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ABSTRACT 

 

This thesis presents an enhanced nodal-based discontinuous deformation 

analysis (NDDA) based on the coupling of the discontinuous deformation analysis 

(DDA) and the finite element method (FEM), for modeling blocky systems, 

especially for simulating crack propagation in rock mass. The NDDA can provide a 

more accurate stress and strain distribution in each block and has a higher 

computational efficiency than the standard DDA in dealing with continuum 

materials. Furthermore, the enhanced NDDA allows for tensile and shear fracturing 

happening inside an intact block, which provides a way for material transforming 

from continuum into discontinuum. A computer program named 2D-NDDA was 

developed to handle the combination of continuous and discontinuous in large 

displacement problems, as well as large deformation and failure analysis, under 

external loads and boundary conditions.  

After a brief introduction of the concept of the standard DDA, detailed reviews 

of the validation and enhancement of the DDA in the past decades are given in the 

thesis. The formulae of NDDA, including the analytical solutions for the inertia 

matrix and contact matrices which control the stability of the open-close iterations 

of block kinematics, are provided and discussed. In the strict sense of the word, the 

NDDA is not a simple couple of the FEM and the DDA but a unifying of them. It 

can work at three states: pure FEM, pure DDA and mixed. The NDDA works in an 

FEM mode when the system is continuous, in a DDA mode if the system is totally 

discontinuous, or in a mixed mode for mixed state.   

There is no difficult to carry out the idea of NDDA since the FEM and the DDA 

are both derived from the minimization of the total potential energy of the system. 

More conveniently, any FEM code can be easily transformed into a DDA code 

when the kinematics part is considered. To transform an FEM algorithm into a DDA 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



X 

 

algorithm, two steps are necessary: (1) scheme for the fracture of the continuous 

material; (2) introducing of the inertia and kinematics matrices. 

Finally, applications of the newly enhanced NDDA are shown by several 

numerical examples with comparison to the analytical or experimental results. The 

simulation results show that the NDDA can model wave propagating inside 

continuous and elastic media and the brittle fracture of rock as well. Indeed, the 

NDDA can be applied to more engineering problems other than the above 

applications if more mature FEM algorithms are applied into it. 

Like any other numerical methods in their early developing stage, the NDDA 

still has a lot of shortcomings. The fracture scheme including crack criterion and 

node splitting algorithm in the NDDA program is still in the developing and testing 

stage. The quality of the mesh and the shape of element have an important effect on 

the simulation results of the NDDA as well as that from the FEM. However, all 

these limitations can be solved in the future work and cannot prevent the NDDA 

from being a powerful numerical tool. 
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CHAPTER 1 INTRODUCTION 

 

1.1 Background 

Numerical simulation has increasingly become a very important approach for 

solving complex practical problems in engineering and science. The finite element 

method (FEM) is perhaps the most widely applied numerical method. A basic 

concept of the FEM is discretization, i.e., a continuum system is subdivided into a 

finite number of well-defined elements. Each element is defined by certain nodes, 

and nodal displacements are selected as the unknowns of the governing equation. 

For each element, a polynomial is often used to describe the displacement field of 

that element so that the displacement field can be interpolated by the nodal 

displacements. To obtain a complete solution, the conditions of compatibility and 

equilibrium must be fulfilled. Since the nodes of elements sharing common node 

numbers will have identical displacements, the first condition is automatically 

satisfied on nodes. The second condition is achieved by minimizing the total 

potential energy equation of the system.  

Representation of rock fractures by the FEM has been motivated by rock 

mechanics since the late 1960s, with the wide application of the „Goodman joint 

element‟ (Goodman, Taylor et al. 1968) in the FEM codes. However, these models 

are also formulated based on the continuum assumption which does not permit 

large-scale opening, sliding, and complete detachment of elements. The treatment of 

fractures and fracture propagation remains as one of the most important limiting 

factors in the application of the FEM for rock mechanics problems. The FEM 

suffers from the fact that the global stiffness matrix tends to be ill-conditioned when 
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many fracture elements are incorporated. Block rotations, complete detachment and 

large-scale fracture opening cannot be treated because the general continuum 

assumption in the FEM formulations requires that fracture elements cannot be torn 

apart. When simulating the process of fracture propagation, the FEM is handicapped 

by the contact problem and heavy computational burden caused by continuous 

re-meshing with fracture growth. This overall shortcoming makes the FEM less 

efficient in dealing with fracture problems than the discontinuum-based methods.  

The distinct element method (DEM) (Cundall 1971) is one of the  

discontinuum-based methods and has been broadly used for the numerical 

computations of jointed or blocky rock engineering problems. The key concept of 

the DEM is to treat the domain of interest as an assemblage of rigid or deformable 

blocks. The contacts between blocks need to be identified and continuously updated 

during the entire deformation/motion process, and be represented by appropriate 

constitutive models. The theoretical foundation of the method is the formulation and 

solution of equations of motion of blocks using explicit formulations. Nevertheless, 

it is a force method which incorporates fictitious forces to satisfy the contact 

conditions and obtain the equilibrium state of the whole system.  

The discontinuous deformation analysis (DDA) (Shi 1988) is the other member 

of the discontinuum-based methods. Different from the DEM, the DDA is an 

implicit method like the FEM. It chooses the displacements and strains as variables 

and solves the equilibrium equations in the same way as the FEM does. Moreover, 

the DDA has two advantages over the DEM: (1) less restrictions on the time step 

interval, i.e., relatively larger time steps are allowed; and (2) closed-form 

integrations for the stiffness matrices of blocks are performed. Another attractive 

advantage of the DDA is that an existing FEM code can be readily transformed into 

a DDA code while retaining all the advantageous features of the FEM. 

The DDA has emerged as an attractive model for geomechanical problems 
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because its advantages cannot be replaced by the continuum-based methods or the 

explicit discrete element methods. Different from the FEM whose mesh is 

arbitrarily created by the analyzer, the DDA deals with a mesh that is real rock 

joints. The DDA does not imply continuity at block boundaries, i.e., they can be 

totally discontinuous. In fact, the blocks are independent and they only have 

connections while contacting each other. These connections are performed by 

adding contact springs to the contact positions. To find the correct contact pairs 

optimally, the DDA requires the development of a complete block kinematic theory 

which can obtain large displacement and deformation solutions for blocky systems 

under general loading and boundary conditions. 

The DDA chooses the complete first order polynomial as the displacement 

function for a two-dimensional block, which restricts the block to constant stresses 

and limits the deformation abilities of the block. If a more complicated stress field 

and more deformable block boundary are desired, enhancements to the original 

DDA method are necessary. During the past decades, three kinds of enhancement 

had been developed. By incorporating higher order displacement functions or 

two-dimensional Fourier series (Koo, Chern et al. 1995; Hsiung 2001), the DDA 

obtained an improved stress distribution inside blocks and a better description of the 

block deformation. This enhancement is easy to be applied but when the block 

shape is very odd, the stress and strain distribution still cannot satisfy the 

requirement. And the high order displacement functions will lead the boundary of 

blocks to deform into curve lines, which makes the contact detection much more 

complex, if the deformed boundary is considered. The other enhancement was 

fulfilled by introducing artificial joints into real blocks (Ke 1993; Lin 1995). This 

method cuts a real block into a number of sub-blocks, and sub-blocks are connected 

together at contacts by unbreakable springs which are held fixed to assure 

continuity across any artificial joint up to a certain limit. However, the remarkable 

increase of contact number between blocks causes a heavy computation burden. The 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



4 

 

last but most promising enhancement is coupling the finite element mesh into a 

block (Shyu 1993; Chang 1994). This enhancement largely increased the 

deformation ability of blocks and refined the stress distribution inside blocks. 

Moreover, it avoided the ambiguity of curved contact encountered by the higher 

order method, and avoided introducing unnecessary and artificial contacts which 

characterized the sub-block method. Furthermore, the coupling method provided a 

bridge between the FEM and the DDA. The nodal-based DDA (NDDA) presented 

in this thesis is based on this idea but with an extension of the fracture ability in 

intact blocks. 

1.2 Objectives 

The main goal of this thesis is to develop a two-dimensional nodal 

displacements based discontinuous deformation analysis method to simulate crack 

initiation and propagation in rock materials. The objectives of this study are 

outlined as follows: 

(1) Develop an improved discontinuous deformation analysis method (NDDA) 

based on the original DDA but with nodal displacements as unknowns. The 

newly developed NDDA method should be able to solve continuous 

problems as well as discontinuous problems.  

(2) Develop an auto mesh generator to generate finite element mesh inside DDA 

blocks as a preprocessor for the NDDA. 

(3) Develop a scheme to provide block fracture capability with proper fracture 

criterion in the NDDA. 

(4) Improve the precision of vertex-vertex contact treating for both the original 

DDA and the newly developed NDDA.  
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(5) Use the newly developed NDDA method to analyze crack propagation 

problems, and comparing numerically obtained results to existing 

experiments to verify its validation for real problems.  

(6) To develop a suitable computer program (2D-NDDA), which can achieve 

the above purpose and easy to use. 

1.3 Organization of the Thesis 

The Thesis consists of eight chapters. Chapter 1 gives an introduction to the 

research work and provides the general objectives of the study as well as the outline 

of the thesis. 

Chapter 2 provides a literature review of the numerical methods mostly used in 

rock mechanics. Furthermore, a review of the DDA theory and related validation 

and application works done in the past decades are presented. A detailed review of 

the enhancements to the DDA is presented. 

Chapter 3 derives the formulations employed in the proposed NDDA. The 

formulations are confined to traditional triangular finite element mesh.  

Chapter 4 discusses the automatic triangular mesh generation algorithm which 

is employed in preprocess of newly developed NDDA code. A high efficiency 

Delaunay triangulation refinement algorithm is proposed and implemented.  

Chapter 5 provides a scheme for fragmentizing an intact block into smaller 

blocks using the Mohr-Coulomb failure criterion. A mesh boundary update 

algorithm is provided. 

Chapter 6 discusses the indeterminacy of the vertex-vertex contact in the DDA 

and provides alternative methods based on the motion of vertexes to handle the 

indeterminacies.  
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Chapter 7 presents numerical examples that serve as an illustration of the 

potential usage of the developed NDDA method for the analysis of rock fracture 

problems.  

Chapter 8 summarizes the major conclusions drawn from the study and presents 

possible further research. 
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CHAPTER 2 LITERATURE REVIEW 

 

2.1 Introduction 

 In section 2.2, a review of numerical methods applied in rock engineering is 

presented. In section 2.3, theory of the standard DDA is presented. In section 2.4, 

the standard DDA program flowcharts are proposed. In section 2.5, the validation 

and enhancement of the DDA carried out by other researchers are introduced. 

2.2 Numerical Methods in Rock Mechanics 

With the increasing needs to design and evaluate practical rock engineering 

structures, numerical simulation for rock mechanics has been developed for decades 

with widely different purposes, and a wide spectrum of numerical approaches have 

been developed to assist various numerical investigations. The purpose of numerical 

modelling in rock mechanics is not only to provide specific values of stresses and 

displacements at specific points but also to enhance our understanding of the 

processes involved, particularly the changes that result from the perturbations 

introduced by engineering activities. 

The development of numerical models and computer hardware now provide 

essential support for the rock mechanics analyses and understanding. Moreover, 

such developments and progress in computer methods for rock engineering will 

continue because they are mainly stimulated by the prospect that they will provide 

the information that cannot be obtained by experiments, because conducting 

large-scale in situ experiments is most often not possible.  
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The fractured rock mass comprising the Earth‟s upper crust is a discrete system. 

Closed-form solutions do not exist for such geometries and numerical methods must 

be used for solving practical problems. Due to the differences in the underlying 

material assumptions, different numerical methods have been developed for 

continuous and discrete systems. The most commonly applied numerical methods 

for rock mechanics problems are sorted into three categories according to Jing 

(2003) with a minor revision:  

(1) Continuum methods ---- Finite Difference Method (FDM), Finite Element 

Method (FEM), Boundary Element Method (BEM); 

(2) Discontinuum methods ---- Distinct Element Method (DEM), Discrete Fracture 

Network (DFN) methods, Discontinuous Deformation Analysis (DDA); 

(3) Hybrid continuum/discontinuum methods ---- hybrid FEM/BEM, hybrid 

DEM/BEM, hybrid FEM/DEM. 

The choice of continuum or discontinuum methods depends on many 

problem-specific factors, but mainly on the problem scale and fracture system 

geometry. Figure 2.1 illustrates the discretization concepts of the FDM/FEM, BEM, 

and DEM/DDA for fractured rocks. The continuum approach can be used if only a 

few fractures are present and no fracture opening and no complete block 

detachment is possible. The discontinuum approach is more suitable for moderately 

fractured rock masses where the number of fractures is too large for the continuum 

approach, or where large-scale displacements of individual blocks are possible. 

Modelling fractured rocks demands high performance numerical methods and 

computer codes, especially regarding the discontinuities representation, material 

heterogeneity and non-linearity, coupling with fluid flow and heat transfer and scale 

effects. There are no absolute advantages of one method over the other and it is 

unnecessary to restrict the application to only one method. Some of the 

disadvantages inherent in one method can be overcome by hybrid models.  
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 Figure 2.1 schematization of a fractured rock mass: (a) real model; (b) by FDM or 

FEM; (c) by BEM; (d) by DEM or DDA (Jing 2003) 

2.2.1 Finite Difference Method 

The FDM is a classical numerical method developed by mathematicians for 

obtaining the approximate solutions to partial differential equations (PDEs) in 

engineering problems. The basic concept of FDM is to replace the partial 

derivatives of the objective function by differences defined over certain spatial 

intervals in the coordinate directions on the domain of definition and transforming 

the differential problem into an algebraic linear system of equations for the values 

of objective functions at all grid (mesh) nodes over the domain of interest 

(Greenspan 1965; Richtmyer and Morton 1967). Solution of the simultaneous 

equations, incorporating boundary conditions defined at boundary nodes, gives an 
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approximate numerical solution of the given problem.  

The conventional FDM utilizes a regular grid of nodes to generate objective 

function values at sampling points with small enough intervals between them, so 

that errors thus introduced are small enough to be acceptable. It has some 

shortcomings when dealing with problems involving fractures, complex boundary 

conditions or material inhomogeneity. This makes the standard FDM generally 

unsuitable for modelling practical rock mechanics problems. Although irregular 

meshes had been introduced into FDM by Perrone and Kao (1975) which can 

enhance the applicability of the FDM for rock mechanics problems, the most 

significant improvement comes from the so-called Finite Volume Method (FVM). 

As a branch of the FDM, the FVM can overcome the inflexibility of the grid 

generation and boundary conditions in the traditional FDM with unstructured grids 

of arbitrary shape. It has similarities with the FEM and is also regarded as a bridge 

between FDM and FEM, as pointed out in Selim (1993) and Fallah et al. (2000). A 

FVM model can be readily constructed using a standard FEM mesh, as shown in 

Bailey and Cross (1995). Similar examples of FVM for non-linear stress analysis 

with elasto-plastic and visco-plastic material models were given in Fryer et al. 

(1991). 

2.2.2 Finite Element Method 

Clough (1960) appeared to be the first to use the term „finite element‟ for plane 

stress problems (Zienkiewicz and Taylor 2000). Since the early 1960s much 

progress has been made, and the method was rapidly adopted and promoted in many 

scientific and engineering fields, as illustrated by the books of Zienkiewicz (1977) 

and Bathe (1982). 

Generally, an FEM analysis includes three steps: (1) domain discretization; (2) 
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local approximation; (3) assemblage and solution of the global matrix equation. 

Firstly, the domain discretization involves dividing a domain into a finite number of 

sub-domains (elements) of smaller size and standard shape (triangle, quadrilateral, 

tetrahedral, etc.) with fixed number of nodes at the vertices and/or on the sides. 

Secondly, the trial functions, usually polynomial, are used to approximate the 

behavior of PDEs at the element level and generate the local algebraic equations 

representing the behavior of the elements. Finally, the local elemental equations are 

assembled, according to the topologic relations between the nodes and elements, 

into a global system of algebraic equations whose solution then produces the 

required information in the solution domain, after imposing the properly defined 

initial and boundary conditions.  

The FEM is perhaps the most widely applied numerical method in engineering 

today because of its flexibility in handling material heterogeneity, non-linearity and 

boundary conditions, with many well developed and verified commercial codes 

with large capacities in terms of computing power, material complexity and user 

friendliness. But the application of FEM to rock mechanics was very limited in its 

early stage because of the widely spread of discontinuities inside the rock mass. A 

great improvement was only obtained after the introduction of interface models 

(Goodman, Taylor et al. 1968; Zienkiewicz, Best et al. 1970; Ghaboussi, Wilson et 

al. 1973; Michael 1983; Desai, Zaman et al. 1984) in the FEM. However, even with 

this improvement, the FEM was still limited to the small displacement assumptions.  

The application of FEM to simulate the process of fracture propagation is not 

efficient because of the heavy computation burden caused by continuous 

re-meshing with fracture growth. In the past decades, a special class of FEM, often 

called „enriched FEM‟, has been developed especially for fracture analysis with 

minimal or no re-meshing (Babuska and Osborn 1983; Belytschko and Black 1999; 

Nicolas, John et al. 1999; Christophe, Nicolas et al. 2000; Duarte, Babuska et al. 

2000; Strouboulis, Babuska et al. 2000; Sukumar, Moes et al. 2000; Duarte, 
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Hamzeh et al. 2001; Strouboulis, Copps et al. 2001; Sukumar and Prevost 2003; 

Combescure, Gravouil et al. 2008; Guidault, Allix et al. 2008; Tabarraei and 

Sukumar 2008). The „enriched FEM‟ with jump functions and crack tip functions 

has improved the FEM‟s capacity in fracture analysis. But, it is still limited to few 

cracks. Another FEM model for the analysis of fracture problem without 

re-meshing is the cohesive zone type interface model (Needleman 1987; Needleman 

1990; Xu and Needleman 1994; Camacho and Ortiz 1996; Xu and Needleman 

1996). In this model, the finite element discretization is based on linear 

displacement triangular elements. Each node at an intersection is connected by 

cohesive surfaces, belongs to different element and has different node number 

although their coordinates are identical. The continuum is characterized by two 

constitutive relations: a volumetric constitutive law that relates stress and strain; and 

a cohesive surface constitutive relation between the tractions and displacement 

jumps across a specified set of cohesive surfaces that are interspersed throughout 

the continuum. 

Another limitation of the FEM is that it cannot simulate infinitely large 

domains (as sometimes presented in rock engineering problems, such as half-plane 

or half-space problems) and the efficiency of the FEM will decrease significantly 

when the degrees of freedom is too large, which is in general proportional to the 

number of nodes. 

2.2.3 Boundary Element Method 

The developments and applications of BEM in the field of rock mechanics can 

be found in many BEM works (Brady and Bray 1978; Hoek and Brown 1981; 

Crouch and Starfield 1983; Pande, Beer et al. 1990). The BEM requires 

discretization at the boundary of the problem domains only, thus reducing the 

problem dimensions by one and greatly simplifying the input requirements. The 
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information required in the solution domain is separately calculated from the 

information on the boundary, which is obtained by solution of a boundary integral 

equation, instead of direct solution of the PDEs, as in the FDM and FEM. The BEM 

is often more accurate than the FDM and FEM at the same level of discretization 

and is also the most efficient technique for fracture propagation analysis and 

simulating infinitely large domains. 

However, in general, the BEM is not as efficient as the FEM in dealing with 

material heterogeneity, because it cannot have as many sub-domains as elements in 

the FEM. The BEM is also not as efficient as the FEM in simulating non-linear 

material behaviour, such as plasticity and damage evolution processes, because 

domain integrals are often presented in these problems.  

The BEM is more suitable for solving problems of fracturing in homogeneous 

and linearly elastic bodies. But, it is difficult to analyze fracturing processes for 

rock mechanics problems. On the one hand, what happens exactly at the fracture 

tips in rocks still needs to be further understood, with the additional complexities 

caused by the microscopic heterogeneity and non-linearity at the fracture tip scale, 

especially regarding the fracture growth rate. On the other hand, complex numerical 

manipulations are still needed for re-meshing following the fracture growth process 

so that the tip elements are added to where new fracture tips are predicted, and 

updating of system equations following the re-meshing, although the task is much 

less cumbersome than that required for domain discretization methods such as 

standard FEM. 

2.2.4 Distinct Element Method 

The distinct element method (DEM) is a member of the discrete element family 

with explicit form. Since Cundall (1971) first introduced the DEM to simulate 

progressive movements in blocky rock systems, the DEM has been well developed 
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over the past decades and has become the most widely used discontinuum method 

in rock mechanics. The first version of DEM only handled a system of discrete rigid 

blocks. Cundall et al. (1978) then extended it for deformable blocks. The DEM has 

been widely applied to different engineering problems as shown in many works 

(Fairhurst and Pei 1990; Kusano, Aoyagi et al. 1992; Chuhan, Pekau et al. 1997; 

Kim, Kim et al. 1997; Esaki, Jiang et al. 1998; Su and Stephansson 1999; Moon, 

Nakagawa et al. 2007; Jiang, Li et al. 2009). 

In the DEM, a rock mass is represented as an assembly of discrete blocks. Joints 

are viewed as interfaces between distinct bodies i.e. the discontinuity is treated as a 

boundary condition rather than a special element in the model. At the start of every 

step, contacts are detected based on the current penetrations between blocks. Given 

the elastic contact stiffness, the amount of penetration at each contact determines 

the contact forces between blocks, which are regarded as additional external forces 

of the system at the current step. Then, unbalanced forces drive the solution process, 

and a mathematical damping is used to dissipate the extra kinetic energy. Because 

of its incomplete block kinematics and mathematical damping, the explicit scheme 

used in the DEM cannot guarantee the dynamic equilibrium state of a system at any 

time. Moreover, because the DEM employs a central difference procedure which 

requires that the time step size is small enough to assure stability. This requirement 

is one of the main disadvantages of this method. 

2.2.5 Discontinuous Deformation Analysis 

The DDA is another member of the discrete element family and is used for 

analyzing force-displacement interactions of block systems. This method is an 

implicit method which uses the displacements and strains as unknowns and solves 

the equilibrium equations in the same manner as the matrix analysis of structures in 

the FEM. Although it is intended primarily for discontinuous block systems, the 
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DDA is based on strict adherence to the rules of classical mechanics. Displacements 

and deformations are permitted for each block, and sliding, opening and closing of 

block interfaces are permitted for the entire block system.  

Since the DDA was first introduced by Shi (1988), it obtained great 

development and application in various engineering problems as shown in many 

DDA works (Yeung 1991; Chen 1993; Ke 1993; Shyu 1993; Yeung 1993; Chang 

1994; Ke 1995; Koo, Chern et al. 1995; Lin 1995; Ohnishi, Chen et al. 1995; 

Amadei, Lin et al. 1996; Ke 1996; MacLaughlin and Sitar 1996; Huang 1997; Ke 

1997; Koo and Chern 1997; Lin and Chen 1997; MacLaughlin 1997; Ma 1999; 

Mortazavi 1999; Jing, Ma et al. 2001; MacLaughlin, Sitar et al. 2001; Hatzor, 

Talesnick et al. 2002; Hatzor, Arzi et al. 2004; Sasaki, Hagiwara et al. 2005; 

MacLaughlin and Doolin 2006; Ohnishi and Nishiyama 2007; Shi 2007; Zhao, Gu 

et al. 2007) over the past decades. Detailed reviews will be given in section 2.5.  

The DDA has many common features with the FEM: displacements as 

unknowns, implicit scheme, and the way of building the governing equations. 

However, an important difference between the FEM and the DDA is the treatment 

of displacement compatibility conditions. In the FEM, the displacement 

compatibility must be enforced between internal elements and it is satisfied 

automatically by the displacement functions, while in the DDA, displacement 

compatibility is obtained by the contact conditions between blocks.  

2.2.6 Numerical Manifold Method 

The numerical manifold method (NMM) is developed as a general method for 

numerical analysis of the material response to external and internal changes in loads 

(Shi 1991; Shi 1992). The NMM uses different displacement functions in different 

material domains which overlapped each other to cover the whole material space to 

form a finite cover system. Based on the finite covers, the NMM combines the FEM 
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and the DDA in a unified form. Both the FEM and DDA can be viewed as special 

cases of the NMM. The large displacements of jointed or blocky materials of 

complex shape and moving boundaries can be computed in a mathematically 

consistent manner. 

The NMM has two independent meshes: mathematical mesh and physical mesh. 

The mathematical mesh defines the displacement functions while the physical mesh 

limits the integration zones. The mathematical mesh, which can be chosen 

artificially, consists of finite overlapping individual domains which cover the whole 

material space. Regular grids, finite element meshes or randomly distributed 

convergency regions of series can be combined to form overlapping domains of the 

mathematical mesh. The physical mesh, which cannot be chosen artificially, 

represents material conditions include boundaries of the rock masses, joints, cracks 

and free water surfaces, etc.  

The NMM has its own advantages over the other numerical methods. 

Comparing with continuum-based methods, the NMM can handle discontinuities 

more easily. Comparing with discontinuum-based methods, the NMM can provide a 

more accuracy displacement and deformation analysis in the block itself. The most 

attractive feature of the NMM is that it can generate mesh inside the analysis area in 

a very fast and convenient way, which is the main advantage of the NMM over the 

FEM when handling continuous media. Hence, the NMM received various 

developments and applications in the past two decades (Li, Wang et al. 1995; 

Salami and Banks 1996; Ohnishi 1997; Amadei 1999; Bicanic 2001; Hatzor 2002; 

Lu 2003; MacLaughlin and Sitar 2005; Ju, Fang et al. 2008; Ma and Zhou 2009). 

However, the mesh generation procedure also makes the NMM more easily suffer 

from the „tiny elements‟ which will have a negative effect on the stability of the 

governing equations and should be avoided. Although the NMM can analyze block 

systems with pre-existing discontinuities as well as the DDA, it cannot handle the 

fracture propagation inside the block. 
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2.3 Theory of the Discontinuous Deformation Analysis 

For a better understanding of the NDDA, it is necessary to briefly provide the 

theory of the standard DDA here. The DDA is a discrete element method originated 

from backward analysis to find a best fit solution to the deformed configuration of a 

blocky system from measured displacements and deformations (Shi and Goodman 

1985). The DDA is intended primarily for discontinuous block systems but it has 

many common properties with the FEM: choosing displacements as variables; 

minimizing the total potential energy to establish the equilibrium equations; adding 

stiffness, mass and loading submatrices to the coefficient matrix of the simultaneous 

equations. Although the DDA and the DEM both deal with block systems and 

belong to the discrete element family, their difference from one another is 

significant: the DDA is a displacement-based implicit method while the DEM is a 

force-based explicit method.  

From a theoretical point of view, the DDA is a generalization of the FEM and 

the DEM. Furthermore, the DDA has its own features. In the DDA, mesh is the 

description of joints between blocks in a blocky system. A problem is solved in 

which all of the elements are physically isolated blocks bounded by pre-existing 

discontinuities. The block is the basic analysis object and can be convex or 

non-convex of any shape. Large displacements and deformations are the 

accumulation of small displacements and deformations of each time step. It can 

consider both static and dynamic problems by setting the velocities of blocks at the 

beginning of each time step. A complete kinematic theory is employed in the DDA 

and Coulomb‟s frictions law controls the contact modes between blocks. The 

continually updated positions and shapes of blocks introduce new contacts and 

interactive forces. Within each time step, normal and shear springs, which represent 

contacts between blocks, are repeatedly added or removed until the position remains 

constant with no tension and no penetration between blocks. Three types of contact 
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states are defined: open, closed, and sliding. It has perfect first order displacement 

approximation, strict postulate of equilibrium, correct energy consumption and high 

computing efficiency. The analysis is very close to the mathematical description of 

real mechanical phenomena associated with block movements. 

2.3.1 Block Deformations and Displacements 

Within each time step, the displacements of all points are small and can be 

reasonably represented by the first order approximation. By adopting such 

approximation, the DDA method assumes that each block has constant stress and 

strain distribution throughout. The complete first order approximation of block 

displacements has the following general forms (Shi 1988): 

1 2 3

1 2 3

u a a x a y

v b b x b y

  

  
                       (2.1) 

where ( , )u v  are the displacements at point ( , )x y  in a Cartesian reference frame. 

, ( 1,2,3)i ia b i   are six constant coefficients which can be evaluated easily by 

solving the geometrical equations.  

At a point 
0 0( , )x y  inside the block, denote the displacements as 

0 0( , )u v , 

from Eq.(2.1) we have: 

0 1 2 0 3 0

0 1 2 0 3 0

u a a x a y

v b b x b y

  

  
                      (2.2) 

Subtracting Eq.(2.2) from Eq.(2.1), then: 

2 0 3 0 0

2 0 3 0 0

( ) ( )

( ) ( )

u a x x a y y u

v b x x b y y v

    

    
                  (2.3) 

In Eq.(2.3), the parameters, a2, a3, b2, b3, can be obtained from the following 

geometrical equation and rotation relationship:  

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



19 

 

2 2

3 3

2 3 3 0

2 00 2 3

1 1 1 1
( )

2 2 2 2

11 1
( ) ( )

22 2

x x

y y

xy xy

xy

u
a a

x

v
b b

y

v u
b a a r

x y

v u
b rr b a

x y

 

 

 




   



   


                
        

   

      (2.4) 

Substituting these four parameters obtained from Eq.(2.4) into Eq. (2.3): 

0 0 0 0

0 0 0 0

1
( ) ( )( )

2

1
( )( ) ( )
2

x xy

xy y

u x x r y y u

v r x x y y v

 

 

     

     

              (2.5) 

Written in a matrix form, the complete first order approximation of 

displacements of any point within the block is given as: 

0

0

00 0 0

0 0 0

1 0 ( ) ( ) 0 ( ) 2

0 1 ( ) 0 ( ) ( ) 2 x

y

xy

u

v

ry y x x y yu

x x y y x xv 





 
 
 
         

    
        

 
 
  

    (2.6) 

where ( , )x y  are the coordinates of any point within the block; 
0 0( , )x y  are the 

coordinates of a point within the block (for convenience, this point is usually taken 

at the centroid of the block). In the DDA, each block has six degrees of freedom, 

among which three components are rigid body motion terms and the other three are 

constant strain terms.  

The unknowns for block i usually denoted in vector form by 

 
T

0 0 0, , , , ,i x y xyu v r   d                     (2.7) 
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where 
0 0,u v  are the rigid body translations at the point 

0 0( , )x y  along the x and y 

directions, respectively; 
0r  is the rigid rotation angle in radian around the point 

0 0( , )x y ; , ,x y xy    are normal and shear strains of the block. The six unknowns 

are corresponding to the general block deformation and movement as shown in 

Figure 2.2. 

u0

v0

r0

 

(a) rigid body translation                (b) rigid body rotation 

 

      (c) normal deformation               (d) shear deformation 
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(e) combination of basic deformation and movement 

Figure 2.2 schematization of block deformation and movement in the DDA 

Eq. (2.6) can be written in a more generalized form: 

1

2

11 12 13 14 15 16 3

21 22 23 24 25 26 4

5

6

               

              

i

i

i

i

i

i

d

d

t t t t t t du

v t t t t t t d

d

d

 
 
 
     

    
     

 
 
  

              (2.8) 

i iu Td                           (2.9) 

Eq.(2.9) enables the calculation of the displacements at any point ( , )x y  

within the block i (in particular, at the corners), when the displacements are given at 

the center of rotation and when the strains (constant within the block) are known.  

2.3.2 Simultaneous Equilibrium Equations 

The process of yielding the global equations is similar to the FEM. First, all the 

potential energies of elastic strains, initial stresses, point loading, line loading, 

volume loading, viscosity and inertia force are computed. Second, the derivatives of 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



22 

 

individual potential energy with respect to deformation variables are computed and 

the corresponding sub-matrices are formed separately. Finally, the global equations 

are established by adding the sub-matrices to the matrices of the global equation at 

the corresponding position. 

In general, the potential energy of a block i can be expressed as 

B

1

2

T T

i dA   f d ε σ                       (2.10) 

where f is the force vector (including the contact forces), dB is the boundary 

displacement vector, ε is the strain vector, and σ  is the stress vector. 

Minimization of the potential energy for block i with respect to the displacement 

variables in that block leads to six equations 

0i

rid





, r=1, 2, …, 6                      (2.11) 

where dri are the displacement variables of block i defined in Eq.(2.7). 

0 0

0 0
u v

 
  

 
 represent the equilibrium of all the loads and contact forces acting 

on block i along the X and Y axes respectively; 
0

0
r





 represents the moment 

equilibrium of all the loads and contact forces acting on block i; 0
x





, 0

y





,

0
xy





 represent the equilibrium of all the external forces and stresses of block i. 

Carrying out the differentiation, rearranging and extracting the displacements dri 

gives the system  

ii i iK d f                            (2.12) 

where fi is the force matrix, Kii is the local stiffness matrix and di is the 
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displacement matrix of block i. Since each block i has six degrees of freedom 

defined by the components of matrix di as shown in Eq.(2.7), each Kii is itself a 6×6 

submatrix. Also, each fi is a 6×1 submatrix that represents the loading on block i. 

Further details of this procedure can be found in Shi (1988). 

Another potential energy expression 
k , which is related to the displacement 

constraints between blocks can be derived. It can be shown that minimization of this 

potential energy is equivalent to imposing certain constraints on corresponding 

block. The minimization again leads to another 6×6 system of equations 

, 1,2,...,j j j j m K d f                   (2.13) 

for each pair of blocks in contact. Here, m is the total number of contacts, fj is the 

contact force vector of contact j and Kj is the spring stiffness matrix of contact j. 

The contact equations are equivalent to applying hard springs to lock the relative 

movements of two blocks according to the contact status between them. 

In the DDA method, individual blocks form a system of blocks through 

contacts among blocks and displacement constraints on single blocks. Assuming 

that n blocks are defined in a block system, Shi (1988) showed that the 

simultaneous equilibrium equations can be written in matrix form as follows 

11 1 1 112 13

221 22 23 2 2

331 32 33 3 3

1 2 3

n

n

n

n nn n nn n

     
     
        
     
     
     
         

K K K K d F

K K K K d F

K K K K d F

K K K K d F

             (2.14) 

where di, Fi are 6×1 sub-matrices, and di represents the deformation variables: 

0 0 0( , , , , , )x y xyu v r     of block i, while Fi is the loading distributed to the six 

deformation variables; each (6×6) sub-matrix Kij (i≠j) is of the form given in Eq.  

(2.13) and each (6×6) sub-matrix Kii is of the form given in Eq.(2.12). Eq.(2.14) can 

also be expressed in a more compact form as Kd = F where K is a 6n×6n stiffness 
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matrix and d and F are 6n×1 displacement and force vectors, respectively. In total, 

the number of displacement unknowns is the sum of the degrees of freedom of all 

the blocks. It is noteworthy that the system of Eq.(2.14) is similar in form to that in 

the FEM. Figure 2.4 provides an illustration of the structure of the global stiffness 

matrix of a three-block system as shown in Figure 2.3. 

(3)

(1)

(2)

 

Figure 2.3 a three-block DDA model 

block 1

block 2

block 3

block 1-2

block 1-3

block 2-3

1

2

3

 

Figure 2.4 schematic illustration of the global stiffness matrix for a three-block 

DDA model 
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In Eq. (2.14), Kij comes from the differentiations: 

2

i j

 

 d d
                           (2.15) 

Fi comes from the differentiations: 

(0)

i




d
                           (2.16) 

The system of Eq. (2.14) is solved for the displacement variables again and 

again in a time step when implementing open-close iteration. The solution is 

constrained by a system of inequalities associated with block kinematics (e.g. no 

penetration and no tension between blocks) and Coulomb friction for sliding along 

block interfaces. A typical open-close iteration is fulfilled as follows. The solution 

obtained from previous iteration is checked to see how well the constraints are 

satisfied. If tension or penetration is found at any contact, the constraints are 

adjusted by selecting new locks and constraining positions and a modified version 

of K and F are formed from which a new solution is obtained. This process is 

repeated until no tension and no penetration are found among all of the block 

contacts. Hence, the final displacement variables for a given time step are actually 

obtained by a trial iterative process. 

2.3.3Submatrices of Elastic Strains 

The condition of every block can be plane stress or plane strain. For each 

displacement step, assuming the material behaviors of the blocks are linearly elastic, 

the relationship of stress and strain can be expressed as: 

i i iσ E ε                         (2.17) 

For plane stress problem: 
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2

1

2

1            0

      1      0
1

0      0   

x x

y y

xy xy

E



 

  


 

 
    
    

    
    

    
 

             (2.18) 

For plane strain problem: 

1 2

2

1               0

        1       0
(1 )(1 2 )

  0         0     

x x

y y

xy xy

E



  

   
 

 

 
    
    

     
     

    
 

       (2.19) 

For the i-th block, the rigid body motion terms do not induce strain, so 
iε  can 

be replaced by 
id , and the matrix 

iE  can be extended to a 6 × 6 matrices. 

The strain energy 
e  produced by the elastic stress of the i-th block is: 

1
(     )

2

x

e x y xy y

xy

dxdy



   



 
 

   
 
 

                (2.20) 

Substituting Eq.(2.17) into Eq.(2.20), the strain energy can be represented in 

terms of the block deformation parameters: 

1
(     )

2

1

2

2

x

e x y xy y

xy

T

i i i

T

i i i

dxdy

dxdy

S



   



 
 

   
 
 









E

d E d

d E d

              (2.21) 

where S is the area of the i-th block. 

The derivatives are computed to minimize the strain energy 
e : 

2

e
ii i ii

i i

S
 

  
 

k E K
d d

                   (2.22) 
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iik  forms a 6 × 6 submatrix which is added to 
iiK  in the global Eq.(2.14). 

2.3.4 Submatrices of initial stress 

In the DDA program, the i-th block can have initial constant stresses 

0 0 0(   )T

x y xy    as the load conditions from the measured record. Its potential energy 

can be represented as: 

0 0 0

0 0 0

0

0

0

0

( )

( )

0

0

0

x x y y xy xy

x x y y xy xy

T

i
x

y

xy

T

i

dxdy

S

S

S

      

     







    

   

 
 
 
 
 

   
 
 
 
  

 



d

d σ

              (2.23) 

By taking the derivatives we minimize  : 

0i i

i

S
   


f σ F

d
                   (2.24) 

if forms a 6 1  submatrix which is added to 
iF  in the global Eq.(2.14). 

2.3.5 Submatrices of point loading 

Assuming the point loading force acting on point (x, y) of i-th block is (Fx, Fy), 

the potential energy of the point loading is simply expressed as: 
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 

( )

  

( , )

p x y

x

y

xT T

i i

y

F u F v

F
u v

F

F
x y

F

   

  
   

  

  
   

  
d T

                     (2.25) 

The derivatives can be computed by minimizing 
p : 

11 21

12 22

13 23

14 24

15 25

16 26

  

  

  (0)

  

  

  

xp

i i

yi

t t

t t

Ft t

Ft t

t t

t t

 
 
 
    

      
     

 
 
  

f F
d

                (2.26) 

if forms a 6 1  submatrix which is added to 
iF  in the global Eq.(2.14). 

2.3.6 Submatrices of line load 

Assume the loading is distributed on a straight line from point 
1 1( )x y  to point 

2 2( )x y  (see Figure 2.5). The equation of the loading line is  

2 1 1

2 1 1

( )

( )

x x x t x

y y y t y

  

  
      ( 0 1 )t             (2.27) 

The length of this line segment is  

2 2

2 1 2 1( ) ( )l x x y y     

The loading is  

( )

( )

x x

y y

F F t

F F t




       ( 0 1 )t                (2.28) 

which is a variant along the loading line. The potential energy of the line loading 

( ( ) ( ))x yF t F t  is  
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 
1

0

( )

( )

x

l

y

F t
u v ldt

F t

 
    

 
                   (2.29) 

1

0

( )

( )

xT T

l i i

y

F t
ldt

F t

 
    

 
d T                    (2.30) 

(x1, y1)

(x2, y2)

(Fx, Fy)

 

Figure 2.5 line load on a block 

The derivatives of 
l  are computed to minimize the potential energy 

l :  

1

0

( )

( )

xTl
i i i

yi

F t
ldt

F t

 
    

  
f T F

d
               (2.31) 

if forms a 6 1  submatrix which is added to 
iF  in the global equation. 

When the line loading (Fx(t), Fy(t))=(Fx, Fy) is constant, the matrix integration 

of Eq.(2.31) has the analytical formula, which is derived in the following: 

1 1

0 0
( )

x xT T

i i

y y

F F
ldt ldt

F F

      
   

      
 T T                  (2.32) 

The integrations of the elements have to be computed in order to compute 

integration of matrix Ti: 
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1 1

0 2 1 1 0
0 0

2 1 0

1 1

0 2 1 1 0
0 0

2 1 0

( ) (( ) ( ))

                    ( 2 )
2

( ) (( ) ( ))

                    ( 2 )
2

x x ldt x x t x x ldt

l
x x x

y y ldt y y t y y ldt

l
y y y

    

  

    

  

 

 
            (2.33) 

Therefore, 

2 1 0 2 1 0

1

0 2 1 0

2 1 0

2 1 0 2 1 0

 

1 1
( 2 ) ( 2 )

2 2

1( )  ( 2 )
2

1
( 2 )

2

1 1
( 2 ) ( 2 )

4 4

x

y

x y

xT

i i
x

y

y

x y

F

F

y y y F x x x F

F
ldt l x x x FF

y y y F

y y y F x x x F

 
 
 
 
      
 

    
     

    
 

  
 
 

     
 

 T F   (2.34) 

This 6 × 1 submatrix is added to the submatrix Fi in the global equation. 

When the line loading ( ( ), ( )) ( , )x y x yF t F t F F  is changed linearly at different 

points along the straight line, we set 
1( )x xF t F  and 

1( )y yF t F  when t=0; 

2( )x xF t F  and 
2( )y yF t F  when t=1, then the matrix integration Eq.(2.31) has 

the analytical formula, which is derived in the following: 

 

 

1

0 1 2 1
0

1

2 1 1 0 1 2 1
0

1 2 0 1 1 2 0 2

( ) ( )

(( ) ( )) ( )

1 1
(2 3 ) ( 2 3 )

6 6

x x x

x x x

x x

x x F F F t ldt

x x t x x F F F t ldt

x x x F x x x F

  

     

     



          (2.35) 

 

 

1

0 1 2 1
0

1

2 1 1 0 1 2 1
0

1 2 0 1 1 2 0 2

( ) ( )

(( ) ( )) ( )

1 1
(2 3 ) ( 2 3 )

6 6

y y y

y y y

y y

y y F F F t ldt

y y t y y F F F t ldt

y y y F y y y F

  

     

     



          (2.36) 

Therefore, 
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  
 

  
 T  

1 2 0 1 1 2 0 2

1 2 0 1 1 2 0 2

1 2 0 1 1 2 0 2

1 2 0 1 1 2 0 2

1 2 0 1 1 2 0 2

1 1
(2 3 ) ( 2 3 )

6 6

1 1
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6 6

1 1
(2 3 ) ( 2 3 )

6 6

1 1
(2 3 ) ( 2 3 )

6 6

1 1
(2 3 ) ( 2 3 )

12 12
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x

y

y y

x x

x x
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F

F

y y y F y y y F

x x x F x x x F

l x x x F x x x F

y y y F y y y F

y y y F y y y F

 
      
 
       
 

    

    

    

 1 2 0 1 1 2 0 2

1
(2 3 ) ( 2 3 )

12

i

x xx x x F x x x F

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
  
  
  
          

F      (2.37) 

This 6 × 1 submatrix is added to the submatrix Fi in the global equation. 

2.3.7 Submatrices of volume force 

If the body force loading (fx, fy) is constant, the potential energy is: 

( )V x y

xT T

i i

y

f u f v dxdy

f
dxdy

f

   

  
   

  



d T
                  (2.38) 

Where: 

0 0

0

0

0 0

                             0

      0                           

             

                     0

      0                     

( ) / 2    ( ) / 2

y x
T

i

x

y

y x

S

S

S y S S x S
dxdy

S x S

S y S

S y S S x S

 


  



 

   

T

  0

0  

0  0

0  0

0  0

0  0

S

S

 
  
  
  
   
  
  
  
  

        (2.39) 

The derivatives can be computed by minimizing ПV: 
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0(0)

0

0

0

x

y

V
i i

i

f S

f S

 
 
 
   

    
  

 
 
  

f F
d

                  (2.40) 

if forms a 6 1  submatrix which is added to 
iF  in the global equation. 

2.3.8 Submatrices of the bolt connection 

Consider a bolt or a bar connecting point 
1 1( )x y  of block i and point 

2 2( )x y  

of block j which are not necessarily the vertices of the blocks. The length of the bar 

is 

2 2

1 2 1 2( ) ( )l x x y y                       (2.41) 

( )
x xT T T T

i i j j

y y

l l
dl

l l

   
    

   
d T d T                    (2.42) 

Where 
xl  and 

yl  are the direction cosines of the bar.  

Assuming the stiffness of the bar is s , the bar force is  

dl
f s

l
   

The strain energy of the bar is  

2

1

2

2

2 2

b

T T T T T T

i i i i i i j j j j j j

fdl

s
dl

l

s s s

l l l

  



  d E E d d E G d d G G d

      (2.43) 

where  
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xT
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y

l

l

 
  

 
E T  

xT

j j

y

l

l

 
  

 
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The derivatives of 
b   

2
Tb

ii i i ii

i i

s

l

 
  
 

k E E K
d d

                  (2.44) 

which is added to the submatrix 
iiK  in the global equation.  

 
2

Tb
ij i j ij

i j

s

l

 
   
 

k E G K
d d

                 (2.45) 

which is added to the submatrix 
ijK  in global equation.  

2
Tb

ji j i ji

j i

s

l

 
   
 

k G E K
d d

                (2.46) 

which is added to the submatrix 
jiK  in global equation.  

2
Tb

jj j j jj

j j

s

l

 
  
 

k G G K
d d

                (2.47) 

which is added to the submatrix 
jjK  in global equation.  

2.3.9 Submatrices of inertia force 

The force of inertia per unit area of the block is the products of its time 

dependent acceleration and mass. Using the (u(t), v(t)) as the time dependent 

displacement of any point (x, y) of the i-th block and m as the mass per unit area, it 

can be represented as:  
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                      (2.48) 

The potential energy of the inertia force of the ith block is: 

 
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which is added to the submatrix 
iiK  in the global equation.  
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               (2.51) 

if forms a 6 1  submatrix which is added to 
iF  in the global equation. 

2.3.10 Submatrices of viscosity 

The DDA method could be applied to problems involving a viscous stratum in 

shear, as encountered in plate tectonics, or in regard to floating ice blocks.  

The resistance force from viscosity is proportional to the velocity as well as the 

block area. When the displacement increment is given per unit time, the force is:  

x

y

f u

f v

   
   
   

                       (2.52) 

where    is the time step; u  and v  are the displacement increment per unit 

time. The potential energy of the force of viscosity of block i is  
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The force of viscosity can be considered as body loading. In order to reach 

equilibrium, 
v  is minimized with respect to block displacement variables. We 

have  
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              (2.54) 

which is added to the submatrix 
iiK  in the global equation.  

2.3.11 Submatrices of displacement constraints at a point 

When some of the blocks are fixed at specific points, their constraints can be 

applied to the block system by using two very stiff springs in x and y directions. 

Assume the fixed point is (x, y) of i-th block, with the displacements (u(x, y), v(x, y)) 

= (0, 0). 

There are two springs which are along the x and y directions respectively. The 

stiffness of the springs is the same as p, and the spring forces are: 

x

y
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f pv
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                      (2.55) 

The strain energy of this spring is: 

    
2

2

m

T T

i i i i

up
u v

v

p

 
   

 

 d T T d

                    (2.56) 

The derivatives are computed to minimize the spring strain energy m : 
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                 (2.57) 

which is added to the submatrix 
iiK  in the global equation.  

2.3.12 Submatrices of displacement constraints in a direction 

As a boundary condition, some of the blocks are fixed at specific points in 

specified directions. More generally, the existing displacement   along a direction 

at a point can be an input. The measured displacements can be applied to the block 

system by using a very stiff spring which has the measured displacement as 

pre-tension distance. Denote  

2 2( ) 1x y x yl l l l    

as the direction along which the displacement   exists. The spring displacement is  

( ( ))x yd l u l v     

The spring force is  

( ( ))x yf pd p l u l v        

where p denotes the stiffness of the spring. Here p is a very large positive number, 

normally from 10E  to 1000E , to guarantee the displacement of the spring is 

310
 to 

410
 times the total displacement. If p is large enough, the computation 

result will be independent of the choices of p.  

The strain energy of this spring is  
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   (2.58) 

Let  
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A 6 6  matrix is obtained by taking the derivatives of the strain energy of the stiff 

spring  
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which is added to the submatrix 
iiK  in the global equation.  

We minimize the spring strain energy 
c  by taking the derivatives of 

c  at 

d 0 : 

(0)c
i i

i

p


  


f c
d

                    (2.61) 

if forms a 6 1  submatrix which is added to 
iF  in the global equation. 

2.3.13 Submatrices of contact 

Two vertices, 
1 1( )x y  and 

2 2( )x y , come from block i and j separately. The 

distances between them, along x and y direction, are 
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1 1 2 2 1 1 2 2( ) ( )x yd d x u x u y v y v           

The contact spring forces are  

1 1 2 2 1 1 2 2( ) ( )x yF F p x u x u y v y v            

here p is the stiffness of the contact spring. And the strain energy of the spring 

forces is  
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To minimize the strain energy 
f  the derivatives are computed.  
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form a 6 6  submatrix which is then added to the submatrix 
iiK  in the global 

equation.  

The derivatives of 
f   
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ij i j ij

i j

p
 

  
 

k T T K
d d

                   (2.64) 

form a 6 6  submatrix which is then added to the submatrix 
ijK  in the global 

equation.  

The derivatives of 
f   
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                  (2.65) 

form a 6 6  submatrix which is added to the submatrix 
jiK  in the global 

equation.  
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The derivatives of 
f   
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form a 6 6  submatrix which is added to the submatrix 
jjK  in the global 

equation.  

The derivatives of 
f  at 0  
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form a 6 1  submatrix which is added to the submatrix 
iF  in the global equation.  

The derivatives of 
f  at 0  
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               (2.68) 

finally form a 6 1  submatrix which is added to the submatrix 
jF  in the global 

equation.  

2.4 DDA Program Framework 

The main program consists of DC, DF and DG. Program DC is a preprocessor 

which generates the block mesh from individual lines. Program DF performs the 

forward analysis of a block system. Program DG is a graphic post-processor which 

displays graphic on the screen and produces postscript files. The flowcharts of 

programs DC and DF are shown in Figure 2.6 and Figure 2.7.  
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Input geometry data

Tree cutting and edges forming

Compute intersections of lines

Merge close node-node and node-edge

Merge co-line vertices

Deal with fixed points

Create blocks from edges

Deal with measure/load/hole points

Compute area s,sx,sy for each block

Assign block material

Delete any block-in-block case

Delete block that should be a hole

Check mesh

Draw on the screen

Output block data to BLCK file
 

Figure 2.6 flowchart of program DC 
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Input block data &
analysis parameters

Compute support and loading condition

Contact detection

Compute submatrix of inertia,fixed
points,elastic,initial stress,point

load,volume force

Add or remove submatrix of contact

Solve the global equation

Rejudge contact condition

No tension
& no penetration

Draw on the screen

Output results &
post-process data to file

no

Reach the final
time step

yes

no

yes

 

Figure 2.7 flowchart of program DF 
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2.5 Validation and Enhancements of the DDA 

Over the last decades, researchers have done a great deal of work to validate 

and enhance the standard DDA. Since the main work of this thesis is on a 

two-dimensional forward DDA enhancement, the review of the backward DDA is 

excluded here. And since the 3D DDA is still under developing before a perfect 3D 

contact algorithm could be carried out, the review of the development of the 3D 

DDA is also excluded to keep the content compact and focus. 

2.5.1 Validation and Application 

In a recent review (MacLaughlin and Doolin 2006), a summary of more than 

one hundred published and unpublished validation studies was presented, and a 

conclusion was given that the DDA simulations can provide an acceptable accuracy 

for many engineering purposes. In particular, the DDA is good at dealing with 

frictional sliding problems, block kinematics problems, and quasi-static problems. 

MacLaughlin and Hayes (2005) tested the DDA block motions on a slope and 

corresponding failure modes (sliding or toppling) by using laboratory models. Two 

types of models were constructed: 1) sets of three blocks on a single incline, and 2) 

multiple vertical blocks on a double incline. In the single-incline experiments, the 

displacements of the real blocks were typically greater than those of the DDA 

blocks. The explanations from the paper are that “the actual friction angle on the 

blocks was lower than measured in the tilt tests (and consequently used in the DDA 

models), or that the real blocks displayed a reduction in friction coefficient from 

static to dynamic once movement initiated.” The double-incline experiment was 

designed to demonstrate that the same geometric configuration can display either 

sliding or toppling failure mode depending on the friction angles of the different 

surfaces. The results from the DDA simulation are extremely sensitive to the 
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friction angles of the contacting surfaces. The initial results of several of the DDA 

models did not match the observed behavior of the physical models, but only very 

small changes in friction angles were required in order to produce the same failure 

mode. Although this validation study did provide some useful results, there was 

quite a bit of uncertainty associated with it. 

Wright et al. (2005) did a series of test to validate the capability of DDA to 

model the deformability of blocks that are not rectangular. Results from the DDA 

were compared with an analytical solution and it was found that the results were 

insensitive to variations in load, material properties, and size of block, but sensitive 

to changes in block shape. The percentage error can vary between 0% and 40%. 

These results quantified and put in question the DDA‟s ability to correctly model 

the deformation of non-equidimensional blocks due to the stresses and strains 

within any given block in the analysis being constant across the whole region of the 

block regardless of shape and size.  

DDA has been successfully applied to a wide variety of engineering problems. 

Chen (1993) and Mclaughlin (1997) employed the DDA as a tool for engineering 

analysis in slope stability, to predict the initiation and mode failure, and to study the 

subsequent kinematics of the failed mass. Ke (1993) presented the DDA for 

simulated testing of two dimensional heterogeneous and discontinuous rock masses. 

Lin and Chen (1997) had used the DDA to determine the safety factors of soil 

slopes and to investigate the post-failure configuration. In addition, the DDA had 

been used to study the effects of loading, joint friction angles, and rock bolting on 

the stability of a cross-jointed mine roof model (Yeung 1993). The DDA results 

confirmed existing rock bolting concepts and validated the assumptions made in the 

reinforced rock arch method. Kim (1998; 1999) extended the application of the 

DDA for the hydro-mechanical coupling between rock blocks and water flow in 

fractures, sequential loading and unloading, and forms of rock-blocks reinforcement 

such as rock bolts and concrete lining. 
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In general, the DDA had been adopted extensively in rock engineering in which 

different applications have been successfully simulated and investigated (Ohnishi 

1995, 2006; Ma 1999). The DDA had been employed in the studying of rock 

behavior (Chang, Monteiro et al. 1996), underground excavation (Yeung 1991; Kim, 

Amadei et al. 1999), tunneling (Yeung and Leong 1997), slope stability (Yeung 

1991; Sitar and MacLaughlin 1997; MacLaughlin, Sitar et al. 2001; Doolin and 

Sitar 2002; Hatzor, Arzi et al. 2004; Sitar, MacLaughlin et al. 2005), rock fall 

(Sasaki, Hagiwara et al. 2005), stability of rock cavern (Hatzor, Talesnick et al. 

2002), and rock blast (Mortazavi 1999; Zhao, Gu et al. 2007). Pearce et al. (2000) 

applied the DDA to model concrete fracture. Simulating the behavior of granular 

media (Ke and Bray 1995; Thomas 1997; Thomas and Bray 1999; O'Sullivan and 

Bray 2003) is another important applied area of the DDA. Jing (2001) presented a 

numerical model for coupled hydro-mechanical processes in fractured hard rock 

using the DDA method. Tsesarsky et al. (2002) and Ishikawa et al. (2002) applied 

the DDA to simulate the shaking table test. Jiao (2007) applied the DDA to model 

crack propagation in rock material based on the idea of virtual joint. 

2.5.2 Rigid Body Rotation Enhancement 

In the original DDA formulation, a linear displacement function term is used. 

In the formulation, angular rotation will induce strain term which may be very 

significant if the angular rotation within a time-step is “large”. However, rigid body 

rotation should not induce strain or distortion of block, and this phenomenon is 

particularly important if the time-step is relatively large. Another error is the 

rotation of the local reference frame and hence distortion of the stress and strain 

within a block. It may however be difficult to determine beforehand the amount of 

angular rotation within a time-step for a general problem unless a trial-and-error 

process is performed. If a small time step interval is used to control the amount of 
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rotation, it will be very time consuming to perform the DDA analysis which is a 

computationally demanding process. 

Ke (1995; 1996) studied the free expansion problem, and proposed an „exact 

post-adjustment‟ to ensure correct rotations. The post-adjustment consists of using 

the non-rotational parts of the solution vector as usual, but using sine and cosine to 

compute the exact rotation corresponding to the angle of the solution vector. Ke 

also examined rotationally induced stress and velocity distortions, and proposed a 

simple change of basis procedure for correction. Numerical investigation of both 

proposed corrections showed that the results were numerically exact.  

MacLaughlin and Sitar (1996) and MacLaughlin (1997) proposed a second 

order formulation derived by truncating Taylor series for sine and cosine at the 

quadratic terms. The resulting expression was used to derive modified potential 

energy terms, including terms for inertia, point loads, volume loads, etc., many of 

which were identical to the original terms proposed by Shi. Implementing the 

modification was straightforward. The authors found that for rotations of 0.2 

radians or less, the error was negligible, for approximately 1% increase in 

computation time. 

Cheng and Zhang (2000) proposed two modifications to the DDA to account 

for blocks undergoing large rotation and for blocks too large for the constant strain 

assumption. The proposed rotation correction modifies the displacement function to 

solve for sinr0 instead of r0. New energy terms and the corresponding mass matrix 

are derived. The rotation value is arrived at by iteration, which may be performed 

during the existing open-close iteration. If the rotation is rigid, or if there is no 

angular acceleration, the iteration converges to the exact value. Based on a 

validation example, the rotations were found considerably more accurate (relative 

error less than 0.0005%) than the usual linear scheme, or the second order scheme 

proposed by MacLaughlin and Sitar (1996), with a negligible performance penalty. 
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2.5.3 Refinement of Stress Distribution inside Block 

In the standard DDA formulation, the stress and strain obtained within any 

block are constant everywhere. These constant values are basically the average 

values of the actual stress and strain within a block. If the size of a block is small, 

this approach may be acceptable. But for a large block where the variation of stress 

and strain within the block may be significant, this approach is obviously 

unacceptable. 

2.5.3.1 Couple with Finite Element Mesh 

Shyu (1993) presented a numerical model that can add a finite element mesh 

into each block of the DDA to enhance DDA block‟s deformation ability, and to 

refine its stress distribution field. The conventional triangular element and 

four-node isoparametric element are used in the formulations. The displacement 

function for the triangular element is exactly defined and the integrations of the 

matrices are analytically accurate. However, the displacement function of the first 

order is too simple and the computation will be time-consuming if good 

approximation is required. The four-node element uses a higher order displacement 

function, but the polynomial is not exactly defined. The integrations of the elastic 

and initial stress matrix must be made numerically through the natural coordinates. 

Nevertheless, the integration of the inertia matrix can be exactly calculated. 

Validation examples show that the idea works well.  

Chang (1994) used the case of a cantilever beam as an example of enhanced 

deformability facilitated by the incorporation of finite element meshes within the 

DDA blocks, but the results presented were qualitative. Clatworthy and Scheele 

(1999) proposed a sub-meshing-scheme to enhance block deformability. They 

validated the approach with comparisons to the FEM solutions for the deflection of 

the Cook cantilever beam and stress distribution within a specimen under uniaxial 
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compression, and reported that the results were identical „within the range of 

rounding errors‟. Grayeli and Mortazavi (2006) derived a second-order 

displacement functions based on six-node triangular mesh inside each block. 

Validation examples showed close agreement with the theoretical solutions.  

2.5.3.2 Introduce Artificial Joints and Sub-blocks 

Ke (1993) enhanced the capability of the DDA by using “artificial joints” 

without sacrificing the beauty and simplicity of the original DDA. As artificial 

joints are added within a block, the continuous domain of the block is divided into 

many sub-blocks and such features as holes, interior blocks and cracks can also be 

modeled. If the artificial joints are assumed to be infinitely strong, a refined stress 

distribution within the block can be acquired. The formulation is implemented by 

extending the original Mohr–Coulomb contact law (friction, cohesion) to allow a 

tensile force to exist at the boundary of each sub-block. The adequacy of refining a 

block by three regular types of artificial joints was examined through three 

examples, including a tip-loaded cantilever beam, a top-loaded square block, and a 

uniaxially compressed square block. The performance of each type of artificial 

joints depends upon the block geometry and loading patterns.   

Lin (1995; 1996) presented a sub-block system, whereby blocks are discretized 

into sub-blocks, for analysis of jointed rock mass and other blocky system. A better 

resolution of stress and strain within each block can then be obtained. In the 

stability analysis of masonry structures, the enhanced DDA method can handle in a 

more straightforward manner than using the FEM. And in rock-fall analysis, the 

enhanced DDA method is capable of capturing quite well block trajectories with 

free falling, rolling, sliding, bouncing and even the impact with rock barriers, which 

could not be simulated by the FEM.  

Cheng and Zhang (2000) applied constant strain triangular sub-blocks within a 

block, with nodal connectivity enforced by springs similar to the scheme proposed 
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by Lin. The sub-blocking was tested using a hexagonal block with 0.5m sides 

subdivided into 24 constant strain triangular sub-blocks and dropped 1m. They 

found that a zone of tensile stress develops on the upper and outer parts of the 

hexagon, which would be expected from a real solid, but provide no quantitative 

analysis. 

The “continuous” body generated by sub-block system has some limitations. 

Since the contact is done by penalty method, the contact springs experience a small 

amount of normal and shear deformations even if high contact stiffness is used. As 

a result, continuous strain is not definable along the sub-block joints although force 

equilibrium is continuous because internal forces between sub-blocks are 

equilibrated, transferred by contact normal and shear springs with tiny deformations. 

And a block refined by more sub-blocks is “softer” in a certain direction or in a 

certain zone, depending on the special distribution of these inter sub-block joints. If 

a real block is homogeneous and isotropic, the same block refined by sub-blocks 

may become slightly inhomogeneous or anisotropic. 

2.5.3.3 Employ Higher Order Displacement Functions 

Incorporation of a higher order displacement function for the DDA is another 

way to provide more accurate distribution of stress and strain in a block. The 

original first-order formulation of DDA assumed that the displacement function is 

linear and the stress and strain are constant within any given block. Lin and Lee 

(1996) had pointed out that the basic variables of formulations are not independent, 

and presented an alternative framework formulation. This approach has been 

adopted in many of the high order formulations that followed. Studies involving a 

high order DDA have shown its advantages as well as great deal of additional 

computational effort. To develop a high order DDA, the number of parameters for 

each block has to be increased from the original 6 degrees of freedom to 12 or 20 

for second and third order, respectively. 
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It has been extensively validated for various beam bending conditions. Using 

the infinitesimal strain measures, Koo et al. (1995) and Koo and Chern (1996) had 

also developed the second and third order displacement functions, respectively. 

Each term of the stiffness matrices and force vectors was explicitly derived 

according to the basic functions used, and then coded into a program. Koo et al. 

(1995) also presented a plot showing very good agreement between their second 

order DDA and the Kirsch solution with respect to radial, tangential, and shear 

stress concentration factors around a circular opening in an elastic plate. Hsiung 

(2001) also included an example involving buckling of a beam. Higher order DDA 

is suitable for many problems but may still be inadequate when the size of the block 

is very large or odd or when stress and strain vary rapidly. 

2.5.4 Fracture Propagation Simulation and Enhancement 

Many geotechnical engineering problems and other scientific problems are 

characterized by a transformation from a continuum to a discontinuum state. For 

example, material separation and progressive failure phenomena can be found in 

applications such as concrete structural failure, rock blasting operations and fracture 

of ceramic or other quasi-brittle materials under high velocity impact. The problems 

are initially represented by a small number of discrete regions prior to the 

deformation process. During the loading phase, the bodies are progressively 

damaged. A few of works were dedicated to the application of DDA to handle this 

kind of problems.  

Ke (1993; 1997) noted that a physically plausible fracture simulation must 

incorporate: the initiation of fracture, the stress and strain distribution as fracturing 

proceeds, the fracture path, energy losses resulting from fracture, and, importantly, 

the behavior of the solid in the presence of the evolving discontinuity. Accordingly, 

Ke proposed a DDA code extended to incorporate „artificial‟ joints for numerically 
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simulating fracture propagation. Validation examples using the artificial joint 

implementation were found physically plausible. 

Lin (1995) had extended the DDA to allow shear or tensile stress to induce 

fractures in intact blocks without a predetermined direction of fracture by 

introducing two block fracturing algorithms: one for intact blocks and the other for 

sub-blocks. As a result of fracturing, the intact blocks can be broken into smaller 

blocks. Based on a three parameter Mohr-Coulomb criterion, intact blocks can be 

broken into smaller blocks and sub-block fractures are allowed to propagate in a 

continuous manner across sub-block contacts.  

Koo and Chern (1997) proposed an algorithm based on principal stresses for 

fracturing blocks, which allows for progressive fracturing of blocks as simulations 

proceed. At each time-step, the stress in each block is compared to the block‟s 

material strength. When the strengths are exceeded, an appropriate direction for 

fracturing is computed, and the fracture plane is taken to propagate through the 

centroid of the block. Simple validation tests for uniaxial compression and uniaxial 

tension were performed. The algorithm appears reasonable for simple fracture 

behaviour involving convex, regularly shaped blocks. Fracture energy dissipation, a 

necessary component for physically viable simulation, is not discussed. 

2.5.5 Other Enhancements 

The penalty technique is used in the DDA to prevent interpenetration between 

blocks. The theoretical solution can be achieved if the penalty value increases to 

infinity. The augmented Lagrangian method is an alternative to the penalty method 

for the DDA model. Lin J. and Hynes (1998) applied the augmented Lagrangian 

formulation for earthquake engineering problems with limited success. Also, Lin 

(1995) and Amadie et al. (1996) showed that the augmented Lagrangian method can 

be successfully implemented within the DDA code with satisfactory results. 
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Koo and Chern (1998) improved the DDA program efficiency by replacing the 

original SOR by the preconditioned conjugate gradient (PCG) solver. The adoption 

of this efficient solver reduced the consumption of CPU time and reduced the 

iteration number. By adopting the rigid body formulation simultaneously, the 

amount of calculation may be significantly reduced, which makes it possible to 

analyze and solve actual engineering problems with super large number of blocks.  

Zhao and Gu (2009) proposed a post-processing procedure for the 

determination of inter-block forces and nodal stresses when gluing DDA blocks 

together to simulate the behavior of continuous media. The method can provide a 

more accurate stress state at the node surrounded by irregular or coarse blocks than 

the average method. The advantage of this recovery method becomes not so evident 

in the case of regular block systems, but it still provides additional equilibrated 

inter-block forces and stress across the planes surrounding the measured points. 

2.6 Summary 

DDA is a powerful method for analyzing discontinuous material such as rock 

mass. It was widely used in the study of slope stability, underground excavation, 

rock fall, rock blast etc.  

Comparing with the DEM, the DDA has four basic advantages (Jing 1998). 

First, the equilibrium condition is automatically satisfied for quasi-static problems 

without using excessive iteration cycles. Second, the length of the time step can be 

relatively larger without inducing numerical instability. Third, there is no contact 

overlap. Last and most attractive, it is easy to convert an existing FEM code into a 

DDA code and include many mature FEM techniques without inheriting the 

limitations of ordinary FEM. 

The DDA still has many limitations like any other numerical method such as 
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the FEM and the DEM in their early stage. A lot of extension work had been done 

in the past decades to enhance the original DDA as reviewed in the previous section. 

Among all of the enhancements of DDA, great effort was put on improving the 

deformation capability of blocks by using sub-mesh, include finite element mesh 

and sub-block, or higher order displacement function.  

The introduction of a finite element mesh into the block is a significant 

development in the DDA. It not only overcomes the difficulties of using a simple 

constant strain concept to represent deformations of geometrically complex blocks, 

but also provides a platform for developing algorithms for material failure, stress 

wave propagation, fluid flow and thermal effects for the blocky system. It is 

possible to take advantages of the continuum mechanics principles used in the FEM 

and the discontinuum mechanics used by the DDA method. 

To sum up, the DDA emerged as a very attractive model for geotechnical 

problems since its advantages can hardly be replaced by any other continuum 

methods or the discontinuum methods. 
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CHAPTER 3 FORMULAE OF THE NDDA 

 

3.1 Introduction 

As reviewed in the previous chapter, the chief disadvantage of the original 

DDA is the constant stress and strain distribution inside a big block. When block 

size is relatively small and the variation of size among blocks is tiny, this limitation 

is acceptable. However, many engineering problems cannot meet this pre-condition, 

which limits the application of the DDA or reduces the accuracy of the results.  

In the past decades, many works (Ke 1993; Shyu 1993; Chang 1994; Koo, 

Chern et al. 1995; Lin 1995; Koo and Chern 1996; Lin and Lee 1996; Clatworthy 

and Scheele 1999; Cheng and Zhang 2000; Hsiung 2001; Grayeli and Mortazavi 

2006) concentrated on improving this problem, which can be classified into three 

classes: 1) couple with finite element mesh; 2) employ sub-block system; 3) 

introduce higher order displacement functions. Among them, the coupling with 

finite element mesh is more attractive than the others since it is easy to apply many 

mature FEM techniques into the code without losing any advantages of the original 

DDA. 

The name, Nodal-based DDA (NDDA), was first used by Shyu (1993). It 

provided the idea of introducing finite element mesh into the DDA block to enhance 

the deformation ability of blocks and to refine the stress distribution inside blocks. 

The conventional triangular and four-node isoparametric elements are used in 

Shyu‟s work. In this chapter, the formulations of the NDDA are formulized 

according to the principle of minimization of the total potential energy to show its 

FEM origin. The original DDA block‟s kinematics is fully adopted, which is an 
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important feature to distinguish the NDDA from the FEM.  

The method provided in this thesis is developed on the basis of Shyu‟s work 

(1993) with an enhancement. Indeed, the NDDA is far more than a simple coupling 

of the DDA with finite element mesh. When analyzing continuous media, the 

NDDA becomes the FEM. With the development of fracture mechanics, a lot of 

modified FEMs were introduced to handle the crack propagation problems. 

Although the DDA can deal well with pre-existing discontinuities, the propagation 

of a crack inside the block is not allowed. Hence, an important improvement to the 

original NDDA is to give the fracturing ability inside an intact block. Details about 

the fracture scheme will be introduced and discussed in chapter 5. 

Since any polygon can be discretized by triangles, the block still can be any 

shape, convex or concave, like the standard DDA. In the NDDA, the triangular 

element is the basic analysis object and the nodal displacements are the unknowns 

of simultaneous equations. A group of triangular elements build up a block. The 

triangular grid lines can be referred to as virtual joints, which will fracture when 

certain failure criterion is triggered. The topology of the NDDA block system is 

illustrated by a two-block model as shown in Figure 3.1. 

element

block i

real joint

virtual joint

block j

 

Figure 3.1 schematic illustration of an NDDA model 
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In the standard DDA, basic unknowns are six displacements of a block,

0 0 0{ , , , , , }x y xyu v r    , which are independent of the block shape. It is not accurate 

to use six variables to describe the deformation of a big block under complex 

loading conditions. In the NDDA, the basic analysis object is the triangular element 

and the nodal displacements are the basic unknowns. Hence, the degrees of freedom 

of a block are now depending on the number of nodes it has. The more nodes a 

block has, the better deformation ability it will have.  

For a triangular element, three nodes provide six unknown displacements, 

T{ , , , , , }i i j j m mu v u v u v . In a special case where the block is triangular and include 

only one triangular element, the six unknowns of NDDA is equivalent to the 

unknowns of the standard DDA. The advantage of using 
T{ , , , , , }i i j j m mu v u v u v  as 

element unknowns makes it possible to unify continuous and discontinuous region 

in analysis. 

In the standard DDA, the block is undividable. When dealing with crack 

propagation, especially in the case that one big block split into several sub-blocks in 

a cracking zone, the DDA cannot handle. In the NDDA, a fracture mechanism is 

introduced to make it possible for the fracture to occur in an intact block. Crack will 

occur along the virtual joint when the failure criterion is satisfied. With the virtual 

joint concept, the NDDA possesses the ability of dealing with a mixed 

continuous/discontinuous problem with high accuracy and efficiency. 

3.2 Displacement Functions 

Contents in the section are similar with the classic FEM theory (Zienkiewicz 

and Taylor 2000) about triangular element. Figure 3.2 shows the typical triangular 

element considered, with nodes i, j, m, numbered in an anticlockwise order. 
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The displacements of node i have two components, written in vector as 

i

i

i

u

v

 
  
 

d                            (3.1) 

And the six components of element displacements are listed as a vector 

i

i

i

j

j

j

m

m

m

u

v

u

v

u

v

 
 
  
    

    
   
   

 
  

d

a d

d

                        (3.2) 

x

y

m(xm, ym)

j (xj , yj)

i(xi, yi)

vm

um

vj

uj

vi

ui

 

Figure 3.2 an triangular finite element, showing notation used 

The displacements within an element have to be uniquely defined by these six 

values. The simplest representation is clearly given by two linear polynomials  

1 2 3

4 5 6

u x y

v x y

  

  

  


  
                       (3.3) 

where ( , )u v  are the displacements at point ( , )x y  inside the element.  

The six constants 
i  can be evaluated easily by solving the two sets of three 

simultaneous equations which will arise if the nodal coordinates are inserted and the 
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displacements equated to the appropriate nodal displacements. For example, we 

have the following relationships along the global x-axis direction: 

1 2 3

1 2 3

1 2 3

i i i

j j j

m m m

u x y

u x y

u x y

  

  

  

  

  

  

                      (3.4) 

We can easily solve for
1 , 

2 and 
3  in terms of the nodal displacements ui, 

uj, um, and finally obtain  

1
[( ) ( ) ( ) ]

2
i i i i j j j j m m m mu a b x c y u a b x c y u a b x c y u        


     (3.5) 

in which  

i j m m j

i j m

i m j

a x y x y

b y y

c x x

 

 

 

                       (3.6) 

with the other coefficients obtained by a cyclic permutation of subscripts in the 

order i, j, m, and where   is the area of ijm  obtained by 

1
1

1
2

1

i i

j j

m m

x y

x y

x y

                         (3.7) 

The vertical displacement v can be obtained similarly as 

1
[( ) ( ) ( ) ]

2
i i i i j j j j m m m mv a b x c y v a b x c y v a b x c y v        


     (3.8) 

Though not strictly necessary at this stage, we can represent the above relations 

Eq. (3.5) and (3.8) in the standard form: 

0 0 0

0 0 0

i

i

i j m j

i j m j

m

m

u

v

N N N uu

N N N vv

u

v

 
 
 
     

      
     

 
 
  

u Na         (3.9) 
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where 

2

2

2

i i i
i

j j j

j

m m m
m

a b x c y
N

a b x c y
N

a b x c y
N

 




 




 




                    (3.10) 

The chosen displacement function automatically guarantees continuity of 

displacements with adjacent elements because the displacements vary linearly along 

any side of the triangle and, with identical displacement imposed at the nodes, the 

same displacement will clearly exist along an interface. 

The total strain at any point within the element can be defined by its three 

components which contribute to internal work. Thus 

0

0

x

y

xy

x

u

vy

y x







 
 
  
    

      
     

    
 
  

ε Su                (3.11) 

where 

0

0

x

y

y x

 
 
 
 

  


 
  
 
  

S  

Substituting Eq. (3.9) into Eq. (3.11), we have 

[ ]

i

i j m j

m

 
 

    
 
 

d

ε SNa Ba B B B d

d

             (3.12) 

where 
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0 0 0

0 0 0

ji m

ji m

j ji i m m

NN N

x x x

NN N

y y y

N NN N N N

y x x y x y

  
 
   

  
   

   
     
 
       

B SN  

0 0 0
1

0 0 0
2

i j m

i j m

i i j j m m

b b b

c c c

c b c b c b

 
 

  
 
 

                (3.13) 

It will be noted that the matrix B is independent of the position within the 

element in this case, and hence the strains are constant throughout the element. 

3.3 Simultaneous Equations 

Since the NDDA uses an incremental solution procedure, the equations of 

motion are solved at every time step and the incremental change in energy 

components is determined at each time step as the system attempts to reach 

equilibrium.  

For any virtual displacement, the sum of internal and external work for the 

whole system should be zero, which can be written as 

( ) ( ) 0U W                         (3.14) 

where U is the internal energy of the whole system, W is the work done by the 

external loads including the contact forces or any other forces interact between 

blocks, and Π is the total potential energy of the system. 

Individual triangular elements are connected by nodes to form a block, and 

blocks are connected by joints and contact springs to build a system.  Assuming 

there are n nodes in the system, the global equilibrium equations will have the 

following form: 
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KD F                            (3.15) 

where K is the global stiffness matrix, a 2n×2n matrix. D is the unknown vector and 

F is the equivalent force vector. Write in submatrix form, we have: 

11 1 1 112 13

221 22 23 2 2

331 32 33 3 3

1 2 3

n

n

n

n nn n nn n

     
     
        
     
     
     
         

k k k k d f

k k k k d f

k k k k d f

k k k k d f

               (3.16) 

in which, each element kij in the coefficient matrix is a 2×2 submatrix. di is a 2×1 

submatrix and denotes the displacements unknowns { , }T

i iu v  of node i. fi is a 2×1 

submatrix and denotes the equivalent nodal forces { , }T

ix iyf f  applied on node i. 

The above equilibrium equations are derived by minimizing the total potential 

energy Π. The i-th row of Eq. (3.16) consists of two linear equations 

0

0

i

i

u

v





 



                         (3.17) 

3.4 Elastic Submatrices 

The strain energy 
e  of an element i is defined as 

T T 01

2

i

e i i i idxdy dxdy   ε σ ε σ                (3.18) 

where 0

iσ  is the initial stress of element i, and the integration is over the entire area 

of element i. For each time step, assuming the elements are generally linearly elastic, 

the relationship between stresses and strains will be linear and of the form 

σ Eε                           (3.19) 

where E is an elasticity matrix containing the appropriate material properties. 
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For plane stress in an isotropic material, we obtain the matrix E as  

2

1 0

1 0
1

0 0 (1 ) / 2

E







 
 


 
  

E                   (3.20) 

and for plane strain, we obtain the matrix E as 

1 0

1 0
(1 )(1 2 )

0 0 (1 2 ) / 2

E
 

 
 



 
 

 
  
  

E             (3.21) 

where E  is Young‟s modulus and   is Poisson‟s ratio.  

If non-linear stress-strain relationships are considered, E will have the 

following general form:  

11 12 13

21 22 23

31 32 33

e e e

e e e

e e e

 
 


 
  

E                        (3.22) 

By substituting Eq. (3.19), the Eq. (3.18) can be rewritten as  

T T

0

1

2

i

e i i i idxdy dxdy   ε E ε ε σ                (3.23) 

Substituting Eq. (3.12), we have 

T T T T 0

T T T T 0

T T T T 00
0

1

2

1

2

2

i

e i i i i i i i i

i i i i i i i i

i i i i i i i i

dxdy dxdy

dxdy dxdy

A
A

  

 

 

 
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a B E B a a B σ

a B E B a a B σ

a B E B a a B σ

            (3.24) 

where A0 is the initial area of element i.  

Minimize the strain energy i

e  and obtain the following 6×6 submatrix 

2 2 T T
T0

0

( )

2

i
i e i i i i i

e i i i

i i i i

A
A

  
  
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a B E B a
k B E B

a a a a
           (3.25) 

and the equivalent nodal force vector 
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T T 0
T 0

0 0

0 0

( )i
i e i i i

e i i

i i

A A
 

     
 

a B σ
f B σ

a a
             (3.26) 

The matrix form is 

aa ab ac

i

e ba bb bc

ca cb cc

 
 


 
  

k k k

k k k k

k k k

 

a

i

e b

c

 
 

  
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 

f

f f

f

 

where a, b, and c denote the node indexes of element i. Each component kij (i, j=a, b, 

c) is a 2×2 submatrix which is added to the corresponding position in the global 

stiffness matrix K, such as kab is add to the intersection of a-th row and b-th column 

in the coefficient matrix in Eq. (3.16). Each component fi (i=a, b, c) is a 2×1 

submatrix which is added to the free term at the right hand side of Eq. (3.16) 

according to the node index, such as fa is added to the a-th row of vector f.  

3.5 Equivalent nodal forces 

3.5.1 Point load 

The point loading force 
T{ , }x yp pp  acts on point (x, y) inside element i. The 

displacements at point (x, y) of element i (see Figure 3.3) are 

i iu N a  

The potential energy of the point loading p is 

T T T( )i

p x y i ip u p v       u p a N p              (3.27) 

To minimize 
i

p , the derivatives are computed:  
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T T
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f
a N p

f f N p
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f

            (3.28) 

where fi forms a 6×1 submatrix which is added to the right side of global equations 

according to the indexes of element nodes. 

py

(x, y)
px

a(x1, y1)

b(x2, y2) c(x3, y3)
 

Figure 3.3 point load in an element 

3.5.2Distributed linear load along element boundary 

Assume the loading is distributed on the element boundary between node i and 

node j (see Figure 3.4). The coordinates for node i and node j are (xi, yi) and (xj, yj), 

separately. The equations for segment ij  are  

( )

( )

j i i

j i i

x x x t x

y y y t y

  


  

   ( 0 1 )t                  (3.29) 

The length of line ij  is  

2 2( ) ( )j i j il x x y y     

The load is  

( )
( )

( )

x

y

q t
t

q t

 
  
 

q    ( 0 1 )t                    (3.30) 

which vary along the boundary ij .  
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i(xi, yi)

m(xm, ym)j(xj, yj)

q

 

Figure 3.4 distributed load on the element boundary 

The potential energy of the line load is  

1
T

0
( ) ( )l l t t ldt   u q                      (3.31) 

where ul(t) denote the displacements along boundary ij . 

1 0 0
( )

0 1 0

i

i i

l l l

j j

j

u

vt t
t

ut t

v

 
 

     
      

    
 
 

d
u N d N

d
           (3.32) 

where 

1 0 0

0 1 0
l

t t

t t

 
  

 
N  

i

i i

j j

j

u

v

u

v

 
 

   
    
   

 
 

d
d

d
 

substituting Eq. (3.32) into Eq. (3.31), we have 

1
T T

0
( )l l t ldt   d N q                     (3.33) 

The derivatives of 
l  are computed to minimize the potential energy:  

1
T

0
0

( )
i l

l l

j

t ldt
  

    
 


f

f N q
f d

                (3.34) 

When the line load is uniformly distributed along the boundary ij , the above 
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equation can be written as 

1

0

1 0 / 2 0

0 1 0 / 2

0 / 2 0 2

0 0 / 2

x

x x y

l

y y x

y

qt l

q q qt l l
ldt

q q qt l

qt l

     
    

                
        
          

f         (3.35) 

3.5.3 Distributed body forces 

Assuming that 
T{ , }x yb bb  is the constant body force applied on the element i. 

The potential energy of the constant body force b is  

 

T

T T

T T

i

bd i

i i

i i

dxdy

dxdy

dxdy

  

 

 







u b

a N b

a N b

                    (3.36) 

Since  

T 0

1 0

0 1

1 0

0 13

1 0

0 1

i

A
dxdy

 
 
 
 

  
 
 
 
 

N                      (3.37) 

Substituting Eq. (3.37) into Eq. (3.36), we have   

T T0 0

1 0

0 1

1 0

0 13 3

1 0

0 1

x

y

x xi

bd i i

y y

x

y

b

b

b bA A

b b

b

b

  
  
  
      

        
    

  
  
    

a a              (3.38) 

The derivatives of i

bd  are computed to minimize the potential energy:  
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x
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b
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b

b

b

 
 
  
    

      
   

   
 
  

f

f f
a

f

                    (3.39) 

where i

bdf  forms a 6×1 submatrix which is added to the free term at right side of 

global equations according to the nodes index a, b and c. 

3.6 Bolting Connection Submatrices 

Consider a bolt or a bar connecting node i and node j on two different blocks 

(see Figure 3.5). The displacements of the ends are { , }T

i iu v  and { , }T

j ju v , 

respectively. The length of the bolt is  

2 2( ) ( )i j i jl x x y y                       (3.40) 

bolt

i

j

 

Figure 3.5 bolt connection between two blocks 
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The length variation of the bolt is 

1
[( )( ) ( )( )]i j i j i j i jx x u u y y v v

l
                   (3.41) 

Denote the direction cosines of the bar by 

i j

x

x x
l

l


 , i j

y

y y
l

l


  

then we have                    

   

 

x x

i ji j

x
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y y

j j

y

l l

l
u u v

u v u v

v

l l

l

   
     



 
   

 








 

T T( )
x

i j

y

l

l

 
    

 
d d                       (3.42) 

Assuming the stiffness of the bar is kb, the bar force is  

bf k                            (3.43) 

The potential energy of the bar is  

21 1

2 2
blt bf k                         (3.44) 

 T T( ) ( )
2

xb
blt i j x y i j

y

lk
l l

l

 
    

 
d d d d  

Let 

 
2

2

x x x y

x y

y x y y

l l l l
l l

l l l l

  
    

    

L                  (3.45) 

then 

T T( ) ( )
2

b
blt i j i j

k
   d d L d d                     (3.46) 

 

The derivatives of 
blt   
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2

blt
ii b

i i

k
 

 
 

k L
d d

                     (3.47) 

2

blt
jj b

j j

k
 

 
 

k L
d d

                    (3.48) 

2

blt
ij b

i j

k
 

  
 

k L
d d

                   (3.49) 

2

blt
ji b

j i

k
 

  
 

k L
d d

                   (3.50) 

forms four 2×2 submatrices which are added to the global stiffness matrix K 

according to the index i and j, for example, kij is added to the intersection of i-th 

row and j-th column.  

3.7 Inertia Submatrices 

The time steps are used by both statics and dynamics. The only difference is 

that the static computation assumes the velocity as zero at the beginning of each 

time step while the dynamics computation inherits the velocity from last time step.  

Denote { , }Tu v  as the time dependent displacement at point (x, y) of element i 

and m as the mass per unit area. Then, the force of inertia per unit area is  

2

2

2

2

x

y

d u
f dt

m
f d v

dt

 
    

    
   

  

                        (3.51) 

The potential energy of the inertia force of element i is  
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 

 

2

2

2

2
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m

y

f
u v dxdy

f

d u

t
m u v dxdy

d v

t

 
    

 

 
  

  
 
  





                   (3.52) 

and  

2

2 222

2 2 22

2

( )i i i
i

d u

u d dddt

vdt dt dtd v

dt

 
    

     
  

  

N a a
N               (3.53) 

where Ni is independent of time t. 

2
T T

2

i i
m i i i

d
m dxdy

dt
  

a
a N N                   (3.54) 

For the time dimension, we use the finite difference method: 

2

2 2

2

( ) 1
( ( ) 2 ( ) ( 2 ))

1
{[ ( ) ( )] [ ( ) ( 2 )]}

d t
t t t

dt

t t t t

 


  


    

      

a
a a a

a a a a

        (3.55) 

( ) ( )t t   a a a                         (3.56) 

0 ( ) ( 2 )t t    a a a                     (3.57) 

2

02 2

1
( )i

i i

d

dt 
 

a
a a                      (3.58) 

Here ai is the displacements of element i in current time step, ai0 is the displacement 

of last time step, δ is the time interval. 

Substitute Eq. (3.58) into Eq. (3.54), then 

T T

02
( )i

m i i i i i

m
dxdy


  a N N a a                (3.59) 

To reach equilibrium, i

m  is minimized with respect to element displacement 

variables. Then 
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i m
m i i

i i

m
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

 
 
  k N N
a a

                (3.60) 

where i

mk  is a 6×6 submatrix with the same structure like elastic submatrix i

ek , 

similar operation is done when being added to the global stiffness matrix K.  

0

T

0 02

T

02

(2 )

( )

i
i m

m

i

i i i i

i i i

m
dxdy

m
dxdy






 



  

 





f
a

N N a a

N N a

               (3.61) 

forms a 6×1 vector, which is added to the free term of Eq. (3.16) according to the 

index of element nodes. 

3.8 Viscosity Submatrices 

The DDA method could be applied to problems involving a viscous stratum in 

shear, as encountered in plate tectonics, or in regard to floating ice blocks.  

The resistance force from viscosity is proportional to the velocity as well as the 

block area. When the displacement increment is given per unit time, the force is:  

x

y

u
f u

f v v








 
     

        
    

  

                   (3.62) 

where δ is the time step; u and v are the displacement increment per unit time. The 

potential energy of the force of viscosity of element i is  

 

 

xi

v

y

f
u v dxdy

f

u
u v dxdy

v





 
    

 

 
  

 


                  (3.63) 
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T T
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





 




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a N N a

a N N a

                  (3.64) 

The force of viscosity can be considered as body loading. In order to reach 

equilibrium, i

v  is minimized with respect to element displacement variables. We 

have  

Ti v
v i i

i i

dxdy





 
  k N N
a a

                (3.65) 

forms a 6×6 submatrix. 

3.9 Displacement Constraints 

There are three kinds of boundary conditions: free, fixed and rolling along a 

direction. The rolling boundary can be subdivided into rolling along x direction, 

rolling along y direction, and rolling along a specified angle. And the fixed bearing 

can be considered as compound effect of two rolling bearing: rolling along x 

direction and rolling along y direction. Therefore, we only need to deduce the 

submatrix of rolling along a specified angle. More generally, supports may have 

displacements at their constraint direction, which need to be considered in the 

constraint submatrix. 

Assume the direction angle of the rolling slope is α, the direction angle of 

normal is α+90º (see Figure 3.6). The displacement of support along the normal 

direction of the rolling slope is δ. Denote the normal vector of the slope as 

x

y

l

l

 
  
 

n                           (3.66) 

In the current case, we have 

cos( 90 ) sin

sin( 90 ) cos

x

y

l

l

 

 

    

   
                  (3.67) 
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n


90°

node i

 

Figure 3.6 constraint along a specified direction 

We use a very stiff spring in the constraint direction to achieve the equivalent 

constraint effect. Denote the stiffness of the constraint spring by k. It is a very large 

positive number, normally from 100E to 1000E (E is Young‟s Modulus of element), 

to guarantee the displacement of the restricted node is 10
-4

~10
-3

 times of the total 

displacement. If k is large enough, the computation result will be independent of the 

choice of k.  

Denote (ui, vi) as the displacement of the constraint point, then the deformation 

of constraint spring is  

T( )x i y i id l u l v     n d  

The constraint spring force is 

T( ))if kd k     n d                    (3.68) 

The potential energy of this spring is  

2 T 2

T T T 2

( )
2 2

2 2

c i

i i i

k k
d

k k
k



 

   

  

n d

d nn d n d               (3.69)
 

Taking the derivatives of the potential energy of the constraint spring, we have  

2
Tc

c

i i

k
 

 
 

k nn
d d

                     (3.70) 
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where kc is a 2×2 submatrix which is added to the intersection of i-th row and i-th 

column in global stiffness matrix. 

By minimizing the potential energy 
c  and taking the derivatives at 0i d , 

we have 

0

c
c

i

k


  


f n
d

                      (3.71) 

which is a 2-dimensional vector which is added to the i-th row of F in Eq. (3.16). 

For the case where there is no movement along the constraint direction n, 

0  is set in Eq. (3.71) and only the submatrix of Eq. (3.70) needs to be computed 

and added to global stiffness matrix.  

For rolling support at x-direction, we have      , and the normal vector 

now becomes 

1

0

 
  
 

n  

and the constraint stiffness matrix becomes 

1 0

0 0
c

 
  
 

k                         (3.72) 

For rolling support at y-direction, we have     , and the normal vector now 

becomes 

0

1

 
  
 

n  

and the constraint stiffness matrix becomes 

0 0

0 1
c

 
  
 

k                         (3.73) 

For a fixed point, which can be considered as superimposition of two rolling 

supports of both x-direction and y-direction, the constraint stiffness submatrix 

becomes 
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1 0

0 1
c

 
  
 

k                         (3.74) 

which is the superimposition of Eq.(3.72) and Eq.(3.73). 

3.10 Contact Submatrices 

In two dimensional problems, basic contact model is vertex to edge. The 

formulas for the vertex-edge contact model are derived in this section. In N-DDA, 

only boundary nodes will take part in the contact process, as shown in Figure 3.7.  

The coordinates of vertex i are (xi, yi) and the coordinates of its target contact 

edge jm  ends are (xj, yj) and (xm, ym), respectively. Two contact springs are added 

along normal and tangent directions of edge jm  (see Figure 3.8). 

i

m

j

 

Figure 3.7 vertex-edge contact model 
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i

m

j

kn

ks

 

Figure 3.8 schematic illustration of normal and shear contact spring 

i

m

j

i'
dn

dt

 

Figure 3.9 normal and shear contact displacements 

The corresponding contact point of node i on edge jm  is denoted by i’. (see 

Figure 3.9) The normal and shear displacements at contact point are denoted by dn 

and dt, respectively. The displacements of node i, j, m are 

 

 

 

T

T

T

i i i

j j j

m m m

u v

u v

u v







d

d

d

                       (3.75) 

3.10.1 Normal contact spring submatrix 

The normal spring displacement at the end of current time step is  
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1
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x u y v

d x u y v
l l

x u y v

 

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 

                 (3.76) 

where Δ is the area of ijm  at the end of current time step and l is the length of 

edge jm  

2 2

2 2

( ) ( )

( ) ( )

j j m m j j m m

j m j m

l x u x u y v y v

x x y y

       
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           (3.77) 
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x y u y x v u v

 

   

 

   

        (3.78) 

The last term in the above equation is a second order infinitesimal which can be 

neglected. Denote A0 as the area of ijm  at the beginning of current time step. 

0

1

1

1

i i

j j

m m

x y

A x y

x y

                        (3.79) 

Then 

0

1 1

1 1
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i i i i

j j j j

m m m m

u y x v
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                (3.81) 
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                       (3.84) 

then 

T

0A  n d                          (3.85) 

 T

0

1
nd A

l l


  n d                       (3.86) 

Denote the stiffness of the normal contact spring as kn, then the potential energy 

of the contact spring is 

2

2

n
kn n

k
d                           (3.87) 

substituting Eq. (3.86), we have 
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 
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0 02
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2
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n
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k
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k
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l

  

  

n d

d nn d n d

                (3.88) 

To minimize the strain energy 
f  the derivatives are computed. The 

derivatives of 
f   

2
T

2

ii ij im

kn n
kn ji jj jm

mi mj mm

k

l

 
  

     
 
 

k k k

k k k k nn
d d

k k k

            (3.89) 

forms a 6×6 matrix, where each component is a 2×2 submatrix. The components are 

added to the global stiffness matrix according to the index of node i, j and m.  

In order to compute the submatrices on the right side of global equations, we 

minimize 
k  by taking the derivatives at d 0 . 

0

2

(0)
i

kn n
kn j

m

k A

l

 
 

     
 

 

f

f f n
d

f

                (3.90) 

forms a 6×1 matrix and fi, fj, and fm are 2×1 submatrix.  

3.10.2 Shear contact spring submatrix 

Assume the positive direction along edge jm  is from j to m, i.e. the direction 

of jm . The shear spring deformation, at the end of current time step, is  

'
t

i i jm
d

l
  

 ' ' ' '

1 m m j j

i i i i i i i i

m m j j

x u x u
x u x u y v y v

y v y vl

   
        

   
 

 ' ' ' '

1 m j

i i i i i i i i

m j

x x
x x u u y y v v

y yl

 
        

 
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 ' ' ' '

1 m j

i i i i i i i i

m j

u u
x x u u y y v v

v vl

 
        

 
          (3.91) 

Assume time step is small enough that the displacements of node i, j, and m are tiny. 

Then 

 ' '

m j

i i i i

m j

u u
u u v v

v v

 
   

 
 

and  

 ' '

m j

i i i i

m j

u u
x x y y

v v

 
   

 
 

are infinitesimal and neglectable. Taking this into consideration, Eq. (3.91) can be 

rewritten as 

 ' ' ' '

1 m j

t i i i i i i i i

m j

x x
d x x u u y y v v

y yl

 
        

 
        (3.92) 

Denote 

 0 ' '

m j

i i i i

m j

x x
S x x y y

y y

 
    

   

and note that 

' (1 )i j mx t x tx  

 

' (1 )i j my t y ty    

' (1 )i j mu t u tu  

 

' (1 )i j mv t v tv    

where 0≤t≤1, and 

 ' '2 2

' 1 m j

i j i j

m j

x xji jm
t x x y y

y yl l

 
     

 
            (3.93) 

Hence 
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    (3.94) 
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And Eq. (3.94) can be rewrite in a more concise form as 

 T

0

1
td S

l
  t d                       (3.95) 

The potential energy of shear contact spring is 

2

2

t
kt t

k
d                          (3.96) 

Substituting Eq. (3.95), 
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Derivatives of kt , 
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             (3.98)
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                (3.99) 

forms a 6×6 matrix and a 6-dimensional vector, resemble normal contact spring 

submatrix which are added to the coefficient matrix and free term in Eq. (3.16), 

respectively, according to the node index i, j, and m. 

3.10.3 Friction submatrix 

When contacting surfaces moves relative to each other, the friction between the 

two surfaces convert kinetic energy into thermal energy, or heat. Hence, it is 

necessary to consider the energy consumed by friction when calculate the total 

potential energy of a discontinuous system with friction contact. Here, we will only 

investigate the dry friction or Coulomb friction between two solid bodies. 

According to the Coulomb/Amonton friction law, the friction force is proportional 

to the normal force and independent from the speed. This first order approximation 

is sufficient for many engineering applications. The important property of dry 

friction lies in the fact that in a first order approximation, it is dependent neither on 

contact area nor on roughness.  

In the case of sliding, the shear contact spring disappears from the contact point 

and the sliding displacement along the contact edge jm  is denoted by dt (see 

Figure 3.8). Denote   as the friction angle of the contact interface, then the 

coefficient of friction is tan . If two contact interfaces have different friction 

angles, the smaller one will be chosen. According to Coulomb friction law, the 

kinetic friction at this contact point is  

tann nF k d                          (3.100) 

and the work done by friction force is 
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tanf t n n tFd k d d                     (3.101) 

substituting Eq. (3.86)(3.94), we have  
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          (3.102) 

Assuming constant friction angle during sliding, then derivatives of 
f
 
can 

be obtained by 
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         (3.104) 

forms a 6×6 matrix and a 6-dimensional vector, which are added to the coefficient 

matrix and free term in Eq. (3.16), respectively, according to the node index i, j, and 

m. 

If a pair of contact face has two contact points rather than one, since the friction 

force is related to the normal contact force and the contact force now is only half of 

the case of one contact point, the value of friction force at each contact point is 

reduced by half and the total potential energy contributed by two contact points is 

still equal to the energy of one contact point. Therefore, the consideration of friction 

potential energy is based on the contact point. 

3.11 Procedure Framework of the 2D-NDDA 

The 2D-NDDA program includes two parts: MESH and ANALYSIS. The 

MESH code is the preprocessor which generates the block system and triangulates 
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in each block. The ANALYSIS code performs the forward analysis. The flowcharts 

for the two codes are shown in Figure 3.10 and Figure 3.11, respectively. 

The Delaunay triangulation and refinement algorithm employed in the MESH 

program are discussed in Chapter 4. The submatrices system of the ANALYSIS 

program is provided and discussed in the previous sections of this chapter. The 

crack initiation and propagation algorithm employed in the ANALYSIS program are 

discussed in the Chapter 5. 
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call DC to generate block data

check crack and hole in the block

divide boundary edges according to
triangular element size
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triangulation to required size

collect data of elements and blocks

read geometry data from file

write data to disk file

Are all
block

meshed?

yes

go to next
blockno

 

 

Figure 3.10 flowchart of MESH program for NDDA 
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Figure 3.11 flowchart of ANALYSIS program for NDDA 
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3.12 Summary 

This chapter derives the formulae for the NDDA from the standard DDA and 

the work done by other researchers in this field. Most of the formulae have 

corresponding part in the FEM, which makes the application of existing FEM 

algorithms into the NDDA much easier. The part of contact matrices is the most 

important part which distinguishes the NDDA from the FEM. All the formulae are 

implemented into the newly developed 2D-NDDA program with validation 

examples in the Chapter 7.  
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CHAPTER 4 TRIANGULATION IN THE 

BLOCK 

 

4.1 Introduction 

Consider the problem: how to divide a polygonal region (a block) in the plane 

into triangles in such a way that these triangles are as close as possible to equilateral 

triangles? The process of dividing a region into triangles is referred to as 

triangulation and the resulting set of triangles is called a triangular mesh for the 

region. Triangular elements are preferred here because they can be easily made to 

fit complex boundaries and crack propagating path. If the triangles are as close as 

possible to equilateral triangle, error bounds are best and good fracture path is 

provided. 

In this chapter, a Delaunay refinement algorithm is presented based on the 

method introduced by Chew (1989). And it is employed in the NDDA program for 

triangulating planar regions. This algorithm comes with a guarantee: for a 

triangulation produced by the algorithm, all angles are between 30º and 120º and all 

edge lengths are between h and 2h where h is a parameter chosen by the user to 

control the grid density.  

The guarantee associated with this algorithm is particularly important. With 

such a guarantee, the triangular mesh can provide a good and proper path for the 

crack propagation. In the NDDA, the original mesh grid is used for the crack 

propagating path, which needs this guarantee to provide a better result. 
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4.2 Background – Delaunay Triangulation 

The guaranteed-quality triangulation technique is based on the properties of 

Delaunay triangulations. This section presents some of the properties of the 

Delaunay triangulations and explains a special type of Delaunay triangulation, 

called a constrained Delaunay triangulation (CDT), which has characteristics 

particularly useful for mesh generators. 

P

R

 

Figure 4.1 a Voronoi diagram and the corresponding Delaunay triangulation (the 

Voronoi diagram -- dashed lines; the Delaunay triangulation – solid lines ) 

The Delaunay triangulation of a set S of points in the plane is most easily 

introduced by reference to the Voronoi diagram of S (see Figure 4.1). The Voronoi 

diagram of S divides the plane into regions, one region for each point in S, such that 

for each region R and corresponding point P, every point within R is closer to P 

than to any other point of S. The boundaries of these regions form a planar graph. 

The Delaunay triangulation of S is the straight-line dual of the Voronoi diagram of 

S; that is, we connect a pair of points in S if they share a Voronoi boundary. The 
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Voronoi diagram and its dual, the Delaunay triangulation, have been found to be 

among the most useful data structures in computational geometry.  

Each triangle of the Delaunay triangulation of S has the empty circle property: 

a circle circumscribed about a Delaunay triangle contains no points of S in its 

interior. Indeed, this property can be used as the definition of Delaunay 

triangulation. 

Definition: Let S be a set of points in the plane. A triangulation T is a Delaunay 

triangulation of S if for each triangular face   of T there exists a circle C 

circumscribes   with no vertex of S is in the interior of C. (Chew 1989) 

 

Figure 4.2 a Delaunay triangulation and the corresponding circumcircles 

A circle circumscribed about a Delaunay triangle is called a Delaunay circle 

(see Figure 4.2). If S contains four points that are co-circular then the Delaunay 

triangulation is not necessarily unique. For the NDDA program, if there is not a 

unique Delaunay triangulation, any of them will do. 
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The Delaunay triangulation has some properties indicating that it might lead to 

good finite element meshes. In particular, the Delaunay triangulation maximizes the 

minimum angle for a set of points. In other words, among all triangulations of a 

given set of points, the Delaunay triangulation has the largest minimum angle 

(Edelsbrunner 1987). 

Unfortunately, the Delaunay triangulation cannot fully meet the requirement of 

the NDDA. The problem is, sometimes, certain edges must be used as part of the 

final triangulation (e.g., those that describe the boundaries or, perhaps, those that 

describe a crack in the block to be analyzed). Such edges do not always correspond 

to legal Delaunay edges. Schroeder and Shephard (1988) discussed some of the 

difficulties of using a Delaunay triangulation to create a mesh for an object. 

Many of these difficulties can be resolved by using a constrained Delaunay 

triangulation (CDT). Intuitively, a CDT is as close as possible to a Delaunay 

triangulation given that certain prespecified edges must be included in the 

triangulation (see Figure 4.3). The same term, Delaunay circle, is used for a circle 

circumscribed about either a standard Delaunay triangle or a CDT triangle. The 

CDT, also called a generalized Delaunay triangulation (Lee 1978; Lee and Lin 

1986), was first introduced by Lee.  

 

Figure 4.3 a graph G and the corresponding constrained Delaunay triangulation 
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4.3 Constrained Delaunay Algorithm 

This section briefly introduces the constrained Delaunay triangulation 

algorithm provided by Lee and Lin (1986). For more details about this algorithm, 

please check the original work of Lee and Lin (1986). It is the foundation of the 

Delaunay refinement algorithm used in the NDDA mesh program. 

Definition 1. For any planar straight-line graph (PSLG) G=(V, E), a triangulation 

T(G) of G is a PSLG G'=(V, E'), where E E  , such that no edges can be added 

without intersecting an existing edge. 

Definition 2. For any PSLG G=(V, E) the constrained Delaunay triangulation (CDT) 

of G, denoted by CDT(G) is a triangulation T(G)=(V, E') in which the circumcircle 

of each face or triangle 
i j kv v v , denoted by ( , , )i j kv v v  does not contain in its 

interior any other vertex which is visible from the vertices 
iv , 

jv , and 
kv  of the 

triangle. The edges of the set E E   are called Delaunay edges, and the edges of E 

are called sides. The vertices u and v, ,u v V , are visible from each other if the 

line segment u, v does not intersect an edge of E at an interior point. 

Note that for graphs ( , )G V  , the CDT(G) becomes the conventional 

Delaunay triangulation of a set V of points. The following lemma, which relates the 

numbers of triangles and edges to the number of vertices in V, can be established 

fairly easily. They are the basement of the constrained Delaunay algorithm. The 

proof of them can be found in Lee and Lin (1986). 

Lemma 1. Given any PSLG G=(V, E), any triangulation T(G) has 2(| | 1)V B   

triangles, and 3(| | 1)V B   edges, where B is the number of vertices that are on 

the convex hull of the set V of points and |V| denotes the cardinality of V. 
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Lemma 2. Let abcd be a convex quadrilateral such that vertex c is outside the circle 

( , , )O a b d . The minimum angle of the triangulation obtained by adding diagonal 

,b d  is strictly larger than the minimum angle obtained by adding diagonal ,a c . 

Lemma 3. The edges of a triangulation T(G) of a PSLG G=(V, E) are locally 

optimal if and only if each triangle of T(G) satisfies the circle property, i.e., 

circumcircle of any triangle Δabc of T(G) does not contain in its interior any vertex 

of V visible from all three vertices a, b, and c. 

Lemma 4. For any PSLG G=(V, E), an edge ,v t  is a Delaunay edge in CDT(G) if 

and only if v and t are visible from each other and there exists a circle passing 

through v and t that does not contain any vertex visible from both v and t. 

Given a problem of constructing the CDT of G of a given PSLG G=(V, E). An 

2(| | )O V  algorithm for computing the CDT(G) of a given PSLG G=(V, E) is 

presented below. The main idea is to compute for each vertex v V , the Delaunay 

edges incident with it.  

Now proceed to find for each vertex v V  the set 
vS  of vertices visible from 

v, i.e.,  | is visible fromvS u u v . The graph obtained by connecting v to all 

vu S  for each u V  is called the visibility graph and it has been shown that the 

visibility graph can be computed in 2(| | )O V  time (Asano, Guibas et al. 1986). 

Once the visibility graph is obtained, those edges that are not Delaunay edges are 

eliminated based on the above lemma. 

Note that the vertices in 
vS  for v are ordered by angles around v when they are 

computed. First, find 
vu S  such that the edge ,u v  is the shortest. Since the 

circle K with ,u v  as the diameter is totally contained in the circle of radius 
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( , )d u v  and centered at v, no vertex in 
vS  is interior to K. (see Figure 4.4a). It 

follows from Lemma 1 that ,u v  must be a Delaunay edge. Then scan the vertices 

in 
vS  around vertex v in counterclockwise order starting with the vertex after u. 

Take three consecutive vertices x, y, z at a time, and these three vertices along with 

vertex v form a quadrilateral vxyz. At each step, the local optimization procedure is 

applied to the edge ,v y  of the quadrilateral, if ,v y E . If ( , , )z O v x y , the 

vertex y is deleted from 
vS  since edge is not a Delaunay edge (see Figure 4.4b). 

Once vertex y is deleted from 
vS , backtrack to consider vertices w, x and z, since 

deletion of y may make edge ,v x  non-Delaunay.  

 

u = u1

v

u2

u3u4u5

u6

u7

u8

u9

u2

K

 

(a) select the shortest edge as the start edge 
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u1

v

u2

u3u4u5

u6

u7

u8

u9

u2

 

(b) delete unsatisfied edges shown by dash lines 

Figure 4.4 computing Delaunay edges incident with vertex v  

4.4 Delaunay Refinement Algorithm 

In the Delaunay refinement algorithm, there are two kinds of vertices: (1) 

required vertices: those that are part of the boundary or those that are specifically 

chosen by the user; (2) circumcenter vertices: additional vertices that are introduced 

during the meshing algorithm. During the meshing process it is sometimes 

necessary to eliminate vertices. Note that only circumcenter vertices can be 

eliminated; the other vertices must be retained. 

There are some undemanding preconditions that the initial problem must satisfy. 

The input to the algorithm is a set of data points and data edges which must satisfy 

the following two conditions (recall that h is a parameter chosen by the user; 

intuitively, it represents the desired side-length of triangles in the triangulation): 

1. No two data points are closer than h. 

2. All data edges have lengths between h and 3h . 
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In practice, it is trivial to subdivide long edges to comply with condition two, except 

for edges with lengths between 3h  and 2h. Later in this section, it will be shown 

how these edges can, in effect, be hidden, although when this is done, care must be 

taken to ensure that condition 1 is not compromised. The following Delaunay 

refinement algorithm is introduced by Chew (1989). 

Algorithm: 

begin 

Compute the CDT of the data points and data edges; 

Let T be the portion of the CDT that is within the region to be triangulated; 

while there is a Delaunay circle within T that has radius >h do 

Add the center of the Delaunay circle as a new data point (see Figure 4.5); 

Computing Delaunay edges incident with the new data point;  

end while 

Report T as the desired triangulation; 

end 

 

 

Figure 4.5 add the center point of a large-radius Delaunay circle and recomputed the 

CDT 
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Indeed, the second precondition (all data edges have length between h and 3h ) 

can be relaxed. For an edge longer than 2h, new data points can be introduced to 

divide the edge into pieces with lengths in the required range. However, if an edge 

has length between 3h  and 2h, a problem occurs: such an edge cannot be divided 

into appropriately sized pieces. This difficulty can be avoided by, in effect, hiding 

such edges. To do this, place a new data point in the interior of the region to make a 

45º isosceles triangle (with the problem edge as its hypotenuse); connect the 

endpoints of the problem edge to this new data point. These new edges have lengths 

in the required range. Now, when the algorithm is executed, no points can be placed 

within the triangle (such a new point would be too close to one of the vertices of the 

triangle) and the triangle itself satisfies the properties of the theorem (it fits within a 

circle of radius h and no two of its points are closer than h). Of course, care must be 

taken to ensure that any new data point introduced to hide an edge is no closer than 

h to any other data point.  

The algorithm as outlined in this section can be implemented to run in 

worst-case time O(n
2
), where n is the number of triangles in the final triangulation. 

The efficiency of the above algorithm is very low when the number of elements is 

large. For a Pentium IV 3.0GHz computer, the triangulation time of one thousand 

elements can be up to 5 minutes. An important phenomenon is found that the 

insertion of a new data point only changes the mesh locally. The affected field is 

limited to the points which are connected to the vertexes of the current triangle. 

This fact can be used to improve the efficiency of refinement of the mesh. Since the 

number of points connected to the current triangle is very small and can be bounded 

by a small constant. In other words, it takes just constant time to update T for each 

new data point; thus, the total time is O(n) where n is the number of data points. 

With this enhanced refinement algorithm, the triangulation time of one thousand 

elements is reduced to around 20 seconds.  
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4.5 Applications 

The MESH code includes two main parts: (1) a modified DC code which forms 

block boundaries include holes and cracks according to input lines; (2) a refined 

Delaunay triangulation code which builds the required triangulation mesh inside 

each block. In the original DC code, pre-existing holes and cracks are not allowed 

inside blocks although the DDA supports such kind of blocks theoretically. Hence, 

it is necessary to modify corresponding part of the DC code so that the pre-existing 

holes and cracks can also be caught as boundaries of the triangulation. In the 

triangulation code, blocks are meshed one by one. In each block, different mesh 

density can be applied. After all blocks are meshed, the MESH code will collect the 

information of all triangular elements and nodes. The node number is mapped to its 

corresponding elements and each boundary node is marked out in the final output 

data file which will be used in the ANALYSIS code.  

Two mesh examples are shown here. The first example is an irregular polygon 

area with holes and cracks inside it (see Figure 4.6a). The boundary of the polygon 

region is formed by intersected segments. This is the original input graph for the 

MESH program. Figure 4.6b shows the graph which is trimmed by the MESH 

program and is ready for further treatment such as triangulation. Figure 4.6c shows 

the triangulation result. The target number of elements from input is 500, and the 

region after meshing has 492 elements. Here, the target number of elements is a 

parameter in the MESH code for control mesh density. After meshing, the real 

number of elements obtained by the MESH code can only around the presetting 

value. The closer the obtained number of elements to the targeting number, the 

better the MESH code control the element size. 

The second mesh example is a square block with four holes inside (Figure 4.7). 

The target number of elements for the region after meshing is 1000. And the 

program gives a result with 974 elements which are close enough to the requirement. 
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From these examples shown here, it can be said that the MESH program can control 

the element size and shape well. 

 

(a) separate lines (with the target region marked by gray) 

 

(b) block boundary 
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(c) triangular mesh (492 elements) 

Figure 4.6 triangular mesh example 1 

 

 

 

(a) a block with four holes 
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(b) triangulation result (974 elements) 

Figure 4.7 triangular mesh example 2 

4.6 Summary 

This chapter collated most of the background knowledge that needed for 

programming the automatic mesh generator in the NDDA. The Delaunay 

refinement algorithm provided by Chew (1989) is presented in details. An 

enhancement to the original algorithm is provided based on the characteristic that 

the mesh updates only among the points that linked to the triangle, the center of 

which was added as a new data point. With this enhancement, the mesh generation 

time is largely reduced. The enhanced algorithm is employed in the preprocess code 

of the 2D-NDDA program.  
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CHAPTER 5 BLOCK FRACTURING 

 

5.1 Introduction 

In some problems, it may be the behaviour of the intact rock material that is of 

concern. This will be the case when considering the excavation of rock by drilling 

and blasting, or when considering the stability of excavations in good quality, brittle 

rock which is subject to rockburst conditions. In other instances, the behaviour of 

single discontinuities, or of a small number of discontinuities, will be of paramount 

importance. Examples of this class of problem include the equilibrium of blocks of 

rock formed by the intersections of three or more discontinuities and the roof or 

wall of an excavation, and cases in which slip on a major fault must be analyzed. A 

different class of problem is that in which the rock mass must be considered as an 

assembly of discrete blocks. The normal and shear force–displacement relations at 

block face-to-face and corner-to-face contacts are of central importance in this case. 

Finally, it is sometimes necessary to consider the global response of a jointed rock 

mass in which the discontinuity spacing is small on the scale of the problem domain. 

The behaviour of caving masses of rock is an obvious example of this class of 

problem. 

No numerical method in the literature can solve all kinds of the above problems 

alone since each method is developed on specified assumptions to solve a given 

class of problem. When being applied to other kinds of problem, modification or 

extension must be carried out. Sometimes coupling with other method can fully 

inherit the advantages of both methods and overcome the limitation when being 

applied alone.  
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Many industrial and scientific problems are characterized by a transformation 

from continuum to discontinuum state. These phenomena can be found in many 

applications such as masonry or concrete structural failure, particle comminution 

and grinding in ball mills, rock blasting in open and underground mining, fracture 

of ceramic or glass-like materials under high velocity impact and high-speed 

machining operations, etc. In the standard DDA, a block is the smallest analysis 

object and the number of blocks is unchangeable throughout the analyzing process, 

which limited the application of DDA to this class of problems. 

So far, the NDDA can solve the discontinuous problem with pre-existing 

discontinuities as well as the DDA. In addition, the NDDA can provide a better 

deformation ability of a block and a refined stress/strain distribution inside a block. 

However, in order to solve the problems involving a transformation from continuum 

to discontinuum state, the NDDA needs an important extension to provide the 

ability of fracture in the intact block. The fracture ability is an important feature of 

the newly developed NDDA because it provides the possibility of transition from 

the continuum-based analysis to a discontinuum-based analysis. This feature really 

connects the FEM and the DDA into a unified numerical method. 

5.2 Fracture Criterion for Isotropic Rock Material 

Fracture may be decomposed into two steps: the crack initiation and the crack 

propagation. The stage of crack initiation is crucial but quite problematic. General 

numerical models avoid this problem because their aim is to study the evolution of a 

pre-existing crack. Damage-based numerical models are more adapted to this 

problem because they study the evolution of damage continuously and a crack is 

initiated for a critical damage value. However these codes are often unable to model 

the crack propagation without a local collapse criterion. 
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In fact, it is very difficult to determine the location of a new crack. 

Micro-failure and inclusions always induce local stress concentrations which are at 

the origin of failure and cracks. As all these defects cannot be taken into account 

numerically (unless if we use statistical approaches), either the material is assumed 

to be perfect or homogenized, or the initiation location is imposed by positioning a 

pre-crack. Moreover, the initiation of a crack in a mesh induces a severe topological 

change which is rarely supported by numerical codes. 

Rocks fail when the surrounding stress exceeds the tensile, the compressive, or 

the shear strengths of the rock formation, whichever is reached first. There are 

several types of failure depended on rock lithology, rock microstructures, and 

applied stresses. Correspondingly, there are various failure/strength criteria applied 

to compare rock stresses and strength to describe rock failures. Brittle materials 

such as rock experience fracture without appreciable plastic deformation. For such 

cases, the Griffith criterion and the Mohr-Coulomb criterion are popular. In the 

following contents, a brief derivation of the Mohr-Coulomb criterion, the Griffith 

criterion and the stress intensity factor criterion is listed and discussed for the 

purpose of integrity of the content. 

5.2.1 Mohr-Coulomb criterion 

Shear failure occurs when the shear strength of the formation is exceeded. 

According to the Mohr-Coulomb failure criterion, the shear strength on plane ab in 

Figure 5.1 is 

| | tannc                            (5.1) 

where   and 
n  are shear and normal stresses at a point on the plane ab and 

compression is positive. c is the cohesion and   is the angle of internal friction. In 
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this regard, the algebraic sign of the shear stress is not physically significant, so the 

absolute value sign is used in Eq.(5.1). 

The major and minor principal stresses are denoted by 
1  and 

3  (with 

1 3  ), respectively.  





n



b

a



 

Figure 5.1 shear failure on plane ab 

 n



c




   



c




 

(a) shear and normal stresses                 (b) principal stresses 

Figure 5.2 Coulomb strength envelopes 

Applying the stress transformation equations to the case shown in Figure 5.1 

gives 

   1 3 1 3

1 1
cos 2

2 2
n                       (5.2) 
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and 

 1 3

1
| | sin 2

2
                          (5.3) 

Substitution for 
n  and | |  in Eq.(5.1) and rearranging gives the limiting stress 

condition on any plane defined by   as 

 3

1

2 sin 2 tan (1 cos 2 )

sin 2 tan (1 cos 2 )

c    


  

  


 
            (5.4) 

There will be a critical plane on which the available shear strength will first be 

reached as 
1  increasing. The Mohr circle construction of Figure 5.2a gives the 

orientation of this critical plane as 

4 2

 
                            (5.5) 

For the critical plan, sin 2 cos  , cos2 sin   , and Eq.(5.4) reduces to 

3
1

2 cos (1 sin )

1 sin

c   




 



                 (5.6) 

This linear relation between 
3  and the peak value of 

1  are shown in 

Figure 5.2b. It is noted that the slope of this envelope is related to   by the 

equation 

1 sin
tan

1 sin










                       (5.7) 

here   is defined in Figure 5.2b and that the uniaxial compressive strength 
c  is 

related to c and   by 

2 cos

1 sin
c

c 






                         (5.8) 
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If the Coulomb envelope shown in Figure 5.2b is extrapolated to 
1 0  , it will 

intersect the 
3  axis at an apparent value of uniaxial tensile strength of the 

material given by 

2 cos

1 sin
T

c 



 


                         (5.9) 

The measurement of the uniaxial tensile strength of rock is normally too 

difficult to be carried out. However, when it is satisfactorily measured, it takes 

values that are generally lower than those predicted by Eq.(5.9) (Brady and Brown 

2004). For this reason, a tensile cutoff is usually applied at a selected value of 

uniaxial tensile stress, T0, as shown in Figure 5.3. 



c

n



c







T0 T0
 

Figure 5.3 Coulomb strength envelopes with a tensile cut-off 

Although it is widely used, Mohr-Coulomb‟s criterion is not a particularly 

satisfactory peak strength criterion for rock material and cannot fully show the 

mechanism of the failure. The limitations of Mohr-Coulomb‟s criterion are listed 

below: 

(a) It implies that a major shear fracture exists at peak strength. Observations 

such as those made by Wawersik and Fairhurst (1970) show that this is not always 

the case. 
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(b) It implies a direction of shear failure which does not always agree with 

experimental observations. 

(c) Experimental peak strength envelopes are generally non-linear. They can be 

considered linear only over limited ranges of 
n  or 

3 . 

(d) The intermediate principal stress 
2  does not affect failure and this may 

overestimate failure. 

(e) It is not a good choice for tensile failure and for the case under a high 

confining pressure. 

For these limitations, other peak strength criteria should be preferred for intact 

rock. However, the Coulomb criterion can provide a good representation of residual 

strength conditions, and more particularly, of the shear strengths of discontinuities 

in rock. 

5.2.2 Griffith criterion 

Griffith (1921) postulated that fracture of brittle materials, such as steel and 

glass, is initiated at tensile stress concentrations at the tips of minute, thin cracks 

(now referred to as Griffith cracks) distributed throughout an otherwise isotropic, 

elastic material. Griffith (1924) extended his theory to the case of applied 

compressive stresses. Neglecting the influence of friction on the cracks which will 

close under compression, and assuming that the elliptical crack will propagate from 

the points of maximum tensile stress concentration, Griffith obtained the following 

criterion for crack extension in plane compression for a dry material: 

If 
1 33 0   , 

2

1 3 0 1 3( ) 8 ( )T                        (5.10) 

If 
1 33 0   , 
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3 0T                            (5.11) 

When 
3 0  , it is uniaxial compression, so that the uniaxial compressive 

strength (
c ) predicted by Eq. (5.10) (

1c  ) is: 

08c T                          (5.12) 

It should be noted that for some rocks, Eq. (5.12) underestimates the uniaxial 

compressive strength. For a number of reasons, the classical Griffith criterion did 

not provide a very good model for the peak strength of rock under multiaxial 

compression. Modified Griffith theory suggested that the uniaxial compressive 

strength and tensile strength have the following relationship: 

0

4(1 sin )

1 sin
c T










                    (5.13) 

where   is the internal friction angle of the material. 

McClintock and Walsh (1962) modified Griffith‟s original theory to account for 

the effects of crack closure in compression. It is assumed that the inherent cracks 

are initially closed, the relationship between the principal stresses required to 

initiate fracture is 

2

1 3
2

1

1
c

 
  

 

 
 

 
                   (5.14) 

where  is the coefficient of friction between the crack faces and 
c  is the 

uniaxial compressive strength of the material. 

The critical orientation of a closed crack is given by 

1
tan 2 c


                         (5.15) 

Eq.(5.14) and Eq.(5.15) are valid when the normal stress 
n  acting across the 

crack is compressive, i.e. when 
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1 3 1 3

1
[( ) ( )cos 2 ] 0

2
n                       (5.16) 

When 
n  is tensile, the original Griffith theory is applicable. 

The modified Griffith theory can be represented by a straight-line Mohr 

envelope having the following equation: 

2 t                             (5.17) 

The McClintock-Walsh modification does not consider the problem of stable 

crack propagation. The crack will still extend essentially as in the Griffith 

compression criterion, albeit at a still higher stress level (Fairhurst 2004). 

Another extension of the Griffith criterion states that the uniaxial compressive 

strength is 12 times of the tensile strength (Murrell 1963): 

012c T                            (5.18) 

It must be emphasized that both the original and modified Griffith theories 

cannot be applied to the fracture of a specimen because they considered the highly 

idealized situation in which a single, critically stressed crack begins to extend and 

propagate throughout the solid. It is implicitly assumed that there are no other 

cracks in the material or, equivalently, that any other cracks do not propagate. It has 

already been suggested by Brace and Bombolakis (1963) that a fracture propagation 

from a single crack follows a more complex path than is generally assumed and that 

it is the presence of favourable crack arrays which coalesce to form the macroscopic 

fracture surface, that make the Griffith theory applicable to predicting fracture of 

rock and rock specimens. A serious limitation of the Griffith theory lies in the fact 

that it can only be used to predict fracture initiation (Brace and Bombolakis 1963; 

Hoek and Bieniaws.Zt 1965). In its usual form, it yields no information on the rate 

or direction of fracture propagation. 
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5.2.3 Fracture mechanics and Stress Intensity Factors 

Griffith‟s energy instability concept forms the basis of the engineering science 

of fracture mechanics which is being used increasingly to study a number of 

fracture propagation phenomena in rock mechanics. The outline of the essential 

concepts of fracture mechanics given here follows that of Paterson and Wong 

(2005).  

Although non-elastic effects operate at the tips of cracks in rock, the practical 

analysis of the stresses in the vicinity of a crack tip is usually carried out using the 

classical theory of linear elasticity. In this case, the approach is referred to as linear 

elastic fracture mechanics. The purpose of this stress analysis is to estimate the 

“loading” applied to the crack tip and to determine whether or not the crack will 

propagate. In order to do this, the nature of the stress distribution in the vicinity of 

the crack tip must be determined.  

The analysis of the stresses in the vicinity of the crack tip is approached by 

considering three basic modes of distortion, designated modes I, II and III, and 

defined with respect to a reference plane that is normal to the edge of a straight line 

crack. Modes I and II are the plane strain distortions in which the points on the 

crack surface are displaced in the reference plane normal and parallel, respectively, 

to the plane of the crack. Mode III is the anti-plane strain distortion in which the 

points on the crack surface are displaced normal to the reference plane. In simpler 

terms, modes I, II and III are the extension or opening, in-plane shear and 

out-of-plane shear modes, respectively. The stress and displacement fields around 

the crack tip in these three basic modes of distortion are obtained by considering the 

distributions resulting from the application of uniform loadings at infinity. In the 

absence of perturbations due to the crack, these loadings correspond, respectively, 

to a uniform tensile stress normal to the crack (mode I), a uniform shear stress 

parallel to the crack (mode II) and a uniform shear stress transverse to the crack 

(mode III). 
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It is found that, for each mode of distortion, each of the stress and displacement 

components can be expressed as the product of a spatial distribution function that is 

independent of the actual value of the applied stress and a scaling factor that 

depends only on the applied stress and the crack length. The same scaling factor 

applies for each of the stress and displacement components in a given mode. It is 

known as the stress intensity factor for that mode. The stress intensity factors for the 

three modes of distortion are designated KI, KII and KIII, respectively.  

It is clear from the above that the values of KI, KII and KIII in any particular 

case depend on both the macroscopic stress field and the geometry of the specimen. 

The question then arises as to when a crack in a particular case will begin to extend. 

In linear elastic fracture mechanics, it is postulated that the crack will begin to 

extend when a critical intensity of loading as measured by the stress intensity 

factors is reached at its tip. That is, the failure criterion is expressed in terms of 

critical stress intensity factors designated KIC, KIIC, KIIIC which are also known as 

fracture toughnesses are regarded as material properties. 

I ICK K  (mode I) 

II IICK K  (mode II)                    (5.19) 

III IIICK K  (mode III) 

It must be noted that in many practical problems, the applied stress field will be 

such that a mixed mode of fracture will apply. 

( , , ) 0I II IIIf K K K   (mixed mode)              (5.20) 

When a crack is initiated, one needs to check, at each time step, if the crack is 

going to propagate by a crack propagation criterion. Stress intensity factors are 

often used for crack propagation and cannot deal with the crack initiation. 

The stress intensity factors are evaluated by the domain form of the interaction 

integral, which assumes a traction-free crack surface. In rock failure analysis, 

compressive loading condition is usually encountered. The joint surfaces usually 
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involve frictional contact. Although some efforts have been done to account for the 

traction along the crack surface in the literature, it is still not an easy task. 

In addition, the domain form of the interaction integral needs a domain around 

the crack tip to evaluate the stress intensity factors, the domain must not be 

intersected by other cracks, thus it is not applicable to the case where the crack tip is 

close to another crack surface or crack tip. In a rock failure analysis, crack coalesce 

is essential to form a complete failure surface to allow the final kinematic release. 

5.3 Mesh Update 

There are two situations favoring fracturing. One is fracturing along the 

well-defined boundaries between two types of rocks, i.e. rock joints. The other is 

fracturing within an intact block, where a fracture finds its way through the weakest 

point within the block. For the first situation, no mesh need to be updated, while for 

the second situation, new nodes or new boundary may be created, which makes it 

necessary to update the mesh topology so that new information can be considered in 

the next time step. 

A crack is initiated inside a block in two steps. The first setp is separating the 

mesh grid line that satisfies the crack criterion and splitting node if necessary. When 

a grid line becomes a crack, two elements that share this line will be separated. 

During this process, new nodes might appear. According to the position of the grid 

line, three cases might happen: no new node, one new node, and two new nodes. 

Figure 5.4 shows the case that crack initiated without inserting any new node. In 

this case, the two nodes that linked by this grid line must lie inside the block, i.e., 

they are not boundary nodes which include nodes on the hole boundary, crack 

boundary, and block boundary. In this situation, the grid line is only marked by the 

program as a crack and the two nodes are updated as external nodes, which will be 
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introduced later in this section. When one of the two nodes that linked by the 

cracked grid line is on the block boundary as shown in Figure 5.5a, the grid line 4-7, 

a new node will be created after cracking, as shown in Figure 5.5b. When two nodes 

of the grid line are boundary nodes, such as grid line 1-7 as shown in Figure 5.5b, 

two new nodes will be created after cracking as shown in Figure 5.5c.  
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(a)                               (b) 

Figure 5.4 schematic illustration of the process of a grid line becomes a crack: (a) 

two adjacent elements inside a block before splitting; (b) the separated grid line. 
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(a)                    (b)                    (c) 

Figure 5.5 illustration of a block cracked into two blocks: (a) a block with 7 nodes; 

(b) one new node: node 8; (c) two new nodes: node 9 & 10. 

The second step of crack initiation is updating the boundary of the new mesh. 

The updating of boundary is a process of loop searching. Since the searching work 

needs to be carried out in each time step, an efficient searching algorithm is 

necessary to assure the high performance of the NDDA program. In this section, a 
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simple and fast searching scheme is provided. Before introducing the scheme, some 

concepts are listed and clarified below for a better understanding of it. 

Internal node is the grid node that lies inside the region. 

External node is the grid node that lies on the region boundary. 

Loop is referred to here as the inside and outside boundary of a region. The 

outside boundary of a region builds the shape of a block and the inside boundary 

forms holes and cracks in a block. Cracks can be viewed as holes without volume. 

Loop searching direction is the direction when walking along the loop in which, 

the domain restricted by the loop always lies on the left hand side of the loop, see 

Figure 5.6. 

Upper node is the external node that lies on the loop next to the current node in 

the loop searching direction. 

Lower node is the external node that lies on the loop next to the current node in 

the opposite searching direction. 

 

Figure 5.6 loop searching direction 
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Since a loop can only be constructed by external nodes, the priority thing is to 

find out all external nodes. In order to mark out all internal and external nodes, two 

lemmas are introduced as follows. 

Lemma 1: For any grid node, define 
nn  as the number of nodes that are 

connected to it by a grid line and 
en  as the number of elements that are connected 

by it. If 
n en n , the node is an internal node.  

Lemma 2: For any grid node, define 
nn  as the number of nodes that are 

connected to it by a grid line and 
en  as the number of elements that are connected 

by it. If 1n en n  , the node is an external node. 

Proof to these two lemmas is obvious. Figure 5.7a shows an example of the 

internal node. Here, node N1 is an internal node and surrounded by six elements and 

six nodes. Figure 5.7b shows an example of the external node. Here, node N1 is an 

external node surrounded by six elements and seven nodes. 
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(a)                            (b) 

Figure 5.7 internal and external node judgment 
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It is assumed that an external node only can belong to one loop, i.e. no two 

loops can share an external node. For each external node, the following information 

must be provided before searching loops (see Figure 5.8): 

 The upper node of it; 

 The lower node of it; 

 All elements surrounding it; 

 The loop it belongs to. 

 

Figure 5.8 schematization of the information that must be provided on an external 

node for boundary searching 

The searching process is started by departing from an external node that has not 

been used along the loop searching direction. For the current node, find its upper 

node and check whether the index of the upper node equals to the index of the 

starting node. If yes, searching is finished and the loop information of all external 

nodes on this loop is updated. If not, using the upper node instead of the current 

node and keep on searching for the next upper node until find the starting node 

again. 

current 
node

upper 
node

loop 
index

lower 
node

element 
index
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5.4 Fracture Scheme 

From discussion in section 5.2 about different crack criteria for isotropic rock, 

it is obvious that the Mohr-Coulomb criterion is the simplest and easiest to apply in 

a multi-crack analysis. In this section, a fracture scheme is provided based on the 

Mohr-Coulomb criterion as a heuristic method although this criterion has a lot of 

limitations. In the fracture scheme, crack initiates at any mesh line that satisfies the 

crack criterion and a crack sequence is introduced to consider the stress 

redistribution after a crack nucleated. The fracture propagation is achieved by the 

coalescence of these initiated cracks. This scheme largely ignored the crack tip 

processes and fracture mechanics so that it can be applied in the complicated stress 

field and the case where the crack tips are too close to each other to apply the 

fracture mechanics. 

In a continuum media, cracks are not independent of each other. Once a crack 

occurs somewhere, it will cause the stress redistribute in the area around it and 

release some energy. And it finally affects the behavior of the crack propagation in 

the nearby field. This fact should be taken into consideration in the numerical 

modelling.  

In the NDDA, a fracture sequence is considered by a special crack inserting 

procedure inside each time step. The procedure includes four steps: 

Step 1. Compute the average normal stress and shear stress on the grid lines 

among all elements. 

Step 2. Look for the grid line which will crack first according to the time 

sequence.  

Step 3. Separate the grid line which triggered the crack criterion and insert new 

nodes if necessary. Update the mesh and all related information of nodes and 

elements. 
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Step 4. Compute the updated system again and go back to step 1 unless reach 

the last time step. 

During the step 2, the most important thing is how to know the time sequence, 

which is based on the failure time of each mesh grid. The failure time of each mesh 

grid include two contents: tensile failure time and shear failure time. More details 

about them will be introduced in the following section. 

For each grid line, compute the average normal stress and shear stress 

considering stresses of the elements sharing this grid line. Assume the current time 

step starts at time instant t0 and the time interval of current step is T, then the time 

instant at the end of current time step is t0+T. Denote the average normal and shear 

stresses on the grid line i at the beginning of current time step by 
0( )i t  and 

0( )i t , respectively. Denote the average normal and shear stresses on grid line i at 

the end of this time step by 
0( )i t T   and 

0( )i t T  , respectively. The average 

stresses of grid line i can be obtained by the stresses of the two adjacent elements: 

1 2

2

x x
x

 



  

1 2

2

y y

y

 



                        (5.21) 

1 2

2

xy xy

xy

 



  

where 
1x , 

1y , and 
1xy  are stresses of element 1 beside grid line i; 

2x , 
2 y , 

and 
2xy  are stresses of element 2 beside grid line i. And the normal and shear 

stresses on grid line i are, respectively, 

1 1
( ) ( )cos 2 sin 2

2 2
i x y x y xy           

   

      (5.22) 

1
( )sin 2 cos 2

2
i x y xy       

 

 

 

                 (5.23) 
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where   is the direction angle of grid line i. 

Since the time step interval T is small, the following assumption is tenable: the 

stress variation during this period can be considered as a linear variation. Hence the 

normal and shear stresses on mesh line i at any time instant 
0t t  within current 

step can be given in an interpolating form as 

0 0
0 0

( ) ( )
( ) ( ) i i

i i

t T t
t t t t

T

 
   

 
              (5.24) 

0 0
0 0

( ) ( )
( ) ( ) i i

i i

t T t
t t t t

T

 
   

 
               (5.25) 

where (0, ]t T  . 

When the normal and shear stresses of all grid lines are obtained, the failure 

time of each grid line can be worked out. Each grid line needs to be calculated of 

both the tensile failure time and the shear failure time. 

Let 
u  denotes the tensile strength of the block material. The normal stress 

acting on the grid line is defined here to be positive in compression. If 

0 0max{ ( ), ( )}i i ut t T      , tensile crack of this grid line will not happen in 

current step.  

If 
0( )i ut T    , substituting 

0( )i ut t      into Eq.(5.24), we have 

0 0
0

( ) ( )
( ) i i

u i

t T t
t t

T

 
  

 
                  (5.26) 

Solve the Eq.(5.26), then we obtain the tensile failure time 

0

0 0

( )

( ) ( )

i u i
n

i i

t
t T

t T t

 


 

 


 
                   (5.27) 

If 0 i

nt T   is not satisfied, tensile failure of the grid line cannot appear in the 

current step. 

According to Mohr-Coulomb criterion, the shear strength for grid line i is 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



120 

 

0( ) tanu ic t t                          (5.28) 

By substituting 
0( )i ut t     into Eq.(5.25), we have 

0 0
0

( ) ( )
( ) i i

u i

t T t
t t

T

 
  

 
                 (5.29) 

Combine Eq.(5.28) and Eq.(5.29), we have 

0 0
0 0

( ) ( )
( ) tan ( ) i i

i i

t T t
c t t t t

T

 
    

 
           (5.30) 

Substituting Eq.(5.24), then 

0 0 0 0
0 0

( ) ( ) ( ) ( )
( ) ( ) tan 0i i i i

i i

t T t t T t
t t t t c

T T

   
    

    
     

 
 (5.31) 

Solve Eq.(5.31), we obtain the shear failure time 
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      
    (5.32) 

Denote 

( ) ( ) ( ) tani if t t t c    
 

and substitute it into Eq.(5.32), then the shear failure time can be expressed in a 

simple form as 

0

0 0

( )

( ) ( )

i

s

f t
t T

f t f t T
 

 
                  (5.33) 

If 0 i

st T   is not satisfied, shear failure of this grid line cannot appear in the 

current step. 

If both 0 i

nt T   and 0 i

st T   are satisfied, it is necessary to compare 

the tensile failure time i

nt  and shear failure time i

st  and the smaller one is the final 

failure time for grid line i in current time step, i.e. 
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min{ , }i i i

n st t t                        (5.34) 

and the corresponding failure mode is the final failure mode of grid line i. 

5.5 Stiffness Matrix Update 

According to the number of new nodes generated in a step, the stiffness matrix 

needs to be updated correspondingly. In case one, when no new node is generated, 

the total degree of freedom of the system is unchanged. And the two nodes of the 

cracked grid line are marked as boundary nodes in the next step. In the other case, 

when one or two new nodes are generated, the total number of nodes in the system 

is increased by two or four because each new node will introduce two degrees of 

freedom. 

1 2 3 4 5 6 7
1 2 3 4 5 6 7 8

 

1 2 3 4 5 6 7 8 9 10

 

(a)                (b)                     (c) 

Figure 5.9 schematic illustration of the updating scheme of the stiffness matrix: (a) 

stiffness matrix of a block with 7 nodes; (b) insert a column and a row for the new 

born node 8; (c) insert two columns and two rows for the new born node 9 & 10 

Figure 5.9a shows the structure of the stiffness matrix of the block system 

shown in Figure 5.5a. Each small square in the matrix is a 2×2 submatrix. Hence, 

the total dimension of the stiffness matrix is 14×14. When the grid line 4-7 is 
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separated as shown in Figure 5.5b, node 8 was generated as a new node. The 

stiffness matrix needs to be updated as shown in Figure 5.9b. When the grid line 1-7 

is separated as shown in Figure 5.5c, node 9 and node 10 are generated as new 

nodes. Two rows and two columns need to be appended to the stiffness matrix of 

Figure 5.9b, as shown in Figure 5.9c. Finally, one block is divided into two blocks 

and three new nodes are generated. The degrees of freedom are increased from 14 to 

20. 

5.6 Summary 

The Mohr-Coulomb criterion is applied to the NDDA program as a crack 

criterion because of its widely used in the rock engineering and it is easy to apply in 

the code. However, the limitations of the Mohr-Coulomb criterion are obvious as 

discussed in section 5.2. Since it cannot serve as a kinking criterion, accurate 

propagating direction of the small cracks after initiated cannot be obtained under 

this fracture scheme. A rough fracture direction is achieved by a group of small 

cracks, which will be shown by examples in the Chapter 7. It is necessary to 

research the possibility of applying other crack initiation and propagation criteria in 

the future work.  

During the process of fracture in a continuous region, update of the mesh is a 

big challenge to the numerical modelling. A mesh updating algorithm is provided in 

this chapter for the newly developed NDDA program. This algorithm is also 

applicable to other kinds of numerical method.  
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CHAPTER 6 VERTEX-VERTEX CONTACT 

IN THE DDA 

 

6.1 Introduction 

In the two-dimensional DDA, there are three kinds of contacts among blocks 

(see Figure 6.1): vertex-vertex (V-V), vertex-edge (V-E), and edge-edge (E-E). The 

vertex-vertex and edge-edge contacts can be finally translated into equivalent 

vertex-edge contacts during the analyzing procedure. And each vertex-edge contact 

deals with the relationship of three points: the contact vertex and two ends of the 

contact line, for instance, in Figure 6.1b, point A, B, and C are involved. The 

contact spring is added or removed between the vertex and the reference edge 

according to their status in each time step.  

A
C

B
A

B A
B

C
D

DC

 

   (a) vertex-vertex          (b) vertex-edge            (c) edge-edge 

Figure 6.1 three types of contact in the DDA 

The edge-edge contact can be decomposed as a combination of two vertex-edge 

contacts, such as in Figure 6.1c, the original edge-edge contact (denoted by AB-CD) 

can be replaced by a pair of vertex-edge contacts denoted by A-DC and C-AB. 
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Different from the edge-edge contact, the vertex-vertex contact is degenerate, hence 

the equivalent substitution is much more complex and indeterminate. Figure 6.1a 

shows a vertex-vertex contact: A-B, there have two potential vertex-edge contacts, 

A-BC and A-BD, for the vertex-vertex contact to degenerate into. The vertex A is 

facing two potential reference edges, BC and BD, because of the discontinuity of 

the normal direction at vertex B. The normal vector at the vertex B is arbitrary in the 

normal cone field (see Figure 6.2). If a contact spring is placed between vertex A 

and vertex B without considering the degeneration, “locking phenomenon” will 

arise, which means vertex A and vertex B will stuck together without further sliding. 

Such a phenomenon is purely a numerical problem associated with particular 

modelling techniques employed in the numerical method and does not exist in the 

physical world. In reality, crushing of the corner may happen as a result of the stress 

concentration or the corner in a microscopic view is rounded, which makes a further 

motion possible.  

normal cone
B

 

Figure 6.2 the normal cone of a vertex 

Strictly speaking, the real vertex-vertex contact is referred to as a collision of 

two corners right at the vertex point, i.e. the distance between the two vertexes is 

zero at the instant of collision. In the DDA, if two vertexes are close enough to each 

other (the distance between them is smaller than the threshold value), they are 

detected to be a vertex-vertex contact candidate in this time interval. The so called 
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„candidate‟ means that they might be unqualified for a real vertex-vertex contact in 

the open-close iteration and will be removed from the contact list. To make a 

distinction from the real vertex-vertex contact, the detected vertex-vertex contact 

candidate is named as „quasi vertex-vertex contact‟ in this work. After detecting all 

contact candidates, the DDA adds contact spring for each of them to reflect the 

contact interaction force. It is clear that the direction of the contact forces will be 

perpendicular to the edge in a vertex-edge contact, but it is unclear in which 

direction it will act in the vertex-vertex contact because of the discontinuity of the 

normal vector at the sharp corner. The ambiguity of contact force in the 

vertex-vertex contact leads to the indeterminacy when adding contact spring.  

Two types of indeterminacy in the vertex-vertex contact model. The first type 

of indeterminacy is referred to as genuine indeterminacy (GI) in this thesis because 

it originated from the real vertex-vertex contact. When the trajectory of one vertex 

in the contact pair passes its target vertex, genuine indeterminacy will arise. A 

special case of genuine indeterminacy is when two vertexes are in contact without 

penetration before moving toward each other (see Figure 6.3a). When the upper 

block starts to move, two sliding cases are possible, depending on the choice of the 

reference edge at the beginning of the analysis. If the right edge of the bottom block 

is chosen as the reference edge, the case in Figure 6.3b might happen. While the 

case in Figure 6.3c might happen if the left edge of the bottom block is selected.  

A

B

C D

 

   (a) a V-V contact              (b) case I                (c) case II 

Figure 6.3 the indeterminacy of a V-V contact when degenerating into a V-E contact 
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D D
A
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                 (a)                           (b) 

A1 A2

d2
d1

A

C B

E

F

D

 

(c) 

Figure 6.4 schematization of the shortest path method: (a) quasi V-V contact case 1; 

(b) quasi V-V contact case 2; (c) overlapped at the end of time interval 

The second type of indeterminacy is referred to here as pseudo indeterminacy 

(PI) because it is a phenomenon that belongs to particular numerical modelling 

methods when dealing with the quasi vertex-vertex contact. Since the penalty 

method satisfies the contact displacement constraints only approximately, it 

therefore allows for small amount of overlap to occur so that the contact force is 

proportional to the penetration. The contact characterization scheme is based on the 

geometry of overlap at the instant of interest. However, the information provided by 

the geometry of overlap is insufficient for judging the direction of the contact force 
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and in turn gives rise to the indeterminacy of choosing contact edge to add contact 

spring. For example, in Figure 6.4, vertex A invaded into vertex D at the end of time 

interval but the overlap information is insufficient to obtain the proper entrance 

edge, from which the vertex A enters the target block.  

In the DDA, a quasi vertex-vertex contact is finally degenerated into a 

vertex-edge contact during the open-close iteration in the framework of the penalty 

method. If two possible reference edges are passed by the corresponding vertex 

simultaneously, a penetration takes place, as shown in Figure 6.4c, where the 

normal penetration distances are 1d  and 2d , respectively. The choice of contact 

edge is controlled by the shortest path method, which picks the one with smaller 

penetration among two potential reference edges. If 1 2d d , the entrance edge is 

DE and the final vertex-edge contact is A-DE, then a contact spring is attached 

between vertex A and the projecting point A1 on the reference edge. Otherwise, the 

entrance edge is DF and the contact spring is attached between A and A2.  

The physical meaning of the shortest path method is pushing the invaded vertex 

out of the block along the shortest path (Shi 1988). However, the shortest path 

method has two obvious shortcomings: (1) it cannot work when the initial state of a 

quasi vertex-vertex contact does not have penetration; (2) it cannot resolve the case 

when the penetration distances from both reference edges are equal to each other. 

Furthermore, the precision of the shortest path is sensitive to the choice of the 

penalty value and the time step size. For example, in Figure 6.5a, the left block is 

moving horizontally toward the right block. From the trajectory shown by a dash 

line on the left picture, it is easy to find the contact edge is the upper edge of right 

block. However, the shortest path method will take the bottom edge of right block 

as the contact edge since d2<d1, as shown in the Figure 6.5b. This case is possible 

when the stiffness of the contact spring is not big enough and the time step size is 

not proper.  
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d2

d1

 

  (a) at the beginning of interval               (b) at the end of interval  

Figure 6.5 a case where the shortest path method may select a wrong entrance edge 

The vertex-vertex contact indeterminacy is a well-known problem and many 

other heuristic works have been proposed to solve it. Oden (Oden and Pires 1984) 

and Chaudhary (Chaudhary and Bathe 1986) used the minimum principle to select a 

unique trajectory for the vertex, but the method may fail when the possible scattered 

trajectories are indistinguishable by symmetry. Pandolfi (Pandolfi, Kane et al. 2002) 

and Kane (Kane, Repetto et al. 1999) provided the variational principle for selection 

of trajectories in problems where multiple trajectories of vertex are possible, but 

with the same limitation as the minimum principle. Feng and Owen (2004) used an 

energy-based normal contact model in which the normal and tangential directions, 

magnitude and reference contact position of the normal contact force are uniquely 

defined. Cundall (Cundall 2004) employed a corner rounding procedure so that 

blocks can smoothly slide past one another when two opposing corners interact. 

Krishnasamy and Jakiela (1995) provided a simple scheme to resolve the ambiguity 

of vertex-vertex contact in the penalty based model. Most of the above works have 

their own scheme dealing with the indeterminacy of vertex-vertex contact in the 

framework of specific contact interaction dealing method.  

To overcome the limitations of the shortest path method, the original DDA code 

provides a simple scheme. For the quasi vertex-vertex contact without initial 

penetration at the beginning of time interval, the code specifies the initial entrance 
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edge which is the steepest among the two potential reference edges. This scheme is 

proper in some cases but quite sensitive to the choice of stiffness of the contact 

spring and time interval size. Sometimes, the artificial choice of an entrance edge 

will affect the result of the analysis significantly. The original DDA code will not be 

able to deal with the case when two penetration distances from the potential 

reference edges are equal. To make the shortest path method employed in the DDA 

more precise and more applicable, an enhancement is provided in this chapter. More 

details about this enhancement are introduced in the following sections.  

6.2 Solution to the Genuine Indeterminacy 

When two blocks collide at the vertexes, the direction of the contact force is 

indeterminate because of the discontinuity of the normal vector at the vertex. Hence, 

a temporary contact spring between the two vertexes is necessary to reflect the 

contact interaction. The temporary contact spring will connect two vertexes and act 

as a hinge between them. The temporary contact spring will be removed right after 

the further motions are detected. If it is not removed after use, the temporary contact 

spring will arrest the degeneration of the vertex-vertex contact into the vertex-edge 

contact. Therefore, after obtaining the proper contact reference edge, it is necessary 

to remove the temporary springs according to the shortest path method and go on 

open-close iteration. This procedure will not affect the computational efficiency of 

the whole program because it is done in the normal open-close iteration. 

Consider the motion of a vertex-vertex contact pair as shown in Figure 6.6, 

vertex P1 on block A and vertex P2 on block B, with a temporary contact spring 

attached between them. For clarity, the contact spring is not shown in the figure. At 

the end of the time interval, there will be relative displacements between points P1 

and P2. The displacements of points P1 and P2, respectively, can be denoted in 

vector form as 
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Then the relative displacements of P1 with respect to P2 is 

i j u d d                            (6.2) 

Assume that the direction vectors for the potential reference edge are r1 and r2, 

respectively, with origin at point P2, the angle between r1 and u as 1  and the 

angle between r2 and u as 2 , then  

1
1
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| |
sin

| || |
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                         (6.3) 
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r1 r2

u

θ1
θ2

P1

P2

P1'

block  A

block  B

 

(a) two potential reference edge on the same block 
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u

P1 θ2

θ1'

P2

P1'

block  A block  B

θ1

 

(b) two potential reference edge on different block 

Figure 6.6 relationship between relative displacement vector and potential reference 

edge vectors 

By comparing the value of 1sin  and 2sin , it is easy to find the proper 

reference edge onto which the vertex will slide when removing the vertex-vertex 

contact spring. If 1 2sin sin  , the proper reference edge is r1, otherwise it is r2. If 

1 2sin sin  , the vertex-vertex contact will not degenerate into corresponding 

vertex-edge contact and the temporary vertex-vertex contact spring is kept in this 

step until the symmetry is destroyed in the following steps. Indeed, the above 

selection procedure is another form of the shortest path method because sinu   is 

the penetration distance. 

The formulas for the contact are derived as follows. Assume the coordinates of 

the two vertexes in contact are 1( , )i iP x y  and 
2 ( , )j jP x y , respectively. Assume the 

deformation of the contact spring along x direction and y direction are xu  and 
yu , 

respectively. We have 

x i j

y i

i

j

j

u u u

u v v

   
     

 


 
u d d                    (6.5) 

And assume the stiffness of the contact spring is p. Then the spring forces are  
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pf u                              (6.6) 

The strain energy of the spring forces is  

T T1

2 2
s

p
  f u u u                         (6.7) 

substituting Eq.(6.5), we have 
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To minimize the strain energy 
s  the derivatives are computed, thus 
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here four 2×2 submatrices are obtained:                    , which are added to 

the corresponding position inside global stiffness matrix K according to the node 

index i and j. 

6.3 Solution to the Pseudo Indeterminacy 

For the pseudo indeterminacy, since the shortest path method is sensitive to the 

penalty parameter and the time step size, an alternative scheme is proposed here by 

considering the trajectories of vertexes during the time interval. For any 

vertex-vertex contact which does not have any penetration at the start of the current 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



133 

 

time interval, the new scheme can work out the proper entrance edge for it unless it 

falls into the genuine indeterminacy.  

The new scheme is based on the fact that no block can jump to the final 

position from the start position. Hence, each vertex must have its own trajectory 

which must intersect with the boundary of the target block if the vertex invades into 

the target block. It is easy to find the proper entrance edge of this vertex from the 

intersection point. If the intersection point is also a vertex on the opposite block, 

this vertex-vertex indeterminacy falls into the genuine indeterminacy which can be 

resolved by the enhanced shortest path method provided in the previous section.  

j

m

ij'

m'
i'

 

Figure 6.7 relationship of three points in a vertex-edge contact 

Suppose we have a vertex-edge case shown in Figure 6.7. The positions of 

points i, j, and m are corresponding to the beginning of current time step, and the 

positions of points i , j  and m  are corresponding to the end of current time 

step. The coordinates of point i, j, and m are ( , )i i iP x y , ( , )j j jP x y , and ( , )m m mP x y , 

respectively. The displacement vectors of points i, j, and m of current time step are, 

respectively, 
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then the coordinates of points i, j, and m, at any time instant within current time step, 

can be written by a linear interpolation as follows: 

( )

( )

i
i i

i
i i

u
x t t x

T

v
y t t y
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 

 

                        (6.14) 

with the other coefficients obtained by a cyclic permutation of subscripts in the 

order i, j, m, And denote ( )t  as the area of ijm at time instant t, obtained by 

1 ( ) ( )
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substituting Eq.(6.14), we have 
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which can be rewritten in a more concise form as 

( )
t

t b c
T

                         (6.16) 
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in which 
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At the time instant that vertex i contacts edge jm, we have 

( ) 0t                              (6.17) 

Solve Eq.(6.17) with respect to t, we will obtain the time instant when contact 

happens. Eq.(6.17) is solved for both potential reference edges. If the root of 

Eq.(6.17) is negative, it means that vertex i will not collide with edge jm in the 

current time step. Even if a nonnegative root is found for Eq.(6.17), it is not 

necessarily the right one because vertex i may drop on the extension line of segment 

jm. Further judgment is needed before we can obtain the proper one.   

Assume the vertex i is colliding with edge jm at time instant t1, and the 

coordinates of point i, j, and m at that instant are denoted as 1 1( , )i i iP x y , 1 1( , )j j jP x y , 

and 1 1( , )m m mP x y , respectively. If the following inequality holds, the vertex i is 

colliding with edge jm and it is the proper reference edge for vertex-vertex contact. 

Otherwise, the reference edge must be the other potential reference edge. 

  

  

1 1 1 1

1 1 1 1

0

0

i j i m

i j i m

x x x x

y y y y

   


  

                     (6.18) 

After obtaining the proper entrance edge, the vertex-vertex contact is 

transformed into a vertex-edge contact and the open-close iteration will continue.  
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6.4 Applications 

6.4.1 Example 1 

The block system consists of two blocks, as shown in Figure 6.8. The upper 

block is asymmetric while the lower block is symmetric. The lower block has two 

points fixed at both x and y directions. Under the action of gravity, the upper block 

will finally fall down along one side of the lower block. It is assumed that there is 

no friction between the interfaces of the two blocks. 

The material properties for both blocks are as follows: mass density = 0.28 

kg/m
3
; Young‟s Modulus = 50000 Pa, Poisson‟s ratio = 0.25, gravity acceleration = 

10 m/s
2
. The maximum allowed displacement ratio is 0.01, and the maximum time 

increment for each time step is 0.03s. In addition, the stiffness of the normal contact 

spring is 5×10
5
 N/m, which is 10 times of the Young‟s Modulus of the blocks.  

Both blocks are at rest at the beginning. Since there is no friction between the 

interface and the gravity force on the upper block is vertical and downward, the 

interacting force at the corner-corner contact point should be vertical and upward. 

These two forces are not aligned vertically, which forms a moment for the upper 

block to rotate in the clockwise direction. 

The results obtained by the revised DDA code are shown in Figure 6.9. It 

shows that the upper block will rotate in the clockwise direction because its gravity 

center is at the right side of the contact point. And the rotation tendency makes the 

vertex of the upper block moves to the left side of the corner of the lower block 

first.  

For comparison purpose, the results from the original DDA code are also shown 
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in Figure 6.10, where the upper block moves to the right side first and then rotates 

along the anticlockwise direction because the original DDA code chooses the right 

edge of the lower block as its initial contact reference edge which finally affected 

the motion of the upper block.  

0.1

0.4 0.4

0.2

0
.2

0
.2

 

Figure 6.8 configuration of example 1 for calibration of the vertex-vertex contact 

(unit: m) 

   

(a) step=0                     (b) step=20 

    

(c) step=40                   (d) step=60 

Figure 6.9 simulation results from revised DDA code 
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(a) step=0                    (b) step=20 

   

(c) step=40                    (d) step=60 

Figure 6.10 simulation results from original DDA code 

6.4.2 Example 2 

A two-block system under gravity is at rest at the beginning of analysis (see 

Figure 6.11). The bottom block is fixed by two points as shown in the figure. There 

will be a vertex-vertex contact between the bottom vertex of the upper block and the 

top vertex of the bottom block after the upper block starts to move. At the initial 

position, there is a small gap between them and the vertex of the upper block will 

land on the right edge of the bottom block after move.  

The material properties for both blocks are as follows: mass density = 2.8×10
3
 

kg/m
3
; Young‟s Modulus = 50MPa, Poisson‟s ratio = 0.25, body force is fx = 0N and 

fy = -2.8×10
4
N. Friction angle and cohesion of joint material is zero. The allowed 

displacement ratio is 0.1, and the maximum time increment for each time step is 

0.05s. It is assumed that there is no friction between the interfaces. 

In the first test, the time step is set to 0.05s and the penalty value is 40 times the 
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value of Young‟s Modulus. The results from the original DDA code are shown in 

Figure 6.12 and the results from the revised DDA code is shown in Figure 6.13. In 

the second test, the time step size is the same as it is in the first test but the penalty 

value is increased to 80E, both the original DDA code and the revised DDA code 

obtained the supposed results as shown in Figure 6.13. In the third test, the penalty 

value is fixed and the time step size is reduced to 0.025s, both codes obtained the 

supposed phenomenon as shown in Figure 6.14. 

1

3 5

1

4
30
.10.02

 

Figure 6.11 configuration of example 2 for calibration of the vertex-vertex contact 

(unit: m) 

     

(a) step=0                       (b) step=1 
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(c) step=2                       (d) step=3 

Figure 6.12 simulation results from original DDA code (p=40E, T=0.05s) 

     

(a) step=0                       (b) step=1 

     

(c) step=2                       (d) step=3 

Figure 6.13 simulation results from revised DDA code (p=40E, T=0.05s) 
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(a) step=0                        (b) step=2 

     

(c) step=4                       (d) step=6 

Figure 6.14 simulation results from original DDA code (p=40E, T=0.025s) 

6.5 Summary 

In this chapter, detailed discussion about the vertex-vertex indeterminacy is 

provided. Two types of indeterminacy are involved. For the first type of 

indeterminacy, also referred to as genuine indeterminacy in this work, an enhanced 

shortest path method is introduced. For the second type indeterminacy, also referred 

to as pseudo indeterminacy in this work, a simple scheme based on trajectory of 

vertexes is provided. Two examples showed that the improved algorithm can solve 

the vertex-vertex contact more precisely. The algorithm is applied in both the 

original DDA code and the newly developed 2D-NDDA code. 
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CHAPTER 7 APPLICATIONS OF THE 

NDDA 

 

7.1 Introduction 

The NDDA not only extends the deformation ability, but also the fracture 

ability of blocks, without losing any merit of the standard DDA. A new computer 

program called “2D-NDDA” is developed based on the formulations and method 

provided in the previous chapters. The program includes two main parts: MESH 

and ANALYSIS.  

The first part, MESH, is a model generating code which enhances the 

corresponding part „DC‟ of the original DDA code with a triangulation code. The 

triangulation algorithm is based on the Delaunay refinement algorithm provided in 

Chapter 4. In the mesh procedure, raw lines are cut into blocks first and then a 

triangulation mesh is generated in each block according to user‟s specifications. The 

second part, ANALYSIS, is the analysis code which detects contacts, computes 

displacements and fractures blocks. The contact detection algorithm and kinematics 

of blocks are built into the original DDA code but with an enhancement of the 

vertex-vertex contact, based on the scheme proposed in Chapter 6. The crack 

criterion for block fracturing is based on the discussion in Chapter 5. The 

2D-NDDA program is validated by several numerical examples in the following 

sections.  

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



144 

 

7.2 Modeling Wave Propagation in Continuous and Elastic 

Media 

7.2.1 Theory of One-dimensional Compressional Waves in an Elastic 

Material 

A brief introduction of the equations for one-dimensional compressional waves 

in an elastic material is provided in this section follows that of Bedford and 

Drumheller (1994). Figure 7.1a shows a half-space of material which is assumed to 

be unbounded to the right of the infinite plane boundary. A Cartesian coordinate 

system is oriented with the positive 
1x  direction pointing into the material and the 

2 3x x  plane coincident with the boundary of the half-space. 

x2

x1

x2

x1

x2

x1

x2

x1

 

(a)                              (b) 

Figure 7.1 (a) a half-space of material; (b) displacement boundary condition 

The motion of the material is specified by its displacement field ( , )tu u x . 

Suppose that the half-space of material is initially undisturbed, that is, ( ,0) 0u x , 

and the boundary is given a uniform displacement in the 
1x  direction described by 
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the equation 

(0, ) ( )t p tu                        (7.1) 

where ( )p t  is the displacement boundary condition which defined on 0t   

Figure 7.1b. The resulting motion of the material is described by the displacement 

field 

1 1 1( , )u u x t  

2 0u                            (7.2) 

3 0u   

Since the motion of the boundary in the 
1x  direction is uniform – that is, it is 

the same at each point of the boundary – the resulting motion of the material cannot 

depend on 
2x  or 

3x , and the material has no motion in the 
2x  or 

3x  directions. 

Each point of the material moves only in the 
1x  direction. This is a 

one-dimensional motion which depends on only one spatial dimension and the time. 

For the one-dimensional motion described by Eq.(7.2), the displacement 

equation of motion is 

2 2
21 1

2 2

1

u u

t x


 


 
                       (7.3) 

where the constant   is called the compressional, or P wave speed and defined by 

the following equation 

0

2 





                         (7.4) 

Where 0  is density,   and   are called Lamé constant, and for an isotropic 

material, they can be given in terms of the Young‟s modulus and Poisson‟s ratio of 

the material by 

(1 )(1 2 )

E


 


 
,     

2(1 )

E






               (7.5) 
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Consider the initial boundary condition described by Eq.(7.1). The solution of 

the one-dimensional motion described by Eq.(7.3) is 

1 1

1 1

1

( ) ( )

( , )

0 ( )

x x
p t t

u x t
x

t

 




 

 
 


                      (7.6) 

If the boundary of the half-space is subjected to a normal-stress boundary 

condition 

11(0, ) ( )T t p t                       (7.7) 

where ( )p t  is a prescribed function of time that vanishes for 0t  . The stress 

component 
11T  is related to the displacement field by 

1
11

1

( 2 )
u

T
x

 


 


                    (7.8) 

so the boundary condition of Eq.(7.7) can be rewritten as 

1

1

( )
(0, )

2

u p t
t

x  




 
                    (7.9) 

And the solution of the one-dimensional wave described by Eq.(7.3) is  

1

1 1
0

( , ) ( )
2

t x

u x t p d


 
 




                (7.10) 

where   is an integration variable. 

7.2.2 P-Wave Propagation in an Elastic Bar 

An elastic rock bar is one meter long and 0.03 meter high as shown in Figure 

7.2, with three measure points: node 343, node 679 and node 363. Node 343 is 

located at the start point of the bar, node 679 is located at the midpoint of the bar, 

and node 363 is located at a distance of 0.03m away from the end of the bar. The 

elastic bar is discretized by 1670 triangular elements and the enlarged mesh detail is 
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shown in Figure 7.3. The material properties and analysis parameters are shown in 

Table 1. 

Table 1 analysis parameters for the elastic bar 

Rock sample 

Density (kg/m3) 2600 

Young’s modulus (GPa) 50 

Poisson ratio 0.25 

Friction angle 30˚ 

Cohesion strength (MPa) 24 

Tensile strength (MPa) 18 

Joint/crack 

Friction angle 25˚ 

Cohesion strength (MPa) 0 

Tensile strength (MPa) 0 

Control 

parameter 

Penalty stiffness (GN/m) 500 

Time step size (s) 1×10-6 

Max displacement ratio 0.1 

SOR factor 1.0 

Total analysis time (s) 0.0015 

 

1000mm

30mm

363679343

 

Figure 7.2 configuration of the elastic bar (unit: mm) 

 

Figure 7.3 mesh details for the right end part of the elastic bar 
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Figure 7.4 the incident P-wave pulse with peak value at 1Mpa 

In this example, the P-wave pulse is generated by a pressure applied to the left 

boundary of the bar, and the right-hand boundary is considered as a free end. The 

time history of the P-wave pulse is shown in Figure 7.4 with a peak value at 1Mpa. 

The results obtained by the 2D-NDDA program are shown in Figure 7.5 where the 

dark moving area is the main part of the stress wave. At around 0.000133s, the 

stress wave peak reached the midpoint of the bar, see Figure 7.6b. The calculated 

P-wave velocity according to the wave peak is 4425m/s while the analytical value 

according to Eq.(7.4) is 4803m/s. The relative error is 7.9%. There is a problem 

when calculating the wave speed due to the precision of float variable in computer. 

It is found that there is no zero value in the data file and the displacement and stress 

at the measure points change smoothly at where they should have an obvious 

turning point according to the analytical solution, which can be seen from Figure 

7.6. Therefore, it is difficult to obtain an exact time instant when the wave front 

arrives the midpoint of the bar. An alternative scheme employed here to calculate 

the wave speed is using the time that wave peak travels from the start point to the 

midpoint of the bar because the maximum displacement of the midpoint is 

determinable in the data file. However, the wave speed obtained by this approach 

will be smaller than the theoretical one. 
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Figure 7.5b shows an instant after the compressive stress wave reflected at the 

free end as a tensile stress wave and superposed with the original wave at that 

instant. The status of the stress wave is marked out by color in the 2D-NDDA: blue 

for compressive stress, red for tensile stress, and white for zero stress. The 

two-color scheme is employed only for a rough expression of the compressive and 

tensile state of the region, hence no color scale bar provided. Figure 7.5c shows that 

the peak of the reflected tensile stress wave peak reaches the midpoint at 0.000363s.  

The time history of the horizontal particle velocity and x-direction normal stress 

at the midpoint is shown in Figure 7.6 comparing with the theoretical cure. The first 

peak value of the horizontal particle velocity at the midpoint appears at around 

0.000133s while the theoretical value is 0.0001241s. The peak value is smaller than 

the theoretical value because of the numerical damping due to the time integration 

scheme employed by the NDDA as well as the DDA. The numerical damping 

phenomenon in the DDA is discussed in details by Ohnishi, Nishiyama et al. (2005). 

This attenuation can be viewed as a system error which should be avoided in the 

future work. 

 

 
(a) step 133 (0.000133s) 

 

 
(b) step 248 (0.000248s) 

 

 
(c) step 363 (0.000363s) 

 

Figure 7.5 simulation results from NDDA in the case of low impulse 
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(a) particle velocity at midpoint 
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(b) x-direction normal stress at midpoint 

Figure 7.6 NDDA results vs. theoretical results for one-dimensional wave 

propagation in an elastic bar 
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7.2.3 Modeling Spalling Phenomenon Due to P-wave Propagation 

In this test, a higher impulse with the maximum value at 35MPa was applied 

(Figure 7.7). The analysis parameters are the same as in the previous example as 

shown in Table 1. Since the x-direction normal stress reflected at the free end of bar 

is a tensile stress and the peak value is higher than the tensile strength of the 

material, cracks will occur near the end. The spalling phenomenon is shown in the 

results obtained by the 2D-NDDA code (Figure 7.8). The first crack appeared at 

step 262 (time instant 256µs), and ran through the whole section of the bar rapidly 

which takes only 0.44µs. After that, the residual stress in the detached part will 

reduce to zero (Figure 7.9b) and the horizontal particle velocity will attenuate to a 

constant value (Figure 7.9a). The horizontal particle velocity and x-direction normal 

stress time histories at the midpoint of the bar are presented in Figure 7.10. Both the 

particle velocity and the x-direction normal stress curve exhibit attenuation due to 

the numerical damping effect (Ohnishi, Nishiyama et al. 2005).  
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Figure 7.7 the incident P-wave pulse with peak value at 35Mpa 
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(a) step 134 (0.000134s) 

 
(b) step 262 (0.000262s) 

 
 (c) step 267 (0.00026244s) 

 

 (d) step 1005 (0.001s) 

Figure 7.8 simulation results from NDDA in the case of high impulse 

0.0 0.2 0.4 0.6 0.8 1.0

-0.5

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

P
a
rt

ic
le

 v
e
lo

c
it
y
 (

m
/s

)

Time (ms)

 node 363

 

(a) particle velocity 
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(b) x-direction normal stress 

Figure 7.9 measured results from NDDA for node 363 
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(a) particle velocity 
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(b) x-direction normal stress 

Figure 7.10 measured results from NDDA for the midpoint: node 679 

7.3 Propagation of a Pre-existing Inclined Crack under 

Uniaxial Tension 

7.3.1 Background theory 

Consider a crack in a mixed-mode stress field governed by the values of the 

opening-mode 
IK  and sliding-mode 

IIK  stress intensity factors (Figure 7.11). 

According to the maximum circumferential stress criterion (Gdoutos 2005), the 

crack extension angle 
c  is calculated by  

sin (3cos 1) 0I IIK K                     (7.11) 

Since the stress intensity factors 
IK  and 

IIK  are given by 
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2sin

sin cos

I

II

K a

K a

  

   




                  (7.12) 

Substituting into Eq.(7.11), then 

sin (3cos 1)ctan 0                     (7.13) 

 c

a

a





  

Figure 7.11 mixed-mode extension 
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Figure 7.12 variation of the crack extension angle 
c  versus the crack inclination 

angle   under plane stress condition for tensile applied loads (unit: degree) 
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7.3.2 Example 

The specimen used in this numerical modelling is a square block with an edge 

length of 100 mm (see Figure 7.13). The test block has a 45˚ angle 42mm length 

initial crack through the center of it. The specimen is discretized by 1890 triangular 

elements. The block is loaded by boundary displacement with a speed at 0.4m/s as 

shown in Figure 7.14. The bottom boundary is fixed and the upper boundary is 

fixed in y direction only. The black thick arrow marks the support displacement 

direction. The material studied here is a typical rock material with the properties 

shown in Table 2.  

Table 2 analysis parameters for the uniaxial tension 

Rock sample 

Density (kg/m3) 2600 

Young’s modulus (GPa) 10 

Poisson ratio 0.25 

Friction angle 25˚ 

Cohesion strength (MPa) 20 

Tensile strength (MPa) 10 

Joint/crack 

Friction angle 20˚ 

Cohesion strength (MPa) 0 

Tensile strength (MPa) 0 

Control 

parameter 

Penalty stiffness (GN/m) 200 

Time step size (s) 1×10-5 

Max displacement ratio 0.01 

SOR factor 1.0 

Total analysis time (s) 0.01 

 

The results from the numerical simulation are shown in Figure 7.15. In the first 

time step, the elements near the upper and bottom boundary of the specimen ran 

quickly into tensile stress than the middle elements which are far from the boundary. 

The tensile stress is marked by red color in Figure 7.15a, the darker the higher stress 

for that element. After a while of loading, two wing cracks start to appear at the 
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ends of the initial crack and the highest tensile stress occurs around the crack tip 

area. In the crack tip area, opposite to the tensile region is a compressive region on 

the other side of the crack. The compressive stress is marked by blue color and the 

darker the higher stress value. The wing cracks are formed by many small cracks 

instead of a single crack. The explanation to this phenomenon lies mainly in the 

shape of the elements: triangular, which cannot guarantee smooth stress distribution. 

With loading increase, the wing cracks propagate rapidly toward the free surface of 

the specimen until the specimen is separated into two parts, and the stresses inside 

both parts reduce rapidly to zero level, see Figure 7.15d. The crack extension angle 

measured from the results is 60° which is the angle of the mesh in that region, while 

the calculated angle from Eq.(7.13) is 53.2°. The final crack path is near normal to 

the load direction which is agree with the analytical prediction. 

 

 

Figure 7.13 configuration of the specimen for single crack under uniaxial tension 

(unit: mm) 
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Figure 7.14 boundary displacement time history 

      

          (a) start loading                  (b) wing cracks appear 

      

        (c) crack propagation                  (d) final failure 

Figure 7.15 simulation results from the NDDA for single crack under uniaxial 

tension 
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7.4 Propagation of Pre-existing Cracks under Uniaxial 

Compression 

7.4.1 Background 

The two-dimensional sliding wing crack model is a typical model for brittle 

fracture in compression. It was initially proposed by Brace and Bombolakis (1963), 

and later quantified analytically, as well as confirmed experimentally, by other 

researchers (Hoek and Bieniaws.Zt 1965; Bieniawski 1967; Ingraffea and Heuze 

1980; Nemat-Nasser and Horii 1982; Horii and Nemat-Nasser 1985). For a 

pre-existing crack subject to shear and normal stresses derived from the overall 

far-field compression, once the relative sliding of the two crack faces occurs, local 

tensile stresses at the crack tips produce two tensile “wing cracks” (Figure 7.16). 

The orientation of incremental crack extension is the one which maximizes the 

Mode I stress intensity factor KI at the extended crack tips (Nemat-Nasser and Horii 

1982). The equilibrium length of incremental extension is then obtained by 

assigning a critical value to KI. The model shows that the tensile wing cracks grow 

with increasing axial load, curving toward the direction of the dominant axial 

compression, which was observed in early experimental works (Brace and 

Bombolakis 1963; Hoek and Bieniaws.Zt 1965; Fairhurs and Cook 1966).  

There is a quite obvious difference between cracks subjected to pure tensile 

stresses and those subjected to uniaxial compression. In tension, the crack extension 

force (or tensile stress concentration) increases with crack length, accelerating the 

crack forward. In compression, the crack extension force decreases after initial 

propagation, so the crack reaches a stable position. If the axial compression is 

accompanied by any amount of lateral tension, the crack growth becomes unstable 

after a certain crack length is attained, resulting in axial splitting. However, if some 

lateral compression accompanies the axial load, the tensile cracks grow to a certain 
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length and then stop. Thus, some researchers draw the conclusion that, under 

compression, a macroscopic fault cannot develop from a single, pre-existing crack, 

but must be a result of the coalescence of crack branches, grain boundaries and 

pores (Brace and Bombolakis 1963; Hoek and Bieniaws.Zt 1965). 

Wing crack

Pre-existing

flaw

 

 

Figure 7.16 schematic illustration of the development of tensile wing cracks under 

uniaxial compression  

The formation of both microcracks and macrocracks in rocks has received 

considerable attention since the fracture for rocks subjected to compressive stresses 

is not the result of a single “Griffith crack” (Kranz 1979). The crack-crack 

interaction in brittle fracture has attracted the attention of many investigators during 

the past decades (Brace and Bombolakis 1963; Hoek and Bieniaws.Zt 1965; Lange 

1968; Lajtai 1971; Nesetova and Lajtai 1973; Swain and Hagan 1978; Kranz 1979; 

Ashby and Hallam 1986; Baud and Reuschle 1997). However, contrary to 

expectations, some of the experimental observations do not show an obvious 

coalescence of primary cracks (Brace and Bombolakis 1963; Ingraffea and Heuze 

1980), see Figure 7.17 and Figure 7.19. Objective to the coalescence hypothesize, 

Ingraffea and Heuze (1980) state that “vertical splitting typical in the failure of 

uniaxially loaded rock specimens is the result of unstable, secondary crack 
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propagation, rather than of coalescence of stable primary cracks.” 

Two qualitative examples are provided in this section to show the capability of 

the NDDA for modeling brittle fracture under uniaxial compression condition. 

Although the material parameters employed in the examples are from rock, the 

results can hardly say agree well with the experimental observation from real rock 

material but agree well with the PMMA experiments as shown in Figure 7.18 and 

Figure 7.19. The reason may lie in that in the numerical model no flaw existing as 

well as the real rock. 

 

 

Figure 7.17 fracture response of an array of cracks in glass: there was no tendency for 

the cracks to run together or for neighboring branch fracture to „attract‟ one another. 

(Brace and Bombolakis 1963) 
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Figure 7.18 fracture response of an inclined notch in a PMMA plate: stable primary 

crack propagation without plate rupture. (Ingraffea and Heuze 1980) 

 

Figure 7.19 fracture response on an en echelon array of notches in a PMMA plate: 

stable primary crack propagation. Although interaction effect is evident, cracks do 

not coalesce, and plate does not rupture. (Ingraffea and Heuze 1980) 
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7.4.2 Single inclined crack 

The specimen used in this numerical modelling is a rectangular block with 

dimensions 200 mm high and 100mm wide (see Figure 7.21) and was discretized by 

2568 triangular elements. The test block had a 45˚ angle flaw through the center of 

it. The block material properties are shown in Table 3. The uniaxial compression 

was applied by boundary displacement at an imposed velocity of 0.4m/s as shown 

in Figure 7.20. The results from the numerical test are shown in Figure 7.22.  

Table 3 analysis parameters for the uniaxial compression 

Rock sample 

Density (kg/m3) 2600 

Young’s modulus (GPa) 10 

Poisson ratio 0.25 

Friction angle 25˚ 

Cohesion strength (MPa) 20 

Tensile strength (MPa) 10 

Joint/crack 

Friction angle 20˚ 

Cohesion strength (MPa) 0 

Tensile strength (MPa) 0 

Control 

parameter 

Penalty stiffness (GN/m) 200 

Time step size (s) 1×10-5 

Max displacement ratio 0.01 

SOR factor 1.0 

Total analysis time (s) 0.01 

 

At the beginning of loading, the elements near the upper and bottom support 

area enter a compressive stress state faster and higher than the elements far from the 

boundary. A two-color scheme is employed to show the compressive and tensile 

region in the specimen: blue for compressive stress, red for tensile stress. The wing 

cracks appear first in the vertical direction at the tip of the initial crack. There exist 

two different regions, compressive and tensile regions, beside the initial crack near 

the tip area, as well as that in the tensile simulation. The crack propagates with the 
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increment of the loading and curve toward the direction of the compression, which 

is agree with the experimental observation (Figure 7.18). The stress-strain 

relationship of the specimen is plotted in Figure 7.23. 
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Figure 7.20 boundary displacement time history 
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Figure 7.21 configuration of the specimen for single crack under uniaxial 

compression (unit: mm) 
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       (a)               (b)               (c)              (d) 

Figure 7.22 simulation results from the NDDA for single crack under uniaxial 

compression: (a) at the beginning of test; (b) wing cracks appear; (c) crack 

propagation; (d) at the end of test 
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Figure 7.23 Stress-strain diagram of the single pre-existing crack specimen 
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7.4.3 Double inclined cracks 

A model with the same geometry as the previous example but with two initial 

flaws is employed in the simulation (see Figure 7.24). The block material properties 

are shown in Table 4, and loaded by boundary displacement at a constant velocity of 

0.4m/s. The simulation results are shown in Figure 7.25. 

There are total 2388 triangular elements inside the block. The mesh is refined 

near the initial crack area so that the crack propagation can occur with a higher 

accuracy. Two initial cracks are designed in a position so that they can interact with 

each other when extension. Each crack is around 28mm length and in 45˚ angle to 

the direction of the compression. 

At the beginning of the loading, the phenomenon is similar to the case with one 

initial crack test, and then wing cracks appear near the tips of the two existing 

cracks. After a while, the crack tips of the nearing side (near the other initial crack) 

gain a higher propagation speed and two wing cracks finally linked together (Figure 

7.25c). After that, two wing cracks keep on extension as if no interact between them 

and finally form a crack region between two pre-existing cracks. The simulation 

result is similar to the experimental observation shown in Figure 7.19. This 

numerical simulation is only a qualitative test to show the capability of applying the 

NDDA to the numerical simulation of the brittle fracture of rock kind materials. 

Although the proper crack model was caught in the simulation, more research work 

is necessary to be done to reveal the interaction between multi cracks in numerical 

modelling. 
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Table 4 analysis parameters for the double-crack uniaxial compression 

Rock sample 

Density (kg/m3) 2600 

Young’s modulus (GPa) 10 

Poisson ratio 0.25 

Friction angle 25˚ 

Cohesion strength (MPa) 20 

Tensile strength (MPa) 10 

Joint/crack 

Friction angle 20˚ 

Cohesion strength (MPa) 0 

Tensile strength (MPa) 0 

Control 

parameter 

Penalty stiffness (GN/m) 200 

Time step size (s) 1×10-5 

Max displacement ratio 0.01 

SOR factor 1.0 

Total analysis time (s) 0.01 
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Figure 7.24 configuration of the specimen for multi crack under uniaxial 

compression (unit: mm) 
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        (a)              (b)               (c)             (d) 

Figure 7.25 simulation results from NDDA for the two-crack specimen under 

uniaxial compression: (a) at the beginning of test; (b) wing cracks appear; (c) crack 

propagation; (d) at the end of test 

 

7.5 Modeling Brazilian Test 

7.5.1 Background 

The Brazilian test is used as a standardized test method to determine the tensile 

strength of brittle materials such as rock and concrete. A cylindrical specimen is 

compressed along two diametrically opposed generators so that a nearly uniform 

tensile stress normal to the diameter is induced in the loading plane. To prevent 

local failure in compression at the loading generators, two thin strips, usually made 

of plywood are placed between the loading platens and the specimen to distribute 

the load (Figure 7.26). The induced tensile stress state causes the specimen to fail 

by splitting. The maximum value of the tensile stress, compute at failure from the 

theory of elasticity, is the splitting tensile strength. 
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Figure 7.26 schematization of the Brazilian Test 

In the case of concentrated loads, the maximum tensile stress is at the center 

and can be calculated by (Fairhurst 1964): 

max,

2
P

P

Dt



                           (7.14) 

Eq.(7.14) is the same as that given by point loads P applied at the ends of the 

diameter according the theory of elasticity (Timoshenko and Goodier 1969). 

7.5.2 Intact Brazilian disk under diametrical load 

A series of tests on the Brazilian disc of rock materials are executed to validate 

the capability of the NDDA to model crack initiation and propagation in brittle 

materials. Assume the test material is a continuous, isotropic and homogeneous 

elastic body. The diameter of the disc is 50 mm. The dimension for the rectangular 

loading plate is 50×10 mm. The thickness of disc and rigid plate are 25 mm, namely 

the thickness-to-diameter (t/D) ratio is 0.5. The configuration of the numerical 
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experiment is shown in Figure 7.27. The material properties are shown in Table 5. 

The tests are divided into two groups: one with normal mesh and the other with a 

local refined mesh. A normal mesh is employed by test I while a local refined mesh 

is used in test II.  

In test I, Two measure points are placed: P1 is at the center of the disc and P2 is 

at the midpoint of the upper vertical radius (see Figure 7.28a). The compression is 

applied by a boundary displacement at a constant velocity of 0.2 m/s. The 

simulation results provided by the NDDA are shown in Figure 7.28. The first crack 

initiates at around 0.0022s then propagates toward the contact point with rigid plate 

very quickly. The simulation results are seen to agree with the experimental 

observation in laboratory (Figure 7.29). The horizontal stress time histories of both 

measure points are shown in Figure 7.30, in which, the stresses of both points rise 

linearly until first crack occurs at around 0.0023s. After that, both stress-time curves 

drop quickly to a zero level. At point P1, the maximum horizontal stress is around 

12 MPa, which agrees well with the tensile strength of the block material. However, 

stress-time curve of P2 has a sudden rise during crack propagation, then dropping 

down to zero level. From the curve, it is found that the maximum stress obtained at 

point P2 is a bit higher than the tensile strength of material. The reason for this 

phenomenon may due to the stress redistribution after first crack occurred in the 

disc and point P2 is at a crack tip which has stress intensity. 

In test II, the compression is applied by a loading boundary instead of the 

displacement boundary employed in test I. The load is applied on the top of the 

upper plate at 10GPa/s while the lower plate fixed. The mesh zone around the 

vertical diameter of the disc is local refined (Figure 7.31a). A measure point is 

placed at the center of the disc. The simulation results are shown in Figure 7.31 and 

the horizontal stress-time curve of the center is drawn in Figure 7.32 accompanied 

by the theoretical curve based on Eq.(7.14). It is obvious that test II provides a more 

precise failure zone than that in test I because of a refined mesh. 
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Table 5 analysis parameters for the intact Brazilian disc test 

Rock sample 

Density (kg/m3) 2600 

Young’s modulus (GPa) 10 

Poisson ratio 0.25 

Friction angle 25˚ 

Cohesion strength (MPa) 25 

Tensile strength (MPa) 12 

Rigid plate 

Density (kg/m3) 7800 

Young’s modulus (GPa) 2000 

Poisson ratio 0.25 

Friction angle 25˚ 

Cohesion strength (MPa) 2500 

Tensile strength (MPa) 2500 

Joint/crack 

Friction angle 20˚ 

Cohesion strength (MPa) 0 

Tensile strength (MPa) 0 

Control 

parameter 

Penalty stiffness (GN/m) 4000 

Time step size (s) 1×10-5 

Max displacement ratio 0.01 

SOR factor 1.0 

Total analysis time (s) 0.003 
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Figure 7.27 configuration of the disc for Brazilian test (unit: mm) 
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       (a) NDDA model                  (b) first crack appear at2.3ms 

         

  (c) crack propagation at 2.306ms                (d) after failure 

Figure 7.28 simulation results from NDDA for the model with normal mesh (3 

blocks, 532 elements) 

P2 

P1 
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Figure 7.29 the specimen used in experimental Brazilian test after failure (Yu, 

Zhang et al. 2009) 
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Figure 7.30 x direction stress time histories of measure point P1 and P2 in test I 
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     (a) at the beginning of test           (b) cracks appear (t=0.002141s) 

      

  (c) cracks propagation (t=0.002143s)              (d) after failure 

Figure 7.31 simulation results from NDDA for the model with local refined mesh (3 

blocks, 3650 elements) 
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Figure 7.32 lateral stress-time curve at the center of the disc in test II, accompanied 

by the theoretical curve 

7.5.3 Brazilian disc with an initial crack 

This example is designed to show the modelling of crack initiation and 

propagation under mixed mode I-II loading condition. The disc is 50 mm in 

diameter and 25 mm in thickness with the material properties and analysis 

parameters shown in Table 6. A straight initial crack with the length of 14 mm (i.e., 

a/R=0.28) and inclination angle 45˚ is made at the center of the disc. A boundary 

displacement is applied to the rigid plates at a speed of 0.1m/s. The simulation 

results for the fracture and failure procedure of the disc are shown in Figure 7.35. 

Comparing with the experimental result of a limestone rock specimen (see Figure 

7.34), it is found that the numerical results approximately simulated the 

experimental results. Theoretically, the crack initiates at the tip of the original crack 

and propagates very rapidly along a curvilinear path towards the point on the 

boundary of the disc where the compression load is applied. When the propagating 
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crack reaches the upper and lower boundaries of a sample, the sample failed and 

broke into two pieces. In the numerical results from the NDDA, the propagation 

path is combined by a group of small cracks, which is different from the 

experimental results. The reason is mainly because the crack propagation in the 

NDDA model can only proceed along the boundary of the element and the stress 

jump between triangular elements. 

Table 6 analysis parameters for the Brazilian disc with an initial crack 

Rock sample 

Density (kg/m3) 2600 

Young’s modulus (GPa) 10 

Poisson ratio 0.25 

Friction angle 25˚ 

Cohesion strength (MPa) 25 

Tensile strength (MPa) 12 

Rigid plate 

Density (kg/m3) 7800 

Young’s modulus (GPa) 2000 

Poisson ratio 0.25 

Friction angle 25˚ 

Cohesion strength (MPa) 2500 

Tensile strength (MPa) 2500 

Joint/crack 

Friction angle 20˚ 

Cohesion strength (MPa) 0 

Tensile strength (MPa) 0 

Control 

parameter 

Penalty stiffness (GN/m) 4000 

Time step size (s) 1×10-5 

Max displacement ratio 0.01 

SOR factor 1.0 

Total analysis time (s) 0.003 
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Figure 7.33 configuration of the NDDA model with pre-existing inclined crack 

(unit: mm) 

 

Figure 7.34 The specimen with pre-existing flaw after failure (Al-Shayea 2005) 
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       (a) at the beginning of test            (b) wing cracks appear 

     

       (c) cracks propagation                    (d) failure 

Figure 7.35 simulation results from NDDA for Brazilian disc with pre-existing 

inclined crack (3 blocks, 1588 elements) 
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7.5.4 Brazilian disc with an initial hole 

In the Brazilian test configuration, a disc is loaded diametrically, inducing an 

almost uniform tensile stress in the direction perpendicular to the loading along 

most of the loaded diameter. When a hole is drilled parallel to the sample axis, and 

centered on the diameter perpendicular to the loaded diameter (see Figure 7.36), the 

material above and below the hole is subjected to a rapid decreasing tensile stress 

(Van de Steen, Vervoort et al. 2005). The disc material properties and the analysis 

parameters are shown in Table 7. In the results from the NDDA simulation (see 

Figure 7.37), the cracks first appear above and below the hole and propagate toward 

the platen contacts quickly, which agrees with the experiment (see Figure 7.38).  

Table 7 analysis parameters for the Brazilian disc with an initial hole 

Rock sample 

Density (kg/m3) 2600 

Young’s modulus (GPa) 10 

Poisson ratio 0.25 

Friction angle 25˚ 

Cohesion strength (MPa) 25 

Tensile strength (MPa) 12 

Rigid plate 

Density (kg/m3) 7800 

Young’s modulus (GPa) 2000 

Poisson ratio 0.25 

Friction angle 25˚ 

Cohesion strength (MPa) 2500 

Tensile strength (MPa) 2500 

Joint/crack 

Friction angle 20˚ 

Cohesion strength (MPa) 0 

Tensile strength (MPa) 0 

Control 

parameter 

Penalty stiffness (GN/m) 4000 

Time step size (s) 1×10-5 

Max displacement ratio 0.01 

SOR factor 1.0 

Total analysis time (s) 0.003 
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Figure 7.36 configuration of the Brazilian disc with pre-existing hole (unit: mm) 

 

          

      (a) configuration                          (b) cracks initiation 
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     (b) cracks propagation                 (c) after failure 

Figure 7.37 simulation results from NDDA for Brazilian disc with initial hole (3 

blocks, 2288 elements) 

 

 

Figure 7.38 diametrically loaded disc with hole with the primary fractures 

intersecting the hole (Van de Steen, Vervoort et al. 2005) 
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7.6 Summary 

This chapter shows the possible applications of the newly developed NDDA by 

several qualitative examples. The applications can be sorted into two main parts: (1) 

modeling wave propagation in continuous elastic media; (2) modeling brittle 

fracture. The simulation results shows that the NDDA can handle these problems 

though further development is necessary to the current program.  

In the simulation of wave propagation in elastic materials, the existence of 

numerical damping is a shortcoming of the current algorithm, which need to be 

solved in the future work.  

In the modeling of brittle fracture, the crack propagation path is formed by 

many tiny cracks instead of a smooth curve, which is not real although it predicted 

the correct fracture model and extension direction of the fracture. The main reason 

for this phenomenon is because the current mesh splitting scheme is based on the 

stresses of grid line which is determined by the neighboring elements. And it is well 

known that the stress distribution in triangular mesh is discontinuous in neighboring 

elements, an element in tensile stress may neighbored by a compressive element.  

Furthermore, most of the examples in this chapter are qualitative only to show 

what the newly developed NDDA program can do. To show quantitative 

calibrations of the NDDA, further development of the NDDA program is necessary.  
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CHAPTER 8 CONCLUSIONS AND 

RECOMMENDATIONS 

8.1 Summary and Conclusions 

Generally, numerical modelling methods are sorted into two groups: 

continuum-based method and discontinuum-based method. Two famous members, 

the FEM and the DDA, which belong to the continuum-based method and 

discontinuum-based method, respectively, are involved in the current work. 

The FEM can transform the partial differential equations into integral 

differential equations in order to solve the problems of continuous structures by 

using a piecewise smooth approach. The stress distribution in the body was used to 

successfully predict and detect weak zones. The FEM is now a well-developed and 

powerful method for solving continuous deformation problems, but lacks efficiency 

in dealing with discontinuous deformation problems. 

The DDA is more like a complementary method of the FEM because it analyses 

the stability and stress of a totally discontinuous system containing pre-existing 

cracks or joints. It was primarily applied in rock mechanics with great success in the 

stability analysis of tunnels and slopes. It adopts the step by step linear kinematics 

approach to evaluate the failure modes and global stability of a discontinuous 

blocky system. In the DDA, movement of a block is controlled by the Coulomb‟s 

friction law, the contact modes with other blocks, and the kinematic restrictions of 

no-tension and no-penetration at the block boundary. With the employment of 

inertial force in the governing equation, the stability of open-close iteration during 

the analysis of the system is guaranteed, and provides DDA the capability of solving 

large displacement and deformation for problems with numerous discontinuous 
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blocks.  

The standard DDA approach uses a complete first order polynomial 

approximation of deformation in each block, therefore, the stress or strain 

distribution in each block is constant. Since the DDA uses the same implicit 

algorithm as in the FEM, it is natural and convenient to add a finite element mesh 

into DDA block to improve the deformation field in the block. In order to applying 

the finite element mesh, the unknowns of the original DDA are replaced by the 

displacements of node in the finite element mesh. The modified DDA is called 

nodal-based DDA (NDDA) because all unknowns in the NDDA are nodal 

displacements, same as in the FEM. When analyzing a continuous system, the 

NDDA works in a way the same as the FEM. When the system contains 

discontinuous deformation, the block kinematics of DDA will come into work and 

make the NDDA behaving like the DDA but with deformation enhanced blocks. 

Hence, the NDDA provides a connection between the FEM and DDA, and provides 

a platform to unify them. 

One of the advantages of the NDDA is providing a more precise deformation 

description of the blocks, which is due to the mesh refinement inside blocks. Mesh 

refinements for a block are necessary when dealing with the following situations: (1) 

a system encompassed a few blocks which have complex features, and a precise 

solution is desired; (2) a system contains few giant blocks and many tiny blocks 

(comparing with the giant block), and deformation of the giant blocks are of special 

interest; and (3) a system involves fracturing inside blocks. Two schemes for mesh 

refinement in a block have been developed by previous researchers in this field: one 

is applying finite element mesh and the other is employing a sub-block system. 

In a sub-block system, a big block is divided into many small sub-blocks glued 

together by strong joint (Lin 1995; Jiao, Zhang et al. 2008). This scheme provides 

the DDA the capability of modelling crack propagation in continuous material. 

However, this scheme will introduce large amount of artificial contacts and reduce 
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the computational efficiency. This drawback does not exist in the scheme of 

applying finite element mesh inside blocks. The NDDA is developed under the 

scheme of applying finite element mesh inside blocks, which makes the NDDA 

have the same efficiency as the FEM when analyzing continuous materials.  

With the fine element discretization in each block, the NDDA can provide more 

realistic deformation ability in each block and consequently more precise stress 

distribution filed. The NDDA had inherited the block kinematics algorithm from the 

original DDA, which makes it more suitable for modelling brittle fracture of intact 

rock than continuum-based methods. From the simulation results of examples in 

Chapter 7, it is seen that the NDDA can model the wave propagation in continuous 

elastic media because it is indeed a continuum-based method when no crack occurs. 

When cracks appear inside a block, it becomes a discontinuum-based method and 

the kinematics of blocks comes into work. In the simulation of crack propagation 

under uniaxial force, the NDDA catches the correct fracture model and the results 

qualitatively agreed with the laboratory observation. Different from the 

experimental observation, the crack propagating path obtained by the NDDA 

program is formed by a group of small cracks instead of a main crack. This is a 

drawback of the current NDDA algorithm and is caused by the crack criterion and 

node splitting scheme employed in the program. 

In determining the applicability of the NDDA to real world applications, the 

assumptions and limitations inherent in it should not be overlooked. The NDDA is 

currently restricted to two-dimensional representations, and the employment of only 

triangular mesh limits the stress distribution in each element to constant. In addition, 

the crack can only propagate along the boundary of elements, so a relative dense 

mesh is necessary to reduce the mesh influence on the crack propagation path. 

In summary, the present study has made the following contributions to the 

DDA: 
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1) Developed a user friendly software environment for generation of 

triangular mesh inside DDA blocks and other operations such as inputting 

boundary condition and loading condition. 

2) Enhanced the deformation ability of DDA blocks by coupling a triangular 

finite element mesh into DDA blocks. 

3) Provided a node splitting algorithm for the fragmentation of an intact block 

along the boundary of the finite element in it according to proper crack 

criterion.  

4) Improved the computational efficiency of DDA when dealing with 

continuous media under the scheme of applying finite element mesh in 

blocks. 

5) Developed a scheme for effectively dealing with the vertex-vertex contact 

problems not only in the DDA but also in the NDDA. 

8.2 Recommendations for Future Work 

Although the idea of coupling the DDA with the finite element mesh was 

introduced since 1990s, little advance in this area had been made during the past 

decades. This thesis may become a milestone in attempting to unify the 

continuum-based FEM and the discontinuum-based DDA. However, due to the 

limitation of time, there are many limitations lie in this work but which will not 

affect it serving as a building block for advanced research. Further research on this 

topic is definitely necessary to improve the performance of the NDDA program as 

well as enhance the method of NDDA. 

The fracture scheme including crack criterion and node splitting algorithm in 

the NDDA program is still in the developing and testing stage. Although Coulomb‟s 

criterion has been widely used for materials with confinements below the 

brittle-ductile transition, it is not a particularly satisfactory peak strength criterion 
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for rock material. It implies a direction of shear failure which does not always agree 

with experimental observations. And the linear approximation of the 

Mohr-Coulomb model is poor at a low confinement, where the experimental 

strength-confinement curves exhibit greatest non-linearity (convexity). The 

Mohr-Coulomb failure criterion is independent of the intermediate principal stress 

2 , resulting in the failure plane manifesting itself necessarily parallel to this 

direction. The poor approximation of the tensile region of the conventional 

Mohr-Coulomb yield surface to the mutually orthogonal tensile planes is a major 

shortcoming in terms of application to quasi-brittle fracture. For these reasons, other 

peak strength criteria, such as Griffith criterion or maximum principal stress 

criterion, may perform better than the Mohr-Coulomb law for a specified material.  

The node splitting scheme employed in the program is also too simple to 

provide a continuous crack propagation path and to model complex crack 

propagation problem. The current splitting scheme is based on the average stresses 

of the grid line which is the main reason that the program cannot obtain a 

continuous crack extension path. In the future development, a weighted-average 

nodal stress based splitting scheme may be preferred (Klerck, Sellers et al. 2004).  

Since the triangular element is not suitable for bending problem, the 

employment of the quadrilateral element is necessary in the future work.  

Inclusion of nonlinear rock joint properties, tensile strains, cohesion and 

different friction angles between the contact interfaces of the cracks are necessary to 

model more realistic rock mass behavior.  

For real world applications, it is necessary to develop three-dimensional 

nodal-based discontinuous deformation analysis and to propose a suitable fracture 

scheme to model the complex engineering problems. 
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