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Electronic band structure and effective mass parameters of Ge.,Sn, alloys

Kain Lu Low, Yue Yang,' Genquan Han,' Weijun Fan,? and Yee-Chia Yeo'®
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Department of Electrical and Electronic Engineering, Nanyang Technological University, Singapore 639798

(Received 31 July 2012; accepted 26 October 2012; published online 28 November 2012)

This work investigates the electronic band structures of bulk Ge;_Sn, alloys using the empirical
pseudopotential method (EPM) for Sn composition x varying from 0 to 0.2. The adjustable form
factors of EPM were tuned in order to reproduce the band features that agree well with the reported
experimental data. Based on the adjusted pseudopotential form factors, the band structures of
Ge,_,Sn, alloys were calculated along high symmetry lines in the Brillouin zone. The effective
masses at the band edges were extracted by using a parabolic line fit. The bowing parameters of
hole and electron effective masses were then derived by fitting the effective mass at different Sn
compositions by a quadratic polynomial. The hole and electron effective mass were examined for
bulk Ge,_,Sn, alloys along specific directions or orientations on various crystal planes. In addition,
employing the effective-mass Hamiltonian for diamond semiconductor, band edge dispersion at the
I'-point calculated by 8-band k.p. method was fitted to that obtained from EPM approach. The
Luttinger-like parameters were also derived for Ge,_,Sn, alloys. They were obtained by adjusting
the effective-mass parameters of k.p method to fit the k.p band structure to that of the EPM.
These effective masses and derived Luttinger parameters are useful for the design of optical

and electronic devices based on Ge;_Sn, alloys. © 2012 American Institute of Physics.

[http://dx.doi.org/10.1063/1.4767381]

. INTRODUCTION

Semiconductor alloys have been extensively used for
engineering material properties through tuning the alloy
composition. The Si/Ge material system of group IV has
been widely studied for applications in optoelectronics and
electronics. However, the indirect nature of the band gap of
the Si/Ge material system is a fundamental limitation for its
application in optoelectronics. Ge;_,Sn, alloy has emerged as
a promising alternative alloy to achieve tunable direct band
gaps in group IV diamond-cubic materials. By tuning the Sn
composition, the band gap of Ge;_Sn, alloys exhibits a tran-
sition from indirect to direct. The tunable direct band gap of
Ge_Sn, makes possible the fabrication of optical and elec-
tronic devices with group IV materials using a complemen-
tary metal-oxide-semiconductor (CMOS) compatible process
flow.

First-principles and empirical methods have been used
for the calculations of Ge;_Sn, alloys physical parameters.
From first-principles calculations, the optical band gap bow-
ing parameter, b, is reported to be 2.06,1 2.75,2 2.49,3 and
1.90,* while calculations based on virtual crystal approxima-
tion (VCA) generally give a smaller optical band gap bowing
(0.94,°0.25,° —0.4,7 and 0.30.%)

The GeSn material system can be grown epitaxially
using various growth techniques such as molecular beam epi-
taxy (MBE)’! and chemical vapor deposition (CVD).?*%’
Pulsed UV laser annealing of amorphous Ge-Sn film has
been used to synthesize the metastable crystalline Ge;_,Sn,
alloys.”® Other techniques used to grow crystalline Ge,_,Sn,
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are dc-diode sputtering? and RF sputtering.**% An optical
absorption measurement for diamond cubic Ge,_Sn, alloys
performed by He ez al.'> has shown that the range of direct
energy gap of Ge;_Sn, to be between 0.35 and 0.80eV for
0 < x<0.15. Later, Guevara et al 32 reported that the critical
Sn composition x,. corresponding to the transition from indi-
rect to direct band gap is experimentally observed to lie
between 0.10 <x.<0.13 determined from transmittance
measurements using a fast-Fourier-transform infrared inter-
ferometer. Costa ef al.*” and Chen ez al.* reported the critical
concentration to be 0.11 and 0.071, respectively.

Apart from the band gap energies, the effective masses
are important fundamental parameters used in the design
of electronic and optical devices. Most of the studies of
Ge_,Sn, alloys have focused on band gaps and critical com-
position. However, there is a lack of investigation on the
effective mass parameters of Ge,_,Sn, alloys. Effective mass
parameters of Ge;_Sn, alloys may be useful for the design
of Ge,_Sn, alloys-based devices.

First principles calculations generally underestimate the
band gap energies and require substantial computational
time. The issue of band gap underestimation also becomes
worse for narrow band gap materials, such as GeSn system.
In this study, the empirical pseudopotential method (EPM)
was adopted for calculating the band structures of bulk
Ge,_Sn, alloys along high symmetry lines in the Brillouin
zone for Sn composition varying from 5% to 20%, and the
electron and hole effective masses are extracted along vari-
ous directions on common crystal planes. Based on the band
gap energies at L-point and I'-point obtained from fitting the
experimental data,”’ the adjustable parameters of EPM were
tuned in order to reproduce the band features that agree with
the experimental data.

© 2012 American Institute of Physics
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This paper is organized as follows. A brief theoretical
background of EPM and the results of Ge;_,Sn, band struc-
tures calculations and effective masses are described in
Sec. II. In Sec. III, we review the 8-band k.p model and the
derivation of the Luttinger parameters for Ge,_,Sn, at differ-
ent Sn compositions. Section IV summarizes the key points
of this work.

Il. ELECTRONIC BAND STRUCTURE
A. The empirical pseudopotential method

The EPM method™ is employed for the calculation of the
electronic band structure of the diamond cubic Ge;_Sn,. The
EPM is based on the orthogonalized plane wave (OPW)>*
method where the crystal wavefunction is constructed to be
orthogonal to the core states. The pseudopotential Hamilto-
nian of semiconductors is given by

»_,
H:—%V +V,(r), (1)

where V), is the pseudopotential of the crystal that can be
expanded into a Fourier series over the reciprocal lattice G as:

Vy(r) = Z (VS(G)SS(G) +iVA(G)sA (G)>eiG.r. 2
G

In Eq. (2), $5(G) and $*(G) are the symmetric and asymmet-
ric structural factors, respectively and V5(G) and VA(G)
are the symmetric and asymmetric pseudopotential form fac-
tors, respectively. They are related to the cation atomic
potential V;(G) and anion atomic potential V,(G) in the unit
cell by

V(G) = 5 Vi(G) + V(6] 3)

VA(G) =5 Vi(6) - V2(6)]. @

The adjustment of the form factors corresponds to the selec-
tion of a good, though not unique, pseudopotential which
can describe the material characteristics reasonably well.
Since Ge and Sn both crystallize in the diamond structure,
their asymmetric form factors are essentially zero
[VA(G) = 0]. Hence, it remains only the symmetric form
factors for Ge;,Sn, alloys. The basic set of plane waves
used in our EPM calculation were chosen such that |G+k]|
lies within a sphere bounded by a kinetic energy E; with a
magnitude of 13.5 Ry. By utilizing a perturbation method by
Lowdin,35 the second order contribution from all vectors G
that satisfied the criterion of £y < 2 |G+k|* < E, with E, of
20.5 Ry was considered.*®

Spin-orbit interaction is included for the accurate calcu-
lation of the band structures with the addition of the follow-
ing spin-orbit matrix element:

Hso = (Ki x Kj).05.5[—i73.8%(G) + 2*.S*(G)], (5)

where K; = G; + k, K; = Gj + k and oy is the usual Pauli
spin index denoting either spin up or down. A5 and /* are the
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symmetric and asymmetric spin-orbit contributions, respec-
tively. They are related the cationic and anionic spin-orbit
contribution, 4. and /,, by

1
A= E (}( + )ta)» = (;“C - ia)’ 6)

1
2
where

e = B, (Ki)B,(K;), 2q = auBy (KB (Kj).  (7)

u is an adjustable spin-orbit parameter and o is the ratio of
the spin splitting of the free anion and cation atoms. B,;(K)
is defined by

o0

Bu(K) = 'BL ju(KP)R,y(r)r2dr. (8)

where f§ is a normalization constant. j,;(Kr) and R, (r) are
the spherical Bessel’s function of /th angular momentum and
the radial part of the core wavefunction, respectively.

B. EPM calculations

The VCA has been commonly used for the calculation
of band structures of semiconductor alloys. In VCA, the
semiconductor alloy consists of fictitious atoms each having
an atomic potential being a compositionally weighted aver-
age of the atomic potentials of the constituent elemental
atoms. Thus, VCA models alloys properties using atoms
with mixed atomic potentials. VCA fails to describe cor-
rectly the characteristics of semiconductor alloys having
band gap energies that vary strongly non-linearly with com-
position.*” This inaccuracy arises from the nonlinear nature
of composition dependence of atomic potential which is not
well captured by VCA. Experimental work reported the
direct band gap bowing parameter of Ge;_,Sn, to be 1.94,%’
2.1,%° 2.3.3% These large bowing parameters illustrate the
nonlinear nature in which properties of Ge,_ Sn, alloy
depend on its composition.

In this study, the band structures of Ge;_,Sn, alloys with
different Sn compositions [0.05, 0.08, 0.11, 0.14, 0.17, and
0.20] were calculated using the EPM approach. The Ge,_,Sn,
alloy studied here is a random alloy with face-centered cubic
(FCC) lattice, i.e., Sn atoms substitute for Ge atoms randomly
throughout the crystal. The lattice constant Ge;_Sn, alloy
was obtained by linear interpolation between the lattice con-
stants of Ge and Sn atoms according to Vegard’s rule.

Instead of using VCA in which the weighted potentials
of the constituent atoms (Ge and Sn) are added to obtain the
pseudopotential form factors, a set of pseudopotential form
factors was adjusted for each Sn composition for the
Ge,_Sn, alloy. The bowing parameters of direct and indirect
band gap obtained by Costa et al.>’ were adopted in this
work for the calculation of band gap energies at L and I'-
point at various Sn compositions. The band gap energies of
Ref. 27 were used as benchmarks. For each Sn composition,
the form factors were iteratively updated and fed into EPM
until the calculated band structure of Ge;_Sn, yields band
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gap energies which are in good agreement with the experi-
mental values.

C. Results and discussions

The final adjusted form factors of Ge;_,Sn, are summar-
ized in Table I for Sn composition ranging from 5% to 20%.
Eg and Eé are the band gap energies at the I and L-points,
respectively. Overall, the fitted E(Sr and EL agree well with
experimentally reported band gap energies.?’ Using the fitted
form factors, the electronic band structures of Ge;_,Sn, along
high symmetry lines in the Brillouin zone were calculated.
The full electronic band structure of Ge,_,Sn, with a Sn com-
position of 11% is plotted in Fig. 1. Fig. 2 shows the indirect
to direct band gap transition for Ge;_,Sn,. For x=0.05, the
conduction band minimum (CBM) is located at L-point
which is 0.573 eV above the valence band maximum (VBM)
[Fig. 2(a)]. Fig. 2(b) shows that at x=0.11, the band gap
energies at the L and I'-points are equal. Fig. 2(c) depicts the
band structure of Ge;_Sn, with x=0.20 which exhibits a
direct band gap energy of 0.247eV. The band gap energy of
Ge.Sn, at X (EY), L (E), and T (Eg) points obtained from
the band structures calculated by EPM is plotted against Sn
compositions in Fig. 3. The E&r and Eé versus Sn composi-
tion curves from our calculations matched the corresponding
curves of Ref. 27 which are plotted using dotted gray lines in
Fig. 3.

From the calculated band structure of Ge,_,Sn, alloy, the
electron and hole effective masses along [100], [110], and
[111] direction of the Brillouin zone were extracted using a
simple parabolic line fit. All the extracted effective masses
are in the unit of free electron mass, mg The heavy-hole
(HH), light-hole (LH), split-off (SO), and conduction band
effective masses of Germanium (Ge) (corresponding to
Ge_Sn, with Sn composition x =0.00) extracted from our
EPM calculation were compared to reported data in the liter-
ature in Tables II and III. The calculated effective masses in
the conduction band (Table II) and in the valence band
(Table III) for Ge agree well with reported data.

The HH and LH effective masses of Ge;_,Sn, against Sn
compositions are depicted in Figs. 4(a) and 4(b), respec-
tively. From Fig. 4(a) a small variation (less than 7% with

TABLE I. The fitted form factors for Ge;_,Sn, with various Sn compositions
used in EPM. The calculated band gap energies are in good agreement with
the reported experimental data.?’ V5(3), V5(8), and V5(11) are the pseudopo-
tential form factors for G* equal to 3, 8, and 11 (in unit of (2m/a)® where a is
the lattice constant).

T T
Eg Eg

Expt. This Expt. This

X V5(3) VS@®)  VS(11) (Ref.27) work (Ref.27) work
0.00 —0.27200 0.05700 0.01700 0.8000 0.8019  0.660  0.6581
0.05 —0.26972 0.05575 0.01516 0.6470 0.6478 0.573  0.5727
0.08 —0.26825 0.05495 0.01418 0.5602 0.5605 0.524  0.5240
0.11 —0.26600 0.05345 0.01380 0.4766 0.4771  0.477  0.4769
0.14 —0.26410 0.05220 0.01330 0.3966 0.3966  0.432  0.4330
0.17 —0.26315 0.05190 0.01210 0.3201 0.3183  0.390  0.3900
020 —0.26130 0.05084 0.01160 0.2470 0.2475 0350  0.3505

J. Appl. Phys. 112, 103715 (2012)

9
)

r XUK T

FIG. 1. Full band structure of Ge;_Sn, along high symmetry lines in the
Brillouin zone for x =0.11. The Brillouin zone of the Ge;_,Sn, alloy is simi-
lar to that of face-centered cubic (FCC) Ge.

Energy (eV)

N

10

/

=

respect to HH effective mass of Ge) of HH effective mass
with the Sn composition was noticed along [100], [110], and
[111] directions. For all Sn compositions, HH effective mass
is largest along [111] direction followed by [110] and [100]
direction. Fig. 4(b) shows that LH effective mass decreases
with progressively higher Sn composition along [100], [110],
and [111] directions. LH along [111] has the smallest effec-
tive mass compared to that of [110] and [100] direction for
the Sn compositions investigated. LH effective masses of
different Sn composition were fitted with a quadratic polyno-
mial. The fitted bowing equations for LH effective mass
along [100], [110], and [111] directions are summarized in
Table IV.

Fig. 5(a) shows the transverse ;" and longitudinal n}}
electron effective masses at L-point. The effect of varying
Sn composition in Ge,_Sn, is almost negligible for the lon-
gitudinal electron effective mass ;. The variation of m}
of Ge,_,Sn, with respect to m:L, of Ge is less than 1.5%. For
transverse electron effective mass m’L, it shows a nearly
linear reduction trend with increasing Sn composition. The
electron effective mass at I'-point m:r is shown in Fig. 5(b).
By raising Sn composition in Ge;_Sn, from x =0 to x=0.2,
m:F is reduced noticeably by about 60%. The bowing equa-
tion for the electron effective masses is deduced and sum-
marized in Table I'V.

The band structures for bulk Ge,_.Sn, alloys were calcu-
lated in order to investigate the dependence of effective
masses of bulk Ge;_Sn, alloys along different crystal direc-
tions on each crystal plane orientation. It should be noted
that we are referring to band structures of bulk Ge;_Sn,
and not of Ge_Sn, crystal surfaces. Three common plane
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(a) x = 0.05 (b)x=0.11 (©)x=0.20
: 1.2 12
0.8 0.8} 1 08
= S =
=04 S04z 1 <04 :
2 04 1E, . = 0 E;= z O )
Z00f | £ 0.0} | £ 00 :
04f | 04} | -04f /\ :
0.8L 0.8 0.8
L r X L r X L r X

FIG. 2. Zoomed-in view of the electronic band structures of Ge;_.Sn, along L-I'-X for (a) x=0.05, (b) x=0.11, and (c) x=0.20, showing the transition from
indirect [Fig. 2(a)] to direct band gap [Fig. 2(c)]. Fig. 2(b) illustrates the critical composition of 11% where the band gap energies at the L and I'-points are

equal.
X
0.8 -
Indirect '
0.7 ! -
s | E, .
2 l—>
~ 0.6 | Direct E -
& | ' £
) [
= 05F -
=
X | i
0.4 | -
| = = —Ref. 27 | ]
—@&— This work
03F | -
i . E" ]
0‘2|....|....|l...|é.'7...|

0.00 0.05 0.10 0.15 0.20
X

FIG. 3. The calculated band gap energies of X, L, and I'-point at various Sn
compositions. The band gap energies of L and I'-point agree well with the
experimentally reported values in Ref. 27.

TABLE II. Effective masses of conduction band at symmetry points (L, I,
and A) in the Brillouin zone.

(mg unit) mil; mk mT mh mj?

Ge This work 1.595 0.092 0.0420 0.952 0.206

orientations of (100), (110), and (111) were studied. For
each plane orientation, the effective masses along all in-
plane directions were considered. Figs. 6-8 portray the effect
of plane orientation and in-plane directions on electron and
hole effective masses at ['-point. The inset of Fig. 6 shows
the top views of wafers with (100), (110), and (111) planes.
For each plane, various in-plane directions within the hori-
zontal and vertical axes (from 0° to 90°) were considered.
For (100) plane, 0° and 90° correspond to [001] and [010]
directions, respectively. For (110) plane, 0° and 90° were
taken along [001] and [110] directions. For (111) plane, the
corresponding directions for 0° and 90° are [110] and [112],
respectively.

From Figs. 6(a) and 6(b), the LH effective mass of (100)
and (110) plane orientations shows slight anisotropy. For
(100) plane orientation, the LH effective mass decreases
with increasing in-plane direction from 0° to 50° while it
starts to increase from 50° to 90° [Fig. 6(a)]. Fig. 6(b) shows
the trend of decreased LH effective mass with increasing in-
plane directions from 0° to 90° for (110) plane orientation.
Fig. 6(c) illustrates that the LH effective mass of (111) plane
is isotropic with all the in-plane directions having a similar
effective mass.

For the HH effective mass, an evident anisotropy was
observed for (100) and (110) plane orientations. For (100)
plane orientation, HH effective mass increases from 0° to

TABLE III. Effective masses of heavy-hole, light-hole and split-off bands
along symmetry lines [(100), (110), and (111)] in the Brillouin zone.

* «I
My, my,

(mo unit) (100) (110) (111) (100)  (110)  (111) My,

Literature 1.578  0.093*  0.0470°  0.889%  0.194% Ge Thiswork 0.226 0.439 0.597 0.0529 0.0476 0.0463 0.116
1.610°  0.081°>  0.0380° 1.350°  0.290° Literature 0.251* 0.467* 0.623" 0.0600* 0.0530° 0.0520* 0.128"
1.568°  0.094°  0.0490° 1.851°  0.195° 0.254° 0.477° 0.390° 0.0490° 0.0560° 0.0550° 0.097°

Ref. 39. “Ref. 39.
PRef. 40. Ref. 41.
“Ref. 41. “Ref. 42.
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(a) Heavy-Hole Effective Mass at the I'-point

0.6 B VS A A—h A A A .
[111] |
0.5¢ .
s I —eo—9o 9o oo o i
:—/ﬁ 0.4 [110] .
. 0.3f .
| —a—s 8 = 5 4 ]
0.2 1100]

0.00 0.05 0.10 0.15 0.20

X

(b) Light-Hole Effective Mass at the I'-point

0006 L] v T T L L

0.05} —=—[100] -
E .04} —A—[111] -
* SN

0.03} -

0.02} ;

0.00 0.05 0.10 0.15 0.20
X

FIG. 4. (a) Heavy-hole (HH) and (b) light-hole (LH) effective masses of
Ge;_Sn, along high symmetry lines in the Brillouin zone for x ranging from
0.05 to 0.20.

45° and decreases from 45° to 90° shown in Fig. 7(a). From
Fig. 7(b), HH effective mass shows a similar trend as that of
(100) plane orientation with increasing effective mass from
0° to 60° and decreasing from 60° to 90°. The HH of (111)
plane orientation is rather isotropic for all in-plane directions
shown in Fig. 7(c). The reduction of the HH effective mass
with increasing Sn composition for three planes and all plane
orientations is much less pronounced compared to the reduc-
tion seen in the LH effective mass.

For electron effective mass at I'-point, it appears to be
independent of the in-plane directions for all (100), (110),

TABLE IV. The bowing equations for light-hole, heavy-hole, and electron
effective masses (in unit of my) fitted with a quadratic polynomial for
0<x<0.20.

Effective mass Bowing equation (least squares fit)

0.03669x> — 0.1781x + 0.05288
—0.01199x% — 0.1456x + 0.04759
—0.01992x% — 0.1384x + 0.04628
0.009216x% — 0.1299x + 0.04202

my;, [100]
myy, [110]
my [111]
m, [111]

J. Appl. Phys. 112, 103715 (2012)

(a) Electron Effective Mass at the L-point

0.093 [ 11
— . e .60
L] -\.F\*L.
’M me,l
~>0.090F ¢ Longitudinal {1.56 —~
5 Transverse\ E
=) 087 * \\ 15278
—a— me; \
- . L 1.48
0.084 e \A_
0.00 0.05 010 0.15 0.20
X
(b) Electron Effective Mass at the I'-point
0.045 — T ' r .
0.040 - .
~ 0.035} .
o 0.030} -
g
0.025r .
0.020 .
0.015 1 1 1 1 1
000 0.05 010 015 0.20
X

FIG. 5. Electron effective masses of Ge;_Sn, along high symmetry lines in
the Brillouin zone for x ranging from 0.05 to 0.20: (a) Longitudinal and
transverse electron effective mass at L-point, (b) Electron effective mass at
I"-point.

and (111) plane orientations shown in Figs. 8(a)-8(c). Three
plane orientations demonstrate a similar trend of electron
effective mass along all in-plane directions.

Overall, the effective masses of LH, HH, and conduction
band at I'-point along all in-plane directions decrease with
the increasing of Sn composition for all three plane orienta-
tions. This observation is consistent with the fact of reduced
band gap energy of Ge,,Sn, alloy with increasing Sn
composition which leads to smaller effective masses for
Ge,_Sn, alloy with higher Sn composition.

lll. DERIVATION OF EFFECTIVE MASS PARAMETERS
A. Effective mass approximation

k.p method has been commonly used for obtaining the
electronic band structures of semiconductor materials for
device designs, such as carrier mobility*® and optical gain of
quantum well laser.** The extraction of k.p effective mass
parameters can be obtained by fitting the electronic band
structures of k.p method to that of EPM.*®*>* Using 8-band
k.p Hamiltonian,*’ the band edge dispersion at the I'-point
obtained by k.p method was fitted to the EPM results by tun-
ing the adjustable Luttinger-like parameters. The 8§-band
Hamiltonian for a diamond structure is given as

Downloaded 20 May 2013 to 155.69.4.4. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jap.aip.org/about/rights_and_permissions



103715-6 Low et al.

(a) m,, (100)
0.06
0.04}
0.02}

~_~
°©

(m

*T
Ih

0.00
0.02
0.04
0.06-

Effective mass m

(b) m,, (110)
~, 0.06
S

~

0.04/
S .02}
w

0.00]
0.02|
0.04]
0.061

o=

Effective mas

*T
(¢) m,, (111)
0.06
0.04}

~
°©

g

*T
Ih

m
I
>
N

0.00
0.02}
0.04
0.06-

Effective mass

J. Appl. Phys. 112, 103715 (2012)

1 2 1 1 1]
C 0 —P* —\|ZP; ——P 0 -—P, ——P*
N/ 37 N V3 Z /3t
0 C 0 ! P* 2P 1 P* ! P* ! P
ve o V3T vt s Vs
1 S
—P_ 0 HH S —R 0 i V3R
V2 2
2 1 2
—\/3Pz  —=P- s LH 0 —R ) /%8
37 e 3
1 2 5 ) )
—P —\ /=P —R* 0 LH ) —4/=S* D
\/6 + 3 Z 3
1 §*
0 ——P 0 —R* —S* HH V2R* —
N NG
1 1 S* 2
-—P;, ——P_ — -D — /=S V2R 1% 0
V3T B V2 3
1 1 o) S
—P, —P; —2R" —/Z§ D — 0 1%
N RV 3 /2 |
|
90
(a) m,, (100) o0
. 0.6f 120 60
£ g4l
o 150 30
=02 f
w | | >
S 00p180 0
2 02t
S o04p 210 330
= 06l 240 300
270
(b)m, (110) o0
06 e —
§° n Composition: x
= 0.00
T 02 —0.05
2 0.08
g 00 - - 011
2 02 ---- 0.14
E 04 “ e e . 0'17
S Tl Ny 0.20
Sn Composition: x = 0.6 .
90 0.00
—0.05 "
0.08 (C) mhh (111) 9
-- 01 06
---- 0.14 5
- 017 L:Ji 0.4
~~~~~~~~~ 0.20 £ 02
Z 00
2 02
S 04
.
FIG. 6. The effective masses for light-hole, heavy-hole, and conduction = 0.6L 240 300

band at I'-point of Ge;.Sn, for three common plane orientations [(100),

270

(110), and (111)] and various in-plane directions. The LH effective masses

along various in-plane directions for different plane orientations: (a) (100),
(b) (110), and (c) (111). The LH effective mass of (100) and (110) shows

slight anisotropy.

FIG. 7. The effective masses of HH for three plane orientations: (a) (100),
(b) (110), and (c) (111). The effective masses for (100) and (110) plane ori-
entations show evident anisotropy.
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FIG. 8. The effective masses of electron for three plane orientations: (a)
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P = P,(ke*iky), (10h)

P.=P,k.. (101)

m, is the electron effective mass. A accounts for the spin-
orbit interaction. y; 7, and y; are the modified effective
mass parameters and related to the Luttinger parameters
(5,75.7%) used in 6-band Hamiltonian by*®

I

E
"/1:?1—3?, V2:V2—6?p7 “/3:“/%—7[) (11)
g g

6F,

The mixing of the valence and conduction bands is governed
by Kane energy E, and it is related to P, by

12)

In addition, the Luttinger parameters are approximately
related to the heavy-hole and light-hole effective masses*’

by
Y
)
VL_1< 1 1 )
274 001] _jool] |’
4 mgh] ml[1h]

yL—1< Lo, ) 1
374 001 001] | 1 -
4 mEh ] mi[m ! 2’"1[111 !

where mﬂo&,]l) and lehl&i) are heavy-hole (light-hole) effective

13)

mass in [001] and [111] directions, respectively. Once the 8-
band k.p Hamiltonian is established, the energy dispersion in
the vicinity of the I'-point can be obtained by diagonalizing
the Hamiltonian matrix.

B. Discussions and results of numerical fitting

Since the band gap of Ge,_Sn, alloy at I'-point reduces
with increasing Sn composition, the coupling of conduction
band with valence band needs to be included for accurate
calculations of band structures. Thus, 8-band k.p Hamilto-
nian was chosen over 6-band k.p Hamiltonian in order to
account for the coupling between conduction and valence
bands. The Luttinger-like parameters, y; 7, and 73, are
treated as adjustable parameters. Vegard's law was used to
approximate other required parameters, such as Kane energy
and lattice constant for each Sn composition of Ge;_Sn,.
Since the energy dispersion in the small vicinity of the I'-
point determines the transport behavior of semiconductors,
accurate energy dispersion at the band edge is crucial.
Hence, the fitting of band structure by k.p method to ones by
EPM is aimed at reproducing effective masses obtained from
band structures by EPM.

For the fitting process, the initial guesses of the fitting
parameters were calculated by Eq. (13) based on the electron
and hole effective masses at I'-point obtained by EPM. For
each fitting iteration, the effective masses of HH, LH, split-
off (SO), and conduction bands (CB) were extracted from
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TABLE V. The fitted Luttinger-like parameters, including Kane energy E,,,
band gap energy at the I'-point E;, and spin-orbit splitting A for
0<x<0.20.

J. Appl. Phys. 112, 103715 (2012)

TABLE VII. The effective masses of the conduction and split-orbit bands of
Ge;_Sn, (in unit of m) obtained using a simple parabolic line fit using
8-band k.p method and EPM for 0 <x <0.20.

X 71 V2 73 Ep E;.— A
0.05 13.6487 4.5823 5.9854 26.185 0.6478 0.3209
0.08 15.2093 5.3417 6.7572 26.116  0.5605 0.3423
0.11 17.2307 6.3319 7.7708 26.047 0.4771 0.3635
0.14 19.9506 7.6821 9.1278 25.978 0.3966 0.3845
0.17 23.8490 9.5988 11.0770 25.909 0.3182 0.4048
0.20 29.5552 12.4408 13.9287 25.840 0.2475 0.4249

TABLE VI. The effective masses of the LH and HH bands of Ge;_.Sn, (in
unit of mp) obtained using a simple parabolic line fit using 8-band k.p
method and EPM for 0 <x <0.20.

my, (k.p, EPM) my,, (k.p, EPM)

X [100] [111] [100] [111]
0.05  0.0529,0.0529  0.0464,0.0464  0.230,0.230  0.604, 0.603
0.08  0.0441, 0.0441 0.0393,0.0393  0.223,0.223  0.596, 0.596
0.11 0.0389,0.0389  0.0351,0.0351 0.221, 0.221 0.590, 0.590
0.14  0.0338,0.0338  0.0308,0.0308  0.219,0.219  0.592,0.592
0.17  0.0287,0.0287  0.0265,0.0265  0.218,0.218  0.590, 0.590
0.20  0.0235,0.0235  0.0221, 0.0221 0.215,0.215  0.590, 0.590

the band structures calculated by k.p method. These
extracted effective masses were then compared with that of
EPM. In the fitting process, the fitting parameters were itera-

m, (k.p, EPM) m,, (k.p, EPM)
X [100] [111] [100] [111]
0.05 0.0355,0.0355 0.0356,0.0355 0.109, 0.109 0.108, 0.108
0.08 0.0316,0.0316  0.0317,0.0317 0.107,0.104 0.107,0.104
0.11 0.0278,0.0278  0.0278,0.0279  0.107,0.100 0.106, 0.100
0.14  0.0240,0.0240  0.0240,0.0240  0.108, 0.096 0.108, 0.0958
0.17  0.0201, 0.0201 0.0202, 0.0201 0.114,0.0915  0.114,0.0913
0.20 0.0164,0.0164 0.0165,0.0164 0.132,0.0875 0.131,0.0874

tively adjusted in order to minimize the difference between
effective masses obtained by k.p method and EPM.

The fitted Luttinger parameters of 8-band k.p method
for each Sn composition of Ge; . Sn, are summarized in
Table V. The comparison of the effective masses of HH, LH,
SO, and CB at different Sn composition obtained by k.p
method and EPM is shown in Tables VI and VII. In Fig. 9,
the band structures of Ge;_,Sn, alloy by k.p method are com-
pared to that of EPM for x=0.05, 0.11, and 0.20. The band
structures obtained by k.p method (dashed line) were fitted
reasonably well to that by EPM which is plotted with open
circles.

For Sn composition x from 0.05 to 0.20, the average dif-
ference between HH, LH, and CB effective masses obtained
by k.p and by EPM is within 0.08%, indicating that a very
good fitting was achieved. The average discrepancy for SO
effective mass calculated by k.p method and by EPM is

(a) x = 0.05 (b)x=0.11 (©) x=0.20
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FIG. 9. The fitted band structures of Ge;_,Sn, for (a) x =0.05, (b) x=0.11, and (c) x =0.20 at I"-point using 8-band k.p Hamiltonian with the spin-orbit interac-
tion taken into account. The results of EPM calculation are plotted with open circles, and results from the k.p method are plotted using dashed lines.
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about 19%. Since the transport of semiconductors is essen-
tially determined by HH, LH, and CB effective masses, the
effect of SO effective mass is generally negligible. So, an av-
erage difference of 18% difference in SO effective mass will
not affect the transport behavior of Ge,_ Sn, alloys. Overall,
from the results of Tables VI, VII, and Fig. 9, the 8-band k.p
method successfully reproduces the energy dispersions cal-
culated by EPM at the vicinity of I'- point.

IV. CONCLUSION

The electronic band structures of Ge;_Sn, were calcu-
lated using the empirical pseudopotential method. By adjust-
ing the form factors of the pseudopotential, the band gap
energies obtained from the calculated band structures agree
well with reported experimental data. With increasing Sn
composition, the extracted Ge;,Sn, effective masses
decrease for 0 <x < 0.20 for light-hole valence band, con-
duction band at I'-point and conduction band at L-point
along transverse direction. The effective masses of heavy-
hole and conduction band at L-point along longitudinal
direction are rather independent of Sn composition. The
study of the dependence of effective masses at I'-point on
the plane orientations [(001), (110) and (111)] and in-plane
directions reveals that the LH and HH effective masses show
anisotropy for plane orientations of (100) and (110). For
electron effective mass, it shows isotropy and similar magni-
tude along all in-plane directions for all three plane orienta-
tions investigated. In addition, the Luttinger-like parameters
of 8-band k.p model were derived by fitting the energy dis-
persion in the vicinity of the I'-point to that by EPM. These
effective masses and derived effective mass parameters of 8-
band k.p method may be useful for the optical and electronic
device designs employing Ge;_.Sn, alloys.
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