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ABSTRACT

Numerical modeling plays an important role in understanding the physics in micro-scale
multiphase flow given the small length and time scales involved. The difficulty of
modeling such type of flows is caused by the existence of unknown moving interfaces.
These interfaces can be only determined as a part of the solution. The present work
devises and implements numerical procedures to simulate multiphase flows where

precise prediction of these interfaces is essential.

In this study, a three-phase flow model with two fluids and a solid phase involving two
moving interfaces, i.e. fluid-fluid (F-F) and fluid-solid (F-S) interfaces, is proposed.

Two limiting cases of the model are two-fluid flow and fluid-solid flow.

The F-F interface is captured using a level-set method. Two mass conservation schemes,
i.e. Global (GMC) and Local (LMC) Mass Correction Schemes, are presented to ensure
mass conservation for the level-set method. While GMC is for general two-fluid flow
problems, LMC is developed for stratified two-fluid flows. These schemes are extended
to the situation where a solid phase is present. Artificial viscosity is introduced in
selected region away from the F-F interface during the advection of the level-set

function and shown to improve numerical stability.

A new fixed-grid F-S interface tracking technique is proposed. Solids, represented by
local distance functions, are tracked explicitly. The procedure can handle flows with
multiple complex shaped solids. The F-F interface tracking procedure is extended to the
case where there is a slip velocity at the solid surfaces as encountered in the modeling of

electrophoresis of particles.
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A set of combined conservation equations is employed for the physical domain consists
of the three phases. Surface tension effects at the F-F interface, both curvature and
Marangoni driven, are incorporated using the Continuum Surface Force model. Solution
of the governing equations together with the F-F interface capturing and F-S interface

tracking procedures are implemented in a finite volume method.

Validation of the present model is made against available results in two-fluid and

fluid-solid flows. The applications of the present model in a large variety of multiphase

flow problems are demonstrated.

II
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NOMENCLATURE

a major axis of an ellipse [m]

ag coefficient in the discretized general transport equation
aw coefficient in the discretized general transport equation
an coefficient in the discretized general transport equation
as coefficient in the discretized general transport equation
ap coefficient in the discretized general transport equation
A area [rnz]

b minor axis of an ellipse [m] or coefficient in the discretized transport equation
Cp specific heat capacity [Jkg'°C™]

Cp drag coefficient [-]

Cr lift coefficient [-]

Ca Capillary number [-]

d diameter [m]

D Dirac delta function [1/m] or diffusion rate [m’s™]

e eccentricity [-]

E applied electric field intensity [V/m]

E electric field intensity [V/m]

Eo Eo6tvos number [-]

J?B body force per unit volume [Nm™]

fF interfacial force at the F-F interface per unit volume [Nm'3]
F flow rate [m’s™']

Fp drag force [N]
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~

cor

resultant surface force on the i-th solid [N]

lift force [N]

gravitational acceleration [m/s%]
resultant body force on the i-th solid [N]
smoothed heaviside function

inertia tensor of the i-th solid [kgm?’]

thermal conductivity [Wm'K™]
artificial viscosity [m’s™]
maximum distance between two nodes in the physical domain [m]

length of a slug-liked droplet [m]
length [m]
mass flowrate [kg/s]

mass of the i-th solid [kg]

mass flowrate [kg/s]

the most current mass of the reference fluid [kg]

the most current mass flowrate of the reference fluid [kgs™']
mass correction factor GMC [-]

mass correction factor for LMC [-]

the desired mass of the reference phase [kg]

the desired mass flowrate of the reference phase [kgs"l]

mass flowrate at the inlet [kgs’l]

mass error for GMC [-]

mass error for LMC [-]
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Ma Marngoni number [-]

n a factor used in implementing artificial viscosity

N number of solids in the domain

N 2 unit normal at the F-F interface (pointing into fluid 2)
N S unit normal at the F-S interface (pointing into the fluid)
N W unit normal at the channel wall (pointing into the fluid)
p pressure [Nm'z]

p' correction for pressure [Nm™]

p* guessed pressure [Nm™]

Pe Peclet number [-]

Pr Prandtl number [-]

q heat flux [W/m’]

Re Reynolds number [-]

S source term in the general transport equation

Sc source term in the discretized general transport equation

SC,extra additional source term due to given flux boundary condition

Soxtra  additional source term due to given flux boundary condition

Sp coefficient for the linearized source term

Spextra coefficient for additional source term due to given flux boundary condition

Sy energy source or sink [Wm™]
¢ time [s]

* dimensionless time [-]

i pseudo-time [-]

T temperature [°C]

X1
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T*

=1

=

c,i

dimensionless temperature [-]
resultant torque on the i-th solid [Nm]

velocity component in the x-direction [kgs™]

guessed velocity component in the x-direction [ms™]

correction for velocity component in the x-direction [ms™]
velocity vector [ms™]
streamwise velocity component [ms™']

electrophoretic velocity of particle [m/s]
translational velocity of the i-th solid [ms™]

velocity component in the y-direction [kgs™']

correction for velocity component in the y-direction [ms™]

guessed velocity component in the y-direction [ms™]

volumetric flowrate [m?/s]
width [m]

coordinate axis
coordinate axis

position vector [m]
position vector of the center of mass for the i-th solid [m]
position vector of the F-F interface [m]

coordinate axis

coordinate axis
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Greek symbols

a thermal diffusivity [m?/s]

p dimensionless angular velocity [-]

1) F-F interface location in stratified two-fluid flow [m]

ox horizontal distance between two neighbouring nodes [m]
oy vertical distance between two neighbouring nodes [m]

£ half of the F-F interface thickness (a factor of the control volume size) [m]
Ep electrical permittivity [Fm™]

@ global signed distance function for F-S interface [m]

@; local signed distance function of the i-th solid [m]

4 property of fluid or solid

1) electrical potential [V]

A factor for artificial viscosity

Y7, viscosity [Pa.s]

o; orientation of the i-th solid [rad]

Yo, density [kgm™]

o surface tension coefficient [N/m]

; stress tensor [Nm'z]

T stress [N/m’]

1) relaxation factor

&,y ' level-set functions [m]

- zeta potential [V]

Sw zeta potential of the charged channel wall [V]
Cg zeta potential of the charged solid body [V]

A the smallest length of a control volume [m]
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AA surface area of a control volume [m?]

AV elemental volume or volume of a control volume [m’]
Ax width of a control volume [m]

Ay height of a control volume [m]

) general dependent variable of interest [varies]

r diffusion coefficient [m?s™]

I'r F-F interface

I's F-S interface

(0N fluid 1 region

Q, fluid 2 region

Qp fluid region

f)i angular velocity vector of the i -th solid body [rads™]
Qg solid region

Subscripts

1 fluid 1

2 fluid 2

A inlet A

B inlet B or boundary

C centroid of a solid

d droplet

e east surface of P control volume

E fully-developed or node on the east of P control volume
1 the i-th solid

in inlet

m mean
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n north surface of P control volume

N node on the north of P control volume

P P control volume

ref reference value or reference fluid

] south surface of P control volume

S solid or node on the south of P control volume
w west surface of P control volume

w wall or node on the west of P control volume
X component in the x-direction

y component in the y-direction

Superscripts
o

variable evaluated at time ¢

n n-th iteration
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CHAPTER 1

INTRODUCTION

1.1 Introduction

Multiphase flows refer to flows involving any combination of gas, liquid and solid
phases simultaneously. These flows are encountered in a wide range of engineering
applications. For examples, liquid-gas flow with gas bubbles in air-lift pumps or
scrubbers; liquid-gas flow with liquid droplets in atomizers and combustors;
liquid-liquid flow in pipeline transportation of heavy/viscous crude oil as water
continuous emulsion; gas-solid particle flow in fluidized beds and cyclone separators
and liquid-solid flow in slurry transport or hydrotransport in mineral processing. Only
two different phases are involved in these examples. For more general multiphase flows,
more than two phases can present. In the above mentioned macro-scale multiphase
flows, the flow is highly turbulent with phases interacting and affecting each other

significantly.

Much attention is given to micro-scale multiphase flows recently. Micro-scale
multiphase flows become increasingly important due to recent development of
microfluidics. Microfluidics refers to devices and methods for controlling and
manipulating fluid flows with length scale less than a millimeter (Squires and Quake,
2005). The behaviour of multiphase flows is dictated by a competition between various
driving mechanisms. While the effects of inertia and gravity dominate macro-scale
multiphase transports, their influences diminish when the system size reduces. In

microfluidic systems, inertia no longer plays an important role in determining the fluid
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flow behaviour. Instead, micro-scale multiphase flows are affected profoundly by

surface tension, because of a large increase in surface to volume ratio, and viscosity.

Multiphase flows in microfluidics includes but are not limited to liquid-gas (or vapour)
flows, liquid-liquid droplet flows in digital microfluidics, liquid-solid particle flows and

particle-encapsulated droplet flows.

A large variety of flow patterns occurs in liquid-gas flow (Fig. 1-1). The flow pattern for
a given liquid-gas flow depends strongly on the relative flowrates of the liquid and the
gas. Among these flow patterns, annular flow is of particular interest as it is shown to be
the dominant flow pattern in two-phase convective boiling microchannel heat sink for
cooling purposes in high performance electronics (Jiang et al., 2001, Yen et al., 2003, Qu
and Mudawar, 2003a and Pettersen, 2004). An annular flow, characterized by a
vapour/gas core and liquid film flowing attached to the channel wall, can be considered
as a special case of a stratified flow with the liquid layer stratified on the channel wall.
Most of the available models for annular flow are of the mechanistic type with strong

dependence on empirical correlations (Qu and Mudawar, 2003a and b).

The generation, transport and manipulation (merging and splitting) of liquid droplets are
important processes in droplet-based microfluidics. Chemical or biological agents are
contained inside the droplets. Given the small size of the droplets, only a tiny volume of
regent is required. Generation of these droplets can be achieved by shearing a stream of
liquid at a T-junction by another immiscible liquid (Fig. 1-2) and via a “flow-focusing”
channel geometry (Fig. 1-3). The droplet size and the generation frequency can be
controlled by adjusting the relative flowrates of the two liquids. These droplets form

micro reaction chambers and can be transported downstream. The transport of the
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droplet results in a circulatory flow within the droplet (Wang et al., 2006) and therefore
enhances mixing. Alternatively, serpentine microchannels can be introduced to enhance
mixing within droplets (Figs. 1-2b and 1-4). A T-junction can be employed to split a
droplet in two daughter droplet of smaller size (Fig. 1.5a). The droplets are split unequal
given the difference in the length of the branches. A longer branch creates larger
resistance to flow and therefore creating smaller daughter droplet. A series of
T-junctions can be connected to further split the daughter droplets into even smaller
droplets of desirable size (Fig. 1-5b). This type of branched configuration is called trees
matched canopy-to-canopy (Kim et. al, 2006). Merging of droplets can be achieved via

specially designed channel configuration (Fig. 1-6).

In many microsystems, the transports of micro sized solids, micro capsules, biological
cells, cellular organelles and etc are encountered. For ease of discussion, these are
referred collectively as particles in the present study given their microscopic sizes. Very
often, the size of the particles is comparable to the size of the microchannels. The
particle motion and flow field (possible with energy and electric field) are closely
coupled. Particle transports in microchannels due to an applied external pressure is
encountered when a syringe is used to push particle-laden solution. Electrophoresis is
the motion of a charged particle relative to the surrounding liquid due to an imposed
external electric field (Ghosal, 2006). It applications include but are not limited to
characterization and manipulation of organic (cells for instance, Voldman, 2006) and
inorganic particles (Fig. 1-7). In particular electrophoresis has been applied to a variety

of separation problems involving nucleic acids, proteins and drugs.

One of the applications of droplets is to transport cargo on microfluidic platforms,

Atencia and Beebe (2005). These cargoes include but are not limited to cells and cellular
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organelles. Fisher and Lee (2004) demonstrated cell encapsulation in a novel
microfluidic device (Fig. 1-8). He et al. (2005) performed encapsulation of single cell
and subcellular organelles into even smaller droplets separately on two different designs,
i.e. a micro T-junction and a constricted microchannel. These droplets are termed
particle-encapsulated droplets. The particles are transported in the form of encapsulation
in the droplets carried by an immiscible carrier fluid in microchannels. The droplet
provide the encapsulated particle both physical and chemical isolation. This is
potentially useful for single cell or single organelle study in a controlled manner.
Chemical analysis can be initiated on the encapsulated particle by fusing the droplet
which contains the encapsulated particle with another droplet containing appropriate

reagents in the transportation process.

Given the small size of these systems, numerical modeling plays a significant role in
understanding the fundamental issues important to microscale multiphase flows. For the
purpose of numerical modeling, the above mentioned micro-scale multiphase flows can
be categorized according to the type of interface involved. For liquid-gas and
liquid-liquid flows, both consist of two immiscible fluids separated by a moving and
deformable fluid-fluid (F-F) interface. Liquid-solid particle flow contains a fluid and a
rigid solid phase with a moving but non-deformable fluid-solid (F-S) interface. For
particle-encapsulated droplet flow, a total of three phases (two fluids and a solid phase)
are present with both F-F and F-S interfaces coexist together. Technically, this is a
combination of the two. Both F-F and F-S interfaces play a major role in determining the

flow behavior. Therefore, an accurate prediction of these interfaces is essential.

The essential fluid physics of a system is dictated by a competition between various

driving mechanisms. Macro-scale and micro-scale transports have different dominant
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driving mechanisms. While macro-scale transport is dominated by inertia and gravity,
micro-scale transport is strongly affected by viscosity and surface tension. However, as
long as continuum mechanics applies, micro-scale and macro-scale (laminar flow with
low Reynolds number) multiphase flows are essentially governed by the same transport
equations, although other driving mechanisms like electric field may be important in
micro-scale. With this, the same interface prediction method is applicable for both
macro-scale and micro-scale transports. The available numerical prediction methods for
F-F and F-S interfaces are presented next. A detailed review of the history and
development of each method is beyond the scope of this review. The next section gives
an overview of these methods including their respective strengths and weaknesses and

some recent results representative of the state of the art of the methods.

1.2 Literature Reviews

1.2.1 Fluid-fluid (F-F) Interface Prediction

The prediction of F-F interface can best be illustrated via two-fluid flow problems. In
two-fluid flow problems, there are two sets of conservation equations governing the
motion of each fluid. The two fluids are separated by an F-F interface. This interface
evolves under the flow field driving both fluids. It may be geometrically complex and
may change topology with time. Generally, the movement of the interface is not known
in advance. Given the unknown F-F interface, the exact domain where each set of
conservation equation applies is unknown. The solution of these two set of governing
equations are coupled through relationships or jump conditions at the interface. As such,
a precise representation of the interface is required for an accurate implementation of
these interfacial relationships. The F-F interface, and thus each fluid domain, must be

determined as part of the solution.
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Several numerical techniques have been proposed for F-F interface prediction. Each of
these techniques has the following basic ingredients: (1) a scheme to describe the
interface geometry and location, (2) an algorithm to evolve the interface with time and
(3) a means to implement the jump conditions at the interface. F-F interface prediction
techniques can be classified according to the way the interface is handled. These are

interface-tracking methods and interface-capturing methods.

In the interface-tracking methods, the interface is explicitly tracked either with a
moving-grid or massless markers seeded at the interface. Either a moving-grid or a
moving-grid-coupled fixed grid can be employed. The interface is maintained sharp
with its exact location determined throughout the calculation. However, these methods
require special treatment when the interface is subject to large deformation or stretching.
Interface-tracking methods include moving-grid methods, front-tracking method and

boundary integral method.

In the interface-capturing methods, an indicator function is employed, usually on a
fixed-grid, to describe the interface. The indicator function is defined for the whole
domain. The exact interface location is not known. The interface geometry and its
location are inferred and can be reconstructed from the indicator function.
Interface-capturing techniques include Marker and Cell (MAC) method, volume of fluid

(VOF) method, phase field method and the level-set method.
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1.2.1.1 Moving-Grid Methods

In moving-grid methods, as the name implied, solution procedure is carried out on a
moving-grid/mesh. There are basically two approaches, classified based on the grid
employed: grid with deforming boundary-fitted curvilinear coordinate system and freely

deforming grid.

In the first approach, boundary-fitted curvilinear coordinate systems are introduced. The
interface is defined by setting one of the coordinate variables to a constant. An example
is shown in Fig. 1-9 with the coordinate system shown for fluid 2. One of the coordinates
conforms to the interface. Since these coordinate systems evolve with the flow field, the
interface is tracked automatically. With the knowledge of the interface exact location,
interfacial jump conditions can be enforced precisely at the interface. Either one
coordinate system for the whole domain or two coordinate systems with one for each
fluid domain can be employed depending on convenience. The conservation equations
for each fluid are recast in to the newly defined coordinate systems. These equations are
solved independently and then matched the interfacial boundary conditions at the
interface. Such a procedure usually requires an iterative algorithm. Given the variety of
interface geometries, the versatility of this approach is limited. It is not always possible
to devise such boundary-fitted curvilinear coordinate systems to represent the precise
interface geometry. Extension to the situation with topological change in the interface
remains elusive. This approach was employed successfully by Son and Dhir (1997) in

the investigation of film boiling on a horizontal surface.

For the freely deforming grid approach, the grid/mesh, on which the discretizated

conservation equations are solved, is permitted to deform freely with the flow. The
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deforming grid/mesh conforms to the interface. Figure 1-10 shows an example of a
deforming mesh with the mesh deformed to force the boundaries of the computational
cell, e.g. control volumes for the finite volume discretization and elements for the finite
element discretization, to coincide with the interface. Such an approach offers a higher
versatility given the flexibility in which grid/mesh can be generated for a given interface
geometry. However, severe distortion of the grid/mesh leads to the deterioration of the
solution accuracy and eventually termination of the simulation. Therefore, re-gridding
or remeshing is required for each time step. Information on the old grid/mesh has to be
transferred to the new grid/mesh for the subsequent computation. A substantial portion
of the total computational time is spent on these. Due to complex grid/mesh handling, it
is limited to problems without significant topological changes of the interface. With a
deforming mesh, Welch (1995) investigated phase change of a two-dimensional micro
bubble. Investigation on the axisymmetric droplet deformation has been carried out by
Bozzi et al. (1997). Currently, such method has been demonstrated impressively by Dai
and Schmidt (2005) for three-dimensional free surface flow involving deforming liquid
ligaments, periodic jets, and colliding of micro droplets and Quan and Schmidt (2006) in
three-dimensional two-phase flow with topological changes in micro ligament

end-pinching in a gaseous flow and modulated jet pinching.

1.2.1.2 Front-Tracking Method

In the front-tracking method, two set of grids, a fixed and a moving, are used. The
conservation equations governing the motion of both fluids are solved on the fixed grid.
The two set of conservation equations can be combined to circumvent the complication

of dealing directly with two separate sets of conservation equations.
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Massless markers are seeded at the interface (Fig. 1-11). These markers are linked
together to form the moving-grid representing discretely the interface. The motions of
the markers, dictated by the flow of the two fluids, are tracked explicitly. The
moving-grid moves through the fixed-grid giving the precise location and geometry of
the interface. The interface is therefore remains sharp. With more markers employed,
subgrid resolution of the interface is achievable. Interfacial jump condition or source
term such as surface tension is then transferred to the fixed-grid via a discrete delta

function. It is distributed to a few grid points nearest to the interface.

The marker distribution has to be as regular as possible (equally spaced) for interface
quantities like curvature and normal to be calculated accurately. As the interface moves
and deforms, the markers may drift along the interface following the tangential velocity.
This results in a change in the marker distribution. Markers may distribute sparsely in
certain portion of the interface but cluster in another. A sparse distribution of markers
may result from the stretched of the interface by the flow. The interface is not well
resolved with a sparse distribution of markers. Therefore, markers are added, deleted or

even redistributed if necessary for the sake of regularity.

There is an inherited weakness of the front-tracking method in handling a change in
topology of the interface. Topological changes do not result from localized interface
physics models, instead resulting from algorithm intervention via decision such as

whether or not to “cut” a front into pieces or to join two fronts into one.

Given the complication in the bookkeeping of markers connectivity, the requirement on
the regularity of the marker distribution and its weakness in handling topological change,

the extension of the front-tracking method to three-dimensional problem is rather
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involved in the implementations.

Front-tracking methods have been used extensively by the Glimm’s group and the
Tryggvason’s group. Despite the difficulties involved in the front-tracking method, both
groups performed three-dimensional calculations of two-phase flow. Glimm et al. (1998)
and Glimm et al. (2001) performed three-dimensional front-tracking procedure on
Rayleigh-Talyar instability problems. Unverdi and Tryggvason (1992) investigated the
rising of one and two bubbles. This is followed by a paper with more three-dimensional
problems investigated by Tryggvason et al. (2001). They considered the rising of
multiple bubbles in an initially quiescent fluid and under the influence of
thermocapillary force. Agresar et al. (1998) simulated a pressure driven cell modeled as
a micro Newtonian droplet with constant surface tension into a micropipette. Problems
with topological changes involving breakup of drops and jet were also investigated.
Esmaeeli and Tryggvason (2003) and Esmaeeli and Tryggvason (2004) extended the

approach to the cases with phase change.

Recently, Shin and Juric (2002) and Shin et al. (2005) proposed the use of a level
contour reconstruction technique in a front-tracking method to model automatically the
merging and breakup of interfaces in three-dimensional flows. This technique obviates
bookkeeping for the connectivity of the markers, an inherited complication of the
front-tracking method. The idea is to reconstruct the interface from a smoothed
Heaviside function once in a prescribed number of time steps. However, any subgrid
information of the interface is lost once reconstruction of the interface is carried out. The
potential of the technique with the preservation of these information remains to be
explored. With the level contour reconstruction technique, Shin and Juric (2002)

investigated the flow of a micro bubble rising in a quiescent fluid. Shin and Juric (2002)

10
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demonstrated successfully the computations of three-dimensional flow with bubble

rising and merging, drops collision and film boiling.

1.2.1.3 Boundary-Integral Method

In the boundary-integral method, the interface is explicitly tracked. The flow solution in
the entire domain is deduced sole from the information of the discrete points along the
interface. Therefore, the flow problem is reduced by one dimension with only quantities
at the interface involved. The boundary-integral method is suitable for flows with
regular interfaces. It has difficulty in dealing with topological changes. Local “surgical”
procedure of the interface is required in the event of topological changes. For
boundary-integral method, numerical solution is susceptible to numerical instability
given its near singular nature. This puts higher requirements on the numerical procedure
used. Extension to three dimensions is not straight forward for the boundary-integral
method and remains to be further explored. The method is overall mathematically very

involved.

Recent reviews on the application of boundary-integral method are given by Pozrikidis
(2001) and Hou (2001). Coulliette and Pozrikidis (1998) investigated pressure-driven
transient motion of liquid drops through a cylindrical tube at vanishing Reynolds
number, representative of micro-scale transports. Despite the difficulties in extension to
three-dimensional flow, Cristini et al. (2001) performed impressive simulations with the
boundary integral method on three-dimensional breakup of an initially spherical drop in

shear flow, evolution of two drops in shear flow and near-contact motion of drops.

11
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1.2.1.4 Marker-and-Cell (MAC) Method

Marker-and-Cell (MAC) method was introduced by Harlow and Welch (1965) for free
surface flow. It was extended to two-fluid flow by Daly (1967). In MAC, a fixed-grid
can be employed to solve the conservation equations for both fluids. One of the fluids is
selected as the reference fluid and will be marked by massless markers. Massless
markers are scattered initially in region containing the reference fluid. Their presence in
a computational cell indicates the presence of the marked reference fluid. These markers
are passively advected by the flow field. The motions of the markers are tracked
explicitly with interpolated velocities. The markers do not track interface directly, but
instead track infinitesimal reference fluid volumes. Therefore, topological changes of
the interface are handled implicitly. For a given time, the interface can be reconstructed
based on the density of the markers in the computational cells. A large number of

markers per computational cell are required to obtain a well defined interface.

To better resolve the interface, markers are seeded denser around the interface. However,
the total number of markers is still large for resolving the interface accurately. For
three-dimensional flow, the number of markers increases substantially. Tracking the

motions of these markers is computationally expansive.

The popularity of the original MAC is decreasing given the available of other more
robust interface tracking/capturing procedures. However, its modified variants are still
employed. Recently, De Sousa et al. (2004) employed a variant of MAC method and
demonstrated impressively the simulations of splashing of a drop falling into a free
surface of a heavier and more viscous fluid, bubbles rising and bubbles coalescence in a

continuous phase. These problems involve a total of three different fluids.

12
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1.2.1.5 Volume of Fluid (VOF) Method

The VOF method was pioneered by DeBar (1974) and Nichols and Hirt (1975). It was
presented in details by Hirt and Nichols (1981). A recent review is given by Scardovelli
and Zaleski (1999). In the VOF method, a fixed-grid is employed. The domain is
discretized into computational cells. An indicator function, i.e. the volume fraction
function, is introduced and defined for every computational cell throughout the whole
domain. The volume fraction function is defined as the fraction of volume of the
computational cell filled with the reference fluid. Either fluid can be used as the
reference fluid. It has a value between 0 and 1. Figure 1-12 shows a typical distribution
of the volume fraction function with the fluid represented by the hatched region as the
reference fluid. For a volume fraction function of unity, the computational cell is
completely filled with the reference fluid. Any computational cell with volume fraction
function less than unity implies that it is partially filled with the reference fluid. There is
no reference fluid in a computational cell with a volume fraction function of 0. Such a
computational cell is completely filled with the remaining fluid. Therefore, the interface
lies in computational cell with a volume fraction function of in between 0 and 1. The
interface information is discarded in favour of the discrete volume fraction function

data.

The interface evolution is captured by evolving the volume fraction function in time
with a standard convection equation. Accurate algorithm is required for advecting the
volume fraction function to preserve the conservation of mass. Interface reconstruction
from the volume fraction function is required to determine the weighted density and
viscosity for the computational cells and compute the volume flux necessary for the

convective terms in the evolution equation. Early interface reconstruction algorithm is
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based on the Simple Line Interface Construction (SLIC) by Noh and Woodward (1976).
In SLIC, only vertical or horizontal lines are used to reconstruct the interface. Over the
years, more sophisticated interface reconstruction algorithms have been proposed.
These include Piecewise Linear Interface Construction (PLIC) employing straight
oblique lines (Rider et al., 1995, Rider and Kothe, 1998, Lopez et al., 2005) and more
advanced Parabolic Reconstruction of Surface Tension (PROST) employing piecewise

parabolic-curves (Renardy and Renardy, 2002).

For VOF method, only a fixed grid is required. The volume and thus mass of each fluid
is well conserved. Since the interface is captured implicitly in the evolution of the
volume fraction function, topological change in the interface is handled automatically.
However, reconstructing the interface from the volume fraction function is rather
involved especially in three dimensions. Flotsam and jetsam, i.e. small droplets
unphysically disconnecting from the interface, may occur unless care is exercised in the
selections of both the schemes for volume fraction function advection and for interface
reconstruction. Interfacial geometrical quantities, e.g. unit normal and curvature, are
calculated from the volume fraction function which is nearly discontinuously distributed.
It is not straight forward to calculate these quantities accurately. The modeling of
interfacial phenomena that require an accurate calculation of these quantities, including

surface tension and phase change, is compromised.

Three-dimensional flows have been computed with the VOF method. Lorstad and Fuchs
(2004) investigated three-dimensional bubble rising in a quiescent fluid. The rising of
two bubbles with an eventual merging of the bubbles was studied by Annaland et al.
(2005). Taha and Cui (2006a) and Taha and Cui (2006b) investigated single bubble

rising in tube where the bubble is of size much larger than the tube. Recently, Wu et al.

14



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

(2004) simulated using the VOF method the formation, ejection, and impact of a micro
liquid droplet in a squeeze-type piezoelectric micro-inkjet printing device. Hardt et al.
(2001) simulated the formation of micro droplets in micromixers. Zeng and Korsmeyer

(2004) investigated electrically driven micro droplets generation and fusion.

1.2.1.6 Phase-Field Method

Phase-field method, also known as diffuse-interface method, shares many similarities
with the level-set method. A recent review is given by Anderson et al. (1998). The
phase-field function is defined as the relative mass concentration of the reference fluid
in a given computational cell. Fluid properties at a given location can be expressed as a
function of the phase-field function. In this case, the interface is defined as location
where the phase-field function is 0.5. The phase-field function varies rapid but smoothly

across the interface. Therefore, a fine grid is required around the interface.

The evolution of the phase-field function is governed by the Cahn-Hilliard equation
(Cahn and Hilliard, 1959), a fourth order nonlinear parabolic diffusion equation.
Numerical solution of the Cahn-Hilliard equation is difficult given its inherited
non-linearity. Although improvement has been made (Kim et al., 2004), this needs to be
further explored. Adaptive grid refinement is normally required to resolve the steep

variation of the phase-field function across the interface.

The phase-field method offers the ease in computing geometrical quantities. Topological

changes of the interface are handled automatically. It can be extended to

multi-component fluid system and three dimensions with ease.
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Simulations on three-dimensional Rayleigh-Taylor instability (Jacqmin, 1999), multiple
pinch-offs of a long cylindrical thread at small Reynolds number (Kim, 2005a) and

deformation of a spherical drop in a shear flow (Kim, 2005b) have been demonstrated.

1.2.1.7 Level-Set Method

The level-set method was proposed in a landmark paper by Osher and Sethian (1988) for
curvature driven motions. It is well documented in books by Sethian (1999) and Osher
and Fedkiw (2003). Reviews of the level-set method are given by Osher and Fedkiw
(2001), Sethian (2001) and Lossasso et al. (2006). Application of the works in
incompressible multiphase flows is extended by Sussman et al. (1994) and Chang et al.
(1996). In the level-set method, the domain is normally discretized into a fixed-grid
system. An indicator function, the level-set function, is introduced over the whole
domain. The level-set function is defined as the signed shortest normal distance from the
interface. Therefore, the interface is implicitly represented by the zero level-set. To
distinguish between the two-fluids, a positive signed is attached to one fluid but a
negative sign is associated to the other. Figure 1-13 shows the contours of constant
level-set function. Each of these curves is of constant distance from the interface. Fluid
properties can be calculated from the level-set function through a smoothed heaviside

function.

The level-set function, with information of the interface embedded, is advected by the
flow field. The evolution of the level-set function is governed by a standard advection
equation, i.e the level-set equation. The discretization of the level-set equation can lead
to significant numerical dissipation. This causes a loss of mass (or volume) in areas of

high curvature or other under-resolved regions. As such, normally, the level-set function
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is evolved numerically via higher order advection schemes. In the evolution of the
level-set function, it generally drifts away from the distance function property. This
again causes mass conservation problem. To alleviate such problem, redistancing
procedure introduced by Sussman et al. (1994) is performed. The detailed redistancing
procedure is given by Sussman and Fatemi (1999). It although improves mass
conservation significantly, this however does not solve the mass imbalance problem of

the level-set method.

Additional techniques are introduced for mass conservation. Four of the approaches are
briefly discussed here. These are the particle-level-set method (Enright et al., 2002), the
coupled level-set/VOF approach (Bourlioux, 1995 and Sussman and Puckett, 2000),
mass/area preserving re-initialization (Chang et al., 1996) and global volume/area

correction technique (Lakehal et al., 2001).

Enright et al. (2002) devised the particle-level-set method. Massless particles are seeded
around the interface. The motions of these particles are tracked. As the particles move
with the same velocity as the level-set function, they should not cross the zero level-set
unless numerical inaccuracies arise. With such an additional constraint accounted for in
the evolution of the level-set function, very good mass conservation is achieved.
Additional computations need to be performed for tracking of the particles. Substantial
computational time may be required if large amount of particles are used for more

accurate prediction.

The level-set method is coupled with the VOF method to tap the strength of the VOF
method in conserving mass (Bourlioux, 1995 and Sussman and Puckett, 2000). In the

coupled level-set/VOF approach, while the volume fraction function is used for mass
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conservation and level-set function is used for better approximation of geometrical
quantities. The volume fraction function is used to reconstruct a piecewise linear
interface. The level-set function is subsequently reconstructed from this piecewise linear
interface. Such a reconstruction procedure is rather involved and limits its application to

complicated geometries.

Mass/area preserving re-initialization has been proposed by Chang et al. (1996) to
preserve mass during the evolution of the level-set function. The idea is to conserve the
total mass (both fluid 1 and 2) in the domain by solving a perturbed Hamilton-Jacobi
equation to a steady-state. Although the total mass in the domain is well preserved, the

mass conservation of each individual fluid is not clear.

Global volume/area correction technique (Lakehal et al., 2001 and Lakehal et al., 2002)
has been proposed to for mass conservation. Mass conservation is deduced with the
volume/area of the reference fluid conserved. A correction is added to the level-set
function so that volume/area of the reference fluid represented by the new corrected
level-set function is equal to its initial area/volume. This is achieved through an iterative
procedure. Volume/area is conserved in a global sense. No preference is given to the

local property of the level-set function at the interface in the correction procedure.

In the level-set method, the interface is implicitly represented by the zero level-set.
Topological change of the interface is handled automatically. Since the level-set
function is smooth even across the interface, interfacial geometrical properties, e.g.
curvature and normal, can be calculated accurately. With this, interfacial physics, e.g.
surface tension and phase change, can be modeled with higher confidence. Given the

simplicity in its implementation, the level-set method can be generalized to three
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dimensions easily.

The level-set method has been applied in three-dimensional simulation of two-fluid flow.
For flow of unchanged topology, rising of an inviscid air bubble in water (Sussman et al.,
2000) and implosion and rebound of micro air bubble in water (Nagrath et al., 2006)
have been simulated. Computations of more complicated flows involving topological
changes have been demonstrated. These include non-axisymmetric merging of two
viscous gas bubbles in a quiescent fluid (Sussman et al., 2000), breakup of an extended
drop under surface tension driven Stokes flow (Zheng et al., 2005) and head on collision
and off-center collision of micro droplets (Tanguy and Berlemont, 2005). Other than the
flow of drops and bubbles, simulations on dam breaking with a cylindrical obstacle
(Marchandise and Remacle, 2006) and liquid film formation in a horizontal annular flow

(Fukano and Inatomi, 2003) were carried out using the level-set method.

1.2.2 Fluid-Solid (F-S) Interface Prediction

F-S interface prediction is discussed via fluid-solid flow problems where two phases are
involved: a fluid and a rigid solid. There may be multiple solids of different densities,
sizes and shapes. The solids’ surfaces separate the solid phase from the fluid. These
surfaces are collectively termed F-S interface. As the solid moves, the F-S interface

evolves and therefore it is time dependent.

The motions of the fluid and the solids are governed by two separate set of conservation
equations. For the fluid, it is the Navier-Stokes equations (for a Newtonian fluid,
possibly coupled with other conservation equations, e.g. the energy equation or a

Poisson equation for electrical potential). The motion of the solid can be either (1)
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prescribed via a given velocity (both translational and rotational) or dynamically
coupled with the flowing fluid. The position and orientation of the solid can be obtained
kinematically for (1). Only in the case where the motions of all solids are prescribed can
the F-S interface be known in advanced. Otherwise, the F-S interface remains unknown
and has to be determined as part of the solution. For (2), the motions of the solids and the
fluid are interrelated with the solids interacting with each other via the fluid. The
flowing fluid exerts additional components of hydrodynamic force and torque on the
solids. Both the hydrodynamic force and torque arise from the motion of the fluid is not
known in advance. The dynamics of the solid is given by the Newton-Euler equations
(conservation of linear and angular momentum). The fluid’s Navier-Stokes equations
and the solids’ Newton-Euler equations are coupled via the slip or no-slip boundary
condition at the unknown time dependent F-S interface. Due to the number of solids
involved, the transient fluid region demarcated by the time dependent F-S interface can

be very irregular.

Similar to two-fluid problems, the existence of the unknown time dependent F-S
interface, although without topological changes, complicates the analysis. In the present
study, modeling of both F-F and F-S interfaces coexist together is of interest. Once the
grid system is chosen for the F-F interface procedure, it is more convenient for the same
grid system to be adopted for the F-S interface prediction. Therefore, it is natural to
classify the F-S interface prediction methods according to the grid system employed.
These are the moving-grid and the fixed-grid methods. Fixed-grid methods include but
are not limited to fictitious domain method, fictitious boundary method and immersed

boundary method.

20



ATTENTION: The S

gapore Copyright Act applies to the use of this document. Nanyang Technologica

University Library

1.2.2.1 Moving-Grid Method

In the moving-gird method, the F-S interface is sharply described by a
boundary-conforming grid. The computational cell boundary is made to coincide with
the F-S interface. Appropriate F-S interfacial conditions can be applied directly at the
exact location. This provides good accuracy for the implementation of F-S interfacial
conditions. The gird must follow the motion of the interface in order to capture the F-S
interface properly for all time. As the solid moves, a new boundary-conforming grid is
generated to capture the new F-S interface. Information is then transferred to the new
grid system on which further computations are made. Both remeshing and remapping

the information from the old grid onto the new grid are computational expensive.

This approach was implemented within the framework of the finite element method on
an unstructured grid by Hu et al. (1992) in their landmark paper as the arbitrary
Lagrangian-Eulerian moving mesh method. In two follow up papers of the same group,
Feng et al. (1994a) and Feng et al. (1994b) investigated the motion and interaction of
circular and elliptical particles during sedimentation, in Couette and Poiseuille flows.
Despite large computation required for three-dimensional flows, Hu et al. (2001)
performed three-dimensional simulation on the migration of a buoyant sphere in a
Poiseuille flow and sedimentation of single and two spheres in a channel. Recently,
Sharma and Patankar (2005) considered the sedimentation of 10 spheres in a channel.
Sedimentations of a disc and a plate were also simulated. Three-dimensional
electrophoretic motion of a micro non-conducting sphere in a micro T-junction was

simulated by Ye and Li (2004).
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In another type of moving-grid method, the chimera grid method, two overlapping grids
are employed. These are a fixed-grid and a boundary-fitted moving-grid. An example of
chimera grid with a fixed Cartesian grid and two boundary-fitted grids for each circular
solid is show in Fig. 1-14. The fixed-grid is employed for the fluid calculation. The
boundary-fitted grid, employed to represent the boundary of the solid, overlaps the
fixed-grid. The number of boundary-fitted grid is identical to the number of solid in the
domain. Flow information is communicated between the two grid systems. Such an
information transferring procedure becomes very complicated when the boundary-fitted
grid moves as a result of the solid motion. Simulation of a two-dimensional flow around
an ellipse with prescribed rotational motion using a chimera grid method has been

demonstrated by Maruoka (2003).

1.2.2.2 Fixed-Grid Methods

1.2.2.2.1 Fictitious Domain Method

In the fictitious domain approach, the entire domain, including the space occupied by the
solids, is assumed to be a fluid. The solid regions are constraint to move with rigid body
motion. Both the fluid and the solid equations of motion are combined in a weak
formulation within the framework of a finite-element method. In this combined
formulation, the hydrodynamic force and torque on the solids are treated implicitly. The
no-slip boundary condition on the particle boundaries is enforced as a constraint using a
distributed Lagrange multiplier. The distributed Lagrange multiplier represents the
additional body force per unit volume required to create a rigid body motion inside each
solid. Such a solution procedure can be implemented on a fixed-grid, either structured or

unstructured.
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In the fictitious domain method, the fluid and solid momentum equations are coupled
implicitly. Such a coupling, although avoid the complication of computing the forces
and torque on every solid, requires the solution of a larger system of the linear and
nonlinear algebraic equations for the coupled variables of fluid and solids. This slows

down the solution procedure (Wan and Turek, 2006).

Two-dimensional sedimentations of 504 (Glowinski et al., 1999), 1008 (Glowinski et al.,
2000) and 6400 (Glowinski et al., 2001) circular particles have been demonstrated. For
three-dimensional flows, sedimentation of two (Glowinski et al., 1999) and 128
(Glowinski et al., 2000) were demonstrated. Glowinski et al. (2001) performed
simulation of the fluidization of 1204 spheres. The sedimenting flow of two ellipsoids
was investigated by Pan et al. (2005). Besides gravitational driven solid motion, the
motion of five spheres in a three-dimensional pressure driven Poiseuille flow was
investigated by Pan and Glowinski (2005). Recently, Aubry and Singh (2006)
investigated the influence of particle-particle interactions and particles rotational motion

in dielectrophoresis. A simulation with a total of 105 micro spheres was demonstrated.

1.2.2.2.2 Fictitious Boundary Method

Fictitious boundary method bears many similarities to the fictitious domain method. It
assumed the solid regions were filled with fluid. The solids are constraint to move with
rigid body motion. A fixed-grid is adopted allowing the solid to move freely through the
computational grid. However, unlike fictitious domain method, the flow fluid equations
and solid equations are solved separately. The hydrodynamic force and torque on each
solid is calculated explicitly. This is done efficiently via converting the surface

integration of the stress into volume integration. With this, the approximation of the

23



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

traction exactly at the solid surface is not required. The calculated hydrodynamic force

and torque are used to update the solid locations explicitly.

Fictitious boundary method has been implemented within the framework of the finite
element method by Wan and Turek (2005) and Wan and Turek (2006) for
two-dimensional flows. In these studies, sedimentation of 790 circular particles of
different sizes, sedimentation of 10000 circular particles and plunging of three big
circular particles plunging into 2000 smaller particles in a cavity were demonstrated.
Similar approach is implemented in a finite volume context by Duchanoy and Jongen

(2003) for two-dimensional flows.

1.2.2.2.3 Immersed Boundary Method

The immersed boundary method was introduced by Peskin (1972). A recent review is
given by Peskin (2002). In the immersed boundary method, the solid region is assumed
to be filled with fluid. The surface of the solid is represented by a set of Lagrangian
markers. To represent the effect of the solid, an additional force, determined by the
configuration of the Lagrangian marker and a prescribed constitutive law for the solid, is
added into the fluid momentum equations. Two grid systems are employed. These are:
(1) a fixed-grid (normally Cartesian) for fluid calculations and (2) a Lagrangian grid for
the set of Lagrangian markers representing a solid. These grid systems communicate
with each other via a discrete Dirac delta function. The fluid velocity is interpolated
from the fixed-grid to the Lagrangian grid to calculate the stress on the solid. When the
solid moves or deforms, it generates a force on the fluid and this is spread from the
Lagrangian grid to the fixed-grid for the subsequent fluid calculations. There is a

tendency for the solid (a close immersed boundary) to slowly lose volume as if the fluid
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were leaking out.

The immersed boundary method was originally created to study the fluid dynamics of
cardiovascular flows (Peskin, 1972, Peskin, 1977, Peskin and McQueen, 1989 and
McQueen and Peskin, 1989). Recently, it has been implemented for flow around moving
body. Kim and Choi (2006) simulated the flow around arbitrarily moving solid in an
infinite domain including three-dimensional simulations on freely falling sphere and

cube.

1.2.2.2.4 Level-Set Method

The level-set method was employed in a fluid-solid flow problem by Marella and
Krishnan (2005). The level-set function is advected via the standard advection equation.
Such an approach inherits the weakness of the level-set method, (1) the solid loses
volume over time and (2) numerical diffusion in advection of the level-set function
deforms the rigid solid. They demonstrated flow around a two-dimensional cylinder and
three-dimensional sphere with prescribed oscillation. In their simulations, the

displacement of the solids is small.

1.2.3 Combined F-F and F-S Interface Prediction

Numerical simulation on the flow involving two fluids and a solid phase has not
received much attention given the difficulties of dealing with two moving interfaces.
These interfaces are handled by combining a F-F and a F-S interface prediction

procedures.
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Son (2005) investigated gas-liquid flow in a domain with an immersed solid. The solid is
stationary, thus can be considered as an internal stationary boundary. A fixed-grid is
adopted. Both the gas-liquid and fluid-solid interfaces are represented using level-set
function. No-slip condition is implemented on the fluid-solid interface. The gas-liquid
level-set function is extended into the solid to enforce the contact angle condition at the
gas-liquid-solid interline. Since the solid is stationary, no complication arises in the
capturing of the fluid-solid interface. The motion of a bubble adhered to a cylindrical

solid i1s simulated.

Yokoi (2002) demonstrated the motion of a rectangular rigid body falling into a liquid. A
total of three phases, i.e. gas, liquid and solid, are involved. Both gas-liquid and
fluid-solid interfaces are captured using level-set functions. A technique is devised to
prevent error accumulation during the redistancing of the level-set function. With the
technique employed, the shape of the rigid rectangular solid is shown to be well
maintained. It is most unfortunate that the details of the advection of the level-set

function for the fluid-solid interface are not presented.

Singh and Joseph (2005) simulated three-dimensional motion of solids floating in a
fluid-fluid interface. They employed a level-set method for the fluid-fluid interface and
a fictitious domain approach for the fluid-solid interface. Solution procedure is
implemented with a finite element method. The problem of three-phase contact angle is
also addressed. Simulations were impressively demonstrated for multiple spheres and

cylinders.

Free surface problems involved two fluids in which the effect of one fluid on the

fluid-fluid interface is negligible. Therefore, the conservation equations for the fluid of
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negligible effect are not solved. Free surface problems with solid bodies immersed and
interacting have been investigated recently. In these problems, two moving interfaces,

1.e. free surface and the solid surface, need to be considered.

Van Sint Annaland et al. (2006) combined an immersed boundary method and a VOF
method in their simulation of a falling spherical liquid droplet on a stationary solid
sphere of the same diameter. The solid remains stationary throughout the simulation.
The free surface is captured by the VOF method and the solid sphere is represented via

the immersed boundary method.

Wei (2005a,b) investigated problems involving a free surface interacting with a solid. A
VOF method is employed to track the free surface. Area and volume fraction are
calculated for the computational mesh to describe the location and motion of the solids
based on a technique introduced by Hirt and Sicilian (1985). The motion of the solids is
calculated explicitly. Entry of a sphere into water (Wei, 2005a) and impact of a sphere

(less dense) on a water surface (Wei, 2005b) have been demonstrated.

1.3 Remarks on Existing Works

Two types of procedures are available to handle the F-F interface, i.e. interface-tracking
and interface-capturing. Interface-tracking methods include moving-grid methods,
front-tracking method and boundary integral method. Interface-capturing techniques
include Marker and Cell (MAC) method, volume of fluid (VOF) method, phase field
method and the level-set method. For a F-F interface prediction procedure, the following
qualities are essential:

(1) The procedure can be implemented on a fixed-grid, and preferably a structured
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grid/mesh. The troubles associated with the moving-grid methods which include
remeshing and transferring of information between the old and new grid systems are
circumvented.

(2) Only one single grid system is required. The complication in transferring
information between two grid systems is avoided.

(3) The solution procedure for the F-F interface evolution can be easily implemented.
(4) No reconstruction for the interface is required. Interface reconstruction required
extra computational efforts and is complicated in three dimensions.

(5) The interfacial geometrical quantities can be calculated accurately with ease. This
facilitates a better modeling of interfacial phenomena.

(6) Topological changes of the F-F interface are handled automatically.

(7) Extension to three dimensions is straight forward

(8) Conservation of mass of both fluids is essential.

The level-set method possesses all the above qualities except (8). In the implementation
of the level-set method, only one single fixed-grid is required. The level-set equation
governing the evolution of the interface is a hyperbolic equation. Numerical schemes for
hyperbolic conservation laws are abundant (e.g. Leveque, 2002) and applicable. No
explicit reconstruction of the interface is required during the solution process. The
level-set function can be used to calculate interfacial geometrical quantities, e.g.
curvature, accurately and elegantly. The evolution of the interface is captured implicitly,
therefore, no additional work is required in the event of topological changes. Extension
of the level-set method from two to three dimensions is straight forward with no
additional new numerical formulation involved. As mentioned earlier, the level-set
method does not conserve mass of the fluids well. Various mass conservation schemes

have been proposed to overcome it and achieve considerable success. As the level-set
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method meets almost all the above preferences, it is the preferred F-F interface

prediction procedure in the present study.

F-S interface can be predicted using two methods classified according to the grid
employed. These are the moving-grid and the fixed-grid methods. Fixed-grid methods
include but are not limited to fictitious domain method, fictitious boundary method and
immersed boundary method. For the present study, a desired F-S interface prediction
procedure should have the following qualities:

(1) The F-S interface prediction procedure is easy to be coupled with a selected F-F
interface prediction procedure.

(2) The procedure is implemented on a fixed-grid, and preferably a structured grid/mesh.
(3) Only one single grid system is required.

(4) Rigidity of the solids needs to be well enforced.

(5) The ability to handle multiple solids even of complicated geometries.

(6) Both slip and no-slip boundary conditions are enforceable at the solids surface.

(7) Extension to three dimensions is straight forward

In the moving-grid method, both remeshing and remapping the information from the old
grid onto the new grid are computational expensive. Two grid systems are employed in
immersed boundary method. Transfer of information between the two grid systems to
couple the fluid motion to that of the solid is required. Besides, the volume of the solid is
not well conserved. For the level-set method, the solid loses mass over time and the F-S

interface is subjected to unphysical deformation due to numerical diffusion.

In the fictitious domain method, the implicit coupling of the fluid and solid momentum

equations requires the solution of a larger system of the linear and nonlinear algebraic
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equations for the coupled variables of fluid and solids. Since the F-S interface prediction
procedure is to be coupled eventually with the F-F interface prediction procedure in this
study, employing a fictitious domain approach would increase the computational

requirement significantly.

Unlike fictitious domain method, the coupling of the fluid and solid momentum
equations is explicit in the fictitious boundary method. The hydrodynamic force and
torque are calculated to explicitly track the solid motion. This avoids solving a large
system of algebraic equations. Most of the works were implemented in the context of
finite element method except that of Duchanoy and Jongen (2003). The work of
Duchanoy and Jongen (2003) is attractive as it is implemented with a finite volume
method. It however suffers from a few drawbacks. These will be discussed in details in
Chapter 2. A new F-S interface tracking procedure meeting the above preferences for a
F-S interface prediction procedure and with the drawbacks of Duchanoy and Jongen

(2003) overcome is preferred in the present study.

The available numerical works on flows with combined F-F and F-S interfaces are
limited. This type of flow involves two moving interfaces, and is therefore more difficult

to solve.

1.4 Objective and Scope

Given the small length and time scales involved in micro-scale multiphase flows,
numerical modeling plays an important role in the understanding of the physics in these
processes. The present study does not aim to delve deeply into the rich physics involved

in these processes but rather to provide a means to facilitate the investigation of such
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phenomena. The objective of the present work is to devise and implement numerical
procedures for the prediction of micro-scale multiphase flows. With this, it is hope that
the prediction procedures developed in the present study will be used to investigate

further the understanding of these multiphase transport processes.

The scope of the thesis includes:

(1) Implement a F-F interface capturing procedure based on the level-set method within
the framework of the finite volume method. Surface tension effects, both curvature and
Marangoni driven, has to be incorporated. New mass conservation schemes to improve
the mass conservation of the F-F interface capturing procedure are targeted. As higher
order scheme is employed for the evolution of the level-set function, a method is
required to stabilize the evolution of the level-set function in the event of numerical

instability for flow in complex geometries.

(2) Devise a new fixed-grid F-S tracking procedure implementable within the
framework of the finite volume method. An accurate representation of the F-S interface
with the rigidity of the solids strictly enforced is targeted. The procedure should be able
to handle multiple solids, even of non-regular geometries, with ease. Both the
implementations of slip and no-slip boundary conditions on the F-F interface are

required.

(3) Develop a three-phase flow model by combining both F-F interface capturing and
F-S interface tracking procedures. The three phases are two fluids and a solid phase.
Two-fluid and fluid-solid flows are two limiting cases of the three-phase flow model

with either of the interface prediction procedure switched off.
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(4) Validate and demonstrate the applications of the above interface handling procedures

for two-dimensional multiphase flows.

1.5 Contributions

The F-F interface capturing procedure is based on the level-set method. A weakness of
the level-set method is its weak mass conservation. To overcome this, two mass
conservation schemes are proposed:

(1) A global mass correction (GMC) scheme (Yap et al., 2006c) is presented for general
two-fluid flow problems. With GMC, good mass conservation is demonstrated for
droplet flows in various channels. GMC is extended to the situation where a third solid
phase is present.

(2) A local mass correction (LMC) scheme (Yap et al., 2005) is developed for stratified
two-fluid flows to ensure mass conservation. LMC has been employed successfully for
stratified two-fluid flow with surface tension (Yap et al., 2006b) or phase-change (Yap et
al., 2005) and annular flow in both circular channel (Yap et al., 2004) and

three-dimensional square channel (Yap et al., 2006a).

For flow in complex geometries, artificial viscosity is introduced in the level-set
advection equation. Artificial viscosity is either added to region beyond the interface or
specific regions deemed susceptible to numerical disturbances. It is demonstrated that
the added artificial viscosity damps away any numerical disturbance and improves the

numerical stability tremendously.

A new F-S interface tracking procedure has been proposed (Yap et al., 2006d). It is a

fixed-grid approach. The procedure is demonstrated for flows of multiple complex
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shaped solids. The F-F interface tracking procedure is extended to the case where there
is a slip velocity at the solid surfaces as in the modeling of electrophoresis of particles.
The F-S interface tracking procedure has been employed in tracking the movement of

cell with negligible deformation in a microchannel (Yap et al., 2006e).

The F-S interface tracking procedure is compatible with the level-set based F-F interface
capturing procedure. A new three-phase flow model is developed by combining the F-F
interface capturing and the F-S interface tracking procedures. It is employed in
modeling the motions of particle-encapsulated droplets in different microchannels.
Although the F-F interface capturing and the F-S interface tracking procedures are
demonstrated for two-dimensional situations, extension of these procedures to

three-dimensional is straight forward.

With the present model, new numerical results are obtained for droplet flow in a micro
T-junction with thermocapillary effect, stratified two-fluid flows in straight channel and
in a double bend, electrophoretic flow of particles and particle-encapsulated droplets
flow in different microchannels. An analytical solution for Marangoni force driven

stratified two-fluid flow is derived.

1.6 Outline of the Thesis

There are five chapters in this thesis. In Chapter 1, a brief review of micro-scale
multiphase flows is presented. This is followed by a review of the existing numerical
techniques in handling F-F interface and F-S interface. The review includes the
situations where these techniques are combined when both interfaces coexist together.

The mathematical formulation for a three phase flow problem is given in Chapter 2. The
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F-F interface capturing and a new F-S interface tracking procedures are presented. This
is followed by the conservation equations together with the relevant boundary
conditions. This chapter ends with an outline of the solution algorithm. Numerical
solution procedure of the governing equations within the framework of the finite volume
method is presented in Chapter 3. In Chapter 4, the interface prediction procedures are
validated. Various applications of the interface prediction procedures are demonstrated.
Finally, the present work is concluded in Chapter 5 with future research direction

suggested.
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()

(a) Bubbly Flow (b) Slug Flow

(c) Transition (d) Skewed Flow (Yakitori Flow)
(e) Liguid Ring Flow (f) Frothy Annular Flow

(g) Transition (h) Annular Flow

(i) Rivulet Flow

Figure 1-1: Air-water two-phase flow with air forming droplets or the inner core in a
100um tube (Serizawa et al, 2002).
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{a) Thorsen et al. (2001}

Water

(b} Song et al. (2003)

Figure 1-2: Droplet generation and flow in microchannel.

Figure 1-3: Droplet formation suing “flow focusing” in a cross-junction (Anna et al.

2003)

b
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R3 Mixing Reaction 2

Figure 1-4: Enhanced mixing within droplet via serpentine microchannels (Shestopalov
et al., 2004, with the Reaction 1 section shortened).

{a) Droplet spliting in different T-junction.

———— |

(b} Droplet sphtting in a senies of T-junctions.

Figure 1-5: Splitting of droplets using T-junction (Link et al., 2004).
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(b} merging of two small droplets.
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() merging of three small droplets.

Figure 1-6: Merging of droplets (Tan et al., 2004).
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Figure 1-7: Particle separation under applied electric field (Kang et al., 2006).
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cells and
cell media

Figure 1-9: A deforming curvilinear coordinate system (Magnaudet et al., 1995).

39



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

e
interface ‘
fluid 2

7SN T

TN
)

- ‘ll ‘\‘\,_ —

|/

Figure 1-10: A freely deformed mesh in the moving-mesh approach (McHyman, 1984).

Figure 1-11: Markers seeded at the interface (Scardovelli and Zaleski, 1999).

Figure 1-12: Volume fraction function for computational cells (Scardovelli and Zaleski,
1999).
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Figure 1-14. A typical chimera grid (Petersson, 1999).
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CHAPTER 2

MATHEMATICAL FORMULATION

In this chapter, the mathematical formulation for a three phase flow problem is presented.
The chapter begins with a description of the three phase flow problem involving 2 fluids
and a solid phase. Essential to the physics of the flow are two interfaces, i.e. fluid-fluid
and fluid-solid interfaces. The capturing of the fluid-fluid interface and the tracking of
the fluid-solid interface are discussed next. With these interfaces capturing or tracking
procedures, a set of combined conservation equations can then be written for the
physical domain consists of the three phases. The formulation ends with the details of

the overall solution algorithm. Finally, a few concluding remarks are given.

2.1 Problem Description

Figure 2-1 shows a physical domain with three different phases. The word “phase” is
used for either fluid or solid. There are two fluids: fluid 1 and fluid 2 occupying regions
Q; and Q, respectively. Qp =Q;UQ, 1s the fluid region. Both fluids are
immiscible in each other. I' is the interface between the two fluids. This interface will
henceforth be referred to as the fluid-fluid (F-F) interface. The hatched regions (Qg)
within fluid 1 represent solids, i.e. the third phase. The case where these solids are fully
immersed in fluid 1 is of interest in the present study. Therefore, there is no physical
contact between the solids and fluid 2. Under such condition, the interface between fluid
1 and the solids, I'g, can be safely referred to as the fluid-solid (F-S) interface without

any ambiguity.
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When driven by pressure difference, gravitational force, electrical force or a
combination of them, all the phases are set in motion. To fluid 2, the F-F interface is the
only moving boundary. However, to fluid 1, both the F-F and the F-S interfaces are
moving boundaries. The motions of fluid 1 and the solids generate entirely new F-F and
F-S boundaries for the flow field. Consequently, the flow field changes. This in turn
affects the motions of fluid 1, fluid 2 and the solids. Therefore, this is a complex

transient process with the motion of the three phases strongly coupled together.

To capture the motion of all phases involved, the F-F and F-S interfaces have to be

tracked precisely for all time. These are presented in the following sections.

2.2 F-F Interface Capturing — The Level-Set Method

The level-set method of Osher and Sethian (1988) is employed to capture the F-F
interface. The F-F interface, i.e. the solid curved in Fig. 2-2, separates fluid 2 from the
remaining phases (fluid 1 and the solids). The level-set function & is defined as the
signed distance function from the F-F interface. Obviously, the value of & at the F-F
interface is zero, i.e. [y = {¥ | &(X)=0}. The dashed curves are curves of constant &.
Any convenient sign for £ can be assigned to fluid 2 as long as the remaining phases
(fluid 1 and the solids) have the opposite sign. In the present study, the value of & for

fluid 2 is assigned positive. & can be expressed mathematically as

<0, X e fluid1or solids
f(fc,t): =0, xeF-Finterface (2-1)
>0, Xefluid2

The evolution of the level-set function & is governed by

g—fm-vg:o (2-2)
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2.2.1 Artificial Viscosity

Solid blockages in the solution domain can be modeled using the “blocked-off-region”
approach of Patankar (1980). This approach offers great versatility in creating different
flow geometries of interest. In the evolution of the F-F interface via Eq. (2-2), the
solution is susceptible to numerical fluctuations in region near or in the solid blockages.

These fluctuations grow and eventually lead to the blow-up of the solution.

Adding artificial viscosity helps to mitigate numerical fluctuations. However, any
artificial viscosity added near or at the F-F interface inevitably modifies the evolution of
the F-F interface. This is highly undesirable. Rather than adding artificial viscosity
throughout the whole domain, artificial viscosity is added to Eq. (2-2) away from the

F-F interface. To achieve this, Eq. (2-2) is modified as

8—§+ﬁ0V§=K (2-3a)
ot
where
0 , §| <ne
K= 2 (2-3b)
AVZE, €= ne

n and ¢ are a factor and a factor of the control volume size respectively. Notice that

K only acts in the region of |§| > ne¢ . Any fluctuation arises in the region of |§| >ne

during the solution of Eq. (2-2) will be damped and therefore improve numerical

stability. Artificial viscosity is normally turned off unless specified otherwise.
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2.2.2 Redistancing

Since the level-set function is a distance function, it satisfies
Ve =1 (2-4)

Preserving this property is essential for precise interface tracking (improvement in
mass/volume conservation), good estimation of geometric quantities (e.g. unit normal
vector and curvature), accurate calculation of interfacial effects (e.g. phase change or

surface tension effects) and above all enhanced numerical stability. At # =0, & can be

initialized properly as a distance function with the knowledge of the initial F-F interface.
However, Eq. (2-3) does not ensure & to remain as a distance function, i.e. |Vg“| #1, for

all time. As iteration proceeds for the consequent time steps, & will generally drift

away from the initialized value of signed distance. To overcome this, another function,
1//()?, t ), which is a distance function and possesses the same interface as & is solved for.

This new distance function i is the “steady-state” solution of Eq. (2-5) (Sussman et.

al., 1994).
8(// -
3 = szgn(cf)(l - |V y/|) (2-5a)
where 7 is a pseudo time for y . In Eq. (2-5a), @(é) is a modified sign function

given by (Peng et. al., 1999)

sign(&) = ¢ ]
on(&) \/52 e (A2) (2-5b)

where A is the smallest control volume size. Equation (2-5) is subjected to the

following initial condition.
w(%.0)=¢(x) (2-5¢)
Obviously, the “steady-state” solution of Eq. (2-5) has the property of |V 1,//| =1,thatisa

distance function. The initial condition of Eq. (2-5¢) ensures i is zero at the same
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spatial location, and thus, possesses the same interface. The level-set function f(fc) can

then be replaced by the “steady-state” of .

2.2.3 Mass Correction

While Eq. (2-5) reinitializes &£ as a distance function, it does not ensure mass
conservation for either fluids. This drawback can be overcome by introducing mass
correction schemes. A mass correction scheme selects one of the fluids as the reference
fluid and conserves mass for the reference fluid. This in turns conserves mass for the
other fluid automatically. Two different mass correction schemes are presented: (1)
Global Mass Correction (GMC) Scheme (Yap et. al.,, 2006c) and (2) Local Mass
Correction (LMC) Scheme (Yap et. al., 2005). While GMC is suitable for most general

applications, LMC is specifically tailored for stratified flow.

2.2.3.1 Global Mass Correction (GMC) Scheme

For a general type of flow, Global Mass Correction (GMC) Scheme is employed. If there
is no physical process that alters the mass of the fluids, e.g. phase change, injection and
removal of fluids, the mass of either fluid remains constant. The presence of solids
presents no additional complication. The volume occupied by the solids is fixed. In

GMC, this volume is assumed to be filled with fluid 1.

Figure 2-3 shows the two possible situations where global mass correction is needed.
The dashed lines represent the current F-F interface (with mass imbalance). The solid
lines are the correct F-F interface where mass of the reference fluid is conserved. Figure

2-3a shows a situation where there is mass loss during the solution process. Mass must
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be added to ensure conservation of mass for the reference fluid. The reverse is shown in
Fig. 2-3b. Mass must be removed to ensure that the mass of the reference fluid is
conserved. In both cases, the mass correction term must shift the F-F interface from the

dotted line to the solid line.

Either fluid can be chosen as the reference fluid. For the purpose of discussion and
without loss of generality, fluid 1 is taken to be the reference fluid. In Fig. 2-3a, due to
the addition of mass of the reference fluid, the values of the distance function (for the
whole solution domain) are smaller after mass correction. The values of the distance
function (again for the whole solution domain) increase when mass is removed to ensure

the conservation of the mass for the reference fluid (Fig. 2-3b.)

To achieve this, the “steady-state” solution to a third distance function ' is obtained

from Eq. (2-6).

a !
at/' =M., (2-6a)

where ¢ and M, are a pseudo-time which can be different from 7 and a
dimensionless mass correction factor respectively. The “steady-state” values of the
second distance function y are used as the “initial” condition for Eq. (2-6). The

dimensionless mass correction factor is given by

Md_Mc

i (2-6b)

M o = Sign(égref)
where M ,; and M, are the desired mass and the most current mass of the reference
fluid respectively. In this case the desired mass is the original mass of the reference fluid.
It increases when there is injection of reference fluid but decreases when there is

removal of the reference fluid. When mass of the reference fluid is conserved,

M.=M, andthus M_,,. =0. Since the reference fluid is a matter of choice, if fluid 2
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is chosen instead, the sign of the reference fluid is positive. The sign function

sign(fref) gives an appropriate sign for M .,,. in this situation. The level-set function

f:()?) can then be replaced by the “steady-state” /'.

A smoothed heaviside function is introduced to facilitate the calculation of the fluid

properties (density in this case). It is given by (Chang et al.,1996)

0 . > E<—¢
H(¢)= 52—2‘9+Esin(”§j, < 2-7)
1 E>¢

The Heaviside function is smoothed over a finite thickness of 2&. The parameter ¢ is
related to the grid size and is usually taken as a factor of the grid spacing. In this study
& 1is setto one and a half control volume thickness. With H (§ ) defined, the mass of the
reference fluid can be calculated using

{z Pref (1= H)AV  if fluid 1is the reference fluid 05)

X prer HAV if fluid 2 is the reference fluid

The summation is performed over the whole solution domain. The original mass of the
reference fluid is calculated using the initial condition. The presented mass correction
given by Eq. (2-6), (1) reduces M ., to zero once mass is conserved, (2) modifies the
distance functions (by a constant) for the whole domain and (3) can be applied to
situations where the densities of the two fluids are different. For condition (2), the
present procedure corrects the distance function by adding a uniform correction factor

globally as the name implied.
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2.2.3.1.1 Remarks on GMC Scheme

In GMC, any mass loss/gain within a given time step A¢ is corrected by distributing
this amount of mass imbalance (loss/gain) uniformly over the F-F interface. For the
subsequent time step, the F-F interface deforms forming a new F-F interface. GMC is
again implemented with mass imbalance added uniformly to the new F-F interface.
Even though the F-F interface is corrected uniformly within each time step, the total
correction on the F-F interface is not uniform over the two consecutive time steps. This
is due to the fact that the correction is performed on the F-F interface of two different
shapes. Therefore, GMC corrects the F-F interface uniformly within each time step but

non-uniformly over time.

Mass/area preserving re-initialization has been proposed by Chang et al. (1996) to
preserve mass during the evolution of the level-set function. Chang et al. (1996) chooses
to conserve the total mass for both fluids. The level-set function is corrected by a normal
motion proportional to its local curvature and the total mass imbalance. The correction
procedure had to be stabilized by adding a certain constant. The mass for each
independent fluid is not guaranteed conserved. In a number of two-fluid flows, one of
the fluids is of more interest than the other. For example, the droplet fluid in the flow of
a droplet carrier by another immiscible carrier fluid in channels. Thus, the conservation
for the mass of the droplet is more critical. In such a situation, the present global mass
correction procedure chooses the droplet fluid as the reference fluid and has its mass

conserved.

In the implementation of the correction procedure of Chang et al. (1996), the mass of the

reference fluid, the magnitude of the gradient of the level-set function and curvature are
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computed. However, only the mass of the reference fluid is required for the present

global mass correction procedure.

Unlike the global volume/area correction technique of Lakehal et al. (2001) which
ensures global volume/area conservation, the present global mass correction procedure
chooses mass as the conserved variable rather than volume/area. The present global
mass correction procedure offers the below advantages:

(1) GMC can be applied to the situation where the density of the reference fluid is not
uniform as it is not volume/area conservation but mass conservation that is ensured.

(2) For flow with large density ratio, a slight imbalance in volume may suggest a large
imbalance in mass. Therefore, it is better to conserve mass directly instead of

volume/area.

In the implementation of the global volume/area correction technique of Lakehal et al.
(2001), the volume/area of the reference fluid and the F-F interface surface/length are
required. For the F-F interface length in two-dimensional flow, they resort to calculating
computational cells in the interface region. The calculation of the surface area of the F-F
interface in three-dimensional flows, although not mentioned by Lakehal et al. (2001),
would require more computational efforts. No calculation of the F-F interface

surface/length is required for the present global mass correction procedure.

The global volume/area correction technique is implemented through an iterative
algorithm. However, in the present study, the correction procedure is performed via a
pseudo-time marching technique. The same numerical procedure used in the
redistancing of the level-set function can be used. Mass is well conserved in around 10

pseudo-time steps. No new numerical procedure is required.
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Sussman and Fatemi (1999) added a constraint in the redistancing equation of the
level-set function. Such constraint prevents any volume loss/gain of the domain
bounded by the zero-level set during the redistancing procedure. It does not correct the
mass loss/gain during the advection of the level-set function via the level-set equation.
In the present study, such a constraint is not added in the redistancing procedure as even
if there is mass loss/gain of the reference fluid during redistancing, it is corrected in the

subsequent global mass correction procedure.

2.2.3.2 Local Mass Correction (LMC) Scheme

Local Mass Correction (LMC) Scheme is specifically designed for stratified flow.
Figure 2.4 shows a schematic of a stratified flow in a channel. There are two stratified
layers of fluid. The lower layer is fluid 2. Fluid 1 and the solids constitute the upper layer.
In LMC, the volume occupied by the solids is again assumed to be filled with fluid 1.
Rather than based on the mass of the reference fluid as in GMC, LMC uses the mass
flowrate of the reference fluid in achieving mass conservation. The underlying idea of
LMC is that the mass flowrate of either layer at every streamwise location remains

constant.

In the case where solid is absent, either fluids can be selected as the reference fluid.
However if solids are present, since the velocity field in the solids is set to zero (this will
be presented and discussed in a Section 2.4.4), fluid 2 is chosen to be the reference fluid.
This avoids complication in calculating the mass flowrate of a reference fluid with
immersed solids. Without the lost of generality, fluid 2 is chosen as the reference fluid in

the following discussion.
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To illustrate the idea of LMC, a section of the channel with a small length of A
(contained within the dashed rectangle) is selected. An enlarged schematic of it is
depicted in Fig. 2-5. The reference fluid flows in at the section inlet and leaving at the

section outlet. The dashed line is the most current F-F interface. It gives a mass flowrate

of the reference fluid at the section outlet of M - Which generally different from the

mass flowrate of the reference fluid into the section. There exists an imbalance of mass

for the reference fluid. The correct mass flowrate of the reference fluid at the section

outlet should be M. In Fig. 2-5a, M, is smaller than M, . Therefore, the F-F

interface at the outlet should be adjusted upward to increase the mass flowrate of the

reference fluid at the section outlet. Figure 2-5b shows the reverse. M, is larger than

M so that the F-F interface needs to be adjusted downward. In both cases, the current

F-F interface (dashed lines) needs to be adjusted to the correct F-F interface (solid lines)

so that mass flowrate of the reference fluid is conserved. If there is no injection, removal

or phase change of the reference fluid along the channel, the desired mass flowrate M,

is the mass flowrate of the reference fluid M, at the channel inlet (Fig.2-4).

To perform LMC, the “steady-state” solution to a third distance function ' is obtained

from Eq. (2-9).

oy’ .
al/t/' =M o (2-9a)

where M, is the dimensionless mass correction factor given by

M oo = Sign(gref )M

7 (2-9b)

Since the reference fluid is a matter of choice, if fluid 1 is chosen instead, the sign of the
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reference fluid is negative. The sign function sign(éref) gives an appropriate sign for

M,,, in this situation. M, varies with the streamwise location, so does M_,,.. The

“steady-state” values of the second distance function iy are used as the “initial”
condition for Eq. (2-9). The level-set function 5()?) can then be replaced by the

“steady-state” y'.

The mass flowrate of the reference fluid can be conveniently calculated using

. {Z Pref (1— H)ugAA4 if fluid 1is the reference phase (2-10)

2. Pref HugA4 if fluid 2 is the reference phase

where ug; and A4 are the streamwise velocity component and the elemental
cross-sectional area of the channel (perpendicular to the streamwise direction)

respectively.

2.2.4 Algorithm for F-F Interface Capturing

The algorithm to evolve the F-F interface from &(¢) to &(¢+ At) for a known velocity
field #(¢ + At) can be summarized as:

1. Solve for §(t + At) (Eq. 2-3) using the available u (t + At).

2. Solve for the “steady-state”  (Eq. 2-5) using the values of f:(t + At) from Step 1
as the initial values.

3. Solve for the “steady-state” ' (Eq. 2-6 for GMC or Eq. 2-9 for LMC) using the

values of y from Step 5 as the “initial” values.

4. Set &(x,t+At)=y'(%).

At the end of the first “steady-state” solution (Step 2), y is a distance function.
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However, mass might not be conserved. The “steady-state” solution at the end of Step 3

ensures that ' is a distance function and also conserves mass.

2.3 F-S Interface Tracking

In Fig. 2-1, there are N solids interact with fluids 1 and 2 in the domain. The solids are
assumed rigid and sufficiently large that momentum is exchanged between the solids
and the flowing fluid. As a result, the solids affects the fluid motion significantly and
vice-versa. The solids undergo different translational and rotational motions under the

influence of the flow field.

2.3.1 The Local and Global Distance Functions

The motions of the solids are tracked separately. Therefore, each solid needs to be

identified. For this purpose, a local signed distance function ¢; is introduced to identify

the F-S interface for the i-th solid. It is defined as the shortest signed normal distance

from the F-S interface of that particular solid. Curves of constant ¢; around the i-th

solid are shown as dashed lines in Fig. 2-6. The solid line represents the F-S interface

I'g; = {% | ¢;(¥)=0} for that particular solid.

In order to differentiate the i-th solid region Qg; from the rest of the domain
(constituted by fluid 1 and 2 and other solids), ¢; of the i-th solid region can either be
assigned a positive or a negative sign as long as ¢; of the rest of the domain has an
opposite sign. For the ease of discussion and without the lost of generality, ¢; ofthe i-th

solid region is assigned a negative sign. Therefore,
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<0, if x e thei-thsolid
¢;(x,1)=4=0, if ey (2-11)
>0, if x e fluid1or 2 or other solids

where X and ¢ are the position vector and time respectively. This sign convention is
adopted in the construction of local distance function for all other solids. With this
choice of sign convention, the unit outward normal to the F-S interface for the i-th solid

can be expressed as
Nsi = V¢, (2-12)

Since ¢; is a distance function, it satisfies |V¢i| =1.

A global signed distance function ¢ can then be constructed by combining all the local

distance functions to represents the F-S interfaces for all solid bodies. Again, ¢ for the

N
solid region given by Qg = [J(Qg;) is assigned negative. With this,
i=1

<0, if x esolids
#(%,t)=1=0, ifXelg (2-13)
>0, if x efluidlor?2

The construction of both local and global signed distance functions will be detailed next.

2.3.2 Construction of the Local and Global Distance Functions

The construction of ¢; for the two-dimensional situations is demonstrated. Extension
to three-dimensional is straight forward. Figure 2-7 shows an inclined elliptical solid

with its center of mass located at X ;. It has a major axis of 24 and a minor axis of

2b . The elliptical solid is inclined at an angle 6; to the x-axis. Surfaces of constant

¢; are shown as dashed ellipses. Each of these constant ¢; ellipse is of equal distance
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from the interface I's; . To calculate ¢; , a new Cartesian coordinate Ox'y’ is

introduced. This coordinate is related to the original coordinate Oxy via

x' cos@; sind; \ x
= . (2-14)
y —sin@; cosf; \ y

The constant ¢; ellipses are given by

(-xt)f  O'-ye)
¥ ~1 (2-15)
(a+¢;)  (+4)

where X ; =(x',»") is the center of mass of the solid (mass is uniformly distributed)

with respect to the Ox'y’ coordinate system. ¢ at a given spatial location can be

calculated by solving Eq. (2-15). Circular objects can be modeled by setting a =5 .

The global distance function ¢ is constructed once all the local distance functions are
obtained. The procedure for the construction of the global ¢ is:

1. Set the solid index ito 1.

2. Calculate X.; (withrespectto Ox'y") using Eq. (2-14).
3. For a given point P of interest (node of a control volume), calculate xp; (with

respect to Ox'y") corresponding to Xp ; using Eq. (2-14).

4. Solve Eq. (2-15) for ¢; (for the selected control volume P).

5. Repeat steps (3) and (4) for all points.
6.1f i=1,set g=¢;.
7.Set ¢ = MIN|[g,4;].

8. Repeat steps (2) to (7) for all N solids.
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2.3.3 Calculation of Resultant Surface Force and Torque on a Solid

The resultant surface force ﬁl acting at the center of mass of the i-th solid is given by

Fy=pg 0o dA (2-16)

where d4 and g‘ are the infinitesimal interfacial area and the stress tensor

respectively. For the ease of implementation, the surface integral is transformed into a

volume integral around Ig; .

To achieve this, a Dirac delta function D(¢; —¢) is defined.

Dg, &)= {(1 +cos[z(g — &)/ g))/(2e), 0<¢ <2s 217

0 ,  otherwise

where ¢ is a parameter proportional to the mesh size. It is taken to be the smallest
length of the control volumes. The distribution of D(¢; —¢&) is shown in Fig. 2-8.

D(¢; — &) has the following property

+ I, ¢~ <0 and ¢ >2¢
1% Dlg;—c)dg ={ >~ % =0 ad 4 o (2-18)
¢i 09 ¢i < ¢i <0 or 2¢ < ¢i < ¢i
Making use of Eq. (2-18), Eq. (2-16) can be rewritten as
Fi :IAVD(@_E);'N&' av (2-19)

where AV is the volume sandwiched between the constant ¢; =0 and ¢ =2¢
surfaces (Fig. 2-8). With this, the resultant surface force 131 (Eq. 2-16) is reformulated

into an equivalent body force (Eq. 2-19). It now acts within a volume defined by
0 < ¢; < 2¢, rather than concentrating at the interface I'g; . The integration is performed
over the fluid side of the interface because the force on the i-th solid is exerted by the

fluid flowing next to the solid.
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Similarly, the torque 7:, acting on the solid is given by

Ty = [up D¢y — )i~ T Jx oo N 5 dV (2-20)

2.3.4 The Motion of Solids

The translational and rotational motions of the solids are governed respectively by the
conservations of linear and angular momentum applied to each solid. These are the

Newton-Euler equations.

The translational motion of the i-th solid is governed by

L= F 1 G, (2-21a)

m;
dt

where U ; 1s the translational velocity vector (of the center of mass) of the i-th solid

given by

0= Bei (2-21b)
odt

Equation (2-21a) is subjected to the initial condition of

fc,i (t = 0) = fc,io (2-21¢)

In Eq. 2-21), m;, F; and G; are the mass, the resultant surface and the body forces

on the i-th solid respectively.

The conservation of angular momentum for the i-th solid can be expressed as

Tidjl)i +Qi XI=iqi 273‘ (2-22)
t

where /; and ﬁi represent the inertia tensor and the angular velocity of the i-th solid

respectively. The torque induced by the surface force is denoted as fl For a
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two-dimensional situation, only one component of f)i is non-zero. Thus, Eq. (2-22)

reduces to only one equation, i.e.

dQ);
I; dtl =T; (2-23a)
Q; isrelated to the orientation of the i-th solid via

do;

Q. =" 2-23b

= (2-23b)
with the initial condition of
6,(t=0)=6, (2-23¢)

2.3.5 Algorithm for F-S Interface Tracking

The algorithm to evolve the F-S interface from () to (¢ + At) for a known velocity

ii(t + At) and pressure p(¢+ At) fields can be summarized as:
1. Calculate ﬁ,(t + At) and fl(t + At) for i =1,..,N using Egs. (2-19) and (2-20).
2. Calculate fcc’i(t +At) and 6;(t+At) for i=1,.,N using Eqs. (2-21) and

(2-23).
3. Construct the local distance function ¢; (t + At) for i=1,...,N from Eq. (2-15).

4. Construct the global distance function ¢(t + At).

2.3.6 Remarks on F-S Interface Tracking

A few remarks on the F-F interface tracking procedure are given before proceeding
further. The present F-S interface tracking procedure is compared to those employed by
Marella et al. (2005) and Duchanoy and Jongen (2003). The differences and strengths of
the present procedure with those adopted in these works, in particular Duchanoy and

Jongen (2003), are given and discussed in details.
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For fluid-solid flow problems, Marella et al. (2005) employed a level-set method to
handle the F-S interface. The solid is represented using a level-set function, i.e. a
distance function. The distance function is evolved via the level-set equation, capturing
the F-S interface implicitly. As a result, the F-S interface is subjected to numerical
diffusion leading to unphysical distortion of the rigid solid. In the present study, a
distance function is chosen to represent the F-S interface. However, the distance
function is reconstructed from the location and orientation of the solid tracked explicitly
at every time step. There is no numerical diffusion and therefore the rigidity of the solid
is perfectly maintained. This avoids the unphysical deformation of the solid encountered
in Marella et al. (2005). Besides, the implementation of a slip velocity on the solid
surface has not been explored by Marella et al. (2005). The present F-S interface
procedure bears no similarity in the handling of the F-S interface with the work of
Marella et al. (2005) apart from using the distance function to represent the F-S

interface.

Duchanoy and Jongen (2003) employed a Heaviside step function as the indicator
function to represent the solid. The Heaviside step function changes sharply from 0
(fluid region) to 1 (solid region). For every computational cell, the value of the indicator
function can either be 1 or 0 only. The F-S interface is therefore not smooth as shown in
Fig. 2-9. The unit outward normal vector required for the calculation of hydrodynamic
force and torque on each solid is calculated from the Heaviside step function. With the
employed Heaviside step function, the unit outward normal vector of the solid surface
can only point in the direction of a multiple of 45° as shown. This works fine for circular
solids given its symmetry. However, this does not represent other non-circular solids

adequately. The calculation of the force and torque on these non-circular solids is not
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accurate and therefore their motions could not be tracked with confidence. In the present
F-S interface tracking procedure, a solid of more complicated geometry can be created
easily by merging the distance functions of a few smaller simple shaped solid. With a
distance function representation, the unit outward normal vector can be calculated
accurately even for solids of complicated geometry. Representation of solid with a
distance function offers more versatility on the type of solid geometry than that of a

Heaviside function as in Duchanoy and Jongen (2003).

With different indicator function to represent the F-S interface, the implementation of
the hydrodynamic force and torque calculation differs. Duchanoy and Jongen (2003)
employed volume integration over all the first control volume inside the solid in
calculating both force and torque one the solid. However, instead of performing the
integration over the solid side of the F-S interface, the volume integration is performed
over the fluid side of the F-S interface because the force on the solid is exerted by the

fluid flowing adjacent but outside of the solid.

With the Heaviside step function representation of the solid by Duchanoy and Jongen
(2003), a displacement of the solid less than one CV cannot be tracked properly. Figure
2-10 shows two situations where the displacement of the F-S interface is undetected or
over-predicted. The figures on the left and right present the actual movement of the
interface and the tracked movement of the F-F interface. If the F-F interface moves
between two nodes, no displacement of the interface is detected. However, if the
interface moves across the CV nodes, no matter how small the displacement is, it is
tracked as a displacement of one CV. In both situations, the accuracy in the calculation
of the hydrodynamic force and torque on the solid is compromised. This does not occur

in the present F-S interface tracking procedure for any small displacement is tracked and
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reflected in the reconstructed distance function.

In the approach adopted by Duchanoy and Jongen (2003), the velocity of a rigid body
motion is implemented in the entire solid region of that particular solid. The
implementation of a slip velocity on the solid surface has not been explored. Unlike the
approach of Duchanoy and Jongen (2003), the present study enforces the rigid body
motion of the solid only in an interior volume layer (of the solid, will be discussed in the
next section) adjacent to the F-S interface. With such an implementation, slip boundary

condition at the solid surface can be implemented.

2.4 Combined Conservation Equations

Figure 2-1 shows a physical domain constituted by three different phases. These are two
fluids (fluid 1 and fluid 2) and a solid phase. The F-F and F-S interfaces are identified by

the level-set function f(}?,t) and a global distance function ¢(fc, t) given by

<0, X e fluid1or solids
&(%,t)=4=0, X eF-Finterface (2-24a)
>0, xefluid2

and

<0, if x esolids
#(%,t)=1=0, ifXely (2-24b)
>0, if x efluidlor?2

With & and ¢ defined, any property » of interest (e.g. o, x#, k and ¢p) at any

spatial location in the domain for a given time ¢ can be expressed as

: 0
(4.&)= {75 p< (2-25a)

(I-H)y +Hy,, ¢>0
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where
0 E<—¢
H={5"%, Lsin(ﬂ—g) <z (2-25b)
2¢  2rm £
1 E>e

In Eqgs. (2-25) the subscripts 1, 2 and S indicate fluid 1, fluid 2 and the solids

respectively.

The solids are modeled as highly viscous fluids. The “fluids” in the solids behave as
rigid bodies and are therefore constrained to move with rigid body motions. With the
solids modeled as such, a combined formulation (for the three phases) where a single set

of conservation equations written for the entire domain can be employed.

2.4.1 The Navier-Stokes Equations

The motions of the phases are governed by the unsteady incompressible Navier-Stokes

equations. The continuity and the momentum equations can be written for the entire

domain as
85_/; +Ve(pii)=0 (2-26)
a(gf ) +V e (piiii)=-Vp+Ve [u(Vﬁ +Viil )]+ fo+ fr (2-27)

where u, p, p and u are the velocity vector, pressure, density and viscosity
respectively. p and u represent the density and viscosity appropriate for the phase

occupying the particular spatial location at a given instant of time can be evaluated using

Eq. (2-25).

In Eq. (2-27), J;B and fF represent body force and interfacial force at the F-F
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interface per unit volume respectively. If gravity is considered fB can be expressed as

fB=rg (2-28)
The interfacial force fF is modeled using the Continuum Surface Force model of

Brackbill et al. (1992). Rather than acting at the F-F interface, it is reformulated as an
equivalent body force acting within a band of 2& at the interface. This is achieved
using a Dirac delta function D(¥ —Xy ). Surface tension force is considered in the

present study. The interfacial force can be expressed as
]‘F I—KdQFD(X—XF)+(NF XVO')XNFD(X—XF) (2-293)

where D(¥ —Xp), Np and « are defined respectively as

1+ cos(7&/ ¢)
D(E-%p)=D(¢)= 2¢ ¢l <2 (2-29b)
0 otherwise
R VE
oo Ve (2-29¢)
"
k=VeNg (2-29d)

The first and the second terms on the RHS in Eq. (2-29a) represent capillary and
Marangoni effects respectively. The capillary force is proportional to local curvature of
the interface. The Marangoni force is induced by a surface tension gradient. The surface
tension gradient is inducible either by surfactant concentration gradient (salutocapillary),
temperature (thermocapillary) or electrical (electrocapillary) fields. While the capillary
force acts perpendicular to the interface, the Marangoni force acts tangentially along the

F-F interface.
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2.4.2 The Energy Equation

In the cases where temperature field is important, the energy equation is required. It is

given by

a(pCpT)

. +V o(pc,iT)=V o (kVT)+ Sy (2-30)

where T', ¢, , k and Sy are temperature, specific heat, thermal conductivity and

energy source or sink. ¢, and k can be calculated using Eq. (2-25). Viscous

)4

dissipation is neglected in the energy equation.

2.4.3 Electrokinetic Effects

If the fluids 1 and 2 are both aqueous solutions, with an applied electric field, both
electroosmotic of the solution and electrophoresis of the solids occur. It is assumed that
both the channel walls and the solid body are non-conducting. For a thin EDL (electric
double-layer) with the electric field develops instantly, the electrical potential ¢ is
governed by the Gauss’s Law

Ve(s,Vp)=0 (2-31)
where &, 1s the electrical permittivity calculated from Eq. (2-25). For the
non-conducting solids, &, =0. In Eq. (2-31), the ionic concentration is uniform and

therefore the local volume charge density is zero.

Now since the charged solids are in an electric field, electrostatic force acts on it. There
is an additional hydrodynamic force acts within the EDL. These forces have the same
value but operate in the opposite direction canceling each other (Ye and Li, 2004).
Therefore, no additional treatment of the force and torque acting on the solids is

required.
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2.4.4 Boundary Conditions

No slip condition is applied at the bounding walls. When there is an EDL layer at the

walls, the Helmholtz-Smoluchowski slip velocity is imposed.

i =M(7—NWNW)-V¢ (2-32)
7,

where ¢ and Ny are the zeta potential and unit normal of the charged walls.

The interface I'g; of every solid serves as the moving boundaries for fluid 1. The

condition at the moving boundary I'g; is imposed in the following manner. An inner

layer of the i-th solid, defined as —& < ¢; <0 (the shaded region in Fig. 2-8), is set to be

in rigid body motion. The velocities in this region are specified as

geé/S

i = U+ Qi x (3= %0 )+ (7 —NSA‘/S)-W (2-33)
where the first and the second terms on the right represent the translational and the
rotational motions respectively. The third term represents the Helmholtz-Smoluchowski
slip velocity due to the presence of EDL around the solid. (g is the zeta potential of the
charged solid body. This term is zero when no electrical field is applied. The velocity in
the remaining region of the solid body defined by ¢; < —¢ is forced to be zero. The
setting of the velocity in these two regions of the solid body is achieved using the
internal control volume approach of Patankar (1980). This somewhat clumsy

implementation of the particle motion using a two-region solid is employed as the slip

velocities (with EDL effect) can be implemented easily.

At any outlet, the outflow boundary condition is employed whereby the velocity of fluid

is calculated so that mass is conserved.

66



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

For the energy equation, either the temperature or heat flux is specified at the domain
boundary. For the electrical field governed by Eq. (2-31), the electrical potential is
specified at the boundary. The walls of the channel are both thermally and electrically

insulated unless specified otherwise.

2.4.5 Overall Solution Algorithm

The level set function &(f = 0) is constructed from the known initial F-F interface. The
location and orientation of each solid are prescribed at time ¢ =0. These are used to
construct the local distance function ¢(z=0) for all solids. Then, the global distance
function ¢(t = 0) is obtained by combining all the local distance functions. This
completes the setup for the solution procedure. The remaining task is to evolve the F-F

interface and track the F-S interface simultaneously as time progresses.

A time marching procedure, evolving the known solution at time ¢ to the new solution
at time ¢+ Az, is employed. The time marching procedure can be summarized as:

1. Set &(r+Ar)=&(¢) and @z +Ar)= ¢(z).

2. Calculate p and x4 (Eq. 2-25) and solve Egs. (2-26) and (2-27) for u (t + At)
and p(f+At).

3. Iftemperature field is important, solve Eq. 2-30 for T (t + At).

4. If electrokinetic effect is considered, solve Eq. 2-31 for ¢.

5. Evolve the new F-F interface &(t+Ar).

6. Track the new F-S interface ¢(t + At).

7.  Repeat Steps 2 to 6 until convergence is attained for time ¢+ A¢ .

Repeat the procedure for the remaining time steps.
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If a small time step At¢ 1is used, the F-S interface needs no be tracked in every iteration
given the small displacement of the solids. The F-S interface (Step 6) can then be tracked

after Step 7 where the converged velocity and pressure fields for 7+ Az are obtained.

2.5 Concluding Remarks

In this chapter, the mathematical formulation for three phase flow problems is presented.
The simultaneous flow of two fluids and a solid phase is considered. Two-phase flows
involving fluid-fluid or fluid-solid flows are two limiting cases of the generalized three
phase flow model. The former is attained when there is not solid in the physical domain
and thus the F-S interface tracking procedure is switched off. For the later, fluid 1 and
fluid 2 are identical and no interfacial force acts at the F-F interface. Therefore, the F-F

interface is not important. The F-F interface evolution procedure is thus turned off.
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Figure 2-1: Schematic of a three-phase flow problem.
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Figure 2-2: The F-F interface.
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Figure 2-3: F-F interface requires: (a) mass addition and (b) mass removal for GMC.
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Figure 2-4: Schematic of a stratified flow.
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Figure 2-5: F-F interface requires: (a) mass addition and (b) mass removal for LMC.
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Figure 2-6: A local distance function for a particular solid.
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Figure 2-7: Description of the i-th elliptical solid with two different coordinate systems.

Figure 2-8: Distribution of Dirac delta function across the F-S interface.
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Figure 2-9: Representation of circular solids using Heaviside step functions (Duchanoy
and Jongen, 2003).
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(a) An undetected large displacement of the F-F interface between the two nodes.
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(b) An over-predicted small displacement of F-F interface across a node.

Figure 2-10: Undetected and over-predicted displacements of the F-S interface in the
approach of Duchanoy and Jongen (2003).
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CHAPTER 3

NUMERICAL SOLUTION PROCEDURE

This chapter presents the numerical solution of the governing equations for the
three-phase flow model. The governing equations for a two-dimensional situation are
presented. The chapter proceeds with the discretization of these equations and then the

associated numerical solution procedures. Finally, a few concluding remarks are given.

3.1 Governing Equations in 2-Dimensions

The two-dimensional governing equations for the three phase flow model are (refer to
Section 2.4):
Combined Conservation Equations

Continuity Equation

a_’o+M+M—O (3_1)

ot ox oy

x-Momentum Equation

0 olpuu) ol pvu g o0 ( Ou O Ou) Opou Ouov
(ou) , opuu) , apv ):__p+_[ﬂ_j Of,0u), 0udu oudv, o o
ot ox oy ox ox\' ox) oy\' oy) Ox Ox Oy Ox
(3-2a)
y-Momentum Equation
0 olpuv) olpvv op O ov) O Ov) Oudu Ouodv
(ov) , lpuv) (pv):__p+_(ﬂ_j Of Qv Qudu dudy o
ot Ox Oy oy ox\' ox) oy\' dy) Ox Oy Oy oy
(3-2b)
Energy Equations
0 T) o0 ul') 0 vT
ey )+ ey )+ ey )zﬁ(ka—TjJri L +Sr (3-3)
ot ox oy ox\_ ox) oy\ oy
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Gauss’s Law

0=3{%§§FQ_Q§9 (3-4)
ox ox) oy oy

F-F Interface Capturing

Level-set Equation

a—§+u%+va—§:K (3-5)
ot ox oy

Redistancing

0 —

= =sign(&1- V) (3-6)

Global Mass Correction

W _y

at' cor (3'7)

Local Mass Correction

oy’ .
a_l/l‘/' :Mcor (3-8)

F-S Interface Tracking

Local Distance Function

(=) O we) (3-9)
(a+¢;)*  (b+4)

Conservation of x-Linear Momentum

dU;
mid_tl:Fix +Gjy (3-10a)

U= Bei (3-10b)
Yoar
Conservation of y-Linear Momentum

dav;
miTtl:F}y +Giy (3-113)
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dyc i
Vi=—= 3-11b
= (3-11b)
Conservation of Angular Momentum
dQ;
I; dtl =T; (3-12a)
do;
Q. =" 3-12b
= ( )

3.2 The Finite Volume Discretization

The Finite Volume Method of Patankar (1980) is used to solve the governing equations
for the present model. In the Finite Volume Method, the physical domain is divided into
a number of control volumes (CVs). The conservation principles are applied to these
CVs. Integration of the governing equations is performed over every CV to derive
discretized governing equations relating the dependent variable of that CV to those of
the neighbouring CVs. The discretized governing equations express the conservation

principle for the CV.

A typical control volume is shown in Fig. 3-1. A node (grid point) labeled P is located at
the centre of the CV. The neighbouring nodes are denoted as W, E, N and S. This CV has
four boundaries, denoted by e, w, n and s (with area of A4,, 4, , 4, and A4
respectively). Ax and Ay are the length and height of the CV. & and oy are the
distances between grid points. The scalar variable, such as pressure, temperature,
electrical potential and etc, are stored at the node P. Velocity components are stored at
the CV boundaries. While u is staggered half a CV to the left, v is staggered half a
CV downward. A staggered grid is adopted to avoid the check-board distribution of the

pressure field.
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3.2.1 Numerical Solution for the Combined Conservation Equations

Equations (3-1) — (3-4) can be recast into a general transport equation of the form

a(pcl)) +i(pud))+£(pvq)) 0 (Fagj i Faﬁ + S (3-13)
Ot ox oy ox\' ox ) oy\ oy Somn
< ource
Transient Convection Diffusion

where @, I' and S are the dependent variable, the diffusion coefficient and the
source term respectively. The source term contains all other terms that cannot be fitted

neatly into the convection or diffusion terms.

3.2.1.1 Combined Conservation Equations with Scalar Dependent
Variable

For any scalar dependent variable ® (e.g. 7 in Eq. 3-3 and ¢ in Eq. 3-4), the

following discretization procedure is employed. Equation (3-13) is rewritten as

M+£(p® raq)j Il o122 s (3-14)
ot ox ox 8y oy

This equation is then integrated over the CV in Fig. 3-2 to give

SJAV(pcD)inHj (p - r%ﬁ v+ AVay[pv(D jd j Sdv (3-15a)

X

The volume integration of the second and third terms in Eq. (3-15a) is converted into

surface integration via the divergence theorem. This gives

0 o0 o
EAV(pCD)dthJrJAA(pud)—Fg A+IAA(pv®—F5JJA:jAVSdV (3-15b)

Perform the integration in Eq. (3-15b) gives

D p - oD% AxA
lope ’Z P)AXy+Je—JW+Jn—JS=(SC+SPCDP)AxAy (3-16a)

where
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Je =Ae(puCD—Fa£J (3-16b)
ox ),

I :Aw(pu(D—Fan (3-16¢)
ox ),

Jy, :An(pvq)—l“agj (3-16d)
oy "

Jg =As(pvd)—l“a£] (3-16e)
oy s

A, =4, =N (3-161)

4 = A =Ax (3-169)

In Eq. (3-16a), pp, ®p and S are assumed to prevail over the CV. All terms are

evaluated at ¢+ At except pp and ®p. pp and O are evaluated at ¢.

The J terms in Eq. (3-16) are evaluated at the CV surfaces. These J terms need to be
related to @ at the neighbouring nodes. For this purpose, the power-law scheme is

employed. For the CV interface e, it is defined as

F,®g Pe<-10
F[0p — fo (P —®p)]  —10<Pe<0 (3-178)
= -17a
¢ F[0p - fo(Dp —Dp] 0<Pe<10
F,®p Pe>10
where S, and Pe, (the Peclet number at interface e) are
(1-0.1/Pe, |
Bo=—T (3-17b)
Pe,
F,
Pe, =—= (3-17¢)
De

Jy, J, and J are defined similarly. In the calculation of the Peclet number for the

J terms, the flow rates and diffusive rates at e, w, n and s are given as
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.4
F, =(pu), 4e, D, = ;C € (3-18b)
c
I, A4
Fy =(pu)y Ay, Dy = ;5’; L (3-18c)
w
r,A
Fo=(pv)y4n, Dy o (3-18d)
n
I 4
Fy =(pv), 4, Dy =35 (3-18¢)
s

In the evaluation of the diffusive rates, " is the harmonic mean of two grid points.

The source term S in Eq. (3-15b) has be linearized as
S=SC +SPCDP (3-19)

where S and Sp are the related coefficients.

To have better enforcement of continuity, the continuity equation has to be considered in
the discretization of the general transport equation. For this purpose, the continuity

equation (Eq. 3-1) is similarly integrated over the CV to give

o
—p% AxA
o ’Z \F,—F, +F, ~F, =0 (3-20)

Eq. (3-20) is then multiplied by @ p and the resulted equation is subtracted from Eq.

(3-16a). This gives the final discretized equation for the general transport equation as

(@~ @ poaxay o
At
=(Sc +Sp®p JAxAy

Je _Feq)P)_(JW_FWq)P)+(Jn _Fn(DP)_(Js _FSCDP)

(3-21)
For numerical implementation, Eq. (3-21) can be written in a compact form as
apPp =ag®g +aywPyw +anPy +agPg +b (3-22a)
where
ag = Do A(Peg|)+ |- e, 0 (3-22b)
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ay =Dy, APey|)+|Fy. 0] (3-22¢)
ay = Dy A(Pey|)+ |- F, 0] (3-22d)
ag = Dy A(|Peg|)+|Fy 0] (3-22¢)
a9 = MOD;LtAy (3-22f)
ap = ag +ay +ay +ag +ap — SpAxAy (3-22¢)
b=ScAxAy +aHdP (3-22h)

In Egs. (3-22b) to (3-22¢), the power law has been written compactly as

A(Pé|)=

0,(1-0.1P¢])’ H (3-22i)

where |A,B|| is defined as the greater of 4 and B.

3.2.1.2 Implementation of Boundary Conditions

The discretized equation (Eq. 3-22) relates the variable @ at the center of a CV to that
of the neighbouring CVs. The number of equations and unknowns are equal to the
number of CVs only if the boundary conditions are known. Then, the discretized
equation has a unique solution. Numerical enforcement of three different boundary
conditions is considered:

1) Boundary values are given.

2) Boundary fluxes are given.

3) Zero gradient condition (882 =0).
n

No additional work is required if the boundary values are given. For the case of given
boundary fluxes, the boundary conditions can be accounted for by suppressing the link

of the discretized equations to boundary side and then modifying the source terms. The
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appropriate coefficient of the discretized equation is set to zero and the boundary side

flux is introduced through source term S and Sp. For instance, if the heat flux for the

energy equation is given at the boundary as shown in Fig. 3-3,

_ Jpl(area)

Sextra = > SC,extra = Sextra s SP,extra =0, ag =0 (3-23a)

volume

The zero gradient condition is enforced via

Op=dy (3-23b)

3.2.1.3 Solution of the Discretization Equation

The discretized equation (Eq. 3-22) is non-linear. The coefficients of the equation may

depend on the variable ® . An iterative method is used to solve the equation. First, the

coefficients are computed using the guess values of @ . The value available ®° at the

previous time step is a good guess. With these coefficients, the equation is linearized.
The linearized discretized equation is solved for the updated value of ®. Then, the
coefficients are recalculated using the new values of @ and again the equation is

solved. This process is repeated until the convergence of @ 1is achieved.

Under-relaxation is employed for the sake of stability. The discretized equation for

general variable ®p in the n-th iteration can be expressed as

ap®p =Y anp @y +b (3-24a)
ap,®° +b
ol - 24Py, (3-24b)
ap

In Eq. (3-24a), a,, stands for coefficients at the neighbouring nodes namely W, E, S
and N. For underrelaxation, a relaxation factor @ is introduced. Equation (3-24b) is

written as
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OB =08+ (@ -8 (3-24c¢)
where
0<w<l (3-24d)

Substituting Eq. (3-24b) into Eq. (3-24c) gives

ap - n _ n ap - n-1

Lop =>a,,®", +b+(1-0)—0p (3-24¢)
@ 10,

Optimum underrelaxation factor @ is problem dependent.

3.2.2 SIMPLER for Velocity-Pressure Coupling

The pressure field is coupled with the velocity in the momentum equations. This

coupling is achieved via the SIMPLER algorithm.

Different CVs are used when discretizing x-momentum and y-momentum equations.
These CVs are shown in Fig. 3-4. However, the discretized momentum equations have
exactly the same form as Eq. (3-22). For example, the discretized x-momentum equation

can be written as
Ayl = D Anpliny +b+(pw = pp)Ay, (3-25)

For convenience, Eq. (3-25) can be written as:

Uy =ty +(pw — pp)dy (3-26a)
where
+b
iy = 22Cnbtin £b (3-26b)
aW
A
dy =20 (3-26¢)
aW

The velocities u at the boundary e and v at the boundaries s and n can be expressed in

a similar form.
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For a known pressure field (either guessed or estimated), the velocity fields can be
solved using an iterative procedure from the discretized momentum equations. The
continuity equation can be made use of in calculating the required pressure field.
Substituting all the velocities in the form of Eqs. (3-26) into the discretized continuity

equation (Eq. 3-20) gives

appp =AagpPg +awpw taNpN +asps +b (3-27a)
where

ag = pedo A, (3-27b)
aw = PwdwAw (3-27¢)
ag = pgdg Ag (3-27d)
aN = PndnAn (3-27¢)
ap =ag +aw +ay +as (3-27%)

h=_ (pP PP)AX Ay

The pressure field obtained from Eq. (3-27) satisfies the continuity equation. However,

+ Pwlly Ay — Pelie Ae + Pstis As — ppiin Ay (3-27g)

the velocities used do not normally satisfy the continuity equation. This is due to the fact
that these velocities are obtained from the momentum equation with only a guessed or
estimated pressure field. To overcome this, the velocity correction method is employed

to give a better prediction of the velocities. It is described below.

In the iterative process, the velocities (from the momentum equations) and the pressure

are taken as temporal values. A small correction must be added to the velocities and the

pressure.

* '
Uu=u —+u (2-28a)
vy 4y (2-28b)
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p=p +p (3-28¢)

* * * ' 1 ' .
u , v and p are guessed values. u , v and p are corrections to be added to the

guessed values. u, v and p are the correct velocity and pressure fields.

Substituting Egs. (3-28) into the discretized momentum equations in the form Eq. (3-25)

gives
Uy =ly +(pw — Pp)dy (3-29a)
vs = Vg +(ps — pp)ds (3-29b)

At this point, u and v are unknown. In the SIMPLER algorithm, 4 and ¥ are
neglected. Therefore,
Uy =(pw — pp)dyw (3-30a)

vs =(ps — pp)ds (3-30b)
The correction formulae for u,, and v, can be obtained by substituting Eqs. (3-30)

into Egs. (3-28a) and (3-28b)

Uy =ty +(pw — Pp)dy (3-31a)
Vs =V +(ps — pp)ds (3-31b)
Finally, these correction formulas are substituted into the continuity equation (Eq. 3-20)

1
again to give an equation for the pressure correction p .

appp = ag pp +aw pw +anpN +asps +b (3-32a)
where

ag = PedeAe (3-32b)
v = pody Ay, (3-32¢)
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as = psdsAs (3-32d)
aN = Pndn 4y (3-32¢)
ap =dg +aw tayn +as (3-32f)

(PP PP)AX Ay

+Pwuw w pe”eA +ps”sA pn“nA (3-32g)

3.2.2.1 Implementation of Velocity Boundary conditions

When the velocities are known at the boundary, no special treatment is required. If there
is an outflow, and assume that the flow is in the x -direction at the outlet (Fig. 3-5), the
outlet velocity u 1is calculated to satisfy mass conservation. It is proposed that

ugs) =ug +C (3-33a)
Equate the inlet mass flow rate to the outlet mass flow rate gives

My, —pupgA
¢ =i "B TR (3-33b)
PAp

where M;, is inlet mass flow rate.

For v at the outlet, zero gradient is prescribed as

VB =Vp_| (3-33¢)
For pressure equation (Eq. 3-27) and pressure correction equation (Eq. 3-32), all

boundary values are set known, so the corresponding coefficients are set to zero.

3.2.2.2 SIMPLER Algorithm

The SIMPLER algorithm, used to evolve the known velocity and pressure fields at time
t to those of ¢+ At, can be summarized as
1. Set u(t+At)=u(t) and v(z+Az)=v(t) for the guessed velocity field.

2. Calculate the coefficients of Eq. (3-27).
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3.  Solve for p(t + At) from Eq. (3-27) and set p* =p.

4.  Solve the discretized momentum equations (e.g. Eq. 3-25) and set the velocity field

obtained to u~ and v'.
5. Solve Eq. (3-32) for the pressure correction p'.

6. Calculate u(t+At) and v(z+A¢) from Egs. (3-31).

The SIMPLER algorithm forms Step 2 (i.e. to solve the continuity and momentum
equations for u (t + At) and p(t + At)) in the solution algorithm of the three phase flow
model outline in Chapter 2. The above procedure is performed in Step 2 to couple the

velocity and the pressure field.

3.3 Numerical Solution for F-F Interface Capturing

Equations (3-5) to (3-8) can be written in the form of the general transport (Eq. 3-13).
Therefore, these equations are solved in the FVM spirit. However, for the level-set
equation of Eq. (3-5), higher order scheme is required in the discretization of the
convective terms in order to capture the F-F interface properly. Therefore, an implicit
time stepping with CLAM scheme (Van Leer, 974) for the convective terms is employed.
The artificial viscosity K, if turned on, is treated as a linearized source term evaluated

using the available values from the previous iteration.

For Egs. (3-6) to (3-8), ¢ is replaced by a pseudo time (¢ or ¢ ). The discretized form
of these equations can be written in a compact form as
an)P = aE(DE + Cqu)W + aNd)N + asq)s +b (3-343)

where
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ag =aw =ayN =ag = 0 (3-34b)

and b 1is the associated source term.

3.4 Numerical Solution for F-S Interface Tracking

To obtain the local distance function, equation (3-9) is rearranged as

(a+¢; b+ —(x'=x. P b+ ) —(' -y ) (a+ ) =0 (3-35)
The local distance function ¢; at each node is the root of Eq. (3-23). A bisection method
is employed to extract the root. ¢; liesin —/ <¢; </ where [ is the largest distance
between two nodes in the domain. For example, for a rectangular domain, / is the
diagonal. Therefore, ¢; =—/ and ¢ =/ are used to start the bisection method.
Although bisection method is not the most efficient root-finding algorithm, convergence

can be achieved within 25 iterations.

The Euler Equations (Egs. 3-10 to 3-12) can be expressed in a general form of

do _

= (3-36)

with @ known at time ¢. To march the solution at ¢ to ¢+ A¢, implicit Euler method
is employed for the time discretization. The term S is evaluated using the available

values from the previous iteration.
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3.5 Convergence Criterion

In the iterative procedure for time ¢+ Az, the solution is considered converged if the
maximum change of @ for two successive iterations is less than a prescribed value 7,
ie.

q)n _®n—1

! <7 (3-37)
o

max

The above criterion applies to all dependent variables of interest.

3.6 Concluding Remarks

The finite volume discretization of the governing equations in 2-dimensions is presented
in this chapter. The governing equations are discretized on a staggered grid. The
discretized governing equations march a known solution at time ¢ to 7+ At . The
SIMPLER algorithm is employed for velocity pressure coupling. Implementation of
both F-F interface capturing and F-S interface tracking within the FVM framework is

straightforward and requires no special treatment.

This completes the numerical model of the three phase flow system. Various case studies

of the model are presented in the next chapter.
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Figure 3-2: A control volume for scalar variables.
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Figure 3-3: Given flux at the boundary.
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CHAPTER 4

CASE STUDIES

The mathematical formulation and the associated solution procedure of a three-phase
flow model are presented in the previous chapters. In this chapter, the model is tested
and validated against available analytical solutions and existing numerical results. This
demonstrates simultaneously the variety of multiphase flow problems to which the

current model can be applied. The selected case studies are:

Fluid-fluid flow
1. Rigid body rotation of discs
2. Droplet flow in a straight channel
3. Droplet flow in a double bend
4. Droplet flow in a constricted channel
5. Two-fluid flow with variable surface tension (Marangoni effect)
(a) Marangoni Force Driven Stratified Two-fluid Flow
(b) Droplet Flow in a Micro T-junction with Thermocapillary Effect
6. Pressure driven stratified two-fluid flow in a channel
(a) Fluids of identical properties
(b) Fluids of different properties

7. Pressure driven stratified two-fluid flow in a double bend

Fluid-solid flow
8. Flow around stationary, forced and freely rotating cylinders

9. Sedimentation of a cylinder between parallel plates under gravity
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10. Flow of particles in microchannel system

11. Electrophoresis of circular and elliptical particles

Fluid-fluid-solid flow
12. Flow of particle-encapsulated droplet through a constricted microchannel

13. Flow of particle-encapsulated droplets in a microchannel system

For fluid-fluid flow, only the F-F interface capturing procedure is activated. In case
study 1, the diffusion error arises in the F-F interface capturing procedure is investigated.
Case studies 2-4 validate F-F interface capturing procedure and demonstrate the
capability of GMC in ensuring mass conservation. A strong emphasis of mass
conservation is given for these fluid-fluid flow problems. With GMC, flows driven by
surface tension gradient (Marangoni force) are investigated in case study 5. The
formulation for interfacial force tangential to the interface is validated via comparison
with an analytical solution in case study 5a. Besides investigation on the Marangoni
effect, case study 5b demonstrates the importance of artificial viscosity in improving
numerical stability. The capability of LMC in conserving mass for stratified two-fluid

flows is demonstrated in case studies 6 and 7.

In fluid-solid flow problems, the F-S interface tracking procedure is employed. The
procedure is validated in case studies 8 and 9. The validation is performed progressively
from the calculation of forces and torques on the solids to the dynamics of the solids. A
demonstration of the F-S interface tracking procedure is given in case study 10. Case
study 11 shows an example of electrophoresis of particles. The capability of the F-S
interface tracking procedure in handling velocity slip boundary conditions at the solid

surface is demonstrated in this example.

92



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

Finally in case studies 12 and 13, the F-F interface capturing and F-S interface tracking
procedure are activated for three phase flow problems involving two fluids and a solid

phase.

4.1 Rigid Body Rotation of Discs

Rigid body rotations of discs in a constant flow field are suitable test cases to identify the
diffusion errors of the F-F interface capturing method. The CLAM scheme advection of
the interface represented by the level-set function is tested using two examples, i.e.
rotation of an elliptical disc and a slotted circular disc. While the former has a smooth
interface, the later has a few sharp corners. In the first example, an elliptical disc initially

located at (50,70) in a 100x100 domain is rotated around (50,50) with an angular
velocity of 3% rad/s. This gives a velocity field of (u,v) = 3%(50— V, X —50). The

semi-major and semi-minor axes of the elliptical disc are 15 and 7.5 respectively. A
uniform mesh of 100x100 CVs with a time step of Atz =0.125 s is employed. The disc
returns to its initial position after 5024 time steps. Figure 4-1a shows the disc at the
beginning and after one revolution. The shape of the disc is well maintained. This shows

that the presented method captures smooth interface properly.

The rotation of a slotted circular disc is also more commonly known as the Zalesak’s
problem (Zalesak, 1979). It tests the ability of the numerical scheme employed in
handling sharp corners. The elliptical disc is now replaced by a slotted circular disc of
radius 15 placed at (50,75). The length and width of the slot are 20 and 6 respectively.
The disc is rotated at the same angular velocity. A uniform mesh of 200x200 CVs with a

time step of Az =0.125 s is employed. Figure 4-1b shows the disc at the beginning and
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after one revolution. Although the shape of the disc is maintained, the corners are
somewhat rounded due to numerical diffusion. These two examples show that the

CLAM scheme is sufficient accurate for the evolution of the level-set function.

4.2 Droplet Flow in a Straight Channel

Figure 4-2 shows a droplet of fluid 1 suspended in a channel filled with fluid 2. The
channel is of length L =2 and height W =1. The droplet has a diameter of d; =0.30
and is initially located at (x;,y;)=(0.4,0.5). The densities and viscosities for fluid 1
are 2 and 2, and for fluid 2 are 1 and 1 respectively. Initially, both fluids are at rest. A
stream of fluid 2 then flows into the channel with a uniform velocity of u;, =0.01 at
the inlet. As fluid 2 flows, it carries the droplet with it. The droplet evolves gradually

under the action of both the hydrodynamic and surface tension forces.

In Fig. 4-3a, the effect of both spatial grids and time step sizes on the droplet evolution
along the channel is shown. GMC is turned on for this computation. Surface tension o
is set to zero. Gravity is in the z-direction and therefore not considered. A mesh of
100x50 control volumes (CVs) with a time step size of Az =0.1 is sufficient to achieve
both spatial and temporal independent solution. This mesh and time step size is used for

the subsequent computations for this problem.

Figure 4-3b shows the evolution of a droplet in a channel with different surface tensions
namely, o =0, 0.01 and 0.10. When the coefficient of surface tension is set to zero,
there is no surface tension force acting at the interface. Thus, the hydrodynamic force is
the only force acting on the droplet. It distorts the droplet into a “bullet-like” shape.

Generally, a “bullet-like” shape possesses a smaller drag force. Therefore, the
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hydrodynamic force acts to reduce the drag force on the droplet by deforming it. The
surface tension force acts to minimize the interfacial area. In this case, it strives to retain
the droplet in its original circular shape. Thus, the hydrodynamic and surface tension
forces have opposite effects. When the droplet is deformed (for example by
hydrodynamic force), surface tension force acts to restore the droplet to its original
circular shape. As o increases, smaller deformation is observed. There is no noticeable

deformation for the case of o =0.10.

Figure 4-3b also shows comparisons between the present solutions with that of VOF.
Geo-reconstruction scheme coupled with SIMPLEC for pressure-velocity coupling is
employed in the VOF model. Although not shown here, the VOF solutions are grid
independent. The present solutions (o =0 and 0.1) are in good agreements with that of

VOF.

4.3 Droplet Flow in a Double Bend

Figure 4-4 shows a droplet of fluid 1 suspended in a double-bend channel filled with
fluid 2. The detailed geometry of the double-bend channel is given in the figure. The

droplet has a diameter of d; =0.30 and is initially suspended at (x,;,y,)=(0.3,0.8).
The densities and viscosities for fluid 1 are 2 and 2, and for fluid 2 are 1 and 1

respectively. Initially, both fluids are at rest. A stream of fluid 2 then flows into the

channel with a uniform velocity of u;, =0.01 at the inlet. The droplet is carried by the
fluid 2 stream through the double-bend channel. Large deformation of the droplet is

expected as the droplet negotiates the bends.

The effect of the spatial grids and time step sizes on the droplet evolution is shown in Fig.
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4-5a. Solutions obtained using 360x200 CVs with A7 =0.10 and 540x300 CVs with
At =0.05 are presented. For clarity, only the droplet at # =0, 25, 50, 80 and 110 are
shown. These times are selected since the interfaces do not overlap each other when
plotted in the same figure. For this problem, very fine spatial mesh is required if
compared to the previous case. This fact will be explained later. It can be seen that a
mesh of 360x200 CVs with Az =0.10 gives spatial and temporal independent solution.
Subsequent computations are made using this spatial grid and time step size. The present
solutions obtained with and without GMC are shown in Figs. 4-5¢ and 4-5d. Without
GMC, the tail of the droplet is shorter atz =110, an indication of mass loss. The solution
with GMC is compared with that of the VOF in Fig. 4-5b. For the VOF solution, the

same control volume size is used. The present solution agrees well with that of the VOF.

Figure 4-6 shows the fluid velocity profiles at a few selected locations for #=110. The
fluid properties of the two fluids do not differ much. Therefore, this velocity field would
be qualitatively similar to that of other times even if the droplet is at different locations.
There are two regions of low velocity, i.e. regions near the upper corner of the first bend
and the lower corner of the second bend. These regions are circled using dotted line in
Fig. 4-6 for clarity. In each of these corners, a small region of recirculation is detected.
Let the droplet be separated qualitatively into two portions, a portion near the upper
corner and another portion consists of the rest of the droplet. As the droplet flows
through the first bend, the portion of the droplet near the upper wall moves with a much
lower velocity. The rest of the droplet experiences a higher velocity. Therefore, the
portion of the droplet near the upper corner will be increasingly ‘lagged’ behind. This
creates a long and thin tail. This process repeats as the droplet flows through the second
bend, forming the second tail. In order to capture the formation and its subsequent

development of these tails properly, a very fine mesh is required.
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Figure 4-7 shows the effect of surface tension on the droplet evolution. Surface tension
is set to o =0.01 (Fig. 4-7a) and 0.05 (Fig. 4-7b) respectively. For the case of
o =0.01, one tail forms as the droplet is flowing through the first bend. This tail is
shorter and thicker if compared to the case without surface tension (o =0). Such a
shape gives a smaller interfacial area, consistent with the effect of surface tension that
minimizes interfacial area. The same applies to the second tail. When the surface tension
coefficient is increased to o = 0.05, surface tension effect becomes more profound. For
a smaller o, the first tail tends to form around ¢ =50. This tendency is suppressed by
the surface tension force to the extent that no obvious tail is formed at 1 =80. At
t =110, a small thick tail develops after the second bend. It is expected if further
computations are made, this tail will become shorter and thicker. A portion of Fig. 4-7a
is enlarged in Fig. 4-8a showing the effect of GMC. The prediction without GMC is
obviously different at the two blunt tails. Careful examination of Fig. 4-8a reveals that
the size of the droplet is smaller for the case without GMC. A parameter called mass

error is introduced to examine the mass losses. It is given by

My -m,

M@I"l” - Md

(4-1)

The mass error represents the percentage of mass surplus or loss. Figure 4-8b shows the
mass errors with GMC and without GMC. For the case without GMC, the mass error
increases with time. This is an indication of either mass surplus or loss of the reference
fluid (fluid 1 in this case). The droplet losses around 5% of its original mass at ¢ =110.

Base on the trend of the mass error, more mass loss is expected as time passes. When

GMC is used, the mass error of the reference fluid remains well in the order of 10716 ,

an indication of “perfect” mass conservation.
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4.4 Droplet Flow in a Constricted Channel

Figure 4-9 shows a droplet of fluid 1 suspended in a constricted channel filled with fluid
2. The channel is of length 2 unit. It has a sudden contraction followed by a sudden
expansion. At the inlet, the channel height is 1.0 unit. Then, the height contracts abruptly
to W =0.2 to form a smaller channel of length L = 0.7, after which it expands to its
initial height. For ease of discussion, this smaller channel is henceforth referred as the
small channel. The details of the channel geometry are given in Fig. 4-9. The droplet has
a diameter of d; =040 and is initially suspended at (x;,y,;)=(0.3,0.5). The
densities and viscosities for fluid 1 are 2 and 2, and for fluid 2 are 1 and 1 respectively.
Initially, both fluids are at rest. A stream of fluid 2 then flows into the channel with a
uniform velocity of u;, =0.01 at the inlet. The droplet is carried by the stream and
squeezed through the small channel eventually. Large deformation of the droplet is

expected as the droplet has a diameter larger than the size of the small channel.

The effect of spatial grids and time step sizes on the solution is first investigated. Two
solutions obtained using 100x50 CVs with Ar=0.10 and 200x100 CVs with
At =0.05 are presented in Fig. 4-10a. Instead of the whole computational domain, only
the portion of the small channel with the droplet, which is of interest, is shown. The two
solutions agree with each other very well. Therefore, 100x50 CVs with Az =0.10 is
enough to achieve spatial and temporal independent solution. This grid and time step

size is used for the subsequent computations. For these computations, GMC is used.

Generally, the fluid flows faster in the small channel. A lower pressure is developed in
the small channel, sucking the droplet into the small channel. This creates a cusp at the

leading edge of the droplet. No slip condition is enforced at all walls, including those of
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the small channel. A typical velocity profile across the small channel for 7 =5 is shown
in Fig. 4-10a. In the middle of the small channel, the fluid particles flow faster than those
near the wall. Since the cusp is driven by a larger velocity at the middle of the channel, it
becomes longer and sharper. Once in the small channel, the deformed droplet is
squeezed by the main stream through the small channel. At the exit of the small channel,
the flow expands since there is a sudden increase in cross sectional area. At this point,

the v velocity component is no longer negligible.

From ¢ =10 to ¢ =25, mass (fluid 1) is transferred from the ‘tail’ of the droplet to the
leading cusp. This is shown in Fig. 4-10b which depicts an enlarged portion of Fig.
4-10a for ¢=25. Velocity vectors are also presented for the ease of explanation. The
velocity in the ‘tail” is larger than that in the leading cusp. This suggests that mass is
transferred from the ‘tail’ and accumulated in the leading cusp. As a result, the leading
cusp swells. This process is accompanied by shrinkage of the ‘tail’ as it is pushed by the
main stream. The ‘tail” disappears completely at # =30 as the droplet emerges from the
small channel. The emerged droplet is further deformed by the hydrodynamic force

downstream of the flow field.

Figure 4-10c shows the mass errors with GMC and without GMC. Without GMC, the
mass error remains finite, in the order of 107 to 10™. There is either mass surplus or mass
loss. With GMC, the mass error reduces to machine zero (10™'%). This shows that GMC is
a necessity to ensure mass conservation. Therefore, GMC is used in the subsequent

computations.

The present solution is compared to that of VOF in Figs. 4-11a. The spatial and temporal

independent VOF solution is obtained using 200x100 CVs with A¢ = 0.10. The present
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solutions are in good agreements with that of VOF both qualitatively and quantitatively.
The effect of surface tension on the droplet evolution is shown in Fig. 4-11b. The surface
tension coefficient is set to o = 0.05. The surface tension force acts to smooth interface
with high curvature. In the case of no surface tension (Fig. 4-11a), both the leading cusp
and the ‘tail’ of the droplet are of large curvature, i.e. pointed. When surface tension is

present, the pointed nature of both the cusp and ‘tail’ is suppressed.

4.5 Two-fluid Flow with Variable Surface Tension (Marangoni Effect)

4.5.1 Marangoni Force Driven Stratified Two-fluid Flow

Figure 4-12 shows a schematic of two stratified fluid layers. These fluids, i.e. fluid 1 and
fluid 2, are immiscible in each other. The thickness of fluid 1 and fluid 2 are W} and
W, respectively. They are separated by the F-F interface. There exists a variation of

surface tension along the F-F interface. Surface tension varies linearly with x, i.e.

do . o .
T const . Such a surface tension gradient induces a net force tangential to the F-F
X

interface (Marangoni force) dragging both layers into motion. It drives the fluids at the
F-F interface to flow towards region of higher surface tension. Since the fluid layers
extend to infinity, the F-F interface remains flat. Under such a condition, the capillary
force (induced by the curvature of the F-F interface) acting normal to the F-F interface is

Z€10.

This is actually a one-dimensional problem with u(y) and v=0. An analytical

expression can be derived for u(y) (see Appendix A) as

2
A; B;
ppdx 2oyt g
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where
1, if0<y<W,
e (4-2b)
2, if Wy <y<w
do dp
A= f—-W, = 4-2¢
| fdx 1 (4-2¢)
B; =0 (4-2d)
dy =y 40 do (4-2¢)
dx dx dx
2
W< \dp do do
By =|WiW—— | 24 W—-W— 4-2
2 [1 2jdx dx dxf (4-21)

w?_wy? |dp Wy do
2m 2py Jdx  pp dx

= 4-2
(W1+W2Jd0 (4-2g)

My Mo ) dx

Computation is made on a domain of height W =2 and length L=1. At x=0 and

x=1L, Z—u =0. The F-F interface is held at y=1.2,1.e. W} =1.2 and W, =0.8. For
X

pr=pr =1 and 2—0:0.01 , the following combinations of viscosities are
X

investigated:
(a) H =1 and Hy = 10
(b) H = 10 and Hy = 10

In evaluating the velocity profile from Eq. (4-2), Z’,—p is determined from the
X

computations.
Figures 4-13a and 4-14a show the velocity profile obtained using 20x40, 40x80 and

60x120 CVs. It can be seen than 40x80 CVs is sufficient to achieve grid independent

solution. For the case where the viscosities are identical (Fig. 4-14a), there is no
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variation of properties across the interface. The flow becomes essentially a single fluid
flow with additional surface force (due to surface tension) at the F-F interface. Therefore,
even a mesh of 20x40 CVs is sufficient to capture all the essential features of the

solution.

Figures 4-13b and 4-14b show the comparison between the analytical and the present
solution. The computed velocity profiles are in good agreement with that of the
analytical solution. This validates the present calculation of the Marangoni force. The
peak velocity for the viscosity combination of g =1 and u, =10 is around 0.00070.
It is much higher than that of the case where x4y =10 and g, =10, which is only
around 0.00028. This is expected as the same Marangoni force is now acting on two

fluid layers of large viscosity.

For the viscosity combination of x4 =1 and u, =10, the effect of the F-F interface
location on the velocity profile is shown in Fig. 4-15. The driving Marangoni force acts
at the F-F interface. The wall effect is to retard the flow. When the driving Marangoni
force is in close proximity to the wall (W} =0.4 or W, =1.6), wall effect becomes
stronger. Therefore, the flow can only achieve a smaller peak velocity. This generally
leads to a lower flowrates for both fluids. The wall effect is more profound for the case
of W =1.6 as the viscosity of the fluid between the F-F interface and the wall closer to
it (upper wall) is larger and therefore a stronger resistance to flow is encountered. The

maximum peak velocity is achievable if the F-F interface is around W} =0.9.
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4.5.2 Droplet Flow in a Micro T-junction with Thermocapillary Effect

T-junctions or termed T-shaped constructs are the building blocks of highly complex
tree-shaped flow architectures (Bejan et al., 2000 and Bejan and Lorente, 2006). Figure

4-16 shows a fluid 1 droplet of length /; in a single micro T-junction. Fluid 2 at

temperature 7)., flows into the micro T-junction with a fully developed velocity

profile of u;, at the inlet. This corresponds to a mean velocity of u,,. As fluid 2 flows,

it carries the droplet.

An asymmetric temperature field is induced in the T-junction by applying a heat flux ¢

at the selected locations (Fig. 4-16). The remaining walls of the channel are properly

insulated. As a result, the temperature dependent surface tension o(7') varies along the

F-F interface. o is assumed to vary linearly with temperature, i.e.
do
oc=0,+—\I'-T, 4-3)
0 dT ( ref ) (
where o, is the surface tension at temperature 7)., . The variation of o induces an

additional interfacial force (Marangoni force) on the droplet. A larger temperature
gradient creates a larger surface tension gradient and therefore generates a larger
Marangoni force. This suggests that the net force on the droplet, and thus its motion, can

be controlled by adjusting the heater power.
Driven by the pressure gradient and the Marangoni force, fluid 2 together with the
droplet flows out via outlet A or B. These outlets are maintained at the same pressure

with a fully developed temperature profile.

Results are presented in dimensionless form for convenience. The present problem is

103



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

governed by a total of 8 dimensionless numbers: droplet length to channel width ratio

!
(24} density ratio (1), viscosity ratio (L), thermal diffusivity ratio (L), Prandtl
w P2 M a)

number ( Pr), Reynolds number (Re), Capillary number ( Ca ) and Marangoni number
(Ma). However, of all the dimensionless numbers, only variation of Ma is considered
as the effect of the Marangoni force on the droplet motion is the sole interest. Pr,Re,

Ca and Ma are defined as

pr=—t2_ (4-4)
2Xe%)

PoumW
H2

Re = (4-5)

Ca = {mH2 (4-6)
O-O

do AT
dT

Ma = (4-7a)
HoUy,

AT in Ma is related to the heat flux ¢ . Assumed that ¢ increases the fluid 2

temperature flowing out at outlet Aby AT, i.e.

qA~0.5mc ,, AT

Q(3W)~0'5(p2umW)Cp2AT

AT~— 04 (4-7b)

PUME p2

This gives a Ma in term of the applied heat flux ¢ .

Ma = 3 (4-7¢)
P2C p2 Koty
The dimensionless time ¢* and temperature 7 * are given by
tu
tr =" 4-8
W (4-8)
T-T,
oY (4-9)
AT
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For demonstration, computations are made for a micro T-junction of W =400 um. The

l
dimensionless numbers are set to -4 =1.1 , ﬂ:1.0961 s ﬂ:O.0192 s
w P2 1)

ﬂ:1.1078, Pr=441.9882, Re=0.0175 and Ca =0.00625. Ma =0, 40 and 80
ar

are considered.

Figure 4-17 shows the evolution of the droplet obtained with different mesh sizes. For

this particular case, the heater is switched off giving Ma =0. A mesh of 63x150 CVs

with a time step of Ar*=1.5625x 10~ is sufficient to achieve grid independent
solution. Therefore, subsequent computations are made with this mesh and time step
size. The droplet is much larger than the either of the outlet channel. It split into two
daughter droplets of equal size. This is expected given the symmetry of the flow field.

Each of these daughter droplets leaves the channel via one of the outlets.

As Ma is increased to 40, an asymmetric temperature field with strong temperature
gradient at the upstream of branch A is generated. Figure 4-18a shows the induced
dimensionless temperature field. The induced Marangoni force tends to drive the droplet
towards branch A. As a result, a larger portion of the droplet is biased to flow into branch
A as shown in Fig. 4-18b. The droplet is now split unequally with a larger daughter

droplet forms in branch A.

Figure 4-19 shows the droplet evolution for Ma = 80. No splitting of the droplet occurs.
In this case, the induced Marangoni force is so large that the whole droplet is driven to
outlet A. The flow field as the droplet enters branch A is shown in Fig. 4-20. The
asymmetric flow field is obvious even in Fig. 4-20a. A circulation is setup in the lower

lobe of the droplet (Figs. 4-20e-j) driving the whole droplet into branch A.
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The two cases of non-zero Ma suggest that a temperature gradient can be used to (1)
split a droplet or droplet into two daughter droplets of controllable sizes and (2) switch a

droplet or droplet into a desired branch in a bifurcating microchannel.

4.5.2.1 Importance of Artificial Viscosity

The importance of artificial viscosity is now discussed. In the F-F interface capturing
procedure, the F-F interface is encapsulated in a band of finite thickness where the fluid
properties change smoothly across it. The thickness of this band is currently set to 3 CVs.
For the above computations, artificial viscosity is turned on. Artificial viscosity is added

to the region outside of the band, i.e. beyond 1.5 CVs from the F-F interface.

The proposed artificial viscosity approach in ensuring numerical stability will be
demonstrated for the case where the droplet splits equally (Ma = 0). Figure 4-21 shows
the computational domain with the micro T-junction created using the block-off region
approach of Patankar (1980). The purpose of creating the long blocked-off region along

branches A and B will be explained later.

Three approaches, i.e. (1) without artificial viscosity (4 =0 in Eq. 2.3), (2) with

artificial viscosity added to the whole computational domain including at the interface

(A=6.7x 10 and n = 0) and (3) with artificial viscosity added to the region beyond

1.5 CVs from the F-F interface (4 = 6.7 x 1077 and n= 1.5), are considered. Figures

4-22 show the evolution of the level-set function obtained with these approaches. The

level-set function is shown for the whole computational domain as the behavior of
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level-set function in the blocked-off region is of interest too. In these contour plots of the
level-set function, the zero level-set (i.e. F-F interface) is drawn slightly thicker than
other constant level-sets. For the purpose of comparison, the predicted F-F interfaces are
enlarged and superimposed. In order to show the detailed history of the level-set
function evolution leading to possible numerical instability, contour plots for the

level-set function are given at 11 successive ¢ *.

Without artificial viscosity (approach 1), the level-set function is reasonably smooth up
to *=0.1563 (Fig. 4-22b). At t*=0.3125 (Fig. 4-22c), small disturbances (kinks)
start to appear at the center of both branches A and B. These small disturbances amplify
when propagating to other region of the domain. Finally, these disturbances reach the
F-F interface at around #*=0.6250 (Fig. 4-22¢). As the disturbances have just reached
the F-F interface and yet to distort it, the predicted F-F interface up to #* = 0.6250 (Fig.
4-22¢) is considered to be correct. The F-F interface is then gradually distorted by these
disturbances. The distorting effect of the disturbances becomes more and more obvious
until it is so profound that the droplet even loses its symmetry (Fig. 4-22j). The solution
blows up eventually. It is therefore important to damp away these disturbances once

arise. This leads naturally to approach (2).

In approach (2), artificial viscosity is added to the whole domain including at the F-F
interface. Although this damps away the disturbances, it modified the F-F interface
evolution by including an unphysically damping mechanism at the F-F interface.
Comparison of the predicted F-F interface with that of approach (1) for time up to
t*=0.6250 (Fig. 4-22¢) shows that approach (2) changes the F-F interface evolution.
Besides, as the F-F interface approaches the long blocked-off region along branches A

and B, the F-F interface unphysically and incorrectly diffuses into this region (Figs.
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4-22g-j). The long blocked-off region is added to capture such a phenomenon. Both
changing the F-F interface evolution and diffusing the F-F interface into blocked-off

region are highly undesirable.

To overcome these undesirable effects of adding artificial viscosity, approach (3) is
proposed. Instead of adding artificial viscosity over the whole domain, it is now added in
the region 1.5 CVs beyond the F-F interface. Careful comparison is made on the
predicted F-F interface for approach (1) and (3) in Figs. 4-22a-e. The F-F interfaces
predicted by both approaches match each other. This demonstrates that the added
artificial viscosity does not alter the F-F interface. Besides, the level-set function
remains smooth even up to t* =2.5 (Fig. 4-22k). Any disturbance arises in the domain
is damped. As a result, no disturbance is noticed throughout the computational domain
for all time. Of the three approaches, only with approach (3) employed can the

computation be completed successfully.

It is clear than if there is no artificial viscosity added, any disturbance however small or
far from the F-F interface would build up and end up at the F-F interface eventually. This
leads to the distortion of the F-F interface and blow up of the solution. Therefore, it is
beneficial to cautiously damp away any disturbance employing approach (3). If desired,
the idea in approach (3) can be extended to employing artificial viscosity only to specific

regions deemed vulnerable to disturbances of the aforementioned nature.

A final remark is given for the selection of A . It is the author’s experience that only the
order of magnitude of A is important. The selection of A4 is performed via numerical
experimentation. For a case where the solution is known to blow up because of

numerical instability of the above nature, approach (3) is used starting with a very small
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A,eg A=1x 10710, 1 is increased gradually by increments of 1 order of magnitude

until computation can be completed successfully.

4.6 Pressure Driven Stratified Two-fluid Flow in a Straight Channel

Figure 4-23 shows two immiscible fluid layers flow a distance L of a channel with

height W . The F-F interface location is given by y =¢ . For a given set of densities

(p; and p,) and mass flowrates (M; and M, ), the inlet F-F interface location ( Oin)

determines the inlet velocities of both fluids (u;,; and u;, ;). As the flow develops, the

velocity profile at every section changes along the x-direction. As a result, the F-F
interface evolves along the streamwise direction. Once the fully developed region is
reached (x = Lg ), the velocity profile and the F-F interface location (Jg) become

independent of x.

Fluids of identical properties are first considered. Then, the case where the fluids
properties are different is investigated. The capability of LMC in ensuring mass

conservation is demonstrated in both situations.

4.6.1 Fluids of Identical Properties

For the channel geometry, L =1 and W =1. Two immiscible fluids with the same
densities ( p; = pp = p) and viscosities (1) = 1y = p) are considered. Surface tension
coefficient is set to zero. With this choice of properties, the velocity profile at every x

is the single-phase flow velocity. To initiate this study, the inlet velocities of the two

fluids are also set to the same value, i.e. u;,| =u;,, =1. The inlet F-F interface
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location is &, = 0.3 . This gives a mass flowrate ratio of M /M, =3/7.

The effects of grid resolutions on the F-F interface location with and without LMC are
shown in Fig. 4-24. Computations are carried out using 10x10, 20x20, 30x30, 40x40,
and 50x50 CVs. It can be seen that the F-F interface location do not change when 40x40
and 50x50 CVs are used. As a result, unless otherwise specified, all subsequent results

are obtained using 40x40 CVs.

Without LMC to ensure mass conservation, the fully developed F-F interface location
varies with grid resolution before converging to its grid independent solution. It is
interesting to point out that with LMC, the F-F interface location in the fully developed
region is the same irrespective of the number of CV used. For a quantitative analysis, a

mass error is defined.

. M, - M
M, = ’”—‘ (4-10)
err ‘ Mm

In Eq. (4-10), M,, and M are the inlet mass flowrate and the calculated (local) mass

flowrate respectively. M,,, is calculated for both fluids. The mass errors for fluid 1

and fluid 2 are shown in Fig. 4-25. Without LMC, the mass errors are finite. These mass
errors reduce to machine zero (10™'®) with LMC. For further comparisons, the “exact”
F-F interface location is calculated and compared with the numerical prediction. The
“exact” solution is obtained by ensuring the conservation of mass of fluid 1 using the
discrete local single-phase velocity profile. For ease of discussion, assume the area
occupied by fluid 1 spans from the first CV to part of the CV labeled N at a given x

as shown in Fig. 4-26. The F-F interface location ¢ can be calculated as
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N-1
5= Y Ayj+ fAvy (4-11a)
j=1

where f is the fraction of the area of CV labeled N occupied by fluid 1. The fraction

f can be obtained by ensuring the conservation of mass of fluid 1. Let the mass

flowrate into CV labeled j be AM ;- Then, the mass flow rate of fluid 1 can be written as

N-1 | .
Mgy = ¥ AM ;+ fAM

j=1
or
. N-1 |
M, - JEI AM ;
f= ATy (4-11b)

Figure 4-27a shows the F-F interface location and the velocity profiles at six streamwise
locations with LMC employed. The fully developed velocity profile is identical to the
exact solution from single-phase flow. The F-F interface location agrees with the
“exact” solution exactly. This shows that with LMC, the F-F interface is correctly

captured.

Figure 4-27b shows the ability of the procedure in predicting the F-F interface location

with a non-uniform inlet velocity profile. Similar to the previous problem, the inlet F-F

interface location is &;, =0.3 . However, the inlet velocities are u;,; =2 and

ujp =1. This results in a mass flowrate ratio of M, /M2 =6/7 . From Fig. 4-27b, as

expected, the single-phase velocity profile is recovered in the fully-developed region.
The predicted F-F interface location compares well with the “exact” solution.
Comparing Figs. 4-27a and 4-27b, fluid 1 occupies more of the flow area when the inlet

velocity is increased.
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The effect of surface tension on the flow is now considered. A larger entry length is

expected with the presence of surface tension. The length of the domain is increased to

L =2. The inlet velocities of both fluids are equal, u;, | =u;, , =1. To investigate the

effect of surface tension, the Reynolds and capillary numbers are defined as

W

Re = 2in (4-12)
y7,

Ca=tin (4-13)
(2

A case with Re =0.01 and Ca =0.1 is first considered. For this problem, the inlet F-F
interface location is set to J;, =0.3. The effect of different grid sizes on the F-F
interface location along the streamwise direction is shown in Fig. 4-28. It can be seen
that grid independent solution is achieved with a mesh of 40 x 20 CVs. Unless otherwise
specified, 40 x 20 CVs are used in the subsequence computations. It is obvious that from
Fig. 4-28 that there is no noticeable change in the interface location beyond x/W =1.5,
with the F-F interface settling down at around oy /W =0.36. This indicates that the
flow becomes fully-developed at x/W =1.5. Although not shown, mass is conserved to

machine zero with LMC.

Figure 4-29 shows the F-F interface location and the velocity field along the
x -direction. Both are plotted up to x/W =1.0 where changes are significant. The
present solution is compared with the solution obtained using the VOF method. It can be

seen that the present solution agree well with that of the VOF.

The effect of surface tension expressed in terms of Ca on the interface evolution is
shown in Fig. 4-30. For these computations, o is varied to obtain different Ca .

Therefore, the Reynolds number is still maintained at Re = 0.01. The limiting case of
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Ca = o corresponds to the situation where the surface tension effect is negligible. The
interface locations predicted by VOF are superimposed for the purpose of comparison.
The present solutions are in good agreement with that of the VOF. Once fully-developed
flow is attained, the interface converges to the same value irrespectively of the Ca . This
indicates that surface tension does not affect the fully-developed flow region. As Ca

decreases, surface tension becomes more and more dominant. The role of surface
tension is to minimize the F-F interfacial area. For the present flow configuration, the
minimum interfacial area is achieved by having a flat surface, i.e. with a large radius of
curvature. In another word, surface tension “flattens” the interface. As the boundary
layer develops in the inlet region, curvature of the interface is created. This non-zero
interface curvature leads to a surface tension force that tends to “flatten” the interface.
This in turns hinder the development of the boundary layer. Therefore, for smaller Ca

flow where the surface tension force is larger, the flow develops slower.

4.6.2 Fluids of Different Properties

In this problem, the flow of two immiscible fluids of different properties is examined.
For this type of problem, the fully developed velocity profile and F-F interface location
are functions of the viscosity ratio (4 / 1, ) and the volumetric flowrates ratio (¥} /V5)
and are independent of the inlet F-F interface location (0;,) (Bird et al., 1971 and
Churchill, 1988). For demonstration purposes, a channel with L =2 and W =1 is
studied. The density ratio p; / p,, mass flowrate ratio M, /M, , viscosity ratio s / 11,
are taken as 2, 0.837, and 10 respectively. These values are chosen so that the
fully-developed F-F interface location is o /W = 0.5 in the fully developed region. A
grid independent study shows that 80%40 uniformly spaced control volumes produces

grid independent solution. Figure 4-31a shows the evolutions of the interface for three
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values of the inlet interface locations o;, /W namely, 0.3, 0.5 and 0.7 respectively. As
expected, the interfaces evolve along the axial direction. Downstream from the entrance,
all interfaces reach their fully developed value of 0.5. It is interesting to note that the
interface developed faster when 0;, /W =0.7 (than when 0;, /W =0.3). This will be
explained later. The associated mass errors are show in Fig. 4-31b. This demonstrates
the capability of LMC in ensuring mass conservation even the properties of the fluids

are different.

Figures 4-32 shows the evolutions of the velocity fields and interfaces for o;, /W of
0.3 and 0.7. Once fully developed, all velocity profiles settle to the same shape. The
predicted fully-developed velocity profiles compare very well with the exact solution of
Bird et al. (1971). Although not shown, the interface profiles in the developing region

compare well with the “exact” solution given by Eq. (4-11). From Fig. 4-32b, it can be

seen that the inlet velocity profile with 6;, /W = 0.7 is closer to the fully-developed
profile than the inlet velocity profile when 6;, /W =0.3. As a result, the interface
developed faster when 6;, /W =0.7. Churchill (1988) derived the fully developed
interface location as function of 4/u, and V,/V, . Figure 4-33 shows the
comparisons between the present computations and the exact solutions of Churchill
(1988). It can be seen that the present procedure captures the F-F interface correctly for

the range of viscosity and volumetric flowrate ratios considered.

The effect of surface tension is again considered. A uniform inlet velocity of
Ujn] =Ujp o 1s employed. py/py, w1/ uy, V11V, and Re are set to 2.0, 2.0, 3/7

and 0.01 respectively. Since the fluid properties are different, the Reynolds and the

capillary numbers are redefined using the properties of fluid 2.
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RCEM (4_14)
2

Ca = Yint2 (4-15)
(o2

Other than Re and Ca, the E6tvos number characterizing the relative importance of

gravitational force to surface tension force is defined.

o - paleh?
B (o2

Eo (4-16)

The importance of gravity is first investigated. As seen in Fig. 4-34, the interface profile
is not affected by gravity as longas Eo <1.As FEo decreases with the channel size, the
effect of gravity becomes less important in microchannels. It is also noticed that the
development length increases as the channel becomes smaller (smaller Eo ). There
seems to exist a “maximum” development length. Once this length is reached, further
decrease in Eo does not alter the development length. As the solutions are invariant for
Eo <1, Eo is setto 0. As a result, the development lengths for the remainder of this

article are the maximum possible lengths.

Figure 4-35 shows the F-F interface together with the velocity profiles at selected
streamwise locations. The VOF prediction is superimposed on the same figure. There is
a good agreement between the present prediction and that of the VOF method for both
the F-F interface and velocity profiles. The F-F interface settles down at around
o /W =0.39. If compared to the case where the properties of the fluids are the same
(Fig. 4-29), the fluid 1 layer becomes thicker. This can be explained by the fact that a
more viscous fluid 1 produces a thicker boundary layer. Although the mass flowrate of
fluid 1 is doubled, its effect on the F-F interface location is not obvious. Its effect can

only be noticed if very large density ratio p;/ p, is used.
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Figure 4-36 shows the pressure distribution across the streamwise direction, starting
from x/W =0.2. For comparison to be made, the pressure field at a given axial location
is adjusted by adding a constant so that the pressure at the lower plate is zero. Therefore,

the axial pressure gradient Z—p cannot be inferred from this figure. The pressure jump

X

across the interface is obvious. However, the jump is not sharp and abrupt. In the CSF
surface tension formulation, the interface is assumed to have a finite thickness of 2 & .
The pressure would vary smoothly across this interfacial thickness. Therefore, a
“sharper” or more “abrupt” pressure jump would be predicted by using a smaller e.
Nevertheless, the magnitude of pressure jump across the interface remains unaltered and
is captured correctly. The pressure jump is larger in the developing region because of a
larger curvature. The pressure jump reduces gradually as the curvature decreases along
the streamwise direction. Comparison is made with the pressure field predicted by VOF.
There is good agreement between the two predictions except at x/W =0.2. At this

section, although both predict a similar trend, the pressure distribution is quantitatively

different. The maximum error (PVOF — D present )/ (p MAX — P MIN) (all values at

x/W =0.2) is around 6%.

The F-F interface profiles for Ca =0.1,0.2 and o are shown in Fig. 4-37. Also shown
are the predictions of the VOF method. Good agreement between the two methods is
achieved. A trend similar to the case where the properties of both fluids are identical is

observed.

For flow without surface tension, as mentioned, the fully developed velocity profile and

F-F interface location are functions of the viscosity ratio (4 / ) and the volumetric

flowrates ratio (¥} /V,) and are independent of the inlet F-F interface location (J;,)
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(Bird et al., 1971 and Churchill, 1988). This is still valid for the case with surface tension
because surface tension only affects the flow characteristics in the developing region.
For demonstration, the volumetric flowrate ratio ¥; / V, and viscosity ratio 1/, are
fixed at 3/7 and 2 respectively. The inlet velocities of both fluids have to be modified
accordingly to maintain the same volumetric flowrate for different inlet interface
locations. Figure 4-38 shows the F-F interface profiles for o;,/W =0.3, 0.5 and 0.7
with and without surface tension. Although the interface locations at the inlet are
different, all the fully-developed interfaces converge to the same location even with the

presence of surface tension.

4.7 Pressure Driven Stratified Two-fluid Flow in a Double-Bend

Figure 4-39 shows the schematic for a stratified two-fluid flow in a double-bend. The
term “stratified” in this case is used loosely for the “stratification” of the fluids on the

walls. The initial thickness of fluid 1 at the inlet is &;;,. A uniform inlet velocity of

Ujp] =Ujp 2 1s employed. The definitions of the Reynolds and the capillary numbers

follow Eqgs. (4-12) and (4-13). py/py, a1/ 1, V1!V, and Re are set to 2.0, 2.0,
1.0 and 0.01 respectively. The detailed geometry is given in Fig. 4-40. For this flow
geometry, much larger curvature is induced when the flow negotiates the bend. Thus, the

overall effect of surface tension on the flow field is expected to be more obvious.

Before proceeding further, it is worth digressing for awhile to discuss the LMC
procedure. The original LMC procedure makes use of the mass flowrate at every
streamwise section to correct the interface to ensure mass conservation. However, for
the present flow geometry, the streamwise direction does not always align with either of

the coordinate axes. It changes from the x-direction to the y-direction after the first bend,
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then back to the x-direction again after the second bend. Complications may arise during
computation if mass flowrate at every streamwise section is used to correct the interface,
especially at the bends. Fortunately for the present flow geometry, for the flow to travel
from the inlet to the outlet (left to right), the mass flowrate at every x location remains
constant irrespective of the stremwise direction of the flow. With this, the mass flowrate
at every x-section is used to correct the interface. Therefore, no additional modification

on the localized mass correction procedure is required.

Figure 4-40 shows the F-F interface profile for Ca =0.1 obtained using 40x20, 80x40
and 160x80 CVs. Grid independent solution is obtained using 80x40 CVs. All the
subsequent computations are made using the same number of CVs. It is interesting to

note that the essential features of the interface are captured even with a coarse mesh of

40x20 CVs.

The F-F interface profile and the velocity field with and without LMC are shown in Fig.
4-41. Both sets of results are the grid independent solutions. Different F-F interface
profiles and velocity fields are predicted. As a result, mass correction must be performed
for this problem to ensure proper mass conservation. The difference of the F-F interface
and velocity predicted is more profound at the bends area where curvature is larger. The
mass errors for fluids 1 and 2 are shown in Fig. 4-42. Without LMC, the mass errors are
finite. These mass errors reduce to machine zero (107°) with LMC, an indication

of ”’perfect” mass conservation.

Figure 4-43 shows the velocity vectors plot for the solution obtained using 160x80 CVs.
This fine mesh solution is selected so that small vortices could be detected. Only one in

every five velocity vectors is shown to avoid over-crowding the figure. The velocities at
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the two “boxed” corners are extremely small and hence could not be shown. These
regions are enlarged and plotted with the unit velocity vectors. For these enlarged
figures, all velocity vectors are shown. It is clear that there is a vortex at each of the
corner, an indication of recirculation. Figure 4-44 shows comparisons between the
present prediction and the VOF method. All the velocity profiles show the variation of
u across the streamwise section, but the third velocity profile shows the variation of v
instead. These predictions agree well quantitatively for both interface location and
velocity field. There is no noticeable change in the F-F interface location downstream of
around x/W =1.4. This implies that the flow is fully-developed. The pressure jump
across the F-F interface is shown in Fig. 4-45. The jump is larger in the bend area where
the curvature is large. The prediction of VOF is also shown for comparison where

reasonable agreement is obtained.

As the presence of surface tension alters the F-F interface, the flow field would generally
be affected. Figure 4-46 shows the effect of surface tension on the flow field. The F-F
interfaces without surface tension (Ca = ) and with surface tension (Ca =0.1) are
shown. The effect of surface tension is most profound at the two bends. With surface
tension present, the F-F interface profile changes, thinning either one of the fluids. This
is accompanied by a redistribution of the velocity field with the peak of the velocity
profile shifting towards the thinning fluid to maintain the same mass flowrate. For
example, at y/W =0.5, surface tension causes a thinning of fluid 1. The change of the
v -velocity profile is obvious with the peak shifted towards fluid 1. As the flow becomes
fully developed at around x/W =1.4, the two interface collapse to a single straight line,
i.e. of zero curvature. With zero curvature, there is no surface tension effect. Hence, the

velocity profile for with and without surface tension collapse to a single curve.
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4.8 Flow around Stationary, Forced and Freely Rotating Cylinders

The proposed F-S interface tracking procedure is first validated using (1) flows around
stationary, (2) flow around forced rotating and (3) flow around freely rotating circular
cylinders. Figure 4-47 shows a circular cylinder of diameter d , centered at (xc Ve ) ina
two-dimensional channel. The length and height of the channel are L and
W respectively. The average inlet velocity of the fluid isu,,. The moving fluid exerts a
drag force Fp and lift force F; on the cylinder. The Reynolds number Re, the lift

coefficient C; and the drag coefficient Cp are defined as

Re = Pimd (4-17)
y7;
OF

Cp = 2L (4-18)
Puyd
2F

Cp = 2D (4-19)
Puyd

The drag forces on flow around a stationary and non-rotating cylinder in an infinite
domain subjected to a uniform inlet velocity are predicted. Both the length L and
height W are set to 200 times the diameter d to simulate an infinite domain.
Non-uniform mesh with finer mesh clustered around the cylinder is used to capture the
flow field near the cylinder. The predictions, obtained using the proposed approach are
tabulated in Table 4-1a. The present predictions compare well with available results up

to Re = 40.

The same problem is repeated but now, with the cylinder rotating at a constant angular
velocity Q. In addition to the Reynolds number Re, a dimensionless angular velocity

B =Qd/(2u,,) is defined to characterize the flow. Table 4-1b shows comparisons

between the current predictions and available data. As expected, the angular rotation
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generates a non-zero lift force leading to a non-zero C; . The present solutions compare
well with those obtained from the full Navier-Stokes (NS) equations (Ingham and Tang,

1990) and using Series Expansion (SE) (Tang and Ingham, 1991) solutions.

In the next problem, a stationary (non-translating) cylinder is placed off centered with an
eccentricity e = (2 Ve — W)/ (W —d ) between two parallel plates. The length L, height
Wand x, are27.5d,4d and 7.5d respectively. Fully-developed flow enters the channel
at x =0. The characteristic velocity and characteristic length are the maximum inlet
velocity (at y =W /2) and the diameter of the cylinder respectively. As the cylinder is
placed eccentrically, lift force and torque are generated. Two situations namely, (1) fix
(non-rotating) cylinder and (2) freely rotating cylinder are investigated. Table 4-1c
shows comparisons between the present computations and available results of Juarez et
al. (2000). Again, the lift and drag coefficients match available solutions well for both
cases. The dimensionless angular velocity £ for both cases are also tabulated for

completeness.

The procedure is validated against flows around stationary (non-translating) cylinder
which can rotates about a fixed stationary axis. Further validation is made for the case
with translational motion. The case of a settling circular cylinder under gravity is

selected and presented next.
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Table 4-1: Cp for flow around a stationary cylinder.

Re | Present | (1) |(2) 3) 4) (5) (6) (7) (8)
1 11.596 | - - 994 |- - - 11.00 | 12.55
10 | 2.855 2.81 | 2.78 |2.67 |- - - 3.15 |-
20 | 2.065 2.01 |2.01 |2.08 [2.05 |203 |222 |236 |-
40 1.547 1.54 | 1.51 | 1.73 |1.52 |152 |148 |[1.85 |-
Note: (1) Silva et al. (2003) (5) Ye et al. (1999)
(2) Park et al. (1998) (6) Triton (1959)
(3) Sucker and Brauer (1975) (7) White (1991)
(4) Dennis and Chang (1970) (8) Tomotika and Aoi (1951)
Table 4-2: C;, and Cp for flow around a forced rotating cylinder.
Cr Cp
(9) &(10) (9) &(10)
Re p NS SE Present NS SE Present
5 0 0 0 6.4596E-13 3.947 | 3.947 | 4.1239
5 0.5 1.389 | 1.384 | 1.3979 3.916 | 3.929 |4.0917
5 1.0 2.838 | 2.768 | 2.8142 3.849 | 3.875 | 3.9958
20 |0 0 0 2.13E-14 1.995 | 1.995 |2.0512
20 |05 1.283 | 1.271 | 1.2653 1.973 | 1.959 |2.0164
20 | 1.0 2.617 | 2.541 | 2.5618 1.925 | 1.886 | 1.9138
60 |0 0 0 3.3054E-12 1.279 | 1.279 | 1.3094
60 |0.5 1.109 | 1.085 | 1.0591 1.251 | 1.264 | 1.2812
60 | 1.0 2.249 | 2.170 | 2.1983 1.207 | 1.219 | 1.1876
Note: (9) Ingham and Tang (1990) (10) Tang and Ingham (1991)
Table 4-3: C;, and C)p for flow around a freely rotating cylinder.
Q p CL Cp
Re e (11) Present (11) Present | (11) Present
100 5/6 0 (static) 0 -0.3798 | -0.37383 | 0.9440 | 0.93407
100 5/6 0.0682 (freely | 0.07497 -0.4644 | -0.46332 | 0.8949 | 0.88416
rotating)
Note: (11) Juarez et al. (2000)

122




ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

4.9 Sedimentation of a Circular Cylinder between Parallel Plates

Figure 4-48 shows the schematic of the problem. A circular cylinder of diameter d is
placed at (0, yc) between two parallel plates spaced 4d apart. The cylinder, which is
heavier than the fluid, is initially at rest. When it is released, it travels downward due to
gravity. It will eventually reach its terminal velocity uy. The diameter of the cylinder
and its terminal velocity are the characteristic length and the characteristic velocity
respectively. The trajectories of the cylinder (Re = 0.522) released at different lateral
location off the centerline are shown in Fig. 4-49. The results from the present
computation compare well with those reported in the literature (Feng et al., 1994). As

seen, the cylinder drifts towards the centerline for the Re studied.

4.10 Flow of Particles in a Microchannel System

Figure 4-50 shows a microchannel system with two inlets (A and B) and two outlets (C
and D). A primary stream of carrier fluid flows into the system via inlet A. Another
secondary stream of carrier fluid carrying particles is injected into the primary stream
through inlet B. The fluid merges, flows through a constriction and exits through one of
the two outlets (C and D). The motion of the particle is determined by the resultant force
due to hydrodynamics and inertia effects. The inertia of the particle acts to maintain its
original course and the hydrodynamic force steers the particle to travel along the
streaklines. Therefore, as the inertia of particle increases, the motion of the particle
deviates from the streakline of the carrier fluid. Depending on the flow condition,

particle size and etc, a particle can exit through either one of the exits.

The motion of a single circular particle is first considered. The particle initially located

at (x.,y.) is at rest. Water, with a density and a viscosity of 1000 kg/m’ and 0.001
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Ns/m? respectively, is used as the carrier fluid. The inlet velocities u 4 and up are set

to 1000 um/s and 4000 pm/s respectively.

The motion of a 30-um diameter aluminum particle initially located at (140,104) is

investigated. Figure 4-51 shows the trajectories of the particle obtained using a time step

size of Ar=2.50x10">s with 151x118 CVsand At =1.25x107"s with 302x236 CVs.
The locations of the particle for every 1.25x 1072 s are shown for comparison purposes.

It can be seen that a time step size of Az =2.50x 107> s with 151x118 CVs produces

grid independent solution. As a result, all subsequent computations are performed using

this time step and mesh size. As expected, the particle gains speed (particles spaced

further apart for a fixed Ar=1.25x 1072 s) reaching a maximum velocity inside the

constriction. As the flow bifurcates and leaves through the two exits, the particle slows

down and travels towards exit C.

Figure 4-52 shows the effect of particle size on its trajectory. Initially, aluminium

particles of two different diameters, i.e. 30 um and 50 um are placed at (137,1 04). The

particles travel along two different trajectories. The 30 um and 50 um particles are

carried by the carrier fluid to outlet C and outlet D respectively. The locations of the

particle for every 2.5x 1072 s are shown for comparison purposes.

Figure 4-53 shows the effect of particle density on its trajectory. The particles are
initially placed at (140,104). The densities of the particles are set to 2700 kg/m’
(aluminum) and 8960 kg/m’ (copper). The hydrodynamic force on these particles of

different densities but of identical size does not vary much. However, a denser particle
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implies a larger mass. The acceleration caused by the same hydrodynamic force on a
denser particle is therefore smaller. As a result, denser particle moves with a lower
velocity and takes longer time to reach the outlet. This effect is more obvious after the

particles enter the T-junction.

Figure 4-54a shows the trajectories of three copper particles flowing in the microchannel
system. There are two circular and an elliptical copper particles. A 30-um diameter
circular particle is initially located at (125,32.5). A larger (35-um diameter), circular
particle is initially located at (163,71.5). The major and minor axes of the elliptical
particle are 45 and 30um respectively. This elliptical particle is initially located at
(135,1 17). All three particles are initially at rest. The larger circular and the elliptical
particles are driven to outlet C while the smaller circular particle is carried to outlet D.
The positions of these particle at eight time steps namely, ¢ =0, 0.025, 0.050, 0.075,
0.100, 0.125, 0.150 and 0.1675s are shown. The velocity of these particles is highest

when they are flowing through the constriction.

Figure 4-54b shows the trajectories of two complex shaped copper particles in the
microchannel system. The local distance function of each particle is obtained by
merging the distance functions for two smaller elliptical particles of identical size.
Particle 1 consists of two small elliptical particles of each with major and minor axes of
55um and 30um respectively. These two small elliptical particles are initially located at
(140,130) but orientated with their major axes perpendicular to each other. Particle 2 is
formed from two small elliptical particles identical to those of particle 1 with each
initially located at (140,65) and (140,52) respectively and their major axes orientated
perpendicular to each other. The positions of particles 1 and 2 at t =0, 0.025, 0.050,

0.075, 0.100, 0.125 and 0.150s are shown. Both particle 1 and 2 are driven to outlet D.
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This example demonstrates the idea of merging a few distance functions (for simple
shaped particles, .e.g. elliptical particle) to form the local distance function for more
geometrically complex particle or solid. With this, the present F-S interface tracking
procedure can therefore be employed to investigate the flow of particles or solids with

complex geometries.

4.11 Electrophoresis of Circular and Elliptical Particles

Figure 4-55 shows a charged circular particle in a microchannel. Both the particle and

the wall are non-conducting. The particle is subjected to an electrical field given by
E=-Vgp (4-20)

An applied electrical field parallel to the x-axis is considered. For such an electrical field,

the following boundary conditions are prescribed for the electrical potential ¢ .

x=0, p=¢ (4-21a)

x=L, p=¢y, ¢ <@y (4-21b)

y=0 or y=W,a—¢=0 (4-21c¢)
oy

With these, the applied electrical field can be expressed as

P! 2 P2 (4-22)

Thin EDLs form at both the particle and the wall surfaces. The formation of EDLs at the

surfaces set the fluid in motion and consequently drives the particle.

A case where the particle is placed in the proximity of a charged infinite plane wall is
first considered. The steady-state translational and angular velocities of the particle are
of interest. To simulate an infinite domain, the length and height of the domain is set

to L =600d and W =300d . The selection of these dimensions is performed with the
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domain successively enlarged until there is no effect of the domain size on the solution.
For computational purpose, non-uniform mesh with very fine mesh around the particle

is employed. The circular particle has a diameter of d = 20 um and is initially located at

(x.,y.)=(0.5L,30) . The zeta potentials of the wall and the particle are

{s = ~50x107> V and Cw = ~100x1073V respectively. The steady-state solution

does not depend on the density of the particle. The density of the particle merely dictates

the time taken to achieve steady-state. For computational purpose, it is set to

ps =8960 kgm™.

The same phenomenon has been investigated analytically by Keh et al. (1991). They
provided analytical expressions for the translational and angular velocities of the
particle. Figures 4-56 show the comparison of the translational and angular velocities.

The present predictions match with the analytical solutions.

The particle moves in the positive x-direction. To explain this, consider the scenario in
Fig. 4-57. If the wall is absent, the electrophoretic velocity of the particle under the same
applied electric field is given by

Ue _ €egsE

(-ve) (4-23)
as (g is negative. Therefore, the particle moves electrophoretically in the negative
x-direction. This is however not necessary true if the wall is present. On the wall, the slip

velocity is

L )
ul,o = [%Jﬁ—f (+ve) (4-24)

as both {p and E;_(p are negative. The EDL at the wall drives the flow in the positive
X

x-direction. As the particle is close to the wall, it is strongly influenced by the velocity
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field generated by the EDL at the wall. For the situation considered, u|y:0 is twice as

strong as U, (because of the different in zeta potentials). The flow field induced by the

EDL at the wall overcomes that of the particle. The net effect is therefore driving the

particle in the positive x-direction.

A case where the size of the particle is comparable to that of the microchannel is now

considered. The length and height of the microchannel are set to L =400 um and

W =200 um respectively. A circular particle of density pg = 8960 kgm™ and diameter

d =80 um is initially suspended at (x,,y.)=(200,100). Solutions are obtained for

neutral ({g =0), positively (g =+51x 1073 V) and negatively ({g = —204 x 1073 V)

charged particles. The zeta potential of the wall is set to ¢ =—-102x 1073V,

A grid independent study shows that a mesh of 82x43 CVs with Ar =1.25 x107* is
sufficient to achieve grid independent solution (Fig. 4-60a). The velocity vectors inside
the solid are due the implementation of the no-slip boundary conditions inside the solid.
This mesh and time step size is used for the subsequent computations. The particle is
located at the center of the microchannel, it experiences neither vertical translation nor
rotation. Figure 4-58 shows the instantaneous location of the particles with different zeta
potentials. The translational velocity U of the particle is given by the gradient of the
graph. For all cases, the gradient is constant. This implies that the particles accelerate in
a very short time to a constant velocity and move with that constant velocity thereafter.

This is not unexpected as the inertia force is negligible in such a small scale channel.
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The induced electro-osmotic flow is in the positive x-direction. A neutral particle thus
flows in the positive x-direction. Figure 4-59 shows the velocity field around the neutral
particle at ¢t =0.05, 0.10, 0.15 and 0.20. No distortion of the velocity field is observed.

This indicates that the particle flows with the same velocity as the fluid.

When the particle is charged, an additional electrophoretic flow is induced around the
particle. It pushes a positively charged particle to flow in the positive x-direction. With
both electro-osmotic and electrophoresis effects acting in the same direction, the particle
flows with a higher velocity as implied by a larger gradient in Fig. 4-58. The velocity
field around the positively charged particle is shown in Fig. 4-60. Since the particle is
flowing faster than the fluid, a low pressure region is created at the trailing edge. Fluid is
drawn into this region. On the other hand, a high pressure region is created at the leading

edge, pushing the fluid to move forward.

For the negatively charged particle, the electrophoretic effect tends to drive it in the
negative x-direction. As the particle is highly negatively charged, the electrophoretic
effect is strong enough to overcome the electro-osmotic effect. As a result, the particle is
driven to flow in the negative x-direction creating regions of high velocity between the

particle and the walls (Fig. 4-61).

Finally, the application of the present model to electrophoresis of multiple particles is
demonstrated. Instead of only one, there are a total of three particles in the microchannel.
These particles are labeled 1, 2 and 3 (Fig. 4-62a). The semi-major, semi-minor axes,

initial location and zeta potential of the particles are:

Particle 1: 50um, 40um, (120,60), —306x107>V
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Particle 2: 50um, 50um, (180,150), +61x107>V
Particle 3: 40um, 30um, (220,70), 0V
The directions of the particle movement are indicated by the arrows. The motions of the

particles are qualitatively similar to the above case study. The velocity fields around the

particles at £ =0.04, 0.08 and 0.15s are shown in Figs. 4-62b-d.

4.12 Flow of Particle-Encapsulated Droplet through a Constricted
Microchannel

Figure 4-63 shows a particle-encapsulated droplet flowing in a constricted microchannel.
Three phases are involved in the present problem, i.e. the carrier fluid (fluid 1), the
droplet (fluid 2) and the solid particle (a solid phase). The circular particle is located at
(x.,y,.). It has a diameter of d . This particle is encapsulated in a circular droplet of
diameter d,and located at (x;,y, ). The carrier fluid flows into the microchannel with
a uniform velocity of u;, atthe inlet. As it flows, it exerts a hydrodynamic force on the
droplet in the form of surface stress, carrying the droplet with it. Meanwhile, the fluid
particles in the droplet impinge on the surface of the solid particle. An exchange of
momentum occurs. This generates a hydrodynamic force on the solid particle. As a
result, the solid particle undergoes both translational and rotational motions. The droplet,
together with the particle encapsulated, is therefore carried by the pressure driven

immiscible carrier fluid.

For demonstration, a particle of diameter d =40 um and is initially suspended at

(150,99.5) is studied. It has a density of pg =2700 kg/m’. The particle is encased by a
droplet of diameter d; =170 um and located at (150,99.5). The density p; and

viscosity #; of the droplet are set to 1000kg/m’ and 0.001Ns/m” respectively. The
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density p, and viscosity u, of the carrier fluid are 800 kg/m® and 0.01 Ns/m’

respectively. Surface tension o is set to 1x10*N/m. The inlet velocity of fluid 2 is

2000um/s. Artificial viscosity is switched on with A=4x10" and n=15

(determined experimentally). These parameters are retained in all the subsequent cases

unless stated otherwise.

The evolution of the F-F interface and the motion of the particle are shown in Figure
4-64a. Solutions obtained using uniform meshes of 173x41 CVs with Ar=4.0x10"s and
346x82 CVs with Ar = 2.0x107s. Both the F-F and F-S interfaces do not show any
noticeable difference for these mesh sizes. Therefore, a mesh of 173x41 CVs with At =
4.0x107s is sufficient to achieve grid and temporal independent solution. The droplet
undergoes significant change in shape when it is squeezed through the constriction.
Surface tension keeps the F-F interface smooth, minimizing the droplet surface area.
The particle which is initially located at the center of the droplet is increasing pushed
toward the front portion of the droplet. As the droplet emerges from the constriction, the
droplet is more “bullet-like”. In this computation, GMC is employed with fluid 1 used as
the reference fluid. The mass errors for computations with and without GMC are shown
in Fig. 4-64b. There is around 10% mass loss at the end of the computation if GMC is

not used. Only with GMC employed, the mass of fluid 1 is well conserved.

The effect of the carrier fluid viscosity is shown in Fig. 4-65. Three different viscosities,
i.e. 0.001, 0.005 and 0.010 Ns/m” are considered. The droplet and the particle at 7 = 0,
0.025, 0.050, 0.075, 0.100, 0.125 and 0.150s are shown alternatively as solid or dashed
line. As u, increases, the boundary layer thickness of the carrier fluid increases. This

is especially evident in the constriction. The droplet is squeezed in such a way that the

131



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

F-F interface is further away from the wall. The cross-sectional area available for the
droplet to flow decreases. As such, the droplet flows faster. This generates a larger
hydrodynamic force on the encapsulated particle and propels it further downstream with
a higher velocity. When the droplet emerges from the constriction, surface tension
minimizes the F-F interfacial area by rounding out the frontal portion of the droplet.
However, the effect of the boundary layer of the carrier fluid remains significant. It
pushes the portions of the F-F interface near the wall to the center of the channel,

compressing the droplet into more ‘bullet-like’ shape for larger carrier fluid viscosity.

The evolutions of the particle-encapsulated droplet with different surface tension are
depicted in Fig. 4-66. o is set to 0.5x10™, 1.0x10™ or 2.5x10*N/m. The droplet and
the particle at ¢+ = 0, 0.025, 0.050, 0.075, 0.100, 0.125 and 0.150s are shown. o
minimizes the F-F interfacial area. For a circular droplet, it maintains the circular shape
of the droplet as the F-F interfacial area is minimal. Therefore, o acts to resist any
stretching of the droplet by the flow field. Larger o implies more resistance to
deformation and thus smaller stretching. When the droplet flows into the constriction,
severe stretching occurs. For the case of larger o, stretching is smaller with the frontal
and rear portion of the droplet rounded out more. This is depicted lucidly in the F-F
interface at r = 0.050 and 0.100s. The droplet flows slower given an increase in
cross-sectional area for it to flow. A smaller hydrodynamic force acts on the
encapsulated particle. Therefore, the particle moves slower. After the droplet emerges
from the constriction, o tries to restore the circular shape of the droplet, lowering the
velocity of the F-F interface in the frontal portion of the droplet. This is because the
surface tension force which is tangential to the interface has a backward component.

Such a slowdown in the F-F interface movement causes the particle to break out from
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the encapsulation for the case of o =2.5x 10~ N/m.

The effect of different particle density is now investigated. Three different particle
densities are considered, i.e. 2700, 6000 and 8960kg/m’. When the particle is
impulsively acted upon by the hydrodynamic force, the inertia effect is found significant
only in a very short period of time. Figure 4-67 shows the variation of the particle
streamwise velocity U over this period of time beyond which no obvious dependent of
U on the particle density is observed. Since the particles are of the same size, a larger
particle density implies a larger mass. The inertia is larger and therefore it has more
resistance to motion. The denser particle experiences a smaller acceleration and thus
moves with a smaller velocity. It takes a slightly longer time to attain particle density
independent U . The distance covered in this time interval is only about 20-30pum which
is relatively small compared to the total distance the particle will travels downstream
(around 700um). This indicates that the effect of particle density on the overall
movement of the particle is not obvious. Therefore, no obvious effect on the F-F

interface is observed as shown in Fig. 4-68.

4.13 Flow of Particle-Encapsulated Droplets in a Microchannel System

Figure 4-69 shows a particle-encapsulated droplet in a microchannel system. The 80pum
diameter droplet is initially suspended at (150,1 17). The density and viscosity of the

droplet are p; =2000 kg/m® and 1 =0.002 Ns/m® respectively. A circular solid

particle of diameter d =30 um and density pg = 8960 kg/m’ is encased in the droplet.

At both inlets A and B, fluid 2 flows into the microchannel with velocities of

u,y =1000 pm/s and up =4000 pum/s respectively. Its density and viscosity are
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P> =1000 kg/m® and Hr =0.001 Ns/m” respectively. Surface tension is set to
o =1x107>N/m for demonstration purpose. Artificial viscosity is switched on with

A=4x10" and n=1.5 (determined experimentally).

Figure 4-70a shows the evolutions of the F-F and F-S interfaces. It is clear that a mesh of

152x102CVs with Ar=1.25x10"*s is sufficient to capture all the essence of the

interfaces. There are two situations where the particle is prone to break out from the
droplet. These are (1) as the droplet flows through the constriction and (2) as the droplet
is making a turn. For (2), the inertia of the particle is larger than the droplet. A larger
force is required for the particle to make the same turn. Therefore, it does not follow
exactly the droplet trajectory and tend to break out from the droplet. It should be pointed
out that as the droplet turns into branch D, the encapsulated particle breaks out from the
droplet. Computation is stopped at ¢ =0.1100 s as post break out flow is not the present
interest. Such a computation involves a three-phase contact line problem which is not

addressed in the present study.

The evolutions of the particle-encapsulated droplet with and without GMC are show in
Fig. 4-70b. Different F-F and F-S interfaces are predicted. The droplet for the case
without GMC is increasingly smaller than that with GMC after it emerges from the
constriction. The mass error for the reference fluid (fluid 1) is shown in Fig. 4-70c.
Without GMC, the mass loss of the particle-encapsulated droplet is increasing over time.
Substantial mass up to almost 30% is lost at the end of the computation. With acute mass
loss, even the F-S interface can be affected as the flow field changes due to a small

“droplet”. Again, GMC conserves the reference fluid mass well.
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The application of the present model for the case of two particle-encapsulated droplets is
now presented. A second droplet is added. This droplet of diameter 100um is located at
(70,306). It encases an elliptical particle with major and minor axes of 44pum and 30um
respectively. The particle is initially located at the center of the droplet. Figure 4-71
shows the evolution of the F-F and F-S interfaces. One in every five velocity vectors is
shown to avoid overcrowding the figure. The elliptical particle encapsulate-droplet is
trailing the circular particle-encapsulated droplet given the smaller driving flow at inlet
A. The elliptical particle undergoes obvious rotational motion. Examination of velocity
field suggests that the circular and elliptical particles are driven to outlet D and C
respectively. Computation is stopped at # =0.1250s when the circular particle breaks

out from the droplet.

4.14 Concluding Remarks

In this chapter, the proposed three-phase flow model is applied to a variety of multiphase
problems. The F-F interface capturing procedure is validated against droplet flows and
stratified two-fluid flows in various channels. For these cases, the F-F interface
evolutions are predicted and compared with that of the VOF method whenever possible.
Good agreements are achieved for these comparisons. Good mass conservation is
demonstrated for droplet flows with GMC employed and stratified two-fluid flows with
LMC employed. For flow with complex geometry, e.g. droplet flow in a micro
T-junction with thermocapillary effect, the proposed artificial viscosity addition plays a
decisive role in ensuring smoothness in the advection of level-set function. This

enhances numerical stability tremendously.

F-S interface tracking procedure is validated against (1) flow around stationary, forced
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and freely rotating cylinders and (2) sedimentation of a cylinder between parallel plates.
In these cases, the results compared well with the existing literatures. The capability of
the F-S tracking procedure is demonstrated for both pressure and electrically driven flow
of a single and multiple particles in microchannels. The application of the procedure to

multiple geometrically complex particles is also presented.

Finally with the F-F interface capturing and F-S interface tracking procedure validated,
these procedures are applied simultaneously for three-phase flow problems involving
particle-encapsulated droplets flow in microchannels. GMC is shown to conserve mass

well for these three-phase flow problems.
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(b) A slotted circular disc.
Figure 4-1: Rigid body rotation of discs.
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Figure 4-2: Droplet flow in a straight channel.

>

— 100x50, At=10.1
...... 200100, A= 0.05

0.6

0.4

t=0 t=20 t=40 t=60 t=80
0.2

=
o
L
-
-
LA
“
2

Figure 4-3a: Grid independent study.
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Figure 4-3b: Effect of surface tension.
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Figure 4-4: Droplet flow in a double-bend.
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Figure 4-5: Evolution of a droplet in a double-bend without surface tension.

140



ATTENTION: The Sin yright Act applies to the use of this document. Nanyang Techn

al University Library

[

360x200, At=10.1
/ / with GMC

(c) Present with GMC.

360200, At= 0.1
/ / without GMC

(d) Present without GMC.

Figure 4-5: Evolution of a droplet in a double-bend without surface tension.
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Figure 4-7: Evolution of a droplet flowing in a double-bend channel with surface tension
effect.
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Figure 4-8: Evolution of a droplet flowing in a double-bend channel with surface tension

effect o0 =0.01 computed with and without GMC.
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Figure 4-10a: Grid independent study for a droplet squeezed through a constricted

channel.

146



ATTENTION: The St

al University Library

EEEE NN
I IRTE I

e - bl

VARV A AV )]
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Figure 4-11a: Present and VOF comparisons for the evolution of a droplet squeezed

through a constricted channel for o =0.
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Figure 4-11b: Present and VOF comparisons for the evolution of a droplet squeezed
through a constricted channel for o =0.05.
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Figure 4-12: Flow of two stratified fluid layers driven by Marangoni force.
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Figure 4-20: Velocity field
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Figure 4-22: F-F interface evolution with and without artificial viscosity.
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Figure 4-22: F-F interface evolution with and without artificial viscosity.
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Figure 4-24: Grid independent study for the F-F interface location for two fluids of
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Figure 4-27a: The F-F interface location and velocity profiles for two fluids of identical

properties with a uniform inlet velocity.
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Figure 4-27b: The F-F interface location and velocity profiles for two fluids of identical

properties with a non-uniform inlet velocity.
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Figure 4-28: Grid independent study for the F-F interface location for two fluids of
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Figure 4-29: The F-F interface location and velocity profiles for two fluids of identical
properties with Re =0.01 and Ca =0.1.
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Figure 4-31a: The F-F interface location for two different fluids with various inlet F-F

interface locations.
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Figure 4-34: Effect of Eo on the F-F interface profile for Re =0.01 and Ca =0.1.

180



ATTENTION: The St

al University Library

1o 0 0 0 0 0 1.0 1ty

i

0.8 — present
fluid 2

0.6 1 interface >

—»
AR
| "]
0.2 flmd 1
0.0

0.0 0.2 0.4 0.6 0.8 1.0 x4 1.2

Figure 4-35: The F-F interface location and velocity profiles for two different fluids with
0;, /W =03 and Ca=0.1.
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Figure 4-36: The F-F interface location and pressure distribution for two different fluids
with 0;,/W =03 and Ca =0.1.
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Figure 4-37: The F-F interface location for two different fluids with various Ca .
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Figure 4-38: The F-F interface location for two different fluids with various inlet F-F

interface locations.
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Figure 4-40: F-F interface profile in a double-bend with Ca = 0.1 obtained using
40x20, 80x40 and 160x80 CVs.
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Figure 4-42: Mass error for with and without LMC.
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Figure 4-43: Velocity field in a double-bend with Ca =0.1.
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Figure 4-44: The F-F interface and velocity profiles in a double-bend with Ca =0.1.
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Figure 4-48: Sedimentation of a circular cylinder between parallel plates
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Figure 4-49: Settling trajectories of a circular cylinder under gravity for Re = 0.522.
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Figure 4-50: Schematic for flow of a particle in a microchannel system.
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Figure 4-52: Effect of particle size on its trajectory.
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Figure 4-53: Effect of particle density on its trajectory.

Figure 4-54a: Trajectories of three particles in a microchannel system.
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Figure 4-54b: Trajectories of two complex shaped particles in a microchannel system.
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Figure 4-55: Schematic of the electrophoresis of a charged particle in a microchannel.
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Figure 4-56a: Steady-state translational velocity of the charged circular particle.
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Figure 4-56b: Steady-state angular velocity of the charged circular particle.
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Figure 4-57: Electrokinetic effects on the wall and the particle.
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Figure 4-59: Flow field around a neutral particle.
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Figure 4-60: Flow field around a positively charged particle.
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Figure 4-61: Flow field around a negatively charged particle.
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Figure 4-62: Electrophoresis of multiple particles.
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CHAPTER 5

CONCLUSIONS

5.1 Summary and Conclusions

Multiphase flows are encountered in many engineering applications. Micro-scale
multiphase flows in particular receive intense interest recently due to its increasingly
wider applications in the field of microfluidics. Unlike macro-scale multiphase flows
which are dominated by inertia and gravity effects, micro-scale multiphase flows are
characterized by a strong dependence on surface tension and viscosity. Multiphase flows
in microfluidics includes but are not limited to liquid-gas (or vapour) flows,
liquid-liquid droplet flows in digital microfluidics, liquid-solid particle flows and
particle-encapsulated droplet flows. In these examples of micro-scale multiphase flows,
the encountered interface can be classified either as a moving and deformable fluid-fluid
(F-F) or a moving but non-deformable fluid-solid (F-S) interfaces. Both F-F and F-S
interfaces play a major role in determining the flow behavior. Given the small size of
these systems, numerical modeling plays a significant role in understanding the

fundamental issues important to microscale multiphase flows.

In this study, a three-phase flow model with both F-F and F-S interfaces coexist together
is proposed. The three phases are two fluids and a solid phase. Two limiting cases of the
model are two-fluid flow and fluid-solid flow, representative of the above mentioned

examples of micro-scale multiphase flows.

Among the available F-F interface prediction methods, the level-set method possesses

much attractive strength over the other methods. Therefore, it is adopted as the F-F
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interface capturing procedure in the present study. A weakness of the level-set method is
its weak mass conservation. Two mass conservation schemes, i.e. Global (GMC) and
Local (LMC) Mass Correction Schemes, are presented. While GMC is for general
two-fluid flow problems, LMC is developed for stratified two-fluid flows. These
schemes are extended to the situation where a third solid phase is present. Good mass
conservation is demonstrated with these schemes. The level-set equation is modified to
enhance numerical instability via adding artificial viscosity either to region beyond the
F-F interface or specific regions deemed susceptible to numerical disturbances. The

enhancement in numerical stability is demonstrated.

A new fixed-grid F-S interface tracking procedure is introduced. The solids are assumed
to be a fluid of high viscosity. These solids are represented using local distance functions,
offering the versatility in representing solids of complex geometries by merging a few
distance functions of simple shaped solids. The motion of each solid is tracked explicitly
followed by a reconstruction of its local distance function. Therefore, no deformation of
the solid surface occurs. The procedure is able to handle multiple complex shaped solids.
The F-F interface tracking procedure is extended to the case where there is a slip

velocity at the solid surfaces as in the modeling of electrophoresis of particles.

With these interfaces capturing or tracking procedures, a set of combined conservation
equations can then be written for the physical domain consists of the three phases.
Surface tension effects at the F-F interface, both curvature and Marangoni driven, are
incorporated using the Continuum Surface Force model. Solution of the governing
equations together with the F-F interface capturing and F-S interface tracking

procedures are implemented in a finite volume method.
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The model is tested and validated against available analytical solutions and existing
numerical results. This demonstrates simultaneously the variety of multiphase flow
problems to which the current model can be applied. The case studies conducted include
droplet flows in channels of various geometries, stratified two-fluid flows, pressure or
electrically driven flow of particles in microchannels and particle-encapsulated droplets

flows.

The present model is applicable to both micro-scale and macro-scale multiphase flows
involving either the F-F, the F-S or both interfaces. It is the hope of the author that the
present model will be of benefit to those involved in the investigation of these transport

Processes.

5.2 Suggestions for Future Work

The extension to problems with more than two fluids, i.e. with more than one F-F
interface, can be made. In the present study, only one single F-F interface is captured. In
the event where there are more than two fluids, there will be more than one F-F
interfaces. For example, there are three different fluids and two different F-F interfaces
in double emulsion droplets (Utada et. al, 2005). Each of these F-F interfaces can be

captured using the same F-F interface capturing procedure.

In the tracking of the F-S interface, only the case where there is no collision among the
solids or with the wall is considered. General, especially for multiple solids, collisions
occur. Glowinski et al. (1999) and Glowinski et al. (2001) proposed a short ranged
repulsive force model for collision modeling. Collision is assumed to occur if the

distance between the two solid surfaces is less a predetermined distance (usually a factor
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of the length of one computational cell) and a repulsive force is activated between the
two solids. This repulsive force is added into the Newton-Euler equation of each solid
preventing them to penetrate each other. Similar collision strategy can be incorporated

into the present model.

Only rigid solids are considered in the present study. Non-rigidity of solids is frequently
encountered. For example, cell deforms when flowing through capillary. A change in
both mass and therefore geometrical shape occur when a moving solid undergoes
melting or solidification. Such type of problems involving moving and deforming solids
are challenging and worth pursuing given its practical importance. For these deforming
solids, the F-S interface tracking procedure requires modifications to include additional

physics governing the deformation of the F-S interface.

In the present three-phase flow model, the solid is confined in one of the fluids. For a
more general situation, the solid may enter into the other fluid, e.g. particle break out
from a droplet. Under such a condition, the problem of enforcing three-phase contact
angle needs to be considered. Fortunately, for both F-F and F-S interfaces defined via
level-set or distance functions, as in the present study, the contact angle and contact line
conditions can be enforced using an approach proposed by Sussman (2001). Sussman
(2001) devised a method to prescribe a contact angle on stationary flat surface by
extending the fluid-fluid level-set function to the outside of the fluid domain, i.e. inside
the solid. The level-set function inside the solid is evolved by solving a modified
level-set equation. This approach was employed by Son (2005) in a two-dimensional
stationary curved solid surface and by Singh and Joseph (2005) in a three-dimensional
moving curved solid surface. Although for these studies, only static contact angle is

prescribed, the idea can be extended to include dynamic contact angle.
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The present model is formulated with minimal reference to two-dimensionality. The
applicability of the present model is demonstrated for various two-dimensional
multiphase flows. It is of interest to extend the present procedure to three dimensions for
more realistic predictions. No new additional formulation or numerical technique is
required. The model can be extended straight forward to three-dimensional flow in a

dimension-by-dimension manner.
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APPENDIX: Flow of Two Stratified Fluids Driven by

Marangoni Force
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Figure A-1: Flow of two stratified fluid layers.

Figure A-1 shows a schematic of two stratified fluid layers. These fluids, i.e. fluid 1 and
fluid 2, are immiscible in each other. The thickness of fluid 1 and fluid 2 are W} and
W, respectively. They are separated by an interface. There exists a variation of surface
tension along the interface. Such a surface tension gradient induces a net force tangential
to the interface dragging both layers into motion. This force drives the fluids at the
interface to flow towards region of higher surface tension. Since the fluid layers extend
to infinity, the interface between the fluids remains flat. Under such a condition, the
capillary force (induced by the curvature of the interface) acting normal to the interface

1S zero.

The stress acting on each side of the interface are 7 and 7, respectively. Surface
. . . do : .
tension varies linearly along x,1i.e. — = const . Due to the surface tension gradient at

dx

the interface, there is a jump in stress across the interface, i.e.
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do
T —1T) = (A-1a)

Then 7; and 7, can be written as

du do
R (A-1b)
Vly=m1
du
=t =0 1)4e . (A-1c)
Y y:Wl+
The motions of the fluid layers are governed by
2
a’u ‘- dp (A-2)
dy dx
subjected to the following boundary conditions
y=0, u=0 (A-3a)
du do
y_VVlau:um:Tl_:uld_ :fg (A'3b)
Yly=mi
du do
Y= =, Ty = = (=)= (A-3¢)
Y y=W1+
y=W, u=0 (A-3d)
Integrate Eq. (A-2) gives
LI By (A-4a)
dy dx
= b +Ay+B (A-4b)
dx 2
For fluid 1:
du dp
— =2 v+ A4 A-5a
Moy Tt T (A-5a)
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H e 2 1y 1
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du
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y 1 m 24 dx

For fluid 2:
a’u dp

dp y
u=—--=—+A4,y+B
H2 dx 2 2V + 53

du
y=m, =t
yy W1+

2
y=W,u=0 => BZ:(WIW—WT]d—va

2
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y:VVla U=upy =- 2 d_p+

2/,!2 dx

Combining Egs. (A-6¢) and (A-8c) (u,,
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24 dx

w dx

My dx
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2 2
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m”dp
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2uy dx
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dx
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2 21

W, do
dx  pp dx
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M pp ) dx

o the use of this

do d,
19 =y om
X dx

m do
m dx

dx

W2 do

document. Nanyang Technologic

dx

Wi i

dx dx

Wz dO' W2 dO'

=1u,, ) gives

W2 do

| University Libi

(A-5b)

(A-6a)

(A-6b)

(A-6¢)

(A-7a)

(A-7b)

(A-8a)

(A-8b)

(A-8c)
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Finally, the velocity can be expressed as

2L

2
A
_ Ly A
Mpdx 20 pptopy

where
oL if0<sy<m
1=

2, ifWISySW

(A-10a)

(A-10b)
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