GRP
x of interest has mean element m, = 0 unless otherwise specified. Filters on CY @ H,

as in Section 2.1.2, are defined as bounded linear operators on CVY ®@ H.
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As an example, in Definition 3.1, x can represent a multichannel signal. For instance,
each vertex in a graph may correspond to a sensor station that records PM2.5,
temperature and humidity levels, so that the recorded signal at each vertex is in
H = R3. If we take x to be the random vector observations at all vertices, it satisfies
Definition 3.1 and is a GRP.

From the perspective of time-vertex analysis, it is also natural to suppose that
each vertex signal can be a discrete- or continuous-time signal. We next investigate
conditions under which the following stochastic process on GG can be modeled as a
GRP as in Definition 3.1: let H = L?(T), where T is a set like [a, b], and

x:QxT—CV,
(3.2)
(w,t) = x(w, t).
If t is treated as an index so that x(-, t) is a function of w, and x(+, t) is measurable
(w.r.t. w) for every t, then {x(-,t) : t € [a, ]} is a family of N-dimensional random

vectors. We abbreviate x(-, t) as x(t).

On the other hand, if w is treated as an index so that x(w,-) is a function of t,
x(w, ) can be interpreted as an n-dimensional trajectory under the outcome w. An
immediate problem arises when no restrictions are imposed on x. In this case, the
trajectory X(w) = x(w,+) can be arbitrarily irregular, and is not guaranteed to
belong to CY @ L*(T). Besides, even if the trajectories are restricted to CY @ L*(T),
without further constraints, X(w) is not necessarily a measurable map from {2 to
CN @ L*(T), and hence may not fit the definition of a GRP in Definition 3.1.
To overcome these problems, we provide a sufficient condition in Theorem 3.1 to
model x as a random element in C¥ @ L?(T). In Theorem 3.2, we derive the mean
element and covariance operator. The proofs of Theorem 3.1 and Theorem 3.2 are

in Appendix 3.A.

Theorem 3.1. Suppose H = L*(T, A, T), where A is a o-algebra and T a measure.
The map X(w) = x(w,+) for w € Q, where x(-,-) is a map of the form (3.2), is a
GRP for CN @ H if the following conditions hold:

(a) x(w,t) is jointly measurable on Q0 x T w.r.t. the product measure P x .

(b) x(w,-) € CN @ H for every w € Q.
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(c) For every s,t € T, the pointwise mean my(t) := E[x(t)] € CV and cross-
covariance Ky (s, t) := cov(x(s),x(t)) € CV*V are well-defined. Every entry
of Kx(s,t) as a function of (s,t) € T x T belongs to L'(T x T).

Theorem 3.1 encompasses a broad range of signals that can be modeled as GRPs
on CV ® H. For instance, let 7 = R,, A the Borel o-algebra and 7 the Lebesgue
measure. Let {x(w,t) : ¢ > 0} be a family of random variables indexed by ¢. If
x(w, +) is continuous and condition (c¢) in Theorem 3.1 is met, then all conditions
in Theorem 3.1 are satisfied (see [64, Proposition 1.13]). In another example, if
T ={1,2,...,d} (i.e., H = R%), the conditions in Theorem 3.1 are met as long as
x(t) is a random vector with finite second moments for each t = 1,...,d. Hereafter
where there is no confusion, we will not distinguish the maps X and x, and simply

write x for both of them.

We next show that the mean element m, and covariance operator Cy of x follow

from Theorem 3.1. In particular, Cy is an integral operator with kernel K.

Theorem 3.2. Suppose the conditions in Theorem 3.1 hold. Then, the mean element
of x as defined in (2.15) coincides with my(t) in Theorem 3.1, and the covariance

operator of X as defined in (2.16) is given by
(Cuf)(s) = / K. (s, 6)F(t) dr(t)
T

for all £ € CN @ H, where £(t) in the integral is in the form (3.1). Furthermore,
suppose T 1s a separable metric space and T is a finite measure on the Borel o-
algebra B(T) of T. If K (s, t) is continuous in (s, t), the operator trace of Cx agrees

with the integral of its trace, i.e.,

tr(Cy) = /T tr(Kx(t, t)) dr(t).

From Proposition 2.3, the deviation of a random element from its mean can be
measured by tr(Cy). To interpret Theorem 3.2, suppose T represents time domain.
Then we have shown that this deviation amounts to performing integration of the
pointwise variance on the time domain first, and then summing them up over all

vertices, which also naturally measures the overall deviation.
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3.2 Generalized Joint Wide-sense Stationarity

In this section, we develop the notion of WSS w.r.t. a shift operator for a GRP. We
define WSS in different domains and study their relationships.

3.2.1 Joint WSS

Before we define the concept of joint WSS for a GRP, we briefly review the analogous
concept of WSS for a time domain scalar-valued stochastic process x = (1, ..., Zpn).
This stochastic process x is said to be WSS if cov(z;, ;) only depends on j — i.
Let At be the one-step shift right operator, with wrapping to the front. The
eigendecomposition of Ar yields the discrete time Fourier transform (DFT) matrix
with columns being its eigenvectors. Then WSS can be equivalently defined as x’s

covariance matrix being diagonalizable by the DF'T matrix.

In the same spirit as the scalar case and noting that A is the adjacency matrix
of a directed cyclic graph, the analogous concept of graph wide-sense stationarity
(GWSS)[23-25] based on the GSO [34, 65] have been proposed. For GWSS, [24]
provided equivalent definitions analogous to the aforementioned statements for WSS
of time domain scalar-valued signals. In [25], GWSS is defined by localization of a

graph kernel.

In this thesis, to motivate a reasonable shift operator on C¥ @ H, we first investigate
the product graph model. This model assumes the signal on each vertex to be a
graph signal, hence is a special case where H is a space of graph signals. This
model allows for parallelized and vectorized implementations, and reduces the
computational complexity for filters [66], and is thus an important model in practice.

For a (weighted) graph G, we let D¢ be its (diagonal) degree matrix.

Example 3.1 (Product graph). Suppose each vertex of the graph G = (V, &)
observes a graph signal, which is defined on yet another graph G’ = (V',&’). This
can be interpreted in the traditional GSP framework as signals on the vertices of a
product graph GG;. There are multiple ways to construct the product graph G 7,
including the tensor product graph G ® G’ and the Cartesian product graph G x G'.
In the case where G 7 = G ® ', the adjacency matrix and graph Laplacian of G 7
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can be written respectively as [67, 68]:

Weee = We @ Wer, (3.3)
Loger = Dg ®@ Ler + Lg ® D — Lg ® Lgr. (3.4)

In the case where G 7 = G x G’, they become

Wexa = W @ Ly + Iy ® Wer, (3.5)
Loxe = Lg @ Ly + Iy ® Ler. (3.6)

Suppose we are given self-adjoint and compact operators Ag on G and Ay on
H. (From the Hilbert-Schmidt theorem on spectral decomposition, the choice of
a self-adjoint and compact operator leads to an orthonormal eigenbasis consisting
of eigenvectors of the chosen operator, which then allows us to define the Fourier
transform. For finite dimensional spaces, compactness trivially holds.) Taking
motivations from Example 3.1, a shift operator on CY ® H can be chosen as either
Ag® Ay or Ag ® Iy + Iy ® Agy. The operator Ag ® Ay is the preferred over
Ao @1y + Iy ® Ay because the former is compact and self-adjoint, while the latter
is not for infinite dimensional H. However, the eigenvectors of Ag ® Ay are also
the eigenvectors of Ag ® Iy + Iy ® Ay, hence the Fourier transform induced by
both operators are the same. In the rest of this thesis, we adopt Ag ® Ay as the
shift operator for CV ® H.

Suppose Ag has eigenvalues A\ < A\y... < Ay with corresponding eigenvectors
{1, and Ay has eigenvalues {1,}2°, with corresponding eigenvectors {1}, .
Then, Ag ® Ay has eigenvalues {\yv; : k= 1,...,N, [ > 1} and eigenvectors
{p, @Y - k=1,...,N, 1 >1}.

To simplify the exposition and to obtain a unique orthonormal eigenbasis (up
to multiples of +1), similar to most of the GSP literature [24, 34], we make the

following assumption throughout this chapter.

Assumption 3.2. The geometric multiplicity of each eigenvalue of Ag ® Ay is

one.
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The convolution filter with coefficients {gx; : k= 1,..., N, I > 1} is defined as the

pointwise multiplication operator in the frequency domain:
G(x) = Z G811 (X) P @ Yy = Z Iri XL 0 (X)), (3.7)
kel k,l

where we recall that Il is the projection operator onto the subspace spanned by

W.

Definition 3.2. A GRP x is JWSS if
Cx 0] (AG (%9 A’H) = (AG & AH) o Cx- (38)

In other words, from Assumption 3.2 and [69, Chapter 4, Exercise 35 (a)], Cx and
the shift operator Ag ® Ay have the same complete orthonormal set of eigenvectors
with

Cyx =Y pxlk, DT, sy, (3.9)

k.l

where {px(k,l) : k=1,...,N, 1> 1} are the eigenvalues of Cy, also known as the
JPSD of x. If {(k,1) : px(k,l) > 0} is a finite set, x is said to be bandlimited.

In the following, we give two examples to illustrate Definition 3.2.

Example 3.2 (Time-vertex model). Suppose each vertex of a graph G observes
a time series with 7" discrete time steps. Then, the signal can be represented as a
graph signal whose underlying graph G 7 is the Cartesian product graph of G and
a directed cyclic graph G’ with T vertices [19]. Under this framework, we choose
as the GSO the Laplacian matrix L7y of G 7. In [27], a time-vertex WSS signal is
defined as WSS on the graph Gy w.r.t. L.

From (3.6), the product graph Laplacian is Ly = Lg ® Iy + Iy ® Lg/, which is
different from the shift operator used in (3.8). Furthermore, L¢ is not a self-adjoint
operator on CT. To be consistent with Definition 3.2, let G’ denote the undirected
cyclic graph with 7" vertices. Now we take Lg @ L as the shift operator. We first
observe that Lz is self-adjoint and has the DFT matrix columns as eigenvectors.
Therefore, the Fourier transform induced by Lg ® Lz is the same as that induced
by L. Thus, a time-vertex WSS signal as defined in [27] fits Definition 3.2.
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The time-vertex model is a special case in which the signal on each vertex belongs
to a Euclidean space. In the next example, we will see that in a more general setting,

the shift operator in the joint domain can also be defined in a meaningful way.

Example 3.3 (Euclidean-vertex model). Suppose each vertex v observes a d-
dimensional random vector x,, having identical distribution over vertices v € V. The
signal can be written as a matrix X = (x1,...,x%,) € C*V where the v-th column
is the observation by vertex v while the i-th row represents the ¢-th measurement
or feature among all vertices. We choose the graph shift operator Ag = Lg, and
A4 as the covariance matrix Cy = E[x,X}] of x,. In the context of Definition 3.2,

we let the shift operator be Lg ® Cy.

In this case, we note that the shift operator Lg ® Cy has a physical meaning.
Suppose Lg = ®A;P" and Cy = WA, P* are eigendecompositions. The joint

Fourier transform on the signal X can be written as
§(X) = ¥ XP, (3.10)

which in vectorized form vec(F(X)) = ®' ® ¥* vec(X) corresponds to (2.13). The
transform (3.10) can be interpreted as a two-step Fourier transform: first we multiply
" on X on the left-hand side, so that each vertex signal x, is transformed into its
principal component scores. Next, we multiply @ on ¥*X on the right-hand side to

transform each row into the graph frequency domain.

If X is JWSS w.r.t. Lg ® Cy, the covariance Cx = E[vec(X) vec(X)*] of X have
eigenvectors given by the eigenbasis ® ® W. From Proposition 2.4, the entries of
§(X) are uncorrelated random variables. This implies that X can be decomposed
into different oscillation modes of its vertex signals’ principal component scores
along the edges of G. In practice, Cy can be estimated by the sample covariance of
the vertex signal observations. Therefore, the shift operator and Fourier transform
are deduced from both the graph topology and training data. Compared to the
traditional GSP and time-vertex framework that construct the principal axes from

the domain structures, this framework is closer to a data-driven approach.

Although we have assumed that every vertex observes a d-dimensional random
vector, our model is not equivalent to the product graph model, because Lg ® Cy
does not correspond to any kind of graph product in Example 3.1. However, one

may adopt the shift operator W ® Cy to obtain a tensor product graph model.
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In this case, Cy is treated as the adjacency matrix of a weighted graph with d
vertices. But in this case, this model’s physical meaning is unclear compared to the

construction in this example.

Finally, we note that this model can be generalized such that the vertex signals x,,
v € V, are not identically distributed. In fact, we only need to assume that every
x, has the same set of principal axes, and regard Lg ® C,, as the shift operator. It
can be shown that this yields the same Fourier transform and physical meaning as

discussed above.

An example with infinite dimensional H = L?*[—m, ] is presented in Section 3.2.2.
In the numerical experiments in Section 3.4, we employ the models in Example 3.2
and Example 3.3 to compare the effectiveness of their corresponding Wiener filters,

which are discussed in Section 3.3.

3.2.2 WSS in different domains

In the time-vertex framework of [26, 27], stationarity in the time domain (TWSS),
vertex domain and joint domain are related in the sense that JWSS implies station-
arity in both the time and vertex domains. In this subsection, the corresponding

concepts and relations are generalized to the GGSP framework.

Definition 3.3. Given a GRP x satisfying the conditions in Theorem 3.1, we say
that x is vertex wide-sense stationary (VWSS) if

K, (t,t)Ag = AgK(t, t)

T-almost everywhere (a.e.).

Note that Definition 3.3 implicitly requires H = L?(7T) (an assumption in Theo-
rem 3.1) so that Ky (t,t) can be defined. This does not result in loss of generality
since we work only with separable Hilbert spaces. Definition 3.3 requires each
measurement x(t) at each “time” t € T to be WSS as a vector-valued graph signal.
For example, if 7 represents the time domain, this definition implies that the graph

signal observed at every time instance is VWSS as a random vector.
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Definition 3.4. A GRP x is said to be Hilbert space wide-sense stationary (HWSS)
if

0MC 0" o Iy ® Ay) = Iy ® Ay) 0 874 CL 07 (3.11)

for all m = 1,...,N. Here, 6" := diag(e,,) ® Iy, where e,, is the m-th standard

basis vector in CV consisting of all zeros except a one at the m-th entry.

In Definition 3.4, the operator 62 keeps the vertex signal at vertex m unchanged
while nullifying the other vertex signals. Suppose x satisfies all conditions in
Theorem 3.1. For y(-) = (y1(+),...,yn(:))T € C¥ ® L*(T), the left-hand side of
(3.11) can be computed step by step as follows:

Ly @ An(y)(£) = (As(un)(6), ... Anlyx)(£))T,
5 C8% o (Iy @ An(y))(5) = /T Ko (5. )manAn(yn) (1) dr(t) -€pe  (3.12)

where K, (s, t),,., is the (m,n)-th entry of Ky(s,t) € CN*¥. Similarly, the right-
hand side of (3.11) can be derived as

(T 800 0 SEC0)(8) = Ane( [ Koles (070 ) 8) e (313

Let K,, be the integral operator with kernel Ky(s,t),,, in the right-hand side of
(3.13). Comparing (3.12) and (3.13), for x to be HWSS, the operator Ay commutes
with the integral operator K,,.

Consider the example where 7 = [—m, 7| with Ay being a convolution operator,

Ay(y) = Z 1Ly,

l=—o00

where {v,}7°, is a positive sequence converging to 0, and {¢; : [ € Z} denotes the
standard Fourier basis {¢''/v/21 : | € Z}, where i = v/—1. Suppose K,(s, t) is
continuous on 7 x 7. In this case, both Ay and K,,, are compact and self-adjoint

operators on L*(T). If Ay commutes with K,,, then since the standard Fourier
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basis {11}3, are eigenvectors of Ay, they are also the eigenvectors of K,,. Since
n n
Z ¢iC;Kx(8i, 8)mm = var (Z cixm(si)) >0
irj i

for arbitrary {¢;}7~, € C and {s;}’; C T, Kx(s,t)mm is a positive definite

symmetric kernel on 7. Utilizing Mercer’s theorem we obtain that

- , . 1] & '
Kx(S,t)m,m — 7 Z alellse—dt _ o Z Ulell(s_t)7
[— =

where {0, : | € Z} are K,;,’s eigenvalues associated with {¢; : [ € Z}. This
infinite sum uniformly converges on T x T, indicating that Ky (s, t),,.m is actually a
univariate function of s —t for each m. This result agrees with the classical definition

of stationarity in the time domain.

Definitions 3.3 and 3.4 can be regarded as traditional WSS definitions embedded in
the GGSP framework. In the following theorem we show that JWSS implies WSS

in both the vertex and Hilbert space domains.

Theorem 3.3. A JWSS GRP x that satisfies the conditions in Theorem 3.1 is both
VWSS and HWSS.

Proof. We first show that x is VWSS. Since every Ilg, oy, commutes with Ag ® Iy,
from the fact that x is JWSS, (cf. Definition 3.2), we obtain that Cyx commutes
with Ag ® Iy. To be specific, for any y € CN & L*(T),

Cxo (A ®@In)(y) / K, (s, t)Agy(t) dr(t),
(Ag®IH)OC AGf/K St ()
hence
/T(Kx(s, t)Ag — AcKi (s, t))y(t)dr(t) = 0.

Therefore, Ky (s, t)Ac = AcKx(s, t) 7-a.e., indicating that x is VWSS.
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We can show that x is HWSS by a similar approach. It suffices to notice from (3.9)
that

5%CX5WH1 = pr(kv l) : 5;{1H¢k®w15%7

k.l

and each 6?7{11'[%@@ 67 commutes with Iy ® Ay. O

From the proof of Theorem 3.3, we note that JWSS is strictly stronger than VWSS,
since we actually show that JWSS implies Ky (s, t)Ag = AgKx(s,t), which is a
stronger condition than the VWSS condition of K4 (t,t)As = AgK«(t,t). In fact,
JWSS is strictly stronger than both VWSS and HWSS. This can be seen from [27],
which introduces MTWSS (multivariate time WSS) and MVWSS (multivariate
vertex WSS) so that JWSS is equivalent to simultaneously satisfying these conditions.
These two concepts require not only the covariance but also the cross-covariance
in their respective domains to admit certain forms of eigendecomposition. Our
definitions of VWSS and HWSS extend the concept of VWSS and TWSS defined
in [26], which only require the covariance matrices to satisfy the conditions in
Definitions 3.3 and 3.4.

3.3 Wiener Filters

In this section, we investigate the denoising and recovery problems in the GGSP
framework. In traditional GSP, these problems are formulated as regularized regres-
sion problems, whose regularization terms depend on the PSD values of the signal
and noise [25]. This optimization framework is also adopted under the time-vertex
framework [26]. The Wiener filters of these frameworks are the BLUE in their
respective frameworks. In the GGSP framework, the observed signal on each vertex
may come from an infinite-dimensional Hilbert space. In the sequel, we see that the

Wiener filter takes the same form as the aforementioned formulations.
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3.3.1 Wiener filter for denoising

Consider the model
y=Xx+¢€ (3.14)

where x and € denote the signal and noise, respectively. Suppose x and € are
independent JWSS GRPs. From Proposition 2.5, y is then a JWSS GRP with its
JPSD given by {px(k,l) + pe(k,l) : k=1,...,N, 1 >1}. We further assume that

m, = m, = 0 for simplicity.

Deriving the Wiener filter, in this case, amounts to deriving the BLUE for x given
y. In Hilbert space, this corresponds to LCE (see Section 2.4 or [55]). These results

enable us to derive an explicit formula for the Wiener filter.

Theorem 3.4. The Wiener filter G corresponding to the model (3.14) is a convo-
lution filter of the form (3.7) with coefficients

px(k, 1)
Px(k, 1) 4 pe(k, 1)

9kl = (3.15)
Proof. From Proposition 2.9, G can be asymptotically approximated by a sequence
of bounded finite-rank operators {G(™},,>; as follows: Let X(™ = span{¢, ® 1 :
k=1,...,N,1l=1,...,m} and y™ = I ywmYy, then for any z € C¥ @ H,
G™(z) = (C! ., Cyimx) 2, (3.16)

y(m)

where T denotes the Moore-Penrose pseudoinverse. Since y is JWSS, C,, has the

eigendecomposition

= (pxk, 1) + pe(k, 1)Ly, 00,

I=1 k=1
Using Proposition 2.5, the terms on the right-hand side of (3.16) can be written as

m N
y(m =) (kD) + pelk, 1) g, s,
=1 k=1
m N

y(m)x = HX(m) ny = HX(m) Cx = Z pr(k}, Z)H¢k®wz‘
=1 k=1

C
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By substituting these into (3.16), we obtain

m

al (k1
G(e) = 33— Ot (),

=1 k=1

From Proposition 2.9, HG(m) (z) — G(Z)H — 0 as m — oo for Py-almost surely all
z € CV ® H. Therefore, the Wiener filter G can be chosen to be

Glz) = lim Gz =SS — 2D g ) @)

m—o0

yielding the result in (3.15).

Before concluding the proof, we remark that (3.17) may not converge with respect
to the operator norm induced topology. However, this infinite sum is still well-
defined in terms of the strong operator topology, i.c., |G(™(z) — G(z)|— 0 for
all z € H. Finally, it is straightforward to see that G is a bounded linear operator
with |G| < 1. O

3.3.2 Wiener filter for signal completion

We now consider the case where only signals from a subspace S C CY @ H are

observable, i.e.,
y =IIs(x +€), (3.18)

where Ils denotes the projection operator onto S.

In this case it may not be possible to give an explicit formula for the Wiener filter.
However, if we assume that the signal is bandlimited (cf. Definition 3.2), the noise
can be assumed to be bandlimited as well without loss of generality. This is because
we can apply the finite-rank projection operator on the observed signal, projecting
it to the subspace where the original signal lies in. By doing this, the frequencies
that do not involve x are discarded. Under this assumption, there is an explicit

characterization of the Wiener filter as follows.
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Theorem 3.5. Suppose x and € are bandlimited. The Wiener filter G for signal

completion can be written as
G(z) = (TIs(Cx + Co)s) MsCy) 2, (3.19)

for z € CN ® H. In particular, when H is finite-dimensional, x and € are trivially
bandlimited.

Proof. Since x and € are bandlimited, their covariance operators are finite-rank.
Notice that C, = ILs(Cx + C¢)ILs, hence C,’s range is also finite-rank, thus closed.
From Proposition 2.8, the formula for the compatible case (cf. Proposition 2.7) can
be applied to directly obtain the result in (3.19). O

When x and € are not bandlimited, the Wiener filter can be approximated by a

sequence of operators as in the proof of Theorem 3.4.

Theorem 3.6. The Wiener filter G for signal completion can be asymptotically
approximated by

G(2) = (T3 Ts(Cx + COTST y(m) ) Ty T Cy ) 2,

where X™ = span{¢, @, : k=1,...,N,I=1,...,m}, and ||G,.(z) — G(z)| —
0 for almost surely all z € CN @ H.

Proof. This theorem is a direct result of Proposition 2.9. O]

In the specific case that S is the subspace of signals that annihilate on a set of
vertices (i.e., only signals on a subset of vertices U is observable), the analytical
form of the signal completion error can be computed. To obtain the MSE of G, we

define the following matrices A; and I'; whose (4, j)-th elements are respectively:

px<27l)+p€(z7l>7 ifi:.j?

(A1)ij =
0. if i £
px(i,l)z, if1 =17,

(T1)iy =
0, ifi

Let ®;; be the submatrix of @ that contains the rows with index set U.
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Theorem 3.7. Assume that there exists I' < 0o such that whenever | <1, px(k,l)+
pe(k, 1) >0 for all k =1,...N; and whenever | > ', px(k,l) + pe(k,l) =0 for all
k=1,...N. Then the MSE of the Wiener filter G can be written as

l/
E|G(y) — x| Zsz k) = tr((®yA®]) " @y, ®],). (3.20)
=1 k=1 =1

Proof. The basic idea of the proof is to characterize the image and kernel space
of Cy first (i.e. Lemma 3.8), and then compute the MSE via Proposition 2.3. See
Appendix 3.B for details. n

Theorem 3.7 indicates a method to measure the quality of a sampling strategy.

When the statistical properties of the signal and noise are fixed, one can choose the
l/

sampling set U that admits a large value of > tr((®yA;®},) ' ®,,T;®},) to obtain
=1

a small MSE.

3.4 Numerical Experiments

In this section, we verify the performance of our proposed GRP framework on four
datasets. We compare its performance with the time-vertex and traditional GSP
frameworks, and demonstrate that with its more general assumptions, the GRP can
fit data better, thus achieving better performance. We also illustrate the optimality
of the proposed Wiener filter and the criterion of sample set selection through the

experiments.

Each dataset used can be organized into samples {X; : i = 1,...,m,}, where
X; € RV*4 N is the number of vertices in a graph G, and d is the dimension of
each data feature vector. We assume that X, are the matrix form of independent
and identically distributed (i.i.d.) realizations of a JWSS GRP x.

Each of the GSP frameworks has different statistical model assumptions, under
which PSD estimation or covariance estimation from a training set of size m,
samples is performed. Throughout, we let the graph shift operator Ag be the graph
Laplacian with eigenbasis {¢, : kK = 1,..., N}. In the following, we present the
concrete implementation of the PSD estimator under each framework when d < oc.

The case d = 0o is discussed in Section 3.4.3.
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1.

GRP. The datasets we test on contain vertex signals from finite-dimensional
real spaces, which fit the Euclidean-vertex model in Example 3.3. To estimate
the vertex signal covariance Cy, we use the sample covariance matrix (A?H €
R4 of a set of training samples. Let the eigenbasis induced by GH be
U={:1=1,...d}

The JPSD values of the GRP x is estimated by its empirical mean squared

Fourier coefficients through
1 & =
Dx(k, 1) = — X |2, 3.21
px(k, 1) e ; & Xt ( )
fork=1,...,Nand [ =1,...,d. The covariance Cy is estimated by

Coo =Y Blk, 1) (1 @ D) (b © ). (3.22)
k,l

. Time-vertex (TV) [27]. The JWSS model and sample JPSD estimator proposed

in [27] are adopted. Specifically, the JPSD and C’s estimators are the same
as those for the GRP model, with the exception that the eigenbasis U is
replaced by the column vectors of the DFT matrix rather than learned from

the sample set.

Traditional GSP. Since the number of features d > 1 at each vertex, to
adopt the traditional GSP framework that assumes scalar-valued vertex
signals, we process the d features separately. To be specific, write each sample
X; = (fi1,...,f4), where f;; € RN j = 1,...,d, is the j-th column and
contains the j-th feature of all vertices. We use the periodogram [24] to
estimate px(k,l), k=1,... N, l=1,...,d:

1 &
Dy (k, 1) = — 15 1
Pk, ) ma;m d

The covariance estimator for feature [ = 1,...,d is constructed similarly as
(3.22):

Cus = Y Dxlk, )0}

k

A separate Wiener filter for each feature is then constructed.
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In the experiments, all Wiener filter forms are applied with full bandwidth for fair

comparison unless otherwise specified.

3.4.1 Wiener filter for denoising

We investigate the denoising performance of the Wiener filter on an epilepsy dataset
[70], which is collected by monitoring a patient’s brain signal.! The dataset is
collected from 76 electrodes, during ictal and pre-ictal periods. In our experiments,
due to the assumption of stationarity, we only make use of the pre-ictal data, which
contains 8 pre-ictal periods. Each period lasts for 10s, and we partition it into
non-overlapping 125ms periods due to the intrinsic long-term instability of a brain
signal. Since the sampling rate is 400Hz, this partition means that each signal
sample X; € R™*% where i = 1,...,640. We use the samples from the first 4

pre-ictal periods as training and the rest of them for testing.

In order to embed a signal sample in a graph structure, we use a simpler but similar
strategy as that in [70] to determine the connections between electrodes. Specifically,
4.5-5.5s of data in the first pre-ictal period is extracted. Then the correlation matrix
of this sample set is computed. Assuming that a large absolute value of correlation
indicates strong connection, we treat each node pair as connected with an edge
if the absolute value of their correlation coefficient is larger than 0.75. Otherwise,

they are not connected.

To compare the performance of different denoising strategies, the pre-ictal datasets
are divided into training and test sets with the same size. Additive white Gaussian
noise (AWGN) with different energies is added to both of these sets to obtain
different input SNRs. Here, SNR in dB is defined as

E |||’

||/\

where x is the original signal. For input SNR, X is the noisy version of x; for output

SNR, X denotes the estimate of x.

By learning the signal spectrum from the training set, we aim to recover the signal

from the noisy test set. The corresponding output SNR is taken as a measurement of

Thttps://math.bu.edu/people/kolaczyk/datasets.html
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FIGURE 3.1: Denoising performance of Wiener filters under different frameworks.
Experiments are repeated 20 times for each input SNR value.

performance. We compare the GRP Wiener filter’s performance with the time-vertex
joint Wiener filter corresponding to the solution of the optimization framework
proposed in [27], which has been shown to outperform both purely time-based and
graph-based Wiener filters. In this experiment we also include the traditional GSP
Wiener filter as a benchmark method. We have tested the purely time-based Wiener
filter on this dataset, but the performance is much worse than the other methods,

and is omitted here.

From Fig. 3.1, we observe that the GRP framework produces the highest output
SNR compared to the other benchmark methods. This result indicates that the
strategy of learning U from the training set provides a better fit than using the
DFT basis.

We want to test the denoising performance of the GRP Wiener filter versus other

parameterized filters. A common strategy (see e.g., Example 2 in [1]) in traditional
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GSP is to solve the following problem:

X(y) = argmin ||X — y||* + pX"L¢X,
XeRn
where p controls the smoothness of the recovered signal. On the other hand, the
MAP estimator for Gaussian random vectors in R? under the model (3.14) is

obtained as follows:

%(y) = argmin || — y| + 0*KCL%,
x€ER?
where o2 denotes the variance of the noise. Combining the above optimization

problems, we obtain the following problem under the GRP model:

%(y) = arg min [|vec(X) — vec(y)|?
XeRnxd

+ pvec(X)T(Lg ® CL) vec(X), (3.23)

which is equivalent to applying the convolution filter with coefficients

14

9kl = —Vz i p)\k’

where {1} and {\;} are the eigenvalues of Cy and L, respectively. We select the
optimal parameter p with the best performance, and compare it with the Wiener
filter G in Theorem 3.4 under the same setting as Fig. 3.1. From Fig. 3.2, we see
that the Wiener filter G derived in (3.15) outperforms the parameterized filter in
(3.23) as it is BLUE.

3.4.2 Wiener filter for signal completion

We next evaluate the Wiener filter for signal completion on the Krakow air quality
dataset, which contains air quality data from a sensor network in Krakow, Poland.?
The network consists of 56 sensors deployed across the city and each taking mea-
surements on an hourly basis throughout the year 2017. We regard each sensor
as a vertex in a graph. Each sensor records six measurements, namely the PM1,

PM2.5, PM10, temperature, air pressure and humidity values. In this experiment

’https://www.kaggle.com/datascienceairly/air-quality-data-from-extensive-network-of-sensors
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FIGURE 3.2: Denoising performance of different filter forms under GRP. Experi-
ments are repeated 20 times for each input SNR value. “GRP (WF)” denotes
the Wiener filter (3.15), and “GRP (p = 100)” denotes (3.23).

we only consider pollution-related features, i.e., PM1, PM2.5 and PM10. Thus, this
dataset can be modeled by the Euclidean-vertex model where dim H = 3. To keep
the statistical properties of the data approximately invariant, we only make use
of the data in the winter months December, January, February and March, which
contains a total of 114 days of records. Since the original data has missing values,
we first omit those sensors with more than 10% missing values so that n = 30
sensors are left. Then we fill in the remaining missing values by taking the average

of the nearest two days’ records.

We embed the sensors in a weighted graph using their geographical coordinates
and a K-NN method as in [27]. To be specific, we employ the 5-NN strategy to
determine the connectivity between vertices. Next, we accord each edge the weight
exp(—d(i,j)?/o?), where d(i, j) is the geographic distance between sensors i and j,

and o2 the variance of all distances between pairs of sensors.

We randomly choose 57 days’ records as the training set. The remaining days’ records
form the test set. We randomly remove some data, and then try to recover these
values. To this end, we use the training set to estimate the JPSD and covariance
operators as described at the beginning of Section 3.4, then apply the Wiener

filter to recover the missing values in the test set. In this experiment, we take the
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normalized error

Ejx — x|
E x|

as the performance metric.

The dataset is indexed by three dimensions: vertex, feature and time in hourly

intervals. To illustrate the effectiveness of the JWSS assumption, we test different

frameworks under two missing data models:

1. Consecutive missing model. For each day in the dataset, we randomly choose a

set of (vertex, feature) indices, and remove their corresponding data during a
time period whose length is a geometric random variable. This model reflects
the original dataset, which contains missing values over a continuous time
period. Since both training and test sets have missing values, we test two
methods for the TV framework to recover JPSD: either zero-pad missing
values, or perform linear interpolation to recover the training set first and

then estimate JPSD. Both TV and GSP process the three features separately.

. Uniform missing model. For each day in the test set, we randomly choose a

set of (vertex, feature, time) indices and remove their data. In this model,
the training set contains no missing values. Therefore, for GRP, we use the
Cartesian product of the spatial graph and time graph (the cyclic graph with
24 vertices) as the underlying graph. On this graph, each vertex contains
three features. In this case, applying TV is equivalent to applying GSP on

this product graph, in which the three features are processed separately.

From Fig. 3.3a, we observe that the GRP Wiener filter dominates the traditional

GSP Wiener filter and TV Wiener filter under the consecutive missing model. This

is due to the fact that the GRP incorporates the correlation between features via

(3.22) while the other methods regard them as independent. In fact, the features
we use (i.e., PM1, PM2.5 and PM10) are strongly correlated as indicated by their

correlation coefficient matrix estimated empirically from the whole dataset:

1.0000 0.9954 0.9898
0.9954 1.0000 0.9955
0.9898 0.9955 1.0000
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FI1GURE 3.3: Recovery performance by Wiener filters under different frameworks.

In Fig. 3.3a, the lengths of missing periods are generated by Geo(1/12). Each
point is the average of 40 repetitions in Fig. 3.3a, and 50 repetitions in Fig. 3.3b.
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Furthermore, the consecutive missing values along the time domain in the training
set cause difficulties for TV JPSD estimation. Since the GRP model has the flexibility
to ignore the missing period and to use only the complete data to learn JPSD, it is

more accurate than TV methods.

From Fig. 3.3b, we observe that the GRP Wiener filter outperforms the TV Wiener

filter, which is also due to the incorporation of correlation between features in GRP.

3.4.3 Continuous-time signal recovery

In this subsection, we evaluate the recovery performance on continuous-time graph
signals under the GRP framework, and compare it with both TV and the traditional
time stationary (TS) framework. The graph is generated by the Erdés-Rényi model
with 30 vertices and edge probability 0.5. We enforce the graph to be connected.
The generalized graph signal is generated as a randomized linear combination of

the tensor products of the graph Fourier basis and sinusoids:

x(t) =Y dugy ®@sin(Bit), t € [, 7], (3.24)

where dy; are independently generated by the Gaussian distribution A (O, ag,l),
and f; are real-valued constants. We note that x(¢) is not bandlimited as long as
there exists a (; that is not integer. Both training and test sets consist of noisy

observations sampled from different vertices at different time instances.

To recover the continuous-time signal, we first apply the variational EM algorithm
on the training set to estimate the PSD and noise power. To be specific, no matter

what framework we use, the observation model can be written as
y = Bc +¢, (3.25)

where each column of B contains the values of a basis function at the sample
points, and ¢ = (¢, ¢a, ..., ¢5)" are the Fourier coefficients that are assumed to be
independent and have distribution A (0, p;). The observation error vector € has

components independently generated via A/ (0, 0?).

For instance, in the GRP framework, the basis {f;;} is {¢, ® sin(it) : k =
1...,n, l e N}U{¢,®cos(lt) : k=1...,n, | € N}. In practice, we only use a
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subset of them so that 1 <[ < my for some mq. Suppose the sampled time instances
on the ith vertex are {t;1,%;,...,t,}. Then for each basis function f € {fy,}, its

values at the sample points can be written as a vector

b= (fi(t11), - f1(t1g)s - faltn1)s -y frltng))T, (3.26)

where f; (i =1,---,n) denotes the i-th vertex signal of f. (Recall that f(¢) is an
N-dimensional vector valued function). By concatenating all b into a matrix we

obtain the matrix B.

For the TV framework, we use the basis {¢, @Y, : k=1,...,N, [ =1,... mg},
where {¢;} denotes the Fourier basis induced by a cyclic graph. After recovering
all values on the time grid, we apply linear interpolation to recover the continuous
signal. Under the time stationary assumption, every vertex signal is stationary in
the time domain. Each vertex signal is processed separately, with model (3.25) and
basis functions {sin(lt) : I =1,...,mo} U{cos(lt) : [ =0,...,mo}.

Now that y and B are known, we apply the EM algorithm to solve for the estimates
of {p;} and o2. However, since the PSD values {p;} are not assumed to be equal,
the posterior p(c, 02, p1,...,ps | y) cannot be computed analytically. Therefore, we
apply variational EM [71], which admits explicit analytical optimal values at each

iterative step, to estimate these hidden values.

On the test set, the continuous-time signals are recovered based on the sample
values and the information learned from the training set. Since we have assumed
the regression model (3.25) in which {¢;} and e are normal random variables, it

suffices to use the posterior mean as the estimator of the Fourier coefficients.

In this experiment we consider two sampling schemes:

3.4.3.1 Equally spaced sampling

The samples are collected from a subset of equally spaced points of [—m,7]. To
be specific, on each vertex we randomly choose m points from the time grid {¢; :
ti=—-m+2(6i—1)r/(2m —1), i =1,...,2m}. The graph signals are generated via
(3.24) given B = (B1, B2, B3), and o ; = 10/(kl) such that the signals are smooth
over the graph.
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We investigate the performance of different frameworks under varying grid density
(represented by the number of samples m) and noise energy (represented by SNR
in dB). For each fixed pair of (m, SNR), we uniformly generate 100 B vectors
via Unif (1, 15). Then, for each B, we generate a training set and test set, each
containing 60 realizations of continuous data from (3.24). To measure the recovery

performance, for each 3, we compute the relative error

E|x —x||

= = X (3.27)
E x|

where the expectation denotes averaging over the test set.

We summarize the results as box plots (Fig. 3.4 and Fig. 3.5), where each box
reflects the distribution of recovery error with 100 different ,@ To recover the test
signal, we set mg = 20. From Fig. 3.4, we observe that GRP outperforms both TS
and TV. Compared with pure time domain based methods like TS, GRP makes use
of the graph structure, which provides additional information. In addition, GRP
uses a basis of continuous functions, while the interpolation step in TV fails to
recover the high-frequency variations in the signal. Therefore, the performance of
TV is largely affected by the choice of ﬁ

3.4.3.2 Uniformly distributed sampling

In this setting, the sampled time instances on each vertex are uniformly distributed
on [—m, 7]. Since the time instances are not placed in a time grid, the TV framework
cannot be applied in this setting. The graph signals are generated the same way
as Section 3.4.3.1. The performance is measured by (3.27). We investigate the
performance of different frameworks under varying number of samples and noise

energy. We observe from Fig. 3.5 that GRP outperforms TS.

3.4.4 Comparing sampling strategies

In this subsection, we illustrate the usefulness of Theorem 3.7 in comparing the
MSEs of different sampling methods. To this end, we first estimate the JPSD
from the training set. On the test set, we randomly generate sampling sets with

different sizes. We compute the theoretical MSE values for all the sampling sets via



Chapter 3. Joint Wide-Sense Stationarity and Wiener Filters

1' ‘ T e
|
1 0 n
0.8
S
©06F
o  —  —
2
s
[4}
o

F——;{

4 TF1
HH
S

0.2 %] é
T -
1 il
0 . . . . . . . . .
TV TS GRP TV TS GRP TV TS GRP
m =20 m =110 m =200

(A) Performance under varying time grid density.

1 - - -
| | |
| | |
| | |
| | |
L L .
0.81
S
© 0.6
o
=
5 ||| - ||
E = —
0.4 I El e
I L -
I L T I
| ==
€ \ L _
0.2 1L T _
B B
I
€L L €L
0 . . . . . . . . .
TV TS GRP TV TS GRP TV TS GRP
SNR =0.9 SNR =3.8 SNR =18.7

(B) Performance under varying noise energy.

FIGURE 3.4: Boxplots of recovery performance under different frameworks via
equally spaced sampling. In Fig. 3.4a, the SNR is 8.6. In Fig. 3.4b, m = 60.



64

3.4. Numerical Experiments

061

051 |

o
~
T

Relative error
o o
v ©
-1 F
- {1+
[T
TH
|

01t 1 n
+

0 . . . . . .
TS GRP TS GRP TS GRP

m =20 m =110 m =200

(A) Performances under varying number of samples.

067
o5 T
0.4 E !

Relative error
o
w
-

L PR

-

-

0.1

o
I\‘)

0 . . . .
TS GRP TS GRP TS GRP
SNR =0.9 SNR =3.8 SNR =18.6

(B) Performances under varying noise energy.

FIGURE 3.5: Boxplots of recovery performance under different frameworks via
uniformly distributed sampling on [—7,7]. In Fig. 3.5a, the SNR is 8.6. In
Fig. 3.5b, the number of samples m on each vertex is 60.



Chapter 3. Joint Wide-Sense Stationarity and Wiener Filters 65

(3.20), and compare them with the empirical MSE. If the empirical MSE is close to
the theoretical value (computed based on the estimated JPSD), this experiment

demonstrates that it is possible to estimate the quality of a sampling set.

The experiment is done on the Molene weather dataset® published by the French
national meteorological service. It contains hourly weather records in the region of
Brest, France in January 2014. The temperature records we use are measured by 32
stations. We split the data into 31 periods, so that each period contains 24 hourly
records. The graph is constructed similarly as in Section 3.4.2: we use 5-NN to
connect the vertices according to their geographic distances d(i, 7), and assign the
edges with weight exp(—d(i, j)?/c?). Here, 02 denotes the variance of all distances
between pairs of sensors. We randomly sample 20 days’ records among 31 days as the
training set, and the remaining 11 days’ records form the test set. We aim to recover
the test set from noisy observations on the sampled vertices. The noise energy is set
to be 1/5 of the signal energy. In order to simulate different sampling strategies, we
randomly generate the sample sets & C V with different sizes (1/5,2/5,3/5,4/5)N.
For each sample size, we generate 20 sample sets. To recover the original signal and
compute the theoretical MSE, we employ the Euclidean-vertex model. We observe
from Fig. 3.6 that the empirical MSE is aligned with the theoretical MSE, hence

(3.20) can be utilized to measure the quality of sampling sets.

3.A Appendix: Proof of Theorem 3.1 and Theo-

rem 3.2

This appendix contains the proofs of Theorems 3.1 and 3.2, which assume H =
L3(T). The proofs generalize the ones given in [49], which assumes a one-dimensional
stochastic process. The condition of continuity of trajectories and compactness of

T are also relaxed here compared to [49].

Proof of Theorem 3.1. From Proposition 2.2 and condition (b), it suffices to show
that for any y € CY ® H, the map (x(w,-),y) : © — C is measurable. Because
CV is finite dimensional, it suffices to consider y such that for each t € T, y(t) =

3https://donneespubliques.meteofrance.fr/donnees_libres/Hackathon/RADOMEH. tar.
gz
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FIGURE 3.6: Theoretical and empirical recovery performances under different
sample sets. Each point represents the theoretical and empirical errors of a sample
set.

y(-,t) € CV. From Cauchy-Schwarz inequality, we have

| [ ot 01ae) aro

< [ [ It 0l Iy )] ae) are)
- [ Bl Iy o )

</TE[”X( )P dr(t )1/2 (/ Iy (©)? drt ))1/2
(/T]E[HX( )|I*] dr(t) )1/2 (/ YOI dr(t ))1/2. -

From condition (c), we have

IN

<

/E[Hx@)m dr(t) :/tr(Kx(t,t))dT(t) < 0.
T T

In addition, since y(v,-) € L*(T) for each v € V, the R.H.S. of (3.28) is finite. By

Fubini’s theorem, we obtain that the following integral, as a function of w,

(x(w,),y) = /T y(£)"x(w, t) dr(t)
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is measurable (in fact, integrable). This concludes the proof. O

Proof of Theorem 3.2. We first verify that the pointwise mean defined in Theo-
rem 3.1, my(-) € CY @ L*(T) as follows:

/||mx 2 dr(t )_/TE[Hx(t)n?] dT(t):/Ttr(Kx(t,t))dT(t)<oo.

We then have for any u € CV @ H with u(t) € CV written in the form (3.1),

me) () = [ urm©ar©) = [ [ ue st dp) are)

Using the same argument as in the proof of Theorem 3.1, the integrals can be

interchanged, so that

(me(u0) = [ ) x(e ) ar(e) dBw) = Blix. )

which is the definition of the mean element of x in (2.15).

In the rest of the proof, without loss of generality, we assume my, = 0. By definition
(2.16), we have for any f,g € CY @ H,

(C.f,g) = E[M@, g>} — E{ /T XTf(t)Tic(~,t)x(~,s)Tg(s) dr(t) dT(s)}. (3.29)

In the proof of Theorem 3.1, we have shown that the function ||x(w,t)|| ||y (t)||
is integrable on 7. We use this fact with Fubini’s theorem to interchange the

expectation and integral in (3.29) to obtain

Cutig) = [ HOTR (e 5)8(6) dr(0)dr(s) = ([ Kuls.0F(0)dr(0).506) )

Note that the first element in the above inner product is an integral operator on

f(t), therefore Cy coincides with this operator by definition.

To prove the second part of Theorem 3.2, we employ the generalized Mercer’s
theorem in terms of a matrix-valued kernel [62]. From [62, Theorem A.1], there

exists a sequence {f;(t) : i =1,2,...} C C¥ @ L*(T) such that

1. foz = Uifi with o; > 0;
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2. {f;(t)} forms an orthonormal basis of ker(Cy)* = im(Cy);
3. {fi(t)} C Hy, where Hy is the reproducing kernel Hilbert space induced by

the kernel Ky(s,t).

Using [62, Remark 3.3], since {f;(t)} C Hk, fi(t) are also continuous w.r.t. the
topology induced by Ky (s, t). Then according to [62, Theorem 3.4], the kernel

function Ky (s, t) can be decomposed as follows

Ky (s, t) = Z oifi(s)fi(t)",

for all s,t € T except on a zero-measure set. Let f;(t) = (fi(l)(t), e fi(N) (t))".

Therefore, we can compute the integral of tr(K(t,t)) as

/T (K (t,6)) dr(t) = [ 3OS ol fO(0)[2dr(t)

T =1 i=1

B /TZ > alfOF dr(t)

=1 [=1

=3 [ s lswl? arw
= ;Ui
= tr(Cy),

which concludes the proof. O]

3.B Appendix: Proof of Theorem 3.7

In this section, we prove Theorem 3.7. We start off with a lemma. Recall that y is

restricted to a subset of vertices U.

Lemma 3.8. The null space and image space of C, are respectively

ker Cy = span{e; @ ¢y : i €U or [ > 1"} :=Vj,
imCy =span{e; @y : i €U, | <U'} =V
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Proof. Note that Cy = I1s(Cx + C.)ILs. First notice that Cy(e; ® ;) = 0 when
i €U or | >1'. Then the continuity of Cy implies that V C ker C,. When i € U

and [ < I’, we have

Cy(e; ®Yy) = s(Cx + C.)(e; @ 1)
oo N

Z px k l +p6 k l))H¢k®¢z(el ®1/Jl))

l:l k=1

M

=

=TLs(> (px(k, 1) + pe(k, 1) ®(i, k) ), @ )

x>
—

(Px(F, 1) + pe(k, 1)@ (i, k)TLs (¢ © ¢1)

I
WE

=
Il
—

I
WE

(D (ks 1) + pe(k, D)@ (i, k) Y B, ke @

JjeU

>
Il
—

[
(]
WE

(px<]€, l) —I—pe(k, l)>q)(]7 k)q)(z, k))ej ® ¢z

Ol

.
m
<
Ed
N

(i,7)e; ® Uy,

<

€

<.

where O = @, A;®],. In order to simplify notations, we let the row and column
indices of O® be consistent with ¢/. This result indicates that im C, C Vi. We note
that when [ < I, OY is invertible as a principal submatrix of a positive definite

matrix ®A;P". This implies that for [ < I, when restricted on
V, = span{e; ® ¢y : i € U}, (3.30)

Cy can be represented as an invertible matrix OO, Therefore, the basis of V] is a
subset of im C,. Since im Cy is closed, it follows that V; C im Cy, i.e., im Cy = V;.
Since Vy = Vi and ker Cy = im CL, we obtain ker Cy, = V4. The lemma is now

proved. 0

We now return to the proof of Theorem 3.7. Define X = G(y) as the Wiener filter
(i.e., BLUE) and r := X — x as the estimation error. According to Proposition 2.3,

E ||r||* = tr(C;). In the sequel, we are going to compute it as a function of U.
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From Definition 2.8, C, equals the ALCC cové [x]. Therefore, it can be written as

C; = Cx — Cyy Cl Cyx
= Cy — C,II5(TIs(Cy + C)IIs) TIsCy
= Cx - C(_).

Next, we compute tr(C,), the main step of which is to deal with tr(Cy). By the

operator trace definition in (2.21),

WE
WE

tr(Co) = (Co(oy, @), Py @ Uy)

l

< |l
_
X
Il
o

WE

(T15(Cx + C)Is) TLsCx (), ® ), TLsCx (¢, ® ¥1)).  (3.31)

Il
—
B
Il
—_

To simplify this expression, we compute the elements in the inner products as

follows:

HSCX(¢k @ wl) = px(k7 l)HS(d)k 02y wl) = px(k7 l) Z (I)(i> k>el ® wlv
€U

(Ms(Cx + CTLs) TsCu(y, @ t) = px(k, 1) Y ®(i, k) (TLs(Cx + C)TLs) (e ® ).
iU

Note that ILs(Cx + C,)IIs = Cy, hence it is guaranteed to be compact and self-

adjoint. To compute Ci,(ei ® 1), we utilize the result from Lemma 3.8, which

characterizes the restriction of Cy on V; as an invertible matrix O, Therefore,

3> 0OW-1(i, j)e; ® ¢ is the preimage of e; ® ;. Besides, since it also belongs to

jeu

(ker Cy)*, we have Cl(e; @ 4) = > OU7Y(i, j)e; ® ;. Hence,

Jjeu
(HS(CX + CE)HS>TH$CX(¢19 ® 1/11) = px(kv l) Z ¢(27 k)CI/(ez & wl>
€U
= px(k, )Y > ®(i, k)0 (i, j)e; @ 4.

el jeu

By substituting this result into each term in the double sum of (3.31), we obtain

(TLs(Cx + C)Is) TLsCy (), ® ), sCx (), ® 1))
= px(k,1PY > @6, k)00, j)e; @, Y B(s, k)es @)

€U jeu sel
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— p(k, 023757 @i, KOV (1, /)@ (), k)

iel jeu

= px(k, 1)* @ (k,:) OV @y (:, k),

where ®],(k, :) denotes the k-th row of ®,.

Then, we have
l/

tr(Co) = > Y pxlk. 1)*®],(k, ) Oy (-, k)

=1 k=1

=D pulk, ) (OO By (-, k) D], (K, 1))

=1 k=1
U N

= (0D " py (k1) Dy (-, k)R] (K, 1))
=1 k=1

l/
= tr(PuA®],) " 8yl ®],).
=1

Finally, we obtain the MSE of the Wiener filter G as

l/
E|r]* = tr(Cyx) = > tr((®y A ®],) " &, T,
=1
4 N 4
=1 k= =1

The proof is now complete.

Pk 1) = tr((®y A ®]) " By T ®],).
1






Chapter 4

Kernel Based Reconstruction for

Generalized Graph Signals

4.1 Problem Formulation

In this section, we formulate the generalized graph signal reconstruction problem.

Consider a graph G = (V, £), where V = {1, ..., N} is the vertex set, and € C V xV
is the edge set. We use Ny (v) to denote the d-hop neighborhood of the vertex v
and let Ny(v) = Ny(v) U {v}. We assume that G is a connected undirected graph
with no self-loops. One important case in GGSP is where H is a function space.
Specifically, consider the domain of the functions to be a measure space (7,4, 7)
and H = L*(T) (i.e., the space of square-integrable functions on 7). For example,
in Intel lab data mentioned in Section 1.2.2, T = [0, 86400], representing the time
duration (in seconds) of one day. Then, a generalized graph signal f can be identified

with the map

" VxT—=R
(v, £) = f(v)(F).

Thus, the space of generalized graph signals can be also identified with L*(V x T).
In this chapter, we will mainly use L*(V x T) to denote the space of generalized

graph signals, while references to RY @ H are used in explanations and proofs. We

73
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refer to 7 colloquially as the time domain. However, it is not restricted to subsets

of R and can be a general measure space.

Given noisy observation samples at a subset S C V x T of vertices and time
instances, our objective is to recover the generalized graph signal f. To avoid
cluttered notations, denote J =V x T. Suppose the sampling set is S = {(vyn, tm) :
m=1,...,M} C J, and the noisy observations are

Ym = f(Ums tm) +€m, m=1,..., M, (4.1)

where €, are i.i.d. zero-mean noise with variance o2. In the Bayesian framework, f
in (4.1) is further modeled as a Gaussian process. In this case, we will model f as a
random element (cf . Section 2.3). The noise terms ¢, are assumed to be Gaussian

and independent of this process.

The GGSP signal reconstruction problem can be summarized in the following form:

min Z L(f (Vm, tm), ym) + P(f), (4.2)

fEFjR

where F(J,R) is an appropriate space of functions from J to R, L(+) is a loss
function measuring the fitness of f on the observations. Typical choices include the
¢y and {5 losses. The regularization term P( f ) imposes a smoothness constraint
on f over the vertex and time domains. To design proper F(7,R) and P(f), we
employ the KRR technique, which we briefly review in Section 2.5.

The existing time-vertex methods [39, 40] have already addressed the reconstruction
problem for time series on graphs. However, these methods are based on the
assumption that the signals are evenly sampled with the same sampling rate on
all vertices. In contrast, from (4.2), we observe that our formulation does not
require synchronous samples from each vertex and applies even in the case where
the sampling frequencies differ across vertices, or where the signal is not evenly
sampled. In addition, compared to the time-vertex techniques, this formulation is
not sensitive to the sampling rate since it makes use of the true time stamps. We

refer the reader to the detailed discussion in Section 4.2.2.
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4.2 KRR Reconstruction in GGSP

In this section, we derive the KRR reconstruction solution for GGSP. We interpret
this method under both deterministic and Bayesian models and connect our tech-
nique with existing kernel-based frameworks in GSP and graph signal reconstruction
approaches. We also propose an online approach based on RFF that results in a

distributed implementation.

To reconstruct a generalized graph signal f € L*(J), we use a kernel k : 7 x J — R
that is the multiplication of two kernels kg : V XV - R and k7 : T x T — R:

E:JxJ—=R

(4.3)
((uv S)v (Uv t)) = kG(uv U)kT(S> t)'

The RKHS associated with the kernel (4.3) is Hy = Hp, ® Hi, [58, Theorem 13].
In this paper, we construct kg based on a GSO A of the graph G. In particular,
we focus on the case where the matrix K¢ := (kg (i, j)) € RV*Y takes the following
form (cf. [11, (14)]):

Kg = ®diag(r(\), ..., r(Ay))®, (4.4)

where {\;} are the eigenvalues of the GSO Ag, r(-) is a non-negative function
such that r(A;) > -+ > r(Ay),! and @ is the matrix formed by the eigenvectors
of Ag. When T is a subset of Euclidean space, we can usually choose k7 as the
RBF kernel, e.g., k7(s,t) = exp(— [|s — t||3 /Bscate) (Gaussian kernel) or kr(s, t) =

exp(— |ls — t||, /Bscate) (Laplacian kernel), where fycae is a tunable parameter.

Following the standard KRR formulation (2.30), we specify the reconstruction
problem (4.2) as follows:

~

Mo 2 12
f:argminZ’f(vm,tm)—ym +u|f
feEHE m=1 e

(4.5)

'Recall that {)\;} are indexed in increasing order of graph frequencies. Also note that [11, (14)]
uses 7T (A) instead of r(A) in the definition (4.4).
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Let K(S,S) = (E((vm, tm), (vm/,tm/)))%m,zl € RMM and y(S) = (y1,...,ym)"

Using the representer theorem, the optimal solution to (4.5) is

M
F=>" cmkle, (Um, tm)),

m=

1 (4.6)
(c1,...,ca)" = (K(S,S) + ply) "ty (S).

Henceforth, we refer to the problem (4.5) and its solution (4.6) as KRR-GGSP. In
this chapter, we assume that all eigenvalues of A are distinct. By construction
(4.4), K¢ is a polynomial of A for some degree L < N, i.e., it suffices to consider
r(-) as a polynomial whose degree is smaller than N, thus kg(u,v) = 0 as long

as u ¢ N (v). Therefore, the evaluation of f (v,t) only requires information from

NL(’U):

f(vvt) = ka((?},t), (Umatm))

M=

3
n

Crmkc (U, V) k7 (, t,)

M-

3
Il

= Z Cmk (U, U ) k7 (t, t,). (4.7)

vm €N (V)

Note that when 7 is a singleton (i.e., the vertex signal space is one-dimensional), the
KRR-GGSP framework degenerates to the GSP recovery problem [11]. In addition,
when K = I, it degenerates to separately solving KRR problems on each vertex

using the kernel k7. To see this, suppose on each vertex v we have M, samples. We

relabel 8 and {y,,} such that S = [J {(v,6{”) : i=1,..., M}, {yn} = U {

veEV veVY
i=1,...,M,}. We also relabel the coefficients as cl(-v), so that (4.6) can be rewritten

as

flu,t) = Z uch
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for each uw € V and t E T, where 6(u,v) = 1 when v = v and 0(u,v) = 0 otherwise.
Note that f(u,t) = Zc kr(t,6) and

ZZC Rt t] j )Cju :Z

u=11i,j5=1 u=1

Then problem (4.5) becomes

N M,
f:argminzzv(u,tg) Y;

and each f (u,-) can be solved separately using the samples on the vertex u.

In the rest of this chapter, we make the following assumption.

Assumption 4.1. For the measure space (7,4, 7), T is a compact metric space,
A is the Borel o-algebra, and 7 is a strictly positive finite Borel measure. The kernel
k7 is a continuous symmetric positive definite kernel and K¢ is a positive definite

matrix.

4.2.1 Deterministic Interpretation

In this subsection, we consider the case where f in (4.1) is deterministic. Under

Assumption 4.1, by Mercer’s theorem [57], there exists an orthonormal sequence
{& 4> 1} in L*(T) such that:

/T by (s, £)€:(s) dr(s) = Y& (6),
/ £()€5(s) dr(s) = 8(i. ),
i
= Z v:i&i(s)&i(t)

where the sum converges absolutely and uniformly on 7 and ~;, ¢ > 1, are non-

negative eigenvalues. Let ¢, (u) be the (n,u)-th element of ®. Since k¢ is given by
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(4.4), it can be decomposed in the same way:

7(An)On (1) Pn(v).

I
WE

n=1

By definition of k in (4.3), we then have

n=1 i=1
Note that {¢,(-)&(:) : n=1,...,N,i > 1} is an orthonormal sequence in L*(7).
Following the same argument as [72], H, is a subset of L?(J) where the functions

f satisfy the following condition:

= Z Z Cn,i* ¢n(v)§z(t)
B

=1

(4.9)

khz

By the definition of JFT (cf. (2.13)), it can be shown that ¢, ; = Sm(f) where §,,;

represents the (n,7)-th JFT coefficient. Therefore, penalizing on H f is the same
Hi

as penalizing on the energy of §,;(f) with weights Note that r(+) is non-

1
T<)‘n)%‘.

increasing so that the Fourier coefficients associated with larger graph frequencies

are more heavily penalized.

It is worth noting that if we construct k7 and kg such that

= Z Yiki(s)&i(t) (4.10)

for some B’ < oo, and r()\,) = 0 for all n > B” in (4.4), then problem (4.5) is
equivalent to the bandlimited signal reconstruction in [22, Section VI.A] with an
additional ridge penalty. To see this, we first note that H, = span{¢,(-)&(-) :
n=1,...,B"i=1,...,B'}, ie., the signal space used for reconstruction is a

bandlimited space. We substitute (4.10) into (4.9) to obtain the optimization
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problem

B// Bl

M 2
f(v,t) = argmin ’f(vm,tm) Y Y Y r(i"’gy,, (4.11)

FeMr  m=1 n=1 i=1

which coincides with the bandlimited signal reconstruction problem formulated
in [22] but with an additional penalty term. This indicates that if kr is not a
combination of finite functions, then dim(?;) = oco. This implies that the algorithm
is able to capture more features than that of bandlimited signals. An example is
the Gaussian kernel [73, Section 4.3.1].

Finally, we discuss the universality (see Section 2.5 for definition) of the kernel & in
the following theorem. The definition of universality requires defining a topology
on J. In this paper, we equip V with the discrete topology and J =V x T the
product topology.

Theorem 4.1. If kr is a universal kernel on T, then k is universal on J.

Proof. Consider an arbitrary compact set Z; C V x T, and define Z, such that
{v} x 2, = Z; N ({v} x T). By using the finite-cover definition of a compact
set, we note that Z, is compact in 7. Consider an arbitrary h € C(Z;), where
C(Z;) is the space of continuous functions on Z; equipped with the supremum
norm. Let h, := h|{}xz,. Due to the universality of k7, for any € > 0, there
exists h;, € span{kr(-,t) : t € Z,} such that [}, — hy(v,")]l¢z,) < € Let b :=
Zle d(v,-)h;,. Then, we have [|[" — hl|¢ 5 ) < €. On the other hand, since K¢ is
positive definite, K¢ is invertible. Therefore, there exists {a,,} such that §(v, ) =
SN aunka(n,-), ie., 6(v,-) € span{kg(n,:) : n = 1,...,N}. Let K(Z;) be
the closure of span{k(-, (u,s)) : (u,s) € V x T} in C(Z;). By combining the
above results, we conclude that b’ € K(Z;) and the universality of k£ follows by
K(Z,)=C(Z)). O

The universality discussed in Theorem 4.1 is different from that in [74, Theorem 2],

which established universality for the following operator-valued kernels:

K: X xX— L)

(Xl, XQ) —> k?s(Xl, XQ)T
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where X C L*(J) and Y C L*(J), ks : X x X — R is a real-valued RBF kernel,
L(Y) is the space of linear operators on ), and T € L(Y).

We note that Theorem 4.1 cannot be derived from [74, Theorem 2] and vice versa.
First, the kernel domain in this paper is in J x J instead of L*(J) x L*(J).
For simplicity, consider the case where T is a singleton, so that V x 7T can be
identified with V. If we use the kernel in [74, Theorem 2] and let X =V, then it is
required that V is a real (or complex) separable Hilbert space. However, as long as
1 < |V| < oo, this is impossible. Second, the output of the kernel in this paper is in
R instead of an operator space, hence none of these two formulations encompasses
the other.

4.2.2 Bayesian Interpretation

We now turn to the Bayesian interpretation where f ~ GP(0, k) and €, N (0,0%)
in (4.1). Let (Q, F,P) be the underlying probability space, where F stands for the
o-algebra of the space. We regard J =V X T as a measure space whose measure is
the product measure of counting measure on )V and the measure 7 on 7. We denote
this product measure as ¢. To be specific, f is a stochastic process {f((v,t),w) :

(v,t) € J,w € Q}. We make the following assumptions:

Assumption 4.2.

i) f((v,t),w) is jointly measurable w.r.t. the product measure ¢ x P.

i) f(,w) e L*(J) for all w € Q.

Under Assumption 4.2, f is a Gaussian random element (cf. Theorem 2.1). Hence-
forth, we abbreviate f((v,t),w) as f(v,t) for simplicity and consistent notations.
First, we note that under the time-vertex framework, the GP prior GP(0, k) is a
JWSS GRP. Recall that a stochastic process f on V x T is said to be JWSS if its
covariance operator commutes with the shift operator S := Ag ® Ay on L?(J) (cf
. Definition 3.2), where A is the shift operator on L?(7T). Consider the case where
T ={1,...,T}, and K7 := (kr(i,j)) € R™*T is a symmetric positive-definite
circulant matrix. Then the covariance operator of GP(0, k) is C; = K¢ @ K7. Let
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A4 be the shift operator
Ay (9)(t) = g((t + 1) mod T),

which models the case where the vertex observation is a discrete-time signal with
T time steps. Since K7 is a circulant matrix, it commutes with Az. On the other
hand, by the construction of the kernel kg in (4.4), we know that K commutes
with Ag. Therefore, C; commutes with the shift operator S = Ag ® Ay, hence
GP(0,k) is a JWSS prior.

Example 4.1. The GP prior generalizes the Gaussian process over a graph (GPG)
framework [75], which defined a GPG as a vector-valued GP whose covariance

matrix takes the form

cov(s,t) = kr(s,t)B(a),
B(a) = (Iy + aL¢) ™ := (B(a)y),

where a > 0 is a parameter and L is the graph Laplacian matrix. We see that this
covariance structure corresponds to a GP prior in L*(J) with kg (i, j) = B(a);;. The
GPG also assumes that each observation is (t, x), where x is a complete graph signal,
while in (4.5) we allow the observed graph signals to be incomplete. Therefore,
this generalization allows us to reconstruct the generalized graph signal when the

observations come from different subsets of vertices at different instances.

We next consider the posterior. The observations {(v,,, tm,ym)} are denoted as
Dirain- According to Section 2.5, the MAP estimator is given by (4.6) with p = o2.
Since f is a GP, (4.6) is also the posterior expectation given Dyain, i.€., f(v, t) =

E[f(v,t) | Dirain). The posterior variance can be calculated by
var(f(v,t) | Dirain) = k((v, 1), (v,t)) — K (K(S,S) + 0°I) 'k, (4.12)

where k := (k((v,t), (v1,t1)), ..., k((v,t), (U, t1n)))". This observation indicates
that the time-vertex signal reconstruction approach is a special case of the KRR-
GGSP approach.

Example 4.2. In the time-vertex signal reconstruction problem, the observed

signal X, € R¥*T is an incomplete and noisy observation of the original signal
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X, € RV*T The mask matrix is IIs € {0, 1}V*T. The paper [40] formulated the

graph signal reconstruction via Sobolev smoothness (GTRSS) problem as follows:

X, = argmin |[TIs © X — X,||% + gy tr((XDy) (L + aI)’XD),)

XERNXT

= argmin ||TLs © X — X, ||% + pry vee(X) (D D}) ® (L 4 aI)? vee(X),

XERNXT

(4.13)

where Dy, is the first order difference operator

D, = 1 . c RT*(T-1),

For ease of further analysis, we slightly modify (4.13) to be

X, = argmin |[TIs © X — X,||% + pry vee(X) (DD}, + 6,1) @ (L 4 oI)? vec(X),

XERNXT

(4.14)

where 6, > 0. We also assume that diag(vec(ILs)) + (D;D}) ® (L + aI)? is full-rank.
It can be shown that the solution to (4.14) can approximate that of (4.13) arbitrarily

well as long as d, is small enough.

We consider problem (4.14) under a Bayesian setting. Let the prior of vec(X,) be a
Gaussian random vector with zero mean and covariance ((D} Dy, +6,I)® (L+aI)?)L.
In other words, if we let k7 (s,t) = (DD}, + 6,I),/, and K¢ = (L 4 oI)~?, then
X, = (X, (v,1)) is a GP with covariance cov(X,(u, s), X,.(v,t)) = kr(s,t)kq(u,v).
Suppose the noise is i.i.d. with variance pry, then the objective function in (4.14)

is the log-likelihood of the posterior p(X,|X,) (up to a constant):

- log(p(Xr|Xo)) = _(log(p(Xh XO)) - log(p<Xo)))

= —(log(p(X,[X,)) + log(p(X,)) — log(p(X,)))

1
= ITIs © X, — X,||% + vec(X,) (DD}, 4 6,1) ® (L + aI)? vec(X,) + const,
™V
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where const is a constant independent of X,.. Therefore, the solution to this problem
is the MAP of X, given X,. According to the Bayesian interpretation in Section 2.5,
this MAP estimator X, = (X,(v,t)) is the solution (4.6) of KRR-GGSP where
kr(s,t) = (DpD], +6,1),4, s,t € {1,2,..., T}, Kg = (Lg + o)™, and p = prv.

From Example 4.2, we see that the GTRSS problem can be understood as using a
specific kernel in the time domain. In the following, we show that since this kernel

depends on the number of discrete time steps, it is sensitive to the sampling rate.

Consider the case where V is a singleton and T = [a, b] is a closed interval, so that
the signal f : V x T — R can be identified with a signal f : [a,b] — R. Without
loss of generality, let [a,b] = [0, 1]. Suppose f is evenly sampled with interval length
A. We denote the kernel from Example 4.2 as kqrrss(s, t; A) = (DD} + 6,1)'
where s,t € {0,A,2A,...,1}. This leads to the problem that the prior distribu?i;)An
assigned to the signal relies on the sampling frequency. According to the Bayesian
interpretation (cf. Section 2.5), by using this kernel, we have assumed a prior

distribution on f. We now examine the cross-correlation of the prior between f(0)
and f(1), i.e.,

cov(f(0), f(1)) karrss(0,1; A)

om0 ) A) = e O vt (D) v/komnst0,0: Abormas L)

By calculating this quantity with different values of A, we find that it is highly
related to the sampling frequency (see Fig. 4.1). Specifically, when the sampling
frequency is large enough, the prior correlation between f(0) and f(1) tends to zero.
Instead, if we use other kernels 12;7— which does not depend on A (e.g., the RBF
\/% does not depend on A. This
accounts for the failure of GTRSS on datasets with high sampling frequency, while
KRR-GGSP with RBF kernel works well (see Section 4.4.2). This is essentially
because the scale parameter in GTRSS kernel relies on the sampling frequency,

while that in RBF kernel does not. Therefore the RBF kernel has one more degree

kernel), then the prior cross-correlation

of freedom than GTRSS kernel. Hence by using more flexible kernels, we can expect

better reconstruction results.
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FIGURE 4.1: The prior correlation coefficients corr(f(0), f(1); A) as a function
of X 41 (i.e., number of time steps) with §, = 1075.

4.2.3 Online and Distributed Implementation

We now consider the online learning problem where the data stream {(v,,, tm, Ym)}
arrives sequentially. Upon each arrival of (v,,, t,,), the learner provides a distributed
prediction of f(v,,,t.,), i.e., the update and evaluation steps are implemented by
each vertex exchanging information with its neighbors within a certain number
of hops. After that, y,, is observed and the error is measured by comparing the
prediction with y,,. The estimator of f(v,,,t,,) cannot depend on y,,, and the error
is used to update the learner for the next prediction. Problem (4.5) can be adapted
to this setting via REFs[76] when k7 is a RBF kernel. Denote the columns of Ké
by [p1,-..,pn], and write p, = (P14, ..,Pny)". For the kernel k, the RFF can be

constructed as

n(v,t) = p, ® z(t),

where z(t) € RY is the RFF of the kernel kr, i.e., E[z(s)'z(t)] = k7 (s,t). By
the construction of n(v,t), we have E[n(u,s)™n(v,t)] = k((u,s), (v,t)). The recon-
structed signal is then frer(v,t) = ¢™n(v,t). Problem (4.5) is therefore converted
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to the linear regression problem [77, (7)]:

M
nin_g(c) = > (0, tm) = ym)® + el clf3 (4.15)
m=1

Alternatively, if we define g,,(c) := (c"(Um, tm) — ym)? + 4= lc|l5, then (4.15) turns

out to be
M
i — - (c). 4.16
min_g(c) mzjlq (c) (4.16)

The evaluation of frpp(v,t) = ¢'n(v,t) can be distributed. To illustrate this, write

1
c=(c],...,cy)" where ¢, € RF, n=1,..., N. Since k¢ takes the form (4.4), K&
can be represented as a polynomial of Aq of degree Ly, so that p,, = 0 for all

u ¢ N1,(v). Then for any input (v,t), n(v,t) = (p1,2(t)7, ..., pnz(t)")T, fRFF is
evaluated by

frre(v,t) = Z CPupZ(t),

uENL,(v)
which only requires information from N, (v).

Problem (4.15) can be solved in an online and distributed way by stochastic
gradient descent (SGD). To be specific, suppose the datastream is {(vy,, tm, Ym) :
m=1,2,...}. At the m-th step, we approximate V¢ with the instantaneous sample
(U tony Y ):

I

Vam = 2(c"(Vm, tm) — Ym) N (Vm, ) + 2Mc.

Note that ¥, — c"(Vm, tm) = Ym — fRFF(vm, t,) := é, is the approximation error

at the current sample point (v, t,,). We can update ¢ at the m-th iteration via
c™ = ™Y — gV, = 6,V 4 026,m (v, t), (4.17)

where 6,601,605 > 0. Note that:

e V¢, is Lipschitz continuous with Lipschitz constant Lip,, = 2 ||1(vm, tm)||” +

24%. Define Lip,,,, = max,, Lip,,,.
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® (,, is convex.

e ¢ is 2u-strongly convex (cf. [78, Lemma 2.12)).

According to [78, Theorem 5.7], if 6 € (0 , the convergence rate of SGD is

linear when p > 0. Since p,,, only has non-zero entries in N, (v,,), and é,, can

o)
-

be evaluated in a distributed way, we see that (4.17) is an online and distributed

update. This is always achievable when k7 is a RBF kernel.

4.3 Conditional MSE of KRR-GGSP in the Bayesian

framework

In this section, we consider f ~ GP(0, k), i.e., the Bayesian framework considered
in Section 4.2.2. We derive the MSE of the estimate given by KRR-GGSP at
a particular node vy € V and time ty € 7, conditioned on an observation set

{(Vms b, Ym) : m=1,..., M}. To be specific, we analyze

var( (v, 60) | {(vms b, ym)}) = E[(F(0, ) = F(10,60))? [ {(0m, tunsym)}] (418)

under the scenario when the noise energy is unknown, and the MSE is hard to
compute when M — oo as it involves taking the inverse of the kernel matrix of the
observations. We study the dependence of the MSE on the graph structure when
a subset of vertices have dense observation samples (M — o0). The asymptotic
MSE and its upper bound can be used as a criterion to choose an optimal sampling

vertex set.

We consider the asymptotic MSE of inference for f(vg,to), i.e., the limit of (4.18)
when M — oo. Note that if we allow uniform sampling on every vertex with an
ever-growing sample size, then it is known that the posterior variance will uniformly
converge to 0 [79]. In order to examine the effect of leveraging information from
other vertices in KRR-GGSP, we consider the case where there are no available

sample points on {vy} x T, and the value of f(vg,t) is to be estimated.

Mathematically, let S(v; My) be a set of My samples i.i.d. from Unif ({v} x T),
where v € {vg}€. The sample set S(Mp) is then obtained by S(My) = | S(v; Mp).

ve{vg }©
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This sampling scheme is illustrated in Fig. 4.2, and we call it uniform exclusive
sampling. In practice, this scheme mimics the scene where only limited knowledge

can be obtained from a certain vertex, and an inference for that is desired.

Vi
p 1 f---- e e s s s s
\/o Z [~ Wmmonns .08 @----
\ \ 3 |----- -0 -0 -0

o/ 4 f---- D et SCE

G=WVE

FIGURE 4.2: The uniform exclusive sampling scheme with My = 5. The blue
circles denote S(My), and the red triangle is (vo, to).

For ease of notation, we define Jg := {vg}¢ x T. We write y(M) to represent
the observations y(S(Mj)) from the sampling set S(My), and z to represent the
restriction of f on Jg. We analyze var(f(vo, to) | y(Mp)) from two aspects: first,
in Theorem 4.2 we analyze the integration of var(f(vo,t)|y(My)) over t; then in
Theorem 4.3 we provide an asymptotic upper bound for var(f(vo, to) | y(Mo)).

Let Ty be a subset of 7. We consider the following integration

/T var(f(vo, £) |y (Mp)) dr(t), (4.19)

which represents the conditional MSE of the KRR-GGSP estimator over 7. Intu-
itively, when M; tends to infinity, the situation can be interpreted as f on Js is
known and can be utilized for inference. We formally address this in the following

theorem:

Theorem 4.2. Under Assumption 4.1, the limit posterior covariance of f(vg,t)

over 76 converges:

lim var(f(vo,t) |y (Mp)) dr(t) = / var(f(vo,t) | z) d7(t). (4.20)

Mpy—o00 7-0 7o

Proof. See Appendix 4.A. n
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From Theorem 4.2 we know the limiting posterior variance given an infinite number
of sample points. This result can also be applied when only a subset of vertices
have dense samples. In that case, the R.H.S. of (4.20) becomes an asymptotic
upper bound by letting z be the restriction of f on the vertices with dense samples.
Moreover, we can get a rough idea of the behavior of var(f(vg,to)|y(Moy)) if we

consider the following sequence of continuous functions

L [ var(f (vo, ) | y(Mp)) dr(t), >0
Var(f(’UmtO) IY(MO)), a=20

P My (Oé) =

where B(tg, @) is the open ball centered at to with measure «. Specifically, by [79,
Theorem 3] we note that pa,(a) is a monotonic sequence, i.e., py, (@) < pap () if

My > M. According to Theorem 4.2, the limit function of py, (a) is

pl0) = lim pasy(a) = ~ / ()

Mo—oc0 (6%

when o > 0, and

p(0) = lim var(f(vo,to)|y(Mo)).

Mp—o00

Therefore, if we assume that the limit function of py, («) is continuous w.r.t. a and

var(f(vo,t) |z) is continuous w.r.t. t, then p(0) = hH(l) p(a) = var(f(vo, to) | 2), i.e.,
a—

lim var(f(vo,to) | y(Mo)) = var(f(vo,to) | 2). (4.21)

M(]*)OO

From (4.21) we know that, although var(f(vg,to)|y(Mp)) is random due to the
randomness of S(Mp), its limit var(f(vg,to) |z) is a deterministic quantity when

My — oo. In addition, it can be shown by Lemma 4.6 that

= var(f(vo, o) [ z) + var(E[f(vo, to) | 2] | f(Q))

var(f(vo, to) | f(Q))
|
> var(f(vo,to) |2),

for arbitrary finite set Q C Js. Therefore, according to (4.21), var(f(vo,to) | f(Q))
can always serve as an upper bound for var(f(vg,to)|y(Mp)) when M, is large

enough. Since Q is finite, var(f(vg,to)| f(Q)) may be numerically computed. In
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contrast, We note that the quantities in (4.20) involve the pseudo-inverse of a possibly
infinite-rank operator (cf . Lemma 4.8), which may be difficult to numerically
compute. Consider the case when Q = Ny(vy) X {to} where d € N is the number of
neighborhood hops. Let Ny := |[Ny(vg)|. For simplicity, we introduce the following

notations:
kG(UO>Nd) = (kG(UO:U))vEV\{vo} € RN
Ka(Na, No) == (kg (1, 0)) e fo} € RYN
l(’UQ, d) = kG(Uo, Vo
— ke (v, Ng) Ka(Ng, Na) ke (vo, Na),
so that

var(f(vo, to) | f(Q)) = k7 (to, to)l(vo, d).

To provide an explicit upper bound for (4.18), we derive an asymptotic bound with

a convergence rate for the posterior variance which is locally computable.

Theorem 4.3. Suppose T is a compact subset of RY whose boundary set has
measure zero, and to is an interior point of T . Suppose kt is Lipschitz continuous

on T. Let d € N,. For any arbitrary ¢y € (0,1) we have

var(f(vo, t0) | y(Mo)) < kr(to, to)l(vo, d) + (Crecg + Cacg) My *P™ + CscoM, *P7°

(4.22)
with probability at least
1 1 N
(1 -3 1) . (4.23)
(1 . CO)QCDMO3D+1
Proof. As the proof is technical in nature, it is provided in Section 4.C. m

We note that when k7 is RBF kernel, k7 (to, to)!(vo, d) only depends on the graph
structure. In other words, if we are allowed to select a subset of vertices V' C V
to recover the signal on vy, then it is preferred that the subgraph with vertex set
V' [J{vo} has a small (v, d). Theorem 4.3 indicates a trade-off between the quality
and confidence of the upper bound (4.22). From the proof of Theorem 4.3, when
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the number of samples in a small neighborhood of every (v, to) € Ny(vy) x {to}
is larger than a threshold mg, the conditional variance of f(vg,to) given these
samples is approximately var(f(vo, to) | f(Q)). However, the probability that this
event happens is smaller when we require more vertices to at least mg samples in
their neighborhoods. This explains why the probability lower bound (4.23) decreases
as N, increases. On the other hand, for a fixed (vg, to), a larger Ny(vp) indicates
a better asymptotic upper bound for var(f(vg,to)|y(Mo)), i-e, {(vg,d) decreases
with a larger Ny(vg). This is because [(vg, d) is a conditional variance of a Gaussian
random variable by definition, and it is known that when we condition on a larger

set of Gaussian random variables, the variance decreases [79, Lemma 9.

4.4 Numerical Experiments

In this section, we conduct experiments to illustrate the theory and methods of the
KRR-GGSP approach. In the experiments, T is an interval, and the target signal
is a function on V x T. In the datasets, the target signal is downsampled on every
vertex. We aim to reconstruct the target signal from the randomly selected samples

with additive noise. We compare the following algorithms in the experiments:

1. KRR-GGSP. We reconstruct the signal using (4.5) with the tensor product
kernel (4.3). We set Kg = a(L — AxI)? + bl such that

a()\l — )\N)Q + b= ]_, (424)

and 0 < b <1 is a tunable parameter. This parameter setting ensures that
1=rA\)>-->r(Ay) =0 (cf. (4.4)). We set kr to be the RBF kernel

kr(s,t) = exp(—|s — t|2/ﬁsca1e), where Syeale 18 a tunable parameter.

2. Isolated KRR. We recover the signal on each vertex separately using KRR
(cf . (2.30) and (4.8)). In Section 4.2, we have shown that this method is
equivalent to using Kg = I in KRR-GGSP, i.e., fixing b = 1 in (4.24).

3. GTRSS. We recover the signal using (4.13), where pry, @ and § are tunable

parameters.

4. Graph recurrent imputation network (GRIN). We implement this method
using the Spatiotemporal library [80].
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5. Bandlimited- GGSP. We recover the signal using (4.11), where B’, B” and

are tunable parameters. The eigenvalues r()\,) and ~; in (4.11) are set to be 1.

4.4.1 ECoG Dataset

We test the reconstruction performance of KRR-GGSP on an ECoG multivariate
time series dataset.? This dataset contains measurements from 76 electrodes on an
epilepsy patient during both ictal and pre-ictal periods [70]. We make use of the
data from 2 ictal periods. Each period lasts 10 seconds with a sampling rate of 400
Hz. Therefore, the dataset we use is a 76 x 8000 matrix. We use the last 320 time
steps for testing and the 160 time steps before the test set for training. We add
AWGN to the dataset and randomly mask the data so that both training and test
sets are incomplete and noisy. We test the recovery performances of KRR-GGSP,

GTRSS, isolated KRR and GRIN on this dataset.

Except for the isolated KRR method, all other methods rely on a graph structure.
To construct the graph, we first use the isolated KRR to roughly reconstruct the
unknown signal values on 160 time steps in the training set, and then calculate
the correlation coefficients of these recovered data. We regard two electrodes as
connected if the correlation coefficients between them are larger than 0.5. We set
the edge weights to be the correlation coefficients. For GRIN, the training set is
used for model training and validation. Besides the small training set with 160 time
steps, we also show its performance trained on all available training data from the
dataset, i.e., 7680 time steps. For other methods, the training set is used for tuning

parameters. The recovery performance is measured by the relative error

E|(f(v,t) = f(v,1))

4.25
E[f (0.1 2
Similarly, we define the noise level to be
E[€?]
_— . 4.26
E[f(v. 7] 420

The recovery results are shown in Fig. 4.3. We observe that KRR-GGSP shows
good recovery results and outperforms other methods. Since KRR-GGSP has a

’https://math.bu.edu/people/kolaczyk/datasets.html
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FIGURE 4.3: Comparison of different reconstruction methods on ECoG dataset.
Fach point in the figure is obtained by 20 repetitions.

tunable kernel in the time domain, it shows better performance than GTRSS. This
effect can be better observed in Section 4.4.2. The isolated KRR method has a
tunable kernel, but it is not able to take advantage of the graph structure, hence
is outperformed by KRR-GGSP. Here, we show the performance of GRIN trained

with 7680 time steps. We remark that the deep learning method GRIN requires a

sufficiently large training set to obtain reasonable results. When the training set is



Chapter 4. Kernel Based Reconstruction for Generalized Graph Signals 93

as small as 160 time steps, GRIN does not yield reasonable reconstruction results.
Since the bandlimited-GGSP method does not have comparable performances with
the other methods (when noise level = 0.01 and missing value probability = 0.5, its

imputation error is 0.28), we do not show its performance here.

4.4.2 Intel-lab Temperature Data

We test the reconstruction performance of KRR-GGSP on the Intel lab temperature
dataset illustrated in Fig. 1.1. In this experiment, we use the data from the first
and second days. Since there are 86400 seconds in a day, the entire dataset we use
is a 54 x 172800 matrix. Here we remark that since the sampling rate of each sensor
is much smaller than 1 Hz and not uniform, only 1.93% of the entries are non-null.
Therefore, this dataset is very sparse. We identify the temperature records outside
the upper 99.92% quantile and lower 0.001% quantile as outliers and discard them.
We subtract the mean value of all observed temperature records from the dataset.
We treat each sensor as a vertex and construct a 5-NN graph using their locations.
We use half of the first day’s records for training and the second day’s for testing.
As in Section 4.4.1, we add AWGN to the data and assign a random mask. In this
experiment, the noise energy is set to be 5% of the signal energy. We compare the

methods as described in Section 4.4.1 with performance measurement (4.25).

From the result in Fig. 4.4, we observe that KRR-GGSP outperforms the isolated
KRR and bandlimited-GGSP. This indicates that by utilizing infinitely many
features, the reconstruction performance can be improved. On this dataset, GRIN
and GTRSS fail to yield reasonable results. For example, when the observation
ratio is 0.15, GTRSS has relative MSE around 0.8, and GRIN has relative MSE
around 1.0. For GRIN; this is mainly due to the sparsity of the available data in the
dataset. For GTRSS, this is due to the improper prior assumption on the dataset.

4.4.3 COVID-19 Case Prediction

We use the online reconstruction method in Section 4.2.3 to predict COVID-19
cases using only historical data. We use the data from The New York Times, based

on reports from state and local health agencies®. From this dataset, we retrieve the

3https://github.com/TorchSpatiotemporal/tsl
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FIGURE 4.4: Reconstruction error under different proportions of samples to be
used for reconstruction. Each point in the figure is obtained by 10 repetitions.

records from California’s 58 counties, starting from the first day when all counties

have cases reported so that there are 886 days in total. We treat each county as a

vertex and connect them if they are adjacent geographically. We set the datastream

and prediction rule as follows: on each date ¢, we randomly choose a subset of

vertices Vg = {vy, ..

.,Ug} C V such that the learner is assumed to have access to

y(Vs x {t}). Besides, for each date t, the sample points {(v;, ¢, y(v;,t))} are observed

sequentially, one datum at a time.

We compare the online KRR-GGSP with several existing online and distributed

reconstruction methods. The implementation details are the following;:

1. Online KRR-GGSP. For each (v;,t) € Vg x{t}, we first calculate the prediction
fRFF(vZ-, t). Then we compute the error é; = y(v;,t) — fRFF(vi, t), and update
the predictor by (4.17). Then for each (v;,t) € V§ x {t}, we also make

predictions and compute the error, but will not update the predictor since

the learner is not supposed to have access to the observations on them. We

set K¢ = ¢g(L)?, where g is a polynomial of degree one such that g(\;) =
1L,g(An) = 0.4. We let kr(s,t) = exp(—(s —t)?/Bscale), Where Sicale is an
adjustable parameter. We set the dimension of z(t) to be 60.

2. Online isolated KRR. This is implemented by letting K = I in the online
KRR-GGSP method.



Chapter 4. Kernel Based Reconstruction for Generalized Graph Signals 95

3. Online GTRSS. This method is a generalization of [39, (35)], by replacing L
with (L + oI)?. Let f! € RN be the estimation of f, = (y(1,t),...,y(N,t))T
after observing [ samples on date t. The samples are denoted by y! € RY
such that the unobserved entries are zero. We write m! to denote the mask
after observing [ samples on date . Let f,_1 be the estimation of f,_; after
observing all available samples on date t — 1. Then the update rule goes as

follows:

£ =1 —pmiof" -y
— ML+ oD)P (£ —£,_y). (4.27)

When the [ + 1-th sample arrives, we evaluate the error é,,1 = y(v1,t) —
f(le, t), where f(vlﬂ, t) is the v;41-th entry of f,f A, i, @ and S are adjustable

parameters in this method.

We show the best performance of the methods with different parameters in Fig. 4.5.
The error measurement is (4.25). We observe that the online KRR-GGSP method
outperforms other online and distributed methods. We also tested the ARMA
method on each vertex, but due to the missing values, it usually fails to converge
and yields unstable results. For example, when the proportion of observed vertices
is 80%, the ARMA(2,0,2) model fails to converge on about 29% vertices, and the

prediction error on each vertex varies from 0.004 to 665 x 10*.

4.A Appendix: Proof of Theorem 4.2

In order to prove Theorem 4.2, we introduce the following definitions and lemmas.

The proofs of the lemmas are included in Section 4.B for completeness.

Let xo be the restriction of f on {vg} x Ty, and Cy,jy := cov(xg | y(Mp)). Note that
(4.19) can be equally written as tr(Cx,y) (cf . (2.25)). Based on this observation,

we analyze the asymptotic behavior of Cyy.



96 4.A. Appendix: Proof of Theorem 4.2

0.5 —m— KRR-GGSP
—+— GTRSS
—&— Isolated KRR
0.4 A
w
s
= 0.3
C
o
ks
©
0.2
o
0.1 A
0.0

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
proportion of observed vertices

FI1GURE 4.5: Prediction error under different proportions of vertices to be sampled
for learning. Each point in the figure is obtained by 10 repetitions.

We compute the covariance operators C,, and C,y, for later use:

Cu.: L*(Js) = L*(Js)
;_>/ Z ka(v,u)kr(t,s)g(u,s)dr(s),

uE{v0}°

(4.28)
Cuxo : L*(To) — L*(Js)

g(-) — : ka(vo, v)kr(t,8)g(vo,s) dT(s).

Define the integral operators

H:L¥T)— LT
H/kT dr(s).
H, : L*(Ty) — LT

g() = | kr(t,s)g(s)dr(s).

To



Chapter 4. Kernel Based Reconstruction for Generalized Graph Signals 97

Define K¢ .. as the submatrix of K without the vy-th row and the vy-th column.
Let k¢ o« be the vgp-th column of K¢ but without the vg-th entry. Then we have

sz - KG,** & H,
szo = kG,O* & HO-

(4.29)

Lemma 4.4. Suppose a sequence of operators {C,} on a separable Hilbert space H,
all of which are compact, self-adjoint, positive semi-definite and trace-class. Suppose
J is a bounded linear operator from H to G, where G is also a separable Hilbert
space. If nlg& tr(C,) =0, then lim tr(JC,J*) = 0.

n—oo

Lemma 4.5. Suppose wi is a random element in Hi, and wo is a random element
in Ha. H1 and Ho are separable Hilbert spaces. F' is a sub o-algebra of the underlying
probability space. Suppose wy € F', then we have

Elw; ® wo | F'| = E[w; | F'] ® wa,
E[Wg@Wl |.F/] :W2®E[W1 |.F/]

Using Lemma 4.5 we can simplify the definition of conditional covariance operator

as
cov(wy, we | F') = Elw; @ wo | F'| — E[w, | F'] @ E[w, | F'].
Lemma 4.6. We have
Cxoly = Elcov(xo | z) | y(Mo)] + cov(E[xo | 2] | y(Mo)).

Lemma 4.7. Let C,, be the conditional covariance operator of z given y(My).

Then lim tr(C,y) =0 almost surely.
My—o00

Lemma 4.8. The conditional expectation and covariance of Xo given z are as

follows:

E[XO | Z] = (CLZCXOZ>*Z7
cov(xg | z) = Cy, — Cy,zC},C::

X0z’

(4.30)

where the operator C],Cy,, is bounded.
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Proof of Theorem 4.2. We can rewrite Cy,, as follows:

Cxoly = Elcov(xo | 2) | y(Mo)] + cov(E[xo | z] | y(Mo))
= cov(Xg | z) + cov(Cx,,Cl,z | y(Mo))
= cov(xg | 2) + C},CuzClly (Cl,Cro) ™. (4.31)

The first equality holds by Lemma 4.6. The second equality holds by the fact that

cov(Xg | z) is deterministic. By taking trace and limit on (4.31) we have
lim tr(Cy,ly — cov(xo|2)) = lim tr(C],CyezChly (C},Cxea)")-

My—o0 My—o0

From Lemma 4.4 and Lemma 4.7 we know that the R.H.S. tends to zero. By
writing cov(Xo |z) as (4.30) and using (2.28) we conclude the proof. O

4.B Appendix: Proof of Lemmas for Theorem 4.2

In this section, we prove the lemmas for the proof of Theorem 4.2.

Proof of Lemma 4.4. Let {hz(»") :i=1,2,...} be the orthonormal basis of C,,. Let
{N(C,) : i =1,2,...} be the corresponding eigenvalues. By definition of trace we

have
t1(JC,J*) = > (IC,I*h{" (") = 3 (C,I*h{", I*h{"). (4.32)
=1 =1

We now compute each term in (4.32). Assume that
*p() (n)1,(n)
I =) o'h.

j=1

then we have

(C, IR, Ih™) = (3" oA (C)nl”, Y o n)
j=1 J=1
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Substituting this result into (4.32) we have

tr(JC,J*) = (%(;l))2/\j(cn) i)‘ i

i=1 j=1 j=

2 ]
= > (a")? < | J|]*. Therefore,

=1

Notice that Jh{"” = 3~ a/’h", and ||Tn{"

tr(JC,I7) < I AN(Ch) = 1 T) t2(C,) — 0.

Jj=1

Proof of Lemma 4.5. For any h; € H; and hy € H, we have

(E[wy ® wy | F'](hg), hy) = E[(wy, hy)(wy, hy) | F']
= (wy, ho)E[(wy, hy) | F]
= (wy, hy)(E[w, | '], hy).

The first and third equality are obtained by (2.23). The second equality is due to
the fact that wy € F’. On the other hand, by definition we have

(E[wy | F'] @ wa(hg), hy) = (wy, hy) (E[w, | F], hy),

which concludes the Proof of the first equation. The second equation can be proved

by a similar argument. O

Proof of Lemma 4.6. To prove this equality, we mainly make use of the fact that
y(My) € o(z, {em}, S(My)). We write o(z, {€n}, S(My)) as Fy for simplicity. Notice
that cov(xg|2z) = cov(xg | Fo) and E[xq | z] = E[x( | Fo] since both {¢,,} and S(M,)
are jointly independent of the GP f. The first term in the R.H.S. of Lemma 4.6

can be computed as follows:

E[cov(xo | Fo) | y (Mo)]
=E[E[(x0 — E[xo | Fo]) ® (x0 — E[x0 | Fo]) | Fo] | y(Mo)]
= E[(xo — E[xq | Fo]) ® (x0 — E[x0 | Fo]) | y (Mo)]
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(X0 ® xo | y(Mo)] — E[xo ® E[xo | Fo] | y (Mo)]
E[xo [ Fo] ® %o | y(Mo)]
E[xq | Fo] ® E[xq | Fo] | ¥ (Mp)]. (4.33)

=K
—E|
E[

+

The second equality is derived by the fact that y(My) € Fo. We further use this

fact and Lemma 4.5 to calculate the second and third term in (4.33):

Elxo ® Elxo | Fo] | y(Mo)]
= E[E[xo ® E[xo | Fo] | Fo] | y (Mo)]
= E[E[xo | Fo] ® E[xo | Fo] | y(Mo)],
E[E[xo | Fo] ® xo | y(Mo)]
E[E[E[xo | Fo] ® xo | Fo | y(Mo)]
= E[E[x0 | Fo] ® E[xo | Fo] | y (Mo)]-

Substituting this result into (4.33), we obtain

E[cov(xo [ Fo) | Fo)y(Mo)] = E[xo ® xo | y(Mo)] — E[E[xo | Fo] ® E[xo | Fo | y(Mo)].
(4.34)
Using a similar argument as above, we have
cov(E[xo | Fol | y(Mo)) = E[E[x | Fo] ® E[xo | Fol | y(Mo)] — E[xo | y(Mo)] ® E[xq | y (Mp)]-

(4.35)

By combining (4.34) and (4.35), we obtain the conclusion in Lemma 4.6. O
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Proof of Lemma /.7. According to [79, Theorem 3],

sup var(f(v,t)[y(Mo)) — 0
(v5)eTs

almost surely monotonically, hence

tr(Cyly) = /j var(f(v,t)|y(Mp))d¢(v,t) — 0,a.s..

O

Proof of Lemma 4.8. We first prove that (xg,z) meets the compatible condition in
[55, Section 4.2], i.e., im(Cpyx,) C im(C,y). From (4.29) and the fact that K is full-
rank we know that im(C,x,) = span {kg 0.} ®im(Hy) and im(C,,) = R ' ®im(H).
Hence it suffices to prove that im(Hy) € im(H), which can be shown by definition
of H and H.

Second, since f is a GP, according to Theorem 2.1, (xq, z) is a Gaussian random
element on (L*(Js U ({vg} X To)), B). Then we obtain (4.30) by using [55, Theorem
4.8] and [55, Section 6]. O

4.C Appendix: Proof of Theorem 4.3

Proof. We prove this theorem in two steps: first, we prove that with high prob-
ability, there are enough sample points in a small neighborhood of Q. Then, we
prove that since the neighborhood is small, we can asymptotically upper bound
var(f(vo, to) | y(Mo)) by var(f(vo,to) | f(Q)).

Consider a neighborhood of to: B(tg,0) C T. Let Cp = w
-

7(B(to,8)) = 6°7(T)Cp. Let S(v, My, 8) = S(v; Mo) (\({v} x B(to,d)) be the

sample points that fall into B(to,d) on vertex v. For a sufficiently small §, we have

, then

Cpd” < 1. Then on each vertex v, |S(v, My, d)| is a Binomial random variable
ng 'K Binom (M, CpdP).
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Consider an arbitrary ¢ € (0,1). We evaluate the probability that there are at least
coE[no] sample points inside B(tg,d) on vertex v. By Chebyshev’s inequality we

have

1 — CpoP
(1 - 00)2M00D(5D

P(‘no — M()CD(SD| > M()CD5D(1 — Co)) <
Besides, due to the symmetry of the binomial distribution, we have
]P)(no < C()M()CD(;D)

= ]P)(TLO — MOC’D(SD S —MoCD(SD(l — Co))

= %P(‘no - MQCD5D| Z M()CD(SD(l - Co)>.

Therefore, the number of samples in B(tg,0) can be lower bounded by

1 1 —CpéP
P M, Dy >1- - )
(no = @ OCD(S ) - 2 (1 - C())QM()CDdD

For ease of notation, we use mg to denote coMyCpd” in the proof. Since the samples
are obtained independently on each vertex, the probability that every vertex v in

Ny has more than mg sampled instances in B(tg,d) can be lower bounded by

P(|S(v, My, 6)| > mo, Vv € Ny)

1 1— CD(SD Ng (436)
5 (1 - 00)2MQCD5D)

~ (Pl > mo))™ > (1-

In the sequel, we will work on this event. We will prove that with more than mg sam-
ples in B(tg,d) on each v € Ny, we are able to upper bound var(f(vg, to) | y(Mp))
by var(f(vo,to) | f(Q)). Let S(v, My, §, mg) C S(v, My, d) be any subset with cardi-
nality mq. Let S(v, Mo, 8, mo) = {v} x t®, where t® = {t{”) ... t{2)}. We write
Y (Mo, d) = (y(U,t§v)))veNd(vo),je[m0] € RNaxmo - According to [79, Lemma 9], the

posterior variance can be bounded by

var( f(vo, to) | y(Mo)) < var(f(vo,to) | Y (Mo, d)) = kr(to, to)ka(vo, vo) — KB 'k,
(4.37)

where k and B are calculated as in (4.12):

k7 (to, t™) = (kr(to, t1), ..., kr(to, t©)))T € R™,
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KT(t(“),t(”)) _ (kT(tZ(-U)»tgv)))i,je[mo] € R™Moxmo_

- (kG(U(J? U)kT(t()? t(v))T)I}ENd(vo) S RNdmO?

k
B = (kG(u>U)KT(t(u)at(v)))u,ve/\/d(vo) + UZINdmo S RNdmOXNdmO,

Intuitively, when ¢ is small enough, the points in t*) will be close to to, thus all

t§”) in k and B can be replaced by ty. Following this idea, we define

k = kr(to, to)ka(vo, Na) @ 1,
B’ = kr(to, to) Ka(Na, Ng) @ Lo 11, + 07 Inme-

We aim to approximate (4.37) by replacing k with x and B with B'.

[var(f(vo, to) | Y (Mo, d)) — kr(to, to)l1]

= | k7 (to, to)ke (vo, Na) K (Na, No) kg (vo, Ny) — k'B7 K|

< [k (to, to)ke (vo, Nu) K (Na, Na) ke (vo, No) — KB k| + ["B" 'k — KB k|
(4.38)

we are going to treat the two terms in (4.38) respectively. We denote the first term
as () and the second term as (iz). To this end, we first need to calculate B'~1. By
respectively calculating the eigenvalues and eigenvectors of B’ on RV¢ @ span{1,,, }
and R @ span{1,,,}*, it can be shown that

1 1 1
B! = (b (to, to)moKe(Na, No) + 0°Tn, )™ @ — Loy 1 + 5T, @ Ly = — Ly 1),

To simplify the notation, we define the matrix
Qe = (kr(to, to)moKa(WNa, No) + 0%1y,) ",
so that
KB 'k = k(to, to)*moka(vo, Na) " Qake (vo, Ny).

(1) = |ka(vo, Na)T (k7 (to, to) K (N, Na) ™" — kr(to, t0)*moQe )k (vo, Ni)|
< k7 (to, to)| ke (vo, Na) |5 - | K (N, No) ™ = kr(to, to)moQe||, . (4.39)
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Notice that Kg(Ng, Ny) and Qg has the same set of eigenvectors. Specifically, if 1)
is Kg(Ng, Ny)'s eigenvector associated with eigenvalue «, then it is Qg’s eigenvector
associated with eigenvalue (k7 (to,to)moa + o). Let opin > 0 be the minimum
eigenvalue of K¢ (Ny, Ny). Using this relationship we can derive a bound for the

norm of the matrix difference

1 1
K 1 — kr(to, t = -
- 1 o?
i k7 (to, to)mo

By substituting this result into (4.39), and noticing that the kr(to, to) and kg (v, Ny)
do not depend on mg, we have
Cy

(i) < — (4.40)

where (] is a constant which only depends on d.
We find the upper bound for (i7) by triangle inequality:
(ii) < [k’ B 'k — kB 'k| + |k’ B"'k —K'B k| + [K'B~'k — k'B K|

< lellz B =B, + [lx — Klly ||[B™|, ll5ll, + [l — K, B, lIkll,
(4.41)

Then it suffices to find bounds for the norms of vectors and matrices in (4.41). By

definition, we have
1
1], = k7 (to, to) ke (vo, Na)lly mg -

Since k7 is continuous and 7 is compact, k7 can achieve its maximum, denoted
as M(ky) = I(na§<{k7(s,t)}. Besides, k7 is Lipschitz continuous with Lipschitz
s,t

constant L(k7). Then we have

1
[l < M(kr) e (vo, N, mg
1
I~ ll, < e (v, N |, L (kr)om
IB B, < B~ Bl < V2 ko(vo. N, L(kr)omo.
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By definition we know that B = O'2IN; so B! < %IN;mO, |IB7Y||, < %. Using

mo?

the same argument we have ||B"7!|| < 4.

B~ =B, = B~ (B BB,
=B, IB — B[, B,
< V20 ke (vo, NI, L(kr)dmy.

Combining all the bounds on vectors and matrices’ norms with (4.41) we obtain
that

where Cy and Cjy are constants only depend on d. By combining (4.40), (4.42) with
(4.38) we obtain that

\var(f(vo, to) ’ Y(Mo, (5)) — k’]’(to, to)l1| S E + 0257710 + Cg(smg.
0

Now we are to examine the asymptotic case when M, — oco. Recall that mg =
coMoCpdP. If we let § = Mgﬁ where > 0, we have

[var(f(vo, to) | Y (Mo,d)) — kr(to, to)l1]

(4.43)

where the constant Cp is absorbed by C}, Cy and (. By requiring the powers of

My to be negative, 8 should be in the range (#ﬂ, +). By adjusting £ in this range,
the best rate is achieved when § = 3 133+1' By substituting this into (4.43), we obtain

1 __2
[var(f(vo, to) | Y (Mo, 8)) — kr(to, to)li| < (Cicg' + Cacg) My *P7 + CacoM, *PF.
(4.44)

On the other hand, by substituting § = MO_B into (4.36), we have

]P(|S( M&)‘> v EN( ))> 1_1 1_CD5D Ny
v, 05 Mo, VU d\Vo - 2 (1 _ CO)QMOCDdD

1 1 N
> (1 -5 1) . (4.45)
(1 — ¢0)2Cp MZP™
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Finally, by combining (4.37), (4.44) and (4.45), we conclude the proof. O



Chapter 5

Multiple Hypothesis Testing over

the Joint Domain

5.1 Statistical Model

5.1.1 Problem formulation

In Chapters 3 and 4 we have introduced the methods for estimating random
generalized graph signals. In this chapter, we address the hypothesis testing problem
for random generalized graph signals. Our solution to this problem leverages the
joint Fourier basis {¢, ® ¢}, and includes estimation of bandlimited generalized

graph signals.

Suppose we have a hypothesis testing problem H (u,s) on every point (u,s) € VX T.
As in previous chapters, we write V x T as J. We define the null region Jy :=
{(u,s) € J : H(u,s) is null} and the alternative region J; := J\Jo-

Note that the inference of Jy and J; may contain an infinite number of tests. In
practice, we only have access to p-values from a finite subset of J, denoted by
S ={(vm,tm) : m =1,..., M}, where S is a random finite subset of J. The
corresponding (random) set of p-values is denoted as {p,, : m=1,..., M}. In this
chapter, we consider the hypothesis tests on S. Let p := (p1, ..., pm) € R™. Define
{0,1}% as the set of functions on S that take values in {0,1}. A detection strategy

107
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is a mapping

h:RM - {0,1}°

p — h(p),

i.e., given a vector of p-values p, h(p) is a function that maps each sample point in S
to either 0 or 1. We can then define h(p)~'{a} as the set of sample points in S that
are mapped to a by h(p), for a = 0, 1. Correspondingly, we define Jy pr := Jo[) S,
T = THNS, Toar := h(p)"{0YNS and 14 := h(p) {1} NS, where Ty

and jl m are the detected null and alternative regions.

The FDR and the power of h are defined as

T N Tour
FDR(h; M) =E — , (5.1)
_max(’jl,M 1)
h; M IE- Tt (1 T 5.2
pOW( ) ) - max(\j1,M| ’ 1) ( . )

Our goal is to design a strategy h such that pow(h; M) is as large as possible while
FDR(h; M) is controlled by a prescribed level a. In MHT, one widely used approach
is the empirical-Bayesian approach based on the two-groups model assumption [41].
This model assumes that, first, the p-values have different distributions fy and f;
under null and alternative hypotheses. Second, the hypotheses being alternative is
random with probability my. Under this model, it is proved that if we use p € Q as
a rejection rule, then the Bayes FDR P(hypothesis is null | p € Q) dominates the
FDR. Therefore, in order to make as many discoveries as possible with FDR control,
it is proposed to choose the largest set of hypotheses whose average lfdr value does
not exceed the nominal significance level. Since this model assumes that fy, f; and
o are the same for all hypotheses, and the p-values are independent, it describes
the situation where the p-values are exchangeable among different tests. However,
this exchangeability assumption may not always be appropriate in practice. For
example, in [30], the authors considered the situation where each hypothesis is
associated with a vertex in a graph. They proposed to allow 7y to vary across

vertices to raise the detection power. In this chapter, we consider a more general
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and flexible framework, where fy, fi and my can be inhomogeneous among different

vertices and time instances. We assume the hierarchical model depicted in Fig. 5.1.

(v,t)

\/

mo o y(v,t), f1(:57(v, t))
p
FIGURE 5.1: The scheme of the Bayesian model for MHT in GGSP.

In this model, 7 is a stochastic process on J with y(u,s) € Z for all (u,s) € J and
a given space Z. A sample point (v,t) is drawn from a positive probability measure
p on J, independently with the process v. Let my be a continuous function from Z
to [0, 1]. Given 7 and (v, t), we obtain a probability m o y(v,t) € [0, 1]. We assume

that two steps generate the p-value p: first, generate 6 as

p 0 w.p. mpo(v,t),

1 wp. 1—moy(v,t).

Then, under null and alternative hypotheses, we assume that the p-value p is

generated independently by

p {0 =0} ~ fol:; (v, t)),
p {0 =1} ~ fi(:; (v, 1)),

where f is from a parametric family of pdfs P! := {f1(-;¢) : ¢ € Z} on [0, 1] with

parameter (.

On the other hand, we assume that fo(-;(u,s)) is known and deterministic for
all (u,s) € J. Suppose the p-value p is derived from a test statistic w that is a
continuous random variable with cumulative distribution function (cdf) £, under the
null hypothesis. When the hypothesis test is a one-sided right-tail test, p = 1—F,(w)
has distribution Unif (0, 1). Similarly, it can be shown that when H (v, t) is a one-
sided left-tail test, p ~ Unif (0, 1) holds true. When none of the above situations
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apply and fo(+; (v,t)) is unknown, then fy(+; (v,t)) may be estimated from data
beforehand by controlling the null hypotheses to be true. For the M i.i.d. samples
and p-values (p, )Y

m=1"

(Um, tm) in' S, we obtain M independent samples (6,,).

m=1

We note that this model generalizes the two-group model in the MHT literature. In
traditional MHT, each 6,, is modeled as a Bernoulli random variable Bern (1 — )
where 7y is a fixed value. The distributions fy and f; are also assumed to be the
same for all p-values. This model assumes that the hypothesis tests are exchangeable.
However, in practice, the exchangeable assumption may not be appropriate when
auxiliary information is available. For example, in [45], the authors consider the
situation where the hypotheses’ relative chances of being null are known. In other
words, we know that 7y are different among different tests, and we also know
their order. The authors of [45] thus model 7y as a non-decreasing function of
m. Similarly, by parametrizing f; and my with (v, t), we indicate that both the
probability of hypotheses being null and the distribution of alternative p-values can

be inhomogeneous over J (see Example 5.1 and Fig. 5.2 for illustration).

Under our model, given v, the conditional joint pdf of the p-value p, the indicator

0, and the sample point (v, t) is

Frow (@9, (1,8) | %) = (o © (1, 8)I{Y = 0} fo(gs (u,9))

+ (1= m 0 y(u, $))I{0 = 1} (7 (,8)) ) plu; 9),

where ¢ € (0,1], ¥ € {0,1}, and (u,s) € J. In the rest of this chapter, we will use
q, ¥ and (u,s) as the corresponding variables in the pdfs for the random variables

p, 0 and (v, t). From f, g ), we derive the conditional pdf of p and (v, t) as

Foo(@ (:8) [ 7) = (700 7(w,8) fo(g: (u,8)) + (1 =m0 0 7(w,8)) falgs 7 (1)) ) ol ).
(5.3)

and the conditional pdf of p given v and (v, t) as

Junis(q | 7(u;8)) = 7m0 0 Y(u,8) folg; (u,8)) + (1 = mo 0 7(u, 8)) f1(g; y(u; 8)). (54)

In other words, we parameterize the distribution of p-values on J by a random

generalized graph signal . This model combines the information from the joint
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domain J via v and the two-group model widely adopted in the MHT literature
[41, 44, 45]. We illustrate our model in the following example.

RS
< i

(A) The generalized graph signal v(u,s) = (ws(u,s,))i=1,2. Here, we show the snapshot
of v(u,s) at a fixed time instance s. For clarity of visualization, the first image shows
zee(u,8,1)1/2) and the second shows z4(u,s, 2)'/2. The transmitters’ positions are high-
lighted as stars in orange.

empirical mp: 0.33 empirical mg: 0.03

N
o
w

IS

Frequency
g =
) )
Frequency
N w

1

. 0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Alternative p-value Alternative p-value

(B) The left figure shows the empirical 7y and empirical histogram corresponding to f;
when ||y(u,s)|, € [0.2,0.35). The right figure shows these quantities when |v(u,s)|, €
[0.35,0.5).

FIGURE 5.2: Tllustration of y(u,s) in Example 5.1 and how the proportion of
null hypotheses and the empirical distribution of p-values from alternatives vary
with v(u,s).

Example 5.1. Consider a radio signal emitted by multiple transmitters in a 2-
dimensional (2D) region. It is monitored by a sensor network G. We first introduce
the signal propagation model from a single transmitter. Denote the location of the
transmitter as ¢ = (¢, ¢,). Let the signal magnitude (i.e., the absolute value of
the signal) being transmitted by this transmitter be zy. We denote the distance
between a sensor u (with coordinate (u,,u,)) and the transmitter as d(u, c). The

signal value received by each sensor u from this single transmitter, denoted by z(u),
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is subject to path loss, shadow fading and fast fading [81, 82]:

zs(u) = Cag - % - exp(s(ug, uy)), (5.5)

u,C

Rice(ratio, zg¢(u)?) if LOS path dominates,
7i(u) ~ (5.6)

Rayleigh(zg(u)?)  otherwise.

In (5.5), s is a two-dimensional Gaussian process, A is the wavelength, and C' is
a constant. The quantity z4(u) denotes the signal magnitude after path loss and
shadow fading. In (5.6), we present two typical types of fast fading. In cases where
there is a dominant line-of-sight (LOS) path, the received signal magnitude follows
a Rician distribution where ratio represents the ratio between signal power from
the LOS and the remaining multipath. Another parameter equals to the signal
power zg(u)?. On the other hand, when there is no single dominant signal path,
the received signal magnitude follows a Rayleigh distribution where the parameter

is the signal power.

When there are multiple moving transmitters, we denote the signal that node u
receives from transmitter i at time s as zg(u, s, 7). We assume that node u receives

the strongest signal. i.e.,
|z(u,s)| = max |zg(u,s, )| . (5.7)
Finally, the signal energy measured by the node u at instance s is
y(u,s) == z(u,s) +e,

where e is AWGN.

Suppose we want to test whether the received signal energy x(v,,,t,,) is above the

noise floor 7y, i.e.,

Ho(Um, t) = |2 (0, tn)| < 7o,

Hi (U, t) & |x(Vm, t)| > 70,

then the summary statistics at (vp,, tm) 18 P = P(4? > Y(Vm, tm)? | Ho(Vm, tm))-

Here, 32 is a chi-squared random variable whose degree of freedom is 1.
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In this propagation model, the vector (z«(u,s,));>1 corresponds to the stochastic
process y(u,s). Given v and (v, t,,), the distribution of z(v,, t,,) is determined
by (5.6) and (5.7). Besides, According to the nature of fast fading, (v, t,,) for
different (v,,, t,,) are independent given ~. Hence, (6,,)*_, are independent with
inhomogeneous probabilities on J determined by v. When H(vy,, t,,) is true, the
amplitude of x(v,,, t,,) is small if 7q is chosen to be small, and it can be approximated
by 0. In this case, the distribution of p,, is Unif (0,1). When H;(vy,, t,,) is true,
the distribution of p,, only relies on the value of (v, t,,). This coincides with the
hierarchical Bayesian model. We illustrate the dependence of the null probability

and the alternative p-value distribution on y(v,, t,,) in Fig. 5.2.

Besides our model, there are other works that aim to model MHT problems over
graphs or spatial areas. For example, the work [32] studies the MHT problem when
all vertices have similar alternative distributions of p-values. In [30, 31|, the models
utilize the graph structure by respectively imposing sparsity of the 7y differences and
p-value weights among the edges. In [33, (12)], the authors assumed a finite number
of alternative distributions of p-values over a spatial area. From Example 5.1, we
see that these assumptions may not be flexible enough since, on the one hand, the
distance d(u, c(s)) varies continuously over J instead of being piecewise constant
on J. On the other hand, the number of alternative p-value distributions may be
the same as the number of p-values. Therefore, by parametrizing the alternative
distributions with a smooth v over [J, we obtain a finer model than the existing

ones.

In this chapter, we assume that 7 o y(u,s) and fi(+;v(u,s)) are identifiable from

fmix(+ | Y(u,8)) using (5.4). This can be guaranteed by the following assumptions:

Assumption 5.1.

(i) fo(g; (u,s)) is non-decreasing w.r.t. ¢ € [0, 1].
(ii) fi(+;¢) is non-increasing on (0, 1] for all ¢ € Z.

(iii) min] fi(g;¢) = 0 for all ¢ € Z, i.e., with condition (ii), f1(1;¢) = 0 for all

q€[0,1

CeZ.

(iv) fo(g; (u,s)) is continuous on [0, 1] x J, and fi(g; ¢) is continuous on (0, 1] x Z.
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In Assumption 5.1, conditions (i) and (ii) indicate that p-value is more likely to
be small under the alternative hypothesis and more likely to be large under the
null hypothesis. The assumptions in Assumption 5.1 are commonly assumed in
the MHT literature (cf . [44, Theorem 2] and [45, Section 2.1]). They ensure that
7o o ¥(u,s) and fi(+;v(u,s)) are identifiable from fii (- | 7(u,s)), since according

to conditions (i) to (iii), we have

_ fmix(]' | 7(“’7 S))

7o o y(u,s) = o ws) (5.8)
(a3 (0.8)) = T (el | 0.8)) = 70 09, 8) ol (). (5.9)

The lfdr is defined as

mo © (u,s) fo(p; (u, S))'

Ifdr(g; y(u,s)) = Fuin @ | (10, 8))

(5.10)

The 1fdr for {py,, (Vm, tm)} is the conditional probability P(6,,, = 0|5 (vm, tm), Dm)-
In Section 5.2.2, we estimate fui(- | Y(vm,tm)), and thus mp o y(vy, t,,) and

Fi(5 7 (Wm, )

In this chapter, we assume that the functions of random variables are always

measurable or have measurable choices.

5.2 Asymptotic FDR Control Approach

In this section, we first explain the detection strategy when the true values of 1fdr
are known. Next, we propose a method to estimate the lfdr and present a theoretical

guarantee of FDR control by using the estimated lfdr for detection.

5.2.1 Oracle solution

In this subsection, we show that, if 7wy o y(vy,, t,,) and fi(+; (v, tm)) are known
for m > 0, then the optimal detection strategy is thresholding the lfdr. To see this,

we introduce two complementary definitions, marginal FDR and marginal power,
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defined as
EHjl,MﬂjQM ‘7(8)}
mFDR(h;7,S) = — : (5.11)
EHJLM‘ ‘7(5)]
E Hj;M ﬂ Ji.m ‘ 7(5)}
mpow(h;v,S) = (5.12)

E[| 1] [7(S)]

When the hypothesis tests are conducted separately, the null hypotheses are rejected
if the p-value is lower than the pre-determined significance level. In this chapter,

for each individual test on (v, t,,), we use the following thresholding rule:

1 if pr < 2,
h(P)(Vm, tm) = (5.13)
0 otherwise.

The difference is that, in (5.13), the threshold of p-value is no longer the significance
level but chosen by certain criteria that we will soon introduce. Under this rule,
designing the detection strategy h amounts to designing z := (z1, ..., 2,,). Since the
rejection rule A is fully determined by z, we denote mFDR/(h; v, S) and mpow (h; v, S)
by mFDR(z;v,S) and mpow(z;v,S) under (5.13). We thus consider the following

problem:

max mpow(z;~y,S
ZE[OJ]M ( ) (514)
s.t. mFDR(z;v,S) < a.

In Theorem 5.1, we show that the optimal solution to problem (5.14) is a level
surface of lfdr. This theorem is a modification of [44, Theorem 2]. In Section 5.2.2,
we show that by solving an approximate version of (5.14), we can obtain an h that

yields asymptotic FDR control by a pre-determined FDR level.

Theorem 5.1. Suppose Assumption 5.1 holds and there exists ¢ € (0,1) and
(u,s) € S such that 1fdr(q; y(u,s)) < a. Then the optimal solution z* = (25,...,2})
to problem (5.14) satisfies

dr(z);v(Um, tm)) =n, m=1,..., M,

where 1 1s a constant independent of m.
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Proof. See Section 5.A for the proof. O

Different from [44, Theorem 2] and [45, Proposition 2.1], in Theorem 5.1, we do
not require that fi(-;y(u,s)) is continuous on the closed interval [0,1]. This means
that we allow for unbounded f; such as the Beta distribution. Theorem 5.1 implies
that the optimal threshold for {p,,} corresponds to a level set of lfdr. Therefore,

the rejection rule becomes

B() (0 ) = L Mdr(p; ¥ (Vm, tm)) <, (5.15)

0 Udr(pm; Y(Vm, tm)) > 1.

Note that in practice we usually do not have access to the ground truth mgo~y(vy,, t,,)
and f1(;7(vm, tm)). Therefore, we call (5.15) an oracle rejection rule. In the next
section, we replace (5.15) by its estimate determined from samples. Here, we first
explain the choice of 1 under this oracle rule, and the sample-based version will

then easily follow. To clarify the choice of 1, we define the following quantities as in
[45]:

di v (n) = Ydr(po; ¥ (Vm, b ) )L (s ¥ (Vs t)) < 1}, (5.16)

<[~
M=

3
Il

dy p(n) = (1 = 0 )I{Mdr (s ¥ (Vm; tra)) < 1} (5.17)

==
NE

3
I

dO,M(n) = ]I{lfdr(pm; ’Y(Uma tm)) < 77}' (518>

<[~
NE

3
I

By conditioning on p,, and noting that P(6,, = 0| py, ¥ (Vm, ti)) = Udr(pm; ¥(Vm, tm)),

we see that dy p7(n) estimates the proportion of false rejections among all tests:

E[(1 = ) I{Idr (pp; ¥ (Um, tmm)) < 0} |7, S]
= E[dr(po; ¥ (vm, tm) LA (prn; 7 (Vs ) < 0}, S

Therefore, by taking expectation over S, we see that E[d; ar(n) |7] = E HflM N jo,M’ ’ 'y] =
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E[d} 3;(n) | v]. Besides, it can be shown that E[do(n)]~] = E[’ﬁM‘ ‘ fy}. There-
fore, the quantity

L dl,M(Tl)
ra(n) = do,n (1)

approximates mFDR(h;v,S) in (5.11). On the other hand, note that mpow (h;~,S)
in (5.12) increases with 7. Therefore, we choose the optimal 1 under the oracle rule

(5.15) in the following way:

ny = sup{n © ru(n) < ab (5.19)

5.2.2 Joint density estimation and testing procedure

In this subsection, we propose a method to estimate the unknown densities fiix(- |
Y(Vm, tm)) form =1,..., M, and then solve the MHT problem with these estimates.
Estimating the unknown densities is not an easy task in general since the number
of unknown densities is the same as the number of p-values. In this chapter, we take
advantage of the GGSP model to largely reduce the number of unknown parameters
to a constant, so that the MLE can be calculated and thus the density estimation

is consistent. This consistency then ensures asymptotic FDR control.

To ensure the consistency of the MLE, we make the following assumptions:

Assumption 5.2.

(i) The signal 7 is bandlimited, i.e., for all (u,s) € J,

K1 Ko

’7(“7 S) = Z Z gkhkz " Pry (u)d)kz (5)7 (520)

k1=1ko=1

where K, K, are known positive integers, {¢r(u) : k = 1,...,N} is the
graph Fourier basis and {¢(s) : k € N} is a set of orthonormal basis of
L*(T). The coefficient matrix B := (&, 4,) € RF*X2 is a random matrix and
takes values in a convex and compact set K C R¥1*%2_ Under this assumption,

we may write y(u,s) as y(u, s; E) to highlight the relationship (5.20).

(ii) The function ¢y, (u)ig,(s) is continuous in (u,s) € J forall 1 < k; < K;,1 <
ko < K.
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(iii) For any distinct 2 # &', fux(p | 7(u,8;,8)) # fuix(p | 7(u,s;E")) on a set in
(0,1] x J with positive measure. We denote the distribution and expectation

of p, (v,t) under E by Pz and Eg.

(iv) For all &,

fmix(p | ’7(071:; E/)) H
fmix(p | ’7(1}71"75)) 00

< 00, (5.21)

where the sup norm is taken w.r.t. &

p, (v, t).

, and the expectation is taken w.r.t.

Under Assumption 5.2, the number of variables to be estimated is K7 K5, which is
independent of M. The MLE can thus be calculated by maximizing the log-likelihood

function:

M
l E‘ m m7tm
Iélgxz (Z;Pms (Vs tn))

m=1

where

L(E; Py (Ui t)) = 10 frnie (P | Y (U €03 B)) + 10 p(0p, 1) -

Note that p(vy,, t,,) does not depend on E, so the MLE = can be obtained by

M
arg nllcax Z I frix (P | 7 (Vmy tin; B)). (5.22)
=10 S —

By the consistency of MLEs, = converges to Z in probability as M — oo, hence

K1 K»

Z Z é\kl,k‘Q ’ (z)kl (u)ka (S)

k1=1ko=1

V(u,s)

converges to y(u, s) in probability. We formally state this in the following theorem:

Theorem 5.2. Under Assumption 5.2, we have = L5 = as the number of samples

M — oo and

sup [J(u,s) = y(u,s)| == 0 (5.23)
(u,s)eT
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under the probability measure conditional on =.

Theorem 5.2 indicates that the MLE of the parameter «y(u,s) uniformly converges
on J. As we will see in Theorem 5.3, this property ensures the asymptotic control
of FDR, hence justifies the usage of MLE in the inference of pdfs.

In practice, we need to choose the hyperparameters K; and K, to balance the
goodness of fit and model complexity. Let I}, x, be the optimal value of (5.22).
We propose to use the Bayesian information criterion (BIC) for choosing these

parameters:
BIC = K1K2 In M — 2[2»17[(2.

Using Theorem 5.2, we can estimate fuix(- | Y(Um, tm; Z2)) by fix(- | Y(Vm, tin; é))
This approach is inspired by the work [44], which proposes an EM algorithm to
estimate the varying prior probability of null hypotheses and alternative distribu-
tions of p-values by the generalized linear model (GLM). This EM algorithm also
parametrizes the prior probability of hypotheses being null and the alternative
distributions as linear combinations of feature vectors. The main difference here
is that we estimate the marginal density funix(p | 7(u,s)) instead of separately
estimating mg o y(u,s) and fi(p;y(u,s)). After estimating fuic(p | 7(u,s)), we infer
7o o Y(u,s) and fi(p;y(u,s)) using (5.8) and (5.9):

fmix(l | /y(u? S, é))

o (ws)
fi(pr(u,5,8)) = L (| (s
1 —moov(u,s;E)

(5.24)

700 9(u,5;E) =

(LI

) — 70 © Y(u, 8 E) fo(p; (u, 8))).

(5.25)

In previous works addressing the MHT problem on graphs, the optimization prob-
lems often involve a number of parameters equal to the number of p-values (cf. [31,
(5)], [30, (6)]), making it challenging to solve these high-dimensional optimization
problems. In contrast, our method only requires K K, parameters, which do not

increase with M and are typically much smaller than M.
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Once we have estimated v, we can then estimate lfdr, dy a/(n), do (1) and ry(n):

1fdr(q; y(u, s; E)) == o © 7t 5 2)folg ;(u )),
fmix(q | ( S; ‘:‘))
M
~ 1 = &
die(n) = 57 > MAr(pms Y (Um, tms E)) A (D3 7 (0, b E)) < )
m=1

Trar(n) 2= 1= D2 (1= ) {10y 1 (0, £ )) < ),

M
1 =
doe(n) = 77 > U (prs Y(vm, 3 8)) < 1},
dy

Therefore, by (5.19), we design the rejection threshold z,, such that
dr(zm; ¥ (Vm, t; @)) = N,
where

v =sup{n : Tn(n) < a}.

In the rest of this paper, we write h to denote the thresholding strategy (5.15) with
n = Na. We call this method MHT-GGSP. To achieve asymptotic FDR control, we

make the following regularity assumptions:

Assumption 5.3. Assume that the following conditions hold:

(i) fi(g; () is strictly decreasing on ¢ € (0, 1] for all ¢.
(ii) 1 > mooy(u,s;E) > 0 for all (u,s) € J and E € K.
(iii) fo(q;u,s) > 0 whenever g > 0.

(iv) Let x(u,s;E) := lim Ifdr(q;y(u,s; E)). Then x(u,s; E) is always continuous

q—0t
on J.

(v) There always exists (u,s) € J and g > 0 such that lfdr(q; v(u,s; E)) < a.
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(vi) Rewriting (5.4), with ( = y(u,s), as

fix(@ | €, (u,8)) = m0(C) fo(ps (u,8)) + (1 = m0(C)) fr(p; €),

/
we suppose —22%(p | ¢, (u,s)) is continuous on (0,1] x Z x J.

9¢
In Assumption 5.3, condition (i) is a slightly stronger condition than condition (ii)
in Assumption 5.1. Condition (ii) ensures that the Bayesian model in Section 5.1
is non-trivial, i.e., condition on any -, 6, is always random. Condition (iii) states
that it is always possible to observe small p-values under null hypotheses, which
is the motivation of MHT. Conditions (iv) and (v) assume good identifiability of
alternative hypothesis when p is small enough. Combining these two conditions,
we know that there exists a non-empty open set in J such that for any (u,s) in
this open set, there exists ¢ such that lfdr(q; v(u,s; E)) < «a. Since p is a positive
measure, This implies that the probability that the assumption in Theorem 5.1
holds tends to 1 as M tends to infinity. These conditions hold true, for example,
when (111_1)1(1) f1(q; (u,s)) = oo and fy(q; (u,s)) is bounded on [0, 1] for all (u,s), we

have x(u,s; Z) = 0 for all (u,s). Condition (vi) is a smoothness assumption on f/ ..

To state the result on asymptotic FDR control, we define the following quantities:

do(n) := Pfdr(ppm; y(vm, tm); E)) < n|E),
di(n) == E[(1 = 0,)Ydr(ppm; 7(Vm, tm; 2)) < 1| Z],
da(n) = do(n) — di(n),
d1(77)
r(n) Jo()

Under the aforementioned assumptions, we have the following results. Their proofs

are in Section 5.C.

Theorem 5.3. Under Assumption 5.1, Assumption 5.2, and Assumption 5.3, we

have

lim FDR(h; M) <

M—oc0
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Theorem 5.4. Suppose Assumption 5.1, Assumption 5.2, and Assumption 5.3
hold. Let ny :=sup{n : r(n) < a}. We have

dy (770>
— Ko

as M — 0.

pow (h; M)

We remark here that our result is more universal than the existing results for FDR
control over graphs. In [32, Proposition 3], the authors prove asymptotic FDR control
by their method under the assumption of the alternative distribution of p-values
being homogeneous among the vertices. When the homogeneity assumption does
not strictly hold, the FDR upper bound shows inflation and relies on the deviation
of the proportions of null hypotheses among different vertices [32, Theorem 2]|. By
making use of the domain information of 7, we allow the alternative distribution
of p-values to vary in the joint domain while still maintaining FDR control. In [31,
Lemma 3], the asymptotic control of FDR simultaneously depends on the norm of
the incidence matrix of GG and the sparsity level of p-values’ weights, which restricts
the user’s choices of sparsity level, and making the FDR control even not accessible
in some cases. In contrast, the asymptotic control of FDR always holds for our

approach irrespective of K7 and Ks.

5.3 Numerical Results

In this section, we compare different MHT methods on sensor network datasets. We

compare the following methods:

1. MHT-GGSP (ours): We set fuic(p | 7(u, 5)) = sigmoid oy (u, s)psiemeider(ws) =1

where sigmoid(z) =

— (in the experiment, T = [, 7]). We use the graph

Laplacian as the GSO, and v the trigonometric basis of L*[—, 7]:
—T, T —smks) cos(ks) : k=1,2,...}.
{—= \/— }U{ \/— ( }

2. BH [41, 42]: This method sets adaptive threshold on p-values. Suppose the
p-values are ordered as {p;;) : @ = 1,..., M}. This method rejects the p-values



Chapter 5. Multiple Hypothesis Testing over the Joint Domain 123

less than or equal to

1
max{p(i) D PGy < Moz}.

3. lfdr-sMoM [33]: This method assumes that all the p-values can be divided
into several groups such that in each group they follow the same marginal
distribution f which is a Beta mixture distribution [33, (12)]. The group
assignment and the marginal distribution are inferred from the data. We

implement this method using the original code [83].

4. Proportion-matching [32]: This method assumes that f; is homogeneous over
the graph, while the prior probability of being null is different on each vertex.
By adjusting the FDR control levels on different vertices, and applying BH
method on each vertex, it is expected to match the performance of using

global BH method on all p-values from all vertices.

5. FDR~smoothing [30]: This method uses z-values. It assumes that f; is ho-
mogeneous over the graph, while 7y is different on each vertex. This method
estimates f; and my by combining the negative log-likelihood function with
the penalty term being the [;-smoothness of my. The graph is constructed by
the time-vertex approach, i.e., the product of the graph with the cyclic graph.
We implement this method using the original code [84].

6. SABHA [31]: This method first reweighs the p-values and then apply the BH
method on the weighted p-values. The weights are understood as 7y, and the
reciprocals are assumed to come from a feasible set. In this experiment, the
feasible set is the graph signals that have /; norm less than a predetermined
threshold. The weights are obtained by solving the optimization problem [31,
(5)]. The graph is constructed by the time-vertex approach. We implement
this method using the original code [85].

7. AdaPT [44]: This method takes an iterative strategy that masks most of the
p-values in the beginning. At each iteration it reveals a certain amount of p-
values according to a threshold, estimates the FDR and updates the threshold.
It stops when the FDR estimate is lower than the nominal FDR level, and
rejects the p-values below the threshold. The threshold of the p-values can

be updated using any method as long as it decreases with iterations. The
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paper [44] proposed an EM algorithm to estimate the lfdr and uses it as the
threshold. We use its R package [86] to implement this method.

5.3.1 Signal detection in communication sensor network

Similar to Example 5.1, we consider a 2D area where two wireless transmitters are
performing random walks on a 100 x 100 grid (cf. Figs. 5.3a and 5.3b). Receivers are
randomly placed on 300 points of the grid. We model the receiver sensor network as
a 10-NN graph according to their coordinates, and 7 = [—m, 7]. For each receiver,
the received signal is affected by path loss, shadow fading and fast fading. Besides,
the observation on each receiver has AWGN. We suppose the sample set S is given
by V x {—m + % 21 : 7 =0,...,T}. In this experiment, we set T'= 9. We are
interested in determining whether each sensor, at each time instance, has received
a signal above the noise floor from at least one transmitter. The data is generated
using the source code in [33] modified such that the transmitters are performing
random walks, and the noise energy of AWGN is raised from 1 to 1.5, yielding a
more challenging task to identify the hypotheses. The proportion of null hypotheses
is approximately 10%.

5.3.2 Seismic signal detection in sensor network

We consider the seismic signal detection task in a sensor network (cf . Figs. 5.3¢
and 5.3d). The seismic event occurred at 17:32:40, 22 December 2020 UTC in New
Zealand, with the origin latitude and longitude (-42.14, 171.94). The event ID is
72020p964137” in the GeoNet dataset.! We focus on the 32 stations that are either
within a radius of 4 from the origin or recorded this event. The sensor network is
constructed as a 3-NN graph based on the stations’ latitudes and longitudes. We

are interested in a time window of 60 seconds before and 60 seconds after the event.

For each second, each station tests the presence of a seismic signal using the z-
detector [87]. To compute the signal energy, we first calculate the average of the
squared values of the observed waveform in a one-second time window, and then
take the logarithm. We denote this quantity as log STA. To compute the mean and

standard deviation of log STA, we use the period from 7200 seconds to 60 seconds

Thttps://www.geonet.org.nz/data/access/FDSN
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FIGURE 5.3: Example of detection results by MHT-GGSP with nominal FDR
level 0.2. Figures 5.3a and 5.3b are detection results on the communication
network for two consecutive instances. In the background, light blue denotes the
null region, while a deeper color denotes the alternative region. On the graph, light
blue represents correctly identified nulls, and purple represents correctly rejected
alternatives. Deep blue represents undetected alternatives, and red represents
incorrectly rejected nulls. We use orange stars to highlight the transmitters’
locations. Figures 5.3c and 5.3d are detection results on the seismic dataset for
two consecutive instances.

before the event time as the long-term history. Finally, the z-detector for each
second is computed by normalizing log STA using the mean and standard deviation.
Under the null hypothesis (no seismic signal present), the z-detector is assumed to
follow a standard normal distribution. Therefore, a one-sided z-test is conducted to

detect the signal.



126

5.3. Numerical Results

In this experiment, we add AWGN with a noise energy that is 900 times the

background noise. The proportion of null hypotheses is 12.8%.

5.3.3 Performance Analysis

The performance is shown in Fig. 5.4. From the results, we see that the FDR-
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FicURE 5.4: FDR and detection power under different target FDR levels. Each

point is obtained by 20 repetitions.

smoothing and SABHA methods show significant FDR inflation. Besides, the

empirical FDR by proportion-matching method is far above the nominal level on

both datasets (greater than 0.5 when o < 0.3), hence we do not show its performance

here. For proportion-matching and FDR-smoothing, the FDR inflation is because

they assume the same distribution of p-values under the alternative distribution.

This assumption does not hold in general since the signal energy is different for

different vertex and time, hence fi(+; (v, t,)) will be different for different (v, t,,).
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Furthermore, note that the proportion-matching method aims to approximate the
BH procedure, whose power is not as competitive as most of the baselines. The
SABHA method has specific requirements on the Rademacher complexity of the
feasible set of reciprocal of the weights, which may not be achievable, thus it may
also observe FDR inflation. The methods utilizing the auxiliary information appear
to have better power than the classical BH method. Since the signal energy varies
smoothly over vertex and time, the MHT-GGSP model is more reasonable and thus

observes the best power.

5.A Appendix: Proof of Theorem 5.1

We adopt a similar procedure to the proof of [44, Theorem 2]. Specifically, we first
rewrite problem (5.14) to a convex problem, and then utilize Karush-Kuhn—Tucker
(KKT) condition to prove the final result. For any (u,s) € J, we use Fy(-; (u,s))
and Fi(+;v(u,s)) to denote the cdfs of fo(+; (u,s)) and fi(+;7v(u,s)), respectively.
First we simplify problem (5.14) by introducing the following notations:

M M

ao(z) = Y E{pm < 2m, 0 = 0} Y(S)] = D FolZm; (Vs tm))70 0 Y (U, tm),

ar(2) = 3 Ell{pn < 20 = 11 1(S)] = 3 Fulzmi 1, 6)) (L = 70 07 (v, ).

Note that the denominator of (5.12) does not depend on h. Therefore, problem
(5.14) is equivalent to

max a;(z)
s€l0,1]M

ao(z) o
.5 ao(z) + a1(z) s @

This can be further simplified as

min —a;(2z)
s (5.26)
s.t. —aai(z) + (1 — a)ap(z) <0.
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From the monotonicity of fo(+; (Um, t)) and fi1(;7(vm, tm)), we know that —a;(z)
and —aay(z) + (1 — a)ap(z) are convex in z. Hence (5.26) is a convex optimiza-
tion problem. Besides, since the feasible region is compact and Fy(+; (v, t)),
Fy(+;v(vm, ty)) are continuous, we know that problem (5.26) has a global op-

timal solution. Next, we verify Slater’s condition and then apply KKT condi-

tion. Slater’s condition requires that there exists a z = (z1,...,2)) such that
Zm € (0,1) for all m =1,..., M, and —aa,(z) + (1 — a)ap(z) < 0. To find such z,
let g(z) := —aai(z) + (1 — a)ap(z). According to the assumption, we suppose that

there exists ¢o € (0,1) such that lfdr(qo; y(v1,t1)) < a. We define the constant

c1 = —afi(qo;y(v1,t1))(1 = mo 0 y(v1,t1)) + (1 — @) fo(qo; (v1, t1))m0 © v(v1, t1)

which is negative by assumption. According to condition (iv) in Assumption 5.1,
we suppose fo(¢; (u,s)) is uniformly bounded by ¢; on [0, 1] x J. Given arbitrary
€ >0, let z € [0, 1] such that:

€

0 < 2, < min(gy, ————
Zm < min(qo S = 1)e,

),Vm=2..., M,

€
—— < 21 < qo-
&

Note that g is differentiable on the interior of [0, 1]™. Therefore, using mean value

theorem [88; Corollary 10.2.9], we know that there exists a z’ such that

9(z) — 9(0)

= Vyg(2)'z

= (—afi(z (v, 1)) (1 = 7o 0 y(vr, t1)) + (1 — ) fo(21; (01, 1)) m0 © y(v1, £1)) 21+

M=

(—afi (205 7(Vm, t) ) (1 = 70 © Y (U, ) + (1 = @) fo(27; (Vs ) )70 © Y (Vi i) 2

3
I
[\

—afi(qo; (v, £1))(1 =m0 0 y(v1, 1)) + (1 — @) folqo; (v1, t1))mo 0 y(v1, t1)) 21+

Mz I

(—afi(qo; ¥(vm, tm)) (1 — 70 0 Y (U, tn)) + (1 — @) fo(q0; (Vi tm)) 0 © Y (Vi b)) 2m

m=2
M €

< cyz1 + ZCQZm < —5 < 0.
m=2

Here z' = ;/z, i’ € (0,1). Notice that g(0) = 0, and z is in the interior of [0, 1]¥,

hence Slater’s condition is satisfied. In this case, z* is the optimal solution if and
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only if it satisfies the KKT conditions (cf. [89, pp.244]), one of which is that the
gradient of Lagrangian L(z, 1) = —a1(z) + pg(z) is zero. Therefore, we have

O L 1) = — iz A b)) (L = 70 0 At b))

0z,
p(=afi(z,; 7 (Vm, tm) ) (1 = 70 © Y (Vs tin))
+ (1 - O‘)f0<z:<n§ (Urm tm))ﬂ'O © 7<Umv tm))
= 0.

Rearranging the terms we obtain

14+ pa

U2 (0 ) =

Y

which completes the proof.

5.B Appendix: Proof of Theorem 5.2

This theorem follows directly from the consistency of MLE. Given E, from (5.3),
the pdf of p,,, (U, t,) can be written as

K1 K

(@ (:8) [ 9) = 70 (22 D7 Gt - 01 (s (9)) fols (,8))p(u 9)
P k1=1ko=1 P

<1_7TO(Z kam Ory (1), (s >)f1<Q7ZZ£k1k2 Dry (1) r, (s )) (u,s).

k1=1ko=1 k1=1ko=1

For every ¢ and (u, s), this pdf is continuous w.r.t. 2. By condition (iii) in Assump-
tion 5.2, we know that different values of E lead to different joint distributions of
Pms (Um, tm). According to [90, Theorem 9.9] and Lemma 5.5, == given . By
condition (ii) in Assumption 5.2 and the compactness of 7, suppose {|¢g, (u)r, (s)|}
are uniformly bounded by b. We have

K1 K>

Fu,s) = y(u,8) <> ‘fkl Ry = &k ko

k1=1ko=1
K1 Ko

<b- Z Z ‘Ekﬁh’@ - §k1,k’2 :

k1=1ko=1

|¢k1( )1% (S)|
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Note that the right-hand side does not depend on (u,s) and converges to zero in

probability given E. This concludes the proof.

5.C Appendix: Proof of Theorems 5.3 and 5.4

To prove Theorems 5.3 and 5.4, we first prove the following lemmas. First, Lemma 5.5
allows us to prove results under probability measure conditioned on ~. Second,
Lemma 5.6, Lemma 5.7, Lemma 5.8 and Lemma 5.9 indicate that under Assump-
tion 5.1, Assumption 5.2, and Assumption 5.3, the conditions [45, C1-C3] hold.
Then Theorems 5.3 and 5.4 can be obtained by using [45, Theorem 2.3, Theorem
3.5] and Lemma 5.5. We denote the set of all sample paths of y(u,s) as I". Suppose
I' is a measure space with o-algebra JFr, then the random ~ induces a probability

measure P., on (I', Fr).

Lemma 5.5. Let 1, represent (Gm, (Um,Sm),Om) for simplicity. Define T =
([0,1] x J x {0,1})M. Let Fy; denote the o-algebra of the space Ju x T Define

on )= | T{((tm)=1,7) EA}pre ) (b |7) .

Then p(y(w), A) is a reqular conditional distribution (r.c.d.) of (Dm, (Vm, tm)s Om)M_1,7)

given «y [91, Section 4.1.3].

Proof. We prove this lemma by definition of r.c.d. As a stochastic process, ~
can be written as y(w, (u,s)). In this lemma, we abuse the notation to write
v(w, ) as y(w). First, we show that for each A € Fys, pu(y(w), A) is a version of
P(((pms (Vims i), 0m) 21, 7) € A| 7). Let F € Fr. Then we have

Elu Ay (w) € FJ]

/ /J ()20 7() € A TT Spgossom | 71)) dinll7 () € F}aB()

- /F/j H{((em)miz1:7) € A} [ fos oy (om | 7) dinl{y € F} Py ()

= E[H{((pma (Vms ), Hm)%:lv'w € Al{~ € FH
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Second, it can be shown that for each v € T', u(7y,-) is a probability measure on
Ju x I, hence pu(y, A) is a r.c.d. O

From Lemma 5.5 we know that when proving results under probability measure

conditioned on v (or &), we can regard vy (or ) as being fixed.

Lemma 5.6. Suppose Assumption 5.1, Assumption 5.2, Assumption 5.3 hold.

Under the probability measure conditioned on E, we have

do,n(n) = do(n),
dy i (n) = di(n),
dll,M(U) e di(n),

where do(n) and di(n) are continuous w.r.t. 7.

Proof. Note that (5.16) to (5.18) are summations of i.i.d. random variables (condi-
tioned on =, same as below), and each random variable takes value in [0, 1], thus
has finite expectation and variance. Then by weak law of large numbers (WLLN),
we know that do (7)) —— E[I{Ifdr(pm; ¥(Vm, tm; E)) < 1} | E], which equals do(7).
Besides, since E[dy 1 (n) | E] = E[d} ,,(n) | E], we know that the limits of dy (1)

and d) 5;(n) are the same, both equal to

E[(1 — 0 I{tdr(ppn; ¥ (v, tm; B)) <} E,
which then equals d;(n).

Next, we prove the continuity of do(n) and d;(n). For dy(n), note that it is a cdf, so
it is right continuous [92, Theorem 1.5.1]. To verify that it is left continuous, we

calculate the limit

lim _|do () — do(1")]

n'—n~
= lim E[l{’ < Mdr(py; y(vm, tm; E)) < n}|E]
n'—n-
_E[ lim I{n < Udr(pm;y(Vm, tm; Z)) < 0} E}
n'—n—

= E[I{dr(pm; ¥ (Vm, tm; B)) = 1} | E]

/ / 059051 )) = 7ol | 0 )9 g ),
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where the second equality is derived by dominated convergence theorem (DCT)
[69, Theorem 1.13]. By condition (i) in Assumption 5.3, lfdr(q; y(u,s; E)) strictly
increases in ¢. Therefore, for every fixed (u,s), [{lfdr(¢;v((u,s);E)) =n} < L.
Since fumix(q | v(u,s;E)) is continuous in p, we know that the last line in the above
equation equals zero, hence 77’11—>I£71_ |do(n) — do(n')| = 0, i.e., dy(n) is continuous on

[0, 1]. The continuity of d;(n) can be proved in a similar way. O

Lemma 5.7. Let Fy(n;v(u,s; E)) be the cdf of lfdr(p; v(v,t; E)) given (v,t) and
0 = 0. Specifically, it can be calculated as

R a(n58) = [ 108(ara(05:2)) < bl (.9)da
0,1
Then the following quantities are equal:

Mooy = inf{n : di(n) > 0},
Moo o= nf{n : p({(u,s) : Fy(n;v(u,s;8)) > 0}) > 0},

7]00,3 = (JE)IQJX(U, 53 E)

We denote nl, := 77(;071 = T}éo,Q = 77:)0,3'

Proof. We prove the inequalities 1), o, < 11, N3 < Mo and ), < 1l 5. Note
that dy(n) can be calculated by

77 = / /0 lfdl' q, ( )) <, ¥ = O)fp,@,(v,t)(Qa v, (ua S) ‘ 7) dg d(”? S)

(0.1] y—o

- /j 70 011,85 ) Fy(m: 1w, 2))p(u, ) d (1, 9) (5.27)

For any n such that dy(n) > 0, by (5.27) and condition (ii) in Assumption 5.3 we
know that

p({(u,8) = Fo(m;~(u,s;E)) > 0}) >0, (5.28)

hence 7, < 7., ;. Next, we want to prove that for any 7 satisfying (5.28),

n > (m)injx(u,s; E). We prove this claim by contradiction. Suppose there ex-
u,s)€
ists N, < < (m)injx(u, s; 2). Then for any (u,s) € J, n is below the range of
’ u,s)€E
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Ifdr(-;y(u, s; 2)), hence Fy(n; y(u,s; 2)) = 0, which contradicts with (5.28). Hence

n> min x(u,s;E), implying that n/_ 5 <l ,.
(u,8)e€T ’ ’

Finally, we prove 7., < 1, 3 by contradiction. Suppose 7., 3 < 1, ;. Then there
exists ), 4 € (M35 Mno)- Since 1, 4 < 1.1, we know that dy(n.,4) = 0. On the
other hand, since 7., 4, > 7., 3, and x(u,s; E) is continuous (cf . condition (iv) in
Assumption 5.3), we know that {(u,s) : x(u,s;E) < ., 4} is a non-empty open set.
Since p is a positive measure, we know that this set has a positive measure w.r.t. p.

Besides, note that x(u,s; E) < 7., , implies ﬁ’o(ngoA;’y(u, s;2)) > 0, therefore

p({(u.8) : Fo(ifhe,4:7(u,5:8)) > 0}) > 0

and

d(ife) > /j I{(us) : ot siv(u,8:E)) > 0} Fo(ilo 7 (s 5; )

min 7y o y(u, s"; E) dp(u,s) > 0,
(u',s"eJ

which leads to a contradiction with dy(n., ) = 0. This completes the proof. O
Lemma 5.8. Under Assumption 5.1 and Assumption 5.3, there exists 1. € (0, 1]

such that r(nw) < a.

Proof. According to Lemma 5.7, for any n > n._, we have dy(n) > di(n) > 0 and

dl (77> — E[lfdr(pm; (Uma ms H))H{lfdr(pmvly(vmvtm7 ‘—‘)) < 77}]
dO(n) [I[{lfdr(pm, V(Umv tm’ :‘)) S 77}]

<.

Therefore, it suffices to prove that . < «. By Lemma 5.7, n[_ = (m)injx(u, s;8).
u,s)e

According to condition (v) in Assumption 5.3, there exists a (u,s) such that

X(u,s; 2) < a. This completes the proof. ]

Lemma 5.9. Under Assumption 5.1, Assumption 5.2 and Assumption 5.3, we have

M
Z ‘lfdr Do Y Wi B3 E)) = Hr (pn Y (Vs 63 E))| 2 0,

under the probability measure conditioned on Z.
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Proof. First we observe that

=

1 = _
% Z ‘lfdr(pm;’y(vm,tm; E)) — Udr(pm; v (vm, tim; :.))‘

i

1 ~
< — sup ‘lfdr(pm; Y(u,s;8)) — Udr(pm; v(u, s; E))‘ .
M me1 (Ws)eJ

By Markov’s inequality, it suffices to prove that the conditional expectation of the
y q y p

right-hand side tends to zero, i.e.,

E| sup |lfdr(ppsy(u, ;) — 1dr(ps v(u, :8))| | 8

(u,8)eT

To this end, we find an upper bound for |lfdr(p,,; y(u, s; é)) — lfdr(ppm; v(u, s; E))|:

’lfdr(pm; v(u,s; é)) — lfdr(ppm; v(u, s; E))‘

70 0 7(u, 8 E) fo(pms (u.8)) 0 0 (1,8, E) fo(pm (u,'8))

Fuix (P | Y(u,5: 2)) C fuix(Pm [ 7(u, 81 B))
| m00 (w8 E) folpms (u.8)) w0 0 7(u,8:E) folpm (u,5))
- Jmix(Pm | Y(u,s; é)) fanix(Pm | 7(u, 8, E))
70 0 (1,5, E) fo(pum; (1,5)) 70 © (w8 E) fo(pm; (u,5))
fmix(pm | 7(u7 S E)) fmix(pm ‘ 7(u7 S E)) '

We denote the first and second terms on the right-hand side as T} and 75. In the
rest of this proof, we aim to find upper bounds for them. Since fy is continuous on
[0,1] x J, we assume that it is upper bounded by b;. To find a lower bound for

Jmix(Pm | 7(u,s; E)), using conditions (ii) and (iii) in Assumption 5.3, we have

Jmix(q | Y(u,8;8)) > w9 0 y(u,s; E) folg; (u,s))
> 79 0 Y(u, ; E)fo(%; (u,s)) >0,Vq > %,
fmix(q [ Y(u,8,8)) > (1 — w0 0 y(u, 8, E)) f1(q; v(u, s; E))

(1= 70071, E) i (357 (5 8)) > 0,V <

v
L\Dlr—t
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Let

by == min{ mi (u,8: ) fo( L (u,8)), min (1 (0,5 E)f1 (27,5, E)) ) >0
:=min| min myo~vy(u,s;E)fo(=; (u,s)), min (1 —myo~vy(u,s; = —v(u,s; 2 ,

2 ey 097 0 5 (e 097 1 5 v

then fiix(q | v(u,s;E)) > by for all ¢ € (0,1] and (u,s) € J. Then we have

ﬂgm%mMMM%WE)ﬁMM@( »1%3:WW”“
thus for any § € (0, 1), we have

Ty < Til{pm = 6} + bsl{pm € (0,9)}.
We first consider the event p,, > ¢. Since y(u,s; E) is continuous on (u,s, Z) and

J x K is compact, the image v(J;K) = {y(u,s;8) : (u,8) € J,B € K} is
!
9¢
ofr.
o 1,5:3), (9)| <
by(0) for any q € [0,1], (u,s) € J and E € K. Then there exists ' = cB + (1 — ¢)&,
€ (0,1) such that on the event p,, > ¢, we have

1s continuous on

compact. According to condition (vi) in Assumption 5.3,

[0,1] x v(T; K) x J, so there exists by(d) > 0 so that

1
fmix(pm | 7(“’7 5] E/))2

by _ =
< 00) sup (=) (B
(u,8)eT

afr/nix

T = b %

(m | (1,8 E"), (u,5))

(.5 8) = (w5 8)

Hence T can be upper bounded as

4 bI{p € (0,6)). (5.30)

b ~
T < 50u(0) sup |7(u,s:8) = 7(u.5;E)
2 (u,8)ET

Next, we find an upper bound for T5. Define b5 := (m)lnj fo(1; (u,s)) > 0 and
u,s)e

T4 o= | (11108, 8)) — fain1 | 7(0,5: )]

fO(pm; (u,s))
fmix(pm ‘ 7(”7 S E))

[

Ty = )TOO’Y(U,S, ) —WOO’Y(U,S; E‘)’

~—

b = —_
< 2 o y(u,58) — my 0 (w558
2
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L
- b2 fO(l; (U,S))

b
—T.
- bzb5

fmix(1 ’ 7(“’78; "/E\)) - fmix(1 ‘ ’Y(U,S; E)) :

Using a similar argument as before, there exists Z” such that

75 = 208 1 s, =), )| i B) = 2 i)
<b(6) sup_|7(u,s;8) — (w8 E)|
(u,8)eT
hence
b1ba(d ~
1< P Gy |y 8) o5 3) (5:31)
babs  (us)es
Combining (5.30) and (5.31) and redefining the constants, we obtain
sup_|lfd (i (1,5 2)) — Uele(pyes (5, 5))|
(u)es ~ (5.32)
< bg(d) sup lv(u,s; E) —v(u,s; E)‘ + b:I{p,, € (0,0)}.

(u,8)€T

2) — (u,s; .:.)‘ 25 0 (condition on E). For any

By Theorem 5.2, sup ")/(U,S‘
(u,8)eT

€1, € > 0, we first choose 6 > 0 such that P(p,, € (0,0) | E) < %2 Then when M is

large enough, we have

u,8)EJ

P (bm s s E) = (s )

Combining these results, we obtain

E) < €9,

ie., sup llfdr P Y (u, ,é)) — lfdr(ppm; y(u, s; E))‘ 5 0 conditioned on =. Note
(u,8)€T
that this is a sequence of uniformly bounded random variables, hence uniformly

IP’( sup ’lfdr (Pm; vy (u, é)) — lfdr(pm; v(u,s; E))‘ > 26
(

u,8)EJ

integrable. Then by applying [90, Theorem 8.16], we obtain (5.29). This completes
the proof. n
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Proof of Theorem 5.3. We first prove the result under the probability measure
conditioned on E. The result then follows by taking expectation over E in the
last step. According to Lemma 5.5, Lemma 5.6, Lemma 5.8, Lemma 5.9 and [45,

Theorem 3.2], we know that?

lim E =
M—oc0 |:maX(d0,M(77M)aﬁ)

e

fulh) |, 5

The result (5.33) is based on the true values of lfdr. We use this result to provide
@1 (i) ] |

max(do, s (7)), 1)

an upper bound for FDR(h; M) = E

dy s (1)

Ly max(do (M), 77)

L) max(do v (M), )

( M) 1 ‘ 1 ~ 1
< — max(do (M), —) — max(do rr (Mar), —
max(do v (M), %)max(do,M(nM)’ ER) 0 Vi o, (1ar) M)
1 -
d/ o~ o d/ ~ ‘
tnac(do (). 3 | () = Do)
1

~ max(do.n (), 77)

- 1
: <’maX(dO,M(7]M)a

~

- maxor (Ae) 3)| +[Tar) ~ ) )

)

1
W)
When 7y > Nooy doar(ar) > doar(Meo). Combining [45, (26)] and [45, Lemma

8.1], we know that sup |doar(n) — do(n)| L5 0 and sup ‘do,M(U) — c/l\o,M(n)‘ 250
n€l0,1] N>Moo
(conditioned on Z, the same below), hence

max (do v (1), LN max(do(so), 0) = do(ns) > 0.

1
)

ZNote that the definition of FDR,,, in [45] is different from the definition (5.1) in this chapter.
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Since the function max(a, %) is Lipschitz continuous in @ with Lipschitz constant

1, we have

. 1 ~ R 1 . ~ —~
‘maX(do,M(ﬁM)» M) — max(do,n (Mar), M)‘ < ‘do,M(nM) - do,M(ﬁM)‘

< sup ‘d(),M(n) - afo,M(n)) — 0.

N2Noo

Besides, notice that

e () = iy ()]

M
> ’H{lfdr PV (Ums b B)) <} — K{dr (o y (v, t; B)) < 77}’ (1= 6n)

m=1

<

M
<7 Z ‘H{lfdr PV (Ums tm; B)) < 1} — K{Udr (o y (v, t; B)) < n}’

m=1

In the proof of [45, Lemma 8.4], we know that

1 ~
sup - ‘]I{lfdr P Y (Vs s B)) < 0} — H{Udr (p; ¥ (0, t; B)) < n}’ 25 0.
2o M
Therefore, (M) — d’LM(ﬁM)’ < sup |d' m(n) — d’LM(n)} -2 0. Combining
N>7oo
the above results, we obtain
Fou)  dulin)

{7ns > oo} —= 0. (5.34)

'max(cio,M(ﬁM), Ly max(don(Mu), 57)
When 7y < oo,

Tt (Fnr) o

‘max(&\o,M(ﬁM), +) N max(do,v (M), 77)

i < oot < 270 < 1o}

According to the proof of [45, Theorem 2.3|, we know that P(ny > 7 |E) — 1,
hence the R.H.S. tends to 0 in conditional probability. Combining this with (5.34),

we obtain that

C/i\l,M(nM) dll,M(ﬁM)
~ 1

' maX(dQ,M(ﬁM), ﬁ) N maX<dO,M(ﬁM)7 M)

— 0.

This sequence of random variables is uniformly bounded by 2, hence is uniformly
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integrable. By [90, Theorem 8.16] we know that its expectation tends to 0. Finally,
by the existing result (5.33), the result follows by

~
T || —Cuuli) g
Moo | fmax(do,v (1), 37)
< m E dll,M(AM) . dll,M(ﬁM) —_
— M=oo | Imax(doar (), 77) max(do, v (M), 77)

(1]

i oime

|

Further applying reverse Fatou’s lemma, we obtain

T E|E||— 2 |2l cp| fm p||— i) gl o
Moo max(do,a (), 37) o [Meee || max(do,a (), 57) a
which concludes the proof. O

Proof of Theorem 5.4. We first prove the result under the probability measure
conditioned on E. The result then follows by taking expectation over Z. We first

prove that r(n) strictly increases in n € (7., 1). Let n1, 12 € (0., 1) satisty n1 < na.
Then

r(n) — r(m) = dl%i i)

do(nz)  do(m)
_ di(m)do(n1) = di(m)do(m) | dr(m1)do(im) — da(m1)do(rr2)
do(111)do (112) do(11)do (172) '

The numerator can be rewritten as

d1(n2)do(m) — di(m)do(m) + di(m)do(m1) — di(m1)do(n2)

= do(m)(d1(n2) — d1(m)) — di(m)(do(n2) — do(m))

= E[I{Hdr(pm; 7(Vm, tn; B)) < m}|E]

- Edr(pm; (v, tn; E){m < Udr(pm; 7(Vm, tn; B)) < m2} | E]

— EMdr (pm; ¥ (v, 6 B))I{IAr (po; ¥ (v, t; B)) < i} | E]

E[{n < Udr(pm; v(vm, tmi B)) < m2} [ E]

> mE[{ldr(ppm; ¥(Vm, tm; B)) < m} | EJE[{n < Udr(pm; ¥(Vm, tm; E)) < 12} | E]
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— mE[{dr (pm; 7 (Vm, tm; E)) <} | EIE[{n < Hdr(pm; 7(vm, tm; ) <ne} | E] = 0.

Since n1,m2 € (N, 1), do(n2) > do(m1) > 0, the denominator dy(n1)do(n2) is positive,
i.e, r(n) strictly increases in n € (n’, 1). Therefore, due to the continuity of d; and

dp, we know that for any small e > 0, R(no—€) < a holds. By WLLN, we know that
M

= Z (1—0,) = ko, and - Z I{6,, = 1,4dr(p;: Y (U, tom: B)) < 7} == da(n) ,
both condltloned on =. Hence by applylng [45, Theorem 3.5|, we obtain the desired
result when conditioned on Z. The result under unconditional probability measure

can be obtained by taking expectation over =. O



Chapter 6

Conclusion and Future Work

In this thesis, we have established a statistical model for stochastic generalized

graph signal, and derived estimation and testing techniques for it.

In Chapter 3, we have introduced the concepts of a GRP and JWSS processes.
These concepts generalize the existing stationarity models for GSP to the broader
GGSP setting. Concrete cases such as the time-vertex model, continuous-time graph
signal, and multichannel graph signal are encompassed in this framework. The
stationarity models in the graph and Hilbert space domains are related in the sense
that JWSS implies wide-sense stationarity in the respective domains. The explicit
and approximate forms of Wiener filters for denoising and signal completion are
also derived. The implementation of the GRP framework is illustrated via several
numerical experiments. In the case of a finite-dimensional feature space, the shift
operator in the Hilbert space can be learned from data without prior knowledge.
When dealing with finite samples of GRPs taking values in a Hilbert space that may
be infinite-dimensional, a variational EM algorithm is proposed to simultaneously
estimate the PSD and noise energy, allowing the recovery of continuous signals with

finite and noisy observations.

An alternative approach to inference for graph signals is machine learning data-
driven methods like graph neural networks (GNNs). For example, graph auto-
encoder (GAE) [93] has been used to denoise graph signals. In general, the training
complexity of GRP is lower than GNN and a GRP model has fewer parameters than
a GNN. For GRP, it suffices to determine the filter coefficients and bandwidth, while

a GNN’s weights depend on the number of layers, and the number of channels in
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different layers. In addition, the Wiener filter for GRP has an explicit solution (3.15),
while a GNN depends on training data to optimize its weights. The Wiener filters
we have proposed are linear transformations, while for a GNN, the test complexity
depends on the number of hidden layers, feature dimension and connection settings.
Finally, it is easier to interpret GRP as it is a statistical model. On the other hand,
GNNSs can learn nonlinear relationships and do not require the assumption of JWSS.
The pros and cons of statistical parametric models versus data-driven models are
expounded in [94, 95]. Comparison of GRP and GNN in different applications is an

interesting future research direction.

In Chapter 4, we have devised a signal reconstruction approach for GGSP, yielding
a predictor that can be computed in a distributed fashion. We interpreted this
approach from both deterministic and Bayesian aspects and cast it as an extension of
existing frameworks. In the former case where the signal is a deterministic function,
we showed that the approach imposes smoothness on the reconstructed signal. In
the latter case, the signal is regarded as a GP, and we analyzed its moments. By
utilizing RFF, the reconstruction approach can be implemented online, and the

evaluation is still distributed.

We provided statistical analysis on the predictor. Under the uniform exclusive
sampling scheme, we derived the limit of the posterior variance and provided a
numerically computable upper bound for it. We verified the KRR-GGSP approach
by numerical experiments. By testing KRR-GGSP against existing methods on real
datasets, we validated that introducing the graph structure and the product kernel

improves reconstruction performance.

In Chapter 5, we have proposed a novel method for conducting network multiple
hypothesis tests on the joint domain of the vertex set and the measure space of
each vertex signal. Our approach models the distributions of p-values over the joint
domain as parametrized by a random generalized graph signal. This allows for the
possibility of inhomogeneity over the joint domain. By utilizing this estimator in
conjunction with the lfdr-based approach, we are able to control the FDR at a
specified nominal level in the asymptotic setting. This provides a powerful tool for
accurately identifying significant hypotheses in complex datasets with an underlying
graph structure. This approach has the potential to be extended for online and

distributed implementation over the underlying network.
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In this thesis, we have studied statistical signal processing model and techniques on
a static graph structure with a dynamic signal. The first possible future research
topic is to study the estimation, hypothesis testing and change-point detection
approaches on dynamic graph structures. In practice the dynamic graph structure
is usually not provided. Therefore, a reliable approach that jointly estimates the
signal and dynamic graph is expected. Given the estimated signal and graphs, the
change-point detection approach should utilize both signal and graph structures.
This study may be useful for processing dynamic point clouds and biomedical
signals. Second, as discussed in Chapter 5, we have imposed certain conditions on
the p-value distribution. If these conditions are not satisfied, or deviate significantly
from the ground truth, the proposed approach may face challenges in controlling
the FDR. Therefore, future work could study the MHT problem on V x T by
relaxing these assumptions on the p-value distribution. This will lead to more
flexible and universal detection approaches. Additionally, it is also important to
alleviate the computational cost when solving the MLE problem. An online MHT
method on graph will be desired when the hypotheses are tested in a streaming
way, which is usually the case. Finally, it is valuable to model and analyze the
inputs, outputs and intermediate features produced by a GNN, as they are also
graph signals. Due to the randomness of these signals, it is essential to develop
uncertainty quantification methods for them. For example, by incorporating the
uncertainty of model prediction error, we may obtain a confidence set that contains
the ground truth with a high probability. Specifically, studying the dynamic cases
with an expanding graph and an online GNN will be of practical interest, as it
closely resemble the real-world cases such as growing users and commodities in a

commercial network.
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