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Abstract: In the article, we propose a combination method based on the multigrid method and
constraint data to solve the inverse problem in the context of the nonlinear convection–diffusion
equation in the multiphase porous media flow. The inverse problem consists of a data-fitting term
involving the discretization of a direct problem, a constraint term concerning the incorporation of
constraint data, and a regularization term dealing with the improvement of stability. A multigrid
method, which is specialized for large-scale problems and works by keeping the consistence of
objective functionals between different grids, is applied in the process of inversion. Based on the
numerical results, the proposed combination method has the advantages of fast calculation, high
precision, good stability, and strong anti-noise ability in computation. It obtains good performance
under various noise levels, as well as outperforming any one method used alone.

Keywords: nonlinear convection–diffusion equation; inversion; multigrid; constraint data; porous
media flow

MSC: 35R30; 65M32; 65M55; 60J60; 76S05

1. Introduction

Convection–diffusion equations (CDEs), as a type of partial differential equation, are
ubiquitous in applications in physics and chemistry as models for flow problems [1–3],
or heat and mass transfer [4,5], and have received considerable attention over the past
decades. Espedal and Karlsen [6] provided the saturation equation in the fractional flow
formulation of the multiphase porous media flow equations, which served as the origin
of the inverse problem of the nonlinear CDE. The nonlinear CDE inverse problem has
exhibited substantial potential in reservoir simulation [7] and plays a significant role in
geologic mapping [8], and oil and gas exploration [9].

Among earlier works on inverse problems of CDE, a multitude of approaches were
utilized [10–13]. While tremendous accomplishments have been made, the inversion
remains to be an arduous and intricate process due to the substantial investment of time
and computational resources, hence hindering its employment. Such problems can be
tackled by conventional inversion techniques such as the gradient, Gauss–Newton, and full
Newton methods [14–16]. Nevertheless, there are a few challenges associated with these
methods. For instance, the computation efficiencies of these approaches are reduced as
the number of parameters requiring estimation increases, leading to additional search
space. Furthermore, numerous scholars have directed their efforts towards exploring the
potential of artificial intelligence algorithms, including but certainly not limited to deep
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learning [17–19] and dictionary learning [20–22]. Consequently, due to the limitations of
the aforementioned inversion techniques, a nonlinear multigrid method is developed.

The multigrid method is one of the most precise and efficient approaches that has
proven to be effective in addressing direct problems as documented in references [23–26].
In addressing inverse problems, this method demonstrates an impressive capability to
drastically reduce the dimensions of objective functionals and to prevent getting trapped
in the local minima by way of ensuring the consistency between the objective functionals
on coarse and fine grids [27,28]. Al-Mahdawi et al. [29,30] proposed the V-cycle multigrid
method and parallel multigrid method for the inverse problems for the boundary value and
initial value in a heat equation. Xie et al. [31] solved the non-self-adjoint Steklov eigenvalue
problems in inverse scattering based on a kind of full multigrid method. Zhang et al. [32]
showcased the advantages of the multigrid method in the total variation minimization
problems, demonstrating its efficacy on medium- and large-scale image denoising and re-
construction problems. Furthermore, multigrid methods have attained remarkable progress
in the context of tomography problems [33–36]. Likewise, this method has found consider-
able utility in problems related to parameter inversion [37–39].

When compared with the utilization of solely surface-recorded data pertaining to
an examined entity, parameter inversion that incorporates constraint data, possibly pro-
vides a method to obtain reliable inversion results, resulting in less noise and a greater
quality of inversion. Numerous fields, such as tectonophysics [40], geophysics [41,42],
oceanography [43], and atmospheric research [44], have implemented parameter inversion
with constraints. For instance, Fournier et al. [45] applied the constraints from well-log
data to solve a seismoelectric inverse problem and displayed how inversion is improved
when using constraints. Wisén and Christiansen [46] studied laterally and mutually con-
strained inversion techniques, and demonstrated that the constrained inversion methods
can improve the model resolution greatly.

In this paper, we focus on the combination of multigrid method and constraint data
for solving the inverse problem of the nonlinear CDE in the multiphase porous media flow.
First, we use an upwind difference numerical scheme to discretize the direct problem at
different grids. Second, we formulate the inverse problem as an optimization problem,
which consists of three terms: a data-fitting term involving the discretization of the direct
problem, a constraint term concerning the incorporation of constraint data, and a regular-
ization term dealing with the improvement in stability. Third, a V-cycle multigrid method
is proposed to solve the resulted optimization problem. Finally, the efficiency and accuracy
of the proposed multigrid method are illustrated by some numerical examples.

The remaining part of the paper is organized as follows. In next section, we display the
nonlinear CDE in the multiphase porous media flow and introduce the upwind difference
scheme. Section 3 states the nonlinear CDE inverse problem. In Section 4, we derive the
multigrid method, utilized together with constraint data. In Section 5, some numerical ex-
amples are presented to validate the superiority of the proposed strategy. Finally, the paper
ends with some concluding remarks in Section 6.

2. Direct Problem
2.1. Nonlinear Convection–Diffusion Equation

In this part, we firstly introduce a set of partial differential equations, modeling the
immiscible displacement of oil by water in a porous medium under no gravity condition,
which can be described as [6]:

ξ(x)ut +∇ · (ψ(u)ν + ϕ(u)β(x)∇η)−∇ · (β(x)D(u)∇u) = ω1(x, t), (1)

∇ · ν = ω2(x, t), (2)

ν = −β(x)γt(x, u)(∇χ− ρw(u)∇η), (3)

ϕ(u) = (ρw(u)− ρn(u))ψ(u)γn(x, u), (4)
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where ψ and D are, respectively, the nonlinear S-shaped fractional flow and diffusion
functions, and the specific parameter definitions are as follows:

• ξ—porosity;
• β—permeability;
• η—height;
• χ—global pressure;
• ν—total Darcy velocity;
• γt—total mobility of the phases;
• γn—phase mobility of the nonwetting phase;
• ρw—density of the wetting phase;
• ρn—density of the nonwetting phase;
• ω1—production well;
• ω2—injection well.

Then, with the above set-up, we will lead to the nonlinear CDE to be considered by
adding some constraints. In Equation (1), if the coefficient of time derivative term ξ(x) ≡ 1
and the convection term have no varying coefficient and no permeability dependence, then
Equation (1) ends up as:

ut +∇ · (ψ, ϕ)−∇ · (β(x)D(u)∇u) = ω(x, t) ∈ Π× (0, T), (5)

which is the nonlinear CDE in the multiphase porous media flow, and subjected to the
following initial-boundary conditions

u(x, 0) = u0(x) ∈ Π, (6)

u(x, t) = 0 on ∂Π× (0, T), (7)

where ψ and ϕ are the nonlinear S-shaped Buckley–Leverett flux functions, and D is the
nonlinear diffusion function.

2.2. Upwind Difference Scheme

The upwind difference scheme is a stable scheme which does not introduce unphysical
numerical oscillations. To facilitate the presentation, the computational domain is assumed
to be unit square and discretized as a difference grid with the steps ∆x = 1/Nx in the
direction x, ∆y = 1/Ny in the direction y, and ∆t = T/Nt in the direction t, where Nx, Ny,
and Nt are respectively the number of space and time steps. The numerical approximation
of the solution is denoted by

uk
i,j = u(xi, yj, tk) = u(i∆x, j∆y, k∆t),

where i = 0, 1, . . . , Nx, j = 0, 1, . . . , Ny, and k = 0, 1, . . . , Nt. By applying the Engquist–
Osher upwind difference scheme [47] to Equation (5), we have

uk
i,j − uk−1

i,j

∆t
+∇ · (ψ(uk−1

i,j ), ϕ(uk−1
i,j ))−∇ · (βi,jDk

i,j∇uk
i,j) = ωk

i,j, (8)

where the discrete expressions of the convection term ∇ · (ψ(uk−1
i,j ), ϕ(uk−1

i,j )) and diffusion

term ∇ · (βi,jDk
i,j∇uk

i,j) have been described in [48].
Solving the difference Equation (8), combining with the discrete initial-boundary

conditions u0
i,j = u0(xi, yj) and uk

i,j = 0 for (xi, yj) ∈ ∂Π, the concentration field u(x, y, t)
can be numerically determined from the given permeability β(x, y), which is the direct
problem for the nonlinear CDE.
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3. Inverse Problem Formulation

After describing the direct problem, this section presents the inverse problem for the
nonlinear CDE in the multiphase porous media flow and related constraint data. The set-
ting of the inverse problem is stated as follows: the permeability coefficient β is regarded
as being unknown, while everything else in Equations (5)–(7) is known. In addition,
the measurement data of concentration taken at some fixed points (such as x1, x2, . . . , xZ)
are considered available. The objective of the inverse problem is to predict the unknown
space-dependent permeability coefficient β from the knowledge of the available measure-
ment data.

In order to develop expressions for the determination of the permeability coefficient β,
we firstly reformulate Equation (8) into a nonlinear operator equation

Φ(B) = U, (9)

where

B⊤ = (β1,1, β1,2, . . . , β1,Ny , β2,1, β2,2, . . . , β2,Ny , . . . , βNx ,1, βNx ,2, . . . , βNx ,Ny),

U⊤ = (u0
x1 , u0

x2 , . . . , u0
xZ , u1

x1 , u1
x2 , . . . , u1

xZ , . . . , uNt
x1 , uNt

x2 , . . . , uNt
xZ ).

Let the measurement data at position xz and time k∆t be denoted by ûk
xz , then the

solution of the present inverse problem is to be obtained in such a way that the following
functional is minimized:

∥Φ(B)− Û∥2, (10)

where
Û⊤ = (û0

x1 , û0
x2 , . . . , û0

xZ , û1
x1 , û1

x2 , . . . , û1
xZ , . . . , ûNt

x1 , ûNt
x2 , . . . , ûNt

xZ ).

Let
B⊤i = (βi,1, βi,2, βi,3, . . . , βi,Ny),

B̃⊤i∗ = (β̃i∗ ,1, β̃i∗ ,2, β̃i∗ ,3, . . . , β̃i∗ ,Ny),

where B̃i∗ is the permeability from the well logs of a well located at point i∗ in x, 0 < i∗ < Nx,
and used as the constraint data. Let Λ = (B, Bi∗ = B̃i∗) denote an admissible set, then the
inverse problem combined with constraint data can be written as

min
B∈Λ
∥Φ(B)− Û∥2. (11)

Assume
B̃⊤ = (0, 0, . . . , 0︸ ︷︷ ︸

(i∗−1)×Ny

, β̃i∗ ,1, β̃i∗ ,2, β̃i∗ ,3, . . . , β̃i∗ ,Ny , 0, 0, . . . , 0),

and

A =



0
0

. . .
0

1
1

. . .
1

0
0

. . .
0



.
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Obviously,
∥AB− B̃∥2 = 0, ∀B ∈ Λ.

With the combination of the constraint and objective functional, we can obtain a
minimization problem under no constraints:

min
[
∥Φ(B)− Û∥2 + σ1∥AB− B̃∥2

]
, (12)

where σ1 represents the constraint parameter, which plays a role in managing the strengths
of constraint. In the inversion procedure, designing σ1 to be large enough is of great
concern in making sure that the solution of Equation (12) is in the near vicinity of that of
Equation (11).

Due to the ill-posedness of the inverse problem, Equation (12) is regularized by

min Ψ(B) =
[
∥Φ(B)− Û∥2 + σ1∥AB− B̃∥2 + σ2∥B∥2

]
, (13)

where σ2∥B∥2 is the regularization term which serves to incorporate mathematical or
physical information to arrive at a better inversion result, and σ2 is the regularization
parameter. For solving Equation (13), we can use the iterative method similar to the
regularized Gauss–Newton method

Bk+1 = Bk −
[
Φ′(Bk)

⊤Φ′(Bk) + σ1 A⊤A + σ2 I
]−1
×[

Φ′(Bk)
⊤(Φ(Bk)− Û) + σ1 A⊤(ABk − B̃) + σ2Bk

]
, k = 0, 1, 2, . . .

(14)

4. Inversion Method

In the context of multigrid, the problem is discretized on a sequence of grids with
increasing grid sizes rather than on a single grid. From this point, we need to build a
sequence of discretization grids. Starting from the finest discretization grid Ξ(0) with the
grid size (∆x, ∆y), Ξ(m) is generated from Ξ(0) by multiplying the grid size of Ξ(0) by 2m.
This results in a grid sequence

Ξ(M) ⊂ · · · ⊂ Ξ(m+1) ⊂ Ξ(m) ⊂ · · · ⊂ Ξ(0),

where the symbol ⊂ stands for the nesting of grids. Then, on grid Ξ(m), we discretize the
direct problem and obtain the corresponding objective functional of inverse problem:

Ψ(m)(B(m)) =
[
∥Φ(m)(B(m))− Û(m)∥2 + σ

(m)
1 ∥A(m)B(m) − B̃(m)∥2 + σ

(m)
2 ∥B(m)∥2

]
, (15)

whose dimension and local minima are fewer, thus substantially improving the calculation
speed and preventing being trapped in local minima.

Next, two main operators of multigrid are introduced. The first is the smoothing
operator (also named ‘smoother’) which is aimed at updating the solution on a fixed grid
and is defined as

Sm(B(m), Ψ(m)),

where Sm is the iterative method Equation (14), and B(m) and Ψ(m) are respectively the
initial guess and objective functional of Sm. The second is grid transfer operators, which
consist of two operators: restriction and prolongation operators. The restriction operator

Em+1
m : Ξ(m) → Ξ(m+1),

can transfer information from a fine grid to a coarse grid. Inversely, the transmission from
a coarse grid to a fine grid needs to use the prolongation operator
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Em
m+1 : Ξ(m+1) → Ξ(m).

Finally, we demonstrate the three procedures of the multigrid method: the pre-
smoothing, smoothing on the coarse grid, and post-smoothing. Take the simple two-grid
method for example. In the pre-smoothing step, the method first applies a smoother to the
initial approximation on the fine grid, and then the resulting solution is restricted to the
coarse grid. In the smoothing on the coarse grid step, a smoother is applied on the coarse
grid. In the post-smoothing step, the change on the coarse grid is prolongated to the fine
grid, and a smoother is applied one more time. The entire process is described in Figure 1
and Algorithm 1.

Figure 1. Two-grid method. B(m)
1 , B(m)

2 are respectively the initial approximation and resulting

solution in the pre-smoothing step, B(m)
3 , B(m)

4 are respectively the corrected approximation and

resulting solution in the post-smoothing step. B(m+1)
1 , B(m+1)

4 are respectively the values before and
after applying the smoother on the coarse grid.

Algorithm 1: Two-grid method.
• Pre-smoothing:
◦ Apply the smoother to B(m)

1 and Ψ(m) on Ξ(m), resulting in B(m)
2 :

B(m)
2 ← Sm(B

(m)
1 , Ψ(m)).

◦ Restrict B(m)
2 to Ξ(m+1), resulting in B(m+1)

1 :

B(m+1)
1 ← Em+1

m B(m)
2 .

• On the coarse grid:
◦ Apply the smoother to B(m+1)

1 and Ψ(m+1) on Ξ(m+1), resulting in B(m+1)
4 :

B(m+1)
4 ← Sm+1(B

(m+1)
1 , Ψ(m+1)).

• Post-smoothing:
◦ Prolongate the change back to Ξ(m), resulting in B(m)

3 :

B(m)
3 ← B(m)

2 +Em
m+1

(
B(m+1)

4 − B(m+1)
1

)
.

◦ Apply the smoother to B(m)
3 and Ψ(m) on Ξ(m), resulting in B(m)

4 :

B(m)
4 ← Sm(B

(m)
3 , Ψ(m)).

In the multigrid method, it is ideal that after smoothing on a coarse grid, the solution
B(m)

3 is more exact than B(m)
2 , but it is not always tenable because of the potential inconsis-
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tence between the objective functionals. Hence, with the aim of the monotonic convergence
of the multigrid method, some supplementary conditions should necessarily be enforced.

First of all, a correction term is attached to the objective functionals to adapt the
gradients:

Ψ(m)
κ (B(m)) = Ψ(m)(B(m))− κ(m)B(m)

=
[
∥Φ(m)(B(m))− Û(m)∥2 + σ

(m)
1 ∥A(m)B(m) − B̃(m)∥2 + σ

(m)
2 ∥B(m)∥2 − κ(m)B(m)

]
.

(16)

Here, κ(m) is a row vector with initial value κ(0) = 0, having Ψ(0)
κ = Ψ(0).

Then, let the data-fitting terms between adjacent grids be equal:

Φ(m+1)(Em+1
m B(m))− Û(m+1) = Φ(m)(B(m))− Û(m), (17)

which gives
Û(m+1) = Û(m) −

[
Φ(m)(B(m))−Φ(m+1)(Em+1

m B(m))
]
. (18)

Next, like the data-fitting term, the same operation is applied to the constraint and
regularization terms:

σ
(m+1)
1 ∥A(m+1)Em+1

m B(m) − B̃(m+1)∥2 = σ
(m)
1 ∥A(m)B(m) − B̃(m)∥2,

σ
(m+1)
2 ∥Em+1

m B(m)∥2 = σ
(m)
2 ∥B(m)∥2,

(19)

which arrives at

σ
(m+1)
1 =

∥A(m)B(m) − B̃(m)∥2

∥A(m+1)Em+1
m B(m) − B̃(m+1)∥2

σ
(m)
1 ,

σ
(m+1)
2 =

∥B(m)∥2

∥Em+1
m B(m)∥2

σ
(m)
2 .

(20)

Finally, let objective functional gradients between adjacent grids be equal:

∇Ψ(m+1)
κ (Em+1

m B(m)) = ∇Ψ(m)
κ (B(m))Em

m+1, (21)

which leads to

κ(m+1) = ∇Ψ(m+1)(Em+1
m B(m))−∇Ψ(m)

κ (B(m))Em
m+1. (22)

Under all of the above conditions, the monotonic convergence of the multigrid method
can be assured [27].

By recursively substituting another two-grid method for the smoother on the coarse
grid of the two-grid method and enforcing the above conditions, we can easily obtain the
fast and convergent V-cycle multigrid method (see Figure 2 and Algorithm 2).

Figure 2. Multigrid method.
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Algorithm 2: Multigrid method.
• Initialization:
◦ Given B(0)

1 , σ
(0)
1 , σ

(0)
2 . Set Û(0) = Û and κ(m) = 0.

• Pre-smoothing:
For m = 0, 1, . . . , M− 2, M− 1:
◦ Apply the smoother to B(m)

1 and Ψ(m)
κ on Ξ(m), resulting in B(m)

2 :

B(m)
2 ← Sm(B

(m)
1 , Ψ(m)

κ ).

◦ Restrict B(m)
2 to Ξ(m+1), resulting in B(m+1)

1 :

B(m+1)
1 ← Em+1

m B(m)
2 .

• On the coarsest grid:
◦ Apply the smoother to B(M)

1 and Ψ(M)
κ on Ξ(M), resulting in B(M)

4 :

B(M)
4 ← SM(B(M)

1 , Ψ(M)
κ ).

• Post-smoothing:
For m = M− 1, M− 2, . . . , 1, 0:
◦ Prolongate the change back to Ξ(m), resulting in B(m)

3 :

B(m)
3 ← B(m)

2 +Em
m+1

(
B(m+1)

4 − B(m+1)
1

)
.

◦ Apply the smoother to B(m)
3 and Ψ(m)

κ on Ξ(m), resulting in B(m)
4 :

B(m)
4 ← Sm(B

(m)
3 , Ψ(m)

κ ).

5. Numerical Examples

To validate the proposed inversion method, we use two permeability models
(Figures 3 and 6). These two models are compared with the traditional fixed grid iterative
method with constraint data and the multigrid method without constraint data, which allows
us to assess the computational performance of multigrid and necessity of the introduction of
constraint data. The necessary parameters in the inversion process are taken as

ψ(u) =
u2(1− 5(1− u2))

u2 + (1− u)2 , ϕ(u) =
u2

u2 + (1− u)2 , D(u) = u2 − u + 1,

u0(x) = sin(πx)sin(πy), ∆x = ∆y = 1/28, ∆t = 0.002, T = 0.06,

i∗ = 14, σ
(0)
1 = 104, σ

(0)
2 = 10−4, B(0)

1 ≡ 3.

Under the above parameter settings, the dimensions of the permeability and measure-
ment data vectors B and Û are respectively 28× 28 = 784 and 14× 14× 30 = 5880.
Model 1. The first model is a level-stratified permeability model comprising three interfaces,
and the permeability values from bottom to top are 1.55, 3.33, 1.21, and 2.80 as shown in
Figure 3. For the addition of 40 dB, 30 dB, 20 dB, and 10 dB Gaussian noises (which are
generated by the function AWGN in MATLAB) to the measurement data, the inversion
results of the multigrid method with constraint data and the multigrid method without
constraint data are respectively displayed in Figures 4 and 5.
Model 2. The second model as shown in Figure 6 is composed of two anomalous bodies
embedded into a homogeneous background. The background permeability value is 3.25.
The permeability values of the two anomalous bodies are 4.95 and 2.18. Figures 7 and 8
respectively display the inversion results of the multigrid method with constraint data
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and the multigrid method without constraint data, with 40 dB, 30 dB, 20 dB, and 10 dB
Gaussian noises added.
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Figure 3. A level-stratified permeability model.
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Figure 4. Inversion results of the permeability model in Figure 3 from the multigrid method with
constraint data. (a–d) The respective inversion results with 40 dB, 30 dB, 20 dB, and 10 dB Gaussian
noises added.
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Figure 5. Inversion results of the permeability model in Figure 3 from the multigrid method without
constraint data. (a,b) The respective inversion results with 40 dB and 30 dB Gaussian noises added.
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Figure 6. A permeability model containing two anomalous bodies.
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Figure 7. Cont.
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Figure 7. Inversion results of the permeability model in Figure 6 from the multigrid method with constraint
data. (a–d) The respective inversion results with 40 dB, 30 dB, 20 dB, and 10 dB Gaussian noises added.
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Figure 8. Inversion results of the permeability model in Figure 6 from the multigrid method without
constraint data. (a,b) The respective inversion results with 40 dB and 30 dB Gaussian noises added.

We give and compare the CPU times and relative errors between three different
methods, the multigrid method with constraint data, the fixed grid iterative method
with constraint data, and the multigrid method without constraint data as presented in
Tables 1 and 2. From Table 1, we can calculate that the average CPU times of the above
three methods are respectively 330.1592 s, 628.2748 s, and 388.6597 s in Model 1, and
238.1196 s, 442.5765 s, and 287.4428 s in Model 2. The multigrid method with constraint
data is evidently superior compared to the other two methods. In particular, it is noted that
the CPU times of the fixed grid iterative method with constraint data are nearly twice as
much as those of the other two multigrid schemes, suggesting that the use of multigrid
can effectively accelerate the computational speed. The fixed grid iterative method with
constraint data misses the global minimum for 10 dB Gaussian noise; the multigrid method
without constraint data misses the global minimum for 20 dB and 10 dB Gaussian noises.
Accordingly, it is concluded that our proposed method can effectively avoid local minima.

Table 2 shows that the multigrid method with constraint data performs better in terms
of the relative errors of the inversion results. The addition of 20 dB Gaussian noise does not
impede the satisfactory inversion results from the multigrid method with constraint data
and the fixed grid iterative method with constraint data, although the multigrid method
without constraint data is incapable of producing an acceptable result. With the inclusion
of 10 dB Gaussian noise, only the multigrid method with constraint data is satisfying, and
the other two methods are disappointing. This is because the combination of multigrid
(which can allow escaping the influence of the local minima) and constraint data (which
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can offer the advantage of a high signal-to-noise ratio) makes the proposed method able to
strongly suppress the noise.

Table 1. CPU times (seconds) of inversion results from three different methods.

Model Number Method 40 dB Noise 30 dB Noise 20 dB Noise 10 dB Noise

1 Multigrid method with constraint data 325.4338 327.7108 330.4046 337.0875
Fixed grid iterative method with constraint data 625.8604 627.6335 631.3305 ×

Multigrid method without constraint data 385.3616 391.9577 × ×
2 Multigrid method with constraint data 235.4098 237.7170 238.4394 240.9123

Fixed grid iterative method with constraint data 437.0836 442.0178 448.6282 ×
Multigrid method without constraint data 281.6390 293.2465 × ×

×means no convergence.

Table 2. Relative errors of inversion results from three different methods.

Model Number Method 40 dB Noise 30 dB Noise 20 dB Noise 10 dB Noise

1 Multigrid method with constraint data 0.1221 0.1230 0.1249 0.1274
Fixed grid iterative method with constraint data 0.1237 0.1261 0.1288 ×

Multigrid method without constraint data 0.1267 0.1305 × ×
2 Multigrid method with constraint data 0.0524 0.0535 0.0551 0.0567

Fixed grid iterative method with constraint data 0.0546 0.0576 0.0588 ×
Multigrid method without constraint data 0.0600 0.0640 × ×

×means no convergence.

Figures 4 and 7 and Table 2 also show that, under various levels of disturbance of the
measurement data, the multigrid method with constraint data can obtain stable inversion
results. This indicates that the combination method based on the multigrid method and
constraint data has computational stability. The truncation errors of the proposed method
are the same as those of the regularized Gauss–Newton method. This is because the
adopted smoothing operator is the iterative method Equation (14), which is a variant of the
regularized Gauss–Newton method, and the truncation errors are caused by neglecting
higher-order nonlinear terms in the Taylor-series expansion. In the regularized Gauss–
Newton method, ignoring the second-order term in the derivative and approximating
the first-order term allows the iteration to be written as a sequence of linear least squares
problems. Some papers [49,50] have focused on reducing the truncation errors, which is
also one of the future research directions.

6. Conclusions

In the article, we have proposed a combination method based on multigrid and
constraint data to solve the inverse problem of the nonlinear CDE in the multiphase
porous media flow. The proposed method possesses the advantages of both multigrid and
constraint data, such as fast calculation speed, high calculation precise, good computational
stability, and strong noise resistance. These advantages are especially obvious in the
numerical simulation, which also shows that the performance of the multigrid method with
constraint data is much better than that of the other two methods: the fixed grid iterative
method with constraint data and the multigrid method without constraint data. Studying
the multigrid method with constraint data in high-dimensional problems is expected to be
the subject of future research.
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