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 

Abstract: Scheduling a cluster tool with wafer residency 

time constraint is of great challenge and importance in 

wafer manufacturing. With a backward strategy, the 

scheduling problem of single-robot-arm cluster tools with 

such a constraint is well-studied in the literature. It is 

much more challenging to schedule a more general case 

whose optimal scheduling strategy is not limited to the 

backward strategy. This work uses a timed Petri net to 

model the dynamic behavior of the system and presents a 

method to find the optimal scheduling strategy for the 

system. Based on the Petri net model and obtained strategy, 

it reveals that the key issue to schedule such a tool is to 

determine when and how long the robot should wait for. 

Based on this, this work establishes for the first time the 

necessary and sufficient conditions regarding the existence 

of an optimal and feasible one-wafer cyclic schedule for 

single-robot-arm cluster tools. It then establishes a 

computationally efficient linear program to find it if 

existing, and finally gives industrial examples to show the 

application and power of the proposed method. 

 

Index Terms—Wafer manufacturing, cluster tools, Petri 

net (PN), scheduling, parallel modules. 

I. INTRODUCTION 

s a kind of robotic manufacturing systems that implement 

single-wafer processing technology, cluster tools are 

proved to provide a flexible, reconfigurable, and efficient 

environment [Bader, et al., 1990; and Burggraaf, 1995], 
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resulting in greater productivity [Newboe, 1990], shorter cycle 

time [McNab, 1990; Newboe, 1990; and Singer, 1995], higher 

utilization of space [Burggraaf, 1995; and Singer, 1995], and 

lower capital expenses [Singer, 1995]. This answers why they 

are increasingly adopted by semiconductor manufacturers 

worldwide. A cluster tool usually consists of a number of 

wafer process modules (PMs), two loadlocks for wafer 

loading/unloading, and a robot as shown in Fig. 1. The robot is 

equipped with a single arm or dual arms, correspondingly, 

leading to a single- or dual-robot-arm cluster tool. 
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Fig. 1. (a) single-robot-arm tool and (b) dual-robot-arm tool. 

Through the loadlocks, raw wafers are dropped into a 

cluster tool in a cassette-by-cassette way and a cassette holds a 

lot of wafers that own a same predefined routing sequence, 

called a recipe [Kim, et al., 2003; and Lee and Park, et al., 

2005]. The robot is instructed to unload a wafer from the 

cassette and transport it from one PM to another for 

processing. At each step, a wafer should stay in a PM for some 

time to be processed and return to the cassette from which it 

came at last [Wu and Zhou, 2010b]. If all the wafers in a 

cassette complete their processing, the cassette is unloaded 

from the loadlock such that another one can be loaded. With 

two loadlocks, a cluster tool can run continuously without 

interruption. 

For some wafer manufacturing processes, such as low 

pressure chemical vapor deposition (LPCVD), a processed 

wafer needs to be removed from the PM within a limited time. 

Otherwise its surface would suffer from severe quality 

problems due to residual gases and high temperature in a PM 

[Rostami et al., 2001; Kim et al., 2003; and Lee et al., 2005]. 

Such a constraint is referred to as wafer residency time 

constraint in [Rostami et al., 2001], which greatly complicates 
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the scheduling problem of cluster tools.  

[Rostami, et al. 2001] presents heuristic algorithms to find 

an optimal cyclic schedule for dual-robot-arm cluster tools 

with wafer residency time constraint. However, the existence 

of a feasible schedule is not investigated. In [Kim, et al., 2003], 

schedulability is analyzed for dual-robot-arm cluster tools with 

wafer residency time constraint and a linear 

programming-based method is developed to find a feasible 

and optimal schedule if schedulable. However, the obtained 

conditions are just sufficient but not necessary. [Lee, et al. 

2005] establishes necessary and sufficient conditions under 

which the system is schedulable and develops an algorithm to 

obtain an optimal schedule by using an integer programming 

formulation. Its drawback is its complex computation. 

The scheduling problem of both single- and dual-robot-arm 

cluster tools with wafer residency time constraint is further 

investigated in [Wu et al., 2008; and Wu and Zhou, 2010b]. A 

type of generic PN models is invented to analyze the 

relationship between the wafer residency time in PMs and the 

cycle time of the system, and necessary and sufficient 

conditions under which a system is schedulable are proposed. 

Furthermore, an optimal and feasible one-wafer cyclic 

schedule, which means that during each cycle time, only one 

wafer is loaded into and unloaded from the loadlocks, is 

obtained by analytical expressions. Clearly, such methods 

represent the most efficient ones.  

In recent years, [Qiao et al., 2014 and 2015] tackled the 

scheduling problem of dual-robot-arm cluster tools with both 

wafer residency time constraint and revisiting processing. The 

studies [Wu and Zhou, 2012 and Qiao et al., 2012] analyzed 

the effect of activity time variation on wafer residency time 

delay in a PM for dual and single-robot-arm cluster tools. In 

[Qiao et al., 2012], the study is conducted under the 

assumption that a backward strategy is optimal for 

single-robot-arm cluster tools. This assumption does not hold 

unfortunately for some cases as shown in [Dawande et al., 

2002]. 

 In [Dawande et al., 2002, and Chan et al., 2011], the 

scheduling strategy is not limited to be backward. To find an 

optimal one-unit (or one-wafer) cyclic schedule for robot cells 

with a single gripper robot, a polynomial time algorithm is 

proposed in [Dawande et al., 2002]. As cluster tools are a type 

of robotic cells, such an algorithm can clearly be applied to 

single-robot-arm cluster tools. Although Dawande et al. [2002] 

can determine the robot task sequence to obtain an optimal 

cyclic schedule for a single-robot-arm cluster tool without 

wafer residency time constraint, the obtained schedule may 

not be feasible if such a constraint is imposed and further 

research is, hence, necessary to address this new issue. This 

work intends to address it for the first time to our knowledge. 

It considers the general situation that multiple PMs can be 

configured for a processing step, which relaxes the restriction 

made in [Dawande et al., 2002] where only one PM is 

configured for a step. 

To solve the above problem, we adopt a Petri net model to 

describe the dynamic behavior of the system. With the model, 

the method in [Dawande et al., 2002] is used to determine the 

optimal scheduling strategy. Based on an obtained strategy, 

we analyze the relationship between the wafer residency time 

in PMs and the cycle time of the system such that a schedule is 

parameterized by robot waiting time. Then, we establish 

necessary and sufficient conditions under which an optimal 

and feasible schedule exists. With these conditions, such a 

schedule is efficiently found by solving a linear program. In 

this way, the open problem is solved.  

To compare our work with others, we conclude that the 

work in [Rostami, et al. 2001, Kim, et al., 2003, Wu and Zhou, 

2010b, 2012, Qiao et al., 2014 and 2015] only aims to the 

dual-robot-arm cluster tools. [Wu et al., 2008, Qiao et al., 

2012, Dawande et al., 2002, and Chan et al., 2011] focus on 

single-robot-arm cluster tools. However, in [Wu et al., 2008, 

Qiao et al., 2012], it is assumed that a backward strategy is 

always optimal. In [Dawande et al., 2002, and Chan et al., 

2011] however, no wafer residency time constraint is 

considered. For [Lee, et al. 2005], though wafer residency 

time constraint is taken into account for both single- and 

dual-robot-arm cluster tools, its drawback is its complex 

computation. In summary, this work makes the following two 

primary contributions:  

1) Derives for the first time the necessary and sufficient 

conditions regarding the existence of an optimal and feasible 

one-wafer cyclic schedule for a wafer-residency-time 

constrained single-robot-arm cluster tool whose backward 

scheduling strategy may not be optimal; and  

2) Establishes a computationally efficient linear program to 

find such a cyclic schedule if existing. 

In the next section, we develop the PN model for the system. 

Section III discusses how to determine the optimal scheduling 

strategy and the relationship between the wafer sojourn time in 

PMs and cycle time of the system. Thereafter, Section IV 

presents the necessary and sufficient conditions under which 

an optimal and feasible one-wafer cyclic schedule exists and 

the linear program for finding it. Examples are given to show 

the applications of the proposed method in Section V. Finally, 

Section VI concludes this paper.  

II. SYSTEM MODELING 

  Let ℕn = {1, 2, …, n} and n = ℕn {0}. To balance the 

workloads among the steps, parallel PMs can be configured 

for some steps. Thus, a general wafer flow pattern is denoted 

as (m1, m2, …, mn), where n is the number of processing steps 

and mi, i  ℕn, denotes the number of parallel PMs at Step i 

[Kim et al., 2003]. 

A. Finite Capacity Petri Net  

As PNs can deal with concurrent activities, they are widely 

used as an effective tool for modeling, analysis, and control of 

manufacturing systems [Wu et al., 2008, and 2011, 2013; and 

Kim et al., 2003; Hu et al., 2015a and b]. To operate a cluster 

tool, we need to allocate the finite resources to the PMs. Since 

PNs are powerful in modeling the behavior of resource 

allocation, a finite capacity PN is an ideal choice to model a 

cluster tool. In this work, we model a single-robot-arm cluster 
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tool by extending the PN developed in [Wu, 1999, 2008; Wu 

and Zhou, 2001 and 2010a] and its concept is based on [Zhou 

and Venkatesh, 1998; and Wu and Zhou 2009]. 

The PN model here is defined as PN = (P, T, I, O, M, Ҝ), 

where P and T are finite sets of places and transitions; I/O is 

an input/output function; M is a marking gives the number of 

tokens in places with M0 presenting the initial one; and Ҝ is a 

capacity function, where Ҝ(p) denotes the maximum number 

of tokens that place p can hold at a time. The preset of 

transition t is the set of all input places to t, i.e., t = {p: pP 

and I(p, t)  0}, while its postset is the set of all output places 

from t, i.e., t = {p: pP and O(p, t)  0}. Similarly, we have 

p’s preset p = {tT: O(p, t)  0} and its postset p = {tT: 

I(p, t)  0}. For the transition enabling and firing rules, readers 

can refer to [Wu, 1999; Wu and Zhou, 2001 and 2010a]. 

B. Petri Net for the System 

This work extends the well-developed PN model in [Wu et 

al., 2008] to model a single-robot-arm cluster tool. For 

convenience, a token and a wafer are often used without 

difference in introducing the PN model. 


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Fig. 2. PN model for system with n + 1 steps. 

Assume that the loadlocks are numbered as Step 0. The n 

processing steps are numbered as Steps 1 to n. For concise 

presentation, we assume that Step n + 1 is identical to Step 0, 

or n + 1 is treated as 0. Then, with n processing steps, there are 

n + 1 steps for the system. PMs at Step i, i  ℕn, are modeled 

by timed place pi with Ҝ(pi) = mi. To represent that there are 

always wafer to be processed in the loadlocks, we have Ҝ(p0) 

= . Timed place qi with Ҝ(qi) = 1 models the robot’s waiting 

before removing a wafer from pi, i  n. Timed place xi, i  

n, with Ҝ(xi) = 1 models that the robot moves from Steps i-1 

to i with a wafer carried. Pictorially, these places are denoted 

by a circle. Timed transitions ti and ui model that the robot 

drops a wafer into pi and removes a wafer from pi, respectively. 

Timed transition yi models that the robot moves from Steps j 

to i, j, i  n, without carrying a wafer. Pictorially, transitions 

are denoted by a bar. Place r with Ҝ(r) = 1 models the robot 

and it is denoted by an ellipse. If there is a token in r, the robot 

is available and can be used to unload a wafer. An arc (ti, r), i 

 n, is added to represent that, by firing ti (loading a wafer 

into pi), the robot arm is released. At last, by adding arcs (xi, ti), 

(ti, pi), (pi, ui), (qi, ui), and (ui, xi+1), i  n, the PN model for 

the system is obtained as shown in Fig. 2. 

In the PN model in Fig. 2, when M(r) = 1, any yi, i  n, is 

enabled and can fire. In [Wu et al., 2008], to model the 

backward strategy, a simple control policy is posed to control 

the firing of yi’s. This work studies the scheduling problem of 

a more general case whose the optimal schedule strategy is not 

limited to be backward, hence, we need to find an optimal 

strategy that presents the robot task sequence. Note that such a 

strategy is dependent on the wafer processing time at the steps 

and robot task time for a given scenario. For the problem 

addressed in this work, when a strategy is determined, the 

robot task sequence is determined as well, which is acted as a 

control policy to control the firing of yi’s such that the system 

is correctly modeled. 

To describe a scheduling strategy we define a basic activity 

Ai for Step i with Ai = yi  ui  xi+1  ti+1, i  n. Note that 

if ti is followed by yi, then, yi represents that the robot moves 

from Step i to itself, or it takes no action if mi = 1. Otherwise, 

if mi  1, it also needs to take a time for moving from one 

module to another within Step i. Then, without taking the 

robot waiting into account,  = (
0i

A
1i

A …
ni

A ) can be used to 

describe a scheduling strategy for the system, where i0, i1, …, 

and in denote a permutation of steps {0, 1, 2, …, n} [Sechi et 

al., 1992, Crama et al., 1997, Dawande et al., 2002, and Chan 

et al., 2011]. In this work, it is assumed that  begins with 

unloading a wafer from Step 0. Thus, we always have
0i

A = A0, 

unless otherwise specified.  

Note that a backward strategy forms a , i.e., a backward 

strategy will be applied when it is optimal. For easy 

presentation, we need the following definitions that are cited 

from [Dawande et al., 2002, and Chan et al., 2011]. 

Definition 2.1 [Dawande et al., 2002]: A one-wafer cycle is 

a sequence of activities with each basic activity Ai, i  n, 

appearing just once and during which one wafer is dropped 

into and removed from the loadlocks. The cycle time is the 

minimal time needed to complete such a one-wafer cycle. 

Definition 2.2 [Dawande et al., 2002, and Chan et al., 2011]: 

In a scheduling startegy , an activity chain is a sequence of 

activities whose indexes appear with a consecutively 

increasing order, but not necessary adjacently. 

Take  = (A0A4A5A1A2A3) as an example. By Definition 2.2, 

A0 and A1A2A3 form an activity chain although A0 and A1A2A3 

are separated by A4A5. Also, A4A5 forms an activity chain. 

Hence, there are two activity chains in  = (A0A4A5A1A2A3). 

With a scheduling strategy being determined and the above 

obtained PN structure, based on Definitions 2.1 and 2.2, we 

need to set the initial marking M0 of the model next. Also, we 

need to control the PN model such that the robot scheduling 

strategy can be exactly realized with no deadlock. This can be 

done by introducing a control policy. At last, for the PN model, 

we associate activity time with both transitions and places to 

describe the temporal aspect of the system. In such a way, we 

find that to schedule the system is to determine when and how 

long the robot should wait for. 
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To set the initial marking M0 of the model, from [Chan et al. 

2011], in each activity chain, during the whole cycle, only one 

wafer should be being processed, due to their assumption that 

each step consists of only one PM. For the problem addressed 

in this work, we have mi (mi  1) PMs for Step i, i  ℕn. 

Hence, we first assume that, at Step i, i  ℕn, mi - 1 wafers 

are being processed by mi - 1 PMs, respectively. Then, for the 

remaining n PMs (not including the loadlocks), according to 

[Chan et al. 2011], in each activity chain, only one wafer 

should be being processed during the whole cycle. By doing 

so, if an optimal scheduling strategy is applied and 

schedulable, the maximum productivity can be obtained. Thus, 

given a scheduling strategy , by putting a type of tokens V0 

representing a virtual wafer into the PMs, we can set the initial 

marking M0 as follows. 

Let D be the set of step indexes of an activity chain in . 

Let k = Min{D}. Then, set the initial marking as follows. For 

each activity chain in , find D and set M0(pk) = mk, k  0, 

M0(pj) = mj - 1, jD\{0, k}; M0(r) = 0; M0(xi) = 0, i  n; 

M0(qj) = 0, j  ℕn; and M0(q0) = 1, indicating that the robot is 

waiting at Step 0 for unloading a wafer from the loadlocks. 

For example, given  = (A0A5A3A4A1A2), we have three 

activity chains: 1) A0A1A2; 2) A5; and 3) A3A4. For Chain 1, D 

= {0, 1, 2}, the minimal one is 0. Thus, we set M0(p1) = m1 - 1, 

and M0(p2) = m2 - 1. For Chain 2, D = {5} and we set M0(p5) = 

m5. For Chain 3, D = {3, 4} and Min{3, 4} = 3. Thus, we set 

M0(p3) = m3, and M0(p4) = m4 - 1. Then, set M0(r) = 0, M0(xi) = 

0, i  n. Finally, set M0(qj) = 0, j  ℕn, and M0(q0) = 1. 

At M0, as M0(r) = 0; M0(xi) = 0, i  n; M0(qj) = 0, j  ℕn, 

and M0(q0) = 1; the only enabled transition is u0. After u0 fires, 

the robot performs task sequence: x1  t1 to load a wafer 

into Step 1 such that M1 is reached, and at M1 we have M1(p1) 

= m1. Thereafter, the robot may execute the following task 

sequence: y0  q0  u0  x1 to load a wafer into Step 1 

again. As M1(p1) = m1, from the transition enabling and firing 

rules in [Wu, 1999; Wu and Zhou, 2001], a deadlock occurs. 

To avoid such a deadlock, we have the following control 

policy. 

Definition 2.3: For the PN of the system, given a strategy  

= (
0i

A
1i

A …
ni

A ), at marking M, 
jiy , j  ℕn, is said to be 

control-enabled if 
1( ) 1jit
   has just executed; 

0i
y  (or y0) is 

said to be control-enabled if ( ) 1ni
t   has just executed. 

By Definition 2.3, at M0, after u0 fires, the robot performs a 

task sequence x1  t1  
1i

y   
1i

u   
1( ) 1ix    

1( ) 1it   

 
2i

y   
2i

u   
2( ) 1ix    

2( ) 1it    
3i

y
 
 

3i
u

 

 … 
ni

u
 
 ( ) 1ni

x    ( ) 1ni
t 

 
 

0i
y (y0)  u0  x1 

such that a cycle is completed and there is no deadlock. In this 

way, the PN model is made deadlock-free. 

C. Modeling Activity Time  

In the PN model, both transitions and places are associated 

with time. If transition t is associated with time , it means that 

firing t lasts for  time units. If place p is associated with time 

, it implies that a token in p has to stay there for at least  

time units before it can enable its output transition [Wu et al., 

2008]. 

As done in [Kim et al., 2003; Geismar et al., 2004; and Lee 

and Lee, 2006], we assume that: 1) the time taken for the robot 

to unload/load a wafer from/into a PM and loadlocks is 

identical and denoted by , and 2) the time taken for the robot 

to move from Steps j to i, j  i, is same no matter whether it 

carries a wafer or not and denoted by . The time required to 

process a wafer at Step i is i, i  ℕn, and 0 = 0. i, i  n, 

denotes the robot waiting time in qi, and i, i  ℕn, the wafer 

sojourn time at Step i. After being processed, a wafer needs to 

be removed from a PM at Step i within a limited time i, i ℕn, 

we have i  [i, i+i]. In the loadlocks, there are no wafer 

processing and thus there is no wafer residency time 

constraint. 

Table I. Time duration associated with transitions and places. 

Symbol Transition 

or place 

Action Time 

duration 

 

ti  T Robot loads a wafer into Step i, i  n 

 ui  T Robot unloads a wafer from Step i, i 

 n 

 

 
 

yi  T Robot moves from Steps j to i, j  i 

and j, i n, without holding a wafer 

 

yi  T Robot moves from one PM to another 

within Step i when mi  1, i ℕn, 
without holding a wafer 

 

yi  T Robot moves from Step i to itself with 

mi = 1, i n, without holding a wafer 
0 

xi  P Robot moves from Steps i-1 to i, i 

ℕn, with a wafer being held 
 

x0  P Robot moves from Step n to 0, with a 

wafer being held 

i pi  P A wafer being processed and waiting 

in pi, i ℕn 

[i, 

i+i] 

i qi  P Robot waits before unloading a wafer 

from Step i, i n 

 0 

If activity sequence Ai-1Ai/AnA0 is an item in , after loading 

a wafer into pi/p0, the robot needs to wait there for at least i 

time units if mi = 1, i  ℕn, and then unloads a wafer from 

pi/p0. This implies that yi/y0 takes no time. However, if mi  1, 

after loading a wafer into Step i, the robot needs to move to a 

parallel module at Step i for unloading the earliest wafer. 

Hence, in this case, yi takes  time units. Note that, for  = 

( 0A
1i

A … nA ), as it can be equivalently denoted as  = 

(
1i

A … nA 0A ), AnA0 is an item in . The time taken for 

different transitions and places is summarized in Table I. 

With wafer residency time constraint, the deadlock-freeness 

of the obtained PN does not imply that a schedule that governs 

the PN is feasible. To find a feasible schedule, by [Wu et al., 
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2008; and Wu and Zhou, 2010b], we have the following 

definition. 

Definition 2.4 [Wu et al., 2008; and Wu and Zhou, 2010b]: 

Given wafer residency time interval [i, i+i] for Step i, i  

ℕn, by the PN model, a schedule is feasible if whenever ui is 

enabled and fired, we have i  i  i + i. 

III. TEMPORAL PROPERTIES 

A. Optimal Scheduling Strategy  

For easy presentation and without abusing the notation, we 

use Ai-1Ai ⊆  = (
0i

A
1i

A …
ni

A ) to mean that k  n such 

that Ai-1Ai = 
ki

A
1ki

A


. Given a scheduling strategy  = (
0i

A

1i
A …

ni
A ), define 

P  = {i|Ai-1Ai ⊈  and i  ℕn}{0|AnA0 

⊈ } and 
R  = {i|Ai-1Ai ⊆  and i  ℕn} {0|AnA0 ⊆ }. 

For  = ( 0A
1i

A …
1ni

A
 nA ), since it is equivalent to  = 

(
1i

A …
1ni

A
 nA 0A ), we also have 0  

R . 

The mean of 
P  and 

R  can be explained as follows. 

If i  
P , after the robot loads a wafer into Step i, it should 

go to another step for unloading a wafer, while if i  
R , 

after the robot loads a wafer into Step i, it should wait there 

for this wafer to be completed, instead of moving to another 

step for unloading a wafer if mi = 1, i  ℕn. If 0  
R , after 

loading a wafer into the loadlocks, the robot can unload a 

wafer there immediately. However, if i  
R  and 

meanwhile mi  1, i  ℕn, after loading a wafer into Step i, 

the robot should move to a parallel module at Step i that is 

processing the earliest wafer that is loaded into this step for 

unloading it. To ease the presentation, basic cycles [Dawande 

et al., 2002, and Chan et al., 2011] are defined as follows. 

Definition 3.1: For a single-robot-arm cluster tool, a 

strategy whose activity indexes are in a decreasing order 

except those in 
R  forms a basic cycle. 

For example,  = (A0A1A2A3A4) forms a basic cycle, since it 

is equivalent to A3A4A0A1A2 and 
R  = {1, 2, 4} such that the 

condition in Definition 3.1 is met. However,  = (A0A2A1A4A3) 

does not form a basic cycle. By [Dawande et al., 2002], a 

basic cycle dominates all other one-wafer cycle in terms of 

having shorter cycle time. 

With only a single machine for a step and n machines for 

the system, Dawande et al. [2002] define the set Ds of 

machines where the processing time i is larger than or equal 

to the robot travel time from one PM to another which takes  

time units, i.e., Ds = {i  ℕn: i  }. Then, they derive the 

following result.   

Lemma 3.1 [Dawande et al. 2002]: For the following cases, 

a): If |Ds| = 0, (A0A1A2A3…An) is the optimal one-wafer 

scheduling strategy;  

b): If |Ds|  2, there exists an optimal basic cycle in which, 

i  Ds, we have i  
P ; 

c): If |Ds| = 1, let q   and k = max{j: j  n\{q}}. If q 

+ k  2, then (A0A1A2A3…An) is the optimal 

one-wafer scheduling strategy. If q + k  2, there is 

an optimal basic one-wafer cycle in which q  
P . 

In Lemma 3.1, for case a, for each step, we have i  . 

Thus, the optimal scheduling strategy is that, after loading a 

wafer into one step, the robot waits there until the wafer 

finishes its processing and then unloads it to the next step, or 

(A0A1A2A3…An) is optimal. For case b, if |Ds|  2, then, for 

each step i, i  Ds, after loading a wafer into it, the robot 

should not wait there, instead, it should go to another step for 

unloading, or we have i  P . For case c, if |Ds| = 1, let Step 

q denote the step where q  . Then, for the remaining steps, 

let k = max{j: j  n\{q}}. If q + k  2, after loading a 

wafer into step q, the robot should go to another step for 

unloading, or q  
P . Otherwise, if q + k  2, 

(A0A1A2A3…An) is optimal.       

Assume that there are parallel PMs in Step i and i  
R . 

After loading a wafer into Step i, the robot moves to the PM in 

Step i that is processing the earliest wafer loaded into this step 

for unloading this wafer, which takes  time units. Further, if 

this wafer has not been completed yet, the robot should wait 

for i time units. Hence, if mi  1, by treating Step i as a 

whole, we have that i  Ds. Then, considering no wafer 

residency time constraint, by following Dawande et al. [2002], 

we can analyze the optimal scheduling strategy for a 

single-robot-arm cluster tool with parallel modules as follows: 

Case 1: There is no parallel PM. For such case, we can find 

an optimal scheduling strategy as Dawande et al. [2002] do. 

Case 2: There are parallel PMs and k  {i| mi = 1} with k 

 . By assumption that, for any Step i with parallel PMs, k  

 holds, leading to |Ds|  2. Then, from Lemma 3.1, for any 

Step i with parallel PMs, it must have i  
P  and we can 

obtain an optimal scheduling strategy for the whole system by 

a polynomial time algorithm in [Dawande et al., 2002]. 

Case 3: There are parallel PMs and for any k  {i| mi = 1}, 

k  . We have two subcases: Case 3.1: There are at least two 

steps with parallel PMs; and Case 3.2: there is only one step 

with parallel PMs. For Case 3.1, it is similar to Case 2 since 

|Ds|  2. Then, for any Step i with parallel PMs, i  
P holds 

and an optimal scheduling strategy for the whole system can 

be determined based on the method in [Dawande et al., 2002]. 

For Case 3.2, let q denote the step with mq parallel PMs and 

assume that there are mq - 1 wafers being processed in PMs 1, 

2, …, and mq - 1, respectively. Under scheduling strategy 

(A0A1A2A3…An), after loading a wafer into the mqth PM, the 

robot moves to the 1st PM, and wait for q time units if 

necessary. Thereafter, it unloads this wafer, moves to Step q+1, 

and loads the wafer into it. These activities take 2 +  + (q 

+ ) time units. After loading a wafer into Step q+1, activity 

sequence processing in Step q+1  unloading from it  
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moving to Step q+2  loading the wafer into it is followed 

and it takes 2 +  + q+1 time units. Similarly, from the 

loading of a wafer into Step q+2 to the loading of a wafer into 

Step q+3, 2 +  + q+2 time units are taken. In this way, after 

a cycle, when the robot loads a wafer into the 1st PM of Step q, 

we conclude that such a cycle takes  time units where 

 = 

1

( 1)(2 )
n

i q q

i

n     


      .   
      

(3.1) 

Let 1 denote the time instant of loading a wafer into the 

mqth PM at Step q. From 1, after mq - 1 cycles, the robot 

loads a wafer into the (mq - 1)th PM at Step q. Then, the robot 

moves to the mqth PM at Step q for unloading a wafer there 

and we let 2 denote this time instant. From the above analysis, 

we have 2 - 1 = (mq - 1)   + . If q  2 - 1, before the 

robot comes to the mqth PM at Step q, the wafer in it has 

completed its processing, thus leading to q = 0. However, if 

q  2 - 1, the wafer in it has not been completed yet, and we 

have q = q - [(mq - 1)   + ]. Such a result can be 

expressed as: 

0,  ( 1) ;

[( 1) ], ( 1) .

q q

q

q q q q

if m

m if m

  


     

   
 

       
 

(3.2) 

By (3.1)-(3.2), q is decided. Specifically, we first assume 

that q = q - [(mq - 1)   + ]. Then, the value of q can be 

obtained. Next, we check whether q  (mq - 1)   +  holds 

or not with the obtained q. If not, we reset q = 0, otherwise 

the obtained value is true. Then, similar to Lemma 3.1, we can 

determine the optimal scheduling strategy for Case 3.2 as 

follows. Let k = max{j, j  n\{q}}. If ( + q) + k  2, 

(A0A1A2A3…An) is the optimal one-wafer scheduling strategy. 

If ( + q) + k  2, there is an optimal basic one-wafer 

cycle in which q  
P . Then, by following the polynomial 

algorithm developed in [Dawande et al., 2002], an optimal 

scheduling strategy for the whole system can be determined. 

Up to now, we have presented how to determine the optimal 

scheduling strategy for the system without a wafer residency 

time constraint. From the above analysis, for Cases 2 and 3.1, 

all the steps with parallel PMs belong to 
P . For Case 3.2, if 

( + q) + k  2, we still have q  
P . However, if ( + q) 

+ k  2, to check the feasibility, we only need to check 

whether 2 - 1  q + q holds or not. If yes, (A0A1A2A3…An) 

is an optimal and feasible schedule; otherwise the wafer in 

Step q violates the wafer residency constraint. 

In the following discussion, we assume that an optimal 

scheduling strategy is determined, i.e., the robot task sequence 

is determined. Nevertheless, this strategy cannot guarantee 

that wafer residency time constraint is satisfied. Then, based 

on the given strategy, the key is how to find a feasible 

schedule. To do so, we just need to analyze Cases 1, 2, 3.1 and 

the situation where ( + q) + k  2 for Case 3.2. From the 

above analysis, we have that, for all of the cases, any step with 

parallel modules belongs to 
P . 

B. Temporal Aspect Analysis  

According to Chan et al. [2011], given strategy  = (
0i

A

1i
A …

ni
A ), a wafer processing cycle at Step i is formed by the 

activity sequence from Ai to Ai-1, i.e., ( iA
1j

A
2j

A …
mj

A

1iA  ), where ( 1j , 2j , … mj ) are the indexes of activities 

between i and i - 1 under . For example, given  = 

(A0A5A3A4A1A2), A1A2A0 forms such a cycle at Step 0, while 

A5A3A4 forms a cycle at Step 5. In a robot cycle, all activities 

in  should be performed once. 

To analyze such cycles, as done in [Chan et al., 2011], we 

use i and R to denote the index sets of activities in the wafer 

processing cycle at Step i and robot cycle, respectively, i.e., i 

= {i, 1j , 2j , … mj , i - 1} and R = {
0i , 

1i , 
2i , …

ni }. 

Furthermore, for i n, let i = i


 + i if i  
R , and i = 

i


 if i  
P . 

Then, we analyze the time taken for a wafer at Step i. To 

satisfy the wafer residency time constraint at Step i, i  [i, 

i + i], i ℕn, must hold. When i = i, the allowed shortest 

wafer processing cycle time at Step i is reached and we use i 

to denote it; while i = i + i, the allowed longest time to 

complete a wafer at Step i is reached and we use i to denote 

it. We first discuss how to calculate i. 

If |i| = 2, we have i = {i, i - 1}, i  ℕn, or 0 = {0, n}. In 

this case, to complete a wafer at Step i, i  ℕn, task sequence 

processing a wafer at Step i (i)  firing ui ()  xi+1 ()  

ti+1 ()  yi-1 ()  waiting in qi-1 ( -1i


)  ui-1 ()  xi () 

 firing ti () is performed, which takes i + 4 + 3 + -1i


 

time units. Considering that there are mi parallel PMs at Step i 

and all the steps with parallel PMs belong to 
P , we have i 

= (i + 4 + 3 + -1i


)/mi, i ℕn. Similarly, we have 0 = (0 

+ 4 + 3 + n


)/m0, where m0 = 1 is set, since the loadlocks 

has no wafer processing function and there is no wafer 

residency time constraint.  

If |i| = 3, we have i = {i, k, i - 1}, i  ℕn. For the case of 

i = {i, k, i - 1}, if k  
R  and (i - 1)  

P , let 1 denote 

the time instant when Ai has just been performed, i.e., ti+1 (or tk) 

finishes its firing at 1. As k  
R , yk takes no time and the 

robot waits for (k + k


) time units at pk. Then, the robot 

unloads a wafer there by firing uk, moves to Step k + 1 and 

loads the wafer into the step by firing xk+1 and tk+1. Let 2 

denote the time instant when tk+1 finishes its firing. Then, we 

have 2 - 1 = 2 +  + (k + k


). By starting from 2, 

activity sequence firing yi-1 () (since (i - 1)  
P )  
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waiting in qi-1 ( 1i


 )  ui-1 ()  xi ()  ti ()  

processing a wafer at Step i (i)  ui ()  xi+1 ()  ti+1 () 

is performed such that a wafer processing cycle at Step i is 

completed. Let 3 denote the time instant when ti+1 finishes its 

firing again. Then, 3 - 2 = i + 4 + 3 + 1i


 . Thus, we 

have i = (3 - 1)/mi = (i + 4 + 3 + 1i


  + 2 +  + k +

k


)/mi. 

If k  
P  and (i - 1)  

R . Let 1 and 2 denote the 

time instant when ti+1 and tk+1 finish their firing. As k  
P , 

yk takes  time units and we have 2 - 1 = 2 + 2 + k


. Let 

3 denote the time instant when ti+1 finishes its firing again. As 

yi-1 takes no time for this case, from the above analysis, we 

have 3 - 2 = i + 4 + 2 + i-1 + 1i


 . Thus, we have i = 

(3 - 1)/mi = (i + 4 + 2 + i-1 + 1i


  + 2 + 2 + 

k


)/mi. 

By the above analysis, if one basic activity Ak is added, i 

increases (2 + 2 + k)/mi time units, where i = i


 + i if 

i  
R , and i = i


 if i  

P . Meanwhile, in i\{i}, if 

the number of indexes that belong to 
R

 
increases by one, 

i decreases /mi time units. Hence, we can calculate i for the 

cases of |i|  {4, 5, 6, …, n + 1}. To ease the presentation, let 

Qi = {i\{i}
R } and Ri = {i\{i}

P }. Then, we have 

the allowed shortest cycle time at Step i is: 

i = (i + 4 + 3 + 2  (|i| - 2)  ( + ) + 

( ( + ) 


i

k kk Q
+ 


i

kk R
) - |Qi|  )/mi.      (3.3) 

The longest wafer processing cycle time is: 

i = (i + i + 4 + 3 + 2  (|i| - 2)  ( + ) + 

( ( + ) 


i

k kk Q
+ 


i

kk R
) - |Qi|  )/mi.       (3.4) 

Expressions (3.3)-(3.4) present the feasible cycle time range 

or workload range for Step i, i  ℕn. By removing 




i

kk Q
 and 


i

kk R
 from (3.3)-(3.4), we have the 

shortest and longest “natural workload” [Wu et al., 2008] for 

Step i as follows: 

i
 
= (i + 4 + 3 + 2  (|i| - 2)  ( + ) + 


i

kk Q
- 

|Qi|  )/mi.                                   (3.5) 

i = (i + i + 4 + 3 + 2  (|i| - 2)  ( + ) +          




i
kk Q

- |Qi|  )/mi.                         (3.6) 

Natural workload plays an important role in schedulability 

analysis, since it provides the workload balance information 

among the steps. Let i


 = (i + 4 + 3 + 2  (|i| - 2)  ( 

+ ) + 
{ \{ }}




i
kk iI  

- |Qi|  )/mi, i n, denote the cycle 

time for Step i. By comparing i


 with  

i  = (i + 4 + 3 

+ 2  (|i| - 2)  ( + ) + 


i
kk Q

- |Qi|  )/mi, we 

conclude that if i


 =  

i , the i in  

i  is greater than or 

equal to that in i


, since 
{ \{ }}




i
kk iI

 = 


i
kk Q

 + 




i

kk Q
 + 


i

kk R
  


i

kk Q
. This implies that, 

by adjusting the robot waiting time, we can schedule the 

system to balance the workloads among the steps to some 

extent to make the wafer residency time constraint satisfied. 

To do so, we need to know how to calculate i that is 

dependent on the robot cycle time . Now, we discuss how to 

calculate the robot cycle time . 

Let  
 be the robot cycle time under the assumption that 



k  = 0, k  n. If it is a backward strategy, by [Wu et al., 

2008] we have: 

 = 2(n + 1)( + ) + 
0



n

ii
 =  

 + 
0



n

ii
. (3.7) 

If it is not the backward one, by [Dawande et al., 2002], 

there must be at least one i  
R . Then, by [Chan et al., 

2011],  
 is equal to i, i  

R , or we have: 

 
 = (i + 4 + 3 + 2  (|i| - 2)  ( + ) - |Qi|   + 




i
kk Q

)/mi, i  
R .                        (3.8)  

Let  = max{0, 1, 2, …, n, 


}. Then,  must be the 

lower bound of cycle time for the system. With cycle time , 

if we can find a feasible schedule, it must be optimal. Thus, in 

this paper, we let  be the cycle time of the system. 

With i


, i  n, being the cycle time of Step i, by [Wu et 

al., 2008], in the steady state, each step has the same cycle 

time that should be equal to the robot cycle time  and the 

system cycle time, or we have: 

 = 0


 = 1


 = … = 


n  = .               (3.9) 

By (3.9), we have: 

 =  = i


 = (i + 4 + 3 + 2  (|i| - 2)  ( + ) + 

{ \{ }}



i

kk iI  
- |Qi|  )/mi, i  n.              (3.10) 

By (3.10), in the steady-state, the wafer sojourn time i in pi, 

i  ℕn, is: 

i = mi   - [4 + 3 + 2  (|i| - 2)  ( + ) + 

{ \{ }}



i

kk iI  
- |Qi|  ].                      (3.11) 

With (3.11), once i, i  n, is determined, i, i  ℕn, can 

be calculated. Then, we discuss the existence of a feasible 
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schedule and how to find it if existing next. 

IV. SCHEDULABILITY AND SCHEDULING 

It follows from (3.9) that to schedule the system is to 

allocate the robot waiting time such that the wafer residency 

time constraint is satisfied, or the scheduling a schedule is 

parameterized by the robot waiting time. Then, we present the 

following Lemma. 

Lemma 4.1: For a single-robot-arm tool with wafer 

residency time constraint, if  
 =   i, i  ℕn, for k  

n, set k
 
= k if k  

R , otherwise k
 
= 0, then, a feasible 

one-wafer cyclic schedule can be obtained, or i  i  i + i, 

i  ℕn, holds.  

Proof: If  
 =   i, i  ℕn, we have 

k  = 0, k  n 

such that k
 
= 

k  + k = k, k  
R ; and k

 
= 

k  
= 0, k 

 
P . Hence, we have 

{ \{ }}



i

kk iI
 = 


i

kk Q
. 

For i  
R , by i

 
= i, it means that a wafer is unloaded 

immediately after it is completed, or the wafer residency time 

constraint is met. For i  
P , it follows from  = max{0, 

1, 2, …, n, 


} =  
  i and (3.11) that we have i  

mi  i - [4 + 3 + 2  (|i| - 2)  ( + ) + 
{ \{ }}




i
kk iI  

- 

|Qi|  ] = (i + 4 + 3 + 2  (|i| - 2)  ( + ) + 




i
kk Q

- |Qi|  ) - [4 + 3 + 2  (|i| - 2)  ( + ) + 

{ \{ }}



i

kk iI  
- |Qi|  ] = i; and i  mi  i - [4 + 3 + 2 

 (|i| - 2)  ( + ) + 
{ \{ }}




i
kk iI  

- |Qi|  ] = (i + i + 

4 + 3 + 2  (|i| - 2)  ( + ) + 


i
kk Q

 
- |Qi|  ) - 

[4 + 3 + 2  (|i| - 2)  ( + ) + 
{ \{ }}




i
kk iI  

- |Qi|  ] 

= i + i. In other words, we have i  i  i + i, i  ℕn.   

2



3

1

4 Time

Steps

1

2

3

4

1 1

44

3

2 2

3

 

Fig 3. Illustration of Lemma 4.1. 

The situation given in Lemma 4.1 can be illustrated in Fig. 

3, where i presents the permissive value in [i, i], i  ℕn. 

Notice that i, 


, and  stand for time durations but not for 

time points. In Fig. 3, max{0, 1, 2, …, n, 


} =  
 =  

 i. Then, by setting k
 
= 

k  
= k, k  

R ; and k
 
= 



k  
= 0, k  

P ,  the wafer residency time constraint is 

satisfied for every Step i, i  ℕn.  

By  = max{0, 1, 2, …, n, 


}, we have another case 

when  
    i. In this case, to find a one-wafer cyclic 

schedule, the key is how to allocate ( -  
) to 

k ’s, k  

n. With  being the cycle time, for Step j, j  n, there are 

at most mj  ( - j) time units that can be allocated to 

( \{ })



j

kk jI
, or we have Case 1): 

( \{ })



j

kk jI
  mj  

( - j), j  n. By (3.7)-(3.9), we have Case 2): 


n

kk
 

=  -  
; and Case 3): 

k   0, k  n. Then, the 

following linear program is proposed to determine 

k , k  

n. 

0

( \{ })
( ),  

0,  



 

 









 







     



  


 





j

n

k j j nk j

kk

k n

Min

m j

k

I

         

(4.1) 

This linear program can be efficiently solved due to its 

limited size. With 

k  being determined by (4.1), we present 

the following Lemma. 

Lemma 4.2: For a single-robot-arm tool with wafer 

residency time constraint, if  
    i, i  ℕn, determine 



k  by solving Problem (4.1), and thereafter set k
 
= 

k  + 

k if k  
R , otherwise k

 
= 

k , then, a feasible one-wafer 

cyclic schedule can be obtained, or i  i  i + i, i  ℕn, 

holds. 

Proof: If  
    i, i  ℕn, by Lemma 4.2, we have k

 

= 

k  + k, k  
R ; and k

 
= 

k , k  
P . Obviously, 




i
kk Q

 
+ 

{ \{ })



i

kk iI
 = 

{ \{ }}



i

kk iI
 holds. 

By Problem (4.1), i + (
{ \{ })




i

kk iI
)/mi  , i  ℕn. 

Hence, it follows from (3.11) that, i  mi  [i + 

(
{ \{ })




i

kk iI
)/mi] - [4 + 3 + 2  (|i| - 2)  ( + ) + 

{ \{ }}



i

kk iI  
- |Qi|  ] = mi  i  + 

( \{ })



i

kk iI
 - [4 

+ 3 + 2  (|i| - 2)  ( + ) + 
{ \{ }}




i
kk iI  

- |Qi|  ] = 

[i + 4 + 3 + 2  (|i| - 2)  ( + ) + 


i
kk Q

- |Qi|  ] 
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+ 
( \{ })




i

kk iI
 - [4 + 3 + 2  (|i| - 2)  ( + ) + 

{ \{ }}



i

kk iI  
- |Qi|  ] = i. 

As   i, i  ℕn, it follows from (3.11) that, i  mi  i - 

[4 + 3 + 2  (|i| - 2)  ( + ) + 
{ \{ }}




i
kk iI  

- |Qi|  ] 

= [i + i + 4 + 3 + 2  (|i| - 2)  ( + ) + 


i
kk Q

- 

|Qi|  ] - [4 + 3 + 2  (|i| - 2)  ( + ) + 
{ \{ }}




i
kk iI  

- |Qi|  ] = i + i + 


i
kk Q

 - 
{ \{ }}




i
kk iI

 
= i + i 

- 
( \{ })




i

kk iI
. 

Thus, to prove i  i + i, we need to prove that 0  i - 

( \{ })



i

kk iI
  i holds. Since 

( \{ })



i

kk iI
  0, we 

have i - 
( \{ })




i

kk iI
  i. Then, we need to show i - 

( \{ })



i

kk iI
  0. From the above analysis, we have ①: i 

  - (
( \{ })




i

kk iI
)/mi  i - (

( \{ })



i

kk iI
)/mi. Also, 

from (3.5)-(3.6), we have ②: i + i/mi = i. By Combining 

① and ②, we have i  i + i/mi - (
( \{ })




i

kk iI
)/mi, i.e., 

0  (i - 
( \{ })




i

kk iI
)/mi, or i  

( \{ })



i

kk iI
. Hence, 

we always have i  i  i + i, i  ℕn holds.            

2



3

1

4



Steps

Time

1

2

3

4

1

4

3

2

1

4

2

3

 

Fig 4. Illustration of Lemma 4.2. 

Similarly, the situation given in Lemma 4.2 is illustrated in 

Fig. 4.  

In Lemmas 4.1-4.2, it requires that   i, i  ℕ n. 

However, i   may hold for at least one i  ℕn. In this case, 

let E = {j|j  ℕn, j  } and F = n\E. For j  E, to make 

the wafer residency time constraint satisfied, at least mj  ( - 

j)
 
time units should be allocated to 

( \{ })



j

kk jI
, or we 

have Case 1): mj  ( - j)  
( \{ })




j

kk jI
, j  E; for j  

n, similar to (4.1), we have Case 2): 
( \{ })




j

kk jI
  mj  

( - j); also similar to (4.1), we have Case 3): 


n

kk
 = 

 -  
, and Case 4): 

k   0. Then, the following linear 

program is proposed to find 

k , k  n. 

0

( \{ })

( \{ })

( ) ,  

( ),   

0,  





 

 













 







     

     


  

  







j

j

n

j j kk j

k j j nk j

kk

k n

Min

m j E

m j

k

I

I

        

(4.2) 

Then, we have the following Lemma. 

Lemma 4.3: For a single-robot-arm tool with wafer 

residency time constraint, if j  E   and  = 

( )


  j jj E
m

 
  -  

, determine 

k  by 

solving Problem (4.2), and thereafter set k
 
= 

k  + k if k  

R , otherwise k
 
= 

k , then, a feasible one-wafer cyclic 

schedule can be obtained, or i  i  i + i, i  ℕn, holds. 

Proof: For j  F, we have  
  max{0, 1, 2, …, n, 

 
} =   j. It follows from Lemma 4.2 that j  j  j + j, 

j  F, holds. 

  For j  E, by Problem (4.2), we have (
( \{ })




j

kk jI
)/mj + 

j    (
( \{ })




j

kk jI
)/mj + j. By Lemma 4.3, we set k

 
= 



k  + k, k  
R ; and k

 
= 

k , k  
P ; resulting in 




j
kk Q

 
+ 

( \{ })



j

kk jI
 = 

{ \{ }}



j

kk jI
. With 

(
( \{ })




j

kk jI
)/mj + j  , similar to Lemma 4.2, we can 

show that j  j. With   (
( \{ })




j

kk jI
)/mj + j, from 

(3.11), we have j  mj  [(
( \{ })




j

kk jI
)/mj + j] - [4 + 3 

+ 2  (|j| - 2)  ( + ) + 
{ \{ }}




j
kk jI  

- |Qj|  ] = 

( \{ })



j

kk jI
 + [j + j + 4 + 3 + 2  (|j| - 2)  ( + ) 

+ 


j
kk Q

 - |Qj|  ] - [4 + 3 + 2  (|j| - 2)  ( + ) + 

{ \{ }}



j

kk jI  
- |Qj|  ] = j + j. In other words, j  j 

 j + j, j  ℕn, holds.                              

2



3

1

4

 34

Steps

Time

1

2

3

4

1

4

3

2

1

2

 

Fig 5. Illustration of Lemma 4.3. 
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The situation given in Lemma 4.3 is illustrated in Fig. 5. In 

Lemma 4.3, we assume that  = ( )


  j jj E
m

 
  

-  
. If this assumption is not true, it implies that there is not 

enough robot waiting time to be assigned to 
( \{ })




j

kk jI
 

such that j  , for j  E. In this case, there is no feasible 

one-wafer cyclic schedule for the system. To conclude the 

scheduling conditions, we have the following Theorem. 

Theorem 4.1: For a single-robot-arm cluster tool, an optimal 

and feasible one-wafer cyclic schedule can be obtained if and 

only if the conditions given in one of Lemmas 4.1 - 4.3 hold. 

Or the conditions in Lemmas 4.1-4.3 are necessary and 

sufficient.  

Proof: From (3.9)-(3.10) and Lemmas 4.1-4.3 we know that 

the schedule is parameterized by the robot waiting time, 

furthermore, the robot waiting time is fixed all the time. 

Therefore, it can be easily got that during each cycle, only one 

wafer is unloaded from or loaded into the loadlocks, hence, it 

is a one-wafer cyclic schedule. Notice that  is the lower 

bound of cycle time for the system without wafer residency 

time constraint. Thus, the obtained schedule must be optimal 

in the sense of cycle time.  

As  = max{0, 1, 2, …, n, 


}, hence,  
   

always holds. Note that there is no wafer residency time 

constraint in the loadloakcs or Step 0. Thus, for i  ℕn, if   

i, we have two different cases. One is  
 =   i, i  ℕn, 

and the other is  
    i, i  ℕn, which are stated in 

Lemmas 4.1 and 4.2.  

If i   satisfied for at least one step i, i  ℕn, we also 

have two different cases. One is  = ( )


  j jj E
m

 

  -  
, and the other is  = ( )


  j jj E

m
 
  

-  
. For the former, we have proved in Lemma 4.3 that it 

meets the wafer residency time constraint. And for the latter, 

from the above analysis we know that there is no feasible 

one-wafer cyclic schedule. Thus, the conditions in Lemmas 

4.1-4.3 are necessary and sufficient regarding the existence of 

an optimal and feasible one-wafer cyclic schedule for 

single-robot-arm cluster tools.        

Next, we need to analyze the computational complexity for 

finding a feasible schedule.  

First, we need to determine the optimal scheduling strategy 

for the system, which can be done by applying the polynomial 

time algorithm derived in [Dawande et al., 2002]. Since the 

obtained strategy determines the robot task sequence only, it 

cannot guarantee the feasibility. Based on the obtained 

strategy, a feasible schedule is found by determining the robot 

waiting time if such a schedule exists. To do so, in the worst 

case, a linear program (4.1) or (4.2) is solved to determine the 

value of 

k , k  n. It is well-known that a linear program 

can be efficiently solved by a commercial solver. Hence, the 

proposed method is computationally efficient. 

V. ILLUSTRATIVE EXAMPLES 

In this section, two industrial examples are used to show the 

application of the proposed method. 

Example 1: In a cluster tool, there are three processing steps. 

Steps 1 and 3 consist of just 1 process module (PM), and Step 

2 has two PMs, or we have (m1, m2, m3) = (1, 2, 1). Next, we 

consider three cases. 

Case 1: It takes 50, 116, and 6 time units for a PM at Steps 

1, 2, and 3 to process a wafer, respectively; 3 time units for the 

robot to unload/load a wafer from/into a step; 10 time units for 

the robot to move between PMs with or without holding a 

wafer. After being processed, a wafer can stay at each step for 

at most 20 time units. In other words, we have 1
 
= 50, 2

 
= 

116, 3
 
= 6, 

 
= 3, 

 
= 10, and 1

 
= 2

 
= 3

 
= 20. 

For this case, by the method in [Dawande et al., 2002], the 

optimal scheduling strategy is found to be (A0A2A3A1). By 

(3.5), the shortest “natural workload” at each step is that:  

0 = 3 + 6 + 4 = 6 + 18 + 40 = 64,  

1 = 1 + 4 + 3 = 50 + 12 + 30 = 92, 

2 = (2 + 3 + 6 + 4)/2 = (116 + 6 + 18 + 40)/2 = 90, 

and  

3 = 3 + 8 + 7 = 6 + 24 + 70 = 100.  

With  
 denoting the robot cycle time under the 

assumption that 

k  = 0, k  n, by (3.8) we have  
 = 3 

= 100.  

Hence, the lower bound of cycle time for the system 

(denoted by ) is that:  = max{0, 1, 2, 3, 


} = 100. 

By (3.6), the longest “natural workload” at each step is that: 

1 = 1 + 20 = 112,  

2 = 2 + 20/2 = 100, and  

3 = 3 + 20 = 120.  

Thus, we have  
 =  = 100  i, i  ℕ3, and the 

conditions given in Lemma 4.1 are satisfied. Then, by Lemma 

4.1, we set 0 = 0


 = 0, 1 = 1


 = 0, 2 = 2


 = 0, and 

3 = 3


 + 3 = 6. In such a way, an optimal and feasible 

one-wafer cyclic schedule is obtained. 

  

Case 2: In Case 1, the wafer processing time for Step 2 is 

changed to 2
 
= 140, and the other parameters are unchanged. 

In this case, by [Dawande et al., 2002], the optimal 

scheduling strategy is still (A0A2A3A1). With this strategy, we 

have: 

0 = 3 + 6 + 4 = 64,  

1 = 1 + 4 + 3 = 92,  

2 = (2 + 3 + 6 + 4)/2 = (140 + 6 + 18 + 40)/2 = 102,  

3 = 3 + 8 + 7 = 100 =  
, and  

 = max{0, 1, 2, 3, 


} = 102.  

By (3.6), we have:  

1 = 1 + 20 = 112,  

2 = 2 + 20/2 = 112, and  

3 = 3 + 20 = 120.  
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Hence,  
 = 100   = 102  i, i  ℕ3, holds, i.e., the 

conditions in Lemma 4.2 are satisfied. According to Problem 

(4.1), we have linear program (4.3). 

0

2 3

0

1 3

0 1 2

0 1 2 3

0 1 2 3

38

10

0

2

2

, , , 0 

Min 

 



 

  

   

   



 



 

  

   

   



  





 


  
    

 

                      

(4.3) 

By solving (4.3), we have 0


 = 1


 = 3


 = 0, and 

2


 = 2. Then, by Lemma 4.2, we set 0 = 0


 = 0, 1 = 

1


 = 0, 2 = 2


 = 2, and 3 = 3


 + 3 = 6 such that an 

optimal and feasible one-wafer cyclic schedule is found. 

Case 3: In Case 1, the wafer processing time for Steps 1 and 

2 are changed as 1
 
= 40, and 2

 
= 140, i’s, i  ℕ3, are 

changed as 1
 
= 2

 
= 3

 
= 16, and the others are unchanged. 

In this case, by [Dawande et al., 2002] we can find that the 

optimal scheduling strategy is (A0A2A3A1). Then, we have:  

0 = 3 + 6 + 4 = 64,  

1 = 1 + 4 + 3 = 40 + 12 + 30 = 82, 

2 = (2 + 3 + 6 + 4)/2 = (140 + 6 + 18 + 40)/2 = 102,  

3 = 3 + 8 + 7 = 100 =  
, and  

 = max{0, 1, 2, 3, 


} = 102.  

By (3.6), we have:  

1 = 1 + 16 = 98   = 102,  

2 = 2 + 16/2 = 110  , and  

3 = 3 + 16 = 116  .  

Hence, by the definition of E = {j|j  ℕn, j  } and F = 

n\E, we have 1  E and 2, 3 F. Since  = 

( )


  j jj E
m  =  - 1 = 102 - 98 = 4   -  

 = 

102 - 100 = 2, by Theorem 4.1 we know that there is no 

feasible cyclic schedule. 

Example 2: In this example, Steps 1 and 2 are configured 

with one PM, and Step 3 with two PMs, or (m1, m2, m3) = (1, 1, 

2). And it takes 20, 30, and 200 time units for a PM at Steps 1, 

2, and 3 to process a wafer, respectively; 8 time units for the 

robot to unload/load a wafer from/into a step; 2 time units for 

the robot to move between PMs with or without carrying a 

wafer; and after being processed, a wafer at each step can stay 

there for at most 10 time units. Or we have 1
 
= 20, 2

 
= 30, 

3
 
= 200, 

 
= 8, 

 
= 2, and 1

 
= 2

 
= 3

 
= 10. 

Based on [Dawande et al., 2002], we have two optimal 

scheduling strategies for this case. One is (A0A1A3A2) and the 

other is (A0A3A2A1), or the backward strategy. 

With (A0A3A2A1), we have:  

0 = 0 + 4 + 3 = 0 + 4  8 + 3  2 = 38,  

1 = 1 + 4 + 3 = 58,  

2 = 2 + 4 + 3 = 68, and  

3 = (3 + 4 + 3)/2 = 119.  

Based on [Wu et al., 2008], we have  
 = 2(n + 1)  ( + 

) = 8  10 = 80. Hence,  = max{0, 1, 2, 3, 


} = 119. 

By (3.6), we have: 

1 = 1 + 1 = 1 + 10 = 68   = 119,  

2 = 2 + 10 = 78   = 119, and  

3 = 3 + 3/2 = 119 + 5   = 119.  

Hence, we have 1, 2  E and 3 F. Since  = 

( )


  j jj E
m  = ( - 1) + ( - 2) = 51 + 41 = 92 

  -  
 = 119 - 80 = 39, (A0A3A2A1) is not feasible due to 

its violation of the residency time constraint. 

With (A0A1A3A2), by (3.5), we have:  

0 = 0 + 1 + 6 + 4 = 20 + 48 + 8 = 76,  

1 = 1 + 8 + 7 = 98 =  
,  

2 = 2 + 1 + 6 + 4 = 106, and  

3 = (3 + 4 + 3)/2 = 119.  

Hence,  = max{0, 1, 2, 3, 


} = 119. By (3.6), we 

have: 

1 = 1 + 1 = 1 + 10 = 108   = 119,  

2 = 2 + 10 = 116   = 119, and  

3 = 3 + 3/2 = 119 + 5 = 124   = 119.  

Hence, we have 1, 2  E and 3 F. Since  = 

( )


  j jj E
m  = ( - 1) + ( - 2) = 14   -  

 

= 119 - 98 = 21, the conditions in Lemma 4.3 are satisfied. 

Then, according to Problem (4.2), we have linear program 

(4.4). 

0

0 2 3

0 1

1 3

0 2 3

0 1

2

0 1 2 3

0 1 2 3

11

3

43

21

13

0

21

, , , 0 



  

 

 

  

 



   

   



  

 

 

  

 



   

   



   


 


 

   


 




    




Min

                      (4.4) 

By solving (4.4) we have 0


= 2


 = 0, 1


 = 10, and

3


 = 11. Then, by Lemma 4.2, we set 0 = 0


 = 0, 1 = 

1


 + 1 = 30, 2 = 2


 = 0, and 3 = 3


 = 11 such that 

an optimal and feasible one-wafer cyclic schedule is found. 

VI. CONCLUSIONS 

With a backward strategy, the scheduling problem of 

single-robot-arm cluster tools with wafer residency time 

constraint is well-studied in the literature. However, it is more 
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practical and challenging to schedule one whose optimal 

schedule strategy is not limited to be backward. Up to now, 

this problem still remains open and this work aims to tackle it. 

To do so, the system is modeled by a Petri net. By following 

the existing result, it presents a method to find the optimal 

scheduling strategy for the system. Based on the Petri net 

model and obtained strategy, it is found that the key issue to 

schedule such a tool is to determine when and how long the 

robot should wait for. Based on this the schedulability is 

analyzed and necessary and sufficient conditions under which 

a feasible one-wafer cyclic schedule exists are developed. 

With the schedulability conditions, corresponding linear 

program is proposed to find an optimal and feasible schedule 

if existing. To find such a schedule, in a worst case, one needs 

to solve a linear program. Thus, it is computationally efficient.  

Note that the proposed method provides a generalized 

framework for scheduling automated manufacturing systems 

with time window constraint, such as robot cells and 

hoist-based production systems. And we think that the 

obtained result can be extended to a single-arm multi-cluster 

tool. What we need to do are that: first, obtain the optimal 

scheduling strategy for each individual tool based on 

[Dawande et al., 2002]; then, calculate the optimal cycle time 

of the system. Finally, with the optimal cycle time, one can 

derive the scheduling conditions in a similar way as Lemmas 

4.1-4.3.   

In this work, all the activity time is seen as constants. 

However, in practice, they may be subject to random variation 

such that the wafer sojourn time in a PM fluctuates, resulting 

in infeasibility. Furthermore, some wafer fabrication processes 

may need a wafer to visit some processing steps for more than 

once, leading to a revisiting process. In these cases, the 

scheduling problem of a cluster tool is much more challenging 

and is our future work.  
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