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Summary

The fast growth of technology in communication networks greatly changes our

life, and communications is one of the most important growth sectors in all lead-

ing economies. Combinatorial optimization problems (COPs) arising naturally in

communication networks have acquired essential attentions in research and engi-

neering nowadays. Unfortunately, the optimal solution of a large class of these

problems requires an amount of computation which increases exponentially with

the problem size. In order to tackle these problems, heuristics are often adopted

to find optimal or near-optimal solution in a reasonable computational time due

to the NP-hard nature of these COPs.

Neural networks are novel and potentially powerful heuristics for this kind

of problems because they are intrinsically parallel systems with significant poten-

tial for fast hardware implementation. Unfortunately, the past models of neu-

ral networks for solving the combinatorial optimization problems are essentially

Hopfield-based networks. The original Hopfield neural network (HNN) needs to

construct the energy function related to the optimization problem, and implement

a gradient descent dynamics to search the optimal solution. The monotonously

descent dynamics makes the network easy to be trapped in local minima and re-

sults in poor and infeasible solutions. Recently, there have been extensive research

interests and efforts in theory and applications of chaotic neural networks (CNN)

which have a richer spectrum of dynamic behaviors, such as stable fixed points,

periodic oscillations, and chaos. A revised version of the CNN called transiently

i

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



chaotic neural network (TCNN) implements chaotic behaviors as in the CNN and

gradually decreasing the self-coupling which stabilizes the network. However, the

TCNN has completely deterministic dynamics and is not guaranteed to settle down

at a global optimum no matter how slowly the annealing parameter (the neuronal

self-coupling) is reduced.

In this thesis, firstly a new neural network model called the noisy chaotic neu-

ral network (NCNN) is presented to solve the topological optimization problem

(TOP) in backbone network design. The NCNN employs the chaotic simulated

annealing and decaying noise, which make the networks have both stochastic wan-

dering and efficient chaotic searching ability. Experimental results show that the

NCNN outperforms HNN in both solution quality and convergence rate. Further-

more, two extensions of the NCNN model, i.e., the gradual noisy chaotic neural

network (G-NCNN) and the noisy chaotic neural network with variable threshold

(NCNN-VT), are proposed which aim to separate the problem’s constraints from

the its objective functions. The G-NCNN is implemented by combining the grad-

ual expansion scheme with the NCNN. In this model, the number of neurons in the

network are not fixed. On the contrary, it is gradually activated in groups during

the searching process. The grouping and sorting of activated neurons are based

on the objectives of the optimization problem. The NCNN-VT employs the adap-

tive mapping scheme with the NCNN model. It maps the objective function of

optimization problem into the adaptive selection of neuron firing probability, i.e.,

the neuron in the NCNN-VT are assigned with a probability value in the neuron

computation, the larger the value of neuron the more likely the neuron be selected

in the final solution. With these two schemes combined with the NCNN, the ob-

jectives can be separated from the constraints terms. Experimental results show

that the proposed neural network models need lower computation cost compared

with the previous methods with the growing of the problem size. So our proposed

neural networks are more scalable than previous techniques. Moreover, the sep-

aration makes the formulation of energy function of neural network simpler and

ii
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the tuning of weighting coefficients between constraints easier. In this thesis, the

convergence and feasibility of the proposed models are provided, together with the

analysis of the computational complexity of our models in one iteration. We also

discussed the selection of parameters by investigating the single neuron dynamics

of the neural network model.

The wide applicability of these neural network models is demonstrated in

this thesis through the applications of the three practical COPs in communication

networks: topological optimization problem (TOP) in network design, broadcast

scheduling problem (BSP) in packet radio networks, and frequency assignment

problem (FAP) in satellite communications systems. Each of these problems are

solved by different proposed method and compared with the existing algorithms in

each area. Besides the comparisons with the previous methods in benchmark ex-

amples, extensive randomly generated large problems are solved. The comparative

results of solution quality show that the NCNN and the proposed neural network

models are attractive methods for solving the combinatorial optimization.

iii
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Chapter 1

Introduction

1.1 Motivation

Combinatorial optimization problems (COPs) cover a wide spectrum of areas in

various fields including economics, biology, physics and engineering. Combinatorial

optimization involves searching a large space of possible solutions for a specific

optimal solution. The objective of COPs is to find such a specific optimal solution

while meet certain constraints and the values of the variables in the final solutions

are restrained to be integers, i.e., limited to binary values of 0 and 1. Optimality of

a specific solution for COPs is generally measured by an analytical function of the

problem, or called goal function or objective function of the problem. The search

of optimal solution is to maximize or minimize the objective function, where one

solution maybe better than the other. Usually the combinations of the solution

are large despite the constraints which restrict the feasible region of solutions.

In practical situation, the COPs are constraint satisfaction problems with one or

several constraints. When the constraints and objective functions are linear, the

global solution is easy to find. Actually in usual case, the objective functions and

constraints are nonlinear functions which has many local minima. And to find a

global optimal is not easy among vast number of combinations. Such problems
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2 1.1 Motivation

are said to be NP-hard since they are unlikely to be solvable by an amount of

computational effort which is bounded above by a polynomial function of the size

of problem [40].

In order to find an optimal solution among many possibilities, an effective

algorithm should be applied. There are several classes of methods to attack a

global optimization problem. Usually, exact algorithms or heuristic (approxima-

tion) algorithms are two general ways. As an exact method, Branch and bound

(BnB) is by far the most widely used tool for solving large scale NP-hard com-

binatorial optimization problems. It has been widely used in many applications

in recent research and engineering fields and it is an algorithm paradigm, which

has to be filled out for each specific problem type, and numerous choices for each

of the components exist [67, 54, 107, 60, 33, 77, 26]. Even then, principles for

the design of efficient BnB algorithm have emerged over the years. Given a spe-

cific optimization problem, BnB algorithm searches for the best solution in the

complete space of solutions. However, explicit enumeration is normally impossible

due to the exponentially increasing number of potential solutions. A search tree

is formed which applies node selecting scheme and branching rule to traverse the

solution tree. The use of bounds for the function to be optimized combined with

the value of current best solution enables the algorithm to search only parts of

the solution space implicitly. If the bounding function can drastically reduce the

solution space from one tree level to next, the total number of nodes explored will

be reduced. Thus we can eventually search efficiently in relatively small iterations

and guaranteed to find a global optimal solution. In this thesis, we will compare

our results with BnB and show that the exact method is not suitable for the large

case combinatorial optimization problems although it is successful to small-size

ones.

The computational burden for NP-hard COPs can be illustrated by investi-

gating the most widely studied problem in combinatorial optimization, i.e., the

famous traveling salesman problem (TSP) [72]. In this problem, a salesman is

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



1.1 Motivation 3

about to visit N cities and passes each city once and exactly once while ending

his tour in the same city where he started. The inter-city distances for all pairs of

cities are known as a priori, i.e., the pre-defined distance matrix specified in the

form of an N ×N matrix where N is the number of city. The objective of the TSP

is to find the shortest tour among all valid tours without those which invalid paths

including may pass through each city more than once, or do not complete the tour

in a full circle. The solution space of this problem can be determined to be N !/2N

[72]. Let us examine the total solution space through several examples. For a

seven-city TSP (N = 7), the solution space consists of 360 valid paths. Therefore,

it is feasible to calculate the tour length associated with each of the 360 paths and

select the shortest one. This solution is called the global optimum solution for the

TSP since we have explicitly determined that among all possible valid tours. How-

ever, with a slightly larger problem consisting of 20 cities (N = 20), the solution

space explodes into greater than 6 × 1016 possible valid tours. Even if one could

calculate the length of each tour in 100 ns (using a very fast processor) it would

require more than 190 years to measure all the possible tour lengths. Obviously

such an “exhaustive search” of the solution space is impractical and infeasible, es-

pecially since in most real-world applications, the number of cities is of the order of

several thousand. The TSP belongs to the NP-complete class of problems, mean-

ing that no polynomial time algorithm has yet been found that can find the global

optimum solution. Therefore, most approaches to solving the TSP are heuristic

techniques which tend to only sample the solution space in search of an optimal or

sub-optimal solution. Since the entire solution space is not searched, there is no

guarantee that the chosen good solution is the global optimum. However, in many

real-world applications, it is common to prefer solutions that are sufficiently opti-

mal and can be found rapidly over more exhaustive search techniques which can

find the global optimum solution but consume valuable computational resources.

From the practical view, heuristic algorithms are more useful than the exhaus-

tive methods and have achieved significant success when applied to a large number
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of optimization problems. The heuristic algorithms developed so far include greedy

methods, local search methods, randomized methods, relaxation techniques, par-

tial enumeration, decomposition and partition approaches, and so on [89] [134].

Among these heuristic algorithms, the local search methods have extensive ap-

plications. On the basis of local search, some modern heuristic algorithms are

developed, such as simulated annealing (SA) [65], genetic algorithms (GA), Tabu

Search [42] [43], and Neural Networks.

The Hopfield neural network (HNN) is a novel and potentially powerful heuris-

tics for this kind of problems because they are intrinsically parallel systems with

significant potential for fast hardware implementation [51, 58]. It is a typical

model of artificial neural network with symmetric connection weights [50, 51, 52].

It has been shown to be a powerful tool for combinatorial optimization [91, 52,

120, 85, 89, 12, 19, 37, 9, 106, 6]. In [106] Smith summarized the previous work

on using the HNN. They have traced the history of neural network research from

the perspective of the two main approaches: Hopfield networks and self-organizing

networks. A detail survey of applications of neural networks for the various COPs

have also been given [106]. Varma and Jayadeva [111] proposed a novel digital

neural network for the traveling salesman problem. Recently application of HNN

on solving the QoS dynamic connection-admission control in multimedia wireless

networks was discussed in [6]. Although the HNN is a powerful tool for solving a

wide spectrum of combinatorial optimization problems and guarantees convergence

to a stable equilibrium point, it suffers the main shortcoming that it can be easily

stuck in the local minima due to its gradient descent dynamics [21]. Recently hill

climbing scheme had been used to perform as an excitatory force to enable the

network to escape from local minima, e.g. [36]. Wilson and Pawley [123] investi-

gate the HNN and raise the doubts to the reliability and validity of the HNN for

solving the TSP. They conclude that the original HNN is unreliable.

A practical way to help the system to get out of local minima is to use noise

to occasionally allow the system to jump to states of high energy. Particularly in
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optimizations where a global search for an optimal solution should be constantly

perturbed by noise in order to avoid being trapped into local optimal solutions. In

this sense noise in neural networks ensures the network to converge to some global

optima of a certain energy function by randomly forcing the network to consider

locally non-optimal states. This idea has led to the development of a novel type

of optimization strategies generally known as simulated annealing (SA). Simulated

annealing is an example of an evolutionary process modeled accurately by purely

stochastic means and is believed to be a plausible model of selection processes in

nature [90]. That is the process starts at a high temperature where choosing less

probable states occurs often and gradually decreases in temperature until changes

in states always increase the local probabilities [65]. The generality of the method

gives promise that simulated annealing will be a very widely applicable heuristic

optimization technique. In recent study, different simulated annealing techniques

have been combined with neural networks for optimization problems. A typical

example is the Gaussian machines obtained by adding random noises with Gaussian

distribution into an analogue neural network, i.e., stochastic simulated annealing

(SSA) [8].

It is well know that SSA tends to find high-quality solutions (global optima or

near-global optima), if the annealing parameter (temperature) is reduced exponen-

tially but with a sufficiently small exponent. However, for many applications, this

may lead to prohibitively long relaxation time in order to find solutions of accept-

able quality, and conversely, reasonable long periods of time may still result in poor

solutions. In order to speed up the searching process, various research efforts have

been made on finding new search technique based on chaotic search. Recently, a

large number of chaotic neural networks (CNN) with chaotic dynamics have been

investigated [105, 117, 130, 7, 80, 124, 53, 115, 114, 125, 21, 22, 23, 24, 45, 46, 48,

116]. When applied to solving the optimization problem, the chaotic dynamics will

boost the searching ability of the neural network without being trapped in local

minima.
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Firstly, Nozawa demonstrated the search ability of chaotic neural networks

[80] [124]. Chen and Aihara [125] [21] proposed a transiently chaotic neural net-

work (TCNN) by introducing a new variable corresponding to the “temperature” in

the usual annealing process into chaotic Neural Network (CNN) model to harness

the chaotic dynamics. The TCNN was considered as chaotic simulated annealing

(CSA) [21] because the dynamics of the TCNN is deterministically chaotic rather

than stochastic. Their computer simulations showed that CSA leads to good so-

lutions for the TSP much more easily compared to the Hopfield-Tank approach

[50] [51] [52] and SSA [65]. Chen and Aihara discussed the theoretical explana-

tion for the global searching ability of the chaotic neural network in [23]. They

claimed that the attracting set of the CNN contains all global and local optima of

the optimization problem under certain conditions, and since the chaotic attract-

ing set has a fractal structure and covers only a very small fraction of the entire

state space, CSA is more efficient in searching for good solutions for optimization

problems compared to other global search algorithms such as SSA, because the

stochastic search in SSA covers the entire solution space, rather than a fraction of

the solution space covered by the search in CSA.

Besides the CSA in the CNN [125], another type of CNN is obtained by

adding the chaotic noise into each neuron of the discrete-time continuous-output

HNN [47] [48]. The chaotic noise used can be generated from the logistic map

or other chaotic generators. In [47], Hayakawa et al. used chaotic noise to the

discretized Continuous-time Continuous-output HNN to solve the TSP. The results

show the low convergence rate due to the nonconvergent chaotic noise used in their

system. He [48] adopted a reduced chaotic noise in their model, as the chaotic noise

approaches zero, the network becomes the discrete-time continuous-output HNN,

thereby stabilizing and minimizing the energy. The results on solving the TSP

shows good convergence rate. In [57], Jayadeva proposed the sequential chaotic

annealing neural network (SCA) and applied to multilayer channel routing. In [14],

Bhardwaj and Jayadeva applied the SCA to optimal multiuser detection problem
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in CDMA system.

Although CSA has the feature of searching efficiently, it is unable to guaran-

tee to settle down to a global minima because CSA has completely deterministic

dynamics [109]. In [118], Wang and Tian combine the best features of both SSA

and CSA and take the advantage of the SSA and CSA, i.e., stochastic chaotic sim-

ulated annealing (SCSA), by adding a decreasing noise in the transiently chaotic

neural network. A noisy chaotic neural network (NCNN) which has noisy feature

and efficient chaotic searching is obtained.

Although the NCNN has been applied to solve the typical combinatorial op-

timization problems like the TSP and channel assignment problem [113] [116] in

GSM network, more practical applications need to be solved using the NCNN to

demonstrate its potential. The applicability of the NCNN is not very convincing

because it is applied to limited scope of problems and with small-size problems

only. In order to demonstrate the applicability of the NCNN model, other prob-

lems, especially the new NP-hard COPs arose in communications networks should

be solved. Besides, the NCNN should be applied to large-size instances in these

problems.

As in recent life, the fast development of communication technology greatly

changed our life style. And the increasing demands in communications makes it the

most important growth sectors in all leading economies. COPs arise naturally in

communications have been widely solved by various methods. The COPs in com-

munications area include scheduling (broadcast scheduling), routing (shortest path

routing, unicast/multicast routing), assignment (channel assignment, frequency

assignment), and design (topological design) problems. Excessive attentions and

research efforts have been put on solving these NP-hard COPs. The applications

of the NCNN to these problems are new and original.

Most of the above mentioned NP-hard problems are all belonging to the con-

straint satisfaction problems, which have one or several goals and many constraints.
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8 1.2 Objective

In solving this kind of problem, the scalability of the algorithm is a key factor.

Nonscalable algorithms will lead to poor solutions in large difficult problems. We

noticed that although the NCNN is a general model, it needs tedious work of

parameter selections when applied to problems with growing size. In order to im-

prove the scalability of the NCNN method, new neural network models are worth

exploring.

1.2 Objective

The focus of this thesis is on designing efficient heuristic methods for the NP-hard

combinatorial optimization problems. Due to the increasing applications and uti-

lizations in communications in science research and industry engineering in recent

time, we focus our research problems in communications networks, i.e., we aim

to solve NP-hard combinatorial problems in communications networks in recent

industrial engineering. Three typical problems are selected in this work, i.e., topo-

logical optimization problem (TOP) in network design [100], broadcast scheduling

problem (BSP) in packet radio network [98] [99] [102] [101], and frequency assign-

ment problem (FAP) in satellite communications systems [78] [38] [93].

The efficiency of the NCNN in solving the COPs have been demonstrated by

the previous work in solving TSP and CAP [116]. In order to show the applicability

of the NCNN, we firstly apply the NCNN to other NP-hard COPs mentioned above.

With the applications to these problems, we not only demonstrate the performance

of our method on already solved benchmark examples, but also on solving randomly

generated large-size problems to show the scalability of the NCNN.

Through the applications of the NCNN method to solve the constraint satis-

faction NP-hard problems, we found that in order to improve the scalability of the

NCNN method, it is necessary to separate the objective terms of the problem from

the constraint terms. In this context, we proposed two kinds of original models
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based on the NCNN model, i.e., gradual noisy chaotic neural network (G-NCNN)

and noisy chaotic neural network with variable threshold (NCNN-VT). We apply

the G-NCNN to solve the BSP in packet radio networks and use the NCNN-VT

to tackle the FAP in satellite communications systems. The simulation results in

the applications show that, through the separation of the objectives, the proposed

methods can not only simplify the selection of weighting coefficients in the neural

network energy function, but also will improve the solution quality in terms of

convergence rate and computation time.

While we focused on the design of NCNN-based models, we also attempted to

using hybrid methods to tackle the COPs. The idea of hybridization of methods

is that it combines the best of the two methods while avoiding the shortcomings.

There are several typical hybrid algorithms in the previous research, i.e., Hopfield

neural network and genetic algorithm (HopGA) [92] [94] and Hopfield neural net-

work with simulation annealing (HopSA) [93]. In this thesis, we combined the

NCNN with the typical heuristic in graph theory, i.e., sequential vertex coloring

to solve the BSP.

1.3 Major contributions of the thesis

The original contributions presented in this thesis can be summarized as follows:

1. Applications of the NCNN to three practical NP-hard COPs arising in com-

munications industry and obtaining better solutions than previous methods.

2. Demonstration of the potential of the NCNN model by applying it to the

large-size problems.

3. Experimentally proving the superior performance of the NCNN over the

TCNN through the comparisons in the application of broadcast scheduling

problem.
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4. Proof of the stability and convergence of the NCNN based on a unified frame-

work.

5. Proposal of a new noisy chaotic neural network (G-NCNN) which combines

the gradual expansion scheme with the neural network based methods.

6. Proposal of hybrid neural networks which combines the sequential vertex

coloring algorithm with the noisy chaotic neural network. The application

to the BSP shows its ability through extensive simulation results.

7. Proposal of the adaptive mapping scheme and the original noisy chaotic neu-

ral network with variable threshold (NCNN-VT). The NCNN-VT adaptively

maps the objective of the problem into the probability of firing for each neu-

rons in the neural network. Simulations of the NCNN-VT on benchmark

problems and randomly generated large-size problems are performed.

8. Proposal of a new formulation of the energy function in solving the frequency

assignment problem. Discussions on possible problems of the previous for-

mulation are also provided.

1.4 Organization of the Thesis

The rest of the thesis is organized as follows.

Chapter 2 firstly presents the theory of Hopfield neural network and the sta-

bility property of the HNN. Then it analyzes the chaotic dynamics of the chaotic

neural network, transiently chaotic neural network, and noisy chaotic neural net-

work from a single neuron perspective. The mathematical formulation of these

chaotic based neural network are given and the discussion on the difference be-

tween them are also presented in the end of this chapter.

In Chapter 3, based on the discussions of the NCNN method, we propose

two new models of neural networks which separates the objectives terms from
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the constraints terms in the problems. The mathematical formulation of these

two proposed method are presented. The differences of proposed methods with

the NCNN are discussed and the chaotic dynamics of the proposed methods are

compared with the NCNN dynamics.

The following four chapters (Chapters 4 to 7) are the detailed applications of

our proposed methods in different practical combinatorial problems. In Chapter 4,

we consider a network design problem which has its effects in a wide spectrum of

areas including telecommunications, computer networks, electricity distribution,

gas pipelines, and sewer networks. The problem needs to find an optimal topology

of network with minimal costs while meeting the reliability constraint. We apply

the NCNN methods to solve the TOP and compare the results with the previous

methods.

In Chapter 5, the broadcast scheduling problem (BSP) in packet radio network

is solved. The essence of the BSP is to find the optimal TDMA transmission frame

with minimal time slot and maximum node transmission in order to make the best

of the channel resources. We proposed a hybrid approach which combines the

sequential vertex coloring (SVC) algorithm and the NCNN to tackle the BSP in

two phases. The SVC is adopted to find minimal number of time slots while

meeting the constraints in the first phase. The NCNN is used in the second phase

to find additional node transmissions in the second phase. The simulation results

show that the performance of our hybrid method outperforms the previous method

in this problem.

Chapter 6 is the application of proposed G-NCNN model to the BSP. The

G-NCNN solves the BSP in two phases. By the utilization of gradual expansion

scheme, the G-NCNN is able to find the minimal number of time slots in the first

phase. The second phase is the same as in Chapter 5 by using the NCNN to find

additional transmissions while meeting the constraints. Besides the benchmark

problems, the G-NCNN model have been applied to 600 different instances with

various problem size. We show that the G-NCNN can obtain better solution than
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the previous methods in all simulated instances.

In order to show the ability of the proposed NCNN-VT model, we apply it

to frequency assignment problem in satellite communication systems in Chapter

7, which is also a NP-hard combinatorial problem. The NCNN-VT separates the

objective of this problem from the constraints by using the adaptive mapping

scheme. The simulation results show that the NCNN-VT is superior to previous

methods in both solution quality and computation cost. The proposed NCNN-

VT is highly scalable with less work of tuning of network parameters and less

computation cost.

We conclude our work in Chapter 8 with the discussions of further research

work.

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 2

The Noisy Chaotic Neural

Network for Combinatorial

Optimization

2.1 Introduction

Since Hopfield and Tank’s innovative work on solving the TSP using neural net-

works, there are numerous research efforts on applying the HNN and HNN-based

neural network techniques to solving COPs [9, 37, 73, 119, 108, 74, 70]. However,

Wilson and Pawley [123] raise the doubts on the validity of the HNN to solving the

COPs after they were unable to reproduce the results as in Hopfield and Tank’s

work. They claimed that the original HNN formulation for the TSP is unreliable

even for the small-sized problems. Many explanations for the poor solution quality

of TSP had been made in terms of energy function formulation [30] [79] [15] and

parameter selection [49] [71] [64] [28].

Besides the dependence on the formulation of energy function and the difficul-

ties in parameter selection, the performance of the original HNN still suffers from
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14 2.2 The Hopfield Model

its limitation of neuron dynamics. Its gradient descent dynamics leads to the poor

solutions which often trapped in local minima, if without using other heuristic

schemes like hill climbing. In this chapter, we intend to introduce the chaotic neu-

rodynamics which can help to jump from the local minima and converges to better

solutions in solving COPs. After the introduction of the HNN, we will discuss the

chaotic simulation annealing and the mathematical formulation of the TCNN. In

the end of the chapter, the NCNN with stochastic chaotic simulation annealing

and its mathematical models are introduced.

2.2 The Hopfield Model

2.2.1 The Mathematical Formulation

In 1982, Hopfield [50] introduced a neural network model of a Content Addressable

Memory (CAM) composed of many highly interconnected two stage McCulloch-

Pitts neuron. Since the classical paper of Hopfield and Tank [52], lots of theoretical

and experimental research have been published on this subject. Hopfield and Tank

[52] applied the HNN to solve the TSP and the impressive results in solving the

TSP inspire the boom of research in neural networks. The continuous Hopfield

Model composed of N neuronal units, in terms of an electrical circuit, is described

by the set of differential equations.

Ci
dui

dt
=

N−1∑
j=0

wijvj + Ij − ui

ri

(2.1)

where the Ci is the input capacitancy of the cell membrance, and the ri is the

trans-membrane resistance. ui and vi denote the input potential and the output

potential of the i−th neuron, respectively, i = 0, 1, ...., N − 1, Ii is the external

input current to the i−th neuron, and wij = 1
Rij

is a weight from output of neuron

j to input of neuron i. The weights wij = wji.
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Figure 2.1: The input-output function of the HNN with different gain α.

1

ri

=
1

Ri

+
N−1∑
j=0

wij (2.2)

The input-output function of the i−th neuron, vi = g(ui), is a sigmoid func-

tion:

vi = gi(ui) =
1

2
(1 + tanh(αui)) (2.3)

Fig. 2.1 shows the function in eqn. (2.3) with different gain α.

Solving the given optimization problems with the Hopfield Model is based on

minimization of the energy function (Lyapunov function), which has the following

generic form:

E = −1

2

N∑
i=1

N∑
j=1

wijvivj −
N∑

i=1

Iivi +
1

RC

N∑
i=1

∫ vi

0

g−1(η)dη (2.4)

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



16 2.2 The Hopfield Model

For sufficiently high gain α, e.g. α ≥ 20 as in Fig. 2.1, the integral term

in the energy eqn.(2.4) vanishes. Thus in the high-gain limit of the input-output

function, the continuous Hopfield model reduces to the discrete Hopfield model,

Ed = −1

2

N∑
i=1

N∑
j=1

wijvivj −
N∑

i=1

Iivi (2.5)

The local minima of discrete Hopfield model lie at the vertices of the unit hypercube

and the continuous Hopfield network converges to the 0-1 vertex of the hypercube

which minimizes the discrete Hopfield network energy Ed [106].

Therefore, while solving optimization problem with the Hopfield network one

is to choose weights wij and external inputs Ii so as (global) minima of eqn. (2.5)

correspond to (optimal) solutions of the given problem at hand.

Commonly the deterministic gradient descent updating rule is used, i.e.,

dui

dt
= −∂E

∂vi

The convergence to global minimum is not guaranteed and depend on the

initial situation.

2.2.2 Stability Analysis of the HNN

In the continuous Hopfield network, the Liapunov function is given as in the form

of eqn. (2.4). Given the two conditions [50]:

1. wij = wji.

2. the input-output function of neurons is monotonously increasing function as

in eqn. (2.3).
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2.3 Transiently Chaotic Neural Network 17

Then the time derivative of E is:

dE

dt
= −1

2

n∑
i=1

n∑
j=1

wijvj
dvi

dt
− 1

2

n∑
i=1

n∑
j=1

wjivj
dvi

dt
−

n∑
i=1

Ii
dvi

dt
+

n∑
i=1

1

ri

ui
dvi

dt

= −
n∑

i=1

dvi

dt

(
n∑

j=1

wijvj + Ii − ui

ri

)

= −
n∑

i=1

Ci
dvi

dt

dui

dt

= −
n∑

i=1

Ci
dui

dvi

(
dvi

dt

)2

= −
n∑

i=1

Cig
−1
i

′
(vi)

(
dvi

dt

)2

.

Since g−1
i (vi) is a monotonically increasing function, then

g−1
i

′
(vi) > 0

And because Ci is positive, then:

dE

dt
≤ 0, and

dE

dt
= 0 ⇒ dvi

dt
= 0 ∀i . (2.6)

And since the E is bounded, eqn. (2.6) shows that the network energy E will

decrease and converge to the minimum.

2.3 Transiently Chaotic Neural Network

2.3.1 Stochastic Simulated Annealing

Since the original Hopfield neural network (HNN) [51] [52] can be easily trapped

in local minima, stochastic simulated annealing (SSA) [65] has been combined

with the HNN, i.e., the mean field theory algorithm [84] or mean field annealing

(MFA) [112]. In 1983, Kirkpatrick et al [65] developed simulated annealing, which

emulates the solid annealing processing by first heating a solid to its melting point

and then slowly cooling the material at a natural rate related to its heat transport
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18 2.3 Transiently Chaotic Neural Network

speed. Because of its stochastic manner in optimization processing, the annealing

mechanics is actually stochastic simulated annealing (SSA) [65]. SSA is known to

relax to a global minimum with probability 1 if the annealing takes place sufficiently

slowly, i.e., at least inversely proportional to the logarithm of time [41]. In a

practical term, this means that SSA is capable of producing good (optimal or near-

optimal) solutions for many applications, if the annealing parameter (temperature)

is reduced exponentially with a reasonably small exponent [118].

SSA method has been widely used and applied to various optimization prob-

lems with great success, but it still suffers from several deficiencies:

1) The method requires prohibitively long relaxation time in order to find so-

lutions with acceptable quality, i.e., SSA consumes too much iteration time

due to its Monte Carlo scheme. To guarantee convergence to an exact solu-

tion, SSA will require more iterations than complete enumeration for some

problems [21].

2) Subtle adjustment of parameters in the annealing schedule, such as the

length of the temperature steps during annealing, the temperature range, the

number of re-starts and re-direction during the search, etc., is also needed

[89, 1, 61, 62, 65].

2.3.2 Chaotic Simulated Annealing

In order to improve the searching ability of the SSA, complex neurodynamics such

as chaotic simulated annealing (CSA) is proposed [125]. Compared with the gradi-

ent descent dynamics of the HNN models and neural networks with SSA dynamics,

neural networks with the CSA have a richer spectrum of dynamic behaviors, such

as stable fixed points, periodic oscillations, and chaos. Compared with static neu-

ral networks in the past, this kind of neural networks are named as the chaotic

neural networks (CNN) due to the totally different neurodynamics.
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2.3 Transiently Chaotic Neural Network 19

Nozawa demonstrated the search ability of the chaotic neural networks [80]

[124]. Chen and Aihara [125] [21] proposed the chaotic simulated annealing (CSA)

by starting with a sufficiently large negative self-coupling in the Aihara-Takabe-

Toyoda [7] network when the dynamics is chaotic, and gradually decreasing the

self-coupling so that the network eventually stabilizes, thereby obtaining a tran-

siently chaotic neural network (TCNN). Their computer simulations showed that

the CSA leads to good solutions for the TSP much more easily compared to the

Hopfield-Tank approach [51] [52] and SSA. Chen and Aihara [23] offered the fol-

lowing theoretical explanation for the global searching ability of the chaotic neural

network: its attracting set contains all global and local optima of the optimization

problem under certain conditions, and since the chaotic attracting set has a fractal

structure and covers only a very small fraction of the entire state space, CSA is

more efficient in searching for good solutions for optimization problems compared

to other global search algorithms such as SSA.

Other kinds of CSA have also been proposed in the previous research. Wang

and Smith proposed another chaotic annealing as in [114]. Hayakawa et al. [47]

obtained the CSA by adding the chaotic noise into the Hopfield network. He [48]

applied the decaying chaotic noise into the Hopfield network and obtained the

transiently CSA. Zheng et al. [135] improved the Wang-Smith’s chaotic simulated

annealing which reaps the benefits of Wang-Smith model and Chen-Aihara model.

There are mainly three significant differences between SSA and CSA [21]:

1) SSA is stochastic on the basis of the Monte Carlo scheme while CSA is

deterministic with transiently chaotic dynamics.

2) The convergent processing of SSA is controlled by stochastic ”thermal” fluc-

tuations while that of CSA is controlled by bifurcation structures.

3) SSA fundamentally searches all possible states by temporally changing prob-

ability distributions while CSA restricts to a possibly fractal subspace with

continuous states. Because the searching region in CSA is usually very small
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20 2.3 Transiently Chaotic Neural Network

compared with the entire state space, CSA can be expected to perform ef-

ficient searching if the restriction is adequate to include a global optimum

state or some near-global optimum states.

2.3.3 Mathematical Formulation

The dynamics of CNN with CSA can be summarized as follows. The input-output

function (activation function) of each neuron used in the CNN [7] is a typical

sigmoidal function:

xi(t) =
1

1 + e−yi(t)/ε
. (2.7)

where, xi is the output of neuron i and yi is the input of neuron i. ε is the constant

controlling the steepness of the sigmoidal or steepness parameter of the activation

function with ε > 0. The activation function with different value of ε is shown in

Fig. 2.2. It can be seen that the smaller ε will produce the steeper slope curve.

The difference equation of the CNN is:

yi(t+ 1) = kyi(t) + α(
N∑

j=1

wijxj(t) + Ii) − zixi(t) . (2.8)

where wij is the connection weight from neuron j to neuron i with wij = wji

and wii = 0, Ii is the input bias of neuron i, k is the damping factor of nerve

membrane (0 ≤ k ≤ 1), α is the positive scaling parameter for inputs, and zi is

the self-feedback connection weight or refractory strength with (z(t) ≥ 0).

The neuron model of CNN has more complex dynamics in comparison with

the conventional neural networks, such as the Hopfield neural networks. The HNN

with continuous time or asynchronously discrete-time state transitions, guaran-

tee convergence to a stable equilibrium point but suffer from local minima. On

the other hand, the convergence problems of the chaotic dynamics have not been

satisfactorily solved although the dynamics of chaotic neural network has an at-

tractive property to move chaotically through fractal structure in the searching

space, without getting stuck at local minima. [80] [7]. By taking advantage of
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Figure 2.2: The activation function with different values of ε.
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22 2.3 Transiently Chaotic Neural Network

both the convergent dynamics and the chaotic dynamics, Chen and Aihara [125]

proposed a transiently chaotic neural network by modifying the CNN in the dif-

ference equation:

yi(t+ 1) = kyi(t) + α(
N∑

j=1,i�=j

wijxj(t) + Ii) − zi(t)(xi(t) − I0) . (2.9)

where zi(t) is the self-feedback connection weight or refractory strength (z(t) ≥
0), I0 is the positive parameter.

zi(t+ 1) = (1 − β)zi(t) . (2.10)

The updating rule is:

N∑
j=1,i�=j

wijxj + Ii = −∂E/∂xi input to neuron i (2.11)

where E is the energy function of the neural network.

The difference between CNN and TCNN is the third term on the right-hand

sides of eqn. (2.8) and eqn. (2.9), where zixi(t) in eqn.(2.8) is replaced with

zi(t)(xi(t) − I0) in eqn. (2.9). This term represents negative (inhibitory) self-

feedback or refractoriness with a bias I0 [7]. It shows that TCNN with transiently

chaotic dynamics eventually converges to a stable equilibrium point through suc-

cessive bifurcations like a route of reversed period-doubling bifurcations. The new

variable zi(t) corresponds to the temperature in usual stochastic annealing process,

β governs the bifurcation speed of the transient chaos. Thus, eqn (2.10) denotes

an exponential cooling schedule for the annealing [125] [21] [23].

The convergence procedure of the TCNN is fully deterministic, namely, start-

ing from deterministically chaotic dynamics, through, e.g. a reversed period-

doubling route with decreasing the value of z which corresponds to the temperature

of annealing, finally reaching a stable equilibrium solution [21].

The difference between the TCNN and the HNN is that the a nonlinear term

−zi(xi−I0) is added in eqn. (2.9). With the “temperature” zi(t) tends toward zero,
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2.4 Noisy Chaotic Neural Network 23

the TCNN eventually reduce to the continuous-time HNN without self-feedback

connections [21].

2.4 Noisy Chaotic Neural Network

2.4.1 Stochastic Chaotic Simulated Annealing

Although CSA searches in an efficient manner, CSA has completely deterministic

dynamics and is not guaranteed to settle down at a global optimum no matter

how slowly the annealing parameter (the neuronal self-coupling) is reduced [109].

Different from the searching direction of SSA that is probabilistically determined

by mutual interactions among neurons, CSA is uniquely determined by mutual

interactions among neurons. In practical terms, this means that CSA sometimes

may not be able to provide a good solution at the end of annealing for some

initial conditions of the network, no matter how slowly annealing takes place, i.e.,

CSA sometimes may not be able to provide a good solution at the conclusion of

annealing even after a long time of searching.

By adding decaying stochastic noise into the TCNN, Wang and Tian [118]

proposed a new approach to simulated annealing, i.e., stochastic chaotic simulated

annealing (SCSA), using a noisy chaotic neural network (NCNN). Compared with

CSA, SCSA performs stochastic searching both before and after chaos disappears

and is more likely to find optimal or sub-optimal solutions. This novel method has

been applied successfully to solving several challenging optimization problems, in-

cluding the traveling salesman problem (TSP) and the channel assignment problem

(CAP) [76] [116]. Furthermore, the NCNN have been applied in image restoration

[126] [127] and image denoising [128]. In the application of image denoising, the

original Bayesian framework of image denoising is formulated into a constraint op-

timization problem using continuous relaxing labeling. Compared with the HNN

and the TCNN, the results show that the NCNN can offer good quality solutions.
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24 2.4 Noisy Chaotic Neural Network

In [116], the NCNN performed as well as the TCNN in small-size TSPs, such as

10-city and 21-city TSPs. But when used on larger-size TSPs, such as 52-city and

70-city TSPs, the NCNN achieved a better performance compared to the TCNN.

In the CAP, the NCNN obtained smaller overall interference (by 2% to 7.3%)

compared to the TCNN in all benchmark instances.

2.4.2 Mathematical Formulation

The NCNN model is described as follows [118]:

xjk(t) =
1

1 + e−yjk(t)/ε
, (2.12)

yjk(t+ 1) = kyjk(t) + α

{
N∑

i=1,i�=j

M∑
l=1,l �=k

wjkilxjk(t) + Iij

}

−z(t)(xjk (t) − I0) + n(t) , (2.13)

z(t+ 1) = (1 − β1)z(t) , (2.14)

n(t+ 1) = (1 − β2)n(t) , (2.15)

where the notations are:

xjk : output of neuron jk ;

yjk : input of neuron jk ;

wjkil: connection weight from neuron jk to neuron il, with wjkil = wiljk and

wjkjk = 0;

N∑
i=1,i�=j

M∑
l=1,l �=k

wjkilxjk + Iij = −∂E/∂xjk (2.16)

E : energy function which is similar as eqn. (2.5);
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2.4 Noisy Chaotic Neural Network 25

Ijk : input bias of neuron jk ;

k : damping factor of nerve membrane (0 ≤ k ≤ 1);

α : positive scaling parameter for inputs ;

β1 : damping factor for neuronal self-coupling (0 ≤ β1 ≤ 1);

β2 : damping factor for stochastic noise (0 ≤ β2 ≤ 1);

z(t) : self-feedback connection weight or refractory strength (z(t) ≥ 0), z(0)

is a constant;

I0 : positive parameter, which is used as threshold for each neuron, can be a

fixed number or variable one;

ε : steepness parameter of the output function (ε > 0) ;

n(t): random noise injected into the neurons, in [−A,A] with a uniform dis-

tribution;

A[n]: amplitude of noise n.

This NCNN model is a general form of chaotic neural networks with transient

chaos and decaying noise. In the absence of noise, i.e., n(t) = 0, for all t, the

NCNN as proposed in eqns. (2.12) - (2.15) reduces to the TCNN in [21]. In order

to reveal the search ability of the NCNN, we will examine the nonlinear dynamics

of the single neuron model in the next subsection and discuss the selection of model

parameters in the model.

2.4.3 Single Neuron Dynamics of the NCNN

The single neuron model for the NCNN is obtained from eqns. (2.12) - (2.15) by

letting the number of neurons to be 1. The single neuron model for the TCNN can
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26 2.4 Noisy Chaotic Neural Network

be obtained with the noise term n(t) set to zero in eqn. (2.18).

x(t) =
1

1 + e−y(t)/ε
, (2.17)

y(t+ 1) = ky(t) + αIi − z(t) [x(t) − I0] + n(t) , (2.18)

z(t+ 1) = (1 − β1)z(t) , (2.19)

A[n(t+ 1)] = (1 − β2)A[n(t)] . (2.20)

where Ii is the input bias of this neuron. We can transform eqn. (2.17) and eqn.

(2.18) to a one-dimensional map from y(t) to y(t+ 1) by substituting eqn. (2.17)

into eqn. (2.18).

y(t+ 1) = ky(t) + αIi − z(t)

[
1

1 + e−y(t)/ε
− I0

]
+ n(t) (2.21)

There is a set of parameters in this model, i.e., k, α, ε, I0, z(0), n(0), β1, β2. It is

obvious that different values of these parameters will produce different neurody-

namics. In order to investigate the dynamics of the NCNN model, we will vary the

parameters above and plot the neuron dynamics and choose the set of parameter

values which can produce richer and more flexible dynamics. The parameters α,

β1, ε and I0 have been discussed in detail in [21].

In [21], L. Chen and K. Aihara found that α represents the influence of the

energy function on the neuro-dynamics. It is the balance between the self-feedback

term −z(t) [x(t) − I0] and the gradient term −∂E/∂xjk. The effect of the self-

feedback term is to generate the chaotic dynamics, and the gradient term is used

to create the convergent dynamics. So if α is too large, the influence of the energy

function will become too strong to generate the chaos. On the contrary, if α

is too small, the energy function will not be able to sufficiently reflected in the

neuro-dynamics. They also noticed that the parameter β1 can be considered as a

damping speed parameter of the megatove self-feedback strength, which controls

the annealing process. Hence in order to produce stronger and longer chaotic

chaotic dynamics, the value of β1 should be set smaller. In their simulation on 10

city TSP problem [21], β1 is set as small as 0.005, or even 0.003.

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



2.4 Noisy Chaotic Neural Network 27

As the NCNN is an extension model of the TCNN in [21], we will use the same

rules as in the TCNN when choosing parameters. The values of these parameters

used in our simulations are listed as below:

α = 0.015;β1 = 0.001; ε = 1/250; I0 = 0.65. (2.22)

Where α, β1, ε will be kept unchanged in all the simulated optimization problems.

The value of I0 will also be the same in all our methods excepts the NCNN-VT,

where the parameter I0 will be chosen as different values in order to achieve the

variable thresholds.

Since β2 is the damping factor of noise which has the similar effect as the

chaos damping factor, β1, we choose β2 = 0.0001. We will then vary only the

parameters left, i.e., the nerve membrane damping factor k, the initial negative self-

interaction z(0), and the initial noise amplitude n(0), to investigate the dynamics,

while keeping the other parameters fixed.

Fig. 2.3 shows the dynamics of the single neuron for different parameter k.

The x-axis of each sub-figure is time step t, and the y-axis is the output of the

neuron x(t). We see from Fig. 2.3 that the larger the value of k, the more the

bifurcations. Since chaos is important for searching and k is between 0 and 1, we

choose k = 0.9 as showed in Fig. 2.3 (d).

Fig. 2.4 shows that a small value of z(0), e.g., 0.01, cannot produce chaos.

Larger values of z(0) lead to more bifurcations as showed in Fig. 2.4 (c) and (d).

But larger z(0) also lead to more iteration steps until the chaos disappears, and a

solution is found which inevitably results in longer computational time. Hence we

choose a tradeoff between efficiency and solution quality, i.e., we use the value of

z(0) = 0.08 in this paper.

Fig. 2.5 reveals that too much additive noise destroys the bifurcations (Fig.4

(d)). On the other hand, if the magnitude of the additive noise is too small, it

does not take effect on the stochastic search. Thus in this paper, we choose the

initial noise amplitude as n(0) = 0.001.
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(d) k = 0.9

Figure 2.3: The neuro-dynamics in the single neuron model with different param-

eter k. α = 0.015, β1 = 0.001, β2 = 0.0001, ε = 1/250, I0 = 0.65, z(0) = 0.08, and

n(0) = 0.001.
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(c) z(0) = 0.08
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Figure 2.4: The neurodynamics in the single neuron model with different parameter

z(0). k = 0.9, α = 0.015, β1 = 0.001, β2 = 0.0001, ε = 1/250, I0 = 0.65, and

n(0) = 0.001.
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(a) n(0) = 0.0001
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(b) n(0) = 0.0005
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(c) n(0) = 0.001
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(d) n(0) = 0.005

Figure 2.5: The neurodynamics in the single neuron model with different parameter

n(0). k = 0.9, α = 0.015, β1 = 0.001, β2 = 0.0001, ε = 1/250, I0 = 0.65, and

z(0) = 0.08.

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



2.4 Noisy Chaotic Neural Network 31

Based on the above discussions on the selection of model parameters for the

NCNN, we finally choose the set of parameters as in eqn. (2.23).

k = 0.9; ε = 1/250; I0 = 0.65; z(0) = 0.08;

n(0) = 0.001;β1 = 0.001;β2 = 0.0001. (2.23)

The difference between the TCNN and the NCNN is the stochastic nature of

the NCNN which the TCNN lacks. Chaos disappears after around 950 iterations

through the reverse period-doubling bifurcations in the TCNN, whereas in the

NCNN shown in Fig. 2.5 (c), after the chaos disappears, the additive noise still

remains and decays with time. With both stochastic nature for global searching

and chaotic characteristic for efficient searching, the NCNN gradually approaches

a dynamic structure similar to that of the Hopfield neural network and converges

to a stable fixed point.

2.4.4 Stability Analysis for the NCNN

The stability of the NCNN is related to the analysis of the HNN and the TCNN,

because the NCNN is a general neural network model. In [22], Chen and Aihara

proved the asymptotical stability of the TCNN under several conditions. Because

the TCNN has the same formulation as the NCNN, the theoretical results on the

TCNN hold for the NCNN.

In this thesis, we start to investigate the stability of the NCNN from the

perspective of the network energy. Kwok and Smith [68, 69] introduce a unified

framework to investigate the different neural network models by adding a addi-

tional term in the Hopfield neural network energy. They proposed the unified

energy framework which includes Hopfield energy part and additional energy part.

We rewrite the energy function of the HNN as below:

EHop = −1

2

N−1∑
i=0

N−1∑
j=0

wijxixj −
N−1∑
i=0

Iixi +
1

τ

N−1∑
i=0

∫ xi

0

g−1(η)dη

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



32 2.4 Noisy Chaotic Neural Network

where w = {wij} is the weight matrix, Ii is the firing threshold of neuron i, τ is a

positive constant and g is a continuous activation function as in Fig. 2.2. yi is the

internal state of neuron i, and xi is the output of neuron i with xi(t) = f(yi(t)).

As discussed in section 2.2.2, the HNN converges to a minimum by using the

updating rule given by:

dyi

dt
= −∂E

∂xi

(2.24)

The general form of the computational energy E in [68] is described as follows:

E = −1

2

N−1∑
i=0

N−1∑
j=0

wijxixj −
N−1∑
i=0

Iixi

+
1

τ

N−1∑
i=0

∫ xi

0

g−1(η)dη +H(xi, wij, Ii) . (2.25)

or simply E = EHop + H, where the H is the additional term which intend to

include the chaotic dynamics.

In order to study the stability of the NCNN, we will firstly propose the general

form of the energy Encnn and investigate the stability based on this energy model.

In this context, we follow the method in [68] and proposed the energy function of

the NCNN model as:

Hncnn =
λ(t)

2

N∑
i=1

xi(xi − l − p) . (2.26)

where λ(t) is a positive decay parameter which monotonously decreases with time.

l and p are positive parameters.

The energy of the NCNN model is then the summation of the EHop and H,

i.e.,

Encnn = −1

2

N−1∑
i=0

N−1∑
j=0

wijxixj −
N−1∑
i=0

Iixi +
1

τ

N−1∑
i=0

∫ xi

0

g−1(η)dη

+
λ(t)

2

N∑
i=1

xi(xi − l − p) . (2.27)
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By applying the updating rule in eqn. (2.24), we have

dyi

dt
= 1 − yi

τ
+

N∑
j

wijxj + Ii − λ(xi − l

2
− p

2
) . (2.28)

Using the Euler discretization

yi(t+ 1) = (1 − ∆t

τ
)yi(t) + ∆t

(
N∑
j

wijxj(t) + Ii

)

−∆tλ(t)(xi − l

2
) + ∆t

p

2
λ(t) . (2.29)

Compared with the difference equation of the NCNN in eqn. (2.13), the

following relationships hold:

1 − ∆t

τ
= k, ∆t = α ∆tλ(t) = z(t), I0 =

l

2
, ∆t

p

2
λ(t) = n(t) . (2.30)

From the eqn. (2.30), we can determine the values of parameters λ(t), l, and p in

eqn. (2.26).

After the formulation of the energy function of the NCNN, we now investigate

the stability of the NCNN. The time derivative of the energy E in eqn. (2.27) is:

dEncnn

dt
=
dEHop

dt
+
dHncnn

dt

= −
N∑

i=1

dxi

dt
(

N∑
j=1

(wijxj + Ii − yi

τ
) +

λ(t)

2
(2xi − l − p)

dxi

dt

= −dxi

dt

dyi

dt
+
dxi

dt
λ(t)

[
xi − l + p

2

]

= −(
dxi

dt
)2(g−1(t))

′
+
dxi

dt
λ(t)

[
xi − l + p

2

]
(2.31)

where g−1(t) is the inverse function of the activation function which is increasing,

thus the first part of the eqn. (2.31) is smaller than 0. Since λ(t) is a decaying

term which is similar with z(t), i.e., λ(t+1) = (1−β3)λ(t) with β3 > 0, the second

term will disappear after a certain number of iterations.

From the energy perspective, the NCNN model will not monotonously de-

crease as time evolves. On the contrary, the chaotic dynamics makes the energy
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fluctuates in the early stages. When the chaos disappears, the second term in eqn.

(2.31) will also disappear, then the energy will perform like a HNN and decrease

with time step t, and finally converge to the nearest optimal solution.

2.4.5 Computational Complexity of the NCNN

On the issue of computational complexity of neural networks, there are some re-

search work on the discrete neural networks [2] [129] [83] [81] [104] [103] . Orponen

surveyed some of the central results in the complexity theory of discrete neural

networks [81] and showed that in a symmetric simple network of N neurons with

integer weights wij in the HNN, the stabilization requires at most a total of

3
∑
j<i

|wij| = O(n2 ·maxi,j|wij|) .

neuron state changes, under an asynchronous update rule [35]. Under synchronous

update rule, a similar bound holds [44].

For a noisy chaotic neural network with N × M neurons, it is difficult to

determine or estimate the exact iterations needed for the network to stabilize.

However, it can be seen that each neuron was updated once in asynchronously

mode and the computational complexity for the neural network in one iteration is

O(NM) or O(N2) if N = M .

2.5 Concluding Remarks

In this chapter, we have reviewed the mathematical formulation of the HNN and

the stability of the HNN. Although the feasibility of the HNN in solving the TSP

has been doubted, many explanations for the poor solution quality of TSP have

been made in terms of energy function formulation and parameter selection. Be-

cause Hopfield neural networks are intrinsically parallel and easy for rapid hardware
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implementation, HNN and modified versions of the HNN have been widely used

in solving different optimization problems.

Since the original Hopfield neural network (HNN) can be easily trapped in

local minima, stochastic simulated annealing has been combined with the HNN,

i.e., mean field annealing (MFA). SSA is known to relax to a global minimum

with probability 1 if the annealing takes place sufficiently slowly, i.e., at least

inversely proportional to the logarithm of time. In a practical term, this means

that SSA is capable of producing good (optimal or near-optimal) solutions for many

applications, if the annealing parameter (temperature) is reduced exponentially

with a reasonably small exponent.

So far, a number of artificial neural networks with chaotic dynamics have been

investigated toward more complex neuro-dynamics. Among them, CNN is pro-

posed by considering graded responses, relative refractoriness and spatio-temporal

summation of inputs [7]. In spite of its simple equations, CNN contains various co-

existing attractors, not only of fixed points and periodic points but also of strange

attractors. In order to tackle the convergence problems of the chaotic dynamics,

Chen and Aihara [125] proposed the TCNN by reducing the self-feedback or refrac-

toriness of each neuron. The TCNN shows the ability in solving the TSP without

the convergence problem.

By adding the decaying noise into the TCNN model, Wang and Tian [118]

proposed the NCNN which has transient chaos and stochastic noise. Because

the TCNN with CSA is a fully deterministic dynamics, the stochastic nature of

noise helps the neural networks to search more efficiently compared with the CSA.

Through the applications of the NCNN on the NP-hard COPs including TSP

and CAP and in the area of image restoration and image denoising, the NCNN

outperforms the HNN and TCNN in computation time and solution quality.

We have discussed the selection of parameters in the NCNN model by in-

vestigating the neurodynamics of the single neuron. The parameters includes the
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model parameters in the NCNN model and weighting coefficients in the energy

function. The rules of selection of model parameters is that the set of parameters

will produce more flexible and richer dynamics. As we will see in the applications

to the COPs in the later chapters, these model parameters will vary only in very

small range and some parameters are fixed in different instances with increasing

problem size.

As the NCNN is a general form of neural network model, the stability if the

HNN can be seen as the special case of the NCNN. We have analyzed the stability

of the NCNN by adopting the unified energy framework. The NCNN performs in

a chaotic phase in the early stage and the energy of the neural network do not

monotonously decrease. After the chaos disappears, the NCNN behaves like the

HNN and the energy will decrease with time. Then the neural network will stabilize

and the NCNN will converge to the nearest optimal or sub-optimal solutions.
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Chapter 3

Gradual Noisy Chaotic Neural

Network and Noisy Chaotic

Neural Network with Variable

Threshold

3.1 Introduction

The successful applications of the NCNN to various NP-hard COPs have proven

the ability of the NCNN model. However, the utilization of the NCNN met some

difficulties. First of all, there are some COPs whose objectives are hard to formu-

late the energy function in neural networks (as can be seen in the application of

the BSP where it is hard to formulate the first objective of the problem into the

energy function of the neural network). Another situation is that the choice of

the weighting coefficients in energy function are often obtained through trial and

error, which is hard and tedious when the energy function consists of many terms

including objective terms and constraint terms.
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38 3.2 Gradual Noisy Chaotic Neural Network

We will propose two types of original neural networks by combining two

schemes with the NCNN model 1. The two types of neural networks proposed

in this thesis are the gradual noisy chaotic neural network (G-NCNN) and the

noisy chaotic neural network with variable threshold (NCNN-VT). The G-NCNN

is the hybridization of the gradual expansion scheme (GES) with the NCNN, while

the NCNN-VT is the combination of adaptive mapping scheme (AMS) with the

NCNN. Both the two proposed model maps the objective function of the COPs

into the scheme while the constraints terms of the COPs are formulated in the

energy functions. Through the separation of objectives from the constraints, the

selection of the weighting coefficients of the energy function can be simplified, as

seen from the applications and result discussions in the later chapters.

In this chapter, we will firstly discuss the GES in Section 3.2 and propose

detailed implementation of the G-NCNN. The difference between the G-NCNN

and the NCNN will be discussed in the end of the section. In Section 3.3, we will

propose the AMS and the model definition of the NCNN-VT. The originality of the

proposed NCNN-VT will be introduced and the difference between the NCNN-VT

and the NCNN will be investigated in detail.

3.2 Gradual Noisy Chaotic Neural Network

3.2.1 Gradual Expansion Scheme

Funabiki et al. proposed a novel neural network by combining the gradual expan-

sion scheme (GES) with binary neural network [36]. They called it the gradual

neural network (GNN). In this work, we adopt the GES and combine it with our

NCNN model. In order to prevent the local minima problem, the GNN adopts

many heuristics including hill-climbing and problem-specific functions [36]. In the

1The two schemes can also applied to the TCNN. Due to the fact that the NCNN outperforms

the TCNN, we only applied these two schemes on the NCNN model
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aspect of dynamics, the G-NCNN has richer and more flexible neurodynamics

which can maintain a more effective search than the GNN in the solution space.

The essence of the gradual expansion scheme is that the number of neurons

in the neural networks are gradually increased. Usually, the number of neurons

the neural networks needed for solving a COP is determined by the problem, e.g.,

a N -city TSP problem, N × N neurons needed to compose a solution space. For

the NCNN, the N2 neurons are needed at the start of the neuron computation.

But if using the gradual expansion scheme, the neural network needs only partial

number of neurons at the beginning of neuron computation. The neurons left are

gradually added to the existing group of neurons when needed.

Now we consider the reason why we need the GES and its advantages. There

is one common kind of objective in the COPs which needs to find the minimal

“cost”, where the cost can have many different meanings in different problems,

e.g., minimal interference, minimal delay, or minimal length of path. The benefit

of the GES is that the objective of the COP can be realized during the stage of

the gradual expansion. In order to achieve the objective that the solution found

by the neural networks is with the minimal cost, neurons are divided into several

groups and activated or added in several stages with each stage only adopt one

group of neurons with smallest cost left over. Through the GES, we do not need

to formulate the objective (“minimal cost”) in the energy function because we

think that the objective (to find solution minimal cost) is realized in the gradual

expansion stages which let the neurons with smaller cost be included in neuron

computation in earlier stage. When dealing with this kind of objective, we can

adopt the GES naturally through the following steps:

1) Assume there are N ×M1 neurons needed for the problem. Compute the

cost matrix C[N ×M ], i.e., the cost of neuron ij if neuron ij is selected in

the final solution.

1N and M can have the same value.
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2) Sort the neuron in ascending order of the cost.

3) Divide the N ×M neurons into P groups (G1, G2, ..., GP ), with each group

have p neurons, where p is the maximum integer less than or equal to NM/P .

Group G1 is the group of neurons with smallest cost and other groups G2 to

GP contain the neurons with larger cost with an ascending order of cost.

4) Add the neurons in the first group G1 to the neural network and apply the

neural network computation. If the feasible solution is found then exit, the

found solution is the final solution. If the pre-defined steps are met and still

no solution found, then apply the gradual expansion scheme by adding the

neurons in the G2 and apply the neural network computation again.

Fig. 3.1 shows one example of the G-NCNN with 24 (N = 6 and M = 4)

neurons. The black squares indicate the newly added neurons in the stage and

the dark gray squares are consecutively activated neurons in the past stages. The

parameter P is 4 and each group has exactly (NM/P = 24/4 = 6) neurons. Fig.

3.1 (a) is the cost matrix C for this example. Each item cij in cost matrix stands

for the cost value for the selection of the neuron ij in the final solution. At the

beginning of the neural computation, only 1 group with minimal cost are activated.

In the stage 2, another group of neurons are added and so forth until all neurons

are included in the neural network computation.

3.2.2 Discussions on the G-NCNN

The G-NCNN is the hybridization of the GES with the NCNN. Compared with the

common NCNN model, G-NCNN offers a new way to formulate the objective of the

problems. By allowing the neurons expanded gradually in several stages according

to the ascending cost order, the neural network starts to seek the solution in partial

number of neurons with smaller costs compared with other un-activated neurons.

By this way, the objective of the problem which aims to find solution with minimal
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Figure 3.1: An example of the gradual expansion scheme in the G-NCNN. (a)

The cost. (b) The multi-stage activation of the G-NCNN by adopting the gradual

expansion scheme. The black squares indicate the newly added neurons in the

stage and the dark gray squares are consecutively activated neurons in the past

stages.
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42 3.3 Noisy Chaotic Neural Network with Variable Threshold

cost can be realized. The advantage of this G-NCNN model is that the formulation

of problem in energy function is easier and the selection of weighting coefficients

will be simpler. However, the multi-stage search entangled by the G-NCNN may

lead to the disadvantage that longer computation time maybe needed than normal

neural networks if the feasible solution is found only in the last stage.

3.3 Noisy Chaotic Neural Network with Variable

Threshold

The previous methods including HNN, TCNN and NCNN all combine the con-

straint satisfaction and the objective optimization in one energy function, which

result in the poor performance in convergence if the parameters in energy function

are not tuned well. Moreover, the balance between the constraint term and opti-

mization term is a delicate work which needs tedious selections through trial and

error method. By separating the optimization term from the constraint ones, we

propose the noisy chaotic neural network with variable threshold which handles

the constraints in the energy function while deals with the optimization term in

the selection of neuron firing.

3.3.1 Adaptive Mapping Scheme

Adaptive Mapping Scheme (AMS) aims to map the objective of optimization prob-

lem into the probability of firing of each neuron. If the objective of the problem

is to find the solution with minimal cost, then the neurons with smaller cost will

have larger probability to be selected in the final solution matrix. By investigating

the single neuron dynamics of the NCNN model, it can be seen that the positive

parameter I0 in the NCNN model is responsible for the neuron firing probability.

The single neuron dynamics of the NCNN by varying the parameter I0 is shown in

Figs. 3.2 to 3.5 (the x-axis is the time steps t, the y-axis is the output of neuron
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Figure 3.2: The single neuron dynamics of the noisy chaotic neural network with

variable threshold, I0 = 0.1.

xij(t)). We can see clearly that if the value of parameter I0 is 0.3, the output of

neuron is very close to 0.3 after the network passes the last bifurcation-2 in Fig.

3.3. After the bifurcation point, the neural network slowly converge to a stable

point at about 0.5. The same pattern can be observed in other figures. It means

that different value of I0 (0 < I0 < 1) induces different probability of neuron fir-

ing. The neuron with large value of I0 will be selected to be firing (neuron output

equals 1) with bigger probability, whereas, the small value of I0 will result in less

chance the neuron to be firing.

3.3.2 Model Definition

The difference between the NCNN and the NCNN-VT model is that the positive

parameter I0 in eqn. (2.13) of the NCNN becomes a variant labeled as Ijk, where
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Figure 3.3: The single neuron dynamics of the noisy chaotic neural network with

variable threshold, I0 = 0.3.
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Figure 3.4: The single neuron dynamics of the noisy chaotic neural network with

variable threshold, I0 = 0.6.
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Figure 3.5: The single neuron dynamics of the noisy chaotic neural network with

variable threshold, I0 = 0.9.

jk stands for the neuron jk, i.e.,

yjk(t+ 1) = kyjk(t) + α

{
N∑

i=1,i�=j

M∑
l=1,l �=k

wjkilxjk(t) + Iij

}

−z(t) [xjk(t) − Ijk] + n(t) . (3.1)

where Ijk is not a constant parameter but a variable which determines the selection

of firing of each neuron. The value of Ijk is related to the problem optimization

term.

3.3.3 Mapping Functions

The mapping function connects the problem’s cost with the parameter Iij.

Ijk = f(cjk), j = 1, 2, ..., N ; k = 1, 2, ...,M (3.2)

The mapping function can be a linear or nonlinear function which transform

the cost into the probability value between 0 and 1. Normally, a linear mapping
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is adopted:

f(cjk) = 1 − cjk − cmin

cmax − cmin

. (3.3)

where cjk is the jk element in the cost matrix C, cmax is the maximum value among

the cost matrix and cmin is the minimum value in the cost matrix. Other forms of

nonlinear functions can be adopted, e.g., the quadratic functions.

Fig. 3.6 shows the various mapping from the cost into the firing probability

for each neuron in the neuron matrix. Fig. 3.6 (a) is the mapping function in eqn.

(3.4). Fig. 3.6 (b) and (c) are nonlinear functions. In this thesis, we choose a

simple quadratic function for Fig. 3.6 (b) as:

Iij = Ad2
j +Bdj + C . (3.4)

where A and B are coefficients of nonlinear mapping function and can be deduced

from constant dmin and dmax. For the quadratic function in eqn. (3.4) has two

points (dmin, 1) and (dmax, 0), we have:

− B

2A
= dmax .

Ad2
min +Bdmin + C = 1 .

Ad2
max +Bdmax + C = 0 .

From the above two equations, it can be computed that:

A =
1

(dmax − dmin)2
.

B = − 2dmax

(dmax − dmin)2
.

C =
d2

max

(dmax − dmin)2
.

Then the nonlinear mapping function for Fig. 3.6 (b) can be expressed as:

Iij =
1

(dmax − dmin)2
d2

j −− 2dmax

(dmax − dmin)2
dj +

d2
max

(dmax − dmin)2

= (
dmax − dj

dmax − dmin

)2 . (3.5)
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Figure 3.6: Different mapping functions for the NCNN-VT. (a) a linear mapping

function. (b) a nonlinear mapping function, case 1. (c) a nonlinear mapping

function, case 2.
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For the function in Fig. 3.6 (c), we choose:

dij = Dd2
j + Edj + F . (3.6)

For the quadratic function in eqn. (3.6) has two points (dmin, 1) and (dmax, 0), we

have:

− E

2D
= 0 .

D + F = dmin .

F = dmax .

From the above two equations, it can be computed that:

D = dmin − dmax .

E = 0 .

F = dmax .

Then the nonlinear mapping function for Fig. 3.6 (c) can be expressed as:

Iij =

√
dmax − dj

dmax − dmin

. (3.7)

From the mapping functions in eqn. (3.3), eqn. (3.5), eqn. (3.7), and Fig.

3.6, it can be seen that the neuron ij with smaller cost dij will have larger or

higher probability to fire while the ones with larger cost will be inhibited to fire

as shown in Fig. 3.6. The performance of the adaptive mapping function and the

NCNN-VT will be demonstrated in the application to the frequency assignment

problem in Chapter 6.

3.4 Parameter Discussion

Although the proposed neural network models have many parameters, the rules of

parameter selection as discussed in Section 2.4.3 are applied here. Furthermore,
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these parameters will not vary with simulation problems except the parameters

β1, β2, and the noise level A[n(0)].

The parameter β1 is used to control the damping speed of the chaos and β2 is

employed to take care of the noise. These two parameters will be chosen according

to different simulation problems in order to produce more flexible nerodynamics.

The parameter noise level A[n(0)] is the initial noise amplitude which determines

how much noise is injected into the chaotic neurodynamics. We choose the param-

eter A[n(0)] in order to obtain the appropriate noisy dynamics, which will produce

enough stochastic wandering while not destroy the chaotic neurodynamics. In later

chapters, the values of these parameters will be listed in details for each simulation

problem.

3.5 Concluding Remarks

In this chapter, we have proposed the two extended neural network model based

on the NCNN. The motivation of the proposal of new models is that the NCNN

faced the difficulties in parameter tuning and problem formulation using energy

function. By adopting the two new schemes and combining them with the NCNN,

we obtained the G-NCNN and the NCNN-VT, which separate the objective of the

problem from the constraints. Thus it makes the problem formulation easier and

the selection of network parameters simpler.

The G-NCNN is a model that combines the gradual expansion scheme with the

NCNN. The difference between the G-NCNN and the NCNN is that the network

structure is not fixed, i.e., the number of neurons needed in the network is gradually

expanded. By allowing the neurons with smallest cost be computed first, the G-

NCNN can achieve the objective that the solution found by the model is the optimal

one with minimal cost.

We have proposed another neural network by adopting the adaptive mapping
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scheme with the NCNN, which is a NCNN-like model by varying one parameter in

the original NCNN. By investigating the neurodynamics of the NCNN, we found

that the parameter I0 in the NCNN model determines the firing probability of the

neuron. Large value of I0 (0 < I0 < 1) indicates the large probability that the

neuron output will be 1, i.e., according to the various definitions of the neuron

output in different combinatorial optimization problem, that means the path will

be selected, the network link will be chosen, the decision will be made, or the

assignment will be allocated.

In the following chapters, we will discuss the applications of the NCNN, G-

NCNN, and NCNN-VT on three different NP-hard COPs occurred in communica-

tions networks. The simulation results will reveal the performance of the proposed

network models compared with previous methods.
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Chapter 4

Solving the Topological

Optimization Problem Using the

Noisy Chaotic Neural Network

4.1 Introduction

The topological optimization problem (TOP) of networks has its effects in a wide

spectrum of areas including telecommunications, computer networks, electricity

distribution, gas pipelines, and sewer networks [32]. In this kind of networks, the

design problem in the network concerns the best way to layout all the network

components in order to minimize the total costs while meeting a certain perfor-

mance criteria, i.e., finds a topology of networks which minimize the number of

connections of nodes (links), while meets the requirements of connectivity. Usu-

ally these requirements or criteria include parameters such as transmission delay,

throughput, or the reliability of network [56]. In this chapter, My focus is on this

topology network design problem with all-terminal reliability (ATR) constraint,

i.e. topology optimization problem (TOP in short). The topological optimiza-

tion of networks with ATR has major importance in the computer communication
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industry because of its wide applications.

In a communication network, the all-terminal network reliability (also called

uniform or overall network reliability) is defined as the probability that every pair

of nodes can communicate with each other [27], i.e., an acceptable probability that

every pair of nodes can communicate with each other [56]. This is distinguished

from the more common source-sink (s-t) network where reliability is measured

from the probability that the source is connected with the sink. AboElFotoh et al.

[4] discussed the calculation of the 2-terminal reliability in radio network. And in

[5], they provided the discussions on the reliability problem in wireless distributed

sensor networks. In the context of graph theory, if the network is formulated as a

graph, the ATR means that the network forms at least a spanning tree [29].

The network design problem has two different forms. One is to choose a set

of links for a given set of nodes to maximize reliability given a cost constraint, the

other is to choose a set of links for a given set of nodes to minimize cost given a

minimum network reliability constraint. In this chapter, I aim to solve the latter,

i.e., design of networks considering all-terminal reliability constraint with mini-

mum cost. This topological optimization problem is an NP-hard combinatorial

optimization problem [40]. Furthermore, the reliability of network is computa-

tionally costly to calculate with the growth of network size, i.e., the calculation of

ATR is also NP-hard. These two aspects occurring in the topological optimization

problem combine to make it a problem which is extremely difficult to solve, even

for problem with small size.
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4.2 Literature Review on the TOP

4.2.1 Calculation of ATR

In order to solve this NP-hard topological optimization problem, it is necessary to

calculate the network reliability in the computation. Unfortunately, the calcula-

tion of network reliability is NP-hard [110] [88]. In order to calculate the reliability,

Satyanarayana and Chang used the Factoring method and solve the reliability in

by a recursion algorithm [95]. Page and Perry [82] presented a portable micro-

computer implementation for the network reliability using the factoring theorem.

Carlier and Lucet proposed a decomposition algorithm for the K-terminal relia-

bility of undirected networks [18]. They showed that their decomposition method

can solve much larger networks than the factoring method. And in [16], they

showed that the well-known series-parallel reductions can be incorporated in the

recursive variance reduction simulation method, leading to a more effective estima-

tor. In [17], Cancela and Urquhart applied the RVR (recursive variance reduction)

simulation technique for computing the K-terminal residual connectedness relia-

bility measure in the case of networks where nodes can fail. They proved that an

RVR simulation of the residual connectedness reliability has a lower variance than

standard Monte Carlo simulation, leading to better estimates.

Recently, Yeh [131] [132] proposed a hybrid Monte Carlo method for esti-

mation of network reliability without needing to know all of the minimal path-

sets/cutsets in advance. The analysis in their work indicated that the proposed

method is effective when compared with the crude Monte Carlo method. Sekine

and Imai proposed a new approach to compute the network reliability function in

a mildly exponential time [96] [97], which outperform other exponential-time algo-

rithms based on the recursive formula. In [10], Imai et al. reported computational

results of the proposed approach by analyzing network reliability against proba-

bilistic link failures. And the results showed that their approach is a fundamental

technology for analyzing network reliability in practice.
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4.2.2 Previous Algorithms on solving this problem

Lots of works have been done on this problem. the previous work can be categorized

to enumeration-based and heuristic methods. For the former, it can find global

optimal solution for the problem, but it’s inefficient when applied to large instance

of problem. For the latter, it is suitable and feasible to find sub-optimal solutions

with a reasonable computation cost.

For the enumeration-based ones, Jan et al [55] [56] developed an algorithm

using decomposition based on branch-and-bound to find the exact, optimal solu-

tion. They divided the problem into several subproblems. Because the network

reliability measure is also an NP-hard problem , instead of the exact calculation

of reliability, they proposed a upper bound for the reliability. The BnB is able to

find the global optimal solution for the TOP, but it is not fit for the large prob-

lems due to its exponentially increased computation cost. The maximum network

size of fully connected graphs for which a solution has been found using BnB is

12 nodes (60 links). Later on, Koide et al. [66] improved their algorithm based

on the work of Jan et al and extended their algorithm to networks with different

edge probability. They also accomplished several improvements to speed up the

algorithm in Jan’s work and showed the effectiveness of their algorithm.

The heuristic approaches are often adopted due to the NP-hard nature of the

TOP. Deeter and Smith [29] used genetic algorithm to solve the TOP. They used a

backtracking algorithm [11] to exactly calculate the system reliability. Berna et al

[31] [32] also adopted genetic algorithms to solve the all-terminal network design

problem. They formulate the network design as an integer vector or chromosome.

Each gene of the chromosome represents a possible link of the network. In order to

deal with the calculation of ATR, instead of calculating the exact reliability, they

adopted the estimation method through three steps. First step is the connectivity

check for a spanning tree. The next step is the evaluation of a 2-connectivity mea-

sure and the last step is to compute Jan’s upper bound [56]. A precise estimation
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of the reliability of the network can be obtained through Monte Carlo simulations.

Recently, neural network approach has proven to be an effective method to

solving combinatorial optimization problems. The strength of the neural network

approach is that the computational time are very slowly increasing with respect to

problem size in solving some kind of NP-hard problems as in [3]. In recent research

on the TOP, AboElFotoh and Al-Sumait [3] applied Hopfield-based neural network,

which is called optimized neural network (OPTI-nets) in their paper, to solve the

topological optimization problem. They formulate each link of the network with

a neuron. If the output of a neuron is nonzero, the corresponding link is selected.

The simulation results show that the OPTI-net is highly effective in searching

optimal or near-optimal solutions in a relative short time. Also the OPTI-net is

also very flexible which can not only find good solution for small problems, it also

can be applied to a large network with 50 nodes and 1225 edges. The results in

their work showed that the neural approach is more effective in designing networks

of large sizes compared to other heuristic techniques.

In this chapter, I attempted to use the NCNN to solve the TOP and compare

with the OPTI-net and previous methods. I will adopt the upper bound of the

network reliability proposed in [3] in the neural network computation. And the

correctness of the final solution is verified through the steps used in [31] to ensure

that the ATR of the solution is satisfying the reliability constraint. In following

Sections, I will introduce the neural network formulation for this problem together

with applications and discussions of simulation results.

4.3 Problem Formulation

In this Section, I briefly review the topological optimization problem in network

design. A communication network can be modeled by a graph G = (V,E, P, C).

Here vertex set V and edge set E are network sites and communication links,
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respectively. P = {pij} is the set of reliability for all links and C = {cij} is the set

of costs for all links. The assumptions for the topological optimization problem

are [31]:

1) Each link is bi-directional. No redundant links and cycles exist in the net-

work.

2) Nodes in the network are perfectly reliable and do not fail.

3) The failure of links are mutually statistically independent.

4) No repair is considered.

The optimization problem is:

Minimize: C(x) (4.1)

Subject to: R ≥ R0

where R is the all-terminal reliability of the network and R0 is the network relia-

bility requirement. C(x) is the cost summation of the selected network links, i.e.,

C(x) =
∑L

i=1 cijxij where L is the total number of links of the network instances

and xij is the binary decision value whether the link is selected in the network

defined as below:

xij =




1, if link (i, j) is selected in the network ;

0, otherwise .

(4.2)

The all-terminal reliability (ATR) of network G, denoted by R, is the proba-

bility that all the vertices in V are connected. Page and Perry [82] used factoring

theorem to compute the exact value of network reliability. However, because com-

puting of the ATR is an NP-hard problem [110], [88], estimation of reliability was

adopted using various upper bounds [27], [56] and Monte Carlo simulation meth-

ods [131]. In this chapter I used the upper bound in eqn. (4.3) to estimate the
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ATR in searching for the optimal solution of the topological optimization problem.

The feasibility of the final solution is then verified by computing the exact value

of reliability using factoring theorem in [82] for small network instance. And the

three steps in [31] are used to deal with the reliability for large network instances,

i.e.:

1) perform connectivity check for a spanning tree for the resulting solution.

2) perform the evaluation of a 2-connectivity measure.

3) compute Jan’s upper bound [56] for the solution and perform the precise

estimation of the reliability of the network using Monte Carlo simulations

The upper bound of ATR used in the network computation is [3]:

R(G) ≤
N∏

i=1,i�=s


1 −

∏
j∈A(i)

(1 − pij)


 , (4.3)

where A(i) is defined as the set of vertices connected to vertex i, N is the total

number of nodes in the network, pij is the reliability of link (i, j). Node s is selected

as the node with the maximum node degree.

4.4 Applying NCNN to Topological Optimiza-

tion Problem

4.4.1 Neural Network Formulation

I used a two-dimensional neural network for an N -vertex network instance. The

two-dimensional neural network consist of N × N neurons as shown in Fig. 4.1,

where the black square of in the Fig. 4.1 stands for the output of neuron is 1.

Each neuron output vij stands for the selection status of link between vertex i and

j same as eqn. (4.2). Because the links in the network instance is bidirectional,
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Figure 4.1: A neural network formulation for the optimal solution of benchmark

problem 1 (fully connected): (a) the final optimal network with 5 vertices and 7

edges, (b) the N ×N neural network representation for an N -vertex network, and

(c) the final neural network representation.
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so the N × N neurons matrix is symmetrical. It is obvious that only n(n − 1)/2

elements are needed in the final neuron computation, i.e., the upper triangular of

the matrix as shown in Fig. 4.1 (c).

The optimization problem is then formulated as below [31]:

Minimize:
N−1∑
i=1

N∑
j=i+1

cijvij (4.4)

Subject to: R ≥ R0

4.4.2 Energy Function

I formulated the energy function of the NCNN as follows:

E = −W1R +W2

N∑
i=1

N∑
j=i+1

vijcij +W3η
ς ×
∣∣∣∣1 − R

R0

∣∣∣∣ , (4.5)

where ς = u(1 − R
R0

) and u(x) is a unit step function, i.e., u(x) = 0 for x < 0 and

u(x) = 1 for x ≥ 0. W1, W2, and W3 are weight factors. The W1 term encourages

the network to increase the network reliability. The W2 term is the costs of network

links to be minimized. The W3 term is the constraint term which discourages the

network from adding more links to increase the network reliability unnecessarily

over R0. η is the penalty factor.

The reliability term in energy function, i.e., R is a estimated value of the

reliability. I use an upper bound as in eqn. (4.3) instead of exact calculation

in the neural network computation due to the NP-hard complexity for the exact

calculation of ATR.

From eqn. (2.13), (2.16) and (4.5), the motion equation of the NCNN is:

yjk(t+ 1) = kyjk(t) + α {W1
∂R

∂vij

−W2cij − W3

R0

(−1)ςης ∂R

∂vij

}

−z(t) [xjk(t) − I0] + n(t) , (4.6)
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where from equation (4.3) [3],

∂R

∂vij

=
N∏

k=1,k �=s,i,j

[
1 −

N∏
l=1,l �=k

ψkl

]
pij

·
[

N∏
l=1,l �=i

ψjl +
N∏

l=1,l �=j

ψil − 2
N∏

l=1,l �=j

ψlj

N∏
l=1,l �=i,j

ψli

]

(4.7)

and

ψab ≡ 1 − pab × vab . (4.8)

4.5 Simulation Results

4.5.1 Selection of Network Coefficients

E = −W1R︸ ︷︷ ︸
A term

+W2

N∑
i=1

N∑
j=i+1

vijcij︸ ︷︷ ︸
B term

+W3η
ς ×
∣∣∣∣1 − R

R0

∣∣∣∣︸ ︷︷ ︸
C term

, (4.9)

The selection of the network parameters and coefficients W1,W2,W3 of the NCNN

are an important issue related to its efficiency. The network parameters are similar

to those used in other problems [118, 116]. The set of network parameters are listed

below:

k = 0.9, α = 0.015, β1 = 0.001, β2 = 0.0001;

ε = 1/250; I0 = 0.65, , z0 = 0.08, A[n(0)] = 0.001 . (4.10)

Although some researchers had adopted the dynamic coefficients instead of

fixed ones where the coefficients in the connection weights evolve dynamically

along with the system state [122], [87], this dynamic method is too specific which

is dependent on problems even for different instances in the same problem. The
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general way is to choose the fixed coefficients which were determined empirically.

The guide line of the selection of coefficients is that the each term in the dynamic

equation should be comparable [3]. I rewrite the energy function in eqn. (4.5) and

divide to three terms as in eqn. (4.9). I can see that the A-term and C-term are

less than 1 and B-term is O(100·L) when the link costs are chosen from (1, ..., 100),

where L is the total number of links. Hence the coefficients of W1, W2 and W3

should be chosen properly to balance the three terms so that they have appreciable

weights in the dynamic equation [3]. It should be noted that for different instance

the coefficients are also different. One possible set of coefficients for the energy

function is:

W1 = 1.5,W2 = 0.005,W3 = 1.2, η = 10. (4.11)

4.5.2 Benchmark Instances and Results

The benchmark problems are adopted from [31] in which the global optimal results

for n < 10 are verified by using the exact branch-and-bound method [56]. The

problems contains 20 different cases. Cases 1 - 17 are problems concerning fully

connected networks and cases 18 - 20 are for non-fully connected networks. The

comparison of results is listed in Table 4.1, where p is the link reliability probability

for each link and R0 is the objective network reliability.

The simulation of each case was run 50 times using Pentium V 2.5 GHZ

desktop and C code. The comparison of results are listed as in the references

to which I shall compare our results [56], [31], [3], [66]. Table 4.1 lists the best

cost, average cost, and standard deviation for each instance obtained using the

NCNN, and compared with the published results in the previous works. From the

results, it can be seen that branch-and-bound cannot be applied to fully-connected

network problems with node sizes larger than 14 but lead to optimal solutions for

small problems. The GAs [31] is somewhat effective but it is strange to see that

sometimes it fails to find better solutions. And it also can be seen that the proposed
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Table 4.1: Comparisons of network cost obtained using the NCNN for benchmark

examples from [31] with previous methods, where the results for the NCNN is listed

as best cost, average cost, and standard deviation, (Best/Avg/SD) in 50 runs.

Case N E p R0 BnB TOPO GA OPTI NCNN

[56] [66] [31] [3] Best/Avg/SD

1 5 10 0.8 0.9 255 255 255 255 255/258.2/0.01

2 5 10 0.9 0.95 201 255 201 201 201/204.1/0.01

3 7 21 0.9 0.9 720 720 720 720 720/723.5/0.02

4 7 21 0.9 0.95 845 845 845 845 845/851.7/0.02

5 7 21 0.95 0.95 630 630 630 630 630/633.3/0.02

6 8 28 0.9 0.9 208 208 208 208 208/209.2/0.02

7 8 28 0.9 0.95 247 247 247 247 247/250.5/0.03

8 8 28 0.95 0.95 179 179 179 179 179/181.2/0.02

9 9 36 0.9 0.9 239 239 239 239 239/244.8/0.07

10 9 36 0.9 0.95 286 286 286 308 286/292.1/0.03

11 9 36 0.95 0.95 209 209 209 209 209/215.3/0.05

12 10 45 0.9 0.9 154 154 156 154 154/165.2/0.06

13 10 45 0.9 0.95 197 197 205 197 197/201.3/0.03

14 10 45 0.95 0.95 136 136 136 136 136/140.2/0.05

15 15 105 0.9 0.95 N/A 262 317 304 296/302.5/0.04

16 20 190 0.95 0.95 N/A N/A 926 270 202/215.1/0.05

17 25 300 0.95 0.9 N/A N/A 1606 402 377/283.2/0.07

18 14 21 0.9 0.9 1063 1063 1063 1063 1063/1073.2/0.08

19 16 24 0.9 0.95 1022 1022 1022 1077 1022/1034.6/0.02

20 20 30 0.95 0.9 596 596 596 596 596/599.5/0.08
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Figure 4.2: Comparison of the computation time required by the proposed method

and the previous methods. The x-axis represents the cases from 1 to 20 (the

problem size increases from case 1 to case 20), and the y-axis is the computation

time required by each case.

NCNN can find equal or better solutions according to the solution quality (cost)

compared to the previous methods in all cases.

Paired t-test between the NCNN and the GA method in [31] was performed

using the results of 10 runs on case 15. The t value is 13.2. Entering a t table at 9

degrees of freedom (the number of replicate n − 1) we find a tabulated t value of

2.26 (p = 0.05) going up to a tabulated value of 4.78 (p = 0.001). Our calculated

t value exceeds these, so the difference between the two compared methods is very

highly significant.
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Table 4.2: Comparisons of average computation time (seconds) for benchmark

examples with previous methods in 50 runs.

Case N E p R0 TOPO GA OPTI-net NCNN

[66] [31] [3]

1 5 10 0.8 0.9 1.32 35.52 2.20 0.02

2 5 10 0.9 0.95 1.21 31.23 10.50 1.42

3 7 21 0.9 0.9 2.38 125.44 10.40 1.15

4 7 21 0.9 0.95 5.25 203.18 8.52 0.05

5 7 21 0.95 0.95 5.50 221.35 12.00 0.03

6 8 28 0.9 0.9 12.2 125.24 10.80 1.42

7 8 28 0.9 0.95 8.32 236.57 9.20 1.02

8 8 28 0.95 0.95 10.24 302.26 8.00 1.82

9 9 36 0.9 0.9 111.62 155.80 8.20 1.52

10 9 36 0.9 0.95 100.34 186.38 10.00 2.32

11 9 36 0.95 0.95 114.54 405.28 10.00 2.12

12 10 45 0.9 0.9 136.25 335.78 11.00 3.57

13 10 45 0.9 0.95 120.58 435.32 12.00 4.12

14 10 45 0.95 0.95 150.26 502.46 12.00 5.27

15 15 105 0.9 0.95 831.26 825.58 15.00 1.54

16 20 190 0.95 0.95 1250.23 858.12 16.25 4.25

17 25 300 0.95 0.9 2200.58 2506.62 20.00 19.50

18 14 21 0.9 0.9 1223.12 588.21 8.00 13.42

19 16 24 0.9 0.95 2016.33 575.12 20.12 18.25

20 20 30 0.95 0.9 2124.43 871.25 20.50 12.47
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Table 4.3: Results of randomly generated network instances

Case Nodes Edges p R0 R Cost CPU sec

1 30 435 0.9 0.9 0.944±0.02 722±54.9 383.3±0.5

2 40 780 0.9 0.9 0.960±0.01 848±28.6 453±20.7

3 50 1225 0.9 0.9 0.968±0.01 967±8.97 864±168.0

4 60 1770 0.9 0.9 0.986±0.0 1220±12.9 1128±127.0

5 70 2415 0.9 0.9 0.953±0.01 1673±241.0 1270±9.8

6 80 3160 0.9 0.9 0.951±0.02 3916±11.0 3510±219.0

7 90 4005 0.9 0.9 0.960±0.01 3898±401.0 5941±613.0

8 100 4950 0.9 0.9 0.986±0.01 5702±31.8 10390±6.7

9 50 253 0.95 0.9 0.921±0.02 2102±25.3 162±214.0

10 100 501 0.95 0.9 0.954±0.02 6725±21.7 1823±223.0

11 200 1001 0.95 0.9 0.974±0.02 7232±51.2 3625±118.0

12 300 1501 0.95 0.9 0.962±0.03 8771±131.5 6686±268.0

In order to show the scalability of the NCNN, the comparison of the com-

putation time is made and listed in Table 4.2. The values in this table are the

average computation time from 50 runs. The problem size increases from the case

1 to case 20. From this table, it can be seen that the time required to obtain a

sub-optimal solution is relatively shorter than previous methods. The computa-

tional time needed for the NCNN and the previous methods are plotted in Fig.

4.2. From this figure, it can be seen that the NCNN needs relatively shorter time

compared with other methods. And the computation time needed grows linearly

with the problem size increasing.

Besides the benchmark problem, I evaluate our algorithm on randomly gen-

erated big instances with the number of nodes greater than 50 with both fully-

connected networks and non-fully connected networks. The number of edges in

the non-fully connected networks is around 5N , where N is the total number of
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Table 4.4: List of the weighting coefficients for simulated problems

Case W1 W2 W3

1 1.5 0.002 1.0

2 1.7 0.002 1.0

3 1.6 0.001 1.0

4 1.5 0.001 1.0

5 1.3 0.001 1.0

6 1.6 0.001 1.0

7 1.2 0.001 1.0

8 1.4 0.001 1.0

9 1.4 0.001 1.0

10 1.4 0.001 1.0

11 1.4 0.001 1.0

12 1.2 0.006 1.0

13 1.2 0.06 1.0

14 1.2 0.05 1.0

15 1.3 0.06 1.0

16 1.2 0.04 1.0

17 1.2 0.03 1.0

18 1.0 0.06 1.0

19 1.0 0.09 1.0

20 1.0 0.03 1.0
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vertices in the network, i.e., L = 5N . Our algorithm to randomly generate the

non-fully connected network instance is listed as below (It should be noted that

the instance generated here should be chosen properly according to the criteria

L = 5N):

1) Set the number of nodes N of the instance which you want to generate and

the edge generation parameter r to be used below. In our simulation, r = 2/
√
N .

2) Generate N two-dimensional coordinates randomly:

xi = Random[0, 1], yi = Random[0, 1], for i = 1, ..., N, (4.12)

where xi and yi are the x− and y−coordinates of node i, respectively. And the

function Random[z, w] generates a random number uniformly distributed between

z and w.

3) Assign an edge for a pair of nodes whose distance is less than r:

if
√

(xi − xj)2 × (yi − yj)2 < r, then cij = 1

else cij = 0 ; for i = 1, ..., N and j = 1, ..., N . (4.13)

4) Generated the a random number between (1, 100) as the network link cost.

Check the connectivity of the network and output the network structure with

connected links and their costs.

The results of the randomly generated instances are shown in Table 4.3. The

cases 1 - 8 are fully-connected networks and cases 9 - 12 are non-fully connected

ones. The NCNN program was run 30 times for each instance. I used ANOVA

(http://www.physics.csbsju.edu/stats/anova.html) to obtain the standard devia-

tions. The error bar of the costs is shown in Fig. 4.3. The results of reliability,

cost and running time in Table 4.3 are listed with average ± standard deviation. It

can be seen from the results that the NCNN can found the optimal or sub-optimal

solutions in a reasonable amount of time even with large instances. The compu-

tation time is relatively small with respect to the size of the network and nearly
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Figure 4.3: Error bars for the cost of the randomly generated network instances.

The x-axis stands for each instance and the y-axis is the network cost.
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linear increasing with the problem size. Because case 9 is the non-fully connected

instances with relatively smaller number of nodes, the time needed is shorter than

fully-connected ones.

4.6 Conclusions

In this chapter, I have used the noisy chaotic neural network to solve the topo-

logical optimization problem in backbone networks with all-terminal reliability

constraints. The results on 20 benchmark problems showed that our NCNN out-

performs other methods, especially in large problems. The results for the randomly

generated network with up to 300 vertex showed the computational applicability

of the NCNN to solve large-size networks.
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Chapter 5

Solving the Broadcast Scheduling

Problem in Wireless Multihop

Networks Using Hybrid Neural

Networks

5.1 Introduction

Packet radio networks provide a good option for high-speed wireless data com-

munications, especially over a broad geographic region [75]. Packet radio net-

works (PRNs) consist of geographically distributed nodes and provides flexible

data communication services for nodes through a shared high-speed radio channel

by broadcasting. Each node is equipped with a transmitter and a receiver with

limited power. Therefore the transmission range is limited and only the nodes

within a certain range can transmit messages to or receive messages from each

other. If two nodes are far apart, packets need to be relayed by intermediate nodes

and traverse several hops before reaching the destination.
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The time division multiple access (TDMA) protocol has been adopted in PRNs

for nodes to communicate with each other in a single shared radio channel. Since all

nodes share one radio channel, conflicts may occur with uncontrolled transmissions,

resulting in damaged packets at the destination [133]. These damaged packets

increase network delays because they must be re-transmitted. Hence effective

broadcast scheduling is necessary to avoid any conflict and to use the limited

channel bandwidth efficiently. In a TDMA network, time is divided into frames

and each TDMA frame is a collection of time slots. A time slot has a unit time

length required for a single packet to be communicated between adjacent nodes.

When nodes transmit simultaneously, conflicts will occur if the nodes are in a close

range. Therefore, adjacent nodes must be scheduled to transmit in different time

slots, while nodes some distance away may be arranged to transmit in the same time

slot without causing conflict [112]. The goal of the broadcast scheduling problem

(BSP) is to find an optimal TDMA frame structure that fulfills the following two

objectives. The first is to schedule transmissions of all nodes in a minimal TDMA

frame length without any conflict. The second is to maximize channel utilization

or total conflict-free transmissions.

5.2 Previous Methods on Solving the BSP

The BSP has been proven to be an NP-complete combinatorial optimization prob-

lem [34], [112] and has been studied in the literatures. Most of the earlier algo-

rithms for the BSP assume that the frame length is fixed and is known a priori

[34], [39]. Recent algorithms [112] [36] [133] [92] aim at finding both the minimal

frame length and the maximum conflict-free transmission, i.e., now there are two

objectives in the BSP. Usually, two stages or phases are adopted to tackle the two

objectives in a separate fashion. The minimal frame length is achieved in the first

stage and conflict-free node transmissions are maximized in the second stage [36]

[133] [92].
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Specifically, Ephremides and Truong [34] proposed a distributed greedy al-

gorithm to find a TDMA structure with maximal transmission. They proved

that searching for the optimal scheduling of broadcasts in a radio network is NP-

complete. Funabiki and Takefuji [39] proposed a parallel algorithm based on an

artificial neural network to solve the M -slot problem where the number of time

slots is pre-defined. They used hill-climbing to help the system escape from local

minima. Wang and Ansari [112] proposed a mean field annealing (MFA) algorithm

to find a TDMA cycle with minimum delay time. In order to find the minimal

frame length, they first used MFA to find assignments for all nodes with a lower

bound of the frame length. For the unassigned nodes left, they then used another

heuristic algorithm which adds one time slot at each iteration to the node with

the highest degree. The heuristic algorithm was run repeatedly until all the nodes

left were assigned. After the number of time slots was found, additional feasible

assignments to the nodes were attempted. They also proved NP-completeness of

the BSP by transforming the BSP to the maximum independent set problem.

Chakraborty and Hirano [20] used genetic algorithms to solve the BSP. They

proposed a GA with a modified crossover operator to handle large networks with

complex connectivity. Funabiki and Kitamichi [36] proposed a binary neural net-

work with a gradual expansion scheme, called a gradual neural network (GNN),

to find the minimum frame length and the maximum transmissions through a

two-phase process. In phase I, they found a valid TDMA cycle to satisfy the two

constraints with the minimum number of time slots. The number of time slots

in a TDMA cycle was gradually increased at every P iterations from an initial

value during the iterative computation of the neural network, until every node

can transmit at least once in the cycle without conflicts, where P is a pre-defined

parameter. In phase II, additional conflict-free transmissions for the TDMA cy-

cle of phase I were found in order to maximize the total number of transmissions.

They demonstrated the performance of their method through the three benchmark

instances used in [112] and randomly generated geometric graph instances.
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Yeo et al [133] proposed a two-phase algorithm based on sequential vertex

coloring. They showed that their method can find better solutions compared to

the method in [112]. Salcedo-Sanz et al [92] proposed a hybrid algorithm which

combines a Hopfield neural network for constrain satisfaction and a genetic al-

gorithm for achieving maximal throughput. They partitioned the BSP into two

sub-problems, i.e., the problem of maximizing the throughput of the system (P1)

and the problem to find a feasible frame with one and only one transmission per

radio station (P2). Accordingly they used a hybrid two-stage algorithm in solving

these two sub-problems, i.e., the Hopfield neural network for P2, and a combina-

tion of genetic algorithms and the Hopfield neural network for P1. They compared

their results with MFA in [112] in the three benchmark problems, and showed that

the hybrid algorithm outperformed MFA.

Recently, there are many hybrid methods proposed to solve the NP-hard

COPs, for example [92] [93] [94]. In this chapter, I will propose a hybrid method

which combines neural network technique and a sequential vertex coloring and ap-

plied it to solve the BSP in two phases with each phase using a different method.

A modified sequential vertex coloring algorithm will be applied in the first phase to

obtain the minimal number of time slots. And the NCNN model is adopted in the

second phases to maximize the node transmissions while meeting the constraints.

5.3 The Broadcast Scheduling Problem

In this section, I will first briefly describe the BSP, as in [39]- [92], and then present

a formulation of the BSP based on the description. A packet radio network (PRN)

can be represented by a graph G = (V, E), where vertices in V = {1, ..., N} are

network nodes, N being the total number of nodes in the PRN, and E represents

the set of transmission links. Two nodes i and j (i, j ∈ V ) are connected by an

undirected edge eij ∈ E if and only if they can receive each other’s transmission

[133]. In such a case, the two nodes i and j are one-hop away. If eij /∈ E, but
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i

(a) (b)

j

i j

k

Figure 5.1: Situations in which conflicts occur in a packet radio network. (a)

Primary conflict. Node i should not have transmission and reception simultane-

ously. (b) Secondary conflict. Node k should not receive two or more transmissions

simultaneously.

there is an intermediate node k such that eik ∈ E and ekj ∈ E, then nodes i and

j are two-hop away. A primary conflict occurs when two nodes which are one-

hop away transmit in the same time slot, as shown in Fig. 5.1 (a). A secondary

conflict occurs if two nodes are two-hop away and transmit in the same time slot,

as shown in Fig. 5.1 (b). I summarize the constraints in the BSP in the following

two categories:

1) No-transmission constraint [20]: Each node in the network should be

scheduled to transmit at least once in a TDMA cycle.

2) No-conflict constraint : It excludes the primary conflict (a node cannot

have transmission and reception simultaneously) and the secondary conflict (a node

is not allowed to receive more than one transmission simultaneously).

From the above constraints, It can be seen that two nodes can transmit in the

same time slot without conflicts if and only if they are more than two hops away

from each other.

The topology of a TDMA network can be represented by an N×N symmetric
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binary matrix C = {cij}(i, j = 1, ..., N), called the connectivity matrix:

cij =




1, if there is a link between node i and node j, and i �= j ;

0, otherwise.

(5.1)

An N ×N matrix called the compatibility matrix D = {dij} [36] is defined as

follows:

dij =




1, if node i and node j are one-hop away or two-hop away ;

0, otherwise.

(5.2)

The final optimal solution is a transmission schedule for all the nodes in the

network which consists ofM time slots. I will use anM×N binary matrix T = (tij)

to express a transmission schedule [112], where

tij =




1, if time slot i in a frame is assigned to node j ;

0, otherwise.

(5.3)

Channel utilization ρj for node j is defined as [112]

ρj =
the number of time slots assigned to node j

TDMA cycle length
=

∑M
i=1 tij
M

. (5.4)

The total channel utilization for the entire network, ρ, is given by [112]:

ρ =
1

N

N∑
j=1

ρj =
1

NM

N∑
j=1

M∑
i=1

tij . (5.5)

The goal of the BSP is to find a transmission schedule with the shortest TDMA

frame length (i.e., smallest M) which satisfies the above constraints, and at the

same time, the total transmissions are maximized. Based on the above description
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of the BSP, I formulate the BSP as follows:

BSP minimize M and maximize ρ

Subject to:
M∑
i=1

tij > 0, for all j = 1, 2, ..., N , (5.6)

M∑
i=1

N∑
j=1

N∑
k=1,k �=j

djktijtik = 0 . (5.7)

The no-transmission constraint is formulated in eqn. (5.6), which means each

node in the network must transmit at least once in a frame. The no-conflict

constraint in eqn. (5.7) indicates that every pair of nodes within one hop or two

hops away cannot be scheduled in the same time slot.

A trivial solution satisfying all the above two constraints is an N -slot TDMA

cycle where every node transmits in a different time slot. But obviously this

solution is not optimal. The BSP is an NP-complete combinatorial optimization

problem and to find a global optimum is not easy. In the next section, we will

introduce a novel noisy chaotic neural network and then apply this model to solve

the BSP in the subsequent sections.

5.4 Hybrid Neural Network Method for the BSP

5.4.1 Phase I: Minimize TDMA frame length using SVC

In this stage, I will aim to minimize the TDMA frame length, which can be reduced

to a variation of the classical vertex coloring problem (VCP) [133]. If regarding the

colors in the VCP as the time slots in the BSP and vertices in the VCP as nodes

in the BSP, the frame length minimization problem becomes the same as the VCP

if we require that different slots (colors) must be assigned to one-hop-away and

two-hop-away nodes [133]. In this chapter, the phrases of color and time slot are

interchangeable, so are node and vertex. The sequential coloring algorithm with
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vertex ordering is the simplest and practical heuristic algorithm to solve the VCP

[25]. In this chapter, I will use the vertex coloring algorithm with a new vertex

ordering criteria after the initialization, and we call our algorithm sequential vertex

coloring (SVC). The proposed SVC is implemented as follows. A lower bound Lm

of the frame length is computed and an initialization procedure pre-assigns a group

of nodes to Lm time slots. The vertices are ordered using a traverse algorithm to

be described below and the SVC assigns the first available time slot (color) to the

first node (vertex). The number of time slots (colors) is increased by 1 when no

colors are available for the node. The SVC stops when all nodes are assigned with

a time slot.

It is more efficient to search for the frame length starting from a lower bound

Lm compared to the value 1. The lower bound Lm can be computed using the

following equation [112]:

Lm = max
i∈V

degi + 1 . (5.8)

where degi means the degree of node i in the PRN and the degree of a node is

defined as the number of edges connected to this node:

degi =
N∑

k=1,k �=i

cik . (5.9)

Note that Lm obtained from eqn. (5.8) is not a tight bound. A tighter bound [92]

can be easily obtained using graph theory [63]. Firstly the original graph G = (V,

E) is transformed into G′ = (V,E ′), where E in G stands for one-hop-away edges,

and E ′ in G′ stands for one-hop-away and two-hop-away edges. The tight bound

L
′
m is:

L
′
m = ω(G′) . (5.10)

where ω(G′) is the maximal cardinality of a clique in G’ [92]. In this thesis, I will

use the tight bound L
′
m as in eqn. (5.10)

The initialization of the SVC is implemented as follows. Firstly I label the

group of nodes to be initialized as G = {ni, (i = 1, 2, ...Lm)}. The group G consists
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of the node with the maximal degree and the nodes which are one hop away from

this node. Suppose node n1 is the node with the maximal degree. The other nodes

{ni, (i = 2, 3, ..., Lm)} represent nodes one hop away from node n1. The initial

assignments are done as follows: we assign time-slot i to node ni, (i = 1, 2, ..., Lm).

The initialization is based on the fact that all one-hop-away nodes must be assigned

with different time slots. The initialization process can reduce the search time,

because after the this process, only N − Lm nodes are left to be scheduled.

As stated in [133], different vertex ordering criteria have different effects in

searching. In this chapter, in order to take advantage of the initial schedule process,

we use the distance criteria, i.e., the topological distance from the pre-assigned

nodes to the other unassigned nodes in the graph. It is obtained with a traverse

algorithm as follows.

Algorithm traverse (stack S)

1) Set S=null. Make a copy of G and name it as Q.

2) Obtain a node x from the queue Q and delete node x from Q. If Q is null,

then stop and return the node sequence stored in stack S. Else find the one-

hop-away nodes of node x denoted as Nadj = {nk, (k = 1, 2, ..., p)}, where p

is the number of one-hop-away nodes.

3) For every node in Nadj, if node nk is not in the queue Q, store the node nk

in Q. If nk is not in G or queue S, store node nk in queue S.

4) goto step 2.

Our SVC in the stage I can be described as follows.

Algorithm Sequential Vertex Coloring

1) Find the lower bound using eqn. (5.10). Set the current number of time slots

as the lower bound, i.e., M = Lm.
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2) Assign time-slot i to node ni, (i = 1, 2, ..., Lm). Let the counter p = M + 1.

3) Order the uncolored vertices in the graph by the distance criterion.

4) Find the number of non-conflicting colors c for the vertex i.

(a) If c > 1, assign the first available color to vertex i.

(b) If c = 1, assign the color to vertex i.

(c) If c < 1, goto Step 6.

5) If p=N, stop; else p=p+1 and goto step 4.

6) M = M + 1 and goto step 4.

5.4.2 Phase II: Maximize the channel utilization

The energy function in the second phase can be formulated as the same in [36]:

E =
W1

2

N∑
i=1

M∑
j=1

N∑
k=1
k �=i

dikxijxkj +
W2

2

N∑
i=1

M∑
j=1

(1 − xij)
2 . (5.11)

where xij stands for neuron ij. We use N × M neurons in this phase, i.e.,

X = {xij}, (i = 1, ..., N ; j = 1, ...,M). W1 and W2 are weighting coefficients.

W1 represents the relative strength of the constraint term that any pair of nodes

which is one hop away or two hops away must not transmit simultaneously during

each TDMA cycle. W2 represents the strength of the optimization term which

maximizes the total number of firing neurons or the total node transmissions.

From eqn. eqn. (2.13), (2.16), and eqn. (5.11), we obtain the dynamics of the

NCNN for neuron ij as follows:

yij(t+ 1) = kyij(t) + α[−W1(
N∑

k=1
k �=i

dikxkj) +W2

(1 − xij)] − z(t) [xij(t) − I0] + n(t) . (5.12)
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For an N -node BSP problem with M time slots, a noisy chaotic neural network

with N ×M neurons are adopted. We convert the continuous output xij of neuron

ij to discrete neuron output tij as follows.

tij =




1 xij >
∑N

k=1

∑M
l=1 xkl(t)/(N ×M),

0 otherwise,

The N ×M neurons are updated cyclically and asynchronously in the following

sense. All neurons are cyclically updated in a fixed order. After all neurons

are updated once, we consider that one iteration is finished. And the new state

information is available for the other neurons in the next generation.

The computational complexity of our hybrid method is examined as follows.

In the first stage, the complexity for ordering vertex using the traverse algorithm is

O(N+L), whereN is the number of node and L is the number of edges in the graph.

The procedure to find non-conflicting colors in step (4) in the SVC algorithm has

O(N) complexity, which needs to run NM times. Thus the complexity in stage I

is O(N 2M), where N is the number of node and M is the number of time slot. In

stage II, it is difficult to determine the exact number of iterations required by the

NCNN for different problem instances with various problem sizes. We investigate

the complexity in one iteration step instead: the worst time complexity in one

iteration step for the NCNN is O(NM).

5.5 Simulation Results

5.5.1 Parameter Selection

An issue related to efficiency of the NCNN in solving combinatorial optimization

problems is to select appropriate parameters including system parameters in the

neural network and weighting coefficients in the energy function. Although there

are quite a few parameters to be selected in the NCNN, these parameters are
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similar to those used in other optimization problems [118, 76, 113, 116]:

k = 0.9, α = 0.015, β1 = 0.001, β2 = 0.0001,

ε = 0.004, I0 = 0.65, z0 = 0.08, A[n(0)] = 0.002. (5.13)

The weighting coefficients are determined based on the rule that each term (W1

and W2) in energy function eqn. (5.11) should be comparable in magnitude, so

that none of them dominates. Hence we choose W1 = 1.0 and W2 = 0.6 in the

benchmark examples from BM 1 to BM 3. Besides, a comparison of different values

of W2 is carried out for Case 4 to Case 6.

5.5.2 Evaluation Indices

We use three evaluation indices to compare with different algorithms. One is the

TDMA frame length M . The second index is the channel utilization factor ρ

defined in eqn. (5.5). The third is the average time delay η for each node to

broadcast packets [36]:

η =
1

N

N∑
i=1

(
M∑M
j=1 tij

) =
M

N

N∑
i=1

(
1∑M

j=1 tij
) . (5.14)

Another definition of the average time delay can be found in [112]. To derive

the definition of the average time delay, the following assumptions were made [112]:

(1) Packets have a fixed length, and the length of a time slot is equal to the

time required to transmit a packet.

(2) The inter-arrival time for each node i is statistically independent from

those of the other nodes, and packets arrive according to a Poisson process with a

rate of λi (packets/slot). The total traffic in node i consists of its own traffic and

the incoming traffic from the other nodes. Packets are stored in buffers in each

node and the buffer size is infinite.

(3) The probability distribution of the service time of node i is deterministic.

Let the service rate of node i be µi (packets/slot).
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Table 5.1: Specifications of benchmark instances.

Instance Nodes edges Maximum Minimum Lower

N E degree degree bound

BM 1 15 29 7 2 8

BM 2 30 70 8 2 10

BM 3 40 66 7 1 8

Case 4 100 486 18 2 19

Case 5 200 1099 21 2 22

Case 6 400 805 8 2 9

(4) Packets can be transmitted only at the beginning of each time slot.

Under the above assumptions, the PRN can be modeled as N M/D/1 queues.

According to Pollaczek-Khinchin formula [13], the average time delay for each node

Di is given as follows:

Di =
1

µi

+
1

λi

(λi/µi)
2

2(1 − λi/µi)
. (5.15)

where µi =
∑M

m=1 xmi/M (packets/slot) is the service rate for node i. The total

time delay is given by [112]:

D =

∑N
i=1 λiDi∑N

i=1 λi

. (5.16)

In this thesis, we will use both definitions of the average time delay in eqn. (5.14)

and eqn. (5.16) in order to compare with other methods.

5.5.3 Benchmark Problems

Because the NCNN is not applicable in solving the BSP (NCNN is only used in

the second phase), the comparisons between the VC-NCNN and the NCNN are
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Figure 5.2: The packet radio networks of the three benchmark instances used in

[112]. (a) 15-node-29-edge, (b) 30-node-70-edge, and (c) 40-node-66-edge.
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not included. The results will be compared with other previously methods in

each simulation problems. We first evaluate our hybrid method through three

benchmark problems (BM 1 to BM 3 in Table 5.1), which were solved by the

other methods compared in this chapter. The three examples are 15-node-29-edge,

30-node-70-edge, and 40-node-66-edge, respectively. Besides the three benchmark

problems, we apply our hybrid algorithm on three large instances (Case 4 to Case

6 in Table 5.1) with the number of node varying from 100 to 400. We run each

instance 50 times with different, randomly selected initial states of the NCNN, but

with the same set of system parameters as in eqn. (5.13).

The results of the three benchmark problems are summarized in Table 5.2 and

compared with other previous methods. Each instance (BM #1 to #3) was run 50

times and shows the best and average results for each problem. Fig. 5.5 plots the

curves for each methods compared in this chapter for the benchmark problems.

From Table 5.2, we can see that our SVC-NCNN method can find shorter frame

length than MFA does. In addition, our proposed hybrid method can find the

smallest average time delay η among all methods in all three cases.

The best resulting transmission scheduling for the BM 3 is shown in Fig.

5.3. A black square in this figure represents the transmission of node i in time

slot j. From this figure we can see that our proposed method can find feasible

schedules for all nodes with the minimal frame length (M = 8) in the first stage.

Furthermore, the NCNN can find additional transmissions for each nodes, e.g.,

node 1 can transmit at additional time slots 4, 5, and 6 in one TDMA frame

besides the time slot 1, i.e., node 1 can transmit 4 times in one frame cycle.

In order to see clearly the difference between our method and other methods,

I have plotted the average time delay for the three cases as shown in Fig. 5.4.

Because no transmission schedules are reported in [36], the GNN method cannot

be compared and plotted in these figures. From Fig. 5.4 (a), it can be seen that all

other methods obtain the same time delay. But our SVC-NCNN can find better

transmission schedule which has the time delays less than other compared methods.
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Figure 5.3: The broadcast schedule for the 40-node-66-edge instance. N and M

stand for the number of nodes and the number of time slots, respectively. The

black square stands for the transmission of node i in slot j.
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Figure 5.4: Comparisons of average time delays for the the three benchmark prob-

lems BM 2 and BM 3 (according to Pollaczek-Khinchin formula eqn. (5.16)) with

different approaches.
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Table 5.2: Comparisons of best and average results obtained by our SVC-NCNN

(W1 = 1.0 and W2 = 0.6) with different algorithms in the three benchmark prob-

lems in 50 runs, where η is the average time delay, M is the minimal time slots,

and T is the computational time needed (in seconds).

Case BM 1 BM 2 BM 3

Best/Avg Best/Avg Best/Avg

η 6.8/7.0 9.2/9.5 5.8/6.1

SVC-NCNN M 8/8.0 10/11.5 8/8.0

T 3.0/3.5 3.5/4.3 4.0/4.2

η 7.0/7.0 9.3/10.0 6.3/6.5

HNN-GA M 8/8.0 10/10.0 8/9.0

T 4.0/4.7 17/19.0 13.0/14.0

η 7.2/7.4 10.0/12.0 6.8/7.2

SVC M 8/8.0 10/11.0 8/10.0

T 2.5/2.8 15.0/15.4 10.0/12.0

η 7.1/7.2 9.5/10.0 6.2/6.5

GNN M 8/8.0 10/10.5 8/8.5

T 15.0/16.4 18.0/20.0 17.0/19.5

η 7.2/7.5 10.5/12.5 6.9/8.2

MFA M 8/9.0 12/13,5 9/10.0

T 25.0/27.2 32.5/38.5 28.0/29.0
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Figure 5.5: Comparison of the computation time required by the proposed method

and the previous methods. The x-axis represents the BM 1 to 3, and the y-axis is

the computation time required by each case.
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The difference in time delay is greater as shown in Fig. 5.4 (b) and (c) when the

problem size becomes large. From Table 5.2 and Fig. 5.4, it can be concluded

that SVC-NCNN can find the shortest conflict-free frame schedule while providing

the maximum channel utilization among the existing algorithms compared in this

chapter.

Paired t-test is performed between the HNN-GA and our proposed methods

due the the fact that the curves in Fig. 5.4 are very close. We used the results of

10 runs for BM 1. The t value is 9.7. Entering a t table at 9 degrees of freedom

(the number of replicate n−1) we find a tabulated t value of 2.26 (p = 0.05) going

up to a tabulated value of 4.78 (p = 0.001). Our calculated t value exceeds these,

so the difference between the two compared methods is significant.

In order to show the effect of weighting coefficients in the energy function, I

have investigated the effect of different coefficient W2 in three large instances Case

4 to Case 6. Table 5.3 shows the results of test Case 6 using various values of W2

while W1 is fixed. The simulation for each case is run 50 times and list the average

values of time slot M , time delay η and runtime (in seconds). Better performance

(smaller average time delays) can be obtained with larger W2, but more iterations

are required. When W2 is greater than 0.9, the algorithm cannot find feasible

solutions in the pre-defined 15000 iterations used in our simulations.

5.6 Conclusions

In this chapter, I have proposed a hybrid algorithm which combined sequential ver-

tex coloring and the noisy chaotic neural network to solve the broadcast scheduling

problem in wireless multihop networks. I have used two stages for the two objec-

tives of the BSP, i.e., I used sequential vertex coloring to find the minimal TDMA

frame length with transmission scheduling in the first stage and the NCNN to

maximize channel utilization and minimize time delays in the second stage. I
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Table 5.3: Simulation results for benchmark example 4 to 6 using our SVC-NCNN

on a desktop personal computer with a 2.4GHZ CPU and various choices of W2

(W1 is fixed at 1). Here convergence rate is defined as the ratio of the runs in

which feasible solutions can be found to all number of runs.

W2 M η Runtime Iteration Converge

(sec) steps Rate

0.4 20 15.76 19.5 2697.5 100%

0.6 20 15.56 22.3 4335.2 100%

Case 4 0.8 20 15.26 40.5 5894.5 100%

≥ 0.9 19 - 107.0 15000 0%

0.4 22 19.22 87.2 2648.3 100%

0.6 22 18.28 102.3 4672.5 100%

Case 5 0.8 22 17.45 325.4 6538.4 100%

≥ 0.9 22 - 586.0 15000 0%

0.4 9 7.77 178.2 3915.3 100%

0.6 9 7.70 208.1 4634.9 100%

Case 6 0.8 9 7.62 365.4 8321.4 100%

≥ 0.9 9 - 623.0 15000 0%
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evaluated our hybrid algorithm in three benchmark examples plus three larger in-

stances. The results showed that our hybrid method finds better solutions than

the other algorithms did in the examples.
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Chapter 6

Solving the Broadcast Scheduling

Problem in Wireless Multihop

Networks Using the Gradual

Noisy Chaotic Neural Network

6.1 Introduction

In this chapter, we will apply the proposed G-NCNN to tackle the BSP. Because

the BSP needs to find the minimal number of time slots for the transmission. The

gradual expansion scheme can be naturally applied in this situation by letting

the number of time slot gradually increasing. In the first phase, the G-NCNN is

applied to obtain the minimal TDMA frame length. The number of neurons for

the BSP in the first phase is not fixed but varies with the searching process for a

minimal number of time slot. The neural network consists of N ×M neurons and

starts with a lower bound value of M , where M is the number of time slots needed

for the transmission in a TDMA frame. The network will stop searching when a

feasible scheduling obtained and goes to the second phase. In the second phase,
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6.2 A Gradual Noisy Chaotic Neural Network for the BSP 93

additional transmissions for nodes are computed by adopting the NCNN model

in order to obtain the maximal number of node transmissions. Numerical results

show that our G-NCNN outperforms the existing algorithms in both the average

delay time and the minimal TDMA cycle length.

6.2 A Gradual Noisy Chaotic Neural Network

for the BSP

As discussed in Chapter 3, the G-NCNN divides the number of neurons into several

groups and expands its number of neurons in several stages until the searching

stops. In this application, we do not know how many stages needed until we found

the solutions. And one of the objectives of the BSP is to find the minimal number

of time slots. So we adopt the gradual expansion scheme by adding 1 neuron in

each stage. The searching of the G-NCNN is performed in each stage until the

feasible solution is found. This application in the BSP can be seen as a special

case of the general G-NCNN method by letting the p = 1.

6.2.1 Phase I: Minimizing the TDMA Frame Length Using

a G-NCNN

For a network with N nodes, we can compute the lower bound of the number of

time slot M needed for this network using eqn. (5.10). So for a N -node network,

we adopt M×N neurons where M is the number of time slots and N is the number

of nodes. Each neuron ij in the G-NCNN stands for the scheduling of time slot i to

node j. The formulation of the BSP in the G-NCNN can be described in Fig. 6.1.

In Fig. 6.1 (a) shows an instance of the BSP with 6-nodes and 7-links. From the

topology of the network, we can derive the connectivity matrix C in eqn. (5.1) and

the compatibility matrix D in eqn. (5.2). The Fig. 6.1 (d) shows the final optimal
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Figure 6.1: A neural network formulation for a broadcast scheduling problem.

transmission schedule for this problem, where black square stands for the time slot

is assigned to the node, whereas the white square stands for no assignment.

Consider the first objective of the BSP, in order to obtain the minimal number

of time slots M , we start to search for solutions with a small M and increase M

until a feasible solution is found. The G-NCNN consists of M ×N neurons. M is

initially set as its lower bound value Lm as in eqn. (5.10). The GES stops when

the G-NCNN finds a feasible assignment and the current number of time slots

together with its transmission assignments are the optimal results for phase I of

the BSP. In this chapter, different from the GNN in [36], where the neurons are

expanded gradually at every P iterations during the iterative computation of the

neural network, we implement the GES based on a convergence index δ(t) of the

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



6.2 A Gradual Noisy Chaotic Neural Network for the BSP 95

network energy, which we defined as:

δ(t) =
t∑

q=t−4

|E(q) − E(q − 1)| /E(0) . (6.1)

where E(q) is the value of energy function at time step q. If index δ(t) is less

than a very small value, e.g., δ(t) < 10−4 in our simulation, the neural network is

considered as having fully converged. If the network has converged but no feasible

solutions are found using the current number of time slots, the number of time

slots is increased by 1, i.e., M →M + 1, and the G-NCNN re-starts to search for

optimal solutions with the updated number of neurons.

The energy function E1 for phase I is given as follows [36]:

E1 =
W1

2

N∑
j=1

(
M∑

k=1

xjk − 1)2 +
W2

2

N∑
j=1

M∑
i=1

N∑
k=1,k �=i

djkxijxki , (6.2)

whereW1 andW2 are weighting coefficients. TheW1 term represents the constraint

that each of the N nodes in the PRN must transmit exactly once during each

TDMA cycle. The W2 term indicates the constraint that any pair of nodes which

is one-hop-away or two-hop-away must not transmit simultaneously during each

TDMA cycle.

From eqn. (2.13), eqn. (2.16), and eqn. (6.2), we obtain the dynamics of the

G-NCNN as follows:

yjk(t+ 1) = kyjk(t) + α

{
−W1(

M∑
k=1

xjk − 1) −W2

N∑
k=1,k �=j

djkxki

}

−z(t) [xjk(t) − I0] + n(t) . (6.3)

6.2.2 Phase II: Maximizing Node Transmissions

After phase I, the minimal TDMA frame length M is found and each node is

assigned with one and exactly one time slot. In phase II, we aim at maximizing

the channel utilization by adding as many conflict-free transmissions as possible
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to the TDMA frame. Because in phase I one node is assigned with exactly one

slot in order to find a minimal frame length, there are many nodes which can

use other time slots without violating the no-conflict constraint. Thus, additional

transmissions may be found on some nodes but frame length M and the assigned

transmissions in phase I are fixed [36]. The second phase here is the same as in

section 5.4.2, i.e.,

E2 =
W3

2

N∑
j=1

M∑
i=1

N∑
k=1,k �=i

djkxijxki +
W4

2

N∑
j=1

M∑
i=1

(1 − xij)
2 , (6.4)

where W3 and W4 are weighting coefficients. W3 represents the constraint term

that any pair of nodes which is one-hop-away or two-hop-away must not transmit

simultaneously during each TDMA cycle. W4 is the optimization term which

maximizes the total number of firing neurons.

From eqn. (2.13), eqn. (2.16), and eqn. (6.4), we obtain the dynamics of the

NCNN for phase II of the BSP as follows:

yjk(t+ 1) = kyjk(t) + α

{
−W3

N∑
k=1,k �=j

djkxki +W4(1 − xij)

}

−z(t) [xjk(t) − I0] + n(t) . (6.5)

The NCNN is updated cyclically and asynchronously, which means we update

the neurons in two loops and the neuron is selected to be computed in a fixed

order. The new state information of a updated neuron is immediately available

for the other neurons in the computation. The iteration is terminated once a

feasible transmission schedule is obtained, i.e., the transmissions of all nodes are

conflict-free.

With regard to the computational complexity of the G-NCNN for the BSP,

we noted that previous methods, such as the MFA [112], the HNN-GA [92], and

the GNN [36] had no discussions on the issue of time complexity. For the SVC in

[133], it is showed that the SVC is a polynomial time algorithm that has O(N3)

computational complexity for the entire search. [38] showed that the worst time
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complexity in one iteration step is O(NM2). In phase I, the G-NCNN has the worst

time complexity of O(NM2) for one iteration step. In phase II, the complexity is

down to O(NM). Hence, our algorithm has worst time complexity of O(NM2)

in one iteration step. However, it is difficult to determine the exact number of

iterations required for different problem instances with various problem size.

6.3 Simulation Results

6.3.1 Parameter Selection

The set of model parameters in eqns. (6.2) - (6.5) had been discussed and listed

in eqn. (2.23). The selection of weighting coefficients in the energy function are

based on the rule that all terms in the energy function should be comparable in

magnitude, so that none of them dominates. Thus we choose the coefficients of

the two energy functions as follows:

W1 = 1.0,W2 = 1.0,W3 = 1.0,W4 = 1.0 (6.6)

Note that the parameters are chosen experimentally and tuning of these pa-

rameters may be necessary when solving different optimization problems or dif-

ferent instances of the same optimization problem, but from our experience, the

tuning is only on a small scale. In this chapter, we use the parameters for the

benchmark examples as listed in Table 6.1.

6.3.2 Benchmark Problems

Because the NCNN is not applicable in solving the BSP (NCNN is only used in

the second phase), the comparisons between the G-NCNN and the NCNN are not

included. The results will be compared with other previously methods in each

simulation problems. In order to evaluate the performance of our NCNN-based al-
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Table 6.1: Parameters of the NCNN model for the simulated instances with W1 =

1.0,W2 = 1.0, and W3 = 1.0.

Case W4 k ε I0 α z(0) n(0) β1 β2

1 0.6 0.9 1/250 0.65 0.015 0.08 0.001 0.001 0.0001

2 1.0 0.9 1/250 0.65 0.015 0.08 0.001 0.001 0.0001

3 1.0 0.9 1/250 0.65 0.015 0.08 0.001 0.001 0.0001

1 1.0 0.9 1/250 0.65 0.015 0.08 0.002 0.001 0.0001

2 1.0 0.9 1/250 0.65 0.015 0.08 0.002 0.001 0.0001

3 1.0 0.9 1/250 0.65 0.015 0.08 0.002 0.001 0.0001

4 1.0 0.9 1/250 0.65 0.015 0.08 0.002 0.001 0.0001

5 1.0 0.9 1/250 0.65 0.015 0.08 0.002 0.001 0.0001

6 0.8 0.9 1/250 0.65 0.015 0.08 0.002 0.001 0.0001

7 0.8 0.9 1/250 0.65 0.015 0.08 0.002 0.001 0.0001

8 0.8 0.9 1/250 0.65 0.015 0.08 0.002 0.001 0.0001

9 0.8 0.9 1/250 0.65 0.015 0.08 0.002 0.001 0.0001

10 0.8 0.9 1/250 0.65 0.015 0.08 0.002 0.001 0.0001

11 0.8 0.9 1/250 0.65 0.015 0.08 0.002 0.001 0.0001

12 0.8 0.9 1/250 0.65 0.015 0.08 0.002 0.001 0.0001

13 0.8 0.9 1/250 0.65 0.015 0.08 0.002 0.001 0.0001

14 0.8 0.9 1/250 0.65 0.015 0.08 0.002 0.001 0.0001

15 0.8 0.9 1/250 0.65 0.015 0.08 0.002 0.001 0.0001

16 0.6 0.9 1/250 0.65 0.015 0.08 0.003 0.001 0.0005

17 0.6 0.9 1/250 0.65 0.015 0.08 0.003 0.001 0.0005

18 0.6 0.9 1/250 0.65 0.015 0.08 0.003 0.001 0.0005

19 0.6 0.9 1/250 0.65 0.015 0.08 0.003 0.001 0.0005

20 0.6 0.9 1/250 0.65 0.015 0.08 0.003 0.001 0.0005
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gorithm, we first compare it with other methods on the three benchmark problems

in [112] shown in Fig. 5.2, which have been solved by all the methods mentioned,

i.e., mean field annealing (MFA) [112], the gradual neural network (GNN) [36], the

HNN-GA technique [92], and the sequential vertex coloring algorithm (SVC) [133].

We then compare the performance between the G-NCNN and the GNN [36] on a

total of 600 randomly generated geometric graph instances. We use the method in

[36] to generate the random instances:

1) Set the number of nodes N for the instance to be generated and the edge

generation parameter r to be used below. Following [36], we choose r = 1/
√
N

in cases 1 to 5, r = 2/
√
N in cases 6 to 10, r = 3/

√
N in cases 11 to 15, and

r = 4/
√
N in cases 16 to 20.

2) Generate N two-dimensional coordinates randomly:

xi = Random[0, 1], yi = Random[0, 1], for i = 1, ..., N , (6.7)

where xi and yi are the x− and y−coordinates of node i, respectively, and the

function Random[z, w] generates a random number uniformly distributed between

z and w.

3) Assign an edge for a pair of nodes whose distance is less than r:

if
√

(xi − xj)2 + (yi − yj)2 < r, then cij = 1

else cij = 0 ; for i = 1, ..., N and j = 1, ..., N . (6.8)

Each of the 20 geometric graphs are randomly generated 30 times as showed

in Table 6.2. As we use the same methods as proposed in [36], our randomly

generated graphs are statistically identical to those in [36].

6.3.3 Result Discussions

We use the same evaluation indices as in the previous chapter for the BSP. In

this chapter, the three benchmark problems from [112] have been chosen to com-
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Figure 6.2: The optimal TDMA frame obtained using the G-NCNN on benchmark

instance BM 1.

pare with other algorithms in [112], [36], [133], and [92]. The three examples are

instances with 15-node-29-edge (BM 1), 30-node-70-edge (BM 2), and 40-node-66-

edge (BM 3), respectively. The optimal TDMA frame obtained using the G-NCNN

are displayed in Figs. 6.2 to 6.4, where the i stands for the node and the j repre-

sents the time slot. The black square stands for the scheduling of time slot to the

specified node.

The dynamics of the G-NCNN energy in phase I of BM 2 are plotted in Fig.

6.5. From Fig. 6.5, we can see clearly that the energy does not decrease smoothly

but fluctuates due to the noisy and chaotic nature of the G-NCNN model. The

energy gradually settles down to a stable value. The gradual expansion scheme

adds the number of time slots by 1 when there are no feasible solutions with the

current number of time slots and the G-NCNN restarts the search again. Such re-

searching procedure repeats until a feasible assignment is found and the G-NCNN

converges.

We labeled our two-phase methods which consists of the G-NCNN in phase
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Figure 6.3: Same as Fig. 6.2 for BM 2.
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Figure 6.4: Same as Fig. 6.2 for BM 3.
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Figure 6.5: Noisy chaotic dynamics of the neural network energy for benchmark

BM 2.
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Figure 6.6: A comparison of the average time delay as a function of the total ar-

rival rate for the 15-node-29-edge benchmark (according to the Pollaczek-Khinchin

formula given by eqn. (28)) among different approaches.
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Figure 6.7: Same as Fig. 6.6, for the 30-node-70-edge benchmark.
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Figure 6.8: Same as Fig. 6.6, for the 40-node-66-edge benchmark.
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Figure 6.9: Comparisons of channel utilization for the three benchmark problems.

1, 2, and 3 in the horizontal axis stand for benchmark problems BM 1, BM 2, and

BM 3 in Table 1, respectively.
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Table 6.2: Specifications of the three benchmark examples given by [112] (BM

1 - 3) and the geometric instances randomly generated as in [36] (cases 1 to

20). The lower bounds for the number of time slots M are displayed as aver-

age/maximum/minimum values.

Case Number of Number of Maximum Minimum Lower bound

Nodes N edges E degree degree on M

BM 1 15 29 7 2 8

BM 2 30 70 8 2 10

BM 3 40 66 7 1 8

case 1 100 150.7 7.3 0.0 8.3/10/7

case 2 300 445.4 8.3 0.0 9.3/11/8

case 3 500 763.3 8.8 0.0 9.8/11/9

case 4 750 1279.8 8.9 2.1 10.0/13/9

case 5 1000 1732.0 9.4 2.0 10.6/14/9

case 6 100 558.0 19.7 1.0 20.7/21/16

case 7 300 1720.5 22.1 2.2 22.7/26/19

case 8 500 2834.5 22.0 2.5 23.0/24/21

case 9 750 4500.2 23.1 2.3 24.5/29/21

case 10 1000 5936.3 25.2 2.0 24.7/28/20

case 11 100 1101.2 33.7 5.9 36.3/43/29

case 12 300 3655.4 40.3 5.4 42.0/48/32

case 13 500 6299.7 42.5 5.7 43.5/50/37

case 14 750 9664.5 43.3 5.9 44.3/51/38

case 15 1000 12993.4 44.2 5.6 45.3/52/40

case 16 100 1755.6 55.4 12.3 57.4/66/46

case 17 300 6168.3 64.3 11.4 66.2/75/59

case 18 500 11201.1 65.3 11.5 68.1/77/62

case 19 750 16621.1 67.0 11.9 68.6/83/62

case 20 1000 22543.2 69.2 13.1 71.6/78/65
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I and the NCNN in phase II as G-NCNN for short while comparing with other

methods. The average time delay for the three benchmark problems are computed

based on the final TDMA schedules. Because no schedules have been published

on these three benchmark problems in [36], we only compared our G-NCNN with

MFA, HNN-GA, and SVC. Figs. 6.6 - 6.8 show that the time delays obtained by

the G-NCNN is much smaller compared to those obtained by the MFA algorithm

in all three instances. In the 15-node instance, the MFA, SVC and HNN-GA

obtained the same time delay, but the time delay obtained by our G-NCNN is less

than their results, as we can see from Fig. 6.6. Because BM 1 is a rather small

instance with only 15 nodes, the improvement is not much for this case. With

increasing problem sizes, improvements made by the NCNN become more evident

in BM 2 (Fig. 6.7) and BM 3 (Fig. 6.8). Fig. 6.9 shows that the G-NCNN can

find solutions with higher channel utilization compared to MFA, HNN-GA, and

SVC.

The computational results for the three benchmark problems are also summa-

rized in Table 6.3. It shows that our G-NCNN can find shorter average time delay

as given by eqn. (5.14) in all three benchmark problems compared to the other

methods. Compared with the hybrid neural network in the previous chapter, the

G-NCNN can find better solution in BM 2, which means the G-NCNN is capable

to find better solutions than the hybrid method of SVC-NCNN. Fig. 6.10 plots

the curves of the G-NCNN and other compared methods in this chapter. From

this figure, we can see that the G-NCNN needs more time compared with the SVC

because of its gradual scheme used in finding feasible time slots in the first Phase.

In order to show the difference between the HNN-GA and the NCNN, a paired

t-test is performed between the two methods, as shown in Table 6.4. We compared

the two methods in 12 cases with node size from 15 to 250, where BM 1 to BM 3 are

benchmark examples and case 4 to case 12 are randomly generated instance with

edge generation parameter r = 2/
√
N , the mean value of each case is obtained

through 50 runs, and the degree of the freedom is 11. The results show that
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Table 6.3: Comparisons of average delay time η and numbers of time slots M and

computation time T obtained by the G-NCNN and other algorithms for the three

benchmark problems in 50 runs, where Best/Avg stands for the best value and

average value in multiple runs.

Case BM 1 BM 2 BM 3

Best/Avg Best/Avg Best/Avg

η 6.8/7.0 9.0/9.5 5.7/6.1

G-NCNN M 8/8.0 10/10.5 8/8.0

T 6.0/7.2 16.0/18.3 6.0/6.5

η 7.0/7.0 9.3/9.0 6.3/6.5

HNN-GA M 8/8.0 10/10.0 8/9.0

T 4.0/4.7 17/19.0 13.0/14.0

η 7.2/7.4 10.0/12.0 6.8/7.2

SVC M 8/8.0 10/11.0 8/10.0

T 2.5/2.8 15.0/15.4 10.0/12.0

η 7.1/7.2 9.5/10.0 6.2/6.5

GNN M 8/8.0 10/10.5 8/8.5

T 15.0/16.4 18.0/20.0 17.0/19.5

η 7.2/7.5 10.5/12.5 6.9/8.2

MFA M 8/9.0 12/13,5 9/10.0

T 25.0/7.2 32.5/38.5 28.0/29.0
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Figure 6.10: Comparison of the computation time required by the proposed method

and the previous methods. The x-axis represents the BM 1 to 3, and the y-axis is

the computation time required by each case.
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Table 6.4: A paired t-test of average time delay η (second) between the HNN-GA

and the G-NCNN.

Case Node HNN-GA G-NCNN

BM 1 15 6.84 6.84

BM 2 30 9.17 9.00

BM 3 40 6.04 5.81

Case 4 60 15.74 13.40

Case 5 80 16.33 14.48

Case 6 100 17.17 15.16

Case 7 120 17.85 16.02

Case 8 150 20.47 16.37

Case 9 180 20.04 16.38

Case 10 200 20.31 17.22

Case 11 230 20.36 16.58

Case 12 250 20.25 17.17

T-Value = 5.22

P-Value (one-tail) = 0.0001

P-Value (two-tail) = 0.0003

the P-value is 0.0001 for one-tail test and 0.0003 for two-tail test. We found

that the G-NCNN (mean = 13.7, standard deviation = 4.12) reported having

significantly better performance than did the HNN-GA (mean = 15.9, standard

deviation = 5.45) did, with T-Value t(11) = 5.22, P-Value < 0.05. From Figs.

6.6 - 6.8 and Tables 6.3 - 6.4, it can be concluded that the G-NCNN can always

find the shortest conflict-free frame schedule while providing the maximum channel

utilization compared to existing algorithms.

In order to show the effects of noise in the computation of the G-NCNN model,

we compared the NCNN model with and without noise in three random generated
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Table 6.5: Results of the TCNN and the NCNN in the 100-node 522-edge bench-

mark instance using various noise levels in 20 different runs. Here convergence rate

is defined as the ratio of the runs in which feasible solutions can be found to all

number of runs.

Noise Minimum Average Standard Converge

Level Time delay time delay Deviation Rate

TCNN n(0)=0.0 15.38 15.56 0.06 75%

n(0)=0.001 15.28 15.45 0.16 100%

G-NCNN n(0)=0.002 15.23 15.57 0.13 100%

n(0)=0.005 15.16 15.32 0.14 100%

n(0)=0.009 14.98 15.12 0.10 100%

instance with node size 100, 250 and 750. Tables 6.5 - 6.7 are the results of time

delay η for the three instances. The comparisons are performed between the NCNN

with different noise amplitude (n(0) > 0) and the TCNN with n(0) = 0. We ran

the simulations of each instance 100 different times using the model parameters

and coefficient weights in eqn. (2.22), eqn. (2.23), and eqn. (6.6). ”INF” in Table

6.6 and Table 6.7 means that the NCNN algorithms can find feasible solution in

the first phase, but failed to converge to a feasible one within pre-defined steps in

the second phase, due to the large amplitude of additive noise. ”N/A” in Table

6.7 means that the algorithm failed to find a solution even in the first phase of the

BSP. From the three tables we can draw the conclusion that both the convergence

and the time delay obtained by the NCNN is better than the TCNN in all three

instances. The TCNN can find solutions in 100-node and 250-node instance, but

when applied to large instances like the 750-node instance, the TCNN failed in all

100 runs. Among different noise levels, it shows that noise level with amplitude

n(0) = 0.002 has the best performance among all noise levels tested.

Table 6.8 shows the average, maximum, and minimum values of two indices
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Table 6.6: Same as Table 6.5 for the 250-node 1398-edge benchmark instance. Here

convergence rate is defined as the ratio of the runs in which feasible solutions can

be found to all number of runs.

Noise Minimum Average Standard Converge

Level Time delay time delay Deviation Rate

TCNN n(0)=0.0 17.13 17.15 0.03 90%

n(0)=0.001 16.73 16.90 0.09 100%

G-NCNN n(0)=0.002 16.80 16.83 0.05 100%

n(0)=0.005 16.44 16.52 0.07 100%

n(0)=0.009 INF INF - 0%

η and M of solutions for 600 instances solved by the G-NCNN and the GNN for

the 20 randomly generated cases (30 instances for each case). From the results,

we can see that the G-NCNN always finds shorter average time delay η than the

GNN does in all the simulation cases.

In order to evaluate the stability and scalability of our proposed method, a

statistical tool ANOVA, provided as an online services 1 is used to obtain the

standard deviations and the error bars for the G-NCNN (Fig. 6.11). However,

as the standard deviations for the GNN are not available in their publication, the

best results from the GNN is used as a base line to compare with our results (with

SD), as plotted in the Fig. 6.11. From this figure, it can be seen that the time

delay obtained by proposed G-NCNN is lower than the best results from the GNN

in most cases.

The computation time for the proposed G-NCNN is listed in Table 6.9. The

algorithm is coded using C++ and simulated on a NEC brand personal computer

with 2.4 Ghz CPU and 256M memory. Each benchmark instance was simulated

100 times. The average computational time for each problem together with the

1http://www.physics.csbsju.edu/stats/anova.html
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Figure 6.11: Error bars for the average delay time η given by eqn. (26) obtained

using the G-NCNN for 20 randomly generated cases of the BSP. The results are

average values obtained through 30 different runs. Since the standard deviations

for the GNN are not available, only the best (minimum) results for the GNN are

plotted here (x-marks).
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Table 6.7: Same as Table 6.5 for the 750-node 4371-edge benchmark instance. Here

convergence rate is defined as the ratio of the runs in which feasible solutions can

be found to all number of runs.

Noise Minimum Average Standard Converge

Level Time delay time delay Deviation Rate

TCNN n(0)=0.0 N/A N/A - 0%

n(0)=0.001 18.16 18.35 0.11 100%

G-NCNN n(0)=0.002 18.04 18.20 0.10 70%

n(0)=0.005 INF INF - 0%

n(0)=0.009 INF INF - 0%

standard deviation (SD) were provided in the table. It can be seen that the com-

putation time was increased as the problem size grows. It needed nearly 4 hours

for a large problem with 1000 nodes and 6000 edges.

6.4 Conclusions

In this chapter, I have proposed a gradual noisy chaotic neural network model

(G-NCNN) for solving the broadcast scheduling problem (BSP) in packet radio

networks. A two-phase optimization have been adopted to solve the two objectives

of the BSP with two different energy functions. The G-NCNN was adopted to find

an optimal transmission schedule with the minimal TDMA frame length in the

first phase. In the second phase, additional node transmissions were found using

the NCNN based on the results from the first phase.

We evaluated our G-NCNN algorithm in three benchmark examples and 600

randomly generated geometric graph instances. We compared our results with

existing methods including mean filed annealing, HNN-GA, the sequential vertex

coloring algorithm, and the gradually neural network. The results of the bench-
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Table 6.8: Comparisons of average delay time η given by eqn. (26) and time slot

M obtained by the G-NCNN and the GNN on the randomly generated geomet-

ric graph instances. The results are displayed as average ± standard deviation /

maximum / minimum.

Case G-NCNN GNN

η M η M

1 5.1±0.35/5.8/4.3 8.4/11/6 6.3/7.5/5.5 8.1/11/7

2 5.2±0.224/5.6/4.7 9.3/12/8 6.7/7.5/6.0 9.6/12/8

3 5.2±0.159/5.6/4.7 10.0/12/8 6.8/7.4/6.3 10.0/12/9

4 5.2±0.139/5.5/5.0 10.1/12/9 6.9/7.5/6.5 10.2/13/9

5 5.2±0.112/5.5/5.0 9.8/12/9 7.0/7.5/6.6 10.6/12/9

6 15.1±0.756/16.5/13.8 19.1/23/16 17.4/20.0/15.6 20.2/24/18

7 16.8±0.484/18.2/16.1 22.5/25/21 19.7/20.8/18.0 23.3/26/20

8 17.5±0.374/18.2/17.0 23.1/28/21 20.3/22.7/18.8 24.2/30/22

9 17.7±0.288/18.2/17.2 25.1/28/23 20.9/22.9/19.7 25.4/29/23

10 17.9±0.172/18.3/17.6 25.2/29/24 21.2/22.2/20.3 25.5/28/24

11 30.3±1.67/33.4/26.7 34.3/42/29 34.1/38.2/30.0 37.4/46/32

12 34.9±0.897/37.1/33.3 42.9/48/38 39.1/41.9/36.0 43.2/48/38

13 36.3±0.644/37.6/35.1 43.3/47/40 41.0/44.8/39.0 45.2/52/42

14 37.7±0.512/38.7/36.8 46.0/52/43 42.9/45.4/41.2 47.3/53/45

15 38.3±0.477/39.3/37.5 47.2/52/44 43.7/46.2/42.3 48.1/52/46

16 49.8±2.68/54.5/45.8 56.3/66/46 54.5/60.0/45.9 57.9/65/48

17 57.1±1.50/59.7/54.3 67.6/80/61 63.6/71.5/58.2 68.4/79/61

18 61.0±1.34/63.1/58.4 71.5/81/66 67.4/72.1/63.2 72.2/79/66

19 63.3±1.03/65.4/61.3 73.7/81/70 70.3/75.4/67.4 75.2/83/71

20 65.1±1.01/68.5/63.3 76.8/82/72 72.9/75.0/69.7 78.2/82/73
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Table 6.9: The computation time for the benchmark instances run on a personal

computer with a P4 2.4 GHz CPU (average±standard deviation) seconds

Case G-NCNN (second)

BM #1 2.0 ± 0.0

BM #2 81.0 ± 0.0

BM #3 6.0 ± 0.0

case #1 9.3±4.7

case #2 159.0±81.1

case #3 514.0±72.0

case #4 1265.0±58.0

case #5 2349.0±42.0

case #6 26.6±10.2

case #7 1255.0±55.0

case #8 3400.6±41.0

case #9 7304.4±112.0

case #10 14100.0±595.0
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mark problems showed that the G-NCNN always finds the best solutions with

minimal average time delays and maximal channel utilization among the existing

methods. We showed that our G-NCNN has significant improvements over the

HNN-GA through a paired t-test. We also compared the NCNN with the TCNN

in three instances and showed that the NCNN has better performance than the

TCNN.

I have provided the computational complexity analysis for the G-NCNN, and

the computation time for the method are also provided. As I have no benchmark

source code for other methods, the computation time comparison with other meth-

ods are now not available, and I will make a thorough comparison in the future

work in this issue.

The results on this problem in this chapter, together with the results for

other optimization problems [118, 76, 113, 116] support the conclusion that the G-

NCNN is an effective approach for solving large-scale combinatorial optimization

problems.
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Chapter 7

Solving the Frequency

Assignment Problem in Satellite

Communications Systems Using

the Noisy Chaotic Neural

Network with Variable Threshold

7.1 Introduction

Communications satellites make the global village possible and are considered as

a billion-dollar technology, with applications ranging from weather forecasting to

mobile telecommunications [121]. Due to the economic effect on the average per-

son in everyday life, there is an increasing number of satellites in geostationary

orbits. In order to accommodate the crowded satellites in the same orbit, optimal

design of satellites are necessary in order to provide high quality transmissions.

In satellite communication systems, the major impairments in transmission design

include thermal noise, rain attenuation, inter-modulation, and co-channel interfer-
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Earth Station 1 Earth Station 2

Satellite 1 Satellite 2

System 1 System 2

Figure 7.1: Inter-system co-channel interference.

ence, among which, co-channel interference dominates because it seriously affects

system design and operation [78]. Hence, the reduction of the co-channel interfer-

ence has arisen as a major problem in satellite communications with the dramatic

increase of geostationary satellites in orbits.

There are two types of co-channel interference [78], i.e., inter-system inter-

ference and intra-system interference . The inter-system interference is shown in

Fig. 7.1. The sidelobe emission of the earth station antenna gives rise to the inter-

system co-channel interference when adjacent satellite systems are operated in the

same communication frequency band. Intra-system co-channel interference can be

commonly observed in frequency re-used systems through orthogonal polarization

and/or multiple spot beams. Radiation pattern of spot beams or polarization

discrimination determines the isolation among beams sharing the same frequency

band. Co-channel interference is inevitable since perfect isolation cannot be guar-

anteed [78]. As shown in Fig. 7.2, transponder 1 has beam connection BI to BK
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Figure 7.2: Intra-system co-channel interference, where the BI stands for the beam

I. Bj, Bk, and BL have the same meanings.
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and transponder 2 has beam connection Bj to Bk. Transponder 1 and 2 share the

same frequency band. XIJ is the uplink beam isolation between BI and BJ , and

XKL represents the downlink isolation between beams Bk and BL.

In order to deal with either case of interference, re-arrangements of frequency

assignments, which take advantage of carrier interleaving, is thought as an ef-

fective way in practical situations. Early efforts have focused on various ana-

lytical methods for evaluations of co-channel interference [86] [59] and very few

systematic methods have been adopted to optimize frequency assignments to re-

duce co-channel interference. The later work of Muzuike and Ito [78] revealed the

importance of mathematical models for reduction of co-channel interference. They

proposed a basic mathematical model to formulate the co-channel interference re-

duction problem as the “assignment problem”. The assignment problem aims to

minimize the largest interference among carriers. Fig. 7.3 shows the co-channel

interference model for the system in Fig. 7.1. In the inter-system context, the two

sets of carriers share the same frequency band. One set of carriers (C11 to C13) is in

satellite system 1 and the other set of carriers (C21 to C24) corresponds to satellite

system 2 in Fig. 7.1. In the context of intra-system, system 1 is considered as

transponder 1 and system 2 represents transponder 2 in Fig. 7.2.

In the model shown in Fig. 7.3, carrier frequencies for one set of carriers

are to be rearranged while keeping the other set fixed, i.e., the frequencies for

carriers in system 2 are chosen to be re-arranged while the frequencies for system

1 are fixed. Fig. 7.1 shows the inter-system co-channel interference between two

adjacent satellite systems. The communications are assumed to operated between

Fa and Fb as shown in Fig. 7.3, where Fa and Fb are frequency band. The

co-channel interference can be evaluated by calculating the each pair of carriers

using the same frequency, which varies with different pairs. The objective of this

assignment problem is to find the optimal assignment of frequencies in system 2 in

order to reduce the co-channel interference. The largest interference is considered

as a limiting factor, and the optimal assignment is the one which can minimize the
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C11 C12 C13

C21 C22 C23 C24

System 1

System 2

Fa Fb

Fa Fb

Frequency

Frequency

Interference

Figure 7.3: Co-channel interference model for the system in Fig. 7.1, where the

Cxy stands for the carrier y in system x, e.g., C23 stands for the carrier 3 in system

2.

limiting factor.

7.2 Problem Description

Calculations of co-channel interference are necessary when solving the FAP in

satellite systems. However, as indicated in [78], these calculations involve nonlin-

ear terms in their mathematical expressions. In order to avoid treatment of non-

linearity, segmentation proposed by [78] divides the commonly shared frequency

band into a number of segments. The carrier assignment is then made by placing

the carriers at the integral multiples of unit segment. Through the segmentation,

the nonlinear terms in the calculation of interference can be evaluated in a linear

manner.

Fig. 7.4 indicates a example of segmentation. Each carrier in both systems oc-

cupies different length of frequency, with large carriers occupying several segments

and small carriers occupying only one segment. In each system, every carrier can

be divided into one or more consecutive unit segments. Thus the interference be-
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C11 C12 C13
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Segment

S12 S13 S14 S15

S21 S22 S23 S24 S25 S26

S24 S25 S26 S22 S23 S21

(a)

 S11  S12 S13 S14 S15 S16 

S21 20 20 40 0 25 25 

S22 50  10 30 0 55 * 

S23 * 50 30 0 15 55 

S24 30 30 45 0 35 35 

S25 45 5 25 0 50 * 

S26 * 45 25 0 10 50 

 

C11 C12 C14

C
21

C
22

C
23
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(b)

Figure 7.4: Segmentation and interference matrix for the system in Fig. 7.3. (a)

Segmentation of the two systems. (b) the interference matrix E = (eij) for the

M -segment system, where the Sxy stands for the y-th segment in system x.
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tween the two systems (say M segments) in Fig. 7.3 is described by an M ×M

interference matrix E = (eij), where the symbol ’*’ represents infinity. The ijth

element eij represents the co-channel interference when segment i in system 2 uses

a common frequency with segment j in system 1. Fig. 7.4 (a) shows the segmenta-

tion of the system in Fig. 7.3 and the optimum assignment under the interference

matrix in Fig. 7.4 (b). In order to reduce the co-channel interference between

the two adjacent systems, the frequency assignments in system 2 are re-arranged

but the assignments in system 1 are fixed. In this way, the FAP is equivalent to

assigning each segment in system 2 to a segment in system 1 using a common

frequency.

The objectives of the assignment problem in satellite communication systems

are:

1) minimize the largest element of the interference matrix selected in the as-

signment.

2) minimize the sum of interference of all the selected elements.

The three constraints are:

1) every segment in system 2 must be assigned to a segment in system 1.

2) each segment in system 1 can assigned at most one segment in system 2.

3) all segments of each carrier in system 2 should be assigned to consecutive

segments in system 1 in the same order.

7.3 Existing Techniques for the FAP

The frequency reassignment can be formulated as a combinatorial optimization

problem known as the frequency assignment problem (FAP), which is proven to
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be NP-complete [78]. Due to the NP-complete nature of this assignment problem,

heuristic methods, especially neural networks, are commonly adopted in recent

research. However, early efforts in [78] applied an exact method using the branch-

and-bound method.

The distinguished work of Mizuike and Ito [78] makes the optimization of

frequency assignment in satellite systems easier to deal with in mathematical form

by introducing the segmentation of carriers. They used branch-and-bound to solve

several practical problems, including both inter-system problems and intra-system

problems. The branch and bound algorithm although can find the global optimal

assignments for these problems; however it fails when applied to large instances as

indicated in [38].

Funabiki and Nishikawa [38] used gradual neural network (GNN) which con-

sists of N ×M binary neurons for the N -carrier-M -segment system with gradual

expansion scheme of activated neurons. They sorted the N ×M neurons with the

ascending order of interference and divided them into P groups g1, g2, ..., gP , where

g1 is the group of neurons with the smallest interference and gP is the group of

neurons with the largest interference. The GNN starts with group g1 and searches

the solution in several phases, with each phase adding one next smallest group of

neurons. The algorithm stops when one feasible solution is found or all neurons

have been added. The objective of the FAP can be achieved by starting to search

from the neurons with the smallest interference. However, the selection of param-

eter P is difficult when the problem size is large and different P should be tried

for difference problems. Furthermore, the multi-phase searching inevitably leads

to heavy computation, especially for large problems.

Salcedo-Sanz et al. [93] presented a hybrid method which combines the Hop-

field network and simulated annealing (HopSA) to tackle the FAP. The Hopfield

neural network manages the constraints and simulated annealing improves the

solutions obtained. The hybrid method separates the goal functions from the con-

straints. It is more scalable than the previous method. However, the method
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needs more computation to find optimal or near optimal solutions compared with

other neural network methods, e.g., the GNN due to the nature of the simulated

annealing technique.

In this Chapter, we propose a scalable algorithm called noisy chaotic neural

network with variable threshold, which separates the objective term from the con-

straint terms. As we can see from the discussion in Chapter 3, different threshold

of neuron determines its firing probability, i.e., different threshold determines the

selection of neurons in the final solutions. Through mapping the objective of the

problem into the threshold of neuron in the neural network, we can cut the objec-

tive term from the energy function formulation. The constraints terms left over are

formulated in the energy functions. The NCNN-VT not only reduces the number

of terms in the energy function, but also has a higher convergence rate and a faster

computation speed compared with the hybrid method in [93]. In the next Section,

the application of the proposed NCNN-VT will be stated in detail.

7.4 Application of the NCNN-VT to the FAP

7.4.1 Neural network formulation

In this Chapter, we use a two-dimensional neural network which consists of N×M
neurons for the FAP of N carriers and M segments. The output of each neuron Vij

will be converted into binary values V d
ij . V

d
ij represents whether carrier i is assigned

to segment j− (j+ ci−1), (i = 1, ..., N ; j = 1, ...,M), where ci indicates the length

of carrier i, i.e.:

V d
ij =




1 carrier i is assigned to segment j − (j + ci − 1),

0 otherwise.

Fig. 7.5 shows the neural network formulation for the 4-carrier-6-segment
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Figure 7.5: The neural network formulation for the FAP. (a) The 24 neurons for the

4-carrier-6-segment FAP. (b) the convergence state of the neural network. (c) the

full assignment of the neural network formulation. (d) the final assignment of the

segments for the FAP through the expansion from the neural network formulation.
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problem in Fig. 7.4. This neural network consists of 24 (= 4 × 6) neurons as

shown in Fig. 7.5 (a). Fig. 7.5 (b) is the convergence state, with the black squares

stand for the neurons with output V d
ij = 1. Fig. 7.5 (c) shows the full assignment

for each carrier. And Fig. 7.5 (d) is the final frequency assignment for the FAP.

Note that it can be easy to expand the convergence state in Fig. 7.5 (c) to the final

assignment in Fig. 7.5 (d) given the carrier length for each carrier. We provide

only the solution format in Fig. 7.5 (c) to represent the final assignment in this

Chapter.

7.4.2 The Mapping Function

The cost of each neuron is problem-specific and can be in different forms. It is

related to the goal function of the problem. In this FAP, the cost is the interference

if neuron ij is firing, i.e., V d
ij = 1. We label the cost matrix D = (dij), i =

1, 2, ..., N ; j = 1, 2, ...,M . Cost dij for neuron ij is given by the largest element

in interference matrix among ci elements ekj, ek+1,j+1, ..., ek+ci−1,j+ci−1, if we assign

the carrier i to segments j − (j + ci − 1), where k is the first segment number

of carrier i in the interference matrix and ci is the length of carrier i [38]. Fig.

7.6 shows the way to compute the cost matrix from interference matrix E in Fig.

7.4 (b). If the carrier length for carrier i is 1, i.e., ci=1, then line i in the cost

matrix for carrier i is the same value as in the interference matrix for carrier i. If

the carrier length is greater than 1, then we compute the largest value among the

values marked by the diagonal line for each j, (j = 1, 2, ...M) in Fig. 7.6.

Our objective is to minimize the largest element of the interference matrix

selected in the assignment and at the same time minimize the sum of interference

of all selected elements. Thus we define the choice of the mapping function of Iij
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 S11  S12 S13 S14 S15 S16 

S21 20 20 40 0 25 25 

S22 50  10 30 0 55 * 

S23 * 50 30 0 15 55 

S24 30 30 45 0 35 35 

S25 45 5 25 0 50 * 

S26 * 45 25 0 10 50 
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Figure 7.6: Cost computation for each neuron from interference matrix E. (a) The

computation method, where the lines in (a) show the crossed elements which are

needed in computing the maximum cost. (b) The final cost matrix obtained using

the computation method.
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as follows:

Iij = 1 − dij − di,min

di,max − di,min

=
di,max − dij

di,max − di,min

. (7.1)

where dij is the ij-th element in cost matrix D = (dij, i = 1, ..., N ; j = 1, ...,M),

and di,max
1 is the maximum value in line i of matrix D and di,min is the minimum

value line i of matrix D. We will label di,max as dmax and di,min as dmin for

simplicity.

Through the mapping in eqn. (7.1), not only can we achieve the objectives

of FAP, but also separate the objective from the energy function, which will make

the tuning of weighting coefficients in the energy function easier without the need

to balance the optimization term and constraint term in one energy function.

Moreover, it will improve the convergence speed of the noisy chaotic neural network

as shown in the result discussion section.

7.4.3 Energy function

Recall that the goal of the FAP has been separated from the constraints. Only the

two constraints of the FAP need to be formulated in the energy function. The first

constraint of an N -carrier-M -segment problem is that each first segment of the

N carriers in system 2 must be assigned to one and only one of the M segments.

Hence, one and only one neuron among the M neurons for each carrier has output

1. Then the first constraint can be formulated as [38]:

E1 =
N∑

i=1

(
M∑

q=1

Viq − 1)2 . (7.2)

1Note that the maximum value of cost does not include the infinity value of in the interference

matrix. Actually the neurons corresponding to the infinite interference will never fire due to its

inhibitive cost.
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(a) Cost matrix
(b) Probability matrix of

linear mapping

(c) Probability matrix of
nonlinear mapping- case 1

(d) Probability matrix of
nonlinear mapping - case 2

Figure 7.7: Probability matrix of neuron firing by different mapping functions (a)

cost matrix. (b) probability matrix obtained by linear mapping in eqn. (7.1). (c)

probability matrix obtained by nonlinear mapping in eqn. (3.4), and (d) probabil-

ity matrix obtained by nonlinear mapping in eqn. (3.6).
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Carrier i

Carrier pCarrier p

j-Cp+1

Segment j+Ci-1

Cp Cp

j

Ci

Figure 7.8: Violation condition for the second and third constraints of the FAP.

The second and third constraints are that each segment in system 1 can be

assigned to at most one segment in system 2 and the assignment of carriers in

system 2 should be in consecutive segments in system 1 in the same order. If

carrier i is assigned to segment j − (j + ci − 1), any other carrier p(p �= i) must

not be assigned to the consecutive segment (j − cp + 1) − (j + ci − 1)). The

violation condition of the two constraints is shown in Fig. 7.8, where ci is the

carrier length of carrier i. In other words, if carrier i is assigned with consecutive

ci segments, the segments occupied by any other carrier cannot occupy with the

segment j − (j + ci − 1). The first segment of each carrier p, (p �= i) should be

(j − cp + 1) before and j − (j + ci − 1) after the first segment of carrier i.

Hence these two constraints give raise to the second part of the energy function

to be minimized, as formulated in [38]:

E2 =
N∑

i=1

M∑
j=1

N∑
p=1

p�=i

j+ci−1∑
q=j−cp+1

VijVpq . (7.3)

Note that because (j − cp + 1) can be negative and (j + ci − 1) can exceed

the total number of segments M . The original formulation in eqn. (7.3) [38] has
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errors in dealing with the bounds and produces the program bugs when searching

the solutions. We formulate the second term in our energy function in a revised

version as follows:

E ′
2 =

N∑
i=1

M∑
j=1

N∑
p=1

p�=i

min(j+ci−1,M)∑
q=max(j−cp+1,1)

VijVpq . (7.4)

where function max(x, y) returns the maximum value between (x, y) two numbers

and min(x, y) finds the minimum value between (x, y).

We use the following convergence term in our energy function to help the

neuron output converge to the corner (0 or 1) of the hypercube:

E3 =
N∑

i=1

M∑
j=1

Vij(1 − Vij) , (7.5)

The total energy function of the NCNN-VT is given by the summation of the

three parts E1, E
′
2, and E3:

E =
W1

2

N∑
i=1

(
M∑

q=1

Viq − 1)2

+
W2

2

N∑
i=1

M∑
j=1

N∑
p=1

p�=i

min(j+ci−1,M)∑
q=max(j−cp+1,1)

VijVpq

+
W3

2

N∑
i=1

M∑
j=1

Vij(1 − Vij) . (7.6)

where W1, W2, and W3 are weighting coefficients.

If not using the NCNN-VT but the NCNN, then the fourth part of the energy

function should be added in the energy function, i.e., optimization term W4 is

needed to fulfill the objective of the FAP:

E4 = W4

N∑
i=1

M∑
j=1

dijVij (7.7)

The choices of W1, W2, and W3 are based on the rule that all terms in the

energy function should be comparable in magnitude, so that none of the energy
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terms dominates. The balance of each term in the energy function is crucial to

the parameter selection. With the optimization term in the energy function, the

tuning of weighting coefficients will be more difficult because the E1 to E3 are

much smaller compared to E4
1, which makes the final solution very sensitive to

the choice of W4.

On the contrary, if we separate the optimization term from the constraint

terms, it can be conclude that the balance between each term in the energy function

and the selection of weighting coefficients will be simpler and easier, so do the

selection of weighting coefficients.

From equations (2.13), (2.16) and (7.6), the dynamic equation for the NCNN-

VT can be obtained:

yjk(t+ 1) = kyjk(t)+

α


−W1(

M∑
q=1

Viq − 1) −W2(
N∑

p=1

p�=i

min(j+ci−1,M)∑
q=max(j−cp+1,1)

Vpq) − W3

2
(1 − 2Vij)




−z(t) [xjk(t) − Ijk] + n(t) . (7.8)

The neuron output is continuous between 0 and 1. We convert the continuous

output Vij of neuron ij to discrete neuron output V d
ij as follows [125]:

V d
ij =




1 if Vij >
∑N

k=1

∑M
l=1 Vkl(t)/(N ×M)

0 otherwise

The NCNN is updated cyclically and asynchronously. The new state infor-

mation of a neuron is immediately available for the other neurons in the next

1The magnitude of E4 is related with cost matrix D which is problem specific. It may vary

in a big amount when the range of interference in the simulation varies from 1− 100 to 1− 1000.
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iteration. The iteration is terminated once a feasible assignment is obtained or the

computation steps exceeds the predefined maximum number of iteration steps.

7.4.4 Computational Complexity of the NCNN-VT

We now analyze the computational complexity of the NCNN-VT. For anN -carrier-

M -segment FAP, each neuron updates once in an iteration step. Hence, our al-

gorithm has worst time complexity of O(NM) in one iteration. However, it is

difficult to determine the exact number of iterations required for different prob-

lem instances with different problem sizes. For large-size problems, the number

of iterations needed for finding an feasible solution will be greater than in small-

size problems. This is also true for the computation time. And we will include the

computation time for each instances simulated in this work in the result discussion.

7.5 Computational Results and Comparisons

7.5.1 Parameter Discussion

The NCNN-VT contains two types of parameters, i.e., model parameters in the

NCNN model and weighting coefficients in the energy function of the neural net-

works. We choose the model parameters based on the rule that the parameters

should produce rich and flexible neuro-dynamics. The choices of these model pa-

rameters are similar to those used in other optimization problems [118] [116]. For

example,

k = 0.9, α = 0.015, β1 = 0.001, β2 = 0.0002

ε = 1/250, I0 = 0.65, z0 = 0.08, A[n(0)] = 0.009 . (7.9)

The selection of weighting coefficients is based on the rules that all terms in the

energy function should be comparable in magnitude, so that none of them dom-

inates. Note that the parameters listed here are empirical, some tuning on these
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parameters is needed when applied to different problems, especially the weighting

coefficients. We list the parameters for each problem solved in this chapter in Table

7.1.

7.5.2 Simulation Problems

We simulate our neural networks using desktop computers. We code the NCNN-

VT in C languages and run in a Linux cluster with a parallel C/C++ compiler.

The Linux cluster is a 16-node Dual Xeon 3.06 GHz (Intel IA32) cluster with

applications, such as Matlab and parallel C/C++ programs. The cluster toolkit

used is NPACI ROCKS v3.0.

In order to show the performance of our proposed method, we compare our

results with previous methods in two types of examples. One type of examples

consists of benchmark examples (BM 1 to BM 8) which were solved by the previous

methods. The other type of examples (Case 9 to Case 20) consists of randomly

generated large-size problems for the FAP. In order to generate the randomly

instances, the number of carriers N and the number of segments M are chosen at

first for each instance. Then the range of carrier length and the range of interference

are determined. The value of carrier length for each carrier and the interference

between the two systems will be generated as uniformly distributed random values.

We generate three groups of random instances. Case 9 to Case 11 are generated

in order to show the influence of the interference, by varying the interference while

fixing the number of carriers, the number of segments, and the range of carrier

length. Case 12 to Case 17 are intended to show the influence of carrier length.

Case 18 to Case 20 are used to show the ability of the proposed method to deal

with large numbers of carriers. The results of the benchmark examples show the

capability of our method in solving the FAP. And the results of the large-size

randomly generated problem demonstrate the scalability and applicability of our

NCNN-VT.
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Table 7.1: Parameters of the NCNN-VT model for the benchmark examples, with

W1 = 1.0.

Case W2 W3 k ε I0 α z(0) n(0) β1 β2

1 1.0 0.7 0.9 1/250 0.65 0.015 0.08 0.02 0.001 0.001

2 1.0 0.7 0.9 1/250 0.65 0.015 0.08 0.02 0.001 0.001

3 0.3 0.7 0.9 1/250 0.65 0.015 0.08 0.02 0.001 0.001

4 0.3 0.7 0.9 1/250 0.65 0.015 0.08 0.02 0.001 0.001

5 0.4 0.7 0.9 1/250 0.65 0.015 0.08 0.02 0.001 0.0001

6 0.2 0.6 0.9 1/250 0.65 0.015 0.08 0.02 0.001 0.0001

7 0.2 0.6 0.9 1/250 0.65 0.015 0.08 0.01 0.001 0.0001

8 0.1 0.3 0.9 1/250 0.65 0.015 0.08 0.02 0.001 0.0001

9 0.2 0.4 0.9 1/250 0.65 0.015 0.08 0.02 0.001 0.001

10 0.2 0.6 0.9 1/250 0.65 0.015 0.08 0.02 0.001 0.0001

11 0.2 0.6 0.9 1/250 0.65 0.015 0.08 0.01 0.001 0.0001

12 0.2 0.4 0.9 1/250 0.65 0.015 0.08 0.01 0.001 0.0001

13 0.2 0.4 0.9 1/250 0.65 0.015 0.08 0.01 0.001 0.0001

14 0.1 0.4 0.9 1/250 0.65 0.015 0.08 0.01 0.001 0.0001

15 0.1 0.5 0.9 1/250 0.65 0.015 0.08 0.01 0.001 0.0001

16 0.1 0.5 0.9 1/250 0.65 0.015 0.08 0.01 0.001 0.0001

17 0.1 0.5 0.9 1/250 0.65 0.015 0.08 0.01 0.001 0.0001

18 0.1 0.6 0.9 1/250 0.65 0.015 0.08 0.02 0.001 0.0001

19 0.1 0.6 0.9 1/250 0.65 0.015 0.08 0.02 0.001 0.0001

20 0.2 0.4 0.9 1/250 0.65 0.015 0.08 0.02 0.001 0.001

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



140 7.5 Computational Results and Comparisons

Table 7.2: Specifications of the benchmark FAP used in the simulations.

Instance Number of Number of Range of Range of

carriers N segments M carrier length interference

BM 1 4 6 1 - 2 5 - 55

BM 2 4 6 1 - 2 1 - 9

BM 3 10 32 1 - 8 1 - 10

BM 4 10 32 1 - 8 1 - 100

BM 5 10 32 1 - 8 1 - 1000

BM 6 18 60 1 - 10 1 - 100

BM 7 30 100 1 - 10 1 - 100

BM 8 15 50 1 - 8 1 - 1000

Case 9 50 200 1 - 10 1 - 10

Case 10 50 200 1 - 10 1 - 100

Case 11 50 200 1 - 10 1 - 1000

Case 12 80 200 1 - 5 1 - 100

Case 13 80 300 1 - 8 1 - 100

Case 14 80 400 1 - 10 1 - 100

Case 15 80 450 1 - 12 1 - 100

Case 16 80 500 1 - 14 1 - 100

Case 17 80 600 1 - 16 1 - 100

Case 18 100 500 1 - 10 1 - 100

Case 19 150 400 1 - 5 1 - 100

Case 20 200 300 1 - 2 1 - 100
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* * * 637 496 339 206 85 644 139 395 138 445 579 903 19 135 432 596 623 529 859 234 1000 0 550 166 287 444 851 830 316
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Figure 7.9: The interference matrix and the best solution for BM 5.

Table 7.2 summarizes the main characteristics of the benchmark problems.

The interference matrix and carrier length in the randomly generated instances

are uniformly random numbers in their ranges. We run each instance 100 times

with different initial conditions of neural networks. Fig. 7.9 shows the interference

matrix for BM 5 and the best assignment achieved by the NCNN-VT for the BM

5 is displayed in Fig. 7.10. The best assignment is obtained in 30 different runs.

The symbol “ ∗ ” in Fig. 7.9 stands for an infinity value of interference, and the

black square in Fig. 7.10 represents the assignment.

7.5.3 Result Discussions

Table 7.3 shows the comparison of the best results obtained by the NCNN-VT and

other previous methods. For the benchmark problems from BM 1 to BM 4, the

NCNN-VT algorithm matches or improves the results of other existing algorithms.

Our method can obtain better results when the problems become more complicated
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Figure 7.10: The best assignment achieved by the NCNN-VT for BM 5.

Table 7.3: Comparisons of the simulation results (largest interference and total

interference) obtained by the NCNN-VT, GNN and HopSA in the benchmark

examples.

Instance GNN[38] HopSA[93] NCNN-VT

largest total largest total largest total

BM 1 30 100 30 100 30 100

BM 2 4 13 4 13 4 13

BM 3 7 85 7 85 7 88

BM 4 64 880 84 886 64 880

BM 5 640 8693 817 6851 640 7246

BM 6 49 1218 48 1002 35 1029

BM 7 100 4633 98 4093 61 2824

BM 8 919 16192 891 14495 695 15373
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Table 7.4: Comparisons of the NCNN and the NCNN-VT on the benchmark exam-

ples with 50 different runs, where η is the convergence rate, T is the average number

of interation steps, Imax is the largest interference and It is the total interference.

Here the interference is shown in best and average value (Best/Ave).

NCNN NCNN-VT

η T Imax It η T Imax It

(%) (Best/Ave) (Best/Ave) (%) (Best/Ave) (Best/Ave)

1 100 393.2 30/32.0 100/100.0 100 378.3 30/30.0 100/104.1

2 100 766.4 6/6.8 17/18.2 100 478.1 4/4.0 13/13.7

3 100 2241.7 8/9.80 101/108.6 100 43.6 7/7.0 88/92.2

4 100 2042.6 78/93.8 1025/1204.4 96 2157.5 64/65.1 880/895.6

5 92 1994.3 674/945.1 9279/11612.9 98 1819.8 640/677.0 7246/8613.8

6 80 2114.8 47/49.1 1057/1230.9 93 2415.9 35/42.8 1052/1074.9

7 85 3225.0 88/95.2 3173/3501.2 86 2890.7 61/79.9 2824/3008.7

8 70 8021.4 800/835.4 16321/17342.3 76 7769.0 695/877.7 15373/18033.6
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Table 7.5: Simulation results (largest interference and total interference) on the

randomly generated instances between the HopSA [93] and the NCNN-VT. The

results are obtained in 50 runs and are displayed as mean±SD (standard deviation).

Instance HopSA NCNN-VT

largest total largest total

9 10.50±0.6 658.32±15.34 9.80±0.4 627.33±12.93

10 124.26±10.22 6533.19±123.52 90.93±5.78 5374±60.44

11 989.20±73.49 49982.36±150.51 910.91±64.42 49387.72±120.23

12 N/A N/A 75.80±2.53 3437.30±74.25

13 N/A N/A 76.03±11.37 6294.62±151.81

14 N/A N/A 97.24±0.75 10826.91±351.21

15 N/A N/A 92.30±6.43 12644.2±273.7

16 N/A N/A 87.00±8.35 14385.43±283.83

17 N/A N/A 99.67±0.71 21894.33±776.36

18 N/A N/A 96.86±3.08 14841.29±628.95

19 N/A N/A 98.75±1.67 9924.13±387.91

20 N/A N/A 42.95±22.28 14487.65±434.26
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Table 7.6: Iteration steps, computation time (second), and convergence rate for

the NCNN-VB on a Linux cluster with 16-node Dual Xeon 3.06 GHz (Intel IA32).

The results are obtained through 50 runs and are displayed as mean±SD (standard

deviation). Here convergence rate is defined as the ratio of the runs in which

feasible solutions can be found to all number of runs.

HopSA NCNN-VT

Instance Time (Sec.) Convergence Time (Sec.) Convergence

mean±SD Rate mean±SD Rate

BM 1 1.0±0.0 100% 0.02±0.1 100%

BM 2 1.0±0.0 100% 0.02±0.1 100%

BM 3 33.0±0.0 100% 0.01±0.0 100%

BM 4 33.8±0.8 100% 2.1±0.4 96%

BM 5 33.0±0.5 100% 1.8±0.4 98%

BM 6 1529.9±156.1 100% 11.8±0.6 82%

BM 7 2845.0±528.2 100% 78.3±13.3 86%

BM 8 3738.1±614.7 75% 143.2±12.5 82%

Case 9 5389.1±823.2 80% 133.6±2.3 86%

Case 10 8916.3±1529.2 70% 172.7±5.8 100%

Case 11 15543.8±2116.6 70% 187.5±7.3 100%

Case 12 N/A N/A 271.8±27.1 100%

Case 13 N/A N/A 1034.0±56.1 93%

Case 14 N/A N/A 1654.7±207.2 91%

Case 15 N/A N/A 1851.7±353.9 100%

Case 16 N/A N/A 1959.7±118.1 79%

Case 17 N/A N/A 2621.0±118.4 78%

Case 18 N/A N/A 2989.6±200.7 80%

Case 19 N/A N/A 3550.2±233.3 85%

Case 20 N/A N/A 2477.6±14.0 100%
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as shown in bold face for BM 5 to BM 8 in Table 7.3. The results on the benchmark

examples (BM 1 to BM 8) show that the NCNN-VT and the HopSA can find better

solution than the GNN.

Paired t-test is performed between the HopSA and our NCNN-VT from 10

runs on case 9. The t value is 15.6. Entering a t table at 9 degrees of freedom (the

number of replicate n− 1) we find a tabulated t value of 2.26 (p = 0.05) going up

to a tabulated value of 4.78 (p = 0.001). Our calculated t value exceeds these, so

the difference between the two compared methods is very highly significant.

Table 7.4 shows the comparisons between the NCNN and the NCNN-VT on

8 benchmark problems. The results are obtained from 50 different runs. From this

table, it can be seen that the NCNN-VT needs less number of interations than the

NCNN does. Also the NCNN-VT can achieve better soultions with less largest and

total interference. As to the convergence rate, both the NCNN and the NCNN-VT

have high convergence rates in small cases, but have lower rates (down to 70%)

when applied to large ones.

In order to compare the performance with the HopSA, we compared the re-

sults of the HopSA and NCNN-VT on the randomly generated instances from Case

9 to Case 20. We simulate the HopSA algorithm under the same simulation envi-

ronment as the NCNN-VT. The results are summarized in Table 7.5, which shows

that the HopSA can find solutions in the 50-node 200-segment problem in several

days of computation. The HopSA method fails to find solutions in instances with

larger sizes due to its excessive computation time. “N/A” in Table 7.5 represents

the situations where the HopSA cannot find solutions in 1 month. Compared with

our proposed NCNN-VT, the computation time needed to find a feasible solution

takes several hours of CPU time in all instances.

We listed the iteration steps and computation time of our NCNN-VT for all the

problems in Table 7.6 together with the convergence rate of our method. Here one

iteration step in the NCNN-VT stands for one loop that all neurons are updated
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Figure 7.11: The computation time required by the NCNN-VT for the test in-

stances. The x-axis represents the instances from 1 to 20, and the y-axis is the

computation time required by each instance.
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once. And the computation time is measured in seconds (Sec.). From Table

7.6 we can see that our NCNN-VT achieves at lease 78% convergence rate in all

instances. Furthermore, it can converge to a solution in smaller iteration steps and

computation time compared with other methods. We plot the average computation

time of 50 runs from Table 7.6 in Fig. 7.11, which shows that the computation

time increases more slowly with the growing of the problem size compared to the

HopSA. Compared with the HopSA which needs days for instances 9 to 11, the

NCNN-VT needs not more than 200 seconds.

7.6 Concluding remarks

In this chapter, we have proposed a novel method called the noisy chaotic neural

network with variable threshold and applied it to solve the frequency assignment

problem in satellite communication systems. The NCNN-VT consisted of N ×M

neurons for an N -carrier-M -segment system with adaptive firing neurons. We used

the linear mapping of parameter Ii to separate the objectives from the constraints

in the FAP, thus simplified the formulation of the FAP in the energy function and

made the tuning of weighting coefficients easier. The adaptive mapping scheme

achieves the objectives of the FAP, and the noisy chaotic neural network aims

to find a feasible solution satisfying the constraints through its complex neuro-

dynamics with stochastic noise and flexible chaos. The simulation results of 20

benchmark instances showed that the NCNN-VT can find better solutions of co-

channel interference compared to the previous methods with very low computa-

tional cost.
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Chapter 8

Conclusion and Recommendations

In this chapter, we draw the conclusions of the thesis. The contents of the previous

chapters are reviewed. Some recommendations for future work are provided.

8.1 Conclusions

In this thesis, we have focused on discussions of hybrid neural network methods and

noisy chaotic neural network techniques with their applications on solving different

COPs. The neural network approach is a promising technique to solve NP-hard

combinatorial optimization problems. Hopfield Neural networks are potentially

powerful heuristics for solving these problems because they are intrinsically par-

allel systems with significant potential for fast hardware implementation. With

the chaotic simulated annealing, the chaotic neural networks have the ability to

escape from the local minima and perform effective searching in solution space. By

adding the decaying noise into the transiently chaotic neural network, our proposed

NCNN has the ability of effective searching with deterministic chaotic dynamics

and stochastic wandering in solution space.

In order to show the potential of the NCNN, we have applied it to solve the
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TOP in network design with reliability constraint in Chapter 4. The TOP is a NP-

hard COP with great importance in network design. With simulations to various

instances of TOP with up to 300-nodes and 1501-edges, the NCNN shows the

better performance than the previous methods and the ability to solve problem

with large size.

Besides the application of the original NCNN model, we have proposed several

original neural network methods in this thesis. Specifically, in Chapter 5, we have

proposed a hybrid algorithm which combined sequential vertex coloring and the

noisy chaotic neural network to solve the broadcast scheduling problem in wireless

multihop networks. We used two stages for the two objectives of the BSP, i.e.,

we used sequential vertex coloring to find the minimal TDMA frame length with

transmission scheduling in the first stage and the NCNN to maximize channel

utilization and minimize time delays in the second stage. We evaluated our hybrid

algorithm in three benchmark examples plus three larger instances. The results

showed that our hybrid method finds better solutions than the other algorithms

did in the examples.

An application of our proposed gradual noisy chaotic neural network is dis-

cussed in Chapter 6. We proposed a gradual noisy chaotic neural network model

for solving the broadcast scheduling problem (BSP) in packet radio networks. A

two-phase optimization have been adopted to solve the two objectives of the BSP

with two different energy functions. The G-NCNN is used to find an optimal

transmission schedule with the minimal TDMA frame length in the first phase. In

the second phase, additional node transmissions are found using the NCNN based

on the results from the first phase. We evaluate our G-NCNN algorithm in three

benchmark examples and 600 randomly generated geometric graph instances. We

compare our results with existing methods including mean filed annealing, hy-

brid method of HNN and GA, the sequential vertex coloring algorithm, and the

gradually neural network. The results of the benchmark problems show that the

G-NCNN always finds the best solutions with minimal average time delays and
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maximal channel utilization among the existing methods. We shows that our G-

NCNN has significant improvements over the HNN-GA through a paired t-test.

We also compared the NCNN with the TCNN in three instances and showed that

the NCNN has better performance than the TCNN.

A novel method called the noisy chaotic neural network with variable threshold

is proposed in Chapter 8 and applied to solve the frequency assignment problem

in satellite communication systems. The NCNN-VT consists of N ×M neurons

for the N -carrier-M -segment system with adaptive firing neurons. We use the

linear mapping of parameter Ii to separate the objectives from the constraints in

FAP, thus simplified the formulation of FAP in energy function and makes the

tuning of weighting coefficients easier. The adaptive firing neuron aims to achieve

the objectives of FAP, and the neural network with complex neuron dynamics

with stochastic noise and flexible chaos is used to find a feasible solution. The

simulation results of 20 instances show that the NCNN-VT can find better solution

of cochannel interference than the previous methods with very low computational

cost. The computation time needed for the NCNN-VT grows linearly with the

problem size increasing. That means our NCNN-VT method is a highly scalable

method for solving the optimization problems.

In summary, the application of the NCNN on the TOP, together with the

results for other optimization problems in [118, 76, 113, 116] support the conclu-

sion that the NCNN is an efficient approach for solving large-scale combinatorial

optimization problems. Although the NCNN is a general method, it cannot be ap-

plied to the BSP without the gradual expansion scheme due to the first objective

of the BSP (minimal number of time slot), which means not every COP can be

formulated and solved by the NCNN model. By adopting the GES scheme, the

G-NCNN has the potential of effective searching together with a flexible network

structure by gradually span of its number of neurons. The extensive simulation

results on the BSP shows the performance of the G-NCNN and demonstrate its po-

tential in solving combinatorial optimization problems. However, the multi-phase
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expansion of the G-NCNN may need the long computation time in searching good

solutions, especially when the solution is found in the last stage. Based on the

above observation, we proposed another original neural network model by comb-

ing the adaptive mapping scheme with the NCNN, i.e., the noisy chaotic neural

network with variable threshold. The NCNN-VT has been applied to solve the

FAP in satellite system. The simulation results show that the NCNN-VT can find

better solution than previous methods with relatively less computation time.

8.2 Recommendations for Future Research

Although we have solved three practical combinatorial optimization in communi-

cations networks using the NCNN, the G-NCNN, and the NCNN-VT, there are

still many other problems to be solved in order to demonstrate their potential. We

have simplified the neural energy function formulation by separating the objectives

from the constraints of the problems. But the selection of weighting coefficients in

the energy function still needs to be selected by trial and error. Future research

can be conducted on the following aspects:

1. Besides the COPs in communication networks, We should apply the pro-

posed neural network model to solve other optimization problems, whether

combinatorial or non-combinatorial optimization problems, whether in com-

munications networks or in other industry and research areas.

2. It is still necessary to choose the parameters by trial and error in order

to avoid invalid or poor solutions in our neural computation. An effective

way to automatically or adaptively select the weighting coefficients without

cause any more computation or complexity should be developed. An ideal

situation is that the neural network can perform the searching whilst the

adaptive tuning of its parameters. In other words, after the formulation of

the problem into a energy function, the ideal neural network model can evolve
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itself from the learning and interaction with the problem, and adaptively

select its parameters.

3. There are requirements to use other kind of hybrid methods to tackle dif-

ferent problems, e.g., the NCNN combines with the GA and the SA. The

investigation into these kind of hybridization maybe provides more efficient

methods in solving COPs.
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