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Abstract iii

Abstract

Multi-criteria decision making involves solving a multi-objective optimization

problem (MOP) and selecting an optimal trade-off solution from the Pareto

set (PS) based on preferred criteria/ objectives. The decision maker (DM)

can articulate her preferences before, during, or after solving the MOP. How-

ever, specifying preferences a priori without knowledge of the Pareto data can

be challenging. As an alternative, the DM can interactively refine her pref-

erences during optimization, but this process can be cognitively demanding,

especially when the number of query increases. A third approach involves

solving the MOP to acquire the Pareto data first, allowing the DM to se-

lect a solution a posteriori based on her preferences. However, discovering

solutions that lie on the PS manifold and satisfying the DM’s preferences is

often unlikely, particularly in domains where evaluation data is costly.

To overcome the limited decision choices in the acquired PS, an inverse ma-

chine learning model can be invoked to map arbitrary preferences in the ob-

jective space to new solutions in the PS. The accuracy of this inverse model,

however, is constrained by the inherently small training data available in ex-

pensive optimization domains. To alleviate this small data challenge, this

thesis introduces a pioneering study on multi-source inverse transfer learning.

The proposed method leverages experiential source tasks to enhance PS learn-

ing in the target MOP task, uniquely facilitating information transfer between

heterogeneous source-target pairs through common objective spaces.
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Additionally, to mitigate the curse of dimensionality in the decision space,

the concept of PS representation learning is introduced. This approach re-

duces the problem to its smallest possible dimensions while accurately cap-

turing the Pareto optima. A denoising autoencoder is utilized to discover a

compressed latent representation of a sparsely populated PS, leveraging its

bottleneck architecture. This representation then serves to create compact

inverse models, mapping DM’s preferences in the objective space to the di-

mensionally reduced PS.

The final part of the thesis explores scenarios where source task is absent

for inverse transfer learning. It presents the novel idea of Monte Carlo walk-

pull as a means of PS augmentation. Techniques are proposed for the first

time to couple the walk-pull process with an inverse machine learner, en-

abling accurate modeling of the optima in problems with highly non-linear

PS shapes.

All three proposed approaches have been empirically tested on benchmarks

MOPs and real-world MOPs based on an industrial supply chain planning

problem and a high-fidelity multidisciplinary simulation data of composite

materials manufacturing processes. The results are promising, showcasing sig-

nificant improvements in the predictive accuracy and Pareto approximation

capacity of PS learning. With such accurate inverse models, a future of

on-demand Human-AI interaction facilitating multi-objective decisions can be

envisioned.

Keywords: Inverse Machine Learning, Pareto Set Learning, Multi-source

Inverse Transfer Learning, Pareto Set Augmentation, Multi-criteria Decision

Making.
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Chapter 1

Introduction

Decision making for real-world problems, such as engineering [1,2], economics

[3, 4], logistics systems planning [5, 6], manufacturing operations optimiza-

tion [7, 8] is typically complex to solve and consists of multiple conflicting

criteria/ objectives. It involves optimization and selection of an optimal solu-

tion based on the preferred trade-offs among different criteria. The decision

maker (DM) in this case, can provide her preferences among these conflicting

criteria before, during, or after the course of optimization. The sequence of

preference articulation can in turn drive the formulation and solver choice for

the optimization problem, introducing respective research challenges.

1.1 Multi-criteria Decision Making and its

Challenges

The involvement of the DM at various stages of the optimization process

is as shown in Fig. 1.1. In the first scenario, the DM is involved prior

to the initiation of the optimization process, where her preferences among

the conflicting objectives is first make known. Some common methods to

model the DM preferences include representing it as goals [9, 10], preference

weights [11, 12] and utility functions [13, 14] with the ultimate aim of sim-

plifying the MOP either into a single-objective or constraining its search di-

rection. The simplified problem can then be efficiently solved, returning a
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single or subset of optimal trade-off solutions that satisfy the a priori artic-

ulated preference. However, it forces the DM to state her preferences among

the conflicting objectives without truly understanding the underlying comprise

made in terms of the actual objective values. As a consequence, the initial

preference articulated may not be a good representative and can result in

changing preferences after being presented with the optimal objective values,

requiring multiple re-runs of the optimization process.

One potential remedy is to perform interactive search [15, 16] where in this

scenario, the DM is allow to refine her preferences during the course of op-

timization. It provides the freedom for the DM to fine-tune her preferences

according to the objective values of the current best-performing solution ob-

tained in the midst of the optimization process. With the updated prefer-

ences, the interactive methods then change the search direction accordingly

in the remaining optimization process. However, this give raise to a new

challenge of having to determine the optimal number of queries that should

be made to the DM during the course of optimization. As an insufficient

amount of queries will result in an inaccurate preference model, while on the

other hand, a significant amount will cause unnecessary fatigue to the DM.

Moreover, the optimal number of queries to be made is highly dependent on

individual DM and increases rapidly with the number of objectives.

The final scenario involves directly solving the original MOP to obtain a

diverse set of optimal trade-off solutions, where no objective can be im-

proved further without worsening another. This set of solutions constitutes

the Pareto Set (PS) in the decision space, with corresponding objective values

forming the Pareto Front (PF). Solving the MOP provides a comprehensive

view of all possible trade-offs in the objective space, allowing the DM to

select a solution a posteriori based on her preferences. However, this ap-

proach increases the complexity of the optimization process and requires spe-

cific solvers designed for MOPs. These solvers include exact methods [17–19]

and approximate sampling-based methods [20–22], which typically produce
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discrete representations of possibly continuous PFs. A common procedure [23]

is to scalarize a MOP with different weight combinations, decomposing it into

a set of single-objective optimization sub-problems that are solved jointly. Al-

ternatively, approaches such as [24,25] evolve populations of solutions toward

diverse regions of the PF simultaneously, without explicit problem decompo-

sition, and are widely adopted in practice.

However, in most real-world cases, achieving good coverage of the PF for a

posteriori decision making requires a large number of solution evaluations,

which can be prohibitively expensive. This is particularly true for MOPs

with objective functions that rely on time-consuming computer simulations

or costly real-world procedures, where each evaluation is at a premium. Con-

sequently, the Pareto optimal solutions obtained from a single run of any

MOP solver are typically limited in quantity and rarely align with the sub-

regions of the PF preferred by DMs.

Figure 1.1: Different decision making scenarios involving the DM to
articulate her preferences (a) a priori, (b) interactively or (c) a posteriori of

optimization.

A promising approach to address the mismatch between acquired and pre-

ferred points along the PF is to initiate PS learning. As illustrated in Fig.

1.2, this involves training an inverse machine learning model to map points

from the PF to the decision space [26], enabling the generation of new so-

lutions corresponding to arbitrary, unexplored sub-regions of the PF. This

capability paves the way for seamless Human-AI interaction in multi-criteria

decision making, where solutions can be generated on-demand based on the

postponed preferences of DMs. However, the accuracy of the inverse model
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depends on the quantity of acquired training data, which is inherently limited

in expensive optimization domains. This challenge is further compounded by

problems with highly non-linear PS, requiring a larger volume of Pareto data

to adequately represent the intricate geometry.

Figure 1.2: Inverse machine learning model for a posterior decision making.

1.2 Research Objectives

This thesis is motivated by open research issues in multi-criteria decision

making discussed in the previous section. Particularly, it focuses on enhancing

the performance of inverse machine learning models to facilitate a posteriori

decision making in expensive and complex problems characterized by small

Pareto data and highly non-linear PS. The research objectives are stated as

follows.

1. Investigate into existing machine learning techniques for enhancing the

process of multi-criteria decision making to unveil a comprehensive re-

search landscape while identifying open research issues. Subsequently,

conduct a background study to illustrate the concept of incorporating

machine learning models to facilitate Human-AI multi-criteria decision

making.

2. Pioneer the study of multi-source inverse transfer learning for a poste-

riori decision making. Develop a novel method that leverages experi-

ential source tasks to enhance PS learning in the target optimization

task. Through this unique inverse setting, it will unify common ob-
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jective spaces for enabling information transfer between heterogeneous

source-target pairs. Additionally, demonstrate the efficacy of the pro-

posed approach in improving predictive accuracy and PF approxima-

tion capacity through experimental tests based on benchmark functions

and high-fidelity simulation data from composite materials manufactur-

ing processes.

3. Improve the computational efficiency of PS learning in high-dimensional

decision spaces by introducing the concept of PS representation learn-

ing. This concept aims to reduce the problem to its smallest possible

dimensions while accurately capturing Pareto-optima. Next, verify the

concept with a denoising autoencoder to discover a compressed latent

representation of a sparsely populated PS through its unique bottleneck

architecture. In addition, assess the potential of this representation to

create compact inverse models, mapping points from the PF in objec-

tive space to the dimensionally reduced PS in decision space. This is

achieved by empirically validating the method on benchmark problems

and an industrial supply chain planning problem to showcase its ef-

fectiveness in reducing the dimensionality of the PS and gains in PF

approximation capacity.

4. Enhance the performance of inverse machine learning model in the ab-

sence of source data by presenting a new idea of Monte Carlo walk-pull

as a means of Pareto data augmentation. Propose techniques to couple

the walk-pull process with an inverse machine learner to accurately map

points along the front to the PS in decision space. Investigate the abil-

ity of the proposed method to accurately model the optima of problems

with highly non-linear PS shapes with test results to demonstrate its

improvement in the predictive accuracy and PF approximation capacity.

5. Finally, conclude the research works conducted on inverse machine learn-

ing for a posteriori decision making under different scenarios. In addi-

tion, identify future research work for enhancing the performance of PS
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learning for a posteriori multi-criteria decision making and its potential

to integrate with existing multi-objective optimization algorithms.

1.3 Thesis Outline

Figure 1.3 shows the organization of the remainder thesis with the following

chapters.

• Chapter 2 provides a comprehensive literature review on the application

of machine learning approaches for multi-criteria optimization and deci-

sion making. It focuses on preference articulation in a priori, interactive

and a posterior stages of the optimization process. Based on the review

conducted, open research challenges are identified to guide the research

direction of the thesis.

• Chapter 3 presents preliminaries on multi-objective optimization and in-

verse machine learning for multi-criteria decision making to enable on-

demand mapping of DM preferences in the objective to the decision

space.

• Chapter 4 conducts a background work on the application of machine

learning models to facilitate Human-AI decision making, serving as a

feasibility study and exemplifies the impact of the research conducted

in this thesis.

• Chapter 5 proposes a new approach for multi-source inverted transfer

learning to overcome the limited Pareto data. Under this inverse setup,

it uniquely enabled information transfers between heterogeneous source-

target pairs through the unification of the common objective spaces.

Thereafter, a rigorous empirical analysis of the method on benchmark

MOPs, with 4-D to 7-D objective spaces, and on a real-word composite

manufacturing use-case is conducted.
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• Chapter 6 provides a computationally efficient solution to address the

high-dimensional PS learning. Concept of PS representation learning is

introduced to reduce the problem to its minimal dimensions required for

accurately capturing the Pareto optima. Furthermore, to illustrate the

concept, a denoising autoencoder is invoked to discover a compressed la-

tent representation of a sparsely populated PS to enable the creation of

compact inverse models. Empirical tests based on benchmark problems

and an industrial supply chain planning problem are then conducted.

• Chapter 7 put forward a different approach in handling limited Pareto

data with the absence of source data. A novel idea of Monte Carlo walk-

pull for Pareto data augmentation is proposed. Moreover, techniques to

couple the walk-pull process with an inverse machine learner trained to

map points along the front to the PS in decision space are presented

for the first time. Thereafter, its performance is validated on multi-

objective functions with nonlinear PS shape to highlight the robustness

of the proposed approach.

• Chapter 8 concludes the thesis and discusses future research outlooks

for these methods.
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Figure 1.3: Organization of the key chapters in this thesis.
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Chapter 2

Literature Review

This chapter provides a systematic review of existing approaches that facil-

itate multi-criteria optimization and decision making. The approaches are

organized and classified based on the sequence of preference articulation, as

shown in Fig. 2.1.

The first section reviews works related to preference-guided optimization,

where preferences among solutions are elicited before or interactively during

the course of optimization. This class of works aims to simplify and focus the

search on the subregion of the PF based on known or learned preferences.

The second section focuses on two main applications of machine learning

within the multi-objective optimization process, which are building a forward

model for rapid function evaluation and unsupervised PS learning. This re-

search stream aims to develop optimization algorithms leveraging machine

learning techniques to efficiently solve expensive MOPs. The goal is to ob-

tain a well-converged PF representation, enabling DMs to select a solution a

posteriori based on their preferences.

The final section reviews inverse machine models for PS learning based on

current Pareto data acquired either during1 or after the multi-objective op-

timization process. This research stream aims to enhance the density of

the approximated PF and enable the on-demand generation of new solutions

1Note that inverse machine learning models have also been applied during the optimization
process to enhance convergence performance. However, the discussion is deferred to this final
section to compare them with inverse models developed for a posteriori decision making.



Chapter 2. Literature Review 10

based on the DM postponed preferences by training an inverse model.

Figure 2.1: Organization of literature review on existing approaches for
multi-criteria optimization and decision making.

2.1 Preference-guided Optimization

In multi-criteria optimization and decision making, the aim is to compute a

set of Pareto optimal solutions with at least one of its solutions satisfying

the DM preference. A potential approach to increase the likelihood of pref-

erence alignment under limited computational resources is preference-guided

optimization, which models the DM preferences and incorporate it into the

search process.

The DM preferences can be articulated a priori or interactively during the

course of optimization. For a priori optimization, preferences are explicitly

stated in the forms of goals or weights and are fixed during the search pro-

cess. The goals are defined by asking the DM to state her ideal objective
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values in the form of a m-dimensional vector with m as the number of

objectives. This vector then serves as a reference point for comparing the

objective values of different solution candidates generated during the opti-

mization process. To this end, [9] considered scenarios involving multiple

DMs with diverse objective goals. Solution candidates were selected based on

its dominance relationships among these reference vectors, with the eventual

aim of acquiring a subset of solutions that span across various subregions of

the PF that were close to the predefined goals. In the context of expen-

sive MOP, [27] introduced a new acquisition function that incorporated the

probability of achieving a predefined goal into existing Bayesian optimization

algorithms.

Another way to represent a priori preference is by specifying m weights that

sum to 1, indicating the importance among the m number of conflicting

objectives. This facilitates the scalarization of the original MOP, allowing

the application of existing single-objective solvers. To overcome the cognitive

demanding needs of precise preference articulation, [28] proposed using the

weights to instead represent the trade-offs that the DM is willing to make.

For instance, in a bi-objective optimization problem involving cost and perfor-

mance, the DM might specify a willingness to sacrifice no more than 2-units

of cost for a 1-unit improvement in performance. This helps identify subre-

gions of the PF with the desired curvature or slope (in the case of m=2)

that align with the trade-offs stated by the DM. Building on this idea, the

authors in [29] have analyzed the curvature of different parts of the PF to

derive various preference sets that represent potential trade-offs preferred by

the DM.

In situations where DMs lack a clear and consistent preference, a simplified

method of querying DMs through pairwise comparison of the available so-

lutions can be employed. A pioneering idea in this area is the analytical

hierarchy process [30], where the DM repeatedly rates the relative impor-

tance of different combinations of two objective pairs. These ratings are then
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checked for inconsistencies, prompting the DM to re-evaluate as needed before

converting the pairwise ratings into a set of weights indicating the importance

among the objectives.

Subsequent works in the field of interactive optimization have adopted sim-

ilar approaches to model pairwise comparison outcomes by learning various

arbitrary utility functions. One approach involves using a linear scalarization

function, where its weights are iteratively adjusted based on new feedback

during the interactive process [16]. Extensions of this method have incorpo-

rated multiple scalarization functions to increase the number of Pareto opti-

mal solutions identified at the end of the optimization process [31,32]. Simi-

larly, probabilistic models have been explored to efficiently balance preference

learning and optimization, offering the advantage of reducing the number of

queries required to avoid DM fatigue [14,33].

To address high-dimensional objective spaces and bi-level MOPs, quasi-concave

polynomial functions were proposed to learn the associated utility functions

[34]. Likewise, [35] demonstrated the consistent effectiveness of ordinal regres-

sion functions when modeling the utility functions for MOPs with diverse PF

shapes. Neural networks have also been studied to approximate more com-

plex utility functions, demonstrating its robustness against inconsistent DM

ratings during the interactive optimization process [13, 36].

The works on preference-guided optimization aim to avoid the intensive com-

putational demands of finding a large set of solutions that comprehensively

cover the PF to satisfy DM preferences. Instead, it focuses on computing a

subset of solutions in highly desirable subregions of the PF, based on either

a priori or learned preferences during the optimization process. However, the

real challenge lies in the DM ability to provide such precise yet accurate

preferences with limited knowledge of the true PF topology.
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2.2 Machine Learning for Multi-objective Opti-

mization

Assuming that DM is unable to provide any a priori information about her

preferences, the goal is then shifted to solving the MOP to obtain a di-

verse set of Pareto optimal solutions for a posteriori decision making. Hence,

this section provides a concise review on the recent developments in multi-

objective optimization algorithms that harness the insights from problem-

specific features to expedite the search process.

Existing MOP solvers can be broadly classified into exact mathematical pro-

gramming methods [17–19] and approximate sampling-based methods [20–22],

which iteratively evolve a population of solutions toward convergence. Com-

pared to exact methods, sampling-based methods using evolutionary algo-

rithms are more widely adopted in real-world applications [1–8] owing to their

ability to handle more complex problem formulations [37, 38]. Furthermore,

most multi-objective evolutionary algorithms (MOEAs) can obtain a set of

solutions in a single run and offer the flexibility to customize the underlying

algorithm to increase its efficiency in tackling different MOPs [39,40].

The general steps in an MOEA begin with an initial parent population of ran-

domly sampled solutions, whose objective values are assessed using a multi-

objective function. Based on these evaluations, the solutions are ranked 2

according to their diversity and convergence toward the true PF. A new

population of offspring is then generated by inheriting features from the top-

ranking parent population, and their objective values are evaluated. The

offspring and parent populations are subsequently combined and re-ranked.

2Based on the ranking approaches, MOEAs can be further divided into three categories,
namely Pareto-, indicator-, and decomposition-based MOEAs. Pareto-based MOEAs [24, 41]
perform non-dominated sorting to rank solutions based on its Pareto dominance. While
Indicator-based MOEAs [42–44] use an indicator such as Iϵ+ [42], Hypervolume [45] and R2 [46]
to determine the superiority of solutions. Lastly, decomposition-based MOEAs [20, 47] scalar-
ize a MOP into a set of single-objective optimization sub-problems and are ranked separately
accordingly to the single-objective evaluation functions. Commonly used scalarization function
include, weighted sum [48], Tchebycheff [48] and penalty-based boundary intersection [49].
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This process repeats for a fixed number of generations or terminates early if

the solutions converge to the true PF.

To cope with the ever-increasing complexity of real-world MOPs, numerous

studies have proposed innovative forms of MOEAs that leverage the data

generated during the optimization process. Fig. 2.2 illustrates two learnable

insights that can be potentially exploited online during the execution of the

MOEA from a machine learning perspective. These insights aim to efficiently

tackle the significant challenges inherent in solving real-world MOPs, aligning

with the research objectives detailed in Chapter 1.2.

The first challenge involves costly evaluation functions that require time-

intensive procedures, such as computer simulations or real-world experiments,

to compute objective values for each solution candidate. This significantly

limits the number of evaluations possible within a fixed computational bud-

get. The second challenge pertains to highly non-linear dependencies among

decision variables, which poses a challenge for traditional MOEAs relying on

genetic operators. The inherent randomness of these algorithms can disrupt

the solution building blocks or impose restrictive mating conditions that hin-

der the formation of high-quality solutions [40].

To address the first challenge, existing research has focused on building a

more computationally efficient surrogate model of the expensive evaluation

functions, as shown by the machine learning task 1 in Fig. 2.2. The surro-

gate model is first trained on the available premium dataset that has been

evaluated by the expensive function f(·). This trained model is then used

as a substitute for evaluating new solutions and identifying high-potential

solutions that are worth evaluating using f(·). With the newly evaluated

premium data, the surrogate model is then retrained and this process of al-

ternating between cheap and expensive evaluation functions continues until

the computational budget has been exhausted.

The goal of this research primarily focuses on methods that seek to improve

the accuracy of the surrogate model trained under limited data and selec-
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tion criteria of high-potential solutions worth re-evaluating with the expen-

sive objective function. In [50], multiple radial basis functions were trained on

different subsets of the costly evaluation data available, with the individual

predictions of the final objective values averaged to reduce the generalization

error. High-potential solutions were then chosen based on non-dominated so-

lutions in different clusters, partitioned using weight vectors. To effectively

distinguish solutions based on good convergence and uniqueness, which is im-

portant in maintaining diversity, a dual fuzzy classifier was developed in [51].

Subsequently, high-potential solutions were selected based on the sum of the

two predicted membership degrees. To further enhance diversity, solutions

that potentially lie in the PF bound have also been considered as an addi-

tional criterion for re-evaluation by the expensive objective function [52].

Figure 2.2: A machine learning perspective in MOEA for addressing issues
arising from complex MOP.

To enhance the predictive accuracy of the surrogate model during the search

process, selecting potential solutions that improve training performance was
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another key consideration. In this regard, [53] employed a predefined thresh-

old to alternate the selection of high-potential solutions based on their ability

to enhance either PF convergence or surrogate model accuracy. PF conver-

gence improvement was quantified using the distribution of objective values

predicted by an ensemble of surrogate models, while surrogate model accu-

racy improvement was estimated by the reduction in the average distance

within the premium training data in the decision space.

Another widely adopted approach to balancing exploitation and exploration,

which ensures both good PF convergence and improved surrogate model ac-

curacy, is Bayesian optimization [54]. This method employed a probabilis-

tic regression model that provides both the mean and standard deviation of

the predicted objective values. Based on the predictive probability distribu-

tion, various acquisition functions, such as the lower confidence bound [55],

expected improvement [56], and predicted entropy search [57] can be for-

mulated to choose high-potential solutions to balance exploitation and explo-

ration. Building on this concept, the authors in [58] proposed a new adaptive

acquisition function that increasingly emphasized exploitation as the compu-

tational budget for the expensive function evaluator decreases. To extend the

modeling of expensive MOPs with constraints, [59] suggested using another

probabilistic-based surrogate model to predict the degree of constraint vio-

lation. Leveraging these two surrogate models, high-potential solutions were

chosen based on the maximum improvement that can be achieved in both

objective and constraint violation values.

Advances in enhancing the efficiency of Bayesian optimization in high-dimensional

decision and objective spaces have also garnered significant attention. To im-

prove the scalability of surrogate models in these spaces, [60] proposed using

multiple surrogate models, each trained on data subsets from different local

regions of the objective space. This approach facilitates parallel searching for

high-potential solutions through a coordinated strategy. Additionally, various

dimensionality reduction methods in decision spaces have been explored. For
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instance, [61] jointly trains a denoising autoencoder and a surrogate model,

enabling efficient gradient-based optimization within the autoencoder’s latent

space. In [62], an efficient Monte Carlo sampling algorithm was introduced

to rapidly identify sparse, axis-aligned subspaces for surrogate modeling of

critical decision variables. Further research has focused on developing effi-

cient machine learning models for handling a large number of objectives. For

example, [63] investigates a computationally efficient dropout neural network

and a method for adaptively balancing convergence and diversity when se-

lecting promising solutions.

Besides improving the predictive accuracy of the surrogate model with new

training data, transfer learning approaches have been another area explored.

In [64], the authors divided the objective space into different partitions, where

separate probabilistic surrogate models were first trained. Subsequently, a

joint surrogate model learning was performed to exploit the correlation among

different sub-objective spaces. In [65], MOPs with cheap and expensive ob-

jective evaluation functions were considered. The partial evaluation data from

the cheap objective evaluator was then adaptively used to augment the surro-

gate model’s predictive accuracy for the expensive objective function. Beyond

transfer learning within a single MOP, [66] proposed multi-problem surrogates

that maximally utilized other potentially correlated data sources. The trans-

fer mechanism is based on a stacking approach involving a meta-regression

stage to learn weighted predictions of the multiple base surrogates. Simi-

larly in [67], a multi-output neural network trained for a specific injection

molding process is transferred to a related target task by re-training the

output-adjacent layers with a small amount of target data. Additionally, [68]

evaluated the theoretical and empirical performance of a multi-task Gaussian

process model for source-target transfer, showing faster convergence compared

to the no-transfer scenario. While in [69], the separable structure of transfer

covariance matrices in multi-task Gaussian processes was exploited to reduce

the computational load in high-dimensional MOP.
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In addition to improving the predictive accuracy of surrogate models with

new training data, transfer learning has also been actively explored. In [64],

the authors partitioned the objective space and trained separate probabilistic

surrogate models for each partition. A joint surrogate model was then con-

structed to exploit correlations across different sub-objective spaces. In [65],

MOPs with both cheap and expensive objective evaluation functions were

considered. Partial evaluation data from the cheaper objective function was

adaptively used to improve the surrogate model’s accuracy for the more ex-

pensive objective function. Meanwhile, [69] exploited the separable structure

of transfer covariance matrices in multi-task Gaussian processes across differ-

ent objectives to reduce computational costs in high-dimensional MOPs.

Beyond transfer learning within a the scope of a single MOP, [66] introduced

multi-problem surrogates that leveraged potentially correlated data sources.

Their transfer mechanism employed a stacking approach with a meta-regression

stage to generate weighted predictions from multiple base surrogates. Simi-

larly, in [67], a multi-output neural network trained for a specific injection

molding process was transferred to a related target task by retraining the

output-adjacent layers with a small amount of target data. Additionally, [68]

evaluated both the theoretical and empirical performance of a multi-task

Gaussian process model for source-target transfer, demonstrating faster con-

vergence compared to the no-transfer scenario.

The next challenge is tackled in the existing literature by modeling the highly

non-linear dependencies among decision variables of current non-dominated or

better performing solution candidates as a probability distribution function.

Using the modeled distribution p(X top
t−1), the decision variable values of new

offspring Xt were sampled, eliminating the need of genetic operators3, as il-

lustrated in machine learning task 2 of Fig. 2.2. Pioneering work in this

area has focused on multi-objective estimation of distribution algorithms [72],

3Note, an alternative approach to fully replacing the genetic operators is the use of data
analytics to complement the operators, which is not part of the review scope. Interested readers
can refer to [70,71] for relevant examples.
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where different probabilistic models were employed to effectively capture de-

pendencies among variables and the regularity property of the current PS.

To accurately represent the correlations, [73,73] proposed modeling the prob-

ability distribution as a directed acyclic graphical model, with the nodes

representing decision variables and the arcs representing dependencies among

these nodes. Alternatively, the regularity property of MOPs, where the PS

shape can be represented in a lower dimensional space than the number of

decision variables, has been explored by [74,75]. The authors used local prin-

cipal component analysis to build simplified probability models in the reduced

decision space. To ensure the generation of diverse solution candidates in dif-

ferent subregions of the PF, mixture distribution models have been utilized

instead in [76, 77]. Different probabilistic models were built separately based

on the clustering of the objective values of the solution candidates. More

recently, to generate high-quality offspring, [78, 79] proposed using generative

adversarial networks, where the current population of solutions were classified

into high- and poor-performing groups for training.

Apart from learning the dependencies among target solution candidates, trans-

fer learning techniques that exploit dependencies across different MOP tasks

to accelerate PF convergence have also been extensively studied in recent

years. The focus has primarily been on evaluating the similarity between

different pairs of source-target tasks to determine the extent of transfer.

In [80], the extent of transfer from source to target task was determined

based on the previous steps of the optimization process. For instance, if a

previously transferred source solution led to a non-dominated solution in the

target MOP, it will be considered as a positive transfer, and the extent of

transfer from this source task will be increased. Subsequently, in [81], the

same authors proposed a more elaborate method to better quantify the mea-

sure of source-target similarity. They introduced the idea of transfer rank,

where all past transfers that led to positive results will cause an increase in

the ranking. To further differentiate source tasks with the same rank, a k-
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nearest neighbor clustering method based on regions of positive and negative

transfer was additionally proposed. Meanwhile, the authors in [82] proposed

measuring similarity by fitting a Gaussian mixture model for all the top-

performing solutions of the source and target populations. The computed

mixture weights were then used to define the extent of transfer. This ap-

proach was later adopted in [83] to optimize various problem instances of an

integrated energy system, yielding improved optimization performance.

A selection strategy based on a Wasserstein-based similarity measure between

the source and target population distributions was employed to better dis-

tinguish the extent of transfer for various source tasks [84]. This strategy

selects the most similar source task to the target if its similarity measure is

higher than those of the other source tasks. In cases where the variance of

the similarity measure across source tasks is high, all source tasks, or the

top K most similar source MOPs, are considered and weighted proportionally

according to their similarity.

For more granular transfer, the objective space of the MOPs is partitioned

into subspaces using different weight vectors, with solution transfer restricted

to the same subspace [85]. Similarly, in [86], the likelihood of selecting a

solution for transfer is assessed by comparing the solution density and con-

vergence across sub-regions of the objective space for each source-target pair.

To enhance the convergence of the primary constrained MOP, the authors

in [87] introduced an auxiliary task without constraints. Solutions for both

tasks are then generated by selecting parent solutions either within or across

tasks, based on past improvements in both scenarios.

Machine learning techniques aimed at increasing the overlap between source

and target MOP tasks have also been a key area of research. In this re-

gard, [88] introduced the idea of representation learning via spatial trans-

formations to handle mismatches in search space dimensionalities between

distinct MOPs, thereby increasing the overlap between their optimized search

distributions. Similarly, [89] proposed a refinement method for the source



Chapter 2. Literature Review 21

solution to be transferred, where more drastic refinement was applied if the

similarity measure was low. In [90], a discriminative reconstruction network

was developed for each MOP task to directly transfer a source solution, con-

trol the extent of the transfer, and construct a Pareto optimal subspace for

the efficient evolution of target MOP solutions.

The works reviewed herein focus on using machine learning techniques to

tackle the challenges of solving MOPs with expensive-to-evaluate functions.

This is achieved by developing surrogate models that efficiently predict ob-

jective values and by selecting high-potential solutions for costly evaluation.

Additionally, to manage nonlinear dependencies among decision variables, var-

ious probabilistic models are explored to generate subsequent offspring solu-

tions. However, for a posteriori decision making, these works address only

part of the issue on faster PF convergence and do not tackle the challenge

of insufficient PF representation.

2.3 Inverse Models for Pareto Set Learning

In this section, an overview of existing works on the application of inverse

models for PS learning in MOPs is provided. The literature is broadly cate-

gorized into two research strands, referred to herein as (a) online PS learning

and (b) post-hoc PS learning with the former being applied during the opti-

mization process.

Unlike the probabilistic models discussed in the previous section, which do

not explicitly consider the objective space, online PS learning aims to gen-

erate solution candidates more precisely based on different points along the

approximated PF. This is achieved via inverse supervised machine learning

model that are trained to map points from the objective to the decision

space. Here, the inverse models are repeatedly updated based on data being

generated during each optimization step, and subsequently inform the sam-

pling of promising solution candidates in the next iterations. To this end, [91]
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utilized multiple Gaussian process (labelled hereafter as invGP). Each invGP

was tasked to predict a single decision variable value. The training data

was first partitioned into subspace in objective space based on uniformly dis-

tributed reference vectors. Within a subspace, they applied a random group-

ing technique to determine which inverse models were to be built, training

an invGP for each.

To address the issue of irregular (non-uniform or disconnected) PFs, vari-

ous objective space partitioning techniques have also been proposed in the

literature. Adaptive reference vector generation in the context of online PS

learning was explored in [92], adjusting or removing reference vectors based

on the number of solutions associated with each partition. In [93], K -means

clustering was applied to partition the data before training multiple inverse

models. Alternatively, the random grouping mechanism by [91] has been the

subject of further study and refinement. For instance, a feature importance

method with random forests [94] was applied to determine better assignments

of decision variables to objective functions. Likewise, a nonrandom grouping

strategy [95] was put forth to enhance the reliability of the inverse model.

Recent efforts have explored neural PS learning in multi-objective combina-

torial optimization [96] and multi-objective Bayesian optimization for com-

putationally expensive problems [97]. Additionally, methods to leverage ex-

ternal datasets to enhance the predictive accuracy of inverse models have

been investigated. In [98], the authors proposed using both non-dominated

and dominated solutions within each optimization step to build an inverse

generative model, improving optimization performance. In [99, 100], datasets

from diverse optimization tasks were employed to develop inverse multi-task

Gaussian process models, where each model was trained to map preference

vectors in the objective space to a specific dimension in the decision space.

Another emerging application of online PS learning involves optimizing dy-

namic, real-time systems, where the inverse model is continually retrained

with new streaming data [101,102].
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On the contrary, post-hoc PS learning serves to aid decision making by en-

hancing the density of the PF approximation given a target MOP and its

solution evaluation data acquired in the course of a posteriori multi-objective

optimization. The goal is for a DM to have the ability to generate new

near-optimal solutions on-demand, simply by prompting the inverse model at

unexplored regions of the PF. An early work in this regard was carried out

in [103], where the authors employed a radial basis function network (la-

belled hereafter as invRBFNN) structure for the inverse model. While their

method was agnostic to the choice and behavior of the underlying MOP

solver, subsequent attempts to improve the accuracy of the invRBFNN have

sought to refine the distribution/ placement of training samples generated

during the optimization run. One generally applicable idea, not restricted to

invRBFNNs, was to bias the optimizer to generate more data in regions of

greater geometrical change in the PS [104], under the intuitive assumption

that the topology of a function can be better interpolated if its high variation

regions are well sampled. Similarly, [105] proposed an approach for generat-

ing new solutions using inexpensive sampling techniques in tandem with an

inverse model. Subsequently, these solutions’ objective values were evaluated

and selected according to their Pareto optimality to update the inverse model.

This entire procedure was then repeated several times to achieve a more well

represented PF.

Other works in post-hoc PS learning have considered challenges arising from

complexities of the PF. For example, [106] proposed a method for multi-

modal MOPs, where a one-to-many mapping could arise from objective to

decision space due to the presence of multiple solutions that result in iden-

tical objective function values along the PF. In [26], the performance of the

inverse model for many-objective optimization problems (MaOPs: those with

four or more objective functions) was investigated. The authors revealed

a blessing of dimensionality of many-objective search, showing that training

data obtained from an MaOP could result in better accuracy compared to

the data generated from its dimensionally reduced counterpart. In an effort
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to eliminate the need for preference articulation, [107] proposed an algorithm

for detecting knee regions (that are naturally preferred by DMs) along high-

dimensional/ complex PFs, facilitating the discovery of corresponding points

in the PS by an invRBFNN. In a separate study [108], the authors examined

the performance of various machine learning models for post-hoc PS learning

of MaOPs. From their extensive empirical investigation, they concluded that

the independent invGP model provided the best overall performance.

Despite the growing interest in both online and post-hoc PS learning, research

in these areas is still in its early stages compared to the plethora of multi-

objective optimization algorithms with forward models or preference models

discussed in the previous two sections. Additionally, there is a notable lack

of work focusing on improving the performance for post-hoc PS learning in

limited data regimes.

2.4 Chapter Summary

Existing research has primarily focused on leveraging machine learning tech-

niques to address the cognitive challenges faced by DMs during multi-criteria

optimization and decision making processes. To mitigate the issue of incom-

plete knowledge for a priori preference articulation, interactive optimization

methods allow DMs to iteratively express their preferences throughout the

optimization process. Various machine learning models have been developed

to accurately capture DM utility functions while minimizing the number of

preference queries.

In contrast, enhancing decision quality during a posteriori decision-making

has driven the integration of machine learning tasks to complement existing

optimization algorithms. Research in this area has primarily focused on (i)

developing cost-efficient surrogate models as alternatives to expensive solu-

tion evaluators, or (ii) modeling and sampling the distribution of promising

solutions. Recent advancements have emphasized improving the scalability of
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MOPs with numerous decision and objective variables through dimensionality

reduction techniques. Another notable approach involves leveraging transfer

learning from related optimization tasks to enhance surrogate model accuracy

or improve non-dominated solution distribution modeling.

An emerging research direction gaining momentum focuses on increasing the

quantity and diversity of decision choices during a posteriori decision-making.

In this context, inverse machine learning models for PS learning have been

explored to map solutions from the objective space back to the decision

space. This can occur either during (online PS learning) or after (post-hoc PS

learning) optimization, with the former also aiming to improve optimization

convergence. However, training accurate inverse models remains challenging,

particularly in domains with limited training data.

This thesis aims to fill the research gap of enhancing the accuracy of inverse

models during post-hoc PS learning for the on-demand, controlled generation

of new non-dominated solutions in complex and expensive MOPs character-

ized by high dimensionality, non-linear PS, and limited datasets. It explores

the integration of existing post-hoc PS learning techniques with emerging ap-

proaches, such as transfer learning and low-dimensional manifold modeling.

The methods developed in this work have the potential to advance online

PS learning, paving the way for innovative optimization algorithms in future

research.
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Chapter 3

Preliminaries

In this chapter, the basics and definitions of keys concepts for multi-objective

optimization, as well as inverse modeling of PS are presented.

3.1 Multi-objective Optimization

Without loss of generality, a multi-objective problem can be stated as a

minimization problem as follows,

min
x

f(x) = [f1(x), f2(x), ..., fm(x)]

s.t. x ∈ X ⊂ Rd,

(3.1)

where m is the total number of objectives to be minimized, fi being the

ith objective function, and X being the feasible region of a d-dimensional

decision space. f(x) is thus a forward map from points in decision space

to the objective space. Note that a maximization problem could simply be

written as minimizing the negative of f(x).

Assuming conflicting objectives in Eq. (3.1) (such that no single solution

exists that simultaneously optimizes all the objectives), the goal is to arrive

at a set of so-called Pareto optimal solutions, with each solution embodying

a different trade-off among the objectives. The definitions of key terms asso-

ciated with the notion of Pareto optimality in MOPs [109] are presented as
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follows.

Definition 1 (Pareto Dominance)

A solution xa is said to Pareto dominate solution xb if ∀i ∈ {1, 2, ..,m}: fi(xa) ≤

fi(xb) and ∃j ∈ {1, 2, ..,m} such that fj(xa) < fj(xb).

Definition 2 (Pareto Optimality)

A solution x∗ is called Pareto optimal if there exists no solution x ∈ X that Pareto

dominates x∗.

Definition 3 (Pareto Set)

The set of all Pareto optimal solutions constitutes the Pareto set (PS) in decision

space.

Definition 4 (Pareto Front)

The image of the Pareto set in the objective space is called the Pareto font (PF).

Definition 5 (Ideal Point)

The ideal point is the vector in objective space whose components are the solution

of each single-objective problem minx∈X fi(x), i = 1, 2, . . . ,m.

Definition 6 (Nadir Point)

The nadir point is the vector in objective space whose components are the solution

of each single-objective problem maxx∈XP
fi(x), i = 1, 2, . . . ,m, where XP denotes

the PS.

These concepts lie at the heart of post-hoc PS learning with the purpose

of obtaining an accurate inverse map from the PF in objective space to the

PS in decision space. In this regard, the ideal and nadir points provide the

lower and upper bound vectors that constrain the set of possible points in

the objective space.

3.2 Inverse Modeling of Pareto Set

In post-hoc PS learning, no strong assumption is made about the algorithm

used to solve Eq. (3.1). Let the PF approximation data obtained by the
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end of a run of any MOP solver be Y ∈ Rn×m, and the corresponding non-

dominated solutions in decision space be X ∈ Rn×d, where n is the number of

points along the PF acquired. For optimization in domains with expensive-to-

evaluate objective functions, n would typically be small—e.g., in the order of

hundreds or fewer points [22]—offering insufficient coverage of the PF. In such

cases, PS learning can serve to enhance the density of the PF approximation,

or satisfy a DM’s postponed preferences by inversely generating corresponding

solutions on-demand [103].

However, for a DM to precisely articulate her preferences along the approx-

imated PF, prior knowledge of the PF’s topology needs to be known. This

information is inherently difficult to possess due to our initial assumption

of data scarcity. Furthermore, MOPs characterized by complex, irregular

PFs, such as those with discontinuities, exacerbate this difficulty. There-

fore, the initial step towards facilitating inverse generative decision support

involves transforming points along the approximated PF Y into a projected

set W ∈ Rn×m, which can be queried independently of the PF’s topology.

This transformation maps each point in Y to a point in W , which we de-

note by the function,

Π−1 : Y → W. (3.2)

Fig. 3.1 illustrates one such realization of the transformation function in Eq.

(3.2) for m = 2, adopted from [110]. The data in Y is first normalized

to the range [0, 1] based on the ideal and nadir points estimated from Y .

The normalized points then undergo orthogonal projection onto the unit hy-

perplane W to produce the dataset W . The hyperplane is defined by the

(m-1)-simplex {e1, ..., em}, where ei is a vector of zeros with a one in the

ith position. In the case of Fig. 3.1, the hyperplane reduces to a line pass-

ing through (0, 1) and (1, 0), along which the DM can easily articulate her

preferences for f1 or f2 or a weighted combination of them, without having

to deeply take into consideration the topology of the PF.
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Figure 3.1: Illustration of the Π−1 mapping procedure from the
approximated PF Y (in yellow) to the projected set W (in orange) along

the unit hyperplane.

Given the projected set of points, post-hoc PS learning entails the construc-

tion of an inverse function ψ−1 : W → X , through training a machine learning

model. It is worth emphasizing that if the Karush-Kuhn-Tucker (KKT) con-

ditions hold in a given problem, both the PF and PS are (m-1)-dimensional

piecewise continuous manifolds for m-objective optimization problems under

certain mild conditions. This has led to the common assumption, albeit with-

out guarantee, that the mapping from the PF to PS is indeed a one-to-one

injective function [91, 111]. Nonetheless, even if the underlying inverse func-

tion is not one-to-one, it can still be approximated by an arbitrary function

ψ−1
θ , parameterized by θ, though it cannot strictly be considered the inverse

image. Moreover, it has been postulated that in practice, non-injectivity does

not necessarily delimit the application and could in fact be beneficial for in-

verse modeling [103].

Fig. 3.2 shows the complete workflow of post-hoc PS learning with an inverse

machine learner. The inverse model is trained in a supervised learning setting

based on the derived dataset D, consisting of W and X as its respective

inputs and outputs. With an accurate inverse model in hand, a DM can

in principle prompt the model with an arbitrary set of preference points

Wq ⊂ W in unexplored sub-regions of the projected PF, producing desired
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solutions in the PS as,

ψ−1
θ (Wq) = Xq. (3.3)

The solutions in Xq can then be evaluated with the forward map to val-

idate the quality of outputs produced by the inverse model. For example,

the model’s PF approximation capacity can be quantified by the improve-

ment in spread and convergence to the PF of Yq = f(Xq) relative to the

points used for training. (For synthetic problems where the theoretical PF is

known, this can be achieved by means of various generational distance met-

rics [112].) Assuming a smooth one-to-one mapping between the PS and the

(m-1)-dimensional unit hyperplane in objective space [91], the accuracy of

the inverse model to a specific DM query could also be quantified by the

Euclidean distance of its prediction to the true Pareto optimal solution.

Objective 

Space

Decision 

Space

𝑋 𝑌
𝒇

𝑊
𝝍𝜽
−1

Π−1

𝑊𝑞
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Figure 3.2: Workflow for multi-objective decision support via post-hoc PS
learning. The DM provides preference vectors Wq in the projected unit
hyperplane for the inverse model to generate corresponding solutions Xq

within the PS.

3.3 Chapter Summary

In this chapter, the formulation of MOP, along with key concepts and its

definitions were introduced. Additionally, the concept of PS learning and the

essential steps involved in constructing an inverse machine learning model

for a posteriori decision making were presented. To better illustrate these
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concepts, the next chapter provides a background study on how they work

together for a posteriori decision making, using a supply chain planning prob-

lem as an example.
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Chapter 4

Background Study on Human-AI
Multi-criteria Decision Making

Innovative solutions often arise from the synergistic contributions of diverse

entities with complementary strengths and weaknesses. This trend is ex-

pected to continue with the advent of artificial intelligence (AI). Therefore,

this chapter examines whether the synergistic collaboration between human

DMs and AI algorithms in the field of optimization and machine learning

can significantly enhance the convergence and diversity of the Pareto data.

To achieve this, two potential scenarios of Human-AI complementary decision

making are proposed. The first scenario leverages human-supplied priors to

inform the search process, thereby accelerating the convergence performance

of optimization algorithms1. The second scenario involves an inverse machine

learning model trained on acquired Pareto data to aid DMs in exploring new

points from the PF to the PS.

Both scenarios are tested using a carefully designed multi-criteria order plan-

ning problem, demonstrating accelerated convergence during optimization and

a denser approximation of the PF for a posterior decision making. This fur-

ther reinforce the importance of omni-directional Human-AI collaboration in

multi-criteria decision making.

1The work in this chapter has been published in [7].
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4.1 Human-AI Complementary in Multi-criteria

Decision Making

In the face of new and challenging problems, humans often resort to brain-

storming activities where people with diverse backgrounds and perspectives

can contribute ideas in the hope of formulating an effective solution in a

short period of time. Taking this cue, in the realm of AI research, existing

works in Human-AI complementarity has focused on leveraging human cog-

nitive strengths to improve the performance of known AI algorithms. For

example, [113] proposed an interactive image retrieval system where doctors

could articulate the similarity criteria when retrieving past, medical images as

a reference for new patient diagnosis. [114] developed a Bayesian framework

for combining the predictions and different types of confidence scores from

humans and AI algorithms to achieve higher accuracy in image classification

tasks. In the area of multi-criteria optimization, many have focused on user

preference articulation either before [115, 116] or interactively [32, 117] dur-

ing the course of the optimization process to efficiently arrive at the desired

subregion of the full PF.

Building on ideas from previous works, we focus on Human-AI collaboration

in multi-objective optimization. Fig. 4.1 illustrates two scenarios for the

involvement of DM: (a) during the optimization process to accelerate PF

convergence, and (b) in a posterior decision making, as discussed in Chapter

1.
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Figure 4.1: Human-AI complementary decision making framework, focusing
on (a) Transfer optimization with human supplied priors and (b) Inverse

machine learning models for a posterior decision making.

4.1.1 Human to AI Collaboration via Transfer Optimiza-

tion

In the first scenario of Fig. 4.1a, the DM’s prior belief about the location

of optimum solutions after being presented with the MOP is modeled as a

probabilistic model. The mean and variance of the model represent the DM’s

intuition on the possible location of good solutions and her confidence level,

respectively. In the event where the decision maker has no prior knowledge

of certain solution variables, a uniform distribution over all possible values

can be utilized. Next, to adaptively transfer the human supplied prior during

the course of the optimization process, this chapter adopts the transfer evo-

lutionary optimization method from [118, 119], where the objective function

f (x ) is transformed to a probabilistic modeling perspective as [120]:

minp(x )

∫
X

f (x )p(x ) dx (4.1)

where x ∈ X is a candidate solution vector in the feasible search space X ,

and p(x ) denotes the underlying probability distribution model of the search
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population in an evolutionary algorithm. Accordingly, to model the intensity

of transfer or complementarity in the human supplied prior, Eq. (4.1) can

be reformulated into:

maxw1,w2,...,wT ·pT (x )

∫
X

f T (x )
[ k∑

h=1

wh · p∗
h(x ) + wT · pT (x )

]
dx (4.2)

where, f T is the objective function of the target problem to solve, pT is

the target search distribution model, wh can be interpreted as the comple-

mentarity coefficient of the human supplied priors p∗
h(x ), for h ∈ [1, ..., k]

assuming there to be k DMs, which are constrained to
∑k

h=1wh + wT = 1

and wh ≥ 1, ∀ h. In the simplest case and in the remainder of this chapter,

k = 1. For the sake of brevity, interested readers are referred to [119] for

details on how the target mixture
[ ∑k

h=1wh · p∗
h(x ) + wT · pT (x )

]
is built

and the theoretical analysis on how embedding the method into a probabilis-

tic model-based evolutionary optimizer could cultivate knowledge transfers /

complementarity.

4.1.2 AI to Human Collaboration via Inverse Model

The second scenarios of Fig. 4.1b focuses on the inverse mapping of points

from the acquired PF to PS by learning the function ψ−1 : W → X , as

discussed in Chapter 3.2. A prevalent choice of the inverse model structure

is the nonparametric Gaussian process (GP) [121], which models uncertainty

in predictions by defining a distribution over functions. A strong motivation

behind this choice is the uncertainty-awareness of GPs, deemed invaluable for

rationalizable Human-AI interactions [122]. Additionally, it has been explored

in recent works [103, 123, 124] and shown in [124] to provide competitive

predictive performance over other machine learning models, such as neural

network that requires a large number of training data.

Hence, in this chapter, we make use of the state-of-art GP regressions in

the realm of PS learning for modeling each decision variable. For the jth
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decision variable, the invGP describes it as a distribution over functions

ψ−1
j ∼ GP(µj(w), kj(w,w

′
)), with µj(w) as the mean (typically set to a con-

stant, zero) and kj(·, ·) as some valid covariance function. The inverse map

is thus a stochastic process wherein any finite subset of random variables

follows a joint multivariate Gaussian distribution.

Given the observations in {W,Xj}, the posterior predictive distribution at

any preference point wq, can be analytically obtained [121] as,

µj(wq) = k⊺wq
(K + σ2

ϵj
)−1Xj, (4.3a)

σ2
j (wq) = k(wq,wq) − k⊺wq

(K + σ2
ϵj
I)−1kwq + σ2

ϵj
, (4.3b)

where kwq is the kernel vector between wq and W computed using any valid

covariance function with K as the overall covariance matrix of the invGP and

σϵ is the noise term. The (hyper-)parameters of the selected covariance func-

tion and the noise term, denoted jointly as θ, are optimized by maximizing

the log marginal likelihood log p(Xj|W ), given as,

−1

2
X⊺

j (K + σ2
j In)−1Xj −

1

2
log |K + σ2

j In| + const.

4.2 Multi-criteria Supply Chain Planning Case

Study

The vision on Human-AI complementary in multi-criteria decision making is

illustrated using a supply chain order optimization problem [7]. It focuses

on computing the order allocation and production plans under demand un-

certainties that minimizes the expected order fulfillment time and unutilized

production capacity for a given planning horizon. The decision variables thus

include the allocated order quantities from each customer to its respective

factories and the minimum production quantity required to start a produc-

tion at each factory.
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Fig. 4.2 shows the dynamics of the order planning model in each time step in

the planning horizon. During the order allocation stage, the customer demand

is generated from a given distribution. The order quantity is then split and

allocated to various factories based on the computed order allocation plan.

At the production stage, the available factories will begin its production for a

given production time if the allocated quantities meet or exceed the computed

minimum production quantity. Once the production has been completed, the

orders are shipped based on a given transportation time for order fulfillment.

The first objective on the order fulfillment time is calculated as a sum of

the queuing, production and transportation time of the factory that took the

longest time to fulfill it. While the second objective on the unutilized capac-

ity is the difference between its production capacity and production quantities

in each production cycle. The 2 objectives are conflicting as reducing the or-

der fulfillment time would require lowering the minimum production quantity

such that the queuing time is shortened. However, with a lower minimum

production quantity, it will cause the unutilized production capacity to in-

crease.

Figure 4.2: Dynamics of the multi-criteria supply chain planning model.
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4.2.1 Experiment Design

A Supply Chain network consisting of 3 factories and customers with its pa-

rameters related to the 3 variants of the multi-criteria order planning problem

is shown in Table 4.1. It has a total of 12 decision variables, with its first

9 as the allocation percentage from each customer to its respective factories

while the last 3 as the minimum production quantities required to trigger

a production in each factory. For all the problem instances, the planning

horizon is set to 20 time steps and the objective values are evaluated as the

average across the 20 replications.

Table 4.1: Problem parameter settings for problem instance 1 to 3.

Production Maximum Daily
Time Capacity Demand

Problem Instance 1
Factory 1 4 480 Customer 1 max(N (100, 80), 0)
Factory 2 3 216 Customer 2 max(N (60, 48), 0)
Factory 3 2 96 Customer 3 max(N (40, 32), 0)

Problem Instance 2
Factory 1 3 240 Customer 1 max(N (100, 80), 0)
Factory 2 3 240 Customer 2 max(N (60, 48), 0)
Factory 3 3 240 Customer 3 max(N (40, 32), 0)

Problem Instance 3
Factory 1 2 96 Customer 1 max(N (100, 80), 0)
Factory 2 3 216 Customer 2 max(N (60, 48), 0)
Factory 3 4 480 Customer 3 max(N (40, 32), 0)

The experiment is designed such that one obvious prior belief that a DM

might form, is to allocate each customer orders to its nearest factories with

the Minimal Transportation Time (MinTT) following Table 4.2. The prior

belief can be then represented as a probabilistic model using a multivariate,

independent normal distribution. The mean values will represent the average

allocation percentage with a value of 100% for customer and factory pairs

with the minimal transportation time of 1 unit (i.e., Customer 1 to Factory

1, Customer 2 to Factory 2 and Customer 3 to Factory 3) and 0%, otherwise.

The variances of the 9 solution variables are all set to 10 to denote a 90%
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confidence level on the prior belief.

Table 4.2: Transportation time for problem instance 1-3.

Transportation Time
Customer 1 Customer 2 Customer 3

Factory 1 1 2 3
Factory 2 2 1 2
Factory 3 3 2 1

4.2.2 Result on Transfer Optimization

The multi-criteria evolutionary algorithm, NSGA II [125] is employed as the

base solver with a population size of 200 and being run for 300 generations

in all the experiments. Eq. (4.2) with the MinTT probabilistic model as the

human supplied prior, pH is incorporated into NSGA II for enabling adaptive

transfer during the course of the optimization process.

Fig. 4.3a shows the average hypervolume [115] over the 10 replication runs for

NSGA II with and without adaptive transfer of the human supplied prior.

While Fig. 4.3b shows the distributions of the human supplied prior and

the Pareto solutions obtained in NSGA II with adaptive transfer (Human +

AI). Through analyzing the results and solution distributions, the following

insights are derived.

Insight 1: Perfect human supplied prior

The human supplied prior (MinTT probabilistic model) accurately represents

the Pareto solution distributions of problem instance 1. As it minimizes

the fulfilment lead time by reducing the transportation time to the minimal.

In addition, it allows each factory to have sufficient production capacity to

cope with its allocated customer demand. This is verified by studying the

first column of Fig. 4.3b where there is a complete overlap between the

distributions of the human supplied prior and the Pareto solutions (Human-

AI Pareto Set). The 157% improvement in the hypervolume implies that
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the perfect human supplied prior has significant complementary effect on the

optimizer (Human + AI) performance.

Insight 2: Imperfect human supplied prior

The solutions based on the MinTT probabilistic model when applied to prob-

lem instance 2 will cause Factory 1 to have insufficient production capacity

when fulfilling all orders from Customer 1. However, during the course of the

optimization process, this imperfectness is curbed through the adaptive trans-

fer mechanism. This can be observed through the non-overlaps between the

distributions of the human supplied prior and the Pareto solutions shown in

the second column of Fig. 4.3b. The main differences in these 2 distributions

are that 30-40% of Customer 1 order from Factory 1 (C1-F1) is reallocated

to Factory 2 (C1-F2). Additionally, to prevent overloading Factory 2, 30-50%

of Customer 2 order is also reallocated to Factory 3 (C2-F3). Nevertheless, in

situations of imperfect human supplied prior, a significant 63% hypervolume

improvement can still be achieved.

Insight 3: Flawed human supplied prior

The solutions generated from the MinTT probabilistic model is far from the

Pareto solutions for problem instance 3 as shown in the third column of

Fig. 4.3b. This is because the solutions from the human supplied prior will

cause production shortages in Factory 1. In addition, it will cause Factory

3 to have a high percentage of unutilized production capacity. However,

during the course of the optimization process, the human supplied prior is

meticulously transferred while searching for a better reallocation plan. The

main differences between the distributions of the human supplied prior and

the Pareto solutions, are that 90% of Customer 1 order is reallocated from

Factory 1 (C1-F1) to Factory 2 (C1-F2) and 3 (C1-F3). Furthermore, about

30-60% of Customer 2 order to Factory 2 (C2-F2) is reallocated to Factory
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1 (C2-F1) to ensure a more balanced production loading. From the 24%

hypervolume improvement, the transfer mechanism is able to adaptively adopt

the complementary part of the human supplied prior while optimizing the

remaining solutions from scratch.

Figure 4.3: Top: Comparison of the hypervolume improvements. Bottom:
distributions of the human supplied prior based on 1 standard deviation

and Pareto solutions obtained by Human-AI on the allocation plan.
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4.2.3 Result on Inverse Modeling

The independent invGPs for post-hoc PS learning employ a squared ex-

ponential covariance function and are implemented using the GPyTorch li-

brary [126]. The training process involves 100 training iterations with a

learning rate of 0.1. A total of n = 50 training data acquired from the

the course of transfer optimization in the previous section., while a test set

of nq = 1000 query points (e.g., those supplied by a DM) not contained in

the training data are used for performance evaluation.

Figure 4.4 illustrates the approximated PF before and after applying inverse

modeling for problem instances 1 to 3. The inverse model demonstrates its

capability to enhance decision making by producing a denser representation

of the approximated PF. This enables DMs to conduct a more informed

trade-off analysis between the two conflicting objectives.

Figure 4.4: 2-D scatter plot of the acquired (in black) and additional PF
(in blue) for problem instance 1 to 3. The x-axis and y-axis represents the

average order fulfillment and unutilized capacity across the 3 factories
respectively.

4.3 Chapter Summary

In this chapter, the potential of Human-AI omni-directional collaboration to

significantly enhance both the quality and quantity of Pareto data are ex-
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plored. The first section focuses on improving PF quality in terms of better

convergence and diversity through emerging transfer optimization methods that

leverage experiential priors to guide the search process. The second section

focuses on increasing the quantity of Pareto data acquired through the con-

cept of post-hoc PS learning for informed a posterior decision making.

However, the challenge of learning an accurate inverse model in expensive

optimization domains, where evaluation data is scarce, remains unsolved.

Therefore, in the remaining chapters, the focus is on proposing innovative

approaches to enhance the performance of inverse models in problem domains

characterized by limited training data, without imposing constraints on the

workings of the underlying MOP solver.
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Chapter 5

Pareto Set Learning across
Common Objective Spaces

The Pareto data obtained from a single run of the MOP solver is inherently

limited in expensive optimization domains, where evaluation data is at a pre-

mium. This challenge becomes more pronounced as the number of objectives

increases, causing the number of points required to adequately cover the en-

tire PF to scale exponentially. Consequently, this makes it nearly impossible

to build an accurate inverse machine learning model to map preferred but

unexplored regions along the front to the PS in decision space.

To address this small data challenge, this chapter introduces a pioneering

study on multi-source inverse transfer learning to maximally leverage experi-

ential source tasks to enhance PS learning in the target optimization task1.

Information transfer between heterogeneous source-target pairs is uniquely en-

abled in the inverse setting through the unification provided by common ob-

jective spaces.

1The work in this chapter has been published in [123].



Chapter 5. Pareto Set Learning across Common Objective Spaces 45

5.1 Harnessing Small Datasets in Pareto Set

Learning

An accurate inverse model can offer significant benefits to a DM in controlled

generation of desired PS solutions. However, the accuracy of ψ−1
θ depends

on the quality and quantity of available training data, which is inherently

scarce/small in high-dimensional/expensive objective spaces. Hence, to over-

come the challenge of limited data regimes, a novel inverse transfer learning

method is proposed in this section.

Consider γ source datasets {DS1 , ..., DSγ} with DSk
= {WSk

, XSk
}, ∀k =

1, ..., γ, alongside target data DT = {WT , XT } derived from the optimization

task at hand. It is assumed that these datasets originate from varied but

related MOPs within a given application area, such that the unit hyperplane

containing WSk
∈ RnSk

×m and WT ∈ RnT ×m may lie in a common objective

space; i.e., WSk
= WT , ∀k. (A real-world exemplar of this is presented in

Section 5.2.) Given high-dimensional/expensive objectives, the target data is

inevitably sparse or small, whereas a sizeable cumulative volume of source

data is deemed available from past problems solved (i.e., nT <<
∑γ

k=1 nSk

even if each nSk
may be small). This motivates maximal utilization of infor-

mation from the experiential sources to augment target.

Crucially, PS learning through a common objective space allows for infor-

mation transfers in scenarios where the decision spaces XSk
⊂ RdSk and

XT ⊂ RdT of a source and target task may differ. In particular, the di-

mensionality of the space could change (i.e., dSk
̸= dT ) with some decision

variables/dimensions being added (or removed) in the target MOP relative

to the source [127]. The common objectives (which form the inputs to the

inverse model) provide the necessary unification for transfer learning to oc-

cur even between such heterogeneous source-target pairs. For practicality, our

proposed inverse learner models each decision variable independently; a useful

implication of this is given in Subsection 5.1.2. Inverse transfer learning is
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activated only between those source and target decision variables that bear

the same physical meaning. We leverage this assumption to condense the

exposition in subsequent subsections to only a single (the jth) target vari-

able xT ,j. An overlapping source decision variable bearing the same physical

meaning is denoted as xSk,j.

5.1.1 Inverse TGPS for Single-source Transfer

First consider standard (no-transfer) PS learning with stochastic, nonparamet-

ric GPs. Let the target data be DT ,j = {WT , XT ,j} where XT ,j represents the

jth column of XT . In this case, an invGP model, from w ∈ W to xT ,j ∈ R,

describes a distribution over functions as ψ−1(w) ∼ GP(µ(w), k(w,w′)), where

µ(w) is the mean (typically set to a constant, zero) and k(·, ·) is some valid

covariance function. The inverse map is thus a stochastic process wherein any

finite subset of random variables follows a joint multivariate Gaussian distri-

bution. Given the observations in DT ,j, the posterior predictive distribution

at any query point wq can then be analytically obtained [121].

In the transfer learning setting with a single source dataset DS,j = {WS , XS,j},

an invTGP model can account for the similarity between the source and tar-

get tasks by extending the covariance function k(·, ·) as,

k̃j(w,w
′) =


λjk(w,w′), if w ∈ WS & w′ ∈ WT

or w ∈ WT & w′ ∈ WS

k(w,w′), otherwise

, (5.1)

where k̃j(·, ·) is referred to as the transfer kernel. λj is a measure of source-

target correlation, with |λj| ≤ 1 being a sufficient condition for the transfer

kernel to be valid. As such, if |λj| is learned to be close to 1, it indicates

high relevance of the source to the target task, whereas λj close to zero

signifies that the source may be unrelated to the target. In the geostatistics

literature, this model corresponds to the intrinsic coregionalization model, a
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specific case of co-kriging that uses only a single (scalar) λ to capture the

inter-task similarity [128]. In contrast, the linear model of coregionalization

from geostatistics may offer greater flexibility by using multiple kernels, but

at the added cost of complicating model training and inference [129]. We

therefore limit our implementation here to a scalar λ, achieving encouraging

performance as shown in the experiments.

For posterior inference, the closed-form predicted mean and variance of the

invTGP at a query point wq is given by,

µj(wq) = k̃wq(K̃ + Λ)−1

XS,j

XT ,j

 , (5.2a)

σ2
j (wq) = k̃(wq,wq) − k̃wq(K̃ + Λ)−1k̃

⊺
wq
, (5.2b)

where k̃wq is the kernel vector between wq and W = {WS ,WT } computed

using the transfer kernel in Eq. (5.1), Λ =
[
σ2
SInS , 0

0, σ2
T InT

]
where σ2

S and σ2
T

are the source and target noise terms, respectively, and K̃ =
[

K̃SS , K̃ST
K̃T S , K̃T T

]
is the overall covariance matrix of the invTGP. In K̃, K̃SS and K̃T T are

the kernel matrices of the data in the source and target tasks, respectively.

K̃ST (= K̃⊺
T S) is the kernel matrix across the data in the source and target

datasets.

Parameter Learning

One way to learn the (hyper-)parameters of the invTGP would be to consider

the joint distribution of source and target tasks [130]. This may however

cause the model to bias towards the source task when the volume of target

data is less than that of the source. Thus, in this paper, a two-stage training

process is employed instead. In the first stage, the parameters of the standard

covariance function k(·, ·) and σT are learned based on the target data DT ,j
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alone by maximizing,

−1

2
X⊺

T ,j (K̃T T + σ2
T InT )−1 XT ,j −

1

2
log(|K̃T T + σ2

T InT |) + const.

In the second stage, the parameters found for k(·, ·) are kept fixed while

searching for λj and σS that optimize the following log marginal likelihood

considering both the source and the target data,

−1

2

[
X⊺

S,j, X
⊺
T ,j

]
(K̃ + Λ)−1

XS,j

XT ,j

− 1

2
log(|K̃ + Λ|) + const.

Note that the training complexity of the second stage scales cubically with

the size of the data, i.e., as O
(
(nS + nT )3

)
, due to the need for inversion

and the determinant of K̃ + Λ.

5.1.2 Product-of-invTGPs for Multi-source Transfer

The cubic complexity poses a major challenge while extending the TGP

model to multi-source transfer learning since the total data size grows rapidly

with the number of sources. A full TGP would additionally involve the mod-

eling of correlations between all (source-target and source-source) task pairs,

such that the number of parameters to be learned would grow as the square

of the number of sources. This makes parameter optimization difficult as

well.

To overcome these challenges, the factorized product-of-GP experts for alle-

viating the cubic training cost [131, 132] and arriving at a novel product-of-

invTGPs is adopted. A significant advantage of factorization is that it allows

for massively distributed, decentralized computations in model training and

posterior inference2. The invTGPs learned for all source-target pairs form in-

2In addition to computational gains, the scope for decentralization has positive implications
in terms of source data privacy. Privacy preservation is a vital research theme in artificial
intelligence [122], with little prior work done from the perspective of multi-objective transfer
optimization. Our proposed methodology takes an important stride forward in filling this gap.
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dependent components that are efficiently trainable on distributed hardware.

As a useful aside, the assumed independence of target decision variables implies

even greater scope for parallelization. What’s more, when limiting to sequen-

tial computations, the time complexity of the product-of-experts (PoE) scales

only linearly with respect to the number of sources. Table 5.1 compares

the computational complexity of invTGPs and product-of-invTGPs with and

without parallel computations.

Training Inference

invTGPs O
(
(nT +

∑γ
k=1 nSk

)3
)

O
(
(nT +

∑γ
k=1 nSk

)2
)

Product-of-invTGPs
∑γ

k=1O
(
(nT + nSk

)3
) ∑γ

k=1O
(
(nT + nSk

)2
)

Product-of-invTGPs O
(
(nT + nSmax)3

)
O
(
(nT + nSmax)2

)
(with Parallel Compute)

Table 5.1: Computational complexity of invTGPs and Product-of-invTGPs,
with nSmax denoting the largest source dataset.

Beyond computational gains, the PoE offers a principled fusion of individual

invTGP predictive distributions. This can be shown as follows. For the jth

target decision variable, let µk,j(wq) and σ2
k,j(wq) be the predicted mean and

variance at query point wq of the invTGP trained (as per the procedure in

Subsection 5.1.1) with the kth source DSk,j and the target data DT ,j. The

product of γ such Gaussian predictions is then proportional to a Gaussian

with mean and variance given by,

µPoE,j(wq) = σ2
PoE,j

γ∑
k=1

σ−2
k,j(wq)µk,j(wq), (5.3a)

σ2
PoE,j(wq) = 1/

( γ∑
k=1

σ−2
k,j(wq)

)
. (5.3b)

As indicated by Eq. (5.3), the PoE composes the final prediction taking

into account each invTGP’s predictive uncertainty. Lower predicted variances
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(indicating more confident/certain predictions) are more strongly weighted,

leading to an intuitively sound fused prediction. Imagine a situation where a

source k′ results in an invTGP whose predictive variance is large, such that

σ−2
k′,j << σ−2

k,j ,∀k ̸= k′. This could happen if λk′,j is much smaller in magni-

tude than the source-target correlations uncovered by the other invTGPs. In

such cases, Eq. (5.3a) implies that the k′ term will vanish from the PoE ag-

gregation, providing a fused prediction that depends only on those invTGPs

that are confident at wq.

By replicating the PS learning and prediction procedure (as shown for the

jth variable) for all dT target decision space dimensions, a complete solution

µPoE(wq) corresponding to query point wq is constructed.

5.1.3 A Generalized Product-of-invTGPs

The product-of-invTGPs offers both computational and predictive advantages

in the multi-source transfer setting. However, as the number of source datasets

(or invTGPs) increases, Eq. (5.3b) implies that the predicted variance of the

PoE would quickly drop to zero, suggesting overconfident predictions [133].

This is undesirable, as well-calibrated uncertainty-aware prediction is a key

to rationalizable human-AI interaction [122]. An overconfident prediction could

mislead a DM into adopting a solution where the PoE is confident but wrong. To

alleviate this issue, a tunable parameter β can be introduced into Eq. (5.3)

to form the following generalized PoE (gPoE) prediction,

µgPoE,j(wq) = σ2
gPoE,j

γ∑
k=1

βkσ
−2
k,j(wq)µk,j(wq), (5.4a)

σ2
gPoE,j(wq) = 1/

( γ∑
k=1

βkσ
−2
k,j(wq)

)
, (5.4b)

where
∑γ

k=1 βk = 1. In the current implementation, βk i set to 1/γ. This

makes the aggregated mean in Eq. (5.4a) identical to Eq. (5.3a)—hence pre-

serving the intuitively sound fused prediction—while preventing the predicted
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variance in Eq. (5.4b) from degenerating to zero for large γ.

5.1.4 A Summary of Salient Features

Inverse transfer through common objective spaces is what enables post-hoc

PS learning to maximally benefit from mutual information between hetero-

geneous source-target pairs. Here, a recap on some of the salient features

of the proposed approach brought by the generalized product-of-invTGPs,

supporting PS learning in small data regimes are provided.

• Computationally efficient multi-source transfer. The method gives rise

to a factorized training scheme where invTGPs for all source-target

pairs form independent components that are efficiently trainable on dis-

tributed hardware. Hence, given a fully parallel computation setup, the

training complexity is limited only by the largest data size among all

paired source-target datasets. The cubic complexity in the number of

sources is overcome.

• Uncertainty-aware fusion of predicted means. The aggregation method of

gPoE weights individual invTGPs inversely to their predictive uncer-

tainty. This leads to a fused prediction that depends more strongly on

invTGPs with low predicted variance (higher confidence), while adap-

tively weighing out those with large predicted variance.

• Calibrated predicted variance. The gPoE does not lead to overconfident

predictions under increasing number of sources (invTGP models), facili-

tating rationalizable human-AI interactions with models that know what

they don’t know.
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5.2 Empirical Analysis

The generalized product-of-invTGPs is implemented using the GPyTorch li-

brary [126]. The method is first verified on the pedagogical DTLZ 1-3 bench-

marks [134], with slight modifications to synthetically create different source

and target MOPs. Modified DTLZ 1-3 with 4 to 7 objective functions are

used to analyse the performance of the method under: i) increasing levels of

(target) data scarcity, ii) varying source-target similarity, and iii) multi-source

transfer. A set of computationally expensive MOPs from the lightweight com-

posites manufacturing domain are considered next. The use-case establishes

the validity of the assumption (of common objective spaces) and the practical

applicability of the method in augmenting post-hoc PS learning under small

data by means of inverse transfer learning.

5.2.1 Evaluation Metrics

To evaluate the quality of post-hoc PS learning, two different metrics, namely,

the Inverted Generational Distance (IGD) Ratio and the Root Mean Square Er-

ror (RMSE) are considered. The two metrics capture distinctive attributes of

the candidate solutions generated from the perspective of a DM with post-

poned preferences.

The IGD Ratio adapted from [103] gives a broad understanding of the overall

PF approximation capacity of PS learning. It quantifies the improvement in

the quality of PF approximation before and after solutions generation via

inverse model as,

IGD Ratio =
IGDb

IGDa

, (5.5)

where IGDb and IGDa are the IGD values before and after the generation of

additional solutions via PS learning, respectively. A ratio of 1 indicates that

the PF approximation has not improved despite the generation of additional

points, while a value greater than 1 provides a scalar indicator of the relative
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convergence and diversity improvement. Values less than 1 do not occur

as IGDa combines the generated points with the initial points along the

approximated PF. It is important to note that the IGD is a measure of the

Euclidean distance between elements in the approximated PF and the true

PF [112];

IGD =
1

|Y ∗|

|Y ∗|∑
q=1

min{||y∗
q − y1||2, ..., ||y∗

q − ynq
||2}, (5.6)

where Y ∗ = {y∗
1,y

∗
2, . . . ,y

∗
nq
} is a set of nq well-distributed reference points

along the true PF and y1,y2, . . . ,ynq
are the set of approximate points gen-

erated as yq = f(µgPoE(wq)). A lower IGD is clearly better.

In contrast to the IGD Ratio, the RMSE provides a more fine-grained eval-

uation of the accuracy of PS learning on a test set of nq query points (e.g.,

those supplied by a DM) not contained in the training data. For bench-

mark functions whose analytical expressions are known, the RMSE value is

measured in the objective space as per (5.7a). The error thus quantifies how

closely the inverse model is able to satisfy specific DM preferences articulated

in the objective space. On the other hand, calculating exact objective func-

tion values for predicted solutions in real-world MOPs can call for expensive

evaluations. To avoid this, the RMSE can be measured in decision space

instead, as per (5.7b). The latter is meaningful when we consider a smooth

one-to-one mapping between the PS and the PF. The two instantiations of

the RMSE are stated as,

RMSEf =

√∑nq

q=1 ||y∗
q − yq||22
nq

, (5.7a)

RMSEx =

√∑nq

q=1 ||x∗
q − xq||22
nq

, (5.7b)

where x∗
q and xq are the true and predicted solutions, respectively, given the

qth query/test point wq. Note, the predicted mean of the product-of-invTGPs

is taken as its point estimate for accuracy evaluation, i.e., xq = µgPoE(wq).
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5.2.2 Results on Modified DTLZ Benchmarks

We begin by modifying the DTLZ 1-3 benchmarks (denoted as DTLZ 1a -

3a) to create different problem instances with heterogeneous decision spaces.

These problems make up source and target MOPs with common objective

spaces and PF topology, but with varying characteristics of the PS. DTLZ

1a-3a take the general form [135] of,

min
xI ,xII

f
(
x, s, g(xII)

)
=
[
f1
(
xI , s, g(xII)), ..., fm(xI , s, g(xII)

)]
,

s.t. 0 ≤ x ≤ 1, ∀x ∈ {xI ,xII},
(5.8)

where m is the number of objectives to be minimized. d is the total number

of decision variables constituting xI = [x1, ..., xm−1] and xII = [xm, ..., xd] with

d ≥ m, and s changes the distribution of the non-dominated solutions.

The objective values of DTLZ 1a are given by Eq. (5.9a) while those of

DTLZ 2a and 3a are given by Eq. (5.9b);



f1

f2

...

fm−1

fm



⊺

= 0.5
(
1 + g(xII)

)


x1
s x2

s... xm−1
s

x1
s x2

s... (1 − xm−1
s)

...

x1
s (1 − x2

s)

(1 − x1
s)



⊺

, (5.9a)



f1

f2

...

fm−1

fm



⊺

=
(
1 + g(xII)

)


cos(x1
s π
2

)... cos(xm−2
s π

2
) cos(xm−1

s π
2

)

cos(x1
s π
2

)... cos(xm−2
s π

2
) sin(xm−1

s π
2

)

cos(x1
s π
2

)... sin(xm−1
s π

2
)

...

sin(xm−1
s π

2
)



⊺

, (5.9b)

where s is set to 1 for all target MOPs, and s ∈ (0, 1) for source MOPs to

simulate different degrees of source-target similarity. A value of s closer to 1

indicates higher similarity.
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The function g(xII) in Eq. (5.9) is given by Eq. (5.10a) for DTLZ 2a and

Eq. (5.10b) for DTLZ 1a and 3a;

g(xII) =
∑

xj∈xII

(xj − pj)
2, (5.10a)

g(xII) = 100 |xII |
∑

xj∈xII

[
(xj − pj)

2 − cos
(
2π(xj − pj)

)]
, (5.10b)

where pj = 0.5 for all target MOPs, and pj = j−|xI |
k|xII |

for all source MOPs

k = 1, 2, ..., γ.

To produce the source and target datasets for DTLZ 1a-3a, the NSGA-III

algorithm from the pymoo library [136] is run to generate the PF and PS

approximations. All results of post-hoc PS learning are averaged over 20 runs

of GP training with the squared exponential covariance function optimized

by Adam [137]. We consider heterogeneous source and target MOPs with

dS = 10 and dT = 12 decision variables. Table 5.2 shows the experimental

settings where the amount of source data (per source MOP) is about twice

that of available target data. The set of nq query/test points of potential

interest to a DM are evenly spaced along the projected hyperplane in the

objective space. nq is relatively large, allowing for rigorous evaluation of

Pareto approximation capacity as indicated by the IGD Ratio.

DTLZ 1a-3a 7-Obj 6-Obj 5-Obj 4-Obj
nS 413 498 246 236
nT 161 246 135 108
nq 5005 2002 1820 1330

Table 5.2: Experiment settings used for the size of the source data (nS), the
target data (nT ), and the number of query points (nq) employed for testing
PS learning on the DTLZ 1a-3a benchmarks with 4 to 7 objective functions.

Impact of Target Data Scarcity on Pareto Set Learning

The effect of small target data in high-dimensional optimization domains is

illustrated on DTLZ 1a-3a with 4 and 7 objectives. The experimental setup,
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including the configuration of source and target problems, follows the settings

outlined in Table 5.3. To assess the effect on PS learning quality, the target

data is progressively reduced to 50% and 25% for each problem instance.

DTLZ 1a-3a # Data Points 7-Obj 4-Obj
Source nS = 413 236

(s = 0.9, dS = 10)

nT = 161 108
Target 50% · nT = 80 54

(s = 1, dT = 12) 25% · nT = 40 27
nq = 5005 1330

Table 5.3: Target data size settings for analyzing the impact of data
scarcity on PS learning in DTLZ 1a–3a benchmarks with 4 and 7 objective

functions.

From Fig. 5.1, a monotonic worsening (increasing) trend is observed in the

RMSE value as the amount of target data is decreased. This is not surprising.

Interestingly, Fig. 5.1 shows that by transfer learning from a correlated source

MOP with s = 0.9, the invTGP is able to resist the negative effects of data

scarcity to a large extent. In particular, the RMSE is lowered by up to

∼50% when compared to the invGP with no transfer.

100% 50% 25%

0.004

0.006

0.008

0.010

0.012

0.014

0.016

0.018

RM
SE

DTLZ 1a

100% 50% 25%
Target Training Data Utilized

0.02

0.03

0.04

0.05

0.06

0.07 DTLZ 2a

100% 50% 25%

0.02

0.03

0.04

0.05

0.06

DTLZ 3a
Data Scarcity7-Obj invGP 7-Obj invTGP 4-Obj invGP 4-Obj invTGP

Figure 5.1: Accuracy of PS learning measured in RMSEf (y-axis) for
different amounts of target training data utilized (x-axis). Results for DTLZ

1a to 3a with 7 objectives (black line) or 4 objectives (grey line) are
presented. The marker ”o” and ”x” represent PS learning by invTGP with

single-source transfer and invGP without transfer, respectively.
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Effect of Source-Target Similarity

The second set of experiments for DTLZ 1a-3a aims at investigating the per-

formance of invTGP under different levels of source-target similarity, com-

pared against the baseline case of invGP with no transfer. The source-target

similarity levels and source dataset sizes are configured as specified in Table

5.4.

7-Obj DTLZ 1a-3a Source-Target Similarity, s
Very High 0.9

Source High 0.75
(dS = 10, nS = 413) Mid 0.5

Low 0.125
Target - 1

(dT = 12, nT = 161, nq = 5005)

Table 5.4: Source-target similarity settings for analyzing the impact on PS
learning in DTLZ 1a–3a benchmarks with 7 objective functions.

The quality of solutions generated via PS learning, measured by the IGD

Ratio and the RMSE value are depicted in Figure 5.2. From the results, not

only does the invTGP outperform the invGP, but also as the source-target

similarity increases, the quality of the generated solutions tends to improve

consistently for the invTGP. This improvement makes intuitive sense and in-

dicates that the invTGP successfully leverages the correlation between the

target task and the different source MOPs, transferring the external informa-

tion weighted by λj in (5.1) to augment its performance.
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Figure 5.2: Performance of PS learning measured in IGD Ratio (y-axis, top
row) and RMSEf value (y-axis, bottom row) with different levels (s) of

source-target similarity (x-axis). i.GP refers to the baseline invGP with no
transfer; all other results are from the invTGP.

Utilizing Multi-source Transfers

The final set of experiments with benchmark functions investigates the per-

formance of the generalized product-of-invTGPs under multi-source transfer.

The number of source datasets available for transfer varies from 1 to 3, with

source-target similarity configured according to Table 5.5. The sizes of source

and target datasets follow the specifications in Table 5.2. The number of de-

cision variables is fixed at dS = 12 for all source data and dT = 10 for target

data.
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DTLZ 1a-3a Source-Target Similarity, s
(with 4-Obj to 7-Obj) 0.9 0.75 0.5

Without transfer - - -
1-Source transfer - - ✓
2-Source transfer - ✓ ✓
3-Source transfer ✓ ✓ ✓

Table 5.5: Source-target similarity settings for analyzing the impact of
varying source transfers on PS learning in DTLZ 1a–3a benchmarks with 4

to 7 objective functions.

Given a high 7-D objective space, Fig. 5.3 shows that the performance of the

model improves substantially when additional data from source MOPs with

larger source-target correlation are introduced. Note that in most practical

situations, inter-task correlations would not be known beforehand. Hence, an

important property of an effective transfer learning algorithm is to be able to

selectively exploit useful information sources without the need for a human in

the loop, while curbing harmful negative transfer from unrelated data. The

aggregation equations Eq. (5.3a) and Eq. (5.4a) suggest this to be the case

in theory. The experimental results substantiate that the model is indeed

able to fuse information from all available sources to construct more accurate

predicted solutions.
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Figure 5.3: Performance of PS learning measured in IGD Ratio (y-axis, top
row) and RMSEf value (y-axis, bottom row) with decreasing number of

source MOPs (x-axis) for DTLZ 1a to 3a with 7 objectives. i.GP refers to
the baseline invGP with no transfer.

The complete experiments for DTLZ 1a-3a with 4 to 7 objective functions are

prensented in Tables 5.6 and 5.7. The findings highlight that the product-

of-invTGPs often leads to superior PS learning. Interestingly, monotonically

improving performance is observed here as the number of source MOPs in-

creases. Table 5.6 includes yet another commonly used inverse machine learn-

ing model, namely, the inverse radial basis function neural network (invRBFNN),

as a baseline for comprehensive comparison. The network structure and hy-

perparameters of the invRBFNN were implemented according to the specifi-

cations in [103]. The invRBFNN was found to under-perform relative to the

invGP and hence has been left out from the engineering case-study presented

next.
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Pareto # Objective Functions
Estimator 7-Obj 6-Obj 5-Obj 4-Obj
invTGPs IGD Ratio for DTLZ 1a
3 Sources 5.42 (0.01) 7.51 (0.01) 7.98 (0.02) 12.13 (0.16)

2 Sources 5.23 (0.01) 7.29 (0.01) 7.50 (0.02) 10.62 (0.10)

1 Source 4.87 (2e-3) 6.90 (0.01) 6.96 (0.01) 9.29 (0.10)

invGP 4.51 (5e-8) 6.95 (1e-7) 6.83 (2e-7) 8.55 (4e-7)

invRBFNN 3.57 (2e-6) 1.42 (4e-5) 1.30 (9e-6) 1.10 (1e-4)

invTGPs IGD Ratio for DTLZ 2a
3 Sources 3.33 (0.02) 4.33 (0.03) 5.72 (0.04) 6.46 (0.02)

2 Sources 3.16 (0.02) 4.04 (0.03) 5.36 (0.02) 5.66 (0.01)

1 Source 3.07 (0.02) 4.00 (0.02) 5.22 (0.01) 5.56 (0.12)

invGP 2.81 (1e-07) 3.63 (2e-07) 5.19 (3e-07) 5.48 (4e-07)

invRBFNN 1.66 (2e-10) 1.70 (6e-8) 2.68 (9e-8) 2.29 (7e-4)

invTGPs IGD Ratio for DTLZ 3a
3 Sources 3.45 (0.02) 4.07 (0.04) 5.16 (0.01) 6.22 (0.03)

2 Sources 3.25 (0.02) 3.83 (0.07) 5.13 (0.01) 5.99 (0.04)

1 Source 3.20 (0.02) 3.43 (0.01) 4.70 (4e-3) 5.85 (0.06)

invGP 2.84 (1e-7) 3.27 (0.01) 4.26 (3e-7) 5.55 (4e-7)

invRBFNN 1.72 (6e-10) 1.41 (5e-7) 1.63 (1e-6) 1.21 (6e-4)

Table 5.6: Performance of PS learning measured in IGD Ratio given 1
source (s = 0.5), 2 sources (s = 0.5, 0.75) or 3 sources (s = 0.5, 0.75, 0.9)
for transfer. Values in bold mark the best averaged performance for a given

target MOP over 20 independent runs. Values in brackets represent
standard deviations in performance over these runs.
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Pareto # Objective Functions
Estimator 7-Obj 6-Obj 5-Obj 4-Obj
invTGPs RMSE ·1E-2 for DTLZ 1a
3 Sources 0.69 (1E-3) 0.46 (3E-4) 0.45 (9E-4) 0.24 (3E-3)

2 Sources 0.72 (7E-4) 0.48 (6E-4) 0.47 (1E-3) 0.27 (3E-3)

1 Source 0.76 (3E-4) 0.49 (4E-4) 0.52 (9E-4) 0.33 (0.01)

invGP 0.84 ( 1E-8) 0.48 (6E-9) 0.56 (8E-8) 0.38 (3E-8)

invTGPs RMSE ·1E-2 for DTLZ 2a
3 Sources 3.54 (0.02) 2.29 (0.01) 1.85 (0.01) 1.33 (2E-3)

2 Sources 3.72 (0.02) 2.43 (0.02) 1.95 (4E-3) 1.48 (2E-3)

1 Source 3.96 (0.05) 2.46 (0.01) 2.02 (4E-3) 1.54 (0.02)

invGP 4.19 (1E-7) 2.77 (1E-7) 2.10 (9E-8) 1.60 (1E-7)

invTGPs RMSE ·1E-2 for DTLZ 3a
3 Sources 3.39 (0.01) 2.46 (0.03) 2.05 (4E-3) 1.41 (0.01)

2 Sources 3.59 (0.02) 2.60 (0.04) 2.07 (4E-3) 1.46 (0.01)

1 Source 3.66 (0.02) 2.85 (0.05) 2.22 (1E-3) 1.46 (0.01)

invGP 4.15 (1E-7) 3.05 (5E-8) 2.51 (1E-7) 1.60 (1E-7)

Table 5.7: Performance of PS learning measured in RMSEf value given 1
source (s = 0.5), 2 sources (s = 0.5, 0.75) or 3 sources (s = 0.5, 0.75, 0.9)
for transfer. Values in bold mark the best averaged performance for a given

target MOP over 20 independent runs. Values in brackets represent
standard deviations in performance over these runs.

5.2.3 A Multidisciplinary Design Use-case

Here, the generalized product-of-invTGPs model is applied to a practical

use-case in the manufacturing of lightweight fiber-reinforced polymer (FRP)

composites. Two distinct manufacturing techniques are considered, naturally

forming source and target tasks in a transfer learning setting; detailed de-

scriptions of these techniques can be found in the work by Gupta [138].

The first, labelled resin transfer moulding (RTM), involves placing a fibrous

reinforcement inside a mould cavity whose geometry is precisely machined

according to the FRP part to be produced. The mould is completely closed

at the start of the manufacturing cycle, fully compressing the dry fibres to

the desired fibre volume fraction. The mould is then heated to an opera-

tion temperature at which liquid thermosetting resin is injected into it at

high pressure until the cavity is filled. After mould filling, the part rests
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and cures under controlled temperature until the liquid resin sufficiently so-

lidifies. The two phases (filling and curing) of the manufacturing cycle form

a multidisciplinary design problem, deeply coupled by the thermal conditions

induced in the part at the end of filling. A candidate process design is there-

fore evaluated by first running the mould filling simulation code, the output

of which gives the initial thermal condition for the curing simulation.

Compression resin transfer moulding (CRTM) is an alternate technique that

can shorten manufacturing cycle time but usually at the cost of larger periph-

eral equipment. This is achieved by a slight modification to the filling phase

of the RTM cycle. Specifically, in CRTM, the mould is only partially closed

before resin injection, reducing the resistance to the resin’s flow. Full closure

to the final fibre volume fraction occurs after fibre wetting with the required

volume of liquid resin. The need for larger equipment (e.g., hydraulic press)

thus originates from having to jointly compress the resin + fibre system.

CRTM Decision Space Common Objective Space

•Heat Rate

•Pressure

•Velocity - Dry

•Resin Temperature

•Mould Temperature

•Curing Temperature

• Injection Height

•Velocity - Wet

RTM Decision Space

𝝍𝜽
−1

𝒇

Overlapping Decision Variables

•Part Quality

•Equipment Cost

•Cycle Time

Figure 5.4: The common 3-D objective space and the overlapping decision
variables of the heterogeneous RTM and CRTM manufacturing processes.

Despite the difference in the design (and hence the decision space) of the

RTM and CRTM processes, their objective functions from a manufacturing

standpoint are identical. In both cases the goal is to maximize part qual-

ity while minimizing equipment cost and cycle time, forming MOPs with 3-D

objective spaces as descried in [26]. The finite element simulation codes for

approximating these objectives are generally expensive, allowing small but

high-quality data to be generated. The scenario thus perfectly encompasses

the assumptions made in this paper. Fig. 5.4 illustrates the common objec-

tive space and the heterogeneous but overlapping decision spaces of the MOPs
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under consideration. The six overlapping decision variables pertain to the

thermal conditions of the resin and the mould (namely, Resin Temperature,

Mould Temperature, Heat Rate, Curing Temperature), liquid injection pressure

(Pressure) and the dry fibre compression velocity (Velocity - Dry). CRTM in-

troduces two additional decision variables, namely, the Injection Height of the

mould prior to resin injection and the wet fibre compression velocity (Velocity

- Wet).

MOPs arising from the manufacture of FRP parts of circular geometry made

of glass-fibre reinforced epoxy is considered. The plates are of 1 m diameter

with a central injection hole of 20 mm. The final part fibre volume fraction is

either 35% or 40%. By accounting for two different manufacturing processes

we get a total of four MOPs: R35, R40, C35, and C40. Here R represents

RTM, C represents CRTM, and the numerical value represents the part’s final

fibre volume fraction. At the end of multi-objective optimization runs for

each task, datasets containing 500 optimized solution samples are collected.

For assessing post-hoc PS learning, the target dataset is further divided into

training and testing splits of 10 and 490 points, respectively, serving as an

example of machine learning under expensive and extremely small data. The

amount of source data (per source MOP) is taken to be 50 points. Given

the computational expense of running evaluations at a large number of query

points, only the RMSEx value on the test set is used as the metric for

comparison herein.

Table 5.8 shows the accuracy of PS learning under different source-target

combinations. The high degree of overlap in the objective and decision spaces

of related manufacturing tasks intuitively suggests the existence of trans-

ferrable information between them. It is therefore not surprising that both

single-source and multi-source transfer learning with invTGPs show benefits

over the standard invGP model trained only on limited target data. In the

case of R35 as target task, a reduction in RMSE of up to ∼17% is achieved

as a consequence of transfer. Unlike in the case of benchmark functions,
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the best averaged performance in Table 5.8 is not achieved when all source

data is utilized for multi-source transfers. This observation warrants future

investigation. It is however striking that multi-source transfer always leads to

significantly better predictions than the least performant single-source invTGPs,

thus motivating joint utilization of all available sources in practical scenarios

where source-target correlations may be a priori unknown.

RMSE (·1e-2) on Target Problem
Source Task(s) C35 C40 R35 R40

No Transfer 19.36 (8e-15) 22.56 (1e-14) 25.97 (6e-15) 28.68 (6e-15)

C35 - 21.49 (8e-2) 25.13 (4e-2) 28.02 (1e-1)

C40 18.41 (7e-2) - 26.10 (2e-1) 25.73 (2e-1)

R35 18.20 (3e-2) 21.99 (9e-2) - 27.4 (3e-1)

R40 18.02 (3e-2) 21.82 (2e-1) 21.47 (5e-1) -
C35-C40 - - 25.51 (8e-2) 25.87 (1e-1)

C35-R35 - 21.61 (7e-2) - 26.93 (2e-1)

C35-R40 - 21.44 (1e-1) 22.98 (3e-1) -
C40-R35 18.26 (4e-2) - - 26.38 (2e-1)

C40-R40 18.12 (6e-2) - 23.37 (3e-1) -
R35-R40 18.08 (3e-2) 21.87 (1e-1) - -

All 18.13 (4e-2) 21.59 (1e-1) 23.87 (2e-1) 26.29 (2e-1)

Table 5.8: Performance of PS learning measured in RMSEx value for the
composite part manufacturing use-case. The values in bold mark the best
averaged performance for a given target MOP over 20 independent runs.

Strikingly, multi-source transfer utilizing all sources (last row of the table)
always leads to significantly lower RMSE than the least performant

single-source invTGPs.

5.3 Chapter Summary

This chapter takes an important step towards effective Human-AI interactions

in multi-objective decision making, particularly in high-dimensional/expensive

optimization domains characterized by data scarcity. To this end, a novel

methodology for PS learning under small data to recover non-dominated so-

lutions along sparsely populated PFs is proposed. The proposed method is

the first to explore the concept of multi-source, inverse transfer Gaussian

processes (invTGPs) for post-hoc PS learning, leveraging MOPs with com-
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mon objective spaces to maximally utilize information between heterogeneous

source-target pairs. To avoid computational bottlenecks arising from a large

number of source datasets, a factorized product-of-experts procedure is put

forth. The advantage of the adapted product-of-experts is that it not only

facilitates massively distributed training, but also gives rationalizable predic-

tive distributions that fuse together invTGPs drawn from multiple sources to

augment PS learning in the target optimization task at hand.

The resulting product-of-invTGPs model is put through extensive empirical

tests. Experiments are carried out on modified DTLZ benchmarks as well

as on practical MOPs with computationally expensive, multidisciplinary eval-

uation data. The results obtained are promising and clearly highlight the

benefits of jointly utilizing all available source datasets for transfer, espe-

cially in complex real-world scenarios where source-target correlations may

not be known beforehand.

A major focus of this chapter has been on post-hoc PS learning in high-

dimensional objective spaces that lead to sparse PF approximations. In the

next chapter, the curse of dimensionality in decision space is considered, with

dimensionality reduction techniques (to discover low-dimensional, piecewise

continuous manifolds on which Pareto optimal solutions tend to lie [91]) for

efficient learning of the inverse model(s).
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Chapter 6

Pareto Set Representation
Learning for High-dimensional
Decision Space

To address the curse of dimensionality in the decision space that impedes

the development of efficient inverse models, this chapter introduces the con-

cept of PS representation learning1. This approach reduces the problem to its

smallest possible dimensions while accurately capturing the Pareto optima.

A denoising autoencoder is employed to discover a compressed latent rep-

resentation of a sparsely populated PS by leveraging its unique bottleneck

architecture. This representation then serves as the basis for creating com-

pact inverse models that map points from the PF in objective space to the

dimensionally reduced PS in decision space.

6.1 Proposed Representation Learning Method

For an m-objective continuous optimization problem, learning of a low-dimensional

representation of the PS is motivated by the observation that under certain

smoothness assumptions, the KKT conditions imply that its PS is a piece-

wise continuous (m − 1)-dimensional manifold in the decision space [123].

This holds even when the dimensionality d of the decision space is high, i.e.,

d≫ m.

1The work in this chapter has been published in [139].
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In this section, a DAE with a bottleneck layer to discover the compressed PS

representation as illustrated in Fig. 6.1 is put forward. First, let the non-

dominated solutions acquired from a run of an optimization algorithm be

X ∈ Rn×d, where n is the total number of solutions. The training procedure

of the DAE is initiated by corrupting each point xh in X with isotropic

Gaussian noise z ∈ Rd with zero mean. The task of the DAE is hence to

restore the corrupted PS data by minimising,

loss(θ,ϕ) =

n·np∑
l=1

n∑
h=1

∣∣hθ

(
gϕ(xh + zl)

)
− xh

∣∣2
2
, (6.1)

where, np is the number of perturbations introduced to each PS data, gθ

and hϕ are the encoding and decoding functions of the DAE, respectively,

with θ and ϕ being the corresponding model parameters to be optimized.
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Figure 6.1: The proposed workflow of PS representation learning for
reducing a problem to its smallest possible dimensions through the

bottleneck layer of a DAE.

The learning efficacy of the DAE is first demonstrated on a benchmark test

problem DTLZ-5 [134] with m = 3 objectives and d = 500 decision variables.

The decoder and encoder of the DAE are configured to each have 1 hidden
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layer with 10 neurons, while the bottleneck layer contains 2 neurons. The

highly reduced size of the bottleneck layer is informed by the theoretical conclusion

drawn from the KKT conditions, that the PS must be an (m − 1)-dimensional

piecewise continuous manifold. Therefore, in general (discounting edge cases such

as those with a degenerate PF or PS), choosing the bottleneck layer to be (m−1)-

dimensional shall provide the most succinct representation of the PS possible. The

activations of all neurons in the DAE are set to the sigmoid function. The

amount of PS data is n = 100, with each data point repeatedly corrupted

np = 10 times by isotropic Gaussian noise of covariance scale 0.05. The

trained DAE2 is then tasked to denoise 1000 random solutions, following the

procedure in [141], where each decision variable is sampled uniformly from 0

to 1. The denoised output closely approximates x3,...,500 = 0.5 of the Pareto

optimal solutions of DTLZ-5, with a root mean squared error of 1E-4. Fig.

6.2 depicts the uniformly drawn samples (in red) and the DAE’s output

(in purple) for the first three decision variables, showcasing its proficiency

in discovering the low-dimensional 2-D manifold (a plane in this example)

formed by the PS data.

Figure 6.2: 3-D scatter plot of the uniform samples and the denoised
output for the first 3 decision variables of DTLZ-5.

2The DAE is trained using the Adam optimizer, with a learning rate of 0.01 for 3000 iter-
ations with early termination if the validation performance fails to improve over a consecutive
600 iterations. The training process is implemented in Python’s TensorFlow library [140].
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6.2 Application in Pareto Set Learning

Leveraging on the DAE’s ability to discover a compressed representation of

the PS, a potential application for the inverse modeling of the PS manifold

is elucidated. The procedure for compact inverse models that synergize with

DAE is outlined in Fig. 6.3.

Initially, isotropic Gaussian noise is introduced to the sparse PS data ob-

tained from a run of any multi-objective optimization algorithm. Subse-

quently, the DAE is trained to restore the noisy PS data by minimizing

Eq. (6.1). Upon completion of the training, the DAE encodes the PS data

to facilitate the training of compact inverse models that map points from

the PF to the reduced PS representation space. At the time of inference,

the inverse models are applied to generate solutions in the low-dimensional

space based on arbitrary points along the unexplored sub-regions of the PF.

The DAE then serves to decode the generated solutions back to the original

(high-dimensional) decision space.

Denoised PS DataNoisy PS Data

PF Data

New 

PF Data

New 

Compressed

PS Data

Encoder Decoder

Inverse Models

New

PS Data

1. Model Training

2. Model Inference/ Compact Pareto Estimation

Step 2b

DecoderInverse Models

Step 2a

Step 1a

Step 1b

Compressed PS Data

Figure 6.3: Compact inverse modeling workflow involving DAE.

The solutions decoded by the DAE are evaluated with the forward mapping

function, i.e., the known objectives of the problem, to quantify the overall
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quality of compact inverse models based on the Inverted Generational Distance

(IGD) Ratio in Eq. (5.5).

In the case of DAE and independent invGPs for post-hoc PS learning, each

regression maps a point along the PF to a particular dimension in the DAE’s

bottleneck layer. This results in a reduction of the total number of inversions

to (m − 1), marking a massive reduction in compute (especially in the case

of high dimensional problems with d >> m), as illustrated in Table 6.1.

Training Inference

invGPs O
(
d · n3

)
O
(
d · n3

)
Compact invGPs O

(
2C

)
+O

(
(m− 1) · n3

)
O
(
C
)
+O

(
(m− 1) · n3

)
Table 6.1: Computational complexity of invGPs with and without

dimensionality reduction. O
(
2C

)
and O

(
C
)

are the training and inference
complexity of DAE, respectively, where C represents the total number of

connections.

To further demonstrate its application, an empirical study on DTLZ test

problems and a multi-criteria supply chain planning problem [7] is conducted

in the subsequent sections. The DAE network architecture and training con-

figurations remain consistent with those in Section 6.1.

6.2.1 DTLZ-2 and 5 Test Problems

Fig. 6.4 illustrates the approximated PF before and after compressed in-

verse modeling for DTLZ-2 and 5. The outcomes reveal that the compact

inverse models effectively generates a more densely populated set of points

along the PF, with IGD Ratios of 2.515 and 3.205 for DTLZ-2 and DTLZ-5,

respectively.
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Figure 6.4: 3-D scatter plot of points in the approximated PF before (100
blue points) and after compact inverse modeling (1100 yellow points) and

their respective IGD ratios, for DTLZ 2 and 5.

6.2.2 Multi-criteria Supply Chain Planning Problem

The same multi-criteria supply chain planning problem based on problem in-

stance 1 in Chapter 4 is considered. For this problem, the DAE is initially

trained on a PS data comprising 50 points. Similar to the methodology out-

lined in Section 6.1, the trained DAE is employed to denoise 1000 uniformly

sampled solutions. Fig. 6.5 shows the denoised output for the last 3 decision

variables, which forms a 1-D piecewise continuous curve—in agreement with

the theoretical conclusions drawn from the KKT conditions for an m = 2

dimensional objective space. When applying the DAE in conjunction with

the inverse model for post-hoc PS learning, a denser PF with a IGD Ratio

of 2.09 is observed; see Fig. 6.6.
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Figure 6.5: 3-D scatter plot of the uniform samples (in red) and the
denoised output (in purple) for the last 3 decision variables of the supply

chain planning problem.

Figure 6.6: 3-D scatter plot of the points in the PF before (50 blue points)
and after compact inverse modeling (1050 yellow points) and the achieved

IGD ratio for the supply chain planning problem. The x and y-axis
represents the average order fulfillment time (y1) and unutilized production

capacity (y2) respectively.

6.3 Chapter Summary

This chapter presents a technique for discovering highly compressed PS rep-

resentations achieving a 99.6% dimensionality reduction for test problems by

means of the bottleneck layer of a DAE. The reduced PS is shown to sup-
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port the development of compact inverse models via test problems and a

real-world supply chain planning example yielding promising results.
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Chapter 7

Monte Carlo Walk-pull for
Inverse Modeling of Highly
Non-linear Pareto Sets

In this chapter, the worst-case scenario for post-hoc PS learning is addressed,

characterized by limited target data and the absence of a source dataset. To

overcome this challenge, the novel concept of Monte Carlo walk-pull for Pareto

data augmentation is introduced. For the first time, techniques that couple

the walk-pull process with an inverse machine learner trained to map points

along the front to the PS in decision space are presented. A distinguishing

feature of the proposed method is its ability to accurately model the optima

of problems with highly non-linear PS shapes.

7.1 Basic Idea

To overcome the small data challenge in PS learning, the basic idea of gen-

erative modeling of the PS manifold represented by current non-dominated

solutions X is presented. The low-dimensional manifold (possibly m − 1, if

KKT condition holds) can be modeled explicitly by various dimensionality

reduction methods. Through the compressed latent space, new solutions are

generated and mapped back to the original space for augmenting the initial

PS data.



Chapter 7. Monte Carlo Walk-pull for Inverse Modeling of Highly Non-linear Pareto Sets 76

This concept has been primarily explored to accelerate the convergence of so-

lutions during the optimization process. Within each optimization step, prin-

cipal component analysis [142] or autoencoder (AE) [143] has been studied

to discover the low-dimensional representation for genetic operators in evolu-

tionary algorithms to efficiently sample and generate new solution candidates.

These new solutions are then mapped back to the original decision space for

evaluating its Pareto optimality and the whole procedure is repeated. Al-

ternatively, AE has also been used to iteratively learn and generate new

solution candidates in the compressed space, replacing the need for genetic

operators [144].

Extending upon these prior works, the generative modeling of the low-dimensional

PS manifold is applied, focusing on the converged non-dominated solutions

acquired in the course of a posteriori optimization. Two experiments based

on test problems with d = 10 decision variables, each having a different PS

shapes are conducted. The first test problem, DTLZ-2 [134] has m = 3 ob-

jectives and a linear PS shape. The second test problem, f̃-2 has m = 2

objectives and a more complicated, non-linear PS shape with its detailed

formulation listed in Table 7.2.

Following the generative approach in [144], an AE with a single hidden layer

in both the encoder and decoder is utilized. The hidden layer consists of

10 neurons, while the bottleneck layer has m − 1 neurons. All the neurons

in the AE have sigmoid activation functions. The AE is trained using the

Adam optimizer [137] with a learning rate of 0.01. Training is conducted

over 3000 iterations, with early stopping triggered if validation performance

does not improve for 600 consecutive iterations. The implementation is done

in Python using the Keras library [145].

Fig. 7.1 depicts the initial 100 data points within the true PS data used

for training and the additional 1000 data points generated by the AE for

DTLZ-2 for its first three decision variables. The AE proficiently models the

linear shape of the PS with the generated points falling closely within the
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2-D plane of the PS manifold.

Figure 7.1: 3-D scatter plots of the true (in grey) and augmented (in
yellow) PS for first three decision variables of DTLZ-2 with a linear PS

shape.

7.1.1 Limitation in non-linear Pareto Set

For the second test problem f̃-2, the AE struggles to effectively model the

non-linear shape of the PS, despite its ability to capture complex patterns in

data distributions. As shown in Fig. 7.2, there is a significant discrepancy

in both magnitude and offset angle between the true 1-D sinusoidal shape of

the PS and the points generated by the AE.

This deviation is likely caused by the restrictive bottleneck layer of the AE,

which enforces a low-dimensional representation, thereby increasing the learn-

ing difficulty, especially with a limited training dataset. Additionally, for PS

data augmentation, extracting a low-dimensional representation is not strictly

required.
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Figure 7.2: 3-D scatter plots of the true (in grey) and augmented (in
yellow) PS for first three decision variables of f̃-2 with a non-linear PS

shape.

7.2 Monte Carlo Walk-pull for Non-linear Pareto

Set

In this section, a novel approach on generative modeling of the complex PS

shapes and methods to integrate it with the invGP is put forward, thereby

addressing the issue of non-linear PS learning with limited data.

7.2.1 The Monte Carlo Walk-pull Process

The generative modeling approach discussed in Section 7.1 requires extract-

ing the low-dimensional PS manifold for data augmentation. However, for

MOPs with non-linear PS shapes or where the KKT conditions do not hold,

precisely identifying and uncovering the low-dimensional representation poses

an additional challenge.

Hence, to effectively model intricate PS shapes from various MOPs, the con-

cept of Monte Carlo walk-pull process [146, 147] to model and sample addi-

tional points along the piecewise continuous manifold MX of the acquired PS
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data X is first introduced. Specifically, each d-dimensional non-dominated so-

lution xk ∈ X, is perturbed by an isotropic Gaussian noise z ∈ Rd with zero

mean and covariance sI. This random walk process is repeated np number

of times by adding a different z ∼ N (0, sI), to ∀xk ∈ X, for increasing the

number of available training examples.

While during the pull process, efforts are made to reconstruct the perturbed

data points back onto MX using a machine learning model. The model is

trained to minimize the overall reconstruction error between the perturbed

and original locations of the non-dominated solutions and is formulated as,

loss(ϕ) =

n·np∑
l=1

n∑
h=1

∣∣∣∣χϕ(xh + zl) − xh

∣∣∣∣2
2
, (7.1)

where χϕ is the function learned by the machine learning model to pull the

perturbed points back to its initial location by optimizing its parameters ϕ.

The main difference over existing dimensionality reduction methods, is that

the unnecessary constricting requirement to explicitly learn the low-dimensional

PS manifold is removed when optimizing Eq. (7.1). Additionally, under this

training setup, an optimal projection that maps perturbed data points back

onto the local region of MX can be potentially learned – a pivotal feature,

that will be rigorously demonstrated next through theoretical and empirical

analysis.

Theoretical Analysis

The optimal projection χ∗ that a machine learning model can possibly learn

is derived analytically from the reconstruction error function in Eq. (7.1).

Let plh be the probability that xh is the original location of the perturbed

point x̃l. Furthermore, based on the Gaussian noise introduced during the

walk process, plh can be computed from the multivariate Gaussian probability

function, exp
(
−0.5(x̃l − xh)T (sI)−1(x̃l − xh)

)/(
(2π)0.5d|Il|0.5

)
. The reconstruc-
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tion error in Eq. (7.1) can thus be reformulated as,

loss =

n·np∑
l=1

n∑
h=1

plh[χ(x̃l) − xh]2, (7.2)

where x̃l = xh + zl represents the perturbed data point. The optimal χ∗

can then be computed by setting its partial derivative ∂loss/∂χ(x̃l) = 0 and

re-arranging it as,

2

n·np∑
l=1

n∑
h=1

(
plhχ

∗(x̃l) − plhxh

)
= 0

n·np∑
l=1

(
χ∗(x̃l)

n∑
h=1

plh

)
=

n·np∑
l=1

n∑
h=1

plhxh

n·np∑
l=1

χ∗(x̃l) =

n·np∑
l=1

(∑n
h=1 plhxh∑n
h=1 plh

)
χ∗(x̃l) =

∑n
k=1 plhxh∑n
h=1 plh

, ∀l = 1, 2, .., n · np. (7.3)

From Eq. (7.3), the optimal projection χ∗ maps each perturbed data point

x̃l onto a locally euclidean space within MX . The projected points under

χ∗(x̃l), is hence weighted proportionally based on the likelihood of ∀xh ∈ X

being the actual location of the perturbed solution x̃l.

Experimental Analysis

Next, the viability of learning the optimal projection χ∗
ϕ, derived in Eq.

7.3 across three MOP test problems with distinctive PS shape is assessed.

The first test problem f̃-2, has a sinusoidal PS shape and is from the same

problem discussed in Section 7.1. The second test problem f̃-4, has a slightly

more complex sinusoidal PS shape while the final test problem f̃-7, has a

different PS shape defined by an exponential function. All three test problems

have m = 2 objectives and d = 10 decision variables with its formulations

listed in Table 7.2.



Chapter 7. Monte Carlo Walk-pull for Inverse Modeling of Highly Non-linear Pareto Sets 81

A feedforward neural network, whose structure is detailed in Table 7.1, is

employed to learn the optimal projection function within the walk-pull pro-

cess. The primary motivation behind this choice, is its differentiable model

structure that is deemed valuable when integrating it with the invGP. The

details of this integration will be discussed in the subsequent section.

Table 7.1: Neural network structure used for MOP test problems with
different non-linear PS functions.

PS Neural Network Structure

Function # Hidden # Neuron per Act. Func. for Act. Func. for

Type Layer Hidden Layer Hidden Layer Output Layer

Sinusoidal 5 200 Sigmoid Linear
Exponential 4 200 Sigmoid Sigmoid

For each test instance, the availability of n = 100 data points uniformly

distributed along the true PS is assumed. These points are normalized to

a value between 0 to 1 before the introduction of the Gaussian noise z ∼

N (0, sI) with s = 0.1. Each point within the true PS is perturbed np =

20 times to obtain a denser approximation of the PS with an additional

2000 points by the end of the reconstruction process. The dataset is then

randomly split into training and validation sets with a ratio of 0.8 to 0.2.

The remaining training settings are configured according to the training setup

of the AE discussed in Section 7.1.

Fig. 7.3 illustrates the locations of the first three decision variables across the

test problems during the Monte Carlo walk (left plot) and pull (right plot)

processes. For test problem f̃-2, unlike the AE, the neural network without

the bottleneck layer is able to reconstruct the perturbed PS data successfully

during the pull process, leading to a denser PS approximation. Similarly, for

f̃-4 and f̃-7, the neural network proficiently generates a denser approximation

of the PS by projecting perturbed points back onto unexplored sub-regions

of the PS manifold.
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Figure 7.3: 3-D scatter plot of the first three decision variables, for
benchmark problem f̃-2, f̃-4 and f̃-7. The orientation of the In the walk

process (left), the grey and red points correspond to the true and noisy PS
data, respectively. In the pull process (right), the yellow points represent

the additional points generated at the end of the training process.
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7.2.2 Synergizing Monte Carlo Walk-pull and Inverse

Modeling

The Monte Carlo walk-pull process presents a means for data augmentation

within the non-linear PS manifold, independent of the articulated preferences.

Conversely, the inverse model facilitates the mapping of points from the pro-

jected PF to PS, with its accuracy compromised by the small training data.

To enable controlled generation of solutions with improved accuracy and reli-

ability, techniques to synergize the walk-pull process within the inverse mod-

eling framework are proposed next, as illustrated in Fig. 7.4.

Figure 7.4: Complete workflow for enhancing non-linear PS learning under
limited data. It involves the integration of the Monte Carlo walk-pull

process to the inverse modeling framework.

Beginning with the dataset D = {Y,X}, the approximated PF Y , is first

transformed to W , distributed along a unit hyperplane for ease of preference

articulation. Subsequently, invGPs are trained to learn the mapping from W

to X . Simultaneously, the Monte Carlo walk-pull process is invoked to model

the PS manifold MX , formed by X. As a direct outcome of this process,

a neural network is trained to reconstruct perturbed PS data back towards

MX , creating a denser PS approximation X
′
, consisting of initial PS data

X and the reconstructed points.
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At the time of inference, the invGPs initially map any arbitrary preferences

Wq articulated by the DM to its corresponding decision variable values Xq.

Within the common decision space, two projection methods are introduced

to enhance the accuracy and reliability Xq: the direct pull method, which

leverages the neural network trained during the walk-pull process and the

nearest point projection method by referencing the augmented PS data. The

following sections describe these two methods in detail and highlight their

complementary benefits.

Direct Pull Method

The initial prediction inferred by invGP, albeit slightly inaccurate, can be

interpreted as PS data with added noise (or error), analogous to a walk pro-

cess. Consequently, the neural network χϕ, trained in the pull process, can be

directly applied to project this perturbed point back onto the local piecewise

continuous manifold MX . This projection incurs a minor additional compu-

tational complexity of O(C), where C denotes the number of connections in

the neural network, and is performed as,

χϕ

(
µ(wq)

)
= x

′

q, (7.4)

where µ(wq) = [µ1(wq), µ2(wq), ..., µd(wq)]
⊺ is the mean prediction vector com-

puted by each independent invGP using Eq. (4.3a). While, the corresponding

uncertainty estimates are computed by leveraging the local gradients derived

from the differentiable structure of the neural network and the variance values

inferred by the invGP in Eq. (4.3b).

The direct pull method provides an analytical approach for efficiently com-

puting the predictive distribution from the solutions inferred by the invGP.

Additionally, it provides a smooth approximation along the PS manifold given

solutions with different decision variable values. Following the optimal pro-

jection delineated in Eq. 7.3, it is weighted proportionally based on the
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distance between the solutions to be projected and the obtained PS data X.

This helps to preserve or enhance the diversity among the solutions slated

for projection, a particularly valuable feature when projecting solutions with

closely similar decision variable values. However, akin to many machine learn-

ing models, when confronted with out-of-distribution data (those significantly

diverging from the distribution of the perturbed PS data during the walk

process), its performance might be adversely impacted. This could poten-

tially happen when the solutions predicted by invGP are distant from the

true PS.

Nearest Point Projection Method

As an alternative, the augmented PS data X
′
, can be effectively leveraged to

enhance the reliability of the solutions predicted by invGP. This is accom-

plished by using X
′

as a set of reference points, projecting solutions onto

the nearest point xl ∈ X
′

based on the Euclidean distance. The additional

computational complexity of this step is O
(
|X ′ | · d

)
, where |X ′ | denotes the

number of reference points and d represents the dimensionality of the decision

variables, and is computed as,

χX
′ (xq) = argmin

xl∈X′
||xq − xl||2. (7.5)

The predictive distribution in this case is empirically approximated by per-

forming multiple runs of the Monte Carlo simulation based on Eq. (7.5),

by sampling xq from N (µ(wq),Σwq). Here, Σwq is the diagonal covariance

matrix diag(σ2
1(wq), ..., σ

2
d(wq)), computed from Eq. (4.3b).

The predictive distribution computed by the nearest point projection (NPP)

method, in this case, relies on a subset of points within the local region of the

augmented PS with its objective values bounded by this region. This ensures

reliable estimates and complements the direct pull method in extreme cases

where the invGP suffers from poor accuracy. However, compared to the direct
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pull method, the NPP has slightly higher computational complexity when

calculating the uncertainty estimates. Additionally, the projection granularity

depends on the number and diversity of points in the augmented PS. When

projecting closely clustered solutions, multiple solutions might map onto the

same point within the augmented PS, resulting in potential loss of diversity,

despite having improvements made to the overall predictive accuracy.

7.2.3 A Summary of Salient Features

In this section, the key aspects of the proposed approach, emphasizing the

noteworthy features arising from the collaborative synergy between the invGP

and Monte Carlo walk-pull process is further elaborated. These features play

a crucial role to enable non-linear PS learning in scenarios characterized by

small data.

• Generative modeling of non-linear PS. The Monte Carlo walk-pull is able

to model the non-linear PS manifold through training a neural network

to reconstruct additional perturbed PS data, thereby generating a denser

approximation of the PS representation.

• Data-efficient PS learning. The performance of invGP trained on limited

data is enhanced by coupling it with the walk-pull process. Solutions

inferred by invGP are projected onto a localized region within the man-

ifold of the acquired PS data, either through the trained neural network

or by referencing the augmented PS data.

• Seamless end-to-end uncertainty estimates. The projection methods de-

rived from the walk-pull process retain the predictive distribution of

the decision variable values inferred by the invGP. These values are

computed either analytically through the differentiable neural network

model or empirically from a subset of the augmented PS.
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7.3 Empirical Analysis

The proposed methodology is tested on nine MOP benchmarks with m = 2

to 3 objectives, d = 10 decision variables and a diverse PS shapes character-

ized by either a complex exponential or sinusoidal functions. The independent

invGPs for inverse modeling employ a squared exponential covariance func-

tion and are implemented using the GPyTorch library [126]. The training

process involves 100 training iterations with a learning rate of 0.1. While

the neural network involved in the walk-pull process is implemented follow-

ing the training configurations in Section 7.2.1 with its structure configured

according to Table 7.1. Similarly, a total of n = 100 training data is assumed

to be available, while a test set of nq = 1000 query points (e.g., those sup-

plied by a DM) not contained in the training data are used for performance

evaluation. Both the training and test data are obtained from uniformly

distributed points along the true PF.

The experiments are conducted over 50 independent runs with its performance

evaluated based on the Root Mean Square Error (RMSE) and Inverted Genera-

tional Distance (IGD) Ratio. The two metrics capture distinctive performance

attributes of the generated solutions from the perspective of a DM with post-

poned preferences. The RMSE metric is measured in both the decision and

objective spaces to capture the fine-grained evaluation of the quality of post-

hoc PS learning. The RMSE values assessed in the decision space offer direct

insights into the accuracy of post-hoc PS learning. While, evaluation in the

objective space delves into the extent to which the objective values of the

generated solutions align with the DM’s postponed preferences, representing

the primary goal of this study. In contrast to the RMSE metric, the IGD

Ratio [103] offers a broader perspective on the overall PF approximation ca-

pacity by quantifying the improvement in the PF approximation before and

after post-hoc PS learning. The details of the benchmark MOPs and in-

stantiations of the evaluation metrics are further discussed in the subsequent

sections.
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7.3.1 Test Problems with non-linear Pareto Set

The nine MOP benchmark problems used for the experiments are adopted

from [148] with its objective functions taking the general form of,

f1 = α1(xI) + β1(xII − g(xI)),

...

fm = αm(xI) + βm(xII − g(xI)),

s.t. a ≤ x ≤ b, ∀x ∈ {xI ,xII},

(7.6)

where the decision variables constitute xI = [x1, ..., xm−1] and xII = [xm, ..., xd],

with αi=1,2,..,m, defining the shape of PF based on aI ≤ xI ≤ bI , while

βi=1,2,..,m, is a non-negative function defined based on the difference between

the current values of xII , and its Pareto optimal values calculated from g(.),

given the values of xI . Note, [f1, f2, ..., fm]⊺ = [α1(xI), α2(xI), ..., αm(xI)]
⊺, i.e.,

a point along the PF, when xII corresponds to the Pareto optimal solutions

calculated from g(xI), with βi(·) = 0, for i = 1, 2, ...,m.

Following Eq. (7.6), two minor modifications are made to the original nine

MOP problem formulations in [148] for the purpose of this study. The first

adaptation involves refining the β function to increase its sensitivity of the

objective values for solutions that are far from Pareto optimal. While the

second modification targets the PS function g, aiming to introduce sufficient

complexity for post-hoc PS learning utilizing only inverse models. The de-

tailed formulations of the nine modified benchmark problems is denoted as

f̃-1 to f̃-9, are as shown in Table 7.2.
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Table 7.2: Objective functions for f̃-1 to f̃-9, with its highly non-linear PS
functions.

Instance Objective and PS functions Variable Bounds

f̃1 = x1 + 20
∑

j∈j1
(xj − x

50(1.0+
3(j−2)
d−2

)

1 )2,

f̃2 = 1 −√
x1 + 20

∑
j∈j2

(xj − x
50(1.0+

3(j−2)
d−2

)

1 )2,

f̃-1 [0, 1]d

where j1 = {j|j is odd and 2 ≤ j ≤ d} and j2 = {j|j is even and 2 ≤ j ≤ d}.

Its PS is xj = x
50(1.0+

3(j−2)
d−2

))

1 , j = 2, ..., d.

f̃1 = x1 + 20
∑

j∈j1
(xj − sin(4πxi + jπ

d
))2,

f̃2 = 1 −√
x1 + 20

∑
j∈j2

(xj − sin(4πxi + jπ
d

))2,

f̃-2 [0, 1] × [−1, 1]d−1

where j1 and j2 are the same as those of f̃-1.
Its PS is xj = sin(4πxi + jπ

d
)), j = 2, ..., d.

f̃1 = x1 + 20
∑

j∈j1
(xj − x1 cos(4πxi + jπ

d
))2,

f̃2 = 1 −√
x1 + 20

∑
j∈j2

(xj − x1 sin(4πxi + jπ
d

))2,

f̃-3 [0, 1] × [−1, 1]d−1

where j1 and j2 are the same as those of f̃-1.

Its PS is xj =

{
cos(4πxi + jπ

d
) j ∈ j1,

sin(4πxi + jπ
d

) j ∈ j2.

f̃1 = x1 + 20
∑

j∈j1
(xj − 0.8x1 cos(

6πx1+
jπ
d

3
))2,

f̃2 = 1 −√
x1 + 20

∑
j∈j2

(xj − x1 sin(
6πx1+

jπ
d

3
))2,

f̃-4 [0, 1] × [−1, 1]d−1

where j1 and j2 are the same as those of f̃-1.

Its PS is xj =

{
0.8x1 cos(

6πx1+
jπ
d

3
) j ∈ j1,

0.8x1 sin(
6πx1+

jπ
d

3
) j ∈ j2.

f̃1 = x1 + 20
∑

j∈j1

{
xj − [0.3x21 cos(6πx1 + 4jπ

d
) + 0.6x1] cos(2πx1 + jπ

d
)
}2

,

f̃2 = 1 −√
x1 + 20

∑
j∈j2

{
xj − [0.3x21 cos(6πx1 + 4jπ

d
) + 0.6x1] sin(2πx1 + jπ

d
)
}2

,

f̃-5 [0, 1] × [−1, 1]d−1

where j1 and j2 are the same as those of f̃-1.

Its PS is xj =

{
[0.3x21 cos(6πx1 + 4jπ

d
) + 0.6x1] cos(2πx1 + jπ

d
) j ∈ j1,

[0.3x21 cos(6πx1 + 4jπ
d

) + 0.6x1] sin(2πx1 + jπ
d

) j ∈ j2.

f̃1 = cos(0.5x1π) cos(0.5x2π) + 20
∑

j∈j1
(xj − 2x2 sin(4πx1 + jπ

d
))2,

f̃2 = cos(0.5x1π) sin(0.5x2π) + 20
∑

j∈j2
(xj − 2x2 sin(4πx1 + jπ

d
))2,

f̃3 = sin(0.5x1π) + 20
∑

j∈j3
(xj − 2x2 sin(2πx1 + jπ

d
))2,

f̃-6 [0, 1]2 × [−2, 2]d−2

where
j1 = {j|3 ≤ j ≤ d, and j − 1 is a multiplication of 3},
j2 = {j|3 ≤ j ≤ d, and j − 2 is a multiplication of 3},
j3 = {j|3 ≤ j ≤ d, and j is a multiplication of 3}.
Its PS is xj = 2x2 sin(4πx1 + jπ

d
), j = 3, ..., d.

f̃1 = x1 + 20
∑

j∈j1
(4v2j − cos(8vjπ) + 1),

f̃2 = 1 −√
x1 + 20

∑
j∈j2

(4v2j − cos(8vjπ) + 1),

f̃-7 [0, 1]d

where j1 and j2 are the same as those of f̃-1,

and vj = xj − x
50(1+

3(j−2)
d−2

)

1 , j = 2, ..., d.

Its PS is xj = x
50(1+

3(j−2)
d−2

)

1 , j = 2, ..., d.

f̃1 = x1 + 20(4
∑

j∈j1
v2j − 2

∏
j∈j1

cos(
20vjπ√

j
) + 2),

f̃2 = 1 −√
x1 + 20(4

∑
j∈j2

v2j − 2
∏

j∈j2
cos(

20vjπ√
j

) + 2),

f̃-8 [0, 1]d

where j1 and j 2 are the same as those of f̃-1,

and vj = xj − x
50(1+

3(j−2)
d−2

)

1 , j = 2, ..., d.

Its PS is xj = x
50(1+

3(j−2)
d−2

)

1 , j = 2, ..., d.

f̃1 = x1 + 20
∑

j∈j1
(xj − sin(5πx1 + jπ

d
))2,

f̃2 = 1 − x21 + 20
∑

j∈j2
(xj − sin(5πx1 + jπ

d
))2,

f̃-9 [0, 1]2 × [−1, 1]d−1

where j1 and j2 are the same as those of f̃-1,
Its PS is xj = sin(5πx1 + jπ

d
), j = 2, ..., d.
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7.3.2 Performance in Decision Space

The accuracy of PS learning given a set of nq query/ test points in the

objective space, is measured based on the RMSE between the actual and

predicted decision variable values is computed based on Eq. 5.7b.

The RMSEx values for invGP and the projection methods are compared in

Table 7.3. The results underscore the overall effectiveness of both the direct

pull and NPP methods in enhancing the predictive accuracy of invGP across

all test instances f̃-1 to f̃-9. A more than 30% reduction in RMSEx values

of the invGP is observed for test problem f̃-5 and f̃-9. In comparison, the

direct pull outperforms NPP method in majority of the test problems except

for f̃-5 and f̃-7.

Table 7.3: Accuracy of PS learning measured in RMSEx for invGP, direct
pull and NPP methods for f̃-1 to f̃-9. Values in bold indicate the best

averaged performance for a given MOP over 50 independent runs. Values in
brackets denote the standard deviations in performance over these runs.

Instance invGP +Direct Pull +NPP
RMSEx

f̃-1 0.048 (0.002) 0.039 (0.004) 0.039 (0.003)

f̃-2 0.445 (0.051) 0.363(0.089) 0.374 (0.093)

f̃-3 0.449 (0.051) 0.376 (0.085) 0.395 (0.093)

f̃-4 0.180 (0.008) 0.147 (0.013) 0.167 (0.014)

f̃-5 0.020 (0.004) 0.017 (0.002) 0.013 (0.001)

f̃-6 0.721 (0.000) 0.716 (0.005) 0.736 (0.005)

f̃-7 0.048 (0.002) 0.041 (0.003) 0.040 (0.003)

f̃-8 0.048 (0.002) 0.038 (0.002) 0.039 (0.002)

f̃-9 0.458 (0.084) 0.312 (0.113) 0.324 (0.122)

To investigate further into the unique characteristics of the projection meth-

ods, the true PS and its corresponding predictions for the first three decision

variables of f̃-9 are plotted in Fig. 7.5. The invGP struggles to provide an

accurate prediction with large deviation both in the offset angle and mag-

nitude between the sinusoidal shape of the true and predicted PS. Through

the integration of the two projection methods, the predictive accuracy of the

invGP has been greatly improved with the projected points closely approxi-
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mate the true PS shape.

Figure 7.5: 3-D scatter plots of the true (in grey) and predicted (in yellow)
PS by invGP (top, left), direct pull (bottom, left) and NPP (bottom, right)

methods for first three decision variables of f̃-9, under a particular run.

In contrast, the direct pull method offers a smoother approximation of the

true PS compared to the NPP method, which yields discontinuous and clus-

tered points in various sub-regions of the true PS. This discrepancy stems

from the NPP method’s reliance on the augmented PS when selecting the

closest point for projection. Such dependence can pose a slight issue for the

case of f̃9, where the predictions made by invGP are clustered close together.

As a result, the NPP method projects multiple solutions onto the same point

within the augmented PS, leading to only 629 unique solutions out of the

1000 test points.
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7.3.3 Performance in Objective Space

To assess the primary goal of generating solutions that satisfy the articulated

preferences, the RMSE evaluated in the objective space is calculated based

on Eq. 5.7a.

The RMSEf values in Table 7.4 highlight the efficacy of the projection meth-

ods in mitigating the RMSEf values of invGP. Overall, the NPP method

performs better across a wider range of test problems, spanning from f̃-1 to

f̃-3, f̃-6 and f̃-8, whereas the direct pull method, excels primarily in f̃-4, f̃-7

and f̃-9.

Table 7.4: Quality of PS learning measured in RMSEf for invGP, direct
pull and NPP methods for f̃-1 to f̃-9. Values in bold and bracket indicate

the best averaged and standard deviations of the performance for each
MOP over 50 independent runs.

Instance invGP +Direct Pull +NPP
RMSEf

f̃-1 0.575 (0.056) 0.551 (0.262) 0.508 (0.195)

f̃-2 24.194 (4.523) 19.260 (7.760) 13.352 (8.638)

f̃-3 24.567 (4.460) 18.381 (9.127) 17.969 (5.833)

f̃-4 6.498 (0.475) 2.652 (1.079) 3.099 (1.598)

f̃-5 0.071(0.024) 0.138 (0.070) 0.138 (0.061)

f̃-6 47.625 (0.005) 11.517 (4.273) 2.631 (0.604)

f̃-7 32.196 (1.931) 18.888 (5.597) 19.287 (4.897)

f̃-8 3.514 (0.222) 2.096 (0.866) 2.043 (0.746)

f̃-9 25.380 (5.569) 17.919 (9.427) 39.154 (20.240)

Notably, the RMSEf values of the invGP have been significantly reduced by

up to 76% and 94% using the direct pull and NPP methods, respectively,

for test problem f̃-6 with m = 3 objectives. Fig. 7.6 further illustrates the

distribution of points for the true and approximated PF before and after

projections. Initially, the objective values of the invGP’s predicted solutions

diverge considerably from the true PF, as shown in the top row of Fig. 7.6.

However, leveraging on the projection methods, it substantially improve the

convergence towards the true PF.
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Both the direct pull and NPP methods exhibit distinct projection trajectories,

each offering complementary advantages. In the middle row of Fig. 7.6, the

direct pull method increases the diversity of solutions, covering a wider area

of the true PF compared to NPP. This helps to achieve a more consistent

alignment between the objective values of the predicted solutions and the

preferences articulated by the DM across different sub-regions of the true

PF. Conversely, the NPP method demonstrates a better convergence towards

the true PF, as depicted in the bottom row of Fig 7.6. This is attributed

to its inherent mechanism that ensures the projected solutions remain within

the objective value bounds of the augmented PS. Consequently, it provides

reliable estimates for scenarios like f̃-6, where the inverse model performs

poorly in the objective space.

Another interesting finding emerges from comparing the RMSE values of the

projection methods evaluated in the objective and decision spaces. An in-

consistency in performance gains is observed for test problems f̃-2, f̃-3, f̃-5

and f̃-6. Fig. 7.7 compares the average and standard deviation of the RMSE

values of the projection methods for these problems based on the 50 in-

dependent runs. For f̃-2, f̃-3 and f̃-6, the direct pull method showcases a

lower RMSE values in the decision space. However, when assessing RMSE

values in the objective space, the NPP method performs better. Similarly,

for f̃-5, the NPP method yields a lower RMSEx value but have comparable

RMSEf value with the direct pull method. These observations highlight the

non-monotonic relationship between the performances in the decision space

used for guiding the PS learning and the objective space which dictates the

solution optimality.
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Figure 7.6: 2-D scatter plots of the true (in black) and approximated (in
blue) PF by the invGP (top row), direct pull (middle row) and NPP

methods (bottom row) for f̃-6, under a particular run. The 3 objectives are
plotted separately in the first (y1 vs. y2) and second (y3 vs. y2) column.
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Figure 7.7: Comparison of the average RMSEx (yellow bar) and RMSEf

(blue bar) values and its standard deviation (error bar) over 50 independent
runs for f̃-2, f̃-3, f̃-5 and f̃-6. The x and y axis represent the projection
methods utilized and average RMSE values, respectively, while the star

symbol highlights a lower average RMSE value.
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Additionally, a closer examination of the RMSEf values in Table 7.4 high-

lights an exceptional case in f̃-5. Despite achieving a notable ∼ 35% reduction

in RMSEx values by the NPP method, it stands out as the sole test prob-

lem exhibiting worsened RMSEf values after projections. To elucidate this

counter-intuitive finding, further analysis of the distribution of the solutions

provided by the NPP method in both the objective and decision spaces is

conducted, as depicted in Fig. 7.8.

Examining the top row of Fig. 7.8, the NPP method manages to improve the

convergence of most solutions, except for the remaining 10% of the outlier

solutions (highlighted in red) that are further away from the true PF. These

outliers have mainly contributed to the overall increase of the RMSEf value

of the NPP method. However, when analyzing the solutions in the decision

space, shown in the middle row of Fig. 7.8, the NPP method provides a

closer approximation of the true PS, as compared to invGP. Furthermore,

focusing only on the outlier solutions in the decision space, the NPP method

has a surprisingly lower RMSEx value than the initial solutions before pro-

jection (predicted by invGP), as observed in the bottom row of Fig. 7.8.

This underscores a critical insight: merely optimizing predictive error in the

decision space, without considering its performance in the objective space,

may prove inadequate. As exemplified by the case of f̃5, solutions close to a

sub-region of the true PS, though appearing near-optimal, can actually be far

from PF convergence. Therefore, incorporating insights on the performance

evaluated in the objective space is essential for robustly learning the PS

manifold. This allows for the generation of solutions that faithfully represent

different sub-regions of the true PF, as desired by the DM.

This finding closely aligns with the recent paradigm in Smart, Predict, then

Optimize [149–151], which integrates predictive models with downstream tasks.

Here, the predictive model is trained based on the performance losses in the

downstream task caused by inaccurate predictions. This encourages the explo-

ration of a new research direction for the inverse modeling framework guided
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by similar principles in the field of Smart, Predict, then Optimize.

Figure 7.8: Scatter plots of the predicted solutions by invGP (left) and
NPP method (right) for f̃-5, within a specific run. Outlier solutions from

the NPP method that, contribute to the top 10% RMSEf values are
highlighted in red across all plots. The top row shows the true (in black)

and approximated (in blue) PF. The middle row displays true (in grey) and
predicted (in yellow) PS for the first three decision variables. The bottom

row focuses on outlier solutions and its RMSEx values.
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7.3.4 Performance in Pareto Front Approximation

The performance of post-hoc PS learning in enhancing the capacity of PF ap-

proximation is evaluated using the IGD ratio in Eq. (5.5). This metric offers

a board overview to the convergence and spread of the predicted solutions

towards the true PF.

Table 7.5 presents the IGD ratios for the invGP and the projection meth-

ods. The invGP generally fails to improve the IGD values across most test

problems, except for f̃-5, where a 1.5-fold improvement is noted. Through

the projection methods, the IGD ratios are improved for nearly half of the

nine test problems, with the direct pull method performing slightly better.

Notably, a substantial ∼ 89% improvement to the IGD ratio of the invGP is

achieved by the direct pull method for test problem f̃-1.

Table 7.5: PF approximation improvement measured in IGD ratio for
invGP, direct pull and NPP method for f̃-1 to f̃-9. Values in bold and

bracket indicate the best averaged and standard deviations of the
performance for each MOP.

Instance invGP +Direct Pull +NPP
IGDRatio

f̃-1 1.201 (0.069) 2.273 (0.186) 2.228 (0.190)

f̃-2 1.000 (0.000) 1.003 (0.004) 1.002 (0.003)

f̃-3 1.000 (0.001) 1.000 (0.000) 1.000 (0.000)

f̃-4 1.003 (0.003) 1.000 (0.000) 1.000 (0.000)

f̃-5 1.516 (0.042) 1.037 (0.043) 1.037 (0.044)

f̃-6 1.004 (0.000) 1.008(0.002) 1.005 (0.002)

f̃-7 1.000 (0.000) 1.224 (0.195) 1.239 (0.219)

f̃-8 1.001 (0.001) 1.236 (0.270) 1.234 (0.263)

f̃-9 1.000 (0.000) 1.001(0.003) 1.000 (0.001)
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Figure 7.9: 2-D scatter plots of the true PF with 100 data points (in
black) and approximated PF by the invGP (top), direct pull (bottom, left)

and NPP methods (bottom, right). The approximated PFs are further
differentiated based on dominated (in red) and non-dominated (in blue)

solutions.

Fig. 7.9 shows the PF approximated by the invGP and the projection meth-

ods. The predicted solutions within the approximated PF are further sepa-

rated into non-dominated and dominated solutions for the ease of analysis.

The projection methods greatly complement the invGP predictions by in-

creasing the number of non-dominated solutions to up to 6.3 times, resulting

in a denser approximation of the true PF. As compared to NPP method,

the direct pull is able to better increase the solution diversity with ∼ 29%

higher number of unique non-dominated solutions. This again, is due to the

underlying workings of NPP method, as discussed in the Section 7.3.2, where

multiple solutions are projected onto the same point within the augmented

PS.
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7.4 Chapter Summary

This chapter takes an important advancement towards generative multi-objective

decision support via preference prompts, particularly in expensive optimiza-

tion domains marked by data scarcity. To this end, a pioneering concept

in Monte Carlo walk-pull for data augmentation within the non-linear PS is

introduced. Additionally, two projection functions derived from the walk-pull

process are proposed to effectively map predictions from inverse models closer

to the desired solutions.

The proposed methodology is verified through extensive empirical tests, fea-

turing nine MOP benchmarks with highly non-linear PS shapes. The find-

ings demonstrate promising results and highlight distinct advantages of the

two projection methods for non-linear PS learning. Specifically, the direct

pull method stands out in enhancing PS learning accuracy, while the NPP

method, which references the augmented PS data, provides reliable estimates

for mitigating highly inaccurate predictions.

A key insight from an exceptional case reveals that optimizing accuracy loss

in the decision space alone is insufficient to generate solutions with objective

values that closely satisfy the DM’s preferences. This points towards future

endeavour of preference-aligned, post-hoc PS learning, integrating PS learning

with Smart, Predict, then Optimize framework. Such an endeavor shall po-

tentially illuminate a new paradigm of learning the PS manifold guided by

performance losses in the objective space.
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Chapter 8

Conclusion and Future Work

This thesis tackles the unresolved research challenges in a posteriori multi-

criteria decision making for MOPs marked by data scarcity. To address these

challenges, three innovative approaches for improving performance in post-hoc

PS learning have been introduced.

The first approach leverages multi-source inverse transfer learning, exploiting

MOPs with common objective spaces to maximize information use between

heterogeneous source-target pairs. The second approach focuses on improving

the computational efficiency of inverse models for MOPs with many decision

variables. This is achieved through PS representation learning that reduces

the high-dimensional decision space to its smallest possible dimensions to

enable the development of compact yet accurate inverse models. The final

approach assumes a pessimistic case of limited target Pareto data and no

source data for transfer. In this worst-case scenario, a novel Monte Carlo

walk-pull concept is introduced for Pareto data augmentation. Two comple-

mentary techniques are devised to couple the outcomes of the walk-pull pro-

cess with inverse machine models, improving overall performance. All three

approaches have been empirically validated with benchmark MOPs and real-

world problems, showcasing notable performance gains in the decision and

objective spaces of inverse models trained with limited data.
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8.1 Future Work

Given the promising results from the experimental studies, two board future

research strands for inverse modeling in the area of PS learning are proposed.

The first research strand involves continuously improving post-hoc PS learning

performance. The second focuses on developing innovative generative multi-

objective algorithms that integrate lightweight inverse models to generate new

promising non-dominated solutions during the optimization process.

8.1.1 Post-hoc Pareto Set learning

In the area of post-hoc PS learning, two key extensions building on the

approaches from Chapter 5 to Chapter 7 are planned for future work, as

illustrated in Figure 8.1.

Figure 8.1: Future work for post-hoc PS learning.

To address the limited scope of source-to-target transfer in Chapter 5, which

focuses only on decision variables with the same physical meaning, domain

adaptation techniques can be applied. A promising approach to leveraging all



Chapter 8. Conclusion and Future Work 103

decision variables in the source data is to learn a mapping from the source

to target decision space [152]. This increases the overlap between source

and target decision spaces, enhancing the likelihood of successful transfer

during PS learning. Figure 8.2 illustrates this concept for a single-source

transfer, where the source and target decision spaces differ in magnitude and

dimensionality. In this scenario, a machine learning model can be trained to

map each point in the source PS XS to the target PS XT by aligning them

based on their corresponding locations in the PF.

Furthermore, to enhance PS representation learning in Chapter 6, especially

for high-dimensional, limited, and non-linear PS data, transfer learning via

dimensionality reduction can be explored. Given an available source dataset,

existing dimensionality reduction methods can be reformulated to identify a

low-dimensional latent space that minimizes the distributional divergence be-

tween domains. A notable example in this area, proposed by [153], employs a

universal kernel to minimize the maximum mean discrepancy between source

and target data distributions. Once the kernel is obtained, principal com-

ponent analysis is applied to select leading eigenvectors for constructing the

low-dimensional representations.

Figure 8.2: Domain adaptation of heterogeneous decision spaces of
source-target task for efficient inverse transfer learning. The dimensionality

of source and target PS are denoted by dS and dT , respectively.
Additionally, nS and nS represent the number of available Pareto data for

the source and target tasks.

The second extension is motivated by the exception case in Chapter 7, where
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improvements in the decision space do not always translate to corresponding

gains in the objective space. This limitation can reduce its effectiveness in

providing DMs with alternative decision variables that remains Pareto optimal

while offering different trade-offs among objective values. To address this in-

consistency, a promising research direction is to ensure preference-aligned PS

learning. The key idea is to integrate the inverse modeling framework with

the Smart, Predict, then Optimize approach [149–151]. Specifically, this in-

volves training an inverse model to minimize the error between the objective

values of predicted and actual decision variables. This synergy could intro-

duce a novel paradigm for learning the PS manifold, guided by performance

losses in the objective space. Figure 8.3a illustrates this concept, where a loss

function approximator estimates objective losses during PS learning. Recent

studies [154,155] have explored this idea, further supporting its potential.

Additionally, to enhance the performance of the two projection methods in

Chapter 7, this approach can be adapted to the Monte Carlo walk-pull pro-

cess. Specifically, during the pull process, the neural network responsible for

restoring noisy PS data can be trained and evaluated by backpropagating

objective losses, as shown in Figure 8.3b. This adaptation could improve the

robustness of projection functions against out-of-distribution projections while

preserving the diversity of projected points.
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Figure 8.3: Improving the performances of (a) PS learning and (b) PS data
augmentation through objective losses estimated by a loss function

approximator.

8.1.2 Online Pareto Set Learning

The second research strand is motivated by the promising improvements ob-

served in the IGD ratio, highlighting the potential to extend the post-hoc

PS learning algorithms developed in this thesis to lightweight online learning

models. These models could enable the generative modeling of non-dominated

solutions during optimization. Figure 8.4 illustrates how the approaches from

Chapter 5 and Chapter 7 could be integrated with existing MOEAs.

Recent pioneering work in [99] has begun exploring this direction, leverag-

ing online PS transfer learning to solve related optimization tasks simultane-

ously. This approach was later extended by the same authors to incorporate

multi-task surrogate modeling, enabling the efficient evaluation of expensive

objective functions across source and target tasks [100].

This emerging research direction holds significant promise for developing gen-
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erative multi-objective algorithms with faster convergence and greater diver-

sity in the final Pareto optimal solutions.

Figure 8.4: Generative multi-objective algorithms incorporating online PS
learning algorithms.
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