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Abstract 
 

This dissertation investigates revenue management of airline seat inventory control 

problems and stock rationing of production/inventory problem. In a booking horizon, in order to 

maximize the total revenue through selling a finite number of seats of a plane, management must 

repeatedly decide whether to accept a booking request or reserve the seat for later higher-fare 

bookings. Correspondingly, for a production/inventory system, in terms of minimizing the penalty 

cost, it is often important to satisfy a class of demand with higher priority than a lower one. 

Therefore, inventories could be rationed accordingly. In this dissertation, Markov Decision 

Processes (MDP) has been used to formulate the problems of flight seat inventory control and 

rationing of the make-to-stock production/inventory system. Optimal policies for these problems 

have been completely or partially characterized. For each of the problems, numerical studies verify 

our analytical results.  

Firstly, we study a two-flight problem where there are two parallel flights with same origin 

and destination in a day (e.g., one departs at 9:00am and another at 11:00am) and booking requests 

in each fare class arrive randomly. For these two flights, the airline can offer three products for 

passengers. Two of them are specific products for passengers who are dedicated to one of the two 

flights only; whereas the third one is a flexible product for those who are willing to take either 

flight. When a booking request arrives, upon its realization of the product type, the airline has to 

decide whether accept it, and in case a flexible type is accepted, which flight to accommodate it. 

Analytical study has characterized the structure of the optimal booking policy as four state-

dependent monotone switching curves. We also extend the model to a case that flexible demand 

segment is purely induced by price discounts and another case of implicit flexible demand segment 

that is caused by cross-flight buying downs through price incentives. Customer choice has also 

been introduced into the model in the third extension. For all these extensions, the optimal booking 

policies can still be characterized as switching curves as well with minor adjustments. Finally, 

numerical results illustrate the derivation and dynamics of the optimal booking policies.  
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Secondly, a round-trip/two-leg airline revenue management problem has been analyzed 

through the discrete-time MDP (Markov Decision Processes). By inductive approach, we 

completely characterize the structure of the optimal policy as three state-dependent monotone 

switching curves. Furthermore, multiple-seat booking for round-trip/two-leg problem has been 

investigated. The structure of the optimal booking policy has also been shown to be the monotone 

switching curves if booking requests for multiple seats can be partially satisfied. Regarding the 

problems with three legs or more, under a reasonable assumption, we derive the monotone 

structural properties of the optimal value function and partially characterize the optimal booking 

policy as switching surfaces.  

Thirdly, we consider rationing of a two-item, two production-facility, and make-to-stock 

production/inventory system. Demands are classified as three types with each type of m classes. 

Two types are dedicated to only one of the two items while the third type is the flexible demand 

which can be satisfied by any of the two items.  Upon an arrival of customer demand, management 

should decide whether satisfy the demand or hold the stock for later higher priority demands. Here, 

we only consider the no-backlog case in which demand is lost if it is not satisfied. This problem is 

formulated as a continuous-time Markov Decision Process. Based on some structure properties of  

the optimal value function, we completely characterize the optimal policy as switching curves for 

each class of demand and each production process. 

Finally, we give concluding remarks on our major results and the future directions of our 

research.   
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1. Introduction 
 

Revenue Management (RM) is an approach to maximizing revenue that is based on 

managing revenues around capacity and timing for different markets. According to Talluri and van 

Ryzin (2004), it is concerned with demand-management decisions with the objective of increasing 

revenues. The decisions in revenue management can be classified into three categories: structural 

decisions which address the issues of selling format, segmentation or differentiation mechanisms; 

price decisions which address issues on setting different prices and pricing over time; quantity 

decisions which are concerned with admission/rejection control, allocation of capacity among 

different segments, etc.  

Revenue management first receives attention in the airline industry. It has a long history of 

more than forty years. Since the first publication on overbooking control of airline seat capacity, 

there is a substantial literature on study of revenue management. It is increasingly gaining attention 

from both academia and industries nowadays. It is a widely accepted method that provides 

dramatic revenue and profitability in various industries such as airlines, hospitality, car rental, 

cruise line, railroad, retailing, air cargo, flexible manufacturing, natural gas and electricity 

transmission and television broadcast.  

In practice, firms usually have limited resources such as the number of seats of a flight, the 

number of rooms in a hotel, the number of machine hours in a factory, and the number of cars to 

be rented, etc. Management tries to maximize the expected revenue through acceptance/rejection 

control or pricing strategies for a product or service depending on its remaining capacity and time-

to-go period.  

In this dissertation, we will discuss two types of airline seat inventory control problems. 

One is on the seat capacity control of two parallel flights and the other is the round-trip/multi-leg 

problem. In addition, we are concerned with stock rationing of a production/inventory system 

which is closely related to revenue management in analysis.  

Modern airlines must repeatedly decide whether or not to accept a seat booking request or 

refuse it and reserve the seat in hope of the later, higher-fare bookings. For the first topic of this 
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thesis, we study a two-flight model where there are two parallel flights between two cities in a day 

(e.g., one departs at 9:00am and another at 11:00am) and booking requests arrive randomly. With 

two flights, the airline can offer three products for passengers. Two are specific products for 

booking requests who are dedicated to one of the two flights only; whereas the third is a flexible 

product for those willing to take either flight. Upon a booking request realizing its product type, 

the airline has to decide whether to accept it, and in case a flexible type is accepted, which flight to 

accommodate it. We characterize the structure of optimal booking policies as four monotone 

switching curves. Extensions of the basic model have been made to the case with a flexible 

segment that is purely induced by price discounts and another case with implicit flexible segment 

that is caused by cross-flight buying downs through price incentives. In the third extension, 

customer choice is incorporated into our original model. We demonstrate that the optimal booking 

policies under these three cases can still be characterized by switching curves as well with minor 

adjustments. Finally, numerical study illustrates the derivation and the dynamics of the optimal 

booking policies.    

For the second topic, we consider the multi-fare, round-trip/two-leg airline revenue 

management problem. Single-leg and one-way trip problems are intensively studied. A set of 

critical numbers called booking limits are shown to characterize the optimal booking policies. Here, 

we formulate the round-trip/two-leg model as a discrete-time two-dimension Markov decision 

process. By the inductive approach of dynamic programming, we derive structure properties of the 

optimal value function and completely characterize the optimal policy as three monotone switching 

curves. These switching curves are state and time dependent. Moreover, multiple-seat booking 

problem has been further investigated and the optimal booking policy is also characterized as 

switching curves if booking requests for multiple seats can be partially satisfied. For three or more 

legs problem, under a reasonable assumption, we derive the general structural properties for the 

optimal value function. Further, optimal booking policy has been partially characterized as 

switching surface.  
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So far, industries other than airlines have seen a growing interest in the adoption of 

Revenue Management strategies. More recently, manufacturing firms have started to evaluate such 

tactical optimization tools. Here, we consider the stock rationing problem of a make-to-stock 

inventory/production system which is closely related to the practice of Revenue Management 

through demand segmentation. The difference is that RM considers maximizing the total revenue 

while rationing is concerned with minimizing total cost. Here, we propose the stock rationing 

problem for a two-item and two production facility system. In our model formulation, demands are 

classified as three types with each type of m classes. Two types are inflexible and favor only one 

of the two items respectively. The third type is the flexible demand which can accept either of the 

two items.  Upon an arrival of the customer demand, management should decide whether to satisfy 

the demand or hold the stock for later higher priority demands. In our case, we assume that 

demand is lost if it is not satisfied, i.e. no backlogging. Demands are assumed to arrive in 

accordance with the Poisson process. Production time is exponentially distributed.  We formulate 

this problem as a continuous-time Markov Decision Process (MDP). Based on the structure 

properties of the optimal value function, we characterize the optimal policy as switching curves for 

each demand class and each production process. 

This dissertation examines three problems on airline seat inventory control and rationing 

of the make-to-stock production/inventory system. The contribution is three-fold as follows.  

First, previous analytical results on single-flight seat inventory control problem have been 

extended to the two-flight problem. Optimal booking policies have been completely characterized 

as switching curves/surfaces. For round-trip/two-leg problem, we completely characterize the 

structure of the optimal booking policy. For multi-leg (more than two legs) problem, we partially 

characterize the booking policy under a reasonable assumption. Moreover, as far as we know, we 

are the first one to completely characterize the structure of the optimal booking policy for the 

multiple-seat booking for the round-trip/two-leg problem.  

For rationing of the make-to-stock production/inventory system, we extend research 

results from the single-item single-production facility system to the two-item two production 
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facility system. Optimal policies for both rationing decision and production decision have been 

completely characterized.  

Second, it contributes to Revenue Management with the introduction of a flexible demand 

segment. The differentiation of customer demand can bring in significant revenue and improve 

customer service level as well. Such a topic is not fully addressed by previous academic research 

and industrial applications.  

Third, it contributes to mathematical models of the airline seat inventory control systems 

and rationing of the make-to-stock production/inventory system. 

In this dissertation, all our problems are formulated as Markov Decision Process (MDP) 

which is a very popular in the Operations Research and Management Science Society. MDP is a 

sequential decision process of a system that evolves over time, with opportunities to influence its 

future evolution by taking actions at various (discrete or continuous) points in time.  The objective 

of the decision maker may be to maximize the total expected reward or minimize the total 

expected cost over a certain time horizon. The major result in this dissertation is the proof of the 

optimality of switching curve/surface policy for all three problems. We adopt the methodology of 

Monotone Comparative Statics developed by Topkis (1978, 1998). The approach to characterize 

the switching curve policies in all three problems is similar to that of Hajek (1984). Similar 

methodology and analysis could also be found in Ha (1997c) and Chen (2004). However, the 

settings are essentially different between ours and Ha (1997c) and Chen (2004) in that we consider 

two flights, two legs and two production facilities while they consider a single production facility 

for two items. Hence, the interpretation to the optimal policy could be significantly different.  

The organization of this dissertation is as follows:  

In chapter 2, we introduce the mathematical tools widely used in Revenue Management 

problems.  

In chapter 3, we give an overview of the literature relevant to the airline seat inventory 

control problems and rationing of the production/inventory systems.   
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In chapter 4, we study the seat inventory control of two-parallel-flight problem. Results on 

the structure of optimal booking policy are obtained by the inductive approach of dynamic 

programming.  

In chapter 5, we investigate the round-trip/multi-leg problem, and characterize the 

structures of optimal booking policy as switching curves based on the structure properties of the 

optimal value function.  

In chapter 6, we use continuous-time Markov Decision Process to formulate a make-to-

stock production/inventory system with stock rationing. Admission/rejection and production/idle 

decisions are made in the model. Structures of the optimal policy are shown to be switching curves.   

In chapter 7, we summarize our major results and give some comments on future research 

and applications.  
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2. Methodology in Revenue Management 
 

In this chapter, we will review mathematical models and methods widely used in Revenue 

Management. These methods and models are mainly taken from the research papers published on 

major journals.   

2.1 Optimization Methods 

Mathematical programming is a commonly used optimization method in the airline 

revenue management. It is widely used in leg-based control, bid-price control, origin-destination 

control and airline network control. For the application of this method in the airline seat inventory 

control problems, readers refer to Wollmer (1986), Curry (1990) and van Ryzin and Liu (2004) for 

details.  

2.2 Discrete-time Markov Decision Process 

In the dynamic control problem, discrete-time Markov Decision Processes (MDP) is a 

popular analytical tool used in airline seat inventory control. In a typical modeling of the airline 

seat inventory problem, the booking period is divided into such small subintervals. It is assumed 

that, within each subinterval, two or more passenger arrivals can be ignored. The optimality of 

booking limit policy can be derived through the concavity of optimal value function which is 

proved by the inductive approach of dynamic programming. Examples include Lee and Hersh 

(1993), Lautenbacher and Stidham (1999), Subramanian, Stidham and Lautenbacher (1999), You 

(1999), Talluri and van Ryzin (2004). For instance, we give explanation of this type of model 

formulation from Lautenbacher and Stidham (1999).  

The booking horizon, [0, T], is divided into N subintervals. These subintervals are numbered in the 

reverse order, with period N corresponding to the commencement of the booking horizon, and 

period 0 indicates the departure time of the air plane or the end of the booking horizon. In each 

subinterval, the probability of two or more requests can be ignored. The reason is as follow. We 

can make an assumption that the arrival processes of the booking requests are Poisson processes. 

For a Poisson process, the probability of one event in a small interval and the probability of more 

than two events are { }( ) 1 ( )P N h h o hλ= = + and { }( ) 2 ( )P N h o h≥ = , respectively. If different 
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fare-classes of passe y these Poisson processes 

into a new one. We still have small interval satisfying the condition that the probability for two or 

more requests can be ignored. For n = 1, 2, …, N, let 

in

ngers come with different arrival rates, we can unif

p = Probability {class i arrival during the period n}, i =1, …, m  

0np = Probability {no arrivals during the period n} and  

0
in

i=
1

m

p =∑  

( )nU x = The maximal undiscounted expected revenue over periods , 1, ,1,0n n −

 , C. C is the

, where x 

te  process (MDP) is used to formulate the above problem. The 

1

The boundary condition means that at the departure time, if overbooking happens, a penalty 

stence of booking limits is through the concavity of optimal value 

function

guarantees the existence of 

otherwise reject the booking request.  

denotes the number of seats that have already been booked, x = 0, 1, …  total seat 

capacity of the flight. Without loss of generality, it is assumed that 1 2 mr r r> > > , where 

revenue ir  is the fare for class i.  

A discre -time Markov decision

dynamic programming equation is  

( ) mn inU x p=∑ { }1 1 0
1

ax ( 1), ( ) ( )
m

i n n n n
i

r U x U x p U x− − −
=

+ + +  

0

0
( ) max{ }

( ) ii

x C
U x where R r

R x C x C
≤⎧

= ≥⎨− − >⎩
 

0 ( )U x

cost larger than the revenue would be incurred. It is a technical treatment equivalent to that 

boundary condition is zero.  

The proof of the exi

 derived by the inductive approach of dynamic programming. Based on the concavity of 

0 ( )U x , inductively, ( )nU x is concave for any period n. Concavity of the optimal value function 

booking limits which is a threshold from acceptance/rejection control. 

When current state x is smaller than the booking limit, it is optimal to accept a booking request, 
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2.3 Semi-Markov Decision Process 

Generally, if we regard the arrival of passengers as a semi-Markov arrival process, then, 

used to study such kind of problem. Model formulation 

and ana

ory 

optimal stopping problem with the assumption that low-fare class 

of book

change from a 

given in

 it is an optimal 

stopping

cision process (MDP) is commonly used in stock rationing of the 

ind of strategy equivalent to the demand 

segmen

Semi-Markov decision process (SMDP) is 

lytical results can be found in Brumelle and Walczak (2003). Structure properties of the 

optimal policy remain the same as those of the problems with discrete-time MDP formulation.  

2.4 Optimal Stopping 

Brummelle and McGill (1993) investigate the case of single-leg, multi-fare seat invent

control. They formulate it as an 

ing requests arrive earlier than the higher-fare class of booking requests. They derive a 

closed-form solution of the optimal booking policy based on optimal stopping rule.  

Feng and Gallego (1995) consider the problem of selling a fixed number of items in a 

finite period. In their case, it is needed to decide the optimal timing of a single price 

itial price to either a lower or higher second price. Based on the continuous-time dynamic 

programming equation, they show the optimality of the state-dependent time-threshold policy. 

Moreover, Feng and Xiao (2000) extend similar results to the multiple price case.  

Zhao and Zheng (2001) study a two-class dynamic seat allocation model under the 

assumption that once the low fare class is closed first, it can not be reopened. Thus,

 problem.  

2.5 Continuous-time Markov Decision Process 

Markov de

production/inventory systems. Stock rationing is a k

tation of revenue management. In the context of stock rationing, researchers attempt to 

minimize the production cost, inventory holding cost and penalty cost incurred by rejection of 

customer demand. Customer demands are often assume to arrive as Poison processes. The 

production time follows the exponential distribution. Thereafter, continuous-time Markov 

Decision Process could be used to formulate the problem. Since the system is memoryless, a 

Markovian policy will be optimal. Based on the uniformization technique developed by Lippman 
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(1975), we can derive the dynamic programming optimality equation. Applying the inductive 

approach, we can prove that the optimal value function has certain properties. This is a convenient 

technique used in optimal control of queueing systems and production systems. Based on the 

optimality equation, structures of the optimal policy can be characterized if the function of holding 

cost per unit time has special structures. It is often assumed to be convex. As a result, we can 

characterize the optimal policy for this Markovian production/inventory system as threshold 

control or critical level control, e.g., produce when inventory is below a threshold level or stop 

otherwise; accept the demand if inventory is above certain critical level, otherwise reject it.  

Let us consider the model formulation in Ha (1997a). He considers a single-item multi-

class stock rationing problem with lost sales. It is assumed that there are m fare classes. The lost 

sales co

i

sts for the m fare classes are 1 2 mc c c> > > . ( )h x is the inventory holding cost per unit 

time. The objective is to find the optimal control policy that minimizes the total discounted 

expected cost over infinite horizon.  

m
u t t tα α∞ ∞− −

0 0
1

( ) ( )u x i
i

J x E e h x dt e c dM
=

⎡ ⎤= +⎢ ⎥⎣ ⎦
∑∫ ∫  

t
iMWhere indicate, up to time t, the number of rejected i-th class customers.  

And value function is the infimum of over all admissible policy( )V x ( )uJ x u U∈  

( ) inf ( )uu U
V x J x

∈
=  

where is the set of nonanticipating admissible control policies.  

Let 

U

μ  be the production rate. The arrival rates for each class of customer demands are 

iλ respectively with i = 1, …, m . Following the uniformization technique in Lippman (1975), let 

1

m

i
i

μ λΛ = +
=
∑ . 

Now the transition time τ  between two transitions is exponentially distributed with the same rate 

.  

Let be the k-th transition time. The objective function can be rewritten as follows: 

Λ

kt
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1 1k k
mt t

0 1

( ) ( )
k k

u it t
k i

J x E e h x dt e c dM
= =

t t
i
tα α+ +

∞
− −⎡ ⎤= +⎢ ⎥⎣ ⎦

∑ ∑∫ ∫  

1 1( ) ( ( )) ( )k k
mt t

0 1k k
k it t

k i= =⎣ ⎦
t tE e dt E h x E e dt cα α+ +

∞
− −⎡ ⎤= +⎢ ⎥∑ ∑∫ ∫  

0 1

1 ( ( ))
m

k k
k i

k i
E h x cβ β

α

∞

= =

⎧ ⎫⎡ ⎤
= +⎨ ⎬⎢ ⎥+ Λ ⎣ ⎦⎩ ⎭

∑ ∑  

where β
α
Λ

=
+Λ

time Markov Chain proble

.  Thus, a continuous-time Markov Chain problem is equivalent to a discrete-

m with discount factorβ .  

The derivation for the last equality is based on following computation 

Observing 
0

( )E e e e dατ ατ τ τ
α

∞− − −Λ Λ
= Λ =

+Λ∫ , then 

1( )k

k

t

t
E e dtα

α α
+ − = = =∫

( )( ) ( ) ( )(1 ( )) 1 ( ) (1 )
k kt t kt kE e E e E e E eα α τ α τ ατ

α α α

− − + − −− − Λ Λ
−

+Λ +Λ
 

Regarding the holding cost per stage as
( )h x

α +Λ
, the dynamic programming equation takes the form 

{ }1

1

( )( ) ( ) min ( 1), ( )
m

i
i

i

h xV x TV x V x V xλ μβ β
α =

⎧ ⎫
= + + +⎨ ⎬+ Λ Λ Λ⎩ ⎭

∑  

Where 1iλ μ
Λ

and 
Λ

are transition probabilities for arrival and production events respectively. 

Without loss of generality, by scaling the time one can assume that 1α +Λ = . Then the dynamic 

programming equation has been reduced to  

{ }1
1

( ) ( ) ( ) min ( 1), ( )i i
i

V x h x TV x V x V xλ μ
=

= + + +∑  
m

Where iT is the operators defined as  

( ) 0
( )

min{ ( 1), ( ) } 0i
i

V x if x
TV x

V x V x c if x
≤⎧

= ⎨ − + >⎩
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For this model formulation, it can be proved that there exist critical inventory levels for 

admission/rejection of various customer demands and decisions of production/idle of the machine. 

tool. Liang (1999), Van 

Zheng (2001) and Feng and Xiao (2001) consider the 

continu

ssue of dynamic pricing. Based on Bellman’s 

Principl

To prove optimality of such control policy, it is critical to show that optimal value function is 

concave. This can be done by the inductive approach based on the truth of ( )h x .   

2.6 Controlled Poisson Process 

Continuous-time Poisson controlled process is a popular analytical 

Slyke and Yung (2000), Zhao and 

ous-time stochastic control model for airline seat inventory control. Dynamic programming 

equations derived in differential form are the so-called Hamilton-Jacobi-Bellman (HJB) equation. 

Optimal booking policy is of the threshold type which could be capacity-thresholds or time-

thresholds. The capacity-threshold points or time-threshold points are inductively computed in 

close-form solutions to the differential equations.  

Poisson control process is also the commonly used model in dynamic pricing. Gallego and 

van Ryzin (1994) is a typical one address the i

e of Optimality, a dynamic programming equation in differential form has been derived. It 

is often named as Hamilton-Jacobi equation or Hamilton-Jacobi-Bellman (HJB) equation. Under 

some conditions, close-form solution could be derived. More discussion on the analysis of such 

stochastic point control problem can be found in Bremaud (1980). Extensions and variations are 

further analyzed in Gallego and van Ryzin (1997) and Zhao and Zheng (2000), etc. For example, 

the model formulation in Gallego and van Ryzin (1994) is illustrated as follows: 

A firm is selling n items over a finite period horizon. Demand follows Poisson process with rate 

( )s spλ λ= where rate ( )spλ at time s is a function of price sp . The firm uses pricing policy to 

s

adjust the demand arrival rate. Both price and arrival rates are belonging to a closed set. The 

to find a pricing policy u to maximize the expected revenue over a finite horizon.  

0
( , )

t

objective is 

u u sJ t n E p dN⎡ ⎤= ⎢ ⎥⎣ ⎦∫  
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sN

issible

Where indicate, up to time s, the number of items sold. And is the supreme of over 

all adm  polic

( )V x ( )uJ x

yu U∈  

( , ) sup ( , )u
u U

V t n J t n
∈

=  

where is the set of nonanticipating admissible pricing policies.  

In a small time interval , demand arrives with probability

U

tΔ tλΔ and no demand arrives with 

probability1 tλ− Δ . Appl  Bellman’s Principle of Optimalitying y, 

[ ]( , ) sup [ ( ) ( , 1)] (1 ) ( , ) ( )V t n t p V t t n t V t t n o tλ λ λ= Δ + −Δ − + − Δ −Δ + Δ  
λ

Rearranging the terms and letting , we derive 0tΔ →

( , ) sup [ ( ) ( , 1) ( , )]V t n p V t n V t n
t∂ λ

λ λ∂
= + − −  

Now the dynamic programming equation is established for this dynamic pricing problem. 

2.7 Fluid Control and Diffusion Control 

 process 

on of the system dynamic. Alternatively, Caldentey 

and We

MDP formulation, both time and 

state sp

For problems in the production/inventory queueing system, Markov decision

(MDP) is a natural model for detailed descripti

in (2002, 2005) use diffusion control model to study revenue management of the make-to-

stock production systems. Maglaras (2003) applies both fluid control and diffusion control models 

to revenue management of the single-server make-to-order system. The major difference between 

fluid control and diffusion control lies in the demand arrival process. In Maglaras (2003), 

stochastic demand arrival rate is replaced by its deterministic rate while in Caldentey and Wein 

(2002, 2005) the demand process follows a diffusion process.  

Let us compare the difference between fluid and diffusion models with previously studied 

models with respect to time and state space. For the discrete-time 

ace are discrete. For the controlled Poisson process, time is continuous, whereas, state 

space is discrete. To make problems more analytically tractable, fluid control and diffusion control 

consider both continuous time and continuous state space. Typically, heavy traffic approximation 

has been employed to rescale the time and state space. Then, applying the Principle of Optimality, 
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the dynamic programming equation called Hamilton-Jacobi-Bellman (HJB) equation is derived for 

researchers to investigate the properties of optimal value function. Sometimes, close-form 

solutions could be obtained. Unfortunately, we can not derive the close-form solution for HJB 

equation generally. Alternatively, numerical method like Markov chain approximation is used to 

approximate the original problem.  

Caldentey and Wein (2002, 2005) consider the combined admission/rejection and production/idle 

control of the single-product, single-server make-to-stock queue. In their model, both demand and 

ontrol models. Consider the following 

optimiz

price are random. The price is assumed to follow geometric Browian motion (GBM). Under the 

heavy traffic condition, the original problem is transformed into a diffusion control problem with 

two state variables, the inventory level and the price. For the HJB equation, they resort to Markov 

chain approximation technique to solve it. The solution is characterized by two switching curves 

used for admission/rejection and production/idle controls.  

Here, we consider the model formulation in Caldentey and Wein (2005). Firstly, we need 

to introduce one-dimension and two-dimension diffusion c

ation model: 

{ }( , ) max ( , , ) ( , ( ))
T

V t x E R x u s ds B T x T= +∫  
tu

( , , ) ( , , )dx x u s ds x u s dZμ σ= +  Subject to 

( , , )R x u s

x f

In the above equation, is the revenue function and is the decision variable or control 

variable. State variable iffusion process and represents the optimal reward 

u

( ,V t

)

ollows a d )x  

obtainable in [t, T] given current state is (t, x). ( , ( )B T x T is the terminal reward. Applying 

Bellman’s Principle of Optimality, we can rewrite the objective function as  

{ }( , ) max ( , , ) ( , ( ))V t x E R x u s ds V t t x t t= + + Δ + Δ∫  
t t

tu

+Δ

( )x t t x+ Δ = + Δx , we apply Taylor series expansion to )( ,V t t x x+ Δ + Δ yielding Observing

2 21, ) ( , ) ( , )x t V t x x V t x tΔ + Δ + Δ Δ

( , ) ( , ) ( , ) ( , )
1 ( ( )
2 2

t x

tt xx xt

V t t x x V t x V t x t V t x x

V t x o t

+ Δ + Δ = + Δ + Δ

+ + Δ
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( , , ) ( , , ) ( )
t t

t
R x u s ds R x u s t o t

+Δ
= Δ + Δ∫Then substitute the above formula and back into the 

objective function, obtaining 

2 2

( , , )R x u s tΔ +⎧ ⎫
⎪ ⎪

⎪⎩

( , ) ( , ) ( , )
( , ) max 1 1( , ) ( , ) ( , ) ( )

2 2

t x

u
tt xx xt

V t x V t x t V t x x
V t x E

V t x t V t x x V t x t x o t

+ Δ + Δ
= ⎨ ⎬

+ Δ + Δ + Δ Δ + Δ ⎪⎭

 

Based on the standard results that 

( ) ( , , )E x x u t tμΔ = Δ  

2 2( ) ( , , )E x x u t tσΔ = Δ  

2( ) ( , , ) (E x t x u t t tμΔ Δ = Δ = Δ  )

We derive the Hamilton-Jacobi-Bellman (HJB) equation which is a second-order partial 

differential equation (PDE).  

o

20 max ( , , ) ( , ) ( , , ) ( , ) ( , , ) ( , )
2t x xxu

1R x u s V t x x u t V t x x u t V t xμ σ⎧ ⎫= + + +⎨ ⎬
⎩ ⎭

 

When there are two state variables, Hamilton-Jacobi-Bellman equation becomes a two-dimension 

PDE. It is derived in the same way by applying Bellman’s Principle of Optimality. We directly 

write down the two-dimension equation.  

1 2

1 1

1 2

1

( , , ) ( , ) ( , , ) ( , ) ( , , ) ( , )
0 max

( , , ) ( , )
2 2

t x x

u
x x 2 2 1 2

2 2
2 1 2

1 1 ( , , ) ( , ) ( , , ) ( , , ) ( , )x x x x

R x u s V t x x u t V t x x u t V t x

x u t V t xσ σ

⎧ ⎫
⎪ ⎪= ⎨ ⎬
+ +⎪⎩

 
x u t V t x x u t x u t V t x

μ μ

ρσ σ

+ + +

+ ⎪⎭

where x is a state vector 1 2( , )x x . 

From the above induction for Hamilton-Jacobi-Bellman (HJB) equation, we assume that optimal 

y-differentiable function.  

es. For one-state and two-sate va , as 

value function ( , )V t x exists as the twice-continuousl

To simplify the derivation of HJB equation, we can define the infinitesimal operators for the 

diffusion process riables, define operators, respectively

2
1 22

1
x x

μ σ∂ ∂
Γ ≡ +

∂ ∂
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2 2
2 2

2 1 2 1 2 1 22 2
1 2 1 2 1

1 1
2 2

2

2x x x x x
μ μ σ σ ρσ σ∂ ∂ ∂ ∂ ∂

Γ ≡ + + + +
∂ ∂ ∂ ∂ ∂ ∂

 
x

With the infinitesimal operator, the HJB equation with one state variable is 

{ }10 max ( , , ) ( , ) ( , )tu
R x u s V t x V t x= + +Γ  

If objective function has a discount factor as 

{ }( , ) max ( , )
T s

t
J t x E e R x u dsα−= ∫  

u

We can firstly derive the corresponding HJB equation without disc hereafter, at time 

0, present value of the objective function is given by . Observe 

that , and hese 

formulae back into the original HJB equation, we have  

ount factor. T

(0, ) ( )tV x e J xα−=

( )t
xxe J xα− , substituting t(0, ) ( )t

tV x e J xαα −= − (0, ) ( )t
x xV x e J xα−= (0, )V x =xx

{ }10 max ( , ) ( ) ( )
u

R x u J x J xα= − +Γ  

This is the present-value version of HJB equation.  

In the scenario of Caldentey and Wein (2005), inventory process X (t) is a Brownian motion under 

e geometric Brownian motion (GBM). For the the heavy traffic condition and price R (t) follows th

discounted problem,  

{ }0 0,
min ( ) ( ) ( ( ))t t

L U
E e R t dL t e c X t dtα α− −+∫ ∫  

∞ ∞

( ) ( ) ( ) ( )X t Z t L t U t= + −  Subject to 

1 1( )dX t dt dWμ σ= +  

2 2( )dY t dWσ=  

1 0( ) ( ) yR y R r R e= +   represents the price in spot-market associated with special value y of Y (t).  

( )Z t is the inventory process under which all demand orders are accepted and the machine is 

always active.  

is the cumulative rejected demand during [ 0, t ].  ( )L t
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( )U t is the cumulative loss in production output due to machine idling during [ 0, t ].  

The  small time decisions are associated with admission/rejection and production/idle. Consider a

interval tΔ at state ( , )x y . There are three options: Increase the idling process ( )U t , moving 

inventory stantaneously to ( , ) in x x y−Δ , or increase rejection process ( )L t , moving inventory 

to ( , )x x y+ Δ , or do nothin point of time t tg until the + Δ . In these three cases, we have, 

respectively,  

)

)

( , ) ( , ) ( , ) (xV x x y V x y V x y x o x−Δ = − Δ + Δ  

( ) ( , ) ( , ) ( ( ) ( , )) (xR y x V x x y V x y R y V x y o xxΔ + + Δ = + + Δ + Δ  

{ }( )

0
( ( )) ( ( ), ( ))

t t s t tE e c X s ds e V X t t Y t tα α+Δ − − +Δ+ + Δ∫  + Δ

Based on the above three functions, applying infinitesimal operator defined pr viously, yields the e

Hamilton-Jacobi-Bellman (HJB) equation 

{ }2 ( , ), ( ) ( , ), ( , )x xV x y R y V x y V x yΓ + −  0 min ( ) ( , )c x V x yα= − +

Finally, numerical solution has been applied to solve the original problem. The structure of the 

nd multi-product single-server make-to-

order pr

optimal policy is characterized by two switching curves.  

Maglaras (2003) considers both single-product a

oduction system. For the single-product system, he formulates it as a fluid control problem 

by scaling time and state space. The linear fluid approximation yields a close-form solution. For 

the multi-product case, it is formulated as the diffusion control model with pricing decisions and 

the sequencing decisions. Before the introduction to fluid control model, we firstly take a look at 

the finite-horizon continuous-time deterministic control model.  

Objective function: { }( , ) max ( , , )
T

V t x R x u s= ∫ ( , ( ))
tu

ds B T x T+  

Subject to: ( ) ( ( ), ( ))x t f x t u t=  

Applying Bellman’s Principle of o the above objectiv  function,   Optimality t e

 23

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



{ }
{ }

( , ) max ( , , ) ( , ( ))

max ( , , ) ( , ( ))

t t

tu

u

V t x R x u s ds V t t x t t

R x u s t V t t x t t

+Δ
= + + Δ + Δ

= Δ + + Δ + Δ

∫
 

Based on Principle of Smooth Fit, we assume that has the required differentiability 

properties. Then, expand into a first order Taylor series, obtaining 

( , )V t x

( ,V t t x x+ Δ + Δ )

( , ( )) ( , ) ( , ) ( , ) ( , ) ( )t xV t t x t t V t x V t x t V t x f x u t o t+ Δ + Δ = + Δ + Δ + Δ  

Substitute the above formula back into the objective function, yielding 

{ }( , ) max ( , , ) ( , ) ( , ) ( , ) ( , ) ( )t xu
V t x R x u s t V t x V t x t V t x f x u t o t= Δ + + Δ + Δ + Δ  

Let , and we have the Hamilton-Jacobi-Bellman (HJB) equation 0tΔ →

{ }0 max ( , , ) ( , ) ( , ) ( , )t xu
R x u s V t x V t x f x u= + +  

For the finite-horizon problem, the optimal value function  depends on both time t and state 

variable x. For the infinite-horizon problem, the optimal value function depends only on state 

variable x since from any time onward future looks the same. Here, we introduce an infinite-

horizon problem in Maglaras (2003).  

( , )V t x

( )V x

For simplification, we directly give the objective function and constraints regardless of its 

implication. The associated deterministic fluid control problem is as follows: 

2

0( )
max ( ( ( )) ( ) ( ) )

t
r t r hx t d

λ
λ μ

∞
− −∫ t  

Subject to   ( ) ( ) , (0)x s s x zλ μ= − =  

( )tλ andμ are the demand arrival rate and production rate respectively. ( ( ))r tλ and ( )r μ are the 

realized revenue and production cost respectively. ( )x t is the queue length. is the quadratic 

holding cost. Applying Bellman’s Principle of Optimality, rewrite the objective function as:  

2( )hx t

2

( )
( ( )) max ( ( ( )) ( ) ( ) ) ( ( ))

t t

ts
V x t r s r hx s ds V x t t

λ
λ μ

+Δ
= − − +∫ + Δ

Δ

 

2

( )
max{( ( ( )) ( ) ( ) ) ( ( )) ( ( ))( ) ( )}

t
r t r hx t t V x t V x t t o t

λ
λ μ λ μ′= − − Δ + + − Δ +  

Here, Taylor’s series expansion is applied to ( ( ))V x t t+ Δ to obtain the above formula.  
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Rearrange the terms and let , we derive the Hamilton-Jacobi-Bellman (HJB) equation.  0tΔ →

2( ) max{ ( ) ( )( )}r hx r V x
λ

μ λ λ μ′+ = + −  

Under some conditions, close-form solution can be obtained for this HJB equation.  
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3. Literature Review 
 
3.1 Introduction 

Revenue Management originated in problems on airlines seat bookings. In industry 

practice, revenue management methods prove to be very effective. Motivated by its success in 

airline booking system, management tries to extend the methodology of Revenue Management to 

other industries such as hospitality management, rental business, manufacturing systems, and so on. 

Currently, it gains increasing attentions from both academia and industries. Substantial literature 

has been discussing the theory and application of Revenue Management nowadays.   

For airline seat booking problem, the objective is to maximize revenue by setting booking 

limits for the admission control of booking requests. Review will be given in section 3.2 on 

optimal seat allocation of two parallel flights.  

For the network revenue management, the problem could be much more complex due to 

multiple legs involved in the system. It needs significant computation to find the exact solution. To 

make it applicable, researchers have proposed many heuristic and approximation algorithms. For 

such kind of problems and computation algorithms, readers can refer to Gallego and van Ryzin 

(1997), Bertsimas and Popescu (2003) and van Ryzin and Liu (2004). Multi-leg and round-trip 

problems could be classified into the problems of network revenue management. Readers can refer 

to section 3.3 for the review. One of the customer choice models has been developed in Talluri and 

van Ryzin (2004). It attempts to consider consumer behavior in airline seat booking. It arouses 

broad interest among researchers. Stochastic knapsack problem comes from the research of 

telecommunication network. It is related to multiple seats booking which could be a knapsack 

problem. Readers are referred to Kleywegt and Papastavrou (2001, 1998) and van Slyke and 

Young (2000).  

For a more comprehensive review in airline revenue management, readers can refer to 

McGill and van Ryzin (1999). It gives a clear classification and discussion on the history, basic 

terminology and development of various subjects of revenue management.  
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Parallel to research on airline seat inventory control, another important stream of research 

in revenue management addresses the issues of dynamic pricing of perishable inventory. Typical 

examples are Gallego and van Ryzin (1994, 1997), Feng and Gallego (1995), Feng and Xiao 

(2000), Zhao and Zheng (2000), Lin (2004).  

Recently revenue management has been extended into other industries such as rental 

business, retail, hotel, and restaurant. The sample research in these areas are Bitran and Gilbert 

(1996), Bertsimas and Shioda (2003), Gallego and Phillips (2004), Gallego et al. (2004) and Savin 

et al. (2005).  

More recently, manufacturing firms have started to evaluate the use of revenue 

management. We will study a stock rationing problem in production/inventory system which is 

closely related to Revenue Management. A comprehensive review will be given in section 3.4.  

3.2 Optimal Seat Allocation for a Two-Flight Problem 

The research on airline revenue management can be traced back to Rothstein (1971) and 

Littlewood (1972) where Littlewood is concerned with a static two-fare, single-leg problem and 

Rothstein studies an overbooking problem. Belobaba (1989) extends Littlewood’s work to the 

multi-fare situation. Curry (1990) studies seat allocation for a multi-fare, single-leg flight problem 

with continuous random demands, while the discrete random demand case is studied by Wollmer 

(1992). Brumelle and McGill (1993) investigate the single-leg, multi-fare flight. By using the 

optimal stopping rule, they derive a closed-form solution. Li and Oum (2002) review the works of 

Curry (1990), Wollmer (1992) and Brumelle and McGill (1993) and prove the equivalence of the 

optimality conditions for the above three static models.  

Different from the static model, in a dynamic model, booking requests for all fare class may 

arrive at any time. In Lee and Hersh (1993), the booking horizon is divided into discrete time 

periods such that at most one event can occur in each period and the problem is formulated as 

discrete-time MDP. In the same way, Subramanian, et. al. (1999) and Lautenbacher and Stidham 

(1999) formulate the multi-fare single-leg flight problem as discrete-time Markov decision 

processes as well. Other works on single-leg, single-flight problems, see Kleywegt and 
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Papastavrou (1998), Chatwin (1999), Liang (1999), Zhao and Zheng (2001), and Brumelle and 

Walczak (2003).   

There is a stream of research that addresses the interaction between consumers and the 

sellers. Examples are Talluri and van Ryzin (1999, 2004), Bertsimas and Popescu  (2003), Gallego 

and van Ryzin (1994, 1997), Zhao and Zheng (2000), Feng and Xiao (2000), Feng and Gallego 

(2000), Maglaras (2003), and Zhang and Cooper (2005). For a more comprehensive review on this 

subject, refer to McGill and van Ryzin (1999). 

There are many other papers that deal with the multi-flight problems. Feng and Xiao (2001) 

consider the case of multiple origins, one hub and one destination with capacity constraints on the 

origin-hub flights. The problem was formulated with a multi-dimension dynamic programming 

equation, which can then be decomposed into one-dimension equations due to independent 

demands and capacities for the origin-hub flights. In our formulation, the two-dimension problem 

can not be decomposed into one-dimension ones due to demand interactions between the two 

flights. Zhang and Cooper (2005) concentrate on the customer choice models and computational 

methods, whereas our paper aims to characterize the structure of the optimal booking policies. 

Gallego and Phillips (2004) consider a demand postponement problem with a similar scenario as 

ours. In their model it also considers three products with two specific products and one flexible 

product. Reservation horizon is divided into two periods only. Customers committing to the 

flexible product accepted in the first period will be assigned to a flight in the second period or 

denied with a penalty payment. In our model, the reservation horizon is divided into many periods, 

and the decision on whether to accept the booking request and which flight to accommodate it if 

the booking request is accepted has to be made instantaneously upon receiving the booking request. 

Iyer, Deshpande and Wu (2003) also discuss the demand postponement strategy for capacity 

planning.  It is different from ours strategy which is on demand shifting in airline capacity 

planning. Talluri (2001) considers the network system with flexible type of demand. He proposes 

heuristic approximation to solve the problem. Different from the above papers considering revenue 

management at the operational level, Dana (1999) discusses the demand shifting issue which is 
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closely related to our topic from the economic perspective and demonstrates the benefit of price 

dispersion to reduce capacity costs through demand shifting.  

3.3 Optimal Seat Allocation for the Round-Trip/Two-Leg Problem 

In the 1970s, as a result of the deregulation of airline industry, airlines offered a variety of 

discounted fares of tickets to attract potential passengers to book in advance. To maximize the total 

revenue from selling the pool of tickets, it needs optimization techniques to allocate the seats to 

different fare classes. This comes about the field of airline yield management. The earliest 

academic research works are Rothstein (1971) and Littlewood (1972), the latter applies the 

marginal seat revenue (MSR) rule to a two-fare, single-leg problem. Belobaba (1987, 1989) 

extends Littlewood’s work to multi-fare class problems and proposes the expected marginal seat 

revenue (EMSR) rule.  

Generally, previous research on seat inventory control models can be classified as the 

static type models and dynamic type models. For the static models, booking requests are often 

assumed to arrive sequentially in order of fare classes. Low-fare classes arrive earlier than high-

fare classes. By ignoring evolution details of the random arrival process of booking requests, static 

models are only concerned with total demand of each fare class in the booking period. Along this 

line of reserach, Curry (1990) obtains booking limits used in seat inventory control for single-leg 

flights. Wollmer (1992) considers seats allocation among multi-fare classes. Brumelle and McGill 

(1993) further investigate the multi-fare single-leg problems. Li and Oum (2002) prove the 

equivalence of the optimality conditions for these static models.  

Compared with static models, dynamic models remove the assumption that booking 

requests of various fare classes arrive sequentially. They assume that booking requests in each fare 

class can arrive throughout the whole booking horizon. Lee and Hersh (1993) characterize the 

structure of the optimal booking policy as booking limits. Moreover, Subramanian, Stidham and 

Lautenbacher (1999) consider overbooking and cancellation in their studies. Lautenbacher and 

Stidham (1999) link both static and dynamic models through the common underlying dynamic 

program. Liang (1999) shows the optimality of booking limit policy in the continuous-time model.  
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Seat inventory control in the round-trip and multi-leg problems is one of the major issues 

in airline industry. Compared with the research on single-leg problems, there are only a few 

publications on the multi-leg problems. Ladany and Bedi (1977) and Hersh and Ladany (1978) 

deal with two-leg problems under the assumption that no passengers board on the flight at the 

intermediate stop. Wong, Koppelman and Daskin (1993) study the single fare class and multi-leg 

problem. You (1999) considers dynamic pricing model of the multi-fare class, multi-leg problem 

and derive structure results for the two-leg case. Feng and Lin (2001) investigate the monotone 

properties of the optimal booking policy for multi-leg flight problem in a continuous-time model.  

For the multiple seats booking problems, Lee and Hersh (1993) and Brumelle and 

Walczak (2003) give an investigation on characterizing the optimal booking policy. It is shown in 

Lee and Hersh(1993) that booking limit policy is optimal when all booking requests demand 

identical number of seats and booking control is to accept all or none. If passenger demand can be 

partially satisfied, Brumelle and Walczak (2003) show that the booking limit policy, e.g. the so-

called booking curve in their paper, is still optimal.   

3.4 Stock Rationing of a Make-To-Stock Production/Inventory System 

Stock rationing problems have been extensively studied in literatures. For the periodic-

review models, Veinott (1965), Topkis (1968), Cohen, Kleindorfer and Lee (1988) and Frank, 

Zhang and Duenyas (2003) study the rationing policy for a dynamic single-product inventory 

system with several demand classes.  Nahmias and Demmy (1981) and Deshpande, Cohen and 

Donohue (2003) consider the continuous review model. Gerchak, Parlar and Yee (1985) also give 

insightful results on inventory rationing and production in the discrete-time case. More recently, in 

the make-to-stock queue setting, Ha (1997a) formulates the single-item multi-class stock rationing 

problem with lost sales. The structure of the optimal policy is characterized as critical numbers 

called rationing levels. Ha (1997b) considers stock rationing with backordering under the presence 

of two priority demand classes. Ha (2000) further extends previous results with exponential 

processing time to the case of Erlang distributed processing time. de Vericourt, Karaesmen and 
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Dallery (2002) consider an extension of Ha (1997b) to multiple-demand class. Zhao, Deshpande 

and Ryan (2005) study stock rationing of the network systems.  

Stock rationing is closely related to Revenue Management both in idea and methodology. In 

airline revenue management, seat inventory is often classified as several classes in terms of fares 

while in rationing problems, customers are classified according to their priority. Revenue 

Management tries to maximize total revenue through selling limited items or capacities while 

rationing tries to minimize total costs through the reservation of limited items and production 

capacities for high priority customers.  
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4. Optimal Seat Allocation for a Two-Flight Problem 
 
4.1 Introduction 

In airline seat reservation system, the fundamental problem of seat inventory control is to 

make the decisions whether to accept or deny a booking request for a particular fare at any point of 

time during the booking period. Airlines commonly offer a variety of fares of tickets to capture 

demands from different market segments. The objective is to maximize revenue by utilizing 

controls such as booking limits at various price levels. Most of previous studies have primarily 

focused on the single-flight, multi-fare and single-leg problems, which, according to Lautenbacher 

and Stidham (1999), can be classified into either static models where fare classes of booking 

requests come sequentially or dynamic models where requests for each fare class can arrive 

throughout the whole reservation period.  

In this part, we study a two-flight model where there are two parallel flights between two 

cities in a day (e.g., one departs at 9:00am and another at 11:00am) and booking requests in each 

fare class arrive according to a random process. For two flights, the airline can offer three products 

for passengers to choose. Two are specific products for booking requests who are dedicated to one 

of the two flights only; whereas the third is a flexible product for those willing to take either flight. 

Upon a booking request realizing its product type, the airline has to decide whether to accept it, 

and in case a flexible type is accepted, which flight to accommodate it. This paper uncovers the 

structure of optimal booking policies through four monotone switching curves. We also present 

extensions of our basic model to the case of a flexible segment that is purely induced by price 

discounts and another case of implicit flexible segment that is caused by cross-flight buying downs 

through price incentives. Moreover, customer choice has been introduced into our original model. 

We demonstrate that the optimal booking policies under these three cases can still be characterized 

by switching curves with minor adjustments. Finally, numerical examples are used to illustrate the 

derivation and dynamics of the optimal booking policies.  

Customers are usually willing to be flexible and purchase the flexible product because they 

are indifferent between two flights as long as they can book a seat at a fare class they want. This 
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may arise from many circumstances, even if there may be no price discount since the characteristic 

of a fare class normally goes beyond the price dimension, for example, using various fences and 

other conditions. Sometimes, knowing that his/her booking request for a specific flight may be 

rejected, a customer who is desperate to make the trip would be willing to purchase the flexible 

product so as to minimize the risk of denial. The incentive from price discount in these cases is 

relatively insignificant. Usually, the flexible booking request comes in a form of desired time of 

arrival through a direct call to the carrier, e.g., “I want to be at New York by 5:00pm, please book 

me a flight.” 

We shall demonstrate that our model formulation may be easily modified to cater for  the 

scenario that some customers are flexible purely by price factors, namely, the discount case. Most 

airlines are fully aware of these flexible segments for most of origin-destination markets. As far as 

we know, the existing literature on the multi-flight problem has not intensively addressed this 

phenomenon yet.  

There are various ways to differentiate the demand. For example, the online booking form 

can be designed to capture such information as follows: 

Your preferable flight 
  □ Flight 1          □ Flight 2 
 
Are you willing to take the flight other than your choice if it is necessary?   
  □ Yes                □ No 
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Figure 4.1 displays the framework of the booking procedure. Note that it is different from a 

sequential booking procedure where the booking requests are checked by Flight 1 and Flight 2 (or 

vice versa) sequentially.  

 
 

 

 

 

 
 

                   Reject                  Accept        Accept                Accept   Accept            Reject 
 
 
 
 

Figure 4.1:  Booking Procedure for Passengers 
 

It is worthwhile to highlight that a fare class here contains more information than the ticket price 

because there are various restrictions or conditions that are part of a fare class that are used to 

segment markets. This extension of a fare class is important in understanding why a customer is 

indifferent between two fare classes from two flights even though ticket prices may be different. 

The objective is to maximize the total expected revenue of the two flights. The basic research 

question is: What is the optimal booking policy, and more importantly, what special structure, if 

any, does the optimal policy possess? 

There are other papers that deal with the related multi-flight problems. Feng and Xiao (2001) 

consider the case of multiple origins, one hub and one destination with capacity constraints on 

origin-hub flights. The problem is analyzed by a multi-dimension dynamic programming equation, 

which can then be decomposed into one-dimension equations due to independent demands for the 

origin-hub flights. Talluri (2001) considers the network system with demand routings. He proposes 

heuristic approximation to solve the problem. Gallego and Phillips (2004) also consider three types 

of customers. They divided the reservation horizon into two periods. Customer booking requests of 
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the third type accepted in the first period will be assigned to a flight in the second period or denied 

with a penalty payment. van Ryzin and Liu (2004) and Zhang and Cooper (2005) concentrate on 

the customer choice models and various computational methods. Based on previous studies our 

paper has the following aspects: (a) we will follow the traditional approach for dynamic models, 

namely, dividing the booking horizon into many “small” booking periods; (b) the random demands 

for the two flights are independent; (c) each booking request, regardless of which type, will be 

accepted or denied instantaneously; and (d) we intend to characterize the optimal booking policies 

by applying techniques developed in Hajek (1984), Glasserman and Yao (1994), Ha (1997), and 

most recently Chen (2004). 

4.2 Model Formulation 

Suppose that there are two flights between two cities in a period scheduled by an airline 

company. The company tries to maximize the total expected revenues of these two flights. As in 

Lee and Hersh (1993), Subramanian, et. al. (1999), and Lautenbacher and Stidham (1999), we 

assume that booking horizon can be divided into subintervals such that no more than one event 

happens in each subinterval, where an event is associated with a booking request for a particular 

fare class on one of these two flights. A booking request will purchase one of the three products. 

Two are specific products for one of the two flights respectively and the third is the flexible 

product that the booking request can be assigned to either the first flight or the second flight after 

being accepted. We make assumption that any rejected request will be lost to the airline (i.e., spill).  

4.2.1 Dynamic Model Formulation 

Assume that there are m fare classes, and for i = 1, …, m,  and ir iR  are the net revenue of 

fare class i on flight 1 and flight 2 respectively such that, without loss of generality, 

and 1 2 mr r r≥ ≥ ≥ 1 2 mR R R≥ ≥ ≥ .  

Let N be the total number of booking periods for the two flights; and periods be numbered 

consecutively by the number of periods remaining, i.e., period N is the starting period of booking 

and period 0 is the ending booking period. Let  be the probability of a booking request of n
jiP
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product j for fare class i in period n, j = 1, 2, 3, and  be the probability that no event occurs in 

period n. It is clear that in period n, we have 

0
nP

2
nP0 1 3

1

( )
m

n n n
i i i

i
P P P

=

1+ + +

1

1

ax
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i r
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=∑ . 

For k = 1, 2, define Ck as the total seating capacity for flight k and xk as the state variable indicating 

the number of seats already booked. Hence, Ck – xk  is the remaining capacity for flight k.  

Let  be the maximal expected revenue from period n to 0 when accepted seats on 

flight 1 and flight 2 are given x1 and x2 respectively. Then the dynamic recursive formulation of 

this problem is 
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is the usual indicator function.  

The boundary condition (4-2) is the same as that of the Lautenbacher and Stidham (1999). It 

is a technical treatment introduced for the convenience of computation. Moreover, it can avoid 

numerical rounding problem in computation. It is equivalent to the boundary condition that any 

state is zero in the last period or when it is out of seat capacity.  On the other hand, if xk > Ck at the 

time of departure, then (4-2) can be interpreted as the penalty for overbooking. Note that, if flight 2 

departs before flight 1, then and are set to 0 for those periods when the booking for flight 2 2
n
iP 3

n
iP
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has been closed. The probabilities of the flexible booking requests are merged into those of the 

booking requests for the first flight.  

Our problem has been formulated as a discrete-time Markov Decision Process (MDP), i.e., a 

sequential decision process, which is a system that evolves over time, with opportunities to 

influence its future evolution by taking admission/rejection actions at various discrete points of 

time. There is revenue incurred at these discrete points of time, that depend on the actions taken 

and the way in which the process evolves. The objective of the carriers is to maximize the total 

expected revenue over a certain finite booking horizon. Traditionally, in Revenue Management, 

the objective function is not associated with the discounting criterion, which is common in 

queueing control models and inventory control models. Before we proceed on, let us highlight the 

benefit of considering the flexibility of passengers.  

4.2.2 Advantages of the Model with Identified Flexible Demand 

It is clear that the fourth term in (4-1) captures the value of flexibilities from the flexible 

booking requests. As noted earlier, the booking process presented in Figure 4.1 is different from a 

sequential booking model. In a sequential booking system, when a flexible booking request comes 

in, Flight 1 (or Flight 2) will be first checked with a decision to accept or reject. Only when 

rejected, Flight 2 (or Flight 1) will then be checked next. In our model, after confirming that a 

booking request purchases the flexible product, the airline will dispose the booking to the flight 

that will yield the highest positive increase in expected revenue based on the booking status of the 

two flights at the time of request. If neither flight gives a positive return by accepting the booking 

request, then the request will be denied. Thus, this booking process improves by optimizing 

globally over the sequential one, which in turn improves over an independent system where each 

of the two flights has its own independent booking system. From the view of passengers, this 

flexibility produces a higher chance of acceptance to a flight when booking into a comparative 

system. Indeed, it can be readily shown mathematically that model (4-1) yields a higher value than 

independent booking systems.   
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Here we study the value of flexibility of customers by comparing two model formulations. Firstly, 

airline does not consider the flexibility of booking requests, the third type booking requests can be 

naturally divided into two streams of booking requests, one for flight one and the other for flight 

two. Here we assume that at period n, without loss of generality,  

3
n
iq = the probability of the third type booking request for class i on flight 1 in period n. 

3 3( n n
i iP q− )

w:  

−

is the probability of the third type booking request for class i on flight 2 in period n. 

The dynamic programming equation is formulated as follo
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1 1 2 20 1 2 1 1 2 2( , ) ( ) ( )x C xU x x R x C I R x C I> >= − − − − C  

The boundary condition is the same as (4-2). To demonstrate the value of considering the 

flexibility of booking requests, we will prove that is less than for any 

given

1 2( , )nU x x 1 2( , )nV x x

1 2,x x .  

Proposition 4.1  for all1 2 1 2( , ) ( , )n nV x x U x x≥ 1 2,x x . 

Proof. By induction, we prove our result in the finite period n. The initial condition is 

1 1 2 20 1 2 0 1 2 1 1 2 2( , ) ( , ) ( ) ( )x C xV x x U x x R x C I R x C I> >= = − − − − C  

So the result holds for n = 0. Assume that for any1 1 2 1 1 2( , ) ( , )n nV x x U x x− −≥ 1 2,x x , we need to 

prove that . From (4-1) and (4-3), we have 1 2 1 2( , ) ( , )n nV x x U x x≥
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For the first term of the RHS of the above difference equation, we have 
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For the second term of the RHS of the above difference equation,  
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Similarly, we can prove that the third term of the RHS is no less than 0. We are now ready to 

prove that the forth, fifth and sixth term of the RHS is no less than 0. Firstly, it is readily to check  
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By this inequality, we have 
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Therefore, the RHS of the difference equation is no less than 0 that is . 

This completes the proof.  ■ 

1 2 1 2( , ) ( , ) 0n nV x x U x x− ≥

4.2.3 Structures of the Optimal Booking Policy 

 Unless it is feasible to decompose the two-dimensional dynamic programming problem (4-1) 

into a series of one-dimensional problems, tackling it directly for optimal solutions would be 

difficult. So in this paper, we will take a different approach by exploiting the monotonicity 

properties, such as componentwise concavity, submodularity and difference monotone, of the 

value function over a lattice.     

First, define  as the set of functions on V̂ 2Z+ such that if ∈V V̂ , then: 

(a)   212121 ),1(),( xxxxVxxV ↑↑+−

(b)  212121 )1,(),( xxxxVxxV ↑↑+−

(c)  212121 )1,(),1( xxxxVxxV ↑↓+−+

where ↑ and ↓ means nondecreasing and nonincreasing respectively. Properties (a) and (b) actually 

address that is componentwise concave and submodular. Property (c) is called 

subconcave similar to the concept of “μ-difference monotone” in Chen (2004). For simplicity, we 

will use “increase” to mean “nondecrease” and “decrease” to mean “nonincrease” throughout the 

paper. 

),( 21 xxV

We now define the following operators T1, T2, T3 and T:  
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Lemma 4.1 If , then ˆV V∈ ∈),(),,(),,(),,( 321 nVTandiVTiVTiVT V̂ . 

Proof. See the Appendix.  ■ 

Remark: To prove lemma 4.1, we could use the technique in Hajek (1984) and Ha (1997) which 

simplifies the case-by-case checking but cannot avoid it completely. Alternatively, we can 

construct our problem by using the event-based operators in Koole (1998). Here, we choose to 

check each case, similar to Song and Sun (1999). The checking cases will be greatly reduced by 

noticing the fact that results are evident under taking same control actions. To be noted, some 

cases may not exist even though we check them all. For instance, when overbooking occurs, e.g. 

state variable x1, x2 exceed the seat capacities on two flights, we check it as if overbooking is 

allowed regardless of the capacity constraints. Our final boundary condition which has a high 

penalty on overbooking ensures that it is always optimal to reject the overbooking requests. This 

treatment will remove discussion on the boundary cases of the state variables in our proofs. It can 

be regarded as another benefit from the technical treatment of boundary condition (4-2).  

Lemma 4.2  satisfies properties (a), (b), and (c), i.e., ),( 21 xxVn ∈),( 21 xxVn V̂ , n = 0, 1, …, N. 

Proof.  It can be readily checked that ∈),( 210 xxV

( 1xVn

V̂

2, x

. Thus, the theorem can be proved 

inductively by applying Lemma 4.1 to the equation ),() 1 nVT n−= .   ■ 

To continue our discussion, define two difference operators as follow:  

1 1 2 1 2 1 2( , ) ( 1, ) ( , )DV x x V x x V x x= + −  and 2 1 2 1 2 1 2( , ) ( , 1) ( , )D V x x V x x V x x= + − . 

The next two propositions demonstrate that there are upper bound and lower bound for the above 

two difference operators.  
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Proposition 4.2  D1Vn(x1, x2) ≤ - r1, when x1 ≥ C1; D2Vn(x1, x2) ≤ -R1, when x2 ≥ C2 

Proof.  The proof is by induction on n. It is true for . Then  0 1 2( , )V x x

1 1 2( , )nDV x x = 1 2( 1,nV x x )+ – =  1 2( , )nV x x 0 1 1 1 2( , )n
nP DV x x−

{ } {{ }1 1 1 2 1 1 2 1 1 2 1 1 2
1

max ( 2, ), ( 1, ) max ( 1, ), ( , )
m

n
i i n n i n n

i
P r V x x V x x r V x x V x x− − − −

=

+ + + + − + +∑ }

}

2

 

{ } {{ }2 1 1 2 1 1 2 1 1 2 1 1 2
1

max ( 1, 1), ( 1, ) max ( , 1), ( , )
m

n
i i n n i n n

i

P R V x x V x x R V x x V x x− − − −
=

+ + + + + − + +∑  

{ }{

{ }}
3 1 1 2 1 1 2 1 1

1

1 1 2 1 1 2 1 1 2

max ( 2, ), ( 1, 1), ( 1, )

max ( 1, ), ( , 1), ( , )

m
n
i i n i n n

i

i n i n n

P r V x x R V x x V x x

r V x x R V x x V x x

− − −
=

− − −

+ + + + + + +

− + + + +

∑
 

For the second term of the above equation, we consider two cases,  

{ }1 1 2 1 1 2 1 1 2( 2, ) max ( 1, ), ( , )i n i n nr V x x r V x x V x x− −+ + − + + −

) )

 

≤ – = 1 1 2( 2,i nr V x x−+ + ) 1 1 2( 1,i nr V x x−− + 1 1 1 2( 1,nDV x x− + ≤ -r1 

{ }1 1 2 1 1 2 1 1 2( 1, ) max ( 1, ), ( , )n i n nV x x r V x x V x x− −+ − + + −

)

 

≤ – = ≤ -r1 1 1 2( 1,nV x x− + 1 1 2( , )nV x x− 1 1 1 2( , )nDV x x−

yielding { } { }1 1 2 1 1 2 1 1 2 1 1 2max ( 2, ), ( 1, ) max ( 1, ), ( ,i n n i n nr V x x V x x r V x x V x x− − − −+ + + − + + ) ≤ -r1.  

Further, by the same argument, both the third term and fourth term in the big bracket are less than 

or equal to - r1. Thus, our result D1Vn(x1, x2) ≤ - r1 follows. Similarly, we can prove D2Vn(x1, x2) ≤ -

R1.  ■ 

Proposition 4.2 implies that it is always to reject an overbooking request since D1Vn(x1, x2) ≤ -r1 ≤ -

r2 ≤ … ≤ -rm and D2Vn(x1, x2) ≤ -R1 ≤ -R2 ≤ … ≤ -Rm.  

Proposition 4.3  D1Vn(x1, x2) ≥ -r1, when x1 < C1; D2Vn(x1, x2) ≥ -R1, when x2 < C2 

Proof.  We prove it by induction on n. It is true for and we assume the same 

for . First, from equation (4-1),  

0 1 2( , )V x x

1 1 2( , )nV x x−
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{ } {{ }

{ }{ }

{ }{ }

1 1 2 0 1 1 1 2 1 1 1 1 2 1 1 2
1

2 1 1 1 2 1 1 2
1

3 1 1 1 2 1 1 2 1 1 2
1

( 1, ) ( 1, ) max ( 2, ), ( 1, )

max ( 1, 1), ( 1, )

max ( 2, ), ( 1, 1), ( 1, )

m
n n

n n i i n n
i

m
n
i i n n

i
m

n
i i n i n n

i

r V x x P r V x x P r r V x x V x x

P r R V x x V x x

P r r V x x R V x x V x x

− −
=

− −
=

− − −
=

+ + = + + + + + + +

+ + + + + +

+ + + + + + + +

∑

∑

∑

}−

2

−

1

 

{ }

{ }

{ }

0 1 1 2 1 1 1 2 1 1 2
1

2 1 1 2 1 1 2
1

3 1 1 2 1 1 2 1 1
1

( , ) max ( 1, ), ( , )

max ( , 1), ( , )

max ( 1, ), ( , 1), ( , )

m
n n

n i i n n
i

m
n
i i n n

i
m

n
i i n i n n

i

P V x x P r V x x V x x

P R V x x V x x

P r V x x R V x x V x x

− −
=

− −
=

− − −
=

≥ + + +

+ + +

+ + + + +

∑

∑

∑

 

=  1 2( , )nV x x

To be noted that at the boundary if 1 12x C+ = + , then 1 1 2 1 1 2( 2, ) ( 1, )i n nr V x x V x x− −+ + ≤ + by 

Proposition 4.2. For D2V(x1, x2) ≥ -R1, the same proof process applies, resulting in our result.  ■ 

Proposition 4.3 is quite intuitive, which implies that it is always to accept the first fare class 

whenever there are seats available on the two flights since the booking in the first fare class can 

bring in the largest revenue. So, it is unreasonable to reject it.  

In order to examine the structure of the optimal policy, we define four functions as follows: 

1 2 1 1 2 1 2 2( , ) min{ | ( , ) ( 1, ) 0, }n n n iS x i x V x x V x x r given x= − + − ≥  

2 1 2 1 2 1 2 1( , ) min{ | ( , ) ( , 1) 0, }n n n iS x i x V x x V x x R given x= − + − ≥  

3 1 2 1 2 1 2

1 2 1 2 1

( , ) min{ ( , ) ( 1, ) 0,

( , ) ( , 1) 0, }

n n n i

n n i

S x i x V x x V x x r

V x x V x x R given x

= − + − ≥

− + − ≥
 

4 1 2 1 2 1 2 1( , ) min{ | ( 1, ) ( , 1) 0, }n n n i iS x i x V x x V x x r R given x= + − + + − ≥  

where n = 1, 2, …, N.  

Theorem 4.1  

(i) ↓1 2( , )nS x i 2x ;  , ↓2 1( , )nS x i 3 1( , )nS x i 1x ;  ↑4 1( , )nS x i 1x ; 
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(ii) The optimal booking policy is characterized by four monotone switching curves S1n(x2, i), 

S2n(x1, i), S3n(x1, i) and S4n(x1, i) upon receiving a booking request, given the current 

reservations on hand on two flights (x1, x2).  

(iii)  The ‘slope’ of is less than or equal to -1; while that of is greater or equal 

to    -1. 

1 2( , )nS x i 2 1( , )nS x i

Proof. The proof is very much the same as the one used in proving Proposition 3 in Chen (2004). 

For completeness, we briefly discuss it here. 

For (i), take first. First, it is clear that the set  1 2( , )nS x i

},0),1(),({ 221211 xgivenrxxVxxVx inn ≥−+−  

is nonempty since  by Proposition 4.2. By the definition 

of and property (a), we have  

1 2 1 2( , ) ( 1, ) 0n nV C x V C x r− + − ≥i

i

1 2( , )nS x i

                   1 2 2 1 2 2( ( , ), 1) ( ( , ) 1, 1)n n n nV S x i x V S x i x r+ − + + −

                             ≥ 1 2 2 1 2 2( ( , ), ) ( ( , ) 1, ) 0n n n n iV S x i x V S x i x r− + − ≥ ,  

which implies that . 

Therefore, by the definition of 

1 2 1 1 2 1 2 2( , ) { | ( , 1) ( 1, 1) 0, }n n n iS x i x V x x V x x r given x∈ + − + + − ≥

1 2( 1, )nS x i+ , it follows that 1 2 1 2( 1, ) ( , )n nS x i S x i+ ≤ . 

Similarly, one can prove that and are decreasing in2 1( , )nS x i 3 1( , )nS x i 1x . 

By the definition of and property (c),  4 1( , )nS x i

                           1 4 1 1 4 1( , ( , )) ( 1, ( , ) 1)n n n n iV x S x i V x S x i r R− − + + − i

0≥≥ . 1 4 1 1 4 1( 1, ( , )) ( , ( , ) 1)n n n n i iV x S x i V x S x i r R+ − + + −

Thus, 4 1 2 1 2 1 2 1( , ) { ( , ) ( 1, 1) 0, }n n n i iS x i x V x x V x x r R given x∈ − − + + − ≥ , and therefore  

4 1 4 1( 1, ) ( , )n nS x i S x i− ≤ .  

For (ii), note that by the monotone property of [ ),1(),( 2121 xxVxxV nn +− ] and the 

definition of , we have for any given , 1 2( , )nS x i 2x

0),1(),( 2121 ≥−+− inn rxxVxxV ,  for all 1x ≥ ;  and  1 2( , )nS x i
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0),1(),( 2121 <−+− inn rxxVxxV ,  for all 1x < . 1 2( , )nS x i

That is, for a given x  value (i.e., the number of seats on Flight 2 already booked),  

when

2

1 1 2( , )nx S x i≥

1 1 2( ,n

 (i.e., on the right side of ), it is optimal to reject a booking for the 

first flight if requested. Conversely, it is optimal to accept a booking for the first flight if requested 

when 

1 2( , )nS x i

)x S x i< (on the left side of curve ). Thus, the curve separates the 

acceptance and rejection region for flight 1 requests, as illustrated in Figure 4.2.  

1 2( , )nS x i 1 2( , )nS x i

C1 

C2 

0 
S1n(0, i) 

Accept booking 
request for fare 
class i on flight 1 

Reject booking 
request for fare 
class i on flight 1 

S1n(x2, i) 

x2 

x1 

 
Figure 4.2:  Switching Curve for the Booking Limits of Fare Class i on Flight 1 

 

Note that the critical number is lower with a bigger  value. This confirms with the 

intuition: when many of the Flight 2 seats are booked out, more flexible requests in the future can 

thus be allocated to Flight 1, and hence it can afford to wait instead of rushing now for a current 

request booking.  

1 2( , )nS x i 2x

It is clear then that separates the acceptance and rejection region for flight 2 

requests, as illustrated in Figure 4.3.  

2 1( , )nS x i
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Figure 4.3:  Switching Curve for the Booking Limits of Fare Class i on Flight 2 

  
Finally, is the switching curve separating the acceptance and rejection regions for 

flexible requests, and when accepted, switching curve determines which of the two 

flights the request is to be booked to, as presented in Figure 4.4.  

3 1( , )nS x i

4 1( , )nS x i

x2 

C2 

C1 
0 

S4n(x1, i) 

S3n(x1, i) 

Type 3 booking 
request for fare class 
i is rejected.   Accept Type 3 

booking for fare 
class i to flight 1 

Accept Type 3 
booking for fare 
class i to flight 2 

S2n(x1, i) 
S2n(0, i) 

Reject booking 
request for fare 
class i on flight 2 

Accept booking 
request for fare 
class i on flight 2 

0 
C1 

C2 

x2 

x1 

x1 

 
Figure 4.4:  Switching Curve for the Booking Limits of Class i Flexible Passengers 

 

The reasoning goes as follows. First of all, the rejection region for flexible requests is the joint 

rejection regions for bookings on flight 1 and flight 2, i.e., the set in the definition of 
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curve . By the definition of and property (c), at a given 3 1( , )nS x i 4 1( , )nS x i 1x  value, for all ≥ 

(i.e., on the above of curve ), we have 

2x

4 1( , )inS x 4 1( , )nS x i

    0))1,(),1())1,((),1( 21212121 ≥−++−+=++−++ iinninin RrxxVxxVRxxVrxxV ,                                 

which means that the revenue increase from a request booking to Flight 1 is at least as high as that 

from a Flight 2 request booking. Conversely, when < (below curve ), the 

marginal revenue from a Flight 2 booking is higher than that from Flight 1.  

2x 4 1( , )nS x i 4 1( , )nS x i

Finally for (iii), we introduce the ‘slope’ of a curve to determine its shape precisely. To show 

that the ‘slope’ of the curve is less than or equal to -1, let (1 2( , )nS x i 1x , ) be any point on the 

curve (see Figure 4.5).  

2x

1 2( , )nS x i

Then, , and  (0),1(),( 2121 ≥−+− inn rxxVxxV 1x -1, ), 2x 0),(),1( 2121 <−−− inn rxxVxxV . 

   x2 

                                                              1 2( , )nS x i
   
        
                                                   

 
           .        .        . ( 1x , )     2x
     ( 1x -2, )  (2x 1x -1, )                  2x

     
Figure 4.5:  Properties of the Switching Curve 

 
At point ( 1x -2, +1), by property (c), we have   2x
 

  

.0),(),1(
)1,1(),1(),()1,1(

)1,1(),1(),1()1,2(
)1,1()1,2(

2121

21212121

21212121

2121

<−−−=
−+−−−+−+−≤

−+−−−+−−+−=
−+−−+−

inn

innnn

innnn

inn

rxxVxxV
rxxVxxVxxVxxV

rxxVxxVxxVxxV
rxxVxxV

 

Thus, point ( 1x -2, +1) is strictly on the left side of curve , then point (2x 1 2( , )nS x i 1x -1, +1) 

should be on the left of or on the curve . Therefore, the slope of cannot be 

greater (flatter) than -1. By symmetry, the slope of cannot be less (steeper) than -1. 

2x

1 2( , )nS x i 1 2( ,nS x )i

2 1( ,nS x )i

. .( 1x -2, +1)  2x 1x -1, +1)   ( 2x

1x  
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1 2( , )nS x i  and are portrayed in Figures 4.2 and 4.3, respectively, based on these 

properties.   ■ 

2 1( , )nS x i

1 2( , )i

For (i), in figure 4.2, as x2 increases, the switching function S1n(x2, i) decreases in x2 which means it 

is less likely to accept the flight 1 booking request when there are already many seats booked out 

in flight 2. Intuitively speaking, it is more likely to route the flexible booking requests to flight 1 in 

case more seats are occupied on flight 2. As a result, to reserve seats for flexible passengers, 

carriers tend to reject flight 1 booking requests. Same interpretation applies to S2n(x1, i) and S3n(x1, 

i). For (ii), S3n(x1, i) is the upper envelop of S1n(x2, i) and S2n(x1, i). It is evident that the flexibility 

of booking expands the acceptance region, which creates a win-win situation for the airline and the 

customers. For S4n(x1, i), above it, it is always better to accept the booking for flight 1 since the 

number of accepted to flight 2 is relatively greater than that of accepted to flight 1. Same 

interpretation applied to the area below the curve. For (iii), we have determined that the ‘slope’ of 

the curve is less than or equal to -1 and is greater than or equal to -1. 

Furthermore, it means that the two switching curves have at most one intersection point. That is, if 

they insect at some point they will go away and never meet again. To be noted, actually, at the 

intersection point, the slopes of both switching curves are 0.  

nS x 2 1( , )nS x i

It is important to highlight that the switching curves are different from the booking curves or 

protection levels commonly known in static models. The key difference is that there are a lot of 

switching curves: four switching curves for each pair (ri, Ri) at each decision period for each fare 

class i, n = 1, 2, …, N. Since there is at most one booking request in each decision period, only the 

relevant switching curve(s) will be used in the decision-making process.  

4.2.4 Properties of the Optimal Value Function and Switching Curves 

Parallel to that of the single-flight problem, the optimal value function of the two-flight 

problem has many common properties. In this subsection, we will further discuss properties of the 

optimal value function and the underlying switching curves, which will help to improve our 

understanding on the optimal booking policy in a dynamic setting.  The next result shows that the 
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value function has a special submodularity property. It implies the existence of time threshold for 

each class of flight 1 and flight 2 passengers.  

Proposition  4.4  Vn(x1, x2) is submodular in (x1, n) and (x2, n) respectively.  

Proof.  To prove Vn is submodular in (x1, n), it suffices to show that D1Vn(x1, x2) is decreasing in n. 

Since , it follows that 0 1 2 3
1

(
m

n n n n
i i i

i

P P P P
=

+ + +∑ ) 1=

)

}

}

( ) (

{ } {

{ } {

1 1 2 1 1 1 2

1 2 1 1 2 1 2 1 1 2

1 1 1 1 2 1 1 1 2
1

2 2 1 1 2 2 1 1 2
1

3

( , ) ( , )
( 1, ) ( 1, ) ( , ) ( , )

max ( 1, ),0 max ( , ),0

 max ( 1, ),0 max ( , ),0

 ma

n n

n n n n

m
n
i i n i n

i
m

n
i i n i n

i

n
i

DV x x DV x x
V x x V x x V x x V x x

P r DV x x r DV x x

P R D V x x R D V x x

P

−

− −

− −
=

− −
=

−

= + − + − −

= + + − +⎡ ⎤⎣ ⎦

+ + + − +⎡ ⎤⎣ ⎦

+

∑

∑

{ }

{ }

1 1 1 2 2 1 1 2
1

1 1 1 2 2 1 1 2

x ( 1, ), ( 1, ),0

               max ( , ), ( , ),0

m

i n i n
i

i n i n

r DV x x R D V x x

r DV x x R D V x x

− −
=

− −

+ + + +⎡⎣

− + + ⎤⎦

∑

         (4-4) 

By Lemma 4.2, Vn(x1, x2) is componentwise concave and submodular in (x1, x2). Hence we have  

1 1 1 2 1 1 1 2( 1, ) ( ,n n )DV x x DV x x− −+ ≤  and 2 1 1 2 2 1 1 2( 1, ) ( ,n n )D V x x D V x x− −+ ≤ . 

Applying the above two inequalities to each of the three terms in the right hand side of (4.4) will 

lead to the conclusion that 1 1 2 1 1 1 2( , ) ( , ) 0n nDV x x DV x x−− ≤ , i.e., D1Vn(x1, x2) is decreasing in n. 

Similarly, it can be shown that D2Vn(x1, x2) is decreasing in n.  ■ 

From Proposition 4.4, the monotonicity in period of the marginal increment of value function 

implies that there exists time threshold for each capacity pairs and each fare class of flight 1 and 

flight 2 bookings. As a result, we can define critical period 

*
1 1 2 1 2 1 2( , , ) min{ | ( , ) ( 1, ) 0}n n in x x i n V x x V x x r= − + − ≥  

For , at current state *
1n n≥ 1 2( , )x x

1 21, )n x+

, it is optimal to reject the booking of fare class i of flight 1 

since V x ; otherwise, when 1 2 ) (n ix r V x≥ +( , *
1n n< , it is optimal to accept the booking. 

Similarly, we can define  

*
2 1 2 1 2 1 2( , , ) min{ | ( , ) ( , 1) 0}n n in x x i n V x x V x x R= − + − ≥  
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For , at*
2n n≥ 1 2( , )x x , it is optimal to reject the booking of fare class i of flight 2; otherwise, it is 

optimal to accept the booking.  

For the flexible bookings, it needs both accept/reject and the switching control between flight 1 

and flight 2. For the accept/reject control on flexible bookings, we can simply define the critical 

period by 

{ }* *
3 1max ,n n= *

2n

)

 

Then we can use  as time threshold for the accept/reject control of the flexible bookings. It is 

optimal to reject a flexible booking when . Otherwise, accept it.  

*
3n

*
3n n≥

In terms of the switching control of the flexible bookings, unfortunately, we cannot derive the 

monotone property in period of the difference 1 2 1 2( 1, ) ( , 1n nV x x V x x+ − +

i

. Thus, we have to 

resort to the switching function defined previously to decide which flight to 

accommodate the flexible bookings if accepted in each period.  

4 1( , )nS x i

Proposition 4.5    1 2 1 2 3( , ) n
n i iV x x r R x x P↑ ↑ ↓ ↓ ↑

Proof. By induction, we can easily check the monotone properties in ri, Ri, x1 and x2. For , the 

value function increases with  which demonstrate the value of flexible demand. Notice the facts 

that 

3
n
iP↑

3
n
iP

{ }1 2 1 2 1 2max ( 1, ), ( , 1), ( , )i ir V x x R V x x V x x+ + + + ≥  1 2( , )V x x

{ }1 2 1 2 1 2max ( 1, ), ( , 1), ( , )i ir V x x R V x x V x x+ + + + ≥ { }1 2 1 2max ( 1, ), ( , )ir V x x V x x+ +  

{ }1 2 1 2 1 2max ( 1, ), ( , 1), ( , )i ir V x x R V x x V x x+ + + + ≥ { }1 2 1 2max ( , 1), ( , )iR V x x V x x+ +  

By induction, our result follows naturally. Details are left to readers.  ■ 

The value function increases with  , which demonstrates the value of flexible demand.  3
n
iP

Next, we are going to discuss the monotonic properties of switching curves. The following 

proposition says that switching curves are monotone in fare classes. It corresponds to the nested 

structure of fare classes in previous research. 
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Proposition 4.6 ; 1 2( , )n iS x i r↑ 2 1( , )n iS x i R↑ ; 3 1( , )  and n iS x i r Ri↑ ↑ ; .  4 1( , ) ( )n iS x i R r↑ − i

i−

0

Proof: The proofs follow easily from the definition.  ■ 

Proposition 4.7   The switching curves , and are decreasing in n.  1 2( , )nS x i 2 1( , )nS x i 3 1( , )nS x i

Proof:  By the definition of and Proposition 4.4, we have 1 1 2( , )nS x i−

                   1 1 2 2 1 1 2 2( ( , ), ) ( ( , ) 1, )n n n nV S x i x V S x i x r− −− +

                             ≥ 1 1 1 2 2 1 1 1 2 2( ( , ), ) ( ( , ) 1, )n n n n iV S x i x V S x i x r− − − −− + − ≥ ,  

    hence,    1 1 2 1 1 2 1 2 2( , ) { ( , ) ( 1, ) 0, }n n n iS x i x V x x V x x r given x− ∈ − + − ≥ , and therefore, 

                                       ≤ . 1 2( , )nS x i 1 1 2( , )nS x i−

Similarly, and decrease in n.  ■ 2 1( , )nS x i 3 1( , )nS x i

Proposition 4.7 implies that the rejection region is getting smaller as time goes toward the end of 

booking horizon. It ensures that the critical numbers are consistent over time in the sense that it 

would not run into a contradictory case where some accepted requests are to be denied later – if the 

critical number for a later period (smaller n) is smaller than an earlier (bigger n) one.  

In the following sections, we will examine three extensions to our basic model as developed 

in the previous section. The first extension considers the case that customers are flexible because 

of a price discount; while the second extension considers the case that some customers can be 

induced to buy a ticket from a less desired flight by a discount, a kind of buying down behavior 

across two flights. This is a case that a flexible segment is implicit. The third extension covers the 

issue on customer choice.  

4.3 Flexible Segment induced by Discount 

In this subsection, we will look into the situation where the flexible segment is mainly driven 

by price factors, namely, they remain to be flexible as long as there is some discount on the fare 

class that they intend to book. It is clear from earlier analysis that flexible requests have the 

advantage of enabling better utilization of flight capacities through risk pooling in the booking 

process. If necessary, a lower price p1i< p2i < min{ ,ir iR } may be offered to attract customers to 
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opt for ‘flexible flight’ similar to that in Gallego and Phillips (2004). By replacing  and ir iR  with 

p1i and p2i in the last term in (4-1), all of our earlier analysis and hence results apply. However, we 

have to redefine the switching functions of and as follow 3 1( , )nS x i

1 2

1 2

( , )
) ( ,n n

x x V
x V x

= −

1 21, )x x= +
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where n = 1, 2, …, N.  
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C2 

 

Figure 4.6:  Switching Curves for the Price Discount Case 
 

The slight change in and in the discount case has been shown in the above 

figure.  One point should be mentioned is that the offer of discount fares may generate higher 

flexible demand but at the same time cannibalize some demand from the first and second type of 

demand that are for specific flights. Simulation results in Gallego and Phillip (2004) show that 

offering discount fares above certain level can increase total revenue. However, too much discount 

for the fares of the flexible demand may lead to loss in total revenue due to the cannibalizing effect.  

3 1( , )nS x i 4 1nS x

x1 
C1 

0 

S1n(x2,ri) 

S3n(x1,p1i,p2i) S4n(x1, p1i,p2i) 

S2n(x1,Ri) 
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4.4 An Implicit Flexible Segment Induced by Cross-Flight Buying Down 

In some cases, it is difficult to identify the flexible demand, i.e., flexible customers in this 

paper. We can only identify the demand for specific flight. However, as it is often the case, some 

passengers for specific flight could be persuaded to switch to other flights with some discounts or 

benefits. Hence, management could use the discount strategy or any other benefits to encourage 

passengers to be flexible.  

We can reformulate our problem with only two types of demand which are dedicated to one 

of the two flights. Furthermore, we assume that these two types of demand can be induced to 

switch over with each other at some discount price. In this scenario, a firm booking for the fare 

class i on fight 1 can be persuaded to switch to flight 2 for the same fare class at a discount price 

d
i iR R< . Similarly, a firm booking for the fare class i on fight 2 can switch to flight 1 for the same 

fare class at a discount price . Then the recursive dynamic programming equation becomes  d
ir < ir

1 2

1 2
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∑

∑

              (4-5) 

0 1 2
1

( )
m

n n n
i i

i

P P P
=

+ + =∑  

The boundary condition is the same as (4-2). For model (4-5), it is clear that the structural 

properties of optimal value function are (a), (b) and (c) in section 4.2.3. All of our earlier analysis 

and results apply. Here, each of the two types of booking requests has three switching curves for 

each class i at some time period. The switching curves have small alteration from previous ones, 

owing to the discount price w
iR and  in model (4-5). Here, we can define four switching curves 

that are similar to our previous models:  

w
ir
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Figure 4.7:  Switching Curves for the Cross-Flight Buying Down Case Figure 4.7:  Switching Curves for the Cross-Flight Buying Down Case 
  

Here , S x  is a switching curve separating the acceptance and rejection region of fare 

class i on flight 1 and S x  is the switching curve separating the acceptance and 

rejection region of fare class i on flight 2. S x and  used to determine 

which flight a booking request should be disposed to if it is accepted.  

Here , S x  is a switching curve separating the acceptance and rejection region of fare 

class i on flight 1 and S x  is the switching curve separating the acceptance and 

rejection region of fare class i on flight 2. S x and are used to determine 

which flight a booking request should be disposed to if it is accepted.  
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It is evident that the induced flexibility for each type of booking expands the acceptance region, 

which creates a win-win situation for the airline and the passenger.  

It is evident that the induced flexibility for each type of booking expands the acceptance region, 

which creates a win-win situation for the airline and the passenger.  

4.5 Model with Passenger Choice 4.5 Model with Passenger Choice 

It is more interesting and realistic to include customer choice in the model. The model 

formulation has been introduced as follow.  

It is more interesting and realistic to include customer choice in the model. The model 

formulation has been introduced as follow.  
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For this customer choice model, passengers divide themselves into three types upon arrival. The 

arrival probabilities are revised to and with0
nP n

iP 0
1

1
m

n n
i

i

P P
=

+ =∑

i

. Here, ,  and are the 

passenger choice probabilities for flight 1, flight 2 and the flexible flight respectively. An arrival 

may leave with the probability with no choice. The revenues are r ,  and 

for flight 1, flight 2 and the flexible product respectively.  

1iq 2iq 3iq

1i1 2i i 3(1 )q q q− − − 2ir

3ir

It is clear that the structure of the optimal policy is characterized as switching curves S1, S2 

and S4 which can be defined in the same way as previous ones. Switching curve S3 has been 

removed since we have no rejection control for booking requests committed to buying the flexible 

product. 

Different from many previous researches on customer choice, we do not consider the 

interactions between prices and the customer choice probabilities. Instead, we impose the 

admission controls on booking requests for flight 1 and flight 2 respectively. 

4.6 Numerical Example 

In the numerical examples presented in this section, we use 0, 1, 2 to indicate three decisions, 

namely, rejecting, accepting to Flight 1 and accepting to Flight 2, respectively. The booking 

horizon is divided into 15 periods with N = 15 to indicate the beginning period. 

The probability for each booking request is taken from Example 1 of Lee and Hersh (1993) 

and Example 3 of Subramanian, Stidham and Lautenbacher (1999).  
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The capacity for the two flights are C1 = 10, C2 = 10. The fares for each flight are only 

classified as two classes: low and high fares. We consider four fares for the two flights with 

,  where   = fare for class j of flight i.  11 12 21 22150, 100, 120, 80r r r r= = = = ijr

Table 4.1:  Probabilities for the Booking Requests 
 

Period (from 15 to 1) 
Probability 15--12 11--9 8---5 4--3 2--1 

p11 0.06 0.1 0.14 0.15 0.15 
p12 0.14 0.1 0.16 0.15 0 
p21 0.06 0.1 0.14 0.15 0 
p22 0.14 0.1 0.16 0 0 
p31 0.086 0.143 0.182 0.25 0 
p32 0.2 0.143 0.143 0.2 0 
p0 0.314 0.314 0.075 0.1 0.85 

 

To implement the booking control in practice, management needs to use the recursive 

dynamic programming equation to compute offline state-dependent booking and routing control 

limits characterized as switching curves in the thesis. All the information of these booking limits is 

stored in airline seat reservation system. The seat reservation system will decide whether to accept 

a booking request or not upon its arrival time and fare class.  We have a switching curve for each 

fare class of the three types of passengers in each booking period. To have a snap view of the 

optimal policy structure, we give the switching curve for the booking requests of the low-fare class 

at n = 15 (the starting period) and n = 10. They are presented in Figures 4.8, 4.9, 4.10, and 4.11.  

x2            
9 1 1 1 1 1 0 0 0 0 0  
8 1 1 1 1 1 1 0 0 0 0  
7 1 1 1 1 1 1 0 0 0 0  
6 1 1 1 1 1 1 0 0 0 0  
5 1 1 1 1 1 1 1 0 0 0  
4 1 1 1 1 1 1 1 0 0 0  
3 1 1 1 1 1 1 1 1 0 0  
2 1 1 1 1 1 1 1 1 0 0  
1 1 1 1 1 1 1 1 1 0 0  
0 1 1 1 1 1 1 1 1 0 0  

 0 1 2 3 4 5 6 7 8 9 x1 
Figure 4.8:  Optimal Decisions for Flight 1 Booking Requests at n = 15. 
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From the above figure, is the decision curve for booking request specially dedicated to 

flight 1. When a booking request of type 1 for low fare arrives, airline seat reservation system will 

check the current seat booking status on flight 1 and flight 2. It tries to compare current booking 

status with the booking control information for low fare class of type 1 in Figure 4.8 which is 

computed before the start of the whole booking process. If current booking status lies on the right 

side of the switching curve , which is the area with decision 0, we reject the booking 

request for low-fare class seat on flight 1 at period 15. On the left side of the switching curve, 

which is the area with decision 1, accept the booking request for low-fare class seat of flight 1. For 

instance, if the seat reservation system finds out that seven seats and two seats are booked on flight 

1 and flight 2 respectively, which corresponds to decision 1 in figure 4.8, it will accept this 

booking request. If six seats are currently booked out on both flights which corresponds to decision 

0 in figure 4.8, it will reject the booking request.  

1 2( , 2)S x

1 2( ,S x 2)

x2            
9 0 0 0 0 0 0 0 0 0 0  
8 2 2 0 0 0 0 0 0 0 0  
7 2 2 2 2 2 2 0 0 0 0  
6 2 2 2 2 2 2 2 2 0 0  
5 2 2 2 2 2 2 2 2 2 2  
4 2 2 2 2 2 2 2 2 2 2  
3 2 2 2 2 2 2 2 2 2 2  
2 2 2 2 2 2 2 2 2 2 2  
1 2 2 2 2 2 2 2 2 2 2  
0 2 2 2 2 2 2 2 2 2 2  

 0 1 2 3 4 5 6 7 8 9 x1 
Figure 4.9:  Optimal Decisions for Flight 2 Booking Requests at n = 15. 

From the above figure, above of the switching curve , we reject the booking request for 

low-fare class seat on flight 2 at period 15. Below the switching curve, we accept the booking 

request.  

2 1( )S x
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x2            
9 1 1 1 1 1 0 0 0 0 0  
8 1 1 1 1 1 1 0 0 0 0  
7 1 1 1 1 1 1 0 0 0 0  
6 1 1 1 1 1 2 2 2 0 0  
5 1 1 1 1 2 2 2 2 2 2  
4 1 1 1 1 2 2 2 2 2 2  
3 1 1 1 2 2 2 2 2 2 2  
2 1 1 1 2 2 2 2 2 2 2  
1 1 1 1 2 2 2 2 2 2 2  
0 1 1 1 2 2 2 2 2 2 2  

 0 1 2 3 4 5 6 7 8 9 x1 
Figure 4.10: Optimal Decisions for Flexible Booking Requests at n = 15. 

In the above figure, there are two decision curves (solid curves)  and for flexible 

passengers for low fare at the start of the booking periods. is monotone decreasing 

and is monotone increasing. After a flexible booking request for low fare class arrives, 

airline seat reservation system will check current seat booking status on both flights. If status lies 

above , where decisions are indicated by 0, i.e., we reject the booking request. Otherwise, 

if status lies below , accept the booking request. If a flexible booking request has been 

accepted, thereafter, we use to determine which flight to accommodate it. If current 

booking status of the two flights lies on the left of the , which is the decision zone of 1, it 

is better to accept the booking request to flight 1. Otherwise, accept the booking request to flight 2. 

3 1( , 2)S x

3 1( , 2)S x

)

4 1( , 2)S x

4 1( , 2)S x

3 1( ,S x 2)

3 1( , 2)S x

4 1( , 2)S x

4 1( , 2S x

x2            
9 1 1 1 1 1 1 1 0 0 0  
8 1 1 1 1 1 1 1 0 0 0  
7 1 1 1 1 1 1 1 2 2 0  
6 1 1 1 1 1 1 2 2 2 2  
5 1 1 1 1 1 2 2 2 2 2  
4 1 1 1 1 1 2 2 2 2 2  
3 1 1 1 1 1 2 2 2 2 2  
2 1 1 1 1 1 2 2 2 2 2  
1 1 1 1 1 1 2 2 2 2 2  
0 1 1 1 1 1 2 2 2 2 2  

 0 1 2 3 4 5 6 7 8 9 x1 
Figure 4.11: Optimal Decisions for Flexible Booking Requests at n = 10. 

 58

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



From the above figure, we can infer that the rejection regions are getting smaller with smaller n. 

After comparing figure 4.10 and figure 4.11, as the end of the booking period impending, it is 

more likely for airline to accept all fare class of booking requests.  

For the case of flexible demand with discount fares, we consider four discount fares of the 

flexible demand for two flights with 11 12140, 90d dr r= = , 21 22110, 70d dr r= =  where   = 

discount fares for flexible demand for class j of flight i.  

d
ijr

X2 1 1 1 1 1 1 1 0 0 0  

 1 1 1 1 1 1 1 0 0 0 S2 
 1 1 1 1 1 1 1 2 0 0  

 1 1 1 1 1 1 2 2 2 2 S3 
 1 1 1 1 1 2 2 2 2 2  
 1 1 1 1 1 2 2 2 2 2  
 1 1 1 1 1 2 2 2 2 2  
 1 1 1 1 1 2 2 2 2 2  
 1 1 1 1 1 2 2 2 2 2  
 1 1 1 1 1 2 2 2 2 2  

     S4     S1 X1 
    Figure 4.12: Switching Curves with Discount Fares at n = 10. 
 
Switching curves S1 and S2 are the decision curves for flight 1 and flight 2 passengers respectively. 

The solid decreasing curve S3 (with some common parts with S1) and the increasing S4 are for the 

flexible passengers. For figure 4.12, different from the case without discount fares, S3 is not 

necessary the combined upper part of S1 and lower part of S2. Here, it only has two separate 

common parts with S1 as shown in the figure.   

Following figure illustrates the monotone increasing pattern of V(x1, 6) – V(x1+1, 6) at the 15th 

period, e.g. the starting period.  
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Figure 4.13: Marginal Expected Value of V(x1, 6) – V(x1+1, 6) at period 15. 

Following figure illustrates the monotone increasing pattern of V(3, x2) – V(3, x2+1) at the 15th 

period, e.g. the starting period. 
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Figure 4.14: Marginal Expected value of V(3, x2) – V(3, x2+1) at Period 15. 

Following two figures illustrate, respectively, the monotone decreasing property of D1Vn(x1, x2) 

and D2Vn(x1, x2) with respect to period n. They imply the existence of time thresholds for 

admission/rejection control of type 1 and type 2 passengers. The monotone decreasing patterns 

with respect to argument x1 and x2 in two figures, respectively, indicate the submodularity of V(x1, 

x2).  
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Figure 4.15: Marginal Expected Seat Revenue of V(7, x2) – V(6, x2).  
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Figure 4.16: Marginal Expected Seat Revenue of V(x1, 9) – V(x1, 8). 
 

4.7 Conclusions 

In this section, the optimal policy for the two-flight problem with flexible demand segment 

is thoroughly analyzed, and interesting structural results are obtained.  The main result here is to 

prove that the structure of the optimal booking policy can be characterized by monotone switching 

curves.  

It is clear that the model and results presented in this section can be applied to a more 

general situation involving two products that are substitutable with each other in use for certain 

passengers. For instance, we expect our model can be used in many retailing sectors. In particular, 
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Internet retailing opens up a new distribution channel for many products, such as airline tickets, 

hotel rooms and other hospitality-related products. For example, Hotwire.com and Priceline.com 

have designed the mechanism in the same way as discussed in this paper. Once a customer 

purchases the flexible product, the online reservation system will immediately assign the request to 

a flight or a hotel if accepted. As mentioned in Talluri and van Ryzin (2004), this mechanism is 

appealing to price-sensitive customers who are flexible about their choice on time and routings. 

For a more elaborate discussion, refer to Gallego and Phillips (2004). 

Further research may focus on how to extend the results of two-flight problem to the general 



4.8 Appendix:  

Proof of Lemma 4.1 

First, we will show that if , then ˆV V∈ ∈),(1 iVT V̂ . Define  
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Combining the above two inequalities, yields 
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Similarly, we can obtain  
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+ + − + + + +

≤ + + − − + +

≤ + + − − + +

≤ + + + − − + +

  (A7) 

{ }

{ }

1 2 1 2 1 2

1 2 1 2

1 2 1 2 1 2

( 1, ) max ( 1, 1), ( , 1)
( 1, ) ( 1, 1)

max ( 2, ), ( 1, ) ( 1, 1)

i i

i

r V x x r V x x V x x
V x x V x x

r V x x V x x V x x

+ + − + + + +

≤ + − + +

≤ + + + − + +

  (A8) 

Combining (A7) and (A8), yields 

{ }
{ } {

1 2 1 2 1 2

1 2 1 2 1 2 1 2

( 1, ) max ( 1, 1), ( , 1)

max ( 2, ), ( 1, ) max ( 2, 1), ( 1, 1)
i i

i i

r V x x r V x x V x x

r V x x V x x r V x x V x x

+ + − + + + +

≤ + + + − + + + + + }
(A9) 

 64

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Similarly, we can obtain that  

{ }
{ } {

1 2 1 2 1 2

1 2 1 2 1 2 1 2

( , ) max ( 1, 1), ( , 1)

max ( 2, ), ( 1, ) max ( 2, 1), ( 1, 1)
i

i i

V x x r V x x V x x

r V x x V x x r V x x V x x

− + + + +

≤ + + + − + + + + + }
(A10) 

Combining (A9) and (A10), yields 

{ } { }
{ } {

1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

max ( 1, ), ( , ) max ( 1, 1), ( , 1)

max ( 2, ), ( 1, ) max ( 2, 1), ( 1, 1)
i i

i i

r V x x V x x r V x x V x x

r V x x V x x r V x x V x x

+ + − + + + +

≤ + + + − + + + + + }
 

Therefore, 1 2 1 2( , ) ( 1, )f x x f x x− +  is increasing in 2x .  

Proof of Property (b): 1 2 1 2( , ) ( , 1)f x x f x x− +   ↑x1   ↑x2 

It is clear that Property (b) is symmetrical to Property (a) with respect to. 1x and 2x , and hence our 

result applies. 

Proof of Property (c):  ↓x1   ↑x2 1 2 1 2( 1, ) ( , 1f x x f x x+ − + )

)First, we prove that is increasing in1 2 1 2( 1, ) ( , 1f x x f x x+ − + 2x , which is equivalent to 

requiring . Note that  1 2 1 2( 1, ) 1) ( ,f x x f x x+ − + −1 2 1 2( , 1) ( 1,f x x f x x+ ≤ + 2)+

{ } {
1 2 1 2

1 2 1 2 1 2 1 2

( 1, ) ( , 1)
max ( 2, ), ( 1, ) max ( 1, 1), ( , 1)i i

f x x f x x
r V x x V x x r V x x V x x

+ − +

= + + + − + + + + }

}

 

{ } {
1 2 1 2

1 2 1 2 1 2 1 2

( 1, 1) ( , 2)
max ( 2, 1), ( 1, 1) max ( 1, 2), ( , 2)i i

f x x f x x
r V x x V x x r V x x V x x

+ + − +

= + + + + + − + + + +
 

We check different cases. First we have  

{ }

{ }

1 2 1 2 1 2

1 2 1 2

1 2 1 2

1 2 1 2 1 2

( 2, ) max ( 1, 1), ( , 1)
( 2, ) ( 1, 1)
( 2, 1) ( 1, 2)

max ( 2, 1), ( 1, 1) ( 1, 2)

i i

i i

i i

i i

r V x x r V x x V x x
r V x x r V x x
r V x x r V x x

r V x x V x x r V x x

+ + − + + + +

≤ + + − − + +

≤ + + + − − + +

≤ + + + + + − − + +

 (A11) 

{ }

{ }

1 2 1 2 1 2

1 2 1 2

1 2 1 2

1 2 1 2

1 2 1 2 1 2

( 2, ) max ( 1, 1), ( , 1)
( 2, ) ( 1, 1)

( 1, ) ( , 1)
( 1, 1) ( , 2)

max ( 2, 1), ( 1, 1) ( , 2)

i i

i i

i

r V x x r V x x V x x
r V x x r V x x
V x x V x x
V x x V x x

r V x x V x x V x x

+ + − + + + +

≤ + + − − + +
≤ + − +
≤ + + − +

≤ + + + + + − +

  (A12) 
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Thus, we have  

{ }
{ } {

1 2 1 2 1 2

1 2 1 2 1 2 1 2

( 2, ) max ( 1, 1), ( , 1)

max ( 2, 1), ( 1, 1) max ( 1, 2), ( , 2)
i i

i i

r V x x r V x x V x x

r V x x V x x r V x x V x x

+ + − + + + +

≤ + + + + + − + + + + }
(A13) 

By the same approach as the above, we can obtain 

{ }
{ } {

1 2 1 2 1 2

1 2 1 2 1 2 1 2

( 1, ) max ( 1, 1), ( , 1)

max ( 2, 1), ( 1, 1) max ( 1, 2), ( , 2)
i

i i

V x x r V x x V x x

r V x x V x x r V x x V x x

+ − + + + +

≤ + + + + + − + + + + }
 (A14) 

Combining (A13) and (A14), we obtain that  

{ } { }
{ } {

1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

max ( 2, ), ( 1, ) max ( 1, 1), ( , 1)

max ( 2, 1), ( 1, 1) max ( 1, 2), ( , 2)
i i

i i

r V x x V x x r V x x V x x

r V x x V x x r V x x V x x

+ + + − + + + +

≤ + + + + + − + + + + }

)

 

 Therefore, is increasing in1 2 1 2( 1, ) ( , 1f x x f x x+ − + 2x . The rest half of Property (c) can be 

checked in a same way. 

Thus, ∈= ),(),( 121 iVTxxf V̂ ,  if ˆV V∈ . 

The verification for  if ∈),(2 iVT V̂ ˆV V∈  is the same as the above proof, and is thus 

omitted.  

We now proceed to prove that ∈),(3 iVT V̂  if ˆV V∈ . The proving procedure goes very 

much the same way as that for  ∈) V̂,(1 iVT  and ∈), i V̂(2T V , but is more tedious due to the fact 

that  is the operator with three terms under maximization. Let   3T

              )},(),1,(),,1(max{),(),( 212121321 xxVxxVRxxVriVTxxf ii ++++==  

We need to prove that 1 2( , )f x x satisfies the properties (a), (b) and (c). 

For Property (a), we first show that 1 2 1 2( , ) ( 1, )f x x f x x− + is increasing in 1x  or 

1 2( , )f x x is concave in 1x ,  i.e., 1 2 2 1 2( , 1, ) ( ,1 2 1) ( 1, ) ( 2 )f x x x f x xf x x f x− + ≤ + − + . 

{ }
{ }

1 2 1 2 1 2 1 2 1 2

1 2 1 2 1 2

( , ) ( 1, ) max ( 1, ), ( , 1), ( , )

max ( 2, ), ( 1, 1), ( 1, )
i i

i i

f x x f x x r V x x R V x x V x x

r V x x R V x x V x x

− + = + + + +

− + + + + + +
  (A15) 
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{ }
{ }

1 2 1 2 1 2 1 2 1 2

1 2 1 2 1 2

( 1, ) ( 2, ) max ( 2, ), ( 1, 1), ( 1, )

max ( 3, ), ( 2, 1), ( 2, )
i i

i i

f x x f x x r V x x R V x x V x x

r V x x R V x x V x x

+ − + = + + + + + +

− + + + + + +
(A16) 

Checking through different cases, we have 

{ }

{ }

1 2 1 2 1 2 1 2

1 2 1 2

1 2 1 2

1 2 1 2 1 2 1

( 1, ) max ( 2, ), ( 1, 1), ( 1, )
( 1, ) ( 2, )
( 2, ) ( 3, )

max ( 2, ), ( 1, 1), ( 1, ) ( 3, )

i i i

i i

i i

i i i

r V x x r V x x R V x x V x x
r V x x r V x x
r V x x r V x x

r V x x R V x x V x x r V x x

+ + − + + + + + +

≤ + + − − +

≤ + + − − +

≤ + + + + + + − − + 2

 (A17) 

{ }

{ }

1 2 1 2 1 2 1 2

1 2 1 2

1 2 1 2

1 2 1 2 1 2 1 2

( 1, ) max ( 2, ), ( 1, 1), ( 1, )
( 1, ) ( 2, )
( 1, 1) ( 2, 1)

max ( 2, ), ( 1, 1), ( 1, ) ( 2, 1

i i i

i i

i i

i i i

r V x x r V x x R V x x V x x
r V x x r V x x
R V x x R V x x

r V x x R V x x V x x R V x x

+ + − + + + + + +

≤ + + − − +
≤ + + + − − + +

≤ + + + + + + − − + )+

(A18) 

{ }

{ }

1 2 1 2 1 2 1 2

1 2 1 2

1 2 1 2

1 2 1 2 1 2 1 2

( 1, ) max ( 2, ), ( 1, 1), ( 1, )
( 1, ) ( 1, )
( 2, ) ( 2, )

max ( 2, ), ( 1, 1), ( 1, ) ( 2, )

i i i

i

i

i i

r V x x r V x x R V x x V x x
r V x x V x x
r V x x V x x

r V x x R V x x V x x V x x

+ + − + + + + + +

≤ + + − +

= + + − +

≤ + + + + + + − +

  (A19) 

Combining (A17), (A18) and (A19), yields  

{ }
{ }
{ }

1 2 1 2 1 2 1 2

1 2 1 2 1 2

1 2 1 2 1 2

( 1, ) max ( 2, ), ( 1, 1), ( 1, )

max ( 2, ), ( 1, 1), ( 1, )

max ( 3, ), ( 2, 1), ( 2, )

i i i

i i

i i

r V x x r V x x R V x x V x x

r V x x R V x x V x x

r V x x R V x x V x x

+ + − + + + + + +

≤ + + + + + +

− + + + + + +

  (A20) 

Similarly we can obtain  

{ }
{ }
{ }

1 2 1 2 1 2 1 2

1 2 1 2 1 2

1 2 1 2 1 2

( , 1) max ( 2, ), ( 1, 1), ( 1, )

max ( 2, ), ( 1, 1), ( 1, )

max ( 3, ), ( 2, 1), ( 2, )

i i i

i i

i i

R V x x r V x x R V x x V x x

r V x x R V x x V x x

r V x x R V x x V x x

+ + − + + + + + +

≤ + + + + + +

− + + + + + +

  (A21) 

and  

{ }
{ }
{ }

1 2 1 2 1 2 1 2

1 2 1 2 1 2

1 2 1 2 1 2

( , ) max ( 2, ), ( 1, 1), ( 1, )

max ( 2, ), ( 1, 1), ( 1, )

max ( 3, ), ( 2, 1), ( 2, )

i i

i i

i i

V x x r V x x R V x x V x x

r V x x R V x x V x x

r V x x R V x x V x x

− + + + + + +

≤ + + + + + +

− + + + + + +

  (A22) 

Combining (A20), (A21) and (A22) together we have 
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{ }
{ }
{ }
{ }

1 2 1 2 1 2

1 2 1 2 1 2

1 2 1 2 1 2

1 2 1 2 1 2

max ( 1, ), ( , 1), ( , )

max ( 2, ), ( 1, 1), ( 1, )

max ( 2, ), ( 1, 1), ( 1, )

max ( 3, ), ( 2, 1), ( 2, )

i i

i i

i i

i i

r V x x R V x x V x x

r V x x R V x x V x x

r V x x R V x x V x x

r V x x R V x x V x x

+ + + +

− + + + + + +

≤ + + + + + +

− + + + + + +

 

To check for the second half of Property (a), we need to show that for any integers  within 

feasible region, . Since 

),( 21 xx

1 2 1 2 1 2 1 2( , ) ( 1, ) ( , 1) ( 1, 1)f x x f x x f x x f x x− + ≤ + − + +

{ }
{ }

1 2 1 2 1 2 1 2 1 2

1 2 1 2 1 2

( , ) ( 1, ) max ( 1, ), ( , 1), ( , )

max ( 2, ), ( 1, 1), ( 1, )
i i

i i

f x x f x x r V x x R V x x V x x

r V x x R V x x V x x

− + = + + + +

− + + + + + +
    (A23) 

{ }
{ }

1 2 1 2

1 2 1 2 1 2

1 2 1 2 1 2

( , 1) ( 1, 1)
max ( 1, 1), ( , 2), ( , 1)

max ( 2, 1), ( 1, 2), ( 1, 1)
i i

i i

f x x f x x
r V x x R V x x V x x

r V x x R V x x V x x

+ − + +

= + + + + + +

− + + + + + + + +

  (A24) 

Checking through different cases, we have 

{ }

{ }

1 2 1 2 1 2 1 2

1 2 1 2

1 2 1 2

1 2 1 2 1 2 1 2

( 1, ) max ( 2, ), ( 1, 1), ( 1, )
( 1, ) ( 2, )
( 1, 1) ( 2, 1)

max ( 1, 1), ( , 2), ( , 1) ( 2, 1)

i i i

i i

i i

i i i

r V x x r V x x R V x x V x x
r V x x r V x x
r V x x r V x x

r V x x R V x x V x x r V x x

+ + − + + + + + +

≤ + + − − +

≤ + + + − − + +

≤ + + + + + + − − + +

 

{ }
{ }

1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

( 1, ) max ( 2, ), ( 1, 1), ( 1, )

max ( 1, 1), ( , 2), ( , 1) ( 1, 2
i i i

i i i

r V x x r V x x R V x x V x x

r V x x R V x x V x x R V x x

+ + − + + + + + +

≤ + + + + + + − − + + )
 

{ }
{ }

1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

( 1, ) max ( 2, ), ( 1, 1), ( 1, )

max ( 1, 1), ( , 2), ( , 1) ( 1, 1)
i i i

i i

r V x x r V x x R V x x V x x

r V x x R V x x V x x V x x

+ + − + + + + + +

≤ + + + + + + − + +
 

Combining the above three inequalities, we have 

{ }
{ }
{ }

1 2 1 2 1 2 1 2

1 2 1 2 1 2

1 2 1 2 1 2

( 1, ) max ( 2, ), ( 1, 1), ( 1, )

max ( 1, 1), ( , 2), ( , 1)

max ( 2, 1), ( 1, 2), ( 1, 1)

i i i

i i

i i

r V x x r V x x R V x x V x x

r V x x R V x x V x x

r V x x R V x x V x x

+ + − + + + + + +

≤ + + + + + +

− + + + + + + + +

 (A25) 

Similarly, we can obtain  

{ }
{ }
{ }

1 2 1 2 1 2 1 2

1 2 1 2 1 2

1 2 1 2 1 2

( , 1) max ( 2, ), ( 1, 1), ( 1, )

max ( 1, 1), ( , 2), ( , 1)

max ( 2, 1), ( 1, 2), ( 1, 1)

i i i

i i

i i

R V x x r V x x R V x x V x x

r V x x R V x x V x x

r V x x R V x x V x x

+ + − + + + + + +

≤ + + + + + +

− + + + + + + + +

 (A26) 
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{ }
{ }
{ }

1 2 1 2 1 2 1 2

1 2 1 2 1 2

1 2 1 2 1 2

( , ) max ( 2, ), ( 1, 1), ( 1, )

max ( 1, 1), ( , 2), ( , 1)

max ( 2, 1), ( 1, 2), ( 1, 1)

i i

i i

i i

V x x r V x x R V x x V x x

r V x x R V x x V x x

r V x x R V x x V x x

− + + + + + +

≤ + + + + + +

− + + + + + + + +

  (A27) 

Combining (A25), (A26) and (A27) concludes the second half of Property (a). It follows that 

Property (b) also applies due to the symmetry between 1x and  in the properties.  2x

Finally for Property (c), we first show that 1 2 1 2( 1, ) ( , 1f x x f x x )+ − +  is decreasing in 1x , 

that is, . Note that    1 2 1 2 1( 1, ) ( , 1) ( 2,f x x f x x f x+ − + ≥ + 2 1 2) ( 1, 1)x f x x− + +

{ }1 2 1 2 1 2 1 2( 1, ) max ( 2, ), ( 1, 1), ( 1, )i if x x r V x x R V x x V x x+ = + + + + + +  (A28) 

{ }1 2 1 2 1 2 1 2( , 1) max ( 1, 1), ( , 2), ( , 1)i if x x r V x x R V x x V x x+ = + + + + + +  (A29) 

{ }1 2 1 2 1 2 1 2( 2, ) max ( 3, ), ( 2, 1), ( 2, )i if x x r V x x R V x x V x x+ = + + + + + +  (A30) 

{ }1 2 1 2 1 2 1 2( 1, 1) max ( 2, 1), ( 1, 2), ( 1, 1)i if x x r V x x R V x x V x x+ + = + + + + + + + +  (A31) 

Checking for different cases, we have  

{ }

{ }

1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

max ( 2, ), ( 1, 1), ( 1, ) ( 1, 1)
( 2, ) ( 1, 1) ( 3, ) ( 2, 1)
( 3, ) max ( 2, 1), ( 1, 2), ( 1, 1)

i i i

i i i i

i i i

r V x x R V x x V x x r V x x
r V x x r V x x r V x x r V x x
r V x x r V x x R V x x V x x

+ + + + + + − − + +

≥ + + − − + + ≥ + + − − + +

≥ + + − + + + + + + + +

 

and 

{ }
{ }

1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

max ( 2, ), ( 1, 1), ( 1, ) ( 1, 1)

( 2, 1) max ( 2, 1), ( 1, 2), ( 1, 1)
i i i

i i i

r V x x R V x x V x x r V x x

R V x x r V x x R V x x V x x

+ + + + + + − − + +

≥ + + + − + + + + + + + +
 

 and  

{ }
{ }

1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

max ( 2, ), ( 1, 1), ( 1, ) ( 1, 1)

( 2, ) max ( 2, 1), ( 1, 2), ( 1, 1)
i i i

i i

r V x x R V x x V x x r V x x

V x x r V x x R V x x V x x

+ + + + + + − − + +

≥ + − + + + + + + + +
 

Combining the above three inequalities we have  

{ }
{ }
{ }

1 2 1 2 1 2 1 2

1 2 1 2 1 2

1 2 1 2 1 2

max ( 2, ), ( 1, 1), ( 1, ) ( 1, 1

max ( 3, ), ( 2, 1), ( 2, )

max ( 2, 1), ( 1, 2), ( 1, 1)

i i i

i i

i i

r V x x R V x x V x x r V x x

r V x x R V x x V x x

r V x x R V x x V x x

+ + + + + + − − + +

≥ + + + + + +

− + + + + + + + +

)

Using the same approach to the second and third term of (A29) respectively, we can obtain 
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{ }1 2 1 2 1 2 1 2max ( 2, ), ( 1, 1), ( 1, ) ( , 2)i i ir V x x R V x x V x x R V x x+ + + + + + − − +

{ }
{ }

1 2 1 2 1 2

1 2 1 2 1 2

max ( 3, ), ( 2, 1), ( 2, )

max ( 2, 1), ( 1, 2), ( 1, 1)
i i

i i

r V x x R V x x V x x

r V x x R V x x V x x

≥ + + + + + +

− + + + + + + + +

 

and 

{ }
{ }
{ }

1 2 1 2 1 2 1 2

1 2 1 2 1 2

1 2 1 2 1 2

max ( 2, ), ( 1, 1), ( 1, ) ( , 1

max ( 3, ), ( 2, 1), ( 2, )

max ( 2, 1), ( 1, 2), ( 1, 1)

i i

i i

i i

r V x x R V x x V x x V x x

r V x x R V x x V x x

r V x x R V x x V x x

+ + + + + + − +

≥ + + + + + +

− + + + + + + + +

 

)

Finally combining the above three inequality leads to   

{ }
{ }
{ }
{ }

1 2

1 2 1 2 1 2

1 2 1 2 1 2

1 2 1 2 1 2

1), ( 1, )

max ( 1, 1), ( , 2), ( , 1)

max ( 3, ), ( 2, 1), ( 2, )

max ( 2, 1), ( 1, 2), ( 1, 1)

i i

i i

i i

V x x

r V x x R V x x V x x

r V x x R V x x V x x

r V x x R V x x V x x

+ +

− + + + + + +

≥ + + + + + +

− + + + + + + + +

 

1 2 1 2max ( 2, ), ( 1,i ir V x x R V x x+ + + +

Thus, )  is decreasing in1 2 1 2( 1, ) ( , 1f x x f x x+ − + 1x . Similarly, it can be shown that, 

1 2 1 21, ) ( , 1)x f x x− + is incr(f x + easing in 2x , and ence Property (c) applies. Therefore,  h

∈)i V̂  if ˆV V∈ . ,(3 VT

We have shown that properties (a), (b) and (c) are preserved under the operators T1, T2 and 

T3. Since operator T is a linear and positive combination of T1, T2 and T3, and thus ∈),( nVT  

V̂ if ˆV V∈ . This completes the proof.  ■  
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5. Optimal Seat Allocation for Round-Trip/Two-Leg 
Problems 

In airline seat inventory management, the pool of identical seats is often divided into 

several fare classes. Booking requests are classified according to these fare classes. The 

fundamental issue of airline seat inventory control is concerned with the decision of whether 

accept or deny booking requests upon their arrivals at some point in time during the booking 

horizon. Previous research suggests that low-fare class passengers prefer booking earlier than 

high-fare class passengers. However, if too many seats are sold to low-fare class passengers, 

airline may lose the potential revenue from later high-fare class passengers. On the other hand, if 

many booking requests of the low-fare classes are denied, airlines may undertake the risk of 

having some vacant seats in the end. Thus, management tends to control the admission of various 

fare classes of passengers to maximize revenue.  

In this chapter, firstly, we study the round-trip problem which has a go-flight and a return-

flight. The management tries to maximize total revenue of these two flights. Booking requests are 

classified as three types. One is only for the go-flight. Another is only for the return flight. The 

third one is the round-trip booking requests for both of the two flights. Secondly, in case of two-

leg problem, a flight will firstly fly from origin to an intermediate stop and then from the 

intermediate stop to the destination. The first type passengers depart from the origin and get off at 

the intermediate stop. The second type passengers are on board at the intermediate stop and travel 

to the destination. The third type passengers travel directly from origin to destination. Essentially, 

for model formulation, the round-trip problem and two-leg problem are same except for the 

booking periods. In round-trip problem, the booking period of the return-flight is longer than the 

go-flight. As for two-leg problem, the booking periods for the two legs are nearly the same.   

From the above description, we formulate the round-trip/two-leg problem using discrete-

time Markov Decision Process (MDP). Consistent with other dynamic models, we assume that the 

booking period can be divided into many small intervals. Within each interval, at most one 

 
5.1 Introduction 
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booking request arrives. We consider both the single-seat booking case and the multiple-seat 

booking case. In the single-seat case, each booking request requires only one seat whereas it 

requires multiple seats in the multiple-seat booking case. In our research, we concentrate on 

characterization of the structure of the optimal booking policy.  

5.2 The Round-Trip Problem 

Suppose that there are two flights between two cities scheduled by an airline company. 

Flight 1

    

Figure 5.1:  The Scenario of the Round-Trip Problem 
 
.2.1 Dynamic Mod

 flights, n = N, N-1, … , 0. where N is the starting period of 

d for accepting a seat booking of class i of the go-flight 

ht  

e return-flight 

 is from city A to city B, termed as go-flight and Flight 2 is from city B to city A, termed 

as return-flight. It should be mentioned that the round-trip problem actually becomes single flight 

problem after the go-flight departure. But it does not affect our mathematical formulation and 

treatment. The airline tries to maximize the total revenue of these two flights. We assume that 

booking period horizon can be divided into subintervals so small that no more than one event 

happens in each of them. Booking requests can be classified into three types. The booking requests 

in the first two types are specifically for one of the two flights. The third type of booking requests 

is for both the go-flight and the return-flight. Passengers leave away and potential revenue is lost if 

their booking requests are denied. 

5 el Formulation 

n: the total decision periods for the two

booking and 0 is the ending period.  

m: the fare classes 

1ir : revenue incurre

2ir : revenue incurred for accepting a seat booking of class i of the return-flig

3ir : revenue incurred for a booking request of class i for both the go-flight and th

Flight 1 (go-flight) 

 Flight 2 (return-flight) 

City A City B 
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W

2ir , i = 1, 2,…, m.  

robab f a booking requ re class i in period n. .  

Then 

: seat capacity of each flight for i = 1, 2.   

ithout loss of generality, 11 12 1mr r r≥ ≥ ≥ , 21 22 2mr r r≥ ≥ ≥ , 31 32 3mr r r≥ ≥ ≥ ,  

3 1 2i i ir r r≤ +  and 3 max{ir ≥ 1 , }ir

n
jiP = p 1,2,3j =ility o est of type j and fa

0
nP = probability that no event happens in period n. 

in period n, n = N, N-1, … , 0, we have 

0 1 2 3( ) 1
m

n n n n
i i iP P P P+ + + =∑  

1i=

iC

ix : state variable indicating the seats already booked. Hence, i iC x−  is the remaining booking 

ca

evenue function from periods n to 0 given current booking state of 

pacity on each flight 

V(x1, x2): the expected r 1 2,x x .  

}−

(5-1) 

The dynamic programming equation is formulated as 

{( , ) ( , ) max
m

n n
n n iV x x P V x x P= +∑

{ }

{ }

1 2 0 1 1 2 1 1 1 1 2 1 1 2
1

2 2 1 1 2 1 1 2
1

3 3 1 1 2 1 1 2
1

( 1, ), ( , )

max ( , 1), ( , )

max ( 1, 1), ( , )

i n n
i

m
n
i i n n

i
m

n
i i n n

i

r V x x V x x

P r V x x V x x

P r V x x V x x

− −
=

− −
=

− −
=

+ +

+ + +

+ + + +

∑

∑

  

1 1 2 20 1 2 1 1 2 2( , ) ( ) ( )x C xV x x R x C I R x C I> >= − − − − C      (5-2) 

1 2 3, , }i i ir r  max{
i

where R r≥

1
0i i

i i
x C

i i

if x C
I

if x C>

>⎧
= ⎨ ≤⎩

 i = 1, 2 is the indicator function 

Remark: The form of the boundar for proof and computation. It can 

Define to be the set of functions on 

y (5-2) is a technical treatment 

be regarded as a two-dimension counterpart of that in Lautenbacher and Stidham (1999).  

5.2.2 Structures of the Optimal Booking Policy 

V̂ 2Z+ such that if ˆV V∈ , then: 
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a)  1 2 1 2 1 2( , ) ( 1, )V x x V x x x x− + ↑ ↓  

b) ( , ) ( , 1)V x V x x x x− + ↓ ↑1 2 1 2 1 2x  

c) V x x1 2 1 2 1 2( , ) ( 1, 1)x V x x x− + + ↑ ↑  

1 2 1 2 1 2( , ) ( 1, 1) ( )V x x V x x x x− + + ↑ +  d) 

Here, we use to denote nondecreasing and nonincreasing respectively. We know that 

perties a)  are the concavity and supermodularity of the value function V(x1, x2). For 

 and↑ ↓

and b)

 (V x

pro

supermodularity 2 1 2 1 2 1 21, 1) ( 1, ) ( , 1) ( , )n n nx V x x V x x V x x1n + + − + ≥ + − , we could interpret 

the inequality as follows. If at the state (x1, x2) we accept a booking request of type 2, then we 

accept it if curren ype 2 when x1 and x2 

number of seats are booked on go-trip/leg 1 and return-trip/leg 2 respectively, we will accept it 

when x1+1 and x2 number of seats are booked on go-trip/leg 1 and return-trip/leg 2 respectively.  

Furthermore, property c) is the so-called superconcave. Property d) indicates the concave of V(x1, 

x2) in direction 1 2( )e e+ where 1e and 2e are unit vectors. The concavity of V(x1, x2) in 1e , 2e an

t state is (x1+1, x2), i.e, if we accept a booking request of t

d 

ngers.  

Furtherm

1 2( )e e+ respectively, implies that there are thresholds for admission/rejection decisions for each 

type of the passe

ore, it is trivial to show that 1 2( , )V x x has following properties. For any integers 

0α > and 0β > ,  

P.a)  V x x V x x x xα− + ↑ ↓

( , (x

1 2 1 2 1 2( , ) ( , )  

P.b) 

 we are proceeding to analyze the structures of the optimal booking policy.  

e operators and  as:  

1 2 1 2 1 2) , )V x V x x x xβ− + ↓ ↑  

1 2 1 2 1 2 1 2( , ) ( , ) ( )V x x V x x x x x xα β− + + ↑ ↑ ↑ +  P.c) 

Next,

1,iT , 2,iT , 3,iT nTDefin

{ }1, 1 2 1 1 2 1 2i i( , ) max ( 1, ), ( , )T V x x r V x x V x x= + +  
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{ }2, 1 2 2 1 2 1 2( , ) max ( , 1), ( , )i iT V x x r V x x V x x= + +  

{ }3, 1 2 3 1 2 1 2( , ) max ( 1, 1), ( ,i iT V x x r V x x V x x= + + +  )

1 2 0 1 2 1 1 1 2 2 2 1 2 3 3 1 2
1 1 1

( , ) ( , ) ( , ) ( , ) ( , )
m m m

n n n n n
i i i i i i

i i i

T V x x P V x x P T V x x P T V x x P T V x x
= = =

= + + +∑ ∑ ∑  

n = N, N-1, …, 1 

, thenLemma 5.1 IfV ∈V̂ 1, 2, 3,
ˆ, , n

i i iT V T V T V and T V V∈ . 

Proof: The pro n appeof is i ndix.  ■ 

h case-by-case checking which is quite straightforward. It 

ng lemma: 

mponentwise concave and supermodular.  

 

The proof for Lemma 5.1 is throug

considers all cases including those overbooking cases that do not exist. We teat it as if 

overbooking is allowed regardless of capacity constraints on two flights.  The technical treatment 

of the boundary (5-2) which has a high penalty on overbooking ensures that it is always optimal to 

reject the overbooking requests. Such treatment can simplify the proofs by removing discussion on 

the boundary cases of the state variable.  

Based on lemma 5.1, we have the followi

Lemma 5.2 The optimal value function Vn(x1, x2) is co

Proof: This lemma is proved by induction. Firstly, it can be readily checked that V0(x1, x2) belongs

to V̂ according to its definition. Then suppose that it still hold for Vn-1(x1, x2). Based on value 

iteration 1 2 1 1 2( , ) ( , )n
n nV x x T V x x−= , n = 1, 2, ... N, we obtain 1 2

ˆ( , )nV x x V∈ . Therefore, Vn(x1, x2) 

is superm e concave for n = 0, 1, …, N tes the proof.  ■  

Based on a), b), c) and d),   we continue our discussion on the structures of the optimal policy. 

odular and componentwis . This comple

n = 1, 2, …, N 

Define three functions for each fare class i as: 

1 2 1 1 2 1 2( , ) min{ | ( , ) ( 1, )n n n 1 20, }iS x i x V x x V x x r given x= − + − ≥  

2 1 2 1 2 1 2 2 1( , ) min{ | ( , ) ( , 1) 0, }n n n iS x i x V x x V x x r given x= − + − ≥  

3 1 2 1 2 1 2 3 1( , ) min{ | ( , ) ( 1, 1) 0, }n n n iS x i x V x x V x x r given= − + + − ≥  x
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( , )nS ⋅ ⋅

o not

Remark: We will suppress i in for the simplification of notations. The variations of 

i

 Hence, 

unctions.  

constants , ,r r r for fare class i d  change the monotone properties of the above defined 

functions. for each fare class i we have such kind of three functions.  

Then the following lemma illustrates the monotonicity pattern of the defined f

1 2 3i i

Lemma 5.3 The curve 1 2( )nS x is nondecreasing in 2x ; 2 1( )nS x is nondecreasing  1xin and 

g 3 1n ( )S x is nonincreasin in 1x .  

Proof: First we p vero  the existence of , i.e.,  

2

 1 2( )nS x

  { | ( , ) ( 01 1 2 1 2 11, ) , }n n ix V x x V x r− + ≥x given x−   

is a nonempty set. The boundary condition implies that 

ore, inductively, we can prove that 

i

 a giv 2, is the least value of 

0 1 2 0 1 2 1 1( , ) ( 1, ) 0i iV C x V C x r R r− + − = − ≥ . Furtherm

1 2 1 2 1 1( , ) ( 1, ) 0n n iV C x V C x r R r− + − = − ≥  

Similarly, we can prove the existence of n

for any n. This implies the existence of ( )S x . 

( ) and ( )nS x .  

From the definitions, we know that for en x

1 2n

2 1S x 3 1

1 2( )nS x 1x  satisfying 

) is the least value satisfying 0

1 2 2 1 2 2 1n n n n i( ( ), ) ( ( ) 1, ) 0V S x x V S x x r− + − ≥  , and  

( 1x1 2( 1nS x + 1 2 2 1 2 2 1( ), 1) ( ( 1) 1, 1)n n n n iV S x V S x x r+ + − + + + − ≥  

From the su , we have  

0

Since is the least value of 

permodularity of ( , )V x x1 2n

1 2 2 1( ( 1), ) ( ( )V S x x V S x r+ − −2 2 1

1 2 2 1 2 2 1

1) 1,
( ( 1), 1) ( ( 1) 1, 1)

n n n n i

n n n n i

x
V S x x V S x x r

+ +
≥ + + − + + + − ≥

 

1 2( )nS x 1x  satisfying 

e have )1 2 2 1 2 2 1( ), )n n n n ix x( ) ( ( ) 1, 0V S V S x x r− + − ≥ , w  1 2 1 2( 1) (n nS x S x+ ≥ .  

Therefore, is nondecreasing in1 2( )nS x 2x .  

no ecreasing iSimilarly, we can prove that 2 1( )nS x is nd n 1x .  

For ( )S x , we have ( , ( 1, ( ) 1)V x S V x S x− +3 1n 1 3 1 1 3 1 3( )) 0n n n n ix r+ − ≥   
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The property c) )n from  we obtain 01 3 1 1 3 1 3( 1, ( )) ( 2, ( 1)n n n n iV x S x V x S x r+ − + + − ≥ .  

isfying 



  

Accept  
S1 

Reject  

( x1, x2 ) 

( x1-1, x2 ) ( x1-2, x2 ) 

( x1-1, x2-1 ) ( x1-2, x2 -1) 

C1 

C2 

Figure 5.2:  The ‘Slope’ of the Switching Curve  1 2( )nS x

From the definition of , we can infer that 1 2( )nS x 1 2( 2, 1x x )− −

2 )x

is strictly on the left of 

and is on the left or on the . This means that the ‘slope’ of switching 

curve is greater than or equal to 1. Similarly, we can prove the result of .  ■  

1 2( )nS x

nS

1( 1,x x−

2 )x

2 1)− 1 (nS

1 ( 2 1( )nS x

From the ‘slope’ of and , we know that once the two curves may insect at some 

point, then they go away and never meet again, e.g., there is at most one intersection point for S1 

and S2.  

1 2( )nS x 2 1( )nS x

Theorem 5.1 The structure of the optimal booking policy is characterized by three state-dependent 

monotone switching curves.  

Proof: On the right side of , for a fixed1 2( )nS x 2x , from 1 1 2( )nx S x≥ we have 

1 2 1 2 1 1 2 2 1 2 2 1( , ) ( 1, ) ( ( ), ) ( ( ) 1, ) 0n n i n n n nV x x V x x r V S x x V S x x r− + − ≥ − + − ≥i . 

This inequality reads that it is optimal to reject the booking request. Otherwise, for a fixed 2x , 

accept the booking request when 1x is on the left side of the curve . Based on lemma 5.3, 

we know that is monotone and nondecreasing in

1 1( )nS x

1 2( )nS x 2x . Hence, such monotone switching 

curve divides the state space into two regions which are the rejection area and the acceptance area 

respectively.  

 78

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



For , above the curve, for a fixed2 1( )nS x 1x , from 2 2 1( )nx S x≥  we have 

1 2 1 2 2 1 2 1 1 2 1 2( , ) ( , 1) ( , ( )) ( , ( ) 1) 0n n i n n n n iV x x V x x r V x S x V x S x r− + − ≥ − + − ≥ .  

Therefore, it is optimal to reject a type 2 booking request when current state is above . 

Otherwise accept it when 

2 1( )nS x

2x is below . For each fixed2 1( )nS x 1x , can be regarded as the 

critical points for the acceptance/denial decision. This monotone switching curve divides the state 

space into two decision regions.  

2 1( )nS x

As for , for fixed3 1( )nS x 1x , when 2 3 1( )nx S x≥ , we have 

1 2 1 2 3 1 3 1 1 3 1 3( , ) ( 1, 1) ( , ( )) ( 1, ( ) 1) 0n n i n n n nV x x V x x r V x S x V x S x r− + + − ≥ − + + − ≥i . 

Therefore it is optimal to reject the booking request. Below , it is optimal to accept the 

booking request for both go-flight and return-flight.  ■ 

3 1( )nS x

From definitions, we know that for each booking period and each fare class, we have such kind of 

three switching curves.   

   

x1 

x2 
S1 

S2 
0 

1 

 2 

1, 2 
1, 3 

1, 2 and 3 
2, 3 

C2 

C1 

S3 

Figure 5.3:  The Switching Curves for Three Types of Booking Requests 

Figure 5.3 is composed of three graphs which are for type 1, type 2 and type 3 booking requests, 

respectively. In each graph, there is a switching curve. Here, we combine these three graphs 

together in a single graph for convenience since there is at most one booking request during each 

booking period according to our model assumption. Thus, three switching curves divide the 

feasible region into several decision areas in which decisions are denoted by 0, 1, 2 and 3 
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respectively. Here, 0, 1, 2 and 3 denote reject, accept to go-flight, accept to return-flight and accept 

to both flights, respectively. For instance, in the area with decisions 1, 2 and 3, it means that when 

current state of two fights lies in this region, it is optimal to accept all types of booking requests.  

5.2.3 Further Properties of the Optima Value Function 

In addition to the structure properties derived in the preceding section, the optimal value function 

has some other monotone properties.  

Proposition 5.1 The optimal value function Vn(x1, x2) is nonincreasing in 1x and 2x . 

Proof: The proof is by induction. It is evident that V0(x1, x2) is nonincreasing in 1x and 2x , we 

assume that Vn-1(x1, x2) is nonincreasing in 1x and 2x . We have 

{ }
{ }

1, 1 2 1, 1 2 1 1 1 2 1 1 2

1 1 1 2 1 1 2

( 1, ) ( , ) max ( 2, ), ( 1, )

max ( 1, ), ( , )
0

i i i n n

i n n

TV x x TV x x r V x x V x x

r V x x V x x
− −

− −

+ − = + + +

− + +

≤

 

Hence, is nonincreasing in1,iTV 1x . Similarly, we can prove that it is nonincreasing in 2x .By the 

same argument, we can prove that and are all nonincreasing in 2,iTV 3,iTV 1x and 2x . Finally, from 

(5-1), we see that the nonnegative linear combination of these nonincreasing functions is still a 

nonincreasing function. Therefore, Vn(x1, x2) is nonincreasing in 1x and 2x .  ■ 

Define following operators:  

1 1 2 1 2 1 2( , ) ( 1, ) ( , )DV x x V x x V x x= + − ,  

2 1 2 1 2 1 2( , ) ( , 1) ( , )D V x x V x x V x x= + − , 

1 2 1 2 1 2( , ) ( 1, 1) ( , )DV x x V x x V x x= + + − ,  

Then we have the following proposition. 

Proposition 5.2 Optimal value function Vn(x1, x2) is nondecreasing in period n for given x1 and x2.  

Proof: From (5-1) and , we have  0 1 2 3
1

(
m

n n n n
i i i

i
P P P P

=

+ + +∑ ) 1=
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{ } {

{ }

1 2 1 1 2 1 2 1 1 2 0 1 2 3
1

0 1 1 2 1 1 2

1 1 1 1 1 2 2 2 2 1 1 2
1 1

3 3 1 1 2
1

( , ) ( , ) ( , ) ( , ){ ( )}

{ ( , ) ( , )}

max ( , ),0 max ( , ),0

max ( , ),0

m
n n n

n n n n i i
i

n
n n

m m
n n
i i n i i n

i i

m
n
i i n

i

V x x V x x V x x V x x P P P P

P V x x V x x

P r DV x x P r D V x x

P r DV x x

− −
=

− −

− −
= =

−
=

− = − + + +

= −

+ + + +

+ +

∑

∑ ∑

∑

}

n
i

≥

 (5-3) 

It is evident that each of four terms on the RHS of (5-3) is no less than 0. Hence, 

and Vn(x1, x2) is nondecreasing in period n.  ■ 1 2 1 1 2( , ) ( , ) 0n nV x x V x x−−

Proposition 5.3 For given 1x and 2x ,  is nonincreasing in period n.  1 2( , )nDV x x

Proof: We need to prove that 1 2 1 1 2( , ) ( , )n nDV x x DV x x−≤ .  

Based on (5-1) and (5-3), we have 

1 2 1 1 2

1 2 1 1 2 1 2 1 1 2

( , ) ( , )
( 1, 1) ( 1, 1) { ( , ) ( , )

n n

n n n n

DV x x DV x x
V x x V x x V x x V x x

−

− −

−
= + + − + + − −

{ }

{ }

{ }

{ }

{ } {

1 1 1 1 1 2
1

1 1 1 1 2

2 2 2 1 1 2
1

2 2 1 1 2

3 3 1 1 2 3 1
1

{max ( 1, 1),0

max ( , ),0 }

{max ( 1, 1),0

max ( , ),0 }

{max ( 1, 1),0 max ( ,

m
n
i i n

i

i n

m
n
i i n

i

i n

m
n
i i n i n

i

P r DV x x

r DV x x

P r D V x x

r D V x x

P r DV x x r DV

−
=

−

−
=

−

− −
=

= + + +

− +

+ + + +

− +

+ + + + − +

∑

∑

∑

}

}

)

              

  (5-4) 

1 2 ),0 }x x

Based on properties c) and d), it is not difficult to show that each of the three terms on the RHS of 

(5-4) is no more than 0. Hence, is nonincreasing in period n.  ■ 1 2( , )nDV x x

Proposition 5.3 tells that the optimal value function has modularity in 1 2( ,x x n+ . Therefore, there 

are time thresholds for type 3 booking requests. We can define critical period 

*
1 2 1 2 1 2 3( , , ) min{ | ( , ) ( 1, 1) 0}n n in x x i n V x x V x x r= − + + − ≥  

For , at current state *n n≥ 1 2( , )x x

1 2( 1,n x+

, it is optimal to reject the type 3 booking request of fare class i 

since V x ; otherwise, when 1 2 3) 1)n ix r V x≥ + +( , *n n< , it is optimal to accept type 3 
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booking request. It tends to accept a booking request when the booking period approaches the end, 

i.e., n approaches 0.  

Unfortunately, due to the loss of monotone properties of and , we cannot 

define the critical period and for fare class i of type 1 and type 2 

booking requests respectively. The reason is given as follow.  

1 1 2( , )nDV x x

)

2 1 2( , )nD V x x

*
1 1 2( , , )n x x i *

2 1 2( , ,n x x i

For the monotonicity of , we need to prove that 1 1 2( , )nDV x x 1 1 2 1 1 1 2( , ) ( , )n nDV x x DV x x−≤ . Based 

on (5-1), we have 

1 1 2 1 1 1 2

1 2 1 2 1 1 2 1 1 2

( , ) ( , )
( 1, ) ( , ) { ( 1, ) ( , )

n n

n n n n

DV x x DV x x
V x x V x x V x x V x x

−

− −

−
= + − − + − }

}

}

}}

)

 

{ } {

{ } {

1 1 1 1 2 1 1 2 1 1 1 2 1 1 2
1

2 2 1 1 2 1 1 2 2 1 1 2 1 1 2
1

3 3 1 1 2

{max ( 2, ) ( 1, ),0 max ( 1, ) ( , ),0 }

{max ( 1, 1) ( 1, ),0 max ( , 1) ( , ),0 }

{max ( 2, 1)

m
n
i i n n i n n

i
m

n
i i n n i n n

i

n
i i n n

P r V x x V x x r V x x V x x

P r V x x V x x r V x x V x x

P r V x x V

− − − −
=

− − − −
=

− −

= + + − + − + + −

+ + + + − + − + + −

+ + + + −

∑

∑

{ } {1 1 2 3 1 1 2 1 1 2
1

( 1, ),0 max ( 1, 1) ( , ),0
m

i n n
i

x x r V x x V x x− −
=

+ − + + + −∑

 

Noted that the first term and the third term of the RHS of the last equality is less than or equal to 

zero. Therefore, we need to show that the second term of the RHS is also less than or equal to zero. 

Unfortunately, we cannot ensure that it is less than or equal to zero since 

, which is supermodularity of 

value function based on our structural property. Hence, we can not ensure that is 

nonincreasing in period n. Similar case applies to .  

1 1 2 1 1 2 1 1 2 1 1 2( 1, 1) ( 1, ) ( , 1) ( ,n n n nV x x V x x V x x V x x− − − −+ + − + ≥ + −

2 1 2( , )nD V x x

1 1 2( , )nDV x x

Intuitively, when in period n, for type 2 are relatively higher than and , it tends to accept 

a booking request of type 2. After the acceptance a type 2, it tends to reject a type 3 at current 

period to reserve seat capacity for future type 3 booking request. Consequently, it might reject a 

fare class of type 1 that could be accepted at earlier period due to the lack of competitive 

advantage over future type 3 booking requests.  

2
n
iP 1

n
iP 3

n
iP
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Therefore, for the round-trip/two-leg problem, due to the interactions of three types of booking 

requests, a fare class of type 1 and type 2 that can be accepted at an earlier period but might be 

rejected at a later period. This is different from the single-flight or single-leg problems which have 

the monotonicity of that ensures a fare class accepted at earlier period will be accepted at 

the later periods.  

( )DV x

We use a numerical study to confirm the above conclusion. Please refer to the numerical example 

section for the results.  

Proposition 5.4  The switching curves , and are monotonically 

nonincreasing in fare i.  

1 2( , )nS x i 2 1( , )nS x i 3 1( , )nS x i

Proof: First for the switching curve , we need to prove that . 

Here, we use counter proof. From definition and assumption, we have 

1 2( , )nS x i 1 2 1 2( , ) ( , 1)n nS x i S x i≥ +

1 2 2 1 2 2 1( ( , ), ) ( ( , ) 1, ) 0n n n n iV S x i x V S x i x r− + − ≥

+

 

1 2 2 1 2 2 1, 1( ( , 1), ) ( ( , 1) 1, ) 0n n n n iV S x i x V S x i x r ++ − + + − ≥ .  

If , then 1 2 1 2( , ) ( , 1)n nS x i S x i< 1 2 2 1 2 2 1, 1( ( , ), ) ( ( , ) 1, ) 0n n n n iV S x i x V S x i x r +− + − < and  

1 2 2 1 2 2 1( ( , ), ) ( ( , ) 1, )n n n nV S x i x V S x i x r− + i− 1 2 2 1 2 2 1,0 ( ( , ), ) ( ( , ) 1, )n n n n iV S x i x V S x i x r 1+≥ > − + −  

From the above inequality, we can infer that 1 1,i ir r 1+< ,  which is conflict with . Hence, 

 holds.   

1 1,i ir r +≥ 1

+1 2 1 2( , ) ( , 1)n nS x i S x i≥

The same results can be easily derived for and . Then the three switching 

curves are all monotonically nonincreasing in fare i.   ■ 

2 1( , )nS x i 3 1( , )nS x i

Proposition 5.4 is intuitive. It is more likely to reject a booking request of lower fares classes. The 

higher the fare class, the less of the chance of being rejected. Graphically, rejection areas of the 

high fare classes are monotonically smaller than those of lower fare classes.  

Proposition 5.5 The switching curve is monotonic in period n.  3 1( )nS x

Proof: For and , we have 3 1( )nS x 3, 1 1( )nS x−
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3 1 2 1 2 1 2 3 1( ) min{ | ( , ) ( 1, 1) 0, }n n n iS x x V x x V x x r given x= − + + − ≥  and 

3, 1 1 2 1 1 2 1 1 2 3 1( ) min{ | ( , ) ( 1, 1) 0, }n n n iS x x V x x V x x r given x− − −= − + + − ≥  

By proposition 4.3, we haveV x1 2 1 2 1 1 2 1 1 2( , ) ( 1, 1) ( , ) ( 1, 1)n n n nx V x x V x x V x x− −− + + ≥ − + +

3, 1 1 3

1 1 3, 1 1 3

1, ( ) 1)
( 1, ( ) 1) 0

n i

n n i

S x r
x S x r

− −

− −

+ −

+ + − ≥( ) 1) 0
n i

n n i

S x r
x S x r

− −

− −

+ −

+ + − ≥

. Thus, 

  1 3, 1 1 1

1 1 3, 1 1

( , ( )) (
( , ( ))

n n n

n n

V x S x V x
V x S x V− −

− +

≥ −
n n n

n n

V x S x V x
V x S x V− −

− +

≥ −

Since is the least value satisfyingV xSince is the least value satisfying3 1( )nS x3 1( )nS x 1 2 1 2 3( , ) ( 1, 1) 0n nx V x x r1 2 1 2 3( , ) ( 1, 1) 0n nV x x V x x r ii− + + − ≥ , for any fixed 1x , 

we have . Thus is monotonic in period n.  ■ 3 1( )S x 3, 1 1( )n nS x−≤ 3 (nS 1)x

Proposition 5.5 tells us that it is less likely to reject type 3 booking requests as time approaching 

the end of the booking horizon.  

5.3 The Two-Leg Problem 

For the two-leg problem, if formulated as the discrete-time Markov decision process, the model is 

exactly the same as the round-trip problem that we have already studied. The structure of the 

optimal booking policy for two-leg problem is also characterized by monotone switching curves. 

Other monotone properties of the optimal value function are also preserved. The difference is the 

booking periods that we have mentioned in the introduction section.  

Type 1 passengers Type 2 passengers     

City A City B City C 

Type 3 passengers 
   

Figure 5.4:  The Scenario of the Two-Leg Problem 
 

5.4 Deterministic Linear Programming to Solve the Two-Leg Problem 

For any realistic size of airline revenue management problem, it is hard to implement the 

computation because of the large dimensionality of the state space. Various approximation 

methods have been proposed to make the computation feasible. Among the widely used methods, 
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deterministic linear programming approach proved to be a simple and efficient one.  For the round-

trip/two-leg problem, let [ij ij ]E Dμ = , i = 1, 2, …, m   j = 1, 2, 3 be the mean of the total demand 

of fare class i and type j passengers. The decision variables ijy , i = 1, 2, … , m   j = 1, 2, 3 denote 

the partitioned allocation of capacity for each fare class and type of passengers. The deterministic 

linear programming (DLP) method is used to solve static seat capacity allocation by treating 

demands as deterministic ones with ijμ ,  i = 1, 2, …, m   j = 1, 2, 3.  

3

1 1

max
m

ji ijy j i

r y
= =
∑∑                                                              (5-5) 

1 3
1 1

. .
m m

i i
i i

s t y y C
= =

1+ ≤∑ ∑           (5-6) 

2 3
1 1

m m

i i
i i

y y
= =

2C+ ≤∑ ∑                                                         (5-7) 

0 1, 2,ij ijy i m j 1, 2,3μ≤ ≤ = =                                     (5-8) 

Constraint (5-6) denotes that the total capacities for type 1 and type 3 passengers are no more than 

C1 which is the capacity of go-trip or the first leg. Constraint (5-7) has the same meaning as (5-6). 

Last constraints (5-8) are the total demand constraints indicating that the allocated capacity to each 

fare class and type of passenger is no more than the mean of its total demand. Here, we use the 

optimal prime solution *
ijy for the DLP to construct a partitioned control. We regard

1

m

ij
i

y
=
∑ , j = 1, 2, 

3 as the capacities for type 1, type 2 and type 3 passengers respectively. Thereafter, for each type 

of passengers, the one-dimensional dynamic model could be used for seat inventory control. The 

DLP method simplifies the analysis of the original complex problem and greatly reduces the 

computation workload for practical issues.  Furthermore, it is convenient to formulate the multi-leg 

problem in DLP and solve it in the same way.  

5.5 Extension to the Multiple-Seat Booking Problem 

For single-leg multi-class multiple-seat booking problem, Brumelle and Walczak (2003) show the 

optimality of booking limit policy if partial acceptance of the multiple-seat booking request is 
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allowed. Such partial acceptance is classified into the cases “that is, given a demand for k >1 units, 

we can sell any quantity u in the range ku ≤≤1 , and the customer is willing to buy any amount 

in this range”— Talluri and van Ryzin (2004). Here, in this section, we investigate the extension to 

the two-leg multi-class multiple-seat booking problem. We allow that multiple demands can be 

partially satisfied. Thus, the structure of the optimal booking policy has been characterized as 

monotone switching curves. According to our knowledge, such issue has never been addressed 

before.  

It is often the case that a passenger may demand multiple seats. It is natural to make an assumption 

that the number of seats of each booking request is a finite discrete random variable.  The random 

variables of multiple seats for three types of booking requests are , and 

respectively, where          

1 1( )q d 2 2( )q d

3 3( )q d

       
1

1

1 1
1

( ) 1
Q

d
q d

=

=∑ , 
2

2

2 2
1

( ) 1
Q

d
q d

=

=∑ and 
3

3

3 3
1

( ) 1
Q

d

q d
=

=∑  

Here, for simplicity of notations, we assume that distributions for multiple seats are identical for 

all fare classes and identical throughout the whole booking horizon. To be noted, practically, we 

can make it different the probability distribution for each fare class and in each booking period. 

Such a refinement will not affect our following analysis.  

Define operators , , and  as:  1,iT 2,iT 3,iT nT

{ }
{ }

1 1
1, 1 1 1 10 ,

( ) max ( )i ij d C
T V x j r V x j e

≤ ≤
= + +  

{ }
{ }

2 2
2, 2 2 2 20 ,

( ) max ( )i ij d C
T V x j r V x j e

≤ ≤
= + +  

{ }
{ }

3 3
3, 3 3 3 1 3 20 ,

( ) max ( )i ij d C
T V x j r V x j e j e

≤ ≤
= + + +  

31 2

1 2 3

0 1 1 1 1 2 2 2 2 3 3 3
1 1 1 1 1 1

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
QQ Qm m m

n n n n n
i i i i i i

i d i d i d

T V x P V x P q d T V x P q d T V x P q d T V x
= = = = = =

= + + +∑∑ ∑∑ ∑∑ 3  
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Where, n = N, N-1, …, 1. , and are the acceptance/rejection operators 

for type 1, type 2 and type 3 booking requests, respectively. Then the dynamic programming 

equation is 

1, ( )iT V x 2, ( )iT V x 3, ( )iT V x

1( ) ( )n
n nV x T V x−=  

Lemma 5.5 If , thenˆV V∈ 1, 2, 3,
ˆ, , n

i i iT V T V T V and T V V∈ . 

Proof: The proof is in appendix.   ■ 

Based on a), b), c) and d), we continue our discussion on the structures of the optimal policy. 

Define following functions for each fare class i and each number of demand dj as: 

1 2 1 1 1 1 2 1 1 2 1 2( , , ) min{ | ( 1, ) ( , ) 0, }n j n j n j iS x i d x V x d x V x d x r given x= + − − + − ≥  

2 1 2 2 1 2 2 1 2 2 2 1( , , ) min{ | ( , 1) ( , ) 0, }n j n j n j iS x i d x V x x d V x x d r given x= + − − + − ≥  

3 1 3 2 1 3 2 3 1 3 2 3 3 1( , , ) min{ | ( 1, 1) ( , ) 0, }n j n j j n j j iS x i d x V x d x d V x d x d r given x= + − + − − + + − ≥  

n = 1, 2, … N, i = 1, 2, … m, d1j = 1, 2, …, Q1, d2j = 1, 2, …, Q2 and d3j = 1, 2, …, Q3.  

Lemma 5.6 Switching curve is nondecreasing in1 2 1( , , )nS x i d j 2x for fixed ; is nonincreasing in 

for fixed

1 jd

1 jd 2x . is nondecreasing in 2 1( , ,nS x i 2 )jd 1x  for fixed ; is nonincreasing in  for 

fixed 

2 jd 2 jd

1x . is nonincreasing in 3 1( ,S x 3, )n ji d 1x  for fixed ; is nonincreasing in  for fixed 3 jd 3 jd

1x .  

Proof: The proof for the monotonicity of switching curves with respect to its two arguments can 

be derived in the same way as those of Lemma 5.3. It is also straightforward to demonstrate that 

switching curves are monotone nonincreasing with respect to the number of demand. For instance, 

for , from its definition, we have 1 2 1( , , )nS x i d j

+

1 2 1 1 2 1 2 1 1 2 1( ( , , ) 1, ) ( ( , , ) , ) 0n n j j n n j j iV S x i d d x V S x i d d x r+ − − + − ≥ and 

1 2 1 1 2 1 2 1 1 2 1( ( , , 1) 1, ) ( ( , , 1) , ) 0n n j j n n j j iV S x i d d x V S x i d d x r+ + − − + + − <  

Hence, our result holds.   ■ 1 2 1 1 2 1( , , ) ( , , 1)n j n jS x i d S x i d≥
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Theorem 5.2 The optimal booking policy is characterized by state-dependent monotone switching 

curves.  

Proof: It is quite straightforward to obtain the result based on lemma 5.5 and lemma 5.6.    ■ 

5.6 Extension to the Multi-Leg Problem 

Suppose that there are l + 1 number of airport nodes and m number of fare classes. We 

formulate the multi-leg problem as a discrete-time Markov decision process. The dynamic 

programming equation is written as follow:  

{ }
1

0 1 , , , , 1 , 1
0 1 1

( ) ( ) max ( ), ( )
l l m

n n
n n i j k i k j n k j n

k j k i

V x P V x P r V x e V x
−

− −
= = + =

= + + +∑ ∑ ∑ −

,

         (5-9) 

The arrival probabilities should satisfy 

1

0 ,
0 1 1

1
l l m

n n
i j k

k j k i
P P

−

= = + =

+ =∑ ∑ ∑  

where   indicates the leg from node k to node j. It is a vector with 1 from (k+1)th argument to 

the jth argument and the other arguments are 0.  denotes the revenue from i fare class of the leg 

from node k to node j.  

,k je

, ,i k jr

0
1

( ) ( )
i

l

i x
i

V x R x C I >
=

= − −∑ c

−

                                               (5-10) 

, ,, ,
max{ }i k ji k j

where R r≥ , i = 1, …, m, k = 0, …, l – 1, j = k + 1, …, l and I is indicator function.  

For ease of notation, we consider the structural properties and the optimal booking policy for the 

three-leg problem. Thus, the optimality equation (5-9) is reduced to  

{ }

{ }

{ }

{ }

3

0 1 1 1
1 1

4 4 1 1 2 1
1

5 5 1 2 3 1
1

6 6 1 1 2 3 1
1

( ) ( ) max ( ), ( )

max ( ), ( )

max ( ), ( )

max ( ), ( )

m
n n

n n ji ij n j n
j i

m
n
i i n n

i
m

n
i i n n

i
m

n
i i n n

i

V x P V x P r V x e V x

P r V x e e V x

P r V x e e V x

P r V x e e e V x

− −
= =

− −
=

− −
=

− −
=

= + + +

+ + + +

+ + + +

+ + + + +

∑∑

∑

∑

∑

                (5-11)  
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3

0
1

( ) ( )
ii x

i
V x R x C I >

=

= − −∑ c

n =

                                                (5-12) 

1 2 3 4 5 6max{ , , , , , }i i i i i ii
where R r r r r r r≥ and  

3

0 , 4 5 6
1 1 1 1 1

1
m m m m

n n n n
j i i i i

j i i i i

P P P P P
= = = = =

+ + + +∑∑ ∑ ∑ ∑  

First, motivated by the structural result in Benjaafar and ELHafsi (2006), let us introduce a class of 

real-valued functions defined on the lattice kZ+ , denoted by V. We say V ∈ V   if it possesses the 

following properties:   

1)  for any i2 ≠ i1 
1 1

( ) ( )i iV x V x e e e− + ↑ ↓
2i

3i

3

3

2

3

2

1

2)  for any i1 ≠ i2 , i3 ≠ i1 and i3 ≠ i2 
1 2 1 2 1 2

( ) ( ) ( )i i i i i iV x V x e e e e e e e− + + ↑ ↑ ↑ + ↓

     

K)  
1 2 1 2 3 4 5 6 1 2( ) ( ) ( ) ( ) ( )

ki i i i i i i i i kV x V x e e e e e e e e e e e e− + + + ↑ ↑ + ↑ + + ↑ ↑ + + +

Here, i1 ,  i2  ,  i3 , … , ik  are any different numbers selected from 1 to k respectively. Compared 

with the structural properties A1, A2 and A3 in the proof of theorem 1 in Benjaafar and ELHafsi 

(2006), ours are more general. For the three-leg problem, we say V ∈ V if it possesses the 

following properties:  

1)  1 1 2( ) ( )V x V x e e e e− + ↑ ↓ ↓

2)  2 2 1( ) ( )V x V x e e e e− + ↑ ↓ ↓

3)  3 3 1( ) ( )V x V x e e e e− + ↑ ↓ ↓

4)  1 2 1 2 1 2( ) ( ) ( )V x V x e e e e e e e− + + ↑ ↑ ↑ + ↓

5)  1 3 1 3 1 3( ) ( ) ( )V x V x e e e e e e e− + + ↑ ↑ ↑ + ↓

6)  2 3 2 3 2 3( ) ( ) ( )V x V x e e e e e e e− + + ↑ ↑ ↑ + ↓

7)  1 2 3 1 2 3 1 2 1 3 2 3 1 2 3( ) ( ) ( ) ( ) ( ) ( )V x V x e e e e e e e e e e e e e e e− + + + ↑ ↑ ↑ ↑ + ↑ + ↑ + ↑ + +
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For 1), means that optimal value function is concave in1e↑ 1x . and  denote the 

supermodular of value function in directions and , respectively. Same meaning 

applies to 2) and 3).  

2e↓ 3e↓

1 2( , )e e 1 3( ,e e )

For 4), means that the optimal value function is concave in . and 

denote the submodular of value function in directions ( and 

respectively. Also, it can be explained in the same way for 5), 6) and 7). We do not 

elaborate on them any more.  

1 2(e e↑ +

2, )e

) 1 2( )e e+

1 2e e+

1e↑

1, )e2e↑

(e e+1 2

By inductive approach, we intend to prove that these structural properties are preserved by the 

optimal value function in dynamic programming equation. Unfortunately, for instance, the 

maximization operation { }4 1 1 2 1max ( ), ( )i n nr V x e e V x−+ + +

1 3) e↓

−

})

does not propagate the structure 

propertyV x . Hence, exact analysis of this problem seems extremely difficult. 

To derive the proposed structural properties for this three-leg problem, relaxation is needed for 

ease of treatment. We remove the control on two-leg itineraries, that is, admission control is only 

imposed on those types of passengers for one-leg and three-leg itineraries. Then, we have 

following dynamic programming equation.  

( ) (V x e− +

{ }

{ } {

{ }

3

0 1 1 1
1 1

4 4 1 1 2 5 5 1 2 3
1 1

6 6 1 1 2 3 1
1

( ) ( ) max ( ), ( )

( ) (

max ( ), ( )

m
n n

n n ji ij n j n
j i

m m
n n
i i n i i n

i i

m
n
i i n n

i

V x P V x P r V x e V x

P r V x e e P r V x e e

P r V x e e e V x

− − −
= =

− −
= =

− −
=

= + + +

+ + + + + + + +

+ + + + +

∑∑

∑ ∑

∑

          (5-13) 

For this problem, we have following theorems.  

Theorem 5.3   Optimal value function Vn(x1, x2) has the structural properties from 1) to 7).  

Proof: As we see in the proof of lemma 5.1, there are four states involved in each checking case. 

For simplification, we can bypass checking the possibilities when actions are all the same in the 

four states.  That is, if it is in advantage to have admission controls in all four states or rejection 

controls in four states, then, our result follows trivially from the structural properties 1) - 7) and the 
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induction hypothesis. Now, the only interest is when actions are different in four states. The 

remaining proof follows the same checking processes as those for lemma 5.1. It is quite 

straightforward but tedious. Hence, it is omitted.  ■ 

We define four switching functions as those of the round-trip/two-leg problems. Then, we can 

prove the existence of switching functions and the following theorem.  

Theorem 5.4   The optimal booking policy is characterized by four state-dependent monotone 

switching surfaces. 

Proof: The proof is the same as that of lemma 5.3. Here, it is omitted.  ■ 

Of the four monotone switching surfaces, three of them are used, respectively, for the 

admission/rejection decisions of three independent legs. The fourth switching surface is used for 

the booking request for whole three legs, i.e., from departure point to the ending point.  

Finally, structural properties and optimal booking policies for the problems with more than 

three legs can be extended in the same way as above. We do not discuss it anymore. 

5.7 Numerical Example 

Practically, in implementing the booking reservation system, management needs to obtain the 

demand information in advance by various forecasting techniques. With demand information and 

predetermined fare class, airline can compute the recursive dynamic programming equation off-

line to determine the state-dependent booking and routing control limits characterized as switching 

curves/surfaces. All the information of these booking limits will be stored in system for future use. 

Upon an arrival of the booking request in the booking horizon, seat reservation system will decide 

whether or not to accept a booking request based on its arrival time, fare class and current booking 

status on both flights/legs.   

Since structures of the optimal policy and monotone properties of the optimal value function are 

same for both round-trip problem and two-leg problem, we do not differentiate the two cases in 

our numerical study. In our example, the booking horizon is divided into 15 periods with N = 15 

denote the beginning period and N = 0 denote the departure time of the flight. The switching 

curves are all state-dependent. Hence, we have a switching curve for each fare class of the three 
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types of passengers in each booking period. Here, we only give the switching curves for the 

booking request of low-fare class in period 12. The numbers 0, 1 and 2 in our figures indicate 

rejection, acceptance to flight 1 and acceptance to flight 2, respectively.       

Table 5.1:  Probabilities for the Booking Requests 

Period (from 15 to 1) 
Probability 15--12 11--9 8---5 4--3 2--1 

p11 0.06 0.1 0.14 0.15 0.15 
p12 0.14 0.1 0.16 0.15 0 
p21 0.06 0.1 0.14 0.15 0 
p22 0.14 0.1 0.16 0 0 
p31 0.086 0.143 0.182 0.25 0 
p32 0.2 0.143 0.143 0.2 0 
p0 0.314 0.314 0.075 0.1 0.85 

 

The capacities for the two flights or two legs are C1 = 10, C2 = 10. For simplicity, we consider two 

fares: low fare and high fare with 

11 12 21 22 31 32150, 100, 110, 90, 220, 150r r r r r r= = = = = =  

x2         S1   
9 0 0 0 0 0 0 0 0 0 0 S2 
8 0 0 0 0 0 0 0 0 0 0  
7 3 3 3 3 3 0 0 0 0 0  
6 3 3 3 3 3 0 0 0 0 0  
5 3 3 3 3 3 3 0 0 0 0  
4 3 3 3 3 3 3 3 0 0 0  
3 3 3 3 3 3 3 3 0 0 0  
2 3 3 3 3 3 3 3 0 0 0  
1 3 3 3 3 3 3 3 0 0 0  
0 3 3 3 3 3 3 3 0 0 0  
 0 1 2 3 4 5 6 7 8 9 x1 

Figure 5.5:  The Switching Curves for Type 3 Booking Requests 

From the above figure, for low-fare booking request, we see that the dotted switching 

curves  and are monotone nondecreasing and the solid curve are 

monotone nonincreasing. Upon an arrival of a booking request, airline seat reservation system will 

check current seat booking status on both flights/legs. If status lies above , where 

decisions are indicated by 0, i.e., we reject the booking request. Otherwise, if current booking 

1 2( , 2)S x 2 1( , 2)S x 3 1( , 2)S x

3 1( , 2)S x
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status lies below , where decisions are indicated by 3, accept the booking request. For 

instance, if currently 5 seats are booked on both flights/legs, the corresponding decision is 

indicated by 3 in the figure. Hence, it is better to accept the third type booking request. All the 

decision information in the figure is computed and stored before the start of the booking period. It 

will be used to make the decision upon the arrival of the booking request.  

3 1( , 2)S x

x2            
9 1 1 1 1 1 1 1 1 0 0  
8 1 1 1 1 1 1 1 0 0 0  
7 1 1 1 1 1 1 1 0 0 0  
6 1 1 1 1 1 1 1 0 0 0  
5 1 1 1 1 1 1 0 0 0 0  
4 1 1 1 1 1 0 0 0 0 0  
3 1 1 1 1 1 0 0 0 0 0  
2 1 1 1 1 1 0 0 0 0 0  
1 1 1 1 1 1 0 0 0 0 0  
0 1 1 1 1 1 0 0 0 0 0  

 0 1 2 3 4 5 6 7 8 9 x1 
Figure 5.6:  The Switching Curve for Type 1 Booking Requests 

When a type 1 booking request for low fare arrives in period 12, airline seat reservation system 

will check the current seat booking status on both flight 1 and flight 2 or two legs. It tries to 

compare current booking status with the booking control information in Figure 5.6. If current 

booking status lies on the right side of the switching curve , which is the area with 

decision 0, we reject the booking request for lower fare seat on flight 1 or leg 1. On the left side of 

the switching curve, which is the area with decision 1, accept the booking request. For instance, if 

the seat reservation system finds out that 4 seats and 5 seats are booked on flight 1 and flight 2 or 

leg 1 and leg 2 respectively, which corresponds to decision 1 in the figure, it will accept this 

booking request.  

1 2( , 2)S x
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x2            
9 0 0 0 0 0 0 0 0 0 0  
8 0 0 0 0 0 0 0 0 0 2  
7 0 0 0 0 0 0 0 2 2 2  
6 0 0 0 0 0 2 2 2 2 2  
5 2 2 2 2 2 2 2 2 2 2  
4 2 2 2 2 2 2 2 2 2 2  
3 2 2 2 2 2 2 2 2 2 2  
2 2 2 2 2 2 2 2 2 2 2  
1 2 2 2 2 2 2 2 2 2 2  
0 2 2 2 2 2 2 2 2 2 2  

 0 1 2 3 4 5 6 7 8 9 x1 
Figure 5.7:  The Switching Curve for Type 2 Booking Requests 

The above figure tells us that on the above of the switching curve of , we reject the 

booking requests for low-fare class seats. Otherwise we accept the booking requests.  

2 1( , 2)S x

x2            
9 0 0 0 0 0 0 0 0 0 0  
8 0 0 0 0 0 0 0 0 0 0  
7 3 3 0 0 0 0 0 0 0 0  
6 3 3 3 3 0 0 0 0 0 0  
5 3 3 3 3 0 0 0 0 0 0  
4 3 3 3 3 3 3 0 0 0 0  
3 3 3 3 3 3 3 0 0 0 0  
2 3 3 3 3 3 3 3 0 0 0  
1 3 3 3 3 3 3 3 0 0 0  
0 3 3 3 3 3 3 3 0 0 0  

 0 1 2 3 4 5 6 7 8 9 x1 
Figure 5.8:  The Monotonicity of Switching Curve S3 

Here we give the switching curves for type 3 booking requests at periods 15, 12and 6 in sequences 

as shown in the figure. It presents the monotone property of the switching curves in time periods 

for type 3 booking requests. As the departure approaching, the rejection region becomes smaller 

and smaller. It is more likely for airline to accept type 3 booking request.  

Unfortunately, the monotonic in time periods has been lost in the switching curves of type 1 and 

type 2. To support our conclusion that and lose the monotonic in time 

period, we try an example to verify this. We adjust the arriving probabilities of booking requests in 

period 8 in table 5.1. The original probabilities p11=0.14, p12=0.16, p21=0.14, p22=0.16, p31=0.182, 

p32=0.143 are modified to p11=0.01, p12=0.01, p21=0.5, p22=0.4, p31=0.01, p32=0.01 with relatively 

1 1 2( , )nDV x x 2 1 2( , )nD V x x
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larger probabilities for type 2 booking requests. Our conclusion can be verified by the following 

figures.  

x2            
9 1 1 1 1 1 1 1 1 1 0  
8 1 1 1 1 1 1 1 1 0 0  
7 1 1 1 1 1 1 1 1 0 0  
6 1 1 1 1 1 1 1 0 0 0  
5 1 1 1 1 1 1 1 0 0 0  
4 1 1 1 1 1 1 1 0 0 0  
3 1 1 1 1 1 1 1 0 0 0  
2 1 1 1 1 1 1 1 0 0 0  
1 1 1 1 1 1 1 1 0 0 0  
0 1 1 1 1 1 1 1 0 0 0  
 0 1 2 3 4 5 6 7 8 9 x1 

Figure 5.9:  Switching Curve for the Lower Fare Class of Type 1 at the 7th period 
 

x2            
9 1 1 1 1 1 1 1 1 1 0  
8 1 1 1 1 1 1 1 1 0 0  
7 1 1 1 1 1 1 1 0 0 0  
6 1 1 1 1 1 1 1 0 0 0  
5 1 1 1 1 1 1 1 0 0 0  
4 1 1 1 1 1 1 1 0 0 0  
3 1 1 1 1 1 1 1 0 0 0  
2 1 1 1 1 1 1 1 0 0 0  
1 1 1 1 1 1 1 1 0 0 0  
0 1 1 1 1 1 1 1 0 0 0  
 0 1 2 3 4 5 6 7 8 9 x1 

Figure 5.10: Switching Curve for the Lower Fare Class of Type 1 at the 8th period 
 
 

x2            
9 1 1 1 1 1 1 1 1 1 0  
8 1 1 1 1 1 1 1 1 0 0  
7 1 1 1 1 1 1 1 1 0 0  
6 1 1 1 1 1 1 1 0 0 0  
5 1 1 1 1 1 1 1 0 0 0  
4 1 1 1 1 1 1 1 0 0 0  
3 1 1 1 1 1 1 1 0 0 0  
2 1 1 1 1 1 1 1 0 0 0  
1 1 1 1 1 1 1 1 0 0 0  
0 1 1 1 1 1 1 1 0 0 0  
 0 1 2 3 4 5 6 7 8 9 x1 

Figure 5.11: Switching Curve for the Lower Fare Class of Type 1 at the 9th period  

We could see that the acceptance region in 8th period for type 1 lower fare class is no more than 

those of 7th period and 9th period, i.e. the switching curve is no longer monotonic in time period. 
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This implies that a booking request for the lower fare class of type 1 could be accepted in an 

earlier period but rejected in a later period.  

Following figure shows the monotone property of V(x1, x2) – V(x1+1, x2) at the 15th period, e.g. the 

starting period. It is increasing with respect to x1, e.g. concave in x1.  With any fixed x1, it is 

decreasing with respect to x2, e.g. supermodular in (x1 , x2).  

x2 = 2
x2 = 5

x2 = 8

0

50

100

150

200

250

0 1 2 3 4 5 6 7 8 9
x1

 

Figure 5.12:  Monotone Properties of V(x1, x2) – V(x1+1, x2). 

Following figure illustrates, the monotone property of V(x1, x2) – V(x1, x2 +1) at the 15th period. It is 

increasing with respect to x2, e.g. concave in x2.  With fixed x2, it is decreasing with respect to x1, 

e.g. supermodular in (x1 , x2). 

x1 = 3
x1 = 6

x1 = 9

0

50

100

150

200

250

0 1 2 3 4 5 6 7 8 9
x2

 

Figure 5.13:  Monotone Properties of V(x1, x2) – V(x1, x2 +1). 
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Following figure illustrates, the monotone increasing property of V(x1, x2) – V(x1+1, x2 +1) at the 

15th period. It is increasing with respect to x2 for any fixed x1 and increasing with respect to x1 for 

any fixed x2. 

x2 = 2x2 = 4

x2 = 6
x2 = 8

0

50

100

150

200

250

0 1 2 3 4 5 6 7 8 9
x1

 

Figure 5.14:  Monotone Properties of V(x1, x2) – V(x1+1, x2 +1). 

 

n = 15 n = 12

n = 10
n = 7 n = 4

0
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0 1 2 3 4 5 6 7 8 9
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Figure 5.15:  Monotonicity of V(x1, x2) – V(x1+1, x2 +1) with respect to n and (x1 + x2). 

In the above figure, a curve corresponds to the difference V(x1, x2) – V(x1+1, x2 +1) for any 

specified period n.  It is monotone increasing in the direction of (x1 + x2), e.g. the difference value 

is monotone increasing with respect to a simultaneous increase of x1 and x2. Moreover, the 
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monotone increasing in period n for any fixed pair (x1, x2) implies the existence of time thresholds 

for the third type of passengers.  

For the multiple-seat booking problem, we have following assumptions. First, Q1 = Q2 = 

Q3 = 3, i.e. the largest demand quantity for each booking request is identically three seats with the 

discrete probability distribution for three types of booking requests as follow.  

1 1 1(1) 0.5, (2) 0.3, (3) 0.2q q q= = =  

2 2 2(1) 0.6, (2) 0.3, (3) 0.1q q q= = =  

3 3 3(1) 0.6, (2) 0.2, (3) 0.2q q q= = =  

The other parameters are all the same as those of the single-seat booking example. The switching 

curves are all state-dependent. Hence, we only give the switching curves for the booking request of 

low-fare class in period 12. The numbers 0, 1, 2 and 3 in the figures for multiple-seat booking 

indicate decisions as rejection, acceptance with one seat, two seats and three seats, respectively.  

x2            
9 3 3 3 3 3 3 2 1 0 0  
8 3 3 3 3 3 2 1 0 0 0  
7 3 3 3 3 3 2 1 0 0 0  
6 3 3 3 3 3 2 1 0 0 0  
5 3 3 3 3 2 1 0 0 0 0  
4 3 3 3 3 2 1 0 0 0 0  
3 3 3 3 2 1 0 0 0 0 0  
2 3 3 3 2 1 0 0 0 0 0  
1 3 3 2 1 0 0 0 0 0 0  
0 3 3 2 1 0 0 0 0 0 0  
 0 1 2 3 4 5 6 7 8 9 x1 

Figure 5.16:  Decisions for Multiple-Seat Booking of Type 1 Booking Request 

When a type 1 booking request for low fare arrives in period 12, airline seat reservation system 

will check the current seat booking status on both go-flight and return-flight or two legs. It tries to 

compare current booking status with the booking control information in Figure 5.16. If current 

booking status lies on the area with number 0, we reject the booking request. In the area with 

number 1, accept the booking request with one seat. In the area with number 2, accept it with two 

seats. Otherwise, it is optimal accept the booking request with three seats when current booking 
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status lies on the area with number 3. Boundaries of the decision zones of 0, 1, 2 and 3 are exactly 

the monotone switching curves defined in section 5.5.  

x2            
9 0 0 0 0 0 0 0 0 0 0  
8 0 0 0 0 0 0 0 0 0 0  
7 0 0 0 0 0 0 0 0 0 1  
6 0 0 0 0 0 0 0 1 1 2  
5 0 0 0 0 1 1 1 2 2 3  
4 0 0 0 1 2 2 2 3 3 3  
3 1 1 1 2 3 3 3 3 3 3  
2 2 2 2 3 3 3 3 3 3 3  
1 3 3 3 3 3 3 3 3 3 3  
0 3 3 3 3 3 3 3 3 3 3  
 0 1 2 3 4 5 6 7 8 9 x1 

Figure 5.17:  Decisions for Multiple-Seat Booking of Type 2 Booking Request 

When a type 2 booking request for low fare arrives in period 12, airline seat reservation system 

will check the current seat booking status of x1 and x2. If current booking status is in the area with 

number 0, reject the booking request. Correspondingly, in the area with number 1, accept the 

booking request with one seat. In the area with number 2, accept the booking request with two 

seats. Otherwise, it is optimal accept the booking request with three seats when current booking 

status lies on the area with number 3.  

x2            
9 0 0 0 0 0 0 0 0 0 0  
8 0 0 0 0 0 0 0 0 0 0  
7 0 0 0 0 0 0 0 0 0 0  
6 1 1 0 0 0 0 0 0 0 0  
5 2 1 1 0 0 0 0 0 0 0  
4 2 2 1 1 0 0 0 0 0 0  
3 3 2 2 1 0 0 0 0 0 0  
2 3 3 2 1 1 0 0 0 0 0  
1 3 3 2 2 1 1 0 0 0 0  
0 3 3 3 2 2 1 0 0 0 0  
 0 1 2 3 4 5 6 7 8 9 x1 

Figure 5.18:  Decisions for Multiple-Seat Booking of Type 3 Booking Request 

The same interpretation for type 1 and type 2 booking requests can be applied for type 3 booking 

request as shown in Figure 5.18.  

For a two-fare class multi-leg example, we randomly generate the arrival probabilities of 

different types of passengers. The fare prices for four types of passengers are shown as follow.  
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11 12 21 22 31 32 41 42100, 50, 90, 45, 80, 40, 240, 60r r r r r r r r= = = = = = = =  

Numerical study yields similar results in round-trip/two-leg problems. We present the switching 

curves for lower fare class in the starting booking period. The admission/rejection switching 

surfaces in the three-leg problem are in three dimensions. Here, we give their projected switching 

curves on the planes X1- X2, X1- X3, and X2- X3, respectively.   

x2            
9 1 1 1 1 1 1 1 1 1 0  
8 1 1 1 1 1 1 1 1 1 0  
7 1 1 1 1 1 1 1 1 1 0  
6 1 1 1 1 1 1 1 1 0 0  
5 1 1 1 1 1 1 1 1 0 0  
4 1 1 1 1 1 1 1 1 0 0  
3 1 1 1 1 1 1 1 1 0 0  
2 1 1 1 1 1 1 1 1 0 0  
1 1 1 1 1 1 1 1 1 0 0  
0 1 1 1 1 1 1 1 1 0 0  

 0 1 2 3 4 5 6 7 8 9 x1 
Figure 5.19: The Projected Switching Curve for Type 1 

Figure 5.19 shows the projected switching curve on the plane X1- X2 when x3 = 3. It is used for the 

admission decisions of type 1 booking requests for leg 1. For instance, when a booking request 

arrives, seat reservation system will check the current booking status on three legs.  It compares 

the booking status with the decision curve shown in the figure that has been computed prior to the 

booking horizon. If current booking status on three legs is x1 = 7, x2= 5, x3 = 3, which corresponds 

to decision 1 in the figure, it is better to accept the booking request. If current booking status on 

three legs is x1 = 8, x2= 6, x3 = 3, which corresponds to decision 0 in the figure, e.g., reject the 

booking request. In general, when booking status lies on the right side of the switching curve, 

accept the booking request, otherwise, reject it.  
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x2            
9 0 0 0 0 0 0 0 0 0 0  
8 0 0 0 0 0 0 2 2 2 2  
7 2 2 2 2 2 2 2 2 2 2  
6 2 2 2 2 2 2 2 2 2 2  
5 2 2 2 2 2 2 2 2 2 2  
4 2 2 2 2 2 2 2 2 2 2  
3 2 2 2 2 2 2 2 2 2 2  
2 2 2 2 2 2 2 2 2 2 2  
1 2 2 2 2 2 2 2 2 2 2  
0 2 2 2 2 2 2 2 2 2 2  

 0 1 2 3 4 5 6 7 8 9 x1 
Figure 5.20: The Projected Switching Curve for Type 2 

Figure 5.20 shows the projected switching curve on the plane X1- X2 when x3 = 3. It is intended for 

type 2 booking request. When a booking request arrives, seat reservation system will check current 

booking status on three legs.  If current status is below the switching curve in the figure, e.g., 

decision area with 2, it is better to accept the booking request. On the above the switching curve 

with decision 0, e.g., reject the booking request.  

x3            
9 0 0 0 0 0 0 0 0 0 3  
8 0 0 0 0 0 0 0 3 3 3  
7 3 3 3 3 3 3 3 3 3 3  
6 3 3 3 3 3 3 3 3 3 3  
5 3 3 3 3 3 3 3 3 3 3  
4 3 3 3 3 3 3 3 3 3 3  
3 3 3 3 3 3 3 3 3 3 3  
2 3 3 3 3 3 3 3 3 3 3  
1 3 3 3 3 3 3 3 3 3 3  
0 3 3 3 3 3 3 3 3 3 3  

 0 1 2 3 4 5 6 7 8 9 x1 
Figure 5.21: The Projected Switching Curve for Type 3 

Figure 5.21 is the projected switching curve on the plane X1- X3 when x2 = 1. It is used for the 

admission decisions for type 3 booking request which is for leg 3. 
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x3            
9 0 0 0 0 0 0 0 0 0 0  
8 4 4 4 4 4 4 4 0 0 0  
7 4 4 4 4 4 4 4 4 0 0  
6 4 4 4 4 4 4 4 4 0 0  
5 4 4 4 4 4 4 4 4 4 0  
4 4 4 4 4 4 4 4 4 4 0  
3 4 4 4 4 4 4 4 4 4 0  
2 4 4 4 4 4 4 4 4 4 0  
1 4 4 4 4 4 4 4 4 4 0  
0 4 4 4 4 4 4 4 4 4 0  

 0 1 2 3 4 5 6 7 8 9 x2 
Figure 5.22: The Projected Switching Curve for Type 4 

Figure 5.22 is the projected switching curve on the plane X2- X3 with x1 equal to 7.  It is used for 

the decisions for type 4 booking request which is for the whole three legs. For instance, if current 

booking status for leg 1, leg 2 and leg 3 are 7, 7 and 6 seats, respectively, e.g., the corresponding 

decision is 4. Hence, it is better to accept the booking request. If the current booking status is x1 = 7, 

x2 = 8 and x3 = 6 and the corresponding decision is indicated by 0, e.g., reject the booking request.  

5.8 Conclusions 

In this chapter, we have examined the structures of the optimal booking policy for round-trip/two-

leg flight problems. Based on the structural property for the optimal value function, we have 

characterized the structure of the optimal booking policy as three monotone switching curves for 

each fare class. In an extension, optimal booking policy for multiple-seat booking problem has 

been completely characterized as switching curves if booking requests can be partially satisfied. 

Furthermore, for multi-leg problem, we explore the structure properties of the optimal value 

function and partially characterize the structure of the optimal booking policy. Practically, many 

airline seat inventory control problems are multi-dimensional when formulated as Markov decision 

process. However, as we know, such problems are hard to tackle owing to the curse of dimension 

for dynamic programming. Therefore, it is crucial to find some basic structures for the optimal 

policy. These structures can either improve the efficiency of computation or help us design 

effective heuristic booking policies.    
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For future research, we might consider round-trip/two-leg problems with cancellations and 

overbooking. Moreover, for the round-trip with multi-flight, problem would be more complicated. 

Therefore, efficient heuristic algorithms are definitely needed to solve these problems.   
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5.9 Appendix: 

Proof of Lemma 5.1 

In our proof, we directly use increasing and decreasing to indicate nondecreasing and 

nonincreasing respectively.  

First, we will show that if , thenˆV V∈ 1,iT V ∈ V̂ . Define  

1 2 1, 1 2 1 1 2 1 2( , ) ( , ) max{ ( 1, ), ( , )}i if x x T V x x r V x x V x x= = + +  

Proof of Property (a):  1 2 1 2 1 2( , ) ( 1, )f x x f x x x x− + ↑ ↓    

Note that 

{ } {
1 2 1 2

1 1 2 1 2 1 1 2 1 2

( , ) ( 1, )
max ( 1, ), ( , ) max ( 2, ), ( 1, )i i

f x x f x x
r V x x V x x r V x x V x x }
− +

= + + − + + +
  (A1) 

and    

        (A2) 
{ } {

1 2 1 2

1 1 2 1 2 1 1 2 1 2

( 1, ) ( 2, )
max ( 2, ), ( 1, ) max ( 3, ), ( 2,i i

f x x f x x
r V x x V x x r V x x V x x

+ − +

= + + + − + + + })

)In order to show that 1 2 1 2 1 2 1 2( , ) ( 1, ) ( 1, ) ( 2,f x x f x x f x x f x x− + ≤ + − + , i.e., is 

concave in 

),( 21 xxf

1x , we have to check all cases. 

Since , from (A1), (A2) and structural properties of  , yields ˆV V∈ 1 2( , )V x x

{ }

{ }

1 1 2 1 1 2 1 2

1 1 2 1 1 2

1 1 2 1 1 2

1 1 2 1 2 1 1

( 1, ) max ( 2, ), ( 1, )
( 1, ) ( 2, )
( 2, ) ( 3, )

max ( 2, ), ( 1, ) ( 3, )

i i

i i

i i

i i

r V x x r V x x V x x
r V x x r V x x
r V x x r V x x

r V x x V x x r V x x

+ + − + + +

≤ + + − − +
≤ + + − − +

≤ + + + − − + 2

 

{ }

{ }

1 1 2 1 1 2 1 2

1 1 2 1 1 2

1 1 2 1 2 1 2

( 1, ) max ( 2, ), ( 1, )
( 1, ) ( 2, )

max ( 2, ), ( 1, ) ( 2, )

i i

i i

i

r V x x r V x x V x x
r V x x r V x x

r V x x V x x V x x

+ + − + + +

≤ + + − − +

≤ + + + − +

 

Combining the above two inequalities, yields 

{ }
{ } {

1 1 2 1 1 2 1 2

1 1 2 1 2 1 1 2 1 2

( 1, ) max ( 2, ), ( 1, )

max ( 2, ), ( 1, ) max ( 3, ), ( 2, )
i i

i i

r V x x r V x x V x x

r V x x V x x r V x x V x x

+ + − + + +

≤ + + + − + + + }
 (A3) 
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Similarly, we can check that 

{ }
{ } {

1 2 1 1 2 1 2

1 1 2 1 2 1 1 2 1 2

( , ) max ( 2, ), ( 1, )

max ( 2, ), ( 1, ) max ( 3, ), ( 2, )
i

i i

V x x r V x x V x x

r V x x V x x r V x x V x x

− + + +

≤ + + + − + + + }
 (A4) 

Combining (A3) and (A4), we have 

{ } { }
{ } {
1 1 2 1 2 1 1 2 1 2

1 1 2 1 2 1 1 2 1 2

max ( 1, ), ( , ) max ( 2, ), ( 1, )

max ( 2, ), ( 1, ) max ( 3, ), ( 2, )
i i

i i

r V x x V x x r V x x V x x

r V x x V x x r V x x V x x

+ + − + + +

≤ + + + − + + + }

)

 

Therefore, 1 2 1 2 1 2 1 2( , ) ( 1, ) ( 1, ) ( 2,f x x f x x f x x f x x− + ≤ + − +

1

, that is, f(x1, x2) – f(x1 + 1, x2) is 

increasing in x .  

We now proceed to show that 1 2 1 2( , ) ( 1, )f x x f x x− + is decreasing in 2x , i.e., 

                              1 2 1 2 1 2 1 2( , ) ( 1, ) ( , 1) ( 1, 1)f x x f x x f x x f x x− + ≥ + − + +

or equivalently,  . 1 2 1 2 1 2 1 2( , ) ( , 1) ( 1, ) ( 1, 1)f x x f x x f x x f x x− + ≥ + − + +

}

}

This is exactly the supermodularity of the value function.  

Note that 

       (A5) 
{ } {

1 2 1 2

1 1 2 1 2 1 1 2 1 2

( , ) ( , 1)
max ( 1, ), ( , ) max ( 1, 1), ( , 1)i i

f x x f x x
r V x x V x x r V x x V x x
− +

= + + − + + + +

and 

      (A6) 
{ } {

1 2 1 2

1 1 2 1 2 1 1 2 1 2

( 1, ) ( 1, 1)
max ( 2, ), ( 1, ) max ( 2, 1), ( 1, 1)i i

f x x f x x
r V x x V x x r V x x V x x

+ − + +

= + + + − + + + + +

By the structural properties of , we have ),(
21

xxV

{ }

{ }

1 1 2 1 2 1 1 2

1 1 2 1 1 2

1 1 2 1 1 2

1 1 2 1 1 2 1 2

max ( 1, ), ( , ) ( 1, 1)
( 1, ) ( 1, 1)
( 2, ) ( 2, 1)
( 2, ) max ( 2, 1), ( 1, 1)

i i

i i

i i

i i

r V x x V x x r V x x
r V x x r V x x
r V x x r V x x
r V x x r V x x V x x

+ + − − + +

≥ + + − − + +

≥ + + − − + +

≥ + + − + + + + +

  (A7) 

{ }

{ }

1 1 2 1 2 1 1 2

1 1 2 1 1 2 1 2 1 2

1 2 1 1 2 1 2

max ( 1, ), ( , ) ( 1, 1)
( 1, ) ( 1, 1) ( 1, ) ( 1, 1

( 1, ) max ( 2, 1), ( 1, 1)

i i

i i

i

r V x x V x x r V x x
r V x x r V x x V x x V x x
V x x r V x x V x x

+ + − − + +

≥ + + − − + + = + − + +

≥ + − + + + + +

)  (A8) 

Combining (A7) and (A8), yields 
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{ }
{ } {
1 1 2 1 2 1 1 2

1 1 2 1 2 1 1 2 1 2

max ( 1, ), ( , ) ( 1, 1)

max ( 2, ), ( 1, ) max ( 2, 1), ( 1,
i i

i i

r V x x V x x r V x x

r V x x V x x r V x x V x x

+ + − − + +

≥ + + + − + + + + + }1)
(A9) 

Similarly, we can check that  

{ }
{ } {
1 1 2 1 2 1 2

1 1 2 1 2 1 1 2 1 2

max ( 1, ), ( , ) ( , 1)

max ( 2, ), ( 1, ) max ( 2, 1), ( 1, 1)
i

i i

r V x x V x x V x x

r V x x V x x r V x x V x x

+ + − +

≥ + + + − + + + + + }
(A10) 

Combining (A9) and (A10), we have 

{ } { }
{ } {
1 1 2 1 2 1 1 2 1 2

1 1 2 1 2 1 1 2 1 2

max ( 1, ), ( , ) max ( 1, 1), ( , 1)

max ( 2, ), ( 1, ) max ( 2, 1), ( 1, 1)
i i

i i

r V x x V x x r V x x V x x

r V x x V x x r V x x V x x

+ + − + + + +

≥ + + + − + + + + + }
 

Therefore, 1 2 1 2( , ) ( 1, )f x x f x x− +  is decreasing in 2x .  

Proof of Property (b): 1 2 1 2 1 2( , ) ( , 1)f x x f x x x x− + ↓ ↑    

It is clear that Property (b) is symmetrical to Property (a) with respect to 1x and 2x , respectively, 

and hence our result applies. 

Proof of Property (c): 1 2 1 2 1 2( , ) ( 1, 1)f x x f x x x x− + + ↑ ↑   

By symmetry, we need to prove the case of increasing in 1x only. This is to show 

that . 1 2 1 2 1 2 1 2( , ) ( 1, 1) ( 1, ) ( 2, 1)f x x f x x f x x f x x− + + ≤ + − + +

Note that  

{ } {
1 2 1 2

1 1 2 1 2 1 1 2 1 2

( , ) ( 1, 1)
max ( 1, ), ( , ) max ( 2, 1), ( 1, 1)i i

f x x f x x
r V x x V x x r V x x V x x
− + +

= + + − + + + + + }

}1)

 

{ } {
1 2 1 2

1 1 2 1 2 1 1 2 1 2

( 1, ) ( 2, 1)
max ( 2, ), ( 1, ) max ( 3, 1), ( 2,i i

f x x f x x
r V x x V x x r V x x V x x

+ − + +

= + + + − + + + + +
 

We check different cases. First we have  

{ }

{ }

1 1 2 1 1 2 1 2

1 1 2 1 1 2

1 1 2 1 1 2

1 1 2 1 2 1 1 2

( 1, ) max ( 2, 1), ( 1, 1)
( 1, ) ( 2, 1)
( 2, ) ( 3, 1)

max ( 2, ), ( 1, ) ( 3, 1)

i i

i i

i i

i i

r V x x r V x x V x x
r V x x r V x x
r V x x r V x x

r V x x V x x r V x x

+ + − + + + + +

≤ + + − − + +
≤ + + − − + +

≤ + + + − − + +

  (A11) 
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{ }

{ }

1 1 2 1 1 2 1 2

1 1 2 1 1 2

1 2 1 2

1 1 2 1 2 1 2

( 1, ) max ( 2, 1), ( 1, 1)
( 1, ) ( 2, 1)

( 1, ) ( 2, 1)
max ( 2, ), ( 1, ) ( 2, 1)

i i

i i

i

r V x x r V x x V x x
r V x x r V x x
V x x V x x

r V x x V x x V x x

+ + − + + + + +

≤ + + − − + +

= + − + +

≤ + + + − + +

  (A12) 

Thus, we have  

{ }
{ } {

1 1 2 1 1 2 1 2

1 1 2 1 2 1 1 2 1 2

( 1, ) max ( 2, 1), ( 1, 1)

max ( 2, ), ( 1, ) max ( 3, 1), ( 2, 1)
i i

i i

r V x x r V x x V x x

r V x x V x x r V x x V x x

+ + − + + + + +

≤ + + + − + + + + + }
 (A13) 

By the same checking process as the above, we can obtain 

{ }
{ } {

1 2 1 1 2 1 2

1 1 2 1 2 1 1 2 1 2

( , ) max ( 2, 1), ( 1, 1)

max ( 2, ), ( 1, ) max ( 3, 1), ( 2, 1)
i

i i

V x x r V x x V x x

r V x x V x x r V x x V x x

− + + + + +

≤ + + + − + + + + + }
 (A14) 

Combining (A13) and (A14) gives that  

{ } { }
{ } {
1 1 2 1 2 1 1 2 1 2

1 1 2 1 2 1 1 2 1 2

max ( 1, ), ( , ) max ( 2, 1), ( 1, 1)

max ( 2, ), ( 1, ) max ( 3, 1), ( 2, 1)
i i

i i

r V x x V x x r V x x V x x

r V x x V x x r V x x V x x

+ + − + + + + +

≤ + + + − + + + + + }
 

 Therefore, 1 2 1 2( , ) ( 1, 1)f x x f x x− + + is increasing in 1x . The rest half of Property (c) is obvious 

due to the symmetry between x1 and x2. 

Proof of Property (d): 1 2 1 2 1 2( , ) ( 1, 1) ( )f x x f x x x x− + + ↑ +   

We check different cases. First we have  

{ }

{ }

1 1 2 1 1 2 1 2

1 1 2 1 1 2

1 1 2 1 1 2

1 1 2 1 2 1 1 2

( 1, ) max ( 2, 1), ( 1, 1)
( 1, ) ( 2, 1)
( 2, 1) ( 3, 2)

max ( 2, 1), ( 1, 1) ( 3, 2)

i i

i i

i i

i i

r V x x r V x x V x x
r V x x r V x x
r V x x r V x x

r V x x V x x r V x x

+ + − + + + + +

≤ + + − − + +

≤ + + + − − + +

≤ + + + + + − − + +

  (A15) 

{ }

{ }

1 1 2 1 1 2 1 2

1 1 2 1 1 2

1 2 1 2

1 1 2 1 2 1 2

( 1, ) max ( 2, 1), ( 1, 1)
( 1, ) ( 2, 1)

( 1, 1) ( 2, 2)
max ( 2, 1), ( 1, 1) ( 2, 2)

i i

i i

i

r V x x r V x x V x x
r V x x r V x x
V x x V x x

r V x x V x x V x x

+ + − + + + + +

≤ + + − − + +

≤ + + − + +

≤ + + + + + − + +

  (A16) 

Thus, the above two inequalities give that  
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{ }
{ } {

1 1 2 1 1 2 1 2

1 1 2 1 2 1 1 2 1 2

( 1, ) max ( 2, 1), ( 1, 1)

max ( 2, 1), ( 1, 1) max ( 3, 2), ( 2, 2)
i i

i i

r V x x r V x x V x x

r V x x V x x r V x x V x x

+ + − + + + + +

≤ + + + + + − + + + + + }
 

(A17) 

By the same approach, we can obtain 

{ }
{ } {

1 2 1 1 2 1 2

1 1 2 1 2 1 1 2 1 2

( , ) max ( 2, 1), ( 1, 1)

max ( 2, 1), ( 1, 1) max ( 3, 2), ( 2, 2)
i

i i

V x x r V x x V x x

r V x x V x x r V x x V x x

− + + + + +

≤ + + + + + − + + + + + }
 

(A18) 

Combining (A17) and (A18) gives that  

{ } { }
{ } {
1 1 2 1 2 1 1 2 1 2

1 1 2 1 2 1 1 2 1 2

max ( 1, ), ( , ) max ( 2, 1), ( 1, 1)

max ( 2, 1), ( 1, 1) max ( 3, 2), ( 2, 2)
i i

i i

r V x x V x x r V x x V x x

r V x x V x x r V x x V x x

+ + − + + + + +

≤ + + + + + − + + + + + }
 

 Therefore, 1 2 1 2( , ) ( 1, 1)f x x f x x− + + is increasing in 1 2( )x x+ . 

Thus, 1 2 1,( , ) if x x T V= ∈ V̂ ,  if ˆV V∈ . 

The verification for  if 2,iT V ∈ V̂ ˆV V∈  is the same as the above proof, and is thus omitted.  

We now proceed to prove that 3,iT V ∈ V̂  if ˆV V∈ . The proof technique is the same as the 

proof of and .  Let   1,
ˆ

iT V V∈ 2,
ˆ

iT V V∈

              { }1 2 3, 3 1 2 1 2( , ) max ( 1, 1), ( , )i if x x T V r V x x V x x= = + + +  

We need to prove that 1 2( , )f x x satisfies the properties (a), (b), (c) and (d). 

For Property (a), we first show that 1 2 1 2( , ) ( 1, )f x x f x x− + is increasing in 1x  or 

1 2( , )f x x is concave in 1x ,  i.e., 1 2 2 1 2( , 1, ) (1 2 1) ( 1, ) ( 2, )f x x x f xf x x f x x− + ≤ + − + . 

{ } {
1 2 1 2

3 1 2 1 2 3 1 2 1 2

( , ) ( 1, )
max ( 1, 1), ( , ) max ( 2, 1), ( 1,i i

f x x f x x
r V x x V x x r V x x V x x
− +

= + + + − + + + + })

}

  (A19) 

{ } {
1 2 1 2

3 1 2 1 2 3 1 2 1 2

( 1, ) ( 2, )
max ( 2, 1), ( 1, ) max ( 3, 1), ( 2, )i i

f x x f x x
r V x x V x x r V x x V x x

+ − +

= + + + + − + + + +
 (A20) 

Checking through different cases, we have 
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{ }

{ }

3 1 2 3 1 2 1 2

3 1 2 3 1 2

3 1 2 3 1 2

3 1 2 1 2 3 1 2

( 1, 1) max ( 2, 1), ( 1, )
( 1, 1) ( 2, 1)
( 2, 1) ( 3, 1)

max ( 2, 1), ( 1, ) ( 3, 1)

i i

i i

i i

i i

r V x x r V x x V x x
r V x x r V x x
r V x x r V x x

r V x x V x x r V x x

+ + + − + + + +

≤ + + + − − + +

≤ + + + − − + +

≤ + + + + − − + +

  (A21) 

      

{ }

{ }

3 1 2 3 1 2 1 2

3 1 2 3 1 2

1 2 1 2

3 1 2 1 2 1 2

( 1, 1) max ( 2, 1), ( 1, )
( 1, 1) ( 2, 1)

( 1, ) ( 2, )
max ( 2, 1), ( 1, ) ( 2, )

i i

i i

i

r V x x r V x x V x x
r V x x r V x x
V x x V x x

r V x x V x x V x x

+ + + − + + + +

≤ + + + − − + +
≤ + − +

≤ + + + + − +

                          (A22)     

Combining (A21) and (A22) we obtain that  

{ }
{ } {

3 1 2 3 1 2 1 2

3 1 2 1 2 3 1 2 1 2

( 1, 1) max ( 2, 1), ( 1, )

max ( 2, 1), ( 1, ) max ( 3, 1), ( 2, )
i i

i i

r V x x r V x x V x x

r V x x V x x r V x x V x x

+ + + − + + + +

≤ + + + + − + + + + }
  (A23) 

Similarly we can obtain  

{ }
{ } {

1 2 3 1 2 1 2

3 1 2 1 2 3 1 2 1 2

( , ) max ( 2, 1), ( 1, )

max ( 2, 1), ( 1, ) max ( 3, 1), ( 2, )
i

i i

V x x r V x x V x x

r V x x V x x r V x x V x x

− + + + +

≤ + + + + − + + + + }
  (A24) 

and combine (A23) and (A24) we have 

{ } { }
{ } {
3 1 2 1 2 3 1 2 1 2

3 1 2 1 2 3 1 2 1 2

max ( 1, 1), ( , ) max ( 2, 1), ( 1, )

max ( 2, 1), ( 1, ) max ( 3, 1), ( 2, )
i i

i i

r V x x V x x r V x x V x x

r V x x V x x r V x x V x x

+ + + − + + + +

≤ + + + + − + + + + }
 

Thus 1 2 1 2( , ) ( 1, )f x x f x x− + is increasing in 1x . By the same method we will prove 

that 1 2 1 2( , ) ( 1, )f x x f x x− +   is decreasing in 2x .  That is  

1 2 1 2 1 2 1 2( , 1) ( 1, 1) ( , ) ( 1, )f x x f x x f x x f x x+ − + + ≤ − + . Note that 

{ }1 2 3 1 2 1 2( , 1) max ( 1, 2), ( , 1)if x x r V x x V x x+ = + + + +  

{ }1 2 3 1 2 1 2( 1, 1) max ( 2, 2), ( 1, 1)if x x r V x x V x x+ + = + + + + +  

{ }1 2 3 1 2 1 2( , ) max ( 1, 1), ( , )if x x r V x x V x x= + + +  

{ }1 2 3 1 2 1 2( 1, ) max ( 2, 1), ( 1, )if x x r V x x V x x+ = + + + +  

Checking for different cases, we have  
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{ }

{ }

3 1 2 3 1 2 1 2

3 1 2 3 1 2 3 1 2 3 1 2

3 1 2 1 2 3 1 2

( 1, 2) max ( 2, 2), ( 1, 1)
( 1, 2) ( 2, 2) ( 1, 1) ( 2, 1

max ( 1, 1), ( , ) ( 2, 1)

i i

i i i i

i i

r V x x r V x x V x x
r V x x r V x x r V x x r V x x

r V x x V x x r V x x

+ + + − + + + + +

≤ + + + − − + + ≤ + + + − − + +

≤ + + + − − + +

)  

and 

        

{ }

{ }

3 1 2 3 1 2 1 2

3 1 2 1 2 3 1 2 1 2

3 1 2 1 2 1 2

( 1, 2) max ( 2, 2), ( 1, 1)
( 1, 2) ( 1, 1) ( 1, 1) ( 1,

max ( 1, 1), ( , ) ( 1, )

i i

i i

i

r V x x r V x x V x x
r V x x V x x r V x x V x x

r V x x V x x V x x

+ + + − + + + + +

≤ + + + − + + ≤ + + + − +

≤ + + + − +

)  

Combining the above two inequalities we have  

   
{ }

{ } {
3 1 2 3 1 2 1 2

3 1 2 1 2 3 1 2 1 2

( 1, 2) max ( 2, 2), ( 1, 1)

max ( 1, 1), ( , ) max ( 2, 1), ( 1, )
i i

i i

r V x x r V x x V x x

r V x x V x x r V x x V x x

+ + + − + + + + +

≤ + + + − + + + + }
 

Similarly, we can obtain 

{ }
{ } {

1 2 3 1 2 1 2

3 1 2 1 2 3 1 2 1 2

( , 1) max ( 2, 2), ( 1, 1)

max ( 1, 1), ( , ) max ( 2, 1), ( 1, )
i

i i

V x x r V x x V x x

r V x x V x x r V x x V x x

+ − + + + + +

≤ + + + − + + + + }
 

Finally combining the above two inequality leads to   

{ } { }
{ } {
3 1 2 1 2 3 1 2 1 2

3 1 2 1 2 3 1 2 1 2

max ( 1, 2), ( , 1) max ( 2, 2), ( 1, 1)

max ( 1, 1), ( , ) max ( 2, 1), ( 1, )
i i

i i

r V x x V x x r V x x V x x

r V x x V x x r V x x V x x

+ + + + − + + + + +

≤ + + + − + + + + }

)

 

This is exactly the inequality 1 2 1 2 1 2 1 2( , 1) ( 1, 1) ( , ) ( 1,f x x f x x f x x f x x+ − + + ≤ − +

21, )

 which 

indicates that 1 2 1( , ) (f x x f x x− +   is decreasing in 2x .  

Hence, 1 2( , )f x x holds the property a). Similarly, we can prove that 1 2( , )f x x holds property b). 

For Property (c), we first show that 1 2 1 2( , ) ( 1, 1)f x x f x x− + +  is increasing in 1x , that is, 

. Note that    1 2 1 2 1 2( , ) ( 1, 1) ( 1,f x x f x x f x x− + + ≤ + 1 2) ( 2, 1)f x x− + +

{ }1 2 3 1 2 1 2( , ) max ( 1, 1), ( , )if x x r V x x V x x= + + +    

{ }1 2 3 1 2 1 2( 1, 1) max ( 2, 2), ( 1, 1)if x x r V x x V x x+ + = + + + + +    

{ }1 2 3 1 2 1 2( 1, ) max ( 2, 1), ( 1, )if x x r V x x V x x+ = + + + +    

{ }1 2 3 1 2 1 2( 2, 1) max ( 3, 2), ( 2, 1)if x x r V x x V x x+ + = + + + + +    
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Checking for different cases, we have  

{ }

{ }

3 1 2 3 1 2 1 2

3 1 2 3 1 2 3 1 2 3 1 2

3 1 2 1 2 3 1 2

( 1, 1) max ( 2, 2), ( 1, 1)
( 1, 1) ( 2, 2) ( 2, 1) ( 3, 2

max ( 2, 1), ( 1, ) ( 3, 2)

i i

i i i i

i i

r V x x r V x x V x x
r V x x r V x x r V x x r V x x

r V x x V x x r V x x

+ + + − + + + + +

≤ + + + − − + + ≤ + + + − − + +

≤ + + + + − − + +

)  

and 

        

{ }

{ }

3 1 2 3 1 2 1 2

3 1 2 1 2 3 1 2 1 2

3 1 2 1 2 1 2

( 1, 1) max ( 2, 2), ( 1, 1)
( 1, 1) ( 1, 1) ( 2, 1) ( 2, 1

max ( 2, 1), ( 1, ) ( 2, 1)

i i

i i

i

r V x x r V x x V x x
r V x x V x x r V x x V x x

r V x x V x x V x x

+ + + − + + + + +

≤ + + + − + + = + + + − + +

≤ + + + + − + +

)  

Combining the above two inequalities we have  

{ }
{ } {

3 1 2 3 1 2 1 2

3 1 2 1 2 3 1 2 1 2

( 1, 1) max ( 2, 2), ( 1, 1)

max ( 2, 1), ( 1, ) max ( 3, 2), ( 2, 1)
i i

i i

r V x x r V x x V x x

r V x x V x x r V x x V x x

+ + + − + + + + +

≤ + + + + − + + + + + }
 

Similarly, we can obtain 

{ }
{ } {

1 2 3 1 2 1 2

3 1 2 1 2 3 1 2 1 2

( , ) max ( 2, 2), ( 1, 1)

max ( 2, 1), ( 1, ) max ( 3, 2), ( 2, 1)
i

i i

V x x r V x x V x x

r V x x V x x r V x x V x x

− + + + + +

≤ + + + + − + + + + + }
 

Finally combining the above two inequality leads to   

{ } { }
{ } {
3 1 2 1 2 3 1 2 1 2

3 1 2 1 2 3 1 2 1 2

max ( 1, 1), ( , ) max ( 2, 2), ( 1, 1)

max ( 2, 1), ( 1, ) max ( 3, 2), ( 2, 1)
i i

i i

r V x x V x x r V x x V x x

r V x x V x x r V x x V x x

+ + + − + + + + +

≤ + + + + − + + + + + }
 

Thus,  is increasing in1 2 1 2( , ) ( 1, 1)f x x f x x− + + 1x . Symmetrically it is also increasing in 2x , 

and hence Property (c) applies.    

For Property (d), we check different cases. First we have  

{ }

{ }

3 1 2 3 1 2 1 2

3 1 2 3 1 2

3 1 2 3 1 2

3 1 2 1 2 3 1 2

( 1, 1) max ( 2, 2), ( 1, 1)
( 1, 1) ( 2, 2)
( 2, 2) ( 3, 3)

max ( 2, 2), ( 1, 1) ( 3, 3)

i i

i i

i i

i i

r V x x r V x x V x x
r V x x r V x x
r V x x r V x x

r V x x V x x r V x x

+ + + − + + + + +

≤ + + + − − + +

≤ + + + − − + +

≤ + + + + + − − + +

  (A25) 

{ }

{ }

3 1 2 3 1 2 1 2

3 1 2 1 2

3 1 2 1 2

3 1 2 1 2 1 2

( 1, 1) max ( 2, 2), ( 1, 1)
( 1, 1) ( 1, 1)
( 2, 2) ( 2, 2)

max ( 2, 2), ( 1, 1) ( 2, 2)

i i

i

i

i

r V x x r V x x V x x
r V x x V x x
r V x x V x x

r V x x V x x V x x

+ + + − + + + + +

≤ + + + − + +
= + + + − + +

≤ + + + + + − + +

  (A26) 
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Thus, we have  

{ }
{ } {

3 1 2 3 1 2 1 2

3 1 2 1 2 3 1 2 1 2

( 1, 1) max ( 2, 2), ( 1, 1)

max ( 2, 2), ( 1, 1) max ( 3, 3), ( 2, 2)
i i

i i

r V x x r V x x V x x

r V x x V x x r V x x V x x

+ + + − + + + + +

≤ + + + + + − + + + + + }
                            

(A27) 

By the same approach as above, we can obtain 

{ }
{ } {

1 2 3 1 2 1 2

3 1 2 1 2 3 1 2 1 2

( , ) max ( 2, 2), ( 1, 1)

max ( 2, 2), ( 1, 1) max ( 3, 3), ( 2, 2)
i

i i

V x x r V x x V x x

r V x x V x x r V x x V x x

− + + + + +

≤ + + + + + − + + + + + }
 

(A28) 

Combining (A27) and (A28) gives that  

{ } { }
{ } {
3 1 2 1 2 3 1 2 1 2

3 1 2 1 2 3 1 2 1 2

max ( 1, 1), ( , ) max ( 2, 2), ( 1, 1)

max ( 2, 2), ( 1, 1) max ( 3, 3), ( 2, 2)
i i

i i

r V x x V x x r V x x V x x

r V x x V x x r V x x V x x

+ + + − + + + + +

≤ + + + + + − + + + + + }
 

This is the inequality  1 2 1 2 1 2 1 2( , ) ( 1, 1) ( 1, 1) ( 2, 2)f x x f x x f x x f x x− + + ≤ + + − + +

 Therefore,  if . 3,iT V ∈ V̂ ˆV V∈

We have shown that properties (a), (b), (c) and (d) of the optimal value function are preserved 

under the operators ,  and . Since operator is a convex combination of ,  

 , and V, and thus  if

1,iT 2,iT

nT V ∈

3,iT

V

nT 1,iT

2,iT 3,iT V̂ V̂∈ . This completes the proof.  ■ 

Proof of Lemma 5.5 

First, we will show that if , thenˆV V∈ 1,iT V ∈ V̂ . Since demand is finite, we will prove the results 

by induction on demand. For type 1 passengers, we have the operator 

{ }
{ }

1 1
1, 1 1 1 10 ,

( ) max ( )i ij d C
T V x j r V x j e

≤ ≤
= + +  

Since demand d1 is finite, we only need to show that  

{ }1 1 1( ) max ( ), ( ), , ( )i i 1f x V x r V x e kr V x k= + + + e+  

preserves the structural properties (a), (b), (c) and (d) for any positive integer k.  
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Note that for the case of single-unit booking request, our structural properties are preserved under 

the control operators. Suppose that it is also true for case of  k – 1 unit of the booking request.  

For Property (a):  1 1( ) ( ) 2f x f x e x x− + ↑ ↓ , note that 

{ }{ }
{ }{ }

{ } { }

1

1 1 1

1 1 1 1

( ) ( )

max max ( ), , ( 1) ( ( 1) ) , ( )

max max ( ), , ( 1) ( ) , ( ( 1) )

1 1(1), 1(2) 2 2(1), 2(2)

i i

i i

f x f x e

V x k r V x k e kr V x ke

V x e k r V x e kr V x k e

LHS LHS LHS LHS LHS LHS

− +

= − + + − +

− + − + + + +

= −

1

1

+

+

1+

1)

                 (A29) 

and    

        (A30) 
{ }{ }
{ }{ }

{ } { }

1 1

1 1 1 1 1

1 1 1 1

( ) ( 2 )

max max ( ), , ( 1) ( ) , ( ( 1) )

max max ( 2 ), , ( 1) ( ( 1) ) , ( ( 2) )

1 1(1), 1(2) 2 2(1), 2(2)

i i

i i

f x e f x e

V x e k r V x ke kr V x k e

V x e k r V x k e kr V x k e

RHS RHS RHS RHS RHS RHS

+ − +

= + − + + + + +

− + − + + + + +

= −

In order to show that 1 1( ) ( ) ( ) ( 2f x f x e f x e f x e− + ≤ + − + , i.e., ( )f x is concave in 1x , we 

have to check all cases. To be noted that if all operation actions take the first term under the outer 

maximization operation, e.g. we need to prove 

1(1) 2(1) 1(1) 2(1)LHS LHS RHS RHS− ≤ −                                 (A31) 

This is true based on our assumption for k – 1.   

If all operation actions take the second term under the outer maximization operation, e.g. we need 

to prove  

1(2) 2(2) 1(2) 2(2)LHS LHS RHS RHS− ≤ − ,                              (A32) 

i.e.  

1 1( )ikr V x ke+ + { }1 1( ( 1) )ikr V x k e− + + + ≤ 1 1( ( 1)ikr V x k e )+ + + { }1 1( ( 2) )ikr V x k e− + + +  

This is an evident result.  Next, we only need to consider following two cases.  

1(1) 2 1 2(2)LHS LHS RHS RHS− ≤ −                                        (A33) 

and 1(2) 2 1 2(1)LHS LHS RHS RHS− ≤ − .                                  (A34) 
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It is readily to check each case based on the structural properties (a), (b), (c) and (d) and (P.a), (P.b) 

and (P.c). The checking process is tedious but quite straightforward. For instance, for (A33), it is 

true from the fact that 

{ }1 1 1 1 1( ) ( ) ( ( 1) ) ( ( 2) )i iV x V x e kr V x k e kr V x k e− + ≤ + + + − + + +  

{ } { }1 1 1 1 1 1 1( ) ( 2 ) ( ( 1) ) ( ( 2)i i i ir V x e r V x e kr V x k e kr V x k e+ + − + + ≤ + + + − + + + 1)  

 

{ }1 1 1( 1) ( ( 1) ) ( 1) ( )i ik r V x k e k r V x e− + + − − − + + 1  

≤ { }1 1 1( ( 1) ) ( ( 2) )i ikr V x k e kr V x k e+ + + − + + + 1  

that is . Further, in the same checking process, we 

can demonstrate the truth of (A34). Consequently, based on the results (A31), (A32), (A33) and 

(A34), for any positive number k, 

1(1) 2(1) 1(2) 2(2)LHS LHS RHS RHS− ≤ −

( )f x preserves Property (a). Hence, preserves Property (a).  1,iT V

Similarly, we can prove that , and all preserve Property (a).  2, ( )iT V x 3, ( )iT V x ( )nT V x

Moreover, it can be argued in the same way that , , and preserve 

Properties (b), (c) and (d). That completes our proof.   ■ 

1, ( )iT V x 2, ( )iT V x 3, ( )iT V x ( )nT V x
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6. Stock Rationing of a Make-To-Stock 
Production/Inventory System  

 
6.1 Introduction 

In the research of production/inventory systems, many of the previous studies primarily 

focus on the single-class demand. Currently, it is a trend with the increasing product proliferation 

and demand variety. To achieve a better service for customers, it needs to differentiate customer 

demand for market segment. This arouses interests both in academia and industries to consider 

multiple classes of demand. Since resource is limited and customer demands are of different 

economic value to suppliers, it is reasonable to reserve stock for some more important class of 

demands. Hence, to minimize the total penalty cost by denying high priority demand, management 

tries to ration stock to satisfy different priority class demands. When a class of customer demand 

arrives, it needs to decide whether satisfy the demands or leave the demand unsatisfied and hold 

the stock for later higher priority demands. 

In this chapter, following the make-to-stock queue setting, we examine a two-item, two 

production facilities production/inventory system with lost sales. Customer demands are classified 

into three types with several classes. Customer orders in each class arrive according to Poisson 

process and each customer requests a single unit of item. There are three types of customers: the 

first and second type order, respectively, for the first and the second item only; whereas the third 

type is flexible and willing to take either of the two items. Upon the arrival of demand, 

management first identifies the type of customers, and then makes the decision on whether accept 

it and, when a third type is accepted, which item to satisfy it. These two items are of the same 

generic type but may differ in other aspects like quality, price, and etc. The flexible customers can 

be satisfied by their main functionality regardless of others. The objective is to minimize the total 

expected cost through controlling of inventories of two items and rationing of demands. For this 

two-item stock rationing systems, we completely characterize the structures of the optimal policy 

as switching curves.  
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Similarly, Gallego and Phillips (2004) also considered three types of customers with 

decision horizon of two periods with demand postponement strategy. Flexible demands accepted 

in the first period will be satisfied with a product in the second period or denied with a penalty 

payment. Differently, our model follows the stock rationing setting and the acceptance/rejection 

decisions are made immediately upon the arrival of customer demand.  

6.2 Model Formulation 

Suppose that there are two stocks of items for customers. The management tries to 

minimize the total expected cost of these two items through stock rationing and production control. 

Here, we assume that the production processes for the two items are separate. It means that the two 

items are independently produced on two distinct facilities. The customer demands are classified 

into three types. The demands of the first two types are specifically for one of the two items. The 

third type is flexible, which can be satisfied by either of the two items. Further, it is assumed that 

the arrival processes for the three types of customer demands are independent.  

  

Type 1  
customer 

Type 2  
customer 

Type 3 
 customer 

Facility 2 

Facility 1 
 

    Figure 6.1:  Three Types of Demands for Two Items 

6.2.1 Dynamic Programming Equation 

Assume that there are m fare classes, and for i = 1, …, m, 1iπ , 2iπ and 3iπ  are the penalty 

costs incurred by rejecting type 1, type 2 and type 3 customers of class i , respectively. Without 

loss of generality, 1 2j j jmπ π> > > π , j = 1, 2, 3. The priorities of customers are in the 

descending order with class 1 being the highest one. Here, 1x and 2x are state variables, denoting 

the inventory levels of two items, respectively. h x1 2 1( , )x 1(h x 2 2( )x) h= +  is the holding cost per 

unit of time for the two items where h x1 1( ) 0= when 1x 0≤  and 2 2( )h x 0= when . Here, 2 0x ≤
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different from previous research with objective of reducing inventory holding costs and penalty 

costs, we consider different production costs with various production rates. Assume that we have i 

= 1, …, n classes of production rates for two production facilities with corresponding production 

cost of c1i and c2i, respectively with i = 1, …, n. Just after one item is finished, a unit production 

cost with corresponding production rate is incurred.  Without loss of generality, we 

assume , j = 1, 2. Hence, the total costs considered in this paper include 

inventory holding costs, penalty costs incurred by rejecting customer demand and the production 

cost with the selected production rate.  

1 2j jc c c< < <

2i

jn

It is assumed that the arrival rates for each class of three types of customer demands are 

1 ,iλ λ and 3iλ , respectively, with i = 1, …, m . Let 1iμ and 2iμ be the production rates of two 

items respectively with i = 1, …, n . Following the uniformization technique in Lippman (1975), 

let 

1 2 3 1 2
1 1

( ) (
m n

i i i i i
i i

)λ λ λ μ μ
= =

Λ = + + + +∑ ∑  

After uniformization, the continuous-time system is only observed at discrete, randomly spaced 

points in time, and each point of time corresponds to an arrival of a customer or a finishing 

production of one unit of item.  is the expected minimum ( )V x α -discounted cost function when 

current state is 1 2( , )x x x= . Policy u is a rule for choosing actions at the state transition points. 

Among the admissible policies, we will find the optimal policy that minimizes the total expected 

discount cost over the infinite horizon. Given initial inventory 1 2( , )x x x= , we have 

0
( ) u t

u XJ x E e

( )ji

3 2

1 20 0 0
1 1 1 1

( , ) ( ) ( )
m n

t t
ji ji ji ji

j i j i
h x x dt e dM t e c dN tα α απ

∞ ∞ ∞− − −

= = = =

⎡ ⎤
= + +⎢ ⎥

⎣ ⎦
∑∑ ∑∑∫ ∫ ∫  

M t ( )jiN t

∈

Where and represent, respectively, up to time t, the number rejected customers from 

the i-th class and j-th type, and the number of items finished with the i-th production rate, j-th 

production facility. And the value function is the infimum of over all admissible 

policies u U  

( )V x ( )uJ x
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( ) inf ( )uu U
V x J x

∈
=  

where U is total set of admissible control policies.   

When customer demands arrive, rationing decisions du u∈ can take values 0, 1, 2 which indicate 

the decisions of rejecting, satisfying the demand with item 1 and satisfying the demand with item 2, 

respectively. At any point in time, production decisions pu u∈  can take values 0, 1, 2 denoting 

stop production, produce item 1 and produce item 2 respectively. Let us assume, given current 

state 1 2( , )x x and for each control value of and , the next state after transition is y. Define the 

transition probability function 

du pu

1 3 2 3
1 2 1 2

1 1

1 2
1 2 1 2

1 1

( | , ) { ( 1, ), 1} { ( , 1), 2

{ ( 1, ), 1} { ( , 1), 2}

m m
i i i i

d d
i i

n n
i i

p p
i i

p y x u I y x x u I y x x u

I y x x u I y x x u

}λ λ λ λ

μ μ
= =

= =

+ +
= = − = + = −

Λ Λ

+ = + = + = + =
Λ Λ

∑ ∑

∑ ∑

=
 

This illustrates that with probability 1 3

1

{ 1
m

i i
d

i

I uλ λ
=

+ }=
Λ∑ , one unit of item 1 is taken away by the 

customer, hence, the next state after transition is 1( 1, 2 )x x− . Similarly, with 

probability 2 3

1
{ 2

m
i i

d
i

I uλ λ
=

+
=

Λ∑ } , one unit of item 2 is taken away by the customer, hence, the 

next state after transitions is . For the control of production processes, with probabilities 1 2( , 1)x x −

1

1
{ 1

n
i

p
i

I uμ
=

=
Λ∑ } and 2 {i

pI u =
Λ1

2}
n

i

μ
=
∑ ), the next state after transitions are 1 2( 1,x x+ and 

, respectively. It is evident that Markovian policies are optimal for this Markov 

decision model with unified transition rate 

1 2( , 1)x x +

Λ and the transition probability p defined above. 

Without loss of generality, by scaling the time, we have 1α +Λ = . Here, 0 1α< <  is the 

discount rate.  

Now we define following operators T1,i , T2,i , T3,i , T4,i , T5,i , and T on the value function with 

state variables

( )V x

2
1 2( , )x x x Z+= ∈ . 
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{ }1 1 1
1,

1

min ( ), ( ) 0
( )

i
i

i

V x e V x if x
T V

V x Otherwise
π

π
− + >⎧⎪= ⎨

+⎪⎩
 

{ }2 2 2
2,

2

min ( ), ( ) 0
( )

i
i

i

V x e V x if x
T V

V x Otherwise
π

π
− + >⎧⎪= ⎨

+⎪⎩
 

{ }
{ }
{ }

1 2 3 1 2

1 3 1 2
3,

2 3 2 1

3

min ( ), ( ), ( ) 0 0

min ( ), ( ) 0 0

min ( ), ( ) 0 0
( )

i

i
i

i

i

V x e V x e V x if x and x

V x e V x if x and x
T V

V x e V x if x and x
V x Otherwise

π

π

π
π

− − + >⎧
⎪

− + > ≤⎪= ⎨
− + > ≤⎪

⎪ +⎩

>

 

{ }4, 1 1min ( ), ( )i iT V c V x e V x= + +  

{ }5, 2 2min ( ), ( )i iT V c V x e V x= + +  

1 1, 2 2, 3 3, 1 4, 2 5,
1 1 1 1 1

( )
m m m n n

i i i i i i i i i i
i i i i i

TV h x T V T V T V T V T Vλ λ λ μ μ
= = = = =

= + + + + +∑ ∑ ∑ ∑ ∑  

Then the dynamic programming equation of our problem is as follow.  

                                             V TV=       (6-1) 

Here, for simplicity, we only consider the case of “horizontal routing” which means the accepted 

flexible demand should be routed within the same demand class of the two items. Complex 

shifting among different classes could be formulated if more details for the underlying probability 

structures are known.  

6.2.2 Structures of the Optimal Policy 

In this subsection, we will explore the structure of the optimal rationing policy and production/idle 

policy. Before we proceed on, it is convenience for notations to define two differences of the value 

functions as follow.  

1 1( ) ( ) ( )V x V x e V xΔ = + −  

2 2( ) ( ) ( )V x V x e V xΔ = + −  

First, define  as the set of functions on nonnegative integer set V̂ 2Z+ such that if , then: ∈V V̂

(a)   1 1( )V x x xΔ ↑ ↑ 2
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(b)  2 1( )V x x xΔ ↑ ↑ 2

2(c)  1 2 1( ) ( )V x V x x xΔ −Δ ↑ ↓

where ↑ and ↓ denote, respectively, nondecreasing and nonincreasing.  

Respectively, these three structure properties are the discrete convex, supermodular and monotone 

difference of the optimal value function. The term monotone difference is from structural property 

of value function in Chen (2004). In the following, for simplicity, we use increasing and 

decreasing to indicate nondecreasing and nonincreasing respectively.  

Lemma 6.1 If and , then . ˆ( )h x V∈ ˆV V∈ 1, 2, 3, 4, 5,, , , ,i i i i iT V T V T V T V T V and TV ∈ V̂

Proof. See the Appendix.  ■ 

The proof of lemma 6.1 is a case-by-case checking process. Since the proof for various operators 

defined above are all in the same way, we only choose to verify that 1,
ˆ

iT V V∈ . Lemma 6.1 says 

that the dynamic programming operator T preserves the structure properties (a), (b) and (c) of 

value function.  

To further investigate the structures of the optimal policy, we define the switching 

functions as follows: 

1 2 1 1 1 2( , ) min{ | ( ) ( ) 0, }iS x i x V x V x e given xπ= + − − ≥  

2 1 2 2 2 1( , ) min{ | ( ) ( ) 0, }iS x i x V x V x e given xπ= + − − ≥  

3 1 2 3 1

3 2

( , ) min{ | ( ) ( ) 0,
( ) ( ) 0, }

i

i

S x i x V x V x e or
V x V x e given x1

π
π

= + − − ≥
+ − − ≥

 

4 1 2 1 2 1( , ) min{ | ( ) ( ) 0, }S x i x V x e V x e given x= − − − ≥  

5 2 1 1 1 2( , ) min{ | ( ) ( ) 0, }iS x i x c V x e V x given x= + + − ≥  

6 1 2 2 2 1( , ) min{ | ( ) ( ) 0, }iS x i x c V x e V x given x= + + − ≥  

For S1 and S5, alternatively, it is equivalent to define them as follow.  

1 1 2 1 1 1( , ) min{ | ( ) ( ) 0, }iS x i x V x V x e given xπ= + − − ≥  
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5 1 2 1 1 1( , ) min{ | ( ) ( ) 0, }iS x i x c V x e V x given x= + + − ≥  

Therefore, we use instead of in the definition of S3. From the above definition, 

S1, S2, S3 and S4 are four switching functions associated with rationing/routing controls. The 

switching functions S5 and S6 are used to control the production processes of item 1 and item 2 

respectively. Since constants  of class i do not affect the structure properties of the switching 

functions, to simplify notations, we suppress i in functions

1 1( , )S x i 1 2( , )S x i

,ir Ri

( , )S ⋅ ⋅ .  

Lemma 6.2: Functions and are decreasing in1 2( )S x 5 2( )S x 2x ; , and are 

decreasing in 

2 1( )S x 3 1( )S x 6 1( )S x

1x ; is increasing in 4 (S x1) 1x .  

Proof.  See the Appendix.  ■ 

Theorem 6.1. The optimal policy is characterized by six monotone switching curves S1(x2), S2(x1), 

S3(x1), S4(x1), S5(x2) and S6(x1) according to the following decision rules upon an arrival demand, 

given the current inventory on two items (x1, x2):    

(i). Type 1 demand of class i will be accepted if and only if x1 ≥ S1(x2);  

(ii). Type 2 demand of class i will be accepted if and only if x2 ≥ S2(x1);  

(iii). For Type 3 demand of class i , there are the following four cases:  

(a) satisfy the demand with item 2 if x2 ≥ S3(x1) and x2 > S4(x1);  

(b) satisfy the demand with item 1 if x2 ≥ S3(x1) and x2 < S4(x1);  

(c) satisfy the demand with either item 1 or item 2 if x2 ≥ S3(x1) and x2 = S4(x1);  

(d) reject the demand if x2 < S3(x1).  

(iv). For the production of item 1, stop using production rate µ1i when x1 ≥ S5(x2, i), otherwise 

produce with it.   

(v). For the production of item 2, stop using production rate µ2i when x2 ≥ S6(x1 i), otherwise 

produce with it.  

Proof. From lemma 6.2, we know that the monotone curve is decreasing in1 2( )S x 2x . It is a 

switching curve used to decide whether type 1 demand should be satisfied by item 1 or not. On the 
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right side of , for any given1 2( )S x 2x , we have 1 1 2( )x S x≥

1 1) 0e

 . The definition of S1 and the convex of 

value function implies that ( )V x (i V xπ + − − ≥ whenever 1 1 2( )x S x≥  . Thus, it is optimal to 

satisfy type 1 demand. Otherwise reject the demand when 1x is on the left side of the curve , 

that is

1 2( )S x

1 1 2( )x S x< .  

Similarly, for fixed 1x  , on the above of , we always have 2 (S x1) 2 2( )V x e( )i V x 0π + − − ≥ . Thus, 

it is optimal to accept type 2 demand for item 2. Otherwise, reject type 2 demand.  

From figure 6.2, we see that is the solid curve decreasing in3S x1( ) 1x . Above , for fixed3 1( )S x 1x , 

we have either 3 1e( )V x ( ) 0V xiπ + − ≥− 3 ( )i V x (V x or 2 ) 0eπ + − − ≥ . Hence, it is optimal to 

accept the flexible demand. Below , it is optimal to reject it. 3 1( )S x

1

4 (S x1)

4 1( )S x

 is used for routing control of the flexible demand when it is accepted. On the above 

of , for any fixed x , we have V x 1( ) (e V x 2 ) 0e− − − ≥ . This is true from structure 

property c). Therefore, it is optimal to fulfill the flexible demand with item 2. Below  , it is 

optimal to satisfy the demand with item 1.   

4S x1( )

x2 

S1(x2) 

 

Figure 6.2:  Switching curves for admission and routing controls 
 

x1 0 

S2(x1) 

S4(x1) S3(x1) 
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From lemma 6.2, is decreasing in5 2( )S x 2x  and it is used to make the production/idle decision of 

item 1. On the right side of , for fixed5 2( , )S x i 2x , 1 5 2( , )x S x i> . Then, by property a), we have 

on the right of the curve. Hence, it is optimal to stop the production rate 1 1( )ic V x e+ +

1i

( )V x− ≥ 0

μ  . Otherwise produce item 1 with rate 1iμ when 1 5 2( , )x S x i≤ .  

0 x1 

Higher cost production  

Idle 

Produce item 1 

Lower cost production  

x2 

  

            Figure 6.3:  The decision curves for production of item 1 

For  and fixed6 1( , )S x i 1x , on the above of the curve, we have 2 6 1( , )x S x i>

2i

and 

. Thus, it is optimal to stop the production rate2 2c V x+ +( ) ( )i e V x− 0≥ μ . Otherwise, it is 

optimal to produce item 2 with the rate 2iμ  when 2x is below the curve.  ■ 
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x2 

Higher cost production 

Idle 

Produce item 2 

Lower cost production 

x1 0 
  

             Figure 6.4:  The decision curves for production of item 2 

Proposition 6.1. Switching curves , and are monotone increasing in 

demand classes; Switching curves and are monotone decreasing in the classes of 

discrete production rate.  

1 2( , )S x i

5 2( , )S x i

2 1( , )S x i

6 1( ,S x i

3 1( , )S x i

)

Proof: See the Appendix.  ■ 

This proposition tells us that switching curves for m classes of demand are nested. On the other 

hand, production/idle switching curves are nested in the classes of discrete production rates. 

Proposition 6.1 is intuitive. Since V(x+1) – V(x) is increasing in one of the argument x2, by fixing 

the other argument of x1, it will cross -πi one by one regarding the demand classes as x2 increases. 

It also demonstrates that demands in lower classes are more likely to be rejected. The higher the 

demand class, the more likely it is being accepted. Graphically, rejection regions of high demand 

classes are smaller than those of the lower demand classes. For production processes, the 

production rate with lowest cost is firstly used. More production rates with higher cost could be 

employed when inventory level goes down across certain threshold since the switching curves for 

production/idle are monotone decreasing in the classes of production rate. Readers may refer to 

figures 6.3 and figure 6.4.  
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6.3 The Case of Average Cost Criterion 

In the previous sections, we concentrate on the discount-cost criterion. Here, we argue that all 

structure results derived in the discount-cost criterion can be extended to the average-cost criterion 

case. Given a policy u, the average cost for our problem is given by:  

0

3 2

1 20 0 0
1 1 1 1

0

( , ) ( ) ( )
( ) inf lim

m nT T Tu
X ji ji

j i j i
u u T

E h x x dt dM t c dN t
J X

T

π
= = = =

→∞

⎡ ⎤
+ +⎢ ⎥

⎣ ⎦=
∑∑ ∑∑∫ ∫ ∫ ji ji

 

And the objective is to find a optimal control policy u* yielding value function which is the 

infimum of over all admissible policies u U

0( )V X

0( )uJ X ∈  

0 0( ) inf (uu U
V X J X

∈
)=  

where U is total set of admissible control policies.   

Let V(x) be the relative value function of being in state (x1, x2) and g denote the optimal average 

cost per unit time after the rescaling of time. Then, we can write the optimality equation as follow.  

V g TV+ =  

Where T is operator defined in the previous section. Without rescaling of time, it can be written as 

1gV T+ =
Λ Λ

V  

Theorem 6.2.  There exists a stationary policy that is optimal under the average cost criterion. The 

policy retains the structural properties of the optimal policy for the discount-cost criterion.  

Proof.  Our proof is straightforward. To argue the existence of an optimal policy for the average 

cost criterion, we follow the proof of the conditions in Weber and Stidham (1987), under which the 

average cost problem can be regarded as the limit of the discount cost problem by taking α → 0. 

First, we need to show that our model is unichain with finite state space and finite action space. 

According to decision rules in Theorem 6.1, we know that production/idle of an item is 

characterized by a switching curve or threshold. It is optimal to produce only when inventory 

levels are below the thresholds. Thus, the state space of the original problem can be confined to a 

finite state space and action space. As a result, we could have a finite average cost Ju. Secondly, it 
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can be readily demonstrated that the number of states for which h(x) ≤ Ju are finite based on the 

fact that holding cost h(x) is increasing and component-wise convex. Hence, applying the same 

argument in Weber and Stidham (1987), the existence of an optimal policy follows naturally. 

Moreover, it can be shown that there exists g* and f, such that  

*f g Tf+ ≥  

Since the stationary policy that minimizes Tf for each state x is an optimal policy for the average 

cost criterion and yields a constant g*, properties of the optimal policy for average-cost criterion 

through f can be obtained in the same way as those of discount-cost criterion. Hence, optimal 

policy under average-cost criterion retains all the structures as those of discount-cost criterion.   ■ 

6.4 Numerical Example 

Table 6.1:  Arrival Rates for Three Types of Demands 
 

 demand for item 1 demand for item 2 flexible demand 
High 

Priority 0.11 0.1 0.248 

Low 
Priority 0.1 0.15 0.21 

 

In the numerical example, for simplicity, we assume that there are only two classes: high priority 

and low priority classes with π11 = 50, π12 = 30, π21 = 50, π22 = 30, π31 = 50 and π32 = 35. The 

holding costs in our example are assumed to be separately linear with = 3 and = 2. Let 

discount rate be

1h 2h

0.002α = . The rescaled production rates for the two items are 1iμ = 0.02 

and 2iμ = 0.02 for i = 1, 2 indicating the classes. The production costs are c11 = 1, c12 = 2, c21 = 1 

and c22 = 2 respectively. The rescaled demand arrival rates are listed in table 6.1. Since our 

problem deals with the admission control of the arrival process, the stability condition 

 1 2 1 2 3
1 1

( ) (
n m

i i i i i
i i

)μ μ λ λ
= =

+ > + +∑ ∑ λ  is not strictly required. In the following figures 6.5, 6.6 and 

6.7, we use 0, 1, 2 to denote the rejection, satisfying the demand with item 1 and satisfying the 

demand with item 2 respectively. In figures 6.8 and 6.9, decisions 0, 1, and 2 represent idle, 

produce item 1 and produce item 2 respectively.  
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x2                  
15 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
14 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
13 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
12 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
11 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
10 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
9 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
8 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
7 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
6 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
5 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
4 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
3 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
2 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
1 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1  
0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1  

 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 x1 
Figure 6.5:  Switching curves for Lower-Priority Demand on Item 1. 

The above figure illustrates the monotone decreasing curve which is used for lower-

priority demand on item 1. When type 1 demand arrives, it needs to check the inventory states of 

both items. If current inventory state lies on the right side of , which is the decision area 

with number 1, it is optimal to satisfy the demand with item 1. Otherwise, reject the demand.  

1 2( , 2)S x

1 2( , 2)S x

x2                  
15 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
14 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
13 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
12 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
11 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
10 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
9 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
8 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
7 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
6 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
5 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
4 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
3 0 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
2 0 0 0 2 2 2 2 2 2 2 2 2 2 2 2 2  
1 0 0 0 0 0 0 0 0 2 2 2 2 2 2 2 2  
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 x1 

Figure 6.6:  Switching curves for Lower-Priority Demand on Item 2. 
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The above figure illustrates the monotone decreasing curve which is used for lower-

priority demand on item 2. If current inventory state is above , which is the area with 

number 2, it is optimal to satisfy an arrival demand with item 2. Otherwise, reject the demand.  

2 1( , 2)S x

2 1( ,S x 2)

x2                  
15 2 2 2 2 2 1 1 1 1 1 1 1 1 1 1 1  
14 2 2 2 2 2 1 1 1 1 1 1 1 1 1 1 1  
13 2 2 2 2 2 1 1 1 1 1 1 1 1 1 1 1  
12 2 2 2 2 2 1 1 1 1 1 1 1 1 1 1 1  
11 2 2 2 2 2 1 1 1 1 1 1 1 1 1 1 1  
10 2 2 2 2 2 1 1 1 1 1 1 1 1 1 1 1  
9 2 2 2 2 1 1 1 1 1 1 1 1 1 1 1 1  
8 2 2 2 2 1 1 1 1 1 1 1 1 1 1 1 1  
7 2 2 2 1 1 1 1 1 1 1 1 1 1 1 1 1  
6 2 2 2 1 1 1 1 1 1 1 1 1 1 1 1 1  
5 2 2 2 1 1 1 1 1 1 1 1 1 1 1 1 1  
4 2 2 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
3 2 2 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
2 0 2 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
1 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1  

 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 x1 
Figure 6.7:  Switching curves for flexible Lower-Priority Demand. 

The above figure shows the monotone decreasing curve and monotone increasing curve 

which are used for the flexible lower-priority demand. If current inventory state is 

below , where is the area with decision 0 in the figure, it is optimal to reject the flexible 

demand. Otherwise, accept the demand. Thereafter, we use to dispose the accepted 

flexible demand. If inventory state lies in the area with number 2 which is just above , it 

is optimal to satisfy the demand with item 2 for the reason that inventory of item 2 is relatively 

higher than that of item 1. Accordingly, when current inventory state is in the area with decision 1, 

it is optimal to satisfy the demand with item 1 which has relatively higher inventory than that of 

item 2.  

3 1( , 2)S x

4 1( , 2)S x

S x3 1( , 2)

4 1( , 2)S x

4 1( , 2)S x
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x2                  
15 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
14 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
13 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
12 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
11 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
10 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
9 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0  
8 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0  
7 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0  
6 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0  
5 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0  
4 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0  
3 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0  
2 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0  
1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0  
0 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0  

 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 x1 
Figure 6.8:  Switching Curve for Production of Item 1 with Lower Cost. 

  
x2                  
15 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
14 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
13 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
12 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
11 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
10 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
9 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
8 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0  
7 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0  
6 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0  
5 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0  
4 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0  
3 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0  
2 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0  
1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0  
0 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0  

 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 x1 
Figure 6.9: Switching Curve for Production of Item 1 with Higher Cost. 

Figure 6.8 and Figure 6.9 show the production switching curves for item 1 with lower cost and 

higher cost, respectively. We can see that the production switching curve is monotone decreasing 

in production cost. Intuitively, management will resort to more production capacity and working 

staff to increase the production rate when inventory is relatively lower. On right side of the 
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switching curve, which is the area with decision 0, e.g., it is optimal to stop the production rate 

1iμ of item 1 which has a relatively higher inventory. Otherwise, it is optimal to produce item 

1with the production rate when the inventory state is on the left side of the switching curve.   

x2                  
15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
11 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
8 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0  
7 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0  
6 2 2 2 2 2 2 0 0 0 0 0 0 0 0 0 0  
5 2 2 2 2 2 2 2 0 0 0 0 0 0 0 0 0  
4 2 2 2 2 2 2 2 2 0 0 0 0 0 0 0 0  
3 2 2 2 2 2 2 2 2 2 2 0 0 0 0 0 0  
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
1 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
0 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  

 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 x1 
Figure 6.10:  Switching Curve for Production of Item 2 with Lower Cost.  

x2                  
15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
11 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
8 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0  
7 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0  
6 2 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0  
5 2 2 2 2 2 2 2 0 0 0 0 0 0 0 0 0  
4 2 2 2 2 2 2 2 2 0 0 0 0 0 0 0 0  
3 2 2 2 2 2 2 2 2 2 2 0 0 0 0 0 0  
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
1 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  
0 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2  

 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 x1 
Figure 6.11:  Switching Curve for Production of Item 2 with Higher Cost. 
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Figure 6.10 and Figure 6.11 show the production switching curves for item 2 with lower cost and 

higher cost respectively. The production switching curve is also monotone decreasing in 

production cost. It is optimal to produce with rate 2iμ when inventory level of both items lies 

below the switching curve. Otherwise, stop the production rate 2iμ of item 2.  

Following figure shows the monotone property of the difference V(x1+1, x2) – V(x1, x2). For any 

fixed x2 , it is an increasing curve with respect to x1, e.g. convex in x1.  For any fixed x1, the 

difference is increasing with respect to x2, e.g. supermodular in (x1 , x2). 
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-40

-30

-20

-10

0

10

20

30

40

50

60

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
x1

 

Figure 6.12:  Monotone Property of V(x1+1, x2) – V(x1, x2). 
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Figure 6.13:  Monotone Property of V(x1, x2+1) – V(x1, x2). 
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The above figure illustrates the monotone property of V(x1, x2+1) – V(x1, x2) which is an increasing 

curve with respect to x2, e.g. convex in x2 for any fixed x1. For any fixed x2, the difference is 

increasing with respect to x1, e.g. supermodular in (x1 , x2). 

6.5 Conclusions 

In this chapter, an interesting two-item, two production-facility stock rationing problem has been 

studied. Model formulations follow the make-to-stock queue setting. To derive some intuitive 

structure results, we concentrate on the analysis of the optimal policies for the lost-sales case. By 

inductive approach of the dynamic programming, we obtain the structure properties of optimal 

value function. Furthermore, it is shown that the structure of the optimal policy can be 

characterized by monotone switching curves, which separates the decision space into several 

regions. Our theoretical results can be regarded as a two-dimensional extension to those on the 

single-item, single-production facility problems.  

Two-item problem has special attribute that it involve two items substitutable with each other in 

use for some of the customers. Thus, in recognizing this substitutability, we differentiate the type 

of customer demand by market segment. Customers who are indifferent between the two items can 

be singled out and classified as flexible ones. From previous discussion, it can be argued that this 

flexibility adds value to management. On the other hand, flexible demand may have more 

opportunities to be satisfied by the suppliers. Many medicines in a pharmaceutical store, for 

instance, have substitutable properties. More examples in Gallego and Phillips (2004) discuss 

flexible products which have similar traits of flexible demand.  Commonly, the essential idea of 

rationing is to differentiate the demands that have more or less value to the suppliers. 

Consideration of flexibility of demand is a further extension of this idea of rationing demand. In 

addition to the rationing and production decisions, we have included the routing of flexible 

demand. Both suppliers and customers benefit from this identification of flexible demand.  

Finally, our research can be extended in many directions. In the original model, we make the 

assumption that the arrival rates of the demand are time-homogeneous. In practice, many of the 

demand arrival processes are non-homogeneous. We believe, after reformulate our continuous-
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time model into discrete-time model approaching the non-homogeneous case, the structures of the 

optimal control policies are anticipated to be preserved. Although this chapter presents the analysis 

of the lost-sales case, we believe that continuing research on the backorder case in the same 

scenario as ours may yield more intuitive results. Another direction of research is to remove the 

assumption of exponential processing time in our model. Current M/M/2 setting could be extended 

to M/EK/2 and M/G/2. It can be expected that these extensions are more difficult to analyze. Here, 

we have only taken into account the continuous-review stock rationing system. There are many 

papers give intensive discussions on periodic-review systems. The periodic-review 

production/inventory system with two items is completely characterized by Chen (2004) where 

optimal policy is also proved to have the switching curve structures. Therefore, we conjecture that 

periodic-review model of our peers can be analyzed and similar theoretical results might be 

retained.  Furthermore, future research may investigate the multi-item (more than two items) 

problems. Above all, our work on two-item, two-production facility stock rationing problem is 

only a prelude to many more general cases.  
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6.6 Appendix:  

Proof of Lemma 6.1 

First, we will show that if , then ˆV V∈ 1,iT V ∈ V̂ . From  

{ }1 1 1
1,

1

min ( ), ( ) 0
( )

i
i

i

V x e V x if x
T V

V x Otherwise
π

π
− + >⎧⎪= ⎨

+⎪⎩
 

Our result is evident for . If , define  1 0x ≤ 1 0x >

{ }1 1( ) min ( ), ( ) if x V x e V x π= − +  

Proof of Property (a):  1 1( ) 2f x xΔ ↑ ↑ x

}

   

Note that 

{ } {
1 1

1 1 1 1

( ) ( ) ( )
min ( ), ( ) min ( ), ( )i i

f x f x e f x
V x V x e V x e V xπ π

Δ = + −

= + + − − +

}1

     (A1) 

and    

{ } {
1 1 1 1

1 1 1 1

( ) ( 2 ) ( )
min ( ), ( 2 ) min ( ), ( )i i

f x e f x e f x e
V x e V x e V x V x eπ π

Δ + = + − +

= + + + − + +
  (A2) 

In order to show that 1 1( ) ( )1f x f x eΔ ≤ Δ + , i.e., ( )f x is convex in 1x , a simple way is to check 

all cases. 

{ }

{ }

1 1 1

1 1

1 1

min ( ), ( ) ( )
( ) ( ) ( ) ( )
( ) min ( ), ( )

i

i

V x V x e V x e
V x V x e V x e V x
V x e V x V x e

π

1π

+ + − −

≤ − − ≤ + −

≤ + − + +

 

and 

{ }

{ }

1 1 1

1 1 1 1

1 1 1 1

min ( ), ( ) ( )
( ) ( ) ( 2 ) ( )
( 2 ) min ( ), ( )

i

i i

i i

V x V x e V x e
V x V x e V x e V x e
V x e V x V x e

π

1π π
π π

+ + − −

≤ − − ≤ + + − + −

≤ + + − + +

 

Combining the above two inequalities, we derive 

{ }
{ } {

1 1 1

1 1 1 1

min ( ), ( ) ( )

min ( ), ( 2 ) min ( ), ( )
i

i i

V x V x e V x e

V x e V x e V x V x e

π

}1π π

+ + − −

≤ + + + − + +
         (A3) 
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Similarly, we can obtain  

{ }
{ } {

1 1 1

1 1 1 1

min ( ), ( ) ( )

min ( ), ( 2 ) min ( ), ( )
i i

i i

V x V x e V x

V x e V x e V x V x e

π π

}1π π

+ + − −

≤ + + + − + +
 (A4) 

Combining (A3) and (A4), we have 

{ } { }
{ } {

1 1 1 1

1 1 1 1

min ( ), ( ) min ( ), ( )

min ( ), ( 2 ) min ( ), ( )
i i

i i

V x V x e V x e V x

V x e V x e V x V x e

π π

}1π π

+ + − − +

≤ + + + − + +
 

We are now proceeding to show that 1 ( ) 2f x xΔ ↑ , the supermodular of the value function, i.e.,  

1 1 2( ) ( ) ( ) ( 2 )f x e f x f x e e f x e+ − ≤ + + − +  

Note that 

{ } {
1

1 1 1 1

( ) ( )
min ( ), ( ) min ( ), ( )i i

f x e f x
V x V x e V x e V x }π π

+ −

= + + − − +

}

        (A5) 

and 

{ } {
1 2 2

2 1 2 1 1 2 2 1

( ) ( )
min ( ), ( ) min ( ), ( )i i

f x e e f x e
V x e V x e e V x e e V x eπ π

+ + − +

= + + + + − − + + +
(A6) 

Since , we have ˆV V∈

{ }

{ }

1 1 1

1 2 1 2

2 1 2 2

min ( ), ( ) ( )
( ) ( ) ( ) ( )
( ) min ( ), ( )

i

i

V x V x e V x e
V x V x e V x e V x e e
V x e V x e e V x e

π

1π

+ + − −

≤ − − ≤ + − − +
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   (A7) 

and 

{ }

{ }

1 1 1

1 1 2 2

1 2 1 1 2 2 1

min ( ), ( ) ( )
( ) ( ) ( ) ( )
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i

i i

V x V x e V x e
V x V x e V x e e V x e
V x e e V x e e V x e

π

π π
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  (A8) 

Combining (A7) and (A8), we derive 

{ }
{ } {

1 1 1

2 1 2 1 1 2 2 1

min ( ), ( ) ( )

min ( ), ( ) min ( ), ( )
i

i i

V x V x e V x e

V x e V x e e V x e e V x e

π

}π π

+ + − −

≤ + + + + − − + + +
 (A9) 

Similarly, we can obtain  
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{ }
{ } {

1 1 1

2 1 2 1 1 2 2 1
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min ( ), ( ) min ( ), ( )
i i

i i

V x V x e V x
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 (A10) 

Combining (A9) and (A10), we have 

{ } { }
{ } {

1 1 1 1

2 1 2 1 1 2 2 1

min ( ), ( ) min ( ), ( )

min ( ), ( ) min ( ), ( )
i i

i i
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Proof of Property (b): 2 1( ) 2f x xΔ ↑ ↑ x    

It is clear that Property (b) is symmetrical to Property (a) with respect to 1x and 2x , and hence the 

result applies. 

Proof of Property (c): 1 2 1( ) ( ) 2f x f x xΔ −Δ ↑ ↓ x

1

  

First, we prove that 1 2( ) ( )f x f xΔ −Δ ↑

1 12 ) ( )

x

2

, which is equivalent to requiring 

1 2( ) ( ) (f x e f x e f x+ − + ≤ e f x e e+ − + + . Note that  
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1 2

1 1 1 2 2 1
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f x e f x e
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We check different cases. First we have  
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1 2 1 2

1 2 1 2
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π π

+ + − − +

≤ + + − − +

≤ + + − + + + − − +
≤ + + − + + + + + − +

≤ + + − + + + +

)
 (A12) 

Thus, we have  

{ }
{ } {

1 1 1 2

1 1 1 2 1 2

min ( ), ( ) ( )

min ( ), ( 2 ) min ( ), ( )
i

i i

V x V x e V x e e
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π
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(A13) 
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Similarly, we can obtain 

{ }
{ } {

1 1 2 1

1 1 1 2 1 2

min ( ), ( ) ( )

min ( ), ( 2 ) min ( ), ( )
i i

i i

V x V x e V x e

V x e V x e V x e V x e e

π π

}1π π

+ + − + −

≤ + + + − + + + +
 (A14) 

Combining (A13) and (A14), we obtain that  

{ } { }
{ } {

1 1 1 2 2 1

1 1 1 2 1 2

min ( ), ( ) min ( ), ( )

min ( ), ( 2 ) min ( ), ( )
i i

i i
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 Therefore, 1 2( ) ( ) 1f x f xΔ −Δ ↑

1 2 1,( , ) i

x . The rest half of Property (c) can be proved in the same way. 

Thus, f x x T V= ∈ V̂ ∈,  if . ˆV V

The verification for , , and2,iT V 3,iT V 4,iT V 5,iT V V̂∈  if ˆV V∈  is the same as the above 

checking process, and hence is thus omitted. Since operator T is a linear and nonnegative 

combination of , , , and , and thus TV1,iT V 2,iT V 3,iT V 4,iT V 5,iT V ∈  ifV̂ ˆV V∈ .  ■    

Proof of Lemma 6.2 

From definition, given 2x , is the least value of 1 2( )S x 1x  satisfying 

1 1( ) ( ) 0i V x V x eπ + − − ≥  

The supermodularity of implies ( )V x

1 1 2 2 1 2 2( ( ), 1) ( ( ) 1, 1) 0i V S x x V S x xπ + + − − + ≥

)

0

              (A-15) 

By the definition of , we have 1 2( 1S x +

1 1 2 2 1 2 2( ( 1), 1) ( ( 1) 1, 1)i V S x x V S x xπ + + + − + − + ≥   (A-16) 

Comparing (A-15) with (A-16), we can infer that  based on the fact that 

is the least value of 

1 2 1 2( ) ( 1)S x S x≥ +

1 2( 1S x + ) 1x  satisfying (A-16). Therefore, is decreasing in1(S x2 ) 2x . 

Similarly, we can prove that  is decreasing in5 (S x2 ) 2x and , and are 

decreasing in

2 1( )S x 3 1( )S x 6 (S x1)

1x .  

For , by definition,  4 1( )S x 1 4 1 1 4 1( 1, ( )) ( , ( ) 1)V x S x V x S x− − − 0≥
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From property c) 

1 4 1 1 4 1( 2, ( )) ( 1, ( ) 1)V x S x V x S x− − − − 0≥

)

0≥

)

.    (A-17) 

By the definition of , we have 4 1( 1S x −

1 4 1 1 4 1( 2, ( 1)) ( 1, ( 1) 1)V x S x V x S x− − − − − −                (A-18) 

Comparing (A-17) with (A-18), from the fact that 4 1( 1S x − is the least value satisfying (A-18), we 

can infer that . Therefore, is increasing in4 1 4 1( ) ( 1)S x S x≥ − 4 1( )S x 1x .  ■ 

Proof of Proposition 6.1 

First, for the switching curve 1 2 1 1 1 2( , ) min{ | ( ) ( ) 0, }iS x i x V x V x e given xπ= + − − ≥

, 1)i +

, we need to 

prove that given fixed x1. From the definition, we have 1 2 1 2( , ) (S x i S x≤

1 1 2 2 1 2 2( ( , ), ) ( ( , ) 1, ) 0i V S x i x V S x i xπ + − − ≥    (A-19) 

1, 1 1 2 2 1 2 2( ( , 1), ) ( ( , 1) 1, ) 0i V S x i x V S x i xπ + + + − + − ≥

1

   (A-20) 

and 1 1,i iπ π +> . Here, we use counter proof. If , then from (A-19) 1 2 1 2( , ) ( , 1)S x i S x i> +

1 1 2 2 1 2 2( ( , 1), ) ( ( , 1) 1, ) 0i V S x i x V S x i xπ + + − + − <

2

                          (A-21) 

then from (A-20) and (A-21), we have   

1 1 2 2 1 2( ( , 1), ) ( ( , 1) 1, )i V S x i x V S x i xπ + + − + −

1, 1 1 2 2 1 2 2( ( , 1), ) ( ( , 1) 1,i V S x i x V S x i x

 

)π +< + + − + −  

This leads to 1 1,i i 1π π +<  , which contradicts with 1 1,i 1iπ π +> . Hence, .  1 2( , )S x i 1 2( , 1)S x i≤ +

Results can be derived for , , and in the same logic. Then 

switching curves S x and are monotonically increasing in demand classes. 

and are monotone decreasing in the classes of discrete production rate.    ■ 

2 1( , )S x i

)i S x

3 1( , )S x i

3 1( , )i

5 2( , )S x i 6 1( , )S x i

2 1( ,

( , )i5 2( , )S x i 6 1S x
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7. Concluding Remarks 
 
 

In this chapter, we finish our studies on airline seat inventory control and rationing of the 

make-to-stock production/inventory system with some concluding remarks.  

The mathematical formulations for our dynamic control problems are Markov decision 

processes (MDP) or stochastic dynamic programming, which is a popular analytical model among 

the researchers of Operations Research and Management Science. Our research concentrates on 

characterizing the structures of the optimal policies for multi-flight problem, round-trip/multi-leg 

problem and two-item, two production-facility production/inventory system, respectively.  

Firstly, we thoroughly analyze the two-flight problem with a flexible demand segment, and 

interesting structural results are derived.  The main contribution is the proof that structure of the 

optimal booking policy can be characterized as monotone switching curves. To our knowledge, the 

only paper in the revenue management literature with a same spirit is Bitran and Mondschein 

(1995); their Figure 1 (p. 432) portraits a switching curve for a simple two-type room, one-class 

allocation problem in a hotel context. Their model follows a classic dynamic programming 

approach that needs to develop good heuristic solution methods due to dimensionality difficulty, 

which is in the fact the main focus on their study.  This problem can also be classified into the 

categories of flexible product in Gallego and Phillips (2004).     

For the round-trip/two-leg problem, the structure of the optimal booking policy is 

characterized by three switching curves. In addition, structure of the optimal booking policy for 

multiple-seat booking problem has been completely characterized as switching curves based on the 

assumption that booking requests can be partially satisfied. Moreover, this thesis investigates the 

structure properties of the optimal value function for multi-leg problem. Based on the relaxation of 

booking controls on some legs, we partially characterize the optimal booking policy as switching 

surfaces. Approximation method has been used to solve our problems.  

For rationing of the make-to-stock production/inventory system, we consider two items, two 

production facilities. Difference between this study and previous research lies in (i) it considers a 
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flexible demand segment which brings in significant value to the management; (ii) it considers 

multiple discrete product rates for two production facilities. Management may choose different 

production rates according to the inventory status. Structures of the optimal control policy for 

admission/rejection/routing decisions are characterized by three switching curves for each of 

demand classes. Additionally, we examine relevant monotone properties associated with the 

optimal value functions.  

Today, major airlines may have as many as hundreds of flights available at any time. Real-

time control of the seat reservation of so many flights poses great challenge both to academia and 

carriers. This motivates us to study the multi-flight and multi-leg problems in this dissertation. 

Although optimal booking policies has been completely characterized for two-flight and two-

leg/round-trip problem, it seems to be difficult to extend our results to multiple flights /legs (more 

than two legs) problems which require cumbersome computation work even though optimal 

booking policies are completely characterized. In the future, there are still many research works to 

do for the manipulation of huge volume of demand data. From the side of industrial application, it 

needs effective heuristic methods to greatly reduce the computation work and more efficient seat 

reservation systems to handle large scale problems.  

In the research of rationing of make-to-stock production/inventory system, single-item 

problems have been fairly-well studied. However, for two-item problem, there are not many works 

on such a topic. Here, we only consider the lost-sales case. It is expected that the present results 

could be extended to the backlog case. For problems with more than two items, complete 

characterization of the structure of the optimal policy seems to be difficult. Instead, heuristics and 

approximation methods might be developed to solve the problems.  

One of the special characteristics in our research is to differentiate the customer demands 

and classify them as dedicated customers and flexible customers. Dedicated customers can be only 

satisfied with their favorite carriers/flights/items while the flexible customers are indifferent 

among the carriers/flights/items. In this dissertation, it is demonstrated that identification and 

management of the flexible demand segment can bring in relative higher value than those without 
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consideration of the flexibility of customers. Such a topic is quite interesting and has not been 

thoroughly addressed in other research works. This is the initiative motivation for this dissertation 

to give an in-depth analysis of customer demand.  
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