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Abstract: This paper studies two kinds of multi-player pursuit-evasion games in 3-D space: Two-pursuer one-evader game
and multi-pursuer one-evader game. The main challenges are that the evader has faster speed than a group of pursuers and the
moving directions of the pursuers and faster evader are unknown to each other. First, the concept of occupied angle is introduced
to represent the dominated spaces by the pursuers. Then, escape algorithm and pursuit algorithm are designed for the evader
and pursuers, respectively. Finally, escape condition and capture condition of the faster evader and pursuers are presented. Some
simulation examples are given to illustrate the theoretical results.
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1 Introduction

In recent years, artificial intelligence and multiagent sys-

tems are gaining increasing attention from researchers [1, 2].

The multiagent systems are usually related to controlling

multiple mobile agents to implement some tasks in indus-

trial and civil domain. For example, in a pursuit-evasion

game, the evaders try to escape from capture, while a group

of pursuers aim to capture the evaders by cooperation. In

this paper, we focus on 3-D multi-pursuer one-evader game.

The multiagent pursuit-evasion game is usually modeled

as a multiagent differential game [3], which is formulated by

a Hamilton-Jacobi-Isaacs (HJI) partial differential equation.

The two-player or three-player differential game in different

scenarios can be defined through a value function using HJI

equation. The optimal pursuit strategy for the pursuers is ob-

tained by minimizing the value function, while the optimal

escape strategy for the evader is derived by maximizing the

value function. However, when it comes to the case of mul-

tiple players, the HJI equations may suffer from the curse of

dimensionality, and the terminal manifold for a large number

of agents is difficult to be determined. The solutions to these

problems can be divided into three categories.

1) The pursuit-evasion game is divided into several sub-

games, and then the optimal strategy for each subgame

is derived independently. The multiplayer pursuit-

evasion game with an equal number of attackers and

defenders is decomposed into a pair of subgames [4],

where each subgame involving at most two players is

solved by the HJI framework independently [5]. The

pursuit-evasion differential game can also be formu-

lated as multistage problem [6], where a time-optimal

path through a sequence of goal sets is obtained.

2) The explicit policy in a relatively simple game environ-

ment is used to avoid solving HJI equations. Inspired by

collective behaviors in various fish species, the multi-

phase cooperative strategy for pursuers [7] confines the
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evader to a bounded region. Foraging swarm behavior

is modeled as a noncooperative game that has a unique

Nash equilibrium described by explicit expressions [8].

3) Calculating the optimal trajectories by numerical ap-

proximation based on a known terminal manifold. A

discrete semi-Lagrangian scheme is utilized to compute

Kruzkov transform of value function numerically. The

single-network adaptive dynamic programming (ADP)

is used to solve the differential game [9], and the uni-

form boundedness of the game is demonstrated by Lya-

punov theory. In addition, ADP with experience relay

algorithm is proposed [10] to solve nonlinear HJI equa-

tions for game systems with unknown dynamics.

However, the aforementioned work mostly assume that

the maximum speed of the pursuers is no smaller than that

of the evader, which render their approaches impracticable

to the case that the evader has faster speed than the pur-

suers. For the case that the evader moves faster than the

pursuers, the existing literature [11–16] mainly focus on 2-D

pursuit-evasion game. Little has been done for the pursuit-

evasion game with a faster evader in 3-D space. Rodriguez

and Janosov [17, 18] require that each slower pursuer move

toward to the faster evader directly, which does not consider

cooperation among the pursuers.

In this paper, we study two kinds of multiplayer pursuit-

evasion games in 3-D space: two-pursuer one-evader and

multi-pursuer one-evader game, where the evader has faster

speed than the pursuers, and their moving directions are un-

known to each other. For each kind of game, pursuit algo-

rithm and escape algorithm are designed for the pursuers and

faster evader to maximize their chance of success. Moreover,

capture condition and escape condition of the pursuers and

faster evader are derived.

This paper is organized as follows: Preliminaries are given

in Section 2. In section 3, two-pursuer one-faster-evader

game with point capture in 3-D space is addressed. Section 4

solves 3-D multi-pursuer one-faster-evader game with non-

zero capture radius. Some numerical examples are given in

Section 5 to illustrate the theoretical results. Section 6 ends

this paper with some conclusions.
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Fig. 1: The occupied angle

2 Preliminaries

2.1 Kinematic Model of the Pursuers and Evader
Consider a group of n pursuers and a faster evader with

single-integrator dynamics, described by

ṗe = ve, ||ve||2 = Ve, (1)

ṗi = vi, ||vi||2 = Vi i = 1, 2, · · · , n, (2)

where ‖·‖2 is the Euclidean norm. pi ∈ R3 and vi ∈ R3 are,

respectively, the position and the control input of pursuer i.
pe ∈ R3 and ve ∈ R3 are, respectively, the position and

the control input of the faster evader. λi = Vi

Ve
< 1 is the

speed ratio of pursuer i and the evader. Next, the occupied

angle, dihedral angle and Rodrigues’ rotation formula are

presented.

2.2 Occupied Angle
A local time-varying coordinate system Γ centered at the

evader’ time-varying global coordinate pe = (xe, ye, ze)
T

in R3 is presented in Fig. 1. The global coordinate of

pursuer i is denoted by pi = (xi, yi, zi)
T , i = 1, · · · , n,

and its corresponding coordinate in Γ is denoted by pie =
(xie, yie, zie)

T = (xi − xe, yi − ye, zi − ze)
T .

Suppose that both pursuer i and the faster evader begin to

move along fixed directions at time instant t1. In the local

coordinate system Γ(t1), if they meet at a point m in a finite

time t1+T , which is denoted by m = (xm, ym, zm), the

point m must satisfy the following equation√
(xm−xie)2+(ym−yie)2+(zm−zie)2√

x2
m+y2m+z2m

=
Vi · T
Ve · T =λi.

(3)

Taking the square of both sides of (3), it yields(
xm− xie

1−λ2
i

)2

+
(
ym− yie

1−λ2
i

)2

+
(
zm− zie

1−λ2
i

)2

=λ2
i
x2
ie+y

2
ie+z

2
ie

(1−λ2
i )

2 .
(4)

The point m is on a sphere centered at

Ci = ( xie

1−λ2
i
, yie

1−λ2
i
, zie
1−λ2

i
)T with radius Ri =√

x2
ie+y2ie+z2ie

λi

1−λ2
i

shown in Fig. 1. The sphere (4)

is inscribed in a right circular cone Λi with the apex at pe. A

great circle of a sphere is the intersection of the sphere and

Fig. 2: The planes ♦PAC and ♦PBC.

a plane that passes through the center point of the sphere.

For any great circle g of the sphere (4), we can draw two

tangent lines L1 and L2 that intersect the great circle g at

m1 and m2, respectively. The occupied angle θi is defined

as an angle between lines L1 and L2. Then, we obtain

sin(
θi
2
) =

Cim1

Cipe
= λi, θi = 2 sin−1(λi). (5)

Note that the occupied angle θi is actually the apex an-

gle of the right circular cone Λi. If the faster evader moves

along a direction within the right circular cone Λi such as L
shown in Fig. 1, pursuer i can always move in a correspond-

ing direction to capture the evader at a point on the sphere

(4). Hence, the space dominated by pursuer i is within the

right circular cone Λi, and the occupied angle θi is used to

represent the dominated area by pursuer i.

2.3 Dihedral Angle and Rodrigues’ Rotation Formula
Definition 1. A dihedral angle is an angle between two in-
tersecting planes. For example, in Fig. 2, lines AC and BC
are perpendicular to the line PC. ∠ACB is a dihedral an-
gle between intersecting planes ♦PAC and ♦PBC.

Lemma 1. (Property of Dihedral Angle) For two planes
♦PAC and ♦PBC shown in Fig. 2, line PC is the inter-
section of two planes. Denote the angles by ξa = ∠APB,
ξb = ∠APC, ξc = ∠BPC and ξd = ∠ACB. The dihedral
angle ξd satisfies

cos ξa = cos ξb cos ξc + sin ξb sin ξc cos ξd. (6)

Lemma 2. (Rodrigues’ Rotation Formula) If v is a vector
in R3 and w is a unit vector describing an axis of rotation
about which v rotates by an angle α according to the right
hand rule, the Rodrigues’ rotation formula for the rotated
vector vrot is

vrot = v cosα+(w×v) sinα+w(w ·v)(1− cosα), (7)

where × is the cross product.

For two pursuers i and j shown in Fig. 3, the included

angle αi,j between two lines pepi and pepj is obtained by

αi,j = arccos
(pi−pe) · (pj−pe)

||pi−pe||2 · ||pj−pe||2 ∈ [0, π]. (8)

In this paper, two kinds of 3-D pursuit-evasion games with

faster evader will be addressed.
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Fig. 3: Two-pursuer one-faster-evader fishing game.

1) Two-pursuer one-faster-evader game in 3-D space. For

two pursuers pi,pj and one evader pe shown in Fig.

3, the the evader is required to pass through the gap

formed by pi,pj and pe. If the included angle in-

creases from αi,j < π to αi,j ≥ π and min{‖pi −
pe‖2, ‖pj − pe‖2} > 0, the evader wins; otherwise,

the pursuers win.

2) Multi-pursuer one-faster-evader game in 3-D space.

The faster evader is allowed to move freely. If there

exists a moving direction along with the faster evader

can escape successfully, the evader wins; otherwise, the

pursuers win.

3 Two-pursuer One-faster-evader Game with
Point Capture in 3-D Space

The two-pursuer one-faster-evader game is analogous to a

natural scene that two fishers try to catch a fish with faster

speed by a fishing net, while the fish tries to escape from

the fishing net shown in Fig. 3. The two-pursuer one-faster-

evader game represents some challenges encountered in con-

trol problems, such as cooperative besieging and capturing

of multirobot and paths coordination of multiagent. In the

two-pursuer one-faster-evader game, the evader aims to in-

crease the included angle αi,j , but two pursuers try to de-

crease it.

3.1 Escape Algorithm
The velocity ve of the evader can be decomposed into two

velocities vβ and vγ , where vβ is on the plane ♦pipepj and

vγ is perpendicular to the plane ♦pipepj shown in the left

figure of Fig. 4. First, we explore the relationship between

vγ and αi,j . Suppose the evader moves along a direction

perpendicular to the plane ♦pipepj , i.e., vγ = ve and vβ =
0. The evader pe gets to the position p̂e = pe + Tvγ in a

finite time interval T . Denote by αi,j = ∠pipepj , α̂i,j =
∠pip̂epj , ξb = ∠pip̂epe, ξc = ∠pjp̂epe, eb = p̂e−pi

and ec = p̂e−pj . The dihedral angle between intersecting

planes ♦pip̂epe and ♦pjp̂epe equals αi,j . From Lemma
1, we obtain

cos α̂i,j = cos ξb cos ξc + sin ξb sin ξc cosαi,j , (9)

where

cos ξb =
vγ ·eb

||vγ ||2||eb||2 =
T ||vγ ||2
||eb||2 ,

cos ξc =
vγ ·ec

||vγ ||2||ec||2 =
T ||vγ ||2
||ec||2 .

(10)

Fig. 4: The moving directions of the faster evader and two

slower pursuers.

Then, it yields

−α̇i,j sinαi,j =
∂ cosαi,j

∂T
= lim

T→0

cos α̂i,j − cosαi,j

T
= 0.

(11)

From (11), we get α̇i,j = 0 if sinαi,j �= 0. When

sinαi,j = 0, αi,j = 0, π. Note that αi,j = π means

that the evader wins the game. When αi,j = 0, we have

α̇i,j = lim
T→0

α̂i,j−αi,j

T = 0. Hence, if the pursuit-evasion

game is not ended and the evader moves along the direction

vγ , we have α̇i,j = 0, i.e., vγ will not change the included

angle αi,j .

Next, we explore the relationship between vβ and αi,j .

Denoted di = ||pi−pe||2 and dj = ||pj−pe||2 as the dis-

tances between the faster evader and two pursuers shown in

the right figure of Fig. 4. αe is the relative heading of vβ

from the vector −−−→pepj . Denote vi,vj as the velocities of two

pursuers pi,pj . If vi = 0,vj = 0, we have

α̇i,j =
||vβ ||2 sin(αi,j − αe)

di
+

||vβ ||2 sinαe

dj
. (12)

To maximize α̇i,j , the optimal relative heading α∗
e is given

by

α∗
e = arctan

di − dj cosαi,j

dj sinαi,j
. (13)

Note that α̇i,j is also related to ‖vβ‖2. To maximize α̇i,j

(12), we have vβ = ve and vγ = 0. Then, from Lemma 2,

we have

ve= Ve(cj cosα
∗
e+wi,j×cj sinα

∗
e), (14)

where wi,j =
(pj−pe)×(pi−pe)

||(pj−pe)×(pi−pe)||2 and cj =
pj−pe

||pj−pe||2 .

3.2 Pursuit Algorithm
Similarly, we can know that the optimal moving directions

vi,vj of two pursuers for decreasing the included angle αi,j

are also on the plane ♦pipepj shown in the right figure of

Fig. 4. Denote αi and αj as the relative headings of pi and

pj from the vectors −−→pipe and −−−→pepj . If ve = 0, we have

α̇i,j = −Vi

di
sinαi− Vj

dj
sinαj . (15)

To minimize α̇i,j , the optimal relative headings α∗
i and α∗

j

are given by

α∗
i =

π

2
, α∗

j =
π

2
. (16)
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Then, from Lemma 2, we have

vi=−Viwi,j × ci, (17)

vj=Vjwi,j × cj , (18)

where ci =
pi−pe

||pi−pe||2 .

3.3 Sufficient Escape Condition
From Section 2.2, we can know that each pursuer can oc-

cupy a right circular cone. If the evader moves along a di-

rection that is not within the right circular cone of pursuer pi

or pj , the evader will escape successfully. Hence, the evader

must win the game if the included angle αi,j satisfies

αi,j >
θi + θj

2
, (19)

where θi and θj are occupied angles of pursuer i and pur-

suers j, respectively.

3.4 Sufficient Capture Condition
Denote di,j as the relative distance between pursuer pi

and pj . Under velocity control laws (14), (17), (18) and

combining (12) and (15), we have

α̇i,j = −Vi

di
− Vj

dj
+

Vedi,j
didj

. (20)

Hence, the pursuers must win the game if α̇i,j ≤ 0, i.e.,

di,j ≤ djλi + diλj , (21)

where λi =
Vi

Ve
and λj =

Vj

Ve
are speed ratios. If the condi-

tion (21) holds at time instant t0, we have α̇i,j(t) < 0, t ≥
t0. The proof follows from that of Theorem 4.1 in the work

[11].

4 Multi-pursuer one-faster-evader game with
Non-Zero capture radius in 3-D space

It is proved that the faster free-moving evader can avoid

point capture [19], but it may be captured by a group of

slower pursuers with non-zero capture radius dc.

Definition 2. The evader is said to be captured by a pursuer
with non-zero capture radius dc > 0 if the distance between
the evader and the pursuer is less than dc.

Assumption 1. Each pursuer can access the position infor-
mation of the faster evader, itself and its neighbors. The
evader can access the position information of itself and its
neighbors. The position information of each player can be
obtained by the range-based or vision-based localization
methods [20–22]. The moving directions of the evader and
pursuers are unknown to each other.

For a group of n pursuers, each pursuer has a non-zero

capture radius dc and the faster evader can access the rela-

tive position of m ≤ n pursuers. Denote pie = pi−pe, i =
1, · · · ,m as the relative position between pursuer i and

evader. Define function χi ∈ R as

χi = arccos
vT
e · pie

||ve||2 · ||pie||2 − arcsin
dc

||pie||2 , (22)

Fig. 5: The non-zero capture radius dc.

where ve is the velocity of the evader shown in Fig. 5. From

Section 2.2, we can know that pursuer i cannot capture the

evader if χi >
θi
2 . Define escape function �(ve) ∈ Rm as

�(ve) = (χ1 − θ1
2
, χ2 − θ2

2
, · · · , χm − θm

2
)T , (23)

where θi, i = 1, · · · , n is the occupied angle of pursuer i.

4.1 Sufficient Escape Condition
The faster evader must win the game if it can access the

relative position of all pursuers and there exists a moving

direction ve such that

�(ve) > 0. (24)

�(ve) > 0 means that χi > θi
2 , i = 1, · · · , n, i.e., no

pursuer can capture the faster evader.

4.2 Escape Algorithm
The evader should try to increase �(ve). Hence, the ve-

locity control law ve of the faster evader is given by

ve = arg max
||v̂e||2=Ve

�(v̂e). (25)

Particle swarm optimization (PSO) algorithm [23] is used

to solve (25). PSO algorithm is initialized with a group of ne

particles. Denote βi and ϕi as the position and velocity of

particle i. At kth iteration, velocity and position of particle i
are updated by

ϕi(k+1)=wϕi(k)+ζ1η1(φi(k)−βi(k))+ζ2η2(φg(k)−βi(k)),
(26)

βi(k+1) = βi(k)+ϕi(k+1), i=1, · · · , ne, (27)

where w is the weight. ζ1, ζ2 are learning factors. η1, η2
are uniformly distributed random numbers between (0, 1).
φi(k) is the fittest solution achieved by particle i before the

k+1 iteration. φg(k) is the fittest solution achieved by all

particles before the (k+1)th iteration. The cost function of

particle i is designed as

Ji(k+1) = max�(βi(k+1)). (28)

The optimization process (26)-(27) continues until the

maximum iteration number is reached. Denote me as the

maximum iteration number. Based on φg(me), the velocity

ve is designed as

ve = Ve
φg(me)

||φg(me)||2 . (29)
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4.3 Pursuit Algorithm
The group of pursuers should not only try to trap the

evader within the capture domain, but also approach it. From

Section 2.2, we can know that each pursuer dominates a right

circular cone in R3. For two pursuers pi and pj , their corre-

sponding right circular cones with the same apex pe intersect

if the included angle αi,j (8) satisfies

αi,j <
θi + θj

2
, (30)

where θi and θj are occupied angles of pursuer i and pursuer

j, respectively. To occupy more space, pursuer i and pursuer

j should try to increase the include angle αi,j . From section

3.2, we can know that the optimal velocity control law of

pursuer i for increasing the included angle αi,j is

vi=Viwi,j × ci, (31)

where wi,j =
(pj−pe)×(pi−pe)

||(pj−pe)×(pi−pe)||2 and ci =
pi−pe

||pi−pe||2 .

Each pursuer i may have many neighboring pursuers. Ωi

is denoted as the set of neighboring pursuers of pursuer i. To

occupy more space, the cooperative surrounding algorithm

vis of pursuer i is designed as

vis=ki

∑
j∈Ωi

αi,j · vi,j

|| ∑
j∈Ωi

αi,j · vi,j ||2 , (32)

where ki ∈ [0, Vi] is a surrounding coefficient. vi,j is a unit

vector for increasing the included angle αi,j

vi,j =

{
wi,j × ci, if αi,j ∈ [0,

θi+θj
2 ),

0, if αi,j ≥ θi+θj
2 .

(33)

Since vi,j is a unit vector for increasing the included angle

αi,j , αi,jvi,j in (32) can be regarded as a ’repulsive force’

between pursuer i and pursuer j. Then,
∑

j∈Ωi

αi,j · vi,j is the

’resultant of repulsive forces’. To approach the faster evader,

the hunting algorithm vih is designed as

vih = −hici, (34)

where hi ∈ [0, Vi] is a hunting coefficient. Combining (32)

and (34), the pursuit algorithm vi for pursuer i is designed

as

vi = vis + vih = ki

∑
j∈Ωi

αi,j · vi,j

|| ∑
j∈Ωi

αi,j · vi,j ||2 − hici. (35)

Since vis · vih = 0, vis is perpendicular to the vih. i.e.,

‖vi‖2 = k2i + h2
i = Vi. Note that there is a trade-off

between cooperative surrounding and hunting, i.e., how to

choose the values of ki and hi. Denote ψi = arctan ki

hi
as

the trade-off coefficient. If a pursuer has larger maximum

speed than other pursuers, it should focus on the hunting be-

cause it has a better chance to capture the evader. Denote

Vmax = max{V1, · · · , Vn} as the maximum speed among

a group of n pursuers. Hence, the parameters ki and hi are

designed as

ki = Vi sinψi, hi = Vi cosψi, ψi =
π

2
(1− Vi

Vmax
). (36)
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Fig. 6: Two-pursuer one-faster-evader fishing game.

5 Simulation

Two simulation examples are presented to illustrate the

theoretical results. In the two-pursuer one-faster-evader fish-

ing game shown in Fig. 6, pi,pj try to decrease the included

angle αi,j under optimal pursuit control laws (17) and (18),

while the faster evader pe aims to increase the included an-

gle αi,j under optimal escape control law (14). The speed

ratios of two slower pursuers and the faster evader are set as

λi = Vi

Ve
= 0.65 and λj =

Vj

Ve
= 0.7, respectively. The

initial positions of two pursuers are set as pi = (8, 5, 5)
and pj = (10,−10, 0), and the initial position of the faster

evader is set as pe = (0, 0, 0). Since this initial spatial dis-

tribution satisfies the sufficient capture condition (21), the

evader will be finally captured by the pursuers. In the ten-

pursuer one-faster-evader game shown in Fig. 7, the faster

evader is assumed to obtain at most eight closer pursuers’

relative positions m = 8. The speed ratio of the pursuer

and evader is set as λi =
Vi

Ve
= 0.8, i = 1, · · · , 10. In this

example, the escape function in (23) satisfies �(ve)(t) <
0, t ∈ (0, 38], which indicates that the sufficient escape con-

dition (24) cannot be satisfied. The initial positions of ten

pursuers are set as p1 = (5,−6,−5), p2 = (6, 4,−6),
p3 = (−5,−5,−4), p4 = (−4, 5,−6), p5 = (5,−5, 5),
p6 = (6, 4, 4), p7 = (−5,−5, 5), p8 = (−6, 6, 4), p9 =
(8, 8, 8), p10 = (−8,−8,−8). The initial position of the

faster evader is set as pe = (0, 0, 0). The faster evader is

finally captured by a pursuer (the winner) at time instant

t = 38.

6 Conclusion

This work proposes a pursuit algorithm and an escape

algorithm for slower pursuers and faster evader to maxi-

mize their chance of success in two kinds of pursuit-evasion

games in R3. The corresponding capture conditions and es-

cape conditions are derived. The future work will be on the

capture conditions of the multi-pursuer one-evader game.
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