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Summary

Cooperative control of multi-agent systems has achieved rapid development during

the past decades due to its broad applications in various areas, such as robotics,

intelligent transportation systems, surveillance and monitoring. Consensus is one

of the most popular topics in this area, which has attracted considerable attention

of numerous researchers. Although a large number of effective control approaches

have been proposed to address the consensus problem of multi-agent systems, there

are still a lot of open problems in this area. Among them distributed output

feedback consensus tracking control of multiple nonholonomic mobile robots in the

situations that i) sensor faults occur and ii) limited information of the reference

trajectory is available are two important problems to be studied in this thesis.

First of all, distributed output feedback consensus tracking control of multiple non-

holonomic mobile robots with sensor faults and communication through a directed

graph is studied. In the presence of sensor faults, the main challenge to achieve

distributed consensus tracking control lies in that both individual position mea-

surements and relative position between pairs of robots are faulty. To address this

issue, an adaptive output feedback fault-tolerant control scheme which involves es-

timator, observer and controller design is proposed to compress the effects of sensor

faults and realize consensus tracking, by estimating the reference trajectory and

velocity information. With the designed control algorithm, all the signals in the

resulting closed-loop system can be guaranteed to be bounded, and the consensus

tracking error of the system can converge to an adjustable neighborhood of zero

by appropriately choosing design parameters even in the presence of sensor faults.

Secondly, distributed output feedback consensus tracking control of multiple non-

holonomic mobile robots with only position information of leader is considered.

v



To solve such a problem, an adaptive output feedback control scheme which in-

volves estimator, observer and controller design is proposed. Since only position

information of leader is available to a subset of following robots, a fully distributed

adaptive estimator is constructed to estimate the position information of leader for

each robot. Utilizing the estimated information, an observer-based adaptive output

feedback control law is designed to estimate unavailable velocity information and

unknown dynamic parameters and achieve trajectory tracking for each robot. It is

shown that the boundedness of all the signals in the resulting closed-loop system

and the convergence of consensus error to an adjustable neighborhood of zero is

established.

Another class of cooperative control problem arises when one wants all agents in

a formation to take up a desired shape which is described by the inter-agent dis-

tances and assume a common velocity. This is a combined problem of flocking and

distance-based formation control, namely flocking with distance-based formation

control. To solve such a control problem, most existing algorithms are proposed

just based on simple linear models, such as single- and double-integrators. Thus,

to overcome this restriction, distance-based formation and flocking control with

nonholonomic dynamics and parametric uncertainty are considered respectively in

the second part of this thesis.

Aiming to achieve the desired formation shape and an overall maneuvering velocity

for nonholonomic mobile robots, a control scheme consisting of an adaptive esti-

mator and a modified gradient control law is proposed. The adaptive estimator

is constructed to estimate the desired maneuvering velocity which can be either

constant or time-varying. Utilizing the estimated velocity, a modified gradient con-

trol law is developed based on the nonholonomic kinematic model to maintain the

desired formation shape. Local asymptotic convergence of the overall system is

guaranteed by choosing appropriate control parameters.

For distance-based formation and flocking control of multi-agent system with para-

metric uncertainty, an adaptive distributed control strategy is firstly proposed



based on a 3-agent leader–first-follower (LFF) system model. By introducing two

new variables that involve distance error and velocity error and utilizing them in

the controller design, it is shown that all agents will globally converge to the de-

sired formation and move with the velocity of the leader. Then the three-agent

case is inductively extended to N-agent case. The stability and the effectiveness

of the proposed control strategy are analyzed in theory and demonstrated through

simulation results, respectively.
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Chapter 1

Introduction

The introduction of this thesis is presented in this chapter. Firstly, the background

and motivation for conducting the research is introduced. Then, major contribu-

tions are summarized. Finally, the outline of the thesis is presented.

1.1 Background and Motivation

Cooperative control of multi-agent systems has attracted considerable attention

and achieved rapid development during the past decades due to its broad applica-

tions in both civilian and military fields, such as intelligent transportation systems,

unknown environment exploration and target tracking. Cooperative control aims

to employ a group of agents with interaction capacities to execute some tasks, such

as exploration, search and monitoring. Up to now, there are already some papers

that have comprehensively reviewed the existing works in this area, see [3–7] for

examples. The typical problems in cooperative control of multi-agent systems are

consensus, formation control, flocking, shape control and cooperative localization,

to name a few. Among the above-mentioned research topics, consensus is one of

the hottest topics and has attracted considerable attention of numerous researchers.

Consensus is usually aimed to reach an agreement for interested variables of the

1



1.1. Background and Motivation 2

agents in a group, by only sharing information among neighbors through the com-

munication network. The interested variables can be position in rendezvous, pose

in coordination of robots or velocity in flocking.

1.1.1 Distributed output feedback consensus tracking con-

trol of multiple nonholonomic mobile robots

In recent years, considerable consensus approaches have been proposed which can

be essentially divided into two broad categories, namely, consensus without a leader

(i.e., leaderless consensus) and consensus with a leader (i.e., leader-follower consen-

sus or distributed tracking). Due to the increasing applications of nonholonomic

mobile robots in a large number of practical projects, the research on distributed

consensus tracking control of multiple nonholonomic mobile robots has attracted

an increasing interest in the past decades. However, to implement these proposed

approaches into practical applications, most of the existing approaches may suffer

from a variety of challenges due to different constraints. These constraints include

but not limited to the listed cases as follows.

(1) Sensor faults. Sensor fault-tolerant control is of both practical and theoreti-

cal importance. Although some results on the sensor fault-tolerant control of

individual system have been achieved, few efforts have been made on such an

issue with respect to multi-agent systems due to its significant challenge to

deal with both faulty individual measurements and faulty relative states/out-

puts. There have been some attempts in the literature, however, only with

additive sensor faults. Similar to actuator faults, multiplicative faults also

exist in practice and thus need to be considered in real applications. Fur-

thermore, these existing results are established for linear systems and cannot

be directly applied to nonholonomic mobile robots.

(2) Limited information of the leader. Provided that the reference trajectory is

prescribed or generated by a virtual leader with similar dynamics, most of
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the existing consensus methods are developed under the assumption that the

velocity or input information of the leader can be obtained by all followers or

a subset of followers. In some tasks, such information may not be obtained

by the followers.

(3) Independence of global communication information. Since consensus is achieved

based on the information transmission between neighboring agents, it is nec-

essary to consider the constraints and challenges associated with the com-

munication network topology. One common feature of most existing works

is that the knowledge of some eigenvalue information of the Laplacian ma-

trix associated with the communication graph is required to implement the

proposed controllers. Specifically, in the case that the communication topolo-

gies are undirected graphs, the smallest nonzero eigvenvalue of the Laplacian

matrix is required, while the smallest real part of the nonzero eigenvalues

of the Laplacian matrix is required for directed communication topologies.

However, it is worth mentioning that such information is global information

which means it requires the entire communication graph to be known by each

agent in the group.

1.1.2 Flocking with Distance-Based Formation Control

In terms of flocking behavior, it means the phenomenon that all agents in a forma-

tion move with identical velocity. This is a velocity consensus problem. Distance-

based formation control focuses on the inter-agent distances and aims to control

the agents in a formation such that the formation achieves the desired shape which

is described by the desired inter-agent distances and is invariant to combination

of translation and rotation. Thus, another class of consensus problem, namely

flocking with distance-based formation control, arises when a multi-agent system

is required to take up a particular shape and share a common velocity. Although

flocking with distance-based formation control has been studied in many research

works, there exist several important issues that deserve further attention.
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(1) Motion constraint. Almost existing works on flocking with distance-based for-

mation control are developed based on single-integrator or double-integrator

models, which cannot fully express the dynamic model of real agents because

of the existence of motion constraints. Specifically, the velocity of a single

integrator can be arbitrarily assigned whereas the velocity of a nonholonomic

mobile robot is subject to nonholonomic dynamics. Thus, theses results can-

not be directly applied to multiple nonholonomic mobile robots.

(2) Intrinsic model uncertainty. In some practical applications, it is difficult to

obtain the exact intrinsic model for each agent. However, intrinsic model

uncertainty has been less studied in distance-based formation control, even

though it is a hot-spot in other control areas.

(3) Time-varying leading velocity. In most of existing results, the desired leading

velocity is assumed to be an unknown constant vector. Thus, some efforts

have been made to achieve flocking with distance-based formation control

of double-integrator agents with time-varying leading velocity. Nevertheless,

one important issue that remains open is to realize flocking with distance-

based formation control by considering time-varying leading velocity and mo-

tion constraint or dynamic uncertainty.

1.2 Contributions

This thesis investigates two categories consensus problems: distributed output feed-

back consensus tracking control of multiple nonholonomic mobile robots (Chapter

3 and 4) and adaptive distance-based formation and flocking control (Chapter 5

and 6). The main contributions of this thesis are summarized as follows.

(1) Distributed output feedback consensus tracking control of multiple nonholo-

nomic mobile robots
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(i) In Chapter 3, distributed output feedback consensus tracking control

is investigated for multiple nonholonomic mobile robots with directed

graph in the presence of sensor faults. An adaptive-based output feed-

back scheme which involves estimator, observer and controller design is

proposed to address the fault tolerance issue. To avoid using the global

information of the communication graph, a fully distributed adaptive

estimator is constructed to estimate the reference trajectory informa-

tion for each robot. Moreover, to realize feedback control, an adaptive

observer is constructed for each robot to estimate velocity information.

Based on the estimated information from the estimator and observer, a

feedback control law is developed to compress the effects of sensor faults

and realize trajectory tracking. It is shown that the boundedness of all

the signals in the resulting closed-loop system can be guaranteed, and

the consensus tracking error of the system can converge to an adjustable

neighborhood of zero by appropriately choosing design parameters even

in the presence of sensor faults.

(ii) In Chapter 4, distributed output feedback consensus tracking control of

multiple nonholonomic mobile robots with directed graphs is addressed

by using only position information of the leader. To design the controller

without using the global information of the communication graph, a fully

distributed adaptive estimator is firstly constructed to estimate the po-

sition of leader for each robot. To realize feedback control and handle

system uncertainty, an adaptive observer is constructed for each robot

to estimate the velocity information and unknown dynamic parameters.

Based on the estimated information, an adaptive observer-based output

feedback controller is designed to realize tracking control. The bounded-

ness of all the signals in the resulting closed-loop system is guaranteed.

Moreover, the convergence of consensus tracking error of the system

to an adjustable neighborhood of zero is established by appropriately

choosing design parameters.
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(2) Adaptive distance-based formation and flocking control

(i) In Chapter 5, the formation maneuvering control problem of a group of

nonholonomic mobile robots is studied with the objective of having a

desired formation shape described by distances between pairs of robots

and an overall maneuvering velocity. The desired maneuvering veloc-

ity, which can be constant or time-varying, is only known to a set of

agents. A control scheme consisting of an adaptive estimator and a

modified gradient control law is proposed to solve this problem. The

adaptive estimator is developed to estimate the desired maneuvering

velocity in either constant or time-varying situation. Utilizing the esti-

mated velocity, a modified gradient control law is designed based on the

nonholonomic kinematic model so that the objective is achieved. Local

asymptotic convergence of the overall system is guaranteed by choosing

appropriate control parameters.

(ii) In Chapter 6, distributed distance-based formation and flocking control

of multi-agent system with parametric uncertainty is considered. A 3-

agent LFF system is considered first. The agents are supposed to have

non-identical dynamics, whereas with similar structure. By introducing

two new variables that involve distance error and velocity error and uti-

lizing them in the controller design, it is shown that all agents in the

formation will globally converge to the desired formation and move with

the velocity of the leader. Finally, the three-agent case is inductively

extended to N -agent case. The stability and the effectiveness of the pro-

posed control scheme are analyzed in theory and demonstrated through

simulation results, respectively.
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1.3 Organization of the Thesis

The thesis is mainly divided into two parts: distributed output feedback consensus

tracking control of multiple nonholonomic mobile robots and adaptive distance-

based formation and flocking control (Chapter 5 and 6).

In Chapter 2, we review existing approaches in literature on two categories of

consensus problems: distributed consensus tracking and flocking with distance-

based formation control. In Chapter 3 and Chapter 4, distributed output feedback

consensus tracking control is investigated for multiple nonholonomic mobile robots

with directed graphs in the cases that i) sensor faults occur and ii) only position

information of leader is available to a subset of follower robots. In Chapter 5

and Chapter 6, adaptive control schemes are developed to address flocking with

distance-based formation control of a group of nonholonomic mobile robots with

undirected graphs and a second-order multi-agent system with directed graphs

and dynamic uncertainty, respectively. In Chapter 7, this thesis is summarized

and recommendations for the future work are provided.



Chapter 2

Literature Review

In the past decades, consensus problem has been studied extensively in the field of

cooperative control of multi-agent systems, considerable consensus approaches have

been proposed. According to whether the final consensus values are predetermined,

these approaches can be essentially divided into two broad categories, namely,

consensus without a leader (i.e., leaderless consensus) and consensus with a leader

(i.e., leader-follower consensus or distributed tracking).

In this chapter, a deep survey of the existing results on two categories control

problems i) distributed consensus tracking and ii) flocking with distance-based

shape control, is presented.

2.1 Distributed Consensus Tracking

The main idea behind consensus problem is to design distributed consensus proto-

cols for multi-agent systems. As is known, consensus always focuses on the motion

of multiple agents. Thus, the dynamic model of each agent should be taken into

consideration when studying the consensus problem for multi-agent systems. In

this section, we firstly introduce some basic concepts of graph theory and then

8
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review distributed consensus tracking control problem for integrator type, linear,

nonlinear and nonholonomic dynamics.

2.1.1 Graph Theory

Suppose that the interaction and information transmission among N agents are

governed by graph G = (V , E), where V = {1, 2, · · · , N} denotes the set of vertices

corresponding to each agent and E ⊂ V×V is the set of edges between two distinct

agents. If G is undirected, then the edge (i, j) ∈ E indicates that agent i and agent

j can obtain information transmitted by each other. In this case, agent j is called

a neighbor of agent i, and vice versa. Otherwise if the graph is directed, then the

edge (i, j) ∈ E indicates that robot i is a neighbor of robot j and only robot i

can obtain information from robot j. The set of neighbors of agent i is denoted

as Ni = {j ∈ V|(i, j) ∈ E}. The connectivity matrix A = [aij] ∈ <N×N is defined

as aij = 1 if (i, j) ∈ E and aij = 0 if (i, j) ∈ E . Note that A is symmetric for an

undirected graph.An in-degree matrix D = diag(dii) ∈ <N×N is defined such that

dii =
∑N

j=1 aij. Then, the Laplacian matrix of G is defined as L = D −A.

If the graph is undirected, then G is connected means that there is a undirected

path between any two agents. A directed graph G is strongly connected means

that there is a directed path from each agent to each other agent. A spanning tree

of a directed graph is a directed tree formed by graph edges that connect all the

vertices of the graph. A directed graph has a directed spanning tree, if there is an

agent called root, such that there is a directed path from the root to each other

agent in the graph.
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2.1.2 Integrator Type Dynamics

For consensus problem of multi-agent systems, earlier studies start with single-

integrator or double-integrator dynamic systems. The distributed consensus track-

ing control problems for multi-agent systems with single-integrator dynamics is ad-

dressed in [8], where distributed control laws are introduced and convergence is an-

alyzed in three cases i) directed fixed communication topologies; ii) directed switch-

ing communication topologies; and iii) undirected fixed communication topologies

with time delays. In [9], by developing an identifier to estimate the unknown dis-

turbances and unmodelled dynamics, asymptotic consensus tracking is achieved for

multi-agent systems with integrator-type dynamics in the presence of disturbances

and unmodelled dynamics. Under directed noisy networks without/with communi-

cation delays, leader-following consensus controllers are developed for multi-agent

systems with single-integrator dynamics in [10, 11].

Note that, the results mentioned above are developed for single-integrator multi-

agents systems. Since it is a fact that the single integrator dynamic model some-

times cannot well express the dynamics of a real agent, some efforts have been

made to study double-integrator multi-agent systems. A consensus control scheme

is proposed in [12] for double-integrator agents. Distributed finite-time consensus

tracking control of multi-agent systems with double-integrator dynamics are solved

in [13–16]. Specially, the presence of external disturbances is considered in [13, 14];

in [15], both fixed and switching topologies are analyzed with the aid of graph the-

ory, matrix theory, homogeneity with dilation and LaSalle’s invariance principle;

while the absence of velocity measurements is addressed in [16]. A consensus algo-

rithm is proposed in [17] to address the double-integrator leader-following problem

subjects to input delay. Furthermore, a distributed event-triggered sampling ap-

proach is proposed in [18], where the double-integrator agents communicate with

their neighbors via a limited communication medium .

Besides single- and double-integrator type systems, finite-time consensus problem

has been extensively studied for high-order integrator systems with or without
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bounded disturbances in [19, 20].

2.1.3 Linear Dynamics

Besides the simple integrator type multi-agent systems, different topics on gen-

eral linear multi-agent systems have been discussed. For example, leader-follower

consensus control problems are discussed in [21–28] for multi-agent systems with

general linear dynamics. In [24], two distributed control schemes are developed for

leader-following consensus of general linear multi-agent systems by utilizing full

state feedback and output measurements, respectively. Using local information,

controller design and convergence analysis is presented for both fixed and switch-

ing topologies in [23]. In [28], distributed consensus tracking control is addressed

for linear multi-agent systems in the presence of bounded transmission channels,

where the transmission channel bound is expressed by applying a saturation func-

tion to each channel. It is worth noting that one common feature of results in

[21–28] is that the control input of the leader is assumed to be zero or available

to all the followers. In some scenarios, to achieve some certain objectives, nonzero

input may need to be applied on the leader. Furthermore, the input of leader may

only be available to a subset of followers or may not available to any follower in

some circumstances. Thus, a distributed fault-tolerant control law is designed in

[29] to deal with leader-following consensus problem under undirected communica-

tion topologies against actuator faults and a dynamic leader with nonzero input.

In [30], based on the assumption that the control input of leader might be nonzero,

time-varying and not available to any follower and the communication network

topology of the followers is governed by an undirected graph, two distributed dis-

continuous controllers with, respectively, static and adaptive coupling gains, are

proposed to realize consensus tracking. To remove the assumption of zero control

input, distributed consensus tracking control of linear multi-agent systems with

directed switching topology and exogenous disturbances is investigated in [31].
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It should be pointed out that the eigenvalue information of the Laplacian matrix

associated with the communication topology is required to be known by each fol-

lower for the controller design in [21–31]. However, the eigenvalues of the Laplacian

matrix is global information, which means the entire communication graph is re-

quired to be known by each follower in the networks to obtain such information.

Therefore, these control schemes cannot be implemented by only using the local in-

formation. To address this issue, some fully distributed consensus tracking control

schemes are proposed in [32–40] based on adaptive control, where the controller is

designed without utilizing any global information of the communication networks.

Based on the assumption that the control input of leader is zero, adaptive consensus

control laws are designed in [32, 33] for multi-agent systems with undirected graphs.

Adaptive consensus tracking control approaches are developed in [34, 35] for linear

multi-agent systems with directed graphs and zero leader input. By assuming the

reference signal is constant, an adaptive distributed control law together with an

internal model are presented in [36] to achieve output tracking for unknown lin-

ear multi-agent systems under directed graphs. Based on the assumption that the

control input of leader is nonzero and bounded, leader-following consensus prob-

lem of linear multi-agent systems is solved in [37, 38] with considering parametric

uncertainties and external disturbances. In [39], fully consensus tracking problem

is addressed for linear multi-agent systems by assuming the unknown leader input

and time-varying disturbances are linearly parameterized with the basis functions

being known by all agents. In [40], a fully distributed output feedback consen-

sus control law is developed for linear multi-agent systems under directed graphs,

where the nonzero control input of leader is assumed to be bounded.

2.1.4 Nonlinear Dynamics

It is worth noting that the dynamics of almost all physical systems are nonlinear

in practice. Thus, besides integrator type dynamics and linear dynamics, research

attention also has been put on leader-follower consensus of nonlinear multi-agent

systems, which is more challenging to deal with because of its intrinsic complicated
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nonlinear dynamics. The leader-follower consensus control problems of first-order

nonlinear multi-agent systems are studied in [41–45]. In [43] and [45], adaptive

neural networks and a fuzzy observer are respectively employed to address the

system uncertainties derive from the unknown nonlinear dynamics and ensure that

consensus errors are uniformly ultimately bounded.

Distributed consensus tracking control problems of second-order nonlinear multi-

agent systems are studied in [46–56]. In [53], the control input of each follower

is assumed to be subject to unknown nonlinear dead zone. To address this issue,

an adaptive neural networks-based distributed controller is designed to guarantee

the consensus errors are semi-globally uniformly ultimately bounded. In [50], as-

sume the control input of leader is unknown to all follower agents, an adaptive

distributed nonlinear controller is constructed to achieve leader-following consen-

sus under directed communication graphs by only using relative state information

between neighboring agents. In [48], to handle multiple actuator faults and time-

varying dynamic uncertainties which is dependent on state and/or input, a robust

fault-tolerant leader-following consensus control strategy is proposed for a class of

nonlinear second-order nonlinear multi-agent systems. To avoid using the global in-

formation of the communication graph, distributed adaptive gain-design strategies

are proposed in [46, 55, 56] for multi-agent systems with second-order nonlinear

dynamics over undirected or directed communication topology.

Leader-follower consensus problem of multi-agent systems with high-order nonlin-

ear dynamics also has been investigated in some works. For example, the result

in [44] is extended in [57] to address finite-time consensus problem of higher-order

nonlinear multi-agent systems with undirected graph based on adaptive control. In

[58–62], distributed tracking control of high-order nonlinear multi-agent systems

with directed communication topologies and dynamic uncertainties is studied. In

[61], under the condition that the time-varying control gains of each agent are

unknown and some control directions are unknown, an adaptive control strategy

is designed to relax the requirement of identical unknown control directions of all

the agents. It is worth pointing out that the proposed control schemes in [57–61]
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can only deal with nonlinearities which in the control input channel. Technically,

these schemes are not applicable for nonlinear multi-agent systems with lower tri-

angular dynamics. Thus, distributed consensus tracking controllers are proposed

in [63–70] to address such an issue. In [70], the implementation of the proposed

adaptive control law requires only relative output measurements and the local in-

formation of the communication networks, thus the proposed adaptive controller

is fully distributed.

Note that, most of existing works on distributed consensus control problem are

developed for multi-agent systems with integer-order dynamics. However, many

phenomena in nature cannot be well approximated by an integer-order dynamic

model, such as food seeking of microbes and the collective motion of bacteria in

lubrications perspired by themselves [71, 72]. Therefore, it is of significant impor-

tance to study the consensus problem of multi-agent systems with fractional-order

dynamics. Consensus of fractional-order multi-agent systems is first investigated in

[73]. Leader-following consensus control of fractional-order nonlinear multi-agent

systems under undirected or directed graphs is discussed in [74–76].

2.1.5 Nonholonomic Dynamics

Due to the increasing applications of nonholonomic mobile robots in various fields,

the research on distributed consensus tracking control of multiple nonholonomic

mobile robots has attracted an increasing interest in recent years. Most of current

research on distributed consensus tracking control problem has mainly focused on

the controller design of kinematic model. In these works, it is common to transform

the nonholonomic kinematic model into a chained form model by applying a group

of new variables. Based on the chained form model, distributed consensus track-

ing control of multiple nonholonomic mobile robots with undirected or directed

communication topologies is investigated in [77–84]. Based on dynamic feedback

linearization, a consensus-based formation control scheme is proposed for nonholo-

nomic mobile robots without global position measurement in [85]. Distributed
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fixed-time consensus tracking control of nonholonomic chained-form systems with

undirected graphs and directed graphs are respectively studied in and [78] and

[84]. In [79], a switching finite-time control strategy is designed to achieve leader-

following consensus under undirected graphs based on time-rescalling technique

and graph theory. Based on the kinematic model and assume the desired veloci-

ties are bounded but not equal to zero, distributed finite-time tracking controllers

are developed for a group of nonholonomic mobile robots to handle time-varying

unknown parameters and external disturbances in [86, 87]. Finite-time consensus-

based formation control of multiple nonholonomic mobile robots is considered in

[88], where a distributed finite-time observer is proposed for each follower to esti-

mate the states of leaders in a finite time.

For practical reasons, it will be a motivation to design distributed consensus track-

ing control algorithms for nonholonomic mobile robots with higher-order models

which involves both kinematics and dynamics. Thus, the corresponding distributed

consensus tracking controller is proposed in [89] for nonholonomic mobile robots

with undirected graphs and partial known dynamics. In [69], distributed adaptive

consensus-based formation control scheme is proposed to deal with intrinsic mis-

matched unknown parameters for nonholonomic mobile robots with undirected or

balanced directed graph. Under general directed communication graph, distributed

consensus tracking for multiple nonholonomic mobile robots is address in [90, 91].

Furthermore, due to technology limitations or cost considerations, the velocity in-

formation for a mobile robot is unavailable in some circumstances. Hence, it is

meaningful in practice and worthy research to design distributed consensus track-

ing controller by utilizing output measurements for nonholonomic mobile robots.

Distributed output feedback tracking control of nonholonomic unmanned aerial

vehicles is considered in [92], where the controller is designed without linear and

angular velocities measurements by introducing a state observer. In [93], to handle

unavailable velocity measurements, some finite-time convergent observers are con-

structed to estimate both the unknown velocity information and the disturbance
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in finite time. Utilizing the estimated information, a finite-time consensus con-

trol law is developed for a group of nonholonomic mobile robots under undirected

communication topology.

2.2 Flocking with Distance-based Formation Con-

trol

In recent years, formation control, as a typical hot topic in cooperative control

of multi-agent systems, also has attracted considerable attention. According to

the variables to be controlled, the formation control problems can be categorized

as position-based, displacement-based, and distance-based formation control prob-

lems [4]. In position-based formation control, the desired formation is described

by desired positions with respect to global coordinate system. Global positions

of agents in the group are controlled to achieve the desired formation [94, 95].

In displacement-based formation control, the desired formation is formulated by

the desired relative displacements with respect to global coordinate system. Rela-

tive displacements among neighboring agents are controlled to achieve the desired

formation [96–98]. Different from position- and displacement-based formation con-

trol, distance-based formation control focuses on the inter-agent distances. That

is, the desired formation is formulated by the desired inter-distances between pairs

of agents. Thus, the desired formation can be treated as a given rigid body, which

means the desired formation is invariant to combination of translation and rotation.

The inter-distances between pairs of agents are controlled to achieve the desired

formation [99–101]. To achieve the desired formation shape by controlling the

inter-agent distances, the interaction graph needs to be rigid or persistent as dis-

cussed in [4]. In distance-based formation control, control laws are nonlinear even

if agent models are linear. Although the nonlinearity of the proposed control laws

complicates the stability analysis of the multi-agent system, much effort has been

made in this research area. Utilizing relative position obtained in the local frames
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instead of global position information in controller design, gradient descent con-

trollers have been widely used to address distance-based formation control problem

in [99–104].

In some practical applications, such as moving target enclosure, source seeking

and maneuvering of autonomous vehicles [105–107], one may want to achieve both

objectives of formation shape control and sharing a common velocity. Thus, an-

other control problem of multi-agent systems arises when it is required to main-

tain the desired formation shape and achieve velocity consensus for all agents in

the formation simultaneously. This control problem is referred as flocking with

distance-based formation control, in which the interaction graphs involve velocity

consensus graph and formation shape graph. We review flocking with distance-

based formation control under undirected and directed formation shape graphs in

the following,.

2.2.1 Undirected Graph

In the case that the formation shape graph of a multi-agent system is undirected,

the requirement on the interaction graph is characterized by rigidity [108]. Suppose

the undirected graphs for velocity consensus and formation shape control are the

same, and assume this undirected interaction graph is minimally and infinitesimally

rigid, flocking with distance-based formation control problem is addressed in [109]

for a group of agents with double-integrator dynamics. With the proposed gradient

descent control law, it is shown that local asymptotic convergence to the desired

formation shape is established and the final velocities of all agents can converge

to the average of the initial velocities of the agents. Under the same assumption,

local finite time convergence for the flocking of the desired formation shape is

guaranteed in [110, 111]. In [2, 112], consider the general case where the graphs

for velocity consensus and formation shape control can be different, assume the

undirected formation shape graph is rigid, flocking with distance-based formation

control is studied for double-integrator agents with undirected and directed velocity
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consensus graphs, respectively. Furthermore, in this work, the cases that there is

a leader or a group of leaders in the velocity consensus and formation shape graph

are investigated when both two graphs are undirected. It is needed to point out

that in [2, 109–112], the velocities of all agents converge to a constant value, which

may limit the application of the proposed control schemes. Thus, in [113], consider

a group of n agents modeled by single integrator dynamics and assume the desired

velocity is available to only a subset of agents, observer-based control schemes are

proposed to drive all the agents to maintain the desired formation shape while

moving with the desired translational velocity. In the proposed control schemes,

two different observers are designed to estimate the constant and time-varying

reference velocity for each agent, respectively.

2.2.2 Directed Graph

In the case that the formation shape graph of a multi-agent system is directed, the

requirement on the interaction graph is characterized by persistence [114]. Anal-

ogous to minimally rigid graph, minimal persistent graph is studied widely in the

distance-based formation control under directed graphs. Note that, any minimally

persistent formations belong to one of leader-first-follower, leader-remote-follower

(LRF), or co-leader-follower [115]. Thus, most of existing works on flocking with

distance-based formation control under directed graphs are studied based on these

three types of formations.

Focus on the case that there are two leaders and one follower which are all gov-

erned by single integrator dynamics, and assume the constant reference velocity is

available to leaders but unavailable to follower, flocking with distance-based for-

mation control is addressed in [116–118]. Based on adaptive control, the proposed

control schemes enable all the agents in the group to form a desired formation

shape and to maintain the desired moving velocity by employing an adaptive law

to estimate the reference velocity. Furthermore, in [116, 117], the proposed control

law is generalized to a N-agent case. In [1, 119], assume the unknown velocity of
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leader is constant, distributed formation control laws are developed for the multi-

agent systems with LFF formation. Additionally, the three-agent LFF case is

extended to N-agent case by an inductive way in [1]. Note that, in [1, 116–119],

the reference velocity is assumed to be constant and all the agents are modeled by

single integrator dynamics. As mentioned in last section, the control algorithms

ensure that the velocities of all agents converge to a time-varying value may have a

wider applications. Furthermore, it is worthy noting that extension of distributed

formation control algorithms from the first-order case to the second-order case is

nontrivial even in the linear formation control as shown in [12]. Thus, in [120], sup-

pose the desired formation is co-leader type and all agents are modeled by double

integrators, a backstepping controller is proposed to ensure that all agents in the

formation maintain the desired formation shape and move with a common velocity.

In the proposed control algorithm, the reference velocity can be time-varying but

is assumed to be known by all agents.



Chapter 3

Distributed Output Feedback

Consensus Tracking Control of

Multiple Nonholonomic Mobile

Robots with Directed

Communication Graph and

Sensor Faults

In this chapter, we address the issue of distributed output feedback consensus

tracking control for multiple nonholonomic mobile robots with directed graph in

the presence of sensor faults, by developing an adaptive-based fault tolerant scheme

consisting of a fully distributed adaptive estimator and an observer-based output

feedback controller. The controller design involves three steps. Firstly, a fully

distributed adaptive estimator is constructed to estimate the reference trajectory

information for each robot. Secondly, to realize feedback control, an adaptive ob-

server is designed for each robot to estimate velocity information. Thirdly, utilizing

the estimated information from the estimator and observer, a feedback control law

20
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is designed based on backstepping technique to compress the effects of sensor faults

and realize decentralized trajectory tracking control. Consequently, the main con-

tributions and novelty of this paper are summarized as follows:

• To the best of our knowledge, this is the first sensor fault tolerant method

for distributed consensus tracking control of multiple nonholonomic mobile

robots with directed communication topology.

• A fully distributed adaptive estimator is constructed to estimate the reference

trajectory information without using the global information of communica-

tion networks topology.

• The boundedness of all the signals in the resulting closed-loop system are

ensured. The consensus tracking error of the system can converge to an

adjustable neighborhood of zero by appropriately choosing design parameters.

3.1 Problem Formulation

Consider a group of N Type(2,0) wheeled mobile robots (WMRs) which is com-

posed of two driving wheels and one passive wheel. The posture of a WMR in

Catesian coordinates is described in Figure 3.1. The mass of centre is located at

C, the midpoint of the axis between two wheels is P . Taking the actuator into

account, the kinematic and dynamic models of the WMR can be given as follows

[121],

q̇i = S (qi) ηi (3.1)

M̄iη̇i + V̄ (qi, q̇i) ηi + τ̄d,i =
niKT,i

Ra,i

B̄iui −
n2
iKT,iKb,i

Ra,i

B̄iB̄
T
i ηi (3.2)

where i = 1, · · · , N , qi = [xi, yi, φi]
T ; pi = [xi, yi]

T is the position of the centre of

mass C and φi is the orientation of robot i. ηi = [vi, ωi]
T where vi and ωi are the

linear and angular velocity respectively, ui is the input voltage, τ̄d,i represents the

external disturbance. ni is the gear ratio, KT,i is the motor torque constant, Kb,i

is the counter electromotive force coefficient, and Ra,i is the electric resistance.
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S (qi) =


cosφi −ai sinφi
sinφi ai cosφi

0 1

, M̄i =

mi 0

0 Im,i −mia
2
i

,

V̄ (qi, q̇i) =

0 0

0 0

, B̄i = 1
ri

1 1

bi −bi

 .

Figure 3.1: A type(2,0) wheeled mobile robot.

In these expressions, mi is the mass of the robot, Im,i is the moment of inertia, bi

is the half width of axis between two wheels and ri is the radius of each wheel, ai

is the distance between C and P .

In this chapter, multiplicative sensor failures are considered for the position mea-

surement pi of each robot. The failures that may occur on the position sensor in

system (1) at the time are modeled as

p̄i (t) = ρi(t)pi (t) , ρi(t) =

ρi,x(t) 0

0 ρi,y(t)

 . (3.3)

where ρi,x and ρi,y represent the sensor gain of position measurement xi and yi.

Sensor fault occurs if ρi,x(ρi,y) 6= 1, otherwise senor works formally.

Suppose that the interaction and information transmission among the N WMRs

are governed by a directed graph G and the virtual leader moves along predefined

trajectory pr(t) = [xr(t), yr(t)]
T . We use µi = 1 to indicate that robot i has access

to the reference trajectory information pr(t); otherwise, µi = 0.

Assume the reference trajectory information is represented by a virtual leader la-

beled by 0. The control objective is, while only part of the robots in the group
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have access to the leader, to design distributed control input ui for each robot by

utilizing only locally available information obtained from the intrinsic robot and

its neighbors such that

• All the signals in the resulting closed-loop system are globally uniformly

bounded;

• For each robot, the measured tracking error ‖p̄i − pr‖ can converge to an

adjustable neighborhood of zero.

To achieve the above mentioned objectives,the following assumptions are imposed.

Assumption 3.1. The first 2nd-order derivatives of reference trajectory pr(t) are

bounded and piecewise continuous, and there exists a constant vector such that

|ẍr(t)| ≤ σ1 and |ÿr(t)| ≤ σ2. Thus, σ = [σ1, σ2]T is available to robot i if µi = 1.

Note that the virtual leader can also be nonholonomic, as long as it is driven to

move along a predefined trajectory pr(t) which satisfies Assumption 1.

Assumption 3.2. The directed graph contains a spanning tree with the root being

the leader.

Assumption 3.3. The unknown external disturbances τ̄i,d are bounded.

Assumption 3.4. ρi,x (ρi,y) and ρ̇i,x (ρ̇i,y) are bounded, and there exist unknown

constants ρmin and ρmin such that 0 < ρmin ≤ ρi,x, ρi,y ≤ ρmax.

To develop and analyze the proposed control scheme, the following lemmas are

then introduced.

Lemma 3.1 ([122]). Under Assumption 3.2, the matrix H = L + µ is a positive

matrix, where µ = diag(µ1, µ2, · · · , µN). Define

θ = [θ1, θ2, · · · , θN ]T = H−11N
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Θ = diag

{
1

θ1

,
1

θ2

, · · · , 1

θN

}
W = ΘH +HTΘ (3.4)

Then θi > 0 for i = 1, 2, · · · , N and W is a positive definite matrix.

Lemma 3.2 ([123]). Given any real-valued continuous function f (α, β) ∈ Rm

with α ∈ Rmα and β ∈ Rmβ , there exist a smooth scalar function f1(α) ≥ 0 and a

continuous scalar function f2(β) ≥ 0 such that ‖f (α, β)‖ ≤ f1 (α) f2 (β).

Lemma 3.3 ([124]). For any scalars ε > 0 and z ∈ R, the following relationship

holds: 0 ≤ |z| − z2√
z2+ε2

< ε.

3.2 Controller Design

Under Assumption 3.2, in most existing works, to realize consensus tracking control

in the absence of sensor faults, the error variable si =
∑
aij (pi − pj) + µi (pi − pr)

is usually utilized to design control input to ensure si → 0. Since s = H (p− 1N ⊗ p0)

and H is nonsingular, then si → 0 ⇒ pi → p0, which means consensus tracking

control will be achieved. However, when sensor faults occur, each robot can only

obtain that

s̄i =
∑

aij (ρipi − ρjpj) + µi (ρipi − pr). (3.5)

In this case, the effects of sensor faults of itself and its neighbors needs to be

compressed in controller design for each robot. Hence, to address our issue, a

fully distributed adaptive estimator is firstly introduced to estimate the states of

the leader. Based on the estimated states, a decentralized observer-based output

feedback controller is developed to compress the effects of sensor faults and achieve

trajectory tracking control for the whole group.
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3.2.1 Estimator design

Firstly, the reference trajectory is represented by a virtual leader expressed by the

following dynamic model,

ṙ0 = Ar0 +Bv0 (3.6)

where r0 =
[
pTr , ṗ

T
r

]T
, v0 = p̈r,

A =

02 I2

02 02

 , B =

 02

I2

 .
Based on the information transmission among neighbors, the following fully dis-

tributed adaptive estimator is introduced to estimate the states of leader for each

robot,

ṙi = Ari +Bvi

vi = − (ci + βi)Ksi − diag(sgn (Ksi))σ̂i

ċi = sTi PBB
TPsi

˙̂σi = −
N∑
j=1

aij (σ̂i − σ̂j)− µi (σ̂i − σ)

(3.7)

where ri = [rTi,1, r
T
i,2]T , si =

∑N
j=1 aij (ri − rj) + µi (ri − r0), σ̂i is the estimation of

σ of robot i, gain matrix K = BTP and βi = sTi Psi with P > 0.

Define the estimation errors as r̃i = ri − r0 and σ̃ = σ̂i − σ. Let r̃ =
[
r̃T1 , · · · , r̃TN

]T
and s =

[
sT1 , · · · , sTN

]T
, then s = (H ⊗ I4) r̃. From (3.6) and (3.7), the estimation

error dynamics can be given as,

˙̃ri = Ar̃i +B (vi − v0)

= Ar̃i − (ci + βi)Ksi − diag (sig (Ksi)) σ̂i −Bv0

(3.8)

Theorem 3.1. Suppose that Assumptions 3.1 and 3.2 hold. Then the estimation

error r̃ and the adaptive gains ci, i = 1, 2, · · · , N are bounded if K and P > 0
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satisfy the following linear matrix inequality

AP−1 + P−1AT − 2BBT < 0. (3.9)

Moreover, r̃ and σ̃ asymptotically converges to zero, i.e. lim
t→0
‖r̃‖ = lim

t→0
‖σ̃‖ = 0.

Proof. The proof of Theorem 3.1 is given in Appendix.

Remark 3.1. Note that, the designed adaptive estimator (3.7) is independent of

any global information of the communication graph, thus it is fully distributed. The

estimator design is motivated by the distributed consensus controller proposed in

[40]. However, σ is assumed to be known by all the agents in [40]. In this chapter,

σ is only available by a subset of robots and will be estimated by adaptive control

for the rest robots that cannot access the reference trajectory.

Remark 3.2. Utilizing the estimated trajectory information ri as the reference

trajectory for each robot, the consensus tracking problem for a group of WMRs

can be transformed into decentralized trajectory tracking control of WMRs, which

makes it possible to individually compress the effects of sensor faults for each robot.

3.2.2 Observer design

In this chapter, velocity measurements ηi are unavailable, thus to design observer

to estimate ηi, the system models in (3.1) and (3.2) are rewritten as follows,

ṗi = Jiηi

φ̇i = ωi

η̇i = −Riηi +Biui + τd,i

(3.10)

where

Ji =

cosφi −ai sinφi
sinφi ai cosφi

, Ri =
2niKT,iKb,i
Ra,ir2i

1/mi 0

0 b2
i / (Im,i −mia

2
i )

,
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Bi =
niKT,i
Ra,iri

1/mi 0

0 b2
i / (Ii −mia

2
i )

, τd,i = M̄−1
i τ̄d,i.

The observer is designed for (3.10) as follows,

˙̂pi = Jiη̂i + Li,1 (p̄i − p̂i)

˙̂ηi = −Riη̂i +Biui + Li,2J
T
i (p̄i − p̂i)

(3.11)

where p̂i and η̂i are the estimations of pi and ηi, respectively. Li,1 and Li,2 are

observer gain matrices.

Define the observer errors as p̃i = pi− p̂i and η̃i = ηi− η̂i. Let ẽi =
[
p̃Ti , η̃

T
i

]T
. Then

from (3.10) and (3.11), the dynamics of observer error can be expressed as,

˙̃ei = Aci ẽi + Li
(
ρ−1
i − I2

)
p̄i + di (3.12)

where

Aci =

 −Li,1 Ji

−Li,2JTi −Ri

, Li =

 Li,1

Li,2J
T
i

, di =

 02

τi,d

.

The observer gain matrices Li,1 and Li,2 are chosen such that Aci is Hurwitz. Then

ẽi can be directly calculated based on (3.11) as

ẽi (t) = eA
c
i tẽi (0)︸ ︷︷ ︸
eai

+

∫ t

0

eA
c
i (t−τ)

[
Li
(
ρ−1
i − I

)
p̄i + di

]
dτ︸ ︷︷ ︸

ebi

(3.13)

Since Aci is Hurwitz, there exist known constants %i,1 ≥ 1 and %i,2 > 0 such that

‖E2e
Aci t‖ ≤ %i,1e

−%i,2t, ∀t ≥ 0 (3.14)

where E2 = [02, I2]T .
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From Lemma 2, there exit a smooth function f1(p̄i) ≥ 0 and a continuous function

f2(ρi) ≥ 0 such that

‖Li
(
ρ−1
i − I

)
p̄i‖ ≤ f1 (p̄i) f2 (ρi). (3.15)

Define ϑ0 = sup
t≥0
‖ρiJi‖ and

ϑi,1 = max

{
sup
t≥0

ϑ0%i,1‖di (t)‖, sup
t≥0

ϑ0%i,1f2 (ρi)

}
.

Let eai =
[
eTai,1, e

T
ai,2

]T
and ebi =

[
eTbi,1, e

T
bi,2

]T
. Then, from (3.10), (3.11) and (3.13),

the time derivative of p̄i can be expressed as

˙̄pi= ρ̇iρ
−1
i p̄i + ρiJiηi

= ρ̇iρ
−1
i p̄i + ρiJiη̂i + ēai,2 + ēbi,2

(3.16)

where ēai,2 = ρiJieai,2 and ēbi,2 = ρiJiebi,2. Based on (3.13)-(3.15), we have

‖ρiJiebi,2‖

≤ ‖ρiJi‖
∫ t

0

‖E2e
Aci (t−τ)‖ (f1 (p̄i) f2 (Li, ρi) + ‖di (t)‖) dτ

≤ ϑi,1

∫ t

0

e−%i,2(t−τ) (f1 (p̄i) + 1) dτ

(3.17)

Construct an auxiliary filter as follows,

ς̇i = −%i,2ςi + f1 (p̄i) + 1, ςi (0) ≥ 0. (3.18)

Then ςi (t) can be calculated as,

ςi (t) = e−%i,2tςi (0) +

∫ t

0

e−%i,2(t−τ) (f1 (p̄i) + 1) dτ . (3.19)

Since ςi (0) ≥ 0, we can have

‖ρiJiebi,2‖ ≤ ϑi,1ςi. (3.20)
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3.2.3 Controller design

Based the estimated states ri from (3.11), an observer-based failure tolerating

control law will be designed by using backstepping technique to realize trajectory

tracking control for each robot. Firstly, we define

zri = pi − ri,1, zi,1 = p̄i − ri,1, zi,2 = η̂i − ηci . (3.21)

where zri and zi,1 are the real and the measured tracking errors, respectively, and

ηci is the virtual command to be designed for ηi.

Based on (3.10), (3.13) and (3.21), the time derivative of zi,1 can be expressed as

ρ−1
i żi,1 = Ji (η

c
i + zi,2)− α1ρ

−1
i zi,1 − 0.5ρ̇−1

i zi,1

+Ξi,1χi,1 + ρ−1
i ēai,2 + ρ−1

i ēbi,2

(3.22)

where Ξi,1 =
[
ρ−1
i ρ̇iρ

−1
i , ρ−1

i , ρ̇−1
i

]
and χi,1 = [p̄Ti , α1z

T
i,1 − rTi,2, 0.5zTi,1]T .

Noting that Ξi,1 is bounded, define

ϑi,2 = max

{
sup
t≥0
‖Ξi,1‖, sup

t≥0
‖ρ−1

i ‖, sup
t≥0

ϑi,1‖ρ−1
i ‖
}

(3.23)

Considering (3.20) and (3.23) and applying Lemma 3, it can be obtained that

zTi,1Ξi,1χi,1 + zTi,1ρ
−1
i ēbi,2 ≤ ϑi,2‖zi,1‖ (‖χi,1‖+ ςi)

≤ ϑi,2‖zi,1‖
√

2χTi,1χi,1 + 2ς2
i

≤ ϑi,2ϕi,2z
T
i,1zi,1 + ε2ϑi,2

(3.24)

where ϕi,2 =
2χTi,1χi,1+2ς2i√

(2χTi,1χi,1+2ς2i )zTi,1zi,1+ε22

. Also utilizing Young’s inequality yields

zTi,1ρ
−1
i ēai,2 ≤ α1z

T
i,1ρ
−1
i zi,1 +∆i,1 (3.25)

where ∆i,1 = 1
4α1
eTai,2ρ

−1
i ēai,2.
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Then to use Lyapunov stability theory, consider the following Lyapunov function

Vi,1 =
1

2
zTi,1ρ

−1
i zi,1 +

1

2γi,2
ϑ̃2
i,2 (3.26)

where γi,2 > 0 is a design parameter, ϑ̃i,2 = ϑi,2− ϑ̂i,2 with ϑ̂i,2 being the estimation

of ϑi,2.

From (3.22) and (3.24), the time derivative of Vi,1 can be computed as

V̇i,1 = zTi,1ρ
−1
i żi,1 +

1

2
zTi,1ρ̇

−1
i zi,1 +

1

γi,2
ϑ̃i,2

˙̃ϑi,2

= zTi,1Ji (η
c
i + zi,2)− α1z

T
i,1ρ
−1
i zi,1 + zTi,1Ξi,1χi,1

+zTi,1ρ
−1
i ēai,2 + zTi,1ρ

−1
i ēbi,2 −

1

γi,2
ϑ̃i,2

˙̂
ϑi,2

≤ zTi,1Ji (η
c
i + zi,2) + ϑi,2ϕi,2z

T
i,1zi,1 + ε1ϑi,2

+∆i,1 −
1

γi,2
ϑ̃i,2

˙̂
ϑi,2

. (3.27)

Design the virtual command ηci and the adaptive law of ϑ̂i,2 as

ηci = J−1
i

(
−k1 − ϑ̂i,2ϕi,2

)
zi,1 (3.28)

˙̂
ϑi,2 = γi,2ϕi,2z

T
i,1zi,1 − δi,2ϑ̂i,2 (3.29)

where k1 and δi,2 are positive design parameters.

Substituting (3.28)-(3.29) into (3.27) results in

V̇i,1 ≤ −k1z
T
i,1zi,1 + zTi,1Jizi,2 +

δi,2
γi,2

ϑ̃i,2ϑ̂i,2 +∆i,1 + ε2ϑi,2. (3.30)

Then we need to design control input ui such that η̂i will follow the virtual command

ηci , i.e., stabilize the dynamic of error zi,2. From (3.11) and (3.16), we have

żi,2 = ˙̂ηi − η̇ci

= Biui + gi − hi,1Ξi,2χi,2 − hi,2 (ēai,2 + ēbi,2)
(3.31)
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where gi = Li,2J
T
i (p̄i − p̂i)−Riη̂i− ∂ηci

∂χi,3
χ̇i,3− ∂ηci

∂φi
eT2 η̂i with χi,3 = [rTi,1, r

T
i,2, ϑ̂i,2, ςi]

T ,

e2 = [0, 1]T , Ξi,2 = [ρ̇iρ
−1
i , ρi], χi,2 = [p̄Ti , (Jiη̂i)

T ]T , hi,1 =
∂ηci
∂p̄i

and hi,2 =
∂ηci
∂p̄i

+
∂ηci
∂φi
eT2 .

Define ϑi,3 = sup
t≥0
‖Ξi,2 (t)‖ and choose another Lyapunov function

Vi,2 = Vi,1 +
1

2
zTi,2zi,2 +

1

2γi,1
ϑ̃2
i,1 +

1

2γi,3
ϑ̃2
i,3 (3.32)

where γi,1 and γi,3 are positive design parameters, ϑ̃i,κ = ϑi,κ − ϑ̂i,κ, κ = 1, 3 with

ϑ̂i,κ being the estimation of ϑi,κ. Utilizing Young’s inequality again, we can have

−zTi,2hi,1Ξi,2χi,2 ≤ ϑi,3ϕi,3z
T
i,2hi,1h

T
i,1zi,2 + ε3ϑi,3 (3.33)

−zTi,2hi,2ēbi,2 ≤ ϑi,1ϕi,1z
T
i,2hi,2h

T
i,2zi,2 + ε1ϑi,1 (3.34)

−zTi,2hi,2ēai,2 ≤ α2z
T
i,2hi,2h

T
i,2zi,2 +∆i,2 (3.35)

where ϕi,3 =
χTi,2χi,2√

zTi,2hi,1h
T
i,1zi,2χ

T
i,2χi,2+ε23

,

ϕi,1 =
ς2i√

zTi,2hi,1h
T
i,1zi,2ς

2
i +ε21

and ∆i,2 = 1
4α2
eTai,2ēai,2.

Taking (3.33) - (3.35) into consideration, we can get the time derivative of Vi,2 as

V̇i,2 = V̇i,1 + zTi,2żi,2 +
1

γi,1
ϑ̃i,1

˙̃ϑi,1 +
1

γi,3
ϑ̃i,3

˙̃ϑi,3

≤ V̇i,1 + zTi,2Biui + zTi,2gi + ϑi,3ϕi,3z
T
i,2hi,1h

T
i,1zi,2

+ϑi,1ϕi,1z
T
i,2hi,2h

T
i,2zi,2 + α2z

T
i,2hi,2h

T
i,2zi,2 +∆i,2

− 1

γi,1
ϑ̃i,1

˙̂
ϑi,1 −

1

γi,3
ϑ̃i,3

˙̂
ϑi,3 + ε1ϑi,1 + ε3ϑi,3

. (3.36)

Then design the control input ui and the adaptive law for ϑ̂i,1 and ϑ̂i,3 as

ui = B−1
i (−k2zi,2 − JTi zi,2 − gi,2 − α2hi,2h

T
i,2zi,2

− ϑi,3ϕi,3hi,1hTi,1zi,2 − ϑi,1ϕi,1hi,2hTi,2zi,2)
(3.37)
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˙̂
ϑi,3 = γi,3ϕi,3z

T
i,2hi,1h

T
i,1zi,2 − δi,3ϑ̂i,3 (3.38)

˙̂
ϑi,1 = γi,1ϕi,1z

T
i,2hi,2h

T
i,2zi,2 − δi,1ϑ̂i,1 (3.39)

where k2, δi,1 and δi,3 are positive design parameters. Substituting (3.37)-(3.39)

into (3.36) results in

V̇i,2 ≤ −k1z
T
i,1zi,1 − k2z

T
i,2zi,2 −

3∑
k=1

δi,k
2γi,k

ϑ̃2
i,k +∆i +Ωi (3.40)

where ∆i = ∆i,1 +∆i,2 and Ωi =
∑3

κ=1

(
δi,κ

2γi,κ
ϑ2
i,κ + εκϑi,κ

)
.

Now we are in the position to present our tracking results, as summarized in the

following theorem.

Theorem 3.2. With the application of the observer (3.11) and the controller

(3.37) to the system modelled in (3.1) and (3.2), the boundedness of all the signals

in the resulting closed-loop system is guaranteed even in the presence of sensor

faults (3.3). Furthermore, it ensures that ‖p̄i − pr‖ will converge to a set which is

adjustable by appropriately choosing design parameters.

Proof. Let Ci = min (2k1ρmin, 2k2, δi,1, δi,2, δi,3), (3.40) can be rewritten as

V̇i,2 ≤ −CiVi,2 +∆i +Ωi. (3.41)

From (3.41), we have

Vi,2 (t) ≤ Vi,2 (0) e−Cit +
Ωi

Ci
(1− e−Cit) + V̄i (3.42)

where V̄i represents the effect of ∆i and decays to zero exponentially. From (3.42)

it can be concluded that all the signals in the resulting closed-loop system are

bounded. Furthermore, we can obtain that

lim
t→∞

2ρmaxVi,2 (t) ≤ 2ρmaxΩi

Ci
. (3.43)
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By choosing design parameters appropriately, then the bound
√

2ρmaxΩi/Ci can

be adjusted as small as desired for each robot.

From Theorem 3.1 and (3.43), lim
t→∞
‖ri,1− pr‖ = 0 and ‖zi,1‖2 ≤ 2ρmaxVi,2 (t). Then

we can obtain that ‖p̄i−pr‖ is bounded by a function that converges towards a set

Λ = {p̄i − pr|‖pi − pr‖ ≤ ‖pi − ri,1‖+ ‖ri,1 − pr‖ ≤ ε} (3.44)

where

ε = max(
√

2ρmaxΩi/Ci), i = 1, 2, · · · , N. (3.45)

Remark 3.3. From (3.44) and (3.45), it can be noted that the ultimate bound of

the tracking error depends on the constants Ωi and Ci. Furthermore, decreasing

Ωi/Ci can be achieved by decreasing Ωi and increasing Ci. From the expressions of

Ωi and Ci, it can be seen that they share some common design parameters, such as

δi,κ, κ = 1, 2, 3, thus it is difficult to decrease Ωi/Ci by adjusting these parameters.

Therefore, it is possible to decrease Ωi by increasing γi,κ, while increasing Ci can

be achieved by increasing ki,1 and ki,2.

Remark 3.4. Note that zri = zi,1 +
(
ρ−1
i − I2

)
p̄i. Thus, if lim

t→+∞
ρi = I2, i.e., no

sensor faults exist after a finite time instant or the sensors recover accurate mea-

surement gradually, in this case, with the proposed fault tolerant control scheme,

zri can converge to a residual set which can be made arbitrarily small by adjusting

the design parameters.

3.3 Simulation

To verify the established theoretical results, simulation study has been carried

out by considering a group of four identical WMRs with their physical parame-

ters set as follows, mi = 30, Im,i = 19, bi = 0.5, ai = 0.3, ri = 0.1, ni = 20,

Kb,i = 0.019, KT,i = 0.2639 and Ra,i = 1.6. The disturbance is assumed as τ̄d,i =
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[cos(πt/8), sin(πt/8)]T for simulation purpose, while it is unknown to designer.

The reference trajectory is given as pr(t) = [3sin(πt/16) + 1,−2cos(πt/16)]T . The

communication topology of the group is shown in Figure2.

Figure 3.2: Communication topology of the 4 WMRs.

The initial positions and orientations of the four WMRs are set as p1(0) = [0,−2, 0]T ,

p2(0) = [−0.5,−2.5, 0]T , p3(0) = [1,−2.5, 0]T and p4(0) = [0,−3, 0]T . The following

sensor faults are considered in the simulation for each WMR.

ρ1 = diag(1− 0.04e−0.1t, 1− 0.05e−0.1t),

ρ2 = diag(1 + 0.05e−0.1t, 1 + 0.05e−0.1t),

ρ3 = diag(1− 0.05e−0.1t, 1− 0.07e−0.1t cos(πt/10)),

ρ4 = diag(1 + 0.1e−0.1t cos(πt/10), 1 + 0.1e−0.1t sin(πt/10)).

The initial values of the estimator are set as ri,1(0) = pi(0), ri,2(0) = [0, 0]T , ci(0) =

2 and σ̂i(0) = [0, 0]T . The initial values of the observer are set as p̂i = η̂i = [0, 0]T .

The design parameters in the control scheme are chosen as follows, Li,1 = 3I2,

Li,2 = 2I2, k1 = k2 = 2, δi,2 = 0.2, δi,1 = δi,3 = 0.3, γi,κ = 0.4, κ = 1, 2, 3.

The simulation results are shown in Figure 3-9, which verify the effectiveness of

the proposed observer-based output feedback consensus tracking control scheme

for nonholonomic mobile robots under sensor faults.
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The proposed control scheme involves estimator, observer and controller design.

The estimator errors r̃i,1 = [r̃i,11, r̃i,12]T and σ̃i = [σ̃i,1, σ̃i,2]T are shown in Figure 3.3

and Figure 3.4 respectively, which show that the proposed estimator can estimate

the trajectory information of the leader for each robot with bounded estimation

error and thus effectively illustrate the results in Theorem 3.1.
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Figure 3.3: The estimation errors r̃i,1 of four robots. Figures in (a) and (b) respectively
show r̃i,11 and r̃i,12, i = 1, 2, 3, 4.

Overall, the trajectories and tracking errors of four robots generated by the pro-

posed controller are illustrated in Figure 3.5 - Figure 3.6, from which, it can be

seen that the effects of sensor faults can be compressed and the consensus tracking

performance can be achieved with the proposed control scheme. The control input

ui is illustrated in Figure 3.7.

To illustrate the discussions made in Remark 3.3, take Robot 1 as an example. In

terms of the observer-based controller, we also consider the following two cases:

Case 1: Change k1 by setting k1 = 2, 6 and 12 respectively, while other design

parameters are fixed as the values given above.
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Figure 3.4: The estimation errors σ̃i of four robots. Figures in (a) and (b) respectively
show σ̃i,1 and σ̃i,2, i = 1, 2, 3, 4.
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Figure 3.5: The trajectories of the four robots with the proposed control scheme. The
triangles represent the initial positions of the leader and four robots.
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Figure 3.6: The measured tracking errors zi,1 = [zi,11, zi,12]T and the real tracking error
zri = [zri,1, z

r
i,2]T of four robots with the proposed control scheme, i = 1, 2, 3, 4.
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Figure 3.7: The control input ui of four robots, i = 1, 2, 3, 4.
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Case 2: Vary γ1,1 by setting γ1,1 = 0.1, 0.4 and 0.8 respectively, with the remaining

design parameters the same as the values given earlier.

The measured tracking errors of Robot 1, z1,11, with different k1 and different γ1,1

are respectively shown in Figure 3.8 and 3.9, from which it can be observed that

the ultimate measured tracking error decrease as k1 and γ1,1 increase.
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Figure 3.8: z1,11 with different k1.
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Figure 3.9: z1,11 with different γ1,1.

3.4 Conclusion and Future Work

In this chapter, distributed output feedback consensus tracking control is studied

for multiple nonholonomic mobile robots with directed communication graph in
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the presence of sensor faults. In the proposed control scheme, a fully distributed

estimator is firstly constructed to estimate the reference trajectory for each robot

without using any global information of communication network topology. In the

presence of sensor faults, to compress the effects of sensor faults and realize de-

centralized trajectory tracking, an observer-based output feedback control law is

designed based on backstepping technique and the estimated information. The

proposed control scheme can guarantee the boundedness of all the signals in the

resulting closed-loop system. Moreover, the consensus tracking error of the sys-

tem can converge to an adjustable neighborhood of zero by appropriately choosing

design parameters. The simulation results verify the effectiveness of the proposed

control scheme.

3.5 Appendix

Consider the following Lyapunov function,

Ve =
1

2

N∑
i=1

(
2ci + βi
θi

sTi Psi +
c̃2
i

θi
+

1

θiγσ
σ̃Ti σ̃i

)
, (3.46)

where c̃i = ci − c∗ with c∗ being a constant will be defined hereinafter. Based on

(3.6) and (3.7), the time derivative of Ve can be computed as

V̇e =
N∑
i=1

(
2 (ci + βi)

θi
sTi P ṡi +

ċi
θi
sTi Psi +

c̃iċi
θi

+
1

θiγσ
σ̃Ti ˙̃σi

)
= sT

[
(c+ β)Θ ⊗

(
ATP + PA

)]
s

− sT
[
(c+ β)W (c+ β)⊗ PBBTP

]
s

−2sT [(c+ β)ΘH ⊗ PB] diag (sgn [(H ⊗K) r̃]) (1⊗ σ)

−2sT [(c+ β)ΘH ⊗ PB] (1⊗ v0)

− 2sT [(c+ β)ΘH ⊗ PB] diag (sgn [(H ⊗K) r̃]) σ̃

+ sT
[
(c+ β − c∗I)⊗ PBBTP

]
s− 1

γσ
σ̃T (W ⊗ I2) σ̃

(3.47)
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where c = diag(c1, c2, · · · , cN), β = diag(β1, β2, · · · , βN), σ̃ = [σ̃T1 , σ̃
T
2 , · · · , σ̃TN ]T .

Since H = D −A+ µ and based on Lemma 3.1, it follows that

−sT [(c+ β)ΘD ⊗ PB] diag (sgn [(H ⊗K) r̃]) (1⊗ σ)

= −
N∑
i=1

ci + βi
θi

dii
∣∣sTi KT

∣∣σ
= −

N∑
i=1

N∑
k=1

ci + βi
θi

aik
∣∣sTi KT

∣∣σ
(3.48)

sT [(c+ β)ΘA⊗ PB] diag (sgn [(H ⊗K) r̃]) (1⊗ σ)

≤
N∑
i=1

N∑
k=1

ci + βi
θi

aik
∣∣sTi KT

∣∣σ (3.49)

−sT [(c+ β)Θµ⊗ PB] diag (sgn [(H ⊗K) r̃]) (1⊗ σ)

=
N∑
i=1

ci + βi
θi

µi
∣∣sTi KT

∣∣σ (3.50)

−2sT [(c+ β)ΘH ⊗ PB] diag (sgn [(H ⊗K) r̃]) σ̃

≤ sT
[
ςλ̄U (c+ β)2 ⊗ PBBTP

]
z +

1

ς
σ̃T σ̃

(3.51)

where U = ΘHHTΘ and λ̄U = λmax(U).

Thus, substituting (3.48)-(3.51) into (3.47) results in

V̇e ≤ sT
[
(c+ β)Θ ⊗

(
ATP + PA

)]
s

− sT
[(
λW − ςλ̄U

)
(c+ β)2 ⊗ PBBTP

]
s

+ sT
[
(c+ β − c∗I)⊗ PBBTP

]
s−

(
λW
γσ
− 1

ς

)
σ̃T σ̃

(3.52)

where λW = λmin(W ). Choose ς and γσ such that

λW > ςλ̄U ,
λW
γσ

>
1

ς
. (3.53)
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Furthermore, since

sT
[
(c+ β)Θ ⊗ 3PBBTP

]
s

≤ sT
[((

λW − ςλ̄U
)

(c+ β)2 + c∗Θ
)
⊗ PBBTP

]
s

(3.54)

where c∗ = 9λmax(Θ)/4
(
λW − ςλ̄U

)
, we can obtain

V̇e ≤ sT
[
(c+ β)Θ ⊗

(
ATP + PA− 2PBBTP

)]
s

− sT
[
(c+ β − c∗I)Θ ⊗ PBBTP

]
s

+ sT
[
(c+ β − c∗I)Θ ⊗ PBBTP

]
s−

(
λW
γσ
− 1

ς

)
σ̃T σ̃

≤ sT
[
(c+ β)Θ ⊗

(
ATP + PA− 2PBBTP

)]
s−

(
λW
γσ
− 1

ς

)
σ̃T σ̃

(3.55)

Let s̄ = (IN×N ⊗ P )s. (3.55) can be rewritten as

V̇e ≤ s̄T
[
(c+ β)Θ ⊗

(
AP−1 + P−1AT − 2BBT

)]
s̄

−
(
λW
γσ
− 1

ς

)
σ̃T σ̃, −V̄e (s̄, σ̃)

(3.56)

It follows from (3.8) that AP−1 + P−1AT − 2BBT = −Q < 0, V̄e (s̄, σ̃) is positive

definite. Thus we can obtain from (3.56) that V̇e ≤ 0, which means s̄, c̃i, σ̃ and

Ve are bounded. It can also be checked that s, ṡ and ˙̄s are bounded. By taking

integration of both sides of (3.56), it has

Ve (∞) +

∫ ∞
0

V̄e (s̄, σ̃)dτ ≤ Ve (0) (3.57)

which means
∫∞

0
V̄e (s̄, σ̃)dτ is bounded. So based on Barbalat’s lemma, it has

lim
t→0
‖s̄‖ = lim

t→0
‖σ̃‖ = 0. (3.58)

Since P and H are non-sigular, it ensures that ri asymptotically converge to r0,

i.e. lim
t→∞

ri = r0.



Chapter 4

Distributed Output Feedback

Consensus Tracking Control of

Multiple Nonholonomic Mobile

Robots with Only Position

Information of Leader

In the previous chapter, distributed output feedback consensus tracking control of

multiple nonholonomic mobile robots with directed graph is investigated. However

the control scheme is developed based on the assumption that the reference tra-

jectory is represented by a virtual leader whose position and velocity information

is available to a set of follower robots. The first 2nd-order derivatives of reference

trajectory are bounded and piecewise continuous. Furthermore, dynamic uncer-

tainty is not taken into consideration. In this chapter, we address the issue of

distributed output feedback consensus tracking control of multiple nonholonomic

mobile robots under directed graph by using only position information of the leader.

To solve the problem, a new control design scheme involving three steps is proposed.

42
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Firstly, a fully distributed adaptive estimator is constructed to estimate the posi-

tion of leader for each robot via the communication topology. Secondly, to realize

feedback control, an adaptive observer is designed for each robot to estimate the

velocity information and unknown dynamic parameters. Thirdly, utilizing the es-

timated information from the estimator and observer, a feedback control law is

designed based on backstepping technique to realize trajectory tracking control for

each robot. Consequently, the main contributions and novelty of this paper are

summarized as follows:

• To the best of our knowledge, this is the first work to achieve fully distributed

consensus tracking control for multiple nonholonomic mobile robots under

directed communication topology.

• Only position information of the leader is available to a subset of follow-

ers, adaptive control is employed to deal with the requirement of velocity

information of the leader in the controller design.

• The dynamic model considered in this chapter involves parametric uncer-

tainty and unknown external disturbances.

• The boundedness of all the signals in the resulting closed-loop system are

ensured. The consensus tracking error of the system can converge to an

adjustable neighborhood of zero by appropriately choosing design parameters.

4.1 Problem Formulation

Consider a group of N wheeled mobile robots (WMRs) which is composed of two

driving wheels and one passive wheel. The posture of a WMR in Catesian coordi-

nates is described in Figure 4.1. The mass of centre is located at C, the midpoint of

the axis between two wheels is P . Taking the actuator into account, the kinematic

and dynamic models of the WMR can be given as follows [121],

q̇i = S (qi) ηi (4.1)
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M̄iη̇i + V̄ (qi, q̇i) ηi + τ̄d,i =
N̄iKT,i

Ra,i

B̄iui −
N̄2
i KT,iKb,i

Ra,i

B̄iB̄
T
i ηi (4.2)

where i = 1, · · · , N , qi = [xi, yi, φi]
T ; (xi, yi) is the position of P and φi is the orien-

tation of robot i. ηi = [vi, ωi]
T where vi and ωi are the linear and angular velocity

respectively, ui is the input voltage, τ̄d,i represents the external disturbance. Ni is

the gear ratio, KT,i is the motor torque constant, Kb,i is the counter electromotive

force coefficient, and Ra,i is the electric resistance.

S (qi) =


cosφi 0

sinφi 0

0 1

, M̄i =

mi 0

0 Im,i −mia
2
i

,

V̄ (qi, q̇i) =

0 0

0 0

, B̄i = 1
ri

1 1

bi −bi

 .

Figure 4.1: A type(2,0) wheeled mobile robot.

In these expressions, mi is the mass of the robot, Im,i is the moment of inertia, bi

is the half width of axis between two wheels and ri is the radius of each wheel, ai

is the distance between C and P .

Suppose that the interaction and information transmission among the N WMRs

are governed by a directed graph G. Labeling the leader robot as agent 0, we use

µi = 1 to indicate that robot i has access to the position information of the leader

p0(t) = [x0(t), y0(t)]T ; otherwise, µi = 0.

The control objective is to design distributed control input ui for each robot by

utilizing only locally available information obtained from the intrinsic robot and

its neighbors such that
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• All the signals in the resulting closed-loop system are globally uniformly

bounded;

• The design parameters are independent of the global information of the graph.

• The consensus error of the whole group can converge to an adjustable neigh-

borhood of zero under the situation that only position information of the

leader is available for a subset of followers.

To achieve the above mentioned objectives, the following assumptions are imposed.

Assumption 4.1. The linear and angular velocities of the leader are bounded and

piecewise continuous, and there exists a constant vector σ = [σ1, σ2]T such that

|ẋ0(t)| ≤ σ1 and |ẏ0(t)| ≤ σ2. Furthermore, σ is available to the ith robot if µi = 1.

Assumption 4.2. The directed graph contains a spanning tree with the root being

the leader.

Assumption 4.3. The unknown external disturbances τ̄i,d are bounded.

To develop and analyze the proposed control scheme, the following lemmas from

[122] and [124] are then introduced.

Lemma 4.1 ([122]). Under Assumption 4.2, the matrix H = L + µ is a positive

matrix, where µ = diag(µ1, µ2, · · · , µN). Define

θ = [θ1, θ2, · · · , θN ]T = H−11N

Θ = diag

{
1

θ1

,
1

θ2

, · · · , 1

θN

}
W = ΘH +HTΘ

(4.3)

Then θi > 0 for i = 1, 2, · · · , N and W is a positive definite matrix.

Lemma 4.2 ([124]). For any scalars ε > 0, z ∈ R, the following relationship holds:

0 ≤ |z| − z2√
z2+ε2

< ε.
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4.2 Controller Design

In this section, we will show the above described control problem is solvable by our

proposed scheme.

4.2.1 Estimator design

Denote p̄i as the estimation of p0 from the estimator designed for the ith robot.

Introduce the error variable

si =
N∑
j=1

aij (p̄i − p̄j) + µi (p̄i − p0) (4.4)

and define the estimation error as ei = p̄i − p0. Let e =
[
eT1 , · · · , eTN

]T
and s =[

sT1 , · · · , sTN
]T

, then

s = (H ⊗ I2) e. (4.5)

Based on the communication among neighbors, design the fully distributed adap-

tive estimator for the ith robot to estimate the position information of leader as

follows

˙̄pi = −c0si − diag (sig (si)) σ̂i (4.6)

˙̂σi = −
N∑
j=1

aij (σ̂i − σ̂j)− µi (σ̂i − σ). (4.7)

where c0 > 0 is a design parameter, σ̂i is the estimation of σ and sig (si) =[
si,1√
s2i,1+ε2

,
si,2√
s2i,2+ε2

]T
with ε being a positive constant. Then, we can have

ṡ = (H ⊗ I2) (−c0s− diag (sig (s)) σ̂ − 1N ⊗ ṗ0) (4.8)

Define σ̃i = σ − σ̂i, and let σ̂ =
[
σ̂T1 , · · · , σ̂T2

]T
and σ̃ =

[
σ̃T1 , · · · , σ̃T2

]T
, then

˙̃σ = − (H ⊗ I2) σ̃. (4.9)
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Theorem 4.1. Under Assumptions 4.1 and 4.2 and with the proposed adaptive

estimator given in (4.6) and (4.7), the estimation errors e and σ̃ are bounded.

Moreover, it ensures that ‖e‖ will converge to an adjustable neighborhood of zero

by appropriately choosing design parameters.

Proof. Consider the following Lyapunov function for the closed-loop system

Ve =
1

2
sT (Θ ⊗ I2) s+

1

2γe
σ̃T (Θ ⊗ I2) σ̃ (4.10)

where γe is a positive design parameter. Then

V̇e = −c0

2
sT
[(
ΘH + HTΘ

)
⊗ I2

]
s− sT (ΘH ⊗ I2) diag (sig (s)) σ̂

− sT (ΘH ⊗ I2) (1N ⊗ ṗ0)− 1

2γe
σ̃T
[(
ΘH + HTΘ

)
⊗ I2

]
σ̃

= −c0

2
sT (W ⊗ I2) s− 1

2γe
σ̃T (W ⊗ I2) σ̃

+ sT (ΘH ⊗ I2)χ (1N ⊗ σ)− sT (ΘH ⊗ I2) (1N ⊗ ṗ0)

− sT (ΘH ⊗ I2) diag (sgn (s)) (1N ⊗ σ) + sT (ΘH ⊗ I2) diag (sig (s)) σ̃

(4.11)

where χ = diag (sgn (s)− sig (s)).

From the definition of H we can obtain that,

−sT (ΘD ⊗ I2)diag (sgn (s)) (1N ⊗ σ) = −
N∑
i=1

dii
θi

∣∣sTi ∣∣σ
=

N∑
i=1

N∑
k=1

aik
θi

∣∣sTi ∣∣σ
(4.12)

sT (ΘA⊗ I2) diag (sgn (s)) (1N ⊗ σ) ≤
N∑
i=1

N∑
k=1

aik
θi

∣∣sTi ∣∣σ (4.13)

− sT (Θµ⊗ I2) diag (sgn (s)) (1N ⊗ σ) = −
N∑
i=1

µi
θi

∣∣sTi ∣∣σ (4.14)

− sT (ΘH ⊗ I2) (1N ⊗ ṗ0) =
N∑
i=1

µi
θi
sTi ṗ0 ≤

N∑
i=1

µi
θi

∣∣sTi ∣∣σ (4.15)
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where
∣∣sTi ∣∣ = [|si,1| , |si,2|]. Substituting (4.12)-(4.15) into (4.11) and using Young’s

inequality yield,

V̇e ≤ −
c0

2
sT (W ⊗ I2) s+ sT (ΘH ⊗ I2)χ (1N ⊗ σ)

+ sT (ΘH ⊗ I2) diag (sig (s)) σ̃ − 1

2γe
σ̃T (W ⊗ I2) σ̃

≤ − c̄0

2
sT s− 1

2

(
λmin (W )

γe
− ‖ΘH‖

2

λmin (W )

)
σ̃T σ̃ +∆e

(4.16)

where c̄0 = (c0 − ξe − 1)λmin (W ) and ∆e = ‖ΘH‖2‖nεσ‖2
2ξeλmin(W )

with ξe being a positive

constant.

Choose c0 and γe such that

c0 > ξe + 1 (4.17)

0 < γe <
λ2

min (W )

‖ΘH‖2
, (4.18)

then we obtain

V̇e ≤ −ceVe +∆e (4.19)

where ce = min {c̄0, γecσ} /λmin (Θ) with cσ = λmin(W )
γe

− ‖ΘH‖2
λmin(W )

. From (4.19), we

have

Ve (t) ≤ Ve (0) e−cet +
∆e

ce

(
1− e−cet

)
(4.20)

from which it can be concluded that s and σ̃ are bounded. Furthermore,

lim
t→∞

2Ve (t) ≤ 2∆e

ce
. (4.21)

Based on (4.5) and sT (Θ⊗ I2)s ≤ 2Ve (t), we also obtain that the estimation error

‖e‖ converges towards a set

Λ = {e|‖e‖ ≤ εe} (4.22)

where εe =
√

2∆e/ceλmin (HTΘH).
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Remark 4.1. Note that, the designed adaptive estimator given in (4.6) and (4.7) is

independent of any global information of the communication graph, thus it is fully

distributed. From (4.22), it can be seen that the ultimate bound of the estimation

error can be decreased by increasing c0, ξe or decreasing γe.

Remark 4.2. In case that the reference trajectory is prescribed or generated by

a virtual leader, most existing methods are developed under two types of assump-

tions: (i) the velocity information of the leader is known by all followers or a subset

of followers [79–81], (ii) the bound of velocity or input is known by all followers

[82, 84, 93, 125]. As seen from (4.6) and (4.7), our proposed estimator no longer

requires the velocity information of the leader. Also the bound σ is only needed by

a subset of robots and it is estimated by the adaptive law (4.7) for the rest robots

that cannot access the position of the leader.

4.2.2 Observer design

Since velocity measurements ηi are unavailable, thus we need to design an observer

to estimate it for controller design. Introduce a new position off the wheel axis of

the ith robot by a distance hi, which is given by

pi =

 xi

yi

+ hi

 cosφi

sinφi

 (4.23)

Then the system models in (4.1) and (4.2) can be rewritten as follows,

ṗi = Jiηi

φ̇i = ωi

η̇i = −Riηi +Biui + τd,i

(4.24)

where

Ji =

cosφi −hi sinφi
sinφi hi cosφi

, Ri =
2N̄iKT,iKb,i

Ra,ir2i

1/mi 0

0 b2
i / (Im,i −mia

2
i )

,
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Bi =
N̄iKT,i
Ra,iri

1/mi 0

0 b2
i / (Ii −mia

2
i )

, τd,i = M̄−1
i τ̄d,i.

Based on (4.24), the observer is designed as follows,

˙̂pi = Jiη̂i + Li,1 (pi − p̂i)

˙̂ηi = −R̂iη̂i + B̂iui + Li,2 (pi − p̂i)
(4.25)

where p̂i and η̂i are the estimations of pi and ηi, respectively, Li,1 and Li,2 are

observer gain matrices, R̂i = diag(R̂i,1, R̂i,2) and B̂i = diag(B̂i,1, B̂i,2) with R̂i,k and

B̂i,k representing the estimation of Ri,k and Bi,k respectively, k = 1, 2.

Define the observer errors as p̃i = pi − p̂i and η̃i = ηi − η̂i. Then from (4.24) and

(4.25), the dynamics of observer errors can be expressed as,

˙̃pi = Jiη̃i − Li,1p̃i + Li,1h̃ip̄i

˙̃ηi = −Riη̃i − R̃iη̂i + B̃iui − Li,2p̃i + τi,d

(4.26)

where R̃i = diag(R̃i,1, R̃i,2) and B̃i = diag(B̃i,1, B̃i,2) with R̃i,k = Ri,k − R̂i,k and

B̃i,k = Bi,k − B̂i,k, k = 1, 2.

The observer gain matrices Li,1 and Li,2 are then chosen such that

LTi,1Pi,1 + Pi,1Li,1 = Qi,1 > 0 (4.27)

JTi Pi,1 − Pi,2Li,2 = 0 (4.28)

with Pi,1 and Pi,2 being given diagonal positive definite matrices.

Based on Lyapunov stability theory, a Lyapunov function with the following form

is chosen to develop the adaptive laws for R̂i,k and B̂i,k

Vi,0 = p̃Ti Pi,1p̃i + η̃Ti Pi,2η̃i +
2∑

k=1

(
R̃2
i,k

2γi,rk
+

B̃2
i,k

2γi,bk

)
(4.29)
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where γi,rk > 0 and γi,bk > 0 are design parameters. Let Qi,2 = RT
i Pi,2 + Pi,2Ri.

Using (4.27) and (4.28), the time derivative of Vi,0 can be computed as,

V̇i,0 = −p̃Ti Qi,1p̃i − η̃Ti Qi,2η̃i − 2η̃Ti Pi,2R̃iη̂i

+ 2η̃Ti Pi,2B̃iui + 2η̃Ti Pi,2τi,d −
2∑

k=1

(
R̃i,k

˙̂
Ri,k

γi,rk
+
B̃i,k

˙̂
Bi,k

γi,bk

)
≤ −αi,1p̃Ti p̃i − αi,2η̃Ti η̃i−η̃Ti R̃iη̂i + η̃Ti B̃iui

−
2∑

k=1

(
R̃i,k

˙̂
Ri,k

γi,rk
+
B̃i,k

˙̂
Bi,k

γi,bk

)
+ ξi,1D

2

(4.30)

where αi,1 = λmin(Qi,1), αi,2 = λmin (Qi,2) − ‖Pi,2‖2/ξi,1 with ξi,1 being a positive

design parameter, ‖τi,d‖ ≤ D and

Since η̃i = J−1
i

˙̃pi + J−1
i Li,1p̃i, we can have,

−η̃Ti R̃iη̂i + η̃Ti B̃iui

=
(
J−1
i

˙̃pi + J−1
i Li,1p̃i

)T (
B̃iui − R̃iη̂i

)
=

2∑
k=1

(
R̃i,kϕi,rk + B̃i,kϕi,bk

)
+

2∑
k=1

(
R̃i,kψ

T
i,rk

˙̃pi + B̃i,kψ
T
i,bk

˙̃pi

) (4.31)

where ϕi,rk = −
(
J−1
i Li,1p̃i

)
k
η̂i,k, ϕi,bk =

(
J−1
i Li,1p̃i

)
k
ui,k, ψ

T
i,rk = −

(
J−1
i

)
k
η̂i,k and

ψTi,bk =
(
J−1
i

)
k
ui,k.

Let R̂i,k = R̂c
i,k + Υi,rk and B̂i,k = B̂c

i.k + Υi,bk, k = 1, 2. Then the adaptive laws of

R̂i,k and B̂i,k are respectively designed as

˙̂
Rc
i,k = γi,rkϕi,rk − δi,rkR̂i,κ, Υi,rk = γi,rk

∫ p̃ik(t)

p̃ik(0)

ψTi,rkdς (4.32)

˙̂
Bc
i.k = γi,bkϕi,bk − δi,bkB̂i,k, Υi,bk = γi,bk

∫ p̃ik(t)

p̃ik(0)

ψTi,bkdς (4.33)

where δi,rk and δi,bk are positive design parameters.
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Substituting (4.31)-(4.33) into (4.30) results in

V̇i,0 ≤ −αi,1p̃Ti p̃i − αi,2η̃Ti η̃i + ξi,1D
2 −

2∑
k=1

(
R̃i,k

˙̂
Ri,k

γi,rk
+
B̃i,k

˙̂
Bi,k

γi,bk

)

+
2∑

k=1

(
R̃i,kψi,rk ˙̃pik + B̃i,kψi,bk ˙̃pik

)
+

2∑
k=1

(
R̃i,kϕi,rk + B̃i,kϕi,bk

)
≤ −αi,1p̃Ti p̃i − αi,2η̃Ti η̃i −

2∑
k=1

(
δi,rk

2γi,rk
R̃2
i,k +

δi,bk
2γi,bk

B̃2
i,k

)
+∆i,0

(4.34)

where ∆i,0 = ξi,1D
2 +

∑2
k=1

(
δi,rk

2γi,rk
R2
i,k +

δi,bk
2γi,bk

B2
i,k

)
.

4.2.3 Controller design

Based on the estimated position p̄i from (4.6), an observer-based output feedback

control law will be designed by using backstepping technique to realize trajectory

tracking control for each robot. Firstly, we introduce two error variables

zi,1 = pi − p̄i (4.35)

zi,2 = η̂i − ηci (4.36)

where ηci is the virtual command for ηi.

Since ηi = ηci + zi,2 + η̃i, we have,

zTi,1żi,1 = zTi,1 (Jiηi − ˙̄pi)

= zTi,1 (Jiη
c
i − ˙̄pi + Jizi,2 + Jiη̃i)

. (4.37)

From Theorem 3.1, we know ‖s‖ and ‖σ̃‖ are bounded, which implies that ‖σ̂‖ and

˙̄pi are bounded. Let | ˙̄pi,1| ≤ ϑi,1, | ˙̄pi,2| ≤ ϑi,2, and ϑi = [ϑi,1, ϑi,2]T . To stabilize the

dynamic of zi,1, the virtual command ηci is designed as

ηci = J−1
i

(
−c̄i,1zi,1 − diag (sig (zi,1)) ϑ̂i

)
(4.38)
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where c̄i,1 is a positive design parameter and ϑ̂i is the estimation of ϑi with ϑ̃i =

ϑi − ϑ̂i . Furthermore, utilizing Young’s inequality, we can obtain,

zTi,1Jiη̃i ≤
zTi,1zi,1

2
+
η̃Ti η̃i

2
(4.39)

Substituting (4.38) and (4.39) into (4.37) results in

zTi,1żi,1 = −c̄i,1zTi,1zi,1 − zTi,1diag (sig (zi,1)) ϑ̂i − zTi,1 ˙̄pi + zTi,1Jizi,2 + zTi,1Jiη̃i

≤ −ci,1zTi,1zi,1 − zTi,1diag (sig (zi,1)) ϑ̂i +
∣∣zTi,1∣∣ϑ+ zTi,1Jizi,2 +

η̃Ti η̃i
2

≤ −ci,1zTi,1zi,1 + zTi,1diag (sig (zi,1)) ϑ̃i +
√

2ε‖ϑ‖+ zTi,1Jizi,2 +
η̃Ti η̃i

2

(4.40)

where ci,1 = c̄i,1 − 0.5.

By considering the following Lyapunov function

Vi,1 = Vi,0 +
1

2
zTi,1zi,1 +

1

2γi,c
ϑ̃Ti ϑ̃i (4.41)

where γi,x > 0 and γi,y > 0 are design parameters, we design the adaptation law

for ϑ̂i as

˙̂
ϑi = γi,cdiag (sig (zi,1)) zi,1 − δi,cϑ̂i (4.42)

where δi,c is positive design parameter. From (4.40) and (4.42), the time derivative

of Vi,1 can be computed as

V̇i,1 = V̇i,0 + zTi,1żi,1 −
1

γi,c
ϑ̃Ti

˙̂
ϑi

≤ V̇i,0 − ci,1zTi,1zi,1 +
δi,c
γi,c

ϑ̃Ti ϑ̂i +
√

2ε‖ϑ‖+ zTi,1Jzi,2 +
η̃Ti η̃i

2

≤ V̇i,0 − ci,1zTi,1zi,1 −
δi,c

2γi,c
ϑ̃Ti ϑ̃i +∆i,1 + zTi,1Jzi,2 +

η̃Ti η̃i
2

(4.43)

where ∆i,1 =
√

2ε‖ϑ‖+
δi,c

2γi,c
‖ϑ‖2 .
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Then we need to design control input ui such that η̂i will follow the virtual command

ηci , i.e., stabilize the dynamic of error zi,2. From (4.36) and (4.38), we have

zTi,2żi,2 = zTi,2

(
˙̂ηi − η̇ci

)
= zTi,2

[
−R̂iη̂i + B̂iui + Li,2 (pi − p̂i)− η̇ci

] (4.44)

η̇ci =
∂ηci
∂p̄i

˙̄pi +
∂ηci

∂ϑ̂i

˙̂
ϑi +

∂ηci
∂pi

Ji (η̂i + η̃i) +
∂ηci
∂φi

ēT (η̂i + η̃i) (4.45)

where ēT = [0, 1].

Utilizing Young’s inequality again, we can have

− zTi,2
∂ηci
∂pi

Jη̃i ≤
1

2
zTi,2

∂ηci
∂pi

J

(
∂ηci
∂pi

J

)T
zi,2 +

η̃Ti η̃i
2

(4.46)

− zTi,2
∂ηci
∂pi

Jη̃i ≤
1

2
zTi,2

∂ηci
∂pi

J

(
∂ηci
∂pi

J

)T
zi,2 +

η̃Ti η̃i
2
. (4.47)

Substituting (4.46) and (4.47) into (4.45) results in

zTi,2żi,2 ≤ zTi,2

(
B̂iui − gi

)
+ η̃Ti η̃i (4.48)

where

gi =
∂ηci
∂p̄i

˙̄pi +
∂ηci

∂ϑ̂i

˙̂
ϑi +

∂ηci
∂pi

Jiη̂i +
∂ηci
∂φi

ēT η̂i

− 1

2

∂ηci
∂pi

J

(
∂ηci
∂pi

J

)T
zi,2 −

1

2

∂ηci
∂φi

(
∂ηci
∂φi

)T
zi,2 − Li,2 (pi − p̂i) + R̂iη̂i

.

Based on (4.48), the control input ui is finally designed as

ui = B̂−1
i

(
−ci,2zi,2 + gi − JTi zi,1

)
(4.49)

where ci,2 is a positive design parameter. Then choose a Lyapunov function as

Vi,2 = Vi,1 +
1

2
zTi,2zi,2. (4.50)
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From (4.48) and (4.49), we can get the time derivative of Vi,2 as

V̇i,2 = V̇i,1 + zTi,2żi,2

≤ V̇i,1 − ci,2zTi,2zi,2 − zTi,2JTi zi,1 + η̃Ti η̃i

≤ −αi,1p̃Ti p̃i − αi,3η̃Ti η̃i − ci,1zTi,1zi,1 − ci,2zTi,2zi,2

−
2∑

k=1

(
δi,rk

2γi,rk
R̃2
i,k +

δi,bk
2γi,bk

B̃2
i,k

)
− δi,c

2γi,c
ϑ̃Ti ϑ̃i + ∆i

(4.51)

where αi,3 = αi,2 − 1.5, ∆i = ∆i,0 +∆i,1.

Remark 4.3. In trajectory tracking control, the tracking error is normally defined

as z = p − p0 and ṗ0, p̈0 are used in controller design based on backstepping

technique. However, in this chapter, since the velocity and input information of

the leader are unavailable, only estimation of the position information of the leader

is obtained from the proposed adaptive estimator given in (4.6) and (4.7), i.e. p̄i.

Then in controller design, to avoid the requirement of ¨̄pi in the design of ui, the

estimation of the bound of ˙̄pi is employed to design the virtual command ηci in

(4.38).

Now we are in the position to present our practical tracking results, as summarized

in the following theorem.

Theorem 4.2. With the application of the estimator (4.6) and (4.7), the observer

(4.25) and the controller (4.49) to the system modelled in (4.1) and (4.2), the

boundedness of all the signals in the resulting closed-loop system is guaranteed in

the presence of parametric uncertainty and external disturbances. Furthermore, it

is ensured that ‖pi−p0‖ will converge to a set which is adjustable by appropriately

choosing design parameters.

Proof. (4.51) can be rewritten as

V̇i,2 ≤ −CiV̇i,2 +∆i (4.52)
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where

Ci = min(
αi,1

λmin (Pi,1)
,

αi,3
λmin (Pi,2)

, 2ci,1, 2ci,2,

δi,rk, δi,bk, δi,c).

From (4.52), we have

Vi,2 (t) ≤ Vi,2 (0) e−Cit +
∆i

Ci
(1− e−Cit), (4.53)

from which it can be concluded that all the signals in the resulting closed-loop

system are bounded. Furthermore, we can obtain that

lim
t→∞

2Vi,2 (t) ≤ 2∆i

Ci
. (4.54)

By selecting design parameters Pi,k, ci,k, γi,c, γi,rk and γi,bk appropriately, then the

bound
√

2∆i/Ci can be adjusted as small as desired for each robot.

From (4.54), we have ‖zi,1‖2 ≤ 2∆i
Ci

. Then combing the results in Theorem 4.1, we

can obtain that ‖pi − p0‖ converges to a set

Λ = {pi − p0|‖pi − p0‖ ≤ ‖pi − p̄i‖+ ‖p̄i − p0‖ ≤ ε} (4.55)

where

ε = εe + max(
√

2∆i/Ci), i = 1, 2, · · · , N. (4.56)

Remark 4.4. From the definition of
√

2∆i/Ci, it can be noted that the ultimate

bound of the tracking error of each robot depends on the constants ∆i and Ci. Fur-

thermore, decreasing
√

2∆i/Ci can be achieved by decreasing ∆i and/or increasing

Ci. From the expressions of ∆i and Ci, it can be seen that they are mutually de-

pendent as they share some common design parameters, such as δi,rk , δi,bk and ξi,3,

thus it is difficult to decrease
√

2∆i/Ci by adjusting these parameters. Therefore,

it is possible to decrease ∆i by increasing γi,c, γi,rk and γi,bk, while increasing Ci

can be achieved by increasing c̄i,1 and ci,2.
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4.3 Simulation

To verify the established theoretical results, simulation study has been carried out

by considering a group of four identical WMRs with their physical parameters of

corresponding SI units set as follows, mi = 30, Im,i = 19, bi = 0.5, ai = 0.3,

ri = 0.1, Ni = 20, Kb,i = 0.019, Kt,i = 0.2639 and Ra,i = 1.6. The disturbance

is assumed as τ̄d,i = [cos(πt/8), sin(πt/8)]T for simulation purpose, while it is un-

known to designer. The communication topology of the group is shown in Figure2.

Figure 4.2: Communication topology of the 4 WMRs.

The initial positions and orientations of the four WMRs are chosen as p1(0) =

[−1.5,−1,−0.6]T , p2(0) = [0,−4, 2]T , p3(0) = [−1.5,−4, 0.5]T , p4(0) = [−2.5,−3, 0.7]T .

The initial values of the estimator and the observer are respectively given as p̄i(0) =

pi(0) and σ̂i(0) = [0.2, 0.2]T , and p̂i(0) = η̂i(0) = [0, 0]T , R̂i,1 = R̂i,2 = 0 and

B̂i,1 = B̂i,2 = 0.2. For each robot, hi is set as hi = 0.05. The design parameters in

the control scheme are chosen as follows, c0 = 4, Pi,1 = I2, Pi,2 = 2I2, Li,1 = 3I2,

c̄i,1 = 1, ci,2 = 2, δ1,r1 = δ1,r2 = 0.1, δ2,r1 = δ2,r2 = 0.2, δ3,r1 = δ3,r2 = 0.4,

δ4,r1 = 0.1, δ4,r2 = 0.4, δi,b1 = δi,b2 = 0.02, γ1,r1 = 4, γ1,r2 = 2, γ2,r1 = γ2,r2 =

γ4,r1 = γ4,r2 = 2, γ3,r1 = 2, γ3,r2 = 1, γ1,b1 = γ1,b2 = γ2,b1 = γ2,b2 = 0.05,

γ3,b1 = γ3,b2 = 0.08, γ4,b1 = γ4,b2 = 0.1.

The simulation results are shown in Figure 4.3- Figure 4.10. The estimator errors

ei = [ei,1, ei,2]T and σ̃i = [σ̃i,1, σ̃i,2]T are shown in Figure 4.3 and Figure 4.4 respec-

tively, which show that the proposed estimator can estimate the position of the

leader for each robot with bounded estimation error and thus effectively illustrate

the results in Theorem 4.1. Utilizing the estimated position information from
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Figure 4.3: The estimation errors ei = [ei,1, ei,2]T of four robots. Plots in (a) and (b)
respectively show ei,1 and ei,2, i = 1, 2, 3, 4.
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Figure 4.4: The estimation errors σ̃i of four robots. Plots in (a) and (b) respectively
show σ̃i,1 and σ̃i,2, i = 1, 2, 3, 4.
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the estimator, an observer-based controller is developed to address the parametric

uncertainty and realize trajectory tracking control for each robot. The trajectories

and tracking errors of four robots are illustrated in Figure 4.5 - Figure 4.6, from

which, it can be seen that the consensus tracking performance can be achieved with

the proposed control scheme and therefore the results of Theorem 4.2 are validated

.
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Figure 4.5: The trajectories of the four robots with the proposed output feedback
control scheme. The triangles represent the initial positions of the leader and four robots.

To further demonstrate performances of the adaptive observer quantitatively, the

observer errors are exhibited in Figure 4.7-4.8, from which it can be seen that all

these errors are bounded.

To illustrate the discussion made in Remark 4.2 and 4.4, we also consider the

following two cases:

Case 1: In terms of the designed estimator, change c0 by setting c0 = 2, 4 and 8

respectively, while other design parameters are fixed as the values given above.
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Figure 4.6: The tracking errors zi,1 = [zi,11, zi,12]T of four robots. Plots in (a) and (b)
respectively show zi,11 and zi,12, i = 1, 2, 3, 4.
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Figure 4.7: The observer errors p̃i = [p̃i,1, p̃i,2]T of four robots, i = 1, 2, 3, 4.
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Figure 4.8: The observer errors η̃i = [ṽi, ω̃i]
T of four robots, i = 1, 2, 3, 4.

Case 2: In terms of the observer-based controller, take Robot 1 as an example,

vary γ1,c by setting γ1,c = 0.25, 0.5 and 1.5 respectively, with the remaining design

parameters the same as the values given earlier.

The estimation error of Robot 2 e2,1 with different c0 and the tracking error of

Robot 1 z1,11 with different γi,c are respectively shown in Figure 4.9 and 4.10, from

which it can be noted that the ultimate estimation error and tracking error decrease

as c0 and γi,c increase.

4.4 Conclusion

In this chapter, distributed output feedback consensus tracking control is studied

for multiple nonholonomic mobile robots under directed graph by using limited

information of leader. Since only the position of the leader is available to a set of

robots, a fully distributed estimator is firstly constructed to estimate the position of

the leader for each robot without using any global information of the graph. Based
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Figure 4.9: e2,1 with different c0.
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Figure 4.10: z1,11 with different γ1,c.

on the estimated position information, to realize trajectory tracking for each robot,

an observer-based output feedback control law is designed based on backstepping

technique. The proposed control scheme can guarantee the boundedness of all the

signals in the resulting closed-loop system. Moreover, the consensus tracking error

of the system can converge to an adjustable neighborhood of zero by appropriately

choosing design parameters. The simulation results verify the effectiveness of the

proposed control scheme.



Chapter 5

Adaptive Estimator-based

Formation Maneuvering Control

of Nonholonomic Mobile Robots

In the previous two chapters, distributed consensus tracking control problems are

studied for multiple nonholonomic mobile robots. From this chapter onwards,

another class of consensus problem of multi-agent systems, namely flocking with

distance-based formation control problem, will be investigated. In this chapter,

a control strategy consisting of an adaptive estimator and a modified gradient

control law is designed to address distance-based formation shape and maneuvering

control for a group of nonholonomic mobile robots under the condition that the

desired maneuvering velocity is only known to a set of robots. The controller

design involves two steps. Firstly, an adaptive estimator is designed for each robot

to estimate the desired maneuvering velocity in either constant or time-varying

situation. Secondly, utilizing the estimated velocity, a modified gradient control

law is introduced to design linear and angular velocities based on the nonholonomic

kinematic model such that all the robots converge to the desired formation shape

and maneuvering velocity.

63
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Consequently, the main contributions and novelty of this paper are summarized as

follows:

• An adaptive estimator is proposed to estimate the desired maneuvering ve-

locity, which can be either constant or time-varying and is only known to

set of robots. It avoids to use different estimators to address constant and

time-varying cases respectively as done in [113].

• With appropriate control parameters, local asymptotic convergence to the

desired formation shape and maneuvering velocity is established for a group

of mobile robots subject to nonholonomic constraint.

5.1 Problem Formulation

5.1.1 Basic concepts on graph

Consider an undirected graph with n vertices and m edges, denoted by G = (V , E),

where V = {1, 2, · · · , n} denotes the set of vertices and E ⊂ V × V is the set of

edges between two distinct vertices. If (i, j) ∈ E , agent j is called a neighbor of

agent i. Hence the set of neighbors of agent i can be denoted as

Ni = {j ∈ V|(i, j) ∈ E}.

Let pi ∈ R2 denote the position assigned to vertex i. The stacked vector p =[
pT1 , p

T
2 , · · · , pTn

]T ∈ R2n represents the realization of G in R2. A formation of G

in R2 can be denoted by the pair (G, p). Based on an arbitrary ordering of the m

edges in E , the rigidity function ψG (p) : R2n → Rm associated with (G, p) is given

as

ψG (p) =
1

2

[
· · · , ‖pi − pj‖2, · · ·

]T
, (i, j) ∈ E

where ‖ · ‖ denotes the Euclidean norm. The rigidity of a formation is defined as

follows.
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Definition 5.1. [126] A formation (G, p) is rigid in R2 if there exists a neighbor-

hood U of p such that ψ−1
G [ψG (p)]∩U = ψ−1

K [ψK (p)]∩U where K is the complete

graph of n vertices.

One useful tool to characterize the rigidity property of a formation is the rigidity

matrix R ∈ Rm×2n, which is defined as

R (p) =
∂ψG (p)

∂p
.

Based on the rank property of R(p), the infinitesimal rigidity of a formation is

defined as follows.

Definition 5.2. [126] A formation (G, p), where p ∈ R2n and n ≥ 3, is infinitesi-

mally rigid in 2D space if rank[R(p)] = 2n− 3.

Specifically, if the formation is infinitesimally rigid in R2 and has exactly 2n − 3

edges, then it is called a minimally and infinitesimally rigid framework.

5.1.2 System model and problem formulation

Consider a group of n nonholonomic mobile robots modeled as follows,
ẋi

ẏi

θ̇i

 =


cos θi 0

sin θi 0

0 1


 vi

ωi

 , ∀i ∈ V (5.1)

where [xi, yi]
T = pi ∈ R2 and θi ∈ R are the position and orientation of robot i,

vi ∈ R and ωi ∈ R are linear and angular velocities.

Suppose that the interactions and information transmission among the n robots

are denoted as an undirected graph G = (V , E). Robot i can measure the relative

positions of its neighboring robots and obtain the information transmitted from

them. Let formation (G, p∗) be the desired formation with desired distances d =
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(· · · , dij, · · · ), ∀(i, j) ∈ E where dij = ‖p∗i −p∗j‖. In this chapter, (G, p∗) is assumed

to be an infinitesimally and minimally rigid formation in R2.

In terms of formation control, the objective is to realize the desired formation which

is formulated by the desired distances d. Define the distance error between robot

i and robot j as follows,

eij = ‖pi − pj‖2 − d2
ij ∀ (i, j) ∈ E (5.2)

From (5.2), the distance between robot i and robot j converging to dij is equivalent

to the distance error eij converging to zero, i.e., ‖zij‖ = dij ⇔ eij = 0. Furthermore,

to achieve an overall group maneuvering velocity, all the robots are required to

maneuver with the same velocity, i.e. ṗi = µd, i ∈ V . In the formation, only a

set of robots are supposed to have access to µd. Moreover, µ̇d = [µ̇d,1, µ̇d,2]T is

assumed to be bounded, i.e., |µ̇d,1| ≤ β1 and |µ̇d,2| ≤ β2 where β1 ≥ 0 and β2 ≥ 0

are unknown constants.

Therefore, the control problem in this chapter is formulated to design the linear

and angular velocities, vi and ωi, for each robot such that,

eij → 0, ∀ (i, j) ∈ E , (5.3)

ṗi → µd ∀i ∈ V . (5.4)

5.2 Controller Design

The controller design can be divided into two steps. In the first step, an adap-

tive estimator is designed to estimate the desired maneuvering velocity for each

robot. In the second step, utilizing the estimated velocity, a modified control law

is proposed to design the linear and angular velocities in such a way that eij will

converge to zero and ṗi will converge to the desired maneuvering velocity.
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5.2.1 Adaptive estimator design

Motivated by [113], the following estimator is designed to estimate µd for each

agent,

˙̂µi = −αϑi −Disgn (ϑi) (5.5)

where ϑi =
∑

j∈Ni (µ̂i − µ̂j) + ai (µ̂i − µd), Di = diag
(
β̂i

)
with β̂i being the esti-

mation of β = [β1, β2]T of agent i. α is a positive design parameter, and ai = 1

if robot i has access to µd and otherwise ai = 0 . Define the estimation errors as

µ̃i = µ̂i−µd and β̃i = β̂i− β and let µ̃ = [µ̃T1 , µ̃
T
2 , · · · , µ̃Tn ]T , β̂ = [β̂T1 , β̂

T
2 , · · · , β̂Tn ]T ,

β̃ = [β̃T1 , β̃
T
2 , · · · , β̃Tn ]T and D = diag(β̂). Then we can have the following estima-

tion error dynamics,

˙̃µ = −α [(L ⊗ I2) µ̃+ (B ⊗ I2) µ̃]−Dsgn [(L ⊗ I2) µ̃+ (B ⊗ I2) µ̃]− 1n ⊗ µ̇d

= −α (H ⊗ I2) µ̃−Dsgn [(H ⊗ I2) µ̃]− 1n ⊗ µ̇d
(5.6)

where L is the Laplacian matrix associated with graph G, B = diag(b1, b2, · · · , bn)

with at least one nonzero bi, and H , L+B. Since G is rigid, it is connected and

H is positive definite [127].

Consider the Lyapunov function

V0 =
1

2
µ̃T (H ⊗ I2) µ̃+

1

2γ
β̃T β̃. (5.7)

The time derivative of V0 can be computed as

V̇0 = µ̃T (H ⊗ I2) ˙̃µ+
1

γ
β̃T ˙̃β

= −αµ̃T (H ⊗ I2)2 µ̃− µ̃T (H ⊗ I2)Dsgn [(H ⊗ I2) µ̃]

− µ̃T (H ⊗ I2) (1n ⊗ µ̇d) +
1

γ
β̃T

˙̂
β

≤ −αµ̃T (H ⊗ I2)2 µ̃− β̂T |(H ⊗ I2) µ̃|+
∣∣µ̃T (H ⊗ I2)

∣∣ (1n ⊗ β) +
1

γ
β̃T

˙̂
β

≤ −αµ̃T (H ⊗ I2)2 µ̃− β̃T |(H ⊗ I2) µ̃|+ 1

γ
β̃T

˙̂
β

(5.8)
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The update law for β̂i is designed as follows,

˙̂
βi = γ |ϑi| (5.9)

which yields,

˙̂
β = γ |(H ⊗ I2) µ̃| (5.10)

Substituting (5.10) into (5.8) yields,

V̇0 ≤ −αµ̃T (H ⊗ I2)2 µ̃

≤ −αλminµ̃
T µ̃

(5.11)

where λmin is the minimum eigenvalue of matrix (H ⊗ I2)2.

Remark 5.1. Note that for the robots with bi = 0, the only information available

about the desired maneuvering velocity is |µ̇d,1| ≤ β1 and |µ̇d,2| ≤ β2 with β1

and β2 being unknown constants. Such a condition is much weaker than that in

[128] where µ̇ is linearly parameterized and the corresponding basis functions are

known by all the robots in the group. Unlike designing two different estimators

to respectively estimate time-varying and constant µd in [113], in this chapter, the

proposed adaptive estimator can perform well for both constant and time-varying

µd, which will be proved hereinafter. Furthermore, the upper bounds of µ̇d, β1 and

β2 which are supposed to be known in [113], are unknown and would be estimated

and compensated by adaptive technique in this chapter.

5.2.2 Modified gradient controller design

Utilizing the estimated velocity µ̂, we need to design linear and angular velocities

for each robot to realize the formulated objective. Consider the following Lyapunov

function

V1 = V0 +
1

4

∑
(i,j)∈E

e2
ij. (5.12)
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Then the time derivative of V1 is given as

V̇1 = V̇0 +
∑

(i,j)∈E

eij (pi − pj)T (ṗi − ṗj)

= V̇0 +
∑
i∈V

φTi ṗi

(5.13)

where φi =
∑

j∈Ni eij (pi − pj).

Note that the kinematics of nonholonomic mobile robots in (5.1) is a nonlinear

model. To realize exact linearization for controller design, we firstly introduce a

virtual gradient control law ṗci that involves the estimated maneuvering velocity µ̂i

as follows,

ṗci =

 ṗci,1

ṗci,2

 = −kφi + µ̂i (5.14)

where k is a positive design parameter. To make φi converge to zero and ṗi converge

to µ̂i, it requires to design vi and ωi such that,

ṗi = vihi = ṗci (5.15)

where hi = [cos θi, sin θi]
T . Define the deviation between ṗi and ṗci as εi = vihi− ṗci .

Thus, the control objective can be expressed as to make εi converge to zero. Then

we introduce the following relationship, hTi(
h⊥i
)T
 εi =

 vi − hTi ṗci
−
(
h⊥i
)T
ṗci

 (5.16)

where h⊥i = [− sin θi, cos θi]
T . Note that hi is perpendicular to h⊥i . Since the matrix

on the left side of above equation is nonsingular, vi−hTi ṗci and
(
h⊥i
)T
ṗci converging

to zero is equivalent to εi converging to zero.

Thus, to make sure εi converge to zero, the linear velocity can be designed as,

vi = hTi ṗ
c
i . (5.17)



5.2. Controller Design 70

Furthermore, from (5.16), it is required that

(
h⊥i
)T
ṗci = ‖ṗci‖ sin θ̃i = 0 (5.18)

where θ̃i = θci − θi and θci = atan2
(
ṗci,2, ṗ

c
i,1

)
, which indicates we should have

sin θ̃i = 0.

With the control command vi, the nonholonomic model in (5.1) can be expressed

as

ṗi,1 = vi cos θi

= ṗci,1 cos2 θi + ṗci,2 cos θi sin θi

= ṗci,1 −
(
ṗci,1 sin θi − ṗci,2 cos θi

)
sin θi

= ṗci,1 + ‖ṗci‖ sin θ̃i sin θi

(5.19)

and

ṗi,2 = vi sin θi

= ṗci,1 cos θi sin θi + ṗci,2 sin2 θi

= ṗci,2 +
(
ṗci,1 sin θi − ṗci,2 cos θi

)
cos θi

= ṗci,2 − ‖ṗci‖ sin θ̃i cos θi

, (5.20)

which can be summarized as

ṗi = ṗci − ‖ṗci‖ sin θ̃ih
⊥
i . (5.21)

Therefore, (5.13) can be rewritten as

V̇1 = V̇0 +
∑
i∈V

φTi

(
ṗci + ‖ṗci‖ sin θ̃ih

⊥
i

)
= V̇0 +

∑
i∈V

(
−kφTi φi + φTi µ̂i − ‖ṗci‖φTi h⊥i sin θ̃i

) (5.22)
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Next, in terms of ωi, it will be designed to ensure sin θ̃i → 0 by considering the

following Lyapunov function

V2 = V1 +
(

1− cos θ̃i

)
. (5.23)

Then the time derivative of V2 can be given as

V̇2 = V̇0 +
∑
i∈V

(
−kφTi φi + φTi µ̂i

)
+
∑
i∈V

(
θ̇ci − ωi − ‖ṗci‖φTi h⊥i

)
sin θ̃i. (5.24)

Choosing the following angular velocity

ωi = kθ sin θ̃i − ‖ṗci‖φTi h⊥i + θ̇ci (5.25)

we can have,

V̇2 = V̇0 +
∑
i∈V

(
−kφTi φi − kθ sin2 θ̃i + φTi µ̂i

)
≤ −αλminṽ

T ṽ − kφTφ− kθηTη + φT µ̂

(5.26)

where φ = [φT1 , φ
T
2 , · · · , φTn ]T and η = [sin θ̃1, sin θ̃2, · · · , sin θ̃n]T .

Remark 5.2. Based on the virtual gradient control law in (5.14) and the trans-

formation in (5.16), linearization is realized by designing the linear and angular

velocity as in (5.17) and (5.25). Unlike the controller design without linearization

in [129, 130] which can only ensure formation shape stabilization, distance-based

formation maneuvering can be achieved with the modified gradient based controller

design in this chapter.

Let ξ =
[
qT , µ̃T , β̃T

]T
, where q = [qT1 , q

T
2 , · · · , qTn ]T with qi = [xi, yi, θi]

T , and define

a level set Ω (r) = {ξ : V2(ξ) ≤ r} where r > 0. The main results are stated in the

following theorem.

Theorem 5.1. For a group of nonholonomic mobile robots modeled by (5.1), under

the control of designed linear and angular velocities respectively in (5.17) and (5.25)

with the estimator (5.12), if ξ(0) ∈ Ω (r0) with r0 > 0 and the design parameters
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are according to the conditions that

αλmin >
1

2
, k >

1

2
, (5.27)

asymptotic convergence of the system to the desired formation (G, p∗) and an overall

maneuvering velocity µd is ensured.

Proof. Since φ = R (p)T e with e = [· · · , eij, · · · ]T , and µ̃ = µ̂−(1n ⊗ µd), from the

property of R(p), it can be obtained that eTR (p) (1n ⊗ µd) = 0. Then it follows

that,

V̇2 ≤ −αλmin‖µ̃‖2 − k‖eTR (p)‖2 − kθ‖η‖2 + eTR (p) µ̃

≤ −
(
αλmin −

1

2

)
‖µ̃‖2 −

(
k − 1

2

)
‖eTR (p)‖2

− kθ‖η‖2 ≤ 0

(5.28)

Since V̇2 ≤ 0, Ω (V2(ξ(0))) ⊆ Ω (r0) is positively invariant. Let M = {ξ : V2(ξ) =

0}, the system starting from any point in Ω (V2(ξ(0))) converges to the largest

invariant set inM∩Ω (V2(ξ(0))) by the invariance principle [131]. Then from (5.28)

we can get ‖µ̃‖ → 0, ‖eTR(p)‖ → 0 and ‖η‖ → 0. For some sufficiently small r0

and for all points in the set Ω (r), the formation (G, p) is minimally infinitesimally

rigid and close to the desired formation, which implies that R(p) is of full row rank

[126, 132]. Under this condition, it can be obtained that R (p)T e = 0⇒ e = 0, i.e.,

the system asymptotically converges to the desired formation. From (5.14) and

(5.15), it can be obtained that ṗi → µ̂i. Since µ̃ → 0, it follows that ṗi → µd. In

summary, under the proposed control scheme, the system asymptotically converges

to the desired formation and maneuvering velocity.
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5.3 Simulation

To verify the established theoretical results, simulation study has been carried

out. In the simulation, a group of four unicycle mobile robots is considered. The

desired formation is a square as shown in Figure 1 with the robots located at the

four vertices. There are five edges as shown in the figure. It can be verified that the

formation is minimally infinitesimally rigid. Besides, the desired distances between

robots that represent the desired formation are set as d12 = d14 = d23 = d34 = 2

and d13 = 2
√

2. In the formation, only robot 1 and robot 2 have access to µd, i.e.

a1 = a3 = 1 and a2 = a4 = 0. The units of all variables are the SI units.

Figure 5.1: The desired formation.

The initial positions and orientations of the four robots are set as q1(0) = [1.35, 3.05, 0.785]T ,

q2(0) = [0.36, 0.52,−0.785]T , q3(0) = [2.81, 0.125, 0]T and q4(0) = [3.32, 2.61,−1.571]T .

The proposed control scheme consists of an adaptive estimator and a modified gra-

dient controller. The initial estimations, µ̂i(0) and β̂i(0), are set as zero. Further-

more, according to (5.27), the control parameters are designed as α = 12, γ = 0.8,

k = 1 and kθ = 3.

In the simulation, both time-varying and constant maneuvering velocities are taken

into account to demonstrate the effectiveness of the proposed control scheme.
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5.3.1 Case 1: time-varying case

In the time-varying case, µd is set as

µd (t) =

 2 + 0.5 sin (0.15t)

1.5 cos (0.15t)

 .
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Figure 5.2: The trajectories of the four robots. Black, blue and red shapes denote the
formation shapes of the system at 0s, 10s and 20s, respectively.

Overall, the trajectories of the four robots are shown in Figure 5.2, from which, it

can be seen that the four robots achieve and maintain the formation during their

motions. The estimation errors µ̃i of the proposed estimator are shown in Figure

5.3, from which it can been shown that the proposed estimator can estimate the

desired maneuvering velocity for each robot.

Now the performance of the controller is assessed. The formation shape control

performance in terms of distance errors eij, ∀ (i, j) ∈ E is illustrated in Figure 5.4.

As observed from the figure, the distance errors between pairs of robots converge

to zero, which means the system converge to the desired formation. Additionally,

in terms of the maneuvering velocities of four robots ṗi = [ẋi, ẏi]
T , which are shown
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Figure 5.3: The estimation error µ̃i,j , i = 1, 2, 3, 4, j = 1, 2.

in Figure 5.5, it can be found that all agents approach the desired maneuvering

velocity and then maintain this velocity with the proposed controller.
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Figure 5.4: The distance errors between pairs of robots.
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ẋ40 0.2 0.4 0.6 0.8 1

-10

-5

0

5

(a)

0 5 10 15 20

Time (sec)

-10

-5

0

5

10

V
el

o
ci

ty
 (

m
/s

)

µd,2

ẏ1
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Figure 5.5: The maneuvering velocities ṗi = [ẋi, ẏi]
T of four robots. Figures in (a) and

(b) respectively show ẋi and ẏi, i = 1, 2, 3, 4.

5.3.2 Case 2: constant case

In the constant case, µd is set as µd = [1.5, 1.5]T .

The trajectories of the four robots are shown in Figure 5.6, from which, it can

also be seen that the four robots achieve and maintain the formation during their

motions. Meanwhile, the distance errors between pairs of agents converge to zero

as observed from Figure 5.7. Additionally, as can be seen in Figure 5.8, all agents

approach the desired maneuvering velocity.
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Figure 5.6: The trajectories of the four robots.
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Figure 5.7: The distance errors between pairs of robots.

5.4 Conclusion

An adaptive control scheme for formation maneuvering control of mobile robots

subject to nonholonomic constraint is proposed in this chapter. The control objec-

tive is to achieve the desired distance-based formation shape and a overall maneu-

vering velocity, which can be either constant or time-varying. The control scheme
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ẋ2

ẋ3
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Figure 5.8: The maneuvering velocities ṗi of four robots. Figures in (a) and (b)
respectively show ẋi and ẏi, i = 1, 2, 3, 4

.

consists of two main steps. In the first step, an adaptive estimator is designed

to estimate the desired maneuvering velocity for each robot. In the second step,

utilizing the estimated velocity, a modified gradient control law is designed based

on the nonholonomic kinematics to ensure the system achieve the desired forma-

tion shape and maneuver with the desired velocity. Choosing appropriate control

parameters, local asymptotic convergence of the system is established. Meanwhile,

simulation study is carried out to verify the effectiveness of the proposed control

scheme.



Chapter 6

Distributed Adaptive Control for

Distance-based Formation and

Flocking control of Multi-Agent

Systems

In the previous chapter, flocking with distance-based formation control of multiple

nonholonomic mobile robots with undirected formation shape graph is addressed.

However, the proposed control scheme can only be applied to first-order dynamics

without parametric uncertainty under undirected formation shape graph. In this

chapter, an adaptive control strategy for distance-based formation and flocking

control of multi-agent systems is proposed. Since it is really difficult to consider

general directed graphs, similar to most existing works, we focus on minimally

persistent graph. We first study a system with LFF type triangular structure,

which means the system only consists of three agents, i.e., the leader with time-

varying velocity, the first follower and the follower. The three agents are modeled

by nonidentical second-order dynamics with parametric uncertainty. To solve our

formulated problem, adaptive technique is employed to estimate and compensate

for the unknown parameters. Furthermore, by introducing two new variables that

79
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involve distance error and velocity error and utilizing them in the controller design,

it is established that all agents in the formation globally converge to the desired

formation and to the velocity of the leader. Then, the LFF type system is induc-

tively extended to N -agent system, in which the proposed control strategy can be

applied.

Consequently, the contributions and novelty of this paper are summarized as fol-

lows:

• Global convergence of all agents in the system to the desired formation and

to the time-varying velocity of the leader is achieved simultaneously.

• The agents are modeled as nonidentical second-order dynamics with para-

metric uncertainty. In controller design, adaptive update laws are designed

to estimate and compensate for the unknown parameters.

6.1 Problem Formulation

Consider a group of N agents moving in the 2D Euclidean space, which can be

modeled as follows,

ṗi = vi

v̇i = ui + ϕi (vi)
T θi

∀i ∈ V (6.1)

where pi ∈ <2, vi ∈ <2 and ui ∈ <2 are the position, velocity and input of agent i.

θi ∈ <li is a vector of unknown constants and ϕi(vi) is a matrix with appropriate

dimensions of known smooth nonlinear functions. The system model described in

(6.1) allows the agents to have nonidentical dynamics with parametric uncertainty.

Clearly this class of systems is more general than those described as single- or

double-integrator in most of existing work including [1, 2, 118] and those exactly

known second-order dynamics in [133].

Suppose that the interactions and information transmission among the N agents

can be modeled by a directed graph G. In distance-based formation control, the
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objective is to realize the desired formation which is formulated by the desired

distances between agents. For a given graph G, the desired distances are given as

d = (· · · , dij, · · · ), ∀(i, j) ∈ E where dij > 0 is the desired distance between agent

i and agent j. In this chapter, zij ∈ <2 and eij are respectively defined as the

relative position and the distance error as follows,

zij = pi − pj ∀ (i, j) ∈ E (6.2)

eij = ‖zij‖2 − d2
ij ∀ (i, j) ∈ E (6.3)

From (6.3), the distance between agent i and agent j converging to dij is equivalent

to the distance error eij converging to zero, i.e., ‖zij‖ = dij ⇔ eij = 0. Therefore,

to achieve the desired formation shape, it is required to make all of eij converge to

zero. Furthermore, assign Agent 1 as the leader, to achieve the flocking behavior,

the other agents are required to approach the velocity of the leader. Thus, the

control objective of this paper can be expressed as designing controller for each

agent such that

ṽ1i → 0 ∀i ∈ V , i 6= 1 (6.4)

‖zij‖ → dij ∀ (i, j) ∈ E (6.5)

where ṽ1i = v1 − vi is the velocity error between agent 1 and agent i.

Firstly, we focus on the multi-agent system with LFF type triangular structure, as

shown in Figure 6.1 where Agent 1 is assigned as the leader, Agent 2 is called the

first follower and Agent 3 is the follower. The leader is supposed to perform the

following dynamics by human operator or self-navigation,

ẋ1 (t) = v1 (t)

v̇1 (t) = a1 (t) .
(6.6)

In this case, the velocity of the leader is time-varying.

Remark 6.1. Note that global convergence for distance-based formation control

of an LFF system is achieved in [1], but it assumes each agent to be a single
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Figure 6.1: The system setup of LFF in Cartesian coordinates (Taken from [1]).

integrator and the velocity of the leader is a constant vector. Furthermore, it is

pointed out that extending such simple dynamics to high-order dynamic systems is

very complicated. As addressed in [2, 120], for distance-based formation control of

agents modeled as double-integrators, there is no complete solution that can ensure

a global convergence for a group of agents in the constant or time-varying leading

velocity case. Thus, it is actually an important yet difficult problem to achieve

global stability for agents with unknown second-order dynamics in the case that

the leading velocity is time-varying.

To solve the mentioned distance-based formation and flocking control problem of

a LFF system, we need the following assumptions:

Assumption 6.1. The information, v1(0) and a1(t) expressed in (6.6), of the leader

can be obtained by all the agents in the formation. Moreover, v1(t) and a1(t) are

assumed to be bounded.

Assumption 6.1 is equivalent to that v1(t) is known, as it can be derived from

v1(0) and a1(t). Actually, for the case of double-integrator agents in [112] and [2],

the velocity of the leader is also assumed to be known, but it is a constant which

implies a1 is 0.

Assumption 6.2. The desired formation for the system given in Figure 1 is real-

izable. The necessary and sufficient condition for the existence of a realization is

given as follows,

d12 < d13 + d23

d23 < d12 + d13

d13 < d12 + d23
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Assumption 6.3. [1, 114] The desired formation is minimally persistent obtained

as the result of a Henneberg sequence.

6.2 Controller Design

In this section, the control laws for the first follower and follower in the LFF system

will be designed separately, and then the extension of LFF system to N -agent

system will be derived.

6.2.1 Controller Design for the First Follower

Introduce a new variable v̄12 = ṽ12 + kp2h2 where

h2 = e12z12, (6.7)

kp2 is a positive design parameter.

Remark 6.2. The introduction of variable v̄12 is a key technique to achieve global

stability in the proposed control strategy. Note that, v̄12 involves distance error

e12 and velocity error ṽ12. If v̄12 → 0 and h2 → 0, then ṽ12 → 0. Utilizing v̄12, the

proposed controller makes h2 and the velocity error ṽ12 converge to zero, which will

be established subsequently. Afterwards, based on the stability analysis, it can be

proved that the first follower will converge to the desired formation by choosing

appropriate control parameters.

Firstly we derive an adaptive law to estimate the unknown parameter in the dy-

namic model of the first follower. Define θ̂2 as the estimate of θ2.

Choose a Lyapunov function candidate as

V2 =
1

4
e2

12 +
1

2
v̄T12v̄12 +

1

2
θ̃T2 Γ2θ̃2 (6.8)



6.2. Controller Design 84

where θ̃2 = θ2− θ̂2 and Γ2 is a user defined positive definite matrix with appropriate

dimension. Then, the time derivative of V2 can be computed as

V̇2 =
1

2
e12ė12 + v̄T12

˙̄v12 + θ̃T2 Γ2
˙̃θ2

= e12z
T
12 (v̄12 − kp2h2) + v̄T12(a1−u2 − ϕT2 θ2 + kp2ḣ2)− θ̃T2 Γ2

˙̂
θ2.

(6.9)

Based on (6.9), the control law and the parameter update law are designed as

u2 = kv2v̄12 + a1 − ϕT2 θ̂2 + kp2ḣ2 + h2 (6.10)

˙̂
θ2 = −Γ−1

2 ϕ2v̄12 (6.11)

where kv2 is a positive design parameter and from (6.7)

ḣ2 = 2z12z
T
12ṽ12 + e12ṽ12. (6.12)

Substituting (6.10) and (6.11) into (6.9) yields

V̇2 = −kp2‖h2‖2 − kv2‖v̄12‖2 ≤ 0 (6.13)

Lemma 6.1. With the application of control law (6.10) and parameter update

law (6.11) to the first follower, all the signals in the resulted closed-loop system

are bounded. In addition, h2 and the velocity error ṽ12 asymptotically converge to

zero, i.e., h2 → 0 and ṽ12 → 0 as t→∞.

Proof. From (6.8) and (6.13), it can be obtained that V2 ≥ 0 and V̇2 ≤ 0, therefore,

e12, z12, v̄12, ṽ12 and θ̂2 are bounded. Then, based on (6.9) and (6.13), it can be

established that V̈2 is bounded. By applying Barbalat’s lemma [131], we can obtain

V̇2 → 0, i.e.,

lim
t→∞

(‖h2‖+ ‖v̄12‖) = 0 (6.14)

Hence, the asymptotic convergence of the velocity error (i.e., ṽ12 → 0 as t → ∞)

can be derived from (6.7).
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Remark 6.3. It should be noted that with the existing distance-based gradient

control, the results in Lemma 6.1 cannot be obtained. Technically, if applying such

an approach here, the following Lyapunov function would be considered

W =
1

4
e2

12 +
1

2
ṽT12ṽ12 +

1

2
θ̃T2 Γ2θ̃2

which could yield the control law and parameter update law as u2 = kv2v̄12 +

e12z12 + a1 − ϕT2 θ̂2 and
˙̂
θ2 = −Γ−1

2 ϕ2ṽ12, respectively. Then the resulting time

derivative of W would be

Ẇ = −kv2ṽ
T
12ṽ12 ≤ 0,

from which only the global convergence of ṽ12 to zero could be obtained. In this

chapter, based on the introduction of the new variable v̄12, the proposed control

law (6.10) with parameter update law (6.11) ensures the asymptotic convergence

of both h2 and ṽ12, which is crucial in establishing the global convergence of the

follower to the desired formation and to the velocity of the leader, as seen in the

following analysis.

Lemma 6.2. The states of the first follower converge to one of the following two

equilibrium points,

1) e12 = 0, ṽ12 = 0; (6.15)

2) z12 = 0, ṽ12 = 0. (6.16)

Proof. Based on Lemma 6.1, e12z12 and ṽ12 converge to zero. From the definition

of e12 in (6.3), it can be found that e12 and z12 cannot be zero at the same time.

Therefore, the states of the first follower can only converge to one of the two

equilibrium points: e12 = 0 and ṽ12 = 0 or z12 = 0 and ṽ12 = 0.

From Lemma 6.2, there are two global equilibrium points in the solution space and

the one in (6.15) is the desired equilibrium point. If the equilibrium point (6.16)

is unstable, then from Lemma 6.2 the other one (6.15) is globally stable which

will ensure the first follower converges to the desired formation. By analyzing the
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stability of the system and choosing the design parameters appropriately, this can

be achieved, as summarized in following theorem.

Theorem 6.1. The convergence of the first follower to the desired formation, i.e.,

e12 → 0 and ṽ12 → 0 as t→∞, is ensured by the control law (6.10) and parameter

update law (6.11) with the design parameters kp2 and kv2 chosen according to the

following guideline,

kp2d
2
12 − kv2 > 0.

Proof of Theorem 6.1. Define φ = [φT1 φT2 ]T = [zT12 ṽ
T
12]T and consider the following

dynamics:

φ̇1 = ṽ12 = f1

φ̇2 = −ϕT2 θ̃2 − kv2v̄12 − kp2ḣ2 − h2 = f2.

Let f = [fT1 fT2 ]T . To analyze the stability of the equilibrium point (6.16), the

above dynamics is linearized as follows,

∂f

∂φ

∣∣∣∣
φ=0

=

 ∂f1
∂φ1

∂f1
∂φ2

∂f2
∂φ1

∂f2
∂φ2

∣∣∣∣∣∣
φ=0

=

O2×2 I2

γ21I2 γ22I2

 = A.

where γ21 = (kp2kv2 + 1) d2
12 and γ22 = kp2d

2
12− kv2. Calculating det (λI4 − A) = 0,

the characteristic equation of matrix A is given as

λ4 − 2γ22λ
3 +

(
γ2

22 − 2γ21

)
λ2 + 2γ21γ22λ+ γ2

21 = 0 (6.17)

Utilizing the Routh-Hurwitz stability criterion, it can be obtained that, there is

at least one solution which has positive real part if γ22 > 0. Therefore, if kp2 and

kv2 are chosen such that kp2d
2
12 − kv2 > 0, the equilibrium point (6.16) is unstable.

In this case, since the system is asymptotically stable from Lemma 6.1, the other

equilibrium point (6.15) is globally stable. It means that the first follower will
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converge to the desired formation stated in (6.4) and (6.5) if kp2 and kv2 satisfy

kp2d
2
12 − kv2 > 0.

Remark 6.4. The above proof process is a common way to analyze the stability

of such systems which has been used in [116] and [1]. However, in contrast to the

approach there, we need to consider how to choose appropriate control parameters

based on the stability analysis to make sure that only the equilibrium point (6.15)

is stable in this chapter.

6.2.2 Controller Design for the Follower

Using a similar controller design process as done for the first follower, a new variable

v̄13 = ṽ13 + kp3h3 is firstly introduced for the follower by defining

h3 = e13z13 + e23z23 (6.18)

where kp3 is a positive design parameter. It can also be noted that, if v̄13 → 0 and

h3 → 0, then ṽ13 → 0.

The control law and parameter update laws for the follower are designed as

u3 = kv3v̄13 + a1 − ϕT3 θ̂3 + kp3ḣ3 + h3 (6.19)

˙̂
θ3 = −Γ−1

3 ϕ3v̄13 (6.20)

where kv3 is another positive design parameter, Γ3 is also a user defined positive

definite matrix with appropriate dimension, θ̂3 is the estimate of θ3, and based on

(6.18)

ḣ3 = 2z13z
T
13ṽ13 + e13ṽ13 + 2z23z

T
23(v2 − v3) + e23(v2 − v3), (6.21)

in which v2 is the velocity of the first follower.
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To analyze the stability of the proposed controller for the follower, consider the

following Lyapunov function,

V3 =
1

4
e2

13 +
1

4
e2

23 +
1

2
v̄T13v̄13 +

1

2
θ̃T3 Γ3θ̃3 (6.22)

where θ̃3 = θ3 − θ̂3.

Then, the time derivative of V3 is given as

V̇3 =
1

2
e13ė13 +

1

2
e23ė23 + v̄T13

˙̄v13 + θ̃T3 Γ3
˙̃θ3

= e13z
T
13ṽ13 + e23z

T
23 (ṽ13 − ṽ12)− θ̃T3 Γ3

˙̂
θ3

+ v̄T13

(
a1 − u3 − ϕT3 θ3 + kp3ḣ3

)
= −kp3

(
e13z

T
13 + e23z

T
23

)
h3 − e23z

T
23ṽ12

− v̄T13ϕ
T
3 θ̃3 − kv3v̄

T
13v̄13 − θ̃T3 Γ3

˙̂
θ3

= −kp3‖h3‖2 − kv3‖v̄13‖2 − e23z
T
23ṽ12

≤ −kp3‖h3‖2 − kv3‖v̄13‖2 + ‖e23z23‖‖ṽ12‖.

(6.23)

Lemma 6.3. [1] Applying the proposed control (6.19) and parameter update law

(6.20) to the follower, all the signals in the resulted closed-loop system are bounded.

Lemma 6.4. ‖h3‖ and ‖v̄13‖ shown in (6.23) converge to zero, i.e., ‖h3‖ → 0 and

‖v̄13‖ → 0, as t→∞.

Proof. From Lemma 6.3, V3 is bounded, thus, there exists η > 0 such that ‖e23z23‖ <

η. Furthermore from Lemma 6.1, ṽ12 → 0 as t → ∞. Therefore, for any ε > 0,

there exists T > 0 such that ‖ṽ12‖ < ε when t > T . Then, it can be obtained that

for t > T

−µ(t)− ζ < V̇3 < −µ(t) + ζ

where µ(t) = kp3‖h3‖2 + kv3‖v̄13‖2 and ζ = εη. If lim
t→∞

µ (t) = 0, then the proof

is completed. Otherwise, V̇3 ≤ 0 for all sufficiently large t. Therefore, V3 is a

decreasing function and

lim
t→∞

V3 = M ≥ 0
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Hence, applying Barbalat’s lemma, it can be obtained that V̇3 → 0, then lim
t→∞
‖h3‖ =

0 and lim
t→∞
‖ṽ13‖ = 0.

As it is proved that ‖h3‖ and ‖v̄13‖ converge to zero in Lemma 6.4, and moreover,

it is obvious that e13 (e23) and z13 (z23) cannot be zero at the same time, the states

of the follower will converge to one the following three equilibrium points:

1) e13 6= 0, z13 = −e23

e13

z23, ṽ13 = 0; (6.24)

2) e23 6= 0, z23 = −e13

e23

z13, ṽ13 = 0; (6.25)

3) e13 = 0, e23 = 0, ṽ13 = 0. (6.26)

Note that, the equilibrium point (6.26) represents the desired formation of the

follower. Therefore, the convergence of the follower to the desired formation is

equivalent to that the equilibrium points (6.24) and (6.25) are unstable. Applying a

similar proof process as done for the first follower, we will show that the equilibrium

points (6.24) and (6.25) are unstable. Before proceeding with stability analysis,

the following two lemmas are presented.

Lemma 6.5. [1] When the states of the follower converge to the equilibrium

point (6.24) or (6.25), it can be obtained that z13,1z23,2 − z13,2z23,1 , where z13 =

[z13,1 z13,2]T and z23 = [z23,1 z23,2]T .

Lemma 6.6. [134] When the states of the follower converge to the equilibrium

point (6.24) or (6.25) and further e12 = 0, it can be obtained that e13 + e23 < 0 .

Then we can establish the results presented in following theorem.

Theorem 6.2. Under the control law (6.19) with parameter update law (6.20),

the follower converges to the desired formation, i.e., e13 → 0, e23 → 0 and ṽ13 → 0

as t→∞.
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Proof of Theorem 6.2. Define ψ = [ψT1 ψT2 ]T = [zT13 z
T
23]T , hence, the dynamics of

ψ can be given as follows:

ψ̈1 = −ϕT3 θ̃3 − kv3v̄13 − kp3ḣ3 − h3 = g1

ψ̈2 = u2 + ϕT2 θ2 − a1 − ϕT3 θ̃3 − kv3v̄13 − kp3ḣ3 − h3 = g2.

Let g = [gT1 gT2 ]T , the following Jacobian matrix can be obtained

∂g

∂ψ
=

 ∂g1
∂ψ1

∂g1
∂ψ2

∂g2
∂ψ1

∂g2
∂ψ2

 = B.

From Lemma 6.1 and Lemma 6.4, ṽ12 → 0 and ṽ13 → 0, hence, v2−v3(= ṽ13−ṽ12)→

0. To analyze the stability of the equilibrium points (6.24) and (6.25), substituting

ṽ13 = 0 and v2 − v3 = 0 into the above Jacobian matrix, we have,

B = −k

γ31 γ32

γ31 γ32


where k = kp3kv3 + 1, γ31 = e13I2 + 2z13z

T
13 and γ32 = e23I2 + 2z23z

T
23. Therefore,

the characteristic equation of matrix B can be calculated as

λ4 + ks1λ
3 + k2 (s2 + s3)λ2 = 0 (6.27)

where

s1 = 2 (e13 + e23 + ‖z13‖2 + ‖z23‖2),

s2 = (e13 + e23) (e13 + e23 + 2‖z13‖2 + 2‖z23‖2),

s3 = 4 (z13,1z23,2 − z13,1z23,2)2.

According to Lemma 6.5, z13,1z23,2 − z13,1z23,2 = 0, i.e., s3 = 0. Therefore, the

above characteristic equation can be rewritten as follows,

λ4 + k (α + β)λ3 + k2αβλ2 = 0 (6.28)
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where α = e13 + e23 and β = e13 + e23 + 2‖z13‖2 + 2‖z23‖2.

In Theorem 6.1, the convergence of e12 is proved. From Lemma 6.6, if the states

of the system reach the equilibrium point (6.24) or (6.25) and further e12 = 0,

then α < 0. The system is unstable if at least one of the solutions of the above

characteristic equation has positive real part. According to the Routh-Hurwitz

stability criterion, the stability of the system with characteristic equation (6.28) is

related to the sign of k (α + β) and k2αβ. Since α < 0 and k > 0, we consider the

following three cases to analyze the stability of the system:

• 1) β > 0

Thus k2αβ < 0, there is at least one solution that has positive real part.

• 2) β < 0

Thus k(α + β) < 0, there is at least one solution that has positive real part.

• 3) β = 0

Thus k(α+ β) < 0 and k2αβ = 0, there is one solution that has positive real

part.

In conclusion, when the states of the system converge to the equilibrium point

(6.24) or (6.25), at least one solution of (6.28) has positive real part, hence, the

equilibrium points (6.24) and (6.25) are unstable. Therefore, the states of the

follower will converge to the equilibrium point (6.26).

Combining Theorem 6.1 and Theorem 6.2, it can be concluded that, the proposed

control strategy makes the LFF system converge to the desired formation and to

the velocity of the leader as described in (6.4) and (6.5).

6.2.3 Extension to N-agent Case

In the previous parts, global convergence of an LFF system to the desired for-

mation and to the velocity of the leader is proved. Now the convergence of an
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N -agent system to the desired formation can be inferred inductively. Without loss

of generality, similar to the inductive procedure done in [1], taking the LFF system

as a base case, a cycle-free persistent graph G is obtained as the result of a Hen-

neberg sequence containing only vertex additions. Technically, agent 4 is obtained

by adding an agent into graph of LFF using Henneberg sequence, and the resulted

graph is still cycle-free persistent graph, subsequent agents are added one by one

similarly.

An example of G for an extended 5-agent system is shown in Figure 6.2. The

control law (6.19) with parameter update law (6.20) designed for the follower can

be applied to the added agent i as,

ui = kviv̄1i + u1 + ϕT1 θ̂1i − ϕTi θ̂i + kpiḣi + hi

˙̂
θi = −Γ−1

i ϕiv̄1i

(6.29)

where v̄1i = ṽ1i + kpihi, with kpi > 0 and

hi =
∑
j∈Ni

eijzij.

Assume the obtained n-agent graph locally converges to desired formation, then

the n + 1-agent graph is obtained by adding an agent to the n-agent graph using

Henneberg sequence. Applying the control law and parameter update law in (6.29)

to the added agent, then from the above lemmas and theorems, it can be proved

that the n+1 agents locally converge to the desired formation. Based on the results

established for the LFF system (i.e. the base case), by mathematical induction, the

cycle-free persistent graph locally converges to the desired formation by applying

the designed control law.

Even though it has been established that the LFF system globally converges to

the desired formation, with the same analysis as in [1], the N -agent system locally

converges to the desired formation because there are two positions that satisfies

eij = 0 for each agent. For example, consider the system in Figure 6.3, agent 4 has

another position p̄4 satisfies e14 = e24 = 0. If agent 4 converges to p̄4, in this case
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, it may have ‖p̄34‖ > d35 + d45, which makes it impossible for agent 5 to achieve

e35 = e45 = 0, i.e., the system cannot converge to the desired formation.

Figure 6.2: The system setup of 5-agent system in Cartesian coordinates.

Figure 6.3: An example of two positions of agent 4 that satisfies e14 = e24 = 0.

6.3 Simulation

To verify the established theoretical results, simulation study has been carried out.

In the simulation, a group of five agents, whose interaction structure is shown

in Figure 6.2, is considered. Besides, the desired distances between agents that

represent the desired formation are set as d12 = d13 = d23 = d14 = d24 = 4 and

d35 = d45 = 5. The function matrices and constant vectors in the dynamics of each
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agent (6.1) are given as follows,

ϕ2 =

 0 sin (v2,2)

cos (v2,1) 0

 , θ2 =

 1

0.5

 ;

ϕ3 =

v3,1 sin (t) 0

0 v3,2 cos (t)

 , θ3 =

 0.7

0.3

 ;

ϕ4 =

 v4,2 sin (v4,2)

cos (v4,1) v4,1

 , θ4 =

 0.6

0.9

 ;

ϕ5 =

sin2 (v5,1) 0

0 cos2 (v5,2)

 , θ5 =

 0.8

0.45

 .
where vi = [vi,1vi,2]T , i = 2, 3, 4, 5.

The initial positions of the five agents are set as,

p1 (0) =
[
4 0.2

]T
, p2 (0) =

[
0.23 −2.1

]T
,

p3 (0) =
[
−0.19 2.2

]T
, p4 (0) =

[
4.3 −4.2

]T
,

p5 (0) =
[
−1.2 −3.2

]T
.

The initial velocity and acceleration of the leader are respectively set as v1(0) =

[2, 1]T and a1(t) = [0.5 cos(0.5t), 0.5 cos(0.5t)]T . The initial values of the estimates

are set as 50% of their true values. Furthermore, the design parameters of the

proposed control scheme are set as kpi = 1, kvi = 4 and Γ−1
i = 0.5I2.

Note that no theoretical result is established for this example system by using

existing methods and thus so far no method is applicable it. However, in the

simulation, a comparison with the control scheme proposed in [2] is conducted,

even though its control scheme is designed for the constant leading velocity case

and based on double-integrator model. Also since there is no adaptive law to

address the dynamic uncertainty, thus the initial value θ̂i (0) is used in the control

law. Let L be the Laplacian matrix of the graph in Figure 6.2 with the following
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form,

L =

01×1 01×4

L21 L22

 (6.30)

There exists a diagonal positive definite matrix P such that Q := PL22 +LT22P > 0

[135]. Then the control law in [2] can be given as follows,

u = −(L̄⊗ I2)v + (P−1 ⊗ I2)h− ΦT Θ̂ (0) + 1n−1 ⊗ a1 (6.31)

where u = [uT2 , · · · , uT5 ]T , h = [hT2 , · · · , hT5 ]T , L̄ = [L21 L22], Φ = diag([ϕ2, · · · , ϕ5])

and Θ̂ = [θ̂T2 , · · · , θ̂T5 ]T . In the simulation, P = diag([2, 2, 2, 2]).
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Figure 6.4: The trajectories of the five agents generated by the proposed control scheme.
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Figure 6.5: The trajectories of the five agents generated by [2].
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Overall, the trajectories of the five agents generated by the two control schemes

are respectively shown in the Figure 6.4 and Figure 6.5, from which, it can be

seen that the five agents achieve and maintain the formation during their mo-

tions with both control schemes. Now the control performance is assessed by the

formation shape control performance and velocity consensus performance. The

formation shape control performance of two control schemes in terms of distance

errors eij, ∀ (i, j) ∈ E are illustrated in Figure 6.6 and Figure 6.7, respectively. As

observed, the distances between pairs of agents converge to zero under the proposed

control scheme, however, such control objective is not achieved with the control

scheme in [2]. Additionally, from the velocities of agents as shown in Figure 6.8

and Figure 6.9, it can be seen that all agents approach the velocity of the leader

and then maintain the same velocity with the proposed control scheme, whereas ,

there exists deviations between the velocities of leader and other agents with the

control scheme in [2]. These simulations illustrate the effectiveness of the proposed

scheme and also verify the theoretical results established.
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Figure 6.6: The distance errors between agents of the proposed control scheme.

6.4 Conclusion

A distributed adaptive strategy is proposed for distance-based formation and flock-

ing control of LFF systems in this chapter. Different from existing research works
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Figure 6.7: The distance errors between agents of the control scheme in [2].
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Figure 6.8: The velocities of the five agents of the proposed control scheme. (a) and
(b) respectively show the two components, vi,1 and vi,2, of vi, i = 1, 2, 3, 4, 5.

in this area, the global stability is established in the case that the leading veloc-

ity is time-varying, and all agents are supposed to have nonidentical second-order

dynamics with parametric uncertainty. By employing adaptive technique, the un-

known parameters are estimated and compensated. The introduction of two new

variables that involve distance error and velocity error makes sure that the system

globally converges to the desired formation and all agents share a common velocity.
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Figure 6.9: The velocities of the five agents of the control scheme in [2].

The stability and effectiveness of the proposed control strategy is analyzed in the-

ory and verified through simulation results, respectively. Additionally, the result

is extended from LFF system to N -agent case.



Chapter 7

Conclusion and Future Work

In this chapter, the main results of this thesis are summarized and suggestions for

future research are provided.

7.1 Conclusion

This thesis investigates two categories consensus problems, the first one is dis-

tributed output feedback consensus tracking control of multiple nonholonomic mo-

bile robots with directed graphs in two situations (i) sensor faults occur (ii) only

position information of the leader is available to a subset of follower robots. The

other consensus problem is the flocking with distance-based formation shape con-

trol with undirected graph and LFF system.

The obtained results are summarized as follows.

1 In Chapter 3, distributed output feedback consensus tracking control of mul-

tiple nonholonomic mobile robots with directed communication graph in the

presence of sensor faults is studied. The proposed control scheme involves a

fully distributed estimator and an observer-based output feedback controller.
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The estimator, which is independent of global information of communica-

tion network topology, is constructed to estimate the reference trajectory

for each robot. Due to the presence of sensor faults, an observer-based out-

put feedback control law is designed to compress the effects of sensor faults

and realize trajectory tracking based on backstepping technique and the es-

timated information. With the proposed control scheme, the boundedness of

all the signals in the resulting closed-loop system is guaranteed and the con-

vergence of consensus tracking error to an adjustable neighborhood of zero is

established.

2 In Chapter 4, distributed output feedback consensus tracking control for mul-

tiple nonholonomic mobile robots under directed graph is addressed by using

only position information of leader. Since only the position of the leader is

available to a set of robots, a fully distributed estimator is firstly constructed

to estimate the position of the leader for each robot without using any global

information of the graph. To handle unknown parameters and realize trajec-

tory tracking for each robot, an observer-based output feedback control law

is designed based on the estimated position information. The proposed con-

trol scheme can guarantee the boundedness of all the signals in the resulting

closed-loop system and the convergence of consensus error to an adjustable

neighborhood of zero.

3 In Chapter 5, formation maneuvering control problem is investigated for mo-

bile robots subject to nonholonomic constraint. To achieve a common velocity

for the whole group, an adaptive estimator is firstly designed to estimate the

desired maneuvering velocity for each robot. Utilizing the estimated veloc-

ity, a modified gradient control law is designed based on the nonholonomic

kinematics to achieve the desired formation shape and maneuvering velocity.

With the proposed control scheme and appropriate control parameters, local

asymptotic convergence of the system is established.
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4 In Chapter 6, a distributed adaptive strategy is proposed for distance-based

formation and flocking control of LFF systems. Two new variables that in-

volve distance error and velocity error are introduced in the controller design

to makes sure that the system globally converges to the desired formation

and all agents share a common velocity. To handle the unknown parame-

ters, adaptive laws are designed to estimate unknown parameters and the

estimates are employed in the controller design. With the proposed control

strategy, the global stability is established in the case that the leading veloc-

ity is time-varying and the agent dynamics contain parametric uncertainty.

Additionally, the result of LFF system is extended to N -agent case.

7.2 Future Work

Although the consensus of multi-robot systems has been investigated in depth in

the literature and this thesis, there are still several interesting research problems

that are worthy for further research, which are outlined as follows.

1 Distributed output feedback consensus tracking control of multiple nonholo-

nomic mobile robots in the presence of sensor faults is significant in many

practical applications and has been investigated in Chapter 3. With ap-

plication of the developed smooth control law, we can only ensure that the

consensus error converges to an adjustable neighborhood of zero. Asymptotic

convergence may be achieved by using sign function to design a non-smooth

control law to achieve distributed tracking and compress the effects of sensor

faults. It can be an interesting issue for future research. It can be noted that

only position is controlled and position sensor faults are considered. There-

fore, how to realize consensus on both position and orientation in presence

of position and orientation sensor faults is worthy for further investigation.

Furthermore, dynamic uncertainty is also an important issue in practical ap-

plications. However, it is not simple to realize distributed output feedback
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consensus tracking control of multiple nonholonomic mobile robots in the

presence of both sensor faults and dynamic uncertainty. Thus, solving this

problem is also an interesting future work.

2 Distributed output feedback consensus tracking control of multiple nonholo-

nomic mobile robots is addressed in Chapter 4 using only position infor-

mation of the leader. Note that, the proposed control scheme focuses on

controlling the position without considering the orientation as done in some

existing works on multiple nonholonomic mobile robots. Thus, a controller

design that can achieve consensus of both position and orientation is worthy

for future research. Furthermore, the communication networks considered in

Chapter 4 is fixed. However, in some applications, a switching communica-

tion network is required. Thus, this is another interesting research problem.

3 An adaptive estimator-based control scheme is designed for formation maneu-

vering control of nonholonomic mobile robots in Chapter 5. In the proposed

control scheme, unmodelled dynamics and exogenous disturbances are not

considered in the system model. It is noted that [136] addressed the issue

of disturbance attenuation in distance-based formation control for a group

of single-integrators in 2D space under an undirected complete graph. In-

spired by this, studying the robustness of the proposed scheme with respect

to these uncertainties is an interesting problem in distance-based formation

control under general undirected graph network topology. However, the prob-

lem is rather challenging and requires new techniques, perhaps by following

some ideas in [137]. Thus, how to deal with such problems is worthy for

further research.

4 Distributed distance-based formation and flocking control of multi-agent sys-

tems is solved in Chapter 6. However, the controller is designed based on

the assumption that the information of the leader needs to be known by

each agent. Therefore, how to relax this condition is worthy for further in-

vestigation. Furthermore, collision avoidance is also an important issue in

the formation control. However, it is not simple and requires much effort to
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achieve collision avoidance and global stability simultaneously because of non-

linear dynamics. Finally, motion constraint such as nonholonomic dynamics

is not considered in Chapter 6, thus an extension to control such multiple

nonholonomic mobile robots would also be an interesting future research.
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