
1.  Introduction
Seismic anisotropy describes the directional dependence of elastic properties measured at the same place. 
As widely observed in the crust, the upper mantle, the transition zone, the D” layer, and the inner core 
(Long & Becker, 2010), seismic anisotropy is a key indicator for the past and present deformation processes 
in the Earth’s interior. The sources for seismic anisotropy vary in different regions. Stress-induced anisotro-
py caused by local/regional stress field and structure-induced anisotropy due to the presence of faults, sed-
imentation structures and mineral alignment are the two main types of seismic anisotropy observed in the 
upper crust (e.g., Boness & Zoback, 2006; Li & Peng, 2017). Seismic anisotropies in the lower crust, upper 
mantle and mantle transition zone are generally attributed to strain-induced lattice-preferred orientation 
(LPO) of materials, such as schists, olivine and wadsleyite, that occurs during tectonic and flow deforma-
tion (e.g., Kawazoe et al., 2013; Long & Silver, 2008; Porter et al., 2011). In addition to its wide existence, 
seismic anisotropy has the same level of effect as seismic heterogeneity on traveltime observations (Zhao 
et al., 2016). Ignoring seismic anisotropy in seismic data analysis may result in biased, inaccurate or even 
wrong interpretations of the subsurface structures and dynamic processes.

Abstract  Seismic anisotropy provides crucial information on the stress state and geodynamic processes 
inside the Earth. We develop a novel adjoint-state traveltime tomography method using P-wave traveltime 
data to simultaneously determine velocity heterogeneity and azimuthal anisotropy of the subsurface. First, 
an anisotropic eikonal equation is derived to model first-arrival traveltimes in azimuthally anisotropic 
media. Traveltime tomography is then formulated as an optimization problem constrained by the anisotropic 
eikonal equation, which is subsequently solved by the adjoint-state method. Ray tracing is not required. Its 
high accuracy is achieved by solving the anisotropic eikonal equation and the associated adjoint equation 
with efficient numerical solvers. In addition, an eikonal equation-based earthquake location method 
for azimuthally anisotropic media is developed to solve the coupled hypocenter-velocity problem. The 
tomography and earthquake location methods are applied to central California near Parkfield to test their 
performance in practice. A total of 1,068,850 first P-wave traveltimes clearly maps the velocity heterogeneity 
and azimuthal anisotropy in the upper and middle crust. The average P-wave velocity model shows a striking 
velocity contrast across the San Andreas Fault (SAF). In the upper crust, we find structural anisotropy in 
the SAF zone and stress-induced anisotropy off the SAF zone. In the middle crust, the fast P-wave velocity 
directions are generally fault-parallel due to the decreased effect of the maximum horizontal compressive 
stress. In all, the real-data application suggests that the new adjoint-state traveltime tomography method can 
be reliably used to investigate anisotropic seismic structures.

Plain Language Summary  This study is a sophisticated extension of the adjoint-state traveltime 
tomography method for isotropic media discussed in Tong (2021), https://doi.org/10.1029/2021JB021818. An 
anisotropic eikonal equation is derived to model first-arrival traveltimes in azimuthally anisotropic media. 
Following that, the adjoint-state traveltime tomography method and eikonal equation-based earthquake 
location method are developed for azimuthally anisotropic media. Neither ray tracing nor waveform modeling 
is required. The validity of the new methods is verified in central California near Parkfield, revealing 
structural anisotropy in the San Andreas Fault zone and stress-induced anisotropy off the fault zone.
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Body waves, surface waves, and ambient noise data all contain information contributed by seismic anisot-
ropy. Accordingly, a plenty of tools have been developed to study seismic anisotropy in different regions of 
the Earth’s interior by exploring different types of seismic data. Techniques using body waves include shear 
wave splitting, receiver function analysis, Pn anisotropy tomography, P-wave anisotropy tomography, and 
others (e.g., Bostock, 2003; Eberhart-Phillips & Henderson, 2004; Hearn, 1996; Silver & Chan, 1991). Shear 
wave splitting, which measures the fast polarization direction E  and the traveltime difference ΔE t between 
the fast and slow arrivals on either local or teleseismic shear waves, is a frequently used tool for seismic an-
isotropy investigation in the crust and mantle (Long, 2013; Savage, 1999). Although the technique is simple 
in theory, computationally inexpensive and possesses a good resolving ability in lateral directions, shear 
wave splitting has poor resolution in the vertical direction, especially when seismic anisotropy is resolved 
by core phases such as SKS and SKKS (Fouch & Rondenay, 2006; Long, 2013). Anisotropic receiver func-
tion analysis usually extracts seismic anisotropy information from teleseismic P-to- S conversions (e.g., Bar 
et al., 2019; Kong et al., 2018). It has extensive depth resolution at the wavelength scale of the P-to- S phase 
(Fouch & Rondenay, 2006), which is much higher than that of the shear wave splitting. However, anisotrop-
ic receiver function analysis always has difficulty in uniquely determining the multiple parameters describ-
ing an anisotropic medium from under-represented data (Fouch & Rondenay, 2006; Long, 2013). P-wave 
anisotropy tomography is capable of revealing 3-D variations of seismic anisotropy, requiring that the area 
of interest is fully illuminated by criss-crossing rays to balance the trade-off between seismic heterogeneity 
and anisotropy (Z. Huang et al., 2015; Long, 2013; Zhao et al., 2016). Pn waves place constraints on azimuth-
al anisotropy of the uppermost mantle (e.g., Basu & Powell, 2019; Hearn, 1996). The differential times of SS 
precursors provide constraints on seismic anisotropy of the mantle transition zone (Q. Huang et al., 2019). 
Notably, during the past decade, adjoint tomography based on numerically solving 3-D anisotropic elastic/
viscoelastic wave equation has emerged as a new promising tool to construct anisotropic velocity models, 
which inverts body waves and surface waves sequentially or simultaneously or directly inverts the full wave-
form contents (e.g., Fichtner & Villasenor, 2015; Tromp et al., 2005; K. Wang et al., 2020; Zhu et al., 2015).

Azimuthal anisotropy and radial anisotropy are the two basic forms of anisotropy that have been exten-
sively investigated by previous studies. Due to space limitations, the present work is focused on P-wave 
azimuthal anisotropy, but P-wave radial anisotropy will be discussed in a separate study. P-wave azimuthal 
anisotropy tomography is a proven powerful tool for studying seismic anisotropy of the crust and upper 
mantle (Zhao et al., 2016). Even though the recent wave equation-based adjoint tomography method can de-
termine P-wave azimuthal anisotropy by choosing a proper elastic wave equation to simulate the propaga-
tion of seismic waves in azimuthally anisotropic media, due to its high computational cost and using mainly 
relatively stable low-frequency data, further efforts are required to make it a routine technique for imaging 
high-resolution seismic anisotropic structures. On the other hand, the ray-based P-wave azimuthal anisot-
ropy tomography methods have been widely used to investigate seismic anisotropy inside the Earth in the 
past two decades or so (e.g., Eberhart-Phillips & Henderson, 2004; Liu & Tong, 2021; Tong et al., 2021; Wang 
& Zhao, 2008; Zhao et al., 2016). As is known, ray tracing is essential for ray-based seismic tomography 
methods. But conventional ray-tracing methods including the shooting method and bending method may 
fail to converge to the true path even in mildly heterogeneous media (Rawlinson et al., 2008). Furthermore, 
due to the increasing complexity of ray tracing in anisotropic media (Wang, 2014; Gou et al., 2018), it is a 
common practice to use seismic ray paths computed in isotropic media to approximate the corresponding 
ones in weakly anisotropic media (Tong et al., 2021). Obviously, this kind of approximation affects the accu-
racy of the computed traveltimes and the accuracy of the derivatives of the objective function with respect 
to anisotropic model parameters, and consequently distorts the final tomographic results to some extent.

In this study, we develop an alternative and robust seismic azimuthal anisotropy tomography method re-
quiring no ray tracing. Technically, the new method is an extension of the previous adjoint-state traveltime 
tomography method for isotropic media (Tong, 2021). Initially, we derive an eikonal equation specifically for 
azimuthally anisotropic media. Then the optimization problem of seismic traveltime tomography is solved 
by the efficient adjoint-state method. Following that, the optimal azimuthally anisotropic velocity model 
is obtained by using the step-size-controlled gradient descent method in an iterative manner (Tong, 2021). 
In addition, a novel earthquake location method for azimuthally anisotropic media is developed to pre-
cisely locate earthquake hypocenters. The performance of the adjoint-state seismic azimuthal anisotropy 
tomography method and the earthquake location method is tested in the region of central California near 
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Parkfield, one of the most seismologically active areas in the world. Finally, the details of the upper crustal 
anisotropy revealed by the new tomography method together with its implications of crustal dynamics and 
earthquake occurrence are thoroughly discussed.

2.  Adjoint-State Traveltime Tomography for Azimuthally Anisotropic Media
The adjoint-state traveltime tomography method for azimuthally anisotropic media is derived in this sec-
tion. Particularly, the eikonal equation for azimuthally anisotropic media, the Fréchet derivatives of the 
traveltime objective function with respect to model parameters, the multiple-grid model parameterization, 
and the numerical methods are discussed in detail.

2.1.  Eikonal Equation for Azimuthally Anisotropic Media

We consider the elliptical anisotropic eikonal equation with a point-source condition,
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where ΩE  can be viewed as the Earth volume, ( )E T x  is the traveltime field of a wave emanating from the source 
sE x  , the superscript t  represents the transpose operation on the column vector  ( )E T x  , and ( )E M x  is a sym-

metric positive definite matrix describing material anisotropy (Luo & Qian, 2012). The anisotropic eikonal 
Equation 1 has been widely used in optics, mechanics, computer vision, geosciences, medical imaging, and 
many others (e.g., Luo & Qian, 2012; Qian et al., 2007). In this study, we show that it can be used to model 
seismic azimuthal anisotropy. We denote the three mutually orthogonal unit eigenvectors of ( )E M x  by ( )E p x  , 

( )E q x  and ( )E r x  . Physically, the eigenvalues indicate the squared velocities along the corresponding eigenvec-
tor directions. To be consistent with later discussion, the eigenvalues are denoted by 2 ( )fE c x  , 2( )sE c x  , and 2( )zE c x  . 
Using basic matrix algebra, we have

     2 2 2( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),f s zM c c cx x p x p x x q x q x x r x r x� (2)

where the symbol E  represents the outer product operation.

We turn to consider the propagation of a particular seismic wave (P, SV, or SH-wave but P-wave in the pres-
ent study) in an azimuthally anisotropic medium with mirror symmetry (Figure 1). Both the fast velocity di-
rection and the slow velocity direction are in the horizontal plane. Assume that the anti-clockwise angle of 
the fast-velocity direction with respect to the E x -axis or the east is E  ( E  ) and that the angle of the slow-ve-

locity direction with respect to the E x -axis or the east is  
1
2

E  ( 
3
2

E  ). The fast velocity direction, the slow 
velocity direction and the vertical direction can be mathematically expressed by  ( ) (cos ( ),sin ( ),0)tE p x x x  , 

  ( ) ( sin ( ),cos ( ),0)tE q x x x  , and ( ) (0,0,1)tE r x  , which are mutually orthogonal. We further assume that the 
wave speeds in the fast-velocity direction, the slow-velocity direction, and the vertical direction are ( )fE c x  , 

( )sE c x  and ( )zE c x  , respectively. Without loss of generality, ( ) ( )f sE c cx x  is always assumed. Based on Equa-
tion 2, the anisotropic matrix ( )E M x  for the azimuthally anisotropic medium renders,
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For the convenience of discussion, we define three functions ( )E s x  , ( )E x  and  ( )E x  :
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and two additional functions  ( )E x  and ( )E x  :

    ( ) ( )cos2 ( ), ( ) ( )sin2 ( ).x x x x x x � (5)

Then, the anisotropic matrix (3) can be simplified,
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Following that, the eikonal Equation 1 for azimuthally anisotropic media can be written as
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We examine the wave speed in any arbitrary direction to show that the traveltime field described by the an-
isotropic eikonal Equation 7 is equal to the traveltime field computed along explicit rays under the assump-
tion of weak anisotropy. In a locally homogeneous anisotropic medium, given any two points  ( , , )E x y zx  
and      Δ ( Δ cos sin , Δ sin sin , Δ cos )E x r i y r i z r ix x  , where E  is the azimuth angle to the E x -axis and i 
is the incident angle to the vertical axis (Figure 1). According to Luo and Qian (2012), the traveltime incre-
ment Δ ( )E T x  between them is
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Thus, in the direction  (cos sin ,sin sin ,cos )E i i i  the slowness is
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Under the assumption of weak anisotropy, that is, ( ) 1E x  and  ( ) 1E x  , the directional slowness can be 
approximated by the first-degree Taylor polynomial of the right hand side of Equation 9 as

Figure 1.  The local coordinates for an azimuthally anisotropic medium. The red and green double headed arrows 
denote the horizontal fast and slow directions, respectively. The black arrow shows the direction of wave propagation. 
i is the incident angle to the vertical E z -axis. E  and E  measure the azimuthal angles of the fast velocity direction and the 
raypath to the E x -axis or east, respectively. The E y -axis points to the north.
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        
2 2( , , ) ( ) 1 cos2( )sin cos .S i s i ix x � (10)

In previous ray-based azimuthal anisotropy tomography studies (e.g., Eberhart-Phillips & Henderson, 2004; 
Z. Wang et al., 2008; Zhao et al., 2016), the P-wave slowness in the horizontal plane is usually approximated 
by        ( , ,90 ) ( ) 1 cos2( )E S sx x   , which is the same as the approximation (10). Nevertheless, it is 
challenging to precisely trace ray paths in anisotropic media, while the traveltime field ( )E T x  can be accurate-
ly computed by solving the anisotropic eikonal Equation 7 with an efficient numerical algorithm (Bouteiller 
et al., 2019; Eaton, 1993; Qian et al., 2007).

The anisotropic eikonal Equation 7 contains four model parameters ( )E s x  ,  ( )E x  , ( )E x  , and  ( )E x  . We ought 
to resolve all of them via seismic tomographic inversions. However, multiple parameters inversion still 
faces many challenges. If possible, the number of model parameters involved in seismic inversions 
should be maintained at the minimum level. Hence, we make the following three assumptions so that 
the anisotropic eikonal Equation  7 can be described by three model parameters: (a)  ( ) 0E x  , that is, 

( ) 1 / ( )zE c sx x  ; (b)  ( ) ( )E x x  , that is, ( ) ( )z fE c cx x  ; (c)   ( ) ( )E x x  , that is, ( ) ( )z sE c cx x  . In a uniform 

form,       2 2( ) ( ) ( ) ( )E x x x x  , where   0 1 1, ,  . For each assumption, only ( )E x  characterizes the 
magnitude of azimuthal anisotropy. Similar assumptions have been made in previous seismic azimuthal 
anisotropy studies (e.g., Eberhart-Phillips & Henderson, 2004; Zhao et al., 2016). Hereinafter, we use the fol-
lowing eikonal equation to describe the traveltime field of the first arrival in azimuthally anisotropic media
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We continue to discuss how to choose E  among its three possible values. As reported by Eberhart-Phillips 
and Henderson (2004), the results obtained with different choices of E  are virtually the same and the differ-
ences in the amplitude of recovered seismic anisotropy are less than one per cent. For brevity, the investiga-
tion of the minor differences caused by choosing different E  values is reserved for future studies. In all the 
synthetic and real data examples to be presented later, we assume that the vertical velocity is equal to the 
azimuthal average in the horizontal plane by setting   0E  .

2.2.  Fréchet Derivatives

First P-wave arrivals from E N earthquakes ,s nE x  (  1,2, ,E n N ) are recorded by E M seismic stations ,r mE x   
(  1,2, ,E m M ). An optimal azimuthally anisotropic velocity model   ( ), ( ), ( )E s x x x  can be found by mini-
mizing the objective function below
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where ,( )n r mE T x  and ,( )o
n r mE T x  are the calculated and observed traveltimes, respectively;  ,n mE  reflects the ex-

istence or quality of the seismic arrival corresponding to the E n -th earthquake and E m -th seismic station. 
The first-order derivatives   / s ,   /  and   /  are usually required to find the optimum value of the 
objective function    ( ), ( ), ( )E s x x x  ,which can be derived by using the adjoint-state method (Appendix A). 
The first-order derivatives can be specifically expressed in a form involving sensitivity kernels

   
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The respective sensitivity kernels with respect to the slowness ( )E s x  and two anisotropic parameters  ( )E x  and 
( )E x  are


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1
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where ( )nE P x  is the adjoint field satisfying ( ) 0nE P x  on ΩE  and
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2.3.  Model Parameterization

We choose the multiple-grid model parameterization (Tong et  al.,  2019) to discretize the model pertur-
bations  s s( ) ( )x x/  ,  ( )E x  and ( )E x  . A multiple-grid usually consists of multiple regular component grids 
placed in a staggered way (Tong, 2021). The grid nodes of the E h -th component grid are denoted by ( , , )h h h

i j kE X Y Z  
(  1 h

xE i N  ,  1 h
yE j N  ,  1 h

zE k N  ,  1E h H ). Every grid node ( , , )h h h
i j kE X Y Z  is associated with one basis 

function ( ) ( , , )h h
l lE B B x y zx  (     ( 1) ( 1)h h h

x y xE l k N N j N i ), which is defined by

( , , ) ( ) ( ) ( ),h h h h
l i j kB x y z w x w y w z� (18)

where
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
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1

0

� (19)

and similarly for ( )h
jE w y  and ( )h

kE w z  . On each component grid, the relative slowness perturbation  s s( ) ( )x x/  
can be expanded as a linear combination of the basis functions ( )h

lE B x  (  1, ,E h H ;  1, , hE l L  ;  h h h
h x y zE L N N N  )

 


 
1

( ) ( ).
( )

Lh h h
l l

l

s C B
s

x x
x� (20)

Considering that every component grid can be selected indiscriminately to define the relative slowness 
perturbation, we use the average to approximate  s s( ) ( )x x/  , that is,

 
 

 
1 1

( ) 1 ( ).
( )

LH h h h
l l

h l

s C B
s H

x x
x� (21)

Similarly, the perturbations  ( )E x  and ( )E x  can be approximated by

 

 


 
 

  
,

, ,
1 1

1( ) ( )
H Lh

h h
l l

h l
C B

H
x x� (22)

and
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 

 


 
 

  
,

, ,
1 1

1( ) ( ).
H Lh

h h
l l

h l
C B

H
x x� (23)

Plugging Equations 21–23 in Equation 13, we have

   



Ω

( ), ( ), ( ) 1 ( ) ( ) ,h
s lh

l

s
K B d

HC
x x x

x x x� (24)

 
 



  



 ,Ω

,

( ), ( ), ( ) 1 ( ) ( ) ,h
lh

l

s
K B d

HC
x x x

x x x� (25)

 
 



  



 ,Ω

,

( ), ( ), ( ) 1 ( ) ( ) .h
lh

l

s
K B d

HC
x x x

x x x� (26)

After the implementation of model parameterization, the optimization problem 12 search-
ing for an optimal azimuthally anisotropic velocity model ( ( )E s x  ,  ( )E x  , ( )E x  ) in infinite-dimension-
al function spaces is reduced to a minimization problem in a finite-dimensional vector space. 
Once the first-order partial derivatives (24–26) are computed, we can find an optimal vector 

            1 1 2 1 1 2 1 1 2
1 1 1, , 1, , 1, , 1, ,1 1 1( , , , , , , , , , , , , , , , , , )H H H

L L L L L LH H HE C C C C C C C C C C C C  by using the method of gradi-
ent descent, conjugate gradient method or some others (e.g., Fletcher & Reeves, 1964; Tromp et al., 2005; 
Virieux & Operto, 2009). In this study, a step-size-controlled gradient descent method which has an effect of 
damping optimization is utilized to find the optimal solution in an iterative manner (Tong, 2021).

2.4.  Numerical Methods

Both the anisotropic eikonal Equation 11 and the adjoint Equation 17 are numerically solved on a dense 
forward grid. As constrained by the resolving ability of seismic traveltime data, the forward grid is much 
denser than every component grid of the multiple-grid (the inversion grid). To perform numerical com-
putations, we discretize the forward traveltime field ( )nE T x  , the adjoint field ( )nE P x  , the model parame-
ters ( )E s x  ,  ( )E x  , ( )E x  , the sensitivity kernels ( )sE K x  ,  ( )E K x  ,  ( )E K x  , and the model perturbations s s( ) ( )x x/  , 
Δ ( )E x  , Δ ( )E x  all on the forward grid. Particularly, in every iteration, we determine the coefficients 

     1 1 1
1 1, , 1, ,(Δ , ,Δ ,Δ , ,Δ ,Δ , ,Δ )H H H

L L LH H HE C C C C C C  on the inversion grid first to obtain the functions (21–23) 
in the continuous Earth volume ΩE  , then we discretize the model perturbations s s( ) ( )x x/  , Δ ( )E x  , Δ ( )E x  on 
the forward grid and update the models on the forward grid.

The fast sweeping method for a class of static convex Hamilton-Jacobi equations (Luo & Qian, 2012; Qian 
et al., 2007) is applied to solve the anisotropic eikonal Equation 11, which is an accurate, efficient, and 
causality enforced numerical algorithm that converges in a finite number of iterations (Qian et al., 2007). 
Different from Luo and Qian (2012), the anisotropic eikonal equation is neither additively nor multiplica-
tively factorized. But the source singularity is mitigated by adopting the local homogenization strategy: The 
analytical solution, computed with the model parameters at the source location, is directly assigned to the 
forward grid nodes that are within three grid intervals from the source in any coordinate directions. The 
adjoint Equation 17 is solved by a different fast sweeping method designed specifically for the transport 
equation in a form of   ( ) ( ) ( ) 0n x n y n zE aP bP cP  (Leung & Qian, 2006), where E a , E b and E c are given functions 
of ( , ,E x y z ). In our numerical implementation, an extra value of n m n n

o
r mT T x y z

, ,
( ) ( ) ( )x x



 /     is added to 

the computed ,( )n r mE P x  at every receiver location ,r mE x  . If ,r mE x  does not coincide with any grid node, trilinear 
interpolation applies. Here ΔE x , ΔE y and ΔE z are the intervals of the forward grid. The fast sweeping method for 
the adjoint Equation 17 also has a good property of convergence (Leung & Qian, 2006).

2.5.  Synthetic Example

We use a synthetic example to verify the adjoint-state traveltime tomography method for azimuthally an-
isotropic media. First P-wave arrivals of 100 earthquakes recorded by 60 seismic stations are inverted to 
reconstruct the average slowness ( )E s x  and two anisotropic parameters  ( )E x  and ( )E x  (Figures 2a–2c). The 
earthquakes and seismic stations are located in the same plane and their lateral coordinates are random 
numbers between 0 and 100 (Figures 2b and 2c). The starting model is homogeneous and isotropic, which 
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can be expressed by   
 

  
 

1( ), ( ), ( ) s/km,0,0
6

E s x x x  . The perturbations of the target model from the starting 

model are assumed to be





  

 

Δ ( , , )Δ ( ) 6% ,
( ) ( , , ) 1 6%

s x y zs
s s x y z

x
x� (27)

  
 

    
 

2Δ ( ) Δ ( , , ) 4% cos ,
180

x y zx� (28)

  
 

    
 

2Δ ( ) Δ ( , , ) 4% sin ,
180

x y zx� (29)

where

  


                 

120 , if 0;2 2( , , ) sin sin , 60 , if 0.100 100
x yx y z� (30)

Individual kernels (Figures  2d–2f), event kernels (Figures  2g–2i) and misfit kernels (Figures  2j–2l) are 
computed in the starting model. As suggested by Equations 14–17, the signs (colors) of these kernels are 
determined by the traveltime residual  ,( ) ( )o

n n r mE T Tx x  at every related seismic station and the traveltime 
gradient  ( )nE T x  . Five sets of regular grid evenly staggered along the diagonal direction (Figure S1) are used 
to discretize the relative slowness perturbation s s( ) ( )x x/  and the perturbations in  ( )E x  and ( )E x  . After a to-
tal of 20 iterations, the perturbations in slowness and two anisotropic parameters are almost fully recovered 
(Figures 2m–2o). The success of this synthetic example justifies the adjoint-state traveltime tomography 
method for azimuthally anisotropic media.

3.  Earthquake Relocation in Azimuthally Anisotropic Media
Seismic traveltime tomography using earthquake data always demands for precise earthquake locations. In 
this section an eikonal equation-based earthquake location method is developed to provide the necessary 
tool for accurately locating earthquakes in azimuthally anisotropic media.

Assume that the first arrival of a discussing earthquake arrives at the seismic station ,r mE x  (  1,2, ,E m M ) at 
the time  o

mE  . ( , )sE x  is the hypocenter of the earthquake. To relocate the hypocenter, we attempt to minimize 
the following objective function

      


     
2

,
1

, ( ) ,
2

M
om

s r m m
m

Tx x� (31)

where ( )E T x  is the solution of the azimuthally anisotropic eikonal equation with the auxiliary condition 
( ) 0sE T x  . We further assume that ( )mE T x  is the solution of the azimuthally anisotropic eikonal equation 

with the auxiliary condition ,( ) 0m r mE T x  . The principle of reciprocity says that the traveltime of a particular 
seismic phase from the earthquake location sE x  to the seismic station ,r mE x  is the same as the traveltime from 
the seismic station ,r mE x  to the earthquake location sE x  (Aki & Richards, 2002), that is, ,( ) ( )r m m sE T Tx x  . The 
objective function (31) can be alternatively expressed by

      


     
2

1
, ( ) .

2
M

om
s m s m

m
Tx x� (32)

If there is an infinitesimal perturbation  ( , )sE x  in ( , )sE x  , then the corresponding perturbation in the ob-
jective function (32) is

Figure 2.  (a) The relative slowness perturbation of the target model from the starting model, Δ ( ) / ( )E s sx x  . The black lines show the fast P-wave velocity 
directions of the target model. (b) The perturbation of the target model from the starting model in the anisotropic parameter  ( )E x  . Black stars denote 100 
earthquakes. (c) The perturbation of the target model from the starting model in the anisotropic parameter ( )E x  . Red inverse triangles represent 60 seismic 
stations. (d–f) sequentially show individual kernels ( )sE K x  ,  ( )E K x  and  ( )E K x  corresponding to one pair of earthquake and seismic station. (g–i) display event 
kernels associated with the same earthquake as in (d–f). Traveltime residuals at all the 60 seismic stations contribute to the event kernels. (j–l) demonstrate the 
misfit kernels related to all the 100 earthquakes and 60 seismic stations. (m–o) show the inverted relative slowness perturbation s s( ) ( )x x/  , the inverted Δ ( )E x  
and the inverted Δ ( )E x  . The color scales for the relative slowness perturbation, the perturbations in the two anisotropic parameters and the sensitivity kernels 
are on the right hand side of the respective plots. The units for the sensitivity kernels are uniformly 2 3E s km  . The perturbations s s( ) ( )x x/  , Δ ( )E x  and Δ ( )E x  are 
unitless.
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         


           
1

, ( ) ( ) .
M

o
s m m s m s m s

m
T Tx x x x� (33)

At the minimizer ( )ˆ ˆ,sE x  the partial derivative of the objective function (32) with respect to the origin time 
is zero,

    
  

 

        
1

,
0 ( ) .

ˆ ˆ
ˆ ˆ

Ms o
m m s m

m
T

x
x� (34)

Accordingly, at an estimated location sE x  the optimal origin time can be approximated by

 







  



1

1

( )
.ˆ

M o
m m m sm

M
mm

T x
� (35)

Substituting Equation 35 into Equation 33, we have

    
  



        
1

,
( ) ( ).ˆ

Ms o
m m s m m s

ms
T T

x
x x

x
� (36)

Equations 35 and 36 define the eikonal equation-based earthquake location method for azimuthally anisotrop-
ic media. Once the estimated origin time (35) and the gradient function (36) are computed, we use the step-
size-controlled gradient descent method to find the optimal hypocenter in an iterative manner (Tong, 2021). A 
numerical experiment is conducted to show the correctness of the eikonal equation-based earthquake location 
algorithm for azimuthally anisotropic media (Text S1 and Figure S4), which also restates the importance of 
having full-azimuth data coverage and accurate velocity models for precise earthquake locations.

4.  Azimuthal Anisotropy Tomography of Central California Near Parkfield
Previous studies using teleseismic receiver functions (Audet, 2015; Ozacar & Zandt, 2009; Porter et al., 2011) 
and shear wave splitting analysis of local earthquake data (Boness & Zoback, 2006; Yang et al., 2011) reveal 
that the upper, middle and lower crust around the San Andreas Fault (SAF) near Parkfield are characterized 
by strong anisotropy. To test the new tomography method and gain additional constraints on crustal seismic 
anisotropy from P-waves, the adjoint-state traveltime tomography method for azimuthally anisotropic me-
dia is applied to central California near Parkfield to image the anisotropic velocity structure of that region.

4.1.  Tectonic Setting

The right-lateral strike-slip SAF is the transform boundary between the Pacific and North America plates 
(Figure 3). The Parkfield segment of the SAF is the transition zone between the creeping section of the SAF 
to the northwest and the locked section to the southeast (Ozacar & Zandt, 2009), where seven successive 

wE M  6.0 earthquakes occurred at an average interval of 24.5 years since the 1857 Fort Tejon earthquake. The 
2004 wE M  6.0 Parkfield earthquake is the most recent significant earthquake occurring in the transition zone 
(Figure 3). Near Parkfield the SAF separates the northeastern Franciscan Complex from the southwestern 
Salilian terrance (Figure 3) (Hole et al., 2001). The Franciscan Complex is composed of Late Cretaceous 
to early Tertiary mafic material and marine sedimentary rocks that accreted onto the North America plate 
(Audet, 2015), while the Salilian block is composed mainly of granitic and metamorphic rocks, which is 
believed to be largely a remnant Cretaceous arc underplated by lower-crust schists as a result of the oceanic 
Farallon plate subducting under the North America plate (Porter et al., 2011). Furthermore, as a key pa-
rameter reflecting the present-day state of tectonic stress, the axis of the maximum horizontal compressive 
stress HmaxE S  in central California is reported to lie at a high angle to the SAF (Townend & Zoback, 2004).

4.2.  Data and Initial Model

We have downloaded a total of about 2.44 million first P-wave arrivals with the associated earthquakes 
(magnitude E  1.0, occurring in a period from January 1984 to December 2020) and seismic stations located 
in the study area from Northern California Earthquake Data Center (NCEDC) and Southern California 
Earthquake Data Center (SCEDC) (NCEDC, 2014; SCEDC, 2013). All the first P-wave arrivals are inverted 
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to obtain an optimal 1-D layered velocity model. Roughly following CRUST 1.0 for the Parkfield region 
(Laske et al., 2013), the 1-D layered model is separated by three discontinuities at depths of 4, 16, and 30 km. 
The P-wave velocities of the sedimentary layer, upper crust, lower crust and mantle are inverted to be 4.17, 
6.03, 6.59, and 7.94 km/s, respectively. The flat discontinuity separating the crust from the mantle is then 
replaced by the curved Moho discontinuity extracted from CRUST 1.0 (Laske et al., 2013). After that, the 
three velocity contrasts in the depth direction are smoothed by convolving the 1-D velocity profile at every 
horizontal location with a 1-D Gaussian function (Tong et al., 2019). The 1-D Gaussian function with mean 
value 0.0 and standard deviation 0.4 km introduces a 2.4-km-thick transition zone at every velocity disconti-
nuity. Finally, the initial model for P-wave azimuthal anisotropy tomography, denoted by 0E m  , is constructed 
by choosing the smoothed isotropic velocity model as the average velocity component ( )E v x  (v s( ) ( )x x 1/  ) 
and setting the two anisotropic parameters   ( ) ( ) 0E x x  .

The P-wave traveltime data are further filtered for the subsequent tomographic inversions and earthquake 
relocation. First, to avoid event clustering, we divide the study area into small blocks with a uniform size 
of 1 km by 1 km by 0.5 km and choose the only earthquake that has the maximum number of first P-wave 
arrivals from every block if there is any. Second, earthquake locations are adjusted according to the dou-
ble-difference earthquake catalog for northern California (Waldhauser & Schaff, 2008) and the high-quality 
1981–2019 waveform relocated earthquake catalog for southern California (Hauksson et al., 2012). Earth-

Figure 3.  The tectonic setting and surface topography in central California. The red star together with the beach ball 
denotes the September 2004 6.0wE M  Parkfield earthquake. The green stars are  5.0wE M  earthquakes during the period 
from 1984 to 2020. The gray curves show the surface traces of active faults including the offshore Hosgri Fault (HF), 
the Rinconada Fault (RF) and the San Andreas Fault (SAF) (Jennings & Bryant, 2010). The creeping section of the SAF 
near Parkfiled is shaded in orange, the locked section is shaded in pink, and the middle segment is the transition zone 
(Lippoldt et al., 2017). SMB is short for Santa Maria Basin. Coast Ranges, Great Valley and Sierra Nevada are three 
geomorphic provinces in California. The purple arrow indicates the direction of the relative motion between the Pacific 
plate and the North American plate. The blue box outlines the study area of this work.
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quakes not included in either catalog are not considered. Third, every selected earthquake must have a focal 
depth shallower than 20.0 km and have at least four first P-wave arrivals recorded in the study area. The 
main reason for excluding earthquakes deeper than 20 km depth is to reduce the influence of the Moho 
discontinuity and uppermost mantle velocity heterogeneity on the final crustal velocity model. Fourth, seis-
mic stations having fewer than 4 first P-wave arrivals are removed. In total, we have selected 1,068,850 first 
P-wave arrivals of 36,817 earthquakes from 330 seismic stations (Figure 4). But if the absolute traveltime 
difference obs calE T T  is greater than 5 s or the relative traveltime difference T T

obs cal
/  1 0.  is greater than 

0.5, the associated P-wave arrival is ruled out from the tomographic inversion.

4.3.  Resolution

Checkerboard resolution tests are performed to evaluate the resolving ability of the chosen P-wave data and 
the efficacy of the azimuthal anisotropy tomography method. The initial model is 0E m  . The target checker-
board velocity model has perturbations in the average velocity ( )E v x  and two anisotropic parameters  ( ), ( )E x x  
with respect to the initial model. Mathematically, the perturbations can be expressed by

  
      

              

Δ ( , , )Δ ( ) 4 2 25 8 58% sin sin sin 2 ,
( ) ( , , ) 310 150 8

v x y zv x y z
v v x y z

x
x� (37)

  
 

    
 

2Δ ( ) Δ ( , , ) 8% cos ,
180

x y zx� (38)

Figure 4.  The spatial distributions of the 36,817E  earthquakes (yellow dots) and 330 seismic stations (purple inverse 
triangles) selected for P-wave azimuthal anisotropy tomography using the adjoint-state method. The red star shows the 
epicenter of the 2004 6.0wE M  Parkfield earthquake.
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  
 

    
 

2Δ ( ) Δ ( , , ) 8% sin ,
180

x y zx� (39)

where

  


  

                                        

3 2 25 8 5sin sin sin 2 , if 7;
310 150 8

( , , )
2 2 25 8 5sin sin sin 2 , otherwise,
310 150 8

x y z z
x y z

x y z
� (40)





     

150 , if 0;
60 , if 0.� (41)

Note that the study area has a length of 310 km parallel to the SAF (E x -axis) and a width of 150 km in the 
southwest-northeast direction (E y -axis) (Figures 3 and 4). By substituting  0,7,18E z  or  3,12,25E z  into Equa-
tions 37 and 40, we can find that the target model has no perturbations at 0, 7, and 18 km depth and attain 
peak perturbations at depths of 3, 12, and 15 km. If we define the wavelength of the sinusoidal anomaly 
along a specific direction as the distance between two neighboring peaks in that direction, then the pertur-
bations in ( )E v x  ,  ( )E x  and ( )E y  have the same wavelength of 150 km along the E y -axis, the average velocity 
perturbation has a wavelength of 155 km along the E x -axis, and the perturbations in  ( )E x  and ( )E y  have the 
same wavelength of E  207 km above 7 km depth or 310 km below 7 km depth in the E x -direction.

To recover the azimuthally anisotropic checkerboard velocity model, a multiple-grid consisting of eight 
spatially staggered regular grids (Figure S2) is used to discretize v v( ) ( )x x/  . The spacing of every regular 
grid is adjusted based on the size of the anomaly. In principle, one wavelength anomaly is sampled by at 
least five nodes of a single regular grid to avoid spatial aliasing. Vice versa, based on the degree of recovery, 
the sizes of the checkerboard velocity anomalies should be increased or decreased to match (reflect) the 
resolving ability of the data. Admittedly, selecting eight sets of component grids to form the multiple-grid 
involves subjectivity. But from our previous experiences we generally find that the tomographic results re-
main almost the same when the number of component grids is greater than four (Tong et al., 2019). Another 
consideration is the density of the inversion nodes. The spacing of every component grid is about 39 km in 
the E x -direction, and hence the multiple-grid with eight component grids places a node roughly every 5 km 
along the E x -direction (Figure S2). As a result, the study area is densely sampled by the inversion nodes, 
which is helpful for recovering a high-resolution velocity model. Likewise, another similar multiple-grid 
consisting of eight regular grids (Figure S3) is chosen to discretize Δ ( )E x  and Δ ( )E x  . To simulate picking 
errors existing in the real data, gaussian noise with average 0.0 s and standard deviation 0.05 s is added to 
the “observed” traveltimes calculated in the checkerboard velocity model. The anisotropic eikonal Equa-
tion 11 and its adjoint (17) are numerically solved on a dense forward grid with a dimension of Δ 0.6E x  km 
by Δ 0.6E y  km by Δ 0.2E z  km at each iteration. No explicit damping and smoothing regularization tech-
niques are applied. In spite of that, the perturbations are not allowed to exceed  2%E  at every iteration by 
using the step-size-controlled gradient descent method, and the multiple-grid consisting of eight relatively 
coarse regular grids also has a smoothing effect on the inversion results. The anisotropic velocity anomalies 
are largely recovered during the first 10 iterations, and the results become nearly unchanged after 30 itera-
tions. We stop the inversion process at the 40-th iteration and consider 40E m  as the final model. It is necessary 
to mention that the new adjoint-state traveltime tomography method for seismic azimuthal anisotropy is 
computationally affordable and efficient, which requires a total of 2001 central processing unit (CPU) hours 
to finish the 40 iterations.

The checkerboard velocity model is satisfactorily recovered (Figures 5 and 6), indicating that the chosen 
P-wave traveltime data can resolve comparable azimuthally anisotropic velocity anomalies by using the new 
adjoint-state traveltime tomography method. In a local area north of the 2004 Parkfield mainshock, the an-
isotropic velocity structure from near the surface to about 14 km depth are well constrained (Figures 5a–5g 
and 6a–6g). At depths deeper than 10 km and around the southern end of the study area, probably due to 
the low seismicity there (Figure 4), the anomalous structures of the average velocity and two anisotropic 
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Figure 5.  The results of the checkerboard resolution test for P-wave azimuthal anisotropy tomography solved by the adjoin-state method. The inverted relative 
velocity perturbations at 8 representative depths are shown. The red and blue colors denote negative and positive velocity perturbations, respectively. The color 
scale for the relative velocity perturbation is included at the bottom right corner. The red star is the 2004 6.0wE M  Parkfield earthquake with a focal depth of 
E  8 km. The other black stars denote  5.0wE M  earthquakes occurring during the period from 1984 to 2000, which are projected to their nearest horizontal slices.
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Figure 6.  The results of the checkerboard resolution test for P-wave azimuthal anisotropy tomography solved by the adjoin-state method. As a continuation of 
Figure 5, the amplitudes and fast velocity directions of the recovered azimuthal anisotropy at eight representative depths are displayed. The yellow lines align 
with the fast P-wave velocity directions. The color scale for the amplitude of P-wave azimuthal anisotropy is placed at the bottom right corner.
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parameters are poorly constrained (Figures 5f–5h and 6f–6h). Two additional checkerboard resolution tests 
are conducted to examine the coupling effect between seismic heterogeneity and seismic anisotropy. In com-
parison with the initial model 0E m  , one checkerboard velocity model only has perturbations in the average ve-
locity (Equation 37), and the other checkerboard velocity model only has perturbations in the two anisotropic 
parameters (Equations 38 and 39). But the three model parameters ( )E v x  ,  ( )E x  and ( )E x  are simultaneously 
determined. As displayed in Figures S5–S8, the leakage from seismic heterogeneity to seismic anisotropy or 
from seismic anisotropy to seismic heterogeneity is minor, implying that the chosen large amount of P-wave 
traveltime data can efficiently resolve and decouple seismic heterogeneity and seismic azimuthal anisotropy.

4.4.  Results

The tomographic results are generated following a three-stage workflow. In the first stage, we develop an 
intermediate azimuthally anisotropic velocity model by iteratively refining the initial model 0E m  30 times 
via the direction inversion of the chosen P-wave traveltimes (Figures  S9 and  S10). The accuracy of the 
intermediate velocity model is partly supported by the accuracy of earthquake hypocenters, which is in 
accordance with two high-quality earthquake catalogs mentioned in Section 4.2. In the second stage, all the 
36,817E  earthquakes are relocated in the intermediate anisotropic velocity model (Figures S9 and S10). The 
earthquake location algorithm has iterated 10 times. The P-wave traveltimes are also updated according to 
the relocated earthquake locations. In the third stage, starting again with the initial model 0E m  , the updated 
P-wave traveltimes are inverted to develop an optimal azimuthally anisotropic velocity model. The iterative 
process stops after 30 iterations. In the three-stage workflow, we stop each iterative inversion process when 
the reduction in the objective function is less than 4.0%E  of the reduction amount at the first iteration. The 
CPU times used in the three stages are 1016, 38, and 1071 hr, respectively. Map views of the final average 
velocity and azimuthal anisotropy models at 8 representative depths are shown in Figures 7 and 8.

4.4.1.  Average Velocity Model

The most striking feature of the average velocity model is the strong velocity contrast across the transition 
to the north creeping section of the SAF. On the northeast side of the SAF is the low-velocity Franciscan 
terrance and Great Valley Sequence, and on the southwest of the SAF is the high-velocity Salinian terrance. 
The velocity contrast persists from the surface to a depth of about 14 km. As a well-known feature in central 
California, many previous studies have identified this sharp lateral velocity contrast across the SAF (on the 
order of 1 km/s) (e.g., Eberhart-Phillips & Michael, 1993; Lippoldt et al., 2017; Thurber et al., 2006; Zeng 
et al., 2016). The sharp velocity contrast is a key factor that affects the slip behavior of the SAF near Park-
field (Piana Agostinetti et al., 2020). Regarding the locked section of the SAF south of Parkfield, the P-wave 
velocity of the Great Valley east of the SAF is still lower than that of the Coast Ranges west of the SAF 
at shallow depths (Figure 7a). But in the middle crust the east side has a higher P-wave velocity than the 
west (Figures 7f–7h). The mid-crustal high-velocity structure probably reflects the gently southwest-dipping 
Great Valley ophiolite body (Liu & Tong, 2021; Thurber et al., 2009).

There is a second significant low-velocity anomaly near the coast at about 35E  north, which extends from the 
surface to at least mid-crustal depths. The shallow part of this low-velocity anomaly is directly related to the 
sedimentary Santa Maria Basin and numerous northwest-southeast trending faults, including the offshore 
Hosgri Fault (Figures 7a and 7b). The root of the low-velocity Santa Maria Basin is connected to a deeper and 
larger low-velocity zone deviating slightly to the north (Figures 7c–7g). At 16 km depth, the low-velocity zone 
seems to meet with another broad low-velocity anomaly beneath the creeping section of the SAF (Figure 7h).

The broad mid-crustal low-velocity zone beneath the SAF trace is a continuation of the upper crustal low-ve-
locity structure east of the SAF. Its expansion into the lower crust and uppermost mantle was clearly imaged 
by a recent ambient noise tomography study (Lippoldt et al., 2017). Additionally, the electrical resistivity 
model of the crust near Parkfield derived from magnetotelluric data suggests a high-conductivity zone pen-
etrating the entire crust (Becken et al., 2011). The high-conductivity zone is interpreted to be a deep-root-
ed channel for crustal and/or mantle fluids (Becken et al., 2011). Lippoldt et al. (2017) reported that the 
high-conductivity zone coincides with the upper crustal, lower crustal and uppermost mantle low-velocity 
anomalies beneath the SAF near Parkfield. Thus, the crustal low-velocity structures consistently imaged by 
the present and previous studies suggest the presence of fluids and moreover, crustal fluids may have played 
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Figure 7.  The relative perturbation of the average velocity generated by adjoint-state traveltime tomography for azimuthally anisotropic media using real data. 
All the others are same as Figure 5.
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Figure 8.  The amplitude and fast velocity direction of the azimuthal anisotropy in the study area revealed by adjoint-state traveltime tomography for 
azimuthally anisotropic media using real data. All the others are same as Figure 6.
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an important role in the generation of earthquakes and tremors in the Parkfield region (Becken et al., 2011; 
Lippoldt et al., 2017; Zeng et al., 2016).

4.4.2.  Azimuthal Anisotropy

The azimuthal anisotropy model reveals pervasive crustal seismic anisotropy in the study area (Figure 8). 
Along the trace of the SAF, the fast P-wave velocity directions generally follow the northwest-southeast 
trend of the SAF, indicating that seismic anisotropy in the San Andreas Fault zone is mostly structure-in-
duced. Similarly, in the region west of the locked section of the SAF, the fast P-wave velocity directions 
align with the strikes of the faults, suggesting again that structural anisotropy is the main mechanism for 
seismic anisotropy due to the presence of faults there. Structure-induced seismic anisotropy is observable 
not only in the upper crust (Figures 8a–8d) but also in the middle crust (Figures 8e–8h). Particularly be-
neath and to the west of the SAF, the uniform northwest-southeast trend of anisotropic fabric in the middle 
crust coincides with the direction of the relative motion between the Pacific and North American plates 
(Figures 8e–8h). This phenomenon implies that the mid-crustal rocks are possibly sustaining substantial 
shear stresses (Behr & Platt, 2014). The deep extension of the SAF to E  50 km imaged by ambient noise data 
(Lippoldt et al., 2017) and evidence of low-frequency earthquakes occurring in the SAF zone at depths from 
18 to 28 km (Zeng et al., 2016) suggest the existence of ductile shear zones, as a result of the shear stresses, 
in the mid-lower crust (Shelly et al., 2009).

However, structure-induced anisotropy is not the only mechanism for seismic anisotropy in the study area. 
To the west of the transition to creeping section of the SAF, the fast directions in the upper crust have 
high angles ( 45E  ) to the Rinconada Fault and SAF (Figures 8b–8d). To the east of Parkfield within the 
Great Valley, the northeast-southwest-oriented fast directions are nearly perpendicular to the SAF (Fig-
ures 8b–8f). Not parallel to the active faults (Figure 9a), the fast velocity directions in the two local areas are 
consistent with the uniform NNE-SSW orientation of the maximum horizontal compressional stress HmaxE S  
in central California (Townend & Zoback, 2004). Therefore, we infer that upper crustal seismic anisotropies 
of the two specific local areas are mainly stress-induced.

Figure 9.  (a) The relative perturbation of the average velocity together with the fast P-wave velocity directions (white lines) at 4 km depth as generated by the 
adjoint-state traveltime tomography method for azimuthally anisotropic media. The amplitude of the azimuthal anisotropy is proportional to the length of the 
white line. The purple lines show the directions of the maximum horizontal compressive stress HmaxE S  (Heidbach et al., 2016). The color scale for the relative 
velocity perturbation is included at the bottom left corner. The red star is at the epicenter location of the 2004 wE M  6.0 Parkfield earthquake. (b) A schematic diagram 
illustrating structural anisotropy in the fault zone and stress-induced anisotropy adjacent to (but not on) the fault. Off the fault zone, the fast velocity directions are 
parallel to HmaxE S  . Within the fault zone, the fast velocity direction is parallel to fault fabric. This diagram is modified from Figure 1 of Boness and Zoback (2006).
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By analyzing S-wave splitting measurements from local earthquakes in California, Boness and Zoback (2006) 
find that the maximum horizontal compressive stress HmaxE S  at seismic stations adjacent to (but not on) the 
SAF is at a high angle to the strike of the fault and fast shear waves inside fault zones are parallel to fault 
fabric (Figure 9b). P-wave traveltime data of local earthquakes reveal the same pattern of seismic anisotropy 
in the upper crust around the transition to creeping section of the SAF (Figures 8b–8d). Teleseismic receiver 
functions from a local seismic network near Parkfield indicate that the fast axis of seismic anisotropy is 
parallel to the main strike of the SAF over an area of E  100 2kmE  (Audet, 2015). This is consistent with the 
finding of the present study. In addition, our results show that seismic anisotropy is more prominent along 
the transition to creeping section of the SAF (Figure 8).

5.  Discussion and Conclusions
We have derived an anisotropic eikonal equation to simulate the first-arrival traveltime field in azimuthally an-
isotropic media with mirror symmetry. That particular anisotropic eikonal Equation 11 involves three model 
parameters including the average slowness ( )E s x  and two anisotropic parameters  ( )E x  and ( )E x  or equivalently 
the average slowness ( )E s x  , the magnitude of anisotropy ( )E x  , and the fast velocity direction ( )E x  . The aniso-
tropic eikonal equation-constrained optimization problem to match the observed traveltimes with calculated 
traveltimes can be solved by the efficient adjoint-state method. The sensitivity kernels of the objective function 
with respect to ( )E s x  ,  ( )E x  and ( )E x  are formulated in terms of the forward traveltime field and an adjoint field. 
The adjoint field satisfies the transport-type adjoint equation. It transports the traveltime residuals observed at 
seismic receiver locations back to the source location and subsequently finds the contribution of every point 
in the space to the traveltime residuals. After numerically solving the anisotropic eikonal equation and the 
adjoint equation, we can obtain the values of the objective function and sensitivity kernels. The multiple-grid 
model parameterization is used to discretize the anisotropic velocity model. Following that, the step-size-con-
trolled gradient descent method is adopted to find the optimal azimuthally anisotropic velocity model in an 
iterative manner. Typically different from previous seismic anisotropic tomography studies, neither ray trac-
ing nor computationally expensive wavefield modeling is needed by the adjoint-state traveltime tomography 
method. In particular, due to the increased complexity of ray tracing in anisotropic media, it was quite com-
mon to trace ray paths in the isotropic average velocity model by assuming that weak seismic anisotropy has 
little influence on ray paths (e.g., Eberhart-Phillips & Henderson, 2004; Liu & Tong, 2021). This assumption is 
no longer required for the adjoint-state traveltime tomography method. In addition, an eikonal equation-based 
earthquake location method is developed to locate earthquakes in azimuthally anisotropic media.

From the methodological perspective, the adjoint-state traveltime tomography method and eikonal equa-
tion-based earthquake location method for azimuthally anisotropic media of this study are sophisticated 
extensions of the ones for isotropic media discussed in Tong (2021). They inherit all the advantages and 
drawbacks of their isotropic counterparts. For instance, all the eikonal equation-based methods require 
moderate computational resources and can be operated on moderately equipped desktop workstations of 
nowadays (Tong, 2021). When there are more earthquakes than seismic stations, the tomography methods 
for both isotropic and anisotropic media can treat seismic stations as “virtual” earthquakes and earthquakes 
as “virtual” stations to save computational cost. But the success of seismic anisotropy tomography has a 
higher requirement for the azimuthal distribution of seismic data.

In the study area of central California near Parkfield, both structural and stress-induced seismic anisotropy 
are observed in the upper and middle crust. The predominant fault-parallel fast velocity directions suggest 
that the alignment of macroscopic fractures is the main cause for seismic anisotropy in the upper and mid-
dle crust (Boness & Zoback, 2006). The pervasive structural anisotropy has an excellent correlation with the 
numerous strike-slip faults west of the SAF. Stress-induced seismic anisotropy is observed at two places: 
One is west of the transition to creeping section of the SAF, mainly in the upper crust; the other is east of 
the SAF, in the upper to middle crust beneath the Great Valley. The fast P-wave velocity directions at the two 
places are consistent with the uniform NNE-SSW orientation of the maximum horizontal compressional 
stress HmaxE S  . Following Boness and Zoback (2006), we consider that the preferential closure of fractures in 
response to the tectonic stress is the main cause for seismic anisotropy there. In brief, the upper crust seis-
mic anisotropy indicated by the fast P-wave velocity directions (Figures 8a–8d) can be well explained by the 
schematic model derived from shear-wave splitting data (Figure 9b), which describes structural anisotropy 
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in the fault zone and stress-induced anisotropy off but adjacent to the fault zone. As the depth increases, 
the increasing confining pressure reduces the influence of the HmaxE S  on anisotropy (Boness & Zoback, 2006; 
Liu & Tong, 2021), leaving mainly fault-parallel fast P-wave velocity directions in the middle crust (Fig-
ures 8e–8h). Regarding velocity heterogeneity, the striking feature that the SAF separates the low-velocity 
Franciscan terrance on the east from the high-velocity Salinian block on the west is clearly imaged.

In conclusion, the eikonal equation-based earthquake location method for azimuthally anisotropic media 
can precisely locate earthquakes with high accuracy by taking into account the effect of seismic anisotropy; 
while the adjoint-state seismic azimuthal anisotropy tomography method provides a new, accurate and 
powerful tool to continuously map seismic anisotropic structure of the Earth’s interior.

Appendix A:  Sensitivity Kernels
An infinitesimal perturbation    ( ), ( ), ( )E s x x x  in the azimuthally anisotropic velocity model 
  ( ), ( ), ( )E s x x x  causes an infinitesimal perturbation  ,( )n r mE T x  in the calculated traveltime ,( )n r mE T x  . The 
resultant perturbation in the objective function (12) can be approximated by
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In the perturbed anisotropic velocity model, the eikonal equation takes the form
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For compactness, the functional dependence on the spatial variable E x is omitted. Subtracting Equation 11 
from Equation A2 and ignoring second- and third-order terms, we have
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Multiply an arbitrary test function ( )nE P x  on both sides of Equation A3 and integrate the Earth volume ΩE  ,
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The left hand side of Equation A5 is
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which can be simplified to
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by assuming ( ) 0nE P x  on the boundary ΩE  . Equating it to the right hand side of Equation A5 yields
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Now we make the second assumption about ( )nE P x  :
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where the matrix E R and functional dependence on E x are explicitly stated. As shown in Equation A9, ( )nE P x  is 
generated by the transport of the traveltime misfit at every seismic station back to the earthquake location 

,s nE x  , along a direction given by [ ( )]t
nE T Rx  . Equation A9 is the adjoint equation of the eikonal Equation 11. 

We call ( )nE P x  the adjoint field.

Substituting Equation A9 in Equation A8, we obtain that

  

 
 

 
 




      
 
 
  
           
 

 
  









, , ,Ω
1

Ω

2 2

Ω

( ) ( ) ( ) ( )

( ) ( ) 0
( ) ( ) ( ) 0 ( ) ( )

( ) ( )0 0
( ) ( )

( ) ( ) ( ) .

M
o

n n m n n r m r m
m

t
n n n

n

T T T d

T T P d

P s s d

x x x x x x

x x
x x x x x x

x x
x x

x x x x

� (A10)

Comparing Equation A10 with Equation A1, the infinitesimal perturbation in the objective function E  is 
directly related to the perturbations in ( )E s x  ,  ( )E x  , and ( )E x  as
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We can rewrite Equation A11 in terms of the traveltime misfit kernels

   
        Ω Ω Ω

( )( ), ( ), ( ) ( ) ( ) ( ) ( ) ( ) ,
( )s
ss K d K d K d

s
xx x x x x x x x x x x

x� (A12)

where


  2

1
( ) ( ) ( ),

N
s n

n
K P sx x x� (A13)

K T

n

N

n

t

 

 

( ) ( )

( ) ( )

x x

x x

  





























1

2 2

1 0 0

0 1 0

0 0

T P
n n
( ) ( ),x x

� (A14)

K T

n

N

n

t

 

 

( ) ( )

( ) ( )

x x

x x

  



























1

2 2

0 1 0

1 0 0

0 0


T P
n n
( ) ( ).x x

� (A15)

The traveltime misfit kernels ( )sE K x  ,  ( )E K x  and  ( )E K x  represent the Fréchet derivatives with respect to the av-
erage slowness ( )E s x  and two anisotropic parameters  ( )E x  and ( )E x  , respectively. If the objective function (12) 
only involves one earthquake, the traveltime misfit kernels are also called event kernels (Tape et al., 2007; 
Tong, 2021). Specifically, the misfit kernels corresponding to one pair of earthquake and seismic station are 
individual kernels (Tong, 2021; Tromp et al., 2005).

Data Availability Statement
The seismic data are downloaded from the Northern California Earthquake Data Center (NCEDC, 2014) 
and Southern California Earthquake Data Center (SCEDC, 2013). Most figures are made with the Generic 
Mapping Tool (GMT) (Wessel & Smith, 1991).
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