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Full-dimensional quantum calculations of the vibrational states of H+
5 have been performed on the

accurate potential energy surface developed by Xie et al. [J. Chem. Phys. 122, 224307 (2005)].
The zero point energies of H+

5 , H4D+, D4H+, and D+
5 and their ground-state geometries are presented

and compared with earlier theoretical results. The first 10 low-lying excited states of H+
5 are assigned

to the fundamental, overtone, and combination of the H2–H+
3 stretch, the shared proton hopping

and the out-of-plane torsion. The ground-state torsional tunneling splitting, the fundamental of the
photon hopping mode and the first overtone of the torsion mode are 87.3 cm−1, 354.4 cm−1, and
444.0 cm−1, respectively. All of these values agree well with the diffusion Monte Carlo and multi-
configuration time-dependent Hartree results where available. © 2013 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4797464]

I. INTRODUCTION

The ionic hydrogen clusters, H+
2n+1 (with n > 1),

are of key relevance for modeling planetary atmospheres
and interstellar clouds, for understanding the mechanism
of ion-solvent interaction, and for applications as a pos-
sible medium for energy storage.1–5 As the first member
of this series, H+

5 has attracted considerable attention both
experimentally6–23 and theoretically,23–51 mainly due to its
unusual fluxionality, which violates the conventional chem-
ical picture of a structure being given by an equilibrium
structure.

H+
5 was first observed by Dawson and Tickner6 in the

negative glow of a hydrogen electric discharge in 1962. Many
experimental efforts have been paid to the determination
of dissociation enthalpies and entropies for the H+

3 + H2

→ H+
5 clustering reaction,7–13 vibrational fundamental

frequencies,14, 15 and rate coefficients at typical interstellar
clouds temperatures.16–20 Until recently, Cheng et al.22

reported a comparison of theoretical and experimental
dissociation infrared (IR) spectra in the 2000–4500 cm−1

region in which the central proton hopping was shown to
have clear spectroscopic signatures. Shortly afterwards,
they extended the spectra for H+

5 and D+
5 to the mid- and

far-IR region of 300–2200 cm−1 using resonance-enhanced
multiple-photon dissociation and the FELIX free electron
laser.23 The bands were assigned to combinations of the
proton hopping, bending, and torsional vibrations.

Theoretical work on H+
5 started with the investiga-

tions on its equilibrium structures, which is remarkably
challenging due to the extremely flat and anharmonic fea-
tures of the potential energy surface (PES) and the sig-
nificant quantum effects of light nuclei.35 Numerous ab

a)Electronic addresses: yangmh@wipm.ac.cn and yplu@ntu.edu.sg

initio calculations have been carried out to determine the sad-
dle points and equilibrium structures,24–27, 29, 30, 32, 35, 36, 41, 42

dissociation energies,31, 52 and low-lying bound and quasi-
bound vibrational energies.28, 37–39, 45 In addition, several stud-
ies of the H+

3 + H2 reaction and its isotopic analogs have been
reported.34, 47–50 These pioneering works showed that there
exist 10 stationary points on the PES of H+

5 and the global
minimum refers to an isosceles H+

3 bound to an H2 within
a C2v arrangement. The next three low-lying stationary points
correspond to transition states for the proton hopping (D2d and
D2h for the non-planar and planar configurations) and the out-
of-plane torsion (C2v). The benchmark CC-R12 calculations
showed that the three stationary points are all lying within
an energy range of 182.2 cm−1 above the global minimum.30

The other six stationary points have relatively high energies,
ranging from 1526.8 cm−1 to 2873.2 cm−1 by the coupled-
cluster method with single and double and perturbative triple
excitations (CCSD(T)) with respect to the global minimum.36

Thus, H+
5 is expected to be delocalized and the quantum ef-

fect should be included when one deals with such a floppy
cation.

The construction of PESs of pentatomic and larger poly-
atomic systems is undoubtedly a complicated and demand-
ing theoretical task. Accurate PESs can be obtained either
by fitting the parameters of analytical functions to avail-
able high resolution spectroscopic data, or by performing
state-of-art ab initio calculations for numerous configura-
tions. Based on the diatoms-in-molecules method, Prosmiti
et al.32 reported the first global PES of H+

5 using limited ab
initio energies and thus it is not very accurate. Moyano and
Collins34 constructed a PES with an average deviation of
175 cm−1 on a sparse set of data points using MP2 pertur-
bation theory by a modified Shepard interpolation. Recently,
Xie et al.36 built a more accurate PES with an average de-
viation of 58 cm−1, which was fitted to roughly 100 000
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different geometries using the CCSD(T) method and an aug-
cc-pVTZ basis set. This PES has full permutational symme-
try with respect to interchange of H atoms. Aguado et al.40

developed a triatoms-in-molecules approach and constructed
a new PES, which allows a very accurate description of the
asymptotic region. In addition, a density functional theory-
based PES has also been reported by Barragán et al.52 us-
ing B3(H) functional. This surface has very good global
behavior, however, it is limited to “on the fly” dynamical
calculations.

A number of theoretical works have been presented for
the bound states and/or spectroscopies for H+

5 . Acioli et al.39

performed diffusion Monte Carlo (DMC) calculations, with
and without importance sampling, predicting a D2d geome-
try for the zero-point averaged structure of H+

5 with one H
atom “in the middle” between two H2 diatoms. Furthermore,
Tudela et al.41 carried out path integral Monte Carlo (PIMC)
“on the fly” calculations and found that the vibrational ground
state of H+

5 is a mixture of its four low-lying structures,
and not only of the D2d one. Valdés et al.45 carried out a
full-dimensional (FD) quantum dynamics study of the H+

5
cluster using the multi-configuration time-dependent Hartree
(MCTDH) method. The potential operator is constructed as
an n-mode representation based on a 5-mode combination
scheme. They reported FD quantum dynamics results on the
first 20 vibrational energies and states of H+

5 and the prop-
erties of these states were analyzed. Later, the same group46

revisited the vibrational dynamics of H+
5 and extended their

studies to its isotopologues employing the same method but
using a different mode combination scheme (4-mode com-
bination scheme). In the MCTDH approach, the PES repre-
sented in the n-mode representation can accurately describe
the configurations in the neighborhood of the chosen refer-
ence geometry. However, for the highly anharmonic and flux-
ional H+

5 cation, it may doubt that the n-mode representation
can give a complete description of the features of the bound
states. Also, Aguado et al.51 calculated the IR predissociation
spectra of H+

5 using reduced two-dimensional (2D) and three-
dimensional (3D) simulations and found that the main peaks
in the 3D case are in agreement with the peaks in the experi-
mental spectrum. Very recently, Lin and McCoy53 performed
DMC calculations of H+

5 and D+
5 and provided alternative as-

signments of the infrared multiphoton dissociation spectra.23

Progressions of transitions in the shared-proton hopping mode
with up to nine quanta of excitation were assigned in their
results.

In this work, we performed FD quantum calculations of
the vibrational levels of H+

5 and the zero point energies of
its isotopologues. The PES of Xie et al.36 was employed for
comparison reasons as most of the earlier studies have em-
ployed this PES. The calculated results were compared with
earlier theoretical work. Since the treatment of the vibrations
of H+

5 does not include any dynamical approximation, the
converged FD eigenstates are numerically exact. So our work
complement to the previous calculations on the same system.
This work is organized as following: In Sec. II, the theoreti-
cal methodology employed in our study is outlined; Sec. III
presents results and discussions, and a summary is given in
Sec. IV.

A

D B

E

C

R

r2 r1
A2 A1

A3
B1

B2

r3

FIG. 1. The Jacobi coordinates for AB-ECD system. R is the distance from
the center-of-mass of AB to the center-of-mass of ECD, r1 is the bond dis-
tance of AB, r2 is the distance between E and the center-of-mass of CD,
r3 is the bond distance of CD, A1 is the bending angle between R and r1,
A2 is the bending angle between R and r2, A3 is the bending angle be-
tween r2 and r3, B1 is the torsion angle around R and B2 is the torsion angle
around r2.

II. THEORY

The FD Hamiltonian in the body-fixed Jacobi coordinates
shown in Fig. 1 for a given total angular momentum J can be
written as54

Ĥ = Ĥ0(R) + Ĥ1(r1) + Ĥ2(r2) + Ĥ3(r3) + (Ĵ − ĵ123)2

2μR2

+ ĵ 2
1

2μ1r
2
1

+ l̂2
2

2μ2r
2
2

+ ĵ 2
3

2μ3r
2
3

+V̂ (R, r1, r2, r3, A1, A2, A3, B1, B2), (1)

where μ is the reduced mass of AB + ECD, Ĵ is the total
angular momentum operator, ĵ1 and ĵ3 are the rotational an-
gular momentum operators of AB and CD, and l̂2 is the or-
bital angular momentum operator of atom E with respect to
CD. A1, A2, A3 are the Jacobi angles formed by R and r1,
R and r2, r2 and r3. B1 is the torsional angle between the
plane (R, r1) and (R, r2). B2 is the torsional angle between
the plane (R, r2) and (r2, r3). The zeroes of the two dihedral
angles B1 and B2 are defined as to form a coplanar configura-
tion. Ĥ0(R), Ĥ1(r1), Ĥ2(r2), and H3(r3) are one-dimensional
(1D) reference Hamiltonians. The corresponding eigenstates
are denoted as φν0 (R), φν1 (r1), φν2 (r2), and φν3 (r3), and

Ĥiφνi
= [K̂i + V̂i]φνi

= ενi
φνi

(i = 0 − 3), (2)

where V̂0(R), V̂1(r1), V̂2(r2), and V̂3(r3) are the 1D reference
potentials.

The wave function of the system is expanded in terms of
the body-fixed (BF) rovibrational eigenfunctions as

ψ(R, r1, r2, r3) =
∑
ν,j,K

F JMε
νjK φν0 (R)φν1 (r1)φν2 (r2)φν3

× (r3)Y JMε
jK (R̂, r̂1, r̂2, r̂3), (3)

where ν denotes (ν0,ν1,ν2,ν3), j denotes (j1,l2,j3,j23,j123).
And the potential optimized discrete variable representa-
tion (PODVR) technique were employed for the three ra-
dial degree-of-freedom in the evaluation of potential energy
matrix.55
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TABLE I. Numerical parameters used in the full-dimensional quantum bound state calculations of H+
5 and its

isotopic variants. The range of B1 can be reduced from [0, 2π ] to [0, π ] according to the space inversion symmetry
of the whole system. (Atomic units are used unless stated otherwise.)

Number of basis/grid
Type of basis/

Basis/grid Grid range H+
5 H4D+, D4H+, D+

5 Gauss quadrature

R [2.0, 7.0] 12 10 PODVR
r1 [0.5, 3.0] 3 3 PODVR
r2 [0.5, 4.5] 18 16 PODVR
r3 [0.5, 3.0] 5 5 PODVR
j1/A1 [0, π /2] 12/7 16/9 Legendre
j23/A2 [0, π ] 16/17 20/21 Lobatto
j3/A3 [0, π ] 12/13 16/17 Legendre
l2/B1 [0, π ] 20/13 24/17 Chebyshev
j123/B2 [0, 2π ] 24/25 28/33 Chebyshev

The YJMε
jK in Eq. (3) is the coupled BF total angular mo-

mentum eigenfunctions56 which can be written as

Y JMε
jK = (1 + δK0)−1/2

√
2J + 1

8π

[
DJ∗

K,MY
j123K

j1j23l2j3

+ε(−1)j1+l2+j3+j123+J DJ∗
−K,MY

j123−K

j1j23l2j3

]
, (4)

where DJ
K,M is the Wigner rotation matrix, K is the projec-

tion of total angular momentum on the body-fixed axis, and
Yj123K

j1j23l2j3
is the angular momentum eigenfunction of ĵ123 de-

fined as

Y
j123K

j1j23l2j3
=

∑
ω

〈j1ωj23K − ω|j123K〉 yj1ω(r1)Yj23K−ω(r̂2, r̂3)

(5)
and

Yj23K−ω(r̂2, r̂3) =
∑
m

D
j23
K−ωm(r̂2)

√
2l2 + 1

2j23 + 1

×〈j3ml20|j23m〉 yj3m(r̂3), (6)

where yj3m are spherical harmonics. Note the restriction that
ε(−1)j1+l2+j3+j123+J =1 for K = 0 in Eq. (4).

The PARPACK software package57 has been utilized to
calculate the bound states with our own subroutine to perform
matrix vector multiplication. It is well known that the kinetic
energy matrix (except for the centrifugal potential) is diagonal
in the finite basis representation (FBR) and the potential ma-
trix is diagonal in the discrete variable representation (DVR).
In order to ensure an efficient matrix vector multiplication,
the full-dimensional Hamiltonian is discretized in terms of a
PODVR for the four radial coordinates and coupled spherical
harmonics for the angular coordinates. In practical calcula-
tions, the action of the full-dimensional Hamiltonian on the
wave function is divided into three steps: (1) the trial wave
function is multiplied by the kinetic energy operator matrix;
(2) the trial wave function is transformed to DVR and multi-
plied by the potential energy surface matrix, and the result is
then transformed back to FBR; (3) the results from steps (1)
and (2) are summed. These three steps are repeated until the
final result is converged. We have also taken advantage of the
parity of system and the exchange symmetry of the two atoms
of H2 moiety in H+

5 whenever possible. The vibrational en-

ergy states can be grouped into four symmetry blocks which
correspond to four different combinations of the parity and
the exchange symmetry.

III. RESULTS

A. Numerical parameters and convergence

The proton scrambling will take place with relatively
high energy (the barrier height is ca. 1550 cm−1), in which
the central proton changes from HE to HC or HD (see Fig.
1) and vice versa. Due to the huge demand on computation,
the current work can only study the energy spectrum up to
774.3 cm−1, which is below the proton scrambling excita-
tion mode. Table I shows the basis/grid number for each of
the nine coordinates in our calculations. PODVR basis was
used for the four radial coordinates R, r1, r2, and r3. For the
angular coordinates A1 and A3, Gauss-Legendre quadrature
was employed. For the coordinate A2, to deal with the signif-
icant distribution of wave function at A2 = 0, Gauss-Lobatto
quadrature58 was employed because the Gauss-Lobatto inte-
gration points include the end points of the integration inter-
val. Gauss-Chebyshev quadrature was employed for the co-
ordinates B1 and B2. The range of B1 can be reduced from
[0, 2π ] to [0, π ] due to the space inversion symmetry of the
whole system. After considering the parity and the exchange
symmetry of the hydrogen atoms in the H2 moiety, the size
of the angular basis functions is 77 776 and the number of
the grid points for integration of the angular coordinates is
502 775, resulting in a total of 2.5 × 108 basis functions and
1.6 × 109 grid points. The potential cut-off technique was
employed to save the computing cost in this work. The cut-
off energy was taken to be 25 000 cm−1 in the calculations
with the points above it being replaced by the cut-off energy.
This technique helps to decrease the number of the effective
potential energy points from 1.7 × 109 to 8.2 × 108. All the
calculations were performed on a distributed-memory cluster
with 80 cores (Intel(R) Xeon(R) CPU E5540 @ 2.53GHz).
The memory cost is 120 GB for the bound state calculations
of H+

5 and 280 GB for the zero point energy (ZPE) calcula-
tion of each of its isotopic variants H4D+, D4H+, and D+

5 .
8418 matrix-vector products are required to converge the re-
sults of H+

5 , and it takes about 28 h for the computation. For
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TABLE II. Convergence of the vibrational energies (in cm−1) of H+
5 with

respect to basis/grid number. The angular basis number are first tested in a
five-dimensional (5D) model, in which all the radial coordinates are fixed at
the global minimum of the PES. Then, the radial basis number are tested in
the full-dimensional (FD) model.

5D
Angular basis no.
(j1,j23,j3,l2,j123) n′ = 0 n′ = 4 n′ = 9
(10,12,10,22,22) 2433.16 3699.11 4310.68
(10,14,10,24,24) 2432.84 3697.83 4305.19
(12,16,12,28,28) 2432.83 3695.46 4304.17
(20,24,20,44,44) 2432.82 3695.37 4304.12
(12,16,12,20,24)a 2432.83 3695.46 4304.17

FD
Radial basis no. n = 0 (ZPE) n = 5 n = 8
(R,r1,r2,r3)
(8,3,6,3) 7222.21 7668.57 8056.68
(10,6,8,6) 7220.29 7667.62 7951.40
(10,3,10,5) 7214.92 7661.74 7876.83
(12,3,10,5) 7215.08 7661.90 7872.62
(12,3,14,5) 7214.72 7661.52 7863.07
(12,3,18,5)a 7214.63 7661.43 7857.26
(12,3,22,5) 7214.61 7661.40 7854.42
(12,5,18,5) 7214.70 7661.56 7856.90

aThe results are calculated with these parameters.

the cation D+
5 , 4317 matrix-vector products are required with

a computation time of 52 h approximately.
Numerous tests in the vibrational energy calculations of

H+
5 and D+

5 are shown in Tables II and III, respectively. To
settle the converged parameters for the angular basis in calcu-
lation for H+

5 , we first carried out a set of testing calculations
within a five-dimensional (5D) model, in which the four radial
coordinates were fixed at their values in the global minimum
(the C2v structure) in the PES. It can be seen from Table II
that we achieved a good convergence of less than 0.1 cm−1

for the 5D calculations. Then, we employed the angular basis
number obtained in the 5D model to perform FD calculations
to test the radial basis number and the result are reported in
the same table. The vibrational energies for n = 0 and n = 5
converge to less than 0.2 cm−1 and the vibrational energy for
n = 8 converges to less than 3.0 cm−1. For the D+

5 cation
shown in Table III, it can be found the ZPE converges to less
than 1.0 cm−1. Overall, the results presented here are well
converged with respect to these parameters.

TABLE III. Convergence of the ZPE values (in cm−1) of D+
5 with respect

to basis/grid number.

FD
Basis no.
(R,r1,r2,r3,j1,j23,j3,l2,j123) n = 0 (ZPE)

(12,3,18,5,12,16,12,20,24) 5155.82
(12,3,18,5,14,18,14,22,26) 5153.10
(12,3,18,5,16,20,16,24,28) 5152.31
(14,3,20,5,12,16,12,20,24) 5155.86
(10,3,16,5,14,18,14,22,26) 5153.07
(10,3,16,5,16,20,16,24,28)a 5152.28

aParameters used in the full-dimensional calculations.

B. Ground state properties

The calculated ZPEs of H+
5 and its isotopic variants, to-

gether with other theoretical results reported earlier, are pre-
sented in Table IV. All of these calculations employed the
same PES of Xie et al.36 except the one used by Cheng
et al.22 which is a re-fit to the data reported in Ref. 36 with
very small differences. For H+

5 , the ZPE was also computed
by the DMC,22, 36, 39, 53 MULTIMODE “reaction path” (MM-
RPH)22, 59–61 PIMC,41 and MCTDH45, 46 methods. As shown
in the third column of Table IV, all values are in good agree-
ment with each other except the one calculated by the MM-
RPH method, which is about 30 cm−1 higher than others.
If we consider the DMC value of Xie et al.36 as the ac-
curate value within statistical error, all the other calculated
ZPEs except the MM-RPH one are well located in the statis-
tical error range of the DMC energy. For D+

5 , the three dif-
ferent DMC calculations22, 39, 53 gave almost the same ZPE
within the statistical uncertainties. The MCTDH ZPE in Ref.
46 and our ZPE agree well with these DMC values. How-
ever, the MM-RPH ZPE is higher than the others by at least
20 cm−1. The calculations on the other two isotopomers,
H4D+ and D4H+, were based on the symmetric geometries,
in which, the deuteron and the proton, respectively, is in be-
tween the two diatoms. For H4D+, the ZPE of this work is
the same as the value from the DMC without important sam-
pling calculations,39 while both of them are ca. 8 cm−1 larger
than the value from the DMC with important sampling calcu-
lations. The MCTDH ZPE in Ref. 46 slightly smaller than the
other ones and is outside of the statistical uncertainties of the
DMC energies. For D4H+, the ZPES obtained from DMC39

(with and without important sampling), MCTDH46 and this
work agree with each other very well.

Almost all high-level ab initio studies predicted an asym-
metric C2v structure as the energetically lowest stationary
point. The DMC calculations showed that the zero-point
averaged structure of H+

5 corresponds to a symmetric D2d

geometry.39 But recent PIMC “on the fly” calculations found
that its vibrational ground state is not just the D2d but a mix-
ture of the four low-lying structures.41 In order to clarify it,
we present the one-dimensional probability distribution func-
tions (PDFs) calculated from the ground state wave function
of H+

5 along the coordinates R, r2, and B1 in Fig. 2. From
the top and middle panels of this figure, it can be seen that
the PDF spreads in the range of 3.0 to about 4.75 a.u. in R
and simultaneously in a very large region of r2, which indi-
cates that the central proton is hopping with very large ampli-
tude in between the two outer diatoms. On the other hand, the
wave function has nearly the same probability density over the
whole range of B1, which reveals that the H2 subunit rotates
almost freely in the ground state. While calculated average
bond lengths of the ground state of H+

5 showed that the aver-
age structure has D2d symmetry, the PDFs of the ground state
wave function indicates that the ground state is a mixture of
low-lying structures.

C. Assignment of vibrational states

The quantum number assignment of excited states of
systems with three or more coupled, anharmonic large
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TABLE IV. Comparison of zero point energy (ZPE) values of H+
5 and its isotopic variants with other theoretical

results. (The ZPE values are in cm−1 and relative to the potential minimum. In H4D+ and D4H+, the D and H
atom, respectively, is in between the two diatoms.)

H+
5 D+

5 H4D+ D4H+

Xie et al.a DMC 7210 ± 11
Acioli et al.b DMC/IS 7208 ± 4 5151 ± 1 6860 ± 1 5533 ± 2

DMC/NIS 7213 ± 9 5154 ± 7 6868 ± 11 5535 ± 7
Cheng et al.c DMC 7210 5152

MM-RPH 7244 5174
Tudela et al.d PIMC 7204.9
Valdés et al.e MCTDH 7210.3
Valdés et al.f MCTDH 7202.6 5151.0 6854.1 5535.6
Lin et al.g DMC 7205 ± 5 5149 ± 5
This work FD 7214.6 5152.3 6868.8 5536.4

aReference 36.
bReference 39. IS: Importance sampling; NIS: No importance sampling.
cReference 22.
dReference 41.
eReference 45.
fReference 46.
gReference 53.

amplitude motion vibrations is nontrivial.62, 63 The high di-
mensionality and unusual fluxionality of H+

5 make the as-
signment of its vibrational states a challenging task. Due to
the existence of low-frequency modes and the strong anhar-
monic effect, it is difficult to unambiguously label all the
calculated eigenstates. For the low-lying states, the coupling
between different modes is relatively weak and so the as-
signments are reliable. Thus, we succeeded in assigning the

FIG. 2. One-dimensional probability distribution functions of the ground
state wave function of H+

5 along R, r2, and B1.

first 10 excited states of H+
5 , as shown in Table V, by in-

specting numerous cuts through the wave function for each
state. The assignments are given in terms of three quantum
numbers (nstr, nhop, ntor), which denote the H2–H+

3 stretch,
the shared-proton hopping, and the out-of-plane torsion, re-
spectively. This is based on the fact that the other modes
have not been excited for those states as they span only a
relatively low energy region from 0 to 774.3 cm−1 (with
respect to the ZPE of H+

5 ). The assignment here follows
the work of Valdés et al. in which the parity has also been
included.45

In Fig. 3, we give the 2D cuts through the wave functions
of the first five vibrationally excited states of H+

5 . For these
states, they all have well-defined nodal patterns with only one
of the modes being excited. These states are found to have no
nodes in any other degrees of freedom. For the n = 1 state,
as shown in the first row of Fig. 3, it has an excitation of
one quantum in the B1 torsional angle and thus is labeled as
(0,0,1). The state n = 2 in the second row is also labeled as
(0,0,1) but with a different parity as only one quantum of the
torsion mode is excited. In the third row, it can be found there
exists a nodal plane along the r2 coordinate and thus we can
label it as (0,1,0) which is the fundamental of the central pro-
ton hopping mode. The state n = 4 presented in the next row
corresponds to the first overtone of the torsion mode and is la-
beled as (0,0,2). There also exists another state n = 5 having
the same assignment but with a different parity, as shown in
the last row of the figure.

The 2D cuts of the wave functions for the 6th–10th ex-
cited states are plotted in Fig. 4. For these relatively high-
lying excited states, at least two modes are excited. In other
words, there exists coupling between different modes. For the
6th excited state, as shown in the first row of Fig. 4, there
exists an excitation of one quantum each along the coordi-
nates r2 and B1; thus, it is labeled as (0,1,1). Similarly, the n
= 7 state is labeled as (0,1,1) with a different parity. The n
= 8 state can be label as (1,1,0) by inspecting the third row.
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TABLE V. Vibrational energies of the first 10 excited states of H+
5 with total angular momentum J = 0 with the

corresponding ZPE as a reference (in cm−1). The intermolecular vibrational quantum numbers (nstr, nhop, ntor)
denote the H2–H+

3 stretch, the shared-proton hopping, and the out-of-plane torsion, respectively.

This work MCTDHa MCTDHb

n Energy Parity (nstr, nhop, ntor) Energy Energy

0 0.0 (7214.6) +1 (0,0,0) 0.0 (7210.3) 0.0 (7202.6)
1 87.3 +1 (0,0,1) 96.3 92.6
2 138.7 –1 (0,0,1) 135.7 133.3
3 354.4 +1 (0,1,0) 358.7 365.4
4 444.0 +1 (0,0,2) 452.9 447.1
5 446.8 –1 (0,0,2) 453.6 452.3
6 447.3 +1 (0,1,1) 464.4 462.8
7 486.3 –1 (0,1,1) 495.1 495.9
8 642.6 +1 (1,1,0) 673.6 679.5
9 736.9 +1 (1,1,1) 784.3 779.5
10 774.3 –1 (1,1,1) 809.4 808.2

aReference 45.
bReference 46.

Obviously, it has an excitation of one quantum each along R
and r2. For the state n = 9, as plotted in the fourth row, the
three modes have all been excited and it is labeled as (1,1,1).
Similarly, the n = 10 state can be labeled as (1,1,1) with a
different parity.

In the last two columns of Table V, we also present the
MCTDH energies of the first 10 excited states of H+

5 from
Refs. 45 and 46 for comparison. Obviously, the two MCTDH
calculations with different mode combination scheme (5-
mode combination in Ref. 45 vs. 4-mode combination in Ref.
46) give almost the same result, and the difference is within
10 cm−1 for all the energies presented. The small difference
should be caused by the different n-mode representation of
the PES. By comparing our results with the MCTDH values
in Ref. 45 (5-mode combination scheme), it can be found that
the MCTDH energies agree quite well with our values for the
first five vibrationally excited states with the difference no
more than 10 cm−1. While for higher vibrational states, the
difference becomes a little larger, ranging from 8.8 cm−1 for n
= 7 to 47.4 cm−1 for n = 9 with the others in between them. It
seems that the MCTDH values are systematically larger than
ours except for the state n = 2, in which the MCTDH value
is 3 cm−1 smaller than ours. Considering that the approxima-
tion of the n-mode representation of the PES included in the
MCTDH calculations, the small difference within 47.4 cm−1

over the vibrational states studied should be reasonable and
acceptable.

In Table V, we could not find the fundamental of the H2–
H+

3 stretch, (1,0,0), and the first overtone of the shared-proton
hopping, (0,2,0), which one would expect to occur around 280
cm−1 and 700 cm−1, respectively. A simple explanation can
be found in Lin and McCoy’s paper.53 In their work, they
used the simple normal mode to local progressions of tran-
sitions in the proton-transfer mode and provided alternative
assignments of the experimental spectra. They argued that the
underlying-motion is no longer normal modes but some type
of large-amplitude motion. Thus, according to their explana-
tion, 354.4 cm−1 (0,1,0) can be re-assigned as the ν = 1 state
in the shared proton chattering mode and 642.6 cm−1 (1,1,0)
as the ν = 2 state. Indeed, the wave function cut of n = 3 in
the first column of Fig. 3 shows that it is not a pure r2 mode
but a combination of R and r2 motion.

The tunneling splitting of the ground-state torsion mode
is defined as the difference between the energies of the ground
state and the first torsional excited state. In Table VI, we
present the ground-state torsional splitting, the fundamental
of the proton hopping mode, and the first torsional overtone
and compare them with earlier theoretical results where avail-
able. In the second row, we list the fundamental of the torsion
mode (tunneling splitting) of this work together with those
calculated by DMC,22 MM-RPH,22 and MCTDH45, 46 meth-
ods. It can be seen that our result (87.3 cm−1) is in between
the DMC value (80 cm−1) and the MCTDH values (96.3
cm−1 in Ref. 45 and 92.6 cm−1 in Ref. 46) with 7.3 cm−1

TABLE VI. Comparison of the ground-state torsional splitting, the vH+ fundamental of H+
5 , and the first over-

tone of the torsion mode with other theoretical results (in cm−1).

DMCa MM-RPHa MCTDHb MCTDHc DMCd This work

	vtorsion 80 66 96.3 92.6 87.3
vH+ 334 382 358.7 365.4 369 ± 5 354.4
2	vtorsion 452.9 447.1 444.0

aReference 22.
bReference 45.
cReference 46.
dReference 53.
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FIG. 3. Cuts through the wave functions of the first five vibrationally excited states of the H+
5 ion. Other coordinates are fixed at DVR points with maximum

amplitude of the corresponding one-dimensional wave function. Contours are from 20% to 80% of the maximum amplitude with an interval of 20%. The red
(blue) curves enclose regions of positive (negative) amplitude.
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FIG. 4. Cuts through the wave functions of the sixth to tenth vibrationally excited states of the H+
5 ion. Other coordinates are fixed at DVR points with maximum

amplitude of the corresponding one-dimensional wave function. Contours are from 20% to 80% of the maximum amplitude with an interval of 20%. The red
(blue) curves enclose regions of positive (negative) amplitude.
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larger than the DMC value. The MM-RPH value (66 cm−1)
is smaller than the other ones by at least 14 cm−1. Overall,
the tunneling splitting from this work is closest to the DMC
value.

For the fundamental of the proton hopping mode, as
listed in the third row, the two DMC calculations (Refs. 22
and 53) give distinct results, with the value in Ref. 22 be-
ing 35 cm−1 smaller than in Ref. 53. Here, we should note
that Cheng et al.22 employed a slight different PES from the
others, which possibly cause the difference between the two
DMC calculations. The MCTDH value based on the 4-mode
combination scheme46 is well located in the statistical uncer-
tainties of the DMC energy reported by Lin and McCoy.53

However, the other three calculations, MM-RPH,22 MCTDH
(5-mode combination scheme),45 and the present work, all
give results that are well outside of the statistical uncertain-
ties of the DMC energy.53 In addition, the fundamental of the
proton hopping mode of this work is close to the MCTDH
result in Ref. 45, and the difference between them is only
4.3 cm−1.

In the fourth row, we present the first overtone of the
torsion mode obtained from this work and the two MCTDH
calculations.45, 46 It can be seen that the two MCTDH ener-
gies are close to each other and are slightly larger than our
calculated energy.

Through the comparison of vibrational energies among
different theoretical methods above, it is clear that the n-mode
representation of the PES employed in the MCTDH method,
at least 5-mode combination scheme and 4-mode combina-
tion scheme, works well for the bound state calculations of
H+

5 among this energy range. The DMC approach gives a very
good description of the ground state and also of some specific
excited states, while the MM-RPH approach generally pro-
vides results with a relatively larger difference.

IV. CONCLUSIONS

We have reported rigorous full-dimensional calculations
of the vibrational spectra of H+

5 for the total angular mo-
mentum J = 0 in a relatively low energy range up to 774.3
cm−1. An accurate global potential energy surface, developed
by Xie et al.36 based on extensive high-level ab initio cal-
culations, was employed in the calculation. The zero point
energies of H+

5 and its isotopic variants were presented and
compared with earlier theoretical results. Good consistency
among different methods was found. By inspecting different
cuts through the wave functions, the first 10 vibrationally ex-
cited states of H+

5 have been successfully assigned using three
quantum numbers (the H2–H+

3 stretch, the shared proton hop-
ping, and the out-of-plane torsion). The ground-state torsional
tunneling splitting is 87.3 cm−1, the fundamental of the cen-
tral proton hopping mode is 354.4 cm−1, and the first overtone
of the torsion mode is 444.0 cm−1. All these values agree
well with the available results from the DMC and MCTDH
calculations. However, the MM-RPH calculation provides a
slightly smaller value for the torsional tunneling splitting and
a relatively larger value for the fundamental of the central pro-
ton hopping mode.

At the moment, it is still very challenging to perform full-
dimensional quantum-mechanical calculations for H+

5 with-
out any approximations for the higher vibrational states. The
Jacobi coordinates in the work, which is not a set of fully
symmetric coordinates, make it unfeasible to implement the
permutation symmetry among all identical particles. Some at-
tempts to use symmetric coordinates for calculations are in
progress. We hope that this work can offer some useful in-
formation to experimentalists, and stimulate more experimen-
tal investigations on these highly fluxional hydrogen-bonded
cations system.
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62M. Mandziuk and Z. Bačić, J. Chem. Phys. 98, 7165 (1993).
63D. H. Zhang, Q. Wu, J. H. Zhang, M. von Dirke, and Z. Bačić, J. Chem.
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