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Product Codes over Noisy Channel Conditions
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Abstract

Product codes are multidimensional codes constructed using multiple component codes. In this

paper, novel algorithms are proposed for the blind estimation of two-dimensional product code parame-

ters over noisy channel conditions considering Reed-Solomon (RS) and Bose-Chaudhuri-Hocquenghem

(BCH) as component codes. The performance of the algorithms in terms of probability of correct

estimation is investigated for different code parameters. It is observed that the accuracy improves with

decrease in modulation order and code dimension values.

Index Terms

Adaptive modulation and coding, Bose-Chaudhuri-Hocquenghem (BCH) codes, blind estimation,

non-cooperative communication, product codes, reconfigurable radio, Reed-Solomon (RS) codes, and

signals intelligence

I. INTRODUCTION

Forward error correction (FEC) codes and interleavers are mainly used to improve the error

performance by counteracting random and burst errors, respectively, in digital communication

and aeronautical telemetry systems [1] and [2]. Reconstructing an unknown channel encoder
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from noisy codewords is related to cryptanalysis and is called the code reconstruction problem

in the literature. Here, an observer wants to decode the information bits from a noisy data

stream, where the FEC code used for transmission is unknown. In general, the receiver has the

knowledge of FEC code parameters used at the transmitter for decoding the message signals

in most of the applications. However, in non-cooperative scenarios [3] and [4], which exist

particularly in electronic warfare, military, spectrum surveillance, signals intelligence (SIGINT),

and communications intelligence (COMINT) systems, the receiver has only limited knowledge

about the code parameters. Hence, it is mandatory to blindly estimate the code parameters using

the intercepted sequences acquired from remote sensing through aircraft and satellite.

Apart from non-cooperative context, the code parameter estimation is also useful in applica-

tions such as adaptive modulation and coding (AMC), data storage systems, reconfigurable radio

systems, etc. AMC techniques are very useful in satellite communications [5] as they improve

overall spectral efficiency. Recently, the attracting service of the Internet above the clouds, which

provides direct communication among aircraft for airborne internet access instead of satellite-

based access, motivates researchers to develop high spectral efficient aeronautical communication

techniques. Hence, in order to meet the demand of high throughput and high spectral efficiency,

AMC-based solution has been provided in [6] for aeronautical communication. The modulation

and code parameters are usually communicated using control channel to the receiver in AMC

systems. Therefore, blind estimation of code parameters will result in conserving the channel

resources, which in turn will further enhance the spectral efficiency of AMC-based satellite

and aeronautical communication systems [7]-[9]. The wireless sensor networks (WSNs) also

use AMC technique to choose different channel encoders [7]. The blind estimation techniques

will reduce the energy consumption of WSNs, as it is not essential to transmit the overhead

information to the sensor nodes in order to indicate the changes in code parameters. Due to

advancements in digital communication systems, it is always a costly and a tedious process

to design separate decoder for every application. Therefore, there is a need for an intelligent
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receiver system which adapts itself to any applications [10]. Hence, reconfigurable radio systems

are introduced. It is also essential for an ideal reconfigurable radio to blindly estimate the code

parameters in order to adapt to the variations in the channel encoders for decoding the message

symbols successfully.

Blind estimation of code parameters for different FEC codes in noiseless and noisy environ-

ments are extensively investigated in the past. For example, [3] proposed parameter estimation

and code classification algorithms for different types of linear block codes and convolutional

codes over non-erroneous channel conditions. The algorithms for the blind estimation of convo-

lutional code parameters were proposed in [10], [11], and [12]. In [13], the parameter estimation

of convolutional codes was extended to Galois field(2m) i.e. GF (2m) case considering noiseless

environment. In [14], algorithm for the blind estimation of binary cyclic code parameters was

proposed. The blind recognition algorithms for estimating punctured convolutional code parame-

ters considering erroneous channel conditions were proposed in [15] and [16]. Recently, the code

classification algorithms over noisy transmission environment were proposed in [17]. Further, the

algorithms for the blind estimation of codeword length of various non-binary error correcting

codes were proposed and validated using different test cases in [18] for noisy environment.

Recently, the algorithms for the blind estimation of Reed-Solomon (RS) code parameters were

proposed in [19] for noisy environment. The blind identification of true encoder based on the

soft-decision outputs was reported in [7]-[9] and [20]-[22] for low-density parity-check (LDPC),

RS, convolutional, and turbo codes. Apart from the code parameter estimation algorithms, the

parameter estimation algorithms were proposed for block interleaver in [17], [19], [23], [24],

and [25]. Similarly, the algorithms for the parameter estimation of convolutional interleaver were

reported in [26]-[29]. Recently, novel algorithms were proposed in [4] and [28] to estimate the

interleaver size (or interleaver period) by exploiting the linear dependence among the received

noisy codewords. Apart from blind estimation of FEC code and interleaver parameters, the joint

maximum likelihood estimators for the frequency offset, channel delays, and channel gains of
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alamouti-encoded aeronautical telemetry system were derived and analyzed in [30].

In a coded communication system, the receiver should be able to find the beginning of each

codeword in order to decode the received coded symbols and this is called frame synchronization

problem in literature. The main aim of the frame synchronization method in a FEC coded

communication system is to identify the position of a codeword in the received sequence.

Classical frame synchronization methods inserted few synchronization/training bits, which are

known to the receiver, in the transmitted sequence apart from the message bits in order to

achieve synchronization [31]. Hence, the traditional methods reduce the spectral efficiency of

the transmission. For this reason, blind methods for frame synchronization without inserting the

training sequence were proposed. In [32] and [33], the blind frame synchronization methods

based on the soft-decision outputs were proposed for product and LDPC codes assuming that

the code parameters are known. Finally, in [34], a hybrid automatic repeat request (HARQ)

system was proposed using turbo product codes (TPC).

However, the existing works have not proposed algorithms for the estimation of code pa-

rameters of product codes. In addition, it is also essential to recognize the type of modulation

scheme in a non-cooperative scenario before identifying the channel code parameters. Recently,

cumulants-based framework was proposed in [35] for automatic modulation classification. Apart

from that deep-learning techniques were also proposed in [36] and [37] to identify the type of

modulation scheme. Thus, automatic modulation recognition techniques are well investigated in

the literature. The current work aims to identify the incoming product code parameters assuming

that the types of code and modulation scheme are known apriori. Precisely, we assume that the

type of modulation scheme has been identified correctly using any of the techniques reported in

the literature. It is in this context, the major motivations and contributions of the present research

are as follows:
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A. Motivations

The main motivations of the present research are as follows:

• It is always essential to estimate the code parameters for decoding at the receiver in a

non-cooperative military and spectrum surveillance systems.

• In [32], the proposed algorithm for product codes was restricted only to blind frame

synchronization assuming that the code parameters are known apriori.

• To the best of our knowledge, the algorithms for the joint estimation of code parameters

of product codes and bit position adjustment parameter to attain synchronization have not

been proposed in the prior works.

• The probability of correct estimation of product code parameters is not extensively reported

in the literature.

B. Contributions

The main contributions are as follows:

• Proposes novel algorithms for the blind recognition of different code parameters of two-

dimensional RS and Bose-Chaudhuri-Hocquenghem (BCH) product codes over erroneous

channel conditions.

• The proposed algorithms also estimate bit position adjustment parameter in order to achieve

frame synchronization.

• Simulation results for various test cases are given to prove the robustness of the proposed

algorithms.

• The performance of the proposed algorithms in terms of probability of correct estimation

is extensively analyzed for different M−ary modulation schemes and code parameters

over additive white Gaussian noise (AWGN) channel and non-binary channel i.e. M−ary

symmetric channel, where M denotes the modulation order.
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C. Comparison with our prior works

We have proposed code classification algorithms in [17] to classify the incoming coded

symbols among block and convolutional codes as well as to identify important code parameters

such as codeword length and code dimension. However, the proposed algorithms in [17] were

based on rank values for both non-erroneous and erroneous channel conditions considering

synchronized scenario. In case of erroneous channel conditions, the rank values were evaluated

based on fixing a threshold value to classify dependent and independent columns. It has been

observed that the threshold value varies due to noise and hence, selecting the optimal threshold

value is always a challenging process in a noisy channel conditions. In the current work, the

parameter estimation algorithms proposed for noisy channel conditions are not based on rank

values. Hence, the proposed algorithms do not require any threshold values to recognize the code

parameters unlike the algorithms proposed in [17]. Moreover, the existing algorithms were limited

only to synchronized environment. In our current work, an innovative approach to synchronize

both the row and column components of product codes has been proposed and integrated with

the code parameter estimation algorithms. In [17], the code dimension has been estimated based

on rank values that are sensitive to noisy channel conditions and generator polynomial has not

been identified using the proposed algorithms. Here, an innovative approach to identify the code

dimension and the generator polynomial from the roots of code polynomials based on maximum

likelihood approach has been proposed.

It is also to be noted that we have modified the proposed algorithm in [19] to estimate the

code parameters of RS product codes with reduced complexity. It has been shown that the

proposed algorithm in the current work requires lesser number of data symbols to identify the

code parameters compared to our algorithm in [19].
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D. Organization of the manuscript

The manuscript is organized as follows. In Section II, an introduction about product codes

and the code construction process are given. In Section III, a generic block diagram for the

parameter estimation of RS and BCH product codes is given. The blind reconstruction of RS

and BCH product encoder over non-erroneous (noiseless) and synchronized scenario is discussed

with greater details in Section IV. Further, in Section V, the parameter estimation algorithms are

given for the blind reconstruction of RS and BCH product encoder considering erroneous (noisy)

and non-synchronized scenario. In Section VI, simulation results and related discussions are given

for various test cases along with the performance of the proposed algorithms. Finally, concluding

remarks are given in Section VII.

II. PRODUCT CODES AND CODE CONSTRUCTION

Product codes are powerful FEC codes which can be implemented with reasonable complexity.

Product codes are constructed using inner and outer codes similar to turbo convolutional code

(TCC) [38]. The main advantages of product codes are high coding gain at high code rate

values and simple encoding and decoding techniques. Moreover, unlike TCC, it can support

high code rates with minimal complexity using high rate component codes. Product codes are

mainly useful for high speed communication systems with low BER requirement. The main

applications of product codes include IEEE 802.16 for fixed and mobile broadband wireless

access systems known as WiMAX, IEEE 802.20, digital video broadcasting-satellite (DVB-

S) system, etc. Product codes are also being used in other applications such as satellite and

aeronautical communication systems [39].

Multidimensional product codes are used to construct codes with long codeword lengths and

less decoding complexity using multiple component codes with short codeword lengths and high

code rate values. Therefore, instead of performing small number of decoding operations over

long codeword lengths, large number of decoding operations over short codeword lengths are
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Fig. 1. Product code constructed using two linear block codes

performed to reduce the decoding complexity. Further, two-dimensional product codes perform

better than multidimensional codes in terms of error performance [38]. An illustration of a two-

dimensional product codeword is shown in Fig. 1. Two-dimensional product codes are constructed

using two linear block codes Ci (i=1, 2) by applying serially on the two dimensions of a matrix.

The two component codes Ci have the parameters ni, ki, d
(i)

min, where ni, ki, and d
(i)

min denote

the codeword length, code dimension, and minimum hamming distance in ith dimension. In

order to build a product code, k2×k1 information bits are placed in a matrix of k2 rows and

k1 columns. Further, k2 data blocks of length k1 symbols are encoded by row component code

C1. As a result, k2 codewords of length n1 is generated and placed in a matrix of size k2×n1.

Each column vector of length k2 symbols is encoded using column component code C2 and

a two-dimensional codeword of size n2×n1 is obtained. After encoding, the parameters of the

product code C are (n1×n2, k1×k2, d
(1)

min×d
(2)

min). The code rate of product code is given by

r= k1×k2
n1×n2

.

A square product code is constructed by equating n1 =n2 =n, k1 =k2 =k and d(1)

min 

=d
(2)

min = 
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dmin and the same is denoted as (n, k, dmin)2. Apart from square product codes, other important

types include irregular product codes, non-binary product codes, etc. It is to be noted that

product codes can be constructed using different component codes such as Hamming codes, BCH

codes, RS codes, and LDPC codes. Irregular product codes are constructed using row/column

component codes with different code rates assuming same codeword length. Non-binary product

codes are constructed using non-binary FEC codes such as RS codes as component codes. In our

manuscript, we restrict our discussions to two-dimensional product codes with non-binary RS and

binary BCH codes as component codes and they are denoted as RS(n1×n2, k1×k2,m1×m2, p1×p2)

and BCH(n1×n2, k1×k2,m1×m2), respectively. The parameters mi, ni, ki, gi(x), and pi denote

number of bits/symbol, codeword length, code dimension, generator polynomial, and the integer

representation of primitive polynomial (for RS codes), respectively. The subscript i= 1 and 2

indicate row and column component codes, respectively. The block length or codeword length

of RS and BCH codes is given by ni=2mi − 1. Let α, α2,...,α2t are the roots of the generator

polynomial gi(x) of BCH and RS codes with degree n− k, which is given by

gi(x)= lcm(φ′1(x), φ′2(x), ..., φ′2t(x)) , (1)

where φ′i(x) is the minimal polynomial of αi. As gi(x) is defined over GF (2m) for RS code, it

can be written as

gi(x)=(x− α) (x− α2) ...(x− α2t) , (2)

where φ′i(x)=(x− αi) and n− k=2t for RS code.

III. CODE PARAMETER ESTIMATION PROCESS

The generic block diagram depicting the parameter estimation process of RS and BCH product

codes is given in Fig. 2. In the case of RS product codes, the coded symbols are converted into

binary data and then modulated using suitable modulation schemes for storage or transmission.

However, the coded bits are directly modulated using appropriate modulation schemes in the case
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Fig. 2. Generic block diagram for parameter estimation of product codes

of BCH codes. At the receiving end, the row and column component code parameters together

with the bit position adjustment parameter are estimated from non-synchronized and erroneous

binary coded data symbols. The receiver knows that the incoming data is encoded using RS or

BCH product codes without knowing the code parameters.

IV. PARAMETER ESTIMATION OF PRODUCT CODES: SYNCHRONIZED AND NON-ERRONEOUS

SCENARIO

The parameter estimation of two-dimensional BCH product codes for non-erroneous and

synchronized case has been briefly explained in this section. The notations are given as follows:

Notations: Let m̂i, n̂i, k̂i, and ĝi(x) denote the estimate of mi, ni, ki, and gi(x), respectively.

The incoming product encoded binary symbols are reshaped into a data matrix S of size

a1×b1, where a1 and b1 denote the number of rows and columns of S, respectively, b1 =2m1−1,

and m1 ∈ {mmin
1 : mmax

1 }. The rank and rank ratio of S are evaluated using Gauss elimination

process. It is to be noted that the Gauss elimination process converts a given matrix into a row or

column echelon form by removing all the dependent rows or columns and the number of linearly

independent rows/columns gives the rank of a matrix. Rank ratio is the ratio of the rank of a

matrix to the number of columns. The corresponding value of m1 that minimizes the rank ratio
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ρ′1(m1) is the estimated row component code parameter m̂1. The estimated codeword length of

row component code is as follows: n̂1 = 2m̂1 − 1. Finally, the rank value corresponding to m̂1

gives the estimate of code dimension of row component code k̂1. Please note that S is a full

rank matrix only if rank(S)=min(a1, b1) or rank ratio is equal to unity. Further, S is a deficient

rank matrix only if rank(S)<min(a1, b1) or rank ratio is less than unity.

The parameter estimation of column component code assuming synchronized and non-erroneous

scenario is given as follows: Since n1 columns are encoded using column component code C2

to obtain two-dimensional codeword of size n2×n1, the incoming binary data symbols are

reshaped into a data matrix of size a2×n̂1, where a2 denote the number of rows of data matrix.

The obtained data matrix is reshaped further into another data matrix S ′ of size a2×b2, where

b2 =2m2 − 1 and m2 ∈ {mmin
2 ,mmax

2 }. The column component code parameters n̂2, m̂2, and k̂2

are obtained similar to row component code parameters.

The rank deficiency and full rank phenomena have been explained using systematic linear

block encoding for better clarity. Due to inherent nature of systematic block codes, n coded

symbols depend on k uncoded symbols, since n−k parity symbols are generated using different

linear combinations of k input symbols [25]. Therefore, α′ ·n symbols depend on α′ ·k symbols,

where α′ is an integer and α′≥1. It is noted that α′ · k data and α′ · (n− k) parity symbols of

α′ codewords will be aligned properly in the same column across all the rows only for the case

when b is a multiple of n i.e. b=α′ · n [19]. Due to proper alignment, linear relationship will

exist between columns in S. This phenomenon will lead to rank deficiency and the deficient rank

value is equal to α′ · k for the case when b=α′ · n. It is also observed that the data and parity

symbols of α′ codewords will not be aligned properly in the same column across all the rows

when b is not a multiple of n i.e. b 6=α′ ·n [19]. Hence, the parity symbols cannot be represented

as a linear combination of data symbols and the linear relationship will not be satisfied across

all the rows. This will affect the linear relationship between the columns in S and the coded data

matrix will resemble like a random matrix without any dependent columns, which will result in
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full rank.

In a nutshell, if the number of columns b is a multiple of codeword length n, then rank

deficiency will be obtained. However, if b is not a multiple of n, then full rank will be obtained.

In case of non-erroneous and synchronized scenario, the data and parity symbols of α′ = 1

codeword in all the rows of data matrix will be aligned properly in the same column for correct

combination or value of code parameter(s) resulting in rank deficiency. Moreover, the data and

parity symbols will not be aligned properly in the same column for incorrect combinations

or values of code parameters resulting in full rank. Hence, the correct combination of code

parameters, which minimizes the rank ratio has been chosen as the estimated code parameters of

the component codes. In [17] and [19], the rank deficiency and full rank phenomena for linear

block and convolutional codes are explained in detail using case studies.

V. PARAMETER ESTIMATION OF BCH AND RS PRODUCT CODES: NON-SYNCHRONIZED AND

ERRONEOUS SCENARIO

The rank-based method proposed in Section IV fails for noisy scenario due to non-existence of

linear relationship between the columns of deficient rank matrix because of transmission errors

[18]. When the noise level is above a particular threshold value, then the deficient rank matrix

will resemble like a random matrix and full rank will be obtained.

In the case of erroneous channel conditions, it is observed that the dependent columns in

column echelon form F corresponding to rank deficient data matrix S will have less number

of non-zero elements or more number of zero elements in comparison to independent columns

in F . Thus, it is inherent that the column echelon form of rank deficient data matrix will have

less number of non-zero elements [19] or more number of zero elements [17] compared to the

full rank data matrix. Therefore, the rank deficient and full rank data matrices can be classified

based on the number of non-zero or zero elements in F instead of rank for noisy scenario. We

propose algorithms for erroneous or noisy scenario and the component code parameters of BCH
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and RS product codes are estimated based on non-zero-mean-ratio or zero-mean-ratio of column

echelon form using Algorithm 1 to 4.

The parameter estimation of row and column component codes of two-dimensional BCH

product codes considering non-synchronized and erroneous case is carried out using Algorithm

1 and 2, respectively. The notations that are common to Algorithm 1 and 2 are given as follows:

Notations: Fj and F ′j denote the column echelon forms of data matrices Sj and S ′j , respectively, j

denotes the iteration number, N refers to the number of iterations, ωj(c,mi, φi) denotes the ratio

of zero elements i.e. zero-ratio in cth column of column echelon form considering ith component

code, where i=1 and 2, data(·) refers to an array of incoming BCH product coded binary data

symbols, and data shift(·) refers to the array of incoming coded binary symbols shifted by

φi bit positions. Further, the zero-mean-ratio of ith component code is denoted as µ(mi, φi).

Finally, φi denotes the bit position adjustment parameter to achieve frame synchronization in ith

dimension.

In Algorithm 1, the incoming BCH product encoded binary data symbols are shifted by φ1

bit positions, where φ1 ∈ [0 , (2m1 − 1) − 1] denotes the bit position adjustment parameter to

achieve frame synchronization of row component code, and by simultaneously varying m1 ∈

[mmin
1 , mmax

1 ]. The shifted data symbols are reshaped into a data matrix of size a1×b1, where

b1 = 2m1 − 1 and the reshaped data matrix is converted into column echelon form using Gauss

elimination process. The zero-mean-ratio values of column echelon form (i.e. µ(m1, φ1)) are

calculated instead of rank ratio. To evaluate µ(m1, φ1), the ratio of zero elements i.e. zero-

ratio in each column of column echelon form Fj (i.e. ωj(c,m1, φ1), where c ∈ {1, 2, ..., b})

is evaluated and the same is repeated for N iterations. The calculated values across all N

iterations are accumulated into a matrix A of size N×b. Now the mean of A is evaluated and

the resultant row vector of size 1×b1 is denoted by B, where B=[γ(1,m1, φ1) : γ(b1,m1, φ1)]

and γ(c,m1, φ1) =

∑N

j=1
ωj(c,m1,φ1)

N
. The zero-mean-ratio is calculated as follows: µ(m1, φ1) =
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Algorithm 1: Estimation of BCH product code parameters considering erroneous and non-

synchronized scenario (row component code)
Assumptions: ai≥ t bi, where t is a constant, mi ∈ [mmin

i , mmax
i ], φ1 ∈ [0 , (2m1 − 1)− 1], and the

erroneous incoming bit stream is assumed to be BCH-based product codes

Input: BCH product encoded binary data symbols;

Output: n̂1, m̂1, k̂1, and φ̂1;

1: for m1 = mmin
1 : mmax

1 do

2:for φ1 = 0 : (2m1 − 1)− 1 do

3: Shift the erroneous incoming binary data symbols data(·) by φ1 bit positions;

4: for j = 1 : N do

5: Rj = data shift(1 + (j − 1)b1 : b1 · a1 + (j − 1)b1);

6: Reshape Rj into a matrix Sj of size a1×b1, where b1 =2m1 − 1;

7: Convert Sj into Fj using Gauss elimination process;

8: Compute ωj(c,m1, φ1) in each column of Fj , where c ∈ {1, 2, ..., b1};

9: Form a row matrix Aj = [ωj(1,m1, φ1) : ωj(b1,m1, φ1)];

end

10: Accumulate all the row matrices into a single matrix A of size N×b1, where

A=[A1 ; A2 ; A3 ; · · ·AN ];

11: Compute B = mean(A), where B=[γ(1,m1, φ1) : γ(b1,m1, φ1)] and

γ(c,m1, φ1) =

∑N

j=1
ωj(c,m1,φ1)

N ;

12: Calculate µ(m1, φ1), where µ(m1, φ1)=

∑b1

c=1
γ(c,m1,φ1)

b1
;

end

end

13: Obtain [m̂1, φ̂1]=argmax
m1,φ1

(µ(m1, φ1)) and n̂1 =2m̂1 − 1;

14: Shift the binary data symbols by φ̂1 bit positions;

15: After synchronization, obtain the possible roots of generator polynomial from code polynomials through

maximum likelihood approach and identify ĝ1(x) from (1);

16: The highest degree of ĝ1(x) gives the estimate of n1 − k1;

17: Obtain k̂1 from n1 − k1;
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∑b1
c=1

γ(c,m1,φ1)

b1
.

If cth column of the data matrix is dependent and if the same is not an all-zero column due to

erroneous bits, then it is intuitive that the ratio of zero elements in cth column of column echelon

form will be higher compared to the independent columns. Hence, zero-mean-ratio µ(m1, φ1)

of column echelon form will be higher for rank deficient data matrix compared to full rank data

matrix. Therefore, the row component code parameter m̂1 and synchronization parameter φ̂1 are

identified by observing the corresponding combination of [m1, φ1] which maximizes µ(m1, φ1).

From m1, the codeword length of row component code n1 is estimated as mentioned in step 13

of Algorithm 1. The maximum likelihood approach proposed in our work to estimate the roots

of the generator polynomial is explained in detail as follows: After shifting φ̂1 bit positions, the

received M data bits are converted into X=M/n̂1 codewords or code polynomials. It is obvious

that X is linearly increasing with M . Since all these code polynomials are independent of each

other, their occurrence is equally likely. Therefore, instead of selecting the entire data sample

(where M and X are very large), we limit our search to a finite set of code polynomials occurring

from the first K data symbols, where K is sufficiently high and less than M . The roots of the

finite set of code polynomials are evaluated from the selected set. As the code polynomials share

the roots of generator polynomial, the most probable 2t roots of the generator polynomial g1(x)

(i.e. α, α2,...,α2t) are identified using a maximum likelihood approach. The generator polynomial

for BCH code is given by lcm(φ′1(x), φ′2(x), ..., φ′2t(x)), where φ′i(x) is the minimal polynomial

of αi (refer to (1)). After identifying the roots and minimal polynomials corresponding to the

roots, the generator polynomial g1(x) is recognized. Since the generator polynomial for BCH

code is a n1 − k1 degree polynomial and n̂1 is already known, k̂1 is estimated from n1 − k1.

To estimate the column component code parameters of BCH product codes using Algorithm

2, shift the incoming binary data symbols by φ2 bit positions, where φ2 denotes the bit position

adjustment parameter to achieve frame synchronization of vertical component code, and also
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Algorithm 2: Estimation of BCH product code parameters considering erroneous and non-

synchronized scenario (column component code)

Input: BCH product encoded binary data symbols, n̂1, m̂1, and φ̂1;

Output: n̂2, m̂2, k̂2, and φ̂2;

1: φ= φ̂1 + (n̂1 · kk), where kk>1;

2: for m2 = mmin
2 : mmax

2 do

3: φ2 = [φ2 φ], accumulate φ2 until φ2 > n̂1 · (2m2 − 1);

4: Shift the erroneous incoming binary data symbols data(·) by φ2 bit positions;

5: for j = 1 : N do

6: Store the shifted data symbols in a row matrix Rj ;

7: Reshape Rj into a data matrix of size a2×n̂1;

8: Transpose the data matrix and reshape again into another data matrix S′
j of size a2×b2, where

b2 =2m2 − 1;

9: Convert S′
j into F ′

j using Gauss elimination process;

10: Compute ωj(c,m2, φ2) in each column of F ′
j , where c ∈ {1, 2, ..., b2};

11: Form a row matrix A′
j = [ωj(1,m2, φ2) : ωj(b2,m2, φ2)];

end

12: Accumulate all the row matrices into a single matrix A′ of size N×b2, where

A′ =[A′
1 ; A′

2 ; A′
3 ; · · ·A′

N ];

13: Compute B′ = mean(A′), where B′ =[γ(1,m2, φ2) : γ(b2,m2, φ2)] and

γ(c,m2, φ2) =

∑N

j=1
ωj(c,m2,φ2)

N ;

14: Calculate µ(m2, φ2), where µ(m2, φ2)=

∑b2

c=1
γ(c,m2,φ2)

b2
;

end

15: Obtain [m̂2, φ̂2]=argmax
m2,φ2

(µ(m2, φ2)) and n̂2 =2m̂2 − 1;

16: Shift the binary data symbols by φ̂2 bit positions and obtain the possible roots of generator polynomial

from code polynomials and identify ĝ2(x) from (1);

17: The highest degree of ĝ2(x) gives the estimate of n2 − k2;

18: Obtain k̂2 from n2 − k2;
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by simultaneously varying m2 between mmin
2 to mmax

2 . Similar to non-erroneous scenario, the

incoming binary data symbols are reshaped into a data matrix of size a2×n̂1 and the resultant

data matrix is reshaped further into another data matrix of size a2×b2, where b2 =2m2−1. Rest of

the steps for estimating the column component code parameters mest
2 , nest

2 , and synchronization

parameter φ̂2 are similar to Algorithm 1. After shifting φ̂2 bit positions, the code dimension k̂2

and generator polynomial ĝ2(x) of column component code are identified similar to Algorithm

1 using maximum likelihood approach as mentioned in steps 16 to 18 of Algorithm 2.

For instance, if the receiver starts receiving the product coded data symbols at ∆th bit position

of χ′th BCH code (row component code), then time synchronization can be achieved by shifting

φ̂1 = ((β · χ′ · n1) − ∆) + 1 bit positions, where β is a positive integer and n1 = 2m1 − 1.

This is because, a new row component BCH codeword will start at every (β · χ′ · n1) + 1 bit

positions. Therefore, the maximum range of bit position adjustment parameter can be restricted to

(2m1−1)−1 as given in Algorithm 1. It is to be noted that the column component code should also

be synchronized similar to row component code in order to complete the time synchronization

process. If the receiver starts receiving the product coded bits at ∆th bit position of χth product

code, then time synchronization can be achieved by shifting φ̂2 =((β · χ · n1 · n2)−∆) + 1 bit

positions, where n2 =2m2 − 1. This is because, a new BCH product codeword will start at every

(β · χ · n1 · n2) + 1 bit positions. To synchronize column component code, it is not necessary

to search the bit position adjustment parameter within the range of 0 to (n̂1 · (2m2 − 1)) − 1.

The search space can be restricted as given in steps 1 and 2 of Algorithm 2. As row component

code is already synchronized, it is essential only to accumulate the starting bit positions of row

component BCH codeword in an array, which is denoted by φ2, until φ2 > n̂1 ·(2m2−1). Observe

the corresponding combination of [m2, φ2] that maximizes zero-mean-ratio µ(m2, φ2) as given

in step 15 of Algorithm 2.

The parameter estimation of two-dimensional RS product codes considering non-synchronized

and erroneous case is explained using Algorithms 3 and 4. It is a modified version of an algorithm
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Algorithm 3: Estimation of RS product code parameters considering erroneous and non-

synchronized scenario (row component code)
Assumptions: m1 =m2, a1≥ t b1, where t is a constant, m1 ∈ [mmin

1 , mmax
1 ], φ1 ∈ [0 , ((2m1 − 1)m1)− 1],

and the erroneous incoming bit stream is assumed to be RS-based product codes

Input: RS product encoded data symbols Output: n̂1, m̂1, p̂1, k̂1, and φ̂1;

1: for m1 = mmin
1 : mmax

1 do

2: p1 =primpoly(m1,
′ all′);

3: for φ1 = 0 : ((2m1 − 1)m1)− 1 do
4: Shift the erroneous incoming coded binary data symbols data(·) by φ1 bit positions and convert

it into the respective elements of GF using p1;

5: for j = 1 : N do

6: Rj = data shift(1 + (j − 1)b1 : b1 · a1 + (j − 1)b1);

7: Reshape the RS encoded GF array elements Rj into a data matrix Sj of size a1×b1, where

b1 =2m1 − 1;

8: Convert Sj into Fj using finite-field Gauss elimination process;

9: Compute Ωj(c,m1, p1, φ1) in each column of Fj , where c ∈ {1, 2, ..., b1};

10: Form a row matrix Aj = [Ωj(1,m1, p1, φ1) : Ωj(b1,m1, p1, φ1)];

end

11: Accumulate all the row matrices into a single matrix A of size N×b1, where

A=[A1 ; A2 ; A3 ; · · ·AN ];

12: Compute B = mean(A), where B=[γ(1,m1, p1, φ1) : γ(b1,m1, p1, φ1)] and

γ(c,m1, p1, φ1) =

∑N

j=1
Ωj(c,m1,p1,φ1)

N ;

13: Normalize B with respect to the maximum value, where

Bnorm =[γ′(1,m1, p1, φ1) : γ′(b1,m1, p1, φ1)] and γ′(c,m1, p1, φ1)= γ(c,m1,p1,φ1)
max(B) ;

14: Calculate µ′(m1, p1, φ1), where µ′(m1, p1, φ1)=

∑b1

c=1
γ′(c,m1,p1,φ1)

b1
;

end

end

15: Obtain [m̂1, p̂1, φ̂1]= argmin
m1,p1,φ1

(µ′(m1, p1, φ1)) and n̂1 =2m̂1 − 1;

16: After shifting φ̂1 bit positions, convert the binary data symbols into the respective elements of GF using

p̂1. Identify the number of roots of generator polynomial from code polynomials using maximum likelihood

approach and estimate n1 − k1;

17: Obtain k̂1 from n1 − k1 and obtain the generator polynomial ĝ1(x) from (2);
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proposed by us in [19] for blind reconstruction of RS encoder. Please note that the usefulness of

algorithm in [19] is limited to direct RS codes alone, not to the RS product codes. In the current

work, the algorithm in [19] has been modified to estimate RS product code parameters with

reduced complexity and proposed a novel approach to synchronize both the row and column

components of RS codes. Other major differences between the proposed algorithm for RS product

codes and the algorithm in [19] are discussed in the following paragraphs.

In [19], the finite-field Gauss elimination process is applied on a data matrix of size a × b,

where a=5000× b without any iteration. In the current work, the finite-field Gauss elimination

process is applied on a data matrix of size a × b, where a= 50 × b with number of iterations

N = 5. By increasing N , we perform permutations on the rows of the data matrix to obtain a

new virtual realization of the received data stream without increasing the data size unlike [19].

In [19], the mean value of number of non-zero elements in each column of column echelon

form F is calculated and the same is averaged over the number of columns b for obtaining

the normalized non-zero-mean-ratio values. However, in the current work, the mean value of

number of non-zero elements in each column of column echelon form Fj , where j = 1 to N ,

is calculated and the same is repeated for N iterations to form a matrix of size N × b. The

mean value of each column vector of the matrix is evaluated to form a row vector of size

1× b. Finally, the obtained row vector is averaged over the number of columns b to obtain the

normalized non-zero-mean-ratio values

The algorithm in [19] is restricted to estimate the parameters of RS codes and bit position

adjustment parameter to achieve synchronization. In the current work, the algorithms are proposed

to identify the RS product code parameters (i.e. row and column component RS code parameters).

In addition, a novel approach to synchronize both the row and column component product codes

has been proposed and integrated with the code parameter estimation algorithms. Precisely, it is

required only to accumulate the starting bit positions of row component RS codeword in an array

instead of searching over all the bit position to synchronize column component RS code (given
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in Algorithm 4). Thus, the proposed synchronization approach in Algorithm 4 is completely

different from the approach carried out in Algorithm 3 and in our previous work [19].

The following paragraphs discuss more details of the proposed algorithms for the parameter

estimation of two-dimensional RS product codes. The notations that are common to Algorithms

3 and 4 are given as follows:

Notations: Let p̂i denotes the estimate of integer representation of primitive polynomial pi.

Ωj(c,m1, p1, φ1) denotes the non-zero-ratio in cth column of column echelon form considering

row component code, data shift(·) refers to an array of RS product coded non-binary data

symbols shifted by φi bit positions, normalized non-zero-mean-ratio of row component code is

denoted as µ′(m1, p1, φ1), and φi denotes the bit position adjustment parameter to achieve frame

synchronization in ith dimension. Similarly, Ωj(c, φ2) denotes the non-zero-ratio in cth column of

column echelon form considering column component code and normalized non-zero-mean-ratio

of column component code is denoted as µ′(φ2).

In Algorithm 3, the steps for estimating the row component code parameters are given. The

incoming RS product encoded data symbols are shifted by φ1 bit positions, where φ1 ∈ [0, ((2m1−

1)m1) − 1], and by simultaneously varying m1 ∈ [mmin
1 , mmax

1 ] and primitive polynomial p1

corresponding to m1. After shifting φ1 bit positions, the binary data symbols are converted into

a non-binary symbols such that each symbol is an integer between 0 and 2m1−1 and a GF array

is created from the non-binary data symbols using primitive polynomial p1. It is to be noted that

p1 = primpoly(m1, ‘all
′) given in step 2 of Algorithm 3 returns all primitive polynomials p1(x)

corresponding to m1 in an integer form, where m1≥3. The GF array elements are reshaped into

a data matrix of size a1×b1, where b1 =2m1−1. The data matrix is converted into column echelon

form using finite field Gauss elimination process [25] instead of Gauss elimination process, since

the data matrix contains elements from finite field. The normalized non-zero-mean-ratio, which

is denoted by µ′(m1, p1, φ1), of column echelon form Fj is calculated. In order to calculate the

same, the ratio of non-zero elements i.e. non-zero-ratio, which is denoted by Ωj(c,m1, p1, φ1),
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in each column of Fj is evaluated and it is repeated for N iterations. Accumulate the values

across all N iterations in a matrix A of size N×b1 and the mean of A is evaluated. The resultant

row vector of size 1× b1 is denoted by B, where B = [γ(1,m1, p1, φ1) : γ(b1,m1, p1, φ1)]

and γ(c,m1, p1, φ1) =

∑N

j=1
Ωj(c,m1,p1,φ1)

N
. The row vector B is normalized with respect to the

maximum value and the resultant vector is given by Bnorm =[γ′(1,m1, p1, φ1) : γ′(b1,m1, p1, φ1)],

where γ′(c,m1, p1, φ1)= γ(c,m1,p1,φ1)
max(B)

. From γ′(c,m1, p1, φ1), the normalized non-zero-mean-ratio,

which is the ratio of the sum of normalized non-zero-ratio in each column averaged across all

N iterations to the total number of columns of Fj , is calculated as follows: µ′(m1, p1, φ1) =∑b1
c=1

γ′(c,m1,p1,φ1)

b1
.

It is to be noted that the ratio of non-zero elements in cth dependent column of column

echelon form will be lesser compared to the independent columns. Thus, the normalized non-

zero-mean-ratio µ′(m1, p1, φ1) of column echelon form of deficient rank matrix will be lesser

compared to the full rank matrix for erroneous channel conditions [19]. Therefore, the row

component code parameters m̂1 and p̂1 along with synchronization parameter φ̂1 are identified

by observing the corresponding combination of [m1, p1, φ1] which minimizes µ′(m1, p1, φ1) as

shown in step 15 of Algorithm 3. It is a known fact that the code polynomials share the roots

of generator polynomial. Therefore, to identify the generator polynomial and code dimension of

row component code, the number of roots of code polynomials is evaluated. This is performed

after shifting φ̂1 bit positions and converting the incoming binary data symbols into respective

elements of GF using p̂1. It has been observed that the number of roots of code polynomials

are equal to the generator polynomial in most of the cases though there exists few cases with

different number of roots due to erroneous symbols. Thus, a maximum likelihood approach is

adopted to evaluate the number of roots of the generator polynomial. Note that by identifying

the number of roots, 2t can be estimated and it is known that for RS codes n− k=2t. Since n̂1

is already identified from step 15, code dimension of row component code k̂1 is estimated from

n − k. After estimating the number of roots of code polynomials, the generator polynomial of
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row component code ĝ1(x) is recognized using (2).

In Algorithm 4, the steps for estimating the parameters of column component code are given.

As already mentioned, it has been assumed that both row and column component codes are

generated using same primitive polynomial and hence, m̂2 = m̂1 and p̂2 = p̂1 as given in step

1 of Algorithm 4. To identify the code dimension and synchronization parameter, the incoming

binary data symbols are shifted by φ2 bit positions and converted into non-binary symbols such

that each symbol is an integer between 0 and n̂2. A GF array is created from the non-binary data

symbols using primitive polynomial p̂2. Similar to non-erroneous scenario, the GF array elements

are reshaped into a data matrix of size a2×n̂1 and the resultant data matrix is reshaped further

into another data matrix of size a2×n̂2. After reshaping, the resultant data matrix is converted

into column echelon form using finite field Gauss elimination process. The normalized non-

zero-mean-ratio, which is denoted by µ′(φ2), of the column echelon form is evaluated similar

to Algorithm 3. The corresponding value of φ2 for which µ′(φ2) is minimum gives the estimate

of the synchronization parameter i.e. φ̂2 as shown in step 15 of Algorithm 4. After shifting φ̂2

bit positions, a GF array is created from synchronized binary data symbols using p̂2. The code

dimension k̂2 and generator polynomial ĝ2(x) of column component code are identified similar

to Algorithm 3 using maximum likelihood approach mentioned in steps 17 and 18 of Algorithm

4.

If the receiver starts receiving at ∆′th symbol position of χ′th RS code (row component code),

then time synchronization can be achieved by shifting φ̂1 =((β ·χ′ ·m1 ·n1+1)−((∆′−1)·m1+1))

bit positions, where n1 =2m1−1. This is because, a new row component RS codeword will start

at every (β ·χ′ ·m1 ·n1) + 1 bit positions. Hence, the maximum range of bit position adjustment

parameter is restricted to (n1 ·m1)−1 as shown in Algorithm 3. It is also essential to synchronize

column component code in order to complete the time synchronization process. Since a new RS

product codeword will start at every (β ·χ ·n1 ·n2 ·m1)+1 bit positions, the time synchronization

is achieved by shifting φ̂2 =((β ·χ ·n1 ·n2 ·m1 +1)−((∆′−1) ·m1 +1)) bit positions provided the
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Algorithm 4: Estimation of RS product code parameters considering erroneous and non-

synchronized scenario (column component code)

Assumptions: a2>t · n̂i, where i=1 and 2;

Input: RS product encoded data symbols, n̂1, m̂1, and φ̂1;

Output: k̂2 and φ̂2;

1: m̂2 =m̂1, n̂2 =2m̂2 − 1, and p̂2 = p̂1;

2: φ= φ̂1 + (n̂1 · m̂1 · kk), where kk>1;

3: φ2 = [φ2 φ], accumulate φ2 until φ2 > (n̂1 · n̂2 · m̂1);

4: Shift the erroneous incoming coded binary data symbols by φ2 bit positions and convert it into the

respective elements of GF using p̂2;

5: for j = 1 : N do

6: Store the elements of GF (i.e. non-binary symbols) in a row matrix Rj ;

7: Reshape the RS encoded GF array elements Rj into a data matrix of size a2×n̂1 and transpose the

data matrix and reshape again into another matrix S′
j of size a2×n̂2;

8: Convert S′
j into F ′

j using finite-field Gauss elimination process;

9: Compute Ωj(c, φ2) in each column of F ′
j , where c ∈ {1, 2, ..., b2};

10: Form a row matrix A′
j = [Ωj(1, φ2) : Ωj(b2, φ2)];

end

11: Accumulate all the row matrices into a single matrix A′ of size N×b2, where A′ =[A′
1 ; A′

2 ; A′
3 ; · · ·A′

N ];

12: Compute B′ = mean(A′), where B′ =[γ(1, φ2) : γ(b2, φ2)] and γ(c, φ2) =

∑N

j=1
Ωj(c,φ2)

N ;

13: Normalize B′ with respect to the maximum value, where B′
norm =[γ′(1, φ2) : γ′(b2, φ2)] and

γ′(c, φ2)= γ(c,φ2)
max(B′) ;

14: Calculate µ′(φ2), where µ′(φ2)=

∑b2

c=1
γ′(c,φ2)

b2
;

15: Obtain [φ̂2]=argmin
φ2

(µ′(φ2));

16: After shifting φ̂2 bit positions, convert the binary data symbols into the respective elements of GF using

p̂2;

17: Identify the number of roots of generator polynomial from code polynomials and estimate n2 − k2;

18: Obtain k̂2 from n2 − k2 and obtain the generator polynomial ĝ2(x) from (2);
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Fig. 3. (a) Variation of zero-mean-ratio µ(m1, φ1) with respect to [m1, φ1] for product code BCH(31×15, 21×11, 5×4)

assuming 16-QAM scheme, delay ∆=37 bit positions, and SER=10−2 (b) Variation of zero-mean-ratio µ(m2, φ2) with respect

to [m2, φ2] for product code BCH(31×15, 21×11, 5×4) assuming 16-QAM scheme, delay ∆=37 bit positions, and SER=10−2

receiver starts receiving at ∆′th symbol position of χth RS product code. To synchronize column

component code, it is required only to accumulate the starting bit positions of row component RS

codeword in an array, which is denoted by φ2, until φ2 > (n̂1 · n̂2 · m̂1) instead of searching over

all the bit position within the range of 0 to (n̂1 · n̂2 · m̂1)− 1. Finally, observe the corresponding

value of [φ2] that minimizes non-zero-mean-ratio µ′(φ2) as given in step 15 of Algorithm 4.

VI. SIMULATION RESULTS AND DISCUSSIONS

Since two-dimensional product codes are constructed using component codes that have short

codeword lengths, we have assumed short codeword lengths for row and column component RS

and BCH codes in our simulation study. It is to be noted that except Fig. 5(a), all the simulation

results are obtained by assuming M−ary symmetric channel model, which is defined as the

generalization of binary symmetric channel (BSC) model. It comprises of non-binary input and

output symbols belonging to the M -ary signal space.
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The simulation results for product code BCH(31×15, 21×11, 5×4) over erroneous scenario

assuming symbol error rate (SER) = 10−2, delay ∆=37 bit positions, and 16-QAM constellation

are shown in Fig. 3(a) and Fig. 3(b). Algorithm 1 is executed and the variation of zero-mean-

ratio µ(m1, φ1) is shown in Fig. 3(a). From the plot, it can be inferred that at m1 = 5 and

φ1 =26, µ(m1, φ1) reaches maximum compared to other values of [m1, φ1]. Hence, m̂1 =5 and

n̂1 = 2m̂1 − 1 = 31 are estimated successfully. Further, synchronization of row component code

can be achieved by shifting φ̂1 =26 bit positions. This is because, a new row component BCH

codeword will start after shifting φ̂1 =((β · χ′ · n1)−∆) + 1 bit positions, where β is a positive

integer, provided the receiver starts receiving the coded bits at ∆th bit position of χ′th BCH code.

Here, in this case β=1 and χ′=2. After shifting φ̂1 bit positions, the roots of code polynomials

are evaluated and it has been identified that [α, α2, α3, α4, α6, α8, α12, α16, α17, α24] are the most

likelihood roots of the generator polynomial g1(x). The generator polynomial for BCH code is

given by lcm(φ′1(x), φ′2(x), ..., φ′2t(x)), where φ′i(x) is the minimal polynomial of αi. It is known

that [α3, α6, α12, α17, α24] are the conjugates of α3 and [α, α2, α4, α8, α16] are the conjugates of

α and it is also known that the finite field elements and its conjugates have the same minimal

polynomials. Therefore, the estimated generator polynomial of row component code is given by

ĝ1(x)=φ′1(x) · φ′3(x), where φ′1(x)=1 + x2 + x5 and φ′3(x)=1 + x2 + x3 + x4 + x5 in GF(25)

[40]. Note that generator polynomial for BCH code is a n1 − k1 degree polynomial and it has

been identified as n1 − k1 =10. Since n̂1 is already known, k̂1 =21.

The proposed algorithm to extract column component BCH code parameters (i.e. Algorithm

2) is applied on product code BCH(31×15, 21×11, 5×4) assuming SER=10−2, delay ∆=37 bit

positions, and 16-QAM constellation. The variation of zero-mean-ratio µ(m2, φ2) with respect to

[m2, φ2] is shown in Fig. 3(b). It is observed from the figure that at m2 =4 and φ2 =429, µ(m2, φ2)

is maximum. Therefore, m̂2 = 4 and n̂2 = 2m̂1 − 1 = 15 are estimated successfully. In addition,

the synchronization of column component code is obtained by moving 429 bit positions. This is

because, a new product codeword will start after shifting φ̂2 =((β ·χ·n1 ·n2)−∆)+1 bit positions,
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Fig. 4. (a) Variation of normalized non-zero-mean-ratio µ′(m1, p1, φ1) with respect to [m1, p1, φ1] for irregular non-binary

product code RS(15×15, 7×11, 4×4) assuming 16-QAM scheme, delay ∆′=24 symbol positions, and SER=10−2 (b) Variation

of normalized non-zero-mean-ratio µ′(φ2) with respect to [φ2] for irregular non-binary product code RS(15×15, 7×11, 4×4)

assuming 16-QAM scheme, delay ∆′=24 symbol positions, and SER=10−2

where β=χ=1, provided the receiver starts receiving the product coded bits at ∆th bit position

of χth product code. After shifting φ̂2 bit positions, the roots of code polynomials are evaluated

to identify generator polynomial g2(x) and code dimension k2 of column component code. It

has been observed that [α, α2, α4, α8] are the most likelihood roots of the generator polynomial

g2(x). Since all the roots are the conjugates of α, the estimated generator polynomial of column

component code is given by ĝ2(x)=φ′1(x), where φ′1(x)=1 + x+ x4 in GF(24) [40]. It is to be

noted that g2(x) is a n2 − k2 =4 degree polynomial. As n̂2 is already known, k̂2 =11.

In Fig. 4(a) and Fig. 4(b), the simulation results are shown for two-dimensional irregular

non-binary product code RS(15×15, 7×11, 4×4) assuming 16-QAM scheme, delay ∆′ = 24

symbol positions, and SER=10−2. To identify row component RS code parameters, Algorithm

3 is applied and the variation of normalized non-zero-mean-ratio µ′(m1, p1, φ1) with respect

to [m1, p1, φ1] is shown. From the plot, it is inferred that µ′(m1, p1, φ1) reaches minimum at
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[m1, p1, φ1] = [4, 19, 28]. Therefore, the RS code parameters m̂1 = 4, n̂1 = 15, and p̂1 = 19 are

estimated successfully using Algorithm 3. In addition, the synchronization of row component

code is obtained by shifting φ̂1 = 28 bit positions. This is because, a new RS codeword (i.e.

row component code) will start after shifting φ̂1 =((β · χ′ ·m1 · n1 + 1)− ((∆′ − 1) ·m1 + 1))

bit positions provided the receiver starts receiving the coded symbols at ∆′th symbol position

of χ′th row component RS code. Here, in this case β = 1 and χ′ = 2. Hence, the bit adjust-

ment parameter to achieve synchronization is also estimated correctly using Algorithm 3. After

shifting φ̂1 bit positions, the RS coded binary data symbols are converted into the respective

elements of GF(2m̂1) using p̂1. Now the roots of code polynomials are evaluated and it has

been identified that [α, α2, α3, α4, α5, α6, α7, α8] are the most likelihood roots of the generator

polynomial of RS code g1(x). It is known that the generator polynomial for RS code is given

by lcm(φ′1(x), φ′2(x), ..., φ′2t(x)), where φ′i(x) is the minimal polynomial of αi, which is equal to

x−αi. Based on the estimated roots, the estimated generator polynomial of row component code

is given by ĝ1(x) =
∏8
i=1 φ

′
i(x). Since g1(x) is a n1 − k1 = 8 degree polynomial, the estimated

code dimension of row component code is given by k̂1 =7.

The proposed algorithm (i.e. Algorithm 4) is applied on irregular product code RS(15×

15, 7×11, 4×4) to extract column component RS code parameters. In Fig. 4(b), the variation of

normalized non-zero-mean-ratio µ′(φ2) with respect to φ2 is shown. It is observed from the figure

that at φ2 = 808, normalized non-zero-mean-ratio is minimum. Therefore, the synchronization

of column component code is obtained by moving 808 bit positions. This is because, a new RS

product codeword will start after shifting φ̂2 =((β · χ · n1 · n2 ·m1 + 1)− ((∆′ − 1) ·m1 + 1))

bit positions, where β=χ=1, provided the receiver starts receiving the product coded symbols

at ∆′th symbol position of χth product code. After shifting φest
2 bit positions, the roots of code

polynomials are evaluated to recognize g2(x) and k2. It is noticed that [α, α2, α3, α4] are the most

likelihood roots and the estimated generator polynomial of column component code is given by

ĝ2(x)=
∏4
i=1 φ

′
i(x), where φ′i(x)=x−αi. Since g2(x) is a n2−k2 =4 degree polynomial, k̂2 =11.
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Fig. 5. (a) Probability of correct estimation of RS and BCH product codes considering M−PSK and M−QAM schemes,

respectively (b) Probability of correct estimation of RS product codes considering 16-QAM scheme and BCH product codes

considering 32-QAM for different values of code dimension

In Fig. 5(a), the performance plots in terms of probability of correct estimation for square

RS product codes and square BCH product codes with respect to signal-to-noise ratio (SNR)

are shown for RS(15×15, 7×7, 4×4, 19×19) and BCH(31×31, 11×11, 5×5), respectively,

considering different M−ary phase-shift keying (M−PSK) and M−ary quadrature amplitude

modulation (M−QAM) schemes. Note that AWGN channel model is assumed for obtaining the

performance plots. From Fig. 5(a), it is inferred that the probability of correct estimation of BPSK

scheme is better than QPSK and 8-PSK schemes and it is also observed that the probability of

correct estimation of 32-QAM is better than 64-QAM scheme. Therefore, as the modulation

order increases, the performance of the proposed algorithms deteriorates, as expected.

In Fig. 5(b), the probability of correct estimation of irregular RS product codes considering

n1 = n2 =15, m1 = m2 =4, and p1 = p2 =19, and 16-QAM scheme with respect to SER is given

for different values of code dimension, which are given by k1 = k2 = 7 and k1 = k2 = 9. From

the plots, it can be observed that the probability of correct estimation deteriorates with increase
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Fig. 6. Probability of correct estimation of irregular RS product codes considering RS(31×31, 21×17, 5×5, 37×37) for

different number of iterations N

in code dimension or code rate values. This is because, it is always difficult to distinguish

rank deficient and full rank data matrices for higher values of code rate or code dimension

based on non-zero-mean-ratio values due to less number of dependent columns. Similarly, in

Fig. 5(b), the probability of correct estimation versus SER curves are shown for BCH product

codes considering n1 = n2 = 31, m1 = m2 = 5, and 32-QAM scheme for different values of

code dimension, which are given by k1 = k2 = 11, 16, and 21. It has been inferred that the

performance degrades with increase in code dimension or code rate values similar to RS product

codes.

In Fig. 6, the probability of correct estimation of irregular RS product codes considering

RS(31×31, 21×17, 5×5, 37×37) is given for different number of iterations N . As expected, when

the number of iterations N increases, improvement in the probability of correct estimation of

code parameters is observed. In [19], RS code parameter estimation algorithm has been proposed

for noisy scenario without iterations i.e. N=1. Here, an interesting comparative study has been

given in Table I, which compares the proposed RS code parameter estimation algorithm in [19]

with the row component code parameter estimation algorithm (i.e. Algorithm 3) considering RS
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TABLE I

PERFORMANCE COMPARISON OF ALGORITHM 2 PROPOSED IN [19] WITH ALGORITHM 3 PROPOSED IN OUR WORK

CONSIDERING RS CODE RS(15, 7, 4, 19) AND 16-QAM SCHEME

SER Probability

of correct

estimation

([19])

Probability

of correct

estimation

(Algorithm 3)

0.01 1 1

0.03 1 1

0.05 1 1

0.06 0.93 1

0.08 0.9 0.9

0.09 0.6 0.6

0.1 0.2 0.2

code RS(15, 7, 4, 19) and 16-QAM scheme. In Algorithm 3, we assume t=50 i.e. a=50× b and

N=5, whereas in Algorithm 2 proposed in [19], we assume t=5000 i.e. a=5000×b and N=1.

From the performance comparison, it has been observed that considerably higher number of rows

are required for the algorithm proposed in the prior work (without iterations) to approximately

match the performance of Algorithm 3 proposed in our work. Alternatively, the minimum data

size required to execute Algorithm 3 is 48205 symbols, whereas to execute Algorithm 2 proposed

in the prior work, 4805000 symbols are required. In a nutshell, considerably large data size (i.e.

100 times more) is required for Algorithm 2 in [19] to approximately match the performance of

Algorithm 3.

In [34], a novel packet error detection method was proposed in HARQ system to replace

cyclic redundancy check (CRC) by exploiting the inherent error-detection capability of TPC

code. It was shown using Monte-Carlo simulation results that the proposed CRC-free TPC-

HARQ method achieves equivalent or higher throughput compared to CRC-based HARQ system
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with lower computational complexity. It is observed that the proposed method in [34] can be

modified and used in a trial-and-error fashion to identify the product code parameters with

reduced computational complexity and the same will be carried out as a part of our future work.

VII. CONCLUSIONS

In this paper, blind code parameter estimation algorithms based on non-zero-mean-ratio and

zero-mean-ratio values are proposed for RS and BCH product codes, respectively, in noisy

environment. The estimated parameters of two-dimensional product codes are codeword lengths,

code dimensions, number of bits per symbol, primitive and generator polynomials of row and

column component codes. Apart from the code parameters, the proposed algorithms also identify

the bit position adjustment parameter to achieve frame synchronization. It is observed from the

simulation results that the code and synchronization parameters are successfully recognized

for various test cases. Further, in order to show the robustness of the proposed algorithms,

the performance plots in terms of probability of correct estimation are shown for various M -

QAM and M -PSK schemes, code dimension, and codeword length values. It is inferred that

the probability of correct estimation improves with decrease in code dimension and modulation

order values and increase in the number of iterations. Finally, the performance of the proposed

algorithm for the parameter estimation of row component RS codes is compared with the RS

code parameter estimation algorithm proposed in the prior work. It is noticed that the proposed

algorithm requires smaller data size compared to the algorithm proposed in the prior work to

attain equivalent performance.
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