KORENBLUM CONSTANTS FOR SOME FUNCTION
SPACES
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ABSTRACT. We study the Korenblum Maximum Principle on the
weighted Fock spaces and the weighted Bergman spaces with ex-
ponential weights. First, we give explicit expressions for the up-
per bounds of Korenblum constants for the weighted Fock spaces.
Then, we obtain upper bounds of such constants for the weighted
Bergman spaces. Finally, we show a failure of the Korenblum
Maximum Principle for weighted Bergman spaces AP (D), where
O<p<l,a>0.

1. INTRODUCTION

1.1. Basic definitions and notation. Let D be the open unit disk
in the complex plane C, O(D) be the space of holomorphic functions
on D endowed with the compact-open topology and O(C) be the space
of entire functions on C endowed with the compact-open topology.

Definition 1.1. For 0 < p < oo, a > 0, the weighted Hardy space
H2(D) consists functions f(z) € O(D), for which

1 2 ) »
£l = s |- (0 [ 1reeras) | < o0
0<r<1 T Jo
Note that when o = 0, we have the Hardy space HP(D). Further-
more, while when p = oo, we have the space H* (D) of bounded holo-
morphic functions on D, where || f|| g = sup,ep | f(2)].

Definition 1.2. Let 0 < p < oo and o > —1. The weighted Bergman

space A? (D) with exponential weight e~ 1*I* consists of functions f(z) €
O(D), for which

P

Iz = [2 [ 1P 2 aa) " <,

where dA(z) = dvdy = rdrdf, z = = + iy = re, is the Lebesgue
measure on C.
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If p = oo, then A*(D) = H*(D). For 0 < p < oo and a = 0,
we have the standard Bergman space which is commonly denoted as
AP(D). If p > 1, AP(D) is also a Banach space. In particular, when

p = 2, we have the classical Bergman space A%*(D), i.e. the space of
functions f(z) € O(D), for which

Il = |+ [ 1P dA(z)]é <o

Definition 1.3. For 0 < p < oo, @ > 0, the weighted Fock space F2(C)

with exponential weight e~ *" consists of entire functions f (2) €
O(C), for which

/11 = / F()lPe”F I dA(z) <
For the case p = oo and a > 0, we have
1f 1|7z = sup | £(2)][e 2" < o0,
zeC

When 0 < p < oo and a = 1, we have the Fock space FP(C).
It is well known that FP(C) with 1 < p < oo is a Banach space
while for 0 < p < 1, FP(C) is a complete metric space with distance

d(f,g) = IIf — gllp.

1.2. Korenblum’s conjecture and development. In 1991, Boris
Korenblum [6] stated the following conjecture for A%(D).

Conjecture 1.4. There exists a numerical constant ¢, 0 < ¢ < 1, such
that if f and g are holomorphic in D and |f(2)| < |g(2)| (¢ < |2z| < 1),
then || flla2 < llg]l42-

We call ¢ a Korenblum constant and denote by « as the largest value
of c. So far, the exact value of k is still not known.

Thereafter, a number of papers were devoted to the topic. The Ko-
renblum Maximum Principle has since then become one of the impor-
tant properties of function spaces (see, e.g., [18]). Latest developments
showed greater diversity and interest in the topic in other function
spaces as well as interesting results pertaining to the failure of Koren-
blum Maximum Principle in some function spaces (see, e.g., [1, 5]).

In order to avoid ambiguity, for the rest of the paper, we denote
the largest Korenblum constant, unless specified otherwise, by x 4» for
AP (D), kzr for F2(C), etc.

It is worthy to note that Korenblum [6] proved with the counterex-
ample provided by Martin that k42 < \% A series of partial results
were then produced along the way by Korenblum, O’Neil, Richards
and Zhu [8], Korenblum and Richards [7], Matero [9], Schwick [11] and
others.
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The conjecture was then only first proven of its existence in 1999
by Hayman [3] with ¢ = 0.04 for A%(D). In the same year, Hinkkanen
[4] proved the existence of ¢ for A?(D), 1 < p < oo, with ¢ = 0.15724.
Since then, several works have been carried out in finding lower bounds
and upper bounds of Korenblum constants.

Furthermore, several results expanded the topic into finding ¢ for
other function spaces as well. It is also worthy to mention that in
1998, Hayman and Danikas [2] also worked on Korenblum Maximum
Principle for H?(D). In 2003 — 2004, Wang [12, 13, 14] published
several results on the upper bounds of c¢. In the subsequent years,
improvements were made by Schuster [10] and Wang [15, 16, 17]. In
2012, Zhu [18] showed that it is possible to choose some ¢ for the
Korenblum Maximum Principle to hold in F?(C) where o > 0 and
p=>1

Recently, Bozin and Karapetrovi¢ [1] showed a failure in Korenblum
Maximum Principle for Bergman space AP(D), 0 < p < 1. Lastly,
in latest developments, Lou and Hu [5] also disproved the Korenblum
Maximum Principle for general Fock Space F?(C) where 0 < p < 1,
a> 0.

2. PRELIMINARIES

In this section, we recall two results from [1, 6] respectively, which
are closely related to our main results for A2 (D) in the next section.
We also prove Lemma 2.3 which will be used to prove our main result.
Theorem 2.1. ([6]) Let ¢ > % There exist functions f and g in
A%(D) such that |f(2)| < |g(2)| for all ¢ < |z| < 1, but || f||az > ||g||a2-
Therefore, k2 < \%

Theorem 2.2. ([1]) Let 0 < p < 1 and 0 < ¢ < 1. There exist
functions f and g in AP(D) such that |f(2)| < |g(2)| for allc < |z| < 1
and || fllar > llg]|a»-

Lemma 2.3. Let 0 < p <1, a>0and 0 < c < 1. Then there exist
positive integer n and 0 < § < 1, such that

1 1
25"””(/ ue~ 'z 0w du+/5 yPtle g0t du)
0 1
S\\P? s 2\2+ [T,
(2.1) > (1 + (—> ) (—) ’ / u? e ™ du.
¢ po 0

Proof. For 0 < p < 1, we can choose n € N sufficiently large such that
n>np+ 2.
On one hand, for any 6 > 0, by the Bernoulli’s Inequality, we have

(e () <)
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On the other hand, note that

1 l
_pas2,2
/ ue 26 u du+/ np+1 242 du
0 1
1 1
3 Pa52
= [ (u—ue T du+ u" ez 0 dy
0 0

! pa 2,2 1
_ np+1\ _—E56°u e
= /0 (u—u"™ e 2 du+§(poc62> / dw.

(x="2362u?)

Consequently, to get (2.1), it suffices to prove

2 ' 1y — B 52,2 1 2 EREEYe np
2577 F / (u—u™ e 2" du + = / r2e " dry
0 2 \ pad? 0

pa

()@

or equivalently,

1
_px g2, 2
2(5”””/ (w — u"™)e™ 2 dy
0

no2NEH [T,
(2.2) >p(é> (—) ’ /2 uze " du.
c pa 0

Now we prove (2.2). Note that p, «, ¢ are fixed and also n > np + 2.
We can choose § € (0, 1) sufficiently small so that

(2.3) 0 < on= Pt < - )

(p—i)fﬂ/ uze " du
0
<5n—(np+2)) 2N\FH [ o
p>p| —— (—) uz2e " du.
c pa 0

Now notice that

1 1 np
lim 2 (/ (u— u™ e T8 gy ) / (u—u") du = > p,

and hence we can choose 0 < ¢ < 1 sufficiently small so that

1
(2.4) 2 (/ (u — w5 du) > p
0

So choosing 0 < 6 < 1 for which both (2.3) and (2.4) hold, we obtain
(2.2). The lemma is proved. O

which gives
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3. MAIN RESULTS

In this section, we work on obtaining the following results.

1) For Fock spaces F*(C):
— The explicit expression for upper bounds of kzr in F2(C),
p>1,a>0.
2) For Bergman spaces A? (D):
— The explicit expression for the upper bounds of k4» in
AP(D), p>1,a>0.
— A failure of the Korenblum Maximum Principle for A? (D),
O<p<l,a>0.

3.1. Fock Spaces F?(C). We first consider the general Fock space
F2(C), where p > 1, o > 0 and find an upper bound for kz».

Theorem 3.1. Letp>1, a >0 and

> (/(2) ()

There exist functions f and g in FP(C), such that |f(2)| < |g(z)| for
any |z| > ¢, but || f||% > llgll%s. Therefore,

2 ya
Krp < (/<]E)2F<g+ l).

Proof. Consider functions f(z) =¢, g(z) =z € FP(C), we have
[f(2)] = lel < |z = [g(2)|, for any |z[ > c.
On the other hand,
||f||p = llgll%s

=0 [t /Hpez'P AG2)

[/%/ FPe T r dr df — /%/ rPe” 5" dr df
(f ([ (mrerjua
\// / p_ —ududH]

( 7;7047"

pa S 2\% ® oy
= —cP [e’TTQ} — <—> ’ / uze “ du
0 po 0

2 P
— (—)21“(2—?4— 1) 0.
pa 2
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Therefore, in order for the Korenblum Maximum Principle to hold, we

must have
2 Y
Kpp < (/(-) 2r<2 + 1).
“ po 2

0

As an immediate consequence of Theorem 3.1, we get the following
result for the classical Hilbert-Fock space F?(C).

Corollary 3.2. Let ¢ > 1. There exist functions f and g in F*(C)
such that | f(z)| < |g(2)| for all |z] > ¢, but || f||5= > ||g||5%=. Therefore,
R F2 S 1.

It is also interesting to note that when p =1 and a = %, we have
3

3.2. Bergman Spaces AP (D). The results about the failures of Ko-
renblum Maximum Principle in A?(D), 0 < p < 1 [1] and in FZ(C),
0 < p < 1, « > 0 [5] inspire us to be interested in a question
whether there is any failure of the Korenblum Maximum Principle for
the weighted Bergman space A2 (D), 0 <p <1, a # 0.

It turns out that the failure exists and the result below not only
proves this fact, but also generalizes Theorem 2.2 for any « > 0.

Theorem 3.3. Let 0 < p < 1 and o« > 0. Suppose 0 < ¢ < 1. Then
there exist functions f and g in AP (D) such that |f(2)| < |g(2)| for any
2 withc<2| < 1 and | flLg > lgllaz

Proof. We follow the scheme of [1, 5]. Choose 0 < 6 < 1 and n € N
so that n > np + 2 and 0 satisfy Lemma 2.3. Then we consider the
following functions f and ¢ in in A2 (D)

1
z) = ———— (2" + "), z) = 2"
: : o 0" :
First we note that if ¢ < |z| < 1, then > , which
: c" |2|" :
< . That is,
gives ——— T at is
T n 671
(=" +9) < |z|", for all ¢ < |z] < 1.
cn+on

Then with ¢ < |z| < 1, we have

" e (Jzl" + 87)
- "4t <
1) = ol + 87 <

< [2]" = lg(2)].
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Next we prove || f||az > ||g]|az, or equivalently,

pa |2 o\" P 2
/yz"+5"|pe—zzl dA(2) > <1+ () ) /|zy"pe—lzl dA(z).
D ¢ D

Clearly, it suffices to show that

(3.1)
|22

2" e T dAGz) + | | e B
ID)1 DQ

> (14 (0)") e aac,

where D; = {2z € C:|z] <} and Dy ={2z € C:J < |2| < 1}.

dA(z) == J; + J

- Estimates for J;.
Since |3| < 1 for z € Dy, by the binomial series, we have

P el

Ji= [ |2"+ 6" Pe” T dA(2) —5%/ ‘1+ ) dA(z)

Dy

G (G 7
AL (R o

Note that

/ nk—n] B2 |2|? dA / / n(k+j)+1 m(k ])6 —Bxy2 dOdr
D1

19
_g 2 _pas2..2
:277'/ T2nk:+1 “dr = 271‘/ 52nk+2 2nk+ 6% du,
0

(u=%)

and hence

Ji= | |2+ 0" Pe” T dA(z)

Dy

np = p/2 ’ 1 nk—=nk —P%|z|?
=0 Z k) 2ZEWeT 2 FT dA(2)

k=0 1

200 p/22 12/!41 B2 5242
= 2Pt Z I /u"+6_2 “" du.
0

k=0

- Estimates for Js.
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Similarly, since |g] < 1 for z € Dy, by binomial series, we have
o= [ s e ase) = [ 1o T dA()

[ - <5>n pe_
[ (i 2)) (“ &) ) " aAG)
-/ |z|”p;(p,/f) ( () e aae)

Note that

1 1 a
Jy = |z|"p——e 712 dA(2)

an =nj

27r 1 o
np+1 —E2r
/ / Tnk eznk& rnje— znjé' dg dr

1
_ ; _pa,2 _ _pa,2
= T"p b=~ qf dr = 2r PP 2k L= gy
s Jo 6m(k7])9 5

1
s — _ _pas2,2
§np 2nk+2unp an—i—le 50U du,

= 27T
S~
(u=%)

and hence

Jy= [ |Z" 40" Pe” T dA(2)

Do

00 2
o p/2 2nk n, 11 B2 2|2
- k=0 < k ) ’ D» o pz”’“__”ke T dAG)

o) 2 1
= 2mg" Z (p//fz) /5 PRkl = gy,
1

k=0

- Estimates for the right-hand side of (3.1).
2 1
/|z|"pe—”§|z2 dA(z):/ / L= g g
D o Jo

0

So (3.1) becomes

2 - P/2 ? ! 2nk+1 ,— B 520> 5 2nk+1, B2 5242
2Pt Z L /u”+ e 20U du—l—/ T du
0 1

k=0

(3.2) > (1 + <g>n>” <]%> EaS /Op; u?e " du.
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Indeed, (3.2) is true, because of Lemma 2.3:

> p/2 2 ! P §2,2 % pa 52,2
27T5np+2 Z ( L ) </ u2nk+le—76 “ du +/ unp—an—l—le—T& u du>
0 1

k=0
1

1
_pags2, 2 4 _pas2 2
>27r<5”p+2(/ ue 207 du+/ uPtlem 200 du)
0 1

n\ p R .
> 7T(1 + (é) ) (i) /2 u'’z e du.
c yger 0

g

Lastly, we have the explicit expression for the upper bounds in the
space AL(D), p>1, a>0.

Theorem 3.4. Letp > 1, a > 0. Consider the Bergman space AP (D).

1) For a =0, suppose

()
—_— <c<l1.
p+2

2) For o > 0, suppose

p B2

2 2 p _
» <1> / uz2e “du
po 0

ba <c< 1.
(1-c %)

There exist functions f and g in AE(D) such that |f(2)| < |g(2)| for
all ¢ < |z[ <1, but |[f[laz > llgllaz-

Proof. As in the previous theorems, consider the functions f(z) = ¢
and g(z) = z from AP(D). Obviously, for all ¢ < |z| < 1, we have

|f(2)l =c < 2] =]g(2)|.
- Case 1: a = 0. We have

1 2 1 27 1
1A = N9l = — [/0 /0 r dr df —/0 /O P dp d@]
1

2T p 2
:1[/ C—de—/ —de}ch—im.
T )y 2 0o p+2 P+ 2
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- Case 2: a > 0. We have

114z = llgllaz

[/ /rcpe 5 drdf — / /rp+1 =5 drdf

p
2cP 2u\ 22 1
== | —pare”5"" drdf —2 —u d

pa Jo P ' /0 (pa) ‘ V2pau ¢

[un

(where u = ]27”2)
2

-2 e)- (5 )g“ [
ii(l—e ”5‘)( ) /02 _“dz:a
(2)7 e (2)

(M|

+1  po
2 o,
/ u2e * du = 0.
0

Remark 3.5. Clearly, in order to have the Korenblum Maximum Prin-
ciple for A2 (D), p > 1, a > 0, we must have

1
2 P _
(2)

g

However, for p = 2, a = 0, k2 < \/Li is already known and in

fact, Korenblum, with Rainer Martin’s counterexample, first proved it
in 1991 as shown in Theorem 2.1. Nevertheless, this result not only
coincides with his result but also obtains the upper bounds for rest of
the p > 1.

4. CONCLUDING REMARKS AND OPEN QUESTIONS

In this paper, we obtained explicit expressions for the upper bounds
of F?(C) (Theorem 3.1) and AP (D), where p > 1 and o > 0 (Theorem
3.4). We also proved that the Korenblum Maximum Principle fails for
AP(D), 0 < p < 1, a > 0, thereby obtaining greater closure to the
Korenblum Maximum Principle for the Bergman spaces.

Theorems 3.1, and 3.4 led us to the following questions which call
for investigation.

Question 4.1. Let ¢ = 1. Do there exist functions f(z) and g(2) in
F2(C) for which |f(2)| < |g(2)] with all |2| > ¢ and ||f||z2 > ||g|lF2?
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Question 4.2. Letp> 1, a > 0 and

=) e (5
po 2
Do there exist functions f(z) and g(z) in FE(C) for which |f(z)] <
19(2)| with all 2| > ¢ and {7 > lgllz2?
Question 4.3. Letp>1, a > 0 and

) \b
()" «=0

= 5[
JONA
0o
(1—e"72) ’
Do there exist functions f(z) and g(z) in AR(D) for which |f(z)| <
9] with all ¢ < |2] < 1'and |f]Lz > lgllg ?

(M|

e “du

a > 0.

Remark 4.4. Note that solving Question 4.3 indirectly generalizes the
counterexample by Martin in [6] for A2 (D), p > 1, @ > 0. Note also
that the case of AP (D) where —1 < @ < 0 and 0 < p < oo still remains
unsolved.
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